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Preface

The word ‘Trigonometry’ (Tri + Gono + Metry) means measurement of triangle and is derived from the Greek word
‘Goni,” which means an ‘Angle’. This branch of mathematics was nurtured on the Indian soil for a number of
centuries by Hindu Scholars Arya Bhatt (5th century AD), Varhamihira (6th century AD), Brahma Gupta (7th century
AD), Bhaskara (12th century AD), and later it was passed on to the West through the Arabs. After 16th century AD, it
evolved there in the form of Modemn Trigonometry out of the monumental works of great European mathematicians like
Vieta (16th century AD) and Leonahrd Euler (18th century AD).

In my school days, I was taught Trigonometry by conventional approach of cramming identities and formulae. There-
fore, I developed a strong phobia of this subject, but later on, when I tried to understand the need and origin of trigonomet-
ric functions and their properties, I found that this branch of mathematics is equally interesting and challenging and can be
learnt through conceptual approach to minimize cramming of results.

In my yesteryears, during my high school days, as an IIT-JEE aspirant, and later as a tutor of Mathematics for
past fifteen years, I always felt the need of a comprehensive text book on Trigonometry that deals with the subject matter
conceptually.

This book has been written with the objectives of providing a text book as well as an exercise book, focussing on prob-
lem solving. I feel this will not only fulfil the need of beginners, pre-college students (Students of Standard X1 and XII),
but also meet the requirements of advance level students who are preparing for various entrance examinations like IIT-JEE,
AIEEE, BIT-SAT, and other state engineering entrance examinations. This book, Trigonometry, develops a deep insight
into topics: Trigonometric Functions, Trigonometric Equations and Identities, Inverse Trigonometric Function and Proper-
ties, and Solutions of Triangles. The well arranged content list will help students as well as teachers to access conveniently
the chapters and sub topics of their interest. Each chapter is divided into several topics; each topic contains its theory and
sometimes subtopics with sufficient number of worked out illustrative problems. Students can develop applicative abil-
ity of the concepts learned. This is followed by a textual exercise of both objective and subjective type problems, per the
requirements. At the end of the theory of each chapter, a large set of solved examples of both objective and subjective type
1s given. This will involve application of all the concepts learnt in the chapter so that students can develop mastery over the
chapter. The tutorial exercise given at the end contains a large number of multiple choice problems with single and multiple
correct options, comprehension passages, column matching problems, numerical integer type questions to facilitate the
students to do a thorough revision of the entire chapter and to raise their level of understanding of the topics. For teachers,
this text both will be quite helpful as it will provide a set of well graded problems, arranged topic and subtopic wise, that
can be used as home assignments to be given to their students.

All suggestions for improvement are welcome and shall be gratefully acknowledged.

---Sanjay Mishra
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Trigonometric
Ratios and Identities

CHAPTER

EE&inTrRoDUCTION

In previous classes, you must have read the pythagoras
theorem in Geometry that, in a right angled triangle the sum
of square of two sides (perpendicular and base) is equal to
the square of the biggest side (hypotenuse). This theorem
was very widely used for ages in various applications e.g.,
laying down the boundaries of the field at right angles or
designing right angular crossings of roads etc.

The above theorem is true for all right angled triangles
whatever be the lengths of the sides. Such an equality rela-
tionship is called an Identity.

The word ‘Trigonometry’ means the measurement
of triangles. It is a word derived from Gonia, a greek
word, means an angle. This branch of mathematics was
nurtured on Indian soil for a number of centuries by Hindu
scholars like Aryabhata (5th Cen. AD), Varahamihira
(6th Cen. AD), Brahmagupta (7th Cen. AD) and Bhaskara
(12th Cen. AD) but later it passed on to the west through
the Arabs. After the 16th century modem trigonometry took
shape out of the works of European mathematicians like
Vieta (16th Cen. AD) and Euler (18th Cen. AD) and many
other eminent scholars.

A triangle has 6 basic components; 3 sides and three
angles. If you take a triangle and increase its one side, then
you will have to increase either some other side or some
angle. It means that the three sides and angles are mutually
dependent or there is some relationship between them. In
this chapter, we shall examine these relationships. Some of
these relationships are always true and hence we call them
trigonometric identities. We shall learn these identities and
also learn their various applications in various streams of
mathematics and physics.

The contents of this chapter form elementary tools of
a scientific worker. We should not only know the shapes

and size of these tools but we should also know how these
tools were made i.e., we should be clear how these identi-
ties are derived. In this process, we will also learn how to
apply these mathematical tools to solve various problems in
mathematics and other branches of science.

BE% BAsic concepTs

Supose a student is looking at the top of the Eiffel Tower,
a right triangle can be imagined to be made, as shown in
the figure. Can the student find out the height of the Eiffel
Tower, without actually measuring it?

In all situation like the one given above, the distance
or the height can be found by using some mathematical
techniques which comes under a branch of mathematics
called trigonometry.

FIGURE 1.1

The word ‘Trigonometry’ is derived from two Greek words:
(1) Trigon and
(1) metron, the word trigon means a triangle and the
word metron means a measure. Hence trigonometry
means science of measuring triangles. Thus this is a
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branch of mathematics which deals with the study of
measurement of triangle and its component and their
various relations.

Angles and Measurements

A physical quantity which defines the amount of inclination
between two straight lines is called as angle between those
two lines. S.I. units of its measurement is called radian.
Being ratios of two lengths, it is a dimensionless quantity.

There are three systems used for the measurement of
angles.

1. Sexagesimal system or English system (degree system)
2. Centesimal system or French system (grade system)
3. Circular system of measurement (radian system)

Sexagesimal or English system (degree)

Here a right angle is divided into 90 equal parts known as
degrees. Each degree is divided into 60 equal parts called

minutes and each minute is further divided into 60 equal
parts called seconds.

60 seconds or (60”") = 1 minute (1)
60 minutes or (60") = 1 degree (1°)

90 degree or (90°) = 1 right angle.

Centesimal system or French system (grade)

Here a right angle is divided into 100 equal parts, called
grades and each grade is divided into 100 equal parts, called
minute (”) and each minute is further divided into 100 equal
parts called seconds ().

100 seconds (or 100”) = 1 minute (1”)
100 minutes (or 100") = 1 grade (1¢)
100 grades (or 100¢) = 1 right angle.

ILLUSTRATION 1:
then show that 250x = 81y.

SOLUTION:
90 degrees = 1 right angle.

x
x seconds = ———
60 x 60 %90

X _ Y
60x60x90 100x100x100

ILLUSTRATION 2:

SOLUTION:

= 5(60 —y) =60 +y =y = 40°

and in the centesimal system: y seconds =

10 P _ 200 )( 60—y | 40
Therefore ?(60— y): @(60—%)/) ::40: 7 (gven) .| -

If x and y respectively denote the number of sexagesimal and centesimal seconds in any angle

We know, in sexagesimal system: 60 seconds = 1 minute, 60 minutes = 1 degree and

Expressing the angle into right angles using both systems, we have

right angle

J

————— right angle
100x100 %100

= 250 x = 81y

The angles of a triangle are in A.P. and the number of grades in the least is to the number of
radians in the greatest is 40: 7; find the angle in degrees.

Let the angles be (x — »)°, x° and (x + »)°

Since the sum of the three angles of a triangle is 180°, we have
180=x-—y+tx+x+y=3x=>x=60

The required angles are therefore (60 — »)°, 60° and (60 + y)°

Now (60 —)° = %x (60— ) and (60+y)° = %x (60+y) radians

V4 60+ y V4

The angles are therefore 20°, 60° and 100°
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TEXTUAL EXERCISE-1 (SUBJECTIVE)

1. (1) Find radian measures corresponding to following
degree measures.
(a) 240°
(c) 125°30°

(b) 56°
(1) Find degree measures corresponding to following

radian measures.
(5” Jc
® {24

sz

@ |3
(c) (2.64)

2. One angle of a triangle 1s 2x/3 grades and another is

3x/2 degrees, while the third is % radians; express

3. The angles of a triangle are in A.P. and the number of
degrees in the least is to be number of radians in the
greatest 1s 60:7, find the angles in degrees.

4. Find the radians and degress of the angle between the
hour and the minute hand of a clock at

(1) half past three,
(1) twenty minutes to six,
(1) quarter past eleven

5. The angles of triangle are in A.P. and the number
of radians in the least angle to the number of
degrees in the mean angle is 1:120. Find the angles

them all in degrees. in radians.
Answer Keys
L G) (2 47” () lj—;’ © % (i) () 300° () 37°30' (c) 151° 12 2. 24°, 60° and 96°

3. 30°, 60°, 90°

5. L7 a2
3

l, and —-— l radians
2 3 2

Circular measurement or radian measure

In this system, a unit called ‘Radian’ has been defined for
the measurement of angle and it follows from the fact that
the ratio of circumference of a circle (other than a point
circle) to its diameter is always constant for all cirlces.
Hence if we take the length of arc of any circle to its
radius, it will always bear a constant ratio. This gives rise
to circular measurement of angles and the unit ‘Radian’ is
defined as:

FIGURE 1.2

NVE7.2 S U 7 RV G B S 7
4.0 (E] =75 —(83§] (i) (§j =70 _(77§J (i) (?J ~1125° = (125)

arc length of magnitude (r)

One radian (1) = - -
radius of circle(r)

1.e., one radian corresponds to the angle subtended by arc

of length r at the centre of the circle. Since the ratio is

independent of the size of a circle it implies that ‘radian’ is

constant quantity.
arc AD

For a general angle, ZAOD = radian (s)

Perimeter of a circle

Definition of 7 = -
Diameter

Since the angles subtended at the centre of a circle are
in proportion to their respective arc lengths.

o o _medB  » 2
T zd4oc  awcAC - g.pn o g

1 o
But ZAOB = |°= 2 ZA0C _ 2(right angle) _ 180

v/ v/ v/
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NOTES

1. Radian is the unit to measure angle and it does not mean that m stands for 180° (m is a real number)
Where as 7° stands for 180°. Remember the relation n radian = 180 degrees = 200 grade.

2. The number of radians in an angle subtended by an arc of a circle at the centre is

Polygon and Its Properties

Polygon: A closed figure surrounded by # straight lines is

called polygon. It is classified in two ways:

VARG,

s
—s==
radius r

(1) Convex Polygon: A polygon in which all the internal
angles are smaller than 180°.

(1) Concave Polygon: A polygon in which at least one
internal angle is larger than 180°.

Properties

Convex Convex Convex 1. An angle is called reflexive angle if it is greater than
Triangle  Quadrilateral Pentagon or equal to 180° or 7 radians.
2. Sum of all internal angles of a convex polygon = (n—2)
ﬂ = (n — 2) 180°, irrespective of regular/irregular
polygon.
Concave Concave 3. Each internal angle of regular polygon of n sides
Quadrilateral Octagon _ (n-2rm
FIGURE 1.3 n
NOTES
1. Perimeter ofa circular sector of sectoral angle 0 =r (2 + 6)
2. Area ofacircular sector of sectoral angle 0 = % 43
POLYGON NO. OF SIDES
Triangle 3
Quadrilateral 4
Pentagon 5
Hexagon 6
Heptagon 7
Octagon 8
Nonagon 9
Decagon 10
Hendecagon 11
Dodecagon 12
Triskaidecagon 13
Tetradecagon 14
Pentadecagon 15
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e N

ILLUSTRATION 3: If the three angles of a quadrilateral are 60°, 20¢ and 27/3. Then find the fourth angle.

: 90
SOLUTION: First angle = 60°; Second angle = 208 = 20 x 100 degrees = 18°

2 2 %180
Third angle = Tﬂ- radian = X

=202
Fourth angle = 360° — (60° + 18° + 120°) = 162°

ILLUSTRATION 4: If the diameter of circular wheel of Konark Sun temple be 40m, and the length of a chord is
20 m. Find the length of minor arc corresponding to this chord.

SOLUTION: Let arc AB = s. It is given that O4 = 20 m and chord
AB = 20m. Therefore, OAB is an equilateral triangle.

ﬂ' c ﬂ' c
Therefore £ AOB = 60° = (6OX—j = (_j , Since 6 = ar.c — 0%
180 3 radius 3 20 3
B
V2D
'
FIGURE 1.4

ILLUSTRATION 5: Express the interior angle of a regular decagon in three system of angular measurement.
. . . T .
SOLUTION: By geometry, sum of all interior angles of # sided polygon (convex) = 2n — 4) 5 radian

Let each interior angle of a regular decagon contains x radians, so that all the angles are together
equal to 10 x radians (" n = 10)

€

. 4 . 4
now 10x = [2 (10) — 4] % radians = x = ?ﬂ- radians = ?ﬂ-

= 8/5 right angles = (8/5) x 90 degrees = 144° = (8/5) x 100 grades = 1608,

TEXTUAL EXERCISE-2 (SUBJECTIVE)

The radius of a carrrige wheel is 50 cm, and in 1/9%
of a second turns through 80° about its centre, which
1s fixed; how many km does point on the rim of the
wheel travel in one hour?

1. The number of sides in two regular polygons are as 5: 4.
4, and the difference between their angles is 9°; find
the number of sides in the polygons.

2. The angles of a quadrilateral are in A P. and the greatest

1s double the least; express the least angle in radians. 5. Consider an equilateral triangle with sides = 4 m.

. The wheel of a railway carriage is 90 cm in diameter
and makes three revolutions in a second; how fast is
the train going?

Now, if a man runs around the triangle in such a way
that he is always at a distance of 2 m from the sides of
triangle then how much distance will he travel?



1.6 » Trigonometrry

6. Consider a square of sides 4 m. Now, if a man runs at
a distance of 2 m from the sides of the square. How
much distance will he travel?

7. Consider a triangle with sides 3, 6, 8 m respectively.
Now, if a man runs around the triangle in such a way
that he is always at a distance of 2 m from the sides of
triangle then how much distance will he travel?

Answer Keys
1. 10 and 8 2. 7/3 3. 848.5cm/sec 4. 22.6 km approx.
5. 12+4n 6. 16 +4n 7. 17 +4n
',QU ADRANTS AND ITS SIGN angle in the range O to 27. Reason is very simple, if one

“CONVENTIONS

Let XOX  and YOY’ be two mutually perpendicular lines,
then the plane gets divided into four parts called quadrants.
XOX is called X-axis and YOY’ is called Y-axis. Right
portion from O is called positive X-axis and left portion is
called negative X-axis. Regions XOY, X’OY, X’OY’, XOY’
are called first, second, third and fourth quadrants respectively.

y

Quardrant Il Quardrant |
x-coordinate is —ve while| x-coordinate &
y-coordinate is +ve y-coordinate are +ve
X'« » X
Quardrant Il Quardrant IV
x-coordinate & x-coordinate is +ve while

y-coordinate are —ve | y-coordinate is —ve
v

y!
FIGURE 1.5

'SIGN CONVENTION OF ANGLE

We know that the direction opposite to that of the hands of a
watch is called anti-clockwise direction, and the direction of
the hands of a watch is called clockwise direction. Naturally
few questions arise in your mind like:

(1) Whether the angle 6 can be greater than 27?
(1) Can the angle 6 be negative?

Answers can be obtained in following case analysis:

Casel: In one complete revolution in anti-clockwise direc-
tion, OP, with respect to OX, traces an angle of 27 radians.
So the angle made by OP with x-axis depends upon the num-
ber of revolution OP has taken w.r.t. origin O. e.g., Z XOY =
w2, ZXOX =z, ZXOY = 37/2. If the angle is greater than
27, then case becomes interesting.

Let us suppose that the angle is larger than 26 by some
magnitude 0 (say). This can be represented by an equivalent

moves around a circle after every 27 angle, he reaches the
initial point. Thus this angle © can be represented in the
form of (2nm + 0), where 0 <6 <27 and » is any positive
integer, representing number of revolutions.

2nn+0

¥ 'n’ Revolutions

FIGURE 1.6

Case II: By convention we define an angle as positive
if 1t is measured anti-clockwise with the positive X-axis.
Thus any angle measured clockwise from the positive
X-axis would be negative. This is analogous to the case
of coordinates in the cartesian system, where we take
distances to the right of origin as positive and distances
towards left as negative.

Y
A
P(x.y)
+0 > X
2 -0
P(x-y)
FIGURE 1.7

Let us take a right angled triangle ABC as shown 1n figure.



Here ZCAB is an acute angle, Note the position of the
side BC with respect to angle. It faces £A4. We call BC, the
side opposite to angle A. AC is the hypotenuse of the right
triangle and the side AB is a part of ZA. So, we call AB, side

adjacent to angle A.

We now define certain ratios involving the si
right triangle, and call them trigonometric ratios.

Sine of /A4 = side opposite to angle 4 _ BC
hypotenuse AC
Cosine of /A4 — side adjacent to angle 4 _ AB
hypotenuse AC

= sine of ZC = sin (90° - 6)
C

e
2
.g <
[}
So
o [
° (]
)
()
: - B
Side adjacent to
angle A
FIGURE 1.8

sideopposite to angle 4  BC

Tangent of ZA = —
AB

side adjacent to angle A

= cot of ZC =cot (90° - 6)

NOTE

des of

Trigonometric Ratios and Identities <

Cosecant of Z4

1 B hypotenuse
sine of ZA  side opposite to angle 4

= £ = Secant of Z
BC

sec(90 — @)= cosecd

secantof /4 = ;
cosine of ZA4
hypotenuse AC

- side adjacent to angle 4 - AB

= cosecant of ZC = cosec (90 — 0)
cotangent of

B 1 _ side adjacent to angle
tangent of Z4  side oposite to angle A

AB
=——=tanof £ =tan (90 — )
BC
Ce
go
(]
Hypotenuse % ?
o ©
§e)
»n
A B
Side opposite to
angle C
FIGURE 1.9

1. The ratios cosec A, sec A and cot A are respectively, the reciprocals of the ratios sin A, cosA and tanA

ATM: Some Person Had Curly Brown Hair Turn Permanently Black i.e., S= P/H; C=B/H; T=P/Bwhere S, CT P, B
and H stands for Sine, Cosine, Tangent, Perpendicular, Base and Hypotenuse respectively.

2. Notethat the symbolsin A is used as an abbreviation for ‘the sine of the angle A sin A is not the product of 'sin’and
A. Sin separated from A has no meaning. Similiary for CosA, Sec A, TanA, CosecA and CotA.

o
C.
P
Hypotenuse
& M B
FIGURE 1.10

For the sake of convenience, we may write sin’A, cos?A, etc. in place of (sin’A), (cos?A), etc. respectively. But cosec
A = (sin A)™" # sin”! A(it is called sine inverse A). sin” A has a different meaning, which will be discussed in the

chapters to come.
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(

ILLUSTRATION 6: What will be the trigonometric ratios for negative angles?

X
x4y

=—sinf = sin (-6) =— sinb

From the figure, it is clear that siné = and

=»)

Similarly, we obtain that, cosé@ =

sin(—6) =
X
Jxi+y?

and cos(—@0) = % =cos@ = cos(-0) = cosO

1
= »X

(=6)
O+ 2|

FIGURE 1.11

.

SOLUTION: Now let us establish relation between trigonometrical ratio of positive angle and negative angle.

\

NOTE

If the revolution is clockwise, then the angles measured are negative. An angle is said to be in that quadrant in which
its ray lies. If ay OP makes an angle 6 with positive X-axis, then we say that it has made an angle (2nm + 6) where n

Z and represents |n| number of complete revolutions of OP around O (anticlockwise for n > 0 and clockwise for n < 0).

From, the figure, we can visualize that after every Y

»
>

revolution or any » revolutions, the co-ordinates of the point onn+8

P(x,y) (x and y are distances from origin or the initial point)
remains same and therefore, the trigonometrical ratios in
such cases will be unaltered. So the results are,

sin(2nm + 0) = sinb, cot(2nn + 6) = cot O

cos(2nm + 0) = cos0, sec(2nzm + 6) = sec O

tan(2nm +0) =tan 0, cosec(2nt +0) =cosecO; Vrn e Z FIGURE 1.12

NOTES

1. Thatis the reason why every trigonometric function of 6 is periodic with the period 2.

But then, that does not mean that the fundamental period of every trigonometrical function is 2.

(This will be discussed in the pages to come)

|n| Revolutions
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2. Since the hypotenuse is the greatest side in a right angled triangle, sin 8 and cos 6 can never be greater than unity

and cosec 0 and sec 0 can never be less than unity.

Hence |sin@|<1,|cos0|< 1, |cosec@|= 1, |sec O |= 1, while tan 6 and cot @ may have any numerical value lying

between — oo to + oo.
3. Students must remember the following results:

(a) —1<sin6 <1

(d) cosec6 e (—0, —1] U [1, )

Domain and Range of Function

Function A function is defined as a relation in x
which generates exactly one output for each value (in-
put) of x. It is denoted by f{x) and read as f of x or func-
tion of x. e.g., fix) = 2x + 1, flx) = 2% f(x) = x? sinx etc.
The relation )* = x, y* = sinx are not functions because
they generate more than one output (values of y) for
one input. e.g., for y*> = x at x = 1 we get two values of
y, (+1 and -1).

Domain of function Domain of a function fx) is
defined as set of independent variable x for which function
is defined and takes a real and finite value (here we have
considered only real valued functions). If a function is
defined from set X to set Y, then set X is known as domain
and set ¥ is known as co-domain of function. e.g., y =log x

NOTE

(b) —1<cosO<1

(e) secO >1orsecO<—1

(c) tan® e R
(f) cot® e R

is defined for x > 0, therefore domain of y = logx is (0,
oo) and y = sinx is defined for all x, therefore domain of
sinx is R. (i.e., set of real numbers). A subset of domain
of function in which the function takes up its complete
range of values exactly once is called principal domain of
the function. Conventionally, it is selected nearest to the
origin.

Range of function Range of the function f* X — Y is the
collection of all outputs corresponding to the real numbers
in the domain of function i.e., the set of all f— images of
elements of set X is known as the range of function f{x) and
1s denoted by R SR =0yer and y = f(x) for some x €
X}. Range 1s also called domain of variation and it is always
a subset of codomain (Y).

e.g., the range of log(x) is set of real numbers while the
range of Vx is [0, o).

Detailed explanation of Domain and Range is given in our book on Calculus.

-PERIODICITY AND PERIODIC
FUNCTIONS

A function is known as periodic if it repeats its values after
a constant interval of length T. In mathematical terms, a
function f (x) is said to be a periodic function with period

T, if there exists a non-zero real finite positive constant T
(independent of x) such that f(x + T) = f(x) V x € D,

e.g., sin x = sin (x + 27) = sin (x + 47). The least positive
value of such T, if exists, is known as fundamental period of
the given function £ (x).

e.g., The fundamental period of an analog clock is 12 hours
and that of a digital clock 24 hours.

Properties of periodicity

1. Constant function is a periodic function without any
period. This happens because of the non-existence of
the least positive real number 7" which is due to the
continuity of real number system.

T

2. If f(x) hasits period 7, then f(ax + b) has its period ﬁ .

a

3. Iff(x) hasits period 7', and g(x) hasits period 7, then (a
Jf(x) + bg (x)) has its period < LCM (T, T,). Moreover
if £ (x) and g(x) are basic trignometric functions, then
period of [a f (x) + bg (x)] = L.C.M (T, T,) provided
f(x) and g (x) are not interconvertible and the LCM of
their periods exists.
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ILLUSTRATION 7:

SOLUTION:

ILLUSTRATION 8:

SOLUTION:

ILLUSTRATION 9:

SOLUTION:

ILLUSTRATION 10:

SOLUTION:

Examine whether sinx is a periodic function or not. If so, find its period.

Given f (x) = sinx. Let us assume sinx to be periodic.
So, it must have some positive value 7" independent of x such that f(x + T) = f(x)
= sin(x + I) = sinx
= x+T=nn+(-1)"x, wheren € Z
The positive values of T independent of x are given by nz, where n=2,4,6....

According to the definition of fundamental period, it should be least. So here we have
T = 2z Thus it is proved that sinx is periodic function having fundamental period
(generally called period) 2.

Prove that sin/x isnota periodic function.
Let the positive real number 7 be such that fix + T) = f{x)
= sinyx+7T = sin\/;

= x+T =nz+(=1)"Jx

This above relation does not give any positive value of T independent of x because it holds
only when 77=0

.. f(x) is non-periodic function.

Find the period of sin4x sin 3x.

sindx sin 3x = (1/2) (2 sin4x sin 3x)

= %[cos(4x —3x)—-cos(4x+ 3x)] = %(cos x—cos7x)

[ 2 sind sin B = cos (4 — B) — cos (4 + B)] (this will be disussed in the chapters to come)
Period of cosx = 2=

period of cos 7x = 27a/7

LCM of 27, 27/7 is 2.

Hence periodicity = 2.

. . 2sinx
Find the domain and range of f{x) =

1+sin”x '
Domain: since D’ can never be equal to zero and sinx is defined Vxe R
2

y= 1 and domain = R
(sinx+ - )
sinx

using AM > GM;, we can say that 1 sinx+——(2>1
2 sin x
2 2
and ] <1 = -1< <1 and hence range = [-1, 1]
sinx+— (sinx+ - )
sin x sin x
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TEXTUAL EXERCISE-3 (SUBJECTIVE)

1. Find period of f(x) = sinmx + cosx () fix) =cos® x + sin® x
2. Find the periodicity of the function fx) = a sinAx + (@) flx) = sin? (2x+£J+ tan (,,x+£J‘
bcosAx. 3 6
3. Given st 1 ifxeQ A i (e) fix) =20
. Given = ) s eriodic?
*) -1 if xeR-Q P 6. Find the range of
. 0 1
Can you find the fundametal period of f{x)? @ f(x)= Joosx—1 ®) f(x)= —
4. Find period of ) v x
. . 7. Find the range of
(a) sin x. sin 2x )
(b) cot 2x. sec 3x @ f(x)=—
(c) cot mx. sec’(3mx) V1-tan®x
(d) cot? x. sec (3mx) b) f(x)=+2-—secx
2sin” 3x— 3tan 4x+ 4 cot 6x
(©) f(x)=4flcotx|-1
(®) | cosec8x | —sec® 10x++/cot 12x 7:
2sin? 65— 3tan(4x/3)+4cos2 6x @ f(x)= tan(z[x]J, where [x] denotes the G.LF.
1
| cosec8x | —sec’ l6_x+ cot 12x © f()=——m—m=
3 5 |l tan x| —tan x
5. Find periods of
() f0x) = sin 2mx + w4) + 2sin Bmx + 7/3) ® f(x)= \/(l—cosx)\/(l—cosx),/(l—cos X)......00
(b) fix) =cos® x + sin*x (g) fix) =cos’x—5cosx—6
8. Fill in the blanks in each case with the fundamental period.
f(x) f(x) (x) fix| x| f]2x| f(x/3) |f(x))|
Sin x 2z — Not periodic T — 67 T
Cos x = — T - _
Tan x — Not periodic — — 3z —
Cot x — n — n w2 — n
Cosec x - - - - - - B
Sec x 2 — 2 3 — 67 L3
Answer Keys
1. not periodic 2. IZT”I 3. yes, no 4. (a) 27 (b)2x (c) 1 (d) not peniodic (e) 7 (f) 157/2
5. () 2 (b) periodic but no fundamental period (c) n/2 (d) not periodic (e) 2x.
6. () 0 ®) ¢
7. (@ [1, ©) ®) [0, 11V[N3,0) (0 [0,0) (@) {0} () O, x ® [0,2] (g [-100]
8.
fix)d fx) (x) fix| x| fl2x] f(x/3) |f(x))|
Sin x 2z T Not periodic T Not periodic 6z T
Cos x 2 3 27 b3 3 67 3
Tan x 3 T Not periodic T Not periodic 3z T
Cot x T b3 Not periodic b3 Not periodic 3z 03
Cosec x 2z T Not periodic fud Not periodic 6 T
Sec x 2z b 27 3 b 67 L3
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NOTES

(i) Students are advised to relate this topic of periodicity with the graphs of trigonometrical functions.

(i) We can also find the periodicity of composite function like cos(sinx), tan(cosx), sin(cosx) etc., but that will be

discussed in our book on Calculus.

BBz =ven FuncTion
A function f: R — R is said to be an even function if

f(=x)=f(x)forallx e R.ie,f(x)—f(-x)=0

= > X

FIGURE 1.13

fx) =x*V x € R, fix) = cos x Vx € R,
flx) = secx, f(x) = x*,

f(x) = (sin x)*, are the examples of even functions.

e.g.,

Properties of Even Function

1. The product of two even functions is an even function.

2. The sum and difference of two even functions is even
function.

o
A

FIGURE 1.14

v

3. The division of two even function is even provided
denominator is not equal to zero.

4. For real Domain;, even functions are not one-one
function.

5. Even function with respect to x is symmetrical about
y-axise.g.,y = x?

6. Even function with respect to y is symmetrical about
x-axise.g., x = )*

2000 FuncTion
A function f: R — R is said to be an odd function if f(—x) =

—f()forallx e R.ie,f(x) +f(-x)=0.
e.g., fix) = x3, flx) = sinx, fix) = cotx, fix) = x™ fix) =

(tan x)**! are the examples of odd functions.

y
b
y=x
) » X
FIGURE 1.15

Properties of odd function

1. Odd functions are always symmetrical about origin or
they are symmetric in opposite quadrants.

2. The sum and difference of two odd functions is odd
function.

3. The division/product of an even and an odd function
1s always an odd function provided D’ is not equal to

ZE€10.
y
B -3n - I 7 3TE‘ «
27 2n g
FIGURE 1.16

4. It is not essential that every function is even or odd. It
1s possible to have some functions which are neither
even nor odd function.

5. The sum of even and odd function is neither even nor
odd function.

6. The first derivative of an even function is an odd func-
tion and vice versa. e.g., f{x) = x*; f(x) = 4x?



7. Every odd continuous function passes through origin.
[But the vice versa may not be true]

9. Every function can be expressed as the sum of an even
and an odd function.

cg. f()= (f(x)+f(—x)J N (f(x)—f(_x)J

2 2

NOTE
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Let A(x) = (MJ and
o) = (f(x) —zf(—x) J

It can now easily be shown that A(x) is even and g(x) is
odd.

fix)=0,V x € R;is afunction which can be considered an even function as well as an odd function.

TEXTUAL EXERCISE-4 (SUBJECTIVE)

1. Check whether following functions are even or odd. 2% -
(@) x* - 2¢° (®) x sinx © T (@ log (m)
(c) 25+ 2~ (d) 27— 2~ () log(2x+~4x>+1)
Answer Keys
(a) odd (b)even (¢) even (d) odd (e) odd ®) odd (g) odd

TEXTUAL EXERCISE-1 (OBJECTIVE)

1. How many times do the minute and hour hands of a
clock coincide in a period of 12 h?
(a) 12 ®) 10
(c) 22 @ 11

2. How many times do the hands of the watch coincide
in a complete day?
(a) 24 times
(c) 48 times

(b) 32 times
(d) 22 times

3. How many times do the hands of the watch form a
right angle during a complete day?
(a) 48 (b) 24
(c) 22 (d) 44

4. How many times are the minute hand and the hour
hand are at right angles in a week?
(a) 308 (b) 336
(c) 168 (d) 154

5. How many times do the hands of the watch form an
angle of 180 degree during a complete day?
(a) 11 times (b) 22 times
(¢) 12 times (d) 24 times

6. A watch which gains 5 seconds in 3 minutes was set
right at 7 am. In the afternoon of the same day, when

the watch indicated quarter past 4 o’clock, the true
time was

7 .
(@) 595 minutes past 3 pm
b) 14.2 min to 4

37

7 .
© 58ﬁ minutes past 3 pm

@ 213—l minutes past 4 pm
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7.

10.

11.

12.

13.

The lengths of the sides of a triangle are 12 cm, 16 cm
and 21 cm. The bisector of the greatest angle divides
the opposite side into two parts. Find the lengths of
these parts.

(@ 9cm, 12 cm
(¢) 7Tcm, 6 cm

(b) 8 cm, 3 cm
(d) None of these

Interior angles of the regular dodecagon is

(a) 345 ) 547

(c) 344 (d) 546

The angles of a polygon are in A.P. The least angle is

57/12 and the common difference is 10°, then number
of sides is equal to

(a) 18 ) 4
© 10 (d) None of these
Find the sum of angles A,B,C,D and E.
A
E
5) B
C
FIGURE 1.17
(a) 240° (b) 180°
(c) 360° (d) None of these

The angle subtended at the centre of a circle of radius
3 metres by an arc of length 1 metre is equal to
(a) 20° (b) 60°

© % radian (d) 3 radians

The radius of the circle whose arc of length 15 cm
makes an angle of 3/4 radian at the centre is
(a) 10 cm () 20 cm

1 1
© 11= @ 22—

4 2
An ant has to go from 4 to D where AB = BC = CD
= lm. Such a poison is kept at place B and C that
anything within 1m of it dies immediately. What is the
shortest distance, the ant must travel to reach D alive?

FIGURE 1.18

®) 27
(d) None of these

(@ m+2
© n+1

14.

15.

16.

17.

18.

19.

The sum of the interior angles of a regular polygon is
twice the sum of its exterior angles, the polygon is a
(a) Hexagon (b) Octagon

(c) Nonagon (d) Decagon

The diagram given below shows three circular cans
each of diameter 2m they are tied with rope. The
length of rope (in metres) is

FIGURE 1.19

(a) 2m + 4 () 27+ 6

() 2+ 4 @) 3z+6

In the figure below, logs are piled in a particular
manner and each log has the same diameter. If the
diameter of each log is 3 feet, then the length ‘h’
(in feet) of a pole that consists three layers is

h
FIGURE 1.20
() 2+13 (b) 3+43
(¢) 3+3\3 (d) None of these

In the above question, if the length of a five layered pile
1s 11 feet, then the diameter of each log (in feet) will be
(@) V3 -1 ®) V3-1/2

(¢) 23 - 32 @ 3V3-2

At what time between 2 and 3’0 clock, both the hands
will be at right angle?

(a) 1614—1 minutes past 2
b) 2613—l minutes past 2
© 27% minutes past 2
@ 2715_1 minutes past 2

The minute hand of a clock is 10 cm log. What is the
area on the face of a clock described by the minute
hand between 9 am and 9.35 am?

(a) 183.3 cm? () 11 cm?

(¢) 80 cm? (d) 84 cm?
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Answer Keys
1. (@ 2. (d) 3. (@) 4. (a) 5. (b) 6. (b 7. (a) 8. (@ 9. (b) 10. (b)
11. (¢) 12. (b) 13. (¢) 14. (a) 15. (b) 16. (¢) 17. (a) 18. (¢) 19. (a)

TRIGONOMETRIC RATIOS AND
“THEIR PROPERTIES

We have already defined trigonometrical identities like sinf,
cos0, tanB, cosecH, secH and cotd in the previous chapter.

This chapter will elaborate a few more properties of
these trigonometrical ratios.

Sign of Trigonometric Ratios

1 1 Pt Qi Oi Qi
Since  sin LQ ,OP,= oP cos ZQ,OP = O_P,.’
FO
tan 4Q10P1= 0 Qi (l = l’ 2’ 3)

>

x co-ordinate is +ve
y co-ordinate is +ve

x co-ordinate is —ve
y co-ordinate is +ve

> X
x co-ordinate is +ve
y co-ordinate is —ve

x co-ordinate is —ve
y co-ordinate is —ve

FIGURE 1.22

Therefore depending on signs of OQ, and PQ, the
various trigonometrical ratios will have different signs.

The coordinate or cartesian system is represented in
figure. If the angle O lies in the first quadrant

y x

(All trigonometrical ratio are positive)
But when 0 lies in the IInd quadrant (x <0, y > 0) so
cosO and tan6 becomes —ve but sinf remains +ve and so on.

sin@ =

NOTE

FIGURE

Quadrant Il
sin0, cosecoO + ve
XI

1.23

Quadrant |
All ratio + ve

Quadrant Il
tano, coto + ve

y!
FIGURE

»X

Quadrant IV
cos0, seco + ve

1.24

Funny face: An easy way to remember which of the ratios
are positive is by using the mnemonics.
After School To Cinema or Add Suger To Coffee
Here dark initial letters represent the angles which are
positive in respective quadrants.

A: stands for All,
S: stands for sine
T: stands for tangent;

C: stands for cosine

Angle 6 and 90°-6 are complementary angles, © and 180°-6 are supplementary angles.
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B TRIGONOMETRIC IDENTITIES

A relation between trigonometric ratios (functions)
of one or more unknown angles which is satisfied by
all values of the unknown angles is called Universal
Trigonometric Identity, provided no conditions on
unknowns are applied.

Pythagorian Identities
By Pythagorous theorem

o2 o{2]
r r

= cos?0 +sin26=1
= 1 +tan?0 =sec?0
= 1+cot’?0 =cosec?0

Application of pythagorian identity
cos?0 + sin’0
cos0 =1 —sin’0
(cos0) x (cosB)= (1 —sin0) (1 + sinb)

cosd _ 1-siné
l+siné@ cos@
L. sin @ l-cos@
similarly, =

l+cos@  sinf
Also, 1 + tan’0 = sec’0
= 1=sec’®—tan% = 1 = (secO —tand) (secO + tand)
1
secO+tan @
And; 1 + cot? = cosec™® = 1 = cosec?0 — cot?0

= 1 =(cosecO — cotd) (cosecO + cot0)
1

cosec@ —cot @

U

=sec@—tan @

= cosecO + cot =

TEXTUAL EXERCISE-5 (SUBJECTIVE)

1. Which of the following reduces to unity for
0° <A <90°?

(a) (sec’4 — 1)cot?4

(b) cos A cosec A+/sec’ A-1
(¢) (cosec’4 — 1tan’4

@) (1 -cos®4)(1 + cot?4)

(e) sin A cosecA/cosec’4 -1
@ (1 + tan?4)(1 — sin?4)

(g) sec’4 — sin?4 sec’4

1 1
1+sin’ 4 1+cosec’4
.. tan’ Asin’ 4
O ———
tan- 4A—sin" 4
.. cot® Acosec’4
()]

cot* A—cosec’4

2. Prove that

(b) 1+cosd _ (cosect9+cott9)2 and 1= cosé
1-cosé@ 1+cosé@
= (cosec O — cot 0)?
© 1—s%n0 =|sec@—tan @ |
1+sin@

3. Prove that (sec 6 + cosec O)(sin 6 + cos 6)
= sec O cosec O + 2.

4. Prove that (sec’ O + tan®> 0)(cosec’ 6 + cot? 0)
=1 + 2sec? Ocosec? 6.

sin x+ cos x

cos’ x

5. To prove =tan’ x+tan’ x+tan x +1

6. Prove the following identities:

1-siné@
1+siné

=secfd—tan@

(@

I-tan0 L » b 1+cos@+sin@ _ 1+sin@
(@ —1+tan20—cos f—sin*@=1-2sin" 9 ®) [+ c0s0—snf  cosd
=2co0s?6 -1 (¢) 2(sin® O + cos® ) —3(sin* O + cos*O) +1=0
Answer Keys

l.a,b,c,d,f, g h,1



RIGONOMETRIC RATIOS OF SOME
SPECIFIC ANGLES

From geometry, we are already familiar with the construc-
tion of angles of 30°, 45°, 60° and 90°. In this section, we
will find the values of the trigonometric ratios for standard
angles i.e., 0°, 30°, 45°, 60° and 90°.

Trigonometric Ratios of 45°

In AABC, right-angled at B, if one angle is 45°, then the
other angle is also 45°,

LA=LC=45°
So, BC = AB as equal angles have equal sides opposite

to them.
Now, Suppose BC = a

ie.,

A B
FIGURE 1.25

Then by Pythagoras Theorem, AC? = AB? + BC* = a® +
a* = 2a” and therefore AC = a\2.

Using the definitions of the trigonometric ratios, we have:

Sind5° = side opposite to angle 45°

hypotenuse
_BC_a 1
AC a\/z \/5

cos45° = side adjacent to angle 45°

hypotenuse
_AB__a 1

C a2 2

tan 450 = side opposite to angle 45° _ BC _a_,
side adjacent to angle 45° AB a

1 1
=42, sec45° = =4/2.
sin 45° Se¢ cos45° \/_
1

tan45° -

Also, cosec 45° =

& cot45°=

Trigonometric Ratios of 30° and 60°

Consider an equilateral triangle ABC. Since each angle in an
equilateral triangle is 60°, therefore, L4 = /B = ZC = 60°.

Trigonometric Ratios and Identities < 1.17

Draw the perpendicular AD from 4 to the side BC.

Now, AABD = AACD
Therefore BD = DC
and Z/BAD = Z/CAD

A

30°
5 60°
D C
FIGURE 1.26

Now observe that:
AABD 1s a right triangle, nght-angled at D with Z/BAD =
30° and ZABD = 60°. Let us suppose that AB = 2a.

1

Then BD = E BC =a

and AD?* =AB* - BD*= (2a)* - a>= 34,

Therefore  AD = aV3.

Now, we have: sin30°= @ =2 _ l ,
AB 2a 2

COS30°—£=—\/_—£,
AB  2a 2
BD a 1
tan30°= —= —=—
D ah
Also cosec30° = L _ 2,sec30°= r _ i
S0 sin30° c0s30° .f3’
1
&cot30°= =./3
«© tan 30° \/_
Similarly,
sin 60° = AD a\/_ \/_ cos60° = l’
AB  2a 27 2
tan 60° = \/g , cosec60° = 2 sec60° = 2 and
| B
cot60° = —.
NG

Trigonometric Ratios of 0° and 90°

Let us observe what happens to the trigonometric ratios of
angle 4, if 1t is made smaller and smaller in the right triangle
ABC, till it becomes zero. As £A gets smaller and smaller,
the length of the side BC decreases. The point C gets closer
to point B, and finally when £4 becomes very close to 0°,
AC becomes almost the same as AB. (see fig.)
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A B A
FIGURE 1.27

When Z£4 i1s very close to 0°, BC gets very close to 0

and so the value of sin 4 = % 1s very close to 0. Also,
when /4 is very close to 0°, AC is nearly the same as AB
and so the value of cos 4 = % 1s very close to 1.

With the help of the above information, we can define
the values of sin A and cos 4 when 4 = 0°.

We define: sin 0° =0 and cos 0°= 1.

Using these values, we have:

sin0°

tan 0° = 0,

cos0°

1 L
cot(0°= oo’ which is not defined.
an

sec0° = =1

cos0°

cosec 0°= <> which is again not defined.

sin0
Now, similarly, we can get the trigometric ratios for the

angle 90° when ZA is made larger and larger; and hence

ZC gets smaller and smaller. Therefore the length of the

side AB goes on decreasing i.e., the point A gets closer to

REMARK

point B. Finally, when ZA is very close to 90°, ZC becomes
very close to 0° and the side AC almost coincides with BC.

C C C

A B
FIGURE 1.28

sin 90° =1 and cos 90° = 0.
Fill in the rest of the blanks yourself.

So, we define:

ZA 0° 30° | 45° 60° 920°
sin A 0 = L = 1
V2
1
cos A - ﬁ - - 0
2 2
tan A 0 - 1 - -
cosec A - 2 - i 1
NG
sec A - 213 \2 - Not defined
cotA Not defined \3 1 - -

From the table given above you can observe that as £A increases from 0° to 90°, sin A increases from 0 to 1 and cos A

decreases from 1 to 0.

Every trigonometric function can be discussed in
two ways i.e.,

(1) Graph diagram and
(1) Circle (Phaser) diagram

Sin xand Cosec x

(a) fix)=sinx:
Circle Diagram: Consider a circle of radius ‘1°, i.e., unit
circle on the trigonometric plane as shown in the figure.



Then sina = a/1, sinff = b/1
siny = —¢/1, sind = —d/1...

sinx generates a circle of radius 1.

X = (4n+1)n/2

1)
Q P(COSa,a)
(cosB,b)
B
x=(@dn+2)r2 | g c A bl x=@n)m
(x,0) AL (x.0)
S
(cosd;d)
R
(cosy;c) %=1

X = (4n+3)n/2
FIGURE 1.29

Graph diagram: Let f (x) = sinx, increases strictly
from —1 to 1 as x increases from —n/2 to 7/2, decreases
from 7/2 to 37/2 and so on. So the graph of sinx will be
as shown 1n the figure given below.

Y
©1) y=sinx (n/2,1)
312 — —
el .
Xr: O|/_ ‘X
00 m m m m 2n 3 5T T
6 4 3 2 3 4 6
YI
FIGURE 1.30

Properties

1. Domain of sin x is R and range is [-1, 1].
2. sinx is periodic function with period 27.

3. Principal domain is [-7/2, 7/2].

> X
0 n2 o\ 3n2/ 2n
T “--

=21 =3n/2 —n\ ~n/2

FIGURE 1.31
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4. It is an odd function.

5. It is a continuous function and increases in first and
fourth quadrants while decreases in second and third
quadrants in trigonometric plane.

(b) f(x) = cosec x: cosec x is reciprocal of sinx.
Properties
1. The domainis R — { n|n € Z}.
2. Range of cosecx is R — (-1, 1).
3. Principal domain is: [-7/2, /2] — { 0}

4. The cosec x is periodic with period 2.

—Oh B2 2 0 W2 m3m2 o 2m
> S S

FEAES

FIGURE 1.32

5. It is odd function discontinuous atx = nm, n € Z

6. It decreases in first and fourth quadrants while increases
in second and third quadrants in trigonometric plane.

Cos x and sec x
(a) fix)=cosx:

Circle Diagram: Let a circle of radius 1.i.e., a unit
circle where O4 = a, OB = b, OC = ¢, OD = d. Then
cosa = a/l, cos B =-b/1, cosy =—c/1, cosd = d/1

", cosx generates a circle of radius 1.

X = (4n+1)n/2

(1)
Q/ P(a, sina)
(-b, sinp)
p
x=(@dn+2)n2 | g c * A D| x=(@n)mw2
(x,0) N (x.0)

[¢-C/ - Plgeeeeeeec@eemnenae > S

4D ° (d,sind)
R

(~c, siny) &1

X = (4n+3)m/2

FIGURE 1.33



1.20 > Trigonometrry

Graph Diagram: As discussed, cosx decreases
strictly from 1 to —1 as x increases from O to 7,
increases strictly from —1 to 1 as x increases from 7 to
27 and so on.

12|
1

)
(9/3} 3 : Y = cOSX
%/2 ™~

L

=

N
o
INE]

FIGURE 1.34

Properties

1. The domain of cos x is R and the range is [-1, 1].
2. Principal domain is [0, 7].

3. cos x is periodic with period 27.

4. It is an even function so symmetric about y-axis.

< /2 X

FIGURE 1.35

5. It is continuous function which decreases in Ist and
IInd quadrant and increases in IIIrd and IVth quadrant
in trigonometric plane.

ne Z}

(b) f(x) = sec x: sec x is reciprocal of cosx.

1. The domain of sec x is R —{(2n+1)%

and rangeis R — (-1, 1)
2. The secx is periodic with period 27.
3. Principal domain is [0, 7] — {@/2}.
4. Ttisdiscontinuousatx=Q2n+ 1) w2, n€ Z

NOTES

£ 5x
O w2, = /3n22n

vy vy

FIGURE 1.36

Tan x and Cot x

(a) y=tanx:
1. The domain of tanx is R — {(2n + 1)7/2} and range
R or (-0, ). Principal Domain is (—7/2, 7/2)

FIGURE 1.37

2. Itis periodic with period 7.

3. It is discontinuous at x € R — {(2n + D=a/2;
n € Z} and it is strictly increasing function in
its domain

(b) y = cotx: cot x is reciprocal of tanx.
1. The domain of f(x) = cotxis R — {nm: n € Z}and

Range = R.

2. Tt is periodic with period 7 and has x =nz, n € Z
as its asymptotes.

3. Principal domain is: (0, 7)

4. Tt is discontinuous atx =nm,ne ”Z

S. It 1is strictly decreasing function in its

domain

FIGURE 1.38

From observation using the theory just covered, we can generalize that

(i) sinfnmt+ (-1)"0}=sin0;n e Z.

(ii) cos 2nm+0)=cosO,n e Z

(iii) tan (nm+0)=tan®,ne Z.
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TEXTUAL EXERCISE-6 (SUBJECTIVE)

1. Find the value of cos4 — sind and tan4 + cot 4 when 2. Find the sign of sin a — cos & when o = 825° and sino

A 1s equal to + cosa when o = 140°.

(a) 117/3 3. Find the sign of tan o — cot @ where o = 235°, 325°.

(b) Tn/4 4. Find the sign of sec ot — cosec o where or = 125°, 215°.

5. Fill in the rest of the blanks yourself.
| quad. Il quad. Il quad. IV quad.
sin 6 J from 0 to —1 T from —1 to O
cos 0 J from 1to 0 T from 0 to 1
tan O T from —0 to 0 T from 0 to o
cot O J from oo to 0 J from 0 to —o
sec 0 T from —oo to —1
cosec 0  from o to 1 T from —oo to —1
Answer Keys
1. (a) J3+1 and - () V2 and — 2 2. +ve,—ve 3.tve, tve 4.—ve, +ve
2 3
5.
I quad. Il quad. Il quad. IV quad.

sin 6 T fromO0to 1 | from 1to O J from 0 to —1 T from —1to 0
cos 0 J from 1to 0 J from 0 to -1 T from -1 to O T from 0 to 1
tan O 7T from 0 to o T from —0 to 0 7T from 0 to o T from —o to 0
cot O J from o to 0 J from 0 to —o J from o to 0 J from 0 to —o
sec 0 T from 1 to o T from —oo to —1  from —1 to —o  from o to 1
cosec 0 J from « to 1 T from 1 to o T from —oo to —1 J from -1 to —o

SOME IMPORTANT GRAPHICAL DEDUCTIONS

To find relation between sinx, x and tanx

YA Y4
y=x )
y = sinx
(0, 1) / (n/2,1) (0,1) y = COSX
\3/2 V312
12 12
1/2 112
/2,0
Xi = X X2 (20
(0,0) LT T (0,0) T n oo T
5 4 3 7 5 4 3 72
v
e v
FIGURE 1.39

d
y=sinx T Vxe(-n/2,7/2) = d_y =cosx >0Vxe (—x/2, x/2) and

X

d >0
): =—sinx
dx” {<O

x = cosf and
y = sinf

if xe(-n/2,0)
if xe (0, 7/2)
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And hence in the graph of sinx, the curvature is concave
down in (0, z/2) and concave up in (—1/2,0).
tan x is an increasing function since

d ) T
Ey =sec'x>0Vxe (0, EJ tan x has concave up graph
d-“y =2sec’ xtanx >0 Vxe (O, ZJ
dx” 2
Y
y = tanx
y =X
V3
1
113
X 000 = % & & X
6 4 3 2
YV
FIGURE 1.40

1.e., graph of tanx is increasing with an increasing rate.
To summarise, we conclude that

sinx<x V xe&(0,00)
sinx>x V x €& (—o0,0)

tanx > x Vxe(O,%J

tanx < x Vxe(—%,OJ

. /4
= tanx>x>sinx VxG(O,?J and
. /4
s1nx>x>tanxVxe(—E,OJ
Y
y = tanx
y=X
y = sinx
, [®)
X (0,00 £ &= & = X
' 6 4 3 2
YY
FIGURE 1.41

TEXTUAL EXERCISE-7 (SUBJECTIVE)

1. Find solution of the following equation.

(a sint9=x+l
x

(b) secld= L,
1+ x*
(c) sinf = L+ for [0,27]
2x
@ sin?g=>1
2xy

2. Find ordered pairs (x, 6) satisfying sin 6 = |x| + 1
when 6 € (27, 37).

3. How many values of x are there in [0, 7] when
(a) sinx=5/7 ®) cotx=-7

4. Prove the following inequalities:
(a) 4 tan’x + 49 cot® x > 28
(b) 8sin*x + 2 cosec* x> 8

5. Are the following equations possible for real x?
(a) 2cos>x—7cosx +3=0
(b) 6 cos’ + 7sinx —8=0

(©) sin’x+ 25in2§+4=0

6. For 0 < ¢ < w2 if x=Y cos™¢,y= Y sin™g,

n=0 n=0
z=Y cos” @sin™" ¢, then prove that
n=0
(@) xyx{1=z ® x+y+z=x7

Answer Keys

1. (a) No solution (b) No solution

2. (0, -37/2); (0, m/2) and (0,57/2)

©) {n/2, 372}
3. (a) 2

@ 9=(2k+1)%;x=y¢0

® 1 5. (a) yes b) Yes (¢) No
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Two angles are said to be allied when their sum or
difference is either zero or a multiple of 90°. e.g,

-9, %4_— 0,7 +0,2x +0 etc. are called allied angles of 6.

Degrees Radians General Allied angles of 6
0 27 2nm 2nm+ 6
90° 702 (4n + D)m2 2n+1)n+0
180° vl Cn+1)=m Un+1)n+6
270° 372 (4n—-1) w2 (4n—-1)7m+0

sin (2nm+ 0) =sin 0, cos 2nw+0) =cos 0,
tan 2nm + 0) = tan 0.

AY

v

FIGURE 1.42
sin (2nw — 0) =—sin 6, cos 2nw—0) =cos O
tan (2nw — 0) = —tanb
/4
Trigonometric ratios of (?i 0) in terms of ©

Ist Method

To find the trigonometrical ratios of the angle (90° + 0) as a
trigonomatric ratios of the angle 6, V6 eR.

FIGURE 1.43

Consider a line initially at OX, that rotates about the
point O such that it traces an angle 6 when it is at OA.

Trigonometric Ratios and Identities < 1.23
LZA0X =96
Let the revolving line turn through a right angle from
OA in the positive direction to the position OA’, so that the
angle XOA'1s (90° + 6).

Y, A’

>X

FIGURE 1.44

Take OA' equal to OA4 and draw 4B and 4'B' perpendic-
ular XO, produced if necessary. In each figure, since AOA4"1s
aright angle, the sum of the angle BOA and A'OB'is always
aright angle.

Hence £BOA =90° — LA'OB'= £ OA'B'.

The two triangles BOA and B'A'O are therefore, con-
gruent.

In each figure, OB and B'A’ have the same sign, while
BA and OB' have the opposite sign, so that

B'’A'"=0B, and OB'=-BA

Hence,

sin(90° + 6) = sin LXOA'= ﬂ= 0—B= cos @
0O4' 0OA

c0s(90° + 0) = cos LXOA' = 0—B= ﬂ= —siné,
04" OA

tan(90° + 0) =tan LXOA'= M= £=—cot0 s
OB' -BA

cot(90° + 0) = cot LXOA'= O—B=ﬂ=—tan0
B'A'" OB

sec(90° + 0) =sec LXOA'= oL = 0—A= —cosecd ,
OB' -BA

and cosec(90° + 6) = cosec LXO. 204 = o4

B'A" BA
=secH.
Example:
sin 150° = sin (90° + 60°) = cos 60° = % s

1
cos 135° = cos(90° + 45°) = —sin 45° = _ﬁ ,
and tan 120° = tan(90° + 30°) = — cot 30° = —3
sin((4k + 1)n/2 —0) = cos 6,

cos ((4k + NA/2 —0) =sin 6,
tan ((4k + 1)a/2 —6) =cot 6.
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y
E,_ P
0/2"
'« 0
X of MM ;
yl
FIGURE 1.45
sin((4k + 1)7/2 + 6) =cos 6,
cos ((4k + a/2 + ) =—sin 6;
tan ((4k + a2 + 6) =—cot 0.
y
P, P
0
90°
X' - 0 X
M 0 M
¥
FIGURE 1.46
lind Method : To Prove

cos(%i-ﬁ)= Fsin @ and sin (%1-0)= cos@
Proof

i\ Zso
e[zi )=cos Zi—ﬁ)+isin 14_-0)
2 2

= 2 &0 = cos (%i— 0) + isin (%i— 19)

= icos(+6) +i’sin(+ @)= cos( 0) 1s1n( 0)

om0
Joufo)

= icos0-|—-sin0=cos(

M|§

M|§

= icos0-|—-sin0=cos(

Comparing the real and imaginary parts of L.H.S and
R.H.S we get the desired results.

“fRIGONOMETRIC RATIOS OF (1 + ) IN
“TERMS OF 0

Ist Method:
To find the trigonometrical ratios of the angle (180° — 6) as
a function of trigonometric ratios of angle '0' V 6 € R.

A Y A
180°- 6
O
Y
Y
i< B /7 By X<
vyY'

FIGURE 1.47

Consider a line initially at OX, that rotate about the

point O such that it traces an angle 6 when it is at OA.
ZA0X =6

To obtain the angle 180° — 0, let the revolving line start
from OX and, after revolving through two right angle (i.e.,
into the position OX"), then revolve back through an angle
0 into the position OA4’, so that the angle X'OA’ is equal in
magnitude but opposite in sign to the angle XOA.

The angle XOA' is then 180° — 0. Take OA'equal to OA,
and draw A4'B' and AB perpendicular to XOX".

The angles BOA and B'OA’ are equal and hence the tri-
angles BOA and B'OA’ are congruent triangle.

Hence OB and OB’ are equal in magnitude and so also
are AB and A'B'. In each figure, OB and OB' are drawn in
opposite directions, while B4 and B'A’ are drawn in the
same directions, so that.

OB'=—0B,and BA'=+ BA

B'A" BA

Hence, sin(180°—0)=sin L XO4'= ——=—=5in g
0O4' 04

cos(180° —0) = cos LXOA'= O—B=ﬂ=—cos0,
04" 0A

tan(180°— 0) = tan 2x04’ = 24 - B4 _ e,
OB' -OB

cot(180° — 0) = cot LXOA4' = O—B=ﬁ=—cot0
B'A'" BA



04" 0A

sec(180° —0) =sec LXO4' = —=——=-secl,
OB' -OB
and cosec(180° — 0) = cosec LAOP'
0O4' 0OA
= ——=—=cosecd.
B'A" BA
Example:

V3

sin 120° = sin (180° — 60°) = sin 60° = -
1

cos 135° = cos(180° ~45) = —cos 45° =~ 7= and
1
tan 150° = tan(180° — 30°) = - tan 30° = - =

sin((2n + 1)m—6) = sin 6,
cos ((2n + 1)m—0)=—cos 0;
tan (2n + )m—6)=—tan 6.

A
x
o
k
A
X

FIGURE 1.48
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sin((2n + 1) + 6) = —sin 6,
cos (2n + ) +0)=—cos O;
tan ((2n + 1)m + 6) =tan 6.

AY

P(xy)

n+0
A , X

oL, >
7
P(xy)

v

FIGURE 1.49

A

lind Method: Trigonometric Ratios of (7 £ #) in Terms of
Proof:

Since, e/™*9 = cos (r+ 0) + i sin (7 £ 0)

e e®® = cos (m+0) + isin (m+0)

—[cos(£ 0) + isin(% 6)] = cos(wr £ 6) + i sin(w+6)
—[cos © i sin 6] = cos (£ 6) + i sin (7 +£0)

—c0s0 FisinO=cos(r+0) +isin(x+06)

uu

Comparing real and imaginary parts, we get

= cos(m+0)=-cosH;sin (7+06)= Fsin O

Similarly, other relations can be defined and are summarised in the following table.

Conversion of trigonometric functions for allied angles
L—)f(a) sin a cos o tan o cot o sec o cosec o
o
-0 —sin 6 cos 0 —tan 6 —cot 6 sec O —cosec 0
90° -6 cos 6 sin 6 cot 6 tan 6 cosec 0 sec O
90° + 0 cos 0 —sin 0 —cot 6 —tan 6 —cosec 0 sec 0
180° -6 sin O —cos 0 —tan 6 —cot 6 —sec 0 cosec 0
180° + 6 —sin 6 —cos 0 tan 6 cot 6 —sec 0 —cosec 0
270°-6 —cos 0 —sin 6 cot 6 tan 6 —cosec 0 —sec O
270° + 6 —cos 6 sin 6 —cot 6 —tan 6 cosec 0 —sec 6
360° -6 —sin 6 cos 6 —tan 6 —cot 6 sec O —cosec 0
360° + 6 sin O cos 0 tan 6 cot 6 sec O cosec 0
The generalized forms of the previously discussed 3. cos(kn+0)=(-1)cos® whenkeZ
conversions: 4. sin (k + 0)=(=1)sin 0 whenk € Z

1. coskn=(-1)sinkn=0, whenk e Z

k. kr_, E _ ‘
2. cosT—O, s1n7—(—l) 2 wherek=Q2n+1),ne”Z

k+1

5. cos (kw2 +0)=(-1) ? sin@ where k € odd integer

k-1
6. sin (k /2 +0)= (1) 2 cosb where k € odd integer
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TEXTUAL EXERCISE-8 (SUBJECTIVE)

1. Find the value of 3. If A, B, C are the angles of a triangle, then cos
(a) sinl20° (b) tan 150° A + B) =cos (m — C) = —cos C and hence show that
E:; ::z ?2(2)00 (@) tan 1140 sin(B+C J= sin(z/2— A/2) = cos A/2

2. Prove that 4. If ABCD is a quadrilateral, then show that
(a) sec (3n/2 — A) sec (n/2 — A) — tan (37/2 — A) tan C A+D

(2 +A)+1=0 (a) cos +cos =0
b) cot 4 + tan (w + 4) + tan (/2 + A) + tan A+C B+D
® Qr-A)=0 ( ) ( ) (b) tan = cot ,
5. Fill in the rest of the blanks yourself.
A 0° |30° |a5° |e0° |o90° [120° [135° [150° [180° [210° [225° [240° [270° [300° [315° [330° [360°
SinA |0 12 |12 |32 |1
CosA |1 V32 [142 |12 |0
TanA |0 1N3 |1 V3 | ND
CosecA | ND |2 V2 |2V3 |1
SecA |1 2M3 |2 |2 ND
CotA |ND [V3 |1 13 |0
Answer Keys

1. (a) sin60° or cos30° (b) —tan30° or — cot60° (¢) cos60° or sin30°
(d) tan60° or cot30° (e) —sec60° or — cosec30°

5.
ZA 0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180° | 210° | 225° | 240° | 270° | 300° | 315° | 330° | 360°
SinA 0 | 12 [1A2[N32| 1 [\32 12| 1/2 ] 0 |12 |-1A2|B2| -1 |B2|-1A2|-12| 0
CosA 1| 32|12 12| 0 |-12 |-1\2|=B32] -1 |-—B32|-1~2| <12 0 | 12 [1A2 |32 ] 1
TanA 0 [1A3] 1 | ¥3 | ND | -V3 | -1 |-1A3] 0 [1A3] 1 | 3 |[ND | V3| -1 |-1A3| 0
CosecA [ND| 2 | V2 |[2¥3 | 1 [2A3 ]| 2 | 2 | ND | -2 | 2 |-2A3| -1 |[2A3] 2| 2 | ND
SecA 1 {273 V2 | 2 |[ND| =2 | =2 |-2AB| -1 |23 2| =2 | ND | 2 | V2 [2A3| 1
CotA |ND| V3 1 |13 0 |-1AB3| -1 | 3 | ND | V3 1 (13 0 |-1/3| -1 | =3 | ND

TEXTUAL EXERCISE-2 (OBJECTIVE)

1. Which one of the following is possible?
@ sind = T axb)
a —-b"
(b) sec 6=4/5
(c) tan© =145
(d) cos6=17/3

2. AABC 1s right angled at C, then tan 4 + tan B 1is
equal to

bZ
(a) Z ®) a+b
aZ 02
© e (G)) Py
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3. sin? 17.5° + sin? 72.5° is equal to 9. The value of cos 480° sin 150° + sin 60°. cos 390° is
(a) cos?90° equal to
(b) tan? 45° (@ 0 ) 1
(c) cos? 30° (© 12 @ -1
(d) sin® 45° 10. sin 120° cos 150° — cos 240° sin 330° is equal to
4. The value of expression cos 1°. cos2°..... cos 179° @ 1 b) -1
equals B+l
@ 0 ® 1 © 25 @ ‘( 4 J
) 1N2 @ -1
5. sin? 5° + sin? 10° + sin® 15° + ... + sin® 90° is equal to 11. The value of cos(270° + 0) . cos (90° — 0) —
1 sin(270° — 0) cos O is
® 83 ® 9 @ 0 (b) -1
12 d) 1
© 9= @ 42 © @
2 2 12. The value of the expression sin®® + cos®® + 3sin%0.
7 37 L 5x I cos? O equals
6. The value of cos” E+ cos” g+ cos” g+ cos” EIS (@) (3) (Z) f
(@2 ®) 1 © @
© 0 (d) None of these 13. Forx € R, 3cos (4x — 5) + 4 lies in the interval
7. 3(sin x — cos x)* + 6(sin x + cosx)? + 4(sins + cos®x) (@ [1,7] () [4,7]
is equal to (© [0,7] @ [2.7]
(@) 12 ®) 13 14. The value of tan 1° tan 2° tan 3°.... tan 89° is equal
() 14 @ 11 to
r T 27 @ -1 ) 2
8. The value of (1+COSEJ(1+COS?J(1+COSTJ (c) w2 @ 1
(l+cos7—”J s 15. If cos x + goszx = 1, theq the value of sin'*x +
6 3 sin!® x + 3sin® + sinc — 1 is equal to
(a) 3/16 () 3/8 (@) 2 M 1
(c) 3/4 @ 12 (© -1 @0
Answer Keys

1. (c) 2. (d) 3. (b) 4. (a) 5. (c)
1.d) 12.d) 13.( 14.() 15 @

ANTER-CONVERSION OF
TRIGONOMETRIC RATIOS

It is possible to express trigonometric ratios in terms of any
one of them.

To express all the trigonometrical ratios in terms of the
sine:

Let AOP be any angle 6, the length OP be unity and let
the corresponding length of AP be s.

6. (a) 7. (b) 8. (a) 9. ) 10. (b)

Then OM = JOP> — MP*

2

=4l-s

Hence cos@ = OO—A;{= J1-s? =+/1-sin? 6

MP K sin @

OM \1-s* 1-sin’6"
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(0]
«/1—32 i

FIGURE 1.50

OM 1-s* 1-sin’0

cotd = -
K sin @
cose00=0—P=l= ‘l and
MP s sin@
secl = opP _ | |

OM I-s* l-sin’0

To express all the trigonometrical ratios in terms of the
cotangent.

Taking the usual figure, let the length MP be unity, and

let the corresponding value of OM be x.

Then OP = JOM?* + MP* = 1+ x*

Hence cot@ = ——

OM
MP

FIGURE 1.51
Therefore, we get
. MP 1 |
sinfd=——= =
OP  J1+x* Al+cot’@
OM x coté
cosf = = =
OP  Jl+x* l+cot®d
tan@ = MP. = 1 = 1
OM x coté
wopo OP _N1+x _Altcot’d g
OM x cot@
cosece=%= l-ll-x‘ =+/l+cot’ 8

Similarly, we can express all trigonometric functions in other trigonometric ratios.

sin ©

cos 6

tan 6 cot© sec O cosec O
tan & 1 m 1
sin 0 sin 6 \1-cos” @ —_— —_— yeeo 01
\1+tan’ @ l+cot’ @ sec O cosect
1 coté i 29 _
cos 0 1-sin’ @ cos 0 T B ! ioaserd—1
v1+tan® @ \/l+cot‘ 0 secd cosecl
sin 6 M — cogl 1 2 1
tan 0 B i tan © Vsec” 61 T
V1—sm~ @ cos@ cot@ \Jcosec @ —1
w2 cos@ 1 2
cot 0 yl—sm” 8 T ! cot® T ycosec @ —1
sin @ \/l—cos‘ 6 tan @ Vsec -1
1 / 2 cosecd
sec O T L 1+tan* @ M sec O T
J1l-sin“ @ cosé@ cot@ JJcosec @ —1
1 / 2 = sec @
cosec O - 1 — m \l+cot™ @ T— cosec 0
sin 6 1-—cos” @ tan @ Vsec 6—1
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( )

ILLUSTRATION 11: If cos 6 equal 3/5, find the magnitudes of the other ratios.
SOLUTION: Along the initial line OA take OM equal to 3 and construct a perpendicular MP. Let a line OP of
length 5, revolve round O until its other end meets this perpendicular in the point P. Then AOP
is the angle 6.

FIGURE 1.52

By geometry MP = \/OP2 ~-OM? = \/52 -3’ =4
Hence sin = 4/5, tan® = 4/3, cotb = 3/4, cosecO = 5/4, and sec = 5/3

L J

TEXTUAL EXERCISE-9 (SUBJECTIVE)

1. Supposing 6 to be an angle whose sin6 is 1/3, to find 3. Iftan? © + sec © = 5, then find cos6

the magnitude of the other trigonometrical ratios.

1 2 2 4. Iftan © + cot 6 = 2, then find sin 6.
R cosec @ —sec”

2. Iftan® = \/7 , find the value of

cosec’@ +sec’ @ 5. If sec?© =2 + tan 0, then find tan®.
Answer Keys
242 1 3
1. cosb = ——, tanO® = , cotb = 24/2 , cosecO = 3, secO = ——=
3 202 a 22
2. 3/4 3.1/2 or -1/3 4 L 5 1x45
V2 2

TEXTUAL EXERCISE-3 (OBJECTIVE)

1. In a AABC, LA = w2, then cos’B + cos?C equals. 4. The equation (a + b)*= 4 ab sin?0 is possible only
@ -2 ® -1 when
© 1 @ 0 (@ 2a=b ®) a=b
©) a=2b (d) None of these

cot54° tan?20° .

2. The value of +——1s )
tan36° cot70° 5. log tanl® + log tan2°® + ..... + log tan 89° is
@0 (®) 2 (@ 1 (®) 0
© 3 @1 (c) /4 (d) None of these
3. If zn:sin 0 = n. then the value of zn:cos 0 is 6. The value of 2(sin® 6 + cos® 6) — 3(sin* © + cos* 0) + 1
i=1 i=1 is
(@ n ®0 (@ 2 (®) 0

© 1 (d) None of these © 4 @ 6
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7. If S = cos"0 + sin"0, then the value of 35, — 2 S, is (a) 22 b) 21
given by (c) 23 (d) None of these
(a) 4 ®) 0 3 s
© 1 @7 11. Thevalueof cos* (%J+ cos* (?”J+ cos* (?”J+ cos*
8. If cos4 = cos B =l, —£<(A,B)<O,then value of 7_” is
3 4 5 2 )
2 su;A + 4 sin B is ) @ 0 ®) 112
@) ®) - © 32 @ 1
(c) -4 @0
i 12. If 12 cot? © — 31 cosec © + 32 = 0, then the value of
9. If sec® =m and tan © = n, then —[(m+ n)+ } sin O is
. m (m+n)
is (@) 3/4or1l () 2/3 or -2/3
(a) 2 (b) 2m (c) 4/50r3/4 @ =172
©) 2n ) mn |
tan A +sec A
13. 1s equal to
10. If cosO = —g and sin o = —ﬁ, where 0 does not 1+sec4 tan 4 d
lie in the third quadrant, then 25cos? @ ++/3 tan@ is () 2sin4 (b) 2cos4
equal to (c) 2 cosec4 (d) 2sec4
Answer Keys
1. (¢) 2. (b) 3. (b 4. (b) 5. (b) 6. (b) 7. (¢ 8. (¢©) 9. (a) 10. (b)
11. (¢) 12. (¢) 13. (¢)
. LPOM=A+B
m FORMULAE ON TRIGONOMETRIC AT
RATIOS OF COMPOUND ANGLES From the given diagram it is clear that ZRPQ = A4
. . _ MP MR+RP _
An angle made up of the algebraic sum of two or more angles now sin (4 + B) = sin £POM = orP  opP

1s called a compound angle. Let us discuss some of the stand-
ard formulae and results of the compound angles:

QO sin (4 + B)=sinA4 cos B+ cos A sin B

Proof: Trigonometrical expansion does not follow
the distributive law. Now, let us try to establish the
above trigonometrical identity. Let ZJ1'OX = 4 and
ZTOV = B. Let P be any point on OT. Draw PM per-
pendicular to OX and PQ perpendicular to O and QN
perpendicular to OX. Also draw QR perpendicular to
PM.

FIGURE 1.53

ON  RP_ON 00 RP PQ
OP OP OQ OP PQ OP
(Multiplying and dividing by OQ and PQ respectively)
=sinA cos B + cos A sin B
Hence sin (4 + B)=sinA cos B + cos 4 sin B

Similarly, an expression can be developed for sine of

the difference of angles (4 — B)

sin (A — B) = sinA cosB — cosAsinB

sin (4 + (—B)) i.e., replacing B by (—B)

= sin(4-B)=sin(4 +(-B))=sindcos(-B)+cosdsin(-B)
= sin(4 - B)=sinA4 cos B—cosA sin B.

cos (A + B) =cos A cos B—sin A sin B:

Consider the unit circle with centre At the origin (fig.).

Let A be the Angle P,OP, and B be the angle P OP,.

Then (A + B) is the angle P,OP,. also let (-B) be

the angle P,OP,. Therefore P, P, and P, will have

the coordinates P, (cos A, sin A), P(cos(A + B),

sin (A + B)), P, (cos (-B), sin (-B)) and P (1,0).



Y
A
(cos Asin A)
P1
) B <A P,(10) _
< B G
PZ
[cos(A+B), sin(A+B)] 3
3
[cos(- B), sin(- B)]
v
FIGURE 1.54

By SAS congruency, we get AP OP, = AP OP, There-
fore, P P, And P,P, Are equal. By using the distance
formula, we get

P P?2=[cos A —cos(—B)]* + [sin A —sin (-B)]*

= (cos A — cos B)’ + (sin A + sin B)?[using cos(-B)
= ¢os B And sin (-B) = — sin B]

=cos? A + cos? B — 2cosA cos B + sin®> A + sin?B +
2sin A sin B.

=2 —2(cosA cos B—sin A sin B)
AlsoP,P?=[l—cos (A + B)]*+ [0—sin (A + B)]*
=1-2cos(A + B)+cos’ (A + B)+sin* (A + B)
=2-2cos(A + B).

Since PP,=PP, wehave P P>=PP>

Therefore 2-2(cos A cos B — sin A sin B)
=2-2cos (A + B).

Hence cos(A + B) = cos A cos B—sin A sin B.
Therefore replacing B by (—B); we get

cos (A— B) =cos A cos B + sin A sin B.
Replacing B by —B, we get the desired result.

Aliter: The result of the sine, cosine and tangent of
compound angle can also be derived using the concept
of complex numbers as discussed below:

cos (A+B) +isin (4 £ B)= P =eHe*®
=(cosA4 +isinAd). (cos B+isinB)
= (cos A cosB F sinA sin B) + i (sind cosB + cos A sin B)

Comparing the real and imaginary parts of the left and
right hand side, we obtain
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cos (A £ B) = (cos A cosB F sin A4 sin B) (D)
and sin (4 £ B) = (sin4 cosB % cos 4 sin B) ...(11)
sin(A+B) sinAcosB+cosAsinB
cos(A+B) cosAcosBFsinAsinB

tan (A B)=

Dividing N" and D" by cos 4 cos B; we get
tan At+tan B

lftanAtan B -

cot Acot BF1
cot BtcotA

tan A+ B)=
Similarly, cot (A£B) =

Corollary: 1In the above results; we can also get the
trigonometrical functions of the multiple angles like
24 by replacing B by A.

sin24=sin4 cosA + cosAsind =2sinA cos 4

now multiplying N and D"by ———; we get
cos™ 4
sin Acos 4
sin 24 = cos’d  _ 2tan 4 _ 2tan 4
1 sec’A l+tan’ 4
cos’ 4

and cos 24 = cos A cos A —sin A4 sin 4
=c0s?4 —sin’4 =2 cos’A4 -1
=1-2sin4

= cos 24 = cos’4 —sin’ 4

Multiplying N* and D" of R H.S. by ;,; we get
cos™ 4

l+tan~ 4
:>tan2A=tanA+t,anA= 2tan:4 where
l1-tan~ 4 l1-tan~ 4

A%Qn+ 1)%

Trigonometric functions of ‘34’

sin 34 = sin (24 + A4)
= sin 24 cos A + cos 24 sin 4
=2sinA cos’4 + (1 —2sin?4) sin 4
=2 sinA4 (1 —sin?4) + sind — 2sin4
=3sinAd-4sin’ 4.

Similarly, cos 34 = 4 cos®’4 — 3 cos A4

sin34 _ 3sinA-4sin’ 4

tan 34 = = >
cos34 4cos” A-3cosA
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3tanA4—4tan® 4

Dividing N" and D" by cos’4, we get -
1-3tan~ 4

where 4 # (2n + 1) w/b6.

Multiple Angle Results in the General Form

From the Demoivre’s theorem, cosno + i sin n oe = (cos & +
i sinr)” for any integer ». ()]
Binomically expanding the the equation, we get (coso
+ i sinay’ ="C, cos” a + "C| i cos™ a sina + "C i*cos™”
asin’e +"Ci2cos asi’a+ ... (i1)
Comparing the real and imaginary parts, we get

cosn o ="C, cos" a—"C, cos™* asin* a + "C, cos™ a

sin n a0 = "C, cos™ a sina —"C, cos™> a sin* a + "C,
cos asin®a + ...

NOTE

Taking cos”a common from the RHS of the above two
equations, we obtain the following two identities:

sin n a = cos”a ("C| tano — "C, tan’er + "C, tan’c....)
weee(V)
cos n o = cos"a (1 ="C, tan’ a + "C,, tan*oc —....)
....(v1)

Dividing the relation (v) by (vi), we obtain

"C,tana —"C,tan’ ¢ +" C tan’ ar....
1-"C,tan* @ +" C, tan* @ =" C,tan® e + .....

tan no =

Adding and subtracting the equations (v) and (vi) we
can also derive the following two identities

sinn o + cos noe = cos”a (1 +"C, tana —"C, tan* ot —"C
tan’ o + "C,tan* o + "Ctan’ e —"C, tan‘cx.....)

3

sin na — cos nae = cos” a (=1 +7C tana + "Ctan* o —
"C tan’ o —"C tan‘o + "C tan’ o + "C tancx.....)

These formulae will be used in finding trigonometric functions of submultiple angles in the chapter to come.

= tan4 + tanB = 1 — tan4 tanB
= tand (1 + tanB) +tanB +1=2

ILLUSTRATION 13: Evaluate the following:

(a) sin 75°

SOLUTION:

(c) tanl5° = tan(45° — 30°) =

ILLUSTRATION 14:

\
ILLUSTRATION 12: If 4 + B = 45°, then show that (1 + tan 4) (1 + tan B) =2
tan 4 +tan B
SOLUTION: " 4 + B =45° tan(4 + B)=tan45°=1=> —— =1
1—tan Atan B

(b) cos 75°

3 1
(a) sin75° = sin (45° + 30°) = sin 45° c0s30° + cos45° sin30° = TT+$
. . 1
(b) cos 75° = cos (45° + 30°) = cos 45° c0s30° — sin4d5° sin30° = — ]

tan45°—tan30° _ 1-14/3 _ J3-1 9 f
I+ tand5°tan30° 14143 B+1 2°V3

= tand + tanB + tand tanB =1
= (1 +tanB) (1 + tand) =2

(c) tan 15°

—

2

1 (3-

) 2

SOLUTION:

Prove that [{sin (x — ) cosy + cos(x — y) siny} + {cos (x —y) cosy — sin(x — y) siny}] x
[{sin (x —y) cosy + cos(x — ) siny} — {cos (x — ) cosy — sin(x — y) siny}| = — cos 2x
Starting from bigger expression and applying compound angle results, we get;

LHS = [sin(x— y+y)+cos(x— y+ y)] [sin(x— y+ y)—cos(x— y+ y)]

— (sinx+cosx)(sinx—cosx) = sin’® x—cos’ x = —cos2x
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ILLUSTRATION 15:

SOLUTION:

ILLUSTRATION 16:

SOLUTION:

ILLUSTRATION 17:

SOLUTION:

ILLUSTRATION 18:

SOLUTION:

ILLUSTRATION 19:

SOLUTION:

Prove that tan (%+9)x tan (37”+9)= -1

tan(z/4)+tan@  tan(3w/4)+tan@
1-tan(z/4)tan@ ~ 1-tan(3z/4)tan@ "

LHS = tan(£+9)xtan(3—”+9) =
4 4

_ (l+tan9)(—l+tan9) -
l-tan@ l+tan @

If tan9=% and tan¢=ﬁ,ﬁndtan (0 + ¢) and tan (0 — ¢)

k 1
_+ 2
. tan @ + tan 2k +k+k+1
 tan(f+ @) = 9 _ k+}c 2k41r1 == =
I-tanftang | _ 2k"+3k+1-k
k+1 2k+1
k 1
and tan(f— 9) = tanf-tang _ k41 2k+1 _ 2k 2-l-k k-1 _ fk 1
I+tan Otang |, _k 1 2k + 4k +1 2k + 4k +1
k+1 2k+1

If 2 sina cosfsin y = sinfsin(a + p). Then show tana, tanf and tany are in Harmonic Progression.

2 sina cosf siny = sinf sin(o + 7)
or 2 sino cosf siny = sin 8 {sino cosy + cosat. sin y}
= 2 sina cosf sin ¥ = sina sinf cosy + cosa sinf siny
Dividing both sides by sina. sinf. siny, we get
2 1 1
or tan f - tana+tan}'

2 cot B = coto + coty

1 1 1
tana tan B tany

e, are in A.P. or taner,tan f,tany are in H.P.

If 3tan0 tan¢ = 1, then prove that 2 cos(0 + ¢) = cos(0 — ¢)

cos@cosg 3

Given that 3tan6 tang = 1 or,cot@cotg =3/1 or M 1

. . cosfcosg+sinfsing 4
Using componendo and dividendo we have - — ==
cos@cosg—sinfsing 2

0—
%= 2 or 2cos(6+ @) = cos(6 — @)

Show that 2cos@ = 4/2++/2+2cos40 where —z/4 <0 < 7/4

RHS = 24424200540 = 42+ /2(I+cos46)
= 2420+ 2c0520-1) = y2+f4cos? 26

= J2+2|00529| = \/2(1+00529) (. cos20 > 0)

= ‘/2(1+200529_1 = \J4cos’ @ = 2|cos€|= 2 cosb (. cos0>0)

~N
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4 )

ILLUSTRATION 20: Prove that cos 5a = 16cos’® a — 20 cos® a + 5cosa

SOLUTION: We have cos Sa = cos(3a + 2c)

= cos3acos2a —sin3asin 2

= (4cos’ @ —3cosa)(2cos’ & —1)— (3sin a — 4sin’ @). 2sin @ cos &
= (8cos’ @ —10cos® ¥ +3cosar)— 2cosasin® (3 —4sin” &)

= (8cos’ @ —10cos’ @ +3cosa)—2cosax (1-cos’ a)(4cos’ a —1)
= (8cos’ @ —10cos’ @ +3cosa)—2cosa (5cos” a —4cos* ar —1)

= 16cos’ & —20cos’ & + Scos o

ILLUSTRATION 21: Express sin’ 0 in the terms of sin (1n6); n € N.

1 1
SOLUTION: sin 6 = E(Z - ;] [using our knowledge of complex numbers z = cosO + i sinf]

1 1y 1 1 1Y 1Y
= sin0= — z——j =—|°C,2’ - °C,2*+°Cyz-°C, | — |+ °C,| = | +°C, —j
32i Z 32i Z Z Z

1 |(cos50+isin50)—5(cos36 +isin36)+10(cos 6 +isinb)
32/ —10(cos(—¢9) +isin (—9)) i 5(005(—39) +isin (—39)) ~ (cos(—S@) +i sin(—59))

%(sinSﬁ—Ssin3¢9+lOsin9).

g 4

TEXTUAL EXERCISE-10 (SUBJECTIVE)

1. Prove the following universal identities: 2. Prove that:
@ sin(4A-B) N sin(B-C) N sin(C—-4) _ 0 (a) cot (£+0chot (£_0J= 1.
cosAcosB  cosBcosC  cosC cos 4 4 4

() cosarcos(y - a)—sinasin(y - &) = cosy b) l+tan0tan%=tanecot%—l=sect9

(¢) cos(a+ B)cosy—cos(f+y)cosa

=sinf} sin(y — o) 3. Prove that cos (60° — A4) cos A cos (60° + A) =
@) sin(r+1@ sin(n—1)8 +cos(n+1)@ cos(n — 1)6 1/4 cos 34.
=cos 20
(e) sin(n+ D sin(n+2)a +cos(n+ D cos(n+2)a 4. Prove that tan (60° —A4) tan A tan(60° + A) = tan 34.
=cos a 5. Find the expression cos’™® in the terms of cos n0; n € N.
Answer Key

5. é(ccs70+ 7¢0s560 +21c0s36 +35c0s6)



A few more results can be derived using the theory
just covered

1.

sin (4 + B) sin (4 — B) =sin?>4 —sin?> B = cos? B —cos? 4

Proof: This result can be obtained from compound

formulae

= (sin 4 cosB + cosA4 sinB) (sin A cosB — cosA sinB)
= sin’4 cos® B — cos’ 4 sin* B

=sin?4 (1 — sin’B) — (1 —sin?4) (sin’B)

=sin’* A — sin’4 sin’B — sin> B + sin’4 sin’B

= sin’*4 — sin’B ()

which is also equal to 1 —cos?4 — 1 + cos’B
= cos’B — cos*4

(i)

. cos (4 + B)cos (A —B)=cos*A—sin® B=cos’ B —sin*4

Proof:

= (cosA cosB — sin A sinB) (cosA cosB + sinA sinB)
= cos’4 cos® B — sin’4 sin’B

=cos?4 (1 —sin? B) — (1 —cos? 4) sin’B

=c0s’4 — cos’4 sin > B — sin® B + sin® B cos*’4 =
cos’4 —sin’B

which isequal to 1 —sin?4 — 1 + cos?’B = cos? B —sin’ 4

3. 1 +cos24=2cos*4;1—cos 24 =2sin?*4
4. wﬂ = tan (4); where 4 # ﬂ;n e’
sin2A4 2
5. M:cot(A);whereAiﬂ;neZ
sin 24 2
6. M:tanz/l; whereA¢(2n+l)£;neZ
1+cos24 2
7. M:co‘tz/l; where A#nm - n€ Z
1—cos24
3sin A—sin3
8. sin’4d = M;AGR
4
NOTES

(ii) Any formula that gives the value of cos A/2 in terms of cosA will also give the value of cos of (

(iii) Any formula that gives the value of tan A/2 in terms of tan A will also give the value of tan of (

(i) Any formula that gives the value of sin A/2 in terms of sin A will also give the value of sine of (

Trigonometric Ratios and Identities <

3cos A+cos34
— a1

9. cos’4d = AeR.

Using these formulae, we can also find the
formulae for the sub-multiple angles

1+cos4

1+cosd =2cos’? 42 = cosA2=* —
. : 1-cos4

1—cosd =2sin*A4/2 = sindR2=* —
. +\/ﬁ
— “\1+cos4

Intercept Application of Submultiple of
an Angle

1—tan® 4/2

cosd=——
1+tan” A/2

1.

sin%-i—cos%‘ = 4/l+smA4

or sinA/2 +cosA/2 == /1+sin 4

3
+,1f 2n7r—££££2nﬂ'+—”
4 2 4

—, otherwise

sin%—cos%‘ = 4/l-sin4
or (sin%—cos%j =+ {l-smn4

. +,1f 2nﬂ+££éﬁ2nﬂ'+5—”
ie. 47 2 4

>

—, otherwise

++/tan® A+1-1
tan 4

3. tan 42 =

1.35

, the ambiguities of signs

are removed by locating the quadrants in which A4/2.

2

Anr £ A
> .

2nn'+Aj

2nr + (—1)"A]
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3n/4 4 /4

sin__—cos__is-ve

Sn/4 v /4
3n/2
FIGURE 1.55
ILLUSTRATION 22: Find the values of sinl8°.
SOLUTION: Let6=18° .. 50=90°= 20 + 30 =90° = 20 =90° - 30

Taking sine on both sides, we get 2sin® cos0 = 4cos’0 — 3cos0
Dividing both sides by cos® [." cos® = cos18° # 0]

= 25sin0 =4c0s20 -3 = 2 sin0 =4(1 —sin?0) -3

= 2sin0=1-4sin?0 = 4sin® +2sin0-1=0

It is a quadratic equation in sin O,

22V4+16 _ 2425 _ -1£45

8 8 4

sin@ =

. 5-1 .. . .
But sin = J_T (positive) or sin@ = (negative)

Now 0 = 18° lies in the first quadrant. So sin® is positive

Therefore rejecting the negative value, we get sind = @,l

o o

ILLUSTRATION 23: Evaluate the following sin 2217 and cos 2217 .

o

SOLUTION: Let 22% =86, 2c0s%0 — 1 = cos20

- 29_ 1+cos26 _ l+COS45°= ‘\/E'Fl
CcOosS —T 2 2\/5
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ILLUSTRATION 24:

SOLUTION:

ILLUSTRATION 25:

SOLUTION:

ILLUSTRATION 26:

SOLUTION:

1)°= V2+1

= cosO = cos| 22— —_
( 2 22

Similarly sin® = [Locosd5® _ V21
Vo2 22

J1+sin2A +J1— sin24
J1+sin24 —+/1-sin24

Find the value of when |tanA4 | <1 and |4] is acute.

J1+sin24 ++/1-sin24
J1+sin24 —+/1-sin24

Given expression is

J(cosA +sin 4)* + \/(cosA —sin 4)*
= J(cosA +sin 4)* - \/(cosA —sin 4)*

|cosA+sinA|+|cosA—sinA| B cosA+sinA+cosA—sin A
|cosA+sinAd|—|cosA—sind|  cosA+sin A— (cos A—sin A)

{"." —/4 < A < 7/4 and in this interval cos4 > sin A}
2cos A J1+ sin24 + Jl— sin24

= - =cotd = - =
2sin 4 J1+sin24 - /1-sin24

= cot4

when |tanA | <1 and | 4 | is acute

Find % if it satisfy, 251n%= VI+sin4 ++/1-sin4 .

. A - - . A A - . -
2sm7= J1+sin 4 +/1- sin 4 when smE+cosE= J1+sin 4 andsmg—cos§= 1-sin 4
i.e., when siné is positive and Sinéz icosé

2 2 2
i.e., when g lies between, 2nxw +% < A <2nm+ 37”; nez

ée 2n7r+£, 2n7r+3—”
2 4 4

Find 472 if it satisfy, 2cos§ =1+sin4 ++/1-sin4

Given is 2005§= J1+sin A4 ++/1-sin 4

when, sin%+cos§= J1+sinA4 and sin%—cos§= J1-sin 4
. A A
i.e, when cos 4/2 > 0 and coszz i—smE

r A V.4 A V.4 T
2ng——<—<2nmw+— —€|2nr——, 2nmw+—
= 2n 753 n 1 :>2 (n 2 n 4)neZ
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TEXTUAL EXERCISE-11 (SUBJECTIVE)

1. Prove the following:

® °°Sl8°=10+TN§ (if) sinze<>=_\110‘4Ng
J5+1

111) cos36°= ——
(1) 2

2. If cos(x — y), cosx and cos(x + y) are in Harmonic
Progression, then evaluate | cosx.sec y/2|.

1 1
3. Ifcosa= —(x+—J,cosﬂ= l(y+lj,thenevaluate
2 X 2 y
cos(a — f)

4. In the x - y plane consider the unit circle (centre O,
radius = 1) and take two points P = (cosd, sind) and
Q = (cosB, sinB) on the circle as shown 1n the figure.
Use the distance formula for PQ in two ways to obtain
cos(4 — B) = cosA cosB + sind sinB.

FIGURE 1.56

5. Prove the following identities:
sec80—1 tan86
sec40-1 tan260

sin’ ¢ —sin” 8

(b) = tan(ex + )

© cosA+sinAd cosAd—sinA

sina coso —sin ff cos

—— - =2tan24
cosd—smnA cosd+sinA

(d) sin2n + 1) 4 sin 4 = sin¥(n + 1)4 — sin’n4

(e) tan3a tan2a tana = tan3a — tan2a — tana

6. Prove that:
(a) sin40 = 4sind cos® O — 4cosO sin0
(b) cos40 =1 — 8 cos?0 + 8cos*0

7. Prove that
,a

a a a a .
l+tan——sec— || 1+tan—+sec— |=sina sec” —
2 2 2 2 2

8. Within what respective limits must 4/2 lie when

(a) 2sin§= Jl+sind -+/1-sin 4 ?

b) 200s%= \/1+Si1'lA —x/l—sinA ?

Answer Keys

2.2 3. %(x/y+y/x)

Sum and Difference of Tangent and
Cotangents

Following mentioned conversions are sometimes very
useful while simplifying the sums:

sin(4+ B)

1. tan4 +tan B = cos A cos B

=tan (4 + B) x (1 —tan 4 tan B), where 4, B # nmt + /2

B sin(4- B)
2. tan4 —tan B = cosA cosB
=tan (4 —B). x (1 +tan 4 tan B), where 4, B # nm + /2
sin(4+ B) cot Acot B—1
3. cotd +cot B= sind. sinB ~ cot(4+B)

where A, B#nn,ne ”Z

T T
8. (a) (Znﬂ' - T,Znﬂ' + IJ

®) 207+ % 2nm +F.
4 4

sin(B— 4)
sind sinB

cotAcot B+1
cot(B—A)
where A, B#na,ne ”Z

4. cotA—cotB=

5. tanA4 + cotA = 2 cosec 24
6. tan 4 —cot A = —2cot 24

Conversion Formulae (Product into Sum)

Using the formulae for sin (4 + B), sin (4 — B), cos(4 + B)
and cos (4 — B) one can easily deduce the following impor-
tant conversion formulae:

1. 2sinA4 cos B=sin (4 + B) +sin (4 — B)

2. 2cosAsinB=sin (4 + B)—sin(4-B)

3. 2cosAcosB=cos (4 + B)+cos(A-B)

4, 2sinAsinB=cos(Ad—-B)—cos( + B)
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4 )
~ sin4a cosa/2—sin 3acos3a/2
IELUSTRATION 275 plity cosa cos/2—sin 3¢ /2 sin2q
SOLUTION: By the above formulae, the expression
1| . % . Ta| 1| . % . 3«
—| sin—+sin— |——| sin —+sin —
2 2 2 2 2 2
1 300 al 1 Ta
—|cos——+cos— |——| cos——cos——
2002 2 2
. Ta . 3o Sa .
sin —— sin — 2cos—sin o
= 2 I =tan a
3o Tor o
cos—+cos— 2cos—cosa
2 2 2
. . . 1.
ILLUSTRATION 28: Prove that sin(60°— A)sin Asin(60°+ A) = Zsm 34
. 1 . . .
SOLUTION: Given that sin(60°— A4)sin Asin(60°+ A4) = Esm A[ 2s1n (60°— A)sin(60°+ A4)]
1 . | .
= EsmA [cos2A4—cos120°] = Z[Z sin A4 cos2A4—2cos120°sin A]
using 2 cos4 sinB = sin(4 + B) —sin(4 — B) and cos120° = —1/2
1 . : . 1 .
we get = Z[SIH(ZA + A)—sin(24— A)—2(-1/2)sin A] = Zsm 34
ILLUSTRATION 29: Show that sin12°. sin48°. sin54° = 1/8
1 . 1 .
SOLUTION: LHS = l[cos36°—cos 60°]sin 54° = E{cos36°sm 54°—Esm 54°}
2
_ . _ 1. , .
= 2[2 c0s36°sin 54°— cos 54°] = Z[sm 90° +s1n 18° - sin 54°]
_ 1 . . _ 1 .
= Z[1—(sms4°—smls<>)] = Z[1—2s1r118°cos36°]
in18° 1 sin 36° cos 36°
= 1 1- 2518 cos18°c0s36° | = —|l-—————
4 cos18° 4 cosl8
1 - 2sin36°c0s36° | 1 - sin72° |1 l—l 1
4 2cos18° 4 2sin72° 4 2] 8
_ J

TEXTUAL EXERCISE-12 (SUBJECTIVE)

1. Prove that

(sin +sin ¢ /3)sin /34 (cos o -cos &/3)cosax/3=0

2. Prove that

sin x sin 2x+sin3x sin6x+sin4x sin13x

3. Prove that cosa sin(f — ) +cos fsin(y —a) +cosy
sin (a—p)=0

=tan9x

sin x cos2x+sin3x cos6x +sin4x cosl3x

. . 1
4. Prove that sin(45°+a)sin(45°—-a) = Ecos 2o
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YCONVERSION FORMULAE

Many formulae are being derived here from the above
found identities which relates sum and difference of sine
(cosines) to product.

{SUM INTO PRODUCT) sin C + sin D = 2 sin (

sinC—sinD=200s(

C+DJ Cc-D
. CO

S —

2

C+D) ‘ (C—D)
5 )sin | —

Putting these values in equation (ii1) and (iv), we get

sin (4 + B)y=sinA4 cos B + cos A sin B (D) o ]
) ) ) N Similarly, we get the following formulae
and sin (4 - B)=sinA cos B—cosA4 sin B ...Q1)
. L . C+D C-D
By adding and subtracting (1) and (i1), we get cos C + cos D=2 cos 5 |-cos 3
sin(A+B)+sin(A-B)=2sinA4.cosB ....(11)
sin(d + B)—sin(4d—-B)=2cosA. sinB (@v) and cos C — cos D = 2 sin (C*‘D)‘sm (D—CJ
2
_C+D _C-D
then, 4 2 and B R Notice the term (D — C) and think of its reason
[
ILLUSTRATION 30: Prove the following: (a) sin 70° + sin 10° = 35in40° (b) cos 20° — sin 20° = V2 sin 25°
. 70°+10°  70°-10° . .
SOLUTION: (a) sin 70° +sin 10° = 2sin ; cos g = 2 sin 40° cos 30° = /3 sin 40°

(b) cos 20° — sin 20° = cos 20° — cos 70°
208 705 T 02="0072

2 2

ILLUSTRATION 313 Simplity iheexpression o2 GOS1G) (08 T aINIG)

(sin 5e — sin v )(cos 4o — cos6ar)

SOLUTION: Applying the CD formulae, we get

. a+3a . 3o—-«o . 8a+2ax 8a -2«
2sin sin X 2sin cOS
2 2 2 )

Sao+a . So—« . da+6a . 60-4a
2.cos sin X 2sin sin
2 2 2 2

_ 4sin2a sine. sin 5S¢ .cos3o 1

4.cos3a sin 2 sinSa sinar
. : 2r y 4
ILLUSTRATION 32: Prove that sin +sin| & + T +sin| @ +T =0

: : /4 5 T
SOLUTION: L. H S = sina +sin [ﬂ'— (?—ajj+ sin (ﬂ'-i—?-i-a)

: s T : T
= SIn¢& + sin [?—HJ—SIH (?4—0!)

= 2sin sin = 2s1n45°cos25° = \/Esin 25°

= sina—{sin(%+aj—sin(%—aﬂ = sina—2sinacos% = sina — sina = 0 = RHS.

\

4
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TEXTUAL EXERCISE-13 (SUBJECTIVE)

1. Prove that 2cos (A +23B Jcos (3A2_ B J

= cos(24 + B) + cos(4 — 2B)

2. Prove that

sin(4+ B).sin(4—- B) = %[2 sin(4+ B). sin(4— B)]

(cos2B—cos2A)

N | =

3. Prove the following:

sin(x+y)—2sinx+sin(x—y) tan x

cos(x+ y)—2cosx+cos(x—y)

sin(a—c)+2sina+sin(a+c) _sina
sin(b—c)+2sinb+sin(b+c) sinb

sin4+sin B A+B A-B
(©) — - =tan cot
sin4-sin B 2 2
cosA+cosB A+ B A-B
(d ————=—-cot cot
cosA—cosB 2 2

() cos(-B+C +A)+cos (-4 +B + C) +cos(4d +
B—-C)+cos (4 +B+C)=4cosd cosB cosC

4. Simplify the following identities:

@ cos{0+(n—%)¢}—008{9+(n+%J¢}
®) sin{0+(n—%)¢}+sin{9+(n+%J¢}

Answer Keys
4. (a) 2sin(@+ng)sin3g/2

B TRIGONOMETRIC RATIOS OF THE
SUM OF THREE OR MORE ANGLES

The formulae for the compound angles can be extended to
multiple angles as given below:
1. sin (4 + B + C) = sind cosB cosC + cosd sinB cosC +
cosA cosB sinC — sind sinB sinC or
sin(4 + B + C) = cos4 cosB cosC (tan 4 + tan B + tan
C — tan4 tanB tanC)

Proof: sin(4+B+C)=sin( + B)cosC + cos (4
+B)sinC
= (sin4 cosB +cos A sin B) cos C + (cosA cos B —sind
sinB) sinC
= sin 4 cosB cosC + cos4 sinB cosC + cos4 cosB sinC
—sind sinB sinC _ ‘ ‘
= cos A cosB cosC sin 4 + sin B + sinC -
cosd cosB cosC
sin Asin BsinC
cosAcos BcosC
= cosA cosB cosC (tan A + tan B + tan C — tan4 tanB
tanC)

Generalized form: sin (4, + 4, + ... + A ) = cosd,
cosd,...cosA4 (S,—S,+ S-S, +..)

(b) 2sin(@+ ng)cosp/2

2. cos (A + B + C) = cosd cosB cosC — sind sinB cosC —
sin4 cosB sinC — cosA sinB sinC

or cos(4 + B + C) = cosd cosB cosC (1-tanA tan B —
tan B tan C —tanC tan4)

Proof: = (cos A cosB— sin A sin B) cosC —
(sin 4 cosB + cos4 sinB) sinC
= cos4 cosB cos C — sin 4 sinB cosC — sin 4
cosB sinC — cos4 sinB sinC
=cos 4 cos B cosC
3 sin Asin B 3 sin AsinC 3 sin BsinC
cosAcosB cosAcosC cosBcosC
= cosd cosB cosC (1-tand tan B —tan B tan C —tanC
tanA)
Generalized form: cos (4, + 4, + ... + A4) = cosd,

cosd,..cos4 (1-8,+S,-S,+...)

Method II: The above two results can also be derived
with use of polar form of a complex number.
cos(A +B+C)+isin(d+B+C)=(cosd + isin 4)
(cos B + isin B) (cosC + i sinC)
=cosAd cos Bcos C +iYcosA. cosB. sinC + i Y.CosA.
sin B. sinC + i* sind. sinB. sinC
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=(cos A cos Bcos C) (1 + iXtan 4 + 2 Xtan 4 .
tan B + i3(tan A.tan B.tan C).

Now, equate and imaginary parts.

Generalizing using this method

cos(A, +A,+A, +A,+ ... +A)+isind, +A,+4,+
A+ ... +A,)= (cosd, cosd, cosd,....cos 4 ) x (1 + iXtan
A +iP3tan 4 tan A, +?3tan 4 tan 4, tan 4, + (i)' Xtan 4,
tanA,tan4,....tan 4 ).

Comparing the real and imaginary parts, we get the desired

formulae for cos (4, + 4, + A, + 4, + ... + 4 ) and sin
A +A4,+A,+4,+... +4).

3.tan(4d +B +C)

tanA4 + tan B + tanC— tan 4 tan B tanC
1-tanA4 tanB — tan B tanC — tan AtanC

Generalized form: tan(4, + 4, + ... + 4 )

4. cot(4+B+C)

cot Acot Beot C — (cot A+cot B+cotC)
ZCotAcotB—l

NOTES

Representation of the variables S , S, S, ..... used in the generalized form:

S,=tanA, +tanA, +..... + tan A = the sum of the tangents of the separate angles.
S,=tanA, tan A, + tanA. tanA, + ..... = the sum of the product of tangents of angles taken two at a time.

S,=tanA tan A tan A +tan A tan A tan A, + ... = sum of the product of tangents of angles taken three at a time,
and so on.

ILLUSTRATION 33: If tan 6, tan 6, tan 6, and tan 6, are the roots of the equation x* — (sin 2/)x> + (cos 2/)x* — (cosf)
x —sin =0 then tan (0, + 0, + 0, + 0,) is equal to

(a) cos B (b) sin S (c) tan B (d) cotp
Sl — S3
SOLUTION: (&) tan (0, + 6, + 6, + 6) = 1_g g~
__sn2f-cosf cosﬂ(Zsinﬂ—l)_COtﬂ
T 1-cos2f-sinf  sinfBQsnf-1) '
o _J
TEXTUAL EXERCISE-4 (OBJECTIVE)
1. Which of the following is rational? 7 35
(a) sinl5° ®) cosl5° @ -5 ®) =
in15°cos15° d) sinl15°cos75°
(c) sinl5°cos (d) sinl5°cos 3 ﬁ
14sin—cosd © — (d) None of these
2. The value of M is 2
14+sin@+cosf
(a) cot 6/2 (b) tan 6/2 4. If tan® = 1/N3, then the value of V3 cos26 + sin 20 is
(c) tan © (d) None of these (a) V3 (®) 1
() 1+3 (d) None of these

3. If cosa=3/5, cosf=4/5a,> 0 and are acute angles,
a-pf 5. Thevalueofcos(n/13)+cos(24/13)+.... +cos(127/13)

then cos is .
is equal to
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(@ 0 ®) 1 (a) n/6 () #/4
© 9 (d) None of these () @3 ) #2
6. The expression 14. If cos A = m cos B, then
! - ! equals (a) cot A+B _ tan B=4
tan34—-tan4 cot34—cotA4 2
(a) cot 24 (b) tan24 ®) tan 4B = mHl B4
(c) cot 34 (d) tan34 m—1 2
A+B 1 A-B
7. In a triangle ABC, ¥sind sin(B — C) equal (© cot 212 = ¥ I tan 5
m—
(@1 (®) 0
d) N f th
(c) =32 (d) None of these (d) None of these
8. Iftan4 =2tan B + cot B, then 2 tan (4 — B) = 15. cost| Fro | —sin?[F_pg] =
(a) tanB (b) 2 tan B ) 6 6
(c) cotB (d) 2cotB 1
(@) — cos 20 ® 0
9. If sin 4 = sin B and cos 4 = cos B, then 21
@ sinA;B —0 ®) SinA+B -0 ©) - cos 20 @ —
(©) cosA;B =0 (d) cos(4 +B)=0 16. I sin(x+y) _ a+b then tan x s equal fo
S osin(x—y)  g-b" tan y q
10. If cos?48° —sin?12° = @ —
J5-1 J5+1
(@) 2 ®) 3 4
®) —
NS . 3 +1 b
© 1 @ 5 \/5 (c) ab
(d) None of these
11. sin 75° =
2-\3 V3 +1 A 3 . l+cosd
b 17. Iftan— = —, th =
@ = ® 5% oy T 1 cosa
V3-1 . -1 (@) =5 ®) 5
© 50 @ %5 (©) 94 @) 4/9
12. The value of cos 15° — sin 15° is equal to sin 24 cosA
1 1 18. . =
— - 1+cos24 1+4+cos4
(@) NG ®) 5
1 A A
-—— tan — b) cot—
© 7z @ o (a) tan 5 (b) co >
13. If tano = (1 + 2—x)—l’ tan ﬂ = (1 + 2 x+l)—l’ then o + ﬂ (C) Seci (d) coseci
equals 2 2
Answer Keys
1. (©) 2. (b) 3. () 4. (a) 5. (a) 6. (a) 7. (b) 8. (¢ 9. (a) 10. (b)
11. (b) 12. (2) 13. (b) 14. (a) 15. (2) 16. (b) 17. (d) 18. (2)
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H CONDITIONAL IDENTITIES

Using the fact that the sum of the angles of a triangle ABC is

(¢) tan(C + A) =tan(180° — B) = —tanB

(d) sin((4 + B)/2) = sin(90° — C/2) = cos(C/2)

180 degrees, we can derive several identities, which willbe | (e) cos((B + C)/2) = cos(90° — 4/2) = sin(4/2)

useful later. Generally, in these identities we express sums
into products. If the sums are symmetric functions of 4, B,

C so are the products.

First we mention a few simple relations governed by | (g) sin(
the condition4 + B + C = 180°

() tan((C + A)/2) = tan(90° — B/2) = cot(B/2)

BJ i (ﬂ'—CJ i (ﬂ' 7r+CJ
=sin | —— |=sin| ——
4 2 4

(a) sin(4 + B) = sin(180° — C) = sinC — cos (ﬂZC )

(®) cos(B + C) =cos(180° —4) =—cosd

ILLUSTRATION 34:

SOLUTION:

ILLUSTRATION 35:

SOLUTION:

ILLUSTRATION 36:

SOLUTION:

ILLUSTRATION 37:
SOLUTION:

ILLUSTRATION 38:

SOLUTION:

Prove that if A + B + C = 7z, then tan 4 + tanB + tanC = tan4 tanB tanC

We know that4 + B +C ==&
> A+B=n-C = tan (4 + B)=tan (#—C)
tan 4+ tan B

= ——=—tanC = tanA + tan B + tanC = tan A4 tan B tan C
1—tan Atan B

IfA4 + B + C =z, then prove that sin 24 + sin2B + sin 2C = 4 sin4 sin B sinC
L.H.S =sin 24 + sin2B + sin2C =2 sin (4 + B) cos (4 — B) + 2sinC cosC
=2sin C [cos (4 —B) +cos (m— (4 + B)] [ A+B=n-C]
=2sin C [cos (A4 —B) —cos (A + B)] = 2.2 sinC. sind sinB = 4 sin4 sin B sin C =R H.S
IfA + B + C = x, then prove that
cosA cosB cos C — cos 4 sinB sin C — sind cosB sinC — sin 4 sinB cosC = —1
We know that
cos (A + B + C) =cos A cosB cosC — sin 4 sin B cos C — sind cosB sinC — cosA sinB sinC
So, put A + B + C = 1, then we get, required result
To prove sin24 + sin 2B — sin 2C = 4cos4 cosB sinC
L.H.S. = 2sin(4 + B) cos(4 — B) — 2 sinC cosC = 2 sin (180° — C)cos (4 — B) — 2sinC cosC
=2 sin C{cos (4 — B) — cosC}
=2sin C {cos (4 —B) tcos(4 + B)} [." cos (180° — (4 + B)) =cos(4 + B)]
=2 sinC (2 cos 4 cos B) = 4 cosA cosB sinC

A B
To prove sin 4 + sin B + sin C = 4005500530053

A+B A-B
COS 5

LH.S. = 2sin +25m%cos%

B .. C C LA B 7 C
+251n70057 I s T
A

+sinC/2} = 2cosC/2{cosA;B+cos 5 }

2s1in(90° - C/2)cos

2cosC/2{cos

=2 cos C/2 {2cos A/2 cos B/2} = 4 cos A/2 cos B/2 cos C/2
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ILLUSTRATION 39: Prove that cos® 4+cos® B+cos>C =1-2cos A4 cos B cosC

1+cos24 1+cos2B
3 +

[2+cos2A+cos2B]+cos’C = %[24— 2c0s(A+ B)cos(A— B)]+cos” C

SOLUTION: LI S = cos’ A+cos’ B+cos’C = cos*C

1
"2
= 1+ cos(180°—C)cos(A—B)+cos’ C =1-cosC cos(4d— B)+cos” C
= 1—cosC[cos(4—B)—cosC] = 1-cosC[cos(A— B)+cos(4+ B)]
= 1-2cosAcos BcosC

ILLUSTRATION 40: Prove that cot(A4/2)+ cot(B/2)+ cot(C/2) = cot(A4/2) cot(B/2) cot(C/2)

SOLUTION: We know that (4/2)+ (B/2)=90°= C/2

Hence cot[ (4/2+ B/2)] = cot[(90°-C/2)]
cot(A4/2)cot(B/2)~1 1

tan(C/2) = ———
cot(A4/2)+ cot(B/2) cot(C/2)

cot(A4/2) cot(B/2) cot(C/2)—cot(C/2) = cot(A/2)+ cot(B/2)
cot(A4/2) cot(B/2)cot(C/2)— cot(C/2) = cot(A/2)+cot(B/2)
cot(A4/2) +cot(B/2)+ cot(C/2) = cot(A/2) cot(B/2) cot(C/2)

Uy U U

\

NOTES
IfA+ B+ C=m, then

1.

sin 2mA + sin 2mB + sin 2mC = (-1)"*" 4.sin mA. sin mB. sin mC

. mA  mB £ mC
cosmA + cosm B+ cosm C = 1J_r4sststmT (+ form=4n+1,— form=4n +3)

A B C
1+ 4cosm7cosm7cosm7 (+ form=4n+4, —form=4n +2)

A+B B+C C+A
cosA+cosB+cosC+cos(A+B+C):4cos( > jcos( > jcos[ 5 j

sinA +sinB+sinC —sin(A+B+C) = 4sin(A;Bjsin[B;C jsin(C;Aj

TEXTUAL EXERCISE-14 (SUBJECTIVE)

1. If A+ B+ C =&, prove that > cos24 =—1—4[] cos 4 3. If A+ B + C = &, prove that

2. If 4 + B + C = &, prove that

. A, B B, C
(1) tan—tan—+tan—tan—+tan—tan—=1
2 2 2 2 2 2

(1) cotdcot B+ cot BeotC + cot Ccotd =1 4. IfA + B + C = m, prove that
(a) sin?4 + sin? B + sin? C =2 + 2 cos A cos B cos C.
(b) cos?A + cos’? B—cos?C =1-2sinA sin B cos C.

A B .
cos A + cos B—cos C =—1+4cos —cos —sin —
2 2 2

C
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5. If A + B + C = 7, prove that

A B
(a) cos —+cos—+cos—=

2 2 2

r—A r—B r-C
4cos cos cos
4 4 4

(b) sin i|-sin£+sin£=

2 2 2

(=5 (7

1+4sin(”

6. If 4 + B + C = . Prove that

cotA+cotB cotB+cotC  cotC +cotA
- T -1
tanA+tanB tanB+tanC  tanC +tan 4
7. Prove that tan(x — y) + tan (y — z) + tan (z — x) = tan
(x —y) tan(y — z) tan(z — x).
8. If 4 + B + C = m. Prove that

cos A cosB cosC
@ ———+— —t————=
sinBsinC sinCsinA sin Asin B

®)sin(B+C—-4) +sin(C+A—-B)—sind +
B-C)=4cosAcosBsinC

TEXTUAL EXERCISE-5 (OBJECTIVE)

1. fA+B+C=@n+1)mnr, then
tand + tanB + tanC is equal to
(a) tan4 tanB tanC (b) Xtan A tan B
(c) 2tan34 (d) None of these

2. If a + B—y = m, then<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>