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Preface

This is not a treatise on functional analysis. It is a set of lecture
notes aimed at acquainting the graduate student with' that section of
functional analysis which reaches beyond the boundaries of Hilbert
spaces and Banach spaces theory and whose influence is now deeply
felt in analysis, particularly in the field of partial differential equations.
It is admittedly with an eye on this kind of application that the material
has been selected. To the student who works his way through Part 1
(Topological Vector Spaces—Spaces of Functions) and Part II (Duality
—Spaces of Distributions), all the essential information on these subjects
has been made available. Part I starts at a very elementary level by
recalling the definitions of a vector space and of a topological space;
later, the completion of a topological vector space is described in
detail. Inevitably, the difficulty of the reading increases, but I have
tried to make this increase very gradual, at the risk of irritating some
readers with my overexplanations. The student who has gone as far
as Chapters 31 and 32 should jump, at this point, to Part III and
read the first three or four chapters there—so as to learn some-
thing, if he has not done so yet, about tensor products and bilinear
mappings. Further progress, through the remainder of Part III
(Tensor Products—Kernels), as well as the end of Part II, although
not difficult in any sense, presupposes a good assimilation of the exposi-
tion that precedes.

For Parts I and I, the prerequisites are a standard course in point-set
topology, a decent undergraduate course on the theory of functions of
one complex variable, and a standard course on the theory of functions
of real variables and Lebesgue integration. Some knowledge of measure
theory is assumed here and there. No serious result of linear algebra
(such as the reduction to Jordan canonical form) is ever used, but it is
clear that the student who has never heard of linear spaces or linear
mappings should be deterred from opening this book.

Pedagogical considerations have been given dominant weight, some-
times at the expense of systematic exposition. I have made a special
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X PREFACE

point of breaking the monotony of the text by alternating topics—from
functional analysis to analysis proper and back again. In teaching this
material, I have found that such tactics were successful. The book
concentrates on what, in the author’s opinion, are key notions and key
results {(quotient spaces, transposes, the open mapping theorem, and the
theorems of Hahn-Banach, Banach-Steinhaus, and Mackey, to mention
only a few examples in functional analysis and not to speak of Part III).
Other concepts have seemed to be of less crucial importance, or else easier
to reconstruct from the context, and are learned only by use, without
any formal definition (this applies, for instance, to product spaces, to
linear subspaces, and to induced topologies). Many important concepts
are missing. There are various reasons for this. Sometimes these concepts
partake of a degree of specialization higher than the surrounding
material (e.g., bornological spaces versus barreled spaces, Laplace
transform versus Fourier transform). In other instances, they have
seemed somewhat alien to the general trend of the book (I think mainly
here of ordered topological vector spaces and of extremal points of
compact sets). But the most compelling factor, at the root of those
omissions, has been the lack of space. Some standard notions are not
defined until the very moment they are needed: such is the case of
general inductive and projective limits and topological direct sums,
whose definitions will not be found before Chapter 49! All this 1s based
on the belief that, once the main strongholds are secured, the conquest
of larger territory should not prove difficult. It does however require
further reading and recourse to the true treatises on the subject (see
General Bibliography at the end of the book).

The advanced theory of Hilbert spaces and Banach spaces, and of
their linear operators, constitutes, in a sense, the other wing of functional
analysis. Its importance and depth cannot be overestimated. But there
is no reason why I should have embarked on a description, even frag-
mentary, of this theory. Its ramifications toward C* and von Neumann
algebras, its applications to harmonic analysis and to group representa-
tion, give it a highly distinctive character that sets it aside. Furthermore,
there are excellent books on the subject. Most graduate schools offer a
course on spectral theory—which is more than they do for the brand
of functional analysis upheld here! This is not to say, of course, that
the basic facts about Hilbert and Banach spaces are not to be found
in this book. They are duly presented and, because of their great
importance, the applications of the general theorems to these spaces
are carefully pointed out. The spaces LP and [P are looked at from
a variety of viewpoints, and much of the “illustrating” material
originates with them.
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The contents of Parts I and II correspond, more or less, to a one-
year course given at Purdue University. Some additions are aimed
at making the book self-contained. The subdivision of Part III is
more fictitious, as I have never taught a course on topological tensor
products. Part III has been added because I firmly believe that analysts
should have some familiarity with tensor products, their natural topol-
ogies, and their completions.

I wish to thank Mrs. Judy Snider who typed, with great competence,
the manuscript of Parts I and II.

Frangois TREVES
April 1967

Paris



PART 1

Topological
Vector Spaces.
Spaces of Functions



Part I is devoted to the basic definitions and properties about
topological vector spaces, with no detailed reference to duality. We use
filters quite systematically, after having introduced them in Chapter 1
(which is devoted to recalling what a topological space is, with emphasis
on the filter of neighborhoods of a point). Chapter 2 recalls what a
vector space is, without going into any algebraic subtlety, as we shall
never need any in what follows. The scalars are always complex
numbers; no other field is ever considered (we shall switch to the field
of real numbers for a very short moment, when talking about the theorem
of Hahn-Banach, in Part II, and switch quickly back to complex
numbers). Chapter 3 makes the synthesis, in a sense, combining the
topology with the linear structure, under the natural compatibility
conditions. In relation to this, I have thought that the students might
like to see a meaningful example of a topology on an algebra 4 which
does not turn A into a topological vector space. Such an example is
provided by the algebra C[[X]] of formal power series, equipped with
the topology defined by the powers of the maximal ideal. It is instructive
to compare it with the topology of simple convergence of the coefficients,
noting that C[[X]] is metrizable and complete for both topologies.
Chapter 4 is devoted essentially to quotient topological vector spaces;
quotient spaces will be much needed in Part II, when they will be
carrying many a different topology, and it is the experience of the
author that this is what students find most difficult: to visualize and
manipulate correctly the various useful topologies, related to weak
duality, on quotients of duals and on duals of quotients, and this is
unfortunately inevitable.

Chapter 5 is devoted to the completion of a (Hausdorff) topological
vector space; the theorem on completion is proved in all details. Although
it is by no means a deep theorem, I have chosen to devote an entire
Chapter to it so as to familiarize the reader with Cauchy filters, and also
because I have too often been faced with audiences who simply did not
know what a complete (nonmetric) uniform space is.

Chapter 6 is devoted to compact subsets of a topological vector space.
Chapter 7 introduces locally convex spaces and seminorms. Needless to
say we shall not be dealing with any TVS that is not locally convex.
In Chapter 8 we look at metrizable TVS, that is to say TVS whose
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4 TOPOLOGICAL VECTOR SPACES

topology can be defined by a metric. We construct a metric when the
underlying space is locally convex; we do this out of a sense of duty,
because people in a nondistant past liked to think in terms of metrics.
Inspection of the reasoning shows quickly that, most of the time, the
consideration of a metric is unnecessary, that countable bases of neigh-
borhoods would do. Furthermore, metrics have generally the drawback
that the balls are not convex; and outside of local convexity there is little
hope for salvation! There is no doubt that the proof of the open mapping
theorem would be quite awkward without a metric, but the actual form
of the latter is irrelevant (provided that it is translation invariant). The
criteria about continuity, compactness, and completeness in metrizable
spaces are given, together with the proof of the fact that every complete
metrizable space is a Baire space. In Chapter 9 we study rapidly the
most primitive examples of metrizable and complete TVS: the finite
dimensional Hausdorff spaces! Linear subspaces of finite codimension
are considered, as they will be useful later, and the correspondence
between closed hyperplanes and kernels of continuous linear functionals
is shown. The next three chapters are devoted to examples of locally
convex metrizable spaces. These are (in decreasing order of generality):
Fréchet spaces, normed and Banach spaces, Hilbert spaces. Fréchet
spaces will be the most important topological vector spaces for our
purposes. About Banach and Hilbert spaces, the student should expect
to find in this book only the most basic and elementary information:
for instance, in the chapter devoted to Hilbert spaces we prove the
projection theorem and its consequence, the fundamental theorem of
Hilbert space theory: the canonical isomorphy between a Hilbert space
and its antidual. After this we describe rapidly (finite) Hilbert sums and
orthonormal bases. The basic examples of F-spaces, B-spaces, and
Hilbert spaces are introduced:

€*($2), LP(82) (82, open subset of R?; 0 <k << o0, | < p < w);
H(£), space of holomorphic functions in an open subset £2 of C";

¢%(K), €%(£2) (K, compact subset of R*; 2, bounded open subset
of R");

&, space of ¥~ functions in R?, rapidly decaying at infinity.

Chapter 13 is devoted to a class of locally convex spaces which are not
metrizable (in general) but which are of great importance to us: the
spaces LF (strict inductive limits of a sequence of F-spaces); as examples,
we present the space of polynomials C[X] (as inductive limit of the finite
dimensional spaces of polynomials of bounded degree) and the spaces
of functions with compact support, €¥(£2), L?(£2). The space €7(£2) will
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be the space of test functions on which distributions in 2 will be defined:
the distributions in £ are the continuous linear functionals on €7(£2),
i.e., the elements of the dual of €5(£2).

After this string of examples of spaces of functions, we return to the
general theory and introduce bounded subsets of topological vector
spaces. Bounded sets will be much used in relation with duality. By using
Ascoli’s theorem we prove that many of the spaces used in the theory
of distributions (namely €*(£2), ., €7(£2)) have the property that closed
bounded sets are compact (this property never holds in infinite
dimensional normed spaces). In the infinite dimension situation, this
property was first encountered by Montel in the study of normal
family of holomorphic functions. We prove also Montel’s theorem which
states that in H(£2) any closed bounded set is compact (H(£2): space of
holomorphic functions in the open set 2 C C?).

Chapter 15 is devoted to approximation techniques in the standard
spaces of functions, €%(2), L?(2), H(RQ), €%(2). We study approximation
by entire functions, by polynomials, and by €* functions with compact
support (in the cases where this makes sense!). In Chapter 16 we apply
some of these approximation results to showing that, given an arbitrary
locally finite covering of an open subset £ of R?, there is a partition of
unity in €°(£2) subordinated to it. The last chapter of Part I, Chapter 17,
is devoted to the statement and the proof of the open mapping theorem.
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Filters. Topological Spaces.
Continuous Mappings

A topological vector space E is, roughly speaking, a set which carries
two structures: a structure of topological space; a structure of vector
space. Furthermore, some kind of compatibility condition must relate
these two structures on E. We begin by recalling briefly what each one of
them is, in the absence of any relation between the two.

One defines usually a topology on a set E by specifying what the open
subsets of E are going to be. However, in dealing with topological vector
spaces, as we are going to do in this book, it is more convenient to define
a topology by specifying what the neighborhoods of each point are going
to be. It is well known that the two approaches are equivalent: an open
set will be a set which, whenever it contains a point, contains a neighbor-
hood of this point; one can also say that an open set is a set which isa
neighborhood of each one of its points; on the other hand, a neighborhood
of a point x of E is simply a set which contains some open set containing x.

In order to define a topology by the system of the neighborhoods of
the points, it is convenient to use the notion of filter. This is a very
primitive notion, and the student should find it easy to become familiar
with it, and to learn how to use filters, just as he learned how to use
sequences. The notion of filter is perfectly independent of topology.
A filter is given on a set which need not carry any other structure. Let
E be the set. A filter & is a family of subsets of E, submitted to three
conditions:

(F1) The empty set O should not belong to the family F .

(Fy) The intersection of any two sets, belonging to the family, also
belongs to the family % .

(F3) Any set, which contains a set belonging to F, should also belong
to F.
The simplest example of a filter on a set E is the family of all subsets of
E which contain a given subset A4, provided the latter is nonempty.
6



FILTERS. TOPOLOGICAL SPACES 7

With every infinite sequence of points of E is associated a filter. Let
X, , X5 ,... be the sequence under consideration. The associated filter is
the family of all subsets of E which have the following property:

(AF) The subset of E contains all elements x, , x, ,... except possibly a
Jinite number of them.

A family # of subsets of E is a basis of a filter # on E if the following
two conditions are satisfied:

(BF,) ZCZ, ie., any subset which belongs to % must belong to F.

(BF,) Ewvery subset of E belonging to F contains some subset of E which
belongs to #.

A familiar example of a basis of filter on the straight line is given by the
family of all intervals (—a, @) with @ > 0: it is a basis of the filter of
the neighborhoods of zero in the usual topology on the real line. Another
useful example is the following one: let # be the filter associated with a
sequence S = {x, , X5 ,..., X, ,...}. For each n = 1, 2,..., let us set

S, ={%,, Xpyi1y}

and view S, as a subset of E. Then the sequence of subsets S =
528,05+ 8,D - is a basis of &.

Let o/ be some family of subsets of our set E. We may ask the question:
is there a filter # having ./ as a basis (note that a filter can have several
different bases) ? In view of the filters axioms, (F,), (F,), (F3), that filter
F, if it exists, is completely and uniquely determined: it is the family
of subsets of E which contains some subset belonging to 7. Observe
that the latter property defines perfectly well a certain family, which we
have called &, of subsets of E. Then our question can be rephrased as
follows: is & a filter ? Obviously & satisfies (Fy); it also satisfies (F,)
if we take care of requiring that no set belonging to o7 be the empty set.

As for (F,) it is equivalent, as we see easily, with the following property
of o7:

(BF) The intersection of any two sets, belonging to <, contains a set
which belongs to o7 .

The difference with Condition (F,) is that the intersection of two subsets
which belong to ./ is not requested to belong to &7, but only to contain
some set belonging to /. Thus we may state: a basis of filter on E is a
family of nonempty subsets of E satisfying Condition (BF). The filter
generated by the basis is uniquely determined: by Condition (BF,).
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Next step: comparison of filters. We want to be able to say: this filter
is finer than this other filter. Keep in mind that filters are sets of sets,
or rather of subsets. In other words, filters are subsets of the set of subsets
of E, usually denoted by P(E). As filters are subsets (of some set, in
this case B(E)), there is a natural order relation among them: the
inclusion relation. We can write # C #” if % and & are two filters on
the same set E. It means that every subset of E which belongs to # also
belongs to &’ (the converse being in general false). Instead of saying
that & is contained in &', one usually says that #' is finer than &, or
that & is less fine than &#'. Let & (resp. %) be the family of all subsets
of E which contain a given subset 4 (resp. 4’) of E; %" is finer than &
if and only if 4’ C 4.

A topology on the set E is the assignment, to each point x of E, of a
filter #(x) on E, with the additional requirement that the following two
conditions be satisfied:

(Ny) If a set belongs to F(x), it contains the point x.

(N,) If a set U belongs to F(x), there is another set V belonging also
to F (x) such that, given any point y of V, U belongs to F(y).

When these conditions are satisfied we say that we have a topology on E
and we call F(x) the filter of neighborhoods of the point x. At first sight
Condition (N,) may seem involved. It expresses, however, a very intuitive
fact. Roughly speaking, it says that given any point 2 near x (i.e., 2 is a
generic element of U), if a third point y lies sufficiently near to x (the
sufficiently near is made precise by the neighborhood of x, V, of which y
is an element), then z lies near to y (i.e., 2 € U € #(y)). In the language
of open sets, (N,) becomes evident: since U is a neighborhood of x,
U contains an open set containing x; let I be such an open set. Since V'
is open, and V' C U, U is obviously a neighborhood of each point of V.
A basis of the filter F(x) is called a basis of neighborhoods of x. This
simple notion will play an important role in the forthcoming definitions.

Once we have the notion of filter of neighborhoods of a point, hence
of neighborhood of a point (any subset of E belonging to the filter of
neighborhoods), we can review quickly the concepts that are used to
describe a topology. As we have already said, an open set is a set which is
a neighborhood of each one of its points. A subset of E is closed if its
complement is open. The closure of a set A C E is the smallest closed set
containing 4. It will be denoted by 4. The following is easy to check:
a point belongs to 4 if and only if everyone of its neighborhoods meets
A (that is to say, has a nonempty intersection with A4). The interior of
a set is the largest open set contained in it; if 4 is the set, its interior
will be denoted by 4.
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A very important notion is the one of a set 4 dense in another set B;
both A and B are subsets of the same topological space E. Then, one
says that 4 is dense in B if the closure 4 of 4 contains B. In particular,
A is said to be dense in E (or everywhere dense) if 4 = E. To say that
A4 is dense in B means that, given any neighborhood of any point x of B,
U(x), there is a point ¥ of A which belongs to U(x), i.e., 4 N U(x) # 0.
A standard example of a set everywhere dense is the set of rational
numbers Q, when regarded as a subset of the real line R (with the usual
topology); note that the complement R — Q of Q is also dense in R.
Examples of sets which are dense and open are given by the complement
of a straight line in the plane or in space, by the complements of a plane
in space, etc. Easy to check are the basic intersection and union properties
about open or closed sets: that the intersection of a finite number of
‘open sets is open (this follows immediately from the fact, itself obvious
in virtue of Axiom (F,), that the intersection of a finite number of
neighborhoods of a point is again a neighborhood of that point); that the
union of any number of open sets, be that number finite or infinite, is
open (this follows from the fact that the union of a neighborhood of a
point with an arbitrary set is a neighborhood of the same point:
Axiom (F;)). By going to the complements, one concludes that finite
unions of closed sets are closed, arbitrary intersections of closed sets are
also closed, etc.

Observe that a set E may very well carry several different topologies.
When dealing with topological vector spaces, we shall very often
encounter this situation of a set, in fact a vector space, carrying several
topologies (all compatible with the linear structure, in a sense that is
going to be specified soon). For instance, any set may carry the following
two topologies (which, in practice, are almost never used):

(1) the trivial topology: every point of E has only one neighborhood,
the set E itself;

(2) the discrete topology: given any point x of E, every subset of E is
a neighborhood of x provided that it contains x; in particular,
{x} is a neighborhood of x, and constitutes in fact a basis of the
filter of neighborhoods of «.

We may compare topologies, in analogy with the way we have compared
filters. Let 9, .7’ be two topologies on the same set E. We say that
T is finer than 7' if every subset of E which is openfor J is also open
for 7, or equivalent, if every subset of E which is a neighborhood of a
point for 7 is also a neighborhood of that same point for the topology 7.
Let #(x) (resp. #'(x)) be the filter of neighborhoods of an arbitrary
point x of E in the topology < (resp. .7 ’): J is finer than .7, which we
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shorten into J > J', if, for every x e E, #(x) is finer than % '(x).
Given two topologies on the same set, it may very well happen that
none is finer than the other. If one is finer than the other, one says
sometimes that they are comparable. The discrete topology is finer, on
a set E, than any other topology on E; the trivial topology is less fine
than all the others. Topologies on a set form thus a partially ordered set,
having a maximal and a minimal element, respectively the discrete and
the trivial topology.

The notion of a topology has been introduced in order to provide a
solid ground for the notions of convergence and of continuity. Of course,
the latter were correctly manipulated (or most of the time, at least) well
before anybody thought of topology. We proceed now to give their
general definition.

Convergence. This concerns filters: filters are the ‘“‘objects” which
may (or may not) converge. When do we say that a filter & on a
topological space E converges? We should recall that % is a family of
subsets of E. If # is to converge to a point x of E, it means that elements
of &, which, we repeat again, are subsets of E, get “smaller and smaller”
about x, and that the points of these subsets get “nearer and nearer’ to x.
This can be made precise in terms of the neighborhoods of x, which
we have at our disposal, since E is a topological space: we must express
the fact that, however small a neighborhood of x is, it should contain
some subset of E belonging to the filter & and, consequently, all the
elements of % which are contained in that particular one. But in view
of Axiom (Fj), this means that the neighborhood of x under consideration
must itself belong to the filter &, since it must contain some element of
& . The phrase “however small a neighborhood of x is”” has to be made
mathematically meaningful: it simply means “whatever is the neighbor-
hood of x.”” In brief, we see that the filter & converges to the point x if
every neighborhood of x belongs to %, in other words if F is finer than the
filter of neighborhoods of x, % (x). This is what the convergence to a point
of a filter means.

We recall how the convergence of a sequence to a point is defined. Let
S = {x, , x, ,...} be the sequence. We say that S converges to x if, given
an arbitrary neighborhood U of x, there is an integer #(U) such that
n > n(U) implies x,e U. Let $S=5,28,0--28, - be the
subsequences introduced on p. 7: S converges to x if to every U € #(x)
there is an integer n(U) such that S, ., C U. As the subsets S, of E
form a basis of the filter associated with the sequence S, we see immedi-
ately that a sequence S converges to x if and only if the associated filter
converges to x.

Note that a filter may converge to several different points. Suppose,
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for instance, that E carries the trivial topology (p. 9): then every filter
on E converges to every point of E. Note also that a filter may not
converge: for instance, if it is the filter associated with some sequence and
if this sequence does not converge. Another example is given by a filter
on E which is not the filter of all subsets of E which contain a given
point x—when E carries the discrete topology: in this topology, the
only converging filters are the filters of neighborhoods of the points.
So much for convergence in general topological spaces.

Continuity. 'This concerns mappings. In point set topology, a map
f: E—F, this is to say a map from a topological space E into another
topological space F, is said to be continuous if any one of the following
two conditions is satisfied:

(a) given any point x of E and any neighborhood V of the image
f(x) € F of x, the preimage of V, that is to say the set

JHV) ={xeE;f(x)eV},

is a neighborhood of x. In short,
Vxe E, VeF(f(x) implies  fYV)e F(x);
(b) the preimage of any open subset @ of F,

fH0) ={xeE;flx)e 0},
is an open subset of E.

The student will easily check the equivalence of (a) and (b). As for the
intuitive meaning of these conditions, we may say the following. If the
mapping f is to be continuous at the point x, it should mean that if ¥’ € E
“converges to x,”’ then f(x’) should converge to f(x). Note that ““ f(x")
converges to f(x)”’ can be made precise in the following way: given an
arbitrary neighborhood of f(x), f(x’) should eventually belong to it; and
the “eventually” means here: provided that x’ is sufficiently near to x.
Thus given an arbitrary neighborhood V of f(x), if x’ belongs to a
sufficiently small neighborhood of x, then f(x") e V. The “sufficiently
small” can only be determined by the existence of a certain neighborhood
U of x, such that, as soon as x’ € U, then f(x')e V. This is exactly

Property (a): to every neighborhood V of f(x) there is a neighborhood U
of x such that

xelU implies f(x)e V.
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It is immediately seen that, if a sequence {x, , x, ,...} converges in E to
a point x, and if f is a continuous function from E into F, then the

sequence { f(x,), f(x,),...} converges to f(x) in F. Convergence of filters is
also easily related to continuity of mappings. Let

f:E—»F

be a mapping from a set E into a set F. Let & be a filter on E. The tmage
JF of F under f is defined as being the filter having the basis

(fF)o ={f(U)eF, UeF}.

Observe that, in general, ( f#), is not itself a filter; it is always the
basis of a filter (the student may check this point as an exercise). Now,
if the filter & converges to a point x in E and if f is a continuous function,
then % converges to f(x) in F. Indeed, the continuity of f implies that
fF (%) is finer than F(f(x)); this is simply a restatement of Property (a)
above. If then & is finer than & (x) (which means that # converges to x).
Jf& is finer than f% (x) and a fortiori finer than & ( f(x)).

We have only considered continuous functions, which is to say
functions defined everywhere and continuous everywhere. Of course,
one may prefer to talk about functions continuocus at a point. This is
defined by the condition (where x is the point under consideration):

for every Ve F(f(x)), [fYV) belongsto F(x),

or, equivalently,
f&F(x) = F(f(%))-
Let us insist on the fact that all the functions or mapping which will be
considered in this book are defined everywhere.
As a last remark, let us consider the case where F is identical with
E as a set, but carries a different topology from the one given on E, and

where f is the identity mapping of E onto F, I. The following two
properties are obviously equivalent:

(i) I:E —F is continuous;

(ii) the topology of E is finer than the topology of F (these two
topologies are defined on the same set).

Exercises
1.1. Let X be a topological space, A, B two subsets of X. Prove that if 4 is open
we have
AnBCA4AnB.

Give an example of sets 4 and B such that 4 is not open and that the preceding
inclusion is not true.
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1.2. Prove that the image of a dense set under a map, which is continuous and surjective
(i.e., onto), is dense.

1.3. Let X, Y be two topological spaces, f : X — Y a continuous function, B a subset
of ¥, and B its closure. Do we always have

closure of f-YB) = f-YB)?

1.4. Give an example of the following situation: X and Y are topological spaces,
f: X — Yis a continuous mapping, 4 is a closed subset of X, and f(4) is not closed in Y.

1.5. Consider a straight line L in the plane R2, The filter of neighborhoods of L in R?
is the filter formed by the sets which contain an open set containing L. Prove that there
is no basis of this filter which is rountable.

1.6. Let f be a real-valued, continuous function on the closed interval [0, 1]. Show
that there is a “‘natural”’ filter & on the real line, defined by means of the Riemann sums

Y (4 — 4, f(m3),

where 0 = ) < 8, < - < t; < - <ty = 1 and t; < 75 < 441 for each j. Show
that the filter & converges to the integral

f: J(v) dt.

1.7. Prove that the filter of neighborhoods of the closed unit disk {(x, y) € R?;
x% + 3% < 1} in the plane has a countable basis (cf. Exercise 1.5).

1.8. Let X, (o € A) be a family of topological spaces. Consider their product set

x =[] x.,.

€A

Let us denote by p, the projection mapping on the ath coordinate axis X :
pyix=(x) —>x,.

The product topology on X is defined in the following way: a subset U of X is a neighbor-
hood of one of its points x = (x,) if, for every «, p,(U) is a neighborhood of x, and if,
for all « except possibly a finite number of them, p (U) = X . Prove that this is the least
fine topology on X such that all the mappings p, be continuous.

1.9. Let & be a filter on the product space X of Exercise 1.8. Let us denote by &,
the image of & under the projection p, . Show that &_ is the family of subsets of X of
the form p_ (M) as M ranges over %, and that & converges if and only if every #, does.

1.10. Let us say that a set A is predirected if there is a preorder relation a < b on 4
and if, for any pair of elements a, b of A, there is ¢ € A such that a < ¢, b < ¢ (the
relation a < b is a preorder relation if it is reflexive, i.e., a < a for all @, and transitive,
ie., a < band b < ¢ imply a < c; it is an order relation if, furthermore, a < b and
b < a imply a = b). Let @ be the set of all filters on X, @’ the set of all mappings of
predirected sets into X. Prove that there is a canonical mapping of @’ onto @ (this mapping
is not one-to-one ). Under this mapping, the image of a function f on the “predirected”
set of positive integers into X is the filter associated with a sequence in X,



2
Vector Spaces. Linear Mappings

We recall first what a vector space is. The vector spaces we shall
consider will be defined only on one of the two “classical” fields: the
field of real numbers, R, or the field of complex numbers, C. As a rule,
we shall suppose that the field is C. When we specifically need the field
to be R, we shall always say so. In other words, we deal always with
complex vector spaces. A vector space E over C is a system of three
objects (E, A, , M,) consisting of a set E and of two mappings:

A,:EXE—E, (x,9) ~»x+y,
M,:CX E—~E, (A, x) ~ Ax.

Of course, there are conditions to be satisfied by these objects. The
mapping A, , called vector addition, must be a commutative group
composition law, i.e., it must have the following properties:

(associativity): (x+y)+z=x+(y+ 2)
(commutativity): x+y=y+x
(existence of a
neutral element): There exists an element, denoted by 0, in K such

that Vx,x + 0 = x;
(existence of an
inverse): To every x € E there is a unique element of E,
denoted by —x«, such that x + (—x) =0.

Of course, we write x — y instead of x + (—y). The mapping M, is
called scalar multiplication, or multiplication by scalars, and should
satisfy the following conditions:

(1) Apx) = (Au)x;
(i) A+ p)x = Ax + px;
(i) 1-x=x;
(iv) 0-x=0;
W) M+ )= e+ M.
14
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We do not recall the meaning of such notions as linear independence,
basis, vector (or linear) subspace, etc. A mapping f: E— F of a vector
space E into another, F, is called linear if for all x, y e E, A, pe C,

f@x + wy) = Af(x) + pf(y)

Let us recall that a linear mapping f : E — F is one-to-one if and only if
f(x) = 0 implies x = 0. Indeed, if f is one-to-one, f(x) = 0 must imply
x = 0. Conversely, suppose that f(x) = 0 implies x = 0, and let x,
y € E be such that f(x) =f(y). This equation can be written f(x — y) =0,
implying then x —y = 0. Q.E.D.

A notion with which the student may not be so familiar is the one
of quotient space. As it will play a crucial role in the sequel, we shall
recall its definition.

Let E be a vector space (over C) and M a linear subspace of E. For
two arbitrary elements x and y of E, the property

x—yeM

defines an equivalence relation: it is reflexive, since x —x =0e M
(every linear subspace contains the origin); it is symmetric, since
x — ye Mimplies —(x — y) = y — x € M (if a linear subspace contains
an element, it contains its inverse); it is transitive, since

x—yeM, y—zeM implies x —2=(x—y)+(y —2)eM

(when a linear subspace contains two vectors, it also contains their sum).
Then we may define the quotient set E[M: it is the set of equivalence
classes for the relation x — ye M. There is a ““canonical” mapping of E
onto E/M: the mapping which, to each x € E, assigns its class modulo
the relation x — y € M. It helps the intuition to visualize the class of
elements equivalent to x¥ modulo M, that is to say the y’s such that
x — ye M, as a linear subvariety: indeed, they constitute the set

M+ x={x+x|xecM}

which is the translation of M by x. Observe the following, which is easy
to check (using the fact that M is a linear subspace):

(2.1) if x~ymodM, andif AeC, then Ax ~ Ay mod M;
(22) if x~ymodM, andif z€E, then x + 2~y + zmod M.

Thus we define vector addition and scalar multiplication in E/M: if

&(x) is the class of x mod M, Ad(x) = ¢(Ax) and $(x) + () = d(x + ).
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These definitions are unambiguous by virtue of (2.1) and (2.2); they turn
E[M into a vector space, and ¢ : E— E/M, the canonical mapping, is
then a linear map. It is, of course, onto.

Now let E, F be two linear spaces (over C), and f a linear map £ — F.
We define the image of f, and denote it by Im f, as the subset of F:

Im f = {y € F; there exists x € E such that y = f(x)}.
We define the kernel of f, and denote it by Ker £, as the subset of E:
Ker f ={x € E; f(x) = 0}.

Both Im f and Ker f are linear subspaces (of F and E resp.). We have then
the diagram

f

E—L s ImfiF

¢ |

E/Ker f

where 7 is the natural injection of Im f into F, thatis to say the mapping
which to each element y of Im f assigns that same element y, regarded
as an element of F; ¢ is the canonical map of E onto its quotient, E/Ker f.
The mapping f is defined so as to make the diagram commutative, which
means that the image of x € E under f is identical with the image of
#(x) (i.e., the class of x modulo Ker f) under /. The mapping f is well
defined by the equation

f@(x) = f(x).

Indeed, if ¢(x) = #(¥), in other words if x. — y € Ker f, then f(x) = f(y).
It is an immediate consequence of the linearity of f and of the linear
structure of the quotient space E/Ker f that f is also linear. Now, fis a
one-to-one linear map of E/Ker f onto Im f. The onto property is evident
from the definition of Im f and of /. As for the one-to-one property,
observe that, if f(¢(x)) = f(¢(¥)), it means by definition that f(x) = f(),
hence f(x — ¥) = 0 or x — y € Ker f, which means that ¢(x) = ¢(y). Q.E.D.

Let E be an arbitrary set (not necessarily a vector space) and F a
vector space. Let us denote by #(E;F) the set of all mappings of E
into F. It can be equipped with a natural structure of vector space.
We must first define the sum of two mappings f, g : E — F. It must be
a function of the same kind, and we must therefore say what its value
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should be at an arbitrary point x of E. Naturally, we take this value to
be equal to the sum of the values of the factors, f(x), g(x):

(f + g)x) = f(x) + g(x) (this is a definition).

Similarly, to define Af, where A is an arbitrary scalar, we define its value
at an arbitrary point x of E. We set (this is again a definition):

WM)(x) = Af(x).

When E also is a vector space (over the same scalar field as F, for us
the field of complex numbers C), we will be particularly interested in
the linear mappings of E into F. They form a linear subspace of #(E; F),
as immediately checked, which we shall denote by £(E; F).

When F = C, #(E; F) is denoted by E* and called the algebraic dual
of E. When E is a topological vector space (see next chapter) we shall
be interested in a “smaller” dual of E, namely the linear subspace of E*
consisting of the linear mappings E — C which are continuous; this will
be called the dual of E and denoted by E’. One should always be careful
to distinguish between E* and E’ (except in exceptional cases, e.g., when
E is finite dimensional'). The elements of E* are most of the time
referred to as the linear functionals, or the linear forms on E.

If E, F, G are three vector spaces over C, and u: E—F, v:F > G
two linear mappings, it is clear that the compose v o u, defined by

(v 0 u)(x) = v(u(x)), x€E,

is a linear map of E into G. If G = C, v is a linear functional on F,
i.e., v is an element x* of the algebraic dual F* of F; the compose x* o u
is a linear functional on E. We obtain thus a mapping x* ~ x* o u of
F* into E* for each given u e £(E; F). This mapping is obviously
linear. It is called the algebraic transpose of u; we shall denote it by u*.
As is readily seen, u ~ u* is a linear mapping of Z(E; F)into £ (F*; E*).

Exercises

2.1. Give an example of a linear space E and of two linear mappings u, v of E into
itself with the following properties:

(i) u is injective (i.e., one-to-one) but not surjective (i.e., onto);
(i) v is surjective but not injective.

t Also Hausdorff; see Chapter 9.
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2.2. Let E be a vector space, M a linear subspace of E, and u a linear map of M into
a vector space F. Prove that there is a linear map v : E — F which extends u, i.e., such
that u(x) = v(x) for all x € M.

2.3. Let E, F be two vector spaces, 4 : E — F a linear map, and u* : F* — E* the
algebraic transpose of u. Prove that the following properties are equivalent:

(a) w is surjective;

(b) wu*isinjective.

2.4. Let E, F be two vector spaces, and # : E — F a linear map. Let M (resp. N) be
a linear subspace of E (resp. F), and ¢ (resp. ) the canonical mapping of E (resp. F) onto
E[/M (resp. F/N). Prove the equivalence of the following two properties:

(a) w(M)CN;

(b) there exists a linear map v such that the following diagram is commutative:
u
E — F

¢l lx
v
E/M —> FJ|N.
Prove that, if (a) holds, the mapping v above is unique.

2.5, Let M be a linear subspace of E, j the natural injection of M into E, and ¢ the
canonical map of E onto E/M. Let us set

ML = {x* e E*; for all x e M, x*(x) = 0}.
(i) Prove that there is a linear map k& such that the following diagram is commutative:

7*
EX¥ —» M*

vl

E*[M*, k

where * is the canonical mapping onto the quotient vector space. Moreover,
prove that k is an isomorphism onto.
(ii) Prove that ¢* : (E/M)* — E* is one-to-one and that the image of ¢*, ¢*((E/M)*),
is equal to ML,
2.6. Let(E)) (x € A)bean arbitrary family of vector spaces over the complex numbers.
Consider the product set
E=T]E&,;

aEd

it carries a vector space structure where vector addition and scalar multiplication are
performed componentwise. The direct sum of the E_ is the linear subspace of E consisting
of those elements x = (x,),c4 for which all the components x, are equal to zero with the
possible exception of a finite number of them; we shall denote by E, this direct sum.
Prove that there is a canonical isomorphism between the algebraic dual of the direct sum
E, and the product of the algebraic duals EJ of the E, .

2.7. Let us keep the notation of Exercise 2.6. Let « € 4. We denote by j, the (linear)
mapping of E, into E defined as follows: if z € E_ , j (2) is the element x = (xg)pea Of
E such that xg = 0 if B # « and x, = z. It is evident that j, is one-to-one; if p, is the
coordinate projection x = (xg) ~ x,,wehavep, O j, = identity of E, . Letj¥ : E* — E¥
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be the algebraic transpose of j, . We may define the following linear map of E* into the
product B* = [[,cq EX, j*:

E* 35 5% oo j¥(x*) = (jH(x*)),e4 € E*.

Prove the equivalence of the following properties:

(a) the set of indices A4 is finite;

(b) j* is one-to-one;

(¢) 7* is an isomorphism of E* onto E*.

2.8. Prove that every vector space E is isomorphic to the direct sum of a family of
one-dimensional vector spaces. Then, by making use of the results stated in Exercises 2.6
and 2.7, prove that the following properties are equivalent:

(a) E is finite dimensional;

(b) the canonical mapping

£ e (% e x(0)

is an isomorphism of E onto the algebraic dual E** of its own algebraic dual E*.



3
Topological Vector Spaces. Definition

Let E be a vector space over the field of complex numbers C (in short,
a vector space). Let

A,:E X E—E, (x,y) ~x+,
M,:C x E—~E, (A, x) ~ Ax,

be the vector addition and the scalar multiplication in E. A topology 7 in E
is said to be compatible with the linear structure of E if A, and M, are
continuous when we provide E with the topology 7, E X E with the
product topology 4 X .7, and C X E with the product topology
€ X J, where € is the usual topology in the complex plane C. We
recall the meaning of a “product topology.” Consider two topological
spaces E, F. In order to say what the product topology on E X F is, it
suffices to exhibit a basis of the filter of neighborhoods of each point
(x, ¥) of E X F. Such a basis is provided by the rectangles

UxV={,y)eEXF,«eU,y eV}

where U (resp. V) is a neighborhood of x (resp. ¥) in E (resp. F). That
these rectangles form a basis of filter is trivial; they obviously do not
form a filter (except in trivial cases), since a set which contains a
rectangle does not have to be a rectangle. It remains to check that the
filters thus defined, for each pair (x, y), indeed can be taken as filters of
neighborhoods of (x,y) in a topology on E X F (Axiom (N,), p. 8§,
has to be verified). We leave this point to the student. The topology €
assigns to each point A of the complex plane a remarkable basis of
neighborhoods, the disks, open or closed, with center at this point (and
with positive radius p). When provided with a topology compatible with
its linear structure, E becomes a topological vector space, which we shall
abbreviate into TVS.

Suppose that E is a TVS. Then its topology is ‘‘translation invariant,”
which, roughly speaking, means that, topologically, E looks about any

20
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point as it does about any other point. More precisely: the filter of
neighborhoods F (x) of the point x is the family of sets V + x, where V
varies over the filter of neighborhoods of the neutral element, % (0). Proof of
this statement: Let U be an arbitrary neighborhood of x. As the mapping
y ~y + x from E into (as a matter of fact, onto) itself is continuous,
which follows immediately from the continuity of the mapping
A,:(x,y) ~x + y, the inverse image of U under this mapping must
be a neighborhood of the preimage of x under this mapping; this pre-
image is obviously the neutral element 0. Let V be the inverse image of U.
We have U = V + x. Conversely, given an arbitrary neighborhood V
of 0, V + x is a neighborhood of x by virtue of symmetry, or by virtue
of the continuity of the mapping y ~ 3y — x. Thus: in order to study the
topology of a topological vector space E, it suffices to study the filter of
neighborhoods of the origin.

In practice, one always begins by giving the filter of neighborhoods of
the origin, or (more frequently) a basis of this filter. It follows from
there that we need some criteria on a filter which would insure that it is
the filter of neighborhoods of the origin in a topology compatible with
the linear structure of E.

TueoreM 3.1. A filter F on a vector space E is the filter of neighborhoods
of the origin in a topology compatible with the linear structure of E if and
only if it has the following properties:

(3.1)  The origin belongs to every subset U belonging to F.

(3.2) To every Ue F thereis VeF suchthat V +V C U.

(3.3)  For every U F and for every AcC, A # 0, we have \U € #.
(3.4)  Every Ue & is absorbing.

(3.5)  Every Ue & contains some V € F which is balanced.

We have used two words, absorbing and balanced, which have not yet
been defined. '

Definition 3.1. A subset A of a vector space E is said to be absorbing if to
every x € E there is a number ¢, > O such that, for all Ae C, |2 | < ¢,
we have Ax € A.

In more colorful but less precise language¢, we may say that 4 is
absorbing if it can be made, by dilation, to swallow any single point of
the space.

Definition 3.2. A subset A of a vector space E is said to be balanced if for
every x € A and every Ae C, | A ] < 1, we have Ax e A.
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The only balanced subsets of the complex plane are the open or the
closed disks centered at the origin.

Proof of Theorem 3.1. We begin by proving the necessity of Properties
(3.1)<(3.5). The necessity of (3.1) goes without saying.

Necessity of (3.2). By V + V we mean the set of points x + y,
where x and y run over V. Let U be an arbitrary neighborhood of the
origin. Its preimage under the mapping (x, ¥) ~ x + y of U must be a
neighborhood of 0, therefore must contain a rectangular neighborhood
W x W', where W and W’ are neighborhoods of 0 in E. But then it
contains a ‘“‘square,” namely (Wn W) x (Wn W’). If we take
V = W n W, this means precisely that V' + V C U.

Necessity of (3.3). By AU we mean the set of vectors Ax, where x
varies over U. Because of the continuity of the mapping (A, x) — Ax
from C X E into E, if we fix Ae C, A 5% 0, the map x — A~x of E into
itself must be continuous. The preimage of any neighborhood U of the
origin in E must be such a neighborhood; this preimage is obviously AU.

Necessity of (3.4). Again we use the continuity of the mapping
(A, x) — Ax, this time at a point (0, x) where x is an arbitrary point of E.
The preimage of a neighborhood U of 0 in E must be a neighborhood
of (0, x), since (0, x) is mapped into 0. Hence that preimage must
contain a rectangle N X W where N (resp. W) is a neighborhood of 0
(resp. of x) in C (resp. in E). By definition of the topology of a TVS,
W is of the form W'+ x, where W’ is a neighborhood of 0 in E
(see p. 21). On the other hand, N contains a disk of the complex plane,
centered at the origin, D, = {Ae C; | A| < p}, p > 0. Thus we see that,
for all ye W’ 4 x and all complex numbers A such that |A] < p, we
have Ay € U. In particular, we may take y = x.

Necessity of (3.5). We duplicate the proof of the necessity of (3.4)
but taking this time x == 0, hence W’ = W. We have seen that the
preimage of U contains a rectangle D, X W, which means that the set

V= W
[AI< e
is contained in U. This set V is obviously balanced. It is a neighborhood
of zero, since each AW, A # 0, is one (in view of (3.3)).
Sufficiency of Conditions (3.1)~(3.5). We must first of all show that,
if we define the filter of the neighborhoods of an arbitrary point x of E

as the image of the given filter # under the translation y ~ x + y,
we have indeed a topology on the set E. Once we have proved this, we
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must show that this topology is compatible with the linear structure of E.
Let us call #(x) the image of # under y ~ x + y, that is to say the
family of subsets U + x, where U varies over & . Since 0 € U, x belongs
to U + x. Thus Axiom (N;), p. 8, is satisfied. Let V' € % be such that
V + Ve U. Take an arbitrary point y of the set V + x; then U + «
contains V + (V + x), hence V' + y. But V + y belongs to #(y), and
therefore so does U + x. Thus Axiom (N,), p. 8, is satisfied when we
take U + x and V + x, respectively, in the place of U and V in the
statement of p. 8. We conclude that we have indeed a topology on E.
The last two steps consist in proving that the mappings 4, and M, are
continuous. The continuity of A4, follows immediately from (3.2).
Indeed, let (x, ) be an arbitrary element of E X E; let W be a neighbor-
hood of its image, x +y. We know that W=U+4+ x4+ y, UeZ.
Choose Ve &% such that ¥V + VC U. Then (V +x) +(V +y)C W,
which means that the image of the neighborhood of (x, y),

V+x)x(V+y),

is contained in W. Then the preimage of W contains that same neighbor-
hood of (x, y) and, consequently, is a neighborhood of (x, y).
Last step: continuity of

M, : (A x) ~ Ax.
Let U’ be a neighborhood of Agx,; U’ is of the form U + Ayxy , where U

is a neighborhood of zero in E. Let us select another neighborhood of
0, W, such that

1y W+ w+ WwWCUu;
(2) W 1s balanced.

Such a neighborhood of zero, W, exists in view of Properties (3.2) and
(3.5). In view of (3.4), W is absorbing. In other words, there is a number
p > 0, which we may as well take <1, such that

AeC, Al << p, implies Ax,e W.

Let D, be the disk centered at the origin, in the complex plane, with
radius p. Suppose first that A\; = 0, which implies Ayxy = 0 and U’ = U.
Then we look at the image under M, of the set D, X (W 4+ x,); it is
the set

(3.6) Ay + Axg; [ A | < p,ye W

As [A| <p <1 and as W is balanced, y€ W implies Aye W. As
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IA| <p, we have also Axoe W. We conclude that the set (3.6) is
contained in W + W, hence in U. Thus the preimage of U contains
D, x (W + x,), which is a neighborhood of (0, xy); the preimage of U
is a neighborhood of (0, x,). Let us suppose finally that Ay # 0. In this
case we look at the image under M, of the set

) (Dy -+ Ag) X (1 2 7 W + %),

where ¢ = inf(p, | Ay |), the smallest of the two numbers p, | Ay . The
image of (3.7) is the set

(3.8) A A 1™y + Axg + A A7y + A% | A | S o, ye WL

Since the complex numbers A Ay |72, Ay} A, |~ both have absolute value
< 1, and since W is balanced, the sum

Al Ag [Ty 4 Agl Ag [y

belongs to W + W. Since | A | < ¢ < p, Axg € W, so that the set (3.8)
is contained 1in
W+ W+ W+ Mg C U + Ao -

In other words, the preimage of U + Agx, contains (3.7) and, therefore,
it is a neighborhood of (A, , x,). Q.E.D.

The following property of the filter of neighborhoods of zero in a
TVS E is important:

PropoSITION 3.1. There is a basis of neighborhoods of zero in a TVS E
which consists of closed sets.

Proof. It suffices to show that an arbitrary neighborhood of zero U in E
contains a closed neighborhood of 0. Let V' be another neighborhood of
0 such that ¥ — VC U. I contend that ¥ C U. Indeed, let xe ¥, which
means that every neighborhood of x, in particular ¥V - x, meets V.
Thus, there are elements y, 2 € V such that & = x + y—in other words,

x=z2—yeV —VCU.

COROLLARY. There is a basis of neighborhoods of O in E consisting of
closed balanced sets.

Indeed, every neighborhood U of 0 in E contains a closed neighbor-
hood of 0, ¥, which in turn (Theorem 3.1) contains a balanced neighbor-
hood of 0, W. Then W is closed and balanced; WC VC U.  Q.E.D.
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The student will easily see that, whatever may be the vector space E,
the trivial topology (p. 9) is always compatible with the linear structure of
E, and the discrete topology (p. 9) never is—unless E consists of a
single element (the origin). We proceed now to discuss a less trivial
example.

Example. Let us denote by C[[X]] the ring of formal power series in
one variable, X, with complex coefficients. Such a formal power series
is written

o
u=uX)= ) u, X",
n=0
where the coeflicients #, are complex numbers. It is the same thing as a
power series as encountered in the theory of analytic functions, except
that one does not care if it converges or not. Essentially, it is a sequence
of complex numbers (4, u, , uy ..., U ,...). Addition and multiplication
are immediately defined, by just extending what one does with
polynomials or with Taylor expansions of analytic functions about the
origin. If
o

v=) U, X"

n=0

we have

u+v= Z (un+‘vn')Xn’

n=0

uy = i U, 0, X"?P = i (i u,,_,,'v,,) Xn

n,p=0 n=0 'p=0

Multiplication by scalars is defined in the obvious way:

=Y Qu)Xn

n=0

Addition and multiplication by scalars turn C[[X]] into a vector space;
multiplication of formal power series turn it then into an algebra. There
is a unit element in this algebra: the formal power series |, that is to say
the series # having all its coefficients %, equal to zero if n > 1, and
such that ¥, = 1. The following fact is not difficult to prove:

For a formal power series u to have an inverse, it is necessary and sufficient
that its first coefficient, u, , be different from zero.
Let us denote by M the set of elements which do not have an inverse,
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that is to say the set of formal power series # such that #, = 0. The
set M is an ideal of the algebra C[[X]], which means that

(1) 9 is a vector subspace of C[[X]];
(2) for all u€ M and all ve C[[X]] we have uv e M.

Both properties are evident. The student may easily check that M is the
largest proper (i.e., different from the whole algebra C[[X]]) ideal of
C[[X]]. It suffices to observe that any ideal which is not contained in M
must contain an invertible element, hence must contain the series 1, in
view of (2), and hence must be identical with the whole algebra.

For n > 1, let us denote by MM™ the set of formal power series # such
that u, = 0 if p <#n. Any element of M" can be written

w(X) = Xy (X),

with #, € M. As the series X (i.e., all coeflicients except the one of X?!
are equal to zero, and the coefficient of X! is equal to 1) belongs
obviously to M, we see that every element of MM is the product of =
elements of M, which justifies the notation. It is also easily checked
that each M* is an ideal of C[[X]]. The intersection of the M=, as
n— + oo, is obviously the zero power series (i.e., the power series
having all its coefficients equal to zero). As the sequence of sets

PO = C[X[I DM =MOPED - DM D -

is totally ordered for inclusion, it certainly satisfies Axiom (BF), p. 7,
for bases of filters. Let % be the filter it generates: a set U of formal
power series belongs to # if it contains M" for large enough n. Let u
be an arbitrary formal power series, and let " + u be the set of formal
power series v + u, where v € M». Let us denote by Z(u) the filter
generated by the basis M” + u, n = 0, 1, 2,.... Observe that & satisfies
Condition (3.2) in Theorem 3.1. Indeed, each M being a vector subspace,
we have

(3.9) me + P C M,

This implies immediately that the filters & («) are the filters of neighbor-
hoods of the points # in a topology on C[[X]]: if ve M + u, M" - u
contains M” + v and hence is a neighborhood of v. In other words,
M™ + u is a neighborhood of each one of its points, i.e., M* + u is open.
But (3.9) also implies that the preimage of

{M* + u + v; u, v e C[[X]]},
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under the addition mapping, viewed as a map from the topological space
C[[X]] x C[[X]] into the topological space C[[X]], contains

(M* -+ ) X (M + v),

and hence is a neighborhood of the pair (, v). This proves the continuity
of addition.
The continuity of multiplication,

C{[X]] x C[[X]] —C[[X]] : (#, v) ~ uv,
follows from the obvious inclusion
INP - M2 CIMPHe,

where the left-hand side is the set of products uv where u € M? and
v e M.

These continuity properties turn C[[X]] into what is called a topological
ring.

However they do not turn C[[X]] into a topological vector space. The
reason for this fact is that there are neighborhoods of the origin which
are not absorbing. Indeed, M* is not absorbing as soon as n > 0: for
there is no complex number A 7 0 such that A-1eM*. Thus the
multiplication by scalars (A, u) ~ Au, viewed as a map from C x C[[X]]
into C[[X]], is not continuous (although it is continuous if we identify A
with the formal power series u such that u; = A, u,, = 0 for p > 0, and
if we view the multiplication by scalars as a mapping f-om [C[X]] X
CI[X]] into CIIX])).

Observe furthermore that the 9™ are open. They are also linear
subspaces. Now the following is easy to check:

ProrosiTioN 3.2. In a TVS E, if a vector subspace M is open, we have
M=E.

Indeed, M being open is a neighborhood of each one of its points, in
particular of the origin, hence must be absorbing (Property (3.4) of
Theorem 3.1). But if Ax € M with A 5 0, then x = AY(Ax) € M.

One sees easily that every ideal W™ (m = 0, 1, 2,...) is closed, so that
the basis of neighborhoods of zero M™ consists of sets which are both
closed and open (cf. Exercise 3.4).

The topology which we have just described is actually used in algebra.
Note that every point has a countable basis of neighborhoods in that
topology.

There is another topology which is used on C[[X]], and which is
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compatible with the linear structure of C[[X]]. It is the topology of
simple convergence of the coefficients. A formal power series u =
> o, X" is said to converge to another formal power series v =
> o v X" if, for each n separately, the complex number u,, converges to
v,, . Note that in the first topology described, # did converge to v if the
numbers p = 0, 1,..., such that , = v, for n < p converged to infinity.
The latter convergence therefore obviously implies the simple conver-
gence of the coefficients. In other words, the topology defined by the
ideals M is finer than the topology of simple convergence of the
coefficients which we are now going to define in a precise way. (Obviously
a topology 7 is finer than another topology, 7', on the same set, if
any filter which converges for .7 also converges for 7 '.)

As we shall always do in these chapters, we define a topology on a
vector space, compatible with its linear structure, by exhibiting a basis
of neighborhoods of zero. In our case, the basis will be the collection
of the following sets of formal power series:

0

Vi = Ju = Z wXPeC[[X];Vp < |u,| < 1/my.
p=0
Here m and n are integers, n =0, 1,..., m = 1, 2,.... We leave to the

student, as an exercise, the task of checking that the filter &# generated
by the basis {V,, ,} (m = 1, 2,...,n = 0, 1,...) satisfies Conditions (3.1)—-
(3.5) in Theorem 3.1. That the V,, ,, indeed form a basis of a filter is an
obvious consequence of the fact that

Vm,n 0 Vm'.n' 2 Vsup(m,m’),sup(n,n') s

where sup(a, b) means the greatest of the two numbers @, b. Let {u"}
(v =1, 2,...) be a sequence of formal power series. It converges to a
series u if and only if, to every pair of integers m > 1, n == 0, there is
another v(m, n) = 1 such that

v == v(m, n) implies «®eV, , 4+ u.

This means, roughly speaking, that u'¥ converges to u if more and more
coefficients of 4! get nearer and nearer to the coefficients with the same
index of u. This is precisely what expresses the name: “topology of
simple convergence of the coefficients.” For this topology, the ideals
M» are closed, as is immediately seen (if a formal power series u is a limit
of formal power series v such that v, = 0 for p <z, in the sense that
the coefficients of # are the limits of the corresponding coefficients of
the v’s, we must have u, = 0 for p < n). They are not open in view of
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Proposition 3.2. It should also be noted that in the topology of simple
convergence of the coefficients, the origin, and therefore each point, has
a countable basis of neighborhoods. This property was also valid for the
first topology we have defined on C[[X]].

Exercises

3.1. Let X be a set. Let us assign, to each x € X, a topological vector space E, ; let
us denote by E the disjoint union of the spaces E, as x varies over X and by I'(X; E)
the set of mappings f of X into E such that, for every x € X, f(x) € E,. Show that there
is a ‘“‘natural” structure of vector space over I'(X; E). Next, consider a finite subset S
of X and, for every x € S, a neighborhood of zero, U, , in E; . We may then consider the
following subset of I'(X; E):

{fe I'(X; B); forall x € S, f(x) € U,}.

Show that, when S varies in all possible ways and so do also the neighborhoods of zero U,
in each E, , the above sets form a basis of a neighborhood of zero in I'(X; E) for a topology
compatible with the linear structure of I'(X; E) (called topology of pointwise convergence
in X).

3.2. Prove that, in a topological vector space E over the field of complex numbers,
a set different from @ and from E cannot be both open and closed.

3.3. Let E be a vector space, {E_} (x € 4) a family of topological vector space and,
for each o, H_ a set of linear mappings of E into E, . Prove that there is at least one topology
on E, compatible with the linear structure of E, such that, for every «, all the mappings
belonging to the sets H, are continuous. Describe the least fine topology with these
properties (it is called projective limit of the topologies of the E,_ with respect to the sets
of mappings H).

Suppose that E is the product vector space of the E, and that each one of the sets H_
consists of only one map, the projection p_ on the “‘coordinate axis”’ E, (cf. Exercise 2.6).
Prove that the projective limit topology on E and the product topology are identical.

3.4, Let N” be the set of n-tuples p = (p,, ..., p,) of nintegers p; > 0 (1 < j < n).
Show that the following vector spaces are naturally isomorphic:

(a) the space F(N"; C) of complex-valued functions defined in N*;

(b) the product space

CcN' — H C, (C, = C for all p);
peN™
(c) the space of complex sequences depending on 7 indices 6 = (0,)penm;
(d) the space C[[X,,..., X,]] of formal power series.

Prove that the “natural” isomorphisms extend to the topologies when (a) carries the
topology of pointwise convergence in N” (cf. Exercise 3.1), (b) carries the product topology,
(c) carries the topology of convergence of each term o, , and (d) carries the topology of
simple convergence of the coefficients (cf. p. 28). Show that the isomorphism between
(a) and (d) does not extend to the ring (or multiplicative) structure when &% (N*; C)
carries the usual multiplication of complex functions and C[[X,,..., X,]] carries the
multiplication of formal power series (see p. 25).
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3.5. Let us denote by Z(N; C) the vector space of complex-valued functions in the
set N of integers > 0 which vanish outside a finite subset of N. Let {¢,} (» = 0, 1, 2,...)
be a sequence of numbers > O such that ¢, > &,,; — 0. The subsets of F(N; C),

U{ea) ={fip 2 n=|fDp)| < ey

form, when the sequence {e,} varies in all possible ways, a basis of neighborhoods of zero
for a topology compatible with the linear structure of #(N; C). Prove this statement.
Prove also that there is no basis of neighborhoods of zero in this topology which
is countable.

3.6. We keep the notation of Exercise 3.5. We denote by %,(n) the linear subspace of
Z(N; C) consisting of the functions f such that f( p) = Oforall p > z.Prove the following
assertions: (i) #.(n) is a linear space of dimension 7 + 1; (ii) #(#n) is closed in the TVS
Z.N; C) (equipped with the topology defined in Exercise 3.5); (iii) the topology induced
by #.(N; C) on #(n) is identical with the topology carried over from C"+! by using any
isomorphism % (n) ~ C*+,

3.7. Let E be a vector space, and U a subset of E which is convex (i.e., if x, y € U,
tx + (1 — t)y € U for all t,0 < t 1), balanced, and absorbing. Prove that the sets
(1/m)U (n = 1, 2,...) form a basis of neighborhoods of zero in a topology on E which is
compatible with the linear structure of E.

Is this always true when we drop the assumption that U is convex ?



4
Hausdorff Topological Vector Spaces.
Quotient Topological Vector Spaces.

Continuous Linear Mappings

Throughout this chapter, we denote by E a TVS over the field of
complex numbers.

Hausdorff Topological Vector Spaces

A topological space X is said to be Hausdorff if, given any two distinct
points x and y of X, there is a neighborhood U of x and a neighborhood
V of y which do not intersect, i.e., such that UnNn V = 0. A very
important property of Hausdorff topological spaces is the so-called
uniqueness of the limit:

A filter on a Hausdorff topological space X converges to at most one point.

Indeed, suppose that a filter # on X would converge to two distinct
points x and y. Let U (resp. V) be a neighborhood of x (resp. y) such
that U N V = O. But both U and V must belong to #, which demands
that their intersection be nonempty!

In a Hausdorff space, any set consisting of a single point is closed (there
are topological spaces with the same property which are not Hausdorff;
but such spaces are not TVS, as will be seen). A TVS E is Hausdorff
if, given any two distinct points x and y, there is a neighborhood U of x
which does not contain y. As a matter of fact, we have the following result:

ProrosiTiON 4.1. A TVS E is Hausdorff if and only if to every point
x 7 0 there is a neighborhood U of O such that x ¢ U.

The necessity of the condition is trivial. Suppose it is satisfied. Let
x, y be two distinct points of E, which means that x — y % 0. Then
there is a neighborhood U of 0 such that x — y ¢ U. Choose a balanced
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neighborhood of 0, V, such that V' 4 VC U (Theorem 3.1, p. 21).
Since V is balanced, we have —V = V, hence V' — ¥V C U. Suppose that
the intersection

(4.1) V+x0V +y)

is nonempty, and let z be one of its points: 2 = x + x', 2 =y + ¥/,
with &', " € V. We have

x—y=y —x'eV—-Vel,

which contradicts our choice of U. Thus (4.1) must be empty.

ProPosITION 4.2. In a 'T'VS E, the intersection of all neighborhoods of
the origin is a vector subspace of E, which is the closure of the set {0}.

Let us first prove that the intersection of all the neighborhoods of the
origin, which we denote temporarily by N, is a vector subspace of E.
Let U be an arbitrary neighborhood of the origin, x, ¥ two elements of
N, and o, B two complex numbers, which are not both equal to zero.
Let V' be a neighborhood of 0 such that V' - ¥V C U; assume furthermore
that V' is balanced (Definition 3.2, Theorem 3.1, p. 21). As », y€ N,
we have

%,y €(a? + BV

hence, ox + By e ofa? 4 B3V + B(o* + AW CV + VCU. This
implies that ax + By € N since U is arbitrary.

Let x belong to N. Then every neighborhood U of 0 contains «x,
which can also be written

0e(—U) + x.

But (— U) 4 «x is an arbitrary neighborhood of x (since multiplication of
vectors by —1 is a homeomorphism, that is to say a bicontinuous
one-to-one mapping onto). Thus every neighborhood of x contains the
origin, which means that x € {0} (see p. 8). Conversely, suppose that
an arbitrary neighborhood of x contains Q; such an arbitrary neighbor-
hood can be written — U + x, where U is an arbitrary neighborhood of
0; and 0 € — U + « is equivalent to x € U, which means that x € N,
Q.E.D.

CoroLLAaRY. For a TVS E to be Hausdorff, it is necessary and sufficient
that the set {0} be closed in E, or that the complement of the origin be open
in E.
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Indeed, to say that {0} is closed in E is equivalent to saying that
N = {0} or that no point x 7 0 may belong to all the neighborhoods of 0.

An important consequence of the corollary of Proposition 4.2 is the
next result:

ProposITION 4.3. Let f, g, be two continuous mappings of a topological
space X into a Hausdorff TVS E. The set A in which f and g coincide,

A ={xe X, f(x) = g(x)},
is closed in X. t Fixy =g}
Indeed, A is the preimage of the closed set {0} C E under the
continuous mapping x ~ f(x) — g(x).

ProposITION 4.4, Let X, E, f, g be as in Proposition 4.3. If f and g are
equal on a dense subset Y of X, they are equal everywhere in X.

Indeed, f = g on a closed subset of X (Proposition 4.3) containing Y.

Quotient Topological Vector Spaces

Let M be a vector subspace of E, and let us consider the quotient
vector space (p. 15) E/M and the canonical map ¢ : E— E/M which
assigns to every x € E its class ¢(x) modulo M. We know that the mapping
¢ is linear. On E we have a topology (since E is a TVS). We may define
then, in a canonical way, a topology on E/M which is called the quotient
topology on E[/M. As always, we say what the filter of neighborhoods of
the origin in E/M is going to be: it is simply the image under ¢ of the
filter of neighborhoods of the origin in E. This is the same as saying
the following: a subset U of E/M is a neighborhood of zero for the quotient
topology if and only if there is a neighborhood U of zero in E whose image
under ¢ is equal to U, i.e., U= ¢(U). The neighborhoods of zero in
E/M are the direct images under ¢ of the neighborhoods of 0 in E.

Note that ¢ transforms neighborhoods of a point into neighborhoods
of a point. This is not true in general about continuous functions: the
preimage of a neighborhood under a continuous function is a neighbor-
hood, but nothing is said about the image. On the other hand, we
do not know a priori if ¢ is continuous. But it is easy to see that this is
indeed so: let U be a neighborhood of the origin in E/M; there is a
neighborhood U of zero in E such that ¢(U) = U, hence U C ¢} U),
which proves that $~}(U) is a neighborhood of zero in E.

Going to open sets, we see that ¢ transforms open sets into open sets
and the preimages of open sets under ¢ are open sets.
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It is not true, in general, that the direct images of closed sets, under ¢,
are closed sets.

A familiar counterexample is the following one. Consider in the plane
R? the hyperbola {(x,, x,) € R% x,x, = 1}. Take for M one of the
coordinate axes. Then E/M can be identified with the other coordinate
axis and ¢ with the orthogonal projection on it; all these identifications
are also valid for the topologies. The hyperbola above is closed in R?
but its image under ¢ is the complement of the origin on a straight line,
which is open.

The student may easily verify the following point: the gquotient topology
on E[M is the finest topology on E[M such that ¢ is continuous.

From our definition it follows immediately that the quotient topology
on E/M is compatible with the linear structure of E/M (see p. 20).

PROPOSITION 4.5. Let E be a TVS, and M a vector subspace of E. The
two following properties are equivalent:

(a) M is closed,;
(b) E/M is Hausdorff.

In view of the corollary of Proposition 4.2, (b) can be restated as saying
that the complement of the origin is open in E/M. But the complement
of the origin is exactly the image under ¢ of the complement of M, and
¢ maps open sets into open sets, and is continuous, whence the equiv-

alence of (a) and (b).

COROLLARY. The TVS E[{0} is Hausdorff.

The TVS E/{0} is said to be the Hausdorff topological vector space
associated with the TVS E. When E itself is Hausdorfl, ¢ : £ — E/{0}
(canonical mapping) is one-to-one onto, since then {0} = {0}, and E/{0}
is identified with E.

Continuous Linear Mappings

Let E, F be two TVS, and f a linear map of E into F. We suppose that
F is Hausdorff and that f is continuous, in the usual sense (see p. 11
et seq.). Then the kernel (p. 16) of f is closed. Indeed, Ker f is the
preimage of the set {0} CF, which is closed when F is Hausdorff. Of
course, Ker f might be closed also when F is not Hausdorff (Example 1,
f=0; Example 2, f is one-to-one and E is Hausdorff; in this case,
Ker f = {0} is closed in E).
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Let us consider the usual diagram (p- 16):

z

> Im f — F

/ /
E/Ker f

where ¢ is the natural injection, ¢ the canonical map, and f the unique
linear map which makes the diagram commutative.

PRrOPOSITION 4.6. The map f is continuous if and only if the map f is
continuous.

Suppose f continuous and let £ be an open subset in F or in Im f
(an open set in Im f is the intersection of an open set in F with Im f).
The preimage of 2 under fis equal to the image, under ¢, of the preimage
of © under f. By hypothesis, f~1({2) is open, and ¢ transforms open sets
into open sets; therefore the preimage of £ under f is open.

When both ¢ and f are continuous, so is f = fo ¢. Q.E.D.

In general, the inverse of f, which is well defined on Im f, since f is
one-to-one, will not be continuous; in other words, f will not be
bicontinuous.

Definition 4.1. If f is continuous and if the inverse of f, defined on Im f
(this subspace of F being equipped with the topology induced by F), is also
continuous, we say that [ is a homomorphism. If furthermore f is one-to-one,
we say that f is an isomorphism of E into F or onto Im f.

The set of continuous linear maps of a TVS E into another TVS F
will be denoted by L(E; F). Of course, it is a subset of Z(E; F), the
vector space of linear maps, continuous or not, from E into F. It is
evident that L(E; F) is a vector subspace of #(E; F), hence is a vector
space, for the natural addition and multiplication by scalars, of functions.
When E = C, one denotes usually L(E; F) by E’ and calls this vector
the dual of E (sometimes, the topological dual of E, in order to underline
the difference between E’ and E*, the algebraic dual of E; see p. 17).
Naturally, E’ is a vector subspace of E*; E’ is the vector space of the
continuous linear functionals, or continuous linear forms, on F. Elements
of E’ will usually be denoted by «’, y', etc. The vector spaces E’ and
L(E; F) will play an important role in the forthcoming and will be
equipped with various topologies.

We conclude this section with a property of continuous linear
mappings which is well known, and reflects the “homogeneity” of the
topology in a TVS:
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PrOPOSITION 4.7. Let E, F be two TVS, u a linear map of E into F.
The mapping u is continuous if (and only if!) u is continuous at the origin.

Indeed, an arbitrary neighborhood of #(x) (x € E) in F is of the form
V + u(x), where V is a neighborhood of 0 in F. Since u is linear, we have

w NV + u(x)) D u (V) + x.

If u is continuous at the origin, #~(¥) is a neighborhood of zero in E.

Exercises

4.1. Consider the topological vector space I'(X; E) defined in Exercise 3.1. Prove
that it is Hausdorff if and only if the spaces E, are Hausdorff for all x.

4.2. Prove that the product of a family of TVS E, (x € 4) is Hausdorff if and only
if every E_ is Hausdorff.

4.3. Let M be a linear subspace of a TVS E. Another linear subspace, N, of E is
called an algebraic supplementary of M in E if the mapping (x,y) ~x + yof M X N
into E is an isomorphism onto E for the vector space structure; N is called a topological
supplementary of M if (x,y) ~ x + ¥ is an isomorphism of M X N onto E for the TVS
structure. One says then that E is the topological direct sum of M and N.

Prove the equivalence of the following two properties:

(a) N is a topological supplementary of M;

(b) the restriction to N of the canonical mapping of E onto E/M is an isomorphism

(for the TVS structure) of N onto E/M.

Prove that M has at least one topological supplementary in E if there is a continuous
linear map p of E onto M such that p Op = p (then p(x) = x is equivalent with x € M).

4.4. Let f be a continuous linear map of a TVS E onto another one, F. Prove the
equivalence of the following properties:

(a) Ker f has a topological supplementary in E (cf. Exercise 4.3);
(b) there is a continuous linear map g of F into E such that f O g = identity of F.

4.5. Let Ebea TVS, and M a linear subspace of E. For every TVS G, the restriction
to M of the continuous linear mappings f : E — G defines a linear mapping of L(E; G)
into L(M; G). Prove that this mapping is onto for every TVS G if and only if M has a
topological supplementary in E.
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Cauchy Filters. Complete Subsets.
Completion

The definition of a Cauchy sequence in a TVS E is simple enough.
Let S = {x,, x,,...} be the sequence; S is a Cauchy sequence if to
every neighborhood U of the origin in E, there is an integer #(U) such that

5.1 n,m = n(U) implies x,, — x, € U.

This definition obviously agrees with the usual one when the TVS E is
the complex plane (it suffices then to take for U a disk of radius £ > 0,
centered at the origin). Let us introduce the usual subsequences

Sn = {xn+1 y Xn42 :}
We see that (5.1) simply means
Snw) — San € U-

Observing that the S, form a basis of the filter associated with the
sequence S, this suggests what the definition of a Cauchy filter should be:

Definition 5.1. A filter F on a subset A of the TVS E is said to be a
Cauchy filter if to every meighborhood U of O in E there is a subset M of
A, belonging to F, such that

M—-MCU.

It may help to illustrate this definition by an example in a metric
space. Suppose that there is a metric d(x, y) on E x E defining the
topology of E. Choose U such that, for some number & > 0, the relation
x — y € U means exactly that d(x, y) < e, If M is any subset of E, the
diameter of M is defined as being the supremum of the positive numbers
d(x,y) when both x and y vary over M. Now M — M C U simply
means that the diameter of M is <(e. Definition 5.1 can then be rephrased
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as follows in the case of a metric TVS E: a filter # on 4 C E is a Cauchy
filter if it contains subsets of A of arbitrarily small diameter.
Going back to the general case, the following statement is obvious:

ProposiTioN 5.1. The filter associated with a Cauchy sequence is a
Cauchy filter.

Also obvious are the following statements:

ProrosiTION 5.2. (a) The filter of neighborhoods of a point x€ E is a
Cauchy filter.

(b) A filter finer than a Cauchy filter is a Cauchy filter.
(c) Every converging filter is a Cauchy filter.

(a) follows from the fact that if U is a neighborhood of zero there
is another neighborhood of 0, V, such that V' — ¥V C U, hence such that

(V+4x) —(V+xCU.

(b) is evident; (c) follows from (a) and (b), since a filter converges
to a point x if it is finer than the filter of neighborhoods of that point.

It is well known that the converse of (¢) is false, in other words that
not every Cauchy filter converges.

Definition 5.2. A subset A of E is said to be complete if every Cauchy
filter on A converges to a point x of A.

It makes sense to ask if E itself is complete. We also use the term
sequentially complete for any set 4 C E such that any Cauchy sequence in
A converges to a limit in 4. Complete always implies sequentially
complete, the converse being in general false. We shall encounter an
important class of TVS, the so-called metrizable spaces, for which the

converse is true.
As an exercise, the student may attempt to prove the next two

propositions:
PrRoOPOSITION 5.3. In a Hausdorff 'TVS E, any complete subset is closed.

PROPOSITION 5.4. In a complete TVS E, any closed subset is complete.

We must now describe an abstract procedure which, to an arbitrary
Hausdorff 'TVS E, associates—in a canonical way—a complete (and
Hausdorff) TVS E, called its completion.

But before doing this, we must establish a certain number of
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properties of uniformly continuous functions, defined in a subset 4 of a
TVS E and valued in a TVS F. Here is the definition of these functions:

Definition 5.3. A mapping f: A —F is said to be uniformly continuous
if to every neighborhood of zero, V, in F, there is a neighborhood of zero,
U, in E, such that for all pairs of elements x, , x, € A,

x —x,6 U implies f(x,) — f(x,) e V.

The student may compare this definition with the usual one, when
E =F =R or C. Any uniformly continuous map is continuous at
every point; the converse is false. The following two statements have
easy proofs, left to the reader:

PROPOSITION 5.5. Every continuous linear map of a linear subspace A of
TVS E into a TVS F is uniformly continuous.

PROPOSITION 5.6. Let f be a uniformly continuous map of A C E into F.
The image under f of a Cauchy filter on A is a Cauchy filter on F.

From there follows (as will be shown now) the main extension result
about uniformly continuous functions:

TueorReMm 5.1. Let E, F be two Hausdorff TVS, A a dense subset of E,
and f a uniformly continuous mapping of A into F.

If F is complete, there is a unique continuous mapping f of E into F which
extends f, i.e., such that for all x € A,

f(*) = f(=).

Moreover, f is uniformly continuous, and f is linear if A is a linear
subspace and if f is linear.

Proof. As we have said, it is essentially based on Proposition 5.6. The
uniqueness of the extension f follows immediately from Proposition 4.4.
We shall therefore prove its existence.

Let x be an arbitrary point of E, #(x) the filter of its neighborhoods.
Each neighborhood of x intersects A, since 4 is everywhere dense,
therefore none of the sets V' N 4 is empty, when V € #(x), and therefore
they form the basis of a filter on A. The filter generated by this basis
on A4 is called the trace of #(x) on A. It is obviously a Cauchy filter;
let us denote it by #(x) N A. Thus its image in F is a Cauchy filter,
because of Proposition 5.6. As F is complete and Hausdorff, this Cauchy
filter has a unique limit in F, which we call f(x). If x € 4, then Z(x) N 4
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is the filter of neighborhoods of x in A4 for the topology induced by E,
and since f is continuous f(x) = f(x).

Let us prove, now, that f is continuous. Let x be a point in E, and V
a closed neighborhood of f(x). By definition of f(x), V belongs to the
image of & (x) N A4, i.e., there is U, neighborhood of x, such that

Un ACFYY).

Let y then belong to the closure of U N A4; this means that none of the
sets U' N U N A is empty, when U’ varies over % (y); hence these sets
form the basis of a filter on 4, which is obviously a Cauchy filter, finer
than £ (y) N A4; hence its image is a filter ¢ on F which converges to
f(y). This means that every neighborhood of f(y) contains a set of
the form f(U’' N U N A), hence some point belonging to f(U N A)C V.
As V is closed, this implies that f(y) belongs to V. Thus,

UnACFYV).

But now observe that we may take U open. Let, then, y € U. Every
neighborhood of y intersects U; choose an open neighborhood of y, U’.
Since U N U’ is open and 4 is dense, U N U’ intersects 4, hence U’
intersects U N 4, which means that y € U N 4. This proves that

U=TUnACfYV).

This implies that the preimage of ¥ under f is a neighborhood of x,
which is what we wanted to prove.

We shall leave the proof of the uniform continuity of f as an exercise
to the student.

Suppose now that f is linear. Consider the following two mappings:

defined on E X E and valued in F. Since addition is continuous in E and
in F, and since f is continuous, these mappings are continuous in E X E.
But they coincide on A4 X A4, which is a dense subset of E X E. Hence
they coincide everywhere, by Proposition 4.4. This proves that

fx + ) = fx) + ).

A similar argument holds for proving that f(Ax) = A f(x) for all x€ E,
AeC. This proves the last part in the statement of Theorem 5.1.
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We proceed now to state and prove the theorem on completion of
topological vector spaces:

THEOREM 5.2. Let E be a TVS. If E is Hausdorff, there exists a complete
Hausdorff TVS E and a mapping i of E into E with the following properties:

(a)

(b)
(©)

The mapping i is an isomorphism (for the TVS structure) of E
into E.

The image of E under i is dense in E.

To every complete Hausdorff TVS F and to every continuous linear
map f : E—F, there is a continuous linear map f: E —~F such
that the following diagram is commutative:

f
E—»F
(5.2)
il ﬁ
E .
Furthermore:

(I)  Any other pair (E, , i,), consisting of a complete Hausdorff TVS E,
and of a mapping i, : E — E, such that Properties (a) and (b) hold
with B, substituted for E and i, substituted for i, is isomorphic to
(E, 7), which means that there is an isomorphism j of E onto E, such
that the following diagram is commutative:

E —i-> E,
(5.3) il /
E .
(I1) Given F and f as in Property (c), the continuous linear map f is

unigue.

Proof of Theorem 5.2

We prove the existence of E by constructing it. First we construct the
set that is going to be E, next we define vector addition and multiplication
by scalars on this set, definitions which turn E into a vector space, then
we define the topology of E (this topology is going to be compatible
with the linear structure). This gives us the TVS E. We prove that E is
Hausdorff. Then we construct the isomorphism 7 of E into E (called the
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natural injection of E into E): we define it first as a mapping, show that
it is linear (this will be quite evident), and show that it is an homeo-
morphism, i.e., bicontinuous and one-to-one. We prove next that Im i is
dense in E, then that £ is complete, and finally that Property (c) holds.
This will conclude the existence part of the proof. The second and last
part will be the uniqueness (up to isomorphisms), that is to say the
proofs of Properties (I) and (II).

(1) The Set E

The set E is going to be the quotient of the set of all Cauchy filters
on E modulo the equivalence relation:

(R) F ¢ if to every neighborhood U of 0 in E there is an element
A of # and an element B of ¥ such that 4 — BC U.

If the topology of E is defined by a metric d, we may take as U the
neighborhood of 0 such that x — y € U means exactly d(x, y) < e. Then
A — BC U means that 4 is contained in the open neighborhood of
order ¢ of B and that B is contained in the open neighborhood of order
e of A (the open neighborhood of order ¢ of a set S is the set of points
x € E such that

;Eg d(x, y) <e).

Whether this indeed defines an equivalence relation has to be checked. If
& is a Cauchy filter, given any neighborhood of 0, U, there is 4 € &
such that 4 — A4 C U (reflexivity of R). The symmetry of R comes from
the fact that A — BC U implies B — AC —U, and that —U is a
generic neighborhood of 0 in the same right as U. As for the transitivity
of R, let V' be a neighborhood of 0 such that V' 4+ VC U. Let &, 9,
# be three Cauchy filters and suppose that we have

F 3 9, €7 5 H.
Then there exist A€ &, B, B’ € ¢, and C € 5# such that
A—-BCV, B -CCV.
This immediately implies
A—BnBCYV, BNnB —CCV.
By adding we obtain

A—CCA—-BnBY+(BNB —CO)YCV4+VCU.



Chap. 5-7] CAUCHY FILTERS. COMPLETE SUBSETS 43

This proves that R is an equivalence relation. Then E is the set of
equivalence classes modulo R.

(2) Vector Addition and Multiplication by Scalars in E

From now on, elements of E will be denoted by %, ¥, etc. As # is an
equivalence class of Cauchy filters we may talk about its elements or
representatives.

If X is a scalar # 0, the element A% of E will be the equivalence class
mod R of the filter

AF ={d; Ae F},

where Z is any representative of £. That this definition does not depend
on a specific choice of a representative & is easy to see. Indeed, if F’
is another representative of £ and if U is an arbitrary neighborhood of 0,
there must exist subsets of E, A € %, A’ € #’, such that

A — A4'Cr 1y, whence A4 —A4'C U,

which proves that A# and A%’ are equivalent mod R.

If A = 0, we have A - £ = 4, where 4 is the equivalence class mod R
of the filter of neighborhoods of the origin (or, which is the same, of
the Cauchy filter consisting of all the subsets of E which contain 0).

Let now #, § be two arbitrary elements of E, and & (resp. %) a
representative of £ (resp. y). Let us denote by & + ¥ the filter generated
by the basis of filter

(F +9%),={A+B,Ac F,Bec %}

That (¥ + 9), is indeed the basis of a filter is easy to check. None of its
elements is the empty set, and if A, 4" € %, B, € ¥, then

(ANA)+(BNB)C(4d+B)N(4 +B),

which shows that Axiom (BF) (p. 7) is satisfied. Also easy to check is
the fact that
F ~F, G ~Y
R R
implies
(F +9)~(F +9)

Indeed, let U be two neighborhoods of 0 in E such that V 4 V C U.
There are sets Ae F, A €¢F', Be 9, and B’ € 4 such that

A—A4CVl, B—-—BCYV,
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whence

A+B)—(A4 +BYCV+VCU.

The sum £ + 7 will thus be the equivalence class mod R of ¥ + %.

(3) Topology on E
Let U be an arbitrary neighborhood of zero in E. We shall set

(54 U = {% € E; U belongs to some representative of £}.

If V is another neighborhood of 0 in E, the following inclusion is
obvious:

A

UnvCUOnV.

This shows that the sets U form the basis of a filter % on E as U varies
over the filter of neighborhoods of 0 in E. We leave it to the student to
check that all properties in Theorem 3.1, (3.1)—(3.5), are satisfied when
we replace, in Theorem 3.1, E by £ and & by £

(4) E Is Hausdorff

Let £ be an element of E, £ # 0. This means that given any represent-
ative # of £and any representative & ,of 4, these two Cauchy filtersare
not equivalent modulo R. We may take as filter &, the filter of all subsets
of E which contain 0. Then the fact that # is not equivalent to %, mod R
means that there is some neighborhood U of 0 in E such that we cannot
find A%, Ay,e F, such that 4 — A, C U. In particular, since
{0}e #,, we have 4 ¢ U for all 4e &£, which simply means that U
does not belong to &. Let, then, V be another neighborhood of 0 such
that V 4+ V C U, and let #’ be a Cauchy filter, equivalent to % modulo
R (hence another representative of £). I claim that V cannot belong to #”.
For otherwise, let A e #, A’ € &' be such that 4 — 4’ C V. We would
have A’ N V e #’, in particular A’ N V # @, and we would have

A— (A NnVCV,

hence
ACV +A' nVYCV +VCU,

which is contrary to the fact U ¢ #. Thus the neighborhood of 0, V,
does not belong to any representative of £, which means, in view of
definition (5.4), that £ ¢ V. This proves Statement (4).
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(5) There Is a Natural Injection of E into E

The image of x € E into £ is the equivalence class modulo R of the
filter of neighborhoods of x; we shall denote it by #(x), at least for the
time being. Note that we have the following properties:

Lemma 5.1. (a) Two filters on E which converge to one and the same
point are equivalent modulo R.

(b) If a filter F is equivalent modulo R to a filter which converges to x,
then also % converges to x.

The proofs are easy, and left to the student. Lemma 5.1 implies that
the equivalence class modulo R of the filter of neighborhoods of x
consists exactly of the filters which converge to x.

That the mapping x ~ #(x) is linear is also very easy to check.

(6) The Mapping i Is One-to-One, Bicontinuous, and Its Image Is Dense

Suppose that {(x) = {(y): this means that the filter of neighborhoods of
x in E and the filter of neighborhoods of y in E are equivalent modulo R,
therefore, in view of Lemma 5.1(b), they both converge to both points x
and y. But this is impossible, unless x = y, in view of the uniqueness of
the limit in a Hausdorff space (see p. 31). Let us now prove that 7 is a
homeomorphism (i.e., ¢ is continuous, and its inverse ! : #(E) — E is
continuous). This means that ¢ transforms every neighborhood U of 0
in E into a neighborhood of zero in i(E), for the topology induced by £,
and that the preimage of such a neighborhood of zero in {(E) must be a
neighborhood of zero in E. Thus, first of all, we must show that if U
is a neighborhood of 0 in E, #U) contains a set of the form U, N i(E),
where U, is another neighborhood of zero in E and where

U, = {# € E; U, belongs to some representative of £}.

Indeed, the sets U, N {(E) form a basis of neighborhoods in the topology
induced by £ on #{(E) and the inclusion

(5.5) {U)D O, A i(E)
would imply that #(U) is a neighborhood of zero in the induced topology.
Conversely, we must also show that, given a neighborhood of zero,

U, , in E, there is another neighborhood of 0, U, in E, such that

(5.6) i(U)C U, ni(E).
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This would mean that the topology induced on i(E) by E is less fine than
the one carried over #(E) from E by means of the one-to-one mapping z.
In other words, (5.6) proves the continuity of 7 : E — #(E) C E, and (5.5)
proves the continuity of i~ : {(E) — E.

In order to prove these facts, we shall prove the following:

(5.7 #U)C U ni(E)Ci(T) for all neighborhoods U of 0 in E.

We recall that U is the interior of Ui it is, of course, a neighborhood of 0,
and if xe U, U is a neighborhood of x, which means that U belongs to
a representative of i(x) i.e., i(x) € U. Suppose then that i(x) € U; this
means that U belongs to some representative of i(x), in other words that
U belongs to some filter converging to x. Let, then, I be an arbitrary
neighborhood of 0; V' + x belongs to all the filters which converge to x,
hence U N (V + x) # @, which means precisely that x € U.

(5.7) implies immediately (5.6) since U is a neighborhood of zero. It
also implies (5.5), in view of the fact (Proposition 3.1) that the closed
neighborhoods of the origin in a TVS E form a basis of neighborhoods of
zero in E.

This completes the proof that 7 is a homeomorphism, hence an
isomorphism for the TVS structure. Next, we prove that the image of i,
#(E), is dense in E.

Let £, be an arbitrary point of E; we must show that any neighborhood
of £, contains some point #(x), with x € E. It suffices to consider the
neighborhoods of the form U + %,, where U is defined by (5.4). The
relation #(x) — &£, € U means that U belongs to some representative of
i(x) — &, , i.e.; that there is a filter &% converging to x and a filter %,
representing &£, , some set 4 € # and a set 4, € %, such that

4—4,CU.
Let us then prove that such a point x exists. We select a neighborhood V'
of 0 in E such that V -+ V C U. Let %, be any Cauchy filter representing
%y and let 4, be an element of %, such that
Ay — A, CV  (remember that .% is a Cauchy filter!).
We choose, as point x, an arbitrary point of the set 4,. We have

(V+x)—A,CV +(4y— 4,)CV + VCU.

But V' + x belongs to any filter &# converging to x.
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(7) E Is Complete
Let # be a Cauchy filter on £. We consider the family of subsets of E,
M+ U, Me #, U, neighborhood of zero in £.
They form the basis of a filter; indeed, none of them is zero, and
M+0)nM'+0)DMAM +0UnUT.

(The filter #' generated by this basis is less fine than %, since any
element of the basis belongs to #.) The filter &' is a Cauchy filter.
Indeed, let U be any neighborhood of zero in E. Select another neighbor-
hood of 0 in E, V, such that

V+V-—-VCO

(for instance take V, balanced, ¥, C U, and ¥ = V). Let M be an
element of # such that M — MCV. This implies (M + V) —
M+"CV+V—-—VCU.

Now, let &' be the family of subsets of #(E) of the form A N i(E),
with 4 € #’. These intersections contain intersections of the form

(M + U)ni(E), with Me%, U, neighborhood of Qin E.

As M cannot be empty, they contain intersections of the form

(3 + U)niE), with jek.

As i{(E) is dense in E, these intersections are never empty. From there on,
is is quite obvious that &' is a filter on #(E), and in fact a Cauchy filter
on #(E). Using the fact that 7 is an isomorphism of E onto i(E), we
conclude that :7}(#’) is a Cauchy filter on E. Its equivalence class
modulo R, #, is the limit of #. The student might try to prove this
point as an exercise.

(8) Proof of Property (c)

It suffices to apply Theorem 5.1 with E replaced by £ and 4 by E.
We also obtain the uniqueness of the extension f, stated in Property (II).
(9) Proof of the Uniqueness (up to Isomorphisms) of £

We prove now Property (I) of Theorem 5.2. In Diagram (5.3), we may
define j as #; with the notation of Property (c). Let, on the other hand,
f be the mapping from #,(E) into E defined by

73(x) ~ i(x).
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Let us apply Theorem 5.1 with ,(E) instead of 4, E, instead of E,
and E instead of F. Then f has a unique extension, f : B, — E. It is easy
to check, using the density of i(E)C £ and of #,(E)C E,, and the
continuity of the mappings involved, that

@) = # for all ek,
i(fG)) =%, forall %ek,.

This means that j and f are the inverse of each other and that both are
isomorphisms.

The proof of Theorem 5.2 is complete.

In the sequel, we shall always identify E with {(E) and regard E as a
(dense) vector subspace of E.

Exercises

5.1. Let E,F be two TVS. Show that there is a canonical isomorphism between
E x F and (E x F)~.

5.2. Let Y(R!) be the vector space of functions with complex values, defined and
once continuously differentiable on the real line, and €(R?) the space of functions f € ¥(R?)
which vamish outside some finite interval [a, 6] (— 0 < a < b < 4+ o). For ¢ > 0
and n = 1, 2,..., we set

Wen = {f€ CHRY; Sup {f@ + 1/ < &

Show that the sets # , form a basis of neighborhoods of zero for a Hausdorff topology on
€'(R!) compatible with the linear structure.

Prove that the TVS ¥1(R?) is complete.

Prove that the linear subspace ¥}(R!) is dense in €!(R!). Does that mean that ¥}(R?)
is isomorphic to the completion of ¥} (R?)?

5.3. We suppose that €/(R?) and ¥L(R") carry the topology defined in Exercise 5.2.
Let ¥°(R") be the space of continuous complex functions in R?* equipped with the topology
where a basis of neighborhoods of zero is made up by the sets

{fe €(RY); sup 1f@) | < e}, €e>0, n=12,...

Consider the mapping f ~ f /, which we denote by D. Prove that D is continuous as a map
of €Y(RY) (resp. €3(RY)) into ¥°(R!). Make use of the properties of the operator D in the
spaces ¥}(R!) and FL(R!) to prove the following fact: if E and F are two TVS, u: E —F
a continuous linear injection (i.e., one-to-one mapping), and 4 : £ — F the continuous
extension of u« to the completions, then # is not necessarily one-to-one. Prove that # is
one-to-one whenever u is an isomorphism into.

5.4. Let E be a TVS and E* its algebraic dual. Provide E* with the topology of
pointwise convergence in E. A basis of neighborhoods of zero in this topology is provided

by the sets
W(S, &) = {x* e E*; sug | x*(x)| < e}
T€,

as .S ranges over the family of finite subsets of E and ¢ over the set of numbers > 0.
Prove that E* is complete.
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5.5. Let {E,} be an arbitrary family of TVS, E their product, and p, the coordinate
projection of E onto E_ . Prove that a filter # on E is a Cauchy filter if and only if every
#, , image of & under p, , is a Cauchy filter in E, and that E is complete if and only if
every E, is complete (cf. Exercise 1.9).

5.6. Indicate, in the list below, which ones are the TVS that are complete and which
ones are the TVS that are not complete:

(1) the space C[{[X]] of formal power series in one indeterminate, equipped with the

topology of simple convergence of the coefficients (see p. 25 et seq.);

(2) the space of finite sequences of complex numbers s = (s;,...,5,) (v < © but

depending on s!), with the topology defined by the basis of neighborhoods of
zero consisting of the sets

Ue) = {s = (s;); sup |51 < e, >0
(3) the space of continuous (complex) functions f on the real line, which converge
to zero at infinity (i.e., | f(z)] — 0 as | ¢ | — ), equipped with the topology of

uniform convergence, i.e., the topology defined by the basis of neighborhoods
of zero

() = {fisup ISl < ¢}, e>0;

(4) the space of continuous complex functions f on the closed interval [0, 1], equipped
with the topology defined by the basis of neighborhoods of zero

(e) = gf; lef(t)!dt < $ e>0.

5.7. Prove that the TVS (N, C), defined in Exercise 3.5, is complete.



6
Compact Sets

A topological space X (not necessarily the subset of a TVS) is said
to be compact if X is Hausdorff and if every open covering {,} of X
contains a finite subcovering. The fact that {2,} is an open covering of X
means that each £; is an open subset of X and the union of the sets £,
is equal to X. By a finite subcovering of the covering {2,} we mean a
finite collection £; ,..., £2; of sets £; whose union is still equal to X.
By going to the complements of the open sets £2; we obtain an equivalent
definition of compactness: a Hausdorff space X is compact if every
family of closed sets {F;} whose intersection is empty contains a finite
subfamily whose intersection is empty.

In the sequel, we shall almost always be concerned with compact
spaces which are subsets of a TVS and which carry the topology induced
by the TVS in question; we shall then refer to them as compact sets.
Let Y be a subset of a Hausdorff topological space X; a subset of Y, B,
is open in the sense of the topology induced by X if and only if there is
an open subset 4 of X such that B =4 N Y. In view of this, open
coverings of Y are “induced” by families of open subsets of X whose
union contains Y. Thus a subset K of X is compact if every family {Q;}
of open subsets of X, whose union contains K, contains a finite subfamily
whose union contains K. It should be pointed out that compactness 1s
such that many properties of compact sets are independent, to a large
extent, of the surrounding space. This will become apparent soon.

We begin by stating without proof a few well-known properties of
compact spaces (no linear structure is considered). If the student is not
familiar with these properties, we strongly suggest that he proceed no
further without having proved them by himself.

ProposiTiON 6.1. A closed subset of a compact space is compact.

ProrosiTiON 6.2. Let f be a continuous mapping of a compact space X
tnto a Hausdorff topological space Y. Then f(X) is a compact subset of Y.

50
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PROPOSITION 6.3. Let f be a one-to-one-continuous mapping of a compact
space X onto a compact space Y. Then f is a homeomorphism (i.e., f 1 is
also continuous).

ProrosiTION 6.4, Let F, ' be two Hausdorff topologies on a set X.
Suppose that T is finer than T’ and that X, equipped with T, is compact.
Then T = 9.

Finite unions and arbitrary intersections of compact sets are compact.
In a Hausdorff space X, every point is compact; every converging
sequence is compact—provided that we include in it its limit point!

The student should keep in mind that compact sets can be very
complicated sets. Take for instance the real line R!. The Borel-
Lebesgue—Heine theorem says that the compact subsets of R are exactly
the sets which are both closed and bounded. Note also that the Lebesgue
measure of a sequence is equal to zero, and that if a set 4 is measurable,
given any e > 0, there is a compact set K C 4 such that the measure of
A N GK 18 <e. Take then the points x, with 0 < x < 1, which are
nonrational; they form a set of measure 1, since the rationals, which
form a sequence, form a set of measure zero. This means that there are
compact sets, contained in the interval [0, 1], whick do not contain any
rational number and whose Lebesgue measure is arbitrarily close to 1.
Try to draw one of them!

As the Weierstrass—Bolzano theorem shows, compact sets have
interesting properties in relation with sequences of points. This extends
to filters, as we are now going to see. In the immediate sequel, E is a
Hausdorff topological space; when it is expressly mentioned, E is a TVS.

The following terminology is useful:

Definition 6.1. A point x of E is called an accumulation point of a filter
if x belongs to the closure of every set which belongs to F .

Let S = {x,, x, ,...} be a sequence; a point x of E is often called an
accumulation point of S if every neighborhood of x contains a point of
S different from x. This terminology coincides with the one introduced
by Definition 6.1 if we apply the latter to the filter % associated with
S (see p. 7). Let M € % be arbitrary; M contains a subsequence of
the form

S, = {%n , Xpyq eee )

If, then, x is an accumulation point of S, any neighborhood U of x
contains some point x; with & arbitrarily large, in particular &4 > n. Thus
U has a nonempty intersection with M, which means that x € M. In
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other words, any accumulation point of the sequence S is an accumulation
point of the filter ;. Conversely, if x is an accumulation point of the
filter %, x belongs to the closure of all the sets belonging to %, in
particular to the closures of the sets S, , n = 0, 1,.... This means that
given any neighborhood U of x and any integer 7, there is £ > n such
that x; e U.

ProrosiTiON 6.5. If afilter & converges to a point x, x is an accumulation
point of F.

Indeed, suppose that x were not an accumulation point of %#. There
would be a set M € & such that x ¢ M. Hence the complement U of M,
which is open, would be a neighborhood of x, and hence should belong
to Z. But then we ought to have U " M 3 O, whence a contradiction.

Of course, a filter might have more than one accumulation point. For
instance, let & be the filter of all subsets of E containing a given subset
A of E. 'Then every point of 4 is an accumulation point of #.

ProPosITION 6.6. The following two conditions are equivalent:

(a) x s an accumulation point of F

(b) there is a filter F' which is finer than both F and the filter of
neighborhoods of x, F(x), in other words: there is a filter F’
converging to x, which is finer than F .

(a) = (b). Indeed, consider the family of subsets of E of the form
U N M, where U varies over & (x) and M varies over #. These sets
are never empty if x is an accumulation point of &, and they obviously
have Property (BF) of p. 7, hence they generate a filter %’ which is
obviously finer than & and & (x).

(b) = (a). If a filter & is less fine than another filter &' and if x’ is

an accumulation point of %, then x is also an accumulation point of #.
Thus it suffices to combine (b) with Proposition 6.5.

ProrosiTioN 6.7. If a Cauchy filter # on the TVS E has an accumulation
point x, it converges to x.

Let U be an arbitrary neighborhood of the origin and ¥V another
neighborhood of zero such that ¥V + ¥V C U. There is a set M € & such
that M — M C V. On the other hand, V + x intersects M, hence
M—MnNV+x)CV,or

MCVA+MNTV+x)CV4+V4+2CU+ Q.E.D.
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ProposITION 6.8. Let K be a Hausdorff topological space. The following
properties are equivalent:

(a) K is compact;
(b) every filter on K has at least one accumulation point.

(a) = (b)._ Let # be any filter on K, and consider the family of
closed sets M when M varies over % . As no finite intersection of sets M
can be empty, neither can that be true of the intersection of all of them.

(b) = (a). Let @ be a family of closed sets whose total intersection
is empty. Suppose that @ does not contain any finite subfamily whose
intersection is empty. Then take the family @’ of all the finite inter-
sections of subsets belonging to @: it obviously forms a basis of a filter.
This filter has an accumulation point, say x: thus x belongs to the closure
of any subset belonging to the filter, in particular to any set belonging
to @', for these are closed. In other words, x belongs to the intersection
of all the sets belonging to @', which is the same as the intersection of
all the sets belonging to @. But the latter was supposed to be empty!

Q.E.D.

CoROLLARY 1. A compact subset K of a Hausdorff topological space E is
closed.

Proof. Let x € K; let #(x)|K be the filter on K generated by the sets
U N K when U ranges over the filter of neighborhoods of x in E; that
the sets U N K form the basis of a filter means precisely that x belongs
to the closure of K. In view of Proposition 6.8, #(x)|K must have an
accumulation point x, € K. Necessarily x, = x: otherwise we could
find a neighborhood U of x whose complement in E is a neighborhood
of x; and we could certainly not have x, € U, even less x, € U N K.
Thus x belongs to K.

COROLLARY 2. A compact subset of a Hausdorff TVS is complete.
It suffices to combine Propositions 6.7 and 6.8.

COROLLARY 3. In a compact topological space K, every sequence has an
accumulation point.

Definition 6.2. A subset A of a topological space X is said to be relatively
compact if the closure A of A is compact.

A converging sequence (without the limit point) is a relatively
compact set.

Definition 6.3. A subset A of a Hausdorff TVS E is said to be precompact
if A is relatively compact when viewed as a subset of the completion E of E.
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A Cauchy sequence in E is precompact; it is not necessarily relatively
compact! For this would mean that it converges (Proposition 6.7).
Another example illustrating the difference between relatively compact
sets and precompact sets is the following one: let £ be an open subset
of R?, different from R”" In virtue of the Heine-Borel-Lebesgue
theorem, every bounded open subset of £ is precompact; but an open
subset £’ of 2 is relatively compact, in £, if and only if at the same time
£ is bounded and its closure is contained in £.

A subset K of the Hausdorff TVS F is compact if and only if K is
both complete and precompact. Indeed, if K is compact when viewed
as subset of E, K is still compact when viewed as subset of E: therefore,
by Corollaries 1 and 2 of Proposition 6.8, we know that K is closed in E,
hence complete; of course its closure in E, identical to K itself, is compact.
Conversely, if K is complete, we have K = K and therefore, if K is
compact, K is also compact.

Our purpose is to prove a criterion of precompactness which is to
be used later. The proof of it is made very easy if we use the notion of
ultrafilter:

Definition 6.4. A filter U on a set A is called an ultrafilter if every filter
on A which is finer than U is identical to .

LEMMA 6.1. Let & be a filter on a set A; there is at least one ultrafilter
on A which is finer than F.

Proof. Let @ be the family of all filters on A4 finer than %, ordered by
the relation “to be finer than,” and @’ a subfamily of @ totally ordered
for this relation. The elements of @’ are filters, that is to say subsets of
the set of subsets B(A4) of 4; we may therefore consider their union #'.
It is immediately seen that &' is a filter on A4, obviously finer than &.
We may therefore apply Zorn’s lemma to the family @, whence
Lemma 6.1.

LemMa 6.2. Let A be a topological space; if an ultrafilter W on A has an
accumulation point in A, U converges to x.

Proof. We apply Proposition 6.6: if x is an accumulation point of U,
there is a filter # which is finer than U and converges to x. As U is an
ultrafilter, we must have & = U.

Lemma 6.3. A Hausdorff topological space K is compact if and only if
every ultrafilter on K converges.

Proof. If K is compact, every filter on K has an accumulation point
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(Proposition 6.8), therefore every ultrafilter converges, by Lemma 6.2.
Conversely, suppose that every ultrafilter converges in K and let # be
some filter on K. By Lemma 6.1, there is an ultrafilter &l on K which is
finer than & ; U converges to some point x. By Proposition 6.6, x is an
accumulation point of #. Q.E.D.

We may now state and prove the announced criterion of pre-
compactness:

ProroSITION 6.9. The following properties of a subset K of a Hausdorff
TVS E are equivalent:

(a) K is precompact;
(b) given any neighborhood of the origin V in E, there is a finite family

of points of K, x, ,..., %, , such that the sets x; + V form a covering
of K, i.e., such that

KC(x, + V)U = U (x, + V).

Proof. (a) implies (b). Let U be an open neighborhood of zero in E,
contained in V. There exists an open neighborhood of zero in £, U,
such that U = U N E. Consider the family of sets x + U when «
varies over K. They form an open covering of the closure K of K in E.
Indeed, let § be an arbitrary point of K and let W be a neighborhood of
of zero in E such that W = —W C U. Then there is x € K such that
xep + W,ie,yex + W Cx -+ U. This open covering of the compact
set K contains 2 finite subcovering, x; + U,..., x, + U. We have:

K=KNnEC[x + O)nEln - N [x + 0)nE]
Cx, + VYU v (x, + V).

(b) implies (a). If K possesses Property (b), its closure K in E
possesses the same property in E. Indeed, let ¥ be an arbitrary neighbor-
hood of zero in E; let W be a closed neighborhood of zero in E, contained
in V. There is a finite number of points of K, %) ye-ey %, , such that

KC(x, +W)u - U (x, + W).

But as the right-hand side is a closed subset of £, it also contains the
closure of K in E, whence our assertion. In view of this, it will suffice
to prove that if a closed subset K of a complete Hausdorff TVS E has
Property (b), it is compact. We shall apply Lemma 6.3 and show that an
arbitrary ultrafilter ¥ on K converges to a point of K.
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Let V be an arbitrary neighborhood of zero in E, and x, ,..., x, a finite
family of points of K such that the sets (x; + V') form a covering of K.
We contend that at least one of these sets x; + V' belongs to the filter U.
First of all, we show that at least one of these sets intersects every set
belonging to U. If this were not true, for each j = 1,..., 7, we would be
able to find a set M;eU which does not intersect x; + V; then the
intersection M; M --- N M, would be empty, contrary to the fact that u
is a filter, since it would not intersect any one of the sets x; + V' and
since these form a covering of K. Thus one of the sets x; + V, say x; + V,
intersects all the sets which belong to U. This means that, if we consider
the family of subsets of K of the form M N (x; + V), where M runs
over U, it is the basis of a filter on K. This filter is obviously finer than,
therefore equal to, the ultrafilter U. In other words, the set (x; + V)
belongs to U. If y, = are two elements of this set, we have y — 2e€ V. In
other words, we have proved that, given any neighborhood of zero V in
E, there is a set M e U such that M — M C V' : U is a Cauchy filter,
But as E is complete, U must converge to some point x € E; as K is
closed, x € K. Q.E.D.

Exercises

6.1. By using the compactness criterion provided by Lemma 6.3, prove the following
version of Tychonoff’s theorem:

THEOREM 6.1. Let {E} (i € I) be a family of Hausdorff TVS, and E = [;c; E: their
product (equipped with the product TVS structure). Let 4, be a subset of E; for each index i,
and A = [ i1 A: the product of the A,'s, regarded as a subset of E.

Then A is compact in E if and only if, for every i € I, A, is compact in E; .

6.2. Prove that the balanced hull of a compact subset K of a Hausdorff TVS E
(i.e., the smallest balanced set containing K) is compact.

6.3. Prove thata TVS E is compact if and only if it consists of a single element, 0.

6.4. Consider the TVS Z(N; C) of complex functions on the set N of nonnegative
integers with the topology defined in Exercise 3.5. Prove that every converging sequence
in Z(N; C) must be contained in some space %#(n) (see Exercise 3.6). Derive from this
the fact that every compact subset of %#(N, C) is contained in a finite dimensional linear
subspace.

6.5. Let E be any one of the TVS, (a)~(d), of Exercise 3.4. Prove that any infinite
dimensional linear subspace M of E contains a sequence which converges in E and which
is not contained in any finite dimensional linear subspace of M.
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Locally Convex Spaces. Seminorms

A subset K of a vector space E is convex if, whenever K contains two
points x and y, K also contains the segment of straight line joining them:
if x, y € K and if o, B are two numbers >0 and such that o« + 8 = 1,

then
ax + By e K.

Let S be any subset of E. Let us call the convex hull of S the set of all
finite linear combinations of elements of S with nonnegative coefficients
and such, furthermore, that the sum of the coefficients be equal to one.
Thus a set is convex if it is equal to its own convex hull. And the convex
hull of a set S is the smallest convex set containing S.

Arbitrary intersections of convex sets are convex sets. Unions of
convex sets are generally not convex. The vector sum of two convex
sets is convex. The image and the preimage of a convex set under a
linear map is convex.

ProrosITION 7.1. Let E be a TVS. The closure and the interior of
convex sets are convex sels.

The statement relative to the closure is evident. Not so the one about
the interiog. Let K be a convex set, K its interior, and let x, ¥ be any two
points of K, z a point in the segment joining x to y. We know that z € K
and we must show that 2 € K. We have

g=1tx + (1 —t)y for some number 0 <<t < 1.

On the other hand, there exists a neighborhood U of 0 in E such that
x4+ UCK and y + UCK. Then, of course, the claim is that
z 4+ UC K. This is indeed so, since any element 2 + # of 2 + U can be
written in the form

tx +(1 =)y +tu+ (1 —tu=txr+u)+ 10—+,

and since both vectors x 4+ u and ¥ + u belong to K, so does z + .
57
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Definition 7.1. A subset T of a TVS E is called a barrel if T has the
Jollowing four properties:

(1) T is absorbing (Definition 3.1);
(2) T is balanced (Definition 3.2);
(3) T is closed,
(4) T is convex.

Let U be any neighborhood of 0 in E. Let us denote by T(U) the
closed convex hull (i.e., the closure of the convex hull) of the set

(1.1) U .

AeC. A<

Then T(U) is a barrel. Properties (3) and (4) are evident; Property (1)
holds since U C T(U). It remains to show that T(U) is balanced. It
suffices to prove that the convex hull of the set (7.1) is balanced (the
closure of a balanced set is obviously balanced). Any point of the convex
hull can be written

z2=tx + (1 —t)y,

with x € AU, yeuU, for some £, A, p, 0 <t <L 1A <L el L
IffeC, | ¢} <1, we have

{z = Hlx) + (1 — t)Ly) and LxelAU, yelul.

Thus, every neighborhood of 0 in a TVS is contained in a neighbor-
hood of 0 which is a barrel. But, of course, not every neighborhood of 0
contains another one which is a barrel, nor is any barrel a neighborhood
of zero.

Definition 7.2. A TVS E is said to be a locally convex space if there is a
basis of neighborhoods in E consisting of convex sets.

Locally convex spaces are by far the most important class of TVS.

ProrosITION 7.2. In a locally convex space E, there is a basis of neighbor-
hoods of zero consisting of barrels.

Let U, be an arbitrary neighborhood of zero in E. Since E is a TVS,
U, contains a closed neighborhood of 0, say V (Proposition 3.1). But since,
on the other hand, E is locally convex, ¥V contains a convex neighborhood
of zero, W; and finally, W contains a balanced neighborhood of 0, say U.
As U is balanced, the set (7.1) associated with U is identical with U.
Its convex hull is contained in W, and the closure of this convex hull,
which is a barrel, is contained in V, hence in Uy . Q.E.D.
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When we deal with a family # of convex balanced absorbing subsets
of a vector space E, it is very simple to ascertain that it constitutes a
basis of neighborhoods of zero in a topology on E compatible with the
linear structure of E (and necessarily locally convex!). Indeed, it is
enough that # possess the following two properties:

(*) For every pair U, V € 4, there exists W e # such that
wcunv.
(**) For every U e # and every p > 0, there is W e % such that

W CpU.

It suffices to check that the filter generated by # satisfies Conditions
(3.1)-(3.5) of Theorem 3.1. In particular, the set of all multiples pU of
a convex balanced absorbing subset U of E form a basis of neighborhoods
of 0 in a locally convex topology on E (this ceases to be true, in general,
if we relax the conditions on U).

Definition 7.3. A nonnegative function x ~ p(x) on a vector space E is
called a seminorm if it satisfies the following conditions:

(1) p is subadditive, i.e., for all x, y € E, p(x + y) < p(x) + p(¥);

(2) p is positively homogeneous of degree 1, i.e., for all x € L and all
Ae C, px) = | 2] p(x);

(3) 2(0) = O (implied by Property (2)).

Definition 7.4. A seminorm on a vector space E is called a norm if

xeE p(x) =0 implies x = 0.

Example (1). Suppose E = C" and let M be a vector subspace of E.
Set p,,(x) = distance from x to M, in the usual sense of the distance in C=.
If dim M > 1, then p,, is a seminorm and not a norm (M is exactly
the kernel of p,,). When M = {0}, p,, is the Euclidean norm.

Examples of norms in C» (cf. Theorem 11.1 and Chapter 11,
Example 1V):

L= )=l =0+ + 1LY, 1<p<+o,
L—18le= sup | {1

1<ign

Observe that | { |, is the Euclidean, or Hermitian norm; it will always be
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denoted by || in this text. Later on, when studying differential
operators, we shall use the norm | |, on vectors whose coordinates
are nonnegative integers.

Example (2). LetE be avector space on which is defined a sesquilinear
form Bfe, f) (sesquilinear means that

B{e, +e2,f) = Bler, f) + Blex, f);
Ble, f1 + fo) = Ble, f1) + Ble, f2);
B(de, f) = A Be, f);
B(e, \f) = A B(e, f);

and B(e, f) is complex valued). Suppose that B(e, f) is Hermitian, which
means that

B(e,f) = B(f e)-

Observe then that, for all e € E, B(e, ¢) is a real number. Let us say that
B is nonnegative if this number is never negative. Then it can be proved,
by using the Schwarz inequality (cf. Chapter 12, Proposition 12.1 and
Corollary) that

(7.2) e ~ (Bfe, e))/?

is a seminorm on E. It is a norm on E if and only if B is definite positive,
which means that B(e, ¢) > 0 for all e # 0.

Definition 7.5. A wvector space E over the field of complex numbers,
provided with a Hermitian nonnegative form, is called a complex pre-Hilbert
Space.

Example (3). Let ¥°(R?) be the vector space (over the field of complex
numbers) of complex-valued continuous functions on the real line. For

any bounded interval [a, ] (—o0 < a < b < 40), and any function
fe €°(RY), we set

Plaol(f) = Sup, | f(D)I.

Then f ~ &P, »)(f) is a seminorm. It is never a norm, since f may
very well vanish in the interval [a, b] without being identically zero.
Other seminorms are the following ones:

[~ 1£0)];

(7.3) f ( f b | f(t);ndz)”" with 1 <p < +oo.
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The fact that (7.3) is a seminorm is not absolutely obvious: one has to
prove the triangular inequality, that is to say the subadditivity of the
function (7.3). When p < 1, (7.3) is not subadditive, and therefore it
cannot be a seminorm.

Example (4). Let us denote by I (1 < p < +0) the vector space of
of complex sequences {¢,, ¢; ,..., € ,...} such that

(7.4) (f | e \v)w < +oo.

k=0

Then the left-hand side of (7.4) can be regarded as the value of a norm
on 7. Here again, the fact that the subadditivity holds depends on p
being >1. One also defines /* as the vector space of bounded complex
sequences, that is to say of sequences {¢,, ¢; ..., ¢ ,---} such that

(7.5) sup |¢;| < +o0;

i=0.1,...
then the left-hand side of (7.5) defines a norm on I*.

Definition 7.6. Let E be a vector space, and p a seminorm on E. The sets
U,={xeE; p(x) < 1}, U, ={xeE;p(x) <1},
will be called, respectively, the closed and the open unit semiball of p.

ProposiTiON 7.3. Let E be a topological vector space, and p a seminorm
on E. Then the following conditions are equivalent:

(a) the open unit semiball of p is an open set,
(b) p is continuous at the origin;
(c) p is continuous at every point.

(a) implies (b) since U, , for ¢ > 0 arbitrary, is the preimage under
p of the open interval ] — &, e[ C RY. Because of (a), U, is an open set,
hence a neighborhood of zero.

(b) implies (c), since p(x) — p(y) < p(x — y) (subadditivity of p).

(c) implies (a) since the preimage of an open set under a continuous
mapping is open.

ProrosiTION 7.4. If p is a continuous seminorm on a 'TVS E, its closed
unit semiball is a barrel.
This is obvious in view of the definitions.
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ProPOSITION 7.5. Let E be a topological vector space, and T a barrel in E.
There exists a unique seminorm p on E such that T is the closed unit semiball
of p. The seminorm p is continuous if and only if T is a neighborhood of 0.

The last part follows immediately from the fact that T is the closed
unit semiball of p, and from Proposition 7.3. Let us therefore prove the
first part of the statement.

We set

p®) = inf A
First of all, p is indeed a nonnegative function; that is to say p is every-
where finite, because T is absorbing. That p({x) = | { | p(x) is pretty
obvious. What has to be checked is the subadditivity of p. Let x, y€ E
be arbitrary. Givenaany e > 0, there are two numbers, A, u > 0, such that

(PN < p(x) + &, and xeAT;
(PO<) <p(¥) +e and yepul.

Since T is convex, we have

A B
T TCT,
A+p +A+u

whence x + y € (A + u)T, which means that
P 4+ 3) <A+ p < p(x) + p(y) + 2

As ¢ is arbitrary, it shows that p is subadditive. Let us show that T is
the closed unit semiball of p. If p(x) < 1, it means that, for all ¢ > 0,
there exists y, € T such that x = (1 + &)y,; but when ¢ —0, y, =
(1 + &)~lx converges to x in E (continuity of the scalar multiplication
in a TVS), hence x belongs to the closure of T. But T is closed. Con-
versely, any vector x € T is obviously such that p(x) < 1. This proves
that T is indeed the closed unit semiball of p.

It remains to prove the uniqueness of the seminorm p. Let p’ be
another seminorm on E whose closed unit semiball is identical with T.
This means that p(x) < 1 if and only if p’(x) < 1. Taking in succession

x=y[(p(y) +e)  x=y/(P()+e)
with y € E and ¢ > 0 arbitrary, we see that

PO <p) +e  p)<PO) te
As ¢ is arbitrary, this means that p(y) = p'(y).



Chap. 7-7] LOCALLY CONVEX SPACES. SEMINORMS 63

COROLLARY. Let E be a locally convex space. The closed unit semiballs
of the continuous seminorms on E form a basis of neighborhoods of the origin.

Combine Proposition 7.5 with Proposition 7.2.

Definition 7.7. A family of continuous P seminorms on a locally convex
space E will be called a basis of continuous seminorms on E if to any
continuous seminorm p on E there is a seminorm q belonging to P and a
constant C > O such that, for all x € E,

(7.6) p(x) < Cq(x).

Let us denote by U, (resp. U,) the closed unit semiball of p (resp. g).
Then (7.6) means

(1.7) c-1U,CU,.

We leave the proof of the following result to the student:

PROPOSITION 7.6. Let P be a basis of continuous seminorms on the locally
convex space E. Then the sets AU, , where U, is the closed unit semiball of p
and where p varies over P and A on the set of numbers >0, form a basis of
neighborhoods of zero. Conversely, given any family of neighborhoods of
zero, B, consisting of barrels and such that the set AU when U e % and
A > O form a basis of neighborhoods of O in E, then the seminorms whose
closed unit semiballs are the barrels belonging to % form a basis of continuous
seminorms in E.

We shall often say that a basis of continuous seminorms on a locally
convex space E defines the topology (or the TVS structure) of E. Thus,
for instance, the seminorms £, ,; on ¥%R') (Example 3) define the
topology of uniform convergence of continuous functions on the bounded
intervals of the real line.

We shall also use the expression “a family of seminorms on E defining
the topology of E,” in which the family under consideration, say {p,}
(« € 4), need not be a basis of continuous seminorm. The meaning of
it 1s the following: first, every seminorm p, is continuous; second, the
family obtained by forming the supremums of finite numbers of semi-
norms p, is a basis of continuous seminorms on E. This family consists
of the seminorms

¥~ Pip(x) = sup po(x),

where B ranges over all the finite subsets of the set of indices 4 of the
family {p,}. Forming the supremum of a finite number of seminorms is
the equivalent of forming the intersection of their closed unit semiballs
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and taking the “‘gauge” of this intersection (a seminorm p is the gauge
of a set U if U is the closed unit semiball of p).
The following statements are obvious:

ProprosiTION 7.7. Let E, F be two locally convex spaces. A linear map
f: E—F is continuous if and only if to every continuous seminorm q on F
there is a continuous seminorm p on E such that, for all x€ E,

9(f(%)) < p(%)-

CoROLLARY. A knear form f on a locally convex space E is continuous if
and only if there is a continuous seminorm p on E such that, for all x € E,

|f ()] < p(=).

Proposition 7.7 and its corollary are very often used in the following
form: we are given a basis of continuous seminorms & (resp. 2) on E
(resp. F); then the mapping f is continuous if to every seminorm g € 2
there is a seminorm p € & and a constant C > 0 such that, for all x € E,

9(f(x)) < C p(x).

For instance, suppose that both topologies of E and F can be defined by a
single (continuous) seminorm which we denote, in both spaces, by || ||
(this notation is usual when the seminorms are norms, but this is of no
importance here). Then a linear map f : E — F is continuous if and only
if there is a constant C > Q such that, for all x € E,

I f@)l < Cll .

Similarly, in this case, a linear functional f on E is continuous if and
only if there is a constant C such that

@) < Cllx |l

Of course, the absolute value in C? defines a continuous norm on C*(for the
usual topology) and constitutes, by itself, a basis of continuous seminorms
in C!, in other words defines the topology of C!. The Euclidean (or
Hermitian, as one prefers) norm on C” (or on R" if we deal with real
vector spaces) defines the topology of C* (or R?).

PropPOSITION 7.8. Let E be a locally convex space. Let P be a basis of
continuous seminorms on E. A filter & on E converges to a point x if and
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only if to every ¢ > 0 and to every seminorm p € &P there is a subset M of E
belonging to & such that, for all y € M,

px —y) <e.

CoroLLarY. A4 sequence {x, ,..., %, ,...} in E converges to x if and only if
to every ¢ >0 and to every seminorm p € P there is an integer n(p, )
such that n = n(p, ) implies

plx —x,) <e.
Both statements are obvious.
ProrosiTioN 7.9. Let E be a locally convex space, and M a linear subspace

of E. Let ¢ be the canonical mapping of E onto E[M. Then the following
facts are true:

(1) the topology of the quotient TVS E|M 1s locally convex:

(2) if P is a basis of continuous seminorms on E, let us denote by P
the family of seminorms on E|M consisting of the seminorms

(1.8) E[M 55 =~ j() = inf p(x)

Then P is a basis of continuous seminorms of E/M.

The proof consists of routine checking. That p, defined by (7.8), is a
seminorm follows from the subadditivity of p and of the fact that ¢ is
linear. In relation with (7.8), let us consider the complex two-dimensional
space C?, playing the role of E, and its subspace

M={({,4)eC? | =0}
The quotient E/M can be identified with

M® ={(£158) 1 &, =0}

and the canonical mapping E — E/M with the projection

(615 &) = (615 0).

The Euclidean norm on C? (resp. M?) defines the topology of C2
(resp. M°). If for one moment we call p the Euclidean norm in C? and
view it as a seminorm, which it actually is, we see that

(&, 0) = inf p(Ly, &) = inf (| § 7+ 16 D)2
{,eC? £1€Cy
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This shows that we find as associated seminorm p exactly what we would
expect to find.

The student should be very careful not to think that if a family of
continuous seminorms defines the topology of E, without being a basis
of continuous seminorms on E, then the family of continuous seminorms
on E/M obtained by Formula (7.8) necessarily defines the topology
of E/M. A counterexample to this is provided by E = C? M =
{(z;, 2,) € C% 2, = 2,}, when we take the pair of seminorms on E,
p1:2=1(2,3)~]|2| and p,: 2 ~ | 2, |. This pair obviously defines
the topology of E, but

Pi%) = inf pyz)
2=2+M

is equal to zero for £ = 1, 2, and all 2 € E/M. Indeed, every equivalence
class z 4+ M intersects both subspaces z;, = 0 and 2, = 0:

Let us go back to the general case. We call kernel of a seminorm p on
E the set of vectors x such that p(x) = 0, and denote this set by Ker p.
In view of the subadditivity of p and of the positive homogeneity of p,
one sees immediately that Ker p is a vector subspace of E. If p is con-
tinuous, it is closed, since it is the preimage of zero when we view p as a
mapping of E into the real line. In a locally convex space E, the closure
of the origin is exactly the intersection

() Ker p,

when p runs over the family of all continuous seminorms on E. This is
pretty obvious, just as the next statement is obvious;

ProrosiTioN 7.10. In a locally convex space E, the closure of {0} is the
tntersection of the (closed) linear subspace Ker p, when p varies over a basis
of continuous seminorms on E.

Thus the Hausdorff space associated with an E(see the remark following
corollary to Proposition 4.5) is locally convex (Proposition 7.9); it is

the quotient space
E/ ( () Ker p),

peP

where 2 is any basis of continuous seminorms on E.

In particular, suppose that E has a basis of continuous seminorms
consisting of a single seminorm p, . Then E/Ker p, is the Hausdorff space
associated with E, and its topology can be defined by the seminorm
%~ po(%) = po(x) for some x € E such that ¢(x) = #. Indeed, it should
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be noted that the seminorm p, is comstant along the submanifolds

x + Ker py :if x — yeKer p,, we have (by virtue of the triangular
inequality)

| polx) — po(¥)| < pofx —3) = 0.

Now, it is evident that, if a seminorm is going to define the topology
of a locally convex space, all by itself, and if this topology is Hausdorff,
then the seminorm must be a norm. Thus p, is a norm. In this context
E/Ker p, is called the normed space associated with E.

We shall need, later on, the following result:

ProrosITION 7.11. Let E be a locally convex Hausdorff TVS, and K a
precompact subset of E. The convex hull I'(K) of K is precompact.

Proof. This consists in applying Proposition 6.9 several times. Let V'
be an arbitrary neighborhood of zero in E, and U a convex balanced
neighborhood of zero such that U 4+ UC V. As K is precompact,
Proposition 6.9 implies that there is a finite set of points of K, x, ,..., x,,
such that K C (U + «x,)U - U(U 4 «,). If we denote by S the convex
hull of the finite set of points x,,..., x,, we see that I'(K)C S + U.
Observe that S is a bounded subset of a finite dimensional subspace
M of E; as the topology induced by E on M is Hausdorff, this induced
topology is the usual one, as we shall see in Chapter 9 (Theorem 9.1);
S is bounded and closed, hence compact in view of the Borel-Lebesgue
theorem. Since S is compact in E, we may apply again Proposition 6.9:
there is finite set of points y,,..., ¥, in S such that SC(y, + U)u -
U (y, + U), whence

IKYCO, + U+ V)V -V(y, +FU+U)C( + UV, + 1)

Since V is arbitrary, we see, by taking into account the implication
(b) = (a) in Proposition 6.9, that I'(K) is precompact.

CoroLLARY. If E is complete, the closed convex hull of a compact subset
of E is compact.

The convex hull of a compact set is not necessarily compact, even
not closed.

If the surrounding space E is not complete, the closed convex hull of
a compact set is not necessarily compact.
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Exercises

7.1. Prove that a seminorm on a locally convex space E is continuous if and only if
there is a continuous seminorm on E which is at least equal to it (at every point of E).

7.2, Prove that the product TVS of an arbitrary family of locally convex spaces is
locally convex.

7.3. Prove that if a locally convex space E has at least one continuous norm it has a
basis of continuous seminorms consisting of norms.

7.4. Let 2 be a family of continuous seminorms on a locally convex space E, not
necessarily finite. Suppose that, for every x € E,

Dolx) = ;ggp(x)

is finite. Prove that p, is a seminorm on E and that its closed unit semiball {x € E; po(x) < 1}
is a closed subset of E, i.e., is a barrel.

7.5. Prove that if 0 < p < 1 the function
L=l ~1LlL=00I1P+ -+ 190

is not a seminorm on C".

7.6. Prove that, for any vector { € C*,

Lg?ol {lp=18lo  (seep.59).

7.7. Let C[[X]] be the space of formal power series in one variable X, with complex
coefficients. Construct a basis of continuous seminorms for the topology of simple con-
vergence of the coefficients, on C[[X]] (see p. 25).

7.8. 'The convex balanced hull of a subset 4 of a vector space E is the smallest balanced
convex set containing A. .
(a) Prove that the convex balanced hull of 4 is the convex hull of the balanced hull
of A (the latter is the smallest balanced set containing the set A4).
(b) Give an example of a set 4 whose convex balanced hull is different from the
balanced hull of its convex hull.

7.9. Let F be the space of complex valued continuous functions defined in the interval
{t; 0 << t < 1} of the real line; let E be the space of all mappings of F into the complex
plane C. Let us set, for each real number ¢, 0 < ¢t < 1, §; : f ~ f(2), mapping from F
into C (thus the 8, belong to E); let us also set dt : f ~ [ f(z) dt, also a mapping of F
into C, hence an element of E. We provide the space E with the locally convex topology
defined by the basis of seminorms

g~ sup | p(f)l,
feS§

where S runs over the family of all finite subsets of F.

(a) Prove that when t varies over the interval 0 < z < 1 the elements 8, form a
compact subset of E (hint: identify E to the product space

CF = n C,, C; : copy of the complex plane C;
feF

show that the topology of E is identical to the product topology on CF, then apply
Tychonoff’s theorem (Exercise 6.1, Theorem 6.1)).
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(b) Prove that the mapping dt belongs to the closure of the convex hull of the set
formed by the 8, but not to the convex hull of this set (approximate the integral
over (0, 1) by the Riemann sums).

7.10 Give an example of a closed subset of the plane R? whose convex hull is not
closed.



8
Metrizable Topological Vector Spaces

A TVS E is said to be metrizable if it is Hausdorff and if there is a
countable basis of neighborhoods of zero in E. The motivation for the
name metrizable lies in the following fact (which we shall not prove in
such a general form):

The topology of a TVS E can be defined by a metric if and only if E is
Hausdorff and has a countable basis of neighborhoods of 0.

We recall that a metric 4 on E is a mapping (x, y) ~ d(x, y) from
E X E into the nonnegative half real line R, with the following
properties:

(1) d(x,y) = 0 if and only if x = y (¢wo points with zero distance are

identical);

(2) d(x,y) =d(y,x) for all x, ye E (the distance is a symmetric
Sfunction);

(3) d(x,2) < d(x,y) + d(y, 2) for all x,y, ze€ E (triangular in-
equality).

To say then that the topology of E is defined by the metric d means that,
for every x € E, the sets

Bp(x) :{yEE; d(x,y) < ph p >0,

form a basis of neighborhoods of x. The metric d is said to be translation
tnvariant if the following condition is verified:

(4) dx,y)=d(x+ 2,y 4+ 2)forall x, y, z€ E.
Property (4) is equivalent with saying that, for all x € E and all p > 0,
B,(®) = B0) +
or that, for all pairs of points x, y € E,

d(x,) = d(x — 3, 0).
70
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The following can be proved: in any metrizable TVS E, there is a
translation invariant metric which defines the topology of E.

Note that a norm on a vector space E defines a metric on E. If we
denote the norm by || ||, the metric is simply (x, y) ~ | x — y|. But, as
we shall see, it is not true that the topology of a metrizable space can
always be defined by a norm.

ProrosiTiON 8.1. Let E be a locally convex metrizable TVS, and
{p1, P> .-} @ nondecreasing countable basis of continuous seminorms on E.
Let {a,, a,,....} be a sequence of numbers > 0, such that

i

Y a; < 4oo0.

Jj=1

Then the following function on E X E,

o0

(x,y) =~ d(x,y) = 3, a;pi(x — y)[[1 + pi(x — )],

j=1
is a translation invariant metric on E which defines the topology of E.

Proof. Let us first observe that, if E is a locally convex metrizable TVS,
then there certainly exists a countable basis of continuous seminorms
which is nondecreasing, meaning by this that, for all » = 1, 2,..., and
all xe E,

£u(%) < Pua(s):

Indeed, there is a countable basis of neighborhoods of 0 in E, U, , U, ,...,
U, ,.... Since E is locally convex, each U, contains a barrel, and we may

therefore assume that each U, is itself a barrel. We may then take
V,="U,, Vo =U, N U,,... V,=UnNnUy,n--NU,,..,

as a basis of neighborhoods of zero. Each I/, is a barrel, and we have
Vo CV, . If we call p, the seminorm whose closed unit semiball is
V,, we obtain a basis of continuous seminorms on E such that
Pn < Pni1 - Furthermore, as the space E is Hausdorff, we must have

+o©
() Ker p, =0.
n=0
This implies immediately that d(x, y) = 0 if and only if x = y. That
d(x, y) = d(y, x) is evident. We must therefore check the triangular
inequality:
d(x, 2) < d(x,y) + d(y, 2) forall x,v,z€k.
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This will follow if we prove, for each j, that

piu + 0)/[1 + pi(u + )] < pi(w)/[1 + psw)]
+ pi(@)/[1 + pi(2)], u,vekE.

Taking then . = x — y, v = y — 2 yields easily the desired result. As
we know that

pi(u + v) < pi(u) + pi(v),

what we have really to prove is that if @, b, ¢ are three nonnegative
numbers and if

(8.1) c<L a—+b,
then
(8.2) (1 + ¢) < af(1 + @) + bj(1 + b).

If c or @ + b are equal to zero, there is nothing to prove so that we may
assume that none of these two numbers is equal to zero. Then (8.1) is
equivalent with

(a + b))t < 1/,

which implies
AQ+1or*< (A +1la+bd)t=a/(l +a+0b)+b/1+a+bd).

The left-hand side is ¢/(1 + ¢); the right-hand side is obviously at most
equal to
a/(1 + a) + b/(1 -+ b),

whence (8.2). This proves that d is indeed a metric. That it is translation
invariant is obvious on the definition. What is left to prove is that the
topology defined by the metric d is identical with the topology initially
given on E or, which is the same, the topology defined by the seminorms
P» - We must show that every set

Bp(x):{yEE; d(x’y) <P}v P>0’

contains some set of the form x 4 AV, , where A is >0 and V,, is the
closed unit semiball of the seminorm p,, , and conversely that every set
x + V, contains some B,/(x). Because of the translation invariant
character of d, we may of course assume x = Q.
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Since the series of positive numbers, /% a; , converges, we may find
an integer j(p) = 1 such that

+00

(8.3) Y a; <pj2

i=i(p)

As the sequence {p,, p; ,..., Py, ...} is nondecreasing, we have

(o} +w
(84) Y a2 + ) < (T a5) pra()

Let us denote by A4 the sum of the series ;-5 @; . If the point x belongs
to the set
(p12A)V s =y € E; pio)(y) < p[24},
we have
3{p) 4o
d(x,0) = 3, a;p()(1 +ps(x) + Y a;p()/(2 + pi(%)) <p

j=1 j=i{p)+1

by combining (8.3) and (8.4). This shows that (p/24)V () C B,(0).
In order to prove the result in the other direction, we use the fact that
every number q; is > 0. In view of this fact, we have

Pi(x) < a;d(x,0) (1 + pi(x))  forall j=1,2,.. andall xekE.
If we therefore impose upon x the condition

d(x, 0) < a,/2,
we see that
Pi(x) < 1.
In other words,
B, (0)CV;.

The proof of Proposition 8.1 is complete.

Exercises

Let d(x, y) be the metric on E defined in Proposition 8.1.
8.1. Prove that, for all x, y € E,
d(x + 3, 0) < d(x, 0) + d(y, 0).
Is that true of any translation invariant metric ?

8.2. Prove that the nonnegative function x ~ d(x, 0) is 7ot a seminorm on E.
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We go back now to the general case of a metrizable, not necessarily
locally convex, TVS E. We shall prove three well-known results in the
theory of metric spaces.

ProOPOSITION 8.2. A subset K of a metrizable space E is complete if and
only if every Cauchy sequence in K converges to a point of K.

In other words, in metrizable spaces, sequentially complete implies
complete.

Proof. That every Cauchy sequence should converge in a complete set,
we already know. We must prove that, if E has a countable basis of
neighborhoods of zero, U,, U,,..., U,,..., and if K is sequentially
complete, any Cauchy filter # in K converges in K. To every
n=1,2,.., there is a subset M, of K which belongs to % and which is
such that M,, — M, C U, . Noting that no finite intersection of the sets
M, can be empty, since these sets belong to the same filter #, we may
choose for each n a point x, in the set M\\N" M, --- N M, . It is
obvious that the sequence of points x,,x,,..., x,,... is a Cauchy
sequence and therefore converges to some point x of K. Let us show
that the filter # converges also to x. Let n be any integer >=1, and choose
k such that U, + U, C U,; then choose % = k so that x, € U, + «x.
As we have x;, € M, , we may write

M, CU,+xCU,+U, +2CU, + Q.E.D.

ProprosiTION 8.3. A complete metrizable TVS E is a Baire space, i.e.,
has the property:
(B) The union of any countable family of closed sets, none of which has
interior points, has no interior points.

Remarks. 1. The union of a sequence of closed sets is not a closed set,
in general.

2. The closure of the union of a sequence of closed sets may have
interior points even if the space E is a Baire space: take for E the real
line, with its usual topology; every point is closed. The set of rational
numbers Q is the union of a countable family of closed sets without
interior points (the rational numbers); it has no interior point, but its
closure is the entire real line.

3. By going to the complements, Property (B) can be stated in the
following equivalent manner:

(B’) The intersection of any countable family of everywhere dense open
sets is an everywhere dense set.
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Indeed, the complement of a closed set without interior points is an
everywhere dense open set.

4. There exist complete TVS which are not Baire spaces. The
so-called LF-spaces will provide us with examples of such TVS.

5. There exist Baire spaces which are not metrizable, and metrizable
spaces (of course, noncomplete) which are not Baire spaces. There exist
noncomplete metrizable spaces which are Baire spaces.

Proof of Proposition 8.3. We shall prove that Property (B’) holds in a
complete metrizable space. Let 2, , £, ,..., £, ,... be a sequence of dense
open subsets of E. We must show that their intersection, which we
denote by A, intersects every open subset of E (this means indeed that
A is dense, since every neighborhood of every point contains some open
set, hence some point of 4). Let £ be an arbitrary open subset of E.
We are going to show that AN 2 # @. Let U,, U,,..., U;,... be a
(countable) basis of neighborhoods of 0 in E; we may take all the sets
U, closed. Observe that 2 N L, is nonempty. As it is open, it contains
some set of the form x;, + U, ; let us call G, the interior of the latter set.
As £, is an everywhere dense set and as G, is a nonempty open set,
G, N 2, contains some set of the form x, + U, . Choosing k, >k, ,
we call G, the interior of the set x, + U, . Proceeding in the indicated
way, we define step by step a sequence G, , G, ,..., G, of open sets such
that, for each /, G, C 2 N 2;; furthermore, G,,, C G,and G, C x; + Uy,
which implies G, — G;C U, — U, (we have also k; > I). Thus the
family of sets G,, G;,..., G,,... forms the basis of a Cauchy filter,
which has a limit point x. Of course, we have then x€ G, for all [,
which implies

xe(NGCRN N2 =4nQ Q.E.D.
=1 =1
The third statement is the following well-known criterion of
compactness in metrizable spaces. In the general case, we know that a
set K is compact if and only if every filter on K has an accumulation point
(Proposition 6.4). By making use of the criterion of precompactness
already proved (Proposition 6.9), we may prove the following:

ProposiTION 8.4. In a metrizable TVS E, a set K is compact if and only
if every sequence in K has an accumulation point (in K).

Proof. The necessity of the condition is true even in the absence of
metrizability (Corollary 3 of Proposition 6.8). We must prove the
sufficiency. In view of the general properties of precompact sets (see
Definition 6.3), it is enough to show that it implies that K is complete
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and precompact. The completeness follows from Proposition 8.2 and
from the fact that, if a Cauchy sequence has an accumulation point, it
converges to it (Proposition 5.1, Proposition 6.7). As for the precom-
pactness, we show that, if every sequence in K has an accumulation
point, then Property (b) in Proposition 6.9 holds. Suppose it did not
hold. Then there would exist a neighborhood V of 0 such that there is
no finite covering of K by sets of the form x -+ V, x € K. Choose then
any point x; of K; since x, + V does not cover K, there is some point
x,€ K, x3¢x, + V. Since K ¢ (x; + V) U (x5 + ¥), there is a third
point x3€ K which does not belong to this union, etc. We construct
thus, by induction, a sequence x,, X, ,..., X, ,... such that, given any
integers 7, m, we have x, — x,, ¢ V' (supposing, which we might, that
V = —V). The sequence {x,} could certainly not have an accumulation
point. Q.E.D.

Another useful property of metrizable spaces is the equivalence of
continuity with sequential continuity. In the statements below, the
mappings f are not supposed to be linear.

Definition 8.1. A mapping f of a topological space E into a topological
space F is said to be sequentially continuous if, for every sequemce {x,}
which converges to a point x in E, the sequence { f(x,)} converges to f(x) in F.

PropPOSITION 8.5. A mapping f (not necessarily linear) of a metrizable
TVS E into a TVS F (not necessarily metrizable) is continuous if and
only if it is sequentially continuous.

Proof. If f is continuous, it is obviously sequentially continuous.
Suppose, then, E to be metrizable. We show that a function f: E—F
which is not continuous cannot be sequentially continuous. As f is not
continuous, there is a point x° of E and a neighborhood V of f(x%) in F
such that f ~1(¥) is not a neighborhood of x° in E. Let U; D U, D -
D U, --- be a countable basis of neighborhoods of zero in E. For each
n =1, 2,..., we can find a point x, € U, + x° which does not belong to
f(V); if we could not find such a point it would mean that U, +
x® C f~Y(V), and therefore that f~}(V) is a neighborhood of x°. As we
have f(x,) ¢ V for all n, the sequence { f(x,)} does not converge to f(x°)
in F. But the sequence {x,} does converge to x° in E. Therefore f is not
sequentially continuous. Q.E.D.

Exercises

Let d be a metric on a2 TVS E defining the topology of E. One defines the distance of
a point x to a subset A of E as the nonnegative number

d(x, 4) = 'l;gj d(x, ).
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8.3. Prove that d(x, A) = 0 if and only if x belongs to the closure of 4.

8.4. Let N be a closed vector subspace of E, and ¢ the canonical mapping of E onto
E/N. Prove that the function on (E/N) X (E/N),

d(#,5) = inf d(x, $71(3)),
P(x) =X
is a metric on E/N.

8.5. By using Theorem 5.1 and Exercise 5.1 prove that there is a unique metric d
on the completion E of E which extends the metric d.

8.6. We use the same notation as in Exercise 8.4. Let ¢ : E — (E/N)" be the canonical
extension of the mapping ¢ (Theorem 5.1). Let N be the closure of N in E.

Prove that §(£) = 0if and only if d(#, N) = 0. Derive from this that there is a canonical
isomorphism of E/N onto (E/N)” and that this isomorphism transforms the quotient
metric constructed out of d (Exercise 8.4) into the extension (Exercise 8.5) of the quotient
metric d on E|N (Exercise 8.4).

8.7. Prove the following statements:

ProposITION 8.6. In a metrizable TVS E a point x is an accumulation point of a sequence
S if and only if S contains a subsequence which converges to x.

CoroLLARY. A subset K of a metrizable 'TVS E is compact if and only if every sequence
in K contains a subsequence which converges in K.
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Finite Dimensional Hausdorff
Topological Vector Spaces.
Linear Subspaces with Finite
Codimension. Hyperplanes

Let E be a vector space over the field of complex numbers, C. There
is equivalence between the following two properties:

(a) E is finite dimensional;

(b) thereis an integer #z => 0 such that there exists a one-to-one linear
map of E onto C~.

Indeed, (a) means that there is some integer n’ > 0 such that there does
not exist, in E, any linearly independent set of #»' + 1 vectors. The
number #z in (b) can then be taken as the smallest of those numbers »’.
There exist then, in E, linearly independent sets consisting of exactly n
vectors; any such set spans the whole space E, hence constitutes a basts.
Let (e,, €;,..., €,) be a basis of E. Given any vector x € E we can write

x = xley + -+ 4+ x%,,

where the “components” x/ of x are uniquely determined complex
numbers. This can be precisely expressed by saying that the mapping
x ~ (x!,..., x®) is an isomorphism (in the linear sense) of E onto Cn.
Then 7 is called the dimension of E; we shall denote it by dim E. If E is
not finite dimensional, we say that it is infinite dimensional.

We are going to show that if a finite dimensional TVS E is Hausdorff,
then its structure is the usual one, meaning by this that there exists an
isomorphism (for the TVS structure) of E onto C*™E, The isomorphism
is in fact any one of the mappings x ~ (x!,..., x») considered above.

78
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THEOREM 9.1. Let E be a finite dimensional Hausdorff TVS. Then:

(a) Eisisomorphic, as a TVS, to C?, where d = dim E. More precisely,
given any basis (e, ,..., ;) in E, the mapping

9.1) Ci 5 (xt,..., x9) ~ xley + -+ + x,

ts an isomorphism, for the TVS structure, of C* onto E.
(b) Every linear functional on E is continuous.

(c) Ewvery linear map of E into any TVS F is continuous.

Proof. Observe that (9.1) is always continuous. Indeed, if all the
“coordinates” x’ converge to zero, then each vector x’e; must converge
to zero and also the sum of these vectors must converge to zero (continuity
of multiplication by scalars and of vector addition). What has therefore
to be proven is the continuity of the inverse of (9.1).

As a first step, we prove this in dimension one, that is to say for d = 1.
Let V be a balanced neighborhood of zero in E which does not contain
fe, , where 0 is an arbitrary number >>0. Such a neighborhood of zero
V exists because E is Hausdorff. Let x be any vector in V; we have
x = fe, for some complex number ¢. Suppose we have | £ | > 6; then,
since V is balanced and since | 8/¢ | < 1, we would have

@& )x = e, e V, contrary to our choice of V.

Thus, for all x € V, we have | £ | < 8 (if x = £e,). This means precisely
that the linear functional x == £e; ~ £ is continuous. So the bicontinuity
of (9.1) is proved when d = 1.

Property (b) is now trivial when d = 1. Indeed, if fis a linear form
on the one-dimensional space E, let us select a vector x, in E such that
f(xo) = 1. This is always possible when f is nonidentically zero; if
f =0 there is nothing to prove. Then, if we write any vector x of E
in the form x = £x,, we know that x ~ £ is continuous. But £ = f(x).

The next step is to prove (b) in dimension d > 1. We assume that we
have proved both (a) and (b) in all dimensions <{d — 1. Let f be an
arbitrary linear functional on E (we assume dim E = d), nonidentically
zero. Choose x4 € E such that f(x,) = 1. Then, given any vector x € E,
x — f(x)x, belongs to Ker f. If we denote by ¢ the canonical map of E
onto its quotient E/Ker f, we see that ¢(x) = f(x) ¢(x,), in other words
that ¢(x,) spans E/Ker f. This simply means that E/Ker f is one-
dimensional. Then the dimension of Ker f is <d (in fact, it is exactly
d — 1). Since we suppose that we have proved (a) in all dimensions <d,
we conclude that Ker f is isomorphic to some space C”. In particular,
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Ker f is complete, hence closed in the Hausdorff TVS E. This implies
that E/Ker f is Hausdorff (Proposition 4.5). Now let us look at the
commutative diagram:

f

E~L (1

¢lﬁ

E/Ker f

The mapping f is a linear functional on the one-dimensional Hausdorff
TVS E/Ker f, therefore it is continuous. The canonical map ¢ is always
continuous, therefore f = f o ¢ is continuous.

We have proved (b) in dimension 4. It immediately implies (a) in
dimension d. Indeed, we know already that the mapping (9.1) is
continuous. If x converges to zero in E, each one of its components
converges to zero in C! since they are linear functionals on E, therefore
they are continuous. Thus (x!,..., %) — 0 in C¢?; this proves that the
inverse of (9.1) is continuous.

Property (c) is a trivial consequence of (b). Let ¢, ,..., ¢; be a basis of
E, and u a linear map of E into a TVS F. If b; = u(e;), j = 1,..., d, the
mapping % is the mapping

a . d
x =Y xie; ~ 3 xb;.
i=1 i1
As the forms x ~~ x7 are continuous, # is also continuous. Q.E.D.

CoroLLarY 1.  Every finite dimensional Hausdorff TVS is complete.
Indeed, a Hausdorff TVS E of dimension d << +00 is a2 “copy’’ of C%.

CoroLLARY 2. Every finite dimensional linear subspace of a Hausdorff
TVS is closed.

It suffices to combine Corollary 1 with Proposition 5.3.

Exercise 9.1. Show that every seminorm on a finite dimensional Hausdorff TVS is
continuous.

In virtue of the Heine-Borel-Lebesgue theorem, the closures of
bounded open subsets of C¢ are compact; thus the origin, and con-
sequently every point of a finite dimensional TVS, has a basis of
neighborhoods consisting of compact sets. A topological space with
such a property is said to be locally compact (this, for us, implies
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Hausdorff). Locally compact spaces have remarkable properties. Locally
compact groups have been the object of thorough and fruitful study and
have provided a sound basis for a general theory of the Fourier trans-
formation. One should like to know if locally compact TVS are also the
receptacle of astounding properties. Indeed, they are! But these properties
are nothing new to us, in view of the following theorem, due to F. Riesz:

THEOREM 9.2. A locally compact 'TVS is finite dimensional.

Proof. Let E be alocally compact TVS, and K a compact neighborhood
of 0 in E. Since K contains a closed balanced neighborhood of zero and
since a closed subset of a compact set is compact, we may assume that K
is balanced. On the other hand, as K is compact and as 3K is a neighbor-
hood of zero, there is a finite family of points x,,..., ¥, such that
KC(x, + iK)U - U (x, + 4K). Let M be the linear subspace
spanned by x,,..., x,; dim M is finite, hence M is closed in E. The
quotient space is Hausdorff; let ¢ be the canonical homomorphism
E— E[M; as we have KC M + 31K, we have ¢#(K)C 14(K), i.e.,
24(K) C ¢(K). By iteration, we see that

$(2"K) C $(K).

As K is balanced, we have E = (J,_,2#K. Thus §(E) = E/M C ¢(K).
But ¢ being continuous and E/M being Hausdorff (Proposition 4.5),
#(K) is compact. Thus E/M is a Hausdorff TVS which is compact; it
must be of zero dimension, i.e., reduced to one point. Otherwise E/M
would contain a subset of the form Ré with ée E/M, é # 0; such a
subset, necessarily closed, would be compact. But the real line is
certainly not compact!

We shall now take a look at linear subspaces of a TVS E which are of
[inite codimension. We recall that the codimension of a linear subspace M
of a vector space E is the dimension of the quotient space E/M. We also
recall the following definition:

Definition 9.1. A linear subspace of codimension one is called a hyperplane.

Let M be a linear subspace of a vector space E of codimension
n < +oo. Consider the canonical map ¢ : E— E/M. If b, ,..., b, is a
basis of the quotient space E/M, we can lift it into a linear independent
set of n vectorsin E, e, ,..., ¢, . Let N be the linear subspace of E spanned

by e, ,..., e, . We claim that
9.2) E=M®N,

where the symbol @ stand for direct sum: (9.2) means that every vector x
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of E can be written x = y + & with y € M, 2 € N, and that this decom-
position is unique, in other words that the intersection of M and N is
the set consisting of a single point, the origin. Let us prove that (9.2)
indeed holds. If x = ¥ &, € N belongs also to M, we have

0 =¢(x) =) «'%;
which is possible only if every &% is equal to zero. This means that
M N ={0}.

Let x € E be arbitrary. We have, for some numbers ! ,..., x*,

hence
é (x —inei) =0, ie, x—Y xle;e M.

This shows that
ECM+ N (vector addition). Q.E.D.

From what we have just said, it follows that, if H is a hyperplane of
a vector space E, we have

9.3) E=H®N,

where dim N =1, i.e., N is a “line” (in a complex vector space, one
should rather say that IV is a plane, since it is a copy of the complex
plane; but the general agreement is that one-dimensional linear subspaces
are called lines).

Of course, (9.2) implies that Ef/M is isomorphic to N, as the student
can easily check (isomorphic means here isomorphic for the vector space
structure: there is no topology!). Thus if E is the direct sum of its
subspace M and of a subspace NN of finite dimension, M is of finite
codimension, exactly equal to the dimension of N. In particular, if we
have (9.3) and if we know that dim N = 1, we know that H is a hyper-
plane.

ProprosiTioN 9.1. A hyperplane H in a vector space E is a maximal
proper linear subspace of E.

Trivial (that H is proper means that H # E).

ProrosiTioN 9.2. A hyperplane H in a TVS E either is everywhere
dense or it is closed.
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Indeed, the closure H of H is a linear subspace of E (the closure of
any linear subspace is a linear subspace), and, according to Propo-
sition 9.1, we must have either H = E or H = H.

PROPOSITION 9.3. Let E be a TVS, and M a closed linear subspace of E
of finite codimension. Then there is a homomorphism p of E-onto M such
that p® = p. We have E = M @ Ker p.

A linear mapping p of a vector space E into itself such that p* = p,
i.e.,, such that p(p(x)) = p(x) for all xe E, is called a projection. As
immediately seen, usual projection in finite dimensional vector spaces
enters in that category. The important part, in the statement above, is
that p be a homomorphism, which means both continuous and open.

Proof of Proposition 9.3. Let b,,..., b, be a basis of E/M, which is
Hausdorff since M is closed. Choose 7 vectors e, ,..., ¢, in E such that
¢(e;) = b; for each j = 1,..., n (¢ is the canonical map of E onto E/M). This
defines a mapping of E/M onto the vector subspace N of E spanned by
the ¢;’s:

(6-4) $(x) =} &b, ~ 3, Ee;e N.

We know that this mapping is continuous (Theorem 9.1(c)). It is open
for we know that its inverse is continuous: its inverse is the restriction
of ¢ to N. Asthe ¢;’s must obviously be linearly independent, (9.4) is an
isomorphism of E/M onto N. Let us call ¢ the compose of ¢ by (9.4):
it is a homomorphism of E onto N. The student may check that the
mapping
p=1—q, I: identity map of E,

from E into itself, is a homomorphism of E onto M such that p? = p.
We have N = Ker p, whence Proposition 9.3.

Exercises

9.2. Let E be a vector space, and p a linear map of E into itself such that p2 = p. Let /
be the identity mapping of E. Prove that I — p is also a projection (i.e., (I — p)? = I — p)
and that

E =Kerp ®Ker( —p) =Imp ® Im(I — p)
(where @ means the algebraic direct sum).

9.3. Let E be a Hausdorff TVS, and p a continuous projection of E. Prove that p
is open.

Remarks. 1. Let E be a TVS, and M a linear subspace of E. Even
assuming that M is closed, it is not true, in general, that there is a
continuous projection p of E onto M.
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2. Let E be a TVS, and 4, B two closed linear subspaces of E.
Suppose that E is the direct sum of 4 and B, in the algebraic sense:
that E = A 4+ B and that 4 N B = {0}, which we have denoted by
E = A4 @ B.Itis not true in general that there is a continuous projection
p of E onto A. One says that E is the topological direct sum of A and B if
the mapping

(x,9) ~x+y

from 4 X B into E, is one-to-one, onto and continuous both ways.
Because of the continuity of vector addition, if x and y converge to
zero in A and B, respectively (for the topologies induced by E), their
sum x -+ y also converges to zero. It is the converse, in the above
definition, that is the nontrivial part: if x -+ y converges to zero, both x
and y must converge to zero. If E (supposed to be Hausdorff) is the
topological direct sum of two linear subspaces 4 and B, they are
automatically closed in E. Then, of course, E/4 is isomorphic (for the
TVS structures) with B.

Exercises

9.4. Prove the following proposition:

PROPOSITION 9.4. Let E be a vector space, and f a linear functional on E nonidentically zero.
Then Ker f is a hyperplane of E.

Conversely, given any hyperplane H of E, there is a linear form on E, f, such that H = Ker f.
Any other linear form g on E such that H = Ker g is of the form X, where A is a complex
number.

Let E be a Hausdorff 'TVS, H a hyperplane of E, f a linear form on E having H as kernel.
Then the following properties are equivalent:

(a) H is closed,;

(b) f is continuous.

9.5. Let E be a Hausdorff TVS, and 4* a subset of the algebraic dual E* of E with
the property that, for every x € E, x # 0, there is a* € A* such that {a*, x> # 0. Prove

that, if there is a finite number of elements of 4%, af ,..., a¥, such that the hyperplanes

{xEE; <a;.k)x> = 0}) j= l,...,T,
have an intersection reduced to {0}, then dim E < r.

9.6. Let E be a normed space (the norm in E is denoted by || ). Let S be the unit
sphere of E, S = {x € E;| x|l = 1}. Let E’ be the dual of E, that is to say the vector
space of continuous linear forms on E. The student is asked to admit the following result
(which is a consequence of the Hahn—Banach theorem to be proved later on; see Theorem
17. 1): for every x € E, x # 0, there is x" € E’ such that {x’, x> # 0.

Prove that the intersection of all the closed sets S N H, where H ranges over the family
of all closed hyperplanes of E, is empty. Derive from this the fact that, if E is locally
compact, it must be finite dimensional (use Exercise 9.5).
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Fréchet Spaces. Examples

A Fréchet space (or, in short, an F-space) is a TVS with the following
three properties:
(a) it is metrizable (in particular, it is Hausdorff);
(b) it is complete (hence a Baire space, in view of Proposition 8.3);
(c) it is locally convex (hence it carries a metric d of the type con-
sidered in Proposition 8.1).

Any closed subspace of an F-space is an F-space(for the induced topology).

Any product of two F-spaces is an F-space.

Thequotient of an F-space modulo a closed subspace isan F-space. (Combine
Proposition 7.9 with Exercise 8.6). Hausdorff finite dimensional TVS
(cf. Chapter 9), Hilbert spaces, and Banach spaces (see later on) are
F-spaces. We shall now look at some other examples of F-spaces which
are very important in Analysis and which do not enter in any of the
latter categories (i.e., which are not Banach spaces).

Example I.
The Space of €* Functions in an Open Subset 2 of R»

We must list the notations which we are going to use. The variable
in R* will be denoted by x = (x,,..., x,), £ = (&,..., £&,), etc. The
first-order partial differentiations with respect to the variables x;’s, will
be denoted by 9/0x; ,j = 1,..., n. We shall use, as differentiation indices,
vectors p = (py,..., pn), With nonnegative integers as components,
P1 55 Pn » What we shall systematically call n-tuples, and thus we shall
write

(0/6x)? = (8]x1)P1 -+ (0]0x,)Pn.
We shall denote by | p | the “length” of the n-tuple p, i.e.,

(This length | p | is the norm denoted by |p |, in p. 59.) The length
| p| is the order of the differentiation operator (8/dx)?.

85
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We shall be dealing with complex-valued functions ¢(x) of the variables
x = (xy,..., ), defined in some open subset 2 of R*; £ will remain
fixed throughout the forthcoming description. A complex function f,
defined in £, is said to be a % function, k& being a nonnegative integer,
if it is continuous and, when & > 1, if all the derivatives of f of order <k
exist (at every point of £) and are continuous functions in £2. One also
says that f is a k-times continuously differentiable function. Any %*
function is a €*~1 function (for 2 > 1). A function fin £ is said to be a
€= function if it is a ¥* function for all integers k =0, 1,2,.... A €~
function is also called an infinitely differentiable function. The €*
functions in 2 (0 < %k < +00) form a vector space over the field of
complex numbers, Wthh we shall denote by €%(£2). We shall now put a
structure of topological space on *(£2) which will turn it into a F-space.
As it is going to be a locally convex space, it suffices to define a basis of
continuous seminorms (Definition 7.7). We shall choose the following
seminorms:

[ f .k = sup (SJQE [(2/0x)* f(%)]).

We must say what m and K are. First of all, K is any compact subset of £2
(we recall that a compact set in R™ is a closed and bounded subset of R”;
a compact subset of {2 is a compact subset of R” contained in ). Observe
that a continuous function is always bounded on a compact set. Thus,
if f is a €* function and if m is an integer <k, the quantities | f |, x
are finite. Thus, if & is finite, we take m = k; if k is infinite, we take m
varying over the sequence of positive integers.

We shall provide %(£2) with the topology defined by the seminorms

fwlf|m.l('

This topology is often referred to as the €* topology, or as the topology
of uniform convergence on compact subsets of the functions and of their
derivatives of order <k (of order <k is dropped when k2 = + ). The
last phrase obviously describes the kind of convergence which is defined
by the seminorms | |, x. The €* topology turns €*(2) into a locally
convex space. (This LC-space is evidently Hausdorff, since | f |y, =0
for all compact subsets K of £ means in particular that | f|o ) =
| f(%)] = O for all points x of 2.) The next step consists of showing that
the topology just defined on €*(§2) is metrizable or, what amounts to
the same, that there is a basis of continuous seminorms which is countable.
In order to show this, let us first observe that, if m’ > m, K’ D K, we have

1 flm ke 2 1 f I, -
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It will therefore suffice to show that there is a sequence of compact subsets
of 2, K, ,K,,..., K, ,..., such that to every compact subset of £ there
is an integer j such that K C K; . For then we will have

'f!m,Kg ‘f!m,Kj

for all €™ functions f. As the | |, x formed a basis of continuous semi-
norms in €%(2) when m = k < 4o and when k = +o0 form = 1, 2,..,,
the same will be true of the | lm ;s and the latter form a countable
family.

Lemma 10.1. Let 2 be an open subset of R*. There is a sequence of
compact subsets K, , K, ..., K, ,... of §2 with the following two properties:

(a) For each j =1, 2,..., K; is contained in the interior of K;_, .
(b) The union of the sets K is equal to £2.

Proof. If 2 = R”, we take
K, =B, ={xeR" | x| <j},

where | x | is the Euclidean norm on R If £ 5= R?, let us call 4, the
set of points of £2 at a distance from the boundary of £2 which is >1Jj.
The set A, is a closed set, and 4; is contained in the interior of 4;,, .
But of course the A4; are not bounded, in general, therefore they will
not be compact. We take K; = A; N B; . It is easily seen that the K
have all the properties which we require from them.

Thus the space €*(£2) is metrizable; we must now show that it is
~complete. It suffices to show that it is sequentially complete (Proposi-
tion 8.2). Let f,, f5 ,.-., [, ,... be a Cauchy sequence in €%(£2). In order
to prove that the functions f;'s converge to a function fe €%((2), we
use the following three facts:

(10.1) The complex plane is complete.

(10.2) Let A be a subset of R*, and g,,g,,...,8,,... a sequence of
continuous functions in A, converging uniformly to a function
gon A. Then g is continuous in A.

(10.3) Let A4 be an open subset of R, and g, , g5 ,..., &, »... @ sequence of
%! functions in A. We assume that the g, converge uniformly in 4
to a function g, and that their first derivatives 9g,/0x; (which are
continuous functions in A) converge uniformly to a function g
(y = 1,..., n). Then we have, for all j,

g = og[ox;;
in particular, g is €.
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We suppose that the student is familiar with (10.1) (observe that
complete, in this statement, is equivalent with sequentially complete!).
He should also be familiar with Facts (10.2) and (10.3), but we shall
nevertheless recall rapidly how they are proved.

Proof of (10.2). Let x, be an arbitrary point of 4. We should prove
that to every £ > 0 there is n > 0 such that {x — x,| <75 (x€ 4)
implies | f(x) — f(x)| < &. We have now the “‘three-epsilon’ argument:

(10.4) [ f(x) — f(xo)l < (%) — ful®)] + | ful®) — fu(%0)] -+ | fulo) ~— flaxo)l.

We use the uniform convergence in choosing n large enough so as to
have, for all y € A4, | f(y) — f.(¥)] < e. Once n is chosen, and kept fixed,
we use the continuity of f,: it enables us to choose 8 > 0 so that
| x — x| < & implies | f,(x) — fu(%)] < e. The point y, above, is then
taken to be any point in the set

{xed;|x —x,| <8}
Taking all the properties into account in (10.4), we obtain

|fx) —flxo)l < 3¢ if [x — x| <.

Proof of (10.3). We shall do the reasoning in the case of one variable
x = x; . The extension to n variables, quite automatic, is left to the
student. We may then assume that A is some open interval and we pick
up any point of this interval, say . We have then

(10.5) ) —gfa) = [ g

where g, is the first derivative of g,, and where the integral has to be
taken in the usual way, which is to say that, if x <C a, then

&) —gfa) = —[ gn)a.
At any event, the g, converge uniformly in A to the function g*’, hence
f (t) dt converges to f gU(t) dt (observe that gV is a continuous

functlon in view of (10. 2)) On the other hand, the g, converge uniformly
in A. Therefore, because of (10.5), we must have

80 —g(@) = [ g0 at

But this simply means that g) is the derivative of g.
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We return then to the completeness of €%(£2). Because of the definition
of the topology of €%(£2), for each x € £, the numbers f,(x) form a
Cauchy sequence in the complex plane. Indeed, we know that, given
any integer m <\ k and any compact subset K of £, to every ¢ >0
there is an (&) such that

v, u == N(¢g) implhies | f, — fu lm.x <&

It suffices to take m = 0 and K = {x} to draw the conclusion which we
stated. From (10.1), it follows that the complex numbers f,(x) have a
limit, which we denote by f(x). Obviously x ~- f(x) is a function in £,
and it is immediately seen that the functions f,(x) converge uniformly
to f in every compact subset of 2. By taking this subset identical with a
suitable neighborhood of any point of £2, we conclude (by (10.2)) that f
is a continuous function in £2. If k = 0, this finishes the argument. If
k > 0, observe that since the f, form a Cauchy sequence in €*(f2), the
first derivatives

form, for each j, a Cauchy sequence in €*-1(£2). Suppose k << + 0.
Then induction on k allows us to conclude that, for each j, the of,/ox;
converge to a ¥*1 function, which, by (10.3), must be the derivative of f
with respect to x; . If K = 400, we have just shown that the f, converge
in ") to the element f of €*(£2), whatever be the integer %, which
means precisely that the f, converge to f in €%(£2).

The last phrase is related to the fact that the topology of €~(£2) is
exactly the superior limit of the topologies induced by the €%(Q): a
subset U of €°(£2) is a neighborhood of zero for the € topology if and
only if there exists some finite integer k such that U be a neighborhood
of zero for the topology induced on €*(2) by €*(f2) (in other words,
for the €* topology on €*(£2)).

Example II.
The Space of Holomorphic Functions in an Open Subset 2 of C»

Let now £ be an open subset of the complex space C*. The variable
in C* will be denoted by z = (2, ,..., 2,). For each j = 1,..., n, we have
z; = x; + ty;, i = (—1)1/2. We denote by H(S2) the vector space of
holomorphic functions in 2. Let & be a ¢! function in £ (%! in the sense
discussed in Example I, which has a meaning if we identify C» to the
real vector space R?* by way of the mapping

= (zl yee zn) ~ (x» y) = (xl 1oy Xy Y1 yeees yn)'
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Then £ becomes an open subset of R?*; thus ¥ means that % has first
continuous derivatives with respect to the x,’s and the y,’s). We say that
h is holomorphic if it satisfies the Cauchy-Riemann equations

oh . Oh .
W,-_H—é};zo’ ]=1,...,n,

in Q (i.e., at every point of £2). We remind the reader that this definition
implies that the function A4 is infinitely differentiable in £, and not

just 1. Let us write

(3/32’)7’ = (3/32’1)7’1 v (3/32")7’", P = (P15 Pn)!

where each differential operator 9/9z; is defined by

We recall how the Cauchy formulas read. Let 2° be any point of £,
0 = (2?,..., 22). Consider the polydisk:

D(ry oy 1) ={2€C% |2, — 27 | <7;,] = 1,...,m}.

Suppose that it is contained in Q. Then, if % is holomorphic in £, for
each p = (p; ..., p) We have
1 2im)~" h(z) dzy - dz,
o1 (0]02)” h(=*) = $ $ (26m) 7 (z) dz, - dz

— ~0\Dy+1 ... — 0\p,+1°
(z, — )+t - (2, — Z)n
12y, =23|=ry.. |2, — 20 =1,

where each integral represents usual complex integration (in the complex
plane). Cauchy’s formula has the immediate consequence that if a sequence
of holomorphic functions in £2 converges uniformly on every compact
subset of , then their derivatives of any order also converge uniformly
on every compact subset of £. From the Cauchy-Riemann equations
it follows that, if a function 4 is holomorphic in £,

Oh|oz; = Oh|ox; l<j<n)
oh|oz; = — i o[y, <ssm)

Thus, if we view H(£2) as a vector subspace of any one of the spaces
%*(£2), which we may since its elements are ¥*, we see that the induced
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topologies all coincide. Indeed, this is true for the least fine and for the
finest of them, the €° and the %> topologies, respectively: as far as
holomorphic functions are concerned, it amounts to the same to say that
a sequence of functions converges uniformly on every compact subset of
£ or that the functions and all their derivatives converge uniformly on the
compact subsets of Q.

We shall provide H(L2) with this topology. Observe that H(2) is a
linear subspace of €*(£2), and carries the induced topology. It is obvious
that H(Q) is a closed subspace of €*(2). Indeed, if a sequence of
holomorphic functions converges in ¥*(£2) or, for that matter, in €%(£2),
to a function f, the latter is, needless to say, a € function in £ and
satisfies the Cauchy-Riemann equations since its first derivatives are
limits (for the uniform convergence on compact subsets) of the cor-
responding derivatives of functions which do satisfy those equations.
As a closed subspace of a F-space, H(R2) is itself an F-space.

Example III.
The Space of Formal Power Series in n Indeterminates

Let us denote by C[[X,,..., X,,]], or shortly by C[[X]], the vector
space of formal power series in n letters X, ,..., X,,, with complex
coefficients, that is to say the series

(10.6) u=Y u,X?,

where the summation is performed over all the vectors p = (p; ,..., Pn)
whose components are nonnegative integers (the set of all these vectors p
will be denoted by N* from now on). The coefficients u, are complex
numbers and X7 stands for the “monomial”

XProvo XPa
1 n "

No condition of convergence is imposed upon the series (10.6). One can
view u as a sequence depending on 7 indices, P, ,..., p, » {%,}, With no
condition whatsoever on the complex numbers which constitute it.

We provide C[[X]] with the topology defined by the seminorms

|u|m: sup lup|) m:(),l,....
Ip|<m

When n = 1, we have already considered this topology (Chapter 3,
p- 28). Whatever # is, it is sometimes referred to as the topology of
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simple convergence of the coefficients. Provided with it, C[[X]] is a
locally convex metrizable space. We leave to the student the proof of its
completeness (one has only to use Statement (10.1) above). Thus C[[X]]
is an F-space.

We may put on the set N*® of zn-tuples p = (p,,..., p,) the discrete
topology: a basis of neighborhoods of a point in N® consists of the
point itself. A subset of N* is then compact if and only if it is finite
(indeed, observe that every point is both open and closed and, for every
subset of N*, we have an open covering just by taking the family of its
points, regarded as sets). A formal power series # may then be viewed as
a function on N™: to each p € N® it assigns its pth coefficient, u, . On a
discrete space, every function is continuous and thus C[[X]] may be
regarded as the space of all functions, or of all continuous functions on
N~. The topology of simple convergence of the coefficients is then
nothing else but the topology of pointwise convergence in N" or the
one of uniform (!) convergence on the compact subsets of N*.

Example 1V.

The Space % of %¥* Functions in R* Rapidly Decreasing at
Infinity

Our last example will be an important space in the theory of distri-
butions, in connection with Fourier transformation. It is a space of =
functions in the whole of the Euclidean space R®. The functional space in
question is denoted by & its elements are the complex-valued functions f,
which are defined and infinitely differentiable in R®, and which have the
additional property, regulating their growth (or rather, their decrease) at
infinity, that all their derivatives tend to zero at infinity, faster than any
power of 1/| x |. We use here the notation

| x| = (a2 + - 222,

This means that, given any element f of &, any n-tuple p =
(p1 -+ Pn) € N?, and any integer & > 0,

|£i}n}o | = |* |(9/0x)? f(x)] = O.
We equip & with the topology defined by the seminorms

|l = sup (sup {A+1xDFl@ox)” f(x)}), mEk=0,1,2,...

Of course, & is metrizable. Observe that & is a vector subspace of
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#>(R") (for the linear structure), but that its topology is strictly finer
than the one induced by ¥®. A sequence of functions f, € & converges
to zero in & if and only if the functions

(1 + | = )(0/0x)” f.(x)

converge uniformly, in the whole of R*, to zero—for every k =0, 1,...
and every p € N». In particular, for each p, the derivatives

(0/oxyf,

must converge uniformly in R” to zero. It implies immediately that the f,
must converge to zero in €™ . This enables us to show without difficulty
that & is complete. For a Cauchy sequence {f,} in & is a fortiori a
Cauchy sequence in %=, hence converges (in ¥~) to a certain €~
function f. Choose then arbitrarily k and m. There is a constant M, ,
such that, for all v,

(10.7) Lol < Mgy e -

(This fact will soon be generalized when we prove that a Cauchy
sequence in a TVS is a bounded set; the proof of this general statement
duplicates the proof that we are about to give.) Indeed, we know that
there is an integer N (depending on m and k) such that, for all v > N,

lfv _fN lm,k < 1.

This comes simply from the fact that we are dealing with a Cauchy
sequence. We conclude that, for all v,

lfv Im.k < 1 + S“P Ifu. |m,k)
1,.... N
which proves exactly what we want.
Now, observe that (10.7) can be expressed as follows:
For every x € R”,

sup (0/2x) fU)| < Mol +] )7

But we know that the derivatives (8/dx)? f,(x) converge uniformly in
R™ (therefore also pointwise in R*) to the corresponding derivative of f,
(0/ox)?f. It follows that we must have, for all x € R",

sup 2/ f(=)] < M1+ 1)
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This proves that f belongs indeed to % (until now we only knew that f
was a € function). The last step consists in proving that f, converges
to f in &, and not just in €°. We might as well exchange our initial
sequence {f,} with the sequence {f, — f}, which is obviously also a
Cauchy sequence in &, and suppose therefore that the limit function f
is zero. We are reduced to proving the following fact:

(10.8) If a Cauchy sequence {f,} in .% converges to zero in #°(R"), then
it also converges to zero in &.

I think it is a good exercise for the student to try to prove (10.8).

Thus & is complete; it is therefore a Fréchet space. The elements of
& are sometimes called € functions rapidly decreasing at infinity.
(This implicitly means that also their derivatives are rapidly decreasing
at infinity!) When we have to avoid confusion, we shall write %(R")
instead of &.

Exercises

10.1. Let {E,} (n = 1, 2,...) be a sequence of Fréchet spaces. Prove that the product
TVS E =[]2_, E. is a Fréchet space.

10.2. Let K be a compact subset of R", and €7°(K) the space of complex functions,
infinitely differentiable in R", having their support contained in K; we consider on €7 (K)
the topology in which a basis of neighborhoods of zero is formed by the sets

V(m,e) = {d € (K)sup ) |(8/0x)° $(x)| < e
134 |pl<m

asm = 1, 2,... and £ > 0 vary in all possible ways.
Prove that €7°(K) is a Fréchet space.

10.3. Consider the dual E’ of the space E = Z#,(N; C) defined in Exercise 3.5. Let
us denote by B, the subset of #(n) (Exercise 3.6) defined by the condition

LfO)* + = + | f(m)]* < 1.
Set then, for all n = 0, 1,... and all ¢ > 0,

¥Y(n,e) = {f €E;sup <f, [ < &
feB,

Prove that the sets ¥ (n, £) form a basis of neighborhoods of zero for a structure of Fréchet
space on E’.
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Normable Spaces. Banach Spaces.
Examples

We shall say that a TVS E is normable if its topology can be defined by
a norm, i.e., if there is a norm || || on E such that the balls

B, ={xeckE;|x||<r}, r >0,

form a basis of neighborhoods of the origin. Finite-dimensional Hausdorff
spaces are normable. Infinite dimensional metrizable TVS are not—in
general. In this chapter and in the next one, we shall study two very
important classes of normable spaces. The topology of a normable space E
can be defined by many different norms. For instance, the topology of C*
can be defined by any one of the norms | |, (1 < p << 4 00; see Chapter 7,
Example (1)).

Definition 11.1. Let p, q be two seminorms on a vector space E. We say
that p is stronger than q when there exists a constant C > 0 such that, for

all x € E,
g(x) < C p(x).

We say that p and q are equivalent if each one is stronger than the other.

If p is stronger than g, the topology defined by p on E is finer than
the one induced by g¢. If, then, g is a norm, so is p.

ProrosiTiON 11.1. If two norms define the topology of a normable space E,
they are equivalent.

Indeed, the unit ball of one of them, say p, contains a multiple of the
unit ball of the other, ¢, which means that g is stronger than p.

CoRrOLLARY. Any two norms on a finite dimensional vector space are
equivalent.

Indeed, a norm on a finite dimensional space E turns E into a Hausdorff
95
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space, therefore into a TVS homeomorphic with C#™mE which means
that all the norms on E define the same topology on E.

An application of the above corollary. l.et us denote by 27 the
vector space of polynomials with complex coeflicients, in one indeter-
minate X, of degree <{m. Let P(X) be such a polynomial:

P(X) = a, X™ + ap_ X1 4 - +aq, g yeeey Ay 5 Ay € CL

Consider the following two seminorms on 27
m 1/2
P Pl=(Ylap)
j=0

P~ sup |P(2), e >0.

treal, [t|<e

They are both norms; it is evident as far as the first one is concerned.
As for the second one, it suffices to observe that a polynomial cannot
vanish in a nonempty interval of the real line without vanishing
identically. We conclude that there is a constant C, > 0, depending only
on m and e, such that, for all polynomials P € 27,

C. sup [|P@) =P

teRY, |t) <e

It is obvious that we could have replaced the interval | £ | <C  of the real
line by any subset of the complex plane containing at least (m + 1)
points.

A normed space is something different from a normable space. A
normed space is a pair consisting of a vector space E and a norm on E.
Of course, one usually puts on E the topology defined by the norm.
This topology can then be defined by many other norms but, when
dealing with a normed space, one should, at least in principle, continue
to consider the initially given norm. If (E, p) and (F, gq) are two normed
spaces, an isomorphism of E into F for the structure of normed spaces
1s a linear isometry of E into F, that is to say a linear mapping « : E > F
such that, forallx e E,

g(u(x)) = p(=).

Definition 11.2. A normed space E which is complete is called a Banach
space (or a B-space).

The meaning of Definition 11.2 is obvious: if (E, p) is a normed space,
one provides E with the topology defined by the norm p. If the TVS E
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thus obtained is complete (which, in the present situation, means
sequentially complete; cf. Proposition 8.2), we say that the pair (E, p) is
a Banach space. Of course, one usually drops the mention of p. Since a
normed space is metrizable (in particular, it is Hausdorff!), B-spaces
are a particular type of Fréchet space (see Chapter 10); they are Baire’s
spaces.

A few words now about quotient space and completion of a normed
space (E, p). If M is a closed linear subspace of E, we may turn the
quotient space E/M into a normed space by equipping it with the
quotient norm

px) = inf p(x)
(¢, canonical map E— E/M). That p is a norm is evident. It is also
evident that p defines the quotient topology on E/M (cf. Proposition 7.9).
The normed space (E/M, p) is the quotient modulo M of the normed space
(E, p).

As for the completion, we remark that the norm p is uniformly
continuous and therefore, by Theorem 5.1, there is a unique extension p
of p to the completion £ of E. The student may easily check that the
topology of £, as it has been defined in Chapter 5, is the topology defined
by the seminorm p (that p is a seminorm follows immediately by
continuation of equalities and inequalities). As the topology of E is
Hausdorff, $ is a norm. The normed space (£, p), which, needless to say,
is a Banach space, is called the completion of the normed space (E, p).
Note that, until now, we have considered only completions of topological
vector spaces. But a normed space is something more than a special
type of TVS. The canonical injection of E into £ is an isometry.

Example 1. Finite dimensional normed spaces.

Since any finite dimensional Hausdorff TVS is complete, finite
dimensional normed spaces are Banach spaces. As a matter of fact,
they are the only locally compact Banach spaces.

Example II. The space of continuous functions on a compact set.

Let K be a compact topological space. There is no algebraic structure
on K (in particular, K does not have to be a subset of a TVS). Here
compact means Hausdorff plus the property that any open covering of K
contains a finite subcovering (cf. Chapter 6).

We shall denote by %(K) the vector space of complex-valued
continuous functions defined on K. We turn %(K) into a normed space
by considering in it the norm maximum of the absolute value:

f~lfll= sup | f()
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In order to verify that || f|| is a norm, which demands, in particular, that
it be finite, it suffices to observe that a continuous function is always
bounded on a compact set (indeed, f(K) must be a compact, therefore
bounded, subset of the complex plane; cf. Proposition 6.2). To say that
a sequence of functions f, converges to a function f in the normed space
%(K) is to say that the f, converge uniformly on X to f. Thus the topology
of €(K) is the topology of uniform convergence on K. If then we consider
a Cauchy sequence {f,} in ¥(K), we know that, for each point x of K,
the complex numbers f,(x) form a Cauchy sequence in the complex
plane C, hence have a limit f(x). Thus the f, converge pointwise to a
function f in K. But it is easy to see that they also converge uniformly
to f. Indeed, let ¢ > 0 be given arbitrarily. Let N(¢) be such that
= N(e) implies, for all x € K,

(1L.1) | (%) — ful®)] < €2

(we are using the fact that the f, form a Cauchy sequence in %(K)).
Then, for each x € K, select u, > N(¢) such that

(11.2) f(#) — fu,(¥)] < /2.

Then, by combining (11.1) and (11.2) we see that, for all v > N(e) and
all xe K,

| f(x) — f(x)] < e. Q.E.D.

But if the f, converge uniformly to f, then f also must be continuous, as
we see by the argument already expounded in Chapter 10, Example I,
Proof of (10.2), p. 88.

Thus f is an element of ¥(K) and it is the limit in this space of the
Cauchy sequence f,, which proves that €(K) is complete, i.e., is a
Banach space.

Example III. The space €*($2), 2: bounded open subset of R™.

Let 2 be an open subset of R™ whose closure £ is compact (in other
words, a bounded open subset of R”). Let & be a finite nonnegative integer.
Consider the subset of €*(£2) consisting of the following functions (see
Chapter 10, Example I): for each n-tuple p € N*, such that | p | < k4,
the pth derivative of f,

(6/0x)? f(x),

which is a continuous function in 2, can be extended as a continuous
function in the closure £ of 2. We denote by ¥*(2) this set of €*
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functions in £; it is a vector subspace of €*(£2), which we turn into a
normed space by considering the norm

f~fllk= sup, (igg |(0/2x)? f(x)])-

We leave to the student the proof of its completeness; in addition to
(10.2), one now uses also (10.3) (p. 87). Of course, ¥°(2) is what we
have denoted by %(£) in Example II.

Before studying the next two examples, we must state and prove
Minkowski’s inequalities. In order to attain a fair amount of generality
we consider a set X and a positive measure dx on it. We shall always
suppose that X is the union of a sequence of integrable subsets, i.e., that
dx is o-finite. We shall deal with the wupperintegral of a nonnegative
function f which we denote by [* f dx. We recall that this is the infimum
of the integrals of the countably infinite linear combinations, with
nonnegative coefficients, of integrable step functions, which are >f.
The number [* fdx is equal to 4-c0 for many an f! Two particular
cases will be important in the sequel: (1) X is the set N of integers >0,
dx is the measure with mass + 1 at every point; then functions on X are
nothing else but sequences and the upper integral of a sequence with
terms >0 is its sum; (2) X is an open subset of the Euclidean space
R” and dx is the (induced) Lebesgue measure in z variables.

THEOREM 11.1. Let p be a real number 1, and f, g, two complex functions
in X. We have:

(J.* fg |1’dx)1/p < (f* |f|”dx)up n (J.* g Ipdx)lm.

Proof. 1t is clear that we may assume that f and g are >0, since
| f+gl<If|+ |gl|l. We begin by studying the case where f and g
are integrable step-functions, i.e., finite linear combinations (with
nonnegative coefficients) of characteristic functions of integrable sets.
By subdividing further, if necessary, those integrable sets, we may even
assume that f and g are finite linear combinations of the same charac-
teristic functions ¢; and that the latter have pairwise products equal to
zero, i.e., are characteristic functions of disjoint sets. We see then that

(f)p :Za?¢j’ (g)l’=2b:1i’¢j ’ (f+g)p:Z(aj +bj)p¢j’

where all the summations are performed over j = 1,..., k. If we set

a—a([a)" B (aa)"
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we see that we are reduced to prove an inequality:

1/p k 1/p
/)

(11.3) (é@%+BNYm<(éAﬁ

It suffices to prove (11.3) for & = 2. For now suppose it has been done.
We reason by induction on & > 2. We have

k-1

(3 4, + By + (4o + By)

=1

k—1

(5 (5 o T a2

1/p

From there, we derive (11.3) from the result for 2 = 2. Now, for & = 2,
(11.3) means that the positively homogeneous function

() ~(xiP+ |y

is a seminorm or, which is the same, the set {(x,y); |x|? 4+ |y |P < I}
is convex. It suffices to consider the portion of this set which is contained
in the region x > 0, y > 0 and therefore the piece of curve

y = (1 — xP)V/7, 0.

For 0 < x < 1, the second derivative y” is <0, which proves what we
wanted.
From this point on, the proof of Theorem 11.1 is easy to complete:

(1) We have proved it when f and g are finite linear combinations,
with coefficients >0, of characteristic functions of integrable sets. But
then it is true if we consider countably infinite such linear combinations.
This is immediately verified by taking the limit on increasing sequences
of finite ones.

(2) Suppose now that f and g are arbitrary nonnegative functions on
X; let us denote by ¥, the set of countably infinite linear combinations,
with coefficients >0, of integrable characteristic functions, which are =
than a given function 2 > 0. From the result stated in (1) for such linear
combinations, we obtain

s, (1 as) 7 < ing (101 as) "+ g ([ 11 o)

1/p
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It is immediately seen that the right-hand side is equal to

([Firra)” + ([ 1gras) "

As for the left-hand side, it is at least equal to (f* ( f 4 g)P dx)'/P. This
follows easily from the fact that 3, + >, C 3, . Q.E.D.

Example 1V. The spaces of sequences I (1 < p < +o0).
We denote by /P the vector space of sequences ¢ = (o)) (j =0, 1,...)
of complex numbers with the property that the quantity

@ 1/p .
Iol,p=(2|o,-|1’) if 1<<p<+oo,
j=o

o= sup |oy] if p= +oo,
0<j <+4>

is finite. Then, in view of Theorem 11.1, | o |, is a seminorm on /7.
In fact, it is a norm and turns /P into a normed space. This space is
complete. It is a good exercise for the beginner to try to prove this fact
directly. It will follow from the general Fisher-Riesz theorem proved
when we discuss the next example:

Example V. The spaces L? (1 < p << +00).

We deal with a set X, a positive measure dx on X; dx is o-finite.
We assume that the student is familiar with the elementary facts of
integration theory. We denote by #? the space of complex functions in
X, f, such that

%k
[ 1717 ds < +oo.

In virtue of Theorem 11.1, f~ (f* | f|? dx)!/? is a seminorm on F7?.
We denote then by #? the closure in %7, in the sense of that seminorm,
of the linear subspace of the integrable step-functions (finite linear
combinations, with complex coefficients, of characteristic functions of
integrable sets). When p = 1, %P is simply the space of integrable
functions. It can be proved that a function f belongs to #7 if and only if
fe &P and if f is measurable. For integrable functions, such as | f|?
when f € £P, one omits the upper asterisk in the integral sign. So we set

1£lr = ([ 1@ ds) .

Outside of exceptional cases, f ~ || f||,» is not a norm on #?. We have
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| flls = 0 if and only if f= 0 almost everywhere. Thus the kernel
AP of the seminorm || ||.» consists of the elements of 4P, which vanish
almost everywhere, and the associated normed space, which is denoted
by L? (often also by L), LP = £P|A'?, is a space of equivalence classes
of functions modulo the relation ““ f = g almost everywhere (a.e.)” Let
felr; we set

I fllee = 11 £llze s
where f is any representative of the class f (note indeed that any other
representative g of f is such that | g|.» = || fll.»; this is a trivial

consequence of the triangular inequality, here Theorem 11.1, as we
have already pointed out on p. 67). In accordance with a well-established
and convenient tradition, we shall often deal with the classes f of L? as
if they were really functions, and not simply ‘“‘functions defined almost
everywhere.” Thus we shall drop, most of the time, the dots and write
f instead of f.

Next we state and prove the classical Fischer-Riesz theorem:

THeOReM 11.2. Every Cauchy sequence in £P converges.

Proof. Let {f,} be a Cauchy sequence in #£?. We select an increasing
sequence of integers v, such that v > v, implies

“fv _fuk ”L" < Z_k_l (k - O, 1,...).
Wesetg, =f, —f,  fork >1;g,=f, . We have then

It is clear that it suffices to show that the series ¥'5_, g, converges in #?.
Its sum will be the limit of the f, , hence of the f, (Proposition 6.7).

For h, n = 1, 2,..., let us denote by N, , the set of points x € X such
that

S | g(a)l > 1n.
k=h

In order to estimate meas(V, ;) (IV, ; is measurable!), we apply the
following straightforward generalization of Minkowski’s inequalities:

1/»

(11.4) (f* ‘ ;G,(x) 2"dx)”" < if:, (f* | G (x)l? d)

We take G, = g,.ixn,,» (x: characteristic function of 4).
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We obtain

ey )1 < 3 gellr < 27

Now observe that, for fixed n, the sets N, , (k= 1, 2,...) form a non-
increasing sequence; their intersection, N, , is obviously of measure
zero; the union of the N, (n = 1, 2,...) is therefore also of measure zero.
It is immediately seen that the series Y ;_, £:,(x) converges absolutely
for every x € X — N; its sum will be denoted by g(x). If x e N, we set
g(x) = 0. Since g is the limit, almost everywhere, of a sequence of
measurable functions, it follows from Egoroff’s theorem that g is
measurable. On the other hand, for all x € X,

g < z | 8-

By applying once more (11.4), we obtain

(] g ) < 3 lnler < Wf e + 1.

This proves that g € £, The last step consists in proving that g is indeed
the sum (in £?) of the series 3 g, . It follows from the fact that we have,
forall2>1and all xe X — N,

| ¢() — z G| < Y el

Ic—h+1

Raising both sides to the pth power and integrating over X — N yields
immediately, by application of (11.4),

o= %01

S
which shows what we wanted, by taking A — -+ oco. Q.E.D.

COROLLARY. L? is a Banach space.

We consider now the case where X is an open subset of R* and dx is
the induced Lebesgue measure. We observe that a continuous function
fin X cannot vanish almost everywhere without vanishing identically:
for if f(x) # 0 at some point, f(x) # 0 in some open neighborhood of
that point, and such a set cannot have measure zero. This implies
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immediately that a class f € L? contains at most one representative which
is a continuous function; when f contains one, we say that fis a continuous
function. At this stage, it is convenient to introduce the following
definition, which is going to be much used in the sequel:

Definition 11.3. Let X be a topological space, E a vector space, and f a
mapping of X into E. The closure of the set {x € X; f(x) # 0} is called the
support of f; we denote it by supp f.

The support of f can be defined as the complement of the (open) set
of points x€ E with the following property: f vanishes identically in
some neighborhood of x.

TueorReM 11.3. Let X be an open subset of R*. If 1 < p < + 0, the

continuous functions with compact support in X form a dense linear subspace
of £P(X).t

We state and prove Theorem 11.3 for the Lebesgue measure. It
should be pointed out, however, that it is more generally true for any
Radon measure (cf. Chapter 21) on a locally compact space.

Proof. By definition of #?(X), integrable step-functions are dense in it.
It suffices therefore to show that every such step-function is a limit of
continuous functions with compact support; but since an integrable
step-function is a finite linear combination of characteristic functions of
integrable sets, it suffices to show that every one of the latter can be
approximated. Let 4 C X be integrable, and x, its characteristic function.
Given any & > 0, there is an open subset £2,C X, a compact subset
K, of X such that K, C 4 C £, and such that meas(K,) > meas(4) — ¢
and meas(£2,) < meas(4) + . Let, then, H, be a compact neighborhood
of K, contained in £2,, U, its complement, 8§ = d(K,, U,) (d: Euclidean
distance). Let, then, f be a continuous function on the real line such that
0<f(t)<1lforall tand f(¢) =1if t <O, f(t) =0 if t > 1. We set
g(x) =f(1 —8'd(x, U)); g is continuous (cf. Lemma 16.1) with

support contained in H,, hence compact. We have:
Xk, < £ < Xu, < Xo,»

* When there is some risk of confusion about the set which is being considered, if this
set is X, one writes £ ?(X) rather than £?. If moreover we wish to make clear that we are
talking about a given measure dx, we write £?(X, dx), or £7%_, or £% (X); similar remarks
apply to L? and also to the case p = - o0 to be considered in the next example. When the
measure dx is the Lebesgue measure on R?, one often reserves the notation #? and L? to
the spaces Z?(R", dx) and L?(R", dx).
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where we denote by x the characteristic functions. We see immediately
that

f|g—x,4|dx<8- Q.E.D.

CorOLLARY. If X is open, the continuous functions with compact support
form a dense subspace of LP(X) (1 € p < + ).

Thus, L?(X) in this case (X open in R", dx the Lebesgue measure)
can be regarded as a “‘concrete” realization of the completion of the space
of continuous functions with compact support in X, equipped with
the norm || ||» -

Example VI. The Space L*™.

Let X be a set, and dx a positive measure on it. We recall that
dx is o-finite, i.e., that X is the union of a sequence of dx-integrable
sets. We denote by .#® the vector space of all complex-valued, measurable
functions f in X such that there is a finite constant M > 0 with the
following property:

(11.5) There is a subset N of X, with measure zero, such that | f(x)| < M
for all xe X — N.

We denote by | f|.~ the infimum of all numbers M = 0 with
Property (11.5); f ~ || fll.= is clearly a seminorm. In general, it is not a
norm; its kernel is exactly the set of functions f which are equal to zero
almost everywhere. Indeed, if f = 0 in the complement of a set N of
measure zero, we may take M = 0 in (11.5). Conversely, suppose that
to every integer kK >> 1 there is a set N, of measure zero such that
| f(%)] < 1/kif x ¢ N,; the union of the sets N, is a set N of measure zero
and f = 0 in the complement of N. The normed space associated to the
seminormed space £ will be denoted by L®, its norm by f ~ || f|,«;
one often writes L, instead of L®, The elements of L® are not functions
in X but equivalence classes of functions modulo the relation “to be
equal almost everywhere.”” However, we shall often deal with them as
if they were functions. An element f of #> (or of L®) is often said to be
essentially bounded in X (with respect to the measure dx) and || f|| = is
called its essential supremum.
We have the equivalent of Theorem 11.2:

THEOREM 11.4. Every Cauchy sequence converges in £*.

Proof. The proof is a simplified version of that of Theorem 11.2.
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Let {f;} be a Cauchy sequence in #*. First of all, we note that the
sequence of numbers || f; ||.» is bounded and that there is, therefore, a
number 0 << 4 << 4 oo and, for each k a set of measure zero N, such
that | fi(x)] < 4 for x ¢ N;; the union N of the sets N, has measure
zero and we have | fi(x)] << 4 for all x e X — N. Next, we use the fact
that to every v=1,2,.. there is k, such that k, ! > k, implies
| fx — fillLo << 1/v: there is a set N, ; of measure zero such that
| fi(®) — fi(%)] < 2fv for all x¢ N, ; ;. We denote by N’ the union of
all the sets NV, ; ; as v varies and so do &, [ > k,; N’ has measure zero,
and we have, if &, [ >k, and xe X — N/, | fi(x) — fi(x)| < 2/v. We
derive from this that the sequence {f;} converges uniformly in
X — (N U N’); let f be its limit there; we may extend f by zero to
N U N’: we have | f(x)| < 4 in the complement of this set; but N U N’
is of measure zero. On the other hand, f is the limit almost everywhere
of the f;’s, therefore (Egoroff’s theorem) is measurable, hence belongs
to £=. It is evident that f is the limit of the f;’s in #*. Q.E.D.

COROLLARY. L* is a Banach space.

Let us consider the case where X is an open subset of R” and dx the
Lebesgue measure. The space of bounded continuous functions in X,
#°(X), is a linear subspace of #°(X). We have, for f e #%X),

(11.6) I fllz= = sxl;glf(x)\-

This is trivial to check. That the left-hand side, in (11.6), is at most
equal to the right-hand side is evident. On the other hand, given any
e > 0, there is a nonempty open subset £ of X such that | f(y)| >
Sup,.xl f(x)) — e for all ye 2. This implies immediately that the
supremum of | f(x)| on the complement of any set of measure zero (this
complement necessarily intersects 2) is >sup,l f(¥)] — e As e is
arbitrary, we derive (11.6). '

Also observe that two functions belonging to #%X) cannot be equal
almost everywhere without being equal everywhere. Thus (11.6) shows
that- the canonical homomorphism of £*(X) onto L*(X) induces an
isometry of #°(X) into L*(X). Now, it is quite obvious that #%X) is a
Banach space (cf. Example II); therefore, this isometry maps it onto a
closed linear subspace of L*(X). This subspace is not the whole of
L*(X): indeed, there are discontinuous .#* functions in X which are not
equal almost everywhere to a bounded continuous function! As we see
by comparing this with Theorem 11.3, the situation with respect to
approximation by continuous functions is very different in the case
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p = +oo from what it is in the case of p finite. This difference has
far-reaching consequences.

Let E be a normed space, and || || the norm on E. Let E’ be the dual
of E, that is to say the vector space of all continuous linear maps of E
into the complex plane. In view of the corollary of Proposition 7.7,
if f€ E’ there is a finite constant C > 0 such that, for all x € E,

(11.7) | f(x)] < Cll x|l

The infimum of the numbers C such that (11.7) holds (for all x) is
denoted by || f|. Given any x € E, we have
(11.8) BRI IFAIRX(F B

The student may check that we could have defined || f|| by either of
the two equalities below:

(11.9) Ifll=__sup_ 1S
(11.10) Ifll =, sup |-

Thus || f|| is the lowest upper bound of the function x ~ | f(x) | on the
unit sphere {x € E; || x| = 1} of E. From this follows immediately:

ProrosiTION 11.2. Let E be a normed space: f ~ || f|| is @ norm on the
dual E' of E.

Whenever we shall be dealing with a normed space E and we refer
to its dual E’ as a normed space, this will mean that we consider on E’
the norm defined by (11.9) or (11.10).

One should be careful not to think that there is always a point x of the
unit sphere of E in which | f(x)| = || f]|.

The notion of the norm of a continuous linear functional on a normed
space can be immediately generalized to continuous linear maps of a
normed space E into another normed space F. Let us denote by | ||
both norms in E and F, and let u : E— F be a continuous linear map.
From Proposition 7.7 it follows that there is a constant C = 0 such that,
for all x e E,

| w(x)| < Cll|.

Then again we define the norm of «, || # ||, as the infimum of the constants
C above. We have

(11.11) lull=_ sup | u(x)| i Il u(x)ll.

z€E, |21l <
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The absolute value of complex numbers has been replaced here by the
norm in F. Proposition 11.2 can be immediately extended, since here
again ||« || is defined as the lowest upper bound of a nonnegative function,
x ~ || u(x)||, on a set (e.g., the unit sphere of E), and that the nonnegative
function in question is obviously subadditive with respect to u.

Let L(E; F) be the vector space of all continuous linear maps of E
into F. Assuming that E and F are both normed spaces, whenever we
refer to L(E; F) as a normed space, it will be implicit that it carries the
norm defined by (11.11).

TuroreM 11.5. Let E and F be two normed spaces. Suppose that F is
complete. Then the normed space L(E; F) is also complete.

That the fact that E is complete or not should be irrelevant, in
connection with Theorem 11.5, is obvious: indeed, any continuous linear
map of E into F (assuming that F is complete) can be extended, in a
unique way, into a continuous linear map of E, completion of E, into F
(Theorem 5.2, (c) and (II)). Thus, the extension of mappings from E to £
defines an isomorphism, for the vector space structures, of L(E; F) into
L(E; F). We leave to the student the verification of the fact that this
isomorphism is an isometry (we recall that an isometry is a mapping which
preserves the norms).

Proof of Theorem 11.5. We must prove that L(E; F) is sequentially
complete. Let {u,} be a Cauchy sequence in L(E; F).For every ¢ > 0, there
is N(e), integer > 0, such that, for all v, u = N(e), |4, — u, ]| < e
Whatever be the continuous linear map u : E — F, we have (cf. (11.8)),

(11.12) forall xeE,  |u@)|<llulllxll

In particular, we shall have, for all x € E and all v, p == N(e),
(11.13) [ (%) — w2l < el x|l

This means that, for fixed x € E, the sequence {u,(x)} 1s a Cauchy
sequence in F. But F is complete, hence this sequence converges to,
some element of F, which we shall denote by #(x). This defines im-
mediately a mapping x ~ u(x) of E into F. Let us show that this mapping
1s linear.

Let x, y be two elements of E, arbitrary ¢ > 0, and select v sufficiently
large so as to have

lu(x) —ulx)| < e/3,  lluly) —u <ef3,
lwfx + y) — ulx + ) < /3.
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This is possible, since the u, converge pointwise to . Combining the
three preceding inequalities, we obtain that

| ux + y) — u(x) — u(y)| < e

As ¢ is arbitrary, we conclude that u(x + y) = u(x) + u(y). We use a
similar argument in order to prove that #(Ax) = Awu(x) for all x€ E,
AeC.

We prove now that u is continuous. Choose an integer N(1) sufficiently
large so as to have, for all » = N(1),

hu, —uywll <1,
which implies, for all x e E,
(%) — uyI < [l [l
Choose now ¢ > 0 and « arbitrarily. There exists v > N(1) such that
| u(x) — wx)l| < &
This implies
()l < w4+ & < luyo@l + 1=l + e < (luywl + Dilxll+¢

As ¢ is arbitrarily small, we conclude that

Hu@) < (Il ancoll + D12l

This means that # is continuous.

It remains to prove that the u, converge to « in the sense of the norm
of continuous linear maps. Here again, let ¢ > 0 be arbitrary; and let
N(e) be as chosen in relation with (11.13). Choose arbitrarily x € E,
[| | = I, and then take v = »(x) > N(¢) such that || u,(x) — u(x)] < e.
We have

| #nx) — )| < 1 w,(x) — w@)| + || ufx) — unE )l < 2e.
Since x is an arbitrary point of the unit sphere of E, it means that
| ey — ul) < 2e. Q.E.D.

CoROLLARY. Let E be a normed space. The normed space E’, dual of E,
is a Banach space.
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Exercises

11.1. Prove that, for ¢ > p, we have [? C [?and that the injection [? — [?is continuous
and has a norm equal to one.

11.2. Let o € I'. Prove that

oo = lim|a|r.
r—>o

11.3. Let E, F be two Banach spaces (with norms denoted by || {|), # a continuous
linear map of E into a Hausdorff TVS G, and j a continuous one-to-one linear map of F into
G. Let Ey, = {x € E; u(x) € j(F)}.

Prove that the norm on E, ,

% o~ |l 4 1 7)),

turns E, into a Banach space.

11.4. Let X be a set, and Z#(X; C) the space of complex-valued functions in X
equipped with the topology of pointwise convergence. Prove that #(X; C) is not normable
unless X is finite.

11.5. Let €=(R") be the space of continuous functions in R® which converge to zero
at infinity, equipped with the topology of uniform convergence on R", i.e., the topology
defined by the norm

¢ ~ sup | $(x)].
xeR®

Prove that €<(R") is a Banach space.
11.6. Let E = C? and| | the norm

L=, 8~ 8lo=sup(ilil ]

Let E, be the linear subspace {{ € C?; {, = 0}. For every {° € E, characterize the set
of { € E, such that

(11.19) 1g® — &l = inf I L° — {1
{'eE,

In particular, prove that, if {* ¢ E, , there is an infinity of points { with the above property
(11.14).

11.7. We keep the notation of Exercise 11.6 with one exception: the norm || || now
denotes a norm

Ll lla=08LIP+ LDV

with p << + oo. Prove that there is one and only one point { such that (11.14) holds.

11.8. Let E =1I®,|| | the norm ¢ ~ | ¢ |;», and lx the subspace of [* consisting of
the sequences ¢ = (o,)(n = 0, 1,...) converging to zero, i.e., such that ¢, —0as n — 4 co.
Let B be the closed unit ball of /o,

{oeloysup|a,] < 1}

Let B, be the subset of B consisting of the sequences having all their terms > 0. Finally,
let e be the sequence having all its terms equal to one. Prove:

(1) that B, is closed in [®;

(2) that the distance between B and e is exactly equal to one;
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(3) that the distance between e and every element of B, is exactly equal to one;
(4) that the distance between e and every element of B which does not belong to B,
is > 1.

11.9. A TVS E is said to be separable if there is a dense countable set in E. Prove that,
if a metrizable TVS E is separable, every noncountable subset 4 of E contains a converging
sequence.

11.10. Prove that L®(R!) is not separable (see Exercise 11.9).



12
Hilbert Spaces

Historically, the first infinite dimensional topological vector spaces
whose theory has been studied and applied have been the so-called
Hilbert spaces. They play a most important role in pure mathematics
(e.g., in the theories of boundary value problems, of probability, of
group representations), as well as in applied mathematics (e.g., in
quantum mechanics and in statistics). Although many functional spaces
are not Hilbert spaces, they can often be represented meaningfully as
union of subspaces which carry a Hilbert structure (most of the time,
finer than the structure induced by the surrounding space). The
knowledge of the properties of these “Hilbert subspaces” may reveal
important properties of the surrounding space, usually in relation with
existence and uniqueness of solutions of functional equations.

The reason for the impressive success of the theory of Hilbert space
is simple enough: they closely resemble finite dimensional Euclidean
spaces. This, in two respects: they are complete, as all the finite
dimensional TVS are; they carry an inner product, which is a positive
definite sesquilinear form (see below) and which, roughly speaking,
determines their properties. The usefulness of an inner product can best
be emphasized by recalling how useful are orthonormal bases in the
finite dimensional case (especially in relation with the diagonalization of
self-adjoint matrices).

We begin by recalling what is a sesquilinear form on a vector space E.
It is a mapping (», y) — B(x, y) from E X E into the complex plane, C,
with the following properties:

(1) B(x, + %, ,9) = B(x;,y) + B(%;,%);
B(x, y, + y,) = B(x, 1) + B(x, 32);

(2) B()‘x’ y) =2 B(x’ y);

(3) B(x,ly) = A B(x, ).

It is Property (3) which is responsible for the name sesquilinear: sesqui
means ‘‘one time and a half” in Latin; (2) means that, for fixed y, the

112
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map x ~ B(x, y) is kinear, whereas (3) says that, for fixed x, the map
y ~ B(x, y) is semilinear (if we had B(x, Ay) = A B(x, y), we would refer
to B as a bilinear form). The importance of Condition (3) is a direct
consequence of the importance of Hermitian forms. A Hermitian form B
is a form with Properties (1) and (2), and with the additional property:

(4) B(x,y) = B(y, x).

It is then obvious that B must also have Property (3) above and thus be
sesquilinear.

A sesquilinear form B on E is said to be nondegenerate if it has the
following property:

(5) If x€ E is such that, for all ye E, B(x,y) =0, then x = 0. If
y € E is such that B(x,y) = 0 for all x € E, then y = 0.

Examples in Finite Dimensional Spaces C*

The usual Hermitian product (4, {') = 44, + =+ + L, is a non-
degenerate Hermitian form on C».
The form

B, 0) =48 — LG,
is a nondegenerate Hermitian form on C? (it would be degenerate if

viewed as a form on C* with n > 2).

A sesquilinear form is Hermitian if and only if B(x, x)is a real number
for all x € E. It is obvious one way, just by applying (4) with y = x.
On the other hand, we have:

(121) B(x +y,x +y) — B(x, x) — B(y’y) = B(x’y) + B(yr x).

If the left-hand side of (12.1) is real for all x, y, so must be the right-hand
side, which shows that Im B(y, x) = —Im B(x, y). Apply (12.1) with
1y substituted for y. The left-hand side must again be real, and so must
be the right-hand side which is now, in view of sesquilinearity,

i[B(x,y) — B(y, x)].
This shows that Re B(y, x) = Re B(x, y), whence (4).

We shall essentially be interested, in this chapter, in positive definite
forms. These are sequilinear forms which satisfy the following condition:

(6) ForallxeE, x #0, B(x, x) > 0.
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In particular, positive definite sequilinear forms are Hermitian. They are
obviously nondegenerate.

We might also introduce nonnegative sequilinear forms, as we did in
Chapter 7 (p. 60). These are forms which satisfy:

(7) For all xe E, B(x, x) = 0.

A nonnegative sesquilinear form is nondegenerate if and only if it is
definite positive. One way, it is already known. The other way, our
statement follows from the next result, the celebrated Schwarz inequality
(or Cauchy—-Schwarz inequality):

ProposiTioN 12.1. Let B( , ) be a nonnegative sesquilinear form
on E. Then, for all x and y in E, we have

| B(x, y)I* < B(x, x) B(y, y)-
Proof. Since B is nonnegative, we have
(12.2) 0 < B(x + Xy, x + Ay) = B(x, x) + 2 Re[A B(x, )] + | A 2 B(3, 3).

It suffices then to take A = B(x,y)t. The right-hand side of (12.2)
becomes a polynomial in the variable t. Schwarz inequality expresses
the fact that this polynomial does not have two distinct real roots.

CoroLLARY. If B is nonnegative,
(12.3) x ~ B(x, x)1/2

is a seminorm on E. If B is positive definite, it is a norm.
Indeed, we have B(Ax, Ax)!/2 = | X | B(x, x)!/2, and

B(x + y, x + y)'/* < (B(x, ) + 2| B(», y)| + B(y, y))*/*
< B(x’ x)1/2 + B(y’ y)llz’

by Schwarz inequality.

We recall Definition 7.5: the pair consisting of a vector space E and
of a nonnegative sesquilinear form B on E'is called a (complex) pre-Hilbert
space.

Definition 12.1. The pair consisting of a vector space E and a positive
definite sesquilinear form B on E is called a complex Hausdorff pre-Hilbert
space.

Let (E, B) be a pre-Hilbert space which is not Hausdorff. Let IV be
the subset of E consisting of the vectors x such that B(x, y) = O for all
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y € E. Because of Schwarz inequality, this subset NV is exactly the kernel
of the seminorm (12.3). The quotient space E/N can then be regarded
as a normed space. Observing that, if x, ye E and z€ N,

B(x + =, y) = B(x’y)’

we derive that there is a canonical sesquilinear form B on E/N: if ¢ is
the canonical map of E onto E/N, we have

B(#,9) = B(x,y)  if =¢(x), y=4¢0).
Then B is positive definite, and the norm of E/N is nothing else but
%~ B(#, %)L/,

We say that (E/N, B) is the Hausdorff pre-Hilbert space associated with
the pre-Hilbert space (E, B).

Let (E, B) be a pre-Hilbert space; we may then regard F as a TVS:
we consider on E the topology defined by the seminorm (12.3). When we
speak about the topology, or the TVS structure, of a pre-Hilbert space
(E, B), it will always be in this sense, unless we specify otherwise.

Definition 12.2. A Hausdorff pre-Hilbert space which is complete is called
a Hilbert space.

Given a normed space (E, || [|), one could ask the following question:
is it a (Hausdorff) pre-Hilbert space ? In other words, is there a positive
definite sesquilinear form B( , ) on Esuch that,forall xe E, || x| =
B(x, x)/2? If this is true, we say that the norm || || of E is a Hilbert
norm. The answer to our question is provided by the following result:

PropPoOSITION 12.2. The norm || || on the space E is a Hilbert norm if
and only if the following relation holds, for all x, y € E,

(HN) [l +NyIP=24(lx+yI*+Ix—yI?).

Proof. If the norm || || is given by (12.3), we derive immediately (HN)
from (12.1). Conversely, suppose that (HN) holds and set

Rix,y) =Hllx +y 1P —llx —yIP),

Jx,y) = 4(lx + |2 — 1l x —dy|P).
Then
B(x, y) = R(x, y) + i J(x, y)

is a sesquilinear form on E, as easily verified, and the norm || || is equal
to (12.3). Q.E.D.
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Let now (E, B) be a Hausdorff pre-Hilbert space, and || || its norm
(12.3). Let E be the normed space which is the completion of the normed
space (E, || ||). In virtue of the continuation of the identities, (HN) holds
in E, hence the norm of E is a Hilbert norm; let B be the positive definite
sesquilinear form on £ associated to its norm. It is immediate that B
extends B; (E, B) is a Hilbert space, which is called the completion of
the Hausdorff pre-Hilbert space (E, B).

We could have proceeded otherwise: as easily seen, (x, ¥) ~ B(x, y) is
a separately uniformly continuous function on the product TVS E X E,
hence has a unique extension to the completion of E x E, which is
canonically isomorphic to E x E; this extension is the form B and
turns E into a Hilbert space.

We shall now introduce the anti-dual of a TVS E. It is the vector space
(over the field of complex numbers) of the continuous mappings f of E
into the complex plane, C, which have the following properties:

(1) flx +3) =f*) + f(»);
(2) fOx) = Af(x).

We shall denote by £’ the anti-dual of E; its elements will be called
continuous antilinear forms (or functionals, or semilinear forms or
functionals) in E. We underline the fact that £’ is a vector space: if
f€ E’, the product of f by a scalar is meant in the usual sense: (Af )(x) =
Af(x). Of course, there is a canonical mapping of E’ onto £’, which is
one-to-one, onto and antilinear: to a continuous linear functional f on
E it assigns the continuous antilinear functional x ~ f(x) on E.

Let (E, B) be a pre-Hilbert space, not necessarily Hausdorff, not
necessarily complete. Consider the following mapping:

(12.4) x ~ (y ~ B(x, y)).

It is a mapping of E into the anti-dual of E. Indeed, for fixed x € E, the
antilinear functional

(12.5) y ~ B(x, y)

is continuous, as follows immediately from Schwarz inequality. Let us
denote by & the mapping (12.5). Then (12.4) can be written x ~ & This
latter mapping is one-to-one if and only if B is nondegenerate, that is
to say positive definite. At any event, we call it the canonical mapping of
(E, B) into the anti-dual £’ of E. It is one-to-one if and only if (E, B) is
Hausdorff. The fundamental theorem of the theory of Hilbert spaces
states that it is onto if and only if (E, B) is a Hilbert space (i.e., is
Hausdorff and complete). When E is a Hausdorff pre-Hilbert space,
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we may regard it as a normed space (the norm is given by (12.3)), and
we can also regard its dual as a normed space, which moreover is a
Banach space (Corollary of Theorem 11.5). The fundamental theorem
of Hilbert spaces states that x — £ is an isometry of the Hilbert space
E onto its anti-dual, E’. This is the theorem that we are now going
to prove, and which is often summarized (quite incorrectly) by saying
that a Hilbert space s its own dual.
The proof is based on the following important theorem:

TueoreM 12.1. Let (E, B) be a Hausdorff pre-Hilbert space, and K a
nonempty convex complete subset of E. To every x € E, there is a unique
point x, of K such that

hx — x| = infllx —yI.

We have used the notation
| x|l = B(x, x)'/2;

we shall do this systematically from now on.

Proof. Let us set

d=infllx —yl.

We denote by 4,, (n = 1, 2,...) the subset of K consisting of the points y
such that

lx —yll<d+ 1n

By definition of inf and of 4, none of these sets 4, is empty; as 4,,,, C 4,,,
they form a basis of a filter on K. By using the geometry defined on E
by the form B( , ) and the convexity of K, we are going to show that
the filter generated by the 4,, is a Cauchy filter. The completeness of K
implies then that this filter has a limit, necessarily unique, which will be
the point x, that we are seeking.

Let ¢ > 0 be given arbitrarily. We must show that there is an integer
N(e) = 0 such that, if n, m > N(e), given any points y,, of 4, and y,,
of A,,, we must have

Hyn —_ym“<5-

The argument, at this stage, is purely two-dimensional: everything takes
place in a plane P containing %, ¥, , ¥, . And because of the properties
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of the sesquilinear form B, the geometry in P induced by the surrounding
space E is the usual one. Consider the circumference I' of radius 4 and
center x. As y, and y,, get arbitrarily close to I', while remaining in the
exterior of it, and because of the fact that they belong to one and the
same convex closed set, they must get arbitrarily close to each other.
This argument is formalized as follows. We have

(12.6) I 3l(x — ) + (2 — ¥ )P + 11 3(¥n — ym)?
=3llx =y P+l — ym )

(This follows immediately from (12.1), applied with x — y,, instead of x
and x — y,, first, — (¥ — y,,) next, instead of y.) Because of the convexity
of K, we have ¥(v, + y,) €K, thus

Taking into account how y, and y,, were chosen, we derive, from (12.6),
1\2 12
2 b

1 L
m m

1 1
=8d(,+ ) +2 (o +
which easily implies what we wanted.

Definition 12.3. The point x, in Theorem 12.1 is called the orthogonal
projection of x into the complete convex set K.

We may now prove easily the fundamental theorem of Hilbert spaces.
In order to make clear the situation, we state a result about pre-Hilbert
spaces which contains some of the statements on p. 116:

ProprosITION 12.3. Let (E, B) be a pre-Hilbert space. The mapping (12.4),
x ~ X1y ~ B(x,y),

is a linear map of E into its anti-dual, E'. Let us regard E' as a normed space,
with the usual norm of antilinear continuous functionals (see (11.9) and
(11.10)). Then (12.4) is a continuous linear -map of E into E'. It is an
tsometry into if and only if E is Hausdorff,i.e., B( , ) is nondegenerate
(i.e., positive definite).

That & is a continuous antilinear form on E follows immediately from
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Schwarz inequality, as we have already said. Also from Schwarz
inequality it follows that

%l = Sup, | B(x, y)l < |l = 1l,

whence the continuity of x ~ £. Suppose now that E is Hausdorff, and
let x be %= 0. Take y = «x/|| x{. We have ||y | = 1, and

B(x,y) =l =,

which, by (11.10), implies that {| #|| = || x||. As £’ is a normed space, in
particular is Hausdorff, if (12.4) is an injection, E itself must be
Hausdorff, hence B must be nondegenerate.

Here now is the fundamental theorem:

‘TuHeoreMm 12.2. Let (E,B) be a Hausdorff pre-Hilbert space. The
canonical isometry of E into its anti-dual, E', i.e., the mapping (12.4),
is onto if and only if (E, B) is a Hilbert space.

Proof. One way, the statement is obvious. The normed space E'
which, by complex conjugation of linear functionals, is nothing but a
copy of the normed space E’, is complete (corollary of Theorem 11.5).
If E is to be an isometric image of E’, E also has to be complete.

Conversely, let us assume that E is complete. By Proposition 12.3, we
know that (12.4) is an isometry into; we must show that it is onto, in
other words that, given any continuous antilinear functional f on E,
there is an element x; of E such that, for all y € E,

f(y) = B(x;, y)-

Let H be the kernel of f supposed to be # 0. Since f is continuous,
H is a closed hyperplane of E (Exercise 9.4, Proposition 9.4); in
particular, H is a closed convex set. As E is complete so is H. Let x € E,
x ¢ H. By Theorem 12.1, x has a unique orthogonal projection, x, , in H.
As x ¢ H, we have x 7+ x; .

We claim that x — x, is orthogonal to H, that is to say that, given any
y € H, we have

B(x — %, ) —O.
Indeed, we have, for all numbers ¢ > 0,

0< )l —x — 2| —llx — %7 = —22 Re B(x — %o, ) + 3y 7,
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whence
2Re B(x — %, ) < Uy I*
Replacing there y by —y, then by +iy (i = (—1)'/2), we obtain
| B(x — x0, )| < Uy %
Taking ¢ — O shows that x, — x is orthogonal to y.

Let us go back to our functional f. We cannot have f(x — x,) = 0,
since H = Ker f, and we cannot have x — x,€ H. Let us set 2 =

[flx — %) (x — x,).

Fic. 1

Let now y be any vector in E. We may write y = y; + f(¥)z, and it
is clear, since f(2) = 1, that

) =1f(») —f(»)f(z) =0, e, y,eH.
Then
B(z, y) = B(z, 1) + f(y) B(2, 2) = f(y) B(z, 2).
It suffices then to take
x; = (B(z, 2))7 2. Q.E.D.

Let us go back to Theorem 12.1. A closed linear subspace M of E is,
in particular, a closed convex subset of E. Therefore, given any point
x of E, we may consider its orthogonal projection (Definition 12.3) into
M, which we denote by P, (x). We call P,, the orthogonal projection
into M. It maps E onto M, its restriction to M is the identity mapping
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of M. It is of norm exactly equal to one. Furthermore, P,, is a projection,
that is to say,

(12.7) Pt —pP,.
The mapping P,, is self-adjoint, that is to say,
(12.8) B(Ppx, y) = B(x, Ppy).

(A linear map u of a pre-Hilbert space (E, B) into itself is self-adjoint
if B(u(x), y) = B(x, u(y)) for all x, y € E). The kernel of P, is the
orthogonal of M, M° (two vectors x, ¥ of E are orthogonal when
B(x,y) = 0; two sets A and B are orthogonal if, for all xe 4, y € B,
we have B(x, y) = 0). We have the direct sum decomposition of E,

(12.9) E=M@ Mo

Here the symbol @ means that the two subspaces which are factors in
the direct sum are orthogonal; this is usually expressed by saying that it
is the Hilbert direct sum, or Hilbert sum.

Equation (12.9) has a very important implication: in a Hilbert space E,
a closed subspace M always has a supplementary, which means that there
always is another linear subspace of E, N, also closed, such that
E = M + Nand M n N = {0}: we may take N = M?, orthogonal of M.
This feature of Hilbert space is exceptional among TVS and even among
B-spaces.

A set of vectors S is said to be orthonormal if || x| = 1 for all x€ S,
and if B(x, y) = 0 (i.e.,, ¥ and y are orthogonal) for all x, y €.S such
that x % y. An orthonormal set of vectors S in a pre-Hilbert space
(E, B) is called an orthonormal basis of E if the vector space spanned by S
is dense in E.*

Let us keep considering a Hausdorfl pre-Hilbert space (E, B). We
recall the following results (without proof; the student may try to prove
them: they are not difficult consequences of the previous theorems):

THEOREM 12.3. Let S be an orthonormal set in E, and Vs the closure of
the linear subspace spanned by S. Then the following facts are true:

(1) ForallxeE,

(12.10) Y. | B(x, e)|2 < || x|> (Bessel’s inequality),

ecS

tIf dim E = + o0, an orthonormal basis of E is not a basis in the algebraic sense: one
cannot express every vector of E as a finite linear combination of vectors belonging to B.
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from which it follows that the subset S, of S consisting of the
elements s of S such that B(x, s) # 0 is countable.

(2) For x € E, the following properties are equivalent:
(a) xeVg
(b) in (12.10) the sign << may be replaced by equality, = ;

(c) the series 3.5 B(x, €)e converges (with respect to the norm
|| | of E), and we have

x =) B(x,ee.
ecS
(3) If Vs is complete, then, for all x € E, the series Y ,.s B(x, e)e
converges, and we have

Pyx) =Y B(x, ee,

eeS

|| Pyg(x)2 = Y, | B(x, €)]* (Parseval’s identity).

ecS

Let S be an arbitrary set. Let us denote by /%(.S) the set of complex-
valued functions A defined in S such that

(12.11) Y [ As)E < +oo.

LAY

If a function A on S belongs to [%(S) it vanishes identically on the
complement of some countable subset of S (i.e., its support is countable;
we have put on S the discrete topology so that every subset of S is
closed: the support of a function is then the set in which it is different
from zero). We take as norm of A € [2(S) the square root of the left-hand
side of (12.11). It is easily seen that this norm, which we denote by || |,
satisfies (HN) (Proposition 12.2); it is therefore defined by a positive
definite sesquilinear form, which is in fact

Alw) = Y As) puls).

€S

One can prove easily that /%(S) is complete, i.e., is a Hilbert space.
From Theorems 12.1 and 12.3 the next result follows easily:

THEOREM 12.4. In a Hilbert space (E, B), there is always an orthonormal
basis. Furthermore, given any orthonormal subset L of E, there is an
orthonormal basis of E containing L.
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Let S be an orthonormal basts of the Hilbert space E. To every x € E

there corresponds a complex-valued function, defined in S, namely the
function

fois ~ B(x, s).
The mapping

x wfa:
is a linear isometry of E onto I¥(S).

From Theorem 12.4 follows immediately that an orthonormal set S
in E is an orthonormal basis of E if and only if, for any x € E, B(x, s) = 0
for all s € S implies x = 0.

Examples of Hilbert Spaces
I. The space /2 of complex sequences o = (v,) such that
2 o2 < +oo.
n=0

The inner product (that is to say the sesquilinear form that turns /2into
a Hilbert space) is

<]
(0|T)= Z OnTp -
n=0

II. The space L2 (cf. Chapter 11, Example IV): this is the space of
(classes of) square-integrable functions f (with respect to some
positive measure dx on a set X). The inner product is given by

(f18) = | f(=)£() dx;

the norm is therefore

£l = ([ 16mas)

It is the recognized importance of the space L? (at first, with respect to
the Lebesgue measure on open subsets of R” and later on, with respect
to general measures) that has been the starting point of the Hilbert
space theory.

III. Any finite dimensional space C*® with the usual Hermitian
product.
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Remark 12.1. An isomorphism of a normed space (E, p) onto another
normed space (F, ¢) is a linear mapping « of E onto F such that, for all
xeE,

q(u(x)) = p(*),
in other words it is a linear isometry of E onto F (such a mapping is
obviously one-to-one).
Similarly, one may define an isomorphism of a pre-Hilbert space
(E, B) onto another pre-Hilbert space (E,, B,) as a linear map u of E
onto E, , one-to-one and such that, for all x, ye E,

Bi(u(x), u(y)) = B(x, y).

If now both (E, B) and (E,, B,) are Hausdorff, i.e., if the sesquilinear
forms are positive definite, we may regard them as normed spaces. It
follows immediately from Identity (HN) that an isomorphism of E onto
E, in the sense of the normed space structure or in the sense of the
Hausdorff pre-Hilbert structure are one and the same thing.

Remark 12.2. A linear subspace M of a pre-Hilbert space E is naturally
equipped with a structure of pre-Hilbert space: it suffices to take the
restriction B|M to M of the inner product (x,y)~ B(x,y) which
makes out of E a pre-Hilbert space. If (E, B) is Hausdorff, so is
(M, B{M). If (E, B) is a Hilbert space and M closed, then (M,B|M) is
also a Hilbert space.

Remark 12.3. If (E,, B,) and (E,, B,) are two pre-Hilbert spaces, one
turns the product vector space E; X E, into a pre-Hilbert space by
considering on it the sesquilinear form

B((x1 5 %), (315 ¥2)) = By(y, 31) + B3, ¥2)-
The latter is called the product pre-Hilbert space of the two given ones.

Exercises

12.1. Let u be a continuous linear map of a Hilbert space E into itself which is a self-
adjoint projection (see (12.7) and (12.8)). Prove that u is the orthogonal projection of E
onto a closed linear subspace M of E.

12.2. Let E be a Hilbert space (over the field of complex numbers), not reduced to
{0}. Prove that the topology of E can be defined by a norm which is not a Hilbert norm
(cf. Proposition 12.2).

12.3. Let E, F be two Hilbert spaces. Prove that there is a unique Hilbert norm on the
product E x F with the following properties:

(a) the topology defined by this norm is the product topology;

(b) the canonical projections on the ‘“‘coordinates axes”’ E and F are exactly of norm
one.
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12.4. Let E,F be two Hilbert spaces, G an arbitrary Hausdorff TVS, u: E — G
a continuous map, and j : F — G a continuous linear injection. Prove that there exists
a Hilbert norm || |} on the linear subspace of E,

H = {x € E; u(x) € j(F)},

with the following properties:

(a) the natural injection of H into E is of norm < 1;

(b) the mapping j~' Ou: H — Fis of norm < 1;

(c) with the norm || i, H is a Hilbert space.

12.5. Let (E, x E,, B) be the pre-Hilbert space, product of two pre-Hilbert spaces
(E,, B)), (E,, B,) (see Remark 12.3). Prove that (E, x E,, B) is Hausdorff if and only if
both (E; , B;) are Hausdorff, and that it is a Hilbert space if and only if both (E;, B;) are
Hilbert spaces (j = 1, 2).

12.6. Let (E, B) be a Hilbert space, and M a closed linear subspace of E. Show that
there is a canonical structure of Hilbert space on the quotient vector space E/M. Prove
that this structure has the following properties:

(a) the quotient topology on E/M is the topology associated with the canonical

Hilbert space structure;

(b) let¢ : E — E/M be the canonical map; then the restriction of ¢ to M?°, orthogonal
of M in E (equipped with the Hilbert space structure induced by E, i.e., with the
restriction of B to M?), is an isomorphism (for the Hilbert space structures) onto
E/M.

12.7. A TVS E is said to be separable if there is a countable subset of E which is
everywhere dense. A pre-Hilbert (E, B) is said to be separable if the “underlying’” TVS E
is separable. Prove that a Hilbert space (E, B) is separable if and only if it has a countable
orthonormal basis (cf. p. 121), i.e., if and only if there is an isomorphism of (E, B) onto
the Hilbert space /2 (isomorphism for the Hilbert space structures).

12.8. Quote a theorem on Fourier series which implies that the exponentials
t o~ gkt k=0, £1, £2,..,
form an orthonormal basis in L([0, 1]).
12.9. For every n-tuple p = ( py ,..., p») € N, let us set
hy(x) = expll x |*](8/8x,)? -+ (8/0x,)" exp[ —w| x *].

Prove that, as p ranges over N*, the functions 4, are pairwise orthogonal in L R"). (One
can prove that, for a suitable choice of the constants «, > 0, the functions a,k, form an
orthonormal basis in L2(R"®). This implies that L%(R") is separable; cf. Exercise 12.7.)

12.10. Let (E, B) be a Hilbert space, and S an orthonormal set in E. Prove that, if
dim E = + o0, there is x € E such that the series

Z B(x, s) s
EAY

does not converge absolutely in E, i.e., we have
Y Blx, s) (B(s, ))1* = +o0.
€S

(Hint: by using Theorem 12.4, prove that, if the preceding assertion were not true, we
would have
2=10n)
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Spaces LF. Examples

Let E be a vector space over the field of complex numbers. Let us
suppose that E is the union of an increasing sequence of subspaces E, ,
n =1, 2,..., and that on each E, there is a structure of Fréchet space
such that the natural injection of E, into E,,, (we have E,CE, ) is
an isomorphism, which means that the topology induced by E, ., on E,
is identical to the topology initially given on E, . Then we may define
on E a structure of Hausdorff locally convex space, in the following way:
a subset V of E, assumed to be convex, is a neighborhood of zero if and
only if, for every » = 1, 2,..., VN E, is a neighborhood of zero in the
Fréchet space E, . When we provide E with this topology, we say that
E is an LF-space or, equivalently, a countable strict inductive limit of
Fréchet spaces, and that the sequence of Fréchet spaces, {E,}
(n = 1, 2,...), is a sequence of definition of E. A space LF may have several,
and in fact infinitely many, sequences of definition, as will soon be
clear in the examples.

Let {E,} be a sequence of definition of an LF-space E. Each E, is
isomorphically embedded in the subsequent ones, E,,,, E, ,,,.... But a
priori we do not know if E, is isomorphically embedded in E, in other
words if the topology induced by E on E, is identical to the topology
initially given on E, . If U is a neighborhood of 0 in E, it contains a
convex neighborhood of zero ¥V in E, and V N E, must be a neighbor-
hood of zero in E,; this means that the topology induced by E on E,
is less fine than the original topology of E, . That it is identical to the
original topology will be a direct consequence of the following lemma:

LemMa 13.1. Let E be a locally convex space, Ey a closed subspace of E,
U a convex neighborhood of O in E,, and x, a point of E which does not
belong to U. Then there exists a convex neighborhood V of O in E, not
containing x, and such that VN E; = U.

Proof. In the statement, E, carries the induced topology. Therefore
there is a neighborhood of zero, W, in E, such that U= WNE,.

126



SPACES LF. EXAMPLES 127

The trouble is that W may not be convex and that it may contain x,;
we shall modify W in such a way that this does not happen. First of all,
W contains a convex neighborhood of zero W, in E. Let W, be the
convex hull of U U W,; we claim that

(13.1) WinE,=U (of course, we have U C W, N E,).

Indeed, let x € W; N E; since x € W, , we may write x = ty + (1 — t)z
with 0 <t <1, ye U, and ze W,. If t =1, x = y belongs to U; if
t <1, we have 2= (1 —t)Y(x —ty)e E;, hence ze WyNE,C
W N E, = U; but as U is convex, we must then also have x € U. This
proves (13.1).

We must now ‘“‘cut down” W so that it does not contain x, . However,
if xy € E, , there is nothing to be done since x, ¢ U: it suffices to apply
(13.1). Let us therefore suppose that x, ¢ E,. Consider the quotient
space E/E; and let ¢ be the canonical mapping of E onto E/E,; the
quotient space is a Hausdorff locally convex TVS, and we have ¢(x,) 7 0.
Choose a convex neighborhood of zero in E/E, which does not contain
é(x,); its preimage 2 is a convex neighborhood of E,, and therefore
also of 0, in E, which does not contain x, ; the neighborhood of zero
V = W, N Q2 fulfills all the requirements of the Lemma (see figure).

" ox

MA\ °
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Let us show now how Lemma 13.1 implies the result that E, strict
inductive limit of the F-spaces E, , induces on each E, the initially
given topology. Let U, be an arbitrary (convex) neighborhood of Q in
E, . There exists a convex neighborhood of zero U,,, such that
U ni1 M E, = U,: this follows from Lemma 13.1. By induction on n,
we see that, for every & = 1, 2,..., there exists a convex neighborhood
of zero U,,; in E,,, such that

Upie N Enpey = Upiir -
If we set

U= U U’n+k1

k=0
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we see that U N E, = U,,; furthermore, U is a neighborhood of zero
in E since U N E,, is a neighborhood of zero in E,, for all m.

ProposiTiON 13.1. Let E be an LF-space, {E,} (k = 0, 1,...) a sequence
of definition of E, F an arbitrary locally convex TVS, and u a linear map
of E into F. The mapping u is continuous if and only if, for each k, the
restriction u|E, of u to E,, is a continuous linear map of E, into F.

Proof. Suppose that u : E — F is continuous. Let V be a neighborhood
of zero in F; u=(V) contains a convex neighborhood of zero U in E.
For each &, U, = U N E, is a neighborhood of zero in E; , and we have

Uy =u (V)N E, = WE) (V).

Suppose now that, for each k, u|E, : E;,, - F is continuous. Let V' bea
neighborhood of 0 in F. We use now (for the first time) the fact that F
is locally convex, for we might then assume that ¥, hence also u=1(V),
is convex. But, for each &,

u V)N E, = | E)-YV).

is a neighborhood of zero in E; . Thus u~!(V), being convex, must be
a neighborhood of zero in E. Q.E.D.

CoRrOLLARY. A linear form on E is continuous if and only if its restriction
to every E, is continuous.

These results have a great simplifying value when applied to the
theory of distributions, as will be shown.

Remark 13.1. Unless E = ind lim,, E, is a Fréchet space, E is never a
Baire space. Indeed, each E, is a complete, therefore closed, linear
subspace of E (we are using here the fact that the topology induced by E
on E, is the one initially given on E, : otherwise we could not assert in
all generality that E, is closed in E). Thus E is a countable union of
closed subsets, the E,’s: one of these, say E, , ought to have an interior
point x,, if E were to be a Baire space.

As x —x — x4 i1s a homeomorphism of E onto itself, the origin should
also be an interior point of E, ; in other words, E, should be a neighbor-
hood of the origin. As a neighborhood of zero is absorbing, E, should
be absorbing. As E, is a linear subspace, this would imply imme-
diately that E, = E. But this would mean, in particular, that E is an
F-space.

Remark 13.2. Let E be an LF-space, {E,} a sequence of definition of E,
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and M a closed linear subspace of E. It is not true in general that the
topology induced on M by E is the same as the inductive limit topology
of the F-spaces E, N M. One should be careful not to overlook this fact
(the author has made the mistake a few times in his life and so also have a
few other utilizers of the LF-spaces!).

THeoREM 13.1.  Any space LF is complete.

Proof. Let E be a space LF, {E,} (n = 1, 2,...) a sequence of definition
of E (see p. 126), % a Cauchy filter on E. The collection of sets M + V,
as M runs over % and V runs over the filter of neighborhoods of 0 in
E, is a basis of filter on E, since

MAM + VAV CM+ VYn (M + V');

let  be the filter that it spans. It is a Cauchy filter. Indeed, let U be an
arbitrary neighborhood of 0 in E, ¥ another neighborhood of zero such
that ¥V + V — V C U, M a set belonging to & such that M — M C V;
then

M+V)—(M+V)CM—M+V —VCU.
Observe that % is finer than ¥. We shall then prove the following
assertion:

(13.2) There is an integer p = 1 such that none of the sets AN E, ,
as A runs over ¥, is empty.

This will imply Theorem 13.1. Indeed, if none of the sets ANE, is
empty, they form a filter &, on E, ; since the topology induced by E
on E, is identical with the original topology of E,, %, is a Cauchy
filter, and since E,, is a Fréchet space, ¥, converges to an element x
in E, . It is clear that x is an accumulation point of ¢, which therefore

converges to x; a fortiori, .# converges to x.

Proof of (13.2). We shall suppose that (13.2) is false and show that
this leads to a contradiction. Thus, suppose that, for every n = 1, 2,...,
there is A, = M, + V, € 4 which does not intersect E,, . By shrinking
A, if necessary, we may assume that each neighborhood of zero ¥V,
is convex and balanced, and that V, C V,_; for all » > 1. Let, then,
W, be the convex hull of

V,ul) (VeNEy).

k<n

I contend that M, + W, does not intersect E, . If it did, there would
be xeM,, yeV, and 2€ E,_; such that x + ty + z € E, for some
number ¢, 0 < ¢ < |; but ty e V, as this set is balanced, and z € E,, ;
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therefore, x + tye (M, + V,) would belong to E contrary to our
choice of 4, . Now call W the convex hull of Uk_l(Vk NE) As W
is convex and as W N E, contains V', N E, for all k, W is a neighborhood
of 0 in E. On the other hand, since the sequence {V,} is decreasing,
we have, for all n,

V.U U (VN EYD U (VN Ep),

k<n k=1

hence W C W, for all n. Now, since & is a Cauchy filter, we may find
a set B € # such that B — BC W C W, (for all n). But we must have,
for all n, BN M, # O, hence B — (BN M,)C W, , hence

BCW,+((BAM)CW,+ M,.

This demands that BN E, = @ for all n, i.e, B = 0, which is
impossible. Q.E.D.

Example I. The space of polynomials

Let us denote by C[X] the vector space of polynomials in 7 letters
X = (X;,..., X,,) (or in n variables, if the reader prefers) with complex
coefficients. This vector space has a canonical algebraic basis, the
monomials

XP::X:I "‘X:n, P =(p1 ,...,p”)eN”.

(We recall that N™ is the set of vectors of R® whose coordinates are
nonnegative integers.) Any polynomial is a finite linear combination of
the monomials X?. Let &} be the vector space spanned by the X7
such that [p|=p, + -+ + p, < m. The elements of Z™ are the
polynomials of degree <m. The degree of a polynomial P(X) is the
smallest integer m such that P(X) e #; we shall denote by deg P this
integer. An elementary computation shows that there are exactly
(™™ monomials X? such that | p | < m, in other words

dim Z7 = (m + n)!/(m!n!).

Let P(x) be a polynomial,
PX)= Y c,X¢

|P| < degP

It is obvious that P can be viewed as a function on the set N™: precisely
the function which, to each p, assigns the value ¢, if | p | < deg P and
equal to zero otherwise. Note that this mapping of polynomials into
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functions on N™ does not preserve multiplication: the function corre-
sponding to the product of the polynomials is not the product of the
functions corresponding to each one of these polynomials (we shall see
later that multiplication of polynomials is transformed into convolution
of functions). At any event, if we put on N™ the discrete topology and we
note that every set is closed in this topology, we see that the functions
corresponding to polynomials are exactly the functions with compact
support: a subset of N* is compact if and only if it is finite. Arbitrary
functions on N correspond (via the coefficients) to formal power series;
it is obvious that we can regard C[X] as a vector subspace,or even as a
subalgebra (or a subring) of the space C[[X]] of formal power series in
n letters (with complex coefficients). '

Being a finite dimensional vector space, &, carries a unique Hausdorff
topology, for which it becomes an F-space. We may then view C[X] as
the union of the F-spaces Z asm = 0, 1, 2,..., and provide it with the
inductive limit topology; thus C[X] becomes a space LF. It should be
noted that the topology thus defined on C[X] is strictly finer than the
topology induced on C[X] by C[[X]], when the latter carries the
topology of simple convergence of the coefficients (Chapter 10,
Example III).

Example II. Spaces of test functions

Let Q be a nonempty open subset of R*. Let us denote by F(£2) any
one of the following spaces:

EHQ), 0<k<o, €(Q), LHQ) (1<p< +oo).

The first ones, €¥(R2), 0 < k < + o0, are F-spaces; the last ones, L?(2),
are B-spaces. The space L%(Q2) is a Hilbert space.

Let K be a compact subset of £2, which means that it is bounded and
closed in R* and that its closure is contained in 2. Consider the subset
of F(£2), denoted by F(K), consisting of the functions f whose support
lies in K; it should be recalled that the support of f, supp f, is the closure
in 2 of the subset

{x € £2; f(x) # 0}

It may of course happen that F(K) contains only the function zero
(i.e., the function identically equal to zero). This happens for instance
when F(2) = €°(Q) (or, for that matter, when F(£2) is any of the spaces
considered above), and K contains a single point (or has Lebesgue
measure zero). At any event, F(K) is always a linear subspace of F(£2)
and it is easily seen that it is always closed: for if a sequence of functions
{fi} converges to a function f in any of the spaces above, chosen as
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F(Q), and if the f, all vanish in the open set 2 — K, then obviously
their limit must also vanish in 2 — K. Thus, regarded as a subspace of
F(Q), F(K) is an F-space, i.e., it is complete. When F = L?, then F(K)
is even a B-space, and it is a Hilbert space when F = L2. This turns out
to be true also when F = %% for 0 < k << + o0. Indeed, it is fairly
obvious in this case that the topology of F(K) can be described by the

single norm
¢ - sup (sup | (9% (3
pl< xeR®

This is equivalent with saying that, when functions are required to have
their support in some fixed compact set K C £, it amounts to the same
to ask that they converge uniformly on the whole space or on every
compact subset of Q.

When F = €, it is not any more true that F,(K) is a B-space (outside
of the case where it is zero); it is an F-space which, as will be seen in the
following chapter, is not normable.

Notation. We shall adopt the following notation:
when F(Q) = €%(Q), 0 < k < + o0, we write €¢(K) for F(K);
when F(Q) = L?(Q2), 1 < p < +o0, we write LP(K) for F(K).

We leave to the student the verification of the fact that LP(K) is the same
thing as the space normally denoted in that way, that is to say the
B-space of classes of functions almost everywhere defined in K, Lebesgue
measurable, and L?. We may now consider the union of the subspaces
F(K) as K varies in all possible ways over the family of compact subsets
of 2. We denote by F(£2) this union; it is a vector subspace of F({2),
precisely the subspace consisting of all the functions belonging to
F(82) which have a compact support. This is what the subscript ¢ is meant
to indicate. We shall not put on F(£2) the topology induced by F(£2),
but a finer one, which will turn it into a space LF. We proceed as follows:

We consider a sequence of compact sets K, C K, C--CK,C--CQ
whose union is equal to 2. It might even be advantageous, for further
purposes, that the K; be chosen so as to be the closures of (relatively
compact) open subsets of 2, and such that K; be contained in the interior
of K., . That such sequences of compact sets do exist has already been
proved (Lemma 10.1). The space F(£2) can then be regarded as the
union of the spaces F(K;) for j = 1, 2,...; this is simply saying that an
arbitrary compact subset K of 2 is contained in K; for sufficiently large j.
Because of our way of defining the F-spaces F(K), we see that F(K;,,)
induces on Fy(K;) the same topology as the one originally given on
F(K;) (i.e., the one induced by F(2)). Thus we may provide F,(£2)
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with the inductive limit of the topologies of the F-spaces F(K}). It is an
easy matter to check that this topology does not really depend on the
choice of the sequence of compact sets {K;} (provided they fill £2). With
this topology, F,(£2) becomes an LF-space.

Notation. We shall write €%(£2), €2(£2), and L?(Q2) for F,(£2) when
F is meant for €%, €, and L?, respectively. The topology just defined
on F,(£2) will be called the canonical LF topology.

The space €2(£2) plays a basic role in the theory of distributions;
its elements will be called test functions (they are the €* functions with
compact support in £2). A distribution in £ is nothing else but a con-
tinuous linear functional on €7(£2) when the latter carries the canonical
LF topology.

ProrosiTiON 13.2. We have the following continuous injections:
E(Q) > Q) —> € Q) > LR) (0 <k < +0)

and
L) > LP(R) > LYQ) » LYR) (1 < p < +oo).

Proof. If we want to prove that we have a continuous injection
F(2) — G,(£2), where F and G are two functions spaces of the type
above, it suffices to show that we have a continuous injection
F(K) — G(K) for each compact set K C £, for after having shown this
it will suffice to apply Proposition 13.1. The statement relative to the
upper sequence becomes evident. The one about the lower sequence
follows from Hélder’s inequalities, which will be proved only later
(Chapter 20) but which the student probably knows already. Let p, ¢
be two real numbers, 1 < p << ¢ < +o0. Let us denote by yx the
characteristic function of the compact set K, equal to one in K and to
zero everywhere else. Let f e L? with supp fC K. We may suppose at
first that f is of a simple type, for instance a bounded measurable step-
function. We have (cf. Lemma 20.1)

1517 ds = [1fPrpeds <UFIZN xacllr»
with 7 = ¢/(¢ — p). We obtain thus

(133) e < ([ as)' sl (s=3 =)

By going to the limit, e.g., along sequences of bounded measurable
step-functions, we obtain easily (13.3) for all fe L?(K), thus proving
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what we wanted: that fe L? and that the natural injection of L? into LP
is continuous.

Exercises

13.1. Let %, be the space of polynomials in n variables, with complex coefficients,
provided with the LF topology defined on p. 129. Prove the following two facts:

(a) The LF topology on %, is the finest locally convex topology on this space.
(b) Every linear map of &, into any TVS is continuous.

13.2. Let p be a positive number, 1 < p < 0. Let {¢} (k = 0, 1,...) be a decreasing
sequence of numbers ¢, > 0, converging to zero. Prove that the subsets of L% R"),

FeLdRY; [ e ds < e k=01,

lzl>k

VY {e)) =

form, as the sequence {¢;) varies in all possible ways, a basis of neighborhoods of zero for
the LF topology on L?(R") (see p. 131).

13.3. Let E be a normed space, whose norm is denoted by || |[. Let, for every
k =0,1,2,..., E, bea linear subspace of E of dimension &, such that E, C E,,, . Let Ex
be the union of the subspaces E;, equipped with the LF topology defined by means of
the sequence {E,}. Let {&} (k = 0, 1,...) be a decreasing sequence, converging to 0, of
numbers > 0. Set

Y({er})) = {x€EBo;x¢Er > x| < &,k=01,.}
Prove that #'({¢}) is not a neighborhood of zero in Ey .

13.4. Let E, F be twoLF-spaces, {E,},{F,} (m, n = 1, 2,...) two sequences of definition
of E and F, respectively (see p. 126), and # : E — F a continuous linear map. By using the
fact that a Fréchet space is a Baire space, prove that to every m there is n such that
u(E,) CF,.

13.5. Let E,F, {E,}, and {F,} be as in Exercise 13.4. If « is an isomorphism (for the
TVS structures) of E into F, prove that to every n there is m such that «~(F,) C E,, .

13.6. Let E be a vector space, {E_}, (« € A) a family of locally convex spaces, and, for
each index « € 4,5, : E, — E a linear map. Let .7 be the finest locally convex topology
on E such that all the mappings ¢, be continuous. Prove that a convex subset U of E is
a neighborhood of zero for .7 if and only if ¢_(U) is a neighborhood of zero in E, for
each «, but that this is not necessarily true if U is not convex. Let F be a locally convex
TVS. Prove that a linear map u : E — F is continuous {when E carries the topology )
if and only if, for every a € 4, u O ¢_: E, — F is continuous.

13.7. Let K be a compact subset of C*, and 2, (¢ = 0, 1, 2,...) a sequence of open
sets of C* containing K such that

Cr = 2,0 - D28,

and such that any open subset of C* which contains K contains some £, (in other words,
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the 2, form a decreasing basis of neighborhoods of K). On the other hand, let H(K)
denote the vector space of functions in K which can be extended as holomorphic functions
in some open set containing K. We have the natural mapping p; : H(£2;) — H(K), the
mapping “‘restriction to K.”” Apply the scheme of Exercise 13.6 with E = H(K), 4 = N,
E, = H(£,), and ¢, = p if @ = k. Prove that H(K) is ‘complete and that H(K) is not
(unless K = 0) the strict inductive limit of the sequence of Fréchet spaces H(R,).



14
Bounded Sets

Let E be a TVS (not necessarily Hausdorff nor locally convex). We
wish to generalize the notion of bounded set, familiar to us in finite
dimensional spaces or even in normed spaces (see Chapter 11).

Definition 14.1. A subset B of the TVS E is said to be bounded if to every
neighborhood of zero U in E there is a number X = O such that

BCAU.

It may be said that a subset B of E is bounded if B can be “swallowed”
by any neighborhood of zero. Of course, it suflices, in order that B be
bounded, that any neighborhood in some basis of neighborhoods of zero
swallows B. Since there is a basis of neighborhoods of zero in E
consisting of closed neighborhoods of zero (Proposition 3.1), we see that
the closure of a bounded set is bounded. It is quite obvious that finite sets,
bounded subsets (in the usual sense) of finite dimensional spaces, balls
with finite radii in normed spaces, are bounded sets. Also obvious are the
following properties:

(1) Finite unions of bounded sets are bounded sets (we recall that any
neighborhood of zero contains a balanced one).
(2) Any subset of a bounded set is a bounded set.

Notice that these properties are, in a sense, dual of the properties
of neighborhoods of a point (they are also shared by the family of
complements of neighborhoods of a point). This leads to the following:

Definition 14.2. A family of bounded subsets of E, {B,} (« € 2), is called
a basis of bounded subsets of E if to every bounded subset B of E there is an
index « € 2 such that B C B, .

A basis of neighborhoods of zero is a family of neighborhoods of 0
such that any given neighborhood of zero contains some neighborhood
belonging to the family. A basis of bounded sets is a family of bounded
sets such that any given bounded subset of E is contained in some bounded

136
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subset belonging to the family. As we shall see when we study the strong
topology on the dual of a TVS, this “duality” between neighborhoods of
zero and bounded sets has important implications.

What sets do we know to be bounded ? Sets consisting of a single point
are bounded: this is to be expected and it is obvious on Definition 14.1
when we take into account the fact that neighborhoods of zero are

absorbing (Definition 3.1).

ProrosiTiON 14.1. Compact sets are bounded.

Let K be a compact set, and U a neighborhood of zero in E which we
can take to be open and balanced. Then we have

From compactness it follows that there is a finite family of integers
ny ,..., n, such that

KCnUwv--vunU=(sup ny)U.
1<Agy

In finite dimensional spaces, every bounded set, provided that it is
closed, is a compact set. This is not true, in general, in infinite
dimensional TVS. For instance, let E be an infinite dimensional normed
space. If every bounded set in E were compact, this would be true, in
particular, of all the balls centered at the origin. Then E would have to
be locally compact, which is impossible as dim E = + oo (Theorem 9.2).
There is however an important class of infinite dimensional vector spaces,
the so-called Montel spaces, in which it is true that every closed bounded
set is compact. We shall study the Montel spaces later on in relation to
duality. The spaces €*(2), &, and %:(£2) (Chapter 10 and 12) are
Montel spaces (Theorem 14.4, Exercises 14.9, 14.10, p. 148).

CoroLLARY 1. Suppose that E is Hausdorff. Then precompact subsets of E
are bounded in E.

Let K be a precompact subset of E. This means that the closure K of K
in the completion E of E is compact. Let U be any neighborhood of zero
in E. Since the injection E — E is an isomorphism for the TVS structure,
there is a neighborhood of zero U in E such that U = En U. By virtue
of Proposition 14.1, there is 2 number A > 0 such that K C AU, whence

KCEARCENQU)CNEN U)=AU.

CoROLLARY 2. Suppose that E is Hausdorff. The union of a converging
sequence in E and of its limit is a bounded set.
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For such a union is a compact set.

CoroLLARY 3. Let E be Hausdorff. Any Cauchy sequence in E is a
bounded set.

For a Cauchy sequence is a precompact subset of E.
The Cauchy filter associated with a Cauchy sequence contains a
bounded set. This is not true about a Cauchy filter in general.

PrROPOSITION 14.2. The image of a bounded set under a continuous linear
mapping is a bounded set.

Let E, F be two TVS, u a continuous linear map of E into F, B a
bounded subset of E, and V an arbitrary neighborhood of zero in F.
Since the preimage #~}(V) of V under u is a neighborhood of zero in E,
there is A > 0 such that

BCAY V)  which implies u(B)C AV.

COROLLARY. Let f be a continuous linear functional on E, and B a bounded
subset of E. Then f is bounded on B, i.e.,

sxtelg{f(x)l < 0.

PrROPOSITION 14.3, Let E be any TVS. A subset B of E is bounded if and
only if every sequence contained in B is bounded (in E).

The necessity of the condition is obvious; let us prove its sufficiency.
Suppose that B is unbounded; we shall prove that it contains a sequence
of points which is also unbounded. There exists a neighborhood U of
zero in E, which we might as well suppose to be balanced, which does
not swallow B. In other words, for each n = 1, 2,..., there is a point
x, € B which does not belong to nU. The sequence of points x, cannot
be bounded.

Any ball in a normed space is a bounded set; thus we see that
there exist, in normed spaces, sets which are at the same time bounded
and neighborhoods of zero. This property is characteristic of normable
spaces, at least among Hausdorff locally convex spaces.

PrOPOSITION 14.4. Let E be a Hausdorff locally convex space. If there is a
neighborhood of zero in E which is a bounded set, then E is normable.

Let U be a bounded neighborhood of zero in E. We may assume that
U is a barrel, since it does contain a neighborhood of zero which is a
barrel. We claim that, under these circumstances, the multiples (1/n)U
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form a basis of neighborhoods of zero in E. Indeed, given any neighbor-
hood of zero V in E, it swallows U. We may assume ¥V balanced; hence
there is an integer n > 0 such that U C 2V, which means that (1/a)UC V.
As the space E is Hausdorff, the intersection of the sets (1/2) U must be
equal to {0}, which means that the seminorm associated with U is a
norm. Q.E.D.

ProprosiTiON 14.5. Let E be a locally convex space. A subset B of E is
bounded if and only if every seminorm, belonging to some basis of continuous
seminorms of E, is bounded on B.

To say that a seminorm p is bounded on a set B simply means that
sup,.p p(x) << + 0. The proof of Proposition 14.5 is left to the student.

ProposiTiON 14.6. Let E be an LF-space, and {E,} (n=0,1,2,..) a
sequence of definition of E (see Definition 12.1.). A subset B of E is bounded
in E if and only if B is contained in E, for a sufficiently large n, and if B
ts bounded in that F-space E,, .

Proof. Suppose first that B is contained and bounded in some E, . Let
U be an arbitrary neighborhood of zero in E. We must show that U
swallows B. As U, = U N E,, is a neighborhood of zero in E, , there
is a number A > 0 such that BC AU, CAU.

We assume now that B is bounded in E. We shall first show that B
must be contained in some space E, . We shall suppose that this is not
so and show that it leads to a contradiction. For each n, there is a point
x, € B, x, ¢ E, . We shall construct, with the help of Lemma 13.1, a
neighborhood of zero U in E which cannot swallow the sequence {x,}, a
fortiori cannot swallow B. Since x, ¢ E,, given an arbitrary convex
neighborhood of zero U, in E, , there is a convex neighborhood of zero
U, in E, , with the properties

U =U,NE,, x¢U,.

It may of course happen that E; contains x, , but, since x, ¢ U, , again
in virtue of Lemma 13.1, we may find V3, convex neighborhood of
zero in E,, such that

U,=V,nE,, x¢V,.

On the other hand, since x, ¢ E, , hence 2x, ¢ E, , we may find a convex
neighborhood of zero in E;, V,, such that

Uy = V3N Ey, 2, ¢ V.
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We set Uy = V; N V;. We have
Uy=U;NE,, Xy ,2x,¢ Uy .

Thus, by induction on #, we build a sequence of sets {U,} with the
following properties:

U, is a convex neighborhood of zero in E,;
Un = Uz N E,;
the points x, , 2%, ,..., nx,, do not belong to U, , .

Let then U be the union of those sets U, . For each n, we have U, =
U N E, , thus U is a neighborhood of zero in E. And obviously U cannot
swallow the sequence {x; , %5 ,..., X, , ...}

This proves that a bounded subset B of E must be contained in E,
for sufficiently large n. Let U,, be any neighborhood of zero in a space E,,
containing B. We apply once more Lemma 13.1: there is a neighborhood
of zero U in E such that U N E, C U,, . By hypothesis, there is A > 0
such that B C AU. This yields

B=BNE,CQAU)NE, =NUNE,)CAU,.

Thus B is bounded in E,, . Q.E.D.

CoROLLARY 1. Let E and the E, be as in Proposition 14.6. A sequence

{x} converges in E if and only if it is contained in some subspace E, and
converges there.

Exercises

14.0. Let E be a locally convex metrizable space. Prove that, if E is not normable,
there is no countable basis of bounded sets in E.

14.1. Let 2 be an open subset of R*, K, , K, ,..., K, ,... a sequence of compact subsets
of 2, whose union is equal to 2, and such that, for each v, K, is contained in the interior
of K,,, . Let k be a nonnegative integer (k¢ << + ). Show that, when the sequence of
nonnegative numbers {M,} (v = 1, 2,...) varies in all possible ways, the sets

Bi({M,}) = {$ € €%(RQ); sup (sup | 8/0x)” $(x)]) < M,}

IPI<k zek,

form a basis of bounded sets in €%(£2). Conclude that (unless 2 is empty!) €*(R) is not
normable.

14.2. Show that a subset B of ¥*(£) is bounded if and only if it is bounded in every
€*(£2), k < + . Derive from this fact a remarkable basis of bounded sets in ¥°(£2) using
the same compact sets K, as in Exercise 14.1.



Chap. 14-6] BOUNDED SETS 141

14.3 A subset B of %) (0 < k < + ) is bounded if and only if it consists of

functions having their support contained in one and the same compact subset K of £,
and if B is bounded in €*(£2). Prove that, if k is finite, there is a countable basis of bounded
sets in €%(£2). Compare with the situation in €%(Q).

14.4. Construct bases of bounded sets in the following locally convex TVS: the space
H(£) of holomorphic functions in an open subset £ of C* (Chapter 10, Example II);
the space of formal power series C[[X]] (Chapter 10, Example III); the space & of =
functions rapidly decreasing at infinity in R” (Chapter 10, Example IV). Prove that a
subset B of the space of polynomials in n letters, with complex coefficients, C{X], is
bounded in C[X] if the degrees of all the polynomials belonging to B are at most equal
to some fixed integer m, and if B is bounded in C[{X1]].

14.5. Prove the following result:

ProrosiTioN 14.7. Let E be an LF-space. A linear map of E into a locally convex space is
continuous if and only if it is sequentially continuous.

(cf. Proposition 8.5.)
14.6. Let E be anLF-space such that there is a sequence of definition {E;}(k = 0,1,2,...)
of E consisting of finite dimensional (Fréchet) spaces. Prove the following facts:

(a) if Fis a normed space and u : F — E is a continuous linear map, Ker « has a finite
codimension (i.e., dim(F/Ker u#) < + );

(b) if M is a linear subspace of E such that the topology induced by E on M turns M
into a normable space, then dim M < + .

14.7. Let E be a metrizable space, and {By} (k = 0, 1, 2,...) a sequence of bounded
subsets of E. Prove that there is a sequence {¢;} of numbers > 0 such that the union

@«

U B,

k=0

is bounded in E.

Let E, F be two TVS, and u a linear map of E into F. Let us say that
u is bounded if, for every bounded subset B of E, u(B) is a bounded
subset of F.

PROPOSITION 14.8. Let E be a metrizable space. If a linear map of E into
a TVS F is bounded, it is continuous.

Let f: E— F be bounded. Suppose that f were not continuous. Then
there would be a neighborhood of zero ¥V in F whose preimage f~Y(V)
is not a neighborhood of 0 in E. Let us suppose that ¥ is balanced and
le¢ UyDU,D--DU, D be a totally ordered countable basis of
neighborhoods of zero in E. For all m, we have

U ¢V,

in other words, there is x,, € (1/m)U,, such that f(x,,) ¢ V. As mx,, € U,,,
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we see that the sequence {mx,} converges to zero in E, in particular is
bounded in E. Therefore, as u is bounded, the sequence {m f(x,,)} must
be bounded in F. This means that there is a positive number p such that
m f(x,,) € pV for all m. Take m > p; we have

f(xnm) € —””7 VCV (since V is balanced),

contrary to our assumption. We have reached a contradiction.

CoroLLARY. A bounded linear map of a Fréchet space (resp. a normed
space, resp. an LF space) into a TVS is continuous.

The Fréchet and normed cases are trivial consequences of Propo-
sition 14.8; the LF case follows from the same combined with Propo-
sitions 13.1 and 14.6.

We recall that continuous linear mappings are always bounded
(Proposition 14.2).

We show now that the spaces €°(82), €5(£2) (£2: open subset of R»),
and & = #(R™) have the property that all bounded and closed subsets
are compact. The proof is based on Ascoli’s theorem, which we recall
now. First of all, we introduce the notion of equicontinuous sets of
functions:

Definition 14.3. Let X be a topological space, F a TVS, and x° a point
of X. A set S of mappings of X into F is said to be equicontinuous at the
point x° if, to every neighborhood of zero, V, in F, there is a neighborhood
U(x% of x° in X such that, for all fe S,

x € U(x?) implies f(x) — f(x%) e V.

The condition in Definition 14.3 implies that each mapping fe S is
continuous at x® (but this, of course, is not enough to ensure that S is
equicontinuous at x%).

The definitions of an equicontinuous set of mappings f: X —F on a
set 4 C X, of uniformly equicontinuous sets of mappings, etc., are
obvious. Now, if X is a compact space, a set S of mappings from X
into F which is equicontinuous at every point is uniformly equicontinuous
(a compact space carries a canonical uniform structure; if the student
does not want to hear about uniform structures, he may imagine that
X is a compact subset of a TVS). In this chapter, we shall not be
concerned with equicontinuous sets of /inear mappings of a TVS E into
another T'VS F, but let us point out (for future purposes) that in order
that such a set of mappings be equicontinuous everywhere, and also
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uniformly equicontinuous, it is necessary and sufficient that it be
equicontinuous at the origin. If S is the set under consideration, the
definition of equicontinuity reads: to every V, neighborhood of zero
in F, there is U, neighborhood of zero in E, such that, for all fe S,

fUYCV, or UCFYYV).

Let us turn our eyes to complex-valued functions (not necessarily
linear). A set .S of mappings f : X ~ C is equicontinuous at x?if, to every
e > 0, there is a neighborhood U(x®) of x® in X such that, for all fe S,

x € U(x) implies | f(x) — f(x°)] < e.
Now, we state and prove Ascoli’s theorem:

TueoreM 14.1. Let {f,} be a sequence of complex-valued functions
defined in a compact subset of R2. We make the following assumptions:

(a) the set of functions {f,} is equicontinuous on K,

(b) there is a constant M < + oo such that, for every n and every
xe K,

() < M

We conclude that the sequence {f,} contains a subsequence {f, } which
converges uniformly in K.

Proof. Let & > 0 be given arbitrarily. By hypothesis, to every point x0
of K there is p(x?) > 0 such that

|2 — x| < n(x%) implies | fu(x) — fu(x%)| < ¢ for all n.

The compactness of K implies immediately that we may take n(x?)
independently of x° (this has already been mentioned in the remarks
preceding the statement of Theorem 14.1: on compact sets, equi-
contmmty at each point implies uniform equlcontlnulty) Let us then
write 7 instead of 7(x?).

Let us choose a finite number of points of K, x!,..., x™, such that the
balls {xeR¢|x — &' | <7} (j=1,..,m) cover K. We focus our
attention on ! first, and consider the set of complex numbers { f,(x')}.
In view of Assumption (b), this set is contained in the disk of the complex
plane, {z;| 2| << M}; by the theorem of Weierstrass—Bolzano we can
extract a subsequence that converges; let it be {f, (x")}, A =1, 2,..
Next, we repeat the same argument at the point x2 but after havmg
substituted the sequence {f, } for the sequence {f,}, which we obviously
may do: if the sequence {fn} has Properties (a) and (b), so does every
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subsequence of the {f,}. Thus we find a subsequence {f, } of the f,,
such that the sequence of numbers { fm (x%)} converges; “and so on,
Repeating m times this procedure, we end up with a subsequence S’
of the originally given sequence {f,}, and whose elements we shall
represent, for the sake of simplicity, by g,, which has the following
property: for every j= l,..,m, the sequence of numbers {g,(x")}
converges. Let us choose an integer N(e) so large that n,,n, = N(¢)
implies, whatever be j, 1 < j < m,

[ gn, (%) — gn,(x)] < €

Let then x be an arbitrary point of K; there is some j such that
| x — x| < 7. We have, for n, , n, > N(e),

| &ny(%) — £ng(2)] < 1 20 (%) — gn,(¥")] + | gn(%?) — gny(*7)]

+ | gno{#7) — gny(*)| < 3¢

In view of the properties of the sequence {gy(), &x()+1,---}» and after
replacing ¢ by ¢/3, we see that we have proved the following fact:

(14.1) Let S ={f,} be a sequence of functions in the compact set K,
having Properties (a) and (b) in Theorem 14.1. Given any ¢ > 0,
there is a subsequence S’ of S such that, if £, , f,,,€ S,

sup | fn (%) — fr,(¥)] < &
xvek

From there, the proof of Theorem 14.1 follows easily: for we apply
(14.1) to S with ¢ = I, obtaining thus a subsequence of S which we
shall denote by S;; next, we apply (14.1) with S, instead of Sand e = }
and we obtain a subsequence S, of S,; etc. By induction, we obtain a
totally ordered sequence of sequences

S =28,05D28228,28,,,2
with the property that, if f, , f,, € S, , then
sup | f,(*) — fu(#¥) < 277
zek
We choose arbitrarily f, in S,, f, i 1 son and fo o in S, it s
clear that the sequence {fnk} (=01, ) is a Cauchy sequence for the

uniform convergence in K; it has therefore a limit, which is a continuous
function. Q.E.D.
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Remark 14.1. Consider the Banach space €(K) of the continuous
functions in K, with the topology of uniform convergence, that is to say
with the norm

S~ sup | f(x)l.
zxeK

Ascoli’s theorem states that a subset of €(K) which is both bounded and
equicontinuous has a compact closure.

Ascoli’s theorem has a converse, which we are not going to use: any
subset of €(K) which has a compact closure is bounded and equicontinuous.

The next result provides us with a criterion of equicontinuity; it is
sometimes referred to as Arzeld’s theorem. Given any bounded subset
of ¥(K), we cannot assert, of course, that it is compact (otherwise the
closed unit ball of €(K) would be compact, €(K) would therefore be
locally compact, hence it would be finite dimensional!). But if, given a
set S of functions in K, we know that it is bounded (for the maximum
of the absolute value) and moreover that the functions in the set S have
continuous first derivatives which are also uniformly bounded by one
and the same finite constant, then we may conclude that the set S is
equicontinuous, therefore relatively compact in €(K) (‘“relatively
compact” means ‘‘has a compact closure”). But we must make this
statement more precise: for what does it mean that a function f, defined
in a compact set K, has continuous first-order derivatives? To give a
meaning, we shall assume that K is contained in a bounded open subset
Q of R®, and we shall be concerned with the space ¥*(£2) introduced in
Chapter 11 (Example III, p. 98): it is the space of once continuously
differentiable functions in £ whose derivatives of order 0 and 1 can be
extended as continuous functions to the closure £ of Q. The space
€1(£) carries the norm

or any equivalent norm, like for instance
f~sup ([f(®)] + 2. |(8/2x;) f(x)).
*€ i=1

With any one of these norms, €1(£2) is a B-space. We may now state
Arzeld’s theorem:

THEOREM 14.2. Let K be a compact subset of a bounded open subset £2
of R™. The restriction mapping f ~ f| K, which assigns to a function in Q2
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its restriction to K, transforms bounded subsets of €*(2) into relatively
compact subsets of €(K).

“Relatively compact” means ‘“‘has a compact closure.”

Proof of Theorem 14.2. In view of Ascoli’s theorem (Theorem 14.1)
it suffices to prove that the restriction to K of a bounded subset of ¥(£2)
is an equicontinuous set of functions in K (it is obviously bounded in
%(K): Proposition 14.2). In fact, we might consider only balls centered
at the origin, in €(£).

Let f be a function belonging to €(£2). It follows easily, say from a
Taylor expansion of order 1, that to every x%¢€ £ there is p(x%) >0
such that, if | x — &® | < p(x°), then x € £ and

This implies obviously that any ball (of finite radius), centered at the
origin, in €(£2), is an equicontinuous set in £, that is to say at every
point of 2. In particular, the image of such a ball by the restriction
mapping is an equicontinuous set of functions in K. Q.E.D.

Exercise 14.8. Prove directly or derive from Theorem 14.2 the following one-dimen-
sional version of Arzeld’s theorem:

THEOREM 14.3. Let [a, b) be a closed and bounded interval of the real line, and S a bounded
subset of €Y([a, b}). The set S is relatively compact in €([a, b)).

We may now prove the first of the announced results (all the others
follow from this first one, as can be shown):

TueOREM 14.4. Let 2 be an open subset of R™. If k < c0, any bounded
subset of €*+Y(R) is relatively compact in €*(82). Any bounded subset of
E=(R2) is relatively compact in €°(£2).

Proof. Let KoC K, C--CK;C - be the usual sequence of compact
subsets of £2, whose union is 2, and such that Kj is the closure of its
interior, 2;; for all §, K; C £;,, . Since all the spaces under consideration
are F-spaces, it suffices to show that any bounded sequence contains a
converging subsequence (Proposition 8.4). We shall begin by considering
the case where £ is finite.

Let j be >>1. Let S be any bounded sequence in €*+1(£2;). This means
that, for each n-tuple p such that | p | << k, the sequence of functions

(ejox)?f,  feS,
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is bounded in ¥YL;). In view of Arzela’s theorem, we may find a
subsequence S; of S such that the restrictions

(14.2) (8foxy’f | 250,  f€ Sy,

converge in ¥Y(£2;_,) (to see this, order the n-tuples p, | p | < &, in any
fashion: select a sequence S;,C .S such that the restrictions (14.2)
converge in %"(Q,-_l) as f runs over S; ; with the first n-tuple p; then
select a subsequence S; , of S; ; such that the restrictions (14.2) converge
as f runs over S, , with the second n-tuple p, and so on; in a finite
number of steps, we obtain the subsequence S,). It follows immediately
from a standard argument (based on (10.2) and (10.3), p. 87) that if f°
is the limit of the restrictions (14.2) in ¥°(£2,_,) when p = 0, then, for
each p, | p | <<k, (8/ox)?f? is the limit of the restrictions (14.2) in that
same space. In other words, the sequence S; converges in €%(Q,_,)).
We have proved the following fact:

(14.3) Given any j > 1, and any bounded sequence S in €*+\(2)), there is a
subsequence S, of S such that the restrictions of the functions f€ S,
10 ,_, form a converging sequence in €(2;_,).

Let now S be a bounded sequence in €*+1(L2). By restriction to 2, ,
it gives rise to a bounded sequence S|, in €*+1(2,). By (14.3), we may
find a subsequence S; of S such that the sequence of restrictions S,|£,
to ©, converges in €*{2,). But S, is also bounded in €*tY(Q); by
restriction to £, , it defines a bounded sequence in ¥*+1(Q,). In view of
(14.3), we may find a subsequence S, of S; such that S,|2; converges
in €%(3,); and so forth. We obtain in this way a totally ordered sequence
of sequences

S=5,2828,D-28,D-

such that, for each j > 1, S;|,, converges in €%, ;). For each
7 =1, let f7 be the limit of the sequence S;|2;_; in €%(£2,_;). Let f; be
an element of .S; such that

sup (sup [(9/ox)* (f; — ) < 1))

o<k xeQ; 4

It is obvious that the sequence S’ = {f;,f,,..., fj,...} converges in
€*(£2); its limit is the function f in £2 whose restriction to £2;_; is f7 for
each j > 1; obviously, S’ C S. Thus we have proved the result for &
finite.
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Letnow S be a bounded sequence of €°(£2); a fortiori, S is bounded in
each €%(2), k= 1,2,..., therefore S is relatively compact in each
€*1(Q). Let S, be a subsequence of S which converges in €%£2) (see
Exercise 8.7), and let f be its limit. Let S; be a subsequence of S
converging in €1(£2); the limit of S; must also be f (which, by way of conse-
quence, is €'); let S, be a subsequence of S; converging (to f) in €%$2),
etc. We see that fis €% in {2, and we have now a sequence of sequences

S =5,2828,D28,D,

this time with the property that, for each j > 1, S; converges to f in
%7(£2). For each j, we select an element f; € S; such that

sup (sup |(9/2x)” (f; — f)(*)) < 1/j.

IPI<i weR;

The subsequence of S, {f;,fs,..., f; ..}, obviously converges to f in
€=(£2). Q.E.D.

Exercises

14.9. Prove the following corollaries of Theorem 14.4:

CoroLLARY 1. Any bounded subset of C¥+(R2) (Chapter 13, Example11), 0 < k < + 0,
is relatively compact in €%(Q2).
CoROLLARY 2. Any closed bounded subset of € (£2) is compact (in €2(R2)).

14.10. Prove the analog of Theorem 14.4 (or of its Corollary 2) for the space & of
%= functions rapidly decaying at infinity (Chapter 10, Example IV):

THEOREM 14.5. Any closed bounded subset of & is compact.

We consider now the space H(£2) of holomorphic functionsin an open
subset 2 of the complex n-space C" (see Chapter 10, Example 1I, p. 89).
The TVS H(£2) carries the topology of uniform convergence of functions
on every compact subset of £2. We may identify C* with R?" via the
canonical mapping

(xl + lyl yoory Xy + lyn) g (xl seer Xpn s V1o yn)

and regard H({2) as a subspace of any of the spaces €%(2) (0 < k < ).
On H(£) all the topologies €* coincide (see Chapter 10, loc. cit.); in
particular, they all coincide with the €* topology: H(£2) is a closed
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subspace of ¥#*({2), meaning by this that the topology proper of H(£2)
is identical with the one induced by #~(£2). Let now B be a closed and
bounded subset of H(2): B is closed and bounded in #*(£2), hence it is
compact (where it is compact—in H(£) or in #°(2)—is irrelevant!).
Thus we have proved Montel’s theorem:

THEOREM 14.6. Any closed and bounded subset of H(R2) is compact.
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Approximation Procedures
in Spaces of Functions

It has been a standard tactic of the analyst, since the dawn of analysis,
that, when forced to deal with a ‘“bad” function, he should try to
approximate it with “nice’” ones, study the latter and prove that some
of the properties in which he happens to be interested, if valid for the
approximating nice functions, would carry over to their limit. Of course,
the concept of a “bad” function has evolved in time, with the resulting
effect that the set of functions considered ‘“‘good’ has steadily increased
(but so has also the set of functions, or, more generally, of “function-like”
objects, considered ‘“bad”). We might imagine that Taylor and
Mac Laurin felt ill at ease when confronted with analytic functions, and
that is why they strove to approximate them by polynomials, whereas
for our purposes here, from the local point of view, analytic functions
will be regarded as the nicest type of functions (right after polynomials,
which retain their supremacy); later on, nondifferentiable continuous
functions and then functions which are only measurable would be
regarded as bad (they still are), and approximation techniques were
devised to deal with them (e.g., approximation by step functions).
As we shall see in Part II, functions can become so bad as to stop being
functions: they become Dirac’s ‘“function” and measures, and in
distribution theory we shall be dealing with derivatives of arbitrary order
of measures. In any one of these situations, it will help to have at our
disposal approximation techniques, so as to approximate those objects
by very smooth functions. In talking about smoothness, we deal only
with the local aspect: but there is also a global aspect, not to be forgotten,
for instance when considering integrals

[ f@) ) ds,
R

where f and g are both nice locally, and “nice” means here integrable,
but where g is allowed to grow at infinity arbitrarily fast. Then it becomes

150
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necessary that f decay at infinity arbitrarily fast: the latter can have
only one meaning: f must vanish outside some bounded set. Similar
global requirements will force us to study the approximation of “bad”
functions, measures, and distributions, by smooth functions with
compact support. Of course, we would like to combine the global and
the local aspects, and approximate by means of functions with the best
possible local properties and with the best possible global ones: if it were
possible, we would like to approximate by analytic functions with
compact support. But nature bars such a path, since the only analytic
function with compact support is the zero function: such an analytic
function would have to be identically zero in the complement of a
compact set, which is a big open set; this implies that the function be
zero everywhere! We shall therefore deal with the two viewpoints
somehow separately (although trying not to keep them too far apart):
we shall approximate by analytic functions with a high order of decay
at infinity, or by functions with compact support which are sufficiently
smooth, say €*.

There is another reason to the usefulness of approximation techniques,
and a reason of very fundamental importance. The objects manipulated
by analysts are always extracted from topological vector spaces, spaces
of functions if the objects are functions, or duals of spaces of functions.
In fact, the latter provide us with the largest fishing ponds, as (generally
speaking) the spaces of functions can be embedded in the duals of other
spaces of functions. The question then arises of the mutual relation
existing between those spaces or those duals, and it is important to know
when inclusions E’ C F’ hold (E’, dual of a TVS E, F’, dual of another
TVS F), and more precisely to what relation between E and F could we
relate such an inclusion. A much used criterion is the following one:
E’ can be regarded as a vector subspace of F' if:

(1) as a vector space, F can be regarded as a subspace of E;
(2) Fis a dense linear subspace of E;
(3) the topology of F is at least as fine as the one induced by E.

Indeed, by (1) and (3) any continuous linear form on E defines by
restriction to F' a continuous linear form on F; if any two continuous
linear forms on E define the same form on F, they coincide on a dense
subset of E by (2), hence everywhere in E: they must be identical. Thus,
to every continuous linear form on E corresponds one and only one
continuous linear form on F, and this is the meaning of the inclusion
E’'CF'. Now, Properties (1) and (3) are always clear enough by the
definition of E and F and the definition of their respective topologies
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(e.g., it is clear that €=(2) C ¥*(L2) and that the ¥ topology is finer
than the €* one). In practice, the point to be checked is that (2) is true
(when it is true!), and to that purpose one uses approximation (e.g., we
shall see that every €* function is the limit of a sequence of €
functions—in the sense of €%(£2)). We shall see later that, instead of
constructing approximating sequences or filters, one may, in certain
instances, use a direct approach and functional analysis techniques
(namely the theorem of Hahn-Banach), but in many of the basic
instances, this leads to cruder results, and for instance does not enable
us always to conclude that the object to be approximated is the limit of
a sequence: for we must remember that the density of F in E means that
every element of E is the limit of a filter of elements belonging to F, not
necessarily of a sequence (when E is metrizable, then we know that
density is equivalent with “‘sequential density”’; it is also true in other
instances, as we shall see, but it is not always true).

We begin by studying analytic functions and, as a matter of fact,
entire functions of 7z variables. We recall that the holomorphic (i.e.,
complex analytic) functions in an open subset £2 of the complex n-space
C" form a vector space which is usually equipped with the topology of
uniform convergence of functions on every compact subset of £2; this
turns it into a Fréchet space, which we have denoted by H(£2). When
£2 = C, we write H, if no confusion is liable to arise (see Chapter 10,
Example 11, and Chapter 14, Theorem 14.6).

THEOREM 15.1. The polynomials (with respect to ) are dense in the space
of entire functions in C*. More precisely, every entire function f is the limit
tn H of its finite Taylor expansions

Y 1plfo0)z, m=0,1,2,...

Ipl<m

The last part of the statement is the proof of the theorem. We have
used the notation

pl=pl-pl, [P =(8/dz)" - (8]0z,)f, 2P = 3P o g,

When we consider open sets £2 % C", we must be careful. It is not
always true that an holomorphic function in £ is the limit of polynomials
or of entire functions (the two facts are equivalent by Theorem 15.1).

Definition 15.1. An open subset 2 of C" is called a Runge domain if the
restrictions of the entire functions to 2 are dense in H(S2).

The next result is almost obvious:
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THEOREM 15.2. Open polydisks
{2eC? |2;| < R; < 400, =1,..., 1}

are Runge domains.

The following lemma is going to be used in order to derive a result
of approximation by polynomials.

LemMA 15.1.  Let f be a continuous function in R™ with compact support.
For each integer k = 1, 2,..., the function

1) = RIVmy [ exp(—Rx —y 1)) dy

can be extended to the complex values of the variables x as an entire function.
When k — -+ 00, the functions f, converge to f uniformly in R™.

Proof of Lemma 15.1. 'The part of the statement concerning the fact
that f;, can be extended to C" as an entire function is trivial. It suffices to
consider the “integral representation”’

(15)  kVar [ exp(—Rlla — 308 + -+ (s — 2P DFO) B

where 2 ,..., 3, are complex variables. Observe that the integral is
performed over a compact subset of R”, the support of f. We may apply
the Cauchy-Riemann operators 9/9%, ,..., 8/9%, by differentiating under
the integral sign (by Leibniz’ rule), and we obtain that the function
defined by (15.1) satisfies the Cauchy-Riemann equations in the whole
of C* (by differentiating under the integral sign with respect to the real
variables Re 2; , Im 2;,j = 1,..., n, one sees immediately that the function
(15.1) is €= with respect to those variables; the legitimacy of applying
Leibniz’ rule is obvious).

Let us prove now that the f, converge uniformly to f. By changing
variables in the integrals, we see that

flw) = IV [ et fx — 3) dy.

R®

Observe then that we have, for all &,

(15.2) (k) f eHvitdy = 1.
Rﬂ
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Indeed, the left-hand side is equal to

n
’

[Riv/m) [ e ar]
where t is a real variable. But it is well known that

k J.iw e dt = J.+°° e dt = Vn,

—a0

whence (15.2). Using this, we see that we may write

fol®) = f@) = RV [ e [ —5) — fi@)] d.
The key feature about the functions (k/+/7)" e=¥’¥" is that their total
mass is equal to one, according to (15.2), but tends to concentrate near
the origin, as £ — 4 00. Notice indeed that the value of this function
at zero is (k/v/m), which converges to infinity, but that its value at any
point y # 0 converges to zero quite fast. The student may plot the
curves (say, when n = 1) and get some idea of the situation; we shall
see, in due time, that these ‘‘bell-shaped” functions converge to Dirac’s
measure (and that any other sequence with similar properties could
have been used!).

As f is a continuous function with compact support, f is uniformly
continuous; in other words, to every ¢ > 0 there is > 0 such that

lx —x' | <nm implies | f(x) — f(x)] <e.
Let us choose k(e) sufficiently large so as to have, for k& > k(e),

(k] 7y f eI dy <.

1yl >9

We have then

| fulx) —f@] < sup 1f) —f& = DI GIVay [ et dy

lyl <n

+2sup SN RV [ et dy

|yl >n

<(1+2 suI? | fO)))e. Q.E.D.
yeR®

CoROLLARY 1. Let f be a €™ function with compact support in R™
0 < m < +00). For every differentiation index p = (py ,-.., p,) Such that
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[p| <m+ 1, the functions (8]0x)?f,, converge uniformly to (o/ox)Pf in
R, as k - J-c0.

Indeed, if we make the change of variables x — y ~ x in the ‘integral
expressing f; , wWe obtain

Fuls) = RV [ ekt fx — y) dy.

R"

By Leibniz’ rule, we can differentiate ‘‘p times” under the integral sign:

(8Jox) fi(w) = IV [ esi® ((BJaxyrf)(x — ) dy

R™

and it suffices then to apply Lemma 15.1 with (8/6x)?f instead of f.

COROLLARY 2. Every function fe €7(R™) is the limit, in €™(R"), of a
sequence of polynomials.

The idea of the proof of Corollary 2 is obvious: the function f can be
approximated by entire functions in the sense of the €™ convergence, by -
Corollary 1. By Theorem 15.1, each entire function can be approximated
by polynomials in the €= sense (remember that the topology of H(C") is
the topology induced by #*(R??)). It is then only natural that f will be
the limit of a sequence of polynomials in $(R"). If the student wishes,
he can work out the details, with the appropriate &’s.

We examine now the approximation by ¥* functions with compact
support. The student might have noticed that we havenot yet exhibitedany
function of this type, and he may after all be uncertain as to the existence
of such functions. Here is an example, which will be constantly used in
the forthcoming; in particular, it will help us to prove that not only do
%> functions exist, but that they are everywhere dense in the spaces
%% (0 < k < ), L?» (1 < p <©). The function is the following one:

1
(15.3) p(x) = “"P(_ m) for |x| <l

0 for |x|> L.
The constant a is defined by

‘= (f|z|<1 P (__ 1_—_1190_12) dx)_l’

so that we have

(15.4) f p(x) dx = 1.
o
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The function p is analytic (i.e., its Taylor’s series has a nonzero radius
of convergence) about every point in the open ball {x; | x | < 1}; it is
obviously regular in the exterior {x; | x | > 1} of that ball, so that the
only question about it being €= could arise at the boundary of the ball,
that is to say for | x | = 1. As p is rotation-invariant, it suffices to check
that the function of one variable,

exp(—1/(1 — %))  for
0 for

<1

| ¢
2] >1,

is € about ¢t = 1, and the problem is readily reduced to proving that

the function

fexp(—1/s)  for s>0
{0 for s<0,

is €*, which is a well-known and evident fact (note indeed that

a0 = = (-4 e (=)

(15.5) Notation (used throughout the book):
For £ > 0, we set p(x) = ¢ p(x/e).

In view of (15.4), we have, for all ¢ > 0,
(15.6) f px) dx = 1.
Rn

It suffices to make the change of variables ex — x in (15.6) to transform
it into (15.4).
Observe, also, that
suppp, = {x€R"; | x| < ¢}
and that
p(0) = &%,
so that these functions p, have a lot in common with the functions

(15.7) (k|V )" e ¥ 121

considered in relation with Lemma 15.1. Of course, the p, have compact
support whereas the functions (15.7) do not: butin both cases, the total
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mass of the associated densities is one, and the mass tends (as ¢ — 0 or
as k — o0) to concentrate about the origin. As we have already mentioned,
these features will be eventually related to Dirac’s measure 3.

Lemma 15.2. Let f be a continuous function with compact support in R™.
For each ¢ > 0, the functions

o) =] pds =0 f) &y

are €2 functions in R™. Furthermore, the support of f, is contained in the
neighborhood of order e of supp f, i.e., in the set

{x € R?*; d(x, supp f) < &}.

When e — 0, the functions f, converge uniformly to f in R™.

If S is a set and «x a point, d(x, S) means the Euclidean distance from x
to S, i.e,

d(x, S) = inf | x —y|.

Proof.of Lemma 15.2. We can differentiate f,(x) under the integral
sign; we see immediately then that f, is €*. The integral expressing f,
is performed over the set of points y such that y e supp f and that
x — y € supp p., i.e., | ¥ — ¥ | < e.If x does not belong to the neighbor-
hood of order ¢ of supp f there do not exist such points y, and the integral
is identically zero. Finally, we must prove that the f, converge uniformly
to f.

Here again we use the fact that f, being continuous and identically zero
outside some compact set, is uniformly continuous. Hence, to every
n > 0 there is ¢ > 0 such that

lx —y|<e implies |f(x) —f(¥)l <.
In virtue of (15.6), we have

f@) = f4#) = [ plx — 5) [f(x) — f5)] dy,
hence

) —F < sup 1/) —fO) [ pux — ) dy <.
Iemvi<e Q.E.D.
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CoROLLARY 1. Let f be a €% function with compact support in R
(0 < k < +©). Then, for each differentiation index p = (py ,-.., p,,) such
that | p| < k + 1, the functions

(9/oxyf.
converge uniformly in R" to (8/ox)Pf (as ¢ — 0).

Proof. We can make the change of variables x — y ~ x in the integral
expressing f, , obtaining thus

5 = [ pd3) fx — ) dy.
R
By Leibniz’ rule we see that
(@/2x £x) = [ pu9) [(8[0)f1 (x — 3) dy
and it suffices to apply Lemma 15.2 with (8/dx)?f instead of f.

THeoREM 15.3. Let 0 << k << 400, 2, be an open set of R™. Any function
fe €XR) is the limit of a sequence {f;} (j =1, 2,...) of €* functions with
compact support in 2 such that, for each compact subset K of 2, the set
K N supp f; converges to K N supp f.

A sequence of sets S; converges to a set S if to every ¢ > 0 there is an
integer J(e) such that, for j > J(e), S; is contained in the neighborhood
of order ¢ of S, and S is contained in the neighborhood of order ¢ of S;.

Proof of Theorem 15.3. We wuse a sequence of open subsets
£y,8,,..., 8;,..., whose union is equal to £, and such that, for each
j > 1, Q;_; is compact and contained in £; . Let d; be the distance from
Q,_, to the complement of £;; we have d; > 0 for all j. We can build a
continuous function g; with the following properties:

gx) =1 if d(x, §2;) > 3d,/4,
gix) =0 if d(x (2;) <dyf2.

We choose then ¢; = d;/4, and consider the function

hy(x) = fR" Pe® — ¥) &X(y) dy-

Suppose that x€£; ;; then, if x —yesuppp,, we must have
d(y, 082;) = d(x, 082;) — | * — y | = d; — d;/4 = 3d;/4, which implies
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&(») = 1, hence hyx) = [p, (x —y)dy =1, in view of (15.6). Thus
hi=11in £;_,. In view of Lemma 15.2, we know that the functions A;
are € and have compact support, and it is obvious that %; converges to
the function identically equal to 1, that is to say 1(x), in €°(£2). Further-
more, given any function f e €%({2), we have k;f € €%(£2), for the product
of a ¥ function with a #* function is a ¥* function; and since A;f = f
in £; ,, the functions A,f converge to f in €%(L2). If K is a compact
subset of £, for j large enough we have K C £, , . This implies that
supp f N K = supp(h;f) N K.

We have approximated f by %% functions with compact support,
namely the functions 4;f. We must now approximate f by ¥® functions
with compact support. In order to do this, it suffices to apply Corollary 1
of Lemma 15.2 to each function A;f (with the additional information
about the supports contained in the statement of Lemma 15.2). Suppose
for instance k finite. Then, by Corollary 1 of Lemma 15.2, we may find
a € function, which we shall denote by f;, having a compact support
contained in a neighborhood of order 1/j of supp(#,;f), and such that

sup (sup |(8/8x)” (fi(*) — k(=) f@)) < 1.

i<k =

It is trivial that the functions f; converge to f in €*(Q2). If a compact set
K is contained in some open set £2; ,, we know that K N supp f; is
contained in the neighborhood of order 1/j of K N supp(hif) =
K N supp f. Conversely, if ¢ > 0 is given, let ¢ > 0 be a number such
that K N supp f is contained in the set

(e K; | f(x)) > ¢} + (xR [ x| <}

Choose j large enough so as to have K C £; ; and 1/j < ¢/2; then we
have, in 2,_,,

| filx) — fl) < €2,
which implies immediately that the set {x € K; | f(x)| > ¢} is contained
in K N supp f;; thus K N supp f is contained in the neighborhood of

order ¢ of K N supp f; .
We leave to the student, as an exercise, the proof for k = 0.

CoRrOLLARY 1. B(82) is dense in €*(2) (0 < k < +o0).
COROLLARY 2. ¥2(R) is sequentially dense in €%($2) (0 < k < +00).

CoroLrLarY 3. If | <p < +00, €(R2) is dense in LP(£2).
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It suffices to combine Corollary 2 (for 2 = 0) with Theorem 11.3.

CoroLLARY 4. The polynomials form a dense linear subspace of €*(£2)
(0 <k < +o0).

It suffices to combine Corollary 1 of Theorem 15.3 with Corollary 2
of Lemma 15.1.

Exercises

15.1. Let g be a continuous > 0 function in R”. Prove that there is an entire analytic
function % (this means that & can be extended to C" as a function everywhere holomorphic
or, equivalently, that the radius of convergence of the Taylor expansion of & about any
point is infinite) such that, for all x € R”,

0 < h(x) < g(x).
15.2. Let {g} (» = 1, 2,...) be a sequence of continuous > 0 functions in R". Let f
be a continuous function with compact support in R”, w an arbitrary open neighborhood

of supp f. Prove that there is a sequence {h} (v = 1, 2,...) of entire functions which
converge uniformly on R” to f and such that, for all x € R, x ¢ w,

[h(x)] < gy(x).
(Use Exercise 15.1 and look at the proof of Lemma 15.1.)

15.3. Let d be a number > 0,and 2 an open subset of R*. One calls dth Gevrey class in
£, and denotes by G4(£2), the space of ¥ functions f such that, to every compact subset K
of 2, there is a constant A(f, K) > 0 such that, for all p € N*,

sup [(8/8x)? f(x)} < A(f, K)l»l+1 (ph)2.
zeK
What are the elements of Go(£2) and of G,(£2)? What are the elements of
U Gue)?
a<1
Is it true or false that every entire function belongs to this union?

15.4. Let now d be > 1. Explore the properties of the function
= e~ for t> 0, =0 for t< O,

for a suitable choice of a, so as to prove that there is a function ¢ € G4(R") (see Exercise
15.3) which is > 0 and whose support is equal to {x € R"; | x | < 1} (cf. construction of
the function p, on p. 156).

15.5. We recall that & = £(R") is the space of ¥® functions rapidly decreasing at
infinity (Chapter 10, Example IV; & carries its Fréchet space topology). Prove:

THEOREM 15.4. €7 (R") is dense in &.

15.6. Prove the following density theorem:

THEOREM 15.5. The entire analytic functions which belong to ¥ are dense in &.
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Partitions of Unity

In this chapter, we shall apply some of the results of the previous one.
We shall show that a €* function can always be represented as a sum of
%* functions whose support has an arbitrarily small diameter. This is in
striking contrast with the situation for analytic functions: one can
certainly not represent an analytic function as a sum of other analytic
functions with small support, as there are no analytic functions which
have compact support (unless they are identically zero). It is obvious
that, if we can represent the function identically equal to one as a sum
of € functions {g%} ({ € I) with arbitrarily small support, we shall have
in our hands the analog representation for arbitrary €* functions f by
just writing f = 3,;(g’f). A family of functions like {g%} is called a
partition of unity in €°. We are going to show how to construct such
partitions of unity (our definition will add the requirement that all the
£”s be nonnegative, according to a well-established custom). The fact
that the supports of the g¥’s are arbitrarily small is best expressed by
introducing open coverings, as we shall now do.

Let A be an arbitrary subset of R®. An open covering of A4 is a family
of open sets {U?} in R® whose union contains 4. Such a definition has
the disadvantage of using the surrounding space. This is obviously
unnecessary: for let 4 be any topological space, an open covering of 4
is a family of open subsets V* of 4 whose urion is identical to 4. In the
situation where 4 C R*, we can then take VP =U‘NnA4 (4 is a
topological space if equipped with the induced topology). The open
covering {V?} will be called locally finite if every point of 4 has a
neighborhood which intersects only a finite number of open sets V.
If {W7} is another open covering of A4, one says that {W?} is finer than
{V*} if every open set W7 is contained in some open set V%,

TuaeoreM 16.1. Let 2 be an open subset of R*. To every open covering

{Ui} (i€l) of 2 there is a finer open covering {Vi} (j€ J) of Q which is

locally finite.

Proof. As usual, we select a sequence of relatively compact open subsets
161
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of 2, {2,}, k =0, 1,2,..., whose union is equal to £ and such that, for
each k > 1, the closure of 2,_,, 2, , (which is compact), is contained
in Q, . For each k = 0, 1,..., we select then a finite family of open sets
Ui, UL,..., Ui, covering Q, . Let us then set

Ve = Uz (2, for k=1, a=1l,..7

Vo — s n for a=1,.,7,.

k°

For fixed k, the V«® cover 2, N § Q,_, , and the V«® cover O; this
implies immediately that, as both & and a vary, the V=¥ cover . Since
every point of £2 is-contained in some £2;_, and since 2, , N V) =0
as soon as [ >k, we see that the covering {V'“¥} is locally finite;

that it is finer than the covering {U? is obvious, for, whatever be
k and o, Ve C U;.

Remark 16.1. The open covering {V**} constructed in the proof of
Theorem 17.1 is countable. It is obvious that any locally finite covering
of an open set 2 C R* must be countable. Note that, if {V/7} is a locally
finite open covering of £ and if K is any compact subset of £, X inter-
sects only a finite number of open sets V7.

The next theorem says that, given a locally finite open covering {V7}
of Q, we may shrink slightly each set V7 and still have a covering of £:

TueoreM 16.2. Let {V7} be a locally finite open covering of 2. To each j
there is an open subset W’ of 2 such that the closure of W7 is contained in V?

and such that, when j varies, the W’ form an open covering (necessarily
locally finite) of £2.

Proof. We represent £2 as the union of a sequence of relatively compact
open sets £, such that @, , C 2, (k > 1). For each k, let us consider the
(finite) family of sets V7, j € J, which do intersect £,; let [, be the set
of indices j such that ¥/ n Q, # O. Of course, we have 2, C {J;. g, V7
Consider then the function

(16.1) x ~sup d(x, ) V?) (d(x, A): distance from the point x to the set A).
jely
This is a continuous function in R?, in view of the fact that the supremum

of a finite number of nonnegative continuous functions is continuous,
and of the following result, whose proof we leave to the reader:

Lemma 16.1. Let A be any subset of R*. The function in R",
(16.2) %~ d(x, A) = inf | ¥ — ¥,

s continuous.
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The function (16.1) is >0 at every point of the compact set 2,; we
conclude that there is a constant ¢, > 0 such that (16.1) is = ¢, every-
where in 2, . For each j € ], let

Wi ={xe Vi;dx, b Vi) > ¢, 2}.

It might happen that W}, is empty, but in any case we set W7 = | Jz_, Wi;
it is easily seen that the open sets W7/ satisfy the requirements in
Theorem 16. 2.

We begin now the construction that will lead us to partitions of unity
in ¥°(£2). We consider a locally finite open covering {V7} (je J) of £2.
For each £ =0, 1, 2,..., there is a finite subset J; of indices je J such
that 17 N Q, = O and such that V7 does not intersect 2, if j¢ J, (the open
sets £2, are the ones introduced above). Let us set s =, N Viforje J, .
Thesets V%7 form a locally finite open covering of £2. We shall first apply
to them Theorem 16.2 and form an open covering {W%-7} of £ such that,
for every pair (k, j), W* is a compact subset of the (relatively compact)
open set V%, The idea of the proof is then the following one: we begin
by constructing a continuous function g, identically equal to one in
W*7 and whose support is compact and contained in V*-; this is easy
to do and uses Lemma 16.1. Next, we take advantage of Corollary 1 of
Lemma 15.2 and approximate gk7 by a ¥ function y* whose support
lies in a sufficiently small neighborhood of supp g*, in other words of
WkJ, so that the support of y*-7 is also a compact subset of V*J. We
require that %7 be so close to gt so as to have y*i(x) > } for all
x € Wk, As supp y*7 C V¥, every point of £ has a neighborhood which
intersects only a finite number of sets supp y*J. We may therefore form
the sum y(x) = X ; ¥*7(x) (summation performed over & = 0, 1,... and
over j€ J,), and this sum defines a ¥ function, x ~ y(x), in 2. We shall
construct the g¥J so that they be everywhere nonnegative; then,
inspection of the proof of Lemma 15.2 shows right away that we may
also take the y*J so as to be nonnegative everywhere. As y* > } in
Wk.J and as the W% form a covering of 2, we have y > } everywhere.
This implies immediately that 1/y is also a ¥ function in £, and that
we may set

1 &
2 Yeix)s

Bi(x) = 7 &

where the symbol ¥’ means that the summation is performed over those
integers k such that j € J, (simply because otherwise y*is not defined).
The functions 87 have the following properties:

(16.3) for each index j, B/ is a €= function in Q;
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(16.4) for each index j, the support of g/ is contained in V7;
(16.5) for each index j, the function §7 is everywhere > 0 in £2;

(16.6) for all xe 2,
5B = 1.

(This follows immediately from the fact that the covering {7} is locally
finite and from (16.4), every point x, of £2 has a neighborhood in which
all functions 87 vanish except a finite number of them.)

Definition 16.1. Let {V?} (je J} be a locally finite open covering of an
open set 2 C R™. A set of functions {87}, indexed by the same set of indices |
as the covering {V7} and having Properties (16.3)—(16.6), is called a partition
of unity in €=(82) subordinated to the covering {V7}.

Observe that, if all the sets V7 were relatively compact, the function 8
would all have a compact support, in view of (16.4); i.e., we would
have a partition of unity in €3 (£2). It should be kept in mind however
that, if the sets V7 are not relatively compact, it will not be possible, in
general, to have partitions of unity in €3(£2) subordinated to the covering
{V7}. A trivial counterexample is obtained by taking the index set J
with a single element.

The reasonings which precede Definition 16.1 constitute essentially
a proof of the existence of partitions of unity in ¥*(2) subordinated to
an arbitrary locally finite open covering {7} of 22. It will suffice to indicate
how to construct the continuous functions g%’ by which the whole
construction begins. This is easily done by considering the following
function f(z) of the real variable ¢:

=2t for t<<1/2;
f(‘)'zo for > 1/2.

Let then d,; be the distance from W¥7 to the complement of V*-.
It suffices to take

g5(x) = f(d(x, W*3)/d;. ;).

As it is the compose of two continuous functions, by Lemma 16.1,
g%J is continuous; it is equal to one in W*J and to zero outside the
neighborhood of order dy ;/2 of W%.; this neighborhood is obviously a
relatively compact subset of V*-7. The remaining details of the proof
can be worked out without difficulty by the student, if he wishes to
do so.
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We may now state:

THEOREM 16.3. Given an arbitrary locally finite open covering of an
open subset 2 of R, there is a partition of unity in €~(2) subordinated to
this covering.

CoRrROLLARY. Let {V7} be a locally finite open covering of 2, and [ a
Junction € €4(Q) (0 < k < + ). We may write

=35
7
where 7 C €%(82) and supp f7 C V7 for every j.

THEOREM 16.4. Let F be a closed subset of R, and U an arbitrary open
neighborhood of F. There is a function g € €°(R") which is equal to one
in some neighborhood of F and vanishes identically in the complement of U.

Proof. Let V be an open neighborhood of F whose closure, P, is
contained in U. Let us set W = R* — V. The pair (U, W) is an open
covering of R”, obviously locally finite! In view of Theorem 16.3, there
is a partition of unity in ¥°(R") subordinated to this covering. This
implies, in particular, that the partition of unity in question consists of
two elements, g, A. Since the support of & is contained in W, h vanishes
identically in V. Since g + 2= 1, we must have g =1 in V. Since
supp g C U, g fulfills all our requirements.

Exercises

16.1. Prove that there is an integer v(n), depending only on the dimension 7 of the
space R" such that the following is true. There is a set of functions {g(x, £)}( € I) of
x € R" and ¢t > 0 such that the following properties hold:

(a) For each fixed ¢, {g'(x, O)}(¢ € I) is a partition of unity in €2(R");

(b) for each t, the diameter of the support of every gi(x, t), regarded as a function of

xe R* is < 1/¢;

(c) for each t and every 7 € I, the number of indices ¢’ € I such that supp gi(-, £) N

supp g'(-, ) # O is at most equal to »(n);

(d) for each ¢, there is a function g € P(R") such that to every ¢ € I corresponds one

point x* € R” such that gi(x, ) = g(x — x*) for all x.

16.2. Let {U;} (i € J) be an arbitrary locally finite open covering of R*. Prove that
there is a partition of unity {g;}( 7 € J) subordinated to the covering {U;} such that, for all 7,
g; belongs to the dth Gevrey class in R*, G43(R") (see Exercise 15.3), provided that d > 1
(use Exercise 15.4).



17
The Open Mapping Theorem

This is the last section of Part I; we return, in it, to the general theory.
We shall state and prove the celebrated “open mapping theorem” or
Banach theorem. Consider two TVS E, F over the field of complex numbers,
and f a linear map of E into F. We have the usual triangular diagram

E—L sImf—' >F

s i
E/Ker f

in which ¢ is the canonical mapping, ¢ the injection of the image of f,
Im f, into F, and f the uniquely determined linear map which makes the
diagram commutative. We know that f is continuous if and only if £ is
continuous. Observe that, in any case, whether f is continuous or not, f is
one-to-one, and, if viewed as a mapping of E/Ker f into Im f, it is onto.
By definition, f is a homomorphism when f is an isomorphism of E/Ker f
onto Im f. One also says that f is an open mapping (assuming implicitly
that we are only dealing with continuous mappings). Suppose then that
F is Hausdorfl. If f is continuous, Ker f is closed and E/Ker f is also
Hausdorff. Suppose for a moment that Im f is finite dimensional;
then Im f and E/Ker f have the same dimension and f is always an
isomorphism, i.e., f is a homomorphism: any continuous linear map of a
TVS E into a Hausdorff TVS F, whose image is finite dimensional,
is 2 homomorphism. We may then ask the following question: is there
a class of TVS such that, if E and Im f both belong to that class, then
f is a homomorphism as soon as it is continuous? We have just seen
that this is so, whatever be E, whenever Im f is a finite dimensional
linear subspace of a Hausdorff TVS. Of course, we are really interested
in loosening the restriction on Im f: for the condition that Im f be finite
dimensional is a rather awkward one. We cannot hope that E will still
be allowed to be any kind of TVS.

We shall have to give up some of the generality on E but, as will be

166
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shown in this chapter, it is possible to obtain a great deal of generality
on Im f, while retaining a great deal of it about E, so as to have the
desired property. As a matter of fact, it is possible to have the same
conditions on E and on Im f, and these conditions are of a nature with
which we are already familiar: we shall only have to ask that both E
and Im f be metrizable and complete (no local convexity is involved in
this problem).

Let &7, & be two classes of topological vector spaces. We might say
that the open mapping theorem is valid for the pair (7, #) if, given any
TVS E € &, any TVS Fe %, and any continuous linear map of E onto F,
this linear map is a homomorphism (for reasons of simplicity, we have
assumed that the image of the mapping is identical with the whole space
of values; we shall go on doing this, in other words we shall only consider
mappings which are onto). The validity of the open mapping theorem
has great advantages; to try to prove it is not a matter of sheer curiosity.
We shall illustrate it by an example.

Let (2, #) be a pair of classes of TVS for which the open mapping
theorem is valid; let E be a TVS belonging to the class %7, and F a TVS
belonging to #. Let us be given a linear map g of F into E, and suppose
that we are interested in proving that g is continuous. Suppose further-
more that we have the following information about g : g is onto; g is
one-to-one; the inverse of g, which exists by the two preceding properties,
is continuous. Let f : E — F be this inverse. In virtue of the open mapping
theorem, we are able to conclude that f is open, i.e., that g is continuous,
which is what we were seeking.

Consider the graph of the mapping g just introduced; the graph of g,
Gr g, is the subset of F x E consisting of the pairs (x, y), x€F, y€ E,
such that y = g(x). Let us go back to the basic information we have
about g: that g is one-to-one, onto, and has a continuous inverse,
f: E - F. But let us not suppose that g is continuous. For simplicity,
we shall restrict ourselves to metrizable spaces. Let (x, ¥) be an element
of the closure of Gr g in F x E; the product space F' X E is also metriz-
able, and we can select a sequence of elements (x,,y,), » = 1, 2,..,,
of Gr g, converging to (x, y). This means that x, > x in F, and y, —» y
in E. But for each n, y, = g(x,), i.e.,, {y,) = x,, and, in view of the
continuity of f, we see that f(y,) converges to f(y) in F. As it also converges
to x. we conclude that x = f(y), i.e.,, y = g(x), i.e, (x,y)€Grg. In
other words, the graph of g is closed. If we wish then to conclude that
£ is continucus, we might raise the question: in what situation can we
derive that a linear mapping is continuous from the fact that its graph
is closed? In relation to this question, we leave to the student, as an
exercise, the proof of the following statement:
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ProposiTiON 17.1. Let X, Y be two topological spaces (not necessarily
carrying an algebraic structure). Suppose that Y is Hausdorﬁr Let f be a
continuous mapping of X.into Y. Then the graph of f in the product topo-
logical space X x Y is closed.

Here again, we may consider the pairs of classes of T'VS (&, #) such
that, given any TVS E € &, any TVS F € #, and any linear map f: E — F
whose graph is closed, we have the right to conclude that f is continuous.
If this is so, we shall say that the closed graph theorem is valid for the
pair (&4, %). It should be expected that the validity of the closed graph
theorem has advantages, as it must be easier, in many a situation, to
prove that the graph of a mapping is closed than to prove directly that
the mapping is continuous. This is indeed so; the reason for it lies in
the following much used result:

ProprosITION 17.2. Let E, F, and G be three Hausdorff 'TVS, and j a
one-to-one continuous linear map of F into G.

Let f: E—F be a linear map such that the composed jof: E— G is
continuous. Then the graph of f ts closed.

The mapping j has the following intuitive meaning: through j, F can
be regarded as a vector subspace of G; furthermore, as j is continuous,
the topology of F is finer than the topology induced on F by G.

Proof of Proposition 17.2. Let (x,, y,) be an element of the closure of
Gr fin E x F. There is a filter &, in Gr f, which generates a filter #
in E x F converging to (x,, y,): it suffices to take as %, the filter
defined by the intersection of the neighborhoods of (x, , y,) with Gr f.
Let %, and %, respectively, be the images of & under the two
coordinate projections: (x,y) ~x and (x,y) ~y. To say that &
converges to (x, , ¥) is equivalent with saying that % converges to x,
and & converges to y, (this is the definition of convergence in a product
space). As the compose mapping j o f is continuous, we derive that
J(f %) is a filter in G, converging to j( f(x,)); asj is continuous, we derive
that j % is also a filter in G which converges; its limit is j(y,). But if we
go back to the definition of the filter %, precisely to the fact that it was
a filter on Gr f, we see immediately that j( f %#;) and j % must be one
and the same filter on G. Indeed, a generic element of #,is a subset of
E x F consisting of elements of the form (x, f(x)); if we apply j o f to
the first projection of this element, we obtain j( f(x)), which is the same
thing as if we apply j to its second projection.

Since G is Hausdorff, we conclude that j(y,) = j(f(x,)) As j is
one-to-one, we may conclude that y, = f(x,), 1.e., (x¢ , ¥,)€ Grf. Q.E.D.
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The next corollary generalizes what we have said, above, about linear
mappings of a metrizable space into another one:

CoROLLARY. Let E, F be two Hausdorff TVS, and g a linear mapping of
F onto E which is one-to-one and has a continuous inverse. Then the graph
of g s closed.

The student should try to prove this result by deriving it directly
from Proposition 17.2.

What is the relation between the open mapping theorem and the closed
graph theorem? Let f: E— F be a linear map, and let us consider
its graph Gr f; note that it is a linear subspace of the product vector
space E X F. If we put on E X F the product topology, it induces on
Gr f a topology which turns Gr f into a topological vector space. Let us
denote by p (resp. ¢) the first coordinate (resp. the second coordinate)
projection restricted to Gr f:

plx, f(@) =%, g% f(x)) = ().
We see that p is one-to-one and onto, and that, if we denote by p~! its
inverse, we have
f=qop™

If we have to prove that f is continuous, we may try to prove that p~! is
continuous. The definition of the product topology implies that both
p and ¢ are continuous. In dealing with p, we are dealing with a one-to-
one mapping onto which is continuous; if we can prove that it is also
open, it will follow that p~! and therefore also f are continuous. We may
then state:

ProposiTION 17.3. Suppose that E and F are two TVS having the
Jollowing property:

(17.1) If G is any closed linear subspace of the product E X F and u any
continuous linear map of G onto E, then u is an open mapping.

Under this condition, if f is a linear map of E into F with a closed graph,
[ is continuous.

It is clear from the considerations which precede, that we could have
restricted Condition (17.1) to the mappings of G into E which are onto
and one-to-one. As we shall prove the open mapping theorem for
metrizable and complete TVS, and that any closed subspace of the
product of two metrizable and complete TVS is metrizable and complete,

we shall also obtain the closed graph theorem for metrizable and complete
TVS.
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Finally, we state and prove the open mapping theorem:

Tueorem 17.1. Let E, F be two metrizable and complete 'TVS. Every
continuous linear map of E onto F is a homomorphism.

Proof. The proof consists of two rather distinct parts. In the first one,
we make use only of the fact that the mapping under consideration,
u : E—>F, is onto and that F has Baire’s property (p. 74). In the second
part, we take advantage of the fact that both E and F can be turned into
metric spaces, and that E is complete.

Lemma 17.1. Let u be a linear map of a TVS E onto a Baire space F.
Given an_arbitrary neighborhood of zero U in E, the closure of its image
w(U), u(U), is a neighborhood of zero in F.

Proof of Lemma 17.1. The fact that F is a Baire space has the
consequence that F cannot be the union of a countable family of closed
sets, none of which has interior points. Let ¥ be a balanced neighborhood
of zero in E, such that VV + V' C U. Since V is absorbing, we have

@
E=|)nV.
n=1
Since u is onto we have

@

F =) nup) = () na(),

n=1

and at least one of the closed sets # #(¥) must have a nonempty interior;
since x ~ (1/n)x is an isomorphism of F onto itself, #(V') must have an
interior point, say x,; let W + x, be some neighborhood of x, contained
in w(V). Here W is a neighborhood of 0 in F; the affine mapping
x ~ & — %, is a homomorphism of F onto itself, and maps u(V) onto
JV) — x;; as it maps W + x, onto W, we have WC u(V) — X, .
Obviously, we have also w(V) — x, Cw(V) — w(V) = w(V — V) C u(U)
(we have V = —V), whence W C#(U), which proves that the closure
of u(U) is a neighborhood of zero in F. Q.E.D.

Now we know that, because F is a Baire space and u is onto, the image
of any neighborhood of zero in E is everywhere dense in a neighborhood
of zero in F. The next lemma tells us that, under the assumptions of
Theorem 17.1, if we enlarge a little the neighborhood of zero in E, then
not only will its image be dense in a neighborhood of zero in F, but it
will be itself a neighborhood of zero in F. We are going to make use of
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a metric in E and a metric in F, both of which we shall denote by the
same letter, d, as no confusion is to be feared. If z is a point either of E
or of F, we denote by B,(z) the ball with radius » > 0 centered at z,
1.e., the set

{z';d(z,2") <r}.

In the proof of Theorem 17.1, we shall need metrics on E and F which
are translation-invartant. Every metrizable TVS carries such a metric
which defines its topology (when we talk about metrics, it should always
be understood that they define the underlying topology!); we have not
proved this fact in general. We have only proved it for locally convex
metrizable spaces; the student reluctant to take our word for the general
result may confine himself to the locally convex case.

LemMA 17.2. Let u be a continuous linear map of a metrizable and
complete 'TVS E into a metrizable (not necessarily complete) TVS F.
Suppose that u has the following property:

(17.2) To every number r > O there is a number p > O such that, for all x€ E,
B,(u()) C W(BA).

Then, if r and p are related as in Property (17.2) and if a > r, we have,
for all x € E,

B (u(x)) C u(B(x)).

Proof of Lemma 17.2. We may represent @ as a sum of an infinite
series of positive numbers:

a0
a=Yy r,, ro=r, r,>0 forall =

Let y be an arbitrary point of B (u(x)). We must show that there is a
point x” € B,(x) such that u{x’) = y. We shall define a sequence of
points x,, such that (x,)) converges to y in F, and which will be a Cauchy
sequence in E. Using then the completeness of E, we shall conclude that
the x, converge to an element %" of E, which necessarily satisfies
u(x") = y. The way we define the sequence x,, will imply that d(x, x") < a.

We shall take advantage of Property (17.2). To each n we can find a

number p, > 0 such that p, > p,,;, — 0, and such that, for every
xcE,

B, (u(x)) C u(B, (x)).
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As a first step, we can select a point x, of B, (x) such that d(u(x,), y) < p,,
which means that y € B, (u(x,)). Therefore, we may find a point x, of
B, (x,) such that d(u(x,), y) < p., that is tosayy € B, (4(x;)), and so on;
for each n, we may find a point x,,,, of B, (x,) such that d(u(x,,,), y) <
p. - The sequence of points x, has all the properties required: for each »,
d(x, , x,4,) <r,, hence the x, form a Cauchy sequence and their
limit &’ satisfies d(x, ¥') < 327, = a; moreover, d(u(x,), ¥) = 0. Q.E.D.

End of the Proof of Theorem 17.1. By Lemma 17.1 we know that to
every r > ( there is p > 0 such that

B,(0) C «(B,(0)).

We use now the property that the metrics employed are translation-
invariant: for all real numbers 8 > 0 and all points z,

By(z) = By0) + =.

We conclude that Property (17.2) is valid. By Lemma 17.2, we conclude
that, for a > r,

Bp(o) C u(B,(0)).

This proves obviously that u transforms neighborhoods of zero into
neighborhoods of zero.

CoRrOLLARY 1. A one-to-ome continuous linear map of a metrizable and
complete 'TVS E onto another metrizable and complete TVS F is an
isomorphism (i.e., is bicontinuous).

COROLLARY 2. Let 9, , T, be two metrizable topologies on the same vector
space E, both turning it into a complete TVS. Suppose that one is weaker
than the other. Then they are equivalent.

CorOLLARY 3. Let p, ¢ be two norms on a vector space E. Suppose that
both normed spaces (E, p) and (E, q) are Banach spaces, and that, for some
constant C > 0 and all x € E.

p(x) < C g(x).

Then the norms p and q are equivalent, i.e., there is a constant C' >0
such that, for all x € E,

q(x) < C' p(x).
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In view of Proposition 17.3 and the remark following it, we obtain
the closed graph theorem for metrizable and complete TVS:

COROLLARY 4. Let E, F be two metrizable and complete 'TVS, and f a
linear map of E into F. If the graph of f is closed, f is continuous.

Exercises

17.1. Let £ be an open subset of C? and H(£) the vector space of holomorphic
functions in £. Let us identify canonically C" to R?", and regard {2 as an open subset of
R2* and H(£2) as a vector subspace of €%(2) (0 < k -+ ). Derive from the open
mapping theorem that the topologies induced by *(2) (1 < k < + o) on H(£) are all
identical.

17.2. Let E, F be two metrizable and complete TVS, and f a linear mapping of E
into F. Prove that f is continuous if and only if, for every sequence {x,} converging to
zero in E and such that the sequence f(x,) converges in F, the limit of the f(x,) is zero.

17.3. Give an example of a continuous linear mapping of a Fréchet space E into
another, F, which has a dense image but is not a homomorphism.

17.4. Give an examples of two topologies on a vector space E, both metrizable and
complete, one of which turns E into a TVS and is less fine than the other, but which are
not identical.

17.5. Prove the following result:

ProrosITION 17.4. Any linear map f of an LF-space E into a Fréchet space F whose graph
is closed is continuous.

17.6. Let E be a linear subspace of the space ¥°([0, 1]) of the continuous functions
on the closed unit interval [0, 1]. Let || || be a norm on E which turns E into a Banach
space and defines a topology on E which is finer than the topology of pointwise convergence
on [0, 1]. Let €™([0, 1]) (0 < m < + ) be the space of ¥™ functions f in the open
interval ]O, 1[ such that all the derivatives of order << m + 1 of f can be extended to the
closure of ]0, 1[ as continuous functions on [0, 1]; $™([0, 1]) carries the topology defined
by the norms

fpuf) = 02‘1312””)(’)" E<m+ 1

Suppose that ¥°([0, 1]) is contained in E. Prove (by using Corollary 4 of Theorem 17.1,
or else Exercise 17.2) that the natural injection of ([0, 1]) into E is continuous and that,
for some finite integer m > 0, it can be extended as a continuous linear injection of
#™({0, 1]) into E. The latter injection, composed with the injection of E into €°([0, 1]),
is equal to the natural injection of ¥™([0, 1]) into ¥°([0, 1]): in other words, €™([0, 1]) C E
and the injection is continuous (also prove these assertions).



PART 11

Duality.
Spaces of Distributions



In this part, the reader will find an exposition of the main body of
distribution theory and of the theory of duality between topological
vector spaces. The main spaces of distributions (2’, ', &) are defined
as duals of spaces of € functions (of €y, €, and &, respectively).
The standard operations—differentiation, multiplication by a %*
function, convolution, Fourier transformation-—are systematically defined
as transposes of analog operations in spaces of €™ functions. Itis evident
that such an approach, by duality and transposition, requires a minimum
amount of knowledge about these concepts. This is provided in
Chapter 18 (The Theorem of Hahn-Banach), 19 (Topologies on the
Dual), and 23 (Transpose of a Continuous Linear Map). In the Chapter
presenting the Hahn-Banach theorem, a few pages are devoted to
showing how the theorem is used in the treatment of various problems
(e.g., problems of approximation, of existence of solutions to a functional
equation, and also problems of separation of convex sets). In Chapters 20,
21, and 22, examples of duals are given; Chapter 20 is entirely devoted
to the duality between L? and L?’, the so-called Lebesgue spaces (and
also between /P and [P’, the spaces of sequences). A proof of Hélder’s
inequality is given. Chapter 21 studies the dual of the space of continuous
functions with compact support, which is the space of Radon measures,
then the dual of the space of ¥* functions with compact support, which
is the space of distributions. Chapter 22 studies two cases of duality of a
somewhat more abstract nature: the duality between polynomials and
formal power series, and the duality between entire analytic functions
in C” and analytic functionals. We prove the important theorem that
the Fourier-Borel transformation is an isomorphism of the space of
analytic functionals onto the space of entire functions of exponential
type in C» (this theorem may be viewed as describing the duality
between entire functions and entire functions of exponential type; this
duality is closely related to the one between polynomials and power
series). At the end of Chapters 20, 21, and 22, we find ourselves with a
stock of spaces in duality that should provide us with a good number of
examples on which to rely in the later study of duality. It should
be pointed out, however, that we have at our disposal the space of all
the distributions, &', but that we are not yet able to identify any one
of its subspaces to the duals of the other spaces of functions which have
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been introduced. In order to be able to do this, we need the notion of
transpose of a linear map and the fact that the transpose is injective
whenever the image of the map is dense. For then we may take advantage
of the fact that the natural injection of €7 into L? (1 < p < + ),
€ € (0 < k< +©), and & has a dense image. Consequently,
the dual of each one of these spaces can be identified with a linear sub-
space of Z’, i.e., can be regarded as a space of distributions. The notion
of transpose, needless to say, is important in many respects, the material
treated in Chapters 23-38 bears witness to this. Itis by transposition that
we define the (linear partial) differential operators acting on distributions
(Chapter 23), the Fourier transformation of tempered distributions
(Chapter 25), and the convolution of distributions (Chapter 27).
Transposition is the key to the study of the weak dual topology, as
carried through in Chapter 35 (where attention is centered on the dual
of a subspace and the dual of a quotient space and the related weak
topologies), and to the study of reflexivity (Chapter 36: in the terms
set down by Mackey and Bourbaki, with particular emphasis on reflexive
Banach spaces, on one hand, and on Montel spaces, on the other). The
main theorem in Chapter 37, due to S. Banach, may be regarded as the
culmination of this line of thought: it shows the equivalence between
the surjectivity of a continuous linear map of a Fréchet space into
another Fréchet space, and the property that its transpose be one-to-one
and have a weakly closed image. This theorem is complemented with a
characterization of weakly closed linear subspaces in the dual of a
Fréchet space, also due to Banach. In order to impress the importance
of these theorems on the mind of the student, Chapter 38 (the last in
Part IT) shows how they can be applied to the proof of a classical theorem
of E. Borel and also to the proof of one of the main results about
existence of ¥ solutions of linear partial differential equations (this
last application is essentially due to B. Malgrange).

We have preceded these chapters by a description of the standard
aspects of distribution theory: the support of a distribution is introduced
in Chapter 24, where the main theorem of structure is stated and proved;
the procedures of approximation of distributions by cutting and
regularizing are described in Chapter 28; the Fourier transforms of
distributions with compact support are characterized in Chapter 29
(this characterization forms the celebrated Paley-Wiener theorem).
In Chapter 30, we show that Fourier transformation exchanges, so
to speak, multiplication and convolution. We have added a section
(Chapter 26) on convolution of functions, where we prove the
Minkowski-Hélder-Young inequality. We have thought that it was
appropriate to add also a rather lengthy section (Chapter 31) on
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Sobolev’s spaces: these spaces play an increasingly important role in
the theory of linear (and even of nonlinear) partial differential equations,
and it is mainly with the application of functional analysis to partial
differential equations in mind that the material presented here has been
selected.

Finally, no exposition of the theory of topological vector spaces, even
admittedly succinct, could dispense with the statement and the proof of
the Banach-Steinhaus theorem; we fulfill this obligation in Chapter 33.
We give some of the applications of the theorem in Chapter 34. As it is
a statement about equicontinuous sets of linear maps, we introduce
these sets in Chapter 32 and establish their main properties. The
Banach-Steinhaus theorem is extensively applied in the section on

reflexivity (Chapter 36).



18
The Hahn-Banach Theorem

Let E be a topological vector space, and E’ its dual, i.e., the vector
space of all continuous linear functionals on E (i.e., of all continuous
linear maps of E into the scalar field). Let M be a linear subspace of E;
we suppose that M is equipped with the induced topology. Then M is a
TVS and we may consider its dual, M’. It is clear that the restriction to M
‘of any continuous linear functional on E defines a continuous linear
functional on M. This gives a meaning to the restriction mapping

rui E > M, ryiEox ~x'|\MeM.

This restriction mapping (evidently linear) has no reason to be one-to-
one. For, given some continuous linear functional x” on E’, nonidentically
zero, the subspace M may very well happen to be contained in Ker x’,
and thus r,/(x") will be zero without x' being zero. Nor is there any a
priori reason that the mapping r, should be onto. Indeed, there are
examples of Hausdorfi TVS E on which the only continuous linear
functional is the functional identically equal to zero, which means that
E’ = {0}. But take for M any finite dimensional subspace of E certainly
M’ is not reduced to zero if M # {0}, for M and M’ have the same
dimension, and thus r,, cannot be onto. One remarkable feature of the
Hausdorff TVS E whose dual is reduced to {0} is that they are not locally
convex; for we shall see in this chapter that, when E is locally convex,
the restriction map r,, is always onto, regardless of what the subspace M
is. Observe that the fact that the restriction r,, is onto means that, given
any continuous linear functional on M, it can be extended as a continuous
linear functional on E. We would like first to show that the fact that r,,
1s always onto is obvious when we are dealing with a Hilbert space E.
Indeed, let 3" be a continuous linear functional on M. By continuity,
we may extend y’ to the closure of M in E (Theorem 5.1); in other
words, we might have supposed at the start that M was closed. Let then
M?° be the orthogonal of M in E; we have E = M @ M° (@: Hilbert
sum). Let " be the linear functional on E which is equal to 3’ on M and
to zero on M°. Any element x of E can be written as x = x; + x, with
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x, € M, x, € M°, and the mapping x ~ x, from E onto M is continuous
(it is simply the orthogonal projection onto M); thus, if x converges to
zero in E, x'(x) = y’(x,) must converge to zero in the complex plane,
recalling that y’ is continuous. In other words, x’ is a continuous linear
functional in E, and obviously the restriction of x’ to M is identical with
y'. This proves that r,, is onto in the present context. In the general case,
when E is locally convex but not a Hilbert space, most of the time we
cannot represent E as a direct sum M + N such that, if x = x; + x,,
x, € M, x, € N, the mapping x ~ x, is continuous. If we could, then the
extension to E of continuous linear functionals (and, for that matter, of
any continuous linear map) defined in M would be quite automatic.
However, when E is locally convex, we need not have at our disposal a
representation of E as a direct sum to be able to extend continuous
linear functionals, as will be shown.

Let E be a locally convex space, M a linear subspace of E, and f a
continuous linear functional defined in M. The fact that f is continuous
can be expressed by saying that there is a seminorm p, defined and
continuous in E, such that, for all x e M,

Lf(#)] < p(x).
Consider then the subset of M,
N ={xe M, f(x) = 1}.

Taking any vector x, belonging to N, it is clear that N — x, is the kernel
of fin M, which is a hyperplane of M, say M,: N = M, + x, is thus
the translation of a hyperplane, a linear submanifold of M which we
shall call a hyperplane (to be precise, one could say an affine hyperplane
so as to make the difference with the hyperplanes considered until now,
which pass through the origin, and are simply linear subspaces of
codimension one). Observe that the datum of IV determines completely
fin M, for we have the decomposition in direct sum

M =M, + Cx,,

where Cx, is the one-dimensional linear subspace (i.e., the complex line)
through x, . In other words, every element x of M can be written in one
and only one manner:

x =y + Ax,, yeM,, AeC.

As y € Ker f, we have
f(x) = Af(xe) = A
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since f(xq) = 1. Consider now the open unit semiball of p:
U= {xekE; p(x) < 1}.
We know that U is an open convex subset of E, and it is obvious that

NnU=g.

Suppose we could find a closed (affine) hyperplane H of E with the
property that

(18.1) NCH, HnU=g.

H Flx) =

F1c. 3

Then H — x, would be the kernel of a continuous linear functional on E
(Proposition 9.4) and this functional would be completely determined if
we impose the condition that f= 1 in H (the reasoning is identical to
the one just presented, showing that the datum of N determines
completely f in M). As the restriction of f to M is equal, in N, to f, it
means that the restriction of f to M is equal to f in the whole of M.
Furthermore, the fact that H N U = O means that f(x) = 1 implies
p(x) = 1. Let then y € E be any vector such that f(y) % 0. Then

folfon =1 implies p(y/f(y) = 1,

which can be rewritten into

(18.2) L) < p(3)-

This remains obviously true when f(y) = 0.
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Summarizing, we see that the existence of a closed hyperplane H with
Properties (18.1) implies that the continuous linear form f in M can be
extended as a linear form f to the whole of E, satisfying (18.2). Condition
(18.2) implies immediately that f is continuous. In other words, we have
reduced the problem of extending continuous linear functionals to the
problem of separating by a closed hyperplane a convex open set and an
affine submanifold (the image by a translation of a linear subspace)
which do not intersect.

We have proved that, of the two forms of the Hahn—Banach theorem
stated below, the second one, or geometric form, implies the first one,
the analytic form. It will therefore suffice to prove the geometric form.

THeorem 18.1 (Analytic form of the Hahn-Banach theorem). Let p
be a seminorm on a vector space E, M a linear subspace of E, and f a linear
Jorm in M such that

| f)| < p(x) forall xeM.

There exists a linear form on E, f, extending f, i.e., such that

fx) =f(x) forall xeM,
and such that, furthermore,

| f(%)] < p(x) forall xeE.

Tueorem 18.2 (Geometric form of the Hahn-Banach theorem). Let E
be a topological vector space, N a linear subspace of E, and 2 a convex
open subset of E such that

NNnQ=g.
There exists a closed hyperplane of E, H, such that

NCH, HNQ = .

It should be remarked that E does not carry any topology in
Theorem 18.1, but this is somehow deluding because the datum of a
semi-norm on E is equivalent to the datum of the topology defined by
this semi-norm. In Theorem 18.2, E is a TVS which does not need to
be Hausdorff nor locally convex.

Proof of Theorem 18.2. We assume that 2 #* O, otherwise there is
nothing to prove.
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The first part of the proof is quite simple and consists in a straight-
forward application of Zorn’s lemma: one considers the family & of all
linear subspaces L of E such that

(18.3) NCL, LnQ=g.

If we have a totally ordered subfamily of %, @ (totally ordered for the
inclusion relation L CL’), it is obvious that the union of all the linear
subspaces belonging to @ is a linear subspace of E having Prop-
erties (18.3). Thus Zorn’s lemma applies and we may conclude that &
possesses maximal elements. Let H be one of them. The second part of
the proof consists in showing that H is a closed hyperplane.

That H must be closed is obvious. For if H is contained in the
complement of £, so is its closure, since £ is open. And the closure of H
is a linear subspace of E containing N. As H is maximal, it must be
equal to its closure.

The fact that H is closed implies that E/H is Hausdorff (Proposition
4.5). We must show that H is a hyperplane, i.e., that dim E/H = 1. We
shall do it in two steps.

(1) The scalar field is the field of real numbers.

Let ¢ be the canonical map of E onto E/H; ¢ is a homomorphism,
therefore ¢(£2) is an open convex subset of E/H and,since HN Q = O,
the origin of E/H is not contained in ¢(£2). Let us set

4= 2(Q).
A>0

The subset A4 is open, convex, and it is a cone. If dim E/H > 2, the
boundary of 4 must contain at least one point x # 0. It will suffice
to show that, under our hypotheses, the point —x cannot belong to 4.
But if both x and —x belong to the complement of 4 in E/H, so also
does the straight line L which these two points define; the preimage
&(L) would then be a vector subspace of E, which does not intersect 2
since L N A = @, which contains H, as 0 € L, but is distinct from H, as
L +# {0}. This contradicts the maximality of H.

Why cannot —x belong to 4 ? If it did, there would be a neighborhood
V of —x entirely contained in 4. But then —V is a neighborhood of x;
as x is a boundary point of 4, we should be able to find y e (— V) N A4.
But —y e V C A4, hence, in view of the convexity of 4, the whole line
segment between y and —y should be contained in 4, in particular the
origin, which is contrary to the definition of 4.
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(2) The scalar field is the field of complex numbers.

Although the scalars are the complex numbers, we may view E as a
vector space over the real numbers; it is obvious that its topology, as
originally given, is compatible with its linear structure (only the
continuity on R X E of the scalar multiplication (A, x) ~ Ax has to be
checked and it is obvious since the topology of R is the same as the
topology induced on R by C). Because of the result in Step 1, we know
that there is a real hyperplane Hy of E which contains N and does not
intersect £2. By a real hyperplane, we mean a linear subspace of E viewed
as a vector space over the field of real numbers, such that dimy E/H, = 1.
But we must remember that complex numbers act linearly, through
multiplication, on the elements of E; we have iN = N ({ = (—1)/2),
hence NC HyniH,. But Hyn iH, is a complex hyperplane, which
does not intersect £2. The fact that Hy, N iH, is a complex hyperplane is
easy to check: it is obviously a complex linear subspace of E (viewed now
as a complex vector space) and its real codimension is > 1 and <2
(the intersection of two distinct hyperplanes is always a linear subspace
with codimension two), hence its complex codimension is equal to one.
The proof of the Hahn-Banach theorem is complete.

The Hahn-Banach theorem is frequently applied in analysis, as will
be seen in the forthcoming. We shall briefly indicate three important
types of problems to which it is sometimes applied: the first type are
problems of approximation, the second, of existence of solutions to
a functional equation, the third, of “‘separation” of convex sets.

(1) Problems of Approximation

Consider a locally convex space E, a closed linear subspace M of E,
and a linear subspace M, of M. We want to show that every element of
M is the limit of elements belonging to M, . As an example of this
situation, the student may think of E as a space of functions, of M as the
subspace of E consisting of the solutions of some functional equation
(e.g., of a partial differential equation with constant coeflicients), and of
M, as a special class of such solutions (e.g., solutions which are
polynomials, or analytic functions, or ¥ functions). We want to prove
that M, is dense in M. In order to do this, we may take advantage of
the following result:

CoroLLARY 1. Let E be a locally convex space, M a closed linear subspace
of E, and M, a linear subspace of M. Then M, is everywhere dense in M
if and only if every continuous linear form on E vanishing identically in M,
vanishes identically also in M.
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For suppose that M, were #M; there would be an element x, of M
which does not belong to M, . Consider the quotient space E/M, and let
¢ be the canonical map of E onto E/M,; we have ¢(x,) # 0. Let L be
the one-dimensional linear subspace of E/M, spanned by ¢(x,); every
vector belonging to L is of the form A ¢(x,). Let then f be the linear form
on L, A d(x,) — A. Since E/M, is Hausdorff, f is continuous. In virtue
of the Hahn-Banach theorem, f can be extended as a continuous linear
form to the whole of E/M,; we denote by f this extension. Let f = f o ¢;
f is a continuous linear form on E, which vanishes on M,, since
M, = Ker ¢, but not on x, , since f(x,) = f($(%,)) = 1. Q.E.D.

In proving Corollary 1, we have proved the following result (it suffices
to take M, = {0} in the proof of Corollary 1, when we deal with the
quotient space E/M, and the linear form f):

CoroLLARY 2. Let E be a Hausdowf LCS, and x, an element of E, x, # 0.
There exists a continuous linear form f on E such that f(x,) # O.

In particular, Corollary 2 shows that, if E 5 {0}, the dual of E cannot
be reduced to {0}. On a Hausdorff locally convex space there are always
nontrivial continuous linear forms. 3

An obvious consequence of Corollary 1 is the following one:

CorOLLARY 3. Let M be a closed linear subspace of an LCS E. If M +# E,
there is a continuous linear form f, nonidentically zero but vanishing
tdentically in M.

(2) Problems of Existence

Let E, F be two LCS, and u a continuous linear map of E into F.
Given any continuous linear functional y’ on F, it is clear that the
composition y’ o u is a continuous linear functional on E. This defines
a mapping

tu:F' sy ~y ouek
(E’, F': duals of E and F, respectively); ‘u is called the transpose of u,
it is obviously linear (see Chapter 19). The application of the Hahn-
Banach theorem we indicate now concerns the possibility of proving the
existence of a solution ¥’ € F’ to the equation

u(y’) = xg,

where x; is a given element of E’. An example of such a problem is
encountered when dealing with a differential operator (in the role of u):
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xq could then be the Dirac measure, for instance, and F’, some space
of distributions. In such a situation, one often applies the following
consequence of Theorem 18.1:

CoroLLARY 4. Let E, F, u, 'u, and xqy be as said. Suppose that the linear
form, defined in Im u,

(18.4) u(x) ~ x(x),

is continuous when we provide Im u with the topology induced by F. Then
there is a continuous linear form y’ in F such that

(18.5) tu(y’) = x;.

Proof. 1f (18.4) is continuous in Im #, we can extend it as a continuous
linear form to the whole of F; let ¥ be such an extension of (18.4).
For x € E, we have

u(y')(x) = y'(u(x)) = x(x). Q.E.D.

In general, the solution y’ of (18.5) is not unique; if 2’ is any solution
of the homogeneous equation

(18.6) tu(z’) = 0,

we see that ¥’ -+ 2’ is again a solution of (18.5). Again, from the Hahn—
Banach theorem, it follows that Eq. (18.6) has nontrivial solutions if and
only if Im # is nondense in F. This is a fact important enough to be
stated as a corollary of Theorem 18.1:

CoroLLARY 5. Let E,F,u: E—F, and 'u : F' — E' be as before. The
following two conditions are equivalent:

(@) Im u is dense in F;
(b) ‘'u is one-to-one.

From Corollary 3 we derive that Im u 5= F if and only if there is a
continuous linear form z' which vanishes identically on Im % but
2’ 5 0; now, the fact that 2’ = 0 identically in Im # is obviously
equivalent with ‘u(z’) = 0.

Observe that, when Im u is dense in F, we do not need the Hahn-
Banach theorem to derive the existence of the solution y’ to (18.5) from
the continuity of (18.4): y’ is then the unique extension of (18.4) to the
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whole of F; this extension is obtained by continuity. Thus, when Im u
is not dense in F, we may apply the Hahn-Banach theorem to show both
facts: that Eq. (18.6) has nontrivial solutions, and that the continuity
of (18.4) in Im # implies the solvability of (18.5).

(3) Problems of Separation

Let E be a TVS over the field of real numbers; let H be a closed
hyperplane of E. Then E/H is a Hausdorff one-dimensional TVS, that
is to say a copy of the real line. In particular, the complement of the
origin in E/H consists of two disjoint open half-lines, say D, and D, .
Let ¢ be the canonical homomorphism of E onto E/H; the preimages

¢7(D1) and ¢7YDy)

are the two open half-spaces of E determined by H; their closures are the
two closed half-spaces determined by H. Two subsets A and B of E are
said to be separated (resp. strictly separated) by H if A is contained in
one of the closed (resp. open) half-spaces determined by H, and B is
contained in the other closed (resp. open) half-space determined by H.

These definitions enable us to formulate the type of problems examined
in the present paragraph: can one separate, or separate strictly, two
disjoint convex subsets of a TVS E? It is immediately seen that further
hypotheses are necessary, on 4 and B, if we are to give a positive answer
to this question.

ProrosiTioN 18.1. Let E be a 'TVS over the real numbers, and A, B twa
disjoint convex subsets of E. If A is open nonempty and B is nonempty,
there exists a closed byperplane H of E separating A and B. If B is also
open, the byperplane H can be chosen so as to separate strictly A and B.

Proof. The vector subtraction A — B is an open subset of E (as it is
the union of the open sets 4 — y as y varies over B); it is convex and
does not contain the origin. In view of Theorem 18.2, there is a closed
hyperplane H of E which does not intersect 4 — B (and passes through 0)
or, which is equivalent, a continuous linear form f on E such that
f(4 — B) > 0, which means that f(x) > f(y) for all xe A and y e B.
Since B is nonempty, we have a = inf,_, f(x) > —o0. The hyperplane
H, = {z e E; f(2) = a} obviously separates 4 and B.

If now B also is open, we may find a closed hyperplane H, separating
4 and the closure B of B. It is then obvious that H, separates strictly A
and B. Q.E.D.
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If B is not open, there will not be, in general, a closed hyperplane
separating A and B strictly: even if E is finite dimensional; even if
A and B do not intersect each other (see Exercise 18.2).

ProposiTION 18.2. Let E be a locally convex 'TVS over the real numbers,
and A, K two nonempty and disjoint convex subsets of E.

If A is closed and K is compact, there is a closed hyperplane of E which
separates strictly A and K.

Proof. Let B be a basis of neighborhoods of zero in E consisting of
closed convex balanced neighborhoods of zero. For each V e B, let Q,
be the complement of the closure of 4 + V. As V varies over B, the
sets £, form an open covering of K. Indeed, let x be an arbitrary point
of K; the complement £ of 4 is an open neighborhood of x; therefore
thereis V € B such that V + V + x is contained in . As V is balanced,
this means that V' 4+ x C (4 + V); the interior of V -+ x does not
intersect A + V, hence does not intersect its closure. We use now
the compactness of K: there is a finite family of sets J € 8 such that
the corresponding £, form an open covering of K; taking W equal to
the intersection of that finite family of V’s, we see that K C 2, . Let us
then choose an open neighborhood U of zero in E, also convex and
balanced, such that U 4+ U C W. The set K is contained in the com-
plement of the closure of 4 + U + U, therefore K + U is contained
in the complement of 4 + U, Since U is open, both 4 + Uand K + U
are open; since A, K, U are convex, A4 + U and K + U are both
convex; since they are disjoint, we may apply the last part in the
statement of Proposition 18.1 and conclude that there is a closed
hyperplane H of E which separates strictly 4 + U and K + U and,
a fortiori, 4 and K.

CoroLLARY 1. In a locally convex Hausdorff 'TVS E over the real
numbers, every closed convex set is equal to the intersection of the closed
half-spaces which contain it.

Indeed, every point of the complement of a closed convex subset
A of E is compact; by Proposition 18.2, there is a closed hyperplane H
which separates strictly 4 and the set consisting of such a point.

CorOLLARY 2. In a locally convex Hausdorff space E over the real
numbers, the closure of a linear subspace M is the intersection of all the closed
hyperplanes which contain M.

Letx® ¢ M; by Proposition 18.2 there is a closed hyperplane separating
strictly M and x%; let f(x) = a be an equation of that hyperplane; M is
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contained in the set {x; f(x) < a} and we have f(x°) > a. If there were
a point y € M such that f(y) 5 0, then we would also have by € M with
b = a[f(y), which would imply f(by) = a : M would not be contained
in the set {x; f(x) < a}. Thus M C Ker f and x° ¢ Ker f. Q.E.D.

For future purposes, it is important that we have the analogs of some
of the previous results when the field of scalars is the complex field,
C. It should be noticed, however, that the notion of separation by
hyperplanes does not make any sense in a complex TVS: the complement
of a closed hyperplane is always connected and we cannot talk about
one side of the hyperplane, as we could in the real case. Of course,
Corollary 2 of Proposition 18.2 still makes sense and, as a matter of
fact, is still valid:

CoroLLARY 3. Let E be a locally convex Hausdorff 'TVS over the
complex numbers, and M a linear subspace of E. The closure of M 1is the
intersection of all the closed hyperplanes containing M.

Proof. Let x° ¢ M; there is a closed hyperplane H of E when we regard
E as a TVS over the real numbers, such that M C H and x° ¢ H. Then
H N iH is a closed hyperplane (when we regard E as a 'TVS over the
complex numbers) which contains M, since M = iM, but which does
not contain x°.

The next result will be useful to us, later on.

ProposITION 18.3. Let E be a vector space over the complex numbers,
and F;(j = 1, 2) two locally convex Hausdorff topologies on E (compatible
with the C-linear structure of E) such that the continuous linear forms
on E are the same for both 7, and 7, . Let A be a convex subset of E.
The closures of A for T, and 7, are identical.

Proof. Let f be a linear map of E into the field of real numbers, R,
i.e., an R-linear form on E. Let us set, for every x € E,

8(x) = 3(f(x) — i f(ix)).
Let ¥ = o + 78 be an arbitrary complex number. We have
28(yx) = f(yx) — if(iyx) = flox + Pix) — i f(adix — Bix)
= af(x) + Bf(ix) — da f(ix) + B f()
= o f(x) — if(5x)) + B(f(x) + i f(ix)) = 2y g(x).

This shows that g is a C-linear form. Since we have g(x) = F(f(x)+1f(ix)),
remembering that f is real valued, we see that

f(x) = g(x) + g(x)-
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The definition of g and this equality show that f is continuous if and
only if g is continuous.

From this fact, we derive that the continuous R-linear forms on E are
the same for the topologies 7; and .7, . This is equivalent to saying that
the closed half-spaces are the same for Z; and Z,. Proposition 18.3
follows then immediately from Corollary 1 of Proposition 18.2.

Exercises

18.1. Let (E, p) be a normed space, and M a linear subspace of E. Let us denote by
D g the restriction of p to M and consider the normed space (M, ps). Let f be a continuous
linear form on the normed space (M, p,s). Prove that there is a continuous linear form b
on the normed space (E, p) such that f(x) = f(x) for all x € M and such that

sup |f(x)l = sup  |flx)l.

xeE, p(x)=1 xeM,ppqlx)=1

18.2. Consider the following subset of R*: C = {(x,5,2); x > 0,y > 0,2 > 0,
xy > 2%}. Show that the straight line D = {(x, y, 2); x = 0, 2 = 1} does not intersect C
but that there is no plane which contains D and does not intersect C (see remark after
proof of Proposition 18.1).

18.3. Let llll be the Banach space of real sequences ¢ = (o,), n = 0, 1, 2,... such that
Z,T:; | op| < 4+ (cf. Chapter 11, Example IV). Let us call D the one-dimensional
subspace generated by the sequence (1, 0,..., 0,...), i.e., the straight line {c €';0, = 0
for all n > 0}. Let us set

A=1{0€l;0y > |ano, — by, n=0,1,2,.}

In the definition of A4, (a,) and (b,) (n = 0, 1, 2,...) are two sequences of real numbers.
Prove that these two sequences can be chosen so that 4 — D is everywhere dense in I}
and that 4 does not intersect D. Derive from this that there is no closed hyperplane in
I} which separates 4 and D.

18.4. Let E be the vector space of polynomials in one variable with real
coefficients (thus E is a vector space over the real). Let C be the set of polynomials
as X% 4+ ag_1 X%1 + - + gy withag > 0(d = 0, 1, 2,...). Prove that C is a convex cone,
that C N (—C) = {0}, and that C V (—C) = E. Prove also that there is no hyperplane
in E, H, such that C lies on one side of H (i.e., for every hyperplane H of E, the image
of C under the canonical homomorphism of E onto E/H is not contained in any ‘‘half-
line”’). (Note that no topology is given on E and that no condition of closedness is imposed
upon H.)

18.5. A subset C of a vector space E over the field of real numbers is called a cone
(cf. Exercise 18.4) if pC C C for all p > 0; C is, moreover, a convex cone if C is a cone
and if C is a convex set. Prove the following facts:

(a) asubset C of E is a convex cone if and only if C is a cone and if C'+ C C C;

(b) if C is a convex cone, the linear subspace of E spanned by C is'equal to C — C;

(c) the largest linear subspace of E contained in a convex cone C is.equalto C N (—C).
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18.6. Let P be a cone in a vector space E over the field of real numbers (cf. Exercise
18.5). Let us denote by x > y the relation x — y € P. One says that P is pointed if the
origin 0 of E belongs to P and that P is salient if the only vector subspace of E contained
in P is {0}. Prove the equivalence of the following two properties:

(a) P is a pointed salient convex cone;

(b) x > y is an order relation (i.e., is reflexive and transitive, and x > y and y > x

implies x == y) compatible with the linear structure of E (i.e., x > y implies
x4+ 2>y -+ zand px > py for all z€ E, p > 0).
Show that, if w(x, y) is an order relation on E compatible with the linear structure of E,
the set of nonnegative elements of E,
2 = {x € E; w(x, 0)},

is a pointed salient convex cone in E. What can be said about £ if the order defined by w
is total (i.e., if given any two elements x and y of E, we have either w(x, y) or else w(y, x))?

18.7. Let E be a vector space over the field of real numbers, E* its algebraic dual,
that is to say the vector space (over R) of all linear mappings E — R. Let x > y be an
order relation on E, compatible with the linear structure of E; let P be the cone of non-

negative elements,
P={xekE; x>0}

A linear form x* € E* is called positive if x*(x) > 0 for all x € P. Prove that the set P*
of positive linear forms x* on E is a pointed salient convex cone in E* and that
P* U (—P*) = E*if and only if dim E = 1.

18.8. Prove the following ‘“‘complement’ to the Hahn-Banach theorem:
THEOREM 18.3. Let E be a vector space over the real numbers, M a linear subspace of E,
and p a real function on E such that, for all x, y € E and all numbers p > 0,

px + y) < px) + p(y),  P(px) = p p(x),
f: M — R a linear functional on M such that
fx) < p(x) forall xe M.

There exists a linear functional on E, f : E — R, such that f(x) = f(x) for all x € M and
such that f(x) < p(x) for all x € E.
(Note that p is not necessarily > 0.)

18.9. Let E and M be as in Theorem 18.3. Let x > y be an order relation on E
compatible with the linear structure of E,and P = {x € E; x > 0} the cone of nonnegative
elements of E. Let f be a linear form on M which is positive (it means that f(2) > 0 for

all z € M N P). Suppose that, for every x € E, there is y € M such that y > x. Prove
then that the function on E,

x ~ px) = inf f(¥),
veM,yzx

is everywhere finite in E and has the following properties:
(1) plx + 3) < p(x) + p(¥), p(px) = p p(x) for all x, y € E, p > 0;
(1) p(x) > O for all x > 0;
(i11)  p(x) = f(x) for all x € M.
Apply Theorem 18.3 so as to prove that there is a positive linear form f on E, extending f.
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18.10. Prove the following theorem (due to M. Krein):

THEOREM 18.4. Let E be a Hausdorff TVS, x > y an order relation on E, P the cone of
nonnegative elements in E, M a vector subspace of E, and f a positive linear form on M.
Suppose that there is at least one point xo € P ™ M which belongs to the interior (in E) of P.
Then there is a continuous linear form f on E which is positive and extends f.

(Hint: show that, for every x € E, there is p > 0 such that x < px, and apply Exercise 18.9.)
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Topologies on the Dual

Let E be a TVS over the field of complex numbers, and E’ its dual,
that is to say the vector space of all continuous linear forms (or
functionals) on E (i.e., continuous linear maps of E into the complex
plane, C). If " € E’, from now on we shall denote by

&', %)
its value at the point x of E. Later we shall see that we also have the
right to denote this value by

CXDX

Definition 19.1. Let A be a subset of E. The subset of E',
{x" € E'; sup &', 23| < 1},
zed

is called the polar of A and denoted by A°.

Some properties of polars:

(1) the polar 4° of A C E is a convex balanced subset of E’;
(2) if ACB, B°C A° furthermore (pA)® = (1/p)A° (p: number >0);
(AU B) = A°n B,

(3) suppose that 4 is a cone; this means that

xed implies Axe€ A4 for all numbers A > 0;

then, we have
A'={x' e F';forall xe 4, {x', x) = 0}.

Indeed, suppose that we have |<{x’,x>| <1 for all x€ 4. Since
A is a cone, we must also have |{x’,Ax> | <1 for all xe 4 and all
A >0, and this can be read as | (x', x> | << 1/A for all A > 0, which
obviously means that {(x’, x> = 0.

195
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Thus, when A4 is a cone, in particular when A is a vector subspace of E,
its polar A° is the set of all continuous linear forms on E which vanish
identically in 4; it is then called the orthogonal of A. The student should
keep in mind that, in the present terminology, the orthogonal of a linear
subspace of E is a subset of the dual E’ of E. In fact, this subset is
obviously a linear subspace of E’: if A is a cone of E, A° is a linear
subspace of E'.

ProrosiTION 19.1. If B is a bounded subset of E, the polar B® of B is an
absorbing subset of E’.

Proof. If B is bounded, any continuous linear functional x’ on E is
bounded on B (corollary of Proposition 14.2), that is to say there is a
constant M(x") > 0 such that

sup o', x| < M(x"),
xeB

and this inequality can be read as M(x")~'x" € B°. Q.E.D.

We shall define now certain topologies on the dual E’ of E. We consider
a family of bounded subsets of E, G, with the following two properties:

(8,) If A, Be S there is C€ S such that AU BCC.

(S) If A S and A is a complex number, there is B € S such that
A CB.

Let us denote by &° the family of the polars of the sets belonging to &;
a generic element of &° will be a subset of E’ of the form 4° where 4 € &.

Since every subset A€ & is bounded, every subset A4°e &° is
absorbing (Proposition 19.1). If A4°, B® are two subsets belonging to
&Y, the polars of 4, B € &, respectively, we have

A°N B = (4 U B)®
and, as there is C € & such that 4 U B C C, we have
C°C(AuUB)* = A°N B

If p is any number >0 and if A€ &, there is BDp~'4, Be &, and

therefore
B C pA°.

These properties show that &° can be taken as a basis of neighborhoods
of zero in a certain locally convex topology on E’ (see Conditions (*)
and (**) on p. 59).
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Definition 19.2. We shall call S-topology on E' the locally convex
topology defined by taking, as a basis of neighborhoods of zero, the family
& of the polars of the subsets that belong to S.

ProrosITION 19.2. A filter #' on E’ converges to an element x' of E’
in the S-topology on E' if F' converges uniformly to x' on each subset A
belonging to G.

That &~ converges to ' uniformly on a set 4 € E means that, given
any number ¢ > 0, there is a set M’ belonging to %’ such that

sup Kx', %) — <y, x)| <e  forall y' eM.
zeAd

It is easy to see that we can take as a basis of neighborhoods of zero in
the &-topology the sets

W{(A) = {x" € E'; sup Ka', x| < &}
zeAd

Here ¢ runs over the set of numbers >0, 4 over &. The proof of
Proposition 19.2 is trivial, in view of these remarks; in virtue of it, the
S-topology on E’ could be called the topology of uniform convergence over
the sets belonging to . When carrying it, £’ will be denoted by Eg.
We shall now introduce the main examples of S-topologies.

Example 1. The weak dual topology, or weak topology on E’

This is the S-topology corresponding to S: family of all finite subsets
of E; it is usually denoted by o(E’, E), and when E’ is provided with it,
one writes E,. Continuous linear functionals x" on E’ converge weakly
to zero if, at each point x of E, their values <{x’, x) converge to zero in
the complex plane. In other words, the weak topology on E’ is nothing
else but the topology of potntwise convergence in E, when we look at
continuous linear functionals on E as functions on E—which they are.
For us, the weak topology will be most important. A basis of neighbor-
hoods of E. will be the family of sets

W%y ,.., %) ={x" € E'; K&',x>| < g,] = 1,...,7}.

Here{x, ,..., x,} varies over the family of all finite subsets of E, and & over
the set of numbers >0.

Example II. The topology of comvex compact convergence

This is the S-topology when we take, as family &, the family of all
convex compact subsets of E. We shall denote it by y(E’, E); when
provided with it, the dual of E will be denoted by E, .



198 DUALITY. SPACES OF DISTRIBUTIONS (Part I1

Example III. The topology of compact convergence

This is the S-topology when & is the family of all compact subsets of
E; it is sometimes referred to as the topology of uniform convergence on
the compact subsets of E, or compact convergence; when we put it on
E’, we shall write E;. The student should not think that it is always
equivalent to the topology of convex compact convergence. We shall
however see that, in one important instance, when E is a Fréchet space,
these two topologies are indeed equal.

Example IV. The strong dual topology, or strong topology on E’

With the weak topology, this one will be for us the most important
S-topology on E'. It is defined by taking, as family &, the family of all
bounded subsets of E. A filter in E’ converges strongly to zero if it
converges to zero uniformly on every bounded subset of E; this is why
the strong topology on E’ is sometimes called the topology of bounded
convergence. When carrying the strong topology, E’ will be called the
strong dual of E and sometimes denoted by Ej (b stands for bounded).

Going back to the general situation, we see that, if &, , &, are two
families of bounded subsets of E, satisfying (&,), (S,), and if &, D2 &,,
the &,-topology is finer than the &,-topology. In particular, we see that
we have the following comparison relations between the four topologies
on E’ introduced in the above examples:

o(E', E) < WE', E) < c(E', E) < H(E', E),

where ¢ (resp. b) stands for the compact (resp. bounded) convergence
topology.

ProposITiON 19.3. If the union of the sets belonging to the family G is
dense in E, the S-topology on E' is Hausdorff.

Proof. 1If ' € E'is 50, there is a point x in some set B €& such that
[<x', x>| > 1, therefore x' ¢ B°.

CoRrOLLARY. The weak and strong topologies and the topologies of convex
compact convergence and of compact convergence on E' are Hausdorff.

ProrosITION 19.4. Let (E, p) be a normed space, and E' the dual of E.
The strong dual topology on E' may be defined by the norm

p'(x') = sup [x', x)|.
p(z)=1

Indeed, p’ is the norm on E’ whose closed unit ball is the polar of the
unit ball in (E, p).
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Let E and F be two TVS, and # a continuous linear map of E into F.
We have already seen (Chapter 18, p. 187) that

u:F' sy ~y ouek’

is a linear map of F’ into E’, called the transpose of u (¥’ o u stands for
the composition of the mappings

E—% >F_—¥ ,C)

What can we say about the continuity of ‘# when we provide E’ and F’
with S-topologies ? In fact, suppose that we are given a family of bounded
subsets of E (resp. F), S (resp. $), having Properties (&), (S,). Let Eg ,
Fg be the duals of E and F, respectively, provided with the topologies
defined by & and $. That ‘u : Fg — Eg is continuous means that, given
any polar 4° of a set 4 € S, there is a set B €  whose polar B? is such
that ‘u(B°) C A% The latter can be expressed by saying that, for all
x € A and all y’ € B% we have

I<Ctu(y'), 431 < 1.

By definition of the transpose, this is equivalent with saying that

(19.1) Ky's u(x)pl < 1.

It is obvious that (19.1) will follow if #(4) C B. Thus we get a sufficient
condition for the continuity of ‘u:

ProposiTION 19.5. Let E, F be two TVS, and S (resp. $) a family of
bounded subsets of E (resp. F), having Properties (S,), (S,), (p. 196). Let u
be a continuous knear map of E into F such that, to every A € S, there is
B e $ such that u(A) C B. Then the transpose ‘u of u,

tu : Fyy — E
is continuous.

Now, observe that, if 4 is a finite (resp. compact and convex, resp.
compact, resp. bounded) set, then #(A4) has the same property. This
proves the following consequence of Proposition 19.5:

CoroLLARY. Let E, F be two TVS, and u a continuous linear map of E

into F. Then:
ty . F > E’

is continuous when the duals E' and F' carry the weak dual topology
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(resp. the topology of compact convex comvergence, resp. the topology of
compact convergence, resp. the strong dual topology).

We define now the canonical map of E into the algebraic dual of its
dual, which we may denote by E'*. The image of x € E under this
mapping is the linear functional in E’ “value at the point x”:

x' (X, XD,

Let us denote by v, this linear form on E’. When can we say that it is
continuous on Eg? That v, is continuous means that, given any ¢ > 0,
there is 4 € & such that

sup | o (x') < e
z'cA®

This can be rewritten ,
S,“Bo i<, (1/e)x)| < 1.
T €E

This will certainly hold if (1/¢)x € A, whence the following result:

ProPOSITION 19.6. Let © be a family of bounded subsets of E, having
Properties (S,), (S,). If & is a covering of E, the canonical map of E into E'*,

x 0yt X X, 2D,
maps E into the dual of Eg; , (Eg).

From now on, we shall always suppose that & is a covering of E.

In general, the canonical map of E into (Eg)’ will neither be onto nor
one-to-one. However, the Hahn-Banach theorem has the following
consequence:

ProrosiTioN 19.7. If E is a locally convex Hausdorff TVS, the
canonical map of E into the dual of Eg ts one-to-one.

Proof. Let x€ E, x ¢ 0; there is a continuous linear form x’ on E such
that (x', x) + 0 (Corollary 2 of Theorem 18.1), which proves that v,
is not identically zero. Q.E.D.

We shall see later on that, when E’ carries the weak topology or the
topology of compact convex convergence, the canonical mapping of E
into the dual of E’ is actually onto, which means that E can be regarded
as the dual of its weak dual, E,, or of E; .

Exercises

In all the exercises below, E is a locally convex Hausdorff space over the field of complex
numbers, C.
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19.1. Suppose that the topology of E is the topology o(E, E*), that is to say, the
topology defined by the seminorms

Ps(x) = sug*] x*(x)|, S* finite subset of E*, algebraic dual of E.
a*e
Prove the following facts:
(i) the dual of E is identical with E*;
(1) every bounded subset of E is contained in a finite dimensional vector subspace of E;
(iii) every linear subspace of E is closed;
(iv) every linear subspace of E has a topological supplementary.

19.2. Let E’ be the dual of E, and E* the algebraic dual of E. Prove that the completion
of E’, equipped with the weak topology ¢(E’, E), is canonically isomorphic to E*, equipped
with the topology o(E*, E) (topology defined by the seminorms

ps(x*) = sup | x*(x)|, S, finite subset of E).
xeS

19.3. Prove the equivalence of the following properties:
(a) dim E is finite;
(b) E; is normable.

19.4.- Prove the equivalence of the following properties:

(a) E is normable;

(b) the strong dual E; of E is normable;

(c) E; is metrizable.

19.5. Let S be a covering of E consisting of bounded subsets of E, satisfying Condi-
tions (S,;) and (S,). Prove the equivalence of following facts:

(a) the bilinear form (x, x) ~ <{x’, x> is continuous on E X Eg ;

(b) E is normable and the S-topology on E’ is the strong dual topology.
(Hint: use Propositions 14.4 and 35.3.)

19.6. Let E be an LF-space having a sequence of definition {E;} (k¢ = 0, 1,...) consisting
of finite dimensional (Hausdorff) TVS. Prove the following facts:

(1) the dual E’ of E is equal to E*, algebraic dual of E;
(i) on E’, weak and strong topologies are equal;
(iii)) the weak (or strong) dual E’ of E is a Fréchet space;
(iv) the canonical map of E into the dual of E}, is onto.

19.7. Let E be an LF-space, {E;} (k = 0, 1,...) a sequence of definition of E. Prove
the equivalence of the following properties:

(a) the strong dual E; of E is a Fréchet space;
(b) all the E; are normable.

19.8. Let E be a normed space, and E’ its dual. Prove that the origin in E’ belongs
to the closure, for the topology o(E’, E), of the unit sphere {x’ € E’;||x"|| = 1} (Il I
dual norm in E’) if and only if dim E is infinite. Derive from this fact that, when dim £
is infinite, the weak dual topology o(E’, E) is strictly less fine than the strong dual topology
WE', E).
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Examples of Duals among L° Spaces

In this chapter, we shall indicate how the duals of some of the spaces
introduced in Part I can be concretely realized. If we wish to give a
precise meaning to the latter expression, it is not difficult: let E be a
topological vector space of functions, and E’ its dual. Suppose that we
have found a pair (F, j) consisting of a vector space F (not necessarily
carrying a topology) and of a linear map j of F into E’; suppose
furthermore that j : F— E’ is one-to-one and omto. Then we may say
that (F, j), or simply F, is a realization of the dual of E. In practice, we
shall be somehow more demanding: we shall only accept realizations
which are “‘natural,” in a sense that is not easy to make precise. It will
really mean that we shall select realizations which are interesting in the
general context of analysis. It would be good, when E is a space of
functions, to have realizations F of E’ which are also spaces of functions.
It will be clear, however, that this is not always possible. For instance,
the dual of the space €°(£2) of continuous functions in an open subset {2
of R” cannot be naturally realized as a space of functions. Such seemingly
unfavorable situations will lead us to enlarge the stock of the objects
to manipulate, from functions to measures, from measures to distri~
butions, or to analytic functionals. Let us also point out that we may look
for realizations of a dual E’ which are not merely algebraic, but also
topological, in the sense that we may wish to find a pair (¥, j), where now
F is a TVS and j is an isomorphism of F onto E’ in the sense of the
topological vector space structures (this will require that we have put
some topology on E’; the topology will usually be the strong dual one;
see p. 198). When dealing with normed spaces or Hilbert spaces of
functions, in which case E’ will be carrying the dual Banach space or
Hilbert space structure (see Proposition 11.2, corollary of Theorem 11.5
and Theorem 12.2), we might even require that F be a Banach or a
Hilbert space, and that j be an isometry of F onto E’. This is indeed
standard practice, and we shall see now the most important examples
of such a situation.

Let us focus our attention on the case of Banach spaces. We assume

202
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that we are given two Banach spaces E, F and that we are trying to prove
the existence of an isometry of E’, dual of E equipped with the dual
Banach space structure, onto F. This can be done if we have at our
disposal a bilinear form on E X F, which we shall denote by ¢, >,
provided with certain properties. Let us denote by || ||z and || ||z,
respectively, the norms on E and F. The first condition which should
be satisfied by the bilinear form ¢ , ) is a strong form of continuity*:

(*) ForallecE, feF, Ke,fO| <llellellfllr-
If (*) holds, we are able to say the following: (1) for fixed f€ F,

€ ~ <e’f>
is a continuous linear form on E, which we shall denote by L,; (2) we have

ILsller = sup e, SOl <Iflr (Il llg: norm in E').
el g=1

This means that the mapping f ~L;, which is obviously linear, is
continuous and, furthermore, that it is a contraction, i.e., has a norm <1.

The second property that the bilinear form ( , ) should possess is
then the following one:

(**) For each f e F and each ¢ > 0, there exists e € E such that

hele<l, Ke O Z1fllr—e

Property (**) enables us to state that the mapping f ~ L, is an isometry
on F into E’. Indeed, we have

Ifllr — & < |L(e)l < Lyller s

whence || fllr = [|L;||z", as € > 0 is arbitrary and as we already knew
that || fllr =2 | L lle’ -

The last step consists in showing that the isometry f ~ L, is onto.
This is done by special techniques in each case. One considers an
arbitrary continuous linear functional L on E and constructs (or
ascertains the existence of) an element f of F such that {e, f> = L(e) for
all ee E. In some cases (e.g., the spaces /7, 1 < p << +c0; see
below) this is very easy and does not require any deep result; in
other cases (e.g., the spaces L?, 1 < p << +0; see below), one is forced

t Continuity would correspond to an estimate |<e, f>| < const |l ellgll fllg.
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to apply rather deep results (e.g., in the case of the L?’s, the Lebesgue-
Nikodym theorem). At any event, the proofs in the present chapter all
go through the three steps just described. The first step requires the
proof of an estimate; this estimate will then be the one of Property (*),
ensuring the continuity of the bilinear form { , ). In the cases studied
in this chapter, this estimate is provided by the celebrated Hélder
inequalities, which we proceed now to state and prove.

We shall denote by #(X, C) the vector space of all complex-valued
functions defined in a set X; we consider a seminorm p on # (X, C).
In order that the statements below, concerning the seminorm p, be true,
we must allow the seminorm p to take the value 400 at some elements

of F(X,C). We shall furthermore assume that p is increasing, in the
following sense:

(20.1) If f, g are two real-valued functions in X such that
f() = g(x) =0 forall xeX,
then p(f) = »(g)-

The Hélder inequalities, which we shall now state and prove, have a
wide range of applications. However, for our limited objectives, we shall
apply them with the following two choices of the seminorm p:

Choice 1. X is the set of nonnegative integers j =0, 1, 2,..., and we
identify Z#(X,C) with the vector space of all complex sequences
o = (g;); the seminorm p is, in this case,

o

o=(a;) ~|alpg=1Y |os|;

i=0
of course, the set on which p is finite is /1.

Choice 2. X is an open subset of R* and p is given by

f [ 1) d,

where [* denotes the upper Lebesgue integral. We recall that the set
of functions f on X such that p(f) < 4o is not identical with the set
of Lebesgue integrable functions; the latter is smaller, it consists of the
functions such that p(f) < + o and which, furthermore, are measurable
or, equivalently, are limits, in the sense of the seminorm p, of continuous
functions with compact support. When f is integrable, i.e., fe £!, we
write [ | f(x)| dx, omitting the upper star; then Re f and Im f are also
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integrable and, if f is real valued, f+ = sup(f, 0) and f~ = sup(—f, 0)
are also integrable, and one defines the Lebesgue integral of f by

ffh=i“Rqux—fahﬂ—h+Jfamﬂ+h—Jfamﬂ'h.

It is well known that the two examples in Choices 1 and 2 are particular
cases of a more comprehensive theory, measure theory. As a matter of
fact, most of the reasonings which follow extend to the seminorm
J¥ 1 f(x)] dx, where [¥ denotes the upper integral with respect to a
positive measure dx on a set X. As anybody who is familiar with this
theory is also well familiar with the generalizations of the results which
are going to be proved in this chapter, we shall not go into details.

We come now to Hélder’s inequalities:

LemMa 20.1. Let X be a set, (X, C) the space of all complex-valued
functions in X, and p an increasing seminorm on % (X, C) (thus p has
Property (20.1)). For all nonnegative functions f, g in X and all numbers
o, B > O such that o« + B = 1, we have

(202) p(fg?) < [p(f)I[p(2)}P

Proof of Lemma 20.1. We consider in the plane, where the variable will
be denoted by (s, t), the closed convex set

P={(s1t);stP>1,s >0, >0}

This set I' is equal to the intersection of the closed half-planes which
contain it and whose boundaries are the straight lines tangent to the
boundary of I', which is the curve

or = {(s, t); s*t* = 1,5 > 0, ¢ > 0}.
Such a half-plane can be defined by an inequality

as + bt > ¢, where a, b,c are numbers > 0.

or
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Let x be an arbitrary point of X, such that

M(x) = [f(=)]"[e(=)}? # 0.

Let us set s, = f(x)/M(x), t, = g(x){M(x). We have st = 1 since
M(x)y+# = M(x), recalling that o« 4+ B = 1. This means that, for the
positive numbers «a, b, ¢ above, we have

¢ < asy + by,
which reads
¢ M(x) < af(x) + b g(x).

If we apply then the seminorm p to both sides of this estimate, we obtain

cp(M) < ap(f) + br(g).

Let us suppose now that p(M) = 0; the preceding inequality reads

c < ap(f)/p(M) + bp(g)/p(M).

As this must be true for all triples (a, b, ¢) such that the straight line
{(s, t); as + bt = c} is tangent to &I', we conclude that the point with
coordinates s = p(f)/p(M), t = p(g)/p(M) lies in I This means that
sst# > 1, which can be rewritten

p(M) < [p( )] [p(2))P-

This is obviously true when p(M) = 0; going back to the definition of
M(x), we see that we have obtained (20.2).

Example I.
The Duals of the Spaces of Sequences /P(1 < p < +©0)

We recall that 7 is the space of complex sequences o = (2;) (j=0, 1,...)
such that

had 1/p
lalls = (X 1217) " < +oo.
=0

With the norm ¢ ~ | o||;», /P is a Banach space; /2 is a Hilbert space
(see Chapter 11, Example IV).

The duality theorem about the spaces /P can be stated as follows:
Let us denote by /. the vector space of finite sequences, that is to say of
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sequences o = (o;) (j =0, 1,...) such that o; = 0 for large j. It is

obvious that Ir is contained in each [?; furthermore, Ir is dense in each
I?, as the student may check (remembering that p is finite!).

TueoREM 20.1. The bilinear form on lp X g,

{oy 1) == Z 0575 o= (01)’ T = (Ta')r
=0

can be extended to the product space IP x IP', where 1 << p << +© and

p=plp—1) if p>1,

P = +oo if p=1.
This extension satisfies Hélder’s inequalty
(20.3) Koy ol < o lhell 7 [l .
This implies that the mapping

T ~ (0 ~ <o, 1))

is a continuous linear map of I*’ into the dual of IP. In fact, it is an isometry
of I*’ onto the dual of IP.

Concerning /?’ when p = 1, we recall that [* is the Banach space of
bounded sequences, with the norm

loflye = sup |a;l.
0

<ig™

Proof. We begin by assuming that p > 1; then p’ << 400 and (20.3)
is a trivial consequence of the general Hélder inequalities (Lemma 20.1);
it shows that the mapping

(20.4) 7~ (0 (o, 7))

is a continuous linear map of /#’ into the dual of /7, and that this map
has norm <1, since we derive, from (20.3),

sup <o, I < |17l

ol p=

Let us show that this mapping is an isometry. Let +&/?’ be arbitrary.
We define a complex sequence ¢ by the formula

o; = ‘FII T |p'_2 if 75 # 0

_—‘0 if Tj=0-
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Observe that we have

(20.5) [oj|P =7 |77~% = | 7;]7,

which implies immediately that ¢ = (o;) € /7. We have
Corry =Y 1m I =l

i=0

But, on the other hand,

o, > <ol rllan,

where || || ;s is the dual norm on the dual of /7. As we have, in view of

(20.5),

p'/D
ol =17l»",

we conclude that

?’ »'/p
il <N 7l "l 7 llany -

But p’' — p'/p = 1, whence our assertion.

It remains to prove that the mapping (20.4) is onto. In order to do
this, we consider an arbitrary continuous linear functional f on /7, and
we shall show how to construct a sequence 7 € /P’ such that

f(o) = <Ko, 1> forall oel”

Let us denote by o9 (j =0, 1,...) the sequence (o;,) such that o, = 0
if j # k, o; = 1. Obviously, these sequences belong to every [°. Let us set

7y = f(o").

Let o be a finite sequence; then we have ¢ = 37, 0,0, and

f(o) = 2, ot

Let M be an arbitrarily large integer, and set

0; = i’il T lp'—z if Tj';é 0 and ] < M’
=0 otherwise.

Also let us use the notation 7* for the sequence whose jth entry is
7; if j < M, zero otherwise. We have

(M) \p’ (M) \p'/p
fE@y ="M, ol =Ilr"" 1"
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Let us now use the fact that f is continuous; there is a constant 4 > 0
such that, for all se /P,

() < All sllew s

whence

M5 = flo) < 4 M

and
0 < A

Since p' — p'/p = 1, wesee that || 7™ ||, < 4. Since this estimate is
valid for all M, it means that + € [P". The fact that f(¢) = (o, 7> for all
o € [P follows from the fact that this is true when o is finite, as we have
seen, and from the density of I in /P for p << +oc0.

We must now consider the case p = 1, in which case p’ = 0. In
this case, Hglder’s inequality (20.3) is trivial, for it reads

(20.6) K, I < { sup |73 ol

and this is evident when the sequence o is finite; in the general case, it
suffices to observe that I is dense in {!. This shows that, also in this case
where p = 1, (20.4) is a continuous linear map, with norm <, of
7" into the dual of /7. Let us take the sequences o' introduced on p. 208;
we have

7] =Ko, DI < 7llay

which immediately implies
il <7 llary s

whence the equality of these two norms, in view of (20.6): the map
(20.4) is an isometry of [ into (/). It remains to show that it is an
isometry onto.

We consider an arbitrary continuous linear functional f on I'. We
associate with it a sequence 7 by setting 7; = f(0'”’) as before. We want
to prove now that r is bounded. This follows from the inequality

il = f(e?)] < Al oD [ln < 4.

We have then, by the same argument as in the case p > 1, f(o) = {o,7),
for all o € I,
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Example II.
The Duals of the Spaces L?P(Q) (1 < p < + o)

Let 2 be an open subset of R”, and dx the Lebesgue measure on R™.
We wish to exhibit a convenient realization of the strong dual of L?(£2)
for p > 1 finite. We must try to follow the direction outlined by
Example 1. The analogy is obvious. The norm in LP(£2) is

feifte = (] ifpds)

With this norm, LP(£2) is a Banach space; L%(£2) is a Hilbert space (see
Chapter 11, Example V). What will play the role of the vector space of
finite sequences /r is the space $Y£) of continuous functions with
compact support in £; this vector space is dense in every LP(Q2) for
p < + (Theorem 11.3). We consider then the bilinear form

(f,8) ~ </, = [ f(x) glo) dx

on €7 (2) X €2(£2). We can extend it as a bilinear form on LP(22) x L¥'(Q)
if l<p<oo, 1 <p' <oo, I/p+1/p’=1, and this extension
satisfies Hélder’s inequality

(20.7) KADI<Iflirliglles -

Indeed, (20.7) follows immediately from Lemma 20.1. This implies
that the mapping

(20.8) f~(&~<f&)

is a continuous linear map, with norm <1, of L?’(£2) into the dual of
L7(£2). The next step is to prove that this map is an isometry. We define
a function g in £2 by setting

g2(®) =f(®) | f(®)|P2  when f(x)0;
g(x) =0  otherwise.

We have
(20.9) gl = || FI25;
(20.10) frgd =1fIEw

As we have

KA ol < Ifllenliglliee
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by definition of the norm in the dual of a Banach space, by combining
this with (20.9) and (20.10), we see that

NAIE2 2 < | fllwsy

which implies that the mapping (20.8) is an isometry, since p'— p’/p = 1.

It remains then to prove that (20.8) is onto. This is usually done by
applying the Lebesgue-Nicodym theorem, whose statement we now
recall. Anticipating the next chapter a little, we introduce Radon
measures on the open set 2: a Radon measure p on 2 is a continuous
linear form on the space €2(£2) equipped with its natural LF structure
(Chapter 13, Example IT). The Radon measure u is said to be posttive if,
for all functions ¢ € €%(2) which are nonnegative everywhere, we have

{u > = 0.

An example of positive Radon measure is the Lebesgue measure

@ ~ fg o(x) dx.

We shall make use of the fact (proved in pp. 218-220) that any
complex-valued Radon measure p in £ can be decomposed as follows:
=p*t —p~ + ot —0o7),

where pt, p~, ot, o~ are positive Radon measures (obviously p* — p~ is
the real part of p; o+ — o~ is the imaginary part of ). We shall use the
following particular case of the Radon-Nikodym theorem:

THeOREM 20.2. Let u be a positive Radon measure in Q. The following
two conditions are equivalent:

(a) To every nomnegative continuous function g, with compact support
in 2, and to every ¢ > O there is 8 > 0 such that the following
is true: if h € €UR) is such that 0 < h(x) < g(x) for all x, then

f h(x)dx <8  implies (u, k> <e.

(b) There exists a function [ in (2, nonnegative almost everywhere,
locally Lebesgue integrable, such that, for all ¢ € €YR),

b 9> = [ 9(2) f(x) d.
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That f is locally integrable means that f is measurable and that,
whatever be the compact subset K of £,

jxf(x) dx < +oo.

We recall that f is nonnegative (otherwise we should replace f by | f |
in the integral over K).

Let us consider a continuous linear functional on L?(£2), A. There is
a constant C > 0 such that, for all u € L?(R2),

(20.11) (M)l < Cllwlles .

Let now K be a compact subset of 2, and suppose that « € €2(£2) has
its support in K. We have

Il #||2» < meas(K) - (sup | «(=)))",

whence

| M(#)] < C(meas(K))!'» sup | u(x)|.

We have denoted by meas(K) the Lebesgue measure of the set K. Thus,
if u converges to zero uniformly, keeping its support in K, A(z) — O;
this shows that the restriction of A to the Banach space ¥%(K)is
continuous (see Chapter 13, Example II). But this implies that the
linear form u — A(#) on €2(£2) is continuous (corollary of Proposition
13.1). This linear form defines a Radon measure in £, which we keep
denoting by A. We shall first suppose that A is positive. Let now g be
an arbitrary nonnegative continuous function, with compact support, in
0, and take & € €Y2) such that 0 < A(x) < g(x) for all x. We have

1/p
1 hler < (sup | gE)212) ([ hx) ds)
Setting M = sup,| g(*)|*"'/? and 8 = (¢/CM)?, we see by (20.11) that
f h(x)dx <&  implies A(h) <e.

We conclude that there is a locally integrable function fin Q, f >0
almost everywhere, such that

Ao) = j p(*)fx)dx  forall ¢eBYRQ).
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At this stage, we consider a sequence of relatively compact open subset
2,C0QC---CQ,C-- whose union is equal to £, and for each
k=1, 2,... we introduce the function

_{f(x) if xe, andif f(x)<<k;
fl®) = 0 otherwise.

Obviously f, , regarded as a function in £, is a bounded measurable
function with compact support (contained in the closure of £,). As the
student may know, or easily check, such a function belongs to L%(£2)
for all ¢ == 1. As f,, < f, we have

(20.12) f o) fil®) dx < f @(x) f(x)dx  for all nonnegative p € F%).

As f,eL?’(Q), we know from the first part of this proof that
u ~ [u(x) fi(x) dx is a continuous linear form on LP(Q2); but we shall
now show that the norm of this form is bounded by a constant inde-
pendent of k.

If p € €YL) is arbitrary (in particular, not necessarily > 0), we have

| [ 9 /i) dr | < [ 190 fuld) dx < [ 1 9(@)1 i) dx < Clig o

by applying (20.11) and.(20.12). Using the density of €Y(£2) in LP(Q)
we see that, for all u € L?((Q),

(20.13) | [ ) £ = | < Clluler.

We choose then u(x) such that

u(x) = [fux)"1 if filx) #£0,
=0 otherwise.
We have

J u(x)fk(x) dx = ”fk “{” y ” u ”L” = ”fk “i;/'p.
Then we derive, from (20.13),

Il fuller < C,
or

[ Uy dx < C.
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But (f)? is the pointwise limit of the nondecreasing sequence of
nonnegative integrable functions ( f,)*, k = 1, 2,...; we have, therefore,

[ e dx = Jim [ [fue)] dx < Cv.
Thus feL?'. The density of €Y£) in L?(2) implies immediately that
AMu) =<u,f> = f u(x) f(x) dx for all wueL?(Q).

This was obtained in the case where the Radon measure
AL 39 ~ Ne)

is positive. If this Radon measure is arbitrary, we decompose it into
its real part and imaginary part, and these into their positive and
negative parts, as mentioned in the beginning. We decompose thus A
into a linear combination (with coefficients 41, +7) of four positive
Radon measures, all of which satisfy an estimate of the kind (20.11).
Applying the preceding reasonings to each of these four positive Radon
measures, we conclude that there is a complex-valued function f € L?'(£2)
such that
Mu) =<u, f) for all ueLr(f).

The case p = | can be treated in a similar fashion; we leave it to the
student as an exercise. We state the theorem summarizing the whole
situation:

TureoreM 20.3. Let 2 be an open subset of R™. Let p be a real number,
l<p< 4o Setp=pl(p—1Difp>1,p =40 if p=1. Then
the bilinear form on €Y2) X €YR),

(u, v) » {u, v) = f u(x) v(x) dx,
can be extended as a bilinear form on LP(Q) x L?'(R2). This extension
satisfies Hélder’s inequality

Ku, 03| < llulirll vl -
The mapping

o~ (U~ {u, v))

is an isometry of L?'(2) onto the strong dual of LP(£).
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Exercises

20.1. By using Hélder’s inequalities, show that /7 C [? if p < g and that the injection
{? — [* is continuous and has a norm equal to one. Prove that I # I if p < ¢ and that
the topology of /7 is strictly finer, then, than the topology induced by /%

20.2. Relate the result for p = 2, stated in Theorem 20.1, to the canonical linear
isometry of a Hilbert space onto its antidual (Theorem 12.2).

20.3. Let I be the space of complex sequences, converging to zero, equipped with
the norm of [*®,

o = (Opk=0.1,... ™ | O |1 = Slklp | o .
Then I» is a Banach space. Prove that the mapping

(20.14) Isr = (n) ~ (a = (o)) =~ i am)

k=0

is an isometry of /! onto the dual of /o (carrying the dual Banach space structure). Derive
from this fact that (20.14) does not map ' onto the dual of I®.

20.4. Can you give an example of a continuous linear form on /®, nonidentically zero,
vanishing on /s (see Exercise 20.3)?
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Radon Measures. Distributions

In the preceding chapter, we have proved duality theorems between
certain spaces of functions. As we have already said, it is not always
possible to interpret “in a natural way’ the dual of a functions space
as a functions space. As a matter of fact, this circumstance is rather
fortunate as it enables us to add new objects to our inventory. If it were
not the case, the consideration of the duals would not provide us with
anything but functions, which we can always consider directly. In the
present chapter, we shall introduce the dual of the space of continuous
functions with compact support ¥? and the dual of the space of test
functions (i.e., infinitely differentiable functions with compact support),
€. The elements of the former have already been given a name (p. 211):
they are the Radon measures. The elements of the dual of €7 are the
distributions, to the study of which much of the forthcoming is devoted.
Radon measures and distributions are precisely instances of objects which
cannot be naturally interpreted as functions, or at any event which it
is preferable to consider in their own right. In the next chapter, we shall
introduce a third example of such “new”’ objects: the analytic functionals,
which are the elements of the dual of the space of holomorphic functions.

Radon Measures in an Open Subset 2 of R"

Let €2(2) be the space of complex-valued functions, defined and
continuous in 2, which vanish outside some compact subset of 2. A
Radon measure p in Q is a linear functional on () which is continuous
when this space is equipped with the topology inductive limit of the
spaces €YK). Here K is an arbitrary compact subset of Q2; €YUK) is
the space of the continuous functions in £ which vanish outside of K;
its topology is defined by the maximum norm,

f > sup | f(x)l.
€N
216
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The student will be careful not to think that ¥3(K) is the same thing as
the space of complex functions, defined in 2 with support in K and
continuous in K (space which we denote ¥%K)). For instance, the nonzero
constant functions in K, extended by zero outside of K, are not elements
of €Y(K): for they are not continuous in £.

At any event, a Radon measure in £ is a linear functional . on €Y(£2)
such that, for every compact subset K of £, there is a constant
C(u, K) > 0 such that, for all continuous functions ¢ vanishing
identically outside of K,

[Kpas 921 < Clss K) sup | p(a)l-

Examples of Radon measures: the Dirac measure at some point x°,
P ~ p(x%);

the Lebesgue measure, ¢ — [ ¢(x) dx (which, on continuous functions,
coincides with the Riemann integral); the densities

9 =~ [ 9(x) glx) d,

where g is a locally Lebesgue integrable function in £2; this means that
g is measurable and that, for any compact subset K of £,

fK|g(x)| dx < +oo.

A Radon measure p is said to be real if {u, f ) is real for all real-valued
functions fe €U2); p is said to be positive if {u,f> > 0 for all non-
negative functions f e ¥%(£2). Examples of positive Radon measures in
the open set £ are the Lebesgue measure dx, more generally the densities
g(x) dx when g is a locally Lebesgue integrable function in £ almost
everywhere positive; the Dirac measures 8,0 at the points of 2 are also
positive Radon measures.

Let 1 be an arbitrary Radon measure; we can define its complex
conjugate i by the following formula:

<ﬁ') <P> = <F’) ¢>)
then its real part and its imaginary part:

Rep=3u+4), Imp=g(—p), i=(D"



218 DUALITY. SPACES OF DISTRIBUTIONS [Part 11

Example: when p = g(x) dx, i.e., when p is a density with respect to the
Lebesgue measure,

i = g(x) dx, Re p = (Re g)(x) dx, Im p = (Im g)(x) dx.

Of course, we have p = Re p -+ £Im p.
We show next that every real Radon measure can be written as the
difference of two positive Radon measures. We need the following result:

THEOREM 21.1. A positive linear functional on €Y) is a positive
Radon measure.

We must show that a linear functional L on #3(£2) which is positive is
necessarily continuous (for the inductive limit topology on #2(£2)). Let
K be an arbitrary compact subset of £2. Let us denote by | ¢ || the
maximum norm of ¢ € CYK):| ¢| = sup,| ¢(x)|. Suppose that ¢ is
real valued; then —| ¢ || < @(x) < || ¢ || for all x € £2. Let g(x) be a non-
negative function belonging to #3(£2), identically equal to one in Kj;
we have

—Nelgl) <o) <lplgx) forallx

As the linear form L is positive, we derive from there

—llellLig) < Lip) < el L(g)
Therefore
(@)l < L@ el

This inequality is still true if ¢ is complex valued, as we see by applying
it to Re ¢ and to Im ¢, respectively. As L(g) is a nonnegative constant
independent of g, Theorem 21.1 is proved.

Let us now prove the decomposition theorem,

TueoreMm 21.2. Every real Radon measure is equal to the difference of two
positive Radon measures.

Let u be a real Radon measure; let ¢ be an arbitrary nonnegative
function belonging to €2(£2). Let us set

M(p) = sup {p P10,

where the supremum is taken over the set of all functions ¢, € €2(£)
such that 0 < ¢,(x) < ¢(x) for all x. Observe in particular that M is
positive, i.e., that M(p) = 0 for all ¢ > 0, ¢ € €YR). We claim that if
J is another nonnegative continuous function with compact support in £2,

(21.1) M(p + ¢) = M(p) + M($).
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Proof of this Statement. If 0 < ¢, < ¢ and 0 < ¢; < ¢, then
@1 + ¢y < @ + ; this implies immediately

sup (g, 91> + sup Il’<lﬂ, Y = o< SUIC[’Kw <w<l‘, 1+ P

0<o <@ 0¥y <

S50

<, s Guxo = Mlp +4).

0 x< o+
This means that
M(p) + M(y) < M(p + ¥).

We must now prove the converse inequality. It will suffice to prove that
every function x € €9(£2) satisfying 0 < x < ¢ + ¢ can be written in
the form

X=¢+ ¢,

with 0 < ¢, <@, 0 <y < ¥, 1, ¥y € €o(82). In order to see this, it
suffices to set

@1(x) = sup(x(x) — (x),0)  foreach xeQ.

As the supremum of two continuous functions is continuous, ¢, € €o(£2)
and is obviously nonnegative; as y <{ ¢ + , we have obviously ¢; < ¢.
Set then ; = y — @, . At any point x where y(x) = §(x), we have
®1(%) = x(x) — ¥(x), hence ,(x) = (x). At a point where x(x) < (x),
we have g, (x) = 0, hence ,(x) = x(x) < #(x). Thus (21.1) is proved.

The next step is to extend the functional M to functions belonging
to €Y$2) which are not necessarily nonnegative. This is very simply
done, by observing that a real function ¢ can always be decomposed in
the form ¢ = ¢, — ¢, , with ¢, and ¢, nonnegative continuous functions
with compact support in 2 (e.g., ¢ = sup(¢, 0) — sup(—¢, 0)). We
write

(21.2) M($) = M(¢1) — M($,)-

It follows at once from (21.1) that M(¢) does not depend on the chosen
decomposition of ¢, ¢ = ¢, — ¢, , and that (21.1) is also valid when
¢ and ¢ are real valued but not everywhere > (. Finally, we define
M(¢) for complex functions ¢ by the formula

(21.3) M($) = M(Red) + iM(Im ¢).

Equation (21.1) extends trivially to the case of ¢, ¢ complex valued.
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It must now be proved that M is linear; we prove that M is R-linear,
which implies at once, in view of (21.3), that M is C-linear.

The R-linearity of M follows from (21.1) and from the positivity of
M by a standard argument. Let p, ¢ be two positive integers; (21.1)
implies immediately, for all real-valued ¢ C €3(£2),

M(P‘P) =p M(‘P)’

whence M((1/p)¢) = (1/p)M(p) by substitution of (1/p)e for ¢; therefore
we have

M—(—g <P) = f M(g).

This shows that M(r¢) = rM(g) for all rational numbers . If now A is
an arbitrary real number, and if ¢ is a nonnegative function, we have

7 p(x) < Ap(x) < 7, 9(x)

for all x €2, and for all pairs of rational numbers r,, 7, such that
71 <A < 7,. In virtue of the positivity of M and of the linearity of M
with respect to the rational numbers, we derive that

r M(p) < M(Ap) < 7, M(9).

Taking then ¢ and A fixed, and r, (resp. 7,) converging to A from the left
(resp. from the right), we conclude that M(A\¢) = A M(¢p). This obviously
remains true even when ¢ is real valued (and not necessarily nonnegative),
in virtue of (21.2). As we said, it then carries over to complex-valued
functions and to complex scalars A.

Thus we have proved that M is a positive linear functional on €3(£2);
by Theorem 21.2, it is a (positive) Radon measure. From now on, we
write pt instead of M; pt is called the positive part of n. We define the
negative part of p, u—, as being the positive part of —u. We leave to the
student the proof of the fact that

p=p"—p,

which completes the proof of Theorem 21.2.
Any complex measure p can be decomposed into a linear combination
of four positive measures, in the following manner:

i = (Rep)* — (Re w)~ + i(lm p)* — i(Im po)-.
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The absolute value of a real Radon measure u is now easy to define: it
is the positive measure

lp|=p*+p.

Let u be a positive Radon measure. By definition, u is a functional on
the space of continuous functions with compact support in 2. However,
its domain of definition can be extended so as to include a larger set of
functions than %%(£2). The properties of such an extension constitute
what is called the theory of integration of the measure u. In this respect,
Radon measures are a particular kind of measures; a useful theory of
integration for general measures can be constructed. For further
information on this subject, we refer to the treatises on integration
theory.

In this chapter, we have given the definition of a Radon measure in an
open subset of R™. The student will easily perceive that such a definition
could have been given for Radon measures on any locally compact
topological space. It will suffice to assume that the letter £ stands for
such a space, in the above reasonings. It should be pointed out, however,
that there will be Radon measures on certain locally compact spaces
which have no equivalent in others. For instance, this is true of the
Lebesgue measure dx and of the densities g{x) dx. Similar measures do
not exist on arbitrary locally compact spaces, although they might
exist on certain types of locally compact spaces (e.g., locally compact
groups: the role of the Lebesgue measure is then played by the so-called
Haar measure). In the forthcoming, we shall need the following result
about these densities.

THeOREM 21.3. Let g, , g, be two locally Lebesgue integrable functions in
the open subset 2 of R™; the Radon measures in S2,

o~ [e@a@ds, @~ o efx)dx,

are equal if and only if g, = g, almost everywhere in 9.

We shall not give a proof of this theorem; the student will find a proof
of it in any good book on integration theory.

At this point, an important remark is in order, namely that the set of
locally integrable functions is the largest set of functions defined by local
conditions involving the L? norms. This remark will be expanded later
on when we study the Jlocal spaces of distributions. For the time being,
we shall content ourselves with a precise but limited formulation of the
observed fact:

Let p be a number such that 1 << p < +o0.
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Defimstion 21.1. A function f in Q is said to be locally L? if f is Lebesgue
measurable and if, for every compact subset K of 2, we have

f | f(x)|? dx < +o0.
K

THEOREM 21.4. Whatever be p, | < p < + o0, every locally L function
in 2 is locally L! (i.e., locally integrable).

Let f be locally L? and K an arbitrary compact subset of 2. Hélder’s
inequalities imply that

[ 11 dx < ks Ml

where ly is the characteristic function of K, equal to one in K and to
zero everywhere else, and where p’ is the number conjugate of p,
p =4 if p=1and p' =p/(p — 1) if | <p < +00. This shows
- immediately that

[C17) dx < +eo;
K

therefore the restriction of f to K belongs to L(K), as f is measurable.

Distributions in an Open Subset of R»

A distribution in an open subset £2 of R” is a linear functional on the
space of test functions %3 (£2) which is continuous when €2(2) carries
its canonical LF topology (see Chapter 13, Example II, p. 131). We
recall that the elements of €3 ((2) are the ¥ (complex-valued) functions
in £ with compact support. If we consider a linear functional L on €2(£2)
we may decide whether it is a distribution by applying the corollary of
Proposition 13.1, which in the present situation can be stated as follows
(when combined with Proposition 8.5):

ProPOSITION 21.1. A linear form L on €3(L2) is a distribution if and only
tf it possesses the following equivalent properties:

(@) To every compact subset K of 2 there is an integer m > 0 and a
constant C > O such that, for all €* functions ¢ with support in
the set K,

[Lp) < C Sup (sup |(8/0x)" g(x)1)-
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(b) If a sequence of test functions {¢,} (k = 1, 2,...) converge uniformly
to zero, as well as all their derivatives, and if the functions ¢, have
their support contained tn a compact subset K of Q,independent of
the index k, then L(g;) — 0.

A way of obtaining examples of distributions is the following one:
Let E be a space of functions in £ containing €(£2); suppose that E is
provided with a locally convex Hausdorff topology which induces on
€3($2) a topology less fine than the canonical LF topology on this space.
Then the restriction to %3(£2) of any continuous linear functional L
on E is a continuous linear functional on %7(R2) (equipped with its
LF topology), i.e., a distribution in . If we make the further requirement
that any two different continuous linear forms L, , L, on E define, in the
way just described, two different distributions in 2, we must impose the
condition that €7(£2) be dense in E. This is obvious: for the Hahn~
Banach theorem implies that a subspace of a locally convex Hausdorff
space is dense if and only if every continuous linear vanishing on the
subspace is equal to zero in the whole space.

This scheme can be applied to E = €(2). It shows immediately
that every Radon measure p in £ defines, by restriction to %¢(R), a
distribution T, in 2; if u, , u, are two Radon measures in £ such that
1 F pg , we have

T, # T, (see Corollary 2 of Theorem 15.3).

In view of these facts, we have the right to identify the distribution T,
with the Radon measure 1. We shall therefore say that the distribution
T, is a Radon measure, and we shall write u instead of T, .

ProposiTION 21.2. A distribution T in Q is a Radon measure if it
possesses the following three equivalent properties:

(a) The linear form ¢ ~ (T, @) is continuous on €¢(2) when this space
carries the topology induced by €%).

(b) To every compact subset K of $2 there is a constant C > 0 such
that, for all € functions @ with support in the set K,

KT, 931 < Csup | pfx)|.

(c) If a sequence of test functions {p,} (k = 1, 2,...) converge uniformly
to zero and if the functions @ have their support contained in a
compact subset K of 2 independent of k, then (T, ¢,> — 0.

The equivalence of (a), (b), and (c) follows immediately from the
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definition of the LF topology on €3(£2) (see Chapter 13, Example II,
p- 130) and from Propositions 8.5 and 13.1. We must therefore show
that T is a Radon measure in 2 if and only if T has Property (a). In one
direction, it is obvious: if T is.a Radon measure, which is to say if T is
the restriction to €g(£2) of a Radon measure in £2, then T is continuous
for the topology induced on €3(R2) by €Y£2). Conversely, if ¢ ~ (T, ¢}
is continuous for this induced topology, it can be extended as a
continuous linear form to the whole of ¥Y(£2): by continuity, since
€2(R2) is dense in €Y(£2) (Corollary 2 of Theorem 15.3). As a matter of
fact, the extension of ¢ ~ (T, ¢) is unique: this follows precisely from
the density of €2(2) in €Y(£2), as has already been pointed out above.

A particularly important class of distributions which are Radon
measures are the distributions of the form

¢ =~ [ @) fx) dx,

where f is a locally integrable function in £2. Recalling what we have just
said, that two distinct Radon measures define distinct distributions, and
using Theorem 21.3, we see that two locally integrable functions define
the same distribution if and only if they are almost everywhere equal.
This enables us to identify equivalence classes of locally integrable
functions modulo the relation “to be equal almost everywhere” with the
distribution defined by any one of their representative. We shall say
that a distribution T is a function if there is a locally integrable function f
such that T is the Radon measure f(x) dx; we shall then write f instead
of T; it is understood that f is defined almost everywhere, or, more
correctly, that f is an equivalence class of locally integrable functions
modulo the relation “ f; = f, a.e.”

We shall transfer the whole terminology for functions to distributions
which are functions. Thus we shall say that a distribution f is a €*
(resp. LP) function (0 << k << +o0) if the class denoted by f contains a
representative which is a €* (resp. L?) function. We shall use such
expressions as: the distribution T is a polynomial, an exponential, an
analytic function, T can be extended to the complex space C™ as an entire
analytic function, etc. We repeat: the whole terminology which is used
when we deal with functions will be used when dealing with distributions
which are functions.

If all distributions were Radon measures, there would not be much
point in building a distributions theory. But we shall see that the space
of distributions contains many more objects than Radon measures.
This will become obvious as soon as we will have at our disposal the
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concept of a differential operator acting on distributions. We shall
be able, then, to differentiate distributions as many times as we wish,
and it will be obvious that differentiation of Radon measures yields
distributions which, in general, will not be Radon measures.

In relation with the previous remark, it can be observed that there are
many functions which are used in analysis and which are not locally
integrable, which therefore do not define distributions by the formula

9 =~ [ 9(x) f() dx.

Such is for instance the function

o~k (k=1,2,.)

defined on the real line. Obviously, the trouble lies not with measurability
since ¢ ~ t~* is measurable (it is €® in the complement of the origin),
but with the integrals of the absolute values on bounded intervals of
the real line. Indeed, we have (for & == 1),

fl t* dt = +o0.
0

There is a way, however, of defining a distribution in the real line by
means of the function t ~ t*. More precisely, there is a distribution S
in R! such that, for any test function ¢ € €3 (R!) having its support in
the complement of the origin (i.e., vanishing in some neighborhood of

t = 0),
S, = [el) 2.

In fact, there is a standard procedure for doing this, leading to the
concept of the pseudofunctions (in our case, the distributions Pf ¢~%).
But the student should keep in mind that -these ‘“‘extensions” S are
never functions, in the sense of the expression “this or that distribution
is a function.” For if S were a function, i.e., if there were a locally
integrable function f(¢) in the real line such that, for all test functions ¢,

(S, 0> = [l f(2)

this would imply that f(f) = ¢—* if ¢ % 0, which in turn would mean
that =% is locally integrable, which it is not.
It should also be observed that there are functions which do not
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define distributions, whatever procedure one tries on them. Such a
function is
Rt~ etft,

There is no distribution in the real line which coincides with ¢ ~ e/ in
the complement of the origin.

Notation 21.1. Let 2 be an open subset of R". The space of distributions
in 82 is denoted by 2'(£2).
Exercises

In the exercises, we denote by £ an arbitrary open subset of R”.

21.1. Letx;, Xs,..., X; ,... be an arbitrary sequence of points of 2. Let a,, ay ,..., a;,...
be a sequence of complex numbers such that

la; | < +o0.

™M

.
I
-

Prove that the functional on ¥9(£2),

-
P~ Z a; g(x;),
i=1
is a Radon measure in .

22.2. Let {x,} be a sequence of points in £ which does not have any accumulation

point in 2. Then, prove that, for any sequence of complex numbers {a;}, the functional
on €2(9),

a0
@ ~ 3 &’ p(x;),  Dip = (9[oxr)’ -+ (9ox, Y,
=1
is a distribution in 2.

22.3. Let x° be an arbitrary point of 2. Prove that the functional on ¥2(£2),
@ ~ [(9/0x)9](x%),
is a distribution in £, but is not a Radon measure in £2.
22.4. Let |x| = (x? + -~ + x2)!/2 be the Euclidean norm on R". What condition

should be satisfied by the real number s in order that the measurable function x ~» | x |*
in R* define a distribution in R” which is a function ?

22.5. Prove that if a distribution 7 in the open set 2 is such that <7, ¢> > 0 for all
nonnegative ¢ € €°(£), then T is a positive Radon measure.
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More Duals: Polynomials and Formal

Power Series. Analytic Functionals

Polynomials and Formal Power Series

Let 2, be the vector space of all polynomials in # indeterminates with
complex coefficients. This space is often denoted by C[X,,..., X,].
We modify momentarily the notation in order to shorten it, and also
in order to emphasize that we are interested not in the ring structure of
the set of polynomials, but in its topological vector space structure.
Fork =0, 1, 2,..., let % be the vector subspace of £, consisting of the
polynomials of degree <k; each #% is finite dimensional, in fact its
dimension is easy to compute: it is equal to

(k + n)!/Enl.

We provide £, with the locally coenvex topology which is the inductive
limit of the topologies of the Hausdorff finite dimensional spaces %%,
k=0, 1,... (see Chapter 13, Example I).

On the other hand, we consider the vector space 2, of formal power
series in 7 indeterminates, which is usually denoted by C[[X},..., X,]]-
We provide 2, with the topology of convergence of each coefficient.
This topology is defined by the sequence of seminorms:

u= Y u,X?~ sup |u,l, k=0,1,..

peN"™ IpI<k

This topology turns 2, into a Fréchet space (see Chapter 10,
Example III).

Now, there is a natural duality between polynomials and formal
power series, which can be expressed by the bracket

Pyuy =) Puu,,

peN"

227
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where )
P=YPX? u=) ulX"
p p

It should be remembered that all coefficients P, , except possibly a
finite number of them, are equal to zero; this gives a meaning to the
bracket (P, ). The main result, in the present context, is the following
one:

TueoreMm 22.1. (a) The map
(22.1) u ~ (P ~ (P, uy)

is an isomorphism for the structures of topological wector spaces of the
Fréchet space of formal power series 2,, onto the strong dual of the LF-space
of polynomials, P, .

(b) The map
(22.2) P (u ~ (P, u))
is an isomorphism of P, onto the strong dual of 2, .

Proof. The proof consists of a succession of very simple steps. First of
all, we have, for all power series # and all polynomials P of degree <k,

KP,w | < (T 1Py 1) sup u,.

peN" Ipl<

This shows immediately that both maps (22.1) and (22.2) are continuous
linear maps into. We must show that they are one-to-one, onto, and
that their inverse is continuous.
The Maps are One-to-One
Take for P the monomials X? = X¥1 --- XP»; this means that P, =0
if ¢ # p, P, = 1. Then
(P,u) =u, forany ue2,.

If the linear functional P ~ (P, u> were to be zero, we would have
u, = 0 for all p, in other words » = 0.
Suppose now that, for a given polynomial P, the linear functional

u ~ (P, uy

is identically zero in 2,; take for u the same monomial X? as before.
We obtain that P, = O for all p, hence P = 0.
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The Maps are Onto

Again, let us begin with (22.1). Let L be an arbitrary (continuous)
linear functional on &Z,_; set, for each p,

u, =L(P) when P(X) = X"
Then
u=> u,X?

P
is a formal power series and, obviously, we have
L(P) =<{P,u) forall PeZ,.

Let us consider now (22.2). Let M be an arbitrary continuous linear
form on 2,; by taking its value on the monomials X7, we associate with
it a formal power series

v = Zv,X”.
P

From the fact that M is continuous it follows that v, = 0 except
possibly for a finite number of indices p. Indeed, there is a constant
C > 0 and an integer k > 0 such that, for all formal power series u,

| M(u)| < C sup |u,|.
IPI<k

This means, in particular, that, for all formal power series u such that
u, = 0 for | p | <k, we have M(u) = 0. This applies in particular to
the series ¥ = X? for | p | > k. Therefore

v,=M@u)=0 when u=X? |p| >k

Thus v is a polynomial, and then it becomes obvious that, for any

formal power series u,
M(u) = (v, u).

The Inverses of Maps (22.1) and (22.2) are Continuous

Let L be a continuous linear form on £, , and u the associated formal
power series. To say that L converges to zero in the strong dual of £,
is to say that, given any bounded set of polynomials, L converges
uniformly to zero on this set. We may take sets consisting of a single
element, in particular of the monomial X7; thus, if L converges to zero
in #,, u, = L(X?) must converge to zero for each p, which means
exactly that the series u converges to zero in 2, . This proves that the
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inverse of (22.1) is continuous. Let us study now the inverse of (22.2).
Let ¥~ be an arbitrary convex neighborhood of zero in &, . For each
k=1,2,.,7% NP contains some set

W’C:%‘v: Z ‘va”; Z |‘vy|<Pk29 Pk>0

Ip|<k IPI<k

We may assume that the p, form a decreasing sequence converging to
zero; the union #” of the sets #7* is not, in general, a neighborhood of
zero in £,; but its convex hull I'(#") is one. We have evidently
I'(#") C 7". On the other hand, let # be the set of formal power series

u=y uX?fork=12,., sup |u,|<p,Y,

lol<k

where
Pr=2""p; .

Let v be a polynomial of degree <k which defines a continuous linear
functional # ~ (%, v> on 2, belonging to the polar of #. Choose u in
the following way:

u, =p 10,/ v,| if v, #0;
u, =0 otherwise.

We have then

(22.3) W vy =T oo, <1,

since # belongs obviously to the bounded set #. For each integer
h=0,1,.., set
v= Y X7

|p|=R

(v is the homogeneous part of degree % of v). We have, in view of (22.3),

3 Inl <=2
pl=

This means that 2*+1p, € #'*; but Y¥_, 21 < 1, hencev = Y¥_, v, =
¥ _o 27*"1(2"+1y,) belongs to the convex hull of the union of the ¥,
this is to say to I'(#") C ¥". This shows that the image of the polar
%#° of # under the canonical isomorphism of the dual of 2, onto £,
is contained in ¥7, in other words that the preimage of ¥  is a
neighborhood of zero in the strong dual of 2, . Q.E.D.
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If we forget about the multiplicative structure of the sets #, and 2, ,
we can regard them as sets of functions with complex values and domain
of definition N*: this simply means that we identify a polynomial or a
power series with the collection of its coefficients: instead of writing
U =Y ,enn U, XP, We Write u == (u,),.nn; then 2, turnsout to be the space
of all complex functions in N® and £, the space of those functions
which vanish outside a finite set. Needless to say, this is the same as
identifying 2, with the space of arbitrary complex sequences depending
on 7z indices, and &, with the space of finite complex sequences. We may
also write

2,=]] C,, C,=C, the complex plane.

peN™

Then £, can be regarded as the direct sum of the C,’s. As a matter of
fact, the topology of simple convergence of the coefficients on 2, 1s
precisely the product topology of the C,’s, etc. Let us observe that the
LF-space &, , which is canonically isomorphic with the strong dual of
2,., is continuously embedded in 2, , and is dense in 2, .

Analytic Functionals in an Open Subset 2 of C»

We denote by H(£2) the space of holomorphic functions in £, equipped
with the topology induced by any one of the spaces €%(£2) (0 < k& << +-00)
when C is identified with R**. For instance, we may consider that
H(£) carries the topology of uniform convergence on compact subsets
of £, i.e., the topology induced by €%£2).

Definition 22.1. The dual of H(S2) is denoted by H'(S2); its elements are
called analytic functionals in 2.

Observing that H(£2) is isomorphically embedded in €%£2), we see,
in virtue of the Hahn-Banach theorem, that any continuous linear
functional L on H($2) can be extended as a continuous linear functional
L on %), which, in turn, by restriction to €%(£2), defines a Radon
measure p in 2. As €(£2) is dense in €°(£2), this Radon measure p is
uniquely determined by L; but as L is not uniquely determined by L
(except when £2 = (), neither is p. This is easy to understand; for
let ¢, be a continuous function with compact support in £ such that
there is a %! function with compact support in £, ¢, satisfying the
equation

o = 0[O, — % (%”% + i:—;), i= (=)
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Then, if the Radon measure p defines an analytic functional L in £,
the Radon measure u + ¢, defines the same one, L. This simply follows
from the fact that the analytic functional defined by ¢, is equal to zero;
this analytic functional is simply

H(Q)oh ~ f h(x + iy) $o{x, y) dx dy.

It is well defined, as ¢, is continuous with compact support in £2. By
integration by parts, we see immediately that

[ #x - i9) bk, 3) e dy = [ s + i) 2 (5, 9) e dy
= — [ G+ )b ) dudy =0.

In general, that is to say when £2 is an arbitrary open subset of C=,
there is no natural way of interpreting as functions the analytic functionals
in . This is however possible when £ is of a very simple type, for
instance when £ is a polydisk, as we are now going to show.

Notation 22.1. Let K,,..., K, be n numbers, 0 < K; < +© for
Jj = 1,...,n. We denote by A(K, ,..., K,)), or simply A(K), the open polydisk

{zeCr 12| <K, | 2, ] < Ky}

Notation 22.2. LetK,,..., K, be n nonnegative finite numbers. Wé denote
by Exp(K, ,..., K,), or simply by Exp(K), the space of entire functions of
exponential type (K, ,..., K,), i.e., the space of the entire functions f in C*
such that there is a constant A(f) > O such that

(224) forall 2eCr,  |f(z)| exp(—Ky| 2| — -+ — Kal 2, 1) < A(f)-

If fe Exp(K), the inf of the constants A(f) in Property (22.4) can
be taken as the norm of f in Exp(K); that it is indeed a norm is easy to
check. It induces on Exp(K) a topology which is strictly finer than the
one induced by H(C"), the space of entire functions. Also observe that,
if Ky < K,,..., K, < K,,, we have Exp(K’) C Exp(K) (the two spaces
are regarded, here, as subsets of H(C")).

Notation 22.3. Let K,,...,K, be n numbers, 0 < K; < +o for
j=1,..., n. Wedenoteby Exp(K) the union of the spaces Exp(K’) for all
K = (Ki,..., K}) such that K{ < K, ,...,. K, < K, .
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We shall not put any topology on the vector space Exp(K). Our main
result is then the following:

THEOREM 22.2. Let K, ,..., K, be n positive numbers, some or all of
which may be infinite.

Given any function f € Exp(K), the linear functional on the space P, of
polynomials in n indeterminates with complex coefficients (viewed as
polynomials functions on C=, i.e., polynomials in 2, ,..., 2,),

P =3 Pp? ~(f, P) = ¥, P,f®(0),

can be extended, in a unique way, as a continuous linear functional on
H(A(K)), i.e., as an analytic functional in the open polydisk A(K), u, .
Furthermore, the mapping f ~ u, is an isomorphism (for the structures of
vector spaces) of Exp(K) onto the dual of H(A(K)), H'(A(K)). The inverse
mapping is given by the formula

f(C) = <,u,, ’ e<z'§>>’ {EC", (2, §> = leI + -+ zngn ’

where p, operates on functions of z € 4(K).

Proof. The proof is based on an estimate of the f®(0) (f € Exp(K))
derived quite straightforwardly from Cauchy’s formulas. Remembering
that f is an entire function, we may write, for any set of numbers
71Ty >0,

fz) dz,  d=,

P
lzgl=r, 3° 2 2y

_;_! FONO) = (24m) 3€,,,.=,, - §

where p! = p,!---p,l, 2P = 21 --- 222, The Cauchy formula above
implies immediately Cauchy’s inequality

(22.5) | fP0) < plry®r - 7,7 sup 1f(@)I.

124]=7q. ..., 124)=Typ

As fe Exp(K), there are numbers 4 > 0, ¢ > 0 (¢ < K forallj = 1,...,n),
such that, for all 2,

(22.6) (@) < Aexp((Ky — &)l 31| + - + (Kn — &) 3 ]).
Combining (22.5) and (22.6), we obtain

(22.7) [fP(O)] < Aplry®s -+ r-9n exp(K, — &), + - + (K, — £)r,).
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The next step is to choose the 7; so as to minimize the right-hand side of
(22.7). Consider the function of 7,

7P eBr where >0, B>0.

If B = 0, the minimum of this function is attained for r = 0; if 8 # 0,
computation of the derivative shows that the minimum is attained for
r = B/B, and there the value of the function is

Bb(e[BY.
In view of Sterling’s formula, we have, with a suitable constant 4,,
(elB < Ay (B#0)

We see therefore that, in both cases (assuming that A, is sufficiently
large),

inf (™) < A,BYBY"
Taking this into account in (22.7) yields (for all p € N»)
(22.8) [fP0) < AA(K; — e} -+ (K, — e)Pn.

This is the formula on which the proof of Theorem 22.2 is based. For
now let g be an arbitrary entire function. Let us set

n =K —¢2 r, = K, —¢/2,

and let us apply Estimate (22.5) with g instead of f and with this choice
of the numbers ;. We obtain

(22.9)
ﬁ 18P0) < (Ky — ef2) % (Kp — /2" sup | g(z).

1z;1=K;—¢/2,5=1,....n

Let us suppose now that g is a polynomial. We have

KAl =

1 1

T 51/ PO g2 O < X170 57 | £ 2(0)
231 2 ]

Taking into account (22.8) and (22.9), we obtain

KEDI< AA, Y 0007 sup | g(2)),
P

2€4(K—e/2)

where 8, = (K — ¢)/(K; — ¢/2) < 1,j = 1,...,n, and where we have
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denoted by K — &/2 the set of numbers (K, — ¢/2,..., K, — ¢/2).
Finally, we obtain

ICf, o0l < Ady(1 —6,)70 (1 —6,)71 sup | g(2)].

zed{K—e/2)

As the polydisk 4(K — ¢/2) is a relatively compact subset of the
polydisk 4(K), this estimate shows that the linear functional

g~<{hHe

is continuous on the space of polynomials when this space carries the
topology induced by H(A(K)). Therefore, this linear form can be
extended to the whole of H(4A(K)) in a unique manner, as the set of
polynomials is dense in H(A(K)): if ge H(A(K)), the finite Taylor
expansions of g converge to g in H(A(K)); cf. Theorems 15.1 and 15.2.
This defines the analytic functional x, in the open polydisk A4(K)
corresponding to the function fe Exp(K).

The mapping f~ u; is obviously linear. Let us show that it is
one-to-one. It suffices to remark that g ~ { f, g> is a continuous linear
functional on the space &, of polynomials; the same that would have
been denoted g ~ (£, g> in the duality between polynomials and formal
power series (see the first part of this chapter), where f = 3, f2(0) X».
We know that this linear form is identically equal to zero if and only
if all the coefficients of f are zero, i.e., if f®(0) = O for all p. As f is an
entire function this means that f = 0.

It remains to show that f ~ u; is onfo. In order to do this, we use the
inverse formula given in the last part of the statement of Theorem 22.2.
In fact, let x be an arbitrary analytic functional in the open polydisk
A(K); the restriction to 4(K) of the entire function

X A e<2,§>
belongs obviously to H(A(K)). We have therefore the right to consider

Sy €20

this is a function of { e C", which we shall denote momentarily by f.
We are going to show that f is an entire function, belonging to Exp(K),
and that p = p, .

The continuity of u implies that there is a constant C > 0 and a
relatively compact open subset U of 4(K) such that, for all 2 ¢ H(4(K)),

(22.10) <y 2] < Csup | h(z)|.



236 DUALITY. SPACES OF DISTRIBUTIONS [Part 11

We can find a number & > 0 such that U CA4(K — ¢), where we have set
K —e¢= (K, — &..., K, —¢). Let p be an arbitrary n-tuple, and let
us choose #(2) = 2P in (22.10). We obtain

(22.11) K, 275 < C(Ky — &) - (K — £)Pn .

On the other hand, let us observe that the Taylor expansion of the
function of 2, exp(<z, {>), converges to this function in H(C"), a fortiori
in H(4(K)). Since p is continuous, this means that we have

(22.12) fO = G e=0y = ¥ 3,‘—, 7y 2.

peN™

In view of (22.11), the power series at the right-hand side converges
for all { € C. This shows that f is an entire function. In virtue of (22.11),
furthermore, we have,

A0 < czj%(Kl e (K — €] 27|

= Cexp{(Kyi — &)l &+ + (Ka — ) L}

Finally, we show that u = p;; let & be an arbitrary polynomial; we
have, by using (22.12),

ik =Y ﬁf(m(O) hP(0) = Z;—' {py 27) BP(0)

V4 V4

- < , (; p_l! h)(0) z”)> =y B

Q.E.D.

Let now £ be an arbitrary open subset of C*;if % is an entire function,
the restriction of % to £2 belongs obviously to H(£2). Given any analytic
functional in £, we may consider its value on %, {u, k). Then it is
evident that & —~ {u, k) is a continuous linear functional on H(C?"),i.e.,
an analytic functional in C® (sometimes called simply an analytic
functional). If p,, u, are two analytic functionals in £, it may happen
that {u,, &> = {u, , k) for all £ e H(C™), without this being true for all
h € H(R), i.e., without p; = p, being true. In view of the Hahn-Banach
theorem, this will happen whenever the restriction to £ of entire
functions does not form a dense subspace of H(S), in other words,
whenever £ is not a Runge domain (Definition 15.1). We recall that
polydisks are Runge domains. Thus, the space of analytic functionals
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in 2, H'(Q2), can be canonically identified with a linear subspace of
H(C") (disregarding now the question of the topologies) if and only if Q
is a Runge domain.

At any event, we may use the following terminology:

Definition 22.2. We say that an analytic functional p in C* is carried
by an open set 2 C Cn if there is a relatively compact open subset U of Q2
and a constant C > 0 such that, for all entire functions h in C»,

<, B < C'sup | (2)].

In other words, p is carried by 2 if the linear form A ~ {u, k) defined
on the restriction to £ of the entire functions can be extended as a
continuous linear form to the whole of H(£2). Furthermore, this extension
of p is unique if and only if £2 is a Runge domain.

Definition 22.3. Let p be an analytic functional in C*; the function of
feCn,
{p, €595,

will be called the Fourier—Borel transform of u and denoted by f.

Some authors call i the Fourier—Laplace transform of u. With these
definitions, we may restate Theorem 22.2 in the following way:

THEOREM 22.3. The Fourier—Borel transformation is a linear isomorphism
of the space of analytic functionals in C* onto the space of entire functions
of exponential type in C».

For every n-tuple of numbers K, ,..., K, such that 0 < K; < +©
(j = 1,..., m), the analytic functional j. iscarried by the open polydisk

{2eC 2| <Kj,oy | 20 | < Ky}
if and only if there are positive numbers A, £ such that, for all ze C»,

A0 < dexp{(Ky — &)l L] + -+ + (Kn — &)l Lal}-

Exercises

22.1. Let us consider 2, (the Fréchet space of formal power series in 7 indeterminates)
as the dual of the LF-space #, (the space of polynomials in 7 indeterminates). Prove that
2, is identical to the algebraic dual of #, and that, on 2,,, the weak and the strong dual
topologies are identical. Furthermore, prove that the algebraic dual of 2, is not equal
to 2.
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22.2. Let us denote by P the polynomial obtained by replacing each coefficient of P
by its complex conjugate (P € #,). The space &, can be turned into a Hausdorff pre-
Hilbert space by means of the Hermitian form

1
@®o=3 ;P"’(O)Qm(m.

peN® £°

Prove that the natural injection of the pre-Hilbert space £, into the space H(C") of entire
functions in C" is continuous and can be extended as an injection of the completion
j,, of #, onto a linear subspace, which we shall denote by A2 , of H(C"). Characterize the
elements of 4% by the Taylor expansion about z = 0. Is it true or false that A% is transla-
tion invariant (a subset 4 of H is translation invariant if f € A implies that the function
z ~ f(z — 2°) belongs to A4 for all z° € C")?

22.3. Prove that the space Exp(K) (Notation 22.2), equipped with the norm
(22.13) S:gn{lf(z)l exp(— (Kl 2y | + -+ + Kal z. D},
z

is a Banach space.

22.4. Let us consider 3n positive numbers K;, K, K} (1 < j < n) such that, for
every j, K; < K < K. Prove that Exp(K) is dense in Exp(K") for the topology induced
by Exp(K”") (see Notation 22.2; the topologies are defined by the corresponding norms of
the type (22.13)). Prove that the natural injection of Exp(K) into Exp(K’) is continuous
but that it is not an isomorphism.

22.5. Let us denote by Exp the vector space of all entire functions in C” which are of
exponential type, that is to say the union of all the spaces Exp(K)as K = (K, ,..., K,)
ranges over the space R} of sets of # nonnegative real numbers. We define on Exp the
following topology:'a convex subset of Exp, U, is a neighborhood of zero if its intersection
with every Exp(K), K € R}, is a neighborhood of zero in this Banach space. Prove that
the convex set U is a neighborhood of zero in Exp if and only if U N Exp(p) is a neighbor-
hood of zero in Exp( p) for all n-tuple p € N".

Prove the following statements:

1. Exp is not the strict inductive limit of the spaces Exp( p), p € N*;

2. Exp is complete;

3. the Fourier—Borel transformation is an isomorphism (for the TVS structures)
of the strong dual H’ of H onto Exp.

22.6. Let H’ be the space of analytic functionals on C*, and % : H” — Exp the
Fourier—Borel transformation. For every entire analytic function A, let us set

A(z) = h(Z), zeCn
Prove that

(22.14) (1, ¥) = <, Fr),

where { , > is the bracket of the duality between H and H’ (using the fact that Exp C H),
turns H’ into a Hausdorff pre-Hilbert space. Let us denote A’ the Hilbert space obtained
by completion of H’ for the Hermitian form (22.14). Prove that the Fourier—Borel trans-
formation & : H’ — H can be extended as an isometry of A’ onto the Hilbert space 43
(Exercise 22.2).
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22.7. Prove the equivalence of the following facts:

(a) the series 3, \» 3,8 converges in H’ (say strongly; 8" is the analytic functional
B~ (=111 B2(0));

(b) there is an entire function of exponential type, f, in C", such that, for all p € N",
pla, = f #X0).

Prove, furthermore, that the mapping f — Y, 1/p! f **(0) 8'» is an isomorphism (for the

linear structure) of Exp onto H’. What is the relation between this isomorphism and the
Fourier~Borel transformation ?

22.8. By making use of Exercise 22.7, show that there is a sequence of elements ¢,
in H (resp. ¢, in H') (p € N") such that

L. Le,,ep=1ifp=4¢ =0ifp +*g;

2. every element e (resp. ') of H (resp. H’) can be written, in one and only one way,

as a convergent series

e = Z age, (resp. e = Z b,,e,;).

peN™ peN”™
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Transpose of a Continuous Linear Map

Let E, F be two TVS, and u a continuous linear map of E into F.
Let ¥ be a continuous linear form on F, which we may regard as a
continuous linear map of F into C. We are in the situation described by
the sequence

E—* ,F_—¥ ,(C.
We may form the compose y’ © u, which is a continuous linear map of E
into C, that is to say a continuous linear form on E. Thus we end up
with a mapping
¥y ~3you
of the dual F’ of F into the dual E’ of E. This mapping is called the
transpose of u, and will always be denoted by ‘u in this book.

If x is an element of E, by using the brackets for expressing the duality
between E and E’, F and F’, respectively, we see that

(¥ 0 u)(x) = {y', u(x))-

As y" o u is defined to be ‘u(y’), we have the transposition formula:

(23.1) G ux) = <fu(y"), %

The notion of transpose of a continuous linear map plays a central
role in what follows. The reason for this is that important properties
of the mapping u itself can be translated, under favorable circumstances,
into properties of its transpose. As an example, let us mention the
following property: we assume now, as we shall do from now on,
that E and F are locally convex (so that we can apply the Hahn—Banach
theorem); then the image of u is dense, i.e., #(E) is dense in F, if and
only if ‘u : F’ — E’ is one-to-one (Corollary 5 of Theorem 18.1). Another
reason for the importance of the notion of transpose lies in the fact
that it enables us to extend the basic operations of analysis (differentia-
tion, multiplication by functions, regularizing convolutions, Fourier
transformation, etc.) to the new objects which have been introduced
by taking into consideration the duals of the spaces of functions. For

240
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instance, as immediately seen, the multiplication by a given ¥ function
Y defines a continuous linear map of %7 into itself; therefore, by
transposition, it defines a continuous linear map of the space of distri-
butions 2’ into itself, which may be taken as definition of the mul-
tiplication of distributions by the function . In the last example,
it can be seen that, when the distribution to be multiplied by ¢ is a
locally integrable function f, its product by ¢ (defined by transposition)
is equal to the ordinary product f. This means that we have indeed
extended the operation of multiplication from functions to distributions.
A similar procedure is followed-—with a twist—when differentiation of
distributions is defined. Another important example is Fourier trans-
formation: it is easy to check that it is an isomorphism of the space & of
rapidly decreasing ¥~ functions (see Chapter 10, ExampleIV) onto itself;
its transpose is then an isomorphism of the dual %’ of & onto itself.
This transpose can then be taken as a definition of the Fourier trans-
formation in &’; on the other hand, &’ can be regarded, in a canonical
way, as a vector space of distributions, this is to say, as a linear subspace
of 2’. We will have thus extended Fourier transformation to a class of
distributions (it will be shown that this definition coincides with known
ones in the cases where a classical theory of Fourier transformation
already exists, for instance when the distributions are L? functions).
These are only few examples among many which bear witness to the
impo-tance of the notion of transpose. We shall study them, and several
more, soon, after a few general considerations about transposes.

We begin by a few remarks which do not involve any topology on the
dual.

ProrosiTiON 23.1. If u: E—F is an isomorphism of E onto F (for the
TV'S structures), then the transpose of u, ‘u : F’' — E' is an isomorphism
(for the vector space structures) of F' onto E'.

Indeed, let v be the inverse of #; v : F — E. The transpose of # and
the one of v are inverse of each other (this means

v o 'y = identity of F’, tu o ' = identity of E’).

But a map has an inverse (in the sense just explained) if and only if
it is one-to-one and onto.

ProposiTiON 23.2. Let E, F, and u: E — F q continuous linear map. Then
we have

(23.2) Ker tu = (Im )",

We recall that by 4° we denote the polar of the subset 4 of a TVS;
if A is a vector subspace, 4° is the orthogonal of A, that is to say the set
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of all continuous linear forms on the space which vanish identically on A
(then A0 is a linear subspace of the dual; see Chapter 19, Definition 19.1).

The proof of Proposition 23.2 follows immediately from Eq. (23.1):
if " € (Im #)°, the right-hand side of (23.1) is equal to zero for all x € E,
hence ‘u(y’) = 0. If 3" € Ker ', the right-hand side is zero for all x,
hence ¥’ is orthogonal to Im .

By combining Proposition 23.2 with the Hahn-Banach theorem
(Theorem 18.1), we easily obtain Corollary 5 of that theorem stating that
‘u is one-to-one if and only if Im u is dense in F. Indeed, we assume here
that F is locally convex, and in a locally convex space a linear subspace
is dense if and only if its orthogonal is reduced to {0} (Corollary I of
Theorem 18.1).

We shall suppose that the duals of E and F carry one of the topologies
introduced in Chapter 19. Let & (resp. $) be a family of bounded subsets
of E (resp. F) having the property that the union of two subsets belonging
to the family is contained in some subset belonging to the family and
that, if 4 belongs to the family and A is a complex number, there is a
set B in the family containing A4. In practlce, we shall mainly be
interested in the cases where & (resp. $) is one of the following four
families of bounded subsets of E (resp. F): the family of all bounded
sets, the family of all compact sets, the family of all convex compact sets,
the family of all finite sets. We recall the statement of Proposition 19.5:

Let u be a continuous linear map of the TVS E into the TVS F; the
transpose of u, 'u, is continuous as a linear map from Fy into Eg if to every
A e S there is Be $ such that B D u(A).

As we have already pointed out after the statement of Proposition 19.5,
this implies that 4 is continuous from F, into E, (weak topologies),
from F, into E, (topologies of convex compact convergence), from
F_ into E, (topologies of compact convergence), from Fy into E, (strong
dual topologies). Observe also that, if ‘u is continuous from F’ into E’
when these spaces carry some given topology, it remains continuous if
we strengthen the topology of #” or if we weaken the one on E'.

ProposiTiON 23.3. If E and F are normed spaces, the norm of 'u is equal
to the norm of u.

Proof. Let us denote all the norms by || |l. We must show that

= sup 'y

veF , yi=

= sup ( sup |y, u(x)))

y'eF’ My 1=1 xeE,kx|=1

= sup ( sup =l|<y’,u(x)>l)

zeE, 1xli=1 y'e€E’. Ny’
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is equal to || #| = sup,cg yz,-1 || #(x)|l. This will follow at once if we
show that, for every y € F, ||y || is equal to the supremum of [{y’, y)|
over the unit ball {y’; ||’ || < 1} of F'. By the definition of || y’ ||, we have
Ky, > <ll¥}. On the other hand, by virtue of the Hahn-Banach
theorem, the continuous linear form on the one-dimensionai linear
subspace spanned by y, Ay ~A|| /|, can be extended as a continuous linear
form y’ on F, having the same norm, which is equal to one; thus we have
{y',y> = |lyl for some y' e F’, || y|| = 1. Q.E.D.
We consider now some examples of transposes.

Example I. Injections of Duals

We consider here a procedure for embedding the dual of a locally
convex Hausdorff space E into the dual of another one, F. This procedure
is standard and will be used over and over again in our discussion.
The starting point is a continuous injection § of E into F; by this we
mean a one-to-one conttnuous linear map of E into F. We assume
furthermore that j has a dense image, i.e., j(E) dense in F. Then, as pointed
out in the remark following Proposition 23.2, the transpose of j,
4. F' -~ E', is a one-to-one linear map. Furthermore, if we provide
both E’ and F’ with the strong dual topology (or both with the weak
dual topology), % is continuous. In other words, % is a continuous
injection of F’ into E’; for the structures of linear spaces, in particular,
we may regard F’ as a vector subspace of E’.

Let £ be an open subset of R*. Very important examples of the
situation just described are provided by the following diagram (where
m is some integer > 0):

EAQ) > EHR) > €AQ)
(23.3) ) ) !
E(Q) - E™(Q) > ERQ)

The spaces carry the “natural’” topologies which we have defined on
them: for the first line, see Chapter 10, Example I; for the second line,
see Chapter 13, Example II. Each arrow denotes the “natural’ injection,
which is a one-to-one continuous linear map. Each arrow has a dense
image, as follows immediately from Corollaries 1 and 2 of Theorem 15.3.
This means that we can reverse the arrows, replace each space by its
dual, say its strong dual, and we obtain, in this way, a diagram of
continuous injections. Recalling that the dual of €%(£) is the space of
distributions in 2, we see that the duals of all the spaces entering in
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Diagram (23.3) can be regarded as linear subspaces of 2'(2). This
suggests the introduction of the following general definition:

Definition 23.1.A linear subspace of D'(2) carrying a locally convex topology
finer than the one induced by the strong dual topology on D'(2) is called a
space of distributions in 2.

With this terminology, we see that that the diagram of continuous
injections with dense images (23.3) enables us to regard the duals of
the intervening spaces of functions, as spaces of distributions in £.
This, in a natural (or canonical) way. We recall that the dual of €(£)
is the space of Radon measures in £2; we have already pointed out (using
the same argument as here) that Radon measures in £ can be viewed
as a special kind of distribution in 2. In the next chapter, we shall
characterize more “concretely’”’ the distributions which belong to the
duals of the other spaces (™), €%(2), 0 < m < +0, 0 <k < o).

Similar arguments can be applied to the couple

(23.4) €(RQ)—LHQ) (1<p< +w).

The arrow denotes the natural injection, which is continuous and has
a dense image, by virtue of Corollary 3 of Theorem 15.3. Here, the fact
that p is finite is essential. At any event, the strong dual of L?(%) is
a space of distributions in £2. Let us then consider the following diagram:

@y,
AN

(23.5) w I (%),

L"’(.Q)/

where u is the transpose of the mapping (23.4), p’ is the conjugate number
of p(p = if p=1, p'=pf(p — 1) if p > 1), w is the canonical
isometry of LP'(2) onto the dual of L?(£2) (Theorem 20.3), and v is the
injection of elements of L?'(R2) into 2'(£2) when we regard these elements
as (classes of) locally integrable functions. The latter means that, if fis
such an element, v assigns to f the distributions

€A 39 ~ [ P f(x) dx.

From the definition of @ (Theorem 20.3), it follows immediately that
the triangle (23.5) is commutative. This can be rephrased as follows: to
identify elements of L?'(2) with distributions in the manner which we
have followed (which is to say as locally integrable functions) is consistent
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with identifying them as continuous linear functionals on LP(£2) in the
way it is traditionally done.

Summarizing, we may say the following. By embedding each one of the
spaces of Diagram (23.3), as well as the spaces LP(Q2) (1 < p < +0),
in the space of locally integrable functions in £2, we can regard them as
spaces of distributions in £. Furthermore, now, by transposing the
natural injection of %3 (£2) into each one of them, with the (notable)
exception of L*({2), we can also regard their duals as spaces of
distributions in £2. On the other hand, €7'(£2), L?(2), for 0 < m < + o0,
1 < p’ << + 0, are contained in, or even are duals of some of the former,
so that for these spaces we have at our disposal two methods of embedding
them in 2'(£2). What we have just said about Diagram (23.5) shows that
these two embeddings are identical. Although a trivial fact, this is
important to know.

Let, now, £ be an open subset of C®. We may consider the space of
test functions in £, €2(£2). This means that we are identifying canonically
C» with R?” and regarding £2 as an open subset of R?". Observe that the
intersection of €3 (2) with H(S2), space of holomorphic function in £,
is reduced to the zero element. We certainly are not, therefore, in a
situation where we have a natural injection of €7(82) in H(S2) with
dense image! It follows that we cannot identify the dual of H(£2), H'(£2),
the space of analytic functionals in £, with a space of distributions in £,
at least by the method described here (nor, as a matter of fact, by any
other reasonable method).

Example II. Restrictions and Extensions

Let £, £’ be two open subsets of R® such that 2 C £'. Let f be a
function defined in £, having compact support in 2. By the trivial
extension of f to ' we mean the function defined in £, equal to f in 2
and to zero in the complement of £ with respect to £’

The trivial extension to £ defines a continuous linear map j of €2(£2)
into €7(£2). The transpose of this map is a continuous linear map of
2'(82') into 2'(2) (e.g., for strong dual topologies) which we shall
call restriction to 2 of the distributions in §£’'. One sees clearly what this
means: consider a distribution T in £2’; make it operate on test functions
¢ with support in £; then ¢ ~ (T, ¢> defines a distribution in £, which
is precisely the restriction of 7 to L.

Suppose that 2 is = £2'. Then the following is true:

(1) the image of €2(£2) into €X(£2’) under the trivial extension is
not dense;
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(2) the trivial extension is not an isomorphism of €(£2) into
€T(£2); it is of course one-to-one and continuous, but its inverse
(defined on the image) is not continuous or, if one prefers, the
topology of €(£2) is strictly finer than the one induced (via the
extension mapping) by €3(£2').

We propose the proofs of these two statements as an exercise to the
student.

The two preceding statements are related by transposition to the
following ones:

(1) the restriction mapping from 2°(2') to 2’(£) is not one-to-one;
(2') the restriction mapping from 2’'(£2’) to 2'(£2) is not onto.

Concerning (1’), observe that the restriction to 2 of a distribution which
is orthogonal to the (extended) test functions with support in £ is equal
to zero. In view of (1) and of the Hahn-Banach theorem, such a
distribution certainly exists (in fact, consider the Dirac measure

x0 ~ (x0)

when ¥ € ', x° ¢ Q). The proof of (2') is more complicated, and will
not be given, but the student should keep in mind the two facts above.

Definition 23.2. A distribution in 2 is said to be extendable to ' if it is
the restriction to Q of a distribution in . It is said to be extendable if it is
extendable to R™.

When the boundary of R is sufficiently regular, it is possible to give a
characterization of the distributions in £2 which are extendable.

The preceding considerations about €3 have obvious analogs for the
spaces €', L? (0 < m < 400, 1 <p < +00) and their duals.

Let us keep 2 and 2’ as before and consider €~(£’). It is obvious
what we mean by the restriction to 2 of a function in £’. The restriction
to £ defines a continuous linear map of ¥*(£’) into €=(£2). Unless
£2 = &', this restriction mapping is neither one-to-one, nor onto.
Indeed, if 2 # £, we may find a nonidentically zero ¥* function, as a
matter of fact a ¥ function ¢, with support in the complement with
respect to £ of the closure of £2'; the restriction to £2 of ¢ is identically
zero. On the other hand, it is easy to construct a function which is €~
in £ but which is not the restriction to £2 of a €* function in £’; for
instance, let x° be a point of £’ which belongs to the boundary of £2 and
consider the restriction to 2 of the function | x — x° |1

Observe now that €°(£2') contains, as a linear subspace, the set of
> functions (defined in £2’) which have their support contained in £.
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When we restrict to £2 such a €7 function, we obtain the same function,
regarded as a function defined in £2. We can say that the restriction to £
induces the identity map of €7(£2) onto itself. This implies that the
image of #*(£’) under this restriction map is dense in €*(£), as it
contains %, (52). Therefore its transpose is a continuous injection of the
dual of €*(£) into the dual of €*(£2"). As pointed out in Example I,
the former “is” a space of distributions in £, the latter is a space of
distributions in £2'. For distributions in £ which belong to the dual of
%>(52), we have obtained a kind of extension mapping to £2'. In the next
chapter, we shall see that this mapping can be indeed regarded as an

extension, very similar to the trivial extension of functions belonging

to €2(2).

Example III. Differential Operators

As before, let £2 be an open subset of R™. By a differential operator in £,
we mean here a linear map of €*(£2) into itself of the form

(23.6) @ ~ Y, ay(x) (9)ox)e,

where the summation is performed over a finite set of n-tuples
P = (p1,--» Pn), where for each p the coefficient a, is a complex-valued
function defined as € in £ and where, as usual, (0/8x)? stands for the
differentiation monomial (8/dx,)Pr -+ (8/dx,)P~. In analysis, one deals
with differential operators for which the condition that the coefficients
a, be € is considerably relaxed; for instance, one may want to consider
coeflicients which are just L®. To distinguish this wider class of
differential operators from the restricted one we are considering here, one
refers to the latter as differential operators with € coefficients. But as no
confusion will arise for us, since we consider only the case of #®
coefficients, we shall use only the shorter name of differential operator,
always meaning that the coeflicients are ¥°. We set

(23.7) P(x, 0/0x) = Y a,(x) (8/0x)?,

so that the mapping (23.6) might be denoted ¢ ~ P(x, &/0x)p. As we have
said, the summation with respect to p in (23.7) is finite. There exists
therefore a smallest integer m > 0 such that a,(x) = O for all n-tuples
p such that p;, + -+ + p, = | p | > m. The fact that m is minimum for
this property means that there is an n-tuple p, | p | = m, such that a, is
not identically zero. This integer m is called the order of the differential
operator P(x, d/0x).
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The following statement is trivial:

PropPOSITION 23.4. Let P(x, 8/0x) be a differential operator in 2. Then
the mapping
@ ~ P(x, 0[0x)p

is a continuous linear map of €>(82) (resp. €= (L2)) into itself.

Exercise Prove that the LF topology on €7(2) (0 < m < + ) is the weakest locally
convex topology for which all the differential operators in 2, of order < m + 1, define
continuous linear maps of €™(R2) into €L2).

By virtue of Proposition 23.4, we have the right to consider the
transpose of the mapping ¢ ~ P(x, 8/2x) @; this transpose is a continuous
linear map of the dual of €=(£2) (resp. of 2'(£2)) into itself. Let us now
consider the case of 2'(£2). We observe that functions belonging to
€=(£2) are, in particular, locally integrable functions in £ and therefore
define distributions in £: ¢ € €°(£2) defines the distribution

P~ f P(x) (x) dx.

We want to find out what the effect is of applying the transpose of
P(x, 0/ox) to Y regarded as-a distribution in £. In view of Eq. (23.1), we
have

(P, 8[2x) b, 9> = [ Ylx) P(x, 0]0x) glx) d.
=% [ a,(x) (01257 9()] (=) d
Consider an integral like
[ as(x) (@12x)? o)) () .
We may integrate by parts. We observe that there are no boundary

integrals since ¢ has compact support contained in the open set £
Therefore that integral is equal to

[ #x) (—1)171 (@/8x)? [a,(x) ()] .

We obtain thus

@38) P, 2065) 9> = (X (—1)¥ (0108 ay(x) ¥, 9.
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This can be phrased as follows: the image of ¢ € €°(12), viewed as a
distribution in £, under the transpose of the continuous linear map
@ ~ P(x, 8/ox) ¢ of €F(R2) into itself, is the distribution defined by the
function

2 (—1)e1 (8]ex)? [ay(x) §].

If we now consider ¢ as a function, we observe that
P~ 3 (—1)171 (8)0x)P [a(x) 4]
r

is a differential operator in 2. In fact, by using Leibniz’ rule we may
put it in the usual form; it suffices to observe that

(23.9) @2y @) = 3. (F) (o120~ a,)(@jay g,

<P

where the summation convention ¢ < p means that summation is
performed over all n-tuples ¢ = (¢, ,..., ¢,) such that ¢; < py ,..., ¢, < P »

and where the symbol (z ) stands for

(23.10) ( - (P"),

0 dn (P:) = p,Y/l(p; — 9:)'9')-

q

By using (23.9) we see that we have
Y (=D (9[ox) [ay(x) ] = 3. by(x) (9/0x) 4,
where

(23.11) by(x) = Y (—1)i! (;) (8]0x)P a,(x).

rzp

Definition 23.3. The differential operator 3, b,(x) (8/ox)? with coef-
ficients b, given by (23.11) is called the formal transpose of the differential

operator Y., a,(x) (9/9x)?.
Let us momentarily use the notation i’(x, d/ox) for the formal
transpose of P(x, 8/8x). Equation (23.8) can be rewritten as

CtP(x, 8]0x) o, 9> = <, P(x, 8/0x) o> — (P(x, 80x) b, @>.

This justifies the following notation, which will be systematically used
in the sequel:
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Notation 23.1. The formal transpose of P(x, 0/0x) will be denoted by
{P(x, 0/ox).
Observe that we have #P(x, 9/0x) = P(x, 2/dx), hence

(23.12) CP(x, 8]2x) , 9> = <, 'P(x, 8]5x) @D
This suggests the following definition:

Definition 23.4. The transpose of the continuous linear map of €2(£2)

into itself,
@ ~ P(x, 0/0x)p

(‘P(x, 0/0x): formal transpose of P(x, 0/0x)), is a continuous linear map of
the space of distributions 2'(Q2) into itself, which will be denoted by

T ~ P(x, 8/0x) T.
This map will be called a differential operator and denoted by P(x, 0/0x).

Equation (23.12) shows that, when a distribution T is defined by a
€~ function i, the distribution P(x, ¢/0x)T is defined by the %~
function P(x, 9/0x) (the latter to be understood in the ‘“‘classical sense”).
This is what is meant by saying that differential operators, when acting
on €~ functions in the sense of distributions, act “in the same way as
in the usual sense.”” One can also say that a differential operator P(x, 0/0x)
acting on distributions, as we have defined it, is an extension of the
operator so denoted when acting on € functions.

Two particular cases are worth looking at:

(1) Differential Operators of Degree Zero

Such a differential operator, first defined in €(£2), is nothing but the
usual multiplication of test functions by a function o€ ¥*(£2). The
differential operator is therefore the mapping ¢ ~ ap; its formal
transpose is identical to it. In accordance with Definition 23.4, we may
define «7 by the formula

(2313) {aT, P> = T, a(p>.

Equation (23.13) can be regarded as the definition of the multiplication
of a distribution T in 2 by the ¥~ function « in 2; T ~ oT is a
continuous linear map of 2'(R2) into itself. When T is a ¥* function,
oT is the ¥~ function thus denoted in the usual sense.

(2) Differential Operators with Constant Coefficients

These are the finite linear combinations with complex coefficients of
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the differentiation monomials (9/0x)?. We shall use a notation like
P(8/ox) for such an operator:

P(djox) = Y a,d/ox), a,: complex numbers.

Iplsm

As we shall often do, we have denoted by m the order of P(8/dx), this is
to say the smallest integer such that @, = 0 for | p | > m. To the operator
P(9/6x) we may associate the polynomial in # letters x, ,..., &, , with
complex coefficients, of degree m,

PX)= Y a,X».

Ip|gm

We have used the notation X? = X%t --- XB» Conversely, given any
polynomial in # indeterminates X ,..., X,, , with complex coefficients, we
may associate with it the differential operator P(&/éx) obtained by
substituting 9/0x; for X, for every j = 1,..., n.

What is the formal transpose of P(2/2x)? An immediate computation
shows that it is the differential operator P(— 8/&x). Thus, if we want to
consider the extension of the differential operator P(8/0x) to distributions
we have to use the formula

(P(0|ox)T, 9> = (T, P(—0|ox) ¢).

Take for instance the case where P(8/dx) is the single partial differ-
entiation 9/0x; (1 << j < n):

KoT|ox;, > = —<T, O/ 0x;).

Exercises

23.1. Let #, and 2, be the spaces of polynomials and formal power series in 7 in-
determinates, with complex coefficients, equipped with their LF and Fréchet topologies,
respectively. Let us regard them as duals of each other by means of the bracket

1
Pyuy = Y, — PP(0) uy,
peN” P!

with u = ZpeN" u,X? € 2, and P € &, . Let Q be an arbitrary polynomial, belonging to
2, . What is the transpose of the (continuous linear) mapping

(23.14) Q0 X) f

of 2, (resp. #,) into itself?
By using Exercise 2.3, prove that, unless Q = 0, the mapping (23.14) of £, into itself
is surjective, and that this assertion is still true if we replace Q by a formal power series.
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23.2. Let # be the Fourier-Borel transformation (Definition 22.3); & : H' — Exp
(H’ : space of analytic functionals in C®, Exp: space of entire functions of exponential
type in C?). If u: H — H’ is a linear mapping, we set #: F Ou O F -1, Let P be a
polynomial in 7 letters with complex coefficients. Then we may consider the differential
polynomial in C*, P(8/0z),

Hsh = (z ~ P(3]32) h(z)),  P(3]3z) = P(8/8z, ,..., 8/83,).
What is & when u : H” — H'’ is the transpose of P(9/0z)?

23.3. Let E be a Hilbert space, ( | )z the inner product in E, and F a second Hilbert
space with inner product ( | )r. By using the definition of the transpose of a continuous
linear map and the canonical linear isometry of a Hilbert space onto its antidual, prove
that to every continuous linear map u : E — F there is a unique continuous linear map
of F into E (denoted by u* and called the adjoint of u) such that, forall x € E, y € F,

(u(x) | y)p = (x| u*O)g -
Prove that the mapping u — u* is an antilinear isometry of L(E; F) onto L(F; E) (both
spaces equipped with the operators norm; antilinear means that (Aw)* = Au*).
23.4. Let us denote by 8, p € N*, the analytic functional in C*,
h ~ (—1)I2l »(0).
If P is a polynomial in n variables, with complex coefficients,
P(X) = ¥ e, %>,
?

we set

P(3/3z) 6@ = z PR LaN
?

By using the representation of analytic functionals introduced in Exercise 22.7, we extend
P(9/9z) to the whole of H’. On the other hand, P(8/8z) operates on entire functions in
the usual fashion and defines thus a continuous linear map of H into itself. Prove that the
transpose of
P(ojoz) : H > H
is equal to
P(—djoz): H — H'.

23.5. By using the fact that the ordinary multiplication of functions, (f, g) ~ fg,
is a continuous bilinear map of H X H into H, prove that (f, u) ~ fu is a separately
continuous bilinear map of H x H’ into H’. Suppose (cf. Exercise 22.7) that an analytic
functional u is given by

n= z aydt?,

peNT
What is the series representing fu ?
23.6. Prove that, for each m = 1, 2,...,
1 to
b= | sl

is a distribution in the real line extending the distribution in R! — {0} defined by the
(locally L) function ™.
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Support and Structure of a Distribution

Let £ be an open subset of R”.

Definition 24.1. A distribution T in 2 is said to vanish in an open subset
U of 2 if {T,¢> = 0for all functions ¢ € €;(82) having their support
tn U.

In the terminology introduced in the preceding chapter (Chapter 23,
Example IT), we say that T € 2’(£2) vanishes in U, or is equal to zero in U,
if the restriction of T to U is the zero distribution. As usual, when a
definition such as Definition 24.1 is introduced, we ought to check that
it is consistent with the terminology for functions. In the present
situation, we ought to check that, if fis a locally integrable function in 2
and if f vanishes in U as a distribution, then f vanishes in U as a function,
which means, in the framework of distribution theory, that f vanishes
almost everywhere in U. But this is an immediate consequence of
Theorem 21.3.

The following theorem states a very important property of distributions.

THEOREM 24.1. Let {U;} (i €l) be a family of open subsets of R™. For
each index i1, let T, be a distribution on U;. Suppose that, for every
pair of indices i, j € I, the restrictions to U; N U; of T, and T; coincide.
Then, there exists a unique distribution T on the union U of the sets U,

whose restriction to every set U, is equal to T .

The proof makes use of the existence of partitions of unity in €%
(see Chapter 16). First of all, by Theorem 16.1, we know that there is an
open covering {V;} (je J) of U= {);y U; which is finer than the
covering {U;} (i € I) and which is locally finite. Next, by Theorem 16.3,
we know that there is a partition of unity in €(U), {g;} (j € J), sub-

ordinated to the covering {V;}. Now, if ¢ € €(U), we have
¢ = Zgiﬁb’

jeJ

253
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where g4 is identically zero for all j with the possible exception of a
finite number of them. In order to prove the existence of T, we set

(T, ¢> = Z Tty » 8:%)s

jeJ

where i( j) isan index belonging to I such that V; C Uy (such an index
exists since the covering {V;} is finer than the covering U;). Observe
that it does not make any difference what index #(j) we assign to j
provided that V;C Uy,: if V,C U; N Uy, we have, in view of our
hypothesis, (T, g;#> = (T, g4>. This same hypothesis shows also
that our definition of (T, ¢) is a correct one, i.e., is independent of the
covering {¥;} and of the partition of unity {g;}. For let {#;} be another
partition of unity in €*°(U) subordinated to some covering {W,} (open,
locally finite, finer than {U,}). Let us select, for each k, an index i(k) e I
such that W, C U, . We have

Z Ty 89> = Z Ty » &b
i gk
= Z Ty » g = Z T » Zgjhkqs)
N k 5
- Z <Ti(k) ’ hk¢>
k

Suppose now that ¢ converges to zero in some space €5(K) (K: compact
subset of U). There is a finite subset /' of [ such that g, =0if j ¢ J';
J' depends only on K. If je[J', g4 —0 in €2(Uy), therefore
{T;) , &> — 0. This proves the continuity on €Y(U) of the linear
functional ¢ ~ (T,¢> (cf. Proposition 13.1 and corollary). Thus T,
defined above, is indeed a distribution in U.

Next, suppose that the support of ¢ is contained in U;. Then the
support of g;¢ is contained in V; N U; C U;;) N U hence

{Tup 819> =<Ts, 859>

and (T, ¢) = (T}, X;gi$> = {T;,$>. Thus the restriction of T to U;
is equal to T, .

Lastly, we prove that T is unique. If T’ were a second distribution
in U whose restriction to every U; were equal to T, the restriction of
the difference T — T" to every U; would be equal to zero. Consequently,
the uniqueness of T will follow from the next statement, which can be
viewed as a corollary of Theorem 24.1:
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CoroLLARY 1. If a distribution T, defined in the union of a family of open
sets {U;} (i € I) vanishes in every U, , T vanishes in their union.

We use the same refinement {V;} of {U,} and the same partition
of unity {g;} subordinated to it, as in the first part of the proof. For an
arbitrary ¢ € €7 (U), gj¢ = 0 except for a finite number of indices j and
therefore we have, by linearity,

<T’¢> = z <T’gi¢>-
jeJ
But as supp(g;¢) C V; C U; for some i, we have <{T, g;¢) = 0. This is
true for each j, whence the theorem.

CoROLLARY 2. The union of all the open subsets of 2 in which the
distribution T vanishes is an open subset of §2 in which T vanishes.

Definition 24.2. Let T be a distribution in 2. The complement of the
largest open subset of £2 in which T vanishes is called the support of T and

will be denoted by r
supp T.

By complement we mean, in Definition 24.2, the complement with
respect to 2. This implies that supp T is a relatively closed subset of £2;
it need not be a closed subset of R”. Evidently, we have used the fact,
stated in Corollary 2 of Theorem 24.1, that the largest open subset of
£ in which T vanishes indeed exists. This is not to say that this largest
open set cannot be empty. If f is a locally integrable function in £,
the support of fin the sense of distributions is the smallest closed subset
of £ in the complement of which f is almost everywhere equal to zero.
If f is continuous, the notion of support in the sense of functions (the
closure of the set of points where f is nonzero)is identical to the notion
in the sense of distributions, as readily seen. The support of the Dirac
measure §, at a point x, of £ is the set {x.}.

By virtue of the argument developed in Chapter 23, Example I, we
may identify the dual of €*(£2) with a linear subspace of 2'(£2)—in a
canonical manner. We recall that this is done by transposing the canonical
injection of € (£2) into €°(£2), and by observing that this injection has a
dense image. The notion of support of a distribution enables us to give
a very simple characterization of the distributions which belong to the
dual of €=(£2). But before stating it, let us introduce the following
notation, by now very standard:

Notation 24.1. The dual of €°(£2) (regarded as a space of distributions
in §2) is denoted by &'(£2).
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THEOREM 24.2. The distributions belonging to &'(2) are the distributions
having compact support in §2.

The proof of Theorem 24.2 is based on the obvious remark that a
distribution T belongs to &”(£2) if and only if the linear form ¢ ~ (T, ¢>
is continuous on €3(2) for the topology induced by €>(£2). Indeed, if
the form is continuous for the induced topology, it has an extension,
necessarily unique, to the whole of €*(£2). The statement, in the other
direction, is trivial.

Proof of Theorem 24.2. Let T be a distribution belonging to &'(£).
In view of the definition of the topology of €~(£2), there is a compact
subset K of £, an integer m > 0, and a constant C > 0 such that, for
all test functions ¢ in £,

KT, 451 < € sup (sup [(2/2x) $(x)).

This implies immediately that (T, ¢> = 0 whenever the support of ¢ is
contained in the complement of K, which means that supp 7T C K.

Let, now, T be a distribution in £ with compact support, K. Let
o€ €. (82) be equal to one in some neighborhood of K; such a function
exists, by Theorem 16.4. For all test functions ¢ in £, we have

<T) ¢> = <Tv a¢>v

since the support of (1 — a)¢ is contained in the complement of supp T.
Since all the functions a¢ have their support contained in a fixed compact
subset of £, namely supp «, and since on €7 (supp «) the topologies
induced by €°(£2) and by €3 (£2) coincide, we observe that a¢ converges
to zero in €3 (52) whenever ¢ converges to zero in €*(£2); in this case,
therefore (T, ¢> — 0. This shows that the linear form ¢ ~ (T, ¢D is
continuous on %(£2) for the topology induced by €>(£2), hence that
Te &'(Q). Q.E.D.

Now that we know what the elements of &’(R2) are, dual of €*(Q),
we can easily interpret the transpose of the restriction mapping

Eo(2) > 6=(2), KCL (Chapter23, Example II).
It is the extension mapping
&'(Q)— &),

which assigns to a distribution 7 with compact support in 2 the
distribution in £2’ which is equal to T in £2 and to zero in the complement
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of supp T with respect to £’. This extension mapping coincides with
what we have called the trivial extension of functions with compact
support in £ (see p. 245).

Exercises

24.1. Prove that, for all distributions S, 7T in £ and all complex numbers A # 0,
supp(S + T) C supp S U supp 7,
supp(AT) = supp 7.
(This implies that the distributions with support in a given set 4 C £ form a vector
subspace of 2/(£).)

24.2. The vector subspace of 2'(£2) consisting of all the distributions having their
support in a given subset 4 of 2 is weakly closed in 2’(Q) if and only if 4 is closed in £.
Prove this statement.

24.3. Let P(x, 8/0x) be a differential operator in £2. Prove that, for all distributions
T € 2'(R2), we have
supp P(x, 8/ox) T C supp T.

Prove that, for all T € 2’(£2) and all functions ¢ € €°(£2),
supp (¢7) C supp ¢ N supp T.

Distribution theory has been built primarily in order to extend a
number of basic operations of analysis, like differentiation, to functions
for which these operations were not well defined in the classical
framework. Needless to say, the final product of such an extended
operation applied to a function for which it was not defined before will
in general not be a function. It will be a rather singular distribution.
But the important point is that it will be an object which we shall know
how to manipulate in computations and reasonings. Since locally
integrable functions are contained in the space of distributions, injectively
up to equality almost everywhere, and since we have defined differential
operators acting on distributions, we know how to differentiate in the
sense of distributions any locally integrable function. We know also
that the result of this differentiation, when applied to differentiable
functions, will be the same as in the classical theory. At any event, the
differential operators applied to functions yield a large class of distri-
butions: the distributions of the form P(x, D)f, f locally integrable
function. This raises a natural question: are there distributions which
can not be represented as finite linear combinations of derivatives (in the
sense of distributions!) of functions? Or to put it in different words, by
introducing distributions in the manner we have, i.e., as elements of
the dual of the LF-space of test functions, have we not gone beyond our
scope, introducing too many objects whose interpretation may turn out
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to be exaggeratedly complicated? The answer to this question, as we
shall now see, is no—at least in the local. It is not true, however, that
globally any distribution is a finite sum of derivatives of functions, as
is easily seen (see Example 24.1 below). The latter phenomenon is due to
our implicit requirement (to be made explicit later) that the space of
distributions be complete. The advantages deriving from the com-
pleteness of 2'({2) outnumber the ones that would follow from the
“expulsion” from 2'(2) of the distributions which are not globally
finite sums of derivatives of functions, especially if we take into account
that the local structure of all distributions is of the kind “finite sums of
derivatives of functions.”

Let m be a finite nonnegative integer. We know (Corollary 2 of
Theorem 15.4) that €;(£2) is dense in €,'(£2). Therefore, if we transpose
the natural injection of €7(£2) into €;(£2), we obtain an injection of the
dual of %;'(£2) into 2'(£2), this is to say: we obtain a “realization’ of the
dual of €7(£2) as a space of distributions in L.

Definition 24.3. The space of distributions in § which is the dual of €7'(£2)
is denoted by D'™(L); its elements are called the distributions of order <m
in 2

A distribution T in S2 is said to be of finite order if there is an integer
m 2= 0 such that T is of order <m in Q. The set of distributions of finite
order in 8 is denoted by 2'F(Q).

If m' = m, we have obviously 2'"(Q2) C 2'"'(Q). Therefore, Z'7(£)
is a vector subspace of 2'(2). We shall see in a moment that 2'F(£) is
different from 2'(2), unless Q = 0.

A distribution which is of order < but which is not of order <m — 1
may be said to be of order m. The distributions of order zero in £ are
nothing else but the Radon measures in £.

We begin by showing that every distribution in £ is locally of finite
order.

TueoREM 24.3. Let U be a relatively compact open subset of 2. The image
of D'(82) under the restriction mapping to U is contained in 2'F(U).

Proof. Let us denote by K the closure of U; K is a compact subset of £.
The restriction of any distribution T in £ to %3 (K) is a continuous
linear form on this Fréchet space, by virtue of the definition of the
LF topology on %g(52). But the topology of % (K) is equal to the
intersection of the topologies induced by the spaces %;(K) for
m = 0, 1, 2,.... This means that the linear form ¢ ~ {7, ¢> is continuous
on €7 (K) for the topology induced by 7'(K) for some finite m. A fortiori,
this form is continuous on €(U) C €¢(K) for the topology induced
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by this space €7(K). Observe then that the topology of €3 (U) is finer
than the topology induced on this space by €;(K). Therefore ¢ ~ (T, ¢>
is continuous on ¥7(U) for the topology induced by €7(U), which
means precisely that the restriction to U of T belongs to 2'™(U). Q.E.D.

CorOLLARY. Ewvery distribution with compact support in 82 is of finite order.

Indeed, let T belong to &’(£2); there is a relatively compact open
subset U of 2 which contains supp 7. The restriction of T to U is of
finite order; but T'= 0 in the complement of supp 7. This implies
immediately that T is of finite order in the whole of £.

The next result is the theorem of structure for a distribution of finite
order.

THEOREM 24.4. Let T be a distribution of order <m < +oc0 in £,
and let S C Q be its support. Given any open neighborhood U of S in £,
there is a family of Radon measures {u,} (p € N*, | p | < m) in Q such that

T= 3 (3/ox)p,,

1Pl m

and such that supp w, C U for every pe N™, | p | < m.

Proof. Let N = N(m,n) be the number of n-tuples p = (p, ,..., p,)
such that | p | < m. For simplicity, let us set E,, = (). There is a
natural injection of E,, into the product space (Ey)": it is the mapping
which assigns to each ¢ € E,, the set ((9/0x)PP)penn pi<m) Of its
derivatives of order <{m. This mapping is obviously linear, obviously
not onto. But it is an isomorphism into for the structures of TVS, as
immediately seen (¢ converges to zero in E,, if and only if every one
of its derivatives of order <{m converges to zero in E). Let us denote
by E,, the image of E,, under this isomorphism. We may transfer any
continuous linear functional on E,, as a continuous linear functional on
E, and then extend the latter as a continuous linear functional on
(Eo)". But the dual of a product of a finite family of TVS (F,,..., F,)} is
canonically isomorphic to the product of their duals, via the correspond-
ence

FyxX o XFL2Y = (¥ o )
(¥ =01 3) = 3> = ¥ G yD) €W X 0 X FY.
i=1

Applying this to the product (E,)¥, we see that a continuous linear form
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on itis a set of N Radon measures {A,} (p € N*, | p | < m) in 2, operating
in the following manner:

<{’\az}v {¢az}> = Z <’\az ’ ¢az>-

peN", |p|<m

It suffices to assume that this linear form extends the linear form
¢ ~ (T,¢> transferred on E, and to take ¢, = (8/0x)? ¢ for each
pe N~ with ¢ € E,,, to see that

T= Y (—1)(@xy),.
1p|<m
We must now satisfy the condition on the supports of the measures p,, .
We take a function ge ¥(£2) equal to one in a neighborhood of
supp 7T and vanishing identically outside some closed subset contained
in U. Such a function exists in view of Theorem 16.4. We consider
the multiplicative product g7. First of all, g7 = T since for all test

functions ¢, {gT,¢)> = (T, g¢)> = T, ¢), and supp(l — g)¢ is con-

tained in the complement of supp T. Therefore we have

(24.1) T=gT= Y (—1)lg(/ax)A,.

Ipism

On the other hand, by Leibniz’ formula,
< (0[097 Ay 8> = (— 1)1 4y , (205" (29))
=0 3 ) o, (@1oxy-2g) @10 >

<P

= 2, <(9/8x)e [(—1)!?l{(8]0x)>~* g} A, 6,

asp

where ¢ < p means ¢; < P, ,-.., §n < Py - This means that

(24.2) g(0joxp A, = 3 (9fox) [(—1)""-o\{(0/0x)"~ g} A,).

as<p

It suffices, in order to obtain the representation of T whose existence
is stated in Theorem 24.4, to substitute the expressions (24.2) in (24.1),
to reorder the summation and to observe that the supports of the Radon
measures

[(8/ox)=2g] A,

are contained in supp g, which, in turn, is contained in U. Q.E.D.
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COROLLARY 1. A distribution T in Q2 is of order <m if and only if it is
equal to a finite sum of derivatives of order <\m of Radon measures in 2.

The necessity is stated in Theorem 24.4; the sufficiency is evident.

CorOLLARY 2. Let T be a distribution with compact support in £.
There is a finite integer m = 0 such that, given any neighborhood U of
supp T, T is equal to a finite sum of derivatives of order <<m of Radon
measures, all of which have their support contained in U.

Remark 24.1. In general, it is not possible to represent a distribution
of order <{m (even if it has compact support!) as a finite sum of derivatives
of Radon measures whose support is contained in its own support (even
if we lift the restriction that the derivatives be of order <m).

As we have already stated, not every distribution in an open set
2 +# O is of finite order.

Example 24.1. Let {x*} (kR =1, 2,...) be a sequence of points in £
such that every compact subset of £ contains only a finite number of
them; let {a;} be an arbitrary sequence of complex numbers. The series

©

. @ (8)0xy) -+ (8]0, )* 8.+
k=1
defines a distribution in . However, unless the coefficients a; are all
equal to zero, with the possible exception of a finite number of them,
this distribution is not of finite order in £.
It is clear what is meant by a convergent series of distributions,

Ms

T, .

L
I

0

It means that the partial sums Yf_, T} (K = 0, 1,...) form a sequence
converging in 2’(£2), say for the strong dual topology (we shall see, soon,
that for sequences, strong and weak convergence are the same thing).

Exercises

24.4. Let {g} (k= 0, 1,..) be a sequence of functions belonging to #>(2) and
converging to the function 1 (i.e., the function identically equal to one in Q) in €°(Q).
Prove that, for every distribution T in £, the distributions g, T converge to T in 2/(Q)
(for the strong dual topology).

24.5. Prove that every distribution T in @ is equal to a convergent series Y #% T} in
which each term T, has a compact support.
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24.6. Express the Dirac measure § at the origin, on the real line R, as a finite sum of
derivatives of continuous functions, all of which have their support in the interval
1—e, e[ (¢ > O arbitrary). Prove that 8 cannot be expressed as the derivative (of some
order) of a single continuous function with compact support.

The fact, stated on p. 258, that every distribution is equal, at least
locally, to a finite sum of derivatives of functions (i.e., locally integrable
functions) is now clear, if we combine Theorem 24.4 with the following
result:

THEOREM 24.5. Let 2 be an open subset of R™. Every Radon measure p
in $2 is a finite sum of derivatives of order <n of locally L™ functions in 2.

More precisely, given amy neighborhood U of supp u, there is a set
{fo}, PEN™, | p| < n, of locally L* functions, all of which have their
support contained in U, such that

p= 3 (9ox)fp.

lpi<n

Proof. We begin by assuming that x has compact support. Let U be
an arbitrary open neighborhood of supp p in £2. There is a constant
C > 0 such that, for all functions ¢ € €(U),

|[<u, 31 < C sup | $(x)]-

For simplicity, let us use the notation

> = (0/0xy) - (0]0xy).

We have
$(y) = fym f”_';l> $(x) dxy ++- dx,
whence )
sup | $()] < | >4 12,
and

<, $1 < Cli > [lor -

This means that the linear functional >¢ ~ {u,¢> is continuous on
> €*(U) for the L' norm. By the Hahn-Banach theorem, it can be
extended as a continuous linear functional on the whole of L}(U). But
such a functional is of the form g ~ [ f(x)g(x) dx with feL*(U)
(Theorem 20.3). In particular, if we take g = >¢, ¢ € €7 (U), we see
that we have

¢ = (f, >4 = A(—~1)">f, 6,
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that is to say
b= (=S,

It remains to select a function « € ¥z (U) equal to one in some neigh-
borhood of supp u, and to observe that we have

po=op =3 +(9/ax,) -+ (2]2x, )[(2]x,,,,) - (8]0x, )},

where the summation is performed over all partitions of the set of
integers (1,...,n) into two subsets (i, ,..., %), (f.y,.--, 2,)- This proves
the statement for u when supp p is compact.

In order to prove Theorem 24.5 in the general case, it suffices to
make use of a locally finite open covering of 2 consisting of open sets U;
(j € J) with compact closure, and of a partition of unity {«;} subordinated
to this covering; then every «; belongs to €7(£2). It suffices then to
apply the result (in the case of compact supports) to each measure
ajie. We leave the details to the reader.

CoroLLARY 1. Every Radon measure p in 2 is a finite sum of derivatives
of order <2n of continuous functions.

Proof. Let f be a locally L® function (or, for that matter, a locally L*
function, which, we recall, is much less restrictive). Select an arbitrary
point x° = (x} ,..., x3) of 2. We have, in a neighborhood x°,

(24.3) f=DF

where
Fx) = [ [ f(y) dyy = dy.
31 Tn

One can immediately check (by using the Lebesgue-Nicodym theorem
if f is only locally L! or directly if f is locally L=) that F is a continuous
function of x in a sufficiently small neighborhood of x° (in which F is
defined). Combining the representations (24.3) with Theorem 24.5, we
obtain the corollary locally. By using a partition of unity in €3(£2), we
then obtain it globally.

CoroLLARY 2. Every distribution of finite order, T, in , is equal to a
finite sum of derivatives of continuous functions.

Combine Corollary 1 with Theorem 24.5.

CorOLLARY 3. Given any relatively compact open subset ' of R, the
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restriction of a distribution T in Q to ' is equal, in ', to a finite sum of
derivatives of continuous functions in '

Combine Corollary 2 with Theorem 24.3.

Exercises

24.7. Prove that the Dirac measure in R" is equal to a derivative of order < 7 of a
bounded function (not having compact support).

24.8. Let M be a linear subspace of R*. Explain the meaning of the measure dx,,
induced on M by the Lebesgue measure dx on R™.

Let us denote by ¢ | M the restriction to M of a function ¢ defined in R*. Prove that
the Radon measure in R",

¢~»fM(¢|M)¢xM,

is equal to a derivative of order << n — dim M of a bounded function in R".

Distributions with Support at the Origin

Let €™ (0 << m < 4 o0) be the space of m-times continuously differen-
tiable functions in R*, with the natural €™ topology (of convergence of all
the derivatives of order <{m on every compact subset of R*). Let us denote
by N™ the closure, in €™, of the set of € functions having their support
in the complement of zero. Note that this is the same as saying that N™
is the closure in €™ of the set of €™ functions with support in R* — {0}
(Corollary 1 of Theorem 15.3).

LEMMA 24.1. N™ consists exactly of all the €™ functions whose derivatives
of order <m all vanish at the origin.

Proof. Let ge €7 be equal to 1 for |x| <1 and to O for| x| = 2.
Let ¢ %™ have all its derivatives of order <(m at the origin, equal to 0.
Taylor’s expansion of ¢ about the origin shows that the functions
2(x/e)p(x) converge to zero in €™ as ¢ > 0 converges to 0; hence
(1 — g(x/e))p(x) converges to ¢(x) in €™, which proves that ¢ € N™.
Conversely, every element of N™ is a ¥™ limit of ™ functions having
all their derivatives of order < m equal to 0 at the origin, hence has the
same property.

CoroLLARY. The canonical homomorphism of €™ onto €™|N™ induces
a one-to-one linear map of the space of polynomials in n variables of degree
<m (with complex coefficients), #p, onto €™|N™.

Proof. Since P2 N N™ = {0}, the canonical homomorphism
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€™ — €™/ N™ restricted to #5 is one-to-one. To see that it is onto,
consider an arbitrary element f€ €™ and its Taylor expansion of order
m about x = 0,
fs) = ¥, 2300 FOs? + 6,
Ipl<m £7°

where the remainder ¢ is such that all its derivatives of order <m
vanish at the origin. In view of Lemma 24.1, § € N™; thus f is congruent
modulo N™ to a polynomial of degree <(m, which proves that the
canonical homomorphism maps & onto €™/N™.

Let &, be the space of distributions in R® having their support at the
origin (i.e., contained in the set {0}; thus the zero distribution belongs to
&p)- By the corollary of Theorem 24.3, every distribution belonging to &5
is of finite order; let T € &™ be the subspace of &, consisting of the
distributions of order <m, i.e., the continuous linear forms on €™,
which have their support as the origin.

Lemma 24.2.  The space &3 is the orthogonal of N™.

Proof. Every distribution T € & is obviously orthogonal to all €~
functions having their support in R* — {0} (by definition of supp T),
hence to the closure of the set of these functions in ¥™. Conversely, if a
distribution T of order <{m does not have its support at the origin," we
can find a function ¢ € €* with supp ¢ C R* — {0} such that T, ¢> 5 0.
This means that T does not belong to the orthogonal of N™.

Let j be the transpose of the canonical homomorphism €™ — €™/N™;
j is a one-to-one linear map of the dual of ¥™/N™ into '™, the dual of
€™ (ome-to-ome since it is the transpose of an onto mapping (cf.
Proposition 23.2)). On the other hand, it is obvious that every continuous
linear form on €™ which vanishes on N™ defines canonically a continuous
linear form on the quotient space, €™/N™, whence a one-to-one linear
map k of &g", the orthogonal of N™ (Lemma 24.2), into the dual of
€m™/N™; it is immediately seen that the map %k is the inverse of the
map j. Let N(m, n) be the number of n-tuples p = (p, ,..., p,) such that
|pl=p, + -+ + p, < m. From the corollary of Lemma 24.1, we
know that

dim €™{N™ = dim #™ = N(m, n).

On the other hand, &™ contains all the derivatives of order <{m of the
Dirac measure; these derivatives are obviously linearly independent and
they number N(m, n); thus

dim &™ = N(m, n) = dim €™/N™,
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But & is a one-to-one mapping of &¢™ into the dual of ¥™/N™, hence k
is onto by the obvious comparison of dimensions; it is then easily seen
that & = j~1. Also we see that dim &§" = N(m, n), in other words &
is spanned by the derivatives of order <{m of the Dirac measure.
Combining all these results, we have proved:

THEOREM 24.6. The distributions in R™ which have their support at the
origin are the finite linear combinations of the derivatives of the Dirac
measure at (.

Exercises

24.9. What is the relation between the following topologies on the space &; of
distributions having their support at the origin:
(a) the topology induced by the weak topology ¢(&’, €®°) on &
(b) the topology induced by the strong dual topology on &”;
(c) the topology carried over from #, , the LF-space of polynomials in 7 indeterminates,
with complex coefficients, via the natural isomorphism

z a,X? ~ z ayd'®?
P

»

24.10. Prove thit the space H’ of analytic functionals in C" is isomorphic to the
completion of the space of distributions in R", having their support at the origin, &,
with respect to a certain topology (cf. Exercise 22.7). Prove also the following assertions:

1. The natural injection of H(C") into ¥*(R?") yields, by transposition, a homomor-
phism (for the strong dual structures) of &’(R?") onto H'(C"); what is the kernel
of this homomorphism ?

2. The mapping H(C") — ¥®(R"), restriction to the real space R" of functions defined
in C", yields, by transposition, a continuous injection j : &'(R") — H'(C"). Prove
also that j is not an isomorphism into and that the image of  is dense.
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Example of Transpose: Fourier Trans-
formation of Tempered Distributions

As usual, x will denote the point in the Euclidean space R™. If we use
a basis in R?, (e ,..., ¢,), we write x = (x; ,..., ¥,), where the x; are the
coordinates of x with respect to that basis. By R,, we mean the dual of
R"; elements of R, will be denoted by Greek letters like £, 7, etc.; the
value of the linear form ¢ at the point x will be written (£, x> or {(x, £>.
By the dual basis of (e, ..., ¢,) we mean the basis (e ,..., €;,) of R,
determined by the equations <&, ¢> =1 if j =k, =0 if j # k. If
£ ..., €, are the coordinates of £ € R, in this dual basis, we have

(6, 8 =x6 + - 4 xaén

We shall make use of the Lebesgue measure in R?; it will be denoted by
dx. The student ought to keep in mind that the Lebesgue measure in R
is determined up to a constant factor. We assume that we have somehow
made a choice of a particular one, for instance by selecting a basis
(e15--» €,) in R™ and by requiring that the measure of the hypercube
{x;0 <x; < 1,j = 1,..., n} be equal to one. Such a choice determines
immediately a Lebesgue measure d¢ in R,: we take the dual basis and
require that the measure of the hypercube {£0 < ¢, < 1,5 =1,...,n}
be one. If we perform a change of basis in R” and if we denote by
Y15 Yy the coordinates in the new basis and by dy the Lebesgue
measure such that the measure of the set {y; 0 <y; <1,1 <j<n}
is one, we have dy = tdx for some positive number ¢. Using the
coordinates 7; in R, with respect to the basis which is the dual of the
new basis in R, , it is easy to check that dy = ¢ d¢.

We recall now the definition of the space S(R"). It is the space of €=
functions ¢ in R® such that, for all pairs P, Q of polynomials in »
indeterminates, with complex coefficients,

sup | P(x) Q(8/0x) ¢(x)| < +o0;
267
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the topology of #(R") is defined by the seminorms
@ =~ sup | P(x) Q(2/0%) p().

We have seen that #(R") is a Fréchet space in which every closed

bounded set is compact (see Chapter 10, Example I'V; also Theorem 14.5).

The student will perceive that the definition of the topological vector

space #(R") is independent of the choice of a particular basis in R".
Also observe that, for all £ € R,, , the function of x,

exp(—2im {x, £>) p(x)

belongs to & (R") as soon as ¢ € #(R"). Such a function decreases so
fast at infinity that the integral of its absolute value, i.e., [|¢(x)| dx,
is always finite.

Definition 25.1. The Fourier transform of ¢ € S (R") is the function of
(eR,,

f exp(—2im (x, £)) p(x) dx.
We denote it by F ¢(£), or by ¢(§) when no confusion is to be feared.

Very often, the Fourier transform of ¢ is defined to be equal to the
integral

f exp(—i {x, £>) ¢(x) dx.
We choose to put the factor 27 in the exponential, following Schwartz,

so as to avoid factors 27 that appear when computing the inverse
transformation.

Tueorem 25.1. The Fourier transformation is an isomorphism of & (R™)
onto F(R,) (for the structures of topological vector spaces). The inverse
mapping is the mapping

F : SR> ~ [ exp(2in (x, £) W8) dE.

It is understood that we are using here the Lebesgue measure d¢
associated canonically with dx (as indicated above).

Proof of Theorem 25.1. (1) The Fourier transformation is a continuous
linear map of S (R") into F(R,).
We have, for any pair of polynomials P, Q € C[X, ,..., X,,],
0(2/2€) §(€) = [ exp(—2im (x, £) Q(—2im) gl) dx;

P(§)¢(&) = f exp(—2im {x, £) P((2im) 0/0x) p(x) dx.
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The first identity is obvious in view of Leibniz’ rule of differentiation
under the integral sign (keeping in mind that the product of ¢ with
any polynomial decreases ‘“‘very” fast at infinity). The second formula is
obvious if we perform an integration by parts in the integral, at the
right-hand side. If, now, we combine the two formulas, we obtain

P(§) 0(2/08) $(8) = [ exp(—2im (x, £5) P((2im) 2/0%) [Q(—2im) 9(+)) d,

whence, for all € R,,,

<{sup (1 + | x |+ P((2im)™ 0/0x) [Q(—2imx) p(x)] |} f (1 + | x )" dx.

Our statement follows immediately from this inequality.

(2) & is a continuous linear map of F(R,) into F(R™).
This is obvious since # is defined exactly as & except for the sign
in the exponent of the exponential.

(3) & is the inverse of F.

If we prove (3), the theorem will be proved since we shall then be
dealing with two continuous linear maps which are the inverse of each
other. We must prove that

FoF =identityof F(R"); FoF =identityof F(R,).

In view of the symmetry in the definitions of & and &, it suffices to
prove the first one of these two equalities.

Let now f be some function belonging to $(R,). We have, with
obvious notations,

[ € $(8) exp(2in <x, £) dt = [[ (&) $(3) exp(in <= — 3, £) dy de
= f $(9) Ff(x — y) dy
= [$(x =0 F 1) .

We were able to interchange the order of integrations, in the double
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integral, because of the obvious fact that the function (y, £) ~ &(¥) ()
is Lebesgue integrable in R® X R, . At any event, we have obtained

@51)  [A@H(E) exp(2in (x, ) dE = [ $(x — ) F f(5) dy.

The proof will be complete if we can make f vary over a sequence of
functions of £, belonging to & (R,,)), such that f converges to the function
identically equal to I in R,—e.g., in the sense of the weak convergence
in L¥R,)—whereas Zf converges to the Dirac measure at the origin
in &', dual of & (anticipating slightly on what follows, we are inter-
preting &’ as a space of distributions). To find such a sequence is easy;
it is enough, for instance, to take the sequence

e 1€k, k = 1,2,... (see Exercise 25.1 below). Q.E.D.

TueoreM 25.2. (Plancherel-Parseval). Let$, § be any two functions
belonging to S (R"). We have

(25.2) [ #=)0) dx = [ &) dice) de,
(25.3) [ 1812 dx = [ 1 gz ae.

The bars in (25.2) mean the complex conjugates.

Proof of Theorem 25.2. In Eq. (25.1), we take x = 0 and make the
change of variables y ~ —y in the integral of the right-hand side. This
yields

[$&)f&) dt = [ $(0) F f—3) .

We then choose f € #(R,) in such a way that F f(—y) = (y). This is
possible by virtue of Theorem 25.1. It is then trivial to check that

f(&) = §(£).

CoroLLARY 1. The Fourier transformation & : S(R") — F(R,) can be
extended as an isometry of L*(R"™) onto LY(R,,).

Observe that &, which contains %7, is dense in L? (Corollary 3 of
Theorem 15.3); Corollary 1 follows then immediately from (25.3).

Notation 25.1. We shall denote by F the isometry of L¥R") onto
LXR,) extending the Fourier transformation in S(R") and by F the
inverse isomelry.
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These isometries will be called respectively Fourier transformation
and inverse transformation in L2

CoroOLLARY 2. If u, v are any two elements of LY R™), we have

(25.4) (| v)2@m = (Fu | Fo)rrwy (Parseval formula);
(25.5) lulleen =l Fullre, (Plancherel formula).

We have denoted by ( | ) the inner product in L% and by || || the norm.
Observe that (25.4) (resp. (25.5)) follows by continuity from (25.2)
(resp. (25.3)). As a matter of fact, (25.5) is a restatement of Corollary 1,
essentially; (25.4) and (25.5) are equivalent by polarization.

Exercises

25.1. Compute the Fourier transform of the function x — e~1=%% (& = 1, 2,...).

25.2. Let ¢ > 0 be arbitrary. Prove that the Fourier transform of the function
x ~ e p(xfe), p € L(R"), is the function ¢ —>¢(e§). Using this fact, show how to
construct sequences in & (R") which converge to the Dirac measure in 2’(R") and whose
Fourier transforms converge to the function one in #*(R,).

25.3. Let ¥=(R,) be the space of continuous complex-valued functions in R, which
converge to zero at infinity, equipped with the norm of uniform convergence in the
whole of R, ,

@ ~ sup | p(£).
éeR,
Prove that €«(R,) is a Banach space. Then prove the following (important) theorem of
Lebesgue:
THEOREM 25.3. The Fourier transformation ¥ : (R") — L (R,) can be extended as
a one-to-one continuous linear map of L\(R™) into ¥«(R,,).

25.4. Prove that the Fourier transformation, extended from Z(R") to LY(R™), is
neither a mapping of L'(R,) onto, nor an isomorphism into €«(R,).

We proceed to define the Fourier transformation in the dual & of &.
But before doing this, we wish to show that %’ is a space of distributions
in R?, intermediary between the space &’ of distributions with compact
support and the space of all distributions, 2'; (we omit the mention (R®)
because all functions and distributions considered here are defined in
the whole Euclidean space R”). We shall also give a characterization of
the elements of &%’ (regarded as distributions).

Consider the sequence

??—»y—»?w.
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The arrows indicate the natural injections; they are continuous linear
mappings, in view of the definitions of the topologies in the three spaces
under consideration, and they have dense images (Corollary 1 of
Theorem 15.3; Theorem 15.4). By transposing the above sequence; we
obtain a new sequence of continuous injections,

& > D,

which enables us to regard the (strong) dual &%’ of & as a space of
distributions in R (containing &), just as announced.

Definition 25.2. The distributions belonging to &'(R™) are called the
tempered (or temperate) distributions in R™.

The name tempered is motivated by the following structure theorem
for distributions belonging to %’ (it shows, among other things, that
all tempered distributions are of finite order):

THEOREM 25.4. A distribution in R is tempered if and only if it is a
finite sum of derivatives of continuous functions growing at infinity slower
than some polynomial.

Proof. 'The proof is very similar to the arguments used in the preceding
chapter to prove the various structure theorems in 2'F. Of course, there
are a few slight differences.

First of all, a distribution T is tempered if and only if the linear form
@ ~ (T, p) is continuous on ¥; for the topology induced by &. This
is a restatement of the definition of the ‘‘natural’ injection of &’ into 2'.
From it, the sufficiency of the condition stated in Theorem 254 is
evident. We need only prove its necessity.

To every tempered distribution T there are two integers m, k > 0 and
a positive constant C such that, for all ¢ € €7,

KT, 9)I < C sup sup [(1 + | % [%)" (9/0x)° o)l
Let us set
ea(®) = (1 + | x [*)* p(x).

Of course, @, is also a test function. In fact, p ~ ¢, is a one-to-one
linear map of €7 onto itself. Furthermore, as immediately proved by
inductionon 2 =0, 1,...,

(9/2x)? (=) < Cpa(l + | 2|27 Y |(8)0x) palx),

as<?
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where ¢ <p means ¢, < p; ..., ¢, < p, and where the constant C, ,
depends only on the n-tuple p and on the integer 5. We see therefore
immediately that

(25.6) KT,p)| < C’ lslup:n sgp [(8/2x%) @a()l-

Pls

Let us introduce once more the differentiation monomial
> = (8/8x,) -+ (8/8x,).

We have (cf. p. 262)
sup | ¢(*)] <[l ol

Therefore, combining this with (25.6),

(25.7) KT, e < C” L up lI(8/0x)” @ [l -

plsmin

Let then N be the number of n-tuples p such that |p| < m + n; we
consider the product space L' x Y. x L! = (L')V and the injection

J 2~ ((2/0x)” )13l <mein

of ¥ into (LY)". Estimate (25.7) can be read as saying that the linear
functional Jg, ~ (T, ¢)> is continuous on J%7 for the topology induced
by (LY)V. Therefore, by the Hahn-Banach theorem, it can be extended
as a continuous linear form in the whole of (L*)¥. But the dual of (L*)¥
is canonically isomorphic with (L*)¥ (cf. p. 259 and Theorem 20.3),
therefore there exist N L™ functions k,(| p | < m + n) such that

T, 9> = Z <h1: ’ (a/ax)p Pr)

|p|<m+n

Recalling the expression of ¢, in terms of ¢, we see that this simply
means that

T= Y (14 |xP»—1) (8/ex)?h,.

ipj<min

For each p, we set

X {tn
2,(%) = fo‘ fo oty yeey 2) dty -+~ dt, .
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Since k, is L, we see that g,, is a continuous function in R* and that

Lgo(®) < T2y | o [ % [l Ayl -

Furthermore, we have

by =1>8,,
and consequently

(25.8) T= Y (+|x})(ox)g,,

Ip|<m+2n
with an obvious definition of the Z, . One sees then easily, by induction
on k, that

(1 + | x 2 (2]om)? £,(x) = ). (8]0x)7 [P, o(*) &%),
a<p
where the P, , are polynomials depending only on 4, p, and g¢. Putting
this back into (25.8), we obtain the desired expression of T' € &”. Q.E.D.

Examples of Tempered Distributions

1. All distributions with compact support (in particular, all functions
with compact support) are tempered distributions.

2. All continuous functions which grow at infinity slower than some
polynomial are tempered distributions.

3. All (classes of) functions belonging to some L? (1 < p < + )
are tempered distributions (Proof: if feL?,

@ =~ [ 9(x) f(x) dx
is continuous on %7 for the topology induced by &).

Multiplication by polynomials, differential operators in R* with
coefficients which are polynomials define continuous linear mappings
of &’ into itself. We are supposing here that these mappings are already
defined in the whole of 2’ and we are taking their restrictions to &”’.
These restrictions can be obtained also as the transposes of similar
mappings defined in . These definitions are consistent, as one sees by
observing that the mappings in question, defined in #, when restricted
to €2, are continuous on the latter for the topology induced by &, etc.

Concerning the multiplication by €* functions, the following theorem
can be proved:
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TureoreM 25.5. Let o be a €% function. The following three properties
are equivalent:

(1) The multiplication mapping S ~ oS from &’ into 2" is a continuous
linear map of &’ into itself.

(2) The multiplication mapping ¢ ~ ap of & into € is a continuous
linear map of & into itself.

(3) For every n-tuple p, there is a polynomial P, in R* such that, for all
x € R”,
1(9)ox)P o{x)] < 1 Pylx)].

Definition 25.3. The space of € functions « in R™ having the equivalent
properties (1), (2), and (3) of Theorem 25.5 is denoted by O, .

The letters Oy, stand for multiplication operators (in & or &),
referring to Properties (1) and (2) in Theorem 25.5. The functions
a € Oy are often called € functions slowly increasing at infinity, referring
then to Property (3).

Exercises

25.5. Prove Theorem 25.5.
25.6. Give an example of a continuous function f in R* with the following two
properties:
(1) there is no polynomial P in R” such that
| f(x)] < | P(x)| forall x e R*;
(2) the distribution p — [ g(x) f(x) dx is tempered.
27.7. 'The Radon measure on the real line,

@~ Y ay p(k),

k=1

is a tempered distribution on R! if and only if there is an integer m > 0 and a constant
C > O such that, forall k = 1, 2,...,

la | < Ck™
Prove this statement.

We define now the Fourier transformation in the space %’ of tempered
distributions as the transpose of the Fourier transformation in the space
& of €* functions rapidly decaying at infinity.

Definition 25.4. The transpose of the continuous linear map
F i SR> ~ (¢ ~ [ exp(—2in (x, £) ¢(x) dx) € F(R,)

is called the Fourier transformation in '(R,) and is denoted by F .
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Of course, in all these statements, one may interchange R™ and R, .
Theorem 25.1 yields immediately, by transposition (see Proposition

23.1):

THEOREM 25.6. The Fourier transformation is an isomorphism ( for the
structures of topological vector spaces) of &'(R") onto &'(R,).

Let us show rapidly that the Fourier transformation in %’ does indeed
extend the Fourier transformation in the spaces of functions, say in
LER"). Let fe L3R"), ¢ € #(R,), be arbitrary. Observe that we have

(25.9) Fo = Fg,

where the bars stand for complex conjugate (& ‘is the inverse Fourier
transformation). By Parseval’s formula, we have

[ 1) Folx) dx = [ # f16) FF (2 dt.
But in view of (25.9), # F¢ = &, whence

<f’ftp> =<t7f,‘P>,

which proves our assertion.
In Chapter 29, we shall study the Fourier transformation in the space
&’ of distributions with compact support.

Exercises

25.8. Does the function e!?! have a Fourier transform in the sense of distributions ?
25.9. Compute the Fourier transform of the function ezl
25.10. Compute the Fourier transforms of sin x and cos x (x € R!).

25.11. For what values of the real number s does the function x ~ | x |* define
a tempered distribution in R” which is a function? Compute the Fourier transform of
this distribution.

25.12., Compute the Fourier transform in &’(R?) of the Heaviside function

for x> 0

Y(x) =
) 0 for x < 0.
25.13. Compute the Fourier transform in &’(R?) of the distribution
(d/dx) log| x |.
25.14. We recall that multiplication by a polynomial and differential operators with
constant coefficients define continuous linear maps of & (resp. &’) into itself. Prove ‘the
following theorem:
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THEOREM 25.7. Let P be a polynomial in n variables, with complex coefficients. Let S be
a tempered distribution in R*. We have

(25.10) F[P(x) S] = P(—(2im)~2 8/0¢) FS;

(25.11) F[P(o/ox) S] = PQ2iné) FS.

25.15. Compute the Fourier transform of a polynomial function in R",

25.16. Let T be an arbitrary distribution in R*, Prove that the following properties
of a point ¢ of R, are equivalent:

(25.12) there exists 3 € R, such that
exp(—2n ¢ +ip, x>) T e ¥, ;
(25.13) forallneR,, Texp(—2n{{ + in, xD) e &,
Let us denote by I'y the set of points having Properties (25.12) and (25.13). Give a charac-
terization (of the type of Theorem 25.4) of the distributions T such that I'y is nonempty.

25.17. Let T and I'y be as in Exercise 25.16. What is the set 'y when T € &, i.e.,
has a compact support? What is the interior of I't when T is a tempered distribution
whose support is contained in some convex salient cone I' C R, ? (A cone is salient if
it does not contain any straight line.)

25.18. Let T and I'z be as in Exercise 25.16. Prove that I'z is convex.

25.19. Let T and I'y be as in Exercise 25.16, and I’y the interior of I'y. Prove that

exp(—2w (¢ + iy, x>) T € (), (Definition 30.1)
for all ¢ +in € I’y + iR,.

25.20. We use the same notation as in Exercise 25.19. Let the Fourier transformation,
F, operate from distributions with respect to the variable x, into distributions with
respect to 1 € R,. Prove that

Flexp(—2m (&, ) T)
belongs to (O4), for all £ € I’y and that it is a holomorphic function F(¢ + in)of ¢ + in = {
in I"T + iR, (the function L T({) = F((1/2m){) is called the Laplace transform of T)."

25.21. Compute the Laplace transforms of the following distributions on the real

line (Y denotes the Heaviside function, equal to 1 for x > 0 and to zero for & < 0):
(i) Y(x)(x*/k), k= 0,1,..;

i)y 8™ k=0, 1,.;

(iii) Y(x) iz, L € C;

(iv) Y(x) cos x, Y(x) sin x;

(v) Y(x) cosh x, Y(x) sinh x.
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Convolution of Functions

Let f, g be two continuous complex-valued functions in R?, having
compact support. The convolution of f and g is the function, also
defined in R~,

(26.1)  (f*g)x) = fknf *—y)gly)dy = fknf(y) gx —y)dy.

It is clear, on this definition, that there is no need for botk f and g to have
compact support: the integrals defining f * g have a meaning if either one
of the “factors” f or g has compact support while the other has an
arbitrary support. Under this assumption, it is immediately seen that
the function f * g is continuous. Furthermore, if both supp f and supp g
are compact, so is supp(f*g). If now we release the requirement that f
and/or g have compact support, it is clear that we must impose a condition
ensuring that, for every x € R®, the function of y, f(y)g(x — ), be
integrable. This demands that the two functions f and g be locally
integrable and that the growth at infinity of one of them be “matched”
by the decay of the other. What we have said earlier is an illustration of this
situation: if the growth at infinity of f, say, is arbitrary, then the decay
of g must also be arbitrarily fast, which can only mean that g vanishes
outside a compact set. But other conditions, less ‘“lax” on f and less
restrictive on g, may easily be imagined. Suppose for instance that f
grows slowly at infinity, i.e., slower than some polynomial, and that g
decreases rapidly at infinity, i.e., faster than any power of 1/| x |. Then
obviously f* g is well defined by Eq. (26.1). As will now be shown, one
may strengthen the condition on f and weaken the one on g in such a
way that the two conditions come to coincide, and in fact are also shared
by the resulting function f* g; and the conditions are nothing else but
that f and g be integrable!

THEOREM 26.1. Let p, q, and r be three numbers such that 1 < p, g,
r < 400 and such that

(26.2) lr=(=1/p) + (1/g) — 1.
278
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Then, for all pairs of continuous functions with compact support in R", f, g,
we have

@3 ([ ireeras) <([ iwas) ([ g

Proof. Set h(x) = (f+£)x) = [i. f(x — »)g(y) dy. Set s = p(1 — 1/g).
By Hélder’s inequalities (Theorem 20.3), we obtain

4 < ([ 17— 0ot g dy] 1 1f 1,

where ¢’ is the conjugate of g, ie., ¢! =1 — g~1. Observing that
sq' = p, we obtain

(26.4) | A < IS [ 1£Gx = )1 g dy.

At this point, we make use of the following general fact: let ¢ ~ f(¢) be
a continuous function from R™ into some Banach space E, which has
compact support. We may then define its integral [ , f(f) dt, say by
considering Riemann sums; the value of this integral 1s an element e

of E. We have

(26.5) lel <[ g

We have denoted by || || the norm in E. Our statement follows imme-
diately from the “‘triangular” inequality for the norm applied to the
finite Riemann sums approaching the integral (also observe that ¢ ~ || £(2)]}
is a nonnegative continuous function with compact support in R?). We
apply this to the function

¥~ flx — )09 g(y)l%

regarded as a function of y € R®, obviously continuous with compact
support, into some space L* (with respect to the variable x). By applying
(26.5) together with (26.4), observing that k(x) is a continuous function
with compact support in R?, we obtain

IR < A A1 g 1 -
But this can be rewritten as

(26.6) Il 2 lfgoe <11 1S 1 A 18250 || g 112 .
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We choose « = r/q and take the gth root of both sides of (26.6). We
obtain

Al < WANZe WA IERSor 1| g e -
This is nothing else but (26.3) if we observe that
=1 —p+ W)= (Ll )=
A= =(1=p+B)r=pr(S+_—1)=»

by (26.2). Q.E.D.

By using the density of the space ¥3(R") of continuous functions with
compact support in the spaces LX(R"), « << + 0, one may then prove
the following consequence of Theorem 26.1 (when r < 4 c0; when
r = +o00, one applies Hélder’s inequalities):

CorOLLARY 1. IffelLP, gell, then
| & —5)e6)dy
defines an element of L(p, g, r as in Theorem 26.1), denoted by f * g; we have
(26.7) Hfxglir <Ufleellgllee
From this one, the following results are easily derived:

COROLLARY 2. Let p be a number such that 1 < p < +oo0. For every
f €L}, the mapping

g~fxg

is a continuous linear map of L? into itself, with norm <[\ f||.: .

CoRrROLLARY 3. The convolution

(f,8) ~fxg
is a bilinear mapping of L' X L! into L'; we have:
Nfxglir <Nfllzrllgllee

One often summarizes the content of Corollary 3 by saying that L!
is a convolution algebra.

Let A be an arbitrary subset of R®, and f and g two continuous
functions in R*, one of which has a compact support. Let f, be the
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function equal to f in 4 — supp g and to zero everywhere else. Then
we have obviously, for all x € 4,

(268)  (fx&dx) = [ Ax — )e() dy = [ fulx — ) &(») dy
= (fa*&)x).
We may summarize this as follows:

PropOSITION 26.1. Let f, g be continuous functions in R™, one of which
has a compact support. Let A be a subset of R™. The values of the convolution
| * g in the set A do not depend on the values of f in the complement of the set

A —suppg = {xeR"; x = ¥ — x”" for some x" € A’, x" € supp g}.

We have already taken advantage of the fact that, if both f and g have
compact support, so does f*g. This may be regarded as a corollary of
the following result:

ProposITION 26.2. Let f, g be as in Proposition 26.1. We have

(26.9) supp( f* g) C supp f 4 supp g (vector sum).

Proof. Let x belong to the complement of supp f + supp g; then, for
y €supp g, x — y belongs to the complement of supp f, hence

(f+8)x) = ff x —3)g(y)dy =0.

CoroLLARY. If both supp f and supp g are compact, supp( f + g) is also
compact.

Indeed, if K and H are compact subsets of a Hausdorff TVS E
(here R*), K + H is also a compact subset of E, as it is the image of the
product K X H, compact subset of E X E, under the continuous
mapping (¥, y) ~ x + y.

We proceed now to study convolution from the viewpoint of
differentiability. Suppose that f and g are two %! functions, one of which
has compact support in R”. Then it follows immediately from Leibniz’
rule for differentiation under the integral sign that

(f+g)x) = ffx — ) &(y) dy
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is a differentiable function (at every point x) and that

(6/ox;( [+ g) = ((8/0x,) f) xg = f=((9)ox;)g),  j=1,sm.

In fact, combining this with the fact that the convolution of two
continuous functions, one of which has compact support, is a continuous
function, we see that f*g is a ¢! function in R".

Furthermore, if we apply (26.8) with of/ox; instead of f, we derive
the fact that, for all x € 4,

(8] 0x;)( f * g)(x)} < sup \[@/ox)f I g llzr s

where B = A — supp g. Of course, the right-hand side of the above
inequality may very well be infinite. But it will be finite whenever supp g
and A are both compact sets. This implies easily the following result,
which is a particular case of a more general fact:

ProprosITION 26.3. Let m be an integer, 0 < m < 4+o0. If ge L' has
compact support, the convolution

f~fxg
is a continuous linear map of €™(R™) into itself.

CoroLLARY. Let m, g be as in Proposition 26.3. The convolution f ~ f * g
is a continuous linear map of €T (R™) into itself.

Proof of Corollary. 1In view of the general properties of LF-spaces, it
suffices to prove that, for every compact subset K of R”, the restriction
of the mapping f ~ f*xg to €;(K) is continuous, as a map of €7 (K)
into €3 (R") (see Proposition 13.1). But in view of Proposition 26.2,
it maps %;(K) into €7(K + supp g), and on both these spaces the
topology induced by €™(R™) is the same as the one induced by €™(R®).
The corollary follows then directly from Proposition 26.3.

Exercises

26.1. Let u be a Radon measure, and f a continuous function with compact support
in R™. Prove that

6N = [ = 9) duty)

is a continuous function in R”™.
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26.2. Let f, g be two locally L* functions in the real line which vanish identically in
the negative open half-line {t € R'; t < 0}. Prove that

(fr 0@ = [ f6e — 050

is a locally L! function in R! vanishing for x < 0.

26.3. Compute the Fourier transform of f * g when f, g € Z(R").

26.4. Let f, g be two continuous functions in R*, one of which has compact support.
Prove Leibniz’ formula:

#(f29) = ¥ (7) o) 7o),
e<Xp q
where p, ¢ € N*and ¢ < p means ¢; < p;forallj = 1,..., n.
26.5. Let f be a continuous function with compact support in R". Prove that, if g is
a polynomial (resp. an exponential x ~ exp({x, {>), { € C"; resp. a function which can
be continued to the complex space C* as an entire analytic function), the same is true ot
the convolution f * g.
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Example of Transpose:

Convolution of Distributions

In this chapter, we shall define the convolution of two distributions
S, T in R" under the condition that one of the two have compact support;
for example, if supp S is compact, T may be arbitrary.

Later on, this condition on the supports will have to be relaxed; but
of course this will not be possible unless we relate somehow the growth
of the two factors, S, T. We know already, for instance, that, if Sand T
are both L! functions, their supports can be arbitrary (needless to say,
the convolution of two distributions will have to coincide with the
convolution defined in Chapter 26, when these distributions are
functions!). To give another important example, we shall want to
define the convolution operators on the space &’ of tempered distri-
butions, that is to say to find out what are the distributions T such that
S x T (suitably defined) is a tempered distribution for all Se &%’'. We
shall see that rather restrictive conditions of decay at infinity must be
imposed upon T. The situation here is similar to the one which we would
encounter if we tried to define the convolution f*g of two functions
/> & one of which is a polynomial: g will have to decrease rapidly at
infinity (i.e., more rapidly than any power of 1/| « |).

We are going to need a very general and very simple result about
functions with values in a TVS (defined in some open subset of R").

THEOREM 27.1. Let 2 be an open subset of R", and x ~ ¢(x) a function
defined in 2 with values in a Hausdorff TVS E. Let ¢' be an arbitrary
continuous linear functional on E. Then

(a) If the function ¢ is continuous, the complex-valued function
(27.1) 23x ~ e, p(x))

is continuous.
284
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(b) If @ is continuous and if ¢ is differentiable at some point x° of £,
then (27.1) is differentiable at x° and we have

(272) (8/0x;) <€, p(x)> o <€, (0] 0x,)(x°))-

(c) Let k be either a positive finite integer or 4 0o. If ¢ is a € function
in Q with values in E, the function (27.1) is a complex-valued €*
Sfunction in 2 and we have, for all p € N™ such that | p | < k + 1,
and all x € Q,

(27.3) (0f0x) <&, px)> = (€, (D)7 plx)).

Theorem 27.1 is a kind of rule of differentiation under the integral
sign. Its proof is trivial, as soon as we know what we mean by a differ-
entiable function with values in a TVS. First of all, let £ ~ f(¢) be a
function from some open interval Jt, — &, #, + [ of the real line into
the Hausdorff TVS E. We say that the derivative of f(t) at t, exists, or
that f is differentiable at t, if

R f(to + k) — f(%)]

converges to some element of E, denoted then by f'(#,), as the real
number /& # 0 converges to zero. If we study now a function of several
variables, like ¢ defined in £2 C R?, it is clear what we mean when we
say that the partial derivatives of ¢ exist at a point x° of 2. We say then
that ¢ is differentiable at x9 if

o5) — 9() — 3 (5, — o)+

converges to zero in E when x — % in 2.

Proof of Theorem 27.1. Part (a) is obvious since the mapping (27.1) is
nothing else but ¢’ 0 ¢ : 2 — C; (c) follows by combining (a) and (b).
As for (b), it is simply a matter of combining the continuity of ¢’ with the
differentiability of ¢ as we have defined it. The student may work out
the details if he likes to.

We shall apply Theorem 27.1 in the following two situations:

(1) E = %2(R™); the elements of E are functions of the variable in
R* which, for reasons of clarity, we shall denote by y =
(¥1--.» ¥»)- On the other hand, £ will be the whole space R?;
the variable point in 2 will be denoted by x.
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(2) E = €~(R%), the rest staying as in (1).
The function ¢ in Theorem 27.1 will be, in both these situations,

(27.4) x ~ (y ~ plx — ¥)),

where ¢ is a given element of E (which is to say, either of €7(R") or of
%~(R"), depending on whether we are in Situation (1) or (2)).

LeEMMA 27.1. Suppose that ¢ € €2(R?) (resp. €°(R)). Then (27.4) is a
differentiable function of x € R® with values in €7 (R}) (resp. €*(R})).
Its first partial derivative with respect to x; (1 < j < n) is the function

(27.5) x e (y - (8]0x;) p(x — ))-

Proof. We shall prove the result only in the case of €7(R"?). As in the
other case, when the space under consideration is €*°(R"), the proof is
very similar and, as a matter of fact, somewhat simpler.

Let x° be an arbitrary point of R*andlet U ={x e R*; | x — x°| < 1}.
When x varies in U, the function y ~ @(x — y) keeps its support in
the set U — supp ¢, which is an open subset of R® whose closure, K,
1s compact. We shall prove that (27.4) is a function in U, with values
in €7(K,) when the latter carries the topology induced by %7 (Rj})
(the subscript y signifies that the elements of these spaces are functions
of y), that (27.4) is then differentiable at x% and that its partial derivative
with respect to x; at x° is equal to the value of (27.5) at 1% As a0 is
arbitrary, this will obviously prove the lemma.

The topology of €7(K,) is defined by the seminorms

¥~ sup [(0/2y) (), geN™.

Let us denote by g, this seminorm, by ¢ the function of x, (27.4),and
by ¢’ the function (27.5). We must prove that

() — ol = 3 (5, — ) P/

converges to zero when x € U converges to x°. But this only means that

n

(0)oyy ol — y) — (8/2y) (= — ) — 3 (%, — *))(2/2y)"(8/ox,;) p(x* — y)

j=1

converges uniformly to zero with respect to ye U — supp ¢ as xe U
converges to x° which is trivially true.
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COROLLARY. Suppose that ¢ € €7(R") (resp. €°(R")). The function
(27.4) is a € function of x € R™ with values in €;(Rj) (resp. €°(R})).
Its partial derivative of order p = (py ,-.., Pn) € N* is equal to

(27.6) x ~ (y ~ (9]0x)? p(x — ).

Proof. Set E = €:(R}) (resp. €°(R})).

Since (27.4) is differentiable at every point, it is continuous everywhere.
Its partial derivative with respect to x; (1 <<j << n) is given by (27.5),
which is just the same as (27.4) except that ¢ has been replaced by
(9/0x;)p, therefore it is a continuous function of x with values in E.
Thus (27.4) is a ¥ function of x with values in E. Suppose then that
we have proved that (27.4) is 2 €* function of x for some 2k = 0, 1, 2,...;
but this also applies to the first derivatives of (27.4) with respect to the
variables x; , since they have the same form as (27.4) (except that ¢ has
to be replaced by (8/0x;)p), we conclude that these first derivatives are
also %* functions of x with values in E, which proves that (27.4) is a
€*+! function of x. This immediately implies the corollary.

THEOREM 27.2. Let ¢ be a €™ function, and T a distribution in R

Suppose that at least one of the two sets, supp ¢, supp 7T, is compact.
Then

x M’<T1H‘P(x -

s a €% function in R*. For all n-tuples p = (p, ,--., pn), we have
(27.7) (0/0x)P <Ty, p(x — y)> =Ty, (8[0x)? ¢(x — ).

The notation T, means that the distribution T acts on a function
u . . .
J(x — y) when the latter is regarded as a function of the variable y.

Proof. 1t suffices to combine the corollary of Lemma27.1 with Part (c)
of Theorem 27.1 (remembering that distributions with compact support
are continuous linear forms on ¥*(R?)).

Definition 27.1. The function

x M’<Ty ,(p(x -y

ts called the convolution of ¢ and T and denoted by T x ¢ or ¢ x T.
When the distribution T is a locally integrable function f, we have

y

Ty, ol — 3> = [ 9 ol — ) dy,
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which shows that Definition 27.]1 agrees, in this case, with the notion of
convolution introduced in Chapter 26 (Eq. (26.1)).
The convolution

(@ T)~oxT

is a bilinear map from €7 X 2’ (resp. € X &’)into €°. We state and
prove now some of its elementary properties.
Observe that Eq. (27.7) can be read

(0/0x)(T x @) = T x[(9]0x)"p)-
But if we observe that
(0/0%)” ¢(x — 3) = (=1)1*\(2/0y)” P(x — ¥),
the right-hand side of (27.7) can also be read
0/2y)* Ty, p(x — 3)> = {[(8/0%)*T] * p}(x),

so that we can state:

ProrosiTiON 27.1. Let ¢ be a € function, and T a distribution in R™.
Suppose that at least one of the two sets, supp ¢, supp T, is compact. Then,
for all n-tuples p,

(BI0s(T x9) = [(8]ox)PT] x g = T + (9] x)og).

Another important property is the following one:

ProrositioN 27.2. Let T and ¢ be as in Proposition 27.1. Then
(27.8) supp(px T)Csupp e + supp T (vector sum).

Proof. As one of the two sets supp ¢ or supp T is compact, their vector
sum is closed, according to an elementary result of point-set topology.
Suppose for instance that supp ¢ is compact. Let U be an open set
whose closure U is compact and contained in the complement of
supp ¢ + supp T. The compact set

(7 — supp ¢

does not intersect supp T'; therefore we may find a €* function g in
R", equal to one in a neighborhood of supp T and to zero in some
neighborhood of U — supp ¢ (Theorem 16.4). In particular, g7 = T
and we have, therefore,

(T x)x) =<Ty,p(x —3)> =<gTy, px — )
=Ty, g(y) p(x — y).
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But if x € U, the function y ~ g(y) ¢(x — y) is identically zero. Indeed,

if it were not zero at some point y, it would mean that y € supp g and

that x — y € supp ¢; the latter means that y € U — supp ¢. But this is

impossible as g vanishes in a neighborhood of U — supp ¢. Q.E.D.
We study now the continuity of the mapping ¢ ~ T *x ¢.

THEOREM 27.3. Let T be a distribution (resp. a distribution with compact
support) in R*. The convolution

¢~ Txe
is a continuous linear map of €3 (R™) (resp. €*(R™)) into €°(R").

Proof. We shall treat only the case of an arbitrary distribution T and
prove that ¢ ~ T x¢ is a continuous linear map €y ~ €. The other
case is simpler to handle (and, in fact, follows quite easily from this one).

In view of a general property of LF-spaces (Proposition 13.1), it will
suffice to prove that, for every compact subset K of R*, ¢ ~ Tx ¢ is a
continuous linear map of €3 (K) into €°(R"). The topology of €*(R")
is defined by the seminorms

@ ~ sup | (8/0x)® p(x), H, compact subset of R?, pe N~
xeH

When x varies in H and supp ¢ is contained in K, the function

y ~ (0/ox)? p(x — )

varies in. ¥ (H — K). The restriction of T to € (H — K) is a continuous
linear form on this space. Therefore, there is a constant M > 0 and an
integer k such that we have, for all ¢ € €(H — K),

KT, 21 < M sup (sup [(3/2y)" (3)))-

We replace §(y) by (2/ex)?p(x — y) with x € H, supp ¢ C K, and we
apply Eq. (27.7) (Theorem 27.2). It yields

sup |(8/ox)? (T, , p(x — y)>|

< M sup (_sup_ |(6/2x(0/2) olx — )1)

lgl<k zeH,ye

<M sup  (sup I(2/36) 9(€)))-

r< k+!p|

This proves the asserted continuity.
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CoroLLARY. Let T be a distribution with compact support in R*. The
convolution
¢~ Txo

is a continuous linear map of €3 (R”) into itself.

Proof. It suffices to prove that, for every compact subset K of R~,
@ ~ T x ¢ is a continuous linear map of ¢7’(K) into € (R*). But we know
that it is continuous from %g(K) into ¥*(R*), by Theorem 27.3; and
by Proposition 27.2, it maps € (K) into €3 (K + supp T). On the latter
space, the topologies induced by ¥*(R") and by %3(R®) coincide,
whence the corollary.

By using the corollary of Theorem 27.3, we may now easily define
the convolution of an arbitrary distribution S with a distribution T
having compact support. But so as to provide a motivation for the
definition, we shall first consider the case where S is a locally integrable
function f and T an L function with compact support, g. Then we know
what the convolution f * g must be; it is the locally L! function

(f x8)(®) = [ fx — ) e dy = [ f5) gl — 3) dy.

Let, then, ¢ be a test function; considering f x g as a distribution, we
observe that we have

frao> = [[fx —5)80) plx) dx dy
= [[[fx = 5ot dx] g(2) dy = <&, 5 o,
where we have set f(x) = f(—x). Similarly,
frg @ = [fO)[[ ax — ) o(x) dx] dy = <£, & o>

Now, the operation f ~ f is easily extendable to distributions, if we note
that

Fro> = [ (=) plx) dx = [ f(x) o(—) dx = < £, .

Definition 27.2. Let T be a distribution in R*. By T we denote the
distribution defined by

<Tv o> =<T, ¢>; PE %?(Rn)
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The operation T ~ T is often referred to as the symmetry with respect
to the origin (: tchetch).

We now focus our attention on the following two maps. Let S, T be
two distributions in R”, S having compact support. Consider

(27.9) oo w—ogxSech
(27.10) *op ~qpx Tege

Both are continuous linear mappings, and we may introduce their
transposes. The transpose of (27.9) is a continuous linear map of 2’
into itself, whereas the transpose of (27.10) is a continuous linear map
of &' into 2’. We have then the following commutativity result:

THeOREM 27.4. Let S, T be two distributions in R*, S having compact

support.
The tmage of T under the transpose of (27.9) is equal to the image of S

under the transpose of (27.10).

Proof. For simplicity, we shall denote by S x T (resp. T * S) the image
of T (resp. S) under the transpose of (27.9) (resp. (27.10)). We must
prove that Sx T' = T x S.

1. Case Where S and T Are Locally Integrable Functions

Suppose that S is an L! function f, having compact support, and that
T is a locally integrable functiong.Let pbe an arbitrary element of #7.
We have, according to the definitions,

(S* T, 9> = (T, S x9> =T, [ fly — =) p(») dy>
= [ 2@ [[ f — =) 9) dy)] d.

As both f and ¢ have compact support, we may obviously interchange
the order of integration. This yields

SxT, > ={f g, p>.
Similarly,
ey (T*S,¢> = g*f, 9.

We have used the notation

(f x0)@) = [fx — e dy, (@ /iw) = [ 2= — NFO) Dy,

but, of course, f xg = g xf, whence the result in this case.
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2. Case Where Both S and T Have Compact Support

In view of Proposition 27.1, we have, whatever the zn-tuple p,
(8/2x)?(S x T) = [(8]ox)?S] * T = S * [(9/ox)?T],

(27.11)
(8]0x)?(T  S) = [(8/6x)*T] xS = T  [(8]2x)*S)].

Indeed, it suffices to remark that, for all distributions U,

v

(@loxypU = (—1)»\(8/ex)*U.

Let us now assume that both S and T have compact support. Then
they are both equal to a finite sum of derivatives of L! functions with
compact support (Corollary 2 of Theorem 24.4, Theorem 24.5):

S= Y (esyf,, T= Y (2)ox)g,.

Ipi<m, lal<my
In view of Egs. (27.11), we have

ST = Y (9fox)re(fy* g0)

|Pi<my,lg|<my

It suffices to observe that f,*g, =g, *f, for all pairs (p, g); this
implies obviously that S* T'= T % S in this case.

3. General Case

Let ¢ be an arbitrary element of €. Let fe €; be equal to one in a
neighborhood of supp S, and g € €7 equal to one in a neighborhood of
supp ¢ — supp f. We have

(T*8,9> =<(S,pxT> =(S,fp*xT)>, since fS=S.
On the other hand,
f@) (@ * T)x) = (T, f(#) p(x + 3)> = Ty, f(x) g(¥) lx + 2D,
since g(y) = 1 when y € supp ¢ — supp f. In other words,

flo* T) =g+ (T)).
Consequently

v
7~

(27.12) (T xS,y =<5, f(p *(;T\)» = (S, *(gT)) = (&T) * S, ¢
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We have also
(27'13) <S*T,<P> = <Ta(P*S> = <T,g((P*S)> = <gT"P*S> - <S*(gT)’(P>

We have used the fact that g = 1 in a neighborhood of supp(e * S)
(cf. Proposition 27.2; note that supp S = —supp S).
Since gT" has compact support, we know by Part 2 in the proof of

Theorem 27.4 that
S*(gT) = (gT) * S.

Combining this with (27.12) and (27.13), we obtain the desired result.

The statement and the proof of Theorem 27.4 contain practically all
the information we need. First of all, we may define the convolution of
two distributions, one of which has a compact support.

Definition 27.3. Let S and T be two distributions. Suppose that S has
compact support. The convolutionof S and T, denotedby S+ T or T x S, is
the image of S under the transpose of the continuous linear map ¢ ~ o * T
of €7(R™) into €°(R™), or equivalently, the image of T under the transpose
of the continuous linear map ¢ ~ @ x S if €2(R™) into itself.

Indeed, these two images are equal, in view of Theorem 27.4.

The beginning of the proof of Theorem 27.4 shows that, when S
and T are locally integrable functions (S having compact support), the
convolution S T in the sense of distributions is equal to the convolution
in the sense of functions. Keeping this in mind, we may show that
Definitions 27.1 and 27.3 are consistent, that is to say:

THEOREM 27.5. Let S, T be two distributions, one of which has compact
support. Suppose furthermore that T is a € function, . Then the
distribution S x T (Definition 27.3) is the € function

x ~(Sy, (v — N

Proof. The statement is true when S is a locally integrable function
(Part 1 in the proof of Theorem 27.4). Suppose now that S is an arbitrary
distribution with compact support; let us write

S =3 (9)ox) g,(x),

where the summation is finite and where the g, are L! functions with
compact support. We have, by (27.11),

§*T =3 [(0/ox)g,) « T =3 g, [(9/0x) T},
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but
&y * [(0/ox)*T]
is the function

x ~ [ 2(3) (@loxy o(x — 3) dy = [ £,(9) (—1)PUIoy) 9(x — ) dy

= {(0/2y) g(3) p(x — ¥)>»

which means exactly that S« T is the function x ~ (S, , ¢(x — y)>.

Suppose now that the support of S is not compact, in which case the
support of ¢ must be compact. Let U be an arbitrary bounded open
subset of R®. Let g be a ¥7 function equal to one in the open set
U — supp ¢. In the open set U, we have

S«T =(gS)«T  (in the sense of distributions in U),

as immediately seen. From the first part of the proof, we know that
(g8)* T is a ¥~ function, equal to x ~ (S, ,g(y) e(x — y)>. If xe U,
we have g(y)= 1 in a neighborhood of the support of the function
y ~ o(x — ¥), hence, for x € U,

Sy 8) p(x — ) = {Sys 9(* — 90,

which implies that S* T is (in U) tk function x ~ (S, , ¢(x —y)>. We
know that the latter function is a ¥ function (Theorem 27.2). Since U
is arbitrary, this proves Theorem 27.5. By applying Theorem 27.3
(combined with the fact that the transpose of a continuous linear map is
a continuous linear map—-if the duals of the spaces involved carry the
strong dual topology), we obtain immediately:

THeOREM 27.6. The convolution
(S, T) ~S*T
is a separately continuous bilinear map of & X 2’ into P'.

Separately continuous means here that, if S is kept fixed, the linear
map T ~ S« T of @' into 2’ is continuous, and if T is kept fixed, the
linear map S ~ S* T of &' into 2’ is continuous.

We have Eq. (27.11):

ProposITION 27.3. Let Se€ &', T € 2. For all n-tuples p,
(8/0x)(S * T) = [(9/ox)?S] + T = S % [(2/ex)°T].
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Also:

ProrosiTION 27.4. Let S &', Te 2D'. We have
supp(S * T) Csupp S + supp T.

Proof. Let ¢ € €7 have its support in the complement of the closed
set supp S + supp T; then supp ¢ — supp S is a compact subset of the
complement of supp.T. In view of Proposition 27.2,

supp(S x @) C supp ¢ + supp S;
but as supp § = —supp S, we see that (T, S x¢> = 0. Q.E.D.

CoroLLARY. If both S and T have compact support, so does S* T.

The corollary shows that &', space of distributions with compact
support in R”, is a ring for the operations addition and convolution
(in fact, it is an algebra if we consider its vector space structure). In
fact, we have:

THEOREM 27.7. The space &' of distributions with compact support in
R" is a commutative convolution algebra with the Dirac measure as unit
element.

The commutativity of the convolution in &’ is just a restatement of
Theorem 27.4 when both S and T have compact support. That the
Dirac measure is the unity for convolution follows from the more general
fact:

ProrosiTiON 27.5. If T is any distribution in R",
Tx86=T.
Proof. We have, for all test functions ¢,

(T%8,¢>=<T,px8>, since, obviously, s = 8.

But
(¢ *8)(x) = <8y, p(x — y)> = (). Q.E.D.

CoroLLarRY. If Te 2, pe N7,
(8/oxy*T = [(2/ox)?8] x T.

Progf. Combine Propositions 27.3 and 27.5.
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We define now the translation of a distribution. Let a be any vector
in R”; let us define the translation by a, 7, f, of a function f by the formula

T f(x) = f(x — a), xe R

Suppose that f is locally integrable; if ¢ is a test function, we have

[ 76 — @) p(#) dx = [ fix) ol + a) v,

which can be read

<"'af! P> = <f’ T_aP)-
This motivates the following definition:

Definition 27.4. Let T be a distribution, and a vector belonging to R™.
The translation of T by a is the distribution v,T defined by

T =T, 7_ @) peE.

Exercise 27.1. Prove the following Proposition and its corollary:

PROPOSITION 27.6. Let S, T be two distributions in R*, one of which at least has compact
support; let a € R*. Then

To(S* T) = (7,8) * T = S *(7,T).
COROLLARY. Let T be any distribution in R*, a € R". Then

TaT = 8, * T, 8, : Dirac measure at the point a.

We should also mention that the convolution of a finite number of
distributions, all of which, except at most one, have compact support,
is associative.

Exercises

27.2. Let T be a distribution with compact support, and f a function in R*. Prove
the following statements:
(1) if fis a polynomial, so is T * f;
(2) if fis an exponential exp<{x, {) ({ € C"),
(T *f)(x) = CX) exp<x, ;
what is the value of the constant C({)?
(3) if fis an analytic function, so is T * f;

(4) if f is the restriction to R” of an entire analytic function in C#, so is T * f;
(5) if f is the restriction of an entire function of exponential type in C*, so is T xf.
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27.3. Prove that, given any distribution T with compact support in R?,
. 1
(8/0x;)T = lim - (r, T — T),

where A; is the vector in R” whose kth component is equal to zero if & # j and whose
jth component is equal to a number & > 0, and where the limit is to be understood in the
sense of 2’'(R") as h — 0.

27.4. Let f, g be two ¥ functions with compact support in the real line; let Y be
the Heaviside function, equal to 1 for x > 0 and to zero for x < 0. Verify the formula

(d/dx)?( f * (Yg)) = f * [(dx)*(Yp)).

27.5. Let I" be a closed convex salient cone in R", i.e., ' = I', o' C T for all p > 0,
I' + T C T, I containing no straight line. Let us denote by 2’(I") the subspace of
2’(R™) consisting of the distributions in R” having their support in I'. Let us denote by
&’(I") the intersection 2°(I") N 6’(R"), that is to say the space of distributions with
compact support contained in I

Prove that to every pair of distributions U, V € 2’(I") there is a unique distribution
W € 2'(I") with the following property:

For every p > 0, if U’, V'’ € 6’(I') are equal to U and V, respectively, in the open ball
{x e R* | x| < p}, then

W = U’ *V’ in the open ball {x;|x| < p}.

Prove that, by setting W = U * IV, we turn 2’(I") into a commutative convolution
algebra which contains €’(I") (with the convolution induced by &’(R")) as a subalgebra.

Apply this to n = 1 and to I’ = {t € R'; ¢t > 0}. Compute the convolution of two
locally integrable functions in R! whi¢h vanish identically for ¢t < 0. (The space 2°(I')
for this particular choice of I' is usually denoted by 27, .)

27.6. Let 2’ be the space of distributions in R! having their support in the closed
positive half-line {#; ¢ > 0}. In this exercise, we regard 2’ as a convolution algebra for
the convolution defined in Exercise 27.5.

Prove the following facts:

(1) the subspace 9, of 2/, , consisting of the distributions with support at the origin,
is a subfield of the convolution algebra 2’ _;
(2) the subspace of 2’ consisting of the distributions with support in a closed half-line
{t;t > a},a > 0, is an ideal in 9; .
27.7. We keep considering the convolution algebra 2’ of Exercise 27.6.
Prove that the distributions Y(t) (t*/k!) (¢ =0, 1, 2,...) are invertible in 2’ and compute
their inverses (Y is the Heaviside function, equal to 1 for ¢ > 0 and to zero for ¢ < 0).
Give an example of a continuous function in R}, f, such that f(t) > Oforz > 0,f(t) = 0
for ¢ < 0, and which does not have any inverse in the convolution algebra 27, .

27.8. Let 4 be a subset of {¢;¢ > 0}, and 2’(4) the space of distributions in R!
having their support in 4. Give a necessary and sufficient condition on 4 so that 9’(4) be
an ideal of the convolution algebra 2, (cf. Exercises 27.6 and 27.7). Give an example
of an ideal of 9’+ which is not of the form 2(A4).
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Approximation of Distributions by

Cutting and Regularizing

In this chapter, we are going to show that every distribution T in an
open set 2 of R* is the limit of a sequence of functions belonging to
%:(82) and, furthermore, that there is a standard procedure for
constructing this sequence from T.

Let {€,} (=0, 1,...) be a sequence of open subsets of £ whose
union is equal to 2 and such that 2, , C 2, (k =1, 2,...). For each &,
select a function g, € ¥°(£2) which is equal to one in £, . Now, given
any distribution T in £, it is clear that the distributions g, T converge
to T in 2'(R2), say for the strong dual topology, although this is not
important, as strong and weak convergences in 2’({2) are one and the
same thing for sequences, as we shall soon see. Anyway, if & isa bounded
subset of € (£2), there is a compact subset K of 2 such that Z C €7(K)
(Proposition 14.6); there is an integer k(K) such that K C Q, for all
k > k(K), therefore such that g,p = ¢ for all & > k(K) and all p € &.
Then, for all ¢ € A,

<ng’ (P> = <T’gk(P> = <T’ (P>’

which proves that g, T — T in 2'(£2). The fact that the functions g, are
identically equal to one in open sets which form an expanding sequence
is not at all necessary to reach the conclusion that g, T — T In connection
with this, we propose to the student the following exercise:

Exercise 28.1. Let {g;} be a sequence in €°(2) which converges to the function identically
one in 2. Prove that, given any distribution T in 2, the sequence of distributions g, T converges
to T in D'(R), and that, if T has compact support, g, T converges to T in &'(£2).

Going back to the considerations above, we can take the 0, to be
compact and the ¥* functions g, with compact support. We may then
state:

298
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THEOREM 28.1. Let T be a distribution tn S2. There is a sequence of
distributions with compact support, {T,} (k = 0, 1,...), such that, given any
relatively compact open subset 2' of £2, theie is an integer k(§2') = O such
that, for all k = k(§2'), the restriction of T) to 82', T, | &', ts equal to the
restriction of T to ', T | &',

Let T and the T, be as in Theorem 28.1. If K is any compact subset
of ©, there is an integer k(K) such that, for k > k(K), T and T} are
equal in some neighborhood of K and, in particular,

KnsuppT=Knsupp T}.

Remark 28.1. The operation just described, of multiplying a distri-
bution by %% functions with compact support, g, , equal to one in
relatively compact open subsets of £2 which expand as k-— oo and
ultimately fill £, is the extension to distributions of the “cutting
operation’”’ on functions. In the latter case, if we deal with some function
fin £, we regard f as the h.ait of the functions f; equal to f in 2, and
to zero outside £2;; then obviously the f, converge to f uniformly on
every compact subset of £2. Note that f, is the product of f by the
characteristic function ¢, of £, . Of course, we cannot multiply a
distribution by ¢, since this function is not smooth; thus we must
multiply the distribution by a % function (with compact support)
iv:rlhg:l.comcndes with @, 1n £, that is to say, which is equal to one

We have approximated an arbitrary distribution in £ by a sequence
of distributions in £2 which have compact support. The next step is to
approximate any distribution with compact support by a sequence of
test functions. This is done by convoluting the given distributions with
% functions which converge to the Dirac measure 8. We shall therefore
use the properties of the convolution of distributions, established in the
preceding chapter (Chapter 27).

We begin by considering the convolution Tx¢ of a distribution T
with a € function ¢, one of the two having compact support. We may
regard ¢ as a distribution, in which case T x ¢ is the distribution

(grg(ﬁ M'<T*(P)¢'> :<T’¢*¢'>y

where @(x) = ¢(—x). But T x o is, in fact, a ¥ function, precisely the

function
x LTy, p(x — y)> (Theorem 27.5).

The approximation result which we are seeking will be a consequence of
the following lemma:
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LeEMMA 28.1. Let p be the function defined by

1 .
o) = aexp(—m) if jx|<l,
where ' if 1x|=1,

at= el <r P (_ Ttll—xﬁ) .

For ¢>0, call p, the functibn x ~ e " p(x[e). Then the sequence
{pus} (J=1,2,..) converges to the Dirac measure 8 in the space &' of
distributions with compact support in R,

About the function p, , see Chapter 15, p. 155.

Proof of Lemma 28.1. We advise the student to take a look at the
proof of Lemma 15.2; the arguments here and there are closely related.
Let f be a €® function in R®. We have

| 10) = [ pd) fix) dx | < [ o) 1 fix) — 10O d
< sup 1) ~f(O) [ o) ds
< sup [f(x) — f(O)I.
We may assume that e << 1. Then, if | x| <e,

[f(s) —FO) < Clal sup 3, I20s) fe):

i=1

therefore,
|70) — [ o) 1) dx | < Ce sup ¥ K@fomy) Sl
lel <1 =)

This shows that, if f remains in a bounded set of €°(R"), in fact, in a
bounded set of €Y(R"), <p, , f> converges to f(0). Q.E.D.

Observe that we do not need the precise information which we have
about the functions p, . In connection with this, we propose the following
exercise to the student:

Exercise 28.2. Let {u:} be a sequence of Radon measures in R", having the following
properties:

(1) supp px is contained in a ball of radius r, centered at x = 0 such that v, — 0 as
k — +0;
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(2) the numbers {u; , 1> (1 : function identically equal to one in R") converge to one
as kR — + oo}
(3) there is a constant C > 0 such that, for all k = 1, 2,..., and all functions f € €(R"),

I<pe , F21 < C sup | flx)l.
zeR™

Under these hypotheses, prove that p, converge to & in &'(R®).
What modifications could be made on the hypotheses if we were only to require that the p,
converge to 8 in Z'(R™)?

We may now easily prove the following result:

THeoREM 28.2. Let T be a distribution in the open set 2. There is a
sequence of functions ¢, € €4 (2) (R = 1, 2,...) with the following properties:

(1) oy converges to T in D'(2) and, if the support of T is compact,
@y converges to T in &'(Q);

(ii) for every compact subset K of £, K N supp ¢, converges to
Knsupp T and, if supp T is compact, supp ¢, converges to
supp T.

A sequence {A4;} of subsets of a metric space E (with metric

(x, ) ~ d(x, y)) is said to converge to A C E if, to every ¢ > 0, there is
k(e) such that, for every &k = k(e),

A, C{xeE;d(x, A) < e},
AC{xeE;d(x, 4;) < &}.
If BC E, we have set d(x, B) = inf, 5 d(x, y).

Proof of Theorem 28.2. We begin by selecting a sequence of
distributions T} (k = 0, 1,...) with compact support, as in Theorem 28.1;
for every relatively compact open subset £’ of £2 there is 2(£2") such that,
if B = k(§), Ty| &' = T |&'. Next we consider a sequence of functions

P * T

observing that

supp(py,; * T\) C supp py,; + supp T (Proposition 27.5).

For each k we select j according to two requirements: § 2> k (in order to
ensure that j — - 00); j sufficiently large so that the neighborhood of
order 1/j of supp T} is a compact subset of 2. If we then call j, the
integer thus selected, we contend that the test functions ¢, = py/;, * Ty
converge to T in 2'(£).
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Indeed, let # be a bounded subset of %7(R2); there is a compact
subset K of £ such that supp ¢ C K for all functions ¢ € #. Let Q'
be a relatively compact open subset of 2 containing K; for & > k(Q’),
we have T " = T |2'. On the other hand, for 1/k < d(K, ¢ 2'),

supp(py s, * @) C £’ forall pc.
We recall that j;, = k and, also, that p = p. Then, for all p € &,
o = T, 00 =Ty, pryg, x> — T, >
=T, pryg x> — (T, 9>
=<7, prs, x> — g7, 9>,

where g is an arbitrary function which belongs to €7(R) and is equal to
one in 2. This shows that, for all ¢ € &, and k sufficiently large,

ke — T, 9> = {p1ss, % (&T) — (gT), @>.

But ¢T is a fixed distribution with compact support, and py; — 8 in
¢'(R*); by applying Theorem 27.6, we conclude that py/; *(gT) —gT
uniformly on #, which is what we wanted to prove.

When the support of T is compact, it is easy to see that the ¢
converge to T in &'(L2). First of all, we may take T, = T for all &, and
@ = pyr* T for 1/k < d(supp T, ( 2). As the p,;; converge to & in
&'(R2), a fortiori in 2'(RQ), it follows immediately from Theorem 27.6
that ¢, converges to T in &'(£2).

Property (ii) in Theorem 28.2 is obvious, by inspection of the definition
of the functions ¢ .

CoROLLARY. Let 2 be an open subset of R"; €7 (£2) is sequentially dense
in &'(R2) and in D'(9).

There is no need to underline the close relationship between
Theorem 15.3 and Theorem 28.2; the properties stated in these theorems
are often referred to as “approximation by cutting and regularizing.”
Convolution of a distribution with a #* function is often called
regularization (or smoothing). The word cutting refers to the multiplication
of a distribution T by %> functions which are equal to 1 in some
relatively compact open set 2’ and equal to zero outside a neighborhood
of the closure of £'.

Definition 28.1. A space of distributions in Q, &, is said to be normal if
€. (2) is contained and dense in o/, and if the injection of €7 (R2) into
is continuous.
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We recall (Definition 23.1) that a space of distributions in £ is a

linear subspace of 2'(2) carrying a locally convex topology finer than
the one induced by 2(£).

Prorosition 28.1. If 7 is a normal space of distributions in 82, the
strong dual of & is canonically isomorphic to a space of distributions in £2.

We have already essentially proved this statement (in Chapter 23) and
often used it: let j: €z(£2) — o/ be the natural injection; since the
image of j is dense, the transpose ¥ of j is a continuous one-to-one
linear map of the strong dual &/’ of &7 into 2'(2).

Examples of normal spaces of distributions in Q:

(i) ™), €(2) (0 <m < + ©) (Corollaries 1 and 2 of Theorem
, 15.3);
(i) LP(2) (1 < p < +o) (Corollary 3 of Theorem 15.3);
(iii) 2'(Q), €'(L2) (Corollary of Theorem 28.2.).

Example of spaces of distributions which are not normal:

L>(£2) (we suppose £2 nonempty!); H(R"), space of functions in R™
which can be extended to C» as entire functions (with the topology
carried over from the space of entire functions in C*, H(C")). Note that
L=(£2) contains €3 (£2) whereas the intersection of H(R™) with €7 (£) is
reduced to the zero function.

Remark 28.2. The dual of a normal space of distributions is not
necessarily a normal space of distributions (although it is a space of
distributions, by Proposition 28.1), as shown by the example of
& =LY (Q), o' = L>().

Exercise 28.3. Let {g,} be a sequence of €% functions in R" such that g,(x) = 1 for

| x| < k(k = 1,2,.), and such that, to every n-tuple p, there is a constant C,, > 0 such
that, forall k = 1, 2,...,

sup [(8/0x)? gi(x)| < C, .
zeR™

Prove that, given any tempered distribution S in R", 2,5 converges to S in &#’'(R") as
k — ., (The student may simply prove that g,S converges weakly to S in &’; we shall
see that, for sequences in ¥’, strong and weak convergences coincide.)

Construct a sequence of functions g; with the above properties.

Remark 28.3. A corollary of Exercise 28.3 is that %’ is a normal space
of distributions in R®. We already knew that % is a normal space of
distributions in R” (Theorem 15.4).
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28.4. Prove the following lemma:
Lemma 28.2.  The sequence of functions
(k712" exp(—k%|x|?), k=1,2,..,
converge to the Dirac measure 8 in 2'(R™).
(Cf. Lemma 15.1 and Lemma 28.1).
28.5. Prove the following result:

THrOREM 28.3. Let 2 be an open subset of R™. Any distribution in 2 is the limit of a sequence
of polynomial functions.

(Hint: Make use of Theorem 28.1 and Lemma 28.2; cf. Corollary 2 of Lemma 15.1 and
Exercise 27.2).
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Fourier Transforms of Distributions
with Compact Support.
The Paley-Wiener Theorem

Consider a continuous function f with compact support in R®. For
{ e C,, dual of C*, we may set

o= ff(x) exp(—2im {x, {>) dx.

Let us write { = £ + (£, n € R, dual of R?); the rule of differentiation
under the integral sign shows immediately that (¢ + in) is a ¥ function
of (¢, m) in Ry, . We set, as usual, forj = 1,..., n,

8/al, = K(a[a¢; + i 8/em;).

As the integrand, in the definition of £({),is a solution of the system of
equations 9u/a{; = 0, so is f. In other words, f is a holomorphic function
of { in the whole complex space C,: £ is an entire analytic function of {.
Next, we show that f is of exponential type. We shall generalize the
situation a little and consider a Radon measure u with compact support,
rather than the more special measure f(x) dx. We shall then use the
following lemma:

Lemma 29.1. Let p be a Radon measure in R, with compact support, K.
There is a constant C > Q such that, for all functions $ € E€(R"),

(29.1) I<ps 5] < Ci?:? | $(x)].

Proof. Let Uy be the set of points x such that d(x, K) < 1/k (k= 1, 2,...;
d is the Euclidean distance). Let g, be a continuous function with
compact support in U, , equal to one in some neighborhood of supp u,
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such that 0 < g,(x) < 1 for all x. We have g, = u. On the other hand,
there is a constant C' > 0 such that we have, for all € ¥° with compact
support contained in U, ,

Ko 931 < Csup | ().

It suffices then, in order to get (29.1), to take ¢ = g;é, ¢ € ¥%(R")
arbitrary. Indeed,

Kl = K 180! < Csup | gx(%) $(0)] < Cs;;g [$(x)!.

By taking the limit when & — -}-0c0, we obtain the desired inequality.

Remark 29.1. When u = f(x)dx, we may take C = [|f(x)| dx in
(29.1).

In (29.1), we take ¢(x) = exp(—2in{x,(>), [€C,. We obtain
immediately

(29.2) [y exp(—2im Cx, DY < Csup exp(2n[Cx, ) (7 =Im ).

If we apply (29.2) to p = f(x) dx, we obtain (Remark 29.1)

(29.3) O <D fie Sup exp(2m|<x, )))-

This implies immediately our assertion: that f is an entire function of
exponential type (Notation 22.2). For £eR,, f(¢) is the Fourier
transform of f. We have therefore proved the following: the Fourier
transform of a continuous function with compact support can be extended
to the complex space C,, as an entire analytic function of exponential type.

In this chapter, we shall extend this result to arbitrary distributions
with compact support. We shall prove that it then has a converse: every
tempered distribution, whose Fourier transform can be extended to the
complex space as an entire function of exponential type, has a compact
support (in fact, we shall prove a slightly weaker implication: we shall
assume that the growth of the Fourier transform of the given distribution
is known on the manifolds parallel to the real space R, , generalizing
(29.3)). The analogy between this result, known as the Paley—Wiener
theorem, and the theorem on the Fourier—Borel transformation of the
analytic functionals (Theorem 22.3), is obvious. Let j be the restriction
of an entire function (in C") to the real space R, ; j is a one-to-one linear
mapping of H(C,) into ¥*(R,). It is one-to-one since an entire function
cannot vanish identically in R, without also vanishing identically in C,,.
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Furthermore, the image of j is dense in view of Corollary 2 of
Theorem 15.2. The transpose of j, § : §'(R,,) — H'(C,), is a continuous
injection of the space of distributions with compact support into the
space of analytic functionals (both spaces carrying the strong dual
topology). Let, then, T be a distribution with compact support in R,
ZT its Fourier transform, and ##%7T its Fourier-Borel transform
(Definition 22.3). Both transforms are entire functions in C,, respectively,
defined (as will be shown in a moment for & T) by

FT() =Ty, exp(—2m<{x, D);  FRBTL) = (Y4T)., exp(Kz, D).
This shows right away that # T({) = # #T(—2in{).

ProrosiTioN 29.1. The Fourier transform of a distribution T with
compact support in R™ is the function, in R,, ,

T can be extended to the complex space C, as an entire analytic, given by
(29.5) T(L) = (T, exp(—2im {x, D).

Proof. The validity of (29.4) can be established in a variety of ways,
e.g. by noting that (29.4) is valid when T € € and then, when T ¢ €7,
by going to the limit along a sequence of elements of €7 which converge
to T in &' (Theorem 28.2). Or else, we may use the representation of T'
as a finite sum of derivatives of continuous functions with compact
support. A third proof is obtained by reasoning directly on the definition
of #T.

Observe, next, that [ ~ (x ~ exp(—2im (x, {})) is a €~ function
of {eC, =R,, with values in ¥°(R}); in particular, (29.5) makes
sense (and obviously extends (29.4)) and defines, in virtue of Theorem
27.1, a €= function in R,, . We may apply to it the Cauchy-Riemann
operators 8/8{; (j = 1,...,7) and by again using Theorem 27.1, this
time part (b), we see that T is everywhere holomorphic. Q.E.D.

Observe that Theorem 22.3 provides us with some information about
the relation between the polydisks carrying an analytic functional and
the growth of its Fourier—Borel transforms. Similarly, Estimate (29.3)
points to a link between the growth of the Fourier transform of f on the
parallels of the real space and the support of F. We shall obtain analog
relations for a distribution with compact support.

The following definition will help us to achieve more precision in the
statements and in the proofs:
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Definition 29.1. Let A be a subset of R*. We shall call indicator of A the
Sfunction, defined in R, ,

n ~ I4(n) = sup KKx, p)|.
xeAd

Remark 29.2. If A is a subset of a locally convex TVS E, we may
consider the function I, defined in the dual of E, E’. The set
{x'; L(x') < 1} is the polar 4° of A. It is clear that I, = I(,, where
I'(A) is the convex balanced closed hull of A. When the scalars are the
real numbers, balanced means symmetric and star-shaped with respect
to the origin. A convex set B is balanced, then, if B = —B.

Note that, with Definition 29.1, (29.2) can be rewritten as

(296) €75 exp( —2im {x, €>)>| <C exp(21'rIK(1;)) (C €C,, n= Im C)

We begin by proving (following L. Hérmander) the section of the
Paley—Wiener theorem which is relative to € functions.

TueorReM 29.1. Let K be a convex balanced compact subset of R™.
The following properties of a distribution ¢ € &' are equivalent:

(a) ¢ is a €™ function with compact support contained in K.

(b) The Fourier transform of ¢ can be extended to the complex space C,,
as an entire analytic function { ~ (L) such that, for every integer
m=20,1,.., there is a constant C, >0 such that, for all
{=¢+ 0,

(29.7) 1B < Cull + [ L) exp{2nlx(m)},

where Iy is the indicator of K.

Proof. To see that (a) implies (b), it suffices to apply (29.6) with
p = P(x) dx, where Y(x) = (1 — 4/4n®)* $(x) and 2k > m. For then we
have #(0) = (1 + | L12¢é(0).

Next, we prove that (b) implies (a). In order to show that supp ¢
is contained in the convex balanced compact set K, it suffices (Corollary
1 of Proposition 18.2) to show that supp ¢ is contained in every polygon
of the form

II={xeR|{x, N> | <1, j=1,.,n}

which contains K and such that N,,.., N, form a basis of R, .
Let us therefore consider such a polygon. For simplicity, we take the
functionals x ~ (N, x> as coordinates in R* and we denote them
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respectively by x;. We use the dual coordinates system in R, : the
coordinates of ¢{ € R, are the numbers ¢; such that { = 37, &N, ;
we extend these coordinates to C, . With the coordinates x; (resp. ¢;)
we associate the Euclidean norm | x| (resp. | £]) and the Lebesgue
measure dx (resp. df); the latter is determined by the requirement
that the measure of the unit cube be one. Now, if n € R, , we see that
the supremum of | (x, 7} | = ¥}, 7;x; is attained when x; = sgn 7,
for every j = 1,..., », and that this supremum is then equal to

(29.8) In(n) = i [

On the other hand, since K C II, we have IT° C K° and therefore, for
all e R, , Ix(n) < Iy(n). Thus we see that it suffices to show that (b)
implies (a) when K = IT; then I(n) is given by (29.8).

First of all, a straightforward application of Cauchy’s formulae
(p. 90) shows that every derivative of ¢, §® (p e N™), satisfies also
Inequality (29.7), possibly with a different constant C,, (indeed, this
constant will depend on p). From this fact, by taking { = ¢ real, i.c.
n = 0, we derive that every function |$®/(§)| decreases at infinity
faster than any power of 1/| £|. In other words, ¢ belongs to #(R,),
hence ¢ € #(R") and we have the reciprocity formula (Theorem 25.1):

$(x) = f exp(im <x, £5) $(£) dE.

Consider, for fixed complex numbers ¢, ,..., {, , the integral

M
(29.9) |  exp(2ima ) by, Lyver L) by

Using the fact that ¢ is an entire analytic function, we can integrate
$({), regarded as a function of {, alone, on the following path I" of the
complex plane.

Im{

i

Re {
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As I' is a closed path, the integral of ¢ along it is equal to zero, by
Cauchy’s theorem; the portion of this integral which is performed
on the segment (—M, + M) of the real line is equal to (29.9), which
is therefore equal to

M
[ explain(es + ins) s + im s Lo L) &y + ROM),

where
| ROD| < [ exp(@n] st D IS + 8, Ty s )
+ | $(—M + it, Ly r..., L)} dL.

If we take into account (29.7), when m = 1, we see immediately that
R(M)— 0, when M — +c0. In other words, we have

f+°° exp(zi"(fl + lnl)xl) $(§1 + "]1 ’ {2 yeocy gn) dfl

—a0

ey .
= [ exp(2intr) $lEr, Ly oo L) dbs.
If we apply this argument, in turn, to each variable £, ,..., §, , we obtain
[, expt@in <& +in, )€ + in) dE = 4(2)

In this formula, 7 is an arbitrary vector of R,, .
We again take into account (29.7), this time with m = n + 1. We
obtain

[$(*) < Cayrexpa(lny | + = + [ 90 | — <2, 7))

X [ (U 1gn ae.

We then choose 7; = 7;, 7 >0, 7, = 0 for £ #j (j = 1,...,n). This
gives us

| $(x)] < const. exp(2mr(l — | ;)] ; ).

If | x;| > 1, we take 7 — +00; we obtain ¢(x) = 0. Therefore supp ¢
must be contained in the set IT. Q.E.D.

Next we prove (following L. Schwartz) the extension of the Paley-
Wiener theorem to tempered distributions.
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THeOREM 29.2. The following properties of a tempered distribution T in
R™ are equivalent:

(')  The support of T is compact; its convex balanced hull is the set K.

(b’)  The Fourier transform of T can be extended to the complex space C,,

as an entire analytic function { — T({) such that there is an

tnteger m >0 and a constant C > 0 such that, for all { = £ + 1y,

(29.10) | 7)) < C( + | L Y™ exp {271x(n)}-

Proof of (a’) = (b’). We consider arbitrary coordinates x, ,..., ¥, in R*
and the dual coordinates, ¢, ,..., £, in R,, ; we use the associated Hilbert
space structures on R” and R,, (inner product, e.g. in R, : (£ | ) =
Y71 €;€/). Note that the notion of an orthogonal transformation then
makes sense: it is a linear map of the space into itself which preserves
the inner product (hence also the norm). Let us consider a polygon,
containing K,

IT = {xeR™ |{x, N)| < By,..., [{%, N»| < B},

(cf. the proof of Theorem 29.1); we require now that N,..., N,, be an
orthonormal basis of R, (B, ,..., B, are positive numbers). As the support
of T is compact, there is an integer m > 0 and a constant 4 > 0 such
that, for all ¢ € €7(R™),

(29.11) KT, é>| < 4 sup Y (8/oxy d(x)l.

€8T Ipigm

Let, then, g € #°(R?!) be equal to one on (— 0, ) and to zero on (1, + o).
The function

#(3) = exp(—2im =, 0) [ 11 £ (1< | — By)

is €% in R™. Its support is contained in the set
Hl = {x’ | <x$ N]> | < BJ’ + | { |_1)j - 1)”‘)”}'

It is equal to exp (—2in {x, {>) in II,,, which is a neighborhood of II,
hence of K, hence of supp T. Consequently we have, in view of (29.11)
and of Proposition 29.1,

|TQ) = KT, $>| < Ay(1 + | L )™ sup exp2nl<x, p>]) (9 =Im Q).
(L‘EH;

It is very important to observe that the constant 4, depends only on the
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numbers m and A4 in (29.11) and not on the orthonormal basis (N, ,..., N,)
nor on the numbers B, ,..., B, . The independence from the Bj’s is
evident; and so is the independence from the N;’s if we perform an
orthogonal linear change of variables in R,, . Thus we see that

| T(Q)I < Ay(L + | £ )™ exp(2rin(n) + 2mV'n)

since

sup [<%, 7>} < sup [<x, ] + (V3 ) | + o+ (Vo [ &1
ZE, 4 xE

<
<

Finally we obtain

| Q)| < Ay exp(2neVn) (1 + | Y™ expReln(n)) forall {eC,.

This is true for all polygons IT of the type considered. We may therefore
put inf; in front of the right-hand side of the preceding inequality or,
if one prefers, in front of I(n). But, as is easily proved,

inf In(n) = Ix(n)-

Proof of (b’) = (a’). The proof of this implication is based on a
standard regularization and on application of Theorem 29.1. Let
px) = e p(x/e) be the usual mollifiers (cf. Lemma 28.1). It is
immediately seen that the convolution pxT is also a tempered distri-
bution for all e > 0 and that its Fourier transform is equal to g,T
(cf. Theorem 30.4; a direct verification is easy). Also observe that

P8) = p(ed)-

Since the support of p is the ball {x; | x | < 1}, we have, by applying
(29.7), for each k =0, 1,...,

| A < Ci(1 + | L |)* exp(2me] 9 ).
If we now take into account (29.10), we obtain
|20 T < CCe (1 + | L))~ %™ exp(2n(Ix(n) + & | 7).

This shows that the Fourier transform of pxT satisfies Condition (b)
in Theorem 29.1 with I,(n) replaced by Ix(n) + ¢/ 5|, which is the
indicator of the set K, = {x € R?; d(x, K) < &} (d : Euclidean distance).
We conclude that supp(p+T) C K, .
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As ¢ —> 0, p,xT — T (proof of Theorem 28.2); for ¢ < 1, the support
of p#T is contained in Kj; therefore this is also true of supp 7, which
implies that supp T is compact. Finally, supp(p,xT) converges to
supp T (again by the proof of Theorem 28.2), hence

supp TC () K, =K. Q.E.D.

>0

Exercises

29.1. Give an example of a distribution T with compact support, which is not a
Radon measure, whose Fourier transform T can be extended as an entire analytic function
in C, satisfying, for some C, B> 0 and all {€C,, | O | < Cexp(B|L]). (Hint:
Use Exercise 25.12 or 25.13 and multiplication by an element of €°.)

29.2. Characterize the distributions with compact support in R* whose Fourier
transform is an entire analytic function of exponential type (e,..., &) (Notation 22.2) for
all ¢ > 0. Give an example of an analytic functional on C” whose Fourier—Borel transform
is an entire function of exponential type (e,..., &) for all ¢ > 0 and which is not a distri-
bution with compact support.

29.3. By using the Paley—Wiener theorem, show that, if P(8/0x) is a differential
operator with constant coefficients (not all identically zero) in R", the equation P(9/éx)u = 0
cannot have any solution u, other than # = 0, in the space & of distributions with compact

supp'ort.
29.4. Let A be a subset of R". Set for ne R, ,

Ly(n) = sup <, x>.
z€A

Set 4’ ={neR,; Iyn) <1}, 4" = {x€R"; sup,ey’ <y, ¥> < 1}. Prove that 4’ is
convex, that 4” is the convex hull of 4 and that I, = I ;.

29.5. Let K be a convex compact subset of R". Prove that the following two properties
of a tempered distribution T in R” are equivalent:

(a) the support of T is contained in the set K;

(b) the Fourier transform of 7 can be extended to C" as an entire function T{({) satisfying,
for some constants C, m > 0 and for all { € C#,

TP 1 < O + 1 L™ exp{2n(Im 1)}
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Fourier Transforms of
Convolutions and Multiplications

If S and T are two distributions with compact support, the support
of their convolution, S *x T, is also compact, and, by Proposition 29.1,
the Fourier transform of Sx T is the function equal to

x ~ (S xT),, exp(—2inm {x, YDO).

By definition of the convolution of two distributions with compact
support (Definition 27.3), we have

(S * T), , exp(—2in<x, >)> = <S8, , (T, , exp(—2im {2, 3 — D))
= <Sv » <Tn s CXP(_zi‘” <x’ y + 7]>)>>
= (S, , exp(—2n {x, y>)<Tn , exp(—2im {x, 7]>)>>

= {(S,, exp(—2m {x, X Tn » exp(—2im {x, ),
which shows that

(30.1) F(SxT) = FSFT.

Note that both sides are analytic functions (Theorem 29.2).

The same relation is valid when S and T are two L! functions in R”.
We know then (Corollary 3 of Theorem 26.1) that S« T is also an L!
function. We also know (Theorem 25.3) that the Fourier transform of
any L! function is a continuous function in R,,, converging to zero at
infinity, so that both sides of (30.1) make sense.

It is not difficult to extend the domain of validity of (30.1) in various
directions. In the present chapter, we shall consider the case where one
of the factors in the convolution, say S, is a tempered distribution. It is
not difficult to see then that Sx7T and #S8 #7T are also tempered
distributions, whenever T is a distribution with compact support. But it
is also easy to see that, now, the condition that 7" have compact support

314
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can be relaxed. As the growth of S is slow at infinity, it should be
enough to require that the decay of T at infinity be faster than any power
of 1/| x|, in some reasonable sense. A similar remark applies to the
right-hand side of (30.1): noting that &#S is an arbitrary tempered
distribution (since F : %’ — &' is an isomorphism onto), we must
require, if we wish to have #S FT e &, that T be a ¥~ function
slowly growing at infinity (this means that all the derivatives of # T
should, as well, grow slowly at infinity); this is to say that % T should be
an element of the space of ¥~ functions already introduced as the space
0,, (Definition 25.3; see also Theorem 25.5). We are going to make all
this more precise.

Definition 30.1. We denote by O the space of distributions T having the
following property:

(30.2) Given any integer h > 0, there is a finite family of continuous
functions in R™, {f,} (p € N", | p | < m(h)), such that

T= z (3/3x)”fp ’

Ipl<mh)
and such that, for allp € N*, | p | < m(h),
Bim (1 + | % )" |fy(=)| =0,

The letter @ stands for operators, the subscript C for convolution
(the prime indicates that we are dealing with distributions, not with
functions). Obviously the elements of @, are tempered distributions
(cf. Theorem 25.4). One often refers to the elements of O, as the
distributions rapidly decreasing at infinity.

Examples

30.1. The continuous functions rapidly decreasing at infinity (i.e.,
decreasing at infinity faster than any power of 1/| x |), in particular the
functions ¢ belonging to &.

30.2. The distributions with compact support.

30.3. The finite sums of derivatives of continuous functions rapidly
decreasing at infinity. One should not think however that this type of
distributions completely makes up @: Property (30.2) is not equivalent
with saying that T is a finite sum of derivatives of continuous functions
rapidly decreasing at infinity. Note, in Property (30.2), that, as the
integer k increases, so will, in general, the integer m(k). In connection
with this, we propose the following exercise to the student:
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Exercise 30.1. Prove that the distribution ¢‘I#|%, that is to say the distribution
2 g [ el o) d,

belongs to 0.

We shall not define any topology on @¢ (although this can be done in a
natural way). The introduction of this space is justified by the following
result:

THEOREM 30.1. Let T €O . Then the convolution mapping
(30.3) CeRY) 2@ ~ (T x@)(x) =T, , plx —y))

ts a map of €T(R™) into S (R™), which can be extended as a continuous
linear map of S (R™) into itself.

Proof. The proof is very straightforward. Let & be a nonnegative
integer, and P(D) a differential operator with constant coefficients on R™.
Let & be an integer >k + n + 1. We use a representation of T as in
(30.2), with this choice of the integer 2. We have

P(D)(T+¢) =T (P(D)p) = 3. f,*[(d/ox)” P(D)g].

p<m(h)

Let now ¢ be an arbitrary n-tuple such that | ¢ | < k. We have (see
Chapter 26, Exercise 26.4)

% f, * [(@/oxy PD) ol = 3 () (xe1f,)  [(2/ox) P(D) o),

where 7 < ¢ means, as usual, 7, < ¢ ,..., 7, < ¢, . Because of our
choice of h > k + n 4 1, and since

Ifo(®)] < Cp(l + |2 )7,
we see that x?~"f, € L'; hence we have (Corollary 2 of Theorem 26.1)
li(x4="f,) * [x7(2/0x)* P(D) @JliL= < || x¢~f, |2 {| 7(8/0x)” P(D) @ |l -

Combining all these inequalities, we see that there is a constant C > 0
such that, for all functions ¢ € €7(R"),

Y NxPDNT+ @l << C Y, Y, [1a7(8[ox)? P(D) @ l=,

le|<k Ir| <% |p|<mik)

which immediately proves our assertion.
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Definition 30.2. Let T € O; we denote by Sx T or T x S the image of a
tempered distribution S under the transpose of the continuous linear map
@ ~ Tx ¢ of & into itself.

We have denoted by T x ¢ the image of ¢ € & under the extension to
& of Mapping (30.3). We recall that T is the distribution defined by

g:o:_;q) ~ <T> o> =<T, ¢, #(x) = ¢p(—x).

There are several consistency conditions to be verified; for instance, when
both S and T belong to 0, we must show that the image of S under
the transpose of ¢ ~ T * ¢ is equal to the image of T under the transpose
of @ ~ Sx¢@. This is easily done by using Condition (30.2). By using the
theorem on structure of tempered distributions, one proves easily the
following theorem (regularization of tempered distributions):

THeoREM 30.2. Let e L(R"), Se F'(R*). The convolution Sx¢
(Definition 30.2) is the € function slowly increasing at infinity (i.e.,
€ 0y):

X~ <Sv >‘P(x _y)>

Again by using the structure of a tempered distribution, one may
easily define the convolution of S € %’ with T € 0; suppose that

S= 3 (o/ox)g,,

Ip|<m

where the g, are continuous functions such that, for a suitable integer
k > 0, we have, for all x € R®,

lg(x)l < C(1 + |x])¥,  peN", [p[<m

Choose for T a representation as in Property (30.2) with 2 > &k + n + 1.
Then we may write

(30.4) SxT= Y ¥ (9)ax)+(g, *f).

Ipism |ql<sm(k)

It is not difficult to see that

(&, * F)®) = [ £,(x — ) f,(») dy,



318 DUALITY. SPACES OF DISTRIBUTIONS [Part 11
that g,  f, is a continuous function, and that
g *FEN < C [+ 12—y DI £ dy
SO+ 1) [ (1 + 1y DF 1) dy

<SG+ [+ 1y dy
L Cy(1 4+ |x|)* since hzk+n+ 1.

This proves that g, x f, isslowly increasing at infinity and, therefore, that
Sx* T, given by (30.4), is a tempered distribution.

We go back, next, to Fourier transformation. Observe that both @,,
and @ are linear subspaces of #’; the Fourier transformation is well
defined for these sets of distributions. Furthermore, we have the
following result:

TuroreM 30.3. The Fourier transformation is a one-to-one linear map
of O onto Oy and of O, onto Of .

Proof. 1t is enough to prove that & maps O into @, and 0,, into
0. since &, which is the inverse of & in &', will obviously have the
same properties.

Let T € O; we use a representation of T as in Property (30.2):

T= Y (9oxyf,.

12| <m(R)

A straightforward computation shows that the Fourier transform T of T
is equal to

Y (2imgr fi(é)

|pi<m(R)

where
Fol§) = [ exp(—2im Cx, ) fol) d.
Let & be an arbitrary integer; choose # >k + n 4+ 1 and ¢eN?,

| ¢| < k. Then we may differentiate ¢ times £, under the integral sign.
We obtain, in this way,

@108) ()] < [ (2m) || fol)] dx

< C [ @nlx ot + | x )" dx,
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from which one derives easily that £, belongs to #*(R,,); thus T' € ¥*(R,);
since k is arbitrary, this means that T is a ¥ function. Furthermore,
since all the derivatives of order <k of the f, are bounded functions,
we have, for every ge N*, | ¢ | < A,

l(810€) T(£)| < C(1 + | £ |ym™

for all ¢ R, and a suitable constant C > 0, independent of £. This
shows that T 0,, .

Let, now, a € @,, . If & is an arbitrary integer > 0, there is an integer
m = m(h) > 0 and a constant C > 0 such that, for all x,

Y 1(8)ax) ofx)) < C(1 + | = [2ym.

la|<h

Set, then,
(30.5) Blx) = (1 + | % |3~ "1 ofx);

an easy computation shows that there is a constant C’ > 0 such that,
for all x e R,

(30.6) Y 1(2fox) Bx)) < C'(1 + | & [By"1,

lal<h

Let ﬁ be the Fourier transform of 8; we have

(2imé)s () = [ exp(—2im (x, £) (2/0x) Blx) d.

Combining this with (30.6), we obtain

(L+TEMIAOI<C [+ xmmtde =Cm

But Relation (30.5) means that

4 — (1 4 )m+n+llg’

T 4n
which shows that & € O . Q.E.D.
We prove now the announced extension of Eq. (30.1):

THEOREM 30.4. Let S€ %', Te 0., and « € O, . Then we have

(30.7) F(S*T)=FSFT;
(30.8) F(aS) = Foax FS.
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Proof. 1t suffices to prove (30.7). Indeed, the same formula is then
true with & replacing &, from which we derive

S«T=F(FSFT);

but #S may be replaced by S and FT by «; then S has to be replaced
by &S and T by #a (we have used Theorems 25.6 and 30.3).
In order to prove (30.7), we observe that we have

(F(S*T), ) =<(S+T,Foy =S, T+(Fo)).
But on the other hand, we have (cf. Theorems 30.1 and 30.2)

[T+ (Fo)lx) = (T, (Fo)x + 9)> =Ty, | exp(—2im {x + p, £) (£) dE).

Let us use a representation of T as in Property (30.2) with 2 > n + 1.
Then we see that

[T« (Folx) = ¥ [f»

|p<m(b)

[ exp(—2im <x + 3, £) imt)? 9(8) d| dy.

But we can interchange the integrations with respect to ¢ and y, since
(by our choice of 2 > n + 1) all the functions f, are integrable. We obtain
immediately

(T+(FR) = ¥ [ exp(—2im x, £) Q2ime) £(£) ol6) dé

[Pl mih)
= [F(F T)e)l(x).
Thus we have obtained
KF(S « T), @) =<(FS,(FT)p),

which is exactly what we wanted to prove.

From Egs. (30.7) and (30.8), one easily derives the following formulas,
valid for an arbitrary polynomial P(X,,..., X,) in = variables with
complex coefficients, for any vector a € R*, for any tempered distribution
S in R™:

(30.9) F(P(2/0x)S) = PQint)(FS);
(30.10) F(P(x)S) = P~ ;- 0/0¢) (FS);

(30.11) F(7.8) = exp(—2in <a, £5) (FS).
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It suffices to observe that

P(8/0x)S = [P(2/8x) 8] +S, 7,8 =8, *S.

Exercises

30.2. Compute the Fourier transform of the distribution ¢'1#I2. From the fact that
‘1712 belongs obviously to &, , derive that €l*I2 belongs to @ (cf. Exercise 30.1). Conclude
that there is no natural way of establishing a duality between @y, and 0.

30.3. Let H’ be the space of analytic functionals in C", Exp the space of entire functions
of exponential type in C*, & the Fourier—Borel transformation H’ — Exp (Definition
22.3). For all pairs u, ve H’, let us set

pry = FNFu Fy).
Prove that the star composition law, which is called convolution of analytic functionals,
turns H’ into a commutative ring with a unit element, and that, if we embed ¢’(R") into
H’(Cn) (by transposing the restriction to the real space, H(C") — ¥=(R")), the convolution
in H’ induces the convolution of distributions with compact support in R".

Define and state the basic properties of the convolution h * u of an entire analytic
function k € H(C") with an analytic functional u € H(C").

30.4.  Let X be the set N*. Let E be the space of complex functions in X with compact
support, and F the space of all the complex functions-in X; E will carry the topology
inductive limit of the spaces E,, (space of functions p ~+ f( p) which vanish identically for
|p| > m;m = 0,1,..); F will carry the topology of pointwise convergence in X. It is
clear that

F=- Y f(p) X»

peN™®

is a TVS’isomorphism u of F onto 2, , the Fréchet space of formal power series with
complex coefficients in 7 indeterminates X = (X| ,..., X,). The restriction of the same
mapping to E is a T'VS isomorphism v of E onto %, , the LF-space of polynomials in n
letters.

We define the convolution in F

(@) ~frg:p~ Y f(p — e,
a<p

where ¢ <\ p means ¢; < p; for everyj = 1,...,n.

Describe the relations between u, v, their transposes, #, , ¢, , also between the transforms,
under # and v, of multiplicative products and convolutions of functions on X, and the
transforms, under ¢, and ¢, , of products of polynomials and formal power series.

30.5. Prove that there are no zero divisors in the following convolution algebras:
&, 0., D (see Exercise 27.6).
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The Sobolev Spaces

In the previous chapters, the main body of distribution theory has
been described. Needless to say, the applications of this theory to
analysis often require a much more detailed study of particular classes
of distributions. The present chapter is devoted to the elementary theory
of such a class, which has come to play an increasingly important role
in the theory of partial differential equations. These distributions are
grouped into a succession of spaces, the so-called Sobolev spaces and
their variants. This succession, or ladder, of spaces is built on a notion
of order of a distribution which is somehow different from the notion
introduced in Definition 24.3 and turns out to be better adapted to the
study of a large number of problems. Instead of looking at distributions
which are sums of derivatives of order <<m of Radon measures
(Theorem 24.4), we may look at distributions which are sums of
derivatives of order <(m of functions belonging to L? (1 < p << 4 ).
The advantage lies in the fact that the spaces LP are much easier to
manipulate than the space of Radon measures; for one thing, the dual
of L? is as well known as L? itself, provided that p be finite, for it is
nothing more than L?, p’ = p/(p — 1).

The distributions of order <(m (in the sense of Definition 24.3) form
a space which is the dual of €7 (m-times continuously differentiable
functions with compact support). One may say that the concept of a
distribution which is a sum of derivatives of order <{m of Radon measures
is the dual of the concept of a function (with compact support) whose
derivatives of order <{m are continuous functions. A similar fact occurs
in the theory of Sobolev spaces: for p > 1, the concept of a distribution
which is a sum of derivatives of order <<m of L? functions is, in a sense,
the dual of the concept of a function whose derivatives of order <m
belong to L? (again, p’ = p/(p — 1)) and furthermore, which is the
limit (in a natural way) of ¥ functions. We shall now proceed to give
a precise form to these ideas.

In the forthcoming, £ will be an arbitrary open subset of R®, m an
integer = 0.

322
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Definition 31.1. Let p be a number such that 1 < p < +-00. We denote
by Hrm(§2) the set of distributions u in 2 such that all derivatives of order
<m of u belong to L?(L2).

If ue H?™(£2), we have ueLP(£2): thus u is a locally integrable
function in 2 (Theorem 21.4). The space H?™({2) is equipped with the
natural norm:

1/p
(31.1) uw( y I(@/@x)"u(x)P’dx)

lalgm ¥ 2

By a we have denoted an n-tuple « = (a, ,..., a,). The norm (31.1) will
be denoted by || u |, .o, or simply by || «]|, ., when there is no risk of
confusion. As we shall soon see, the case p = 2 is particularly important;
in this case, the norm (31.1) will usually be denoted by || u |, .

ProrositioN 31.1.  The norm (31.1) turns H?™(£2) into a Banach space.

Proof. Let {u;} (k =1,2,..) be a Cauchy sequence in H?-"(Q); for
each n-tuple « such that | a | < m, {(8/0x)*u,} is a Cauchy sequence in
L»(Q), and therefore converges in this space to a limit *. In particular,
{uz} converges in L?(2) to a limit # = «° Since the differential operators
(9/0x)= are continuous mappings of 2'(£2) into itself, (8/8x)*u, converges
in 2'(2) to (2/0x)*u; because of the uniqueness of the limit in a Hausdorff
space, we must have u* = (9/dx)u. Q.E.D.

CoroLLARY. The norm (31.1) turns H2™() into a Hilbert space.

It suffices to combine Proposition 31.1 with the remark that, when
p = 2, the norm (31.1) is associated with the sesquilinear form

(31.2) (Uv) ~ ¥ f (8/0x) u(x) (B]ox)* v(x) dx.

lej<m

Usually, we shall denote (31.2) by (%, ¥)n, o Or (4, V), -

The natural injection of H?™(£) into L?(£2) and, a fortiori, into 2'(£),
is continuous. Also note that we have H?-™1(Q2) C H?™(Q) for m, = m,
and that the norm of the natural injection of the first space into the
second is <1 (in fact, it is equal to one as is easily seen). Animportant
feature of the Banach spaces HP™({2) is that, in general, they are not
normal spaces of distributions; that is to say, €7(£) is not dense
in H?Pm(Q) (this is only true in general, of course, since ¥;(£2)
is obviously dense in HP™() when p < 400 and m = 0 or when
p < +o0 and 2 = R” as will soon be shown).
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Definition 31.2. We denote by HE ™) (1 <p < +oo,m=1) the
closure of €2(Q2) in HP™(Q).

Notice that the norm of a function ¢ € €7(2) in H?P™(Q) is equal to its
norm in H?™(£’) for all open sets ' containing 2. This means that the
natural injection of €°(2) into €7 (£2') can be extended as an isometry
of Hy'™(£2) into HF™(£2'). We shall denote by u ~ | «||, ,, the norm
(31.1) on HF"™(L2).

From Proposition 31.1 and the fact that a closed subspace of a Banach
space (resp. of a Hilbert space) is a Banach space (resp. a Hilbert space),
we derive:

ProposITION 31.2. HE™Q)is a Banach space (1 < p < +00); H3™()
is a Hilbert space.

In order to see that HJ™({2) is, in general, a proper subspace of
Hr™(Q), we might look at the case of a bounded subset 2 of R*, when
2 =2 and m = 1. In this case, the orthogonal of €2(2) in H2(Q) is
made up by the elements H?2(Q) satisfying («, ¢), = O for all ¢ € € (2);
but (cf. (31.2)):

(o = [ B dx — 3 [ ute) @) o)

which shows that these elements u are the solutions of the partial
differential equation (to be understood in the sense of distributions in £)

(31.3) u— Adu =0,

where 4 = (8/dx,)* + -+ 4 (0/dx,)? is the Laplace operator. It is easy
to see that there are elements u of H?:'(L2) which satisfy (31.3): in fact, it
suffices to take the restrictions to £ of the solutions of (31.3) in the whole
space R™. One can show that these solutions are ¥ in R?; since 2 is
bounded, their restrictions obviously belong to H?™(Q) for all m > 0.
If one does not want to use this result, one may take the restrictions to
Q of the functions x ~ e*'® where { € C" satisfies the equation

Y @r=1
o1

Since H}™(£2) is a normal space of distributions in £, its dual may
be canonically identified with a space of distributions in £2, which we
describe now, in the case where p << 4 0.

Definition 31.3. We denote by HP—™(2) (1 <p < +o,m =1) the
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space of distributions in §2 which are equal to a finite sum of derivatives of
order <<m of functions belonging to LP(£2).

Suppose that 1 < p < 40 and set p' = p/(p — 1). If ue H”—™(Q),
there are functions g, (x € N*, | « | < m), belonging to L?'(R2), such that

u= Y (8/oxyz..

lal<m

If, then, ¢ € €(£2), we have

¢y = T (=) [ g.x) (0/ox)y () d,

e[ < m

whence, in view of Hélder’s inequalities (Theorem 20.3),

Kyl < Y gl 1(2fox)yd lie < Clillm,n »
laj<m
This shows that ¢ ~ {(u,$> can be extended, in a unique way, as a
continuous linear form on H*™(£2); let us call this extension the canonical
extension of u to HY™(£2).

ProposiTiON 31.3. Let p =1 be finite, and m an integer >=1. The
canonical extension is a one-to-one linear map of the space H?'-—™() onto
the dual of Hf™(£2).

We recall that p’ = p/(p — 1).

Proof of Proposition 31.3. We have seen that the canonical extension
is “into”; it is of course linear, and it is one-to-one since %, (£2) is
dense in H ™). We must therefore only show that it is onto. This is
very easily done in the following way. Let N = N(m, n) be the number
of n-tuples o = (o;,..., &) such that |a| =0 + - + o, < m; let
E be the product space of N copies of the space LP(£2), equipped with
the product topology: an element f on E is an N-tuple (f,) whose
components are elements of LP($2); the topology of E can be defined by
the norm (f) ~ (Xu<m | folfom)'? which turns E into a Banach
space (a Hilbert space if p = 2). The dual of E is canonically isomorphic
to the product of N copies of the dual of L?(R2), which is canonically
isomorphic with L?'(€2) (Theorem 20.3). On the other hand, there is a
canonical isometry of H?m(Q2), and therefore of HE"™(S2), into E, namely
the mapping

(1.4 v > ((8/0%F0) ey <m -
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If we transpose this mapping, we obtain a continuous linear map of E’
onto the dual of HY™(£2): that the last map is onto follows immediately
from the Hahn-Banach theorem. Indeed, any continuous linear form
on HY"™(£2) can be transferred as a continuous linear form on the itmage
of HY™£2) under (31.4) and then extended to the whole of E as a
continuous linear form; the image of the latter under the transpose of
(31.4) gives back the form on Hf™(2) we started from.

Let, now, L be a continuous linear form on H}™(£2); it is the image, by
the transpose of (31.4), of an element of the dual of E, that is to say of an
N-tuple (g,) of functions g, e LP'(£); if wesetu = X, < (-1)*(8/0x)%g. ,
we see immediately that L is the canonical extension of #: it suffices to
compare L(¢) and <{u, ¢} for all ¢ € €(£2).

Remark 31.1. We may define on H?-—™({2) the following norm:

N , 1/p’
Nl =inf (T 182 )

la]<m

where the infimum is computed over all the representations of # of
the form

u= Y (9oxyg,, g.eL¥Q).

laf<m

Then, inspection of the proof of Proposition 31.3 shows that the canonical
extension is an isometry of HP"~™(£2)onto the dual of Hf ™(£2) (provided
with the dual norm).

Again, the case p = 2 is worth examining more closely. Let | be the
canonical isometry of the Hilbert space Hg™(£2) onto its anti-dual
(Theorem 12.2), and let K be the inverse mapping of the canonical
extension, K : (HZ"™(Q))' — H?~™(Q). If L is a continuous antilinear
functional on HZ™(2),Lis a continuous linear functional on thesamespace;
we then define R(L) = K(I) (the complex conjugate of any distribution
Tisdefined by (T, ¢> = (T, >, ¢ € €*); thus K is a linear isometry of
the anti~dual of H3™(£2) onto H2~™(RQ) (cf. Remark 31.1). Finally, we
have obtained a linear isometry of HE'™(£2) onto H®~™(£2), namely the
compose K o J. We may refer to this linear isometry as the canonical
isometry of H¢™(£2) onto H2—m($Q).

PropPosITION 31.4. The canonical isometry of Hy™(2) onto H2—™(Q) is
the map
u~ Y (—1)=l(e/ox)u.

jal<m
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We have used the notation 2a = (2« ,..., 2a,). For example, we see
that, if m = 1, the above canonical isometry is the mapping

u ~u — Adu, 4: Laplace operator.

The proof of Proposition 31.4 consists essentially of the remark that,
for u € H™(2) and ¢ € €2(£2), we have

@ = % (—1)= [ ulx) (2/0x) () dx.

lsl<m

We leave the details to the student.

CoroLrarY. For all m=1,2,.., H>™(Q) is a normal space of
distributions.

Indeed, the canonical isometry of HZ™(2) onto H?*m() maps
€2(£2) into itself; but the image of a dense subset under an isometry
onto is a dense subset.

We have defined HJ™(2) and H?—™(2) only for m > 1; it is clear
that we could have defined these spaces also for m = 0, taking them to
be equal to H?9() = Lr(£).

We now center our attention on the case £ = R".

ProposiTiON 31.5. Let us assume 1 < p < +o0o, m > 1. Then €7 (R™)
is dense tn H? ™(R™).

Proof. By cutting and regularizing (cf. Chapter 28). Let g€ % be
equal to one in the ball {x; | x| < 1} and to zero for | x | > 2. Set

gu(x) = g(x[k), k=1,2,...

The function g, is equal to one for | x | < k and to zero for | x | > 2k.
Let u be an arbitrary function belonging to H?™(R"), and D any one of
the differential operators (8/éx)*, |a| < m. We have, by Leibniz’
formula,

o

Digw) —guDu=_ 3 (o) [@/0xPeil(0joxy—*u

0#8<a

whence

[1D@w) —gDupds<C 5 [ (6foxpulax,

1Bl <m
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Here, C is a positive constant independent of 2 = 1, 2,...; if we choose
suitably, we may also write

f|ngu—Du|vdx<cf | Du |? dx,

|2l>k

Since (8/ox)ru € L(R") for |y | < m, we see that, as k — o0,

[| D(gxte) — Du|lprmm < || D(gstt) — giDu |l rmny
+ | g«Du — Du||p2rny — 0.

This proves that g,u converges to » in H?"(R"). In view of this fact, it
suffices to prove that every distribution ue H?"(R") with compact
support is the limit of a sequence of test functions. In order to prove this,
we need not assume 2 = R™.

LemMma 31.1. Let p = 1 be finite. Every uc HP™(Q) having compact
support is the limit of a sequence of functions belonging to € (S2).

Proof of Lemma 31.1. Let p be the usual function employed to define
mollifiers (e.g., see Lemma 28.1); set p,(x) = & p(x/e) for ¢ > 0. For ¢
sufficiently small, the support of p x# is contained in £; of course,
p.x uis a €¢ function. Itis enough to prove that, for all #-tuples a such
that |o| << m, when k2 — 00, (8/8x)*(py/, * ) converges to (9/ox)*x in
Lr(Q). Since

(@fox)(p, % u) = pox (2]0x)°w,

it suffices to prove that p,/; * v — v in LP(R"), as k— + 0, where now v
is an arbitrary function in L?(R"), not necessarily with compact support.
The shortest proof of this fact is based on a consequence of the Banach-
Steinhaus theorem, which will be stated and proved later on
(Theorem 33.1). Anticipating a little, the consequence relevant in the
present situation is the following one: let E be a Banach space, and
{uw;} (k =1, 2,...) a sequence of continuous linear mappings of E into itself
with the following two properties: (1) there is a constant C > O such that
the norm of u,, is < C for all k; (2) there is a dense subset A of E such that
u;(x) converges to x in E, as k — +0o. Under these circumstances, u;(x)
converges to x as k — + oo for every x € E (and not only for every x € 4).
We apply this to the sequence of mappings u ~ py;; *xu of LP(R™) into
itself. The hypotheses of the preceding statement are satisfied. Indeed,
the norms of these mappings are <[|py/ille = |l pllir (Corollary 2 of
Theorem 26.1); when k — + 00, py/; * # converges uniformly to # in R”
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provided that u be continuous and have compact support (Lemma 15.2);
we know that €72 is dense in L?(R*) (Theorem 11.3). We conclude that
u = lim,_, (py, *u) for all ueLP(R*). This proves the lemma and
consequently also Proposition 31.5.

Remark 31.2. Lemma 31.1 proves that the elements of H?™({2)
(I < p < +4») which have compact support (contained in £2!) belong
to HY™(£2).

Since H?m(R») C LP(R"), we see that all the distributions which
belong to the spaces H?™(R") are tempered, and so also are the
distributions belonging to H?—™(R"), as follows immediately from their
definition. This fact enables us to perform the Fourier transformation on
the distributions belonging te H?*(R"), where now % is an integer, =0
or << 0. We shall restrict ourselves to the case p = 2, which is the most
simple to study, in view of the fact that the Fourier transformation is an
isometry of L*R") onto itself (Plancherel formula, Corollary 1 of
Theorem 25.2).

ProPOSITION 31.6. Let k be an integer = 0 or << 0. A distribution u belongs
to H2K(R") if and only if u is tempered and if its Fourier transform 4 is a
function which is square integrable with respect to the measure (1 + | £ [2)* dE.

Proof. Suppose first that & is > 0. For all #-tuples « whose length
|| 1s <k, we have (8/ox)u € LR"*); by Fourier transformation, this
means that &4 e L¥R,), which implies immediately our assertion in
this case.

Suppose now k << 0. By Proposition 31.4, every element of H%*(R")
is of the form Y, < i (—1)*(2/2x)%u, with ue H*¥(R"). Performing
a Fourier transformation and applying the result when k& > 0, we obtain
the desired conclusion easily.

Proposition 31.6 points to the natural way of interpolating the spaces
H2¥(R#), that is to say of incorporating them in a one-parameter family
of Hilbert spaces. The interpolation is achieved by the spaces H*
(s real arbitrary) defined in the following way:

Definition 31.4. Let s be an arbitrary real number: H®, or H(R"), is the
space of tempered distributions u whose Fourier transform 6 is a square-
tntegrable function with respect to the measure (1 + | £ |2)® d€.

Thus, u € H* means that (14 | £ |%)*/24 € L% Proposition 31.6 says that
H* = H?%R™) when s is an integer >0 or < 0. On H*, we consider the
Hermitian product

@, 0) = [ HOTD (1 + | £ 1) d,
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and the associated norm
1/2
lully = ([ 146 (1 + | € %) d¢)

ProposiTiON 31.7. The Hermitian product ( , ), turns H® into a
Hilbert space.

This is nothing else but the well-known statement (Fischer-Riesz
theorem) about the space L? relative to a positive Radon measure. For
s > ¢', there is a natural injection, continuous with norm <1, H*— H*¥
In view of the Plancherel theorem, H° is identical with L%R®) as a
Hilbert space (which is to say that the identity applies to Hermitian
products and norms).

Note that ¢ ~ (1 + | € [2)*/2 is a €* function in R,, belonging to 0,,;
its Fourier transform is a distribution belonging to @¢ (Theorem 30.3)
which we denote by U,. We may consider the convolution mapping
S ~ U, x S, which is a continuous linear map of the space &’ of tempered
distributions into itself (Definition 30.1). The next result follows
immediately, by Fourier transformation (see Theorem 30.4):

ProPOSITION 31.8. Let s, a be two arbitrary real numbers. The convolution
u~Usxu

is an isometry of H**e onto H®

In particular, ¥ ~ U, * u is an open isometry of H*onto H° = L} R™).
Thus, we see that the normed spaces H* are all copies of L%(R"). This
fact implies that H® is a Hilbert space for all real s; on the other hand, as
&L (R™) = & is a dense subspace of L{R") and as ¢ ~ U, x ¢ is obviously
a continuous linear map of .# into itself, and because the image under an

isometry onto of a dense subset is a dense subset, we obtain the following
result:

ProposiTiON 31.9. The injection S — H? is continuous and has a dense
image. In particular, H® is a normal space of distributions in R™.
On the product H* X H—* we may consider the bilinear form
(31.5)
(,0) = (Uy e, U_yx8)g = [ (141 £12)28(8) (1 + | £ )2 6(—¢) dE,

where ¢ is the complex conjugate of v. If v belongs to &, we have

(U, su, U_yx8)y = f 4(€) H(—€) dE = (Fu, Fv> = <u, v,
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where the bracket is the bracket of the duality between & and %’ and
where we have used the definition of the Fourier transform of a tempered
distribution. The above remark justifies the use of the notation
(4, v) ~ {u,v> for the bilinear form (31.5). Observing that u e H*®
implies U,, *xu € H~%, we obtain the following:

Ga, Uggxtiy = (Ugxu, Uy xu)y = || u).
If v is a second element of H*, we have
{uy Ugy x 0y = (u, )5 .
Using these facts, we see easily that the following is true:

ProPOSITION 31.10. The bilinear form (31.5) turns H® and H—* into the
dual of each other; the mapping u ~ U,, x4 is the canonical antilinear
isometry of the Hilbert space H® onto its dual, H.

When s is a nonnegative integer, the mapping u ~ Uy, * u is nothing
else but the differential operator u ~ (1 — 4/4w%?*u, where 4 is the
Laplace operator (cf. Proposition 31.4).

The one-parameter family of spaces H® is often used to measure the
regularity of distributions. The next result throws some light on this
role of the spaces H?;

ProrosITION 31.11. If s> nf2, the elements of H® are continuous
Junctions,

Proof. Let s be > nf2, $ € &. We have, by Schwarz’s inequality,

f ]9§(§)| dé < f |¢§(f)| (1 + | 512)3/2(1 + | flz)—s/z d¢
<lélls (f(l gy dg)uz.

By extending this inequality from % to H®, we see that the Fourier
transformation maps H*® into LY(R,). In other words, every function
u€ H*® is the inverse Fourier transform of an integrable function.

Proposition 31.11 then follows immediately from the Lebesgue theorem
(Theorem 25.3).

COROLLARY. Let m be an integer > 0. If s > m + n[2, the elements of
H? are m times continuously differentiable functions in R™.
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Indeed, if u € H3, (8/ox)u € H*—™ for all n-tuples «, | « | < m, as one
can check easily. If s — m > n/2, (8/0x)*u is a continuous function.

Finally, we must mention the spaces of distributions with compact
support, on one hand, and the local spaces of distributions, on the other,
that one builds out of the Banach spaces H?-™. Let £, as before, be an
open subset of R”, and K an arbitrary compact subset of 2. We shall
denote by H?™(K) (1 < p < +00, m: integer > 0 or < 0) the space of
distributions in R™ which belong to H?™(R™) and have their support
contained in K; we equip H?-™(K) with the norm induced by H?-™(R")
with which it obviously becomes a Banach space (a Hilbert space if
p = 2). Then, by H?"™(2) we denote the inductive limit of the spaces
Hr™(K) as K ranges over the family of all compact subsets of £.
Obviously, H?"™(£2) is a space LF.

If ' is an open subset of £2, let us denote by T | Q' the restriction
of a distribution 7' in 2 to £2’. We then denote by H{,7(2) (1 < p < +00,
m: integer > 0 or < 0) the space of distributions T'in £ such that T | '
belongs to Hrm(Q") for all relatively compact open subsets Q' of 2. We
equip H; foo TH82) with the least-fine locally convex topology such that all
the mappings T ~ T |’ from H{;T(£2) into H?™(£') will be continuous
(2’ C 2 and compact). By taking a sequence of relatively compact open
sets £’ whose union is equal to £, one sees that HI;7(£2) is a Fréchet
space.

For s real, not necessarily an integer, the space H(£2) can be defined
exactly in the same manner as we have defined the HP?™(R2) above: as
the inductive limit of the Hilbert spaces H¥(K) = {u € H?; supp u C K},
equipped with the Hilbert space structure induced by H¢, as K ranges over
the compact subsets of 2. However, we cannot define the spaces H} ,00(9)
in exactly the same manner as the spaces Hf;™(£2), for we have made use
of the spaces HP-™(£2), which have no equivalence here (at least in the
framework to which we have limited ourselves). But the difficulty is
easily turned by using cutting-off functions. Thus H§,.(£2) is the space
of distributions T in 2 such that, for every ¢ € €2(£2), ¢ T belongs to H*.
We equip Hj,,(£2) with the least-fine topology such that all the mappings

~ ¢ T from H3, (L) into H® will be continuous (as ¢ ranges over €¢(£2)).
As we could have limited ourselves to a sequence of functions ¢ equal -
to one on (relatively compact) open subsets whose union is equal to £,
we see that H{,,(£2) is a Fréchet space. Needless to say, we could have
defined Hﬁ,;"(g) in the same fashion and the two definitions agree when
p = 2 and s is an integer, equal to m.

Many of the basic properties of the spaces HY () and HET(S2), as well
as H3(2) and Hj, (), will now be stated in the exercises, to be proved
by the student. But one property, which is a trivial consequence of
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Proposition 31.11 and of its corollary, should be mentioned right now,
namely that
Q) = Q Hp (@), =) = () HYQ).

seR

But the student should be very careful not to think that the last one of
these equalities extends to the topologies: it is not true that a subset of
%7(L2) is a neighborhood of zero in this space only if it is the intersection,
with €¢(£2), of a neighborhood of zero in some space Hi({2) (this is true
however, when the subscript ¢ is replaced by loc, so that the first
equality indeed extends to.the topologies). These facts are connected
with the “dual” (see Exercise 31.4) equalities

(31.6) &(Q) = ) H(®),
(31.7) 27 = U Hiod®),

where 2'F(£2) denotes the space of distributions of finite order in L.
The validity of (31.6) and (31.7) follows from the fact (Corollary 2 of
Theorem 24.5) that a distribution of finite order is a finite sum of
derivatives of locally L? functions and that multiplication by a test-
function does not alter the value of the maximum order of these
derivatives. By Fourier transformation, one checks immediately that
every distribution with compact support of order < 7 belongs to some
space H}(£2) with s depending only on m and on 7 (dimension of the
surrounding space, R™).

Exercises

31.1. Let 4 be the Laplace operator in # variables, and A a number > 0. Show that
to every f € H*~Y(£2) there is a unique u € Hy"*(£2) such that

(4—2u=f

H* Q) = HFY(Q) @ N,,

where @ means Hilbert sum and N, is the subspace of H%!(£) consisting of the solutions
of the homogeneous equation (4 — A)u = 0 (the student must therefore also prove that
N, is closed).

and that

31.2. Let 4 and A be as in Exercise 31.1. Prove that to every f € H%-1(£) and to every
g € H*Y(2) there is u € H*(£) such that

a4 - Du = f, u-—ge H:‘(Q)
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31.3. Prove that HE™Q), H*™(2) (1< p < +o,m=0, £1,.) and H} (),
H:(£) (s real) are normal spaces of distributions.

314. Let 1 < p < 4+ and 1 < p’ < + o be such that 1/p + 1/p° = 1. Prove
that the transpose of the canonical injection €2(22) — HE:(£2) is a TVS isomorphism of
the strong dual of H],2(£2) onto H? "—m(2) C 9’(2) (the latter H space carries the inductive
limit topology of the H?»—™(K), K : compact subset of £2). Prove that H)() and H (£)
are (in a natural way—to be made explicit) the dual of each other.

31.5. Motivate the assertion that the topology of ¥ (£2) is not the intersection of the
topologies of the spaces H(£),s € R,

31.6. Prove that the topology of 2'(£2) is the least-fine locally convex topology such
that all the restriction mappings T ~ T | 2’ from 2’(2) into H,,7(£’) are continuous as £’
ranges over the family of all relatively compact open subsets of 2 (H7(£’) is the vector
space | Jycr Hioo(2) equipped with the finest locally convex topology such that the
injections H} (2) — H[ 7(8’) are continuous).

31.7. Let ¢ € €7(£2). Prove that u ~ ¢u is a continuous linear map of H?»™(£) into
H™Q)U<<p< +oo;m=0, £1, £2,.).

31.8. Prove that (¢, u) ~ ¢u is a continuous bilinear map of & x H’ into H* (Hint:
use the corollary of Theorem 34.1).
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Equicontinuous Sets of Linear Mappings

In the previous chapters, we have presented the theory of distributions
in the form given to it by L. Schwartz. Most of the spaces of distribu-
tions have been introduced as duals of suitable spaces of ¥ functions.
The basic operations on distributions (differentiation, multiplication by
functions, Fourier transformation, convolution) were systematically
introduced as transposes of similar operations defined in classes of €
functions. What we were required to know about topological vector
spaces is remarkably little. Practically the only theorem we have made
use of is the Hahn-Banach theorem (Chapter 18). The only concepts
we have been manipulating are the dual of a locally convex Hausdorff
space and the transpose of a continuous linear map. But now the time
has come to investigate in greater detail the structure of the spaces of
functions and distributions which have been introduced, and, in order
to do that, we must go back to abstract functional analysis. We shall
now direct our efforts toward one of the most important results on
topological vector spaces, the Banach—Steinhaus theorem. This theorem
generalizes a property of Hilbert spaces, which goes back to the early
part of the century and has long been known as Osgood’s theorem or,
sometimes, as the principle of uniform boundedness, and which states
that every weakly converging sequence in a Hilbert space is strongly
bounded, i.e., is bounded in norm. The generalization which we shall
present is due to N. Bourbaki; it has an optimal range of application,
as far as our purposes are concerned. It deals with the space L(E;F)
of all continuous linear mappings of a Hausdorff TVS E into another
one, F (eventually, E will have to be barreled and F locally convex). We
shall first provide L(E;F) with various Iocally convex topologies, in
straight generalization of what we have done in Chapter 19, when we
have defined the various dual topologies. As we did there, we begin by

considering a family & of bounded subsets of E, satisfying the following
two conditions:

(&) If A, Be @, there is C€ G such that AU BC C.
(Gu) If AeC and A€ G, there is B e & such that AA C B.

335
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Consider, then, a bounded subset B of E and a neighborhood of zero,
V, in F; this pair of sets defines the following subset of L(E; F):

U(B; V) ={uel(E;F),u(B)CV}.

ProprosITION 32.1. The subset %(B; V) of L(E;F) is absorbing; it
is convex (resp. balanced) if V is convex (resp. balanced).

Proof. The part of the statement about convex and balanced sets is
obvious. Let u be an arbitrary continuous linear map of E into F; we
know that the image of B under u, (B), is bounded in F (Proposition
14.2), therefore there is a number A 7= 0 such that #(B) C AV, which
means that

Xlue¥B; V) or uel#B;V). Q.E.D.

When B varies over a family S of bounded subsets of E satisfying
(S;) and (&), while V varies over a basis of neighborhoods of zero in
F, the sets #%(B; V) form a basis of filter in L(E; F). The filter they generate
is the filter of neighborhoods of zero in a topology on L(E; F) which is
compatible with the linear structure of L(E;F). In order to see this,
it suffices to apply Theorem 3.1 and Proposition 32.1, combined with
the remark that, if VC W CF, then %(B; V)C % (B; W).

Definition 32.1. Given a family of bounded subsets of E, S, satisfying
Conditions (S,), (Sy;), we shall call S-topology on L(E; F) the topology
on this vector space defined by the basis of neighborhoods of zero consisting
of the sets

UB; V) ={uel(E;F);u(B)C V},

when B runs over S and V over an arbitrary basis of neighborhoods of F.
When carrying the S-topology, the space L(E; F) will be denoted by

LG(E;F).

The next statement generalizes results in Chapter 19 (in particular,
Proposition 19.1):

ProrositioN 32.2. IfF is a locally convex TVS, so is Lg(E; F). If F is
Hausdorff and if the union of the sets belonging to G is dense in E, then
Lg(E; F) is Hausdorff.

Proof. The first part follows immediately from Proposition 32.1. As
for the last part, let # € L(E; F) be nonzero. This means that there is
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an element x in some set B belonging to & such that u(x) = 0." Since
F is Hausdorff, there is a neighborhood ¥V of zero in Fsuch that u(x) ¢ V.
Hence we have w(B) ¢ V, ie, u¢ %(B; V).

If one prefers to visualize a topology in terms of convergence (rather
than in terms of neighborhoods of zero), the following can be said: To
any filter # on L(E; F) and to any point x of E, we can associate the
filter #(x) in F generated by the basis of filter consisting of the sets

M(x) = {u(x)e Fuec M},

where M varies over % . Then the filter & converges in the S-topology
on L(E; F) if the filters -#(x) converge in F, uniformly on every subset
of E belonging to the family &. For instance, suppose that both E and F
are normed spaces and that & is the family of all balls of finite radius
centered at the origin in E; then, a sequence of continuous linear maps
u, : E—F converges to zero in this G-topology on L(E; F) if and only
if the norms of the u, (cf. Part I, Chapter 11, p. 107) converge to zero.
Another important example is the case of G = the family of all finite
subsets of E; then & converges to zero in the G-topology if and only if
& (x) converges to zero in F for each single point x of E.

The families of bounded subsetsof E in which we are interested are
the same as in Chapter 19:

(1) The family of all finite subsets of E; the corresponding S-topology
is called the topology of pointwise convergence; when carrying it, the space
L(E; F) will be denoted by L,(E; F) (many authors write L (E; F) instead,
but we shall make the notation consistent with the one used in the duality
case, when F is the complex field C: then, of course, L(E; F) = E’ and
E, is precisely the weak dual of E).

(2) The family of all convex compact subsets of E (the S-topology is
then the topology of comvex compact convergence); equipped with it,
L(E; F) will be denoted by L(E; F).

(3) The family of all compact subsets of E, which leads to the topology
of compact convergence; equipped with it, L(E; F) will be denoted by
L(E;F).

(4) The family of all bounded subsets of E, leading to the topology
of bounded convergence; thus topologized, L(E; F) will be denoted by
Ly(E; F). In agreement with the definitions of Chapter 19, L(E; C) =
E; , strong dual of E.

t Right at this point, one sees that we needed not assume the union of the sets in &
to be dense but only fotal, i.e., to span a dense linear subspace.
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If we call o, ¥, ¢, b the topologies above, we see that each one is locally
convex Hausdorfl whenever this is true of F; we have the following
comparison relations:

oxyxcxb

Observe that this implies that a subset of L(E; F) which is bounded for
one of these topologies is also bounded for the weaker ones. In particular,
any b-bounded set is o-bounded. For the time being, we shall center
our attention on the two extreme topologies, ¢ and 4. The result which
we are seeking concerns o-bounded and #-bounded subsets of L(E; F),
as well as equicontinuous sets of linear maps, which we must now
introduce. We have already defined equicontinuous sets of mappings
of a topological space X into a 'TVS F (Definition 14.3). In the particular
case of linear mappings, the definition is simplified (cf. the fact that a
linear map is continuous everywhere if and only if it is continuous at
the origin):

Definition 32.2. Let E, F be two TVS. A set H of linear maps of E into
F is said to be equicontinuous if, to every neighborhood of zero V in F, there
is a neighborhood of zero U in E such that, for all mappings u € H,

xelU  implies u(x)eV.

The condition in Definition 32.2 can be rewritten in a variety of
ways: H is equicontinuous if, to every neighborhood of zero V in F,
there is a neighborhood of zero U in E such that

(32.1) HU)= ) wU)CV,

ueH

or, equivalently, if, given any neighborhood of zero V in F,

(32.2) HY V) = () uX(V)

ueH

is a neighborhood of zero in E.

We are now going to state and prove a few simple properties of
equicontinuous sets of linear maps. It is obvious that a subset of an
equicontinuous set is equicoritinuous. Moreover:

ProrosiTION 32.3. Let E, F be two TVS; suppose that F is locally
convex. Then the balanced comvex hull of an equicontinuous subset of
L(E; F) is equicontinuous.
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Proof. Let H C L(E; F) be equicontinuous, and K the balanced convex
hull of H. Let V be an arbitrary neighborhood of zero in F; let W be
another neighborhood of zero in F which is balanced, convex, and
contained in V. By hypothesis, there is a neighborhood U of zero in
E such that H(U) C W; hence the balanced convex hull of H(U), which
is obviously K(U), is contained in the balanced convex hull of W, which
is equal to W and therefore contained in V. Q.E.D.

Let us denote by FE the product set [ 1.z F,, where F is a copy of
F for every x € E; FE is then equipped with the structure of product
topological vector space. A basis of neighborhoods of zero in FE consists
of the sets

[1Ve,

zeE

where V is a neighborhood of zero in F for every x and where V, = F
for all x € E except possibly a finite number of them. The vector space
FE can be identified with the vector space of all functions (linear or
nonlinear) defined in E and taking their values in F, #(E;F). The
canonical isomorphism is the mapping

FE;F)af ~ (f(®)oee € [] Fo

zeE

In other words, this isomorphism assigns to a function fe F(E;F)
the element of FE whose projection on the “‘axis” F, is the value f(x)
of f at x, this for every x € E.

The canonical isomorphism & (E; F) =~ FF extends to the topologies
(i.e., becomes an isomorphism for the structures of topological vector
spaces) if we provide # (E; F) with the topology of pointwise convergence
and FE with the product topology. In particular, L,(E; F) can be regarded
as a linear subspace of FE: the o-topology on L(E;F) is exactly the
topology induced by FE.

It is not difficult to see that L(E; F) is not closed in #(E; F), in general.
In connection with this, we propose the following exercises to the
student:

Exercises

32.1. Let us denote by Z(E;F) the linear subspace of F#(E;F) consisting of all
linear maps of E into F, continuous or not. Prove that Z(E; F) is closed in #(E; F) (for
the topology of pointwise convergence).

32.2. Let E, F be locally convex TVS and E be Hausdorff. Prove that L(E; F) is dense
in Z(E; F) for the topology of pointwise convergence.
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32.3. Provethat L(E; F) = Y(E;F) if and only if E is finite dimensional and Hausdorff
(cf. Theorem 9.1).

32.4. What is the dual of Z(E; F)?
Using this dual and the Hahn-Banach theorem, give a second proof that L(E; F) is
dense in Z(E; F) when E and F are locally convex and E is Hausdorff.

In general, the closure in #(E; F) of a subset A of L(E; F) will not
be contained in L(E; F), i.e., will contain mappings which are linear
but not continuous. This is not, however, the case, when we deal with
an equicontinuous set of linear maps.

ProposiTiON 32.4. The closure of an equicontinuous subset H of L(E; F)
tn the space FE is an equicontinuous set of linear maps.

Proof. Let H be the closure of H in FE; H is a set of linear maps
(Exercise 32.1). Let V be an arbitrary neighborhood of zero in F,
W another neighborhood of zero in F such that W + W C V. There is
a neighborhood of zero, U, in E, such that H(U) C W. Select now an
arbitrary point x of U; to every v € H there is an element u e H such
that

u(x) € v(x) — W,

this follows simply from the fact that every neighborhood of v in FE
intersects H. It can be rewritten as v(x) € u(x) + W. But w(U)C W,
hence v(x)e W4 WC V. As x is an arbitrary point of U, we have
»(U)C V; as v is an arbitrary element of H, this proves the result.

PropPOSITION 32.5. On an equicontinuous set H of linear maps of E into
F the following topologies coincide:

the topology of pointwise convergence in a dense subset A of E;
the topology of pointwise convergence in E;
the topology of compact convergence.

Proof. 1t suffices to prove the identity, on H, of the first topology
with the third one. Let K be an arbitrary compact subset of E, and V
an arbitrary neighborhood of zero in F. Let W be another neighborhood
of zero in F such that W = — W and that W+ W 4+ WCV. Let us
select a neighborhood of zero U in E such that U = —U and that
HU)CW.

Since A is dense in E, the sets U + y form a covering of E as y runs
over A. Therefore there is a finite number of points y, ,..., ¥, in 4 such
that

KCU+y)U - U(U +3,).
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Let %, be an arbitrary element of H, and u an arbitrary element of
(32.3) uy + U({y1 v 33 W)..

If x is an arbitrary point of K, there is an index j such that x € U + y,
(1 <j<r). Then

u(x) — up(x) = [u(x) — u(y)] + [4(y;) — u(¥5)] + [uo(ys) — ().

In the right-hand side, the first and the last brackets belong to W since
x —y;€— U= U and H(U)C W, the middle bracket belongs to
W since u is in (32.3), hence u(x) — ug(x)e W+ W+ WCV. As
x is arbitrary in K, this means that u € 4y + %(K; V); as u is arbitracy
in (32.3), this proves the desired result.

Remark 32.1. One notices, in the preceding proof, that the set K
need not be compact, but only precompact (Definition 6.3): this means
that the topology of compact convergence could have been replaced,
in the statement of Proposition 32.5, by the topology of precompact
convergence.

PrROPOSITION 32.6. An equicontinuous set H of linear maps of E into F
ts bounded for the topology of bounded convergence.

Proof. We must show that H can be absorbed (or swallowed) by an
arbitrary neighborhood of zero in L (E; F). We may assume that this
neighborhood of zero is of the form %(B; V), where B is an arbitrary
bounded subset-of E and V, an arbitrary neighborhood of zero in F.
Since H is equicontinuous, there is a neighborhood of zero, U, in E,
such that H(U)YC V. On the other hand, there is a number A %0
such that B C AU, whence

A1 H(B)C H(U)C 7,

1.€.,
XUHC B, V) or HCIUB,V). Q.E.D.

In the remainder of this chapter, we center our attention on equi-
continuous sets of linear forms. In other words, F will now be the complex

field, C.

ProposITION 32.7. A set of continuous linear functionals on a TVS E
is equicontinuous if and only if it is contained in the polar of some neigh-
borhood of zero in E.

For the notion of polar, see Definition 19.1.
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Proof. Let H be an equicontinuous set of linear forms on E. Let us
denote by D, the closed disk of the complex plane centered at the
origin and having a radius equal to p. There is a neighborhood of zero,
U, in E, such that H(U) C D, , which means exactly that H C U°.

Let U, now, be an arbitrary neighborhood of zero in E; let us set
H = U°. For every p >0, we have H(pU) C D,. Therefore H, and a
fortiori any subset of H, is equicontinuous.

ProposiTION 32.8. The weak closure of an equicontinuous set of linear
forms on E is a compact subset of E. .

Proof. Let H be an equicontinuous subset of E’. Note that the closure
of H in E_ is identical to its closure in the product space

CE=]]C. (C.=C; see Proposition 32.4).

zeE

We may assume that H is equal to this closure. For each x € E, let us
denote by H(x) the set of complex numbers (', x> as x’ runs over H;
this set is closed. Moreover, it is canonically isomorphic to the coordinate
projection of H into the “axis” C,, in the product space CE. On the
other hand, H(x) is a bounded subset of C for all x. Indeed, this would
mean that H is weakly bounded; but we know that H is more than that:
H is strongly bounded, i.e., bounded in E; (Proposition 32.6). Thus we
see that H(x) is a compact subset of the complex plane C for all x € E.
At this stage, we use T'ychonoff’s theorem (see Exercise 6.1), which asserts
the following: let {X }(a € A) be an arbitrary family of compact topological
spaces, then the product topological space T1,., X. is also compact. Applying
this in our situation, we see that

[T H(x)

xeE

is a compact subset of CE. As H is a closed subset of it, we conclude
that H is compact. Q.E.D.

Exercises

32.5. L.t Ebeanormed space. Prove that, in the dual E’ of E, there is identity between
equicontinuous sets and strongly bounded sets.

32.6. Let us denote by 7,(a € R") the translation mapping f(x) ~ f(x — a). By using
Proposition 32.5, prove the following result:

THEOREM 32.1. Let p be a real number such that 1 < p < + . When the vector a € R*
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converges to zero in R", the translation mappings 1, converge to the identity in
L(L*(R"); L*(RY).
What can you say when p = 4 ?

32.7. Let {u} (R =0, 1,...) be a sequence of Radon measures in R" having their
support contained in a fixed compact subset K of R". Suppose furthermore that there is
a constant C > 0 such that, for all 2 > 0 and all bounded continuous functions f in R?,

Kue , S>1 < Csup | f(x)].
xeR"

By using Proposition 32.5, prove the following result; if the sequence {u,} converges
weakly to zero in 2’(R"), the Fourier transforms u, converge to zero uniformly on every
compact subset of R”,

32.8. Let E be a separable TVS (Exercise 12.7), 4 a dense countable subset of E,
F a metrizable TVS. Prove that the topology of pointwise convergence in 4 turns L(E; F)
into a metrizable TVS (Chapter 8). Derive from this that, on every equicontinuous set
of linear mappings E — F, the topology of pointwise convergence in E can be defined
by a metric.

329. Let E be a separable TVS. Prove that every weakly closed equicontinuous
set of linear functionals in E is, when equipped with the weak topology, a metrizable
compact space (use Exercise 32.8). Prove that every equicontinuous infinite sequence
of linear functionals in E contains a subsequence which converges weakly in E’ (use
Exercise 8.7).

32.10. Let E be a separable normed space. Prove that every infinite sequence {x;}
(k = 1, 2,..) in E’ such that the norms {x,} are bounded independently of %, contains
a subsequence which converges weakly in E’ (use Exercise 32.9).

32.11. Let E be a Hilbert space. Prove that every infinite sequence {x;} (¢ = 1, 2,...)
in E such that the norms |f x; || are bounded independently of %, contains a subsequence
{xkj} with the following property: there is x°€ E such that, for all xe€ E, (x°|x) =
lim;_ o (xkj | ). (Hint: Show that E may be assumed separable and use Exercise 32.10.)

For want of a better place, we present, as an appendix to Chapter
32, a result on completeness of spaces Lg(E; F). This result is extremely
simple to prove; it is also very important in so far as it implies the
completeness of many spaces of continuous linear mappings in distribu-
tion theory, and in particular the completeness of the most important
duals occurring in that theory.

THEOREM 32.2. Let E, F be two locally convex Hausdorff spaces. Suppose
that F is complete. Let & be a family of bounded subsets of E, satisfying
(S)) and (Sy) and forming a covering of E. Suppose that the following
condition holds:

(*) If the restriction of a linear map u: E—F to every set AcS
is continuous, then u is continuous.

Under these circumstances, the TV.S Lg(E; F) is complete.
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Proof. Let & be a Cauchy filter in Lg(E; F); Z is a fortiori a Cauchy
filter for the topology of pointwise convergence. As F is complete, &
converges pointwise to a function # : E— F. The function u is linear
because the conditions defining linearity involve only a finite number
of points. Now the filter & converges to u uniformly on every set 4 € G.
Indeed, let ¥V, W be two neighborhoods of zero in F such that
V+ VCW. As & is a Cauchy filter in the S-topology there is M € &
such that, for all f, g€ M and all x € 4,

flx) —gx)eV.

On the other hand, given any point x, of 4, there is M, € # such that
ke M, implies (%) € V + u(xy). But M N M, #~ @; takingge M N M, ,
we see that, for all fe M,

Jx) eV + V + u(x) C U + u(x,).

As x5 € A is arbitrary, this means that M — u € %(A; U), whence our
assertion. As u is the uniform limit of a filter of continuous functions
on A, u, restricted to A, is continuous. By (*), u is continuous. We have
already shown that & converges to # in the S-topology. Q.E.D.

CoRrOLLARY 1. Let E be a locally convex Hausdorff space such that a
linear mapping of E into a locally convex space which is bounded on every
bounded set is continuous. Then for all complete locally convex Hausdorff
spaces F, L (E; F) is complete, in particular, Ey is complete.

Proof. It suffices to show that Property (*) holds when & is the family
of all bounded subsets of E. Let # be a linear map whose restriction
to every bounded set is continuous. Then u transforms bounded sets
into bounded sets (we leave the verification of this statement to the
student), hence is continuous in view of our hypothesis.

The class of locally convex spaces having the property assumed in
Corollary 1 is very important (it is called bornological). We know (Proposi-
tion 14.8 and Corollary) that metrizable spaces and LF-spaces are
bornological. Thus:

COROLLARY 2. Let E be either a metrizable space or a space LF,and F
any complete locally convex Hausdorff space. Then Ly(E;F) is complete.
In particular, E, is complete.

COROLLARY 3. The spaces 2', &', &’ (with their strong dual topology)
are complete.
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COROLLARY 4. Let E be either a Fréchet space or an LF-space. For any
complete locally convex Hausdorff space F, L(E; F) is complete.

Proof of Corollary 4. We will show that Condition (*) is satisfied.
It suffices to show that, if the restriction of a linear map u to every
convex compact subset K of E is continuous, then u is sequentially
continuous (for then we may apply Propositions 8.5 and 14.7). But if
S is a sequence in E, which converges to an element x, , the set S U {x,}
is compact, its closed convex hull K is compact (Corollary of Proposition
7.11); as the restriction of u to it is continuous, #(S) converges to u(x,).

Q.E.D.

An immediate corollary of Theorem 32.2 is Theorem 11.5, which we
have already proved directly. Theorem 11.5 states that, if E is a normed
space and F a Banach space, L(E; F) is a Banach space when equipped
with the operator’s norm

L(E;F)su ~|ull= sup | u(x)l
zeE, 12l =1
where we have denoted by || | the norm both in E and F. In particular,

the strong dual of a normed space is a Banach space (Corollary of
Theorem 11.5).
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Barreled Spaces.
The Banach-Steinhaus Theorem

We recall (Definition 7.1) that a subset T of a topological vector space
E is called a barrel if T is absorbing (Definition 3.1), convex, balanced
(Definition 3.2), and closed.

Definition 33.1. A topological vector space E is said to be barreled if
every barrel in E is a neighborhood of zero in E.

A barreled space need not be locally convex; it will be locally convex
if and only if it has a basis of neighborhoods of zero consisting of barrels.
Many authors include local convexity in the definition of barreled
spaces.

ProPosITION 33.1. Let E be a barreled space, and M a linear subspace
of E. The quotient space E/M is barreled.

Proof. Let T be a barrel in E/M; its preimage under the canonical
homomorphism 7 of E onto E/M is a barrel, T, hence a neighborhood
of zero in E. But the image under = of a neighborhood of zero in E is a
neighborhood of zero in E/M, and T = =(T).

A linear subspace of a barreled space need not be barreled. One can
show that a product of barreled spaces is barreled.

ProPOSITION 33.2. A TVS which is a Baire space is barreled.

We recall (cf. Proposition 8.3) that a Baire space is a space having the
property:
(B) The union of any countable family of closed sets, none of which
has interior points, has no interior points.

Proof of Proposition 33.2. Let E be a Baire TVS, and T a barrel in E.
Since T is absorbing and balanced, we have E = \J;i5, kT. Since every
set kT is closed, at least one of them must have a nonempty interior;

346
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since x ~ k~lx is a homeomorphism, T itself must have at least one
interior point, x, . If x, = 0, T is a neighborhood of zero. If x, # 0,
— x, must also be an interior point of 7. But the interior of a convex
set, in any T'VS, is a convex set (Proposition 7.1), therefore all the points
of the segment joining —=x, to x,, in particular the origin, must be
interior points. Q.E.D.

COROLLARY 1. Fréchet spaces are barreled.
COROLLARY 2. Banach spaces and Hilbert spaces are barreled.
COROLLARY 3. LF-spaces are barreled.

It suffices to prove Corollary 3, the first two being evident. Let E be a
strict inductive limit of a sequence {F,} (¢ = 0, 1,...) of Fréchet spaces
(see Chapter 13), and T a barrel in E. The intersection T' N Fy, is obvious-
ly a barrel in F, for every & = 0, 1,...; hence T'N F, is a neighborhood
of zero in F,, . Since T is convex, this implies that T is a neighborhood
of zero in E.

The importance of barreled spaces stems mainly from the following
result:

THEOREM 33.1. Let E be a barreled TVS, and I a locally convex space.
The following properties of a subset H of the space L(E; F) of continuous
linear maps of E into F are equivalent :

(a) H is bounded for the topology of pointwise convergence;
(b) H is bounded for the topology of bounded convergence;
(c) H is equicontinuous.

Proof. That (b) = (a) is trivial; that (c) = (b) has been proved already
(Proposition 32.6). Note that both these implications are true in general,
whether E is barreled or not. Theorem 33.1 will be proved if we prove
that (a) = (c). This is where we use the fact that E is barreled. Let H
be a bounded subset of L,(E; F). We must show that, if V' is an arbitrary
neighborhood of zero in F, H-}(V) is a neighborhood of zero in E. As
F is locally convex, we may take ¥V to be a barrel (Proposition 7.2).
Then, if « is any continuous linear map of E into F, u~}(V) is obviously
a barrel. As we have

HY V)= ) v (V)

ueH

we see immediately that H-Y(V) is convex, balanced, and closed. The
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fact that H is bounded for the topology of pointwise convergence will
imply that H-'(V) is absorbing, hence that H-}(V) is a barrel and
therefore a neighborhood of zero in E, which will complete the proof.
Let x be an arbitrary element of E: the set H(x) consisting of the
elements u(x) of F as u varies over H is bounded. Therefore, there is a

number A > 0 such that H(x) CAV. This means that x € A H-1(V).
Q.E.D.

The corollary which follows is often referred to as the Banach—Steinhaus
theorem; we shall, however, use this name for the Theorem 33.1 itself.

COROLLARY. Let E be a barreled space, F a locally convex Hausdorff
space, and ¥ a filter on L(E; F) which converges pointwise in E to a linear
map uy of E into F. Suppose that F has either one of the following two
properties:

(33.1) Thereis a set H, belonging to &, which is bounded for the topology of
pointwise convergence.

(33.2) F has a countable basts.

Then u, is a continuous linear map of E into F and F converges to u, in
L(E;F) (i.e., uniformly on every compact subset of E).

Proof. Suppose that (33.1) holds. Then H is an equicontinuous set
and u, belongs to the closure of H in FE, A. But H is an equicontinuous
set of linear maps of E into F (Proposition 32.4), hence u, is continuous
and & converges to u, in L,(E;F). In view of Proposition 32.5, &
converges to u, in L(E; F) (as H € &, to say that & converges to u,
in L(E; F) or that the filter induced by % on H converges to u, in H
when this set carries the topology of compact convergence, is one and
the same thing).

Next we suppose that (33.2) holds. Let {M,, M, ,...} be a countable
basis of #. For each & = 1, 2,..., we select an element u, of M, . By
hypothesis, for each x € E, the sequence {u,(x)} converges in F (to uy(x),
of course). This implies that the set of continuous mappings {u;} is
bounded in L (E; F).

Therefore, the filter associated with that sequence has Property (33.1).
From the first part of the proof, it follows that u, is continuous and that
the u, converge to u, in L(E; F). Let, then, % be a neighborhood of %, in
L(E; F): suppose that none of the sets M, is contained in %. Then we
could find, for each %, an element u, of M, which is not contained in %.
But this would contradict the fact that any such sequence {u,} converges
to 4y in L (E; F). Therefore, some set M, must be contained in %. Q.E.D.
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When F is the complex field, Theorem 33.1 can be given a stronger
version:

THEOREM 33.2. Let E be a barreled TVS. The following properties of
a subset H of the dual E' of E are equivalent:

(a) H s weakly bounded;

(b) H is strongly bounded,

(c) H is equicontinuous;

(d) H is relatively compact in the weak dual topology.

Proof of Theorem 33.2. The equivalence of (a), (b), and (c) follows
from Theorem 33.1. On the other hand, (d) implies trivially (a). It
suffices to show that (c) implies (d): but this has already been stated
and proved (Proposition 32.8).

As a first application of Theorems 33.1 and 33.2, we shall give an
example of a normed space which is not barreled.

Example 33.1. Let €? be the space of continuous functions with com-
pact support in the real line R'. We equip it with the maximum norm:
| fIl = supyen: | f(£) |. Note that the normed space thus obtained,
which we shall denote by E, is not a Banach space: indeed, it is not
complete: the completion of E can be identified with the space of
continuous functions decaying at infinity, in R!. Consider then the
sequence of continuous linear functionals on E,

w f ~kf(R), k=12,

Since every fe E is a function with compact support, f(k) = 0 for
sufficiently large k. This means that the sequence {x;} converges weakly
to zero. But it is obvious that this set of continuous linear forms is not
strongly bounded; in fact, we have || x; || = & (here, || || is the norm
in the strong dual of E). Thus E cannot be barreled; otherwise we would
have found a fact contradicting Theorem 33.2.

Remark 33.1. The normed space E in Example 33.1 is not a Baire
space, in view of Proposition 33.2.
Exercises

'33.1. Give an example of a normed space of sequences which is not barreled.

33.2. Let E be th‘e Banach space of continuous functions (with complex values) in
the closed interval [0, 1], provided with the norm || || = supo<.<:1 | f(2)l. Let 0 = (o,)
be a sequence of complex numbers such that, for all f € E,

+-c0
Y lonel I < + oo,
n=0
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where ¢,( f) is the nth Fourier coefficient of f:

1
elf) = [ e fie ae.
0
By applying the Banach—Steinhaus theorem, prove that f WZ::; o, ¢,(f) is a continuous
linear functional on E.

33.3. Let E be a Baire TVS, and F an arbitrary TVS. Prove that every subset of
L(E; F) which is bounded for the topology of pointwise convergence is equicontinuous.

33.4. Let E be a locally convex Hausdorff space, and E’ its dual. Prove that, if every
weakly bounded subset of E’ is equicontinuous, then E is barreled.

33.5. Let E be a Fréchet space, and E’ its dual. Show that there is a countable basis
of bounded sets in E’ (weakly or strongly bounded, as they are identical).
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Applications of
the Banach-Steinhaus Theorem

34.1. Application to Hilbert Spaces

Let E be a Hilbert space, E' its anti-dual (see Chapter 12, p. 116),
and [ the canonical isometry of E onto E’. The complex conjugate of an
antilinear form is a linear form, and complex conjugation is therefore
a one-to-one antilinear mapping of £’ onto the dual of E, E’. Composing
this mapping with the isometry ], we obtain the canonical antilinear
isometry of E onto its dual; we denote it by J. The weak topology on E
is then the topology carried over from E, via the mapping J. For in-
stance, a sequence {x,} of elements of E converges to x weakly in E if,
for every y € E, the inner products (x, | y) converge to (x | y) (we have
denoted by (| ) the sesquilinear form on E defining the Hilbert structure
of E; the norm in E will be denoted by || ||; we have || x |2 = (x | x)).

PROPOSITION 34.1.  The unit ball of the Hilbert space E, {x € E; || x || < 1},
is weakly compact.

Proof. We begin by proving that the unit ball of E is weakly closed.
Let x € E belong to its closure, and let {x,} (¢ = 1, 2,...) be a sequence
of elements of norm < 1 converging to x weakly. In particular, the
numbers (x, | x) converge to || x||2. For every k, we have | (x; | x) | <
|| 2}l. Therefore we must have || x|? <| x| < 1.

By the Banach—Steinhaus theorem applied to duals (Theorem 33.2),
we know that the unit ball of E’ is relatively compact for the weak
topology on E’; its image under J-! is the unit ball of E, which must
therefore be weakly relatively compact. As we have just seen that it
is weakly closed, this proves Proposition 34.1.

We recall the following result, already stated (Exercise 32.11):

Let {x;} be a sequence in E such that || x, | is bounded independently
of k; then there is a subsequence {x, } which converges weakly.

351
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Remark 34.1. Suppose that the Hilbert space E is infinite dimensional.
Let {¢,} be an orthonormal sequence in E (p. 121); the whole sequence
{e,} comverges weakly to zero. Indeed, Bessel’s inequality states that,
for all x € E, we have

+@
2 e <=
k=0

which implies that the numbers | (x| ;) | = 0 must converge to zero.
In particular, we see that in an infinite dimensional Hilbert space,

the origin belongs to the weak closure of the unit sphere {x;| x| = 1}.
We can also derive from Theorem 33.2 the theorem of Osgood:

PRrOPOSITION 34.2. If a sequence {x,} converges weakly in the Hilbert
space E, there is a constant C > 0 such that || x, || < C for all k.

Indeed, the sequence {x,} is weakly relatively compact, therefore
strongly bounded.

34.2. Application to Separately Continuous Functions
on Products

A topological space T is metrizable if its topology can be defined by
a metric.

THEOREM 34.1. Let T be a metrizable topological space, E a TVS
which is metrizable and barreled, F a locally convex space, and M a set of
mappings of E X T into F. We make the following hypotheses:

(34.1) For every tye T, the set of mappings x ~ f(x,t,),fe M, is an
equicontinuous set of linear maps of E into F.

(34.2) For every x,€ E, the set of mappings t ~ f(x,,t),fe M, is an
equicontinuous set of maps of T into F.

Under these circumstances, the set M is equicontinuous.

We should underline the fact that T carries no linear structure:
T is just a topological space whose topology can be defined by a metric.
The proof of Theorem 34.1 will make use of the following elementary
lemma:

LemMa 34.1. Let A be a metrizable topological space, F a TV S, and H
a set of mappings of A into F. Suppose that, for every sequence {a,}
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converging to a limit a in A, the sequence {f(a,)} converges to f(a) in F
uniformly with respect to fe H. Then H is equicontinuous.

Lemma 34.1 is a straightforward generalization of Proposition 8.5.

Proof of Lemma 34.1. Let a be an arbitrary point of A. We must prove
that, to every neighborhood V of zero in F, there is a neighborhood U
of a in A such that, for all fe H and all xe U,

f(x) —fla)eV.

Suppose this were not the case. Let {U,} be a basis of neighborhoods
of a in A such that U, C U,_, (k = 1, 2,...). For some ¥ and for each
k there would be a point g, € U, and a function f;. € H such that f,(a;) —
fi(a) ¢ V. The sequence {a,} converges to a in A. By our hypothesis,
given an arbitrary neighborhood of zero W in F, there is an integer
k(W) > 0 such that, for all fe H and all & = (W), f(a,) — f(a) e W.
Taking W =V, k = k(V), and f = f,,, we see that we have reached a
contradiction.

Proof of Theorem 34.1. We notice that the product space E X T in
the statement of Theorem 34.1 is metrizable. In virtue of Lemma 34.1,
it will suffice to show that, for every sequence (x,,?,) (k =1, 2,...)
converging to a limit (x,, %,) in E X T, f(x, , t;) converges to f(x,, t,)
in F, uniformly for all fe M.

Let us denote by f, the mapping x ~ f(x, ;) from E into F. Hypothesis
(34.1) says that, for fixed k, when f varies over M, this is an equicontinuous
set of linear maps. We contend that, when & = 0, 1,... varies, and
when f runs over M, the set of mappings f, — f, is bounded in L(E; F)
(o: topology of pointwise convergence).

Indeed, let x be an arbitrary point of E. We must show that the set NV,
of elements f(x, ) — f(x,2) (k= 1,2,..;fe M) is bounded in F.
Let ¥ be an arbitrary balanced neighborhood of zero in F. We must
prove that there is a number A > 0 such that N, CAV. On one hand,
in view of (34.2), we may find an integer k(x) > 1 such that & > k(x)
implies f, (x) — f,(x) € V. On the other hand, when ¢t € T is fixed and
f varies over M, the set f(x) is bounded in F: this follows from (34.1)
and from the fact that an equicontinuous subset of L(E; F) is bounded
in L,(E; F) (cf. Proposition 32.7). Therefore the union of the finite
number of sets {f,(x) — f,(x)} (fe M), k = 1,2,..., k(x), is bounded
in F. From there, our contention follows immediately.

We have not yet used the fact that E is barreled. We use it now: the
set of mappings f, — f, (fe M, k = 1,2,...) is o-bounded, therefore
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it is equicontinuous (Theorem 33.1). This means that, to every neigh-
borhood of zero V in F, there is a neighborhood U of zero in E such that

(f, —fJU)CV  forall feM andall k=1,2,..

Observe then that we may write
f(xk ’ tk) _f(xo ’ to) = [f(xk ’ tk) —f(xk ’ to)]
+ [f(x 5 to) — f(%0 5 29)]
= [f(xr — %o, t) — (2 — %, 1))
+ [f(%0» t) — f(xo > to)] + [f(xx » 20) — f(xo » )]
It suffices to choose &, = 1 so large as to have, for all & > &,
x, — x9€ U,
and, for all fe M,
f(%, 1) — f(%5, )€V (by using (34.1)),
fxe, t) —f(%9, )V (by using (34.2)).
For those k > &, and all fe M,
f(xo’tk) —f(xO’to)E V+ V+ V’

which obviously proves what we wanted.
One of the very important consequences of Theorem 34.1 is the
following one:

CoROLLARY. Let E be a Fréchet space, E; a metrizable TVS, F a locally
convex space, and (x,y) ~ f(x,y) a separately continuous bilinear map
of E X E, into F. Then the mapping f is continuous.

That f is separately continuous means that, for every fixed x, € E,
the linear map y ~ f(x,,y) of E, into F is continuous, and that, for
every fixed y, € E, , the linear map x ~ f(x, y,)of E into F is continuous.

34.3. Complete Subsets of Lg(E; F)

Definition 34.1. A TVS E is said to be quasi-complete if every bounded
closed subset of E is complete.

Obviously, complete implies quasi-complete. But there are TVS
which are quasi-complete without being complete. However, we have:

ProrosITION 34.3. If a metrizable space E is quasi-complete, it is complete.
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Proof. It suffices to show that every Cauchy sequence in E converges
(Proposition 8.2). But the closure of a Cauchy sequence is a bounded
set (Corollary 3 of Proposition 14.1), whence the result.

THeOREM 34.2. Let E, F be two TV'S, and S a family of bounded subsets
of E sattsfymg Conditions (&), (6,1) (». 335) Suppose that F is Hausdorff
and quasi-complete and that S is a covering of E.

Under these circumstances, every closed equicontinuous set H of Ls(E; F)
s complete.

Proof. Let @ be a Cauchy filter on H, and x an arbitrary point of E.
We denote by H(x) the image of H under the mapping u ~ u(x) of
L(E; F) into F and by ®(x) the family of sets M(x) as M varies over ®.
We contend that @(x) is the basis of a Cauchy filter on H(x). That it
is a basis of filter is evident. Since & is a covering of E, we may find a
set 4 belonging to & which contains x; let ¥ be an arbitrary neighborhood
of zero in F, %(A; V) the set of mappings u € L(E; F) such that u(4) C V.
There is a set M e @ such that M — M C %(A; V); hence M(x) —
M(x) C V, which proves our contention.

Since H is equicontinuous, H is bounded for the topology of pointwise
convergence (Proposition 37.2); in other words, for all x € E, H(x)
is bounded in F and so is its closure, H(x), which is therefore
complete in view of our hypothesis. The ﬁlter_(ln_ H(x) generated by @(x)
converges to a unique element uy(x) of H(x) (unique, since F is
Hausdorff). This defines a mapping %, of E into F; and we have proved
that @ converges pointwise in E to #, . In particular, 1, belongs to the
closure of H in FE which is an equicontinuous set of linear maps of E
into F (Proposition 32.4); therefore u, € L(E; F).

It remains to show that @ converges to #, in Lg(E; F). This follows
from the fact that there is a basis of neighborhoods of zero for the
&-topology on L(E; F) which are closed for the topology of pointwise
convergence (namely the sets #%(A; V) with A€ & and V, a closed
neighborhood of zero in F), and from the following general lemma:

LemMma 34.2. Let 9, ' be two topologies on the same vector space
G, both compatible with the linear structure of G. Suppose that T’ is finer
than I and that there is a basis of neighborhoods of zero for J ' which
are closed for .

Let, then, A be a subset of G and D a filter on A whichis a Cauchy filter
for 7' and which converges to x € A for I . Then @ converges to x for T .

Proof of Lemma 34.2. Let % be a basis of neighborhood of zero in G,
for 9, which are closed for 7 ; we may assume that the neighborhoods
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belonging to # are symmetric (V is symmetric if ¥V = — V). To every
Ve there is M e @ such that M — M C V. The latter means that,
given any point y of M, M Cy 4 V. On the other hand, since x is a
limit point of @ for J, x belongs to the closure (for J) of any set
belonging to @, in particular to the closure of M and thereforetoy + V,
which is closed. But xey 4+ V means yex 4+ V; as y is arbitrary in
M, we conclude that M C x + V. As V is arbitrary in %, this proves
that @ converges to x for J '
We now derive some important consequences of Theorem 34.2.

CoroLLarY 1. Let E, F be two TVS, F being Hausdorff and quasi-
complete. Let A be a dense subset of E, and H an equicontinuous subset
of L(E; F). If a filter ® on H converges pointwise in A to a mapping u,of A
into F, then u, has a unique extension which is a continuous linear map
of E into F, i, , and ® converges to iy in L (E; F).

We apply Proposition 32.5 twice: first to see that @, which is a Cauchy
filter for the topology of pointwise convergence in 4, must also be a
Cauchy filter for the topology of pointwise convergence in E, and
therefore (by Theorem 34.2) converges to #, € H (closure of H in FFE;
Proposition 32.4). As H is equicontinuous, @ converges to %, for the
topology of compact convergence, again by Proposition 32.5.

In the proof of the next corollary, we apply the Banach--Steinhaus
theorem:

CorOLLARY 2. Let E be a barreled TV S, and F a locally convex Hausdorff
TVS. If G is a covering of E, Lg(E; F) is Hausdorff and quasi-complete.

Needless to say, S is a family of bounded sets of E satisfying (S;) and
(&n)-

The &-topology on L(E; F) is finer than the topology of pointwise
convergence, since G is a covering of E; hence every subset of L(E; F)
which is bounded for the &-topology is bounded for the topology of
pointwise convergence. Since E is barreled, it follows from Theorem
33.1 that such a subset is equicontinuous. If it is closed, it must be
complete by Theorem 34.2.

34.4. Duals of Montel Spaces

We now introduce the following definition:

Definition 34.2. A TVS E is called a Montel space if E is locally convex
Hausdorff and barreled and if every closed bounded subset of E is compact.
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Every Montel space is quasi-complete (Definition 34.1) since a
compact subset of a Hausdorff TVS is complete (Corollary 2 of Proposi-
tion 6.8). A normed space is a Montel space if and only if it is finite
dimensional: indeed, in a normed space which is a Montel space the
closed unit ball must be compact, hence the space must be locally
compact; but a locally compact TVS is necessarily finite dimensional
(Theorem 9.2).

There are Fréchet spaces which are Montel spaces, as the next
statement shows:

ProposITION 34.4. The spaces €=(R2), €:(2) (2: open subset of R™),
&L(R*), and H(0O) (O: open subset of C") are Montel spaces.

For the definition of % and H, see Chapter 10, Examples IV and 1I,
respectively. Proposition 34.4 is a direct consequence of Theorem 14.4
(for €*), of Corollary 2 of Theorem 14.4 (for €7), of Theorem 14.5
(for &), of Theorem 14.6 (for H).

There are Fréchet spaces which are neither Banach spaces nor Montel
spaces (see Exercise 34.4).

A first straightforward consequence of Definition 34.2 is the following
one:

PropOSITION 34.5. Let E be a Montel space, and F a TVS. On L(E; F),
the topology of compact convergence in E and the topology of bounded
convergence in E are identical.

Indeed, let B be an arbitrary bounded subset of E, and V a closed
neighborhood of zero in F; we have (with the notation of p. 336)
U(B; V) = %(B; V) since u(B)C V implies obviously u(B)C u(B)C
P = V for any mapping u € L(E; F). But since E is a Montel space, B is
compact. Q.E.D.

PrOPOSITION 34.6. Let E be a Montel space. Every closed bounded
subset of its strong dual, E, , is compact in E, . Furthermore, on the bounded
subsets of Ey , strong and weak topologies coincide.

Proof. Let B’ be a bounded subset of E,. By Theorem 33.2, B is
equicontinuous. By Proposition 32.5, the weak topology and the topology
of compact convergence coincide on B’; therefore they coincide with
the strong dual topology by Proposition 34.5. This proves the last part
of the statement.

Suppose now that B’ is strongly closed, in addition to being strongly
bounded. Let B’ be its weak closure; since B’ is equicontinuous, its
weak closure is equicontinuous and weakly compact (Proposition 32.8).
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By the first part of the proof (and the last part of the statement), strong
and weak topologies coincide on B’. Since B’ is weakly dense in B’, it
is also strongly dense, therefore B’ = B’. But then B’ must be weakly
compact, therefore strongly compact. Q.E.D.

CoRrOLLARY 1. In the dual E' of a Montel space E, every weakly con-
vergent sequence tis strongly convergent.

‘Let S’ be the union of a convergent sequence S in E’ and of its limit
point x;. The set S’ is weakly compact, hence strongly bounded. There-
fore, by Proposition 34.6, the strong topology is identical with the weak
one, on S’, and therefore Sg converges strongly to xg .

COROLLARY 2. In the strong dual spaces &'(Q), D'(R2) (2: open subset
of R"), &', and H#'(0) (O: open subset of C"), every weakly converging
sequence is strongly converging.

It suffices to combine Corollary 1 with Proposition 34.4.

Note that Corollary 2 stands in complete contrast with what happens
in the dual of an infinite dimensional normed space, for instance, in an
infinite dimensional Hilbert space: in such a space, an infinite orthonorm-
al set converges weakly to zero (Remark 34.1) but, obviously, does not
converge strongly (that is to say, in the sense of the norm) since, when
two elements x, ¥ of norm one are orthogonal, we have

e —yF=llxI?+Iy|*=2.

Exercises

34.1. Give an example of a sequence of continuous linear forms {x,} (n = 0, 1,...) on
a Banach space E which converge to zero for the topology of pointwise convergence in
a dense subset 4 of E but which do not converge to zero for the topology of pointwise
convergence in E (hint: use Example 33.1).

34.2. Let 8 be a locally compact metrizable topological.space (this means that every
point of @ has a compact neighborhood and that the topology of & can be defined by a
metric). Let E be a barreled TVS, and F a locally convex Hausdorff TVS. Let ¢ ~ x(¢)
and ¢t ~ A(t) be continuous functions defined in 6, and valued in E and L (E; F), respec-
tively. Prove that ¢t ~ A(t) x(f) is a continuous map of & into F.

34.3. Let 6 be a metrizable topological space, ¢, a point of 6, and ¢ ~ T(t) a mapping
of 8 into the space 2'(R) of distributions in an open subset 2 of R*. Suppose that, for
each test function ¢ € €2(R2), the complex numbers {T(¢), ¢> converge as t ~ ¢, . Prove
that this implies that, as £ ~ £, , the distributions 7(f) converge strongly to a distribution
T, in L.

34.4. Let 2 be an open subset of R". Prove that, if k¢ > O is finite, €*(£2) is not a
Montel space.
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34.5. Let 2, be the Fréchet space of formal power series in z indeterminates with
complex coefficients (with the topology of simple convergence of the coefficients). Prove
that 2, is a Montel space.

34.6. Prove the following extensions of Theorem 24.3 and of its corollary:

THEOREM 34.3. Let U be a relatively compact open subset of an open subset 2 of R", and
B a bounded set of distributions in 2. Let us denote by B | U the set of restrictions to U
of distributions belonging to B. There exists an integer m > 0 such that B | U is contained
and is bounded in 2'™(U), the dual of €7 (U).

THEOREM 34.4. Let B be a bounded subset of &°(R2). There is a compact subset K of 2 and
an integer m > O such that B is contained and bounded in &'™(2), the dual of €™(82), and
such that all the distributions belonging to B have their support contained in K.

Can one replace, in the above statements, bounded set by ¢ gent seq e and b
by convergent?

Aed

34.7. Prove the following extension of Theorem 24.4:
THEOREM 34.5. Let B be a bounded set (resp. a convergent sequence) in D'™(R2)
0 < m < + o). For every T € B, let Uy be a neighborhood of supp T in L.
Then, for every T € B and every p € N*, | p | < m, there is a Radon measure p, 7 in Q
such that the following will be true:
(i) for every Te B,

T= 3 (8/ox)uy1;
|pl<m
(ii) for every T &Bandallp e N, | p| < m, supp o CUT;
(iii) for every p € N", when T ranges over B, p, 1 ranges over a bounded subset (resp.
a convergent sequence) in the space D'%(2) of Radon measures in 2.

34.8. Let E be a Fréchet space. Prove that the dual E, of E, equipped with the topology
of compact convergence, is complete.

Derive from Lemma 34.2 that E(—: is complete for any family & of bounded subsets
of E, satisfying (&) and (Syy) and containing all the compact subsets of E.
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Further Study of the Weak Topology

In this chapter, E will always denote a locally convex Hausdorff
TVS, and E’ its dual.

Let M be a finite dimensional linear subspace of E, and M°its or-
thogonal (see Chapter 19, p. 196). Suppose that d = dim M and let
€, ..., €5 be a basis of the vector space M. Let us apply Corollary 3 of
the Hahn-Banach theorem (Theorem 18.1): there is a continuous linear
form f; on M such that fi(e,) = 0 if k 55 (1 <j, k < d), without f;
being identically zero in M; the latter implies that f;(¢;) 7 0; possibly
by multiplying f; by a complex number, we assume that f;(e;) = 1.
Again by the Hahn-Banach theorem, we may extend f; as a continuous
linear form ¢; in the whole of E. Let M’ be the linear subspace of E'
spanned by ¢ ,..., e; and let ¥’ be an arbitrary element of E’; to x’
corresponds the following element of M’,

d
P =Y e
j=1

It is clear that the forms x’ and p(x’) take the same values on every
e; , therefore on M. In other words, ' — p(x’) belongs to M? ; conversely,
if x’" € M° we obviously have p(x") = O; finally, observe that if x' € M’,
we have

d
! ! .
x' =Y ae.  (a;: complex numbers),
i1

whence

(x> = ay foreach k=1,...,4d,

therefore x' = p(x'). All this shows that p is a linear map of E’ onto M’
whose kernel 1s exactly M° and which is equal to the identity in M’'. We
see thus that E’/M? is isomorphic (as a vector space) to M’ and therefore
also to M (in particular, dim E’/M°® = d).

360
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Let now L be a continuous linear form on E’ when the latter carries
the weak dual topology, o. By definition of this topology, there is a
finite subset S of E and a constant C > 0 such that, for all ¥’ € E’,

(35.1) [L(x")] < Csu;) [{x'y x>

We shall apply the preceding considerations to the linear subspace M
of E spanned by S (it is obvious that M is finite dimensional); we
construct M’ as we have said. Set, then,

a
x, =, L(e)e, .
i=1
We have, for all " € E’, with the above definition of the mapping p,

d
x> = Y L(e) <, e = L(p(x).
j=1
On the other hand, observe that " — p(x") is orthogonal to M, hence
(x' — p(x'), x > = 0 for all x € S, which implies, by (35.1), that

Lz —pw) =0, e, L(p(x))=L().
We reach the conclusion that, for all x' € E',
oy %) = L(x').

Now, we know that every element x of E defines a linear form on E’,
namely the ‘“value” at x, " ~ {x, x». By Proposition 19.6, we know
that the value at x is a linear map of E into the dual of E, ; and by Proposi-
tion 19.7 we know that this mapping is one-to-one. As we have just
proved that it is also onto, we may state:

ProrosiTioN 35.1.  The mapping x ~ value at x is a linear isomorphism
of E onto the dual of its weak dual.

CoRroLLARY. The dual of E, equipped with o(E, E'), is identical to E'.
Indeed, by Proposition 35.1, E, is canonically isomorphic to the weak
dual of E,. It suffices then to apply Proposition 35.1 with E and E’
exchanged.
We shall identify E with the dual of E, through x -~ value at x. Note that
the set E’ depends on the topology initially given on E, but that the weak
topology on E’ does not. We may now consider the weak topology on K
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when we regard E as the dual of E,. In order not to mix up the two
weak topologies which we have now on E and E’ we shall denote them
by o(E, E’) and o(E’, E), respectively. In the notation o(F, G) the topology
ts carried by the first space, F.

If we provide E with the topology o(E, E’) and E’ with o(E’, E),
we find ourselves in a perfectly symmetric situation; we are now going
to exploit this symmetry. First of all, observe that we may write in-
differently {(x’, x) or (x, x> for the value of &' at x (or the value of x
at x').

We may combine the corollary of Proposition 35.1 with Proposition
18.3. We obtain:

PRrOPOSITION 35.2. Let A be a convex subset of the locally convex Haus-
dorff space E. The closure of A for the initial topology of E is identical
to the closure of A for the weak topology o(E, E').

This proposition enables us to simplify considerably many forth-
coming statements. The student should however beware of the follow-
ing possible mistake: Let E’ be the dual of E, and A’ a convex subset
of E’; it is not true that the closure of 4’ in the weak topology on E’
and the closure of 4’ in the strong dual topology on E’ are the same
(they will be the same whenever the dual of Ej can be identified with E,
but not otherwise—in general).

Let A’ be a subset of E’. By A’® we mean the polar of 4’ which is a
subset of E when E is regarded as the dual of E’ (see Definition 19.1).
The set A’ itself could have been the polar of some subset 4 of E, in
which case A’ = (4°° We introduce the following definition:

Definition 35.1. Let A be a subset of E, and A°® the polar of A. The
polar of A® (when we identify E with the dual of E’) is called the bipolar
of A and is denoted by A®.

The next proposition gives a simple description of the bipolar of a
set. '

ProrosiTion 35.3. Let A be a subset of E. The bipolar A% of A is the
closed convex balanced hull of A.

Proof. Let A be the closure, for the initial topology of E as well as for
the topology o(E, E’), of the convex balanced hull of 4 (i.e., the smallest
closed convex balanced set containing A4). Since A% is obviously balanced
and convex (cf. p. 195), and also weakly closed (the polar of a set is
always weakly closed, as immediately seen), we see that 4 C 4%. We
must prove the inclusion in the opposite direction: we must prove that
if x°¢ A then x° ¢ A%,
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As A is weakly closed, there is a neighborhood of #° in the topology
o(E, E’) which does not intersect 4; in other words, there is a continuous
linear form x’ on E such that

(35.2) d = inf (', x — 2] > 0.
xE.

Let D be the image of 4 under the mapping x ~ {x’, x>; D is convex
balanced and closed (in the complex plane), therefore D is a closed
disk with radius p > 0 centered at the origin. In view of (35.2),
| <x', 2% | > d + p. Since | <{x', x> | <p for all xe A, in particular
for all xe A, we see that (3d + p)~*x" € A° but that

K3 + p)7'', 2] > 1,
which proves that x°¢ A%,
CoroLLArY 1. (A%)" = A°

Indeed, (A4%)° = (4% is the closed (for o(E’, E)) convex balanced
hull of A% but A° is weakly closed convex and balanced.

COROLLARY 2. Let M be a linear subspace of E. The bipolar M® of M is
the closure of M.

When M is a linear subspace of E, M?® is a linear subspace of E’,
hence M® is a linear subspace of E.

Let, now, F be another locally convex Hausdorff TVS, and # a con-
tinuous linear map of E into F. As usual, we set

Im u = {y € F; there exists x € E such that u(x) = y};
similarly,
Ker tu ={y €F'; 'u(y’) = 0}.
We recall (Proposition 23.2) that we have
(35.3) Ker tu = (Im »)°.

Now, of course, we may also consider the transpose of ‘u:F'— E’,
when we regard E (resp. F) as the dual of E, (resp. F,). It is immediately
seen that ‘%4 = u. Substituting then ‘u for # in (35.3), we obtain

Ker u = (Im tu)®.

We may then take the polars of both sides. Combining with the Corollary 2
of Proposition 35.3, we see that we have:
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PROPOSITION 35.4. Let u be a continuous linear map of E into F. The
orthogonal of Ker u is the weak closure of the image of ‘u.

We shall apply Eq. (35.3) and Proposition 35.4 when u is either the
canonical injection of a subspace into the space or the canonical homo-
morphism of the space onto a quotient. We shall use them to study the
dual of a linear subspace and the dual of quotient spaces.

First, let N be a linear subspace of E; the injection of N into E can be
transposed into a linear mapping of E’ onto N’ (onto, by virtue of the
Hahn-Banach theorem). The kernel of the transpose is N® because
of (35.3). We obtain thus a canonical linear mapping of E’/N° onto N’.

Let, now, ¢ be the canonical homomorphism of E onto E/N. We
suppose that E carries the initial topology (or the weak one) and E/N,
the quotient modulo N of the topology carried by E. The transpose
lp is an injection of the dual of E/N into E’. By Proposition 35.4, the
weak closure of the image of ‘p is the orthogonal of Ker ¢, that is to
say of N. In other words, the weak closure of Im % is N°. This implies
Im ‘%p C N° But, conversely, let ' € N9 the continuous linear form
x vanishes on N and therefore is constant along the equivalence classes
modulo N. In other words, ¥’ defines a continuous linear form & on
E[N.Itis immediately seen that ‘p(%') = «’. This proves that Im ‘p = NO.
We obtain thus a canonical isomorphism of the dual of E/N (E/N carries
the quotient modulo N of the topology of E) onto N

Let us summarize:

ProPoOSITION 35.5. Let E be a locally convex Hausdorff space, and N
a linear subspace of E. The following is true:
(a) The transpose of the natural injection N — E is a one-to-one
linear map of E'|N° onto the dual N’ of N.
(b) The transpose of the canonical homomorphism E,— E/N is a
one-to-one linear map of the dual of E[N onto N°.

It should be underlined that the isomorphisms in (a) and (b) are algebraic,
that is to say, they do not involve the topologies on the intervening
spaces. Observe that E'/N° can now carry two apparently distinct
topologies: (1) the quotient modulo N° of the weak topologies o(E’, E)
on E’; let us denote this topology by o(E’, E)/N°; (2) the weak dual
topology o(E’/N° N) when we regard E'/N9 as the dual of N.

PROPOSITION 35.6. Let E and N be as in Proposition 35.5. The following
two properties are equivalent:

(35.4) Nis closed,;
(35.5) the topologies o(E’, E){N°® and o(E'|N®, N) on E'|N°® are identical.
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Proof. We begin by some preliminary considerations. Let us denote
by #°(x,..., x,; &) (%, ,..., x,, an arbitrary finite subset of E, ¢ an
arbitrary number > 0) the set of x’ € E’ such that | (x’, x,> | <& for
every j = 1,..,r. Let ¢’ be the canonical homomorphism of E’ onto
E’|N°® A basis of neighborhoods of zero in the topology o(E’, E)/N°®
consists of the images under ¢’ of the sets #°(x, ,..., x,; €).

Let now ¥,,..., ¥, be a finite subset of N. In the duality between
E’'IN°® and N, we have {(¢'(x'), y;,> = <x’, y;>, regardless of what is the
representative x’ of the class ¢’(x") modulo N°. This means that we obtain
a basis of neighborhoods of 0 in the topology o( E'/N? N) by taking the
images under ¢’ of the sets #°(y;,..., ¥; ; €), when £ > 0 and the finite
subset of N, {y,,..., ¥}, vary in all the possible ways. This proves, in
particular, that the topology o(E’, E)/N® is always finer than the topology
o(E’'[N° N). We are going to show that, when N is closed, to every
finite subset of E, {x;, ..., x,}, there is a finite subset of N, {y, ,..., y,}
(having the same number of elements), such that, for all ¢ > 0,

(35.6) W31 353 ) C @' (W(y s 3, ).

This will obviously imply that o(E’/N° N) is finer than, therefore
equal to, o(E’, E)/N°.

"We now give the “construction” of the y,’s. Let L be the linear subspace
of E generated by N together with x, ,..., x. ; N is of finite codimension
in L, hence N has a (finite dimensional) supplementary P in L. Let
2, - 23 be a basis of P. The restrictions to N? of the linear forms

(35.7) x'~(2p,x,  j=1,..,4d

are linearly independent. Indeed, consider a linear combination
>7 1 A;z; vanishing on NY, in other words belonging to N®. Since N is
closed, we have N = N%; and ¥ A;2; € N only if all the coefficients A;
are equal to zero, from the very choice of the z; (it is in this argument
that we use the hypothesis N closed; cf. Proposition 35.3). Because the
restrictions to INO of the forms (35.7) are linearly independent, for each
J = 1,.., d, we may find z; € N°® such that <{z;, z;> = 1 and such that
{2}, 2y =0 for j # k. Now let x be an arbitrary element of E’; for
eachj = 1,..., d; {x', 2;)> is a complex number; set

P(xl) = _z <xl) 2".> 2’; .
i=1
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The element p(x') belongs to N° and we have
G p(x), 2> =0 forall j=1,.,d.
Let us go back to x, , ..., x, ; for each I = 1,..., 7, we have
X =y +w,

where y,€ N and w, € P, i.e., is a linear combination of the z;. For
every x' € E', we have

<x,’ yl> = <x, + P(x,)’ yl> = <x’ + P(x,)’ xp.

This implies the following: if x" € W(y,,..., 3, ; ), then there is an
element of E’, congruent to ' modulo N° which belongs to W(x,, ..
x, ; &). From there, (35.6) follows immediately.

We prove now that, if o(E’'/N° N) = o(E’, E)/N° then N must be
closed. In view of the first part of the proof, we know that

"

(35.8) o(E', E)|N® = o(E'|N°, N).

(Indeed, observe that N° is also the orthogonal of N.) We apply twice
Proposition 35.1: (35.5) implies that the dual of E'/N°® (when this space
carries the topology o(E’, E)/N®) is canonically isomorphic to N. But
(35.8) implies that this dual is canonically isomorphic to N. Hence we
have N = N. Q.E.D.

ProrosiTION 35.7. Let E, F be two locally convex Hausdorff spaces,
and u a continuous linear map of E into F. The following two properties
are equivalent:

(a) u(E) is closed in F;
(b) ‘u is a homomorphism (for the TVS structures) of F, onto
WF)CE,.

For the notion of homomorphism, see Chapter 17, p. 166. If we set
M = u(E), the image of u, we know by (35.1) that Ker u = MY
let ¢ be the canonical projection F'— F'/M?9; there is a linear map
v : F'/M°— E’ such that the diagram below is commutative:

F—* ,p
® v
F|M°
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Property (b), in Proposition 35.7, states that v is an isomorphism onto
w(F’) for the structures of TVS, when F'/MP° carries the quotient
topology o(F’, F)/M° and ‘u(F") carries the topology induced by o(E’, E).

Proof of Proposition 35.7. For x € E and y' € F', we have

{p(3)), 20 = ', ).

The right-hand side is equal to {p(y'), ¥(x)>, where we use now the
bracket of the duality between F'/M° and M (Proposition 35.5). Thus
we see that ¢(y') — 0 for o(F'/MP° M) if and only if v(p(y)) -0 for
o(E’, E). This means that v is an isomorphism of F'/M? equipped with
o(F'|M°, M),onto ‘u(F') C E’, equipped with ¢(E’, E). But o(F'|M®, M)=
o(F’, F)/M?° if and only if M is closed (Proposition 35.6). Q.E.D.

Concerning weak and strong topologies on a TVS, in relation to
linear mappings, we have the following result:

ProposiTION 35.8. Let E, F be two locally convex Hausdorff spaces,
and u a continuous linear map of E into F. Then u is continuous from E,
equipped with the weak topology o(E, E'), into F, equipped with o(F, F").

Proof. If u:E —F is continuous, the transpose ‘u of u is a continuous
linear mapping of the weak dual of E, E,, into the weak dual of F, F,
(corollary of Proposition 19.5). By iterating this result, we see that the
transpose of ‘u, which is equal to u, is a continuous linear mapping of
the weak dual of E, into the weak dual of F, . It suffices then to apply
Proposition 35.1.

We shall see later (Lemma 37.6) that the converse of Proposition 35.8
is true when the space E is metrizable: then continuity for o(E, E’)
and o(F, F’) implies continuity for the initial topologies.

Exercises

35.1. Give a necessary and sufficient condition on a subset 4 of a locally convex
Hausdorff E in order that the polar A° of 4 be equal to {0}.

35.2. Let E be a locally convex Hausdorff space, and £ its completion. Prove that,
if E # E, then o(E”, E) is strictly finer than o(E”, E).

35.3. Let E be a locally convex Hausdorff TVS, and E’ its dual. Prove that, if M is
a linear subspace of dimension n < + 0, its orthogonal M° C E” has codimension equal
to n. Is it true that, if M is of codimension 7, then M? is necessarily of dimension n?

35.4. Let E and E’ be as in Exercise 35.3. We suppose that E, provided with the weak
topology o(E, E”), is the topological direct sum of two linear subspaces M and N, i.e.,

the mapping (x, y) ~ x + y of the product TVS M x N into E is an isomorphism onto.
Prove then that E’, provided with ¢(E’, E), is the topological direct sum of M° and N°
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Topologies Compatible with a Duality.
The Theorem of Mackey. Reflexivity

In this chapter, we shall consider a locally convex Hausdorff space E.
It will be convenient to distinguish the topology originally given on
E from other topologies that are going to be defined on E; for this
reason, we shall refer to it as the initial topology on E. The dual of E is
denoted E’, as usual. We might ask the following question: which locally
convex Hausdorff topologies on E have the property that, when E carries
them, its dual is identical to E'? In Chapter 35 we have encountered
such a topology: the weak topology o(E, E’) on E. The initial topology
on E is another one. We shall see, now, that one can characterize all of
them. In order to do this, we identify E to the dual of E, (Proposition
35.1). We may then equip E with a G-topology, where & is a family of
bounded subsets of E, (i.e., of weakly bounded subsets of E’) satisfying
Conditions (&;) and (&) (cf. Chapter 19, p. 196, or Chapter 32, p. 335).

THEOREM 36.1. Let T be a locally convex Hausdorff topology on E.
The following two properties are equivalent:

(a) J is identical to a S-topology on E, where S is a covering of E’
consisting of convex balanced weakly compact sets;

(b) the dual of E, equipped with the topology 7, is identical to E'.

Proof. (a) implies (b). The G-topology on E is not modified if
we add to & all the subsets of the sets which belong to &. Since G is a
covering of E, we see that now all the finite subsets of E’ belong to &,
so that the S-topology is certainly finer than the weak topology o(E, E').
This has the following immediate consequence: E’, dual of E,, is
contained in the dual of E when this space carries the G-topology; we
shall denote by E; the latter dual. We must prove that E; C E'. On E,
the weak topology o(E’, E) is obviously identical to the topology induced
by o(E;, E). This implies that all the sets K € &, which are compact

368
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for o(E’, E), are also compact, hence closed, for o(E;, E). As they are
also convex and balanced, we derive from Proposition 35.3 that each
one of them is equal to its bipolar. Let, then, f € E;. By definition of E|,
there exists K € & such that

[fx) <1 for all xe K°.
This means that fe K® C E’. Thus fe E’ and therefore E; = E’'.

(b) smplies (a). Let U be a neighborhood of zero in E for the topology
7. The polar U® of U is a weakly compact subset of E’ (Propositions
32.7 and 32.8). Let us denote by & the family of all these subsets U°
as U varies over the filter of neighborhoods of zero; the elements of &
are convex, balanced, weakly compact. Moreover, they form a covering
of E’. Indeed, if x’ € E’, there is a neighborhood U of zero in E such
that | <{x’, x> | < 1 for all xe U, i.e., x' € US. It remains to check that
7 1is identical to the S-topology on E. But observe that there is a basis
of neighborhoods of zero for .7 consisting of convex balanced closed
neighborhoods of zero. If V' is such a neighborhood, V is equal to its
bipolar V% (Proposition 35.3), hence V is the polar of V%€ &. On the
other hand, there is a basis of neighborhoods of zero in the S-topology
consisting of the polars of the sets belonging to &, that is to say of the
bipolars U® of the neighborhoods of zero U in E (for the topology .77);
as UC U%, the bipolars are neighborhoods of zero for .7. We have
thus proved that the S-topology is finer and coarser than . Q.E.D.

A topology 7 on E which is locally convex Hausdorff and is such
that the dual of E, equipped with .7, is identical to E’, will be said to be
compatible with the duality between E and E’. Theorem 36.1 characterizes
these topologies; it shows that they form a partially ordered set having
a minimum element, the weak topology o(E, E’) (the family of finite
subsets of E’ being the smallest & family of weakly compact subsets of
E’), and a maximum element, the topology of uniform convergence on
every weakly compact convex balanced subset of E’. The latter topology
is called the Mackey topology on E and is denoted by 7(E, E’). Since the
initial topology on E is compatible with the duality between E and E’,
it is coarser than 7(E, E’); this is also evident by inspection of Proof 2
of Theorem 36.1. In connection with this, we have:

PROPOSITION 36.1. The topology of a locally convex Hausdorff space E

ts tdentical to the topology of uniform convergence on every equicontinuous
subset of E'.

Indeed, we have seen in the proof of Theorem 36.1 that a topology 7~
compatible with the duality between E and E’ is identical to the &-
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topology on E, where & consists of the polars U° of the neighborhoods
of zero U for 7. It suffices then to apply Proposition 32.7.

We have seen (Proposition 35.2) that the closure of a convex subset of
E is the same for the initial topology or for the weak topology o(E, E").
More generally we have:

ProPOSITION 36.2. The closure of a convex subset A of E is the same
for all the locally convex Hausdorff topologies on E compatible with the
duality between E and E'.

Proof. 'The continuous R-linear forms on E are in one-to-one corres-
spondence with the continuous C-linear forms on E, that is to say the
elements of E’ (see proof of Proposition 35.2), therefore they are the
same for all the topologies compatible with the duality between E and E’;
the closed hyperplanes and the closed half-spaces are therefore also
the same for these topologies. But then it suffices to apply Proposition
18.3.

A deeper result is the Mackey theorem, which states that the bounded
sets are the same for all topologies compatible with the duality between
E and E’. In order to prove it, we shall perform a construction which
will also be used later on, in a different context.

The Normed Space E;

Let E be a locally convex Hausdorff TVS, and B a bounded convex
balanced subset of E. Let E, be the vector subspace of E spanned by
B; note that B is an absorbing subset of E, (but, in general, not of E).
For x € E, set

pa(x) = inf | M]3

since B is convex, balanced, and absorbing, p, is a seminorm on E, .
In fact, it is a norm: For let U be an arbitrary neighborhood of zero in
E. There exists a number p > 0 such that BC pU, 1.e.,,p'BCUNE,.
This means that the topology defined by the seminorm py on E,, i.e.,
the topology defined by taking the multiples of B, eB, £ > 0, as a basis
of neighborhoods of zero, is finer than the topology induced by E. As
the latter is Hausdorff, so is the former. Thus we have obtained a normed
space E, with a continuous natural injection E; — E.

LemMma 36.1.  Suppose that the bounded convex balanced subset B of E
is complete. Then the normed space Ey is a Banach space.
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Proof. Let {x;} (k = 1,2,...) be a Cauchy sequence in E,; it is a
bounded subset of E, (Corollary 3 of Proposition 14.1), hence it is
contained in some multiple pB of B. But pB is complete for the topology
induced by E, hence the sequence {x;} converges to a limitx € pB in the
sense of the induced topology. Observe that the multiples pB are closed
for the induced topology. We are in the right conditions to apply Lemma
34.2. Lemma 36.1 follows immediately.

CoroLLARY. Let K be a compact convex balanced subset of E; the normed
space Ey is a Banach space.

In the situation of the corollary, observe that the natural injection
Ey — E transforms the closed unit ball of Ey into a compact set.
From Lemma 36.1 we derive the following useful consequence:

LEmMA 36.2. Let T be a barrel in the locally convex Hausdorff TV.S
E, and B a complete bounded convex balanced subset of E. There is a number
p > 0 such that

BCpT.

Lemma 36.2 is of interest when E itself is not barreled; otherwise T
would be a neighborhood of zero in E and would therefore absorb
every bounded set.

Proof. T N Ep is obviously a barrel in Ey: it is convex balanced,

absorbing; as the topology induced by E is coarser than the topology

of the norm on E, and since T is closed in E, T N Ej is also closed in

the normed space Ep. In view of Lemma 36.1, E, is a Banach space,

hence is barreled. Therefore T N E, contains a multiple of the closed

unit ball (which is B). Q.E.D.
We may now easily prove Mackey’s theorem:

THEOREM 36.2. The bounded subsets of E are the same for all locally

convex Hausdorff topologies on E compatible with the duality between E
and E'.

Proof. A set which is bounded in some topology is also bounded in
every coarser topology. Therefore, it suffices to prove that the weakly
bounded subsets of E are bounded for the Mackey topology =(E, E’).

Let K be a convex balanced weakly compact subset of E’, and B a
weakly bounded subset of E. Let us denote by D, the closed disk in the
complex plane with center at zero and radius ¢ > 0, and by x~}(D,) the
set of elements x’ € E’ such that (x, x’> € D, . The subset of E’,

T = () «(D.),

zeB
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is a barrel. Indeed, it is the intersection of closed convex balanced
subsets of E, .It is absorbing. Indeed, if x’is an arbitrary element of E’,
there is a number 7 > 0 such that 7fBC W({x'}; &) = {x € E; | {x', x> |
< ¢} since B is weakly bounded. But this means precisely that vx’ € T.
Then, from Lemma 36.2, we derive that there is a number p > 0 such
that K C pT. But this means that

BCp W(K;¢), W(K; &) = {x € E; sup Kx', x| < &}. Q.E.D.
z'eK

Given a locally convex Hausdorff TVS E, we may now talk of its
bounded sets without specifying for which one, among the topologies
on E compatible with the duality between E and E’, they are bounded.
In particular, there is no need to distinguish between bounded and
weakly bounded sets.

ProposITION 36.3. If the locally convex Hausdorff space E is either
metrizable or barreled, the initial topology of E is identical to the Mackey
topology +(E, E').

Proof. 1. Suppose E metrizable. Let U be a neighborhood of zero
for the Mackey topology, and {U,} a basis of neighborhoods of zero
for the initial topology. If U were not a neighborhood of zero for the
initial topology, we would be able to find, for each n = 1, 2,..., a point
%, € (1/n) U, such that x, ¢ U. Note that the points nx, converge to
zero, hence form a bounded subset of E. In view of Theorem 36.2,
there should be a number p > 0 such that nx, € pU for all #. But this
contradicts the fact that x, ¢ U for every =.

2. Suppose E barreled. Then every weakly compact subset K of
E’ is equicontinuous (Theorem 33.2). In this case, Proposition 36.3
follows from Proposition 36.1.

We proceed now to study the reflexivity of locally convex Hausdorff
spaces.

Definition 36.1. The dual of the strong dual E; of E is called the bidual
of E and is denoted by E”.

The strong dual topology being finer than the weak dual topology,
the dual of E, can be regardea as a linear subspace of E”. By Proposition
35.1, we see that the mapping x ~ value at x is a one-to-one linear
mapping of E into E”.

Definition 36.2. The space E is said to be semireflexive if the mapping
x ~ value at x maps E onto E". The space E is said to be reflexive if this



Chap. 36-6] TOPOLOGIES COMPATIBLE WITH A DUALITY 373

mapping is an isomorphism (for the TVS structures) of E onto Ej , the
strong dual of its strong dual Ej .

In other words, E is reflexive if it is semireflexive and if its initial
topology is equal to the strong dual topology when we regard E as the
dual of E;.

ProrosITiON 36.4. The strong dual of a semireflexive space ts barreled.

Proof. Let E be a semireflexive space, and E, its strong dual. Let 7’
be a barrel in Ej . Since both the strong dual topology and the weak
dual one, on E’, are compatible with the duality between E’ and E,
Proposition 36.2 implies that 77 is weakly closed; hence TW = T'%.
Therefore, we will have proved that 7’ is a neighborhood of zero in
E; if we prove that T7° is a bounded subset of E (since T is the polar
of 7’%. But in view of Mackey’s theorem (Theorem 36.2), it will suffice
to prove that 7’ is bounded in E for the topology o(E, E').

As T’ is absorbing, to every x’ € E’ there is a number ¢ > 0 such
that cx’ € T7'. This implies immediately, for every ¢ > 0,

ceT°C W({x'}; e) ={x € E; <, 2)| < ¢}

The finite intersections of sets W({x'}; ¢), as x" € E’ and ¢ > 0 vary,
form a basis of neighborhoods of zero in o(E, E’), whence the result.

THEOREM 36.3. Let E be a locally convex Hausdorff space. The following
two properties are equivalent:

(a) E is semireflextve;
(b) for o(E, E’), every closed bounded subset of E is compact.

Proof. (a)implies (b), for if E is semireflexive, E is the dual of a barreled
space, its strong dual Ey , according to Proposition 36.4. It suffices then to
apply Theorem 33.2.

(b) implies (a). It suffices to show that the strong dual topology on E’
is compatible with the duality between E’ and E. According to Theorem
36.1, we must show that the strong dual topology is identical to a
S-topology, where & is a covering of E consisting of convex balanced
weakly compact (i.e., compact for o(E, E’)) subsets of E. But the strong
dual topology on E’ is obviously identical to the topology of uniform
convergence on the weakly closed convex balanced and bounded subsets
of E. By hypothesis, these sets are weakly compact. Q.E.D.

PrOPOSITION 36.5. If a barreled locally convex Hausdorff space E is
semireflexive, E is reflexive.
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Proof. As E is barreled, there is identity between bounded subsets
of E, and equicontinuous subsets of E’; the initial topology of E is the
topology of uniform convergence on the equicontinuous subsets of E';
the strong dual topology on E (regarded as dual of E, if we use the semi-
reflexivity of E) is the topology of uniform convergence on the bounded
subsets of E,, whence the result.

Before proving the last general result in the matter of reflexivity,
let us observe that the strong dual of a reflexive space is trivially reflexive.

THEOREM 36.4. A locally convex Hausdorff space E is reflexive if and
only if E is barreled and if, for the topology o(E, E’), every closed bounded

set is compact.

Proof. The second of the two conditions is equivalent with the fact
that E is semireflexive, by Theorem 36.3. If E is reflexive, then it is the
dual of the reflexive space E; and therefore E is barreled, by virtue of
Proposition 36.4. Conversely, if E is semireflexive and barreled, E is
reflexive, by virtue of Proposition 36.5.

Examples of Semireflexive and Reflexive Spaces

Example 36.1. The finite dimensional Hausdorff spaces. On these
spaces, all the locally convex Hausdorff topologies are identical; every
closed bounded set is compact; every vector basis defines an isomorphism
of E onto its dual.

Example 36.2. The Hilbert spaces. Let | be the canonical isometry
of a Hilbert space E onto its anti-dual, £’: let K be the canonical isometry
of the Hilbert space E’ onto its own anti-dual, which is easily seen to
be the strong dual of the strong dualof E, E, ; K o [ isanisometry of E
onto E; which is nothing else but the mapping x ~ value at x.

Example 36.3. In order that a Banach space be reflexive, it suffices
that it be semireflexive (by Proposition 36.5). If £ is an open subset
of R”, the spaces LP(Q) are reflexive when 1 < p < + o0 (Theorem
20.3); similarly, the spaces of sequences IP, for 1 < p << + oo, are
reflexive (Theorem 20.1.). These spaces L?(2) and I? for p = 1 or
p = -+ oo are not reflexive (cf. Exercises 36.1 and 36.2; also Corollary
2 of Lemma 44.2).

In relation with biduals and reflexivity, a certain number of results
concerning normed spaces are of interest. Let E be a normed space,
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x ~ | x| its norm, E’ its dual, and x" ~ || x"|| the dual norm on E’,
that is to say the norm

(36.1) fle"ll = sup K«, %)}

zeE, 1z’ 1=1
On the bidual E” of E, we may consider the dual norm of (36.1), which
we denote by x” ~ || x” ||

PROPOSITION 36.6. The mapping x ~ value at x is an tsometry of the
normed space E into its bidual E” (equipped with the bidual norm).

Proof. Let B (resp. B, resp. B") be the closed unit ball in E (resp. E,
resp. E”). In view of Propositions 35.2 and 35.3, B is equal to its own
bipolar, B®; B’ = B°® and B” = B’® in the duality between E and E’
and E’ and E”, respectively. Therefore B = E N B”, where we have
identified E with its image in E”, under the mapping x ~ value at x.

CoroLLARY. If E is a Banach space, x ~ value at x is an isometry of E
onto a closed linear subspace of its strong bidual, E, .

Proposition 36.6 can be expressed by the relation

foll= sup  Kx, sl
z’eE e’ 1<1

If E is normed but is not a Banach space, its closure £ in E is a
Banach space, since Ej; is a Banach space (the strong dual of a normed
space is a Banach space: corollary of Theorem 11.5). It is clear that E
is canonically isomorphic to the completion E of E and can be identified
with E.

ProrosiTION 36.7. A normed space E which is semireflextve is a Banach
space and therefore is reflexive.

Proof. To say that E is semireflexive is equivalent with saying that the
mapping x ~ value at x is a linear isometry of E onto E; ; the latter
being a Banach space, E must also be one. But then semireflexivity of
E implies reflexivity of E, by Proposition 36.5.

Proposition 36.6 should be contrasted with the next one:

PrOPOSITION 36.8. Let E be a normed space, and E" its bidual equipped
with the bidual norm. The unit ball of E, {x € E;| x| < 1}, is dense in
the unit ball of E", {x" € E"; || x" || < 1}, for the topology o(E", E’).
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Proof. We identify E with a linear subspace of E” through the mapping
x ~ value at x. The unit ball B of E is a convex subset of E”; its bipolar,
in the sense of the duality between E” and E’, is equal to its weakly
closed convex balanced hull (here, weakly must be taken in the sense
of o(E”", E')). But this bipolar is the set {x" € E”; || x” || < 1}, by definition
of the bidual norm.

CoroLLARY. A normed space E is reflexive if and only if its closed unit
ball is compact for the weak topology o(E, E’).

Indeed, the topology o(E, E’) is obviously identical to the topology
induced on E by o(E”, E’); the closed unit ball of E is dense in the one
of E” for o(E”, E’). If the closed unit ball of E is compact for o(E, E’),
it is equal to the one of E”; hence E = E” (as normed spaces).

Example 36.4. 'The Montel spaces (Definition 34.2). This is quite a
different class of locally convex Hausdorff spaces from the Banach
spaces: the only spaces which are both Banach spaces and Montel spaces
are the finite dimensional Hausdorff TVS!

PrROPOSITION 36.9. On a bounded subset B of a Montel space E, the
tnitial topology and the weak topology o(E, E’) coincide.

Proof. The closure of B, B, is compact (for the initial topology);
o(E, E’) is Hausdorff and coarser than the initial topology, whence the
result by a well-known property of compact sets (Proposition 6.4).

CoROLLARY. A Montel space is reflexive.

According to Proposition 36.9, for o(E, E'), the closed bounded
subsets of E (supposed to be a Montel space) are compact. Hence E
is semireflexive, by Theorem 36.3. But as E is barreled (Definition 34.2),
E is reflexive, in view of Proposition 36.5.

PrOPOSITION 36.10. The strong dual of a Montel space is a Montel
space.

Proof. Let E be a Montel space, and Ej its strong dual. Since E is
reflexive, Ej is barreled (Proposition 36.4). Every closed bounded subset
of Ej is strongly compact, as has already been proved (Proposition 34.6).

In addition to the Montel spaces ¥*(£2), €< (£2) (£2: open subset of R"),
&, and H(0) (0: open subset of C?), we have now the Montel spaces
&'(2), 2'(Q), &', H'(0), their strong duals (see Proposition 34.4).
All these spaces are reflexive.
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Exercises

36.1. Prove that a Banach space E is reflexive if and only if E, is reflexive.

36.2. Let ! be the Banach space of complex sequences 0 = (0;) (k = 0, 1,...) such
that | o |, = Z/% | 0x| < + o0, and I® the Banach space of bounded complex sequences
7= (n) (k=0 1,.), with its natural norm |7 |o = SUpg.q.;,.--| 7« | (Chapter 11,
Example IV). Let us denote by lx the linear subspace of [® consisting of the sequences
7 = () such that 7, — 0 as kK — -+ . Prove that o is a closed linear subspace of I®
(hence is a Banach space for the norm | |«) and that there is a canonical isometry of /!

onto the dual of /s . Derive from this that I! and [® are not reflexive (use also Exercise 36.1).

36.3. Using the Hahn—Banach theorem and the reflexivity of the spaces involved,
prove that €°(£2) is dense in £’(£2) and in 2'(R2) (£2: open subset of R"), that the (finite)
linear combinations of Dirac measures at the points of 2 are dense in ’(£2) and 2’(£2),
and that the finite linear combinations of Dirac measures at the points of R" are dense
in &,

36.4. Let T be a topological space, E a TVS, E’ its dual, and ¢ ~ x(¢) a mapping of
T into E. Let us say that this mapping is scalarly continuous if for every x’ € E’ the mapping
t ~ <x’, 2(£)> of T into C is continuous. When T is an open subset of R" (resp. of C"),
we may say that ¢ ~ x(t) is scalarly k-times conti sly differentiable (0 < k < + )
(resp. scalarly holomorphic) if this is true of the mapping ¢ ~ <{x’, x(£))> for all ¥’ € E’, etc.
Prove the following result:

ProrosiTiON 36.11. If E is a Montel space, and if the mapping t ~ x(t) is scalarly con-
tinuous (resp. scalarly k-times continuously differentiable, resp. scalarly holomorphic), then
this mapping is continuous (resp. €*, resp. holomorphic).

36.5. Prove the following result by using Lemma 36.1:

Let E be a locally convex Hausdorff space, and F a locally convex space. A subset H
of L(E; F), space of continuous linear mappings of E into F, which is bounded for the
topology of pointwise convergence, is also bounded for the topology of uniform conver-
gence on the convex balanced complete bounded subsets of E.

36.6. Prove that the spaces H} (£2) and H}({) are reflexive (see p. 332).
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Surjections of Fréchet Spaces

In this chapter, we shall state and prove a very important theorem
due to S. Banach. Let E, F be two Fréchet spaces, and « a continuous
linear map of E into F. The theorem gives necessary and sufficient
conditions, bearing on the transpose ‘u of u, in order that u be a sur-
jection, i.e., u be a mapping of E onto F (i.e., u(E) = F). From Eq. (35.3)
we derive immediately that Im « is dense if and only if Ker u = {0},
in other words if and only if ‘ is one-to-one. Note that the fact that
u is onto means that Im # is dense and closed. But in general, the fact
that ‘u is one-to-one will not be enough to ensure that Im u is closed.
It is of course so when F is finite dimensional, since every linear subspace
of a finite dimensional Hausdorff TVS is closed; but it is not so, in
general, when F is infinite dimensional. Examples are easy to exhibit:
it suffices to consider two Hilbert spaces H,, H, such that there is a
continuous injection with dense image of H, into H, which is not an
isomorphism (in which case, the injection cannot be onto, in view of the
open mapping theorem). Take for instance H, = H', H, = H® = L¥R")
(Definition 31.4; cf. Proposition 31.9): the injection of H' into H° is
the natural one, expressing that H! C H° when we regard both spaces
as subsets of the space of distributions in R™.

Thus, we see that, if #(E) is to be equal to F, we must have some further
condition, in addition to the fact that ‘u : F* — E’ be one-to-one. As we
shall see, the additional condition on ‘ will simply be that ‘ itself have
its image closed—provided that closed be understood in the sense of the
weak dual topology o(E’, E) on E’. When E is reflexive, for instance
when E is a Hilbert space, this is equivalent with saying that ‘u(F’) is
closed for the strong dual topology.

The introduction of the condition that Im ‘%« be weakly closed raises
the following question: is there a way of characterizing the weakly
closed linear subspaces of the dual of a Fréchet space? We shall begin
by stating and proving such a characterization; it is due to S. Banach
and is quite simple, as will be seen. We shall soon apply it to the proof
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of an important complement (Theorem 37.3) to the main theorem

(Theorem 37.2).

THEOREM 37.1. Let E be a Fréchet space. A linear subspace M’ of the
dual E' of E is weakly closed if and only if the following property holds:

(37.1) There is a basis of neighborhoods of the origin in E, 98, such that,
for every U e B, the intersection of M’ with the polar U°® of U is
weakly closed.

Remark 37.1. We recall that the subsets U° of E are weakly compact
(Propositions 32.7 and 32.8). It should also be pointed out that (37.1)
is equivalent to the following property:

(37.2) The intersection of M’ with every equicontinuous subset H' of E’ is
relatively closed in H' (for the topology induced by o(E’, E)).

In particular (cf. Proposition 32.7), (37.1) is equivalent to the fact that
the intersection of M’ with the polar of every neighborhood of zero in E
is weakly closed. Since U° is weakly compact and equicontinuous
(Proposition 32.7), (37.2) implies (37.1). Conversely, every equicontinuous
subset H' of E’ is contained in some U° for U € # (again by Proposition
32.7). If M'NnU° is closed in E', M'NH = M’ 0 U’N H'must
be closed in H'. Q.E.D.

Proof of Theorem 37.1

As U° is weakly compact, it is obvious that M’ N U° will be weakly
closed whenever M’ is weakly closed. Therefore, it will suffice to prove
that (37.1) or, equivalently, (37.2) implies that M’ is weakly closed.

We shall begin by showing that, under the hypotheses of the theorem,
it is equivalent to say that M’ is weakly closed or that M’ is closed for
the topology of compact convergence. This will follow from the fact
that E, and E; have the same dual, namely E. It will then suffice to
apply Proposition 36.2. Our statement will be a consequence of the
following two lemmas:

LemMa 37.1. Let E be a locally convex Hausdorff TV'S. The topology y
(on the dual E’ of E) of compact convex convergence in E is compatible
with the duality between E' and E (see Chapter 36, p. 369).

In other words, x ~ value at x is an isomorphism (for the vector
spaces structures) of E onto the dual of E; .



380 DUALITY. SPACES OF DISTRIBUTIONS [Part II

LeMMA 37.2. On the dual E' of a Fréchet space E, the topology y of
compact convex convergence ts tdentical to the topology c¢ of compact
convergence.

Proof of Lemma 37.1. The topology y is identical to the topology of
uniform convergence on every compact convex balanced subset of E.
Such a set is obviously compact also for the weak topology o(E, E’) on
E, since o(E, E’) is Hausdorff and weaker than the initial topology of E
(Proposition 6.8). It then suffices to apply Theorem 36.1.

Proof of Lemma 37.2. Whether E is a Fréchet space or not, the topology
of compact convergence on E’ is equivalent to the topology of uniform
convergence over the closed convex hulls of the compact subsets of E.
It will therefore suffice to show that the closed convex hull K of a
compact set K of a Fréchet space E is compact. As K is closed, hence
complete, it will suffice to prove that K is precompact (Proposition 8.4).
But this is stated in Proposition 7.11.

At this stage, we have reduced the problem to showing that, under
the hypothesis that E is a Fréchet space, (37.2) implies that M’ is closed,
i.e., that the complement of M’ is open, for the topology of compact
convergence ¢(E’, E). In order to prove this last implication, we only
need that E be metrizable, as stated in the following lemma:

LemmMA 37.3. Let W’ be a subset of E' whose intersection with every
equicontinuous subset of E’ is weakly open. If E is metrizable, W is open
for the topology of compact convergence.

Proof of Lemma 37.3. Let x' € W’; we must show that, under our
hypotheses, there is a compact subset K of E such that x’ + K°C W’; by
performing a translation, if necessary, we may assume that x" = 0.
Let {U,} (k = 1, 2,...) be a basis of neighborhoods of zero in E such
that Uy, C U, for all k; the polars U} are equicontinuous sets.

Let us set U, = E. We shall construct a sequence of finite sets
B,CU, (n=0,1,..) such that, for every n = 1, 2,..,

USnA°C W', A°=B,u--UB, .

We do this by induction on n. No problem in selecting 4, since Uj = {0}
and since the origin belongs to W’. Suppose that we have selected 4, .
Then we contend that there is a finite subset B,, of U, such that

U°,,N(4,UB)YCW.

If we prove this assertion, we will have established the existence of the
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B,’s for all k. We reason by contradiction. Suppose that a set like B,
did not exist. Let us denote by C’ the complement of W’ and set
C, = U, N A2 N C'. Since, by hypothesis, W’ is weakly relatively
open in U}, , C, is a closed subset of UJ,, N A}, hence is weakly
compact. According to our line of argument, given any finite subset B
of U,, B° would intersect C,, ; as any finite intersection of sets B°
is of the same form, we see that, because of the compactness of C,, ,
the intersection of all the sets B® N C;, should contain at least one point
2% This x'° belongs to the polar of every finite subset of U, , hence
to the polar of U, , i.e,,
¥XelUlnNnASnC.

But in view of the induction on n, U2 N A% C W’, the complement of
C’. We have thus reached a contradiction and therefore proved the
existence of the sequence of sets B, . Let S be their union. We have

8

Cs

Usn S =) (U0 A% C W
n=1 n=1

I
Il

Now, the union of the sets U} (n =1, 2,...) is obviously the whole dual
space E’, whence S°C W’. But S is a sequence which converges to
zero in E, therefore S U {0} is a compact set. This means that S° is a
neighborhood of the origin for the topology of compact convergence.
This proves Lemma 37.3 and therefore Theorem 37.1.
Before stating and proving the main theorem of this chapter, we shall
introduce the following notation:

Notation 37.1. Let E be a locally convex Hausdorff TVS, and p a
continuous seminorm on E. We denote by E, the vector space of the linear
functionals on E which are continuous for the topology defined by the
seminorm p.

Let us denote by E, the vector space E equipped with the topology
defined by p. Since p is continuous, the canonical mapping

E—E,/Kerp

is continuous (when E carries its initial topology and E,/Ker p, the
quotient of the topology defined by p); its transpose is a continuous
injection of the dual of E,/Kerp into E’, whose image is exactly E,
as one checks immediately. Let U, be the closed unit semiball of the
seminorm p, U, = {x€ E | p(x) < 1}; let Up be the polar of U, .
Then E, is the linear subspace of E’ spanned by UjJ . As E, is alge-
braically isomorphic to the dual of the normed space E,/Ker p, it can
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be canonically equipped with a structure of Banach space; the norm, in
this structure, is nothing else but the “‘gauge” of the weakly compact
convex balanced set Uy, which is absorbing in E, ,

Esx ~p(«)= _inf (A

s 0
Ax>0,2'€Al,

The fact that p’ turns E}, into a Banach space can also be derived from
the corollary of Lemma 36.1.

Exercises

37.1. Show that E, C (Ker p)° and that E}, is dense in (Ker p)° for the weak topology
«E", E).

37.2. Give an example where E;, # (Ker p)°.

37.3. Let E = €%£), the space of continuous complex functions in an open subset
£ of R", equipped with the topology of uniform convergence on every compact subset K
of 2. Let p be the seminorm f ~ sup,ex | f(x)|. Prove that, in this case, E;, = (Ker p)* =
set of Radon measures in 2 with support in K.

37.4. Prove the following result (which is going to be used later on):

Prorosition 37.1. Let E, F be two locally Hausdorff TVS. If u is a homomorphism of E
onto F, to every continuous seminorm p on E there is a continuous seminorm q on F, such that,
for all ¥y € F’,

‘w(y’) € E,, implies y' € F,.

Now, we state and prove the main theorem of this chapter:

THEOREM 37.2. Let E, F be two Fréchet spaces, and u a continuous
linear map of E into F. Then u maps E onto F if and only if the following
two conditions are satisfied.:

(a) the transpose of u, 'u : F' — E’, is one-to-one;

(b) the image of ‘u, ‘u(F’), is weakly closed in E’.

We state also the announced complement to this result; this com-
plement will be proved and applied in the next chapter.

THEOREM 37.3. Let E, F, and u be as in Theorem 37.2. Then the following
Jacts are equivalent :

(I) u maps E onto F;

(I1) to every continuous seminorm p on E there is a continuous semi-
norm g on F such that the following is true:
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(I1,) to every y €F there is x € E such that g(u(x) — y) = 0;
(ILy) for all y' € F', tu(y’) € E, implies y' € F, ;
(III) to every conmtinuous seminorm p on E there is a linear subspace
N of F such that the following is true:
(II1,) to every y € F there is x € E such that u(x) — y € N;
(IILy) for all y' € F', u(y’') € E,, implies y’ € N°
(IV) there is a nonincreasing sequence Ny D N, D -+ D Ny D -+ of
closed linear subspaces of F, whose intersection is equal
to {0}, and such that the following is true:
(IVy) to every k = 1,2,... and to every y € F, there is x€ E
such that u(x) —ye Ny ;
(IV,) to every continuous seminorm p on E there is an integer
kR = 1 such that every x € E satisfying

u(x) € Ny,

is the limit, in the sense of the seminorm p, of a sequence
of elements x, (v = 1,2,...) of E satisfying, for all v,

u(x,) = 0.

By saying that x is the limit, in the sense of p, of the x,’s, we mean
that p(x — x,) = 0 as v — + 0.

Proof of Theorem 37.2

Since Ker 'u = (Im #)°, we see that (a) is equivalent with the fact
that Im u = u(E) is dense in F. The theorem will be proved if we show
that (b) is equivalent with the fact that #(E) is closed in F. This will be
done through the application of Proposition 35.7, where we substitute
y for u, F, for E, E, for F, thus obtaining:

LemMma 374. Let E, F be two locally convex Hausdorff TVS, and u
a continuous “linear map of E into F. The following two properties are
equivalent :
(a) ‘“w(F") is weakly closed in E’;
(b) uis a homomorphism of E, equipped with the weak topology o(E, E"),
onto u(E), equipped with the topology induced by o F, F").

The crux of the proof of Theorem 37.2 lies in the next lemma:
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LemmMa 37.5. If E and F are both metrizable, the following properties
are equivalent:
(a) u is a homomorphism of E, equipped with o(E, E'), onto u(E),
equipped with the topology induced by oF, F');
(b) u is a homomorphism of E onto u(E) CF (for the initial topologies).

Before presenting the proof of Lemma 37.5, we shall show how it
implies the equivalence of Property (a) of Lemma 37.4 with the fact
that u(E) is closed in F. Consider the usual diagram associated with
the linear mapping «,

E—* > u(E)CF
(37.3)

v
@

E/Ker u,

where ¢ is the canonical homomorphism of E onto the quotient space
E/Ker u and ¢ is the unique one-to-one linear map of E/Ker # onto
#(E) which makes the triangle (37.3) commutative. Since u is continuous,
so is v. By definition, # is a homomorphism if v is an isomorphism
(for the TVS structures). But when both E and F are Fréchet spaces,
v is an isomorphism if and only if #(E) is closed. Indeed, if v is an
isomorphism, #(E) = Im v is isomorphic to the Fréchet space E/Ker u,
hence is closed. Conversely, if #(E) is closed in F, u(E) is a Fréchet
space for the induced topology and therefore v is a one-to-one con-
tinuous linear map of a Fréchet space, E/Ker u, onto another one,
#(E); v must be an isomorphism in view of the open mapping theorem
(Theorem 17.1).
Thus, we are left with the proof of Lemma 37.5:

Proor oF LEMMA 37.5. We go back to Diagram (37.3). What we ought
to show is the following; v is an isomorphism (for the initial topologies
on E and F and the quotient topology on E/Ker u) if and only if v is an
isomorphism when E carries o(E, E’), F carries oF,F’), and E/Keru
carries o(E, E')/Ker u.

We shall apply to v and to its inverse v—! (defined on u(E)) the following
result:

LemMaA 37.6. Let E be a metrizable locally convex TVS, F a locally
convex Hausdorff TV'S, and u a linear map of E into F. If u is continuous
when E and F carry their respective weak topologies o( E, E') and o(F, F"),
then u is continuous (for the initial topologies).

Proor or LEMMA 37.6. Let {U,} (kR = 1, 2,...) be a basis of neighbor-
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hoods of zero in E such that U, C U,_, (¢ = 2). If u were not continuous,
there would be a balanced neighborhood of zero I in F such that u~(V)
would not be a neighborhood of zero in E, hence would not contain
any one of the sets (1/k) U, ; for each k, we would be able to select an
element x; of E such that kx, € U, and such that nu(x;) ¢ V. Since the
sequence kx;, converges to zero in E, and a fortiori converges to zero for
o(E, E’), we see that the sequence k u(x;) is relatively compact in F for
o(F, F’). In view of Mackey’s theorem (Theorem 36.2), this sequence
is also bounded in F (for the initial topology). Therefore there is a
number A > 0 such that k& u(x;) € AV for all k; this implies that, for &
sufficiently large, u(x;) € (\/k) V C V, contrary to our assumption about
the vectors x;, . Q.E.D.

If we combine Lemma 37.6 with Proposition 35.8, we see that a linear
mapping of a metrizable locally convex TVS into a locally convex
Hausdorff TVS is continuous if and only if it is continuous when both
spaces carry their respective weak topologies. Keeping this in mind,
we proceed with the proof of Lemma 37.5.

Recalling that Ker u is closed in E (since u is continuous), we see that
we are dealing with a one-to-one linear map v of a metrizable space
G = E/Ker u, onto the metrizable space H = u(E) C F. According to
what has just been said, v is continuous as a mapping of G, equipped
with o(G, G’), onto H, equipped with o(H, H'); similarly, v : H - G
is continuous if and only if it is continuous when H carries o(H, H’) and
G carries (G, G'). Lemma 37.5 will therefore be proved if we prove
the following two facts:

(37.4) o(G, G') = o(E, E')/Ker u;
(37.5) o(H, H') is identical to the topology induced on H by o(F, F').

Recalling that H’ is canonically isomorphic to F'/H® the statement
(37.5) is absolutely obvious. As for (37.4), it will follow immediately
from Propositions 35.5 and 35.6. Indeed, Part (a) of Proposition 35.5
says that the dual G’ of G = E/Keru is canonically isomorphic to
(Ker #)°. On the other hand, if we apply Proposition 35.6 with E and
E’ exchanged and with N = (Ker u)® (observing that this is a closed
linear subspace of E,), we see that

o(E/Ker u, (Ker «)%) = oE, E')/Ker u.

Combining these facts, we obtain (37.4).
The proof of Theorem 37.2 is complete. The proof of Theorem 37.3
will be given in the next chapter.
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37.5. Prove that Theorem 37.2 remains valid if we replace the assumption that E and
F be Fréchet spaces by the one that E and F be duals of reflexive Fréchet spaces.

37.6. Let P(38/6X) = P(9/8X,,..., 8/8X,), and Pe%,, ie, a polynomial in =
indeterminates- with complex coefficients. We let P(8/8X) operate on 2,, the space of
formal power series in X = (Xj ,..., X,). Prove that P(8/8X) maps 2, unto itself, unless
P = 0 (use Theorem 37.2).

37.7. Prove that every ideal u2,,u € 2,, is closed in 2, (study the transpose of
the mapping v — uwv of 2, into itself; show that it is surjective and apply Exercise 37.5).

37.8. Prove the following result:
LemMA 37.7. Let E, F be two locally convex Hausdorff TV S, and u : E — F a continuous
linear map. The following two properties are equivalent:

(a) u is a homomorphism of E onto u(E) C F;

(b) tu(F") is weakly closed in E’ and every equicontinuous set A’ C 'u(F’) is the image,
under tu, of an equicontinuous subset of F’.
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Surjections of Fréchet Spaces (continued).
Applications.

We proceed to give the proof of Theorem 37.3:

Proof of Theorem 37.3

(I) implies (II) by virtue of Proposition 37.1. Indeed, if w(E) = F,
u is a homomorphism of E onto F, by the open mapping theorem.
Trivially, (II) implies (III): it suffices to take N = Ker q.

We prove, now, that (IIT) implies (IV). For this, we prove first that
(III) implies Property (b) in Theorem 37.2, that is to say that ‘u(F’)
is weakly closed in E’. We apply Theorem 37.1, in the following manner.
As a basis of neighborhoods of zero in E, we take the closed unit semiballs
U, of the continuous seminorms p on E, and we prove that u(F’) N Up
is weakly closed. Let H’ be the preimage of this set under the mapping
‘u. Let N be a linear subspace of F associated with the seminorm p
as in (III). If y' € H’, then ‘w(y’)e UJ C E, (Notation 37.1), therefore
' € N° Let y be an arbitrary element of F, x € E such that y — u(x) € N.
We have (for ¥’ € H'):

¥y =y u(x)) = (u(y’), x).

This equality proves, first of all, that y’ ~ ‘(y’) is a homeomorphism
of H’ onto its image, ‘u(F’) N U, for the topologies induced by o(F’, F)
and o(E’, E), respectively, and, second, that H’ is weakly bounded,
since ‘u(y’) varies in the weakly bounded set U) as y’ runs over H'.
But since F is barreled (Corollary 1 of Proposition 33.2), we derive from
the Banach—Steinhaus theorem (Theorem 33.2) that H’ is equicontinuous
and its weak closure H’ is a weakly compact subset of F’ (Proposition
32.8). The restriction of ‘u to A’ is then a homeomorphism of H’ onto
the weak closure of “(F’) N UJ . The latter weak closure is contained

387
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in the weakly compact set UJ ; since it is equal to ‘u(H’), it is also
contained in ‘u(F’). Consequently, it is equal to ‘u(F) N UJ .
Thus (III) implies that ‘u(F’) is weakly closed. As we have

Ker tu = (Im u)°, hence Keru = (Im *)°,
hence
(Ker u)? = (Im ‘%)™ = weak closure of Im %,

we have, in the present situation,
(38.1) Im ‘u = (Ker u)®.

This identity will soon be used.

We now complete the proof of the implication (III) = (IV). Let
P <Py < - < pr < -+ be a sequence of continuous seminorms
on E such that, for every continuous seminorm p on E, there is an
integer & > 1 such that p < p, . That such a sequence exists is evident:
it suffices to take the seminorms associated with the sets belonging to a
decreasing countable basis of neighborhoods of zero, consisting of convex
closed balanced neighborhoods of zero. For each k = 1, 2,..., let N*
be a linear subspace of F associated with p, as in (III). We take as linear
subspace NV, the closure of the algebraic sum of the subspaces N? for
I = k (an element of this algebraic sum is the sum of a finite number of
vectors belonging to the N', I > k). We start by proving that the
intersection of the NV, is equal to {0}. Let y’' € F’ be arbitrary. Since
‘u(y') is a continuous linear form on E, there is an integer & > 1 such
that ‘u(y’) e E, (Notation 37.1), therefore, in view of (III,), y’ € (N¥)°.
As a matter of fact, since p, < p; for / >k, we have E, CE, and
therefore y’ € (IV?)° for those I Since y’ belongs to the orthogonal of
every N, I > k, y’ belongs to the orthogonal of their algebraic sum and
therefore also to the orthogonal of the closure of their algebraic sum,
hence to (N,)°. In particular, ¥’ belongs to the orthogonal of the inter-
section of all the N, j =1, 2,.... Since y' is arbitrary, it follows from the
Hahn-Banach theorem that this intersection must be equal to {0}.

Since N¥C N,,, (IV,) is a trivial consequence of (III,).

We derive now (IV,). Let p be an arbitrary continuous seminorm
on E, and & > 1 be such that p < p, . We show that Ker u is dense in
H, = u™)(N,) for the topology defined by the seminorm p. In view of
Corollary 1 of the Hahn-Banach theorem (Theorem 18.1), it suffices
to show that every linear form on E, continuous for the seminorm p,
which vanishes on Ker u also vanishes on H, . Let x’ be such a form.
Since x' € E’ is orthogonal to Ker u, we derive from (38.1) that there
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is y' € F' such that x" = 'u(y’). Since x' € E, , we derive from (III,)
that y" € (N*)°. As a matter of fact, «’ ek, for all I > &, therefore,
by the same argument used above, y’ e (N,)°. But then, if xe H,

', x) = Culy'), %) =<y, u(x)) =0 since u(x)€ N,

The implication (III) = (IV) is completely proved; it remains to show
that (IV) implies (I).

Let us use a basis of continuous seminorms p; on E as before. By
possibly renaming the N,’s, we may assume that, for each k, N, is
associated to p, as in (IV,): every xeu~Y(N,) is the limit for p, of
a sequence in Ker u. Let y be an arbitrary element of F. By applying
(IV,), we may find x, € E such that y, = y — u(x;) € N, and then, by
induction on k = 2, 3,..., a sequence of elements x; in E, y, in F such
that

Vi = Vi1 — w(xi) € Ny

Observing that u(x;) = y;_; — yi (k = 2), we see that thereis A, € Ker u
such that p,_,(x, — h;) < 27%. The series

x4+ Y (% — k)
=2

converges absolutely in E, defining there an element x (since E is com-
plete). Let us set, for r > 1,

2, =% 4+ Y, (% — M)
k=2

We have
uz,) =Y u(x) =y —y,.
k=1
Therefore
u(zr) —YE€ Nr .

But since N, C NV, for all s >> r, we also have
u(z,) —yeN,.
By going to the limit as s — 4+ oo and recalling that N, is closed, we

obtain
u(x) —yeN,.
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As the integer r is arbitrarily large, y — u(x) belongs to the intersection
of all the N,’s, therefore is equal to zero.
The proof of Theorem 37.3 is complete.

An Application of Theorem 37.2: A Theorem of E. Borel

We shall now give a very simple application of Theorem 37.2. We
shall show how it enables us to prove the following classical theorem
of E. Borel:

THEOREM 38.1. Let D be an arbitrary formal power series in n indeter-
minates, with complex coefficients. There is a € function ¢ in R" whose
Taylor expansion at the origin is identical to D.

In other words if, for every m-tuple p = (p,,..., p,) of integers
p; = 0, we give ourselves arbitrarily some complex number g, , there
is a ¥* function ¢ in R” such that (9/0x)P¢ | ,_o = a, for every p. Of
course, the origirt in R” can be replaced by any other point.

Proof of Theorem 38.1. Let us denote by u the mapping which assigns
to every function ¢ € €°(R"?) its Taylor expansion at the origin; we
regard the latter as an element of the space 2, of formal power series
in n letters with complex coefficients. We must show that « is a surjection.
We provide ¥°(R”) with the natural ¥* topology and 2, with the
topology of simple convergence of the coefficients (Chapter 10, Examples
I and III). The dual of ¥*(R") is the space of distributions with compact
support in R”; the dual of 2, is the space %, of polynomials in # letters
with complex coefficients (Chapter 22). What is then the transpose ‘u
of u?
Observe that the mapping u is the mapping

1

P~ Y ?[(3/330)%(0)]){”-
peN™ £°

If ¢, > denotes the bracket of the duality between €*(R") and &’ on

one hand, and between £, and 2, on the other, we see that we have,

for any polynomial

PX)= Y P,X»,

peN®

PLue) = T 1 Pl(0ex 9(0)] = P(—0fox)s, 9,

peN™ [7*
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where 8 is the Dirac measure at the origin and where we have set

P(—ojox) = Y. (—1) % P(0]ox)?.

peEN®

This means that the transpose u of u is the mapping P ~ P(—8/ox)$
of #, into &’; it is clear what the image of ‘u is: the space of all linear
combinations of derivatives of the Dirac measure at 0. But we know
(Theorem 24.6) that this space is identical to the space of distributions
having the origin {0} as support (plus the zero distribution!); the latter
space is trivially closed, i.e., weakly closed. As ‘u is obviously one-to-one
(apply for instance the Fourier transformation to P(—8/2x)s), we see
that Conditions (a) and (b) of Theorem 37.2 are satisfied, whence the
result. Q.E.D.

An Application of Theorem 37.3: A Theorem of Existence
of €= Solutions of a Linear Partial Differential Equation

As usual, 2 will denote an open subset of R". We consider a linear
partial differential operator D, with ¥® coefficients, defined in 2 (see
Chapter 23, Example I1I). We are going to prove necessary and sufficient
conditions, bearing on the pair of objects £2, D, in order that the equation

Du=f

have a solution u € €°(2) for every fe €~(52). This property of the
equation Du = f can be rephrased by saying that D, which is a continuous
linear operator of ¥*(£2) into itself, is in fact a surjection of that Fréchet
space onto itself, i.e.,

DE=(Q) = €=().

In order to state the announced necessary and sufficient conditions
for this to be true, we shall make use of two definitions, which we now
state.

Definition 38.1. We say that the open set 2 is D-convex if to every
compact subset K of §2 and to every integer k = O there is a compact subset
K(k) of Q2 such that, for every distribution u with compact support in Q,
the following is true:

(38.2) If tDy is of order <k and if supp ‘Du C K, then supp u C K(k).
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We explain the notation used: if T is a distribution, supp T is the
support of T. We have viewed the differential operator D as a continuous
linear mapping of €7 (2) (or €°(£2)) into itself (Proposition 23.4); then
‘D is the differential operator defined as the transpose of that mapping;
‘D is a continuous linear map of 2'(R2) (or &'(R)) into itself. If the
expression of D in the coordinates (x, ,..., x,,) is

P(x, 0jox) = Y. a,(x)(8/éx)?,  m:order of D, a,c€=(Q),
Ipj<m
the expression of ‘D in the same coordinate system is given by the
“formal transpose” of P(x, 2/ox) (Definition 23.3),

P(x, 9jox) = Y (—1)"I(8]ox)? a,(x).
Ipl<m
For the concept of the order of a distribution, see Definition 24.3.
We shall also need the following definition:

Definition 38.2. We say that the differential operator D is semiglobally
solvable in Q if, for every relatively compact open subset Q' of 2, the
following property holds:

(38.3) Toevery functiond € €=(2) thereis € €°(82) such that Dy = ¢ in 2.

We may now state the announced result:

THEOREM 38.2. Let D be a linear partial differential operator with
€™ coefficients in the open set 2 C R*. The following two properties are
equivalent :

(38.4) To every f € (), there is u € €°(Q) such that Du = f.
(38.5) The open set 2 is D-convex and D is semiglobally solvable in 2.

Proof of Theorem 38.2. We shall apply Theorem 37.3 with E = F =
€~(2), = D, and show that (38.5) is equivalent with Conditions
(II) and (III) there. Let us show that (38.5) implies (III). Let p be some
continuous seminorm on ¥>(£2). By definition of the € topology, there

is a compact subset K of £, an integer m = 0, and a constant C > 0
such that, for all ¢ € €*(Q),

PP < Csup T 1(2/2xP ¢!

Ipi<m

This fact implies immediately that all the distributions pe &'(R)
which are continuous in the sense of the seminorm p must have their
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support in K and must be of order < m. We now use the D-convexity
of Q. There is a compact subset K’ of Q such that, for all distributions
w € &'(2) such that the order of ‘Dyu is < m and that supp ‘Du C K,
we have supp p C K’. Let then £’ be a relatively compact open subset
of £ containing K'. Since D is semiglobally solvable, to every f € €(Q)
there is u € €*(£2) such that Du — fe N, the subspace of €*(£2) con-
sisting of the functions which vanish in £’. We have just seen moreover
that, if p€ &'(Q), ‘Du € E, implies p € N°. Whence (III).

Finally, let us show that (II) implies (38.5). Let m be a nonnegative
integer, and K a compact subset of ©. Let K, be another compact
subset of £ containing K in its interior. Every distribution of order < m
in £ with support in K defines a linear form on €*(£2) continuous for
the seminorm

P#) =sup T 1(8/0x) $(x)l.

1lplsm

In view of (II), there is another continuous seminorm ¢ on €*(£2) such
that, for all p e (), if ‘Du is continuous in the sense of p, u itself
must be continuous in the sense of ¢. The argument already used in the
first part of the proof shows that to every continuous seminorm ¢ on
€~(2) there is a compact subset K’ of 2 such that the distributions
i € &'(£2) which are continuous in the sense of ¢ must all have their
support contained in K'. Q.E.D.

Although we have not used it, Condition (IV) in Theorem 37.3 has an
important interpretation when we apply it to the situation of Theorem
38.2. Let us select an increasing basis of continuous seminorms in €*(£2).
We may select the sequence of seminorms

b pdd) =ksup T (@exp e, k=1,2..

K |pl<k

Here {K,} (k = 1, 2,...) is a sequence of compact subsets of £ such
that K, C K, and whose interiors cover £2. As £2 is D-convex, to every
k = 1, 2,..., there is a compact subset K, of 2 such that, if a distribution
w € &'(£2) is continuous on €*(£2) for the topology defined by the semi-
norm p,, then supp u C K;,. Let, then, £ be a relatively compact open
neighborhood of Kj in ; let us choose these open sets £2; such that
. C8%,,, and let us denote by N, the (closed) linear subspace of
€>(£2) consisting of the functions ¢ which vanish identically in £ .
By inspection of the proof of the implications (II) = (III) = (IV) in
Theorem 37.3, we see immediately that the subspaces N, have all the
properties listed in (IV). In particular, with respect to (IV,), we see that,
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for every k > 1, every function ¢ € ¥°(2) which satisfies the linear
partial differential equation D¢ = 0 in £2; is the limit, for the uniform
convergence of functions and of their derivatives of order < % on the
compact set K, of a sequence of functions ¢, € ¥°(£2) which satisfy
D¢, = 0 in the whole of 2 (for all »). (Observe that K, C K, for all &;
see Exercise 38.4.)

Remark 38.1. One can give examples of differential operators D which
are not semiglobally solvable in any open subset of R", although some
of these subsets are D-convex. On the other hand, differential operators
with constant coefficients are always semiglobally solvable (see Exercise
38.1 below) but, in general, given such an operator D, one can find open
subsets of R® which are not D-convex. This shows the independence
of the two properties: D-convexity of £2, semiglobal solvability of D
in Q.

Exercises

38.1. Suppose that the differential operator D has constant coefficients (with respect
to some coordinate system Xx, ,..., X, in R") and that D is not identically zero. Then, it can
be proved that there exists a distribution E in R” such that DE = §. Admitting this,
derive the fact that D is semiglobally solvable in every open subset of R".

38.2. Let the differential operator D have constant coefficients (not all zero). Prove
that an open set 2 C R" is D-convex if and only if, to every compact subset K of 2, there
is another compact subset K’ of £2 such that, for all functions ¢ € €2(£2),

supp P(—D) C K implies supp ¢ C K’.

38.3. Let D be a differential operator with €= coefficients in an open subset £ of R",
having the following property:

(AHE) For every open subset £’ of 22 and every distribution 7 in £2’, the fact that DT
is an analytic function in £’ implies that 7 is an analytic function in £’.
Prove then that £ is D-convex.

38.4. Let D be a linear partial differential operator with € coefficients defined in
some open subset 22 of R". Suppose that D is semiglobally solvable in 2. Let then K be
a compact subset of 2, and m an integer > 0. Prove the following: if K’ is a compact
subset of £ such that, for all distributions u € £’(£2) such that ‘Du be of order << m and
have its support in K, we have supp ¢ C K’, then necessarily K C K’.

Give an example of an isomorphism [ of ¥°(R") onto itself (for the T'VS structure),
which induces an isomorphism of €P(R") onto itself, having the following property:
there are compact subsets K of R” such that, for all distributions u € &’(R") with the
property that supp ‘Ju C K, we have K Nsupp p = 2.



PART III

Tensor Products. Kernels



The topics discussed in Part III are tensor products, mainly of spaces
of functions and distributions, the topologies that such tensor products
carry naturally, the locally convex spaces which arise by completion
of the tensor products so topologized. The elements of these completions
are often referred to as “‘kernels,” whence the title of Part III.

This section of the book begins with the definition of the tensor
product of two vector spaces (Chapter 39). We have departed slightly
from the now generally adopted definition by the ‘“universal property”
(which we state as a theorem, 39.1). In practice, one needs to know if a
space already given, M, is the tensor product of two others, E and F.
This is so if there exists a bilinear map ¢ : E X F — M whose image
spans M and such that, for all pairs of linearly independent sets of
vectors (x,) and (¥g) in E and F, respectively, the vectors ¢(x. , ys) are
linearly independent in M (then it is natural to refer to the pair (M, ¢)
rather than to M as a tensor product of E and F). In the same chapter,
a few examples are presented, essentially of spaces of functions. Examples
among spaces of distributions are given in Chapter 40. Prior to this,
we introduce the functions which take their values in a locally convex
space E and which are differentiable. This enables us to define the tensor
products €% @ E (0 < k < + 0): their elements are those €* functions
with values in E whose images span a finite dimensional subspace of E.
The tensor product of two distributions is defined; its basic properties
(among which the Fubini type theorem, 40.4) are proved. The following
chapter, Chapter 41, is devoted to bilinear mappings and the important
notion of hypocontinuity. The student uncertain as to the advisability
of advancing further but who has gone as far as Chapter 37 or 38 should
definitely try to assimilate the contents of Chapters 39, 40, and 41 and
to gain some familiarity with tensor products and bilinear mappings.

In any representation of a vector space as a tensor product, the first
feature that strikes the eye is that of a certain splitting. Splitting of the
tensor product type are common in algebra. In the problems that concern
us, they usually originate in a splitting of the variables in the “base
space.”” We could be dealing, for instance, with functions defined in a
product space R™ X R" where the variable is denoted by (x, y).
It might then be convenient to regard those functions as functions with
respect to the first variable, x, taking their values in a suitable space of
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functions (or distributions) with respect to the second one, y. In this
way, for example, €7, can be viewed as the space of ¥~ functions of x
with values in €. It is only natural to try to study this situation in more
comprehensive, i.e., general, terms, and to deal with functions and
distributions valued in arbitrary locally convex spaces. Among those,
the simplest are the ones whose image spans a finite dimensional sub-
space of the “values space” E. They form a linear space which can
generally be viewed as the tensor product of E with a suitable space of
complex-valued functions; we have encountered this in dealing with
%*(E) (see above). However, in analysis, where one is forced to go beyond
the limitations of finite dimensionality, other operations, of a topological
nature—definition of a notion of convergence, adjunction of limit
points, which is to say completion—must follow up the formation of
tensor products. The space €, can certainly not be equated to the
tensor product ;7 @ €, in any reasonable manner, for the elements
of the latter must be recognizable as the finite sums 3 ; uy(x) vy(y),
u; € €3, v; € €, . But one cannot fail to notice that, although €7 & €
is not the whole of €7, , it is a dense linear subspace of the latter (by
Corollary 4 of Theorem 15.3), so that €3, can indeed be regarded as a
completion of €7 & €. In particular, €3, induces on €5z @ € a
certain topology, which is to be considered as “natural” for many good
reasons. In general, when we wish to topologize and form the completion
of a tensor product E Q F, we are forced to look for an intrinsic definition
of the topologies, either relying directly on the seminorms on E and F,
or else using an embedding of E () F in some space related to E and F
over which a “natural” topology already exists. The first method leads
to the so-called projective or = topology. The second method may lead
to a variety of topologies, the most important of which is the & topology
(¢ stands for equicontinuous). This is the only one of the latter class
which we study here, although the other ones may be of considerable
importance in special problems.

Let us sketch how the projective topology is defined. The aim is to
build, out of any two continuous seminorms p and ¢ on E and F,
respectively, a seminorm, denoted by p ® ¢, on E ® F, and to define
the topology = by these “tensor products of seminorms,” p ) ¢, as p
and ¢ vary in all possible ways. Consider an arbitrary tensor 8 € E ® F;
0 has, in general, many representations 3", x, & y, (finite sum; x, € E,
v €F). To each one of them, we associate the nonnegative number
2k (%) ¢(¥1). The value (p & ¢)(8) is the infimum of all these numbers.
This definition is due to R. Schatten.

The definition of the topology ¢ is based on the relationship between
tensor products and linear mappings—or bilinear forms. This rela-
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tionship is evident in the finite dimensional case. Suppose that dim £
and dim F are finite and let 8 be an element of E (X F. We may associate
with @ the following bilinear form on E’ X F’:

(IIL1) (s ") = 3 K& %> ' Y
k

where ¥, x, ® ¥, is an arbitrary representation of 8 (that the above
bilinear form does not depend on the chosen representation of 8 is
inherent to the definition of tensor product). We may also associate
with 6 a linear map of E’ into F, namely

(I11.2) XY LK X Y
k

It is easy to see that these correspondences establish an isomorphism
between E ®F, B(E',F’) (the space of bilinear forms on E’ X F'),
and L(E’; F) (the space of linear mappings E’ — F). But it is clear that
these convenient isomorphisms will not subsist if we give up the finite
dimensionality of E and F. Indeed, one notices that any linear map
of the type (III.2) must have a finite dimensional image (the image of
(II1.2) is contained in the linear subspace of F spanned by the vectors y,).
In addition to this fact, problems concerning continuity arise. Of course,
we shall make use of the “topological” dual E’, that is to say the space
of continuous linear functionals of E. Then (I11.2) establishes a one-to-one
correspondence between E Q F and the mappings of E’ into F which
are continuous when both spaces carry their weak topology and which
have a finite dimensional image. It is easy to see that (II1.1) establishes
a one-to-one correspondence between E ® F and the space B(E, , F,)
of all continuous bilinear forms on E, X F,. We may embed the latter
in the space #(E, , F,) of separately continuous bilinear functionals on
E, x F, . The advantages of such an embedding are two-fold: the space
%(E, , F,) carries a natural topology: the topology of uniform convergence
on the products A’ X B’ of equicontinuous sets; equipped with this
topology, #(E, , F,) is complete if and only if both*E and F are complete.
Taking all this into account, we identify E ® F to B(E, , F,) (space of
continuous bilinear functionals on E, X F,); we regard it as a linear
subspace of #(E, , F,). The topology induced by this embedding is the
¢ topology. The campletion of E & F, provided with it, will be identified
with its closure in #(E, , F,) (assuming that both E and F are complete).
Now, if we regard the tensor product €* ) E as a linear subspace of
€*(E), the space of €* functions valued in E (and defined, say, in some
open subset of R”), we see easily that the topology of uniform convergence
on compact sets of the functions and of all their derivatives of order < &
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induces on %* ) E precisely the topology &; as furthermore ¥* ® E
is dense in €*(E), it makes sense to write €%(E) o« ¢* &, E. Chapters
42 and 43 are devoted to the definitions and elementary properties of
the topologies 7 and & (Chapter 42 studies the spaces B(E, ,F,) and
#(E, ,F,), and related spaces of continuous linear maps, alluded to
above). Chapter 44 presents two important examples of completed
e-tensor products: the space ¥(K; E)=~ ¥(K) &, E of continuous
functions, defined in a compact set K and valued in a locally convex
space E, Hausdorff and complete; IY(E) =~ I! ), E, the space of sequences
{x;} in E such that the series Y, x; converges (here again, E is Hausdorff
and complete). Chapter 45 is devoted to one of the most important
results of the theory, the representation of the elements of the completed
w-product E &, F of two Fréchet spaces E, F as series

(I11.3) Z A @ Vi
x

absolutely convergent in E®, F, with 3, [ A, | < + o0, {x;} and {y,},
sequences converging to 0 in E and F, respectively. This representation
is constantly used in the sequel. Chapter 46 presents one more example
of completed 7-tensor product: the space LY{E) =~ L' &), E of integrable
functions valued in the complete Hausdorff locally convex space E.
When E is a Banach space and L! &, E carries the tensor product norm,
the above isomorphism is an isometry.

Chapter 47 introduces and studies nuclear mappings, Chapter 49
does the same for integral mappings. Suppose that E and F are Banach
spaces and let the series (III.3) represent an element 8 of E &, F; it
is clear that 8 defines a continuous linear map of E’ into F, namely

&~ Z Ap <&y %) Vi
*

This is a typical nuclear map of E’ into F (if we want to deal with nuclear
mappings of E into F, we must exchange E and E’). A nuclear map is
compact (that is to say, transforms the unit ball of E into a relatively
compact subset of F); the compose of nuclear maps, whether on the
right or on the left, with continuous mappings is nuclear. In the case
of Hilbert spaces, nuclear mappings are exactly those compact operators
u such that the sequence of eigenvalues {A;} of their absolute value
(#*u)!/2 is summable, i.e., 3 A, < 4 oo (Theorem 48.2). As a matter
of fact, in the case of Hilbert spaces E and F, E X, F can be identified
with the space of compact operators of E into F (weareidentifying E and
E’) and the dual of E®,F can be identified with the space of nuclear
operators (with the so-called trace-norm, which is equal to the sum
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of the eigenvalues of the absolute value of the operator); the dual of the
latter is none other than the space of all bounded operators of E into F
(with the operators norm; Theorem 48.5’). When E and F are locally
convex spaces, not necessarily Banach spaces, one defines the nuclear
operators by means of Banach spaces £, and F, naturally associated
with the continuous seminorms p on E and the bounded closed convex
balanced subsets of F, B, such that the space E, is complete.

The topology = is finer than the topology e. Thus, the identity mapping
of E®F onto itself can be extended as a continuous linear map of
E®,F into E &), F. That this mapping may not be an isomorphism,
or even simply surjective, is shown by the case of Hilbert spaces. But
its image is dense. Therefore, its transpose is an injection of the dual
of E ®, F, denoted by J(E, F), into the one of E &), F, which is identifi-
able with the space of continuous bilinear functionals on E X F, B(E, F).
Thus the elements of J(E, F) are continuous bilinear forms on E X F,
of a special type, called integral forms. An operator u : E— F is said
to be integral if the associated bilinear form on E X F,

(xr y,) ~ <;V', u(x)},

is integral. All the nuclear operators are integral but the converse is not
generally true unless E and F are Hilbert spaces. However the compose
of three integral operators (as a matter of fact, of two only—but this
will not be proved here) is nuclear. A typical integral form is provided
by the bilinear form on €(X) x €(X),

(fe)~ | J®) gl dx,

where X is a compact space and dx a positive Radon measure on it
(this form is so typical that any integral form on any product E X F
possesses such a representation—for a suitable choice of X and dx).
What is important, for the subsequent chapters, is that any integral
operator E — F can be decomposed into two continuous linear mappings
E — H — F, with H a Hilbert space.

With Chapter 50, we get to nuclear spaces. These are the locally
convex Hausdorff spaces E such that, given any other space F, the
topologies = and ¢ on E @ F are identical. Nuclear spaces do exist:
the main spaces occurring in distribution theory are nuclear: €*, €7,
&, 2, &, and &’; and so also are the space of holomorphic functions
in an open set of C” (and its dual, the space of analytic functionals in
that open set). Banach spaces are not nuclear, unless they are finite
dimensional. Complete nuclear spaces, when they are barreled, are
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Montel spaces, hence they are reflexive (see Chapter 36). Nuclear spaces
have beautiful ‘“stability properties”: linear subspaces, quotient spaces,
products, and projective limits of nuclear spaces are nuclear spaces; so
also are countable topological direct sums and countable inductive limits
of nuclear spaces. A Fréchet space is nuclear if and only if its strong dual
is nuclear. Most important, the space of continuous linear mappings
of E into F (with its topology of bounded convergence) can be identified,
under reasonable conditions, when the strong dual E’ of E is nuclear,
to the completed tensor product E’ ® F. This fact leads easily to the
kernels theorem of L. Schwartz, which states that there is a one-to-one
correspondence between distributions K(x, y) in two sets of variables
x and y and the continuous linear mappings of (%7), into 2, . The
correspondence is the natural one, given by the formula

uew Ku,  Ku(x) = f K(x, y) u(y) dy.

This important theorem is proved in Chapter 51, where the nuclearity
of the main spaces of distribution theory is established. The importance
of kernels K(x, y) in the field of partial differential equations has been
recognized long before the advent of distributions or topological tensor
products! Very deep and intensive study has been made of kernels in
relation to operators in the spaces L? and particularly in L2 In Chapter
52, the last in this book, a few applications are presented to linear
partial differential equations, involving nuclear spaces (therefore, not
Banach spaces) and based on some of the main theorems of the previous
chapters.

The theory of topological tensor products and nuclear spaces is due
to A. Grothendieck. We have followed very closely the work (13) of
this author, as well as the exposition of L. Schwartz (14). We have
omitted many of the questions discussed in these two books, to which
we refer the reader for further information.
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Tensor Product of Vector Spaces

As before, we consider only vector spaces over the field C of complex
numbers. Let E, F be two vector spaces. Let ¢ be a bilinear map of
E X F into a third vector space M.

Definition 39.1. We say that E and F are ¢-linearly disjoint if the following
holds :

(LD) Let {x,,..., x,} be a finite subset of E, and {y, ,...,y,} a finite
subset of F, consisting of the same number of elements and satis-
fying the relation

> $(x;,35) =0.

j=1
Then, if x, ,..., x, are linearly independent, y, = -+ = y,
and if y,,...,y, are bnearly independent, x, = -+ = x,

The reason for introducing this definition lies in the next one:

Definition 39.2. A tensor product of E and F is a pair (M, $) consisting
of a vector space M and of a bflinear mapping ¢ of E X F into M such
that the following conditions be satisfied:

(TP 1) The image of E X F spans the whole space M.
(TP 2) E and F are ¢-linearly disjoint.

We shall now prove the existence of a tensor product of any two vector
spaces, its uniqueness up to isomorphisms and the well-known *‘universal
property.” But before doing this, we shall give an equivalent definition
of ¢-linear disjointness:

PrROPOSITION 39.1. Let E, F, and M be three vector spaces, and ¢ a
bilinear map of E X F into M. Then E and F are ¢-linearly disjoint if
and only if the following is true:
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(LD’) Let {x;} and {y;} (1 <j <r, 1 <k <5s) be arbitrary linearly
independent sets of vectors in E and F, respectively. Then the
set of vectors of M, {§(x;, yy)}, are linearly independent.

Proof. (LD) implies (LD’). Let {x;} and {y,} be as in (LD’) and suppose
that 3; . A d(x;, i) = 0. Set 2; = 3, Apyy ; we have 3, §(x; , 2;) = 0.
From (LD) we derive that every z; must be equal to zero. As the y,
are linearly independent, this implies that the coefficients A; be all
equal to zero.

(LD’) implies (LD). Let {x,,..., .} and (y,,..., y,; be as in (LD);
suppose that the x;’s are linearly independent and let z,,..., 2, be a
basis of the linear subspace spanned by the y;’s. Let us set
¥; = Xk A3k > from 3 d(x;, y;) = 0 we derive. 3; , Aud(x; , 2) = O,
whence Ay = O for every pair (j, k), in view of (LD’). Thus all the
y,’s are equal to zero. Q.E.D.

THEOREM 39.1. Let E, F be two vector spaces.

(a) There exists a tensor product of E and F.

(b} Let (M, ¢} be a tensor product of E and F. Let G be any vector space,
and b any bilinear mapping of E X F into G. There exists any unique
linear map b of M into G such that the diagram

ExF2s¢G

(39.1) ¢l /

M
is commutative.

(¢) If (My,¢,) and (M, , ;) are two tensor products of E and F, there
is a one-to-one linear map u of M, onto M, such that the diagram

ExF-2,m,
(39.2) . l /,,
M,
is commutative.

Property (b) is sometimes referred to as the “universal property”;
(c) states the uniqueness of tensor product up to isomorphisms; (a)
states its existence.

‘Proof of (a). Let Z be the vector space of all complex-valued functions
on E x F which vanish outside a finite set. Let us denote by e, ,) the
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function equal to 1 at the point (x, y) and to zero everywhere else;
as (x, y) varies over E X F, the functions e(, , form a basis of Z. Let N
be the linear subspace of Z spanned by the functions

(39.3) €an’+B2" vy +6y") — XVE(2',y') — o‘se(x'.v") — Brew.y) — Boewr.y7y

where «, B, v, and 8 vary in all possible ways in the complex field C
whereas (x', ¥') and (x”, ¥") do the same in E X F. We then denote by
M the quotient vector space Z/N, by = the canonical mapping of &
onto M, and by ¢ the mapping of E X F into M defined by

(%, ) = m(eq.m)-

It is obvious, in view of our definition of XV, that ¢ is bilinear. In order
to conclude that (M, ¢) is a tensor product of E and F, it remains to
show that E and F are ¢-linearly disjoint.

Let (xy ,..., ,) and (¥, ,..., ¥;) be linearly independent sets of vectors
in E and F, respectively. We assume that there are complex numbers
A (1 <j <7, 1 <k <s) such that

Z A (%, y2) = 0.
ik
This is equivalent with saying that the function
f= Z ’\J'.ke(a:,-.vk)
ik

belongs to the subspace N of Z. Let {x.} and {yg} (x € 4, 8 € B) be bases
of E and F, respectively, containing the sets {x, ,..., x,} and {y; ,..., ¥}
It is immediately seen that every function (39.3), and consequently
every function belonging to N, is a linear combination of elements
of the form

azB
(394) €(Z a5, Egblivg) — Z;a alble(ava.us) ’

where, needless to say, all the linear combinations are finite. If we denote
by g, the element (39.4), we see that there is a finite family of indices /
and, for each one of them, a constant ¢, such that

fzzl‘,czgz-

We may assume that no pair (¥, ajx, , > 87y,) is equal to a pair (%ay > V8,)
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for ag € 4, By € B. For this would imply a} = 1 if a« = o, = O other-
wise, b = 1 if B = B,, == 0 otherwise, and therefore g, would be
identically zero. We may also assume that the pairs (3, @jx, , 35 6{ys)
are pairwise distinct; for if two of them were equal, the corresponding
functions g, would be equal, and we could reorder the sum expressing
f. But if these pairs are pairwise distinct and different from every pair
(%« » ¥p), the linear independence of the functions e, ,) implies immedi-
ately that all the coefficients ¢; must be zero, i.e., f = 0; but then, for the
same reason, all the coefficients A; ;, must also be equal to zero. Q.E.D.:
Property (LD’) is satisfied (see Proposition 39.1).

Proof of (b). Let G, b be as in (b). Let (x,), () (x€ 4, B € B) be bases
of E and F, respectively. We know that ¢(x, , yp) form a basis of M as
(a, B) vary over A x B. The linear mapping & will therefore be the
(unique) linear map of M into G such that, for all «, 8,

b(d(x, , ¥)) = b(x, , ¥p)-

Proof of (c). Let (M;,¢,) ({ = 1, 2) be two tensor products of E and
F. Apply Diagram (39.1) with M =M,, G=M,, ¢ = ¢,, and
b = ¢, ; this yields a linear map u : M; — M, (the & in (39.1)). Then
do this once more with (M1 » D1)s (M2,¢2) mterchanged It yields a
linear map v : M, — M, . It is easy to see that u and v are inverse of
each other, hence isomorphisms. Q.E.D.

We shall never use the tensor product constructed in Part (a) of the
proof of Theorem 39.1; whenever we shall need the tensor product of
two spaces, we will have a “‘concrete realization” of it. In accordance
with a well-established custom, we shall denote by E ® F the tensor
product of E and F which we shall happen to be using. The canonical
mapping ¢ of E x F into E ® F will be denoted by

(*y)~x®y
rather than by ¢.

ProposITION 39.2. Let E, F, E,, and F, be four vector spaces over the
complex numbers. Let u: E-—> E, and v:F —F, be linear mappings.
There is a unique linear map of E Q F into E, @ F,, called the tensor
product of u and v and denoted by u Q) v, such that

u@ux®y) =ulx) Du(y) forall xcE, yeF.

Proof. (x,y) ~ u(x) ® v(y) is a bilinear map of E X F into E;, ® F,
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and # ® v is the linear map of E X F into E, ® F, associated with it
by (b), Theorem 39.1.

Example I. Finite dimensional vector spaces

Let E = C™ F = C" (m, n: positive integers). Then C™" is a tensor
product of E and F, the canonical bilinear map of E X F into C™»
being given by

(%), VD cigmacren ~ (EVeh<icmacin -

Example 1I. Tensor product of functions

Let X, Y be two sets, and f (resp. g) a complex-valued function defined
in X (resp. Y). We shall denote by f & g the function defined in X X Y

(%, ) ~f(x) &(3)-

Let, now, E (resp. F) be an arbitrary linear space of complex-valued
functions defined in X (resp. Y). We shall denote by E ® F the linear
subspace of the space of all complex functions defined in X X Y spanned
by the elements of the form f (X g where f varies over E and g over F.
It is immediately seen that E X F is a tensor product of E and F.

Suppose that both X and Y carry a topology. We recall that the support
of a function is the closure of the set of points at which the function is
# 0. It is immediately checked that

supp(f ® g) = (suppf) X (supp g)-

We shall take a quick look at a few particular cases of Example II.

Example Ila. Functions with finite support

Suppose that E (resp. F) is the vector space of complex functions in X
(resp. Y) which vanish outside a finite set. Then it is immediately seen
that £ ® F is the space of complex functions in X X ¥ which vanish
outside a finite subset of this product.

Let N be the set of nonnegative integers; let us take X = N™, ¥ = N*»
(m, n: positive integers). The space E (resp. F) of complex functions
with finite suppert in X (resp. in Y) can be identified with the space
P, (resp. Z,) of polynomials in m indeterminates (resp. in # indeter-
minates): if f € E, we assign to f the polynomial P(X) = X ,.n» f(p) XP;
similarly with g € F. The tensor product £, & £, is therefore canoni-
cally isomorphic to#,, ., according to what we have said at the beginning
of this discussion.
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Example 11b. Formal power series, entire functions, analytic functionals

Let 2,, and 2, be the vector spaces of formal power series in m and
n indeterminates, respectively (with complex coefficients). To an arbitrary
power series u(X) = X ,.nm %, X? we assign the function p ~ u, defined
in N™ (with complex values). This is an isomorphism of .2, onto the
space of all complex-valued functions in N™ or, if one prefers, of all
complex sequences in m indices. The tensor product 2, ® 2, is
canonically isomorphic to a linear subspace of 2,,_, ; this linear subspace
is always distinct from 2,,,, . This simply means that a formal power
series #(X, Y) in m 4+ n indeterminates (X,,..., X,,, Y;,..., Y,) cannot
be written, in general, as a finite sum

J
Y. u{(X) v(Y)
=1
of products of formal power series in the X;’s and formal power series
in the Y,’s. Observe however that, if we provide 2,,,, with the topology
of simple convergence of the coefficients (Chapter 10, Example III),
then 2,, ® 2, is dense in 2,,,, . Indeed, #,,_, is dense in 2, ,, ;
this is evident. On the other hand, we have just seen that £ —
P, P, ; the latter is obviously contained in 2, ® 2, .

The space H(C™) of entire analytic functions in the m-dimensional
complex space C™ can be identified to a linear subspace of 2,, , precisely
the subspace consisting of the convergent power series whose radius
of convergence is infinite. Then H(C™) ® H(C"), viewed as a space
of functions on C™ x C”, can be canonically identified to the subspace
of 2,, ® 2, consisting of the series with infinite radius of convergence;
of course, H(C™) ® H(C») C H(C™*"). Indeed, H(C™) @ H(C") is a
proper dense subspace of H(C™+t"), as it contains the polynomials in
m 4+ n (complex) variables and as these are dense in the space of entire
functions in C™+* (Theorem 15.1).

We might also consider the space Exp(C™) of entire functions of
exponential type in C™ (Notation 22.2). It is immediately seen that

Exp(C™) ® Exp(C")

is a linear subspace of Exp(C™*"). If u (resp.v) is an analytic functional
in C™ (resp. C»), its Fourier-Borel transform u (resp.v) belongs to
Exp(C™) (resp. to Exp(C*); Definition 22.3, Theorem 22.3). By Theorem
22.3, the tensor product & ® # is the Fourier—Borel transform of an
analytic functional in C™+* which we shall denote by u & v and call
the tensor product of u and v. Later on, we shall see that u & v can be
defined without making use of the Fourier-Borel transformation.



Chap. 39-7] TENSOR PRODUCT OF VECTOR SPACES 409

Example Ilc. Functions in open subsets of Euclidean spaces

Let X and Y be open subsets of R™ and R®, respectively. Let &, /
be two nonnegative integers, possibly infinite. We may form the tensor

products
EX)RE(Y), BX)QEY), et

They are spaces of functions defined in the product set X X Y, regarded
as an open subset of R™*”. As a matter of fact, they are linear subspaces
of €%-YX x Y), the latter notation having an obvious meaning. The
functions belonging to €¥(X) ® ¥XY), for instance, have supports
whose projection into X is compact, etc.

The approximation results in Chapter 15 imply easily the following:

THeOREM 39.2. Let X (resp.Y) be an open subset of R™ (resp. R™). Then
FIX) Q E(Y)
is sequentially dense in €3 (X X Y).

Proof. Let ¢ € €-(X x Y). By Corollary 2 of Lemma 15.1, ¢ is the
limit in €°(X X Y) of a sequence of polynomials {P,(x, ¥)} (k = 1, 2,...).
Let K = supp ¢, K, (resp. K,) be the projection of K into X (resp.
into Y). Both K, and K, are compact sets. Let ge €3(X), ke €:(Y)
be equal to one in a neighborhood of K, and K, , respectively. Then
£ ® h is identically equal to one in a neighborhood of K, and belongs to
€2(X) ® €:(Y). This tensor product then contains the sequence of
functions

(g ®KP;, k=1,.,

which converges in €°(X x Y), therefore also in €7(X X Y) (as the
elements of the sequence have their support in a fixed compact subset
of X X Y) to the function (g & k)p = ¢. Q.E.D.

CoRrOLLARY 1. CP(X) ® €2(Y) is sequentially dense in €%'(X x Y),
in €Y X x Y),andin L?»(X x Y)(l <p < + o0).

It suffices to combine Theorem 39.2 with Corollaries 1, 2, and 3
of Theorem 15.3 (where 2 = X x Y).

COROLLARY 2. €%(X) ® €Y Y) is sequentially dense in €%Y(X x Y)and
in €-(X X Y).

CoroLLARY 3. LP(X) ® LP(Y) is dense in LP(X x Y) (1 < p < + o0).
Many more results of a similar nature can easily be stated and proved.
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Exercises

39.1. Let (M, ¢) be a tensor product of E and F, and (N, ¢) a tensor product of F
and E. Prove that there is a canonical isomorphism [ (for the tensor product structures)
of (M, ¢) onto (N, ¢). What is the mapping S that then makes the following diagram
commutative ?

E><F-—-S—>F><E

I

M———>N

39.2. Let E and F be two vector spaces over C, and {e,}, { fp} (x € 4, B € B) bases in
E and F, respectively. Let E ® F be a tensor product of E and F. Prove that {¢, ® fg}
(xe A, B € B) form a basis of E ® F.

39.3. Let E;,F;(j = 1, 2) be four vector spaces, u; : E; — F; two linear mappings
(j = 1,2), and {ey,;}, { fp.;} (« € A;, B = B;) bases in E; and F; , respectively (j = 1, 2).
Let (cfl ;) be the matrix of #; with respect to those bases. What is the matrix of the tensor
product u, ® u, with respect to the bases (¢x.1 ® ex’,) of E; ® E, and ( fg.1 & fp-..) of
F,®F,?

394. Let E;,F;, and u; (j = 1, 2) be as in Exercise 39.3. What is the kernel (resp.
the image) of u; ® u, ? Derive that u; ® u, 1s one-to-one (resp. onto) if this is true of
both #; and u, .

39.5. Let E,F, and M be three vector spaces, and ¢ a bilinear mapping of E X F
into M. Prove that the following properties are equivalent:
(a) (M, ¢) is a tensor product of E and F;
(b) the mapping
x* ~x* O ¢

is an isomorphism of the algebraic dual M* of M onto the vector space B(E, F) of
bilinear forms on E X F.
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Differentiable Functions with Values
in Topological Vector Spaces.
Tensor Product of Distributions

Let X and Y be open subsets of R™ and R™, respectively (m, n:
integers 2> 1). It is convenient, in many a situation, to regard a function
#(x, y) of the pair of variables x € X, y € Y as a function of one of them,
say y, with values in a space of functions with respect to the other one, x.
More generally, one might be interested in dealing with functions defined
in Y and taking their values in some topological vector space E. In
certain circumstances, E could be a space of distributions (and not
merely a space of functions) in X. This is why it is reasonable to introduce
the concepts of differentiable functions with values in a TVS E and,
having done this, to study the spaces of these functions, and their duals.
Eventually, one may also need the theory of distributions with values
in E.

In the present chapter, we limit ourselves to recalling the definition
of a differentiable function, defined in the open set Y, with values in a
TVS E, and to introducing the spaces €%(Y; E) and €¥(Y; E) of k-times
differentiable functions (with arbitrary support and with compact
support, respectively), defined in Y and valued in E. These spaces can
be made to carry a natural €* topology, whose definition is a straight-
forward generalization of the scalar case.

We use the concepts and facts thus introduced to define the tensor
product of a distribution S in X with a distribution 7 in Y. The approach
through functions valued in a TVS has the considerable advantage of
revealing the general facts underlying the definition of the tensor
product S @ T (and, in particular, the so-called Fubini theorem for
distributions: see Theorem 40.3).

Let f be a mapping of the open set ¥ € R into the TVS E. We recall
the meaning of ‘‘/f is differentiable at a point y° of Y’ (cf. the remarks
following the statement of Theorem 27.1):

411
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Definition 40.1.  The function f is said to be differentiable at y*c'Y if
there are n vectors in E, e, ,..., e, , such that

1y =21 10) 100 = £ (3, — e,

converges to zero in E as the number |y — y°| > 0 converges to zero.
The vectors e; are then called the first partial derivatives of f at the point
y°: one sets

&= ay,

=0, Jj=1.,n

If f is differentiable at 39, it is obviously continuous at that point. The
traditional terminology is extended to functions valued in a TVS: f
is said to be differentiable in a set 4 C Y if it is differentiable at every
point of 4; f is said to be continuously differentiable if it is differentiable
at every point and if its first partial derivatives are continuous functions;
[ is said to be k-times continuously differentiable (or %) if f is differenti-
able at every point and if its first partial derivatives are €%, ; f1s sad
to be infinitely differentiable if it is €* for all & = 0, 1,..., etc.

Notation 40.1. We shall denote by €*(Y; E) the wvector space of €*
mappings of Y into E (0 < k < + ). We shall denote by €%(Y; E)
the subspace of €*(Y; E) consisting of the functions with compact support.

The support of a vector-valued function is the closure of the set of
points at which the function is nonzero.

Definition 40.2. The €* topology on €*(Y; E) is the topology of uniform
convergence of the functions together with their derivatives of order < k + 1
on every compact subset of Y.

Consider a sequence £, CQ,C ---C,;C - of relatively compact
open subsets of Y whose union is equal to Y, an arbitrary integer
I <k + 1, a basis of neighborhoods of zero in E, {U,}. As j,!/, and «
vary in all possible ways, the subsets of €*(Y; E),

Usao ={f;(@l2y) f(y)e U, forall yc Q; andallqEN"lql 3,

form a basis of neighborhoods of zero for the %* topology. If E is
metrizable, so is €%(Y; E); if E is metrizable and complete, so is €%(Y;E).
Noting that %; ;, 1s a convex set whenever U is a convex set, we see
also that ¥*(Y; E) is locally convex whenever this is true of E. Needless
to say, €%(Y; E) is Hausdorff if and only if this is true of E.

When E is locally convex, it is easy to obtain a basis of continuous
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seminorms on #%(Y; E). It suffices to select a basis of continuous semi-
norms on E, {p}, and to form the seminorms

[=Piad ) =sup (T »@le9)[)-

25 M|l

When j, /, and « vary in all possible ways, the &; ;. form a basis of
continuous seminorms for the topology #*.

Given an arbitrary compact subset K of Y, we denote by €%(K; E)
the subspace of €%(Y; E) consisting of the functions with support
contained in K. We provide €%(K; E) with the topology induced by
%*(Y; E). Let us suppose, as we shall always do from now on, that E
is locally convex. Then we provide €%(Y; E) with the topology inductive
limit of the topologies of the spaces €%(K; E) as K varies over the
family of all compact subsets of Y. A convex subset of €¥(Y; E) is a
neighborhood of zero if its intersection with every subspace #%(K; E)
is a neighborhood of zero in ¥¥(K; E). The definition of the topology
of €%(Y; E) duplicates the definition of the topology of a space LF,
except that the subspaces €%(K; E), which serve as building blocks,
are not (in general) Fréchet spaces. But notice that, if K C K’ are two
compact subsets of Y, the topology induced on €¥(K; E) by €%(K’; E)
is identical to the initially given topology on %%¥(K; E), which is the
topology induced by €*(Y; E). Note also that ¥%(Y; E) can be defined
as the inductive limit of a sequence of subspaces €%(K; ; E): it suffices to
take an arbitrary sequence of compact subsets K; of ¥ whose union
is equal to Y (for instance, K; = £, , where the £; are the relatively
compact open subsets of Y considered after Definition 40.2). We see
then easily that €¥(Y; E) induces on every ¥*(K; E) its original topology
(cf. Lemma 13.1). In analogy with the properties of LF-spaces proved
in Chapter 13, we have:

ProrosiTiON 40.1. Let Y be an open subset of R™, E a locally convex
Hausdorff TVS, and k an integer > 0, possibly infinite.

A lbnear map u of €5(Y; E) into a locally convex TVS F is continuous
if and only if the restriction of u to every subspace €%(K; E) (K: compact
subset of Y) s continuous.

COROLLARY. A linear functional on €¥(Y; E) is continuous if and only
if its restriction to every subspace €¥(K; E) is continuous.

Proof. It suffices to observe that the proof of Proposition 13.1 and of
its corollary never makes use of the fact that the sequence of definition
{E,} (n = 1, 2,...) consists of Fréchet spaces (cf. Exercise 13.6)!
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Example 40.1. The space of values E is finite dimensional (and Hausdorff)

Let d = dim E be finite, e, ,..., &; a basis of E, and e ,..., e; the dual
basis in E’ (this means that {e;, ;> = 01f 7 3 j, = 1 if ¢ = j). Consider
a function fe €%Y; E). For each y € Y, we may write

fo) = éfj(y)e,-;
we have

I(y) = <e;, f(y)-

It 1s immediately seen (cf. Theorem 27.1) that f; 1s a complex function
belonging to €%(Y). Conversely, let f be such a function, and e a vector
imn E. Let us denote by f ® e the function, valued m E, y ~ f(y)e.
What we have just said means that the functions of the form f®e
span €%(Y; E) when f varies over €%(Y) and e over E; this 1s true if
and only if E is finite dimensional. Then the bilinear map (f, &) ~ f ® e
of €%Y) X E into €*(Y; E) turns the latter into a tensor product of
€*(Y) and E.

We go back to the general case (in which dim E is not necessarily
finite).

Notation 40.2. Let E be a vector space over the field of complex
numbers, f a complex-valued function defined in Y CR™, and e a vector
belonging to E. We denote by f R e the function, defined in Y and valued
in E, y ~ f(3) e.

ProposiTiON 40.2. Let E be a Hausdorff TVS. The bilinear mapping

(Le~f®e

of €X(Y) x E into the subspace of €*(Y; E), consisting of the functions
whose tmage is contained in a finite dimensional subspace of E, turns. this
subspace into a tensor product of €(Y) and E (which we shall denote by
€(Y) ® E).

Proof. That the functions f ® e have their image contained in a finite
dimensional (in fact, a one-dimensional) linear subspace of E is trivial.
Conversely, let f be a €* mapping of Y into E whose image is contained
in some linear subspace E, of E such that d = dim E0 is finite. If
€ ,..., € is a basis of E,, we may write f = f; @ e, + = + [ ® ¢4
w1th f; € €5(Y) (see Example 40.1 above). This shows that f belongs
to the linear subspace of ¥*(Y; E) spanned by the functions of the
form f X e. From there the statement follows easily.
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We shall use the notation ¥%(Y) ® E to denote the subspace of
€*(Y) ® E consisting of the functions with compact support. Of course,
%*(Y) ® E is a tensor product of €¥(Y) and E.

THEOREM 40.1. Let X, Y be open subsets of R™, R”, respectively. The
mapping

(40.1) $ (3~ (2~ (% 3)))
is an isomorphism, for the structures of topological vector spaces, of
(X X Y) onto €=(Y; C(X)).

Proof. That (40.1) is a one-to-one continuous linear map into is a
straightforward consequence of the definitions. If, on the other hand,
f is an element of ¥=(Y; E), with E = ¥~(X), we observe that, for
‘every y€ Y, f(») is a function in X. If we denote by ¢(x, y) its value
at x € X, it is immediately seen that ¢ € €°(X X Y) and that f is the
image of ¢ by (40.1). The continuity of the mapping f ~ ¢ is evident
by virtue of the definitions (or by application of the open mapping
theorem: see Corollary 1 of Theorem 17.1, since both €*(X X Y)and
€*(Y; €°(X)) are Fréchet spaces).

COROLLARY 1. The restriction of (40.1) to €7(X X Y)is an isomorphism
of this space onto €3 (Y; €5 (X)).

Proof. That the restriction of (40.1) is a one-to-one continuous linear
map into follows immediately from Theorem 40.1, from the definition
of the topology on %7(Y; €7(X)) and from Proposition 40.1. Let
fe €2(Y; €2(X)); the support of fis a compact subset of ¥, K. The
image of K by f is therefore a compact subset of €;’(X); such a subset
is necessarily contained in some subspace of the form €7 (H), with H
a compact subset of X (Proposition 14.6). This means that the preimage
of f under (40.1) is a ¥* function of (x,y) with support contained in
H x K. This shows that the restriction of (40.1) to €;(X X Y) maps
it onto €(Y; €7(X)). In order to prove that the inverse mapping is
continuous, the shortest way is probably by observing that €3(Y;
%:(X)) is the inductive limit of ‘the Fréchet spaces %3 (K; €(H))
as H (resp. K) runs over the family of all the compact subsets of X
(resp. Y). Then we may either use the fact that a one-to-one continuous
linear map of a space LF onto another space LF is an isomorphism (i.e.,
is bicontinuous) or that (40.1) induces an isomorphism of €7(H X K)
onto €F(K; €2 (H)).
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Going back now to the general case, we state a strengthened version
of Theorem 27.1:

Tueorem 40.2. Let E be a locally convex Hausdorff space, and Y an
open subset of R™. For every continuous linear form e’ on E,

[y~ <, f(yP)

15 a continuous linear map of €(Y; E) (resp. 6 (Y; E)) into €=(Y)
(resp. =(Y).

The proof is absolutely standard; it is essentially done by inspection
of the definitions and will not be given here. Instead, we present a
rather important application of the preceding theory. As before, X and
Y are two open subsets of R™ and R", respectively.

THeEOREM 40.3. Let S be a distribution in X; then
¢ ~ (y ~ Sy »¢(x»y)>)

1s a continuous linear map of €7(X X Y) into €3(Y); if the support of S
1s compact, it is a continuous linear map of €°(X x Y) into €*(Y).

The notation we have used has an obvious meaning: {S_, ¢(x, ¥)>
is the value of the distribution S in X on the test function x ~ ¢(x, ¥),
with y playing the role of a parameter.

Proof of Theorem 40.3. It suffices to combine Theorem 40.1, or its
corollary, with Theorem 40.2.

Let now T be a distribution in Y. In virtue of Theorem 40.3,
E(X X Y)o ~<T,, (S, , $x 3>
defines a distribution in X X Y. Similarly,
EAX X Y)24 ~(S, LT, ,4(x,)>>

is a distribution in X X Y. The next result states that these two distribu-
tions are equal. It can be viewed as a kind of rule of interchanging
integrations with respect to x and y. In analogy with integration theory,
it is often referred to as Fubini’s theorem for distributions.

Tueorem 40.4. Let S be a distribution in X, and T a distribution in Y.
For every test function ¢ € €A X X Y), we have

(402) {(84,<T, »¢(x’ ) = <Tv » {Sz »¢(x’ >
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Proof. The equality (40.2) is evident if ¢(x, y) = u(x) v(y), with
u e €7(X) and v € €(Y). It is therefore also true if ¢ is a finite sum of
products u(x) v(y), in other words if ¢ € €°(X) ® €(Y) (Chapter 39,
Example IIc). But €7(X) ® € (Y) is a dense subspace of €7(X x Y)
(Theorem 39.2) and both sides of (40.2) are continuous with respect
to ¢, whence the result.

Definition 40.3. Let S be a distribution in X, and T a distribution in Y.
The distribution in X x Y,

gf(X X Y)3¢ ~{Sg <T11 ’¢('x’ y)>> = <Ty y Sz ’¢('x’ y)>>’
ts called the tensor product of S and T (or of T and S) and denoted by
S®RT oo TRS@r S, ®7T,, etc).

We now state a few of the basic properties of the tensor product
of distributions (without proving them):

ProposITION 40.3. (3) (S, T) ~ S Q T is a bilinear map of 2'(X) X
D'(Y) into 2'(X X Y).
(b) supp(S ® T) = (supp S) X (supp T);
() (S, T)~S®T is a bilinear map of &' (X)X &'(Y) into
E'(X xY).
(d) If P(x,D,) (resp. O(y, D,)) is a differential operator (with €=
coefficients, see Chapter 23, Example III) in X (resp. in Y).

P(x, D)y, D) (S: ® T,) = (P(x’ D,) S,) ®(Q(3” D, T)).

(e) If both S and T are locally L' functions, S Q@ T is equal to the
tensor product of S and T in the functions sense (Chapter 39,
Example II).

Definition 40.4. We shall denote by 2'(X) Q D'(Y) the linear subspace
of D'(X X Y) spanned by the distributions of the form S ® T, S € 2'(X),
Te2'(Y).

D'(X) ® #'(Y) is obviously a tensor product of 2'(X) and 2'(Y).
We shall also use the notation 2'(X) ® &'(Y), &'(X) ® &'(Y), etc.,

with obvious meanings.

ProrosiTiON 40.4. 2'(X) @ 2'(Y) (resp. €'(X) ® &'(Y)) is a dense
subspace of 2'(X X Y) (resp. of &'(X x Y)).

Indeed, both tensor products contain €2(X) ® €z (Y), which is
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dense in €7(X X Y) (by Theorem 39.2); the latter, in turn, is dense

in (X x Y) and in 2'(X X Y) (by the corollary of Theorem 28.2).
As a conclusion to the present chapter, let us indicate how the con-

volution of distributions can be linked to their tensor product.

THEOREM 40.5. Let S, T be two distributions with compact support in
R". For every test function ¢ € €7 (R™), we have

(40.3) SxT,¢) = (S ® Ty, $(x + 3

If only the support of S is compact, supp T being arbitrary, let g € €3(R™)
be equal to one in a neighborhood of supp S. Then we have

(40.4) (ST, ¢) = (S @ Ty, 8(x)(x + y))-

The right-hand side of the equation (40.4) makes sense because
(2, ¥) ~ g(x) #(x + ») is a function with compact support in R* X R=;
obviously (40.3) and (40.4) coincide when the support of T is also
compact.

The proof is left to the student.

Exercises

40.1. Let X CR™ Y C R” be open sets, S a distribution in X, and T a distribution
in Y. Prove that S ® T is a Radon measure in X x Y if and only if both S and T are
Radon measures.

40.2. Let E be a locally convex HausdorfI space, and Y an open subset of the complex
space C". Compare the following concepts:
(1) Analytic functionf : Y — E: here, f € €°(Y; E) and, for every point ¥° € Y, there
is a family {£,(3°)} ( » € N”®) of elements of E such that:
(i) the series
Y ﬁ(y — )7 £,00°)
peN”
converges absolutely in some neighborhood of y°;
(ii) the sum of the preceding series is equal to f(y) for all y in some neighborhood
of y°.
(2) Complex differentiable function in Y: one duplicates Definition 40.] for complex
¥
(3) Solution of the Cauchy-Riemann equations in Y: here, f: Y — E is once conti-

nuously differentiable (in the sense of Definition 40.1 after we have identified
C" to R?") and, for every y° € Y, satisfies the n conditions
( of of

TR —a;) =0, j=1l.,n,
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where we set y; = & + (—1)29, (1 < j < n, & 7 real). Could you state a
reasonable condition on E sufficient in order that the three concepts above coincide ?

40.3. Let X CC™ Y C C" be open sets. Give the definition and the basic properties
of the tensor product g, ® v, of an analytic functional g on X with an analytic functional
vonY,

40.4. Let # be the Fourier—Borel transformation in C*, and g, v two analytic func-
tionals in C*. Prove that we have, for all A € H (entire functions in C%),
pxv, By = (F N FuFv), b = {p, @ vy, h{x + y))
(cf. Exercise 30.3 and 40.3).



4]
Bilinear Mappings. Hypocontinuity

Let E, F, and G be three topological vector spaces,

P : (x,3) ~ P(x,)

a bilinear mapping of E X F into G. This means that, for every x,€ E
(resp. every y, € F), the mappings

Dy 1y~ Dxg, )
(resp. L D(x, v,))

from F (resp. E) into G are linear. The bilinear map ® is said to be
separately continuous if, for all x,, y,, these two linear mappings are
continuous. Practically all bilinear mappings considered in analysis
are separately continuous. But many of them are not comtinuous. Let
us make more explicit what the latter means. It means that to every
neighborhood of zero W in G, there are neighborhoods of zero U and
V in E and F, respectively, such that

xeU, yeV  implies PD(x,y)eW.

When E, F, and G are all three locally convex, this condition can be
rephrased as follows: to every continuous seminorm t on G, there are
continuous seminorms p and q on E and F, respectively, such that,
forall xe E, y eF,

(P(x, ¥)) < p(x) a(y).

Indeed, it suffices to take for W the closed unit semiball of r and select
then p and q so that their closed unit semiballs are contained in U and V,
respectively. Observe then that, for all ¢ > 0, [p(x) + ¢]'xe U and
[a(¥) + €]~y € V, and that, for all A, u >0,

(P (Ax, py)) = Aur(D(, ).
420
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We have already seen (Corollary of Theorem 34.1) that, when E
is a Fréchet space, F' a metrizable TVS, and G a locally convex space,
then every separately continuous bilinear map of E X F into G is
continuous. An interesting result of a similar kind is the following one:

THeoREM 41.1. Let F, G be strong duals of reflexive Fréchet spaces, and
E either a normed space or the strong dual of a reflexive Fréchet space.
Then every separately continuous bilinear map of E X F into G s con-
tinuous.

Proof of Theorem 41.1

1. E is normed. Let ®: E X F— G be a separately continuous
bilinear map. For x € E and 2’ € G’, we set

@’(x, z') = lqu(z’),

where '@, : G’ —F’ is the transpose of @, :y — D(x,y). We claim
that @' : E X G’ —F, is separately continuous (which will imply
that @’ is continuous since E is metrizable and G’, a Fréchet space).
Indeed, we have, for x€ E, yeF, 2" € G,

(41.1) (D'(%, 2'), y) = (2, Dx, y)).

If we fix x, and if 2° > 0 for o(G’, G), we see that @'(x, 2’) -0 for
o(F’, F). Recalling that F is the dual of F’ and G the dual of G’ (when
F' and G’ carry their Fréchet space structure), it follows from Lemma
37.6 that 2’ ~ @’(x, 2’) is a continuous linear map of G’ into F’. Now,
let us fix 2. We derive from (41.1) that, if x -0 in E, ®'(x, 2’) -0
weakly in F’. Our claim is proved.

Let, now, W be an arbitrary neighborhood of zero in G; W contains
.a neighborhood of zero of the form C° where C is some bounded
subset of G’. Let U be the closed unit ball of E; U is a bounded subset
of E (this is where we really use the fact that E is normed). Therefore,
as immediately seen, @' (U, C) is bounded in F, . But since the Fréchet
topology of F’ is compatible with the duality between F’ and F, it follows
from Theorem 36.2 (Mackey’s theorem) that @'(U, C) is a bounded
subset of F’, which we denote by B. Suppose now that x € E belongs
to U, y € F belongs to BY and 2" € G’ to C. We derive from (41.1) that

K2, B(%, y)0| < 1,

in other words, that @(x, y) € C° Thus we have &(U, B®) C W, which
proves the continuity of @ in this case.
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2. E is the strong dual of a reflexive Fréchet space. Let U; D U, D -+ D
U, D -+ be a countable decreasing basis of neighborhoods of zero in
E’; we assume the U,’s closed convex and balanced. Let us denote by
E, the linear subspace of E spanned by U ; E,, is canonically equipped
with a structure of Banach space for which the closed unit ball is U,
(see Notation 37.1 and the remarks following it; cf. also Lemma 36.1).
The topology of E, is finer than the topology induced by E, since U
is bounded in E (U} is bounded for o(E, E’) but E is the strong dual
of the barreled space E’). From there it follows immediately that the
restriction of @ to E, X F, as a bilinear mapping of this product into
G, is separately continuous. Since E, is normed, it follows from the
first part of the proof that @ : E, X F — G is continuous. Let, now,
W be an arbitrary closed convex balanced neighborhood of zero in G.
For each n = 1, 2,..., there is a bounded subset B, of F’ such that

(41.2) Uy, By)C W.
At this stage, we use the following easy lemma:

LemMma 41.1. If {B,} (k= 1,2,...) is a sequence of bounded subsets
of a metrizable TVS M, there is a sequence of numbers e, > O such that
the union \Ji_y &, B), is bounded.

Proof of Lemma 41.1. Select a countable decreasing basis of neigh-
borhoods of zero in M, V23 V,D -2V, D - For each k = 1, 2,,.,,
select ¢, > 0 such that ¢B, C V) ; the sequence {¢,} fulfills our re-
quirement. Indeed, let » = 1, 2,... be arbitrary. There is 7,, > 0 such
that %, B, CV, for k <m; for k =z n, B, CV, CV,.

Let us return to the proof of Theorem 41.1. Since F’ is a Fréchet
space, we may apply Lemma 41.1 to the sequence {B,} and select a
sequence of positive numbers ¢, such that B = {J;_; ¢,B, is bounded
in F'. Recalling that (¢,B,)® = &,;'B;, , we derive from (41.2),

B(ea U2, (B, C W.
But the polar of B is contained in the polar of ¢,B, , hence
®(c, U, B)C W.
On the other hand, since W is closed convex and balanced, we have

(U, BY) C W,
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where U is the closed convex balanced hull of Uz, ¢,US C E. The
proof of Theorem 41.1 will be complete if we prove that U is a neigh-
borhood of zero in E; of course, U = U%, It suffices therefore to show
that U° is a bounded subset of E’; but, for every n, we have ¢, U3 C U,
which implies ;'U, = (e, U8)* D U°. Q.E.D.

CoroLLARY 1.  The convolution mapping
(S, T) ~ SxT
is a continuous bilinear mapping of & x &' into &'.
CoROLLARY 2. The tensor product of distributions
(S, T)=~S®T

is a continuous bilinear mapping of &'(R™) X &'(R*) into &'(R™™).
(€’ can be replaced by #'.)

Even if we exploit fully Theorems 34.1 and 41.1, there remains quite
a stock of important bilinear mappings which are not continuous. Let
us mention two:

(1) the multiplication mappings (¢, ¥) ~ ¢y from €* X €7 into
%z and (¢, T) ~¢T from €* X 2’ into 2’ (see Exercises 41.1
and 41.2);

(2) the convolution mappings (¢, T') ~¢ x T from €7 X 2’ into
%> (or into @’) and (S, T) ~ S* T from & x 2’ into &'.

Many more examples could be given. But these bilinear mappings,
while they are not continuous, have a property which is stronger than
separate continuity and which palliates, in many a situation, the disad-
vantages resulting from the absence of continuity. This property is
called hypocontinuity; here is its definition:

Definition 41.1. A bilinear mapping ®: E X F ~ G is said to be
hypocontinuous if the following holds:

(HC 1) For every bounded subset A of E, the mappings @, :F — G
Jorm, when x varies over A, an equicontinuous set of linear
mappings;

(HC 2) for every bounded subset B of E, the mappings @,: E— G
form, when y varies over B, an equicontinuous set of linear
mappings.



424 TENSOR PRODUCTS. KERNELS [Part III

This definition can be rephrased in various ways. We recall that
D,y ~D(x,y), D,:x~D(xy).

Then, to say that @ is hypocontinuous is saying that @(x, y) converges
to zero in G when x (resp. y) converges to zero in E (resp. in F) while
the other variable remains in a bounded set, and that the convergence
of @(x,y) in G is then uniform on this bounded set. In other words,
to every neighborhood of zero W in G and, to every bounded subset 4
(resp. B) of E (resp. F), there is a neighborhood of zero ¥V (resp. U) in
F (resp. E) such that

(A4, VYC W, d(U,BYCW.

For us, the most useful criterion of hypocontinuity will be the follow-
ing one:

THEOREM 41.2. Let E, F be barreled spaces (Definition 33.1), and G a
locally convex space. Every separately continuous bilinear map of E X F
into G is hypocontinuous.

Proof of Theorem 41.2. Let A be a bounded subset of E. Let y be an
arbitrary point of F. Since @ is separately continuous, to every neigh-
borhood of zero Win G there is a neighborhood of zero U in E such that
(U, y) C W. Let, then, p > 0 be such that 4 CpU. We have (4, y)C
p ®(U,y) CpW. This shows that @(A4, y) is bounded in G. In other
words, when x varies over A, the mappings @, form a set of continuous
linear mappings of F into G which is bounded for the topology of
pointwise convergence. Our hypotheses allow us to apply the Banach-
Steinhaus theorem (Theorem 33.1): the @, (x€ A4) form an equi-
continuous set of linear mappings. Same argument after exchange of
E and F. Q.E.D.

As all the bilinear mappings which we have encountered (or which
we are liable to encounter) are separately continuous, and as most of
the spaces on which they are defined are barreled, these mappings will
mostly be hypocontinuous. This applies in particular to the examples
mentioned on p. 423, and to many other similar ones. We should also
say that the notion of hypocontinuity which we have introduced here,
although very important, is in a way rather particular. The bounded
subsets of E and F are given a dominant role; this need not be so. For
instance, this role might be played by the compact subsets (or the convex
compact subsets) of E or F or, for instance, if £ and F are duals of other
spaces, one might be interested in bilinear mappings defined on E X F
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which are hypocontinuous with respect to the equicontinuous subsets
of E and F; etc. It is clear that one may define the notion of &-$-hypo-
continuity, where & and $ are suitable families of bounded subsets of
E and F, respectively. For instance, when & and $ are the families of
finite sets, the notion of &-$-hypocontinuity simply reduces to the one
of separate continuity.

Exercises

41.1 Prove that if the locally convex Hausdorff space E is barreled, the bilinear form
on E x E’,

(x, x7) ~ <, %D,
is hypocontinuous.

41.2. Do Exercise 19.5.

41.3. Let 2, and 2, be the space of polynomials and formal power series in 7 letters
(with complex coefficients), equipped with their Fréchet and LF topologies. Prove that the
duality bracket on #, X 2,,,

(P, u) ~ <P, u,
is hypocontinuous but not continuous.

41.4. We use the same notation as in Exercise 41.3, but we assume now that £, carries
the topology induced by 2, . Prove that, now, the duality bracket between £, and 2,
is not separately continuous.

41.5. Let E, F, and G be three TVS. Suppose that E is a Baire space and that F is
metrizable. Prove that every separately continuous bilinear map of E X F into G is
continuous.

41.6. Let E, F be two Fréchet spaces, G a locally convex Hausdorff space, E’, F’,
and G’ the duals of E, F, and G, respectively, and u a separately continuous bilinear map
of E, x F, into G, .

Forallz e G, x" € E', y’ € F’, set

{zyulx’, y7)> = <vilx'), ¥'>.
This defines a linear map v, : E’ — F”. Prove the following facts:
(1) v, is a continuous linear map of E, into F, ;
(2) when z varies in a bounded subset C of G, v, varies in an equicontinuous subset
of L(E, ; F);
(3) for every bounded set C of G there is a neighborhood of zero, U’, in E, , such that
the set of points v,(x’), 2 € C, x’ € U’, is bounded in F.
Derive from this that the bilinear map
u:E, x F, > G,
is continuous.
41.7. Derive from the preceding result that any separately continuous bilinear maps

of the product of two duals of reflexive Fréchet spaces into a third one is continuous
(cf. Theorem 41.1).
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41.8. Give the example of a Fréchet space E, an LF-space F, both reflexive, and of
bilinear forms # on E X F and v on E’° x F’ with the following properties:

(a) u is hypocontinuous but not continuous;

(b) v is separately continuous on E, % F, and on E, X F, but not continuous on any

of these two products.

41.9. Let E,F, and G be three locally convex Hausdorff spaces, and E, (resp. F,)
a dense linear subspace of E (resp.F). Let u: E X F — G be a separately continuous
bilinear map. Prove the following facts:

) fu=0inE, xFy,u=0inE X F;

(ii) if the restriction of u to E, x F, is hypocontinuous, then, for every bounded

subset A, (resp. B,) of E, (resp. F,), the set of mappings
y ~ulx,y), x€d,
(resp. x ~ u(x, y), y € By)
is equicontinuous.

41.10. Let E,F, G, E,, and F, be as in Exercise 41.9. We suppose furthermore that
every point of E (resp. F) belongs to the closure of some bounded subset of E, (resp. Fy).
Let u, : E, X Fy, — G be a hypocontinuous bilinear map. There is a unique separately
continuous bilinear map u : E X FF — G extending u,. Moreover, u has Property (ii)
of Exercise 41.9. Prove these assertions.

41.11. Let E, F, and G be three locally convex Hausdorff TVS. We suppose that the
three spaces L(E; F), L(F; G), and L(E; G) carry the topology of bounded convergence
(or else that all three of them carry the topology of compact convergence, or that all three
carry the topology of pointwise convergence). Prove the following facts:

(a) for every equicontinuous subset H of L(F; G), the composition mapping

(u,v) v ou
from L(E; F) x H into L(E; G) is continuous;
(b) if F is barreled, for every sequence {u,} converging to u in L(E;F) and every

sequence {v,} converging to v in L(F; G), the sequence {v, O w;} converges to
v Ouin L(E; G).
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Spaces of Bilinear Forms.
Relation with Spaces of Linear Mappings

and with Tensor Products

All the topological vector spaces considered in this chapter will be
locally convex and Hausdorff. Let E, F, and G be three such spaces.

Notation 42.1. We denote by HB(E,F; G) the space of separately
continuous bilinear maps of E X F into G, and by B(E, F; G) the space
of continuous bilinear maps of E X F into G. When G is the scalar field
(R or C), we write B(E, F) and B(E, F), respectively.

That Z(E, F; G) is a linear space (for the natural addition and scalar
multiplication) is obvious; B(E, F; G) is a linear subspace of it.

Let & (resp. $) be a family of bounded subsets of E (resp. F). We may
consider on B(E, F; G) the ©-$-topology, or topology of uniform
convergence on subsets of the form 4 x B with 4e€&, Be $. We
obtain a basis of neighborhoods of zero in this topology by taking the sets

U(A, B; W) = (® e B(E, F; G); ®(4, B)C W},

where A (resp. B) varies over S (resp. $) and W over a basis of neigh-
borhoods of zero in G. Of course, one must check that the sets U(4, B; W)
fulfill the requirements on neighborhoods of zero in a TVS, in particular
they must be absorbing. This is easily checked to be so, keeping in
mind that we are dealing there with continuous bilinear mappings.
However, if we were dealing with separately continuous bilinear
mappings, this need not be: indeed, for a bilinear mapping @ to be
absorbed by a set U(4, B; W), it is necessary and sufficient that (4, B)
be absorbed by W. If we wish this to be true for all W, we see that
®(A, B) must be a bounded subset of G. But, in general, if 4 (resp. B)
is a bounded subset of E (resp. F), and if @ is only separately continuous,
it is not true that (A4, B) will be bounded in G. Of course, as is readily

427
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seen, this is true whenever @ is hypocontinuous. Thus we may define
the S-$-topology on #(E, F; G) (and not only on B(E, F; G)) whenever
E and F are barreled and G is locally convex. There are other cases
where this definition is possible, as shown by the next result:

ProposiTION 42.1. Let E, F, and G be three locally convex spaces, E ,
Fy the strong duals of E, F, respectively, A’ (resp. B') an equicontinuous
subset of E' (resp. F’), and @ a separately continuous bilinear mapping of
Ey, X Fy into G. Then O(A’, B') is a bounded subset of G.

Proof of Proposition 42.1. We may assume that A’ and B’ are closed
convex and balanced, hence weakly compact convex and balanced
(Propositions 32.3 and 32.8). When x’ varies over A’, the mappings
@, : F, — G form a set of continuous linear mappings which is bounded
for the topology of pointwise convergence in Fy . Therefore (Exercise
36.5) it is also bounded for the topology of uniform convergence on the
convex balanced complete bounded subsets of Fy ; in particular,

U 2.(B) =4, B)
z'eAd’
must be bounded in G. Q.E.D.

It is easily checked that the topology of uniform convergence on the
products A’ x B’, A’ (resp. B") an equicontinuous subset of E’ (resp. F’),
turns #(E, , Fy ; G) into a locally convex TVS, which we shall denote
by #.(E;,Fy; G). Later on, we shall be interested in the subspace
HBE,,F,; G) of B(E,,F,;G) consisting of the bilinear mappings
E’ X F'— G which are separately continuous when E’ and F’ carry
their weak topologies. We shall denote by

#(E,,F,; G)
the space in question provided with the topology induced by Z(E, , F;, ;
G); this topology will often be referred to as the e-topology. Finally,
let us remark that all these topologies are Hausdorff as soon as this is
true of G.

We now focus our attention on spaces of bilinear forms and, first
of all, for reasons that will be clear later on, on the space #(E, ,F,)
of separately continuous bilinear forms on the product of the weak
duals E. and F. of E and F. We wish to show that there 1s a canonical
isomorphism (for the vector space structures) of #(E, , F,) onto L(E,; F,),
space of continuous linear mappings of E, into F equipped with its
weak topology oF, F'). We then want this isomorphism to extend to the
topological structures, once we have provided #(E,,F,) with the
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e-topology. At this point, we discover that the topology to be put on
L(E, ; F,) is the topology of uniform convergence on the equicontinuous
subsets of E” when F carries its initial topology (and not its weak topology).
This would appear as rather mysterious if one did not observe that
continuous linear maps from E, into F, are one and the same thing as
continuous linear mappings of E. into F, where the index 7 means
Mackey’s topology on E’, i.e., the topology of uniform convergence (of
continuous linear forms) on the convex balanced weakly compact
subsets of E. We now state and prove these various facts:

PropoSITION 42.2. Let E, F be two locally convex Hausdorff TV'S. Then:

(1) L(E;; F,) = L(E;; F);
(2) the mapping @ - B, where

Dix D, Dy iy ~D(x',y),

is an isomorphism (for the vector space structures) of #(E, ,F,)
onto L(E, ; F,);

(3) the mapping ® ~ P is an isomorphism (for the TVS structure) of
#(E, ,F,) onto L(E, ; F), the space L(E, ; F) equipped with the
topology of uniform convergence on the equicontinuous subsets of E'.

Proof of (1). If u: E, —F is continuous, its transpose ‘u:F, — E
is continuous (as E is the dual of E;), and the transpose of ‘«, which is
nothing else but u#: E, —F,, is also continuous. Conversely, let u
be a continuous linear map of E, into F,'. Let ‘u : F, — E_ be its trans-
pose, which is continuous. Let V' be an arbitrary closed convex balanced
neighborhood of zero in F; the polar of V, V° is a convex balanced
compact subset of F, (Propositions 32.7 and 32.8), hence u(V?) is a
compact subset of E, , say K. The polar K° of K is a neighborhood of
zero in E, and it is readily seen (using the fact that ¥ is equal to its
weakly closed convex balanced hull) that «(K°%) C V.

Proof of (2). As the dual of F, is F, we identify @, with some element
of F, which we denote by <5(x’). We have, forall x’ € E', y € F’,

(42.1) D(x', y") = (¥, B(x)>.
On this equality, the fact that & : E, — F, is continuous is evident.

If & is given, (42.1) defines @, which is obviously separately continuous
-on E, X F, .
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Proof of (3). A basis of neighborhoods of zero in #,(E, , F,)is obtained
by taking the sets #'(A’, B') consisting of the forms @ such that
| D(x',¥')| <1 for all ¥’ € A’, y' € B’, where A’ (resp. B’) is an equi-
continuous subset of E’ (resp. F’). The mapping @ ~ & transforms
W (A’, B') into the set %(A’, B'®) of continuous linear mappings E, —F
which map A4’ into B’?. By Proposition 36.1, there is a basis of neigh-
borhoods of zero in F consisting of sets of the form B’°, B’: equicon-
tinuous subset of F’. Conversely, if ¥V is a closed convex balanced
neighborhood of zero in F, its polar V? is an equicontinuous subset of F’
and the inverse of the mapping @ ~ & transforms #(A’, V) into
(A, V). Q.E.D.

ProprosiTioN 42.3. Let E, F be locally convex Hausdorff TVS. Then
L(E,; F) (and consequently #(E,; F,)) is complete if and only if both
E and F are complete.

Proof

Necessity of the condition. Let y € F be arbitrarily chosen except
that y must be 7% 0. To every x € E, we associate the mapping u,, : E' - F
defined by x' ~ (x’, x> y. This yields a linear mapping x ~ u, of E
into L(E, ; F). Indeed, if ¥’ —0 in E,,x’ —0 in E, a fortiori and
therefore {x’, x> - 0. We contend that x ~ u, is an isomorphism (for
the TVS structures) of E into L(E, ; F) and that the image of E under
this mapping is a closed linear subspace.

The following facts are clear: for each x € E, u, is continuous from
E] (and in fact from E)) into F; x ~ u, is linear and one-to-one; u,
converges to zero in L (E,; F) if and only if x converges to zero uniformly
on every equicontinuous subset of E’, i.e., (Proposition 36.1) converges
to zero in E. Thus x ~ u, is an isomorphism into. The image of E under
the mapping x ~ u, is the set of all continuous linear mappings of E,
into the one-dimensional subspace generated by y, Cy (if C is the scalar
field, otherwise Ry). Indeed, if # is such a mapping, we have, for all
x' € E', u(x') = f(x')y, where f is a continuous linear form on E,.
But then there is x € E such that f(x") = {«’, x> for all ¥". It is clear that
the set of all continuous linear mappings of E;, into Cy is closed in
L(E,;F) (and even in L(E; ;F)). This implies that E is complete if
this is true of L(E];F). Since the latter TVS is isomorphic with
B(E, ,F.), we see that the situation is perfectly symmetric in E and F
and therefore the completeness of L,(E, ; F) also implies that of F.

Sufficiency of the condition. If F is complete, the vector space L (E’; F)
of all linear mappings (whether continuous or not) of E’ into F is complete
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when we provide it with the topology of uniform convergence on the
equicontinuous subsets of E’ (this topology is not compatible, in general,
with the vector space structure of Z(E’; F), but it is clear that the
notions of Cauchy filter and of completeness make sense for it). It will
suffice to show that L(E, ; F) 1s a closed subspace of Z(E’; F) for this
topology.

Let u be a linear mapping of E’ into F' which is the limit, uniformly
on every equicontinuous subset of E’, of continuous linear mappings
of E! into F. It suffices to show that # is continuous from E, into F,
(Proposition 42.2, Part (1)). Let, therefore, y" € F’ be arbitrary; the linear
form y’ © u on E’ is the limit, uniform on the equicontinuous subsets
of E’, of linear forms on E’ which are continuous for r(E’, E). The
latter are of the form x’ ~ (&', x> with x € E, since E is the dual of E .
To say that they converge uniformly on the equicontinuous subsets
of E’ is equivalent to saying that the corresponding x converge in the
completion of E, in view of Proposition 36.1. Therefore, if E is complete,
these x have a limit x4 € E and we have, for all x" € E’,

G owuay =&, %

This proves the continuity of y’ o u. Q.E.D.
We now turn our attention to tensor products. There is a canonical

bilinear mapping ¢ of E X F into B(E, , F,), space of continuous bilinear
forms on E, X F, :

(42.2) (%, 9) =% y) : (+', ) ~ <&y 25 (Y, ¥

We observe first that E and F are ¢-linearly disjoint (Definition 39.1).
Indeed, consider two linearly independent finite sets of vectors {x;},
{yi} in E and F, respectively; select two sets {x;}, {y;} in E’ and F’,
respectively, having the same number of elements as {x;} and {y,},
respectively, and such that {xj,,x;> = 8; and (¥, ,y> = S
(8; » Oxx : Kronecker symbols). The value of the bilinear form ¢(x; , y;.)
is equal to one on (x;, y;), and to zero on (x;-, y;-) as soon as either
J #J or ks~ k. This implies that the forms ¢(x;, y;) are linearly
independent. Our next observation is that the forms ¢(x,y) span
B(E, , F,) as (x, y) varies over E X F. Let us prove this statement. Let
® be a continuous bilinear map on E, X F,. There is a finite subset
A of E and a finite subset B of F such that

x'eA° y eB° implies | D(x’, )| < 1.

Let E, (resp. F) be the linear subspace of E (resp. F) spanned by
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A (resp. B); of course, E, and F are finite dimensional. Their or-
thogonals, (E,)° and (F;)° have finite codimension, and we may write

E=M®E), F=NQ@®®F,) (@:directsum).
Obviously, @ vanishes on the subspace of E’ X F’,

(E)° X F) @ (E" X (F5))s

which is a supplementary of M’ X N’ in E’ X F’; in other words, @ is
completely determined by its restriction to the finite dimensional
subspace M’ x N’. Obviously, one can find a finite set of vectors in
E,, x,..,x,, a finite set in Fy,y,,...,¥,, such that this restriction
to M’ x N’ (and therefore @ in the whole of E’ X F’) is given by

(@, 9) = T Y &2 <y

1=1 k=1

Summarizing, we may state:

PROPOSITION 42.4. B(E.,F.) is a tensor product of E and F.

In the forthcoming chapters, we shall often write E ® F = B(E,, F,);
the mapping (42.2) will be denoted by (x,y) ~x ®y. Let us show
rapidly that this is in agreement with our definition of the tensor product
of two linear mappings (Proposition 39.2). In view of the general
properties of tensor products, there is a one-to-one correspondence
between bilinear forms on E’ x F’and linear forms on E’ @ F’ (Theorem
39.1). If we identify every element x (resp. ¥) of E (resp. F) with the
linear form x' ~ {x’, x) (resp. ¥ ~ <y, ¥>) it defines on E’ (resp. F'),
we see that the bilinear form ¢(x, y) of (42.2) is associated with the
linear form x ) y (Notation of Proposition 39.2).

Let us go back to B(E,,F,); we may regard it as a linear subspace
of B(E, , F,), space of separately continuous bilinear forms on E, x F, .
Then, by using the canonical isomorphism of #(E, , F,) onto L(E, ; F,)
(Proposition 42.2), we may regard B(E,,F.) as a linear subspace of
the latter. We leave the proof of the characterization below to the student:

PROPOSITION 42.5. The canonical image of B(E,,F,) into L(E,;F,)
is equal to the space of continuous linear mappings of E, into F whose image
15 finite dimensional.

For these mappings, it is irrelevant to specify the topology on
F, as long as it is Hausdorff: indeed, on the image of the mapping
all Hausdorff topologies (compatible with the linear structure) coincide.
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It is also clear that, in the finite dimensional cases, all the above iso-
morphisms become onto, and most statements are trivial. In the infinite
dimensional case, not only is B(E, , F,) distinct from #(E, ,F,) (equi-
valently, E @ F is distinct from L(E_; F,)), but it is not closed in
#(E. ,F,)) (ie., in L(E. ;F)). We shall see, later on, that there are
important classes of spaces for which E @ F is dense in L(E.;F),
as well as others for which this is not true.

We close this chapter with a few words about the normed case. By
Mackey’s theorem, we know that every convex balanced weakly compact
subset of E is bounded (for the initial topology); therefore Mackey’s
topology 7(E’, E) on E’ is always weaker than the strong dual topology
on E’, in contrast with the fact that its Mackey topology =(E’, E") is
always stronger than the strong dual topology. From this it follows that
a continuous linear map of E, into F is a fortiori a continuous linear
map of E, into F, i.e., L(E, ; F) CL(E, ; F). Now, when E is normed,
E, is a Banach space, and the equicontinuous subsets of E, are the
subsets of its balls centered at the origin (with finite radius!). Thus
L(E; ;F) can be regarded as a subspace of the space L,(E, ; F). By
applying Propositions 42.2 and 42.3, we may state:

ProPOSITION 42.6. Assume that the spaces E and F are normed. Then
B(E,,F,) is a normed space, canonically isomorphic to the subspace
L(E; ;F) of L(E, ; F); #(E, ,F,) is a Banach space if and only if both
E and F are Banach spaces.

Note that if F is a Banach space so is L,(E, ; F), even when E is not
complete. In this case, we see that L(E, ; F) is a subspace of Ly(E, ; F)
which is #not closed. '

Exercises

42.1. Let E,F, and G be three locally convex Hausdorff spaces, and 5 the vector
space of hypocontinuous bilinear mappings of E X F into G. Prove that the topology
of uniform convergence on the product sets 4 x B, where A and B are bounded subsets
of E and F, respectively, is compatible with the linear structure of #. Let us suppose then
that J# carries this topology. Prove that

Hou ~ (x =~ (y ~ u(x,y))) € L(E; L(F; G))
is a TVS 1somorphism of 5 onto L(E; L(F; G)).

42.2. Same notation as in Exercise 42.1. Prove that if E and F are barreled and G
quasi-complete (every closed bounded set is complete) the T'VS # is quasi-complete.

42.3. Let E, F be two locally convex Hausdorff TVS. Let G be a family of bounded
subsets of E, covering E and having the usual properties (S;) and (Sy;). We suppose that
the initial topology of E is identical to its Mackey topology r(E, E’) (for instance, E is
metrizable or barreled). Prove then that the space Lg(E; F) (Definition 32.1) is complete
if and only if E& (Definition 19.2) and F are both complete (cf. Proposition 42.3).
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The Two Main Topologies on
Tensor Products. Completion of
Topological Tensor Products

In this chapter, E and F will be two locally convex TVS, and E Q F
a tensor product of E and F.
We recall that E ® F is isomorphic to B(E, , F,) (Proposition 42.4).

Definition 43.1. We call e-topology on E QF the topology carried
over from B(E,,F,) when we regard the latter as a vector subspace of
B(E. ,F.), the space of separately continuous bilinear forms on E, X F,
provided with the topology of uniform convergence on the products of an
equicontinuous subset of E' and an equicontinuous subset of F'. Equipped
with the e-topology, the space E Q) F will be denoted by E ), F.

The canonical mapping (x,y) ~x ®y of E X F into E®,F is
continuous; this is obvious. The e-topology on E ) F is locally convex;
it is Hausdorff if and only if both E and F are Hausdorff. When E and F
are normed spaces, this is also true of E &), F (Proposition 42.6).

We proceed now to give the definition of the second main topology
on tensor products.

Definition 43.2. We call m-topology (or projective topology) on E QF
the strongest locally convex topology on this vector space for which the
canonical bilinear mapping (x,y) ~x @y of EXF into EQF is
continuous. Provided with it, the space E Q F will be denoted by E &, F.

A convex subset of E (%) F is a neighborhood of zero for the w-topology
if and only if its preimage under (x, y) ~ x & y contains a neighborhood
of zero in E X F, i.e., if it contains a set of the form

URV={xR®yecEQRQF;xcU,yeV},

where U (resp. V) is a neighborhood of zero in E (resp. F). In other
434
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words, we obtain a basis of neighborhoods of O in E ), F by taking the
convex balanced hulls of sets U, ® V,, where U, (resp. V) runs over
a basis of neighborhoods of zero in E (resp. F).

If we wish to describe the projective topology by means of semi-
norms, the best way is to introduce the notion of tensor product of
two seminorms. Let p (resp. q) be a seminorm on E (resp. F), U,
(resp. V) its closed unit semiball, and W the balanced convex hull
of U, ® V,. Observe that W is absorbing. Let us then set
(43.1) (P @) =, ipf_p OcERF.

Definition 43.3.  The seminorm v @ a is called the tensor product of
the seminorms v and q.

ProrosiTiON 43.1. For all 0 ERF,
(p ®a)0) = iﬂf}; (x;) a(s),
where the infimum is taken over all finite sets of pairs (x;,y;) such that
0= Ej:x,- ®y;.

Furthermore, for all xc€ E and y € F,

43.2) (» @ a)(x ® ¥) = p(x) a(y).

Proposition 43.1 can be interpreted in the following way. Let us
introduce the space 2 of complex-valued functions on E X F which
have a finite support, as in the proof of Theorem 39.1. The tensor
product E @ F is isomorphic to a quotient Z/N of Z. Here, the iso-
morphism is purely algebraic. Consider on & the seminorm

f~ % 1f(x)rx)a(y).

(z,¥)eEXF

Its quotient modulo N of this seminorm (cf. Proposition 7.9) “is” the
seminorm p ) q.

Proof of Proposition 43.1. Let U (resp. V) be the closed unit semiball
of p (resp. q); let W be the closed convex balanced hull of U ® V. To
say that § € pW, p > 0, is equivalent to saying that

™M=z

N
6= zthk®yky

k=1 k

l tk ( < Py p(xk) < 1) q(xk) g 1
1
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Let us set £, = %, , n, = ¥y, . We see that

N
0= &®m  with ¥ p(£) aln) < p.
k=1 k

Conversely, let us start from such a representation of 6. Let ¢ be an
arbitrary number > 0. Let us set

=P 6, ye=am) T e, e = P(€i) alne)
when p(€,) a(n) # 0 and, otherwise,
% =P €y e =[aN/elne,  te =elN
if p(£,) # 0 and q(7;) = O, the analog in the symmetric case, and lastly

x = (N/e)ér Yie = Mk> 4 =¢/N when  p(£,) = a(p) =0.
We then have

N
6=Y t,x @y, pEI<1, ay)<! foreach &,
k=1

and
Yiti<p+e

k

This proves that 8 € (p + &)W, as ¢ is arbitrarily small, it proves that
(r ®a)0) <p-

Note that we have, in particular, for all x€ E, y e F,
(» @ 9)(= ® ¥) < v(x) a()-

In view of the Hahn-Banach theorem, there is x" € E’ (resp. y' € F")
such that

,xy=o(x),  Kaehad|<p(x) forall xmeE

(resp. <y, > =a(¥), K¥', y | < a(y,) forall y, e F). Let thenf =x Q y
be equal to X, x; & ¥, ; we have

IK#' @', 0] <Y, K, 2 <y’ yidl <X p(a) a(3)-
K k

As this is true for all representations 6 = 3, x; ® ¥, , we see that

Kx' @y, 0l < (p @ a)x ® ).
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But since, on the other hand, § = x & y, we have

KRy, 0 =1 Y,y = px)a(y),
whence

p(x) q(y) < (p ® a)x D ).

By combining this with the estimate in the other direction (p. 436),
we obtain (43.2).

ProrosiTION 43.2.  The seminorm p R q is a norm if and only if both
p and q are norms.

Proof. If either p or g are not norms, this must also be true of p ® q,
as follows immediately from (43.2). Observing that a seminormed
space is normed if and only if it is Hausdorff, the converse follows
from the following more general result:

ProposiTION 43.3. Let E, F be two locally convex TVS; then E Q, F
is Hausdorff if and only if both E and F are Hausdorff.

Proof. If E ®, F is Hausdorff, the same must be true of E and F; this
is obvious. Conversely, let us assume that both E and F are Hausdorff
and let us show that, given any element 6 = 0 of E @ F, there is a
continuous linear form 6" on E X, F such that (&', 8> £ 0. It suffices
to write

O:ij@)yj,
2

where the sum is finite and the sets {x;}, {y;} are linearly independent.
Since E and F are Hausdorfl, we can find ¥" € E’ and y’ € F’ such that
'y x =<,y = land &', x> = (¥, ;> = 0forj > 1. Consider
then the linear form on E ® F,

[/ (Z §k ® "Ik) ~ Z <x,’ §k> <y,’ 17k>-
k k

It is clearly continuous for the w-topology, and (¢, 6> = 1. Q.E.D.

Going back to the proof of Proposition 43.2, it suffices to observe
that if (E, p) and (F, q) are seminormed spaces, the topology 7 on E ® F
can be defined by the single seminorm p ®q. If p and g are norms,
E ®. F must be Hausdorfl, i.e., p ® q must be a norm.

Definition 43.4. If (E,v) and (F,q) are normed spaces, the normed
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space (EQF, p ®q) will be called the projective temsor product of
(E, v) and (F, q).

When E and F are arbitrary locally convex spaces, we obtain a basis
of continuous seminorms for the w-topology on E, F by taking a family
(P« @) (x€ 4, Be B), where {p,} (resp. {ag}) is a basis of continuous
seminorms in E (resp. F).

In analogy with the algebraic case (Theorem 39.1), the space E ®, F
possesses a ‘‘universal” property:

PROPOSITION 43.4. Let E, F be locally convex spaces. The w-topology
on E @ F is the only locally convex topology on E Q F having the following
property:

For every locally convex space G, the canonical isomorphism of the space
of bilinear mappings of E X F into G onto the space of linear mappings
of EQF into G (Theorem 39.1(b)) induces an isomorphism of the space
of continuous bilinear mappings of E X F into G, B(E, F; G), onto the
space of continuous linear mappings of E QF into G, L(E Q F; G).

In the property above, the word isomorphism is used in the purely
algebraic sense.

Proof. In the algebraic correspondence between bilinear mappings
E X F — G and linear mappings E ® F — G, if we take G = E ® F,
the canonical bilinear mapping E X F— E ® F corresponds to the
identity mapping of E @ F. If 7 is a locally convex topology on E ® F
having the universal property of the statement, we see that the canonical
bilinear mapping of E X F into E & F must be continuous, therefore 7
is weaker than = (Definition 43.2). But on the other hand, since the
canonical mapping E x F - E ®, F is continuous, so must be the
identity mapping E Q4 F — E ®, F, which means that .7 is finer than
kS Q.E.D.

COROLLARY. The dual of E ®, F is canonically isomorphic to B(E,F),
the space of continuous bilinear forms on E X F.
It suffices to take G = C in Proposition 43.4.

Exercises

Exercise 43.1. Prove that the canonical isomorphism between B(E, F; G) and
L(E ®, F; G) transforms equicontinuous sets into equicontinuous sets and that the
projective topology on E ® F is the topology of uniform convergence on the equicon-
tinuous subsets of B(E, F) regarded as dual of E ® F.

PROPOSITION 43.5. On E ® F, the topology m is finer than the topology .
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Indeed, the canonical bilinear mapping of E X F into E ®,F is
continuous.

ProrosITION 43.6. Let E; , F,; (: = 1, 2) be four locally convex Hausdorff
spaces. Let u (resp. v) be a continuous linear map of E, into E, (resp. of
F, into Fy). If 7 is either the topology m or the topology e, the tensor product
u @ v of u and v is a continuous linear map of E, Qg F, into E, Qs F, .

Proof. First, suppose that J = =. Noting that (x, y) ~ (u(x), v(¥))
is a continuous linear map of E; X F, into E; X F, and composing this
mapping with the canonical bilinear mapping of E, x F, into E, ®, F,,
we obtain a continuous bilinear mapping of E; X F; into E, ®,F,,
to which is associated, in view of Proposition 43.4, a continuous linear
mapping of E; ®, F, into E, ®, F,, which is nothing else but u & .

Next, suppose that 4 = e. Let us identify E; ® F; with B((E)).,
(F).) ¢ = 1,2). Then u ® v is immediately seen to be identified with
the mapping which assigns to every continuous bilinear form on
(), % ().,

(x; ’ y;) ~ (P(xi ’yi)’

the continuous bilinear form on (E,), X (F,),,
(43.3) (g > 75) = P('ulxy), “2(3))s

where 'u (resp. 'v) is the transpose of u (resp. v). If 4; (resp. Bj) is an
equicontinuous subset of E; (resp. F;), ‘u(A;) (resp. ‘v(By)) is an equi-
continuous subset of E; (resp. Fy), so that, if the absolute value of @
is < 1 on ‘u(A;z) X 'o(Bj3), the absolute value of (43.3)is < 1 on 4, X B;.

Q.E.D.

CoroLLARY. Let E, F be two locally convex Hausdorff spaces; E' ® F'
ts canonically isomorphic to a Linear subspace of the dual of E ®, F (and
a fortiori, also of E ®, F).
It suffices to take E;, = E, F;, = F, E, = F, = C in Proposition 43.6.
Let E, F be two locally convex Hausdorff TVS.

Definition 43.5. We shall denote by E &, F (resp. E ®, F) the comple-
tion of E ®, F (resp. E ®, F).
Let E; ,F; (i = 1, 2), u and v be as in Proposition 43.6.

Definition 43.6. We shall denote by u &, v (resp. u B, v) the extension
of u @ v as a continuous linear map of E, &, F, into E, R, F, (resp. of
E, ®.F, into E, ®, Fy).
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When E and F are both complete, we know (Proposition 42.3) that
B (E. , F.) is complete; in this case, E &), F can be canonically identified
with the closure of E Q@ F = B(E,,F,) in #,(E,,F,). In the general
case, when it is not necessarily true that both E and F are complete,
we_may observe that the topologies 6 = o(E’, E) and o(F', F) on E’
and F”, respectively, are finer than o, whereas the equicontinuous subsets
of E' and F’ are the same, whether we regard these spaces as duals of
E and F, or of E and F, respectively. This means that B(E,,F,)C
B(E; ,F,) and #(E,,F,)C #(E;,F,) and that the e-topology on the
last one of these spaces of bilinear forms induces the e-topology on all
the others. Thus E &), F can be regarded as a subspace of #(E,, F;)
and E &), F, as the closure of E®F, or of E ® F, in Z(E;, F;). It is
trivial that E (®, F is dense in £ ®, F.

ProrosiTioN 43.7. Let E, ,F; (i = 1, 2), u, and v be as in Proposition
43.6. Suppose that u (resp. v) is an isomorphism of E, into E, (resp. of
Fy into F,).

Then u &, v is an isomorphism of E, Q) F, into E, ®,F, .

Proof. The extension by continuity to £ of an isomorphism of E into
F is an isomorphism of £ into F. It suffices therefore to show that
# @ v is an isomorphism of E; ®, F; into E, Q, F, (we know already
that it is a continuous injection; cf. Exercise 39.3). If we identify a
tensor € E; @ F; to a bilinear form @ € B((E,), , (Fy),), (¥ & v)(6)
will be identified to the form

(43.4) (%35 3) ~ P(u(xy), ‘o(3,))-

Let U, , V, be arbitrary neighborhoods of zero in E, and F; respectively.
Let us select U, , V, neighborhoods of zero in E, and F, such that

w(U) D Uy nu(ly),  o(V,) D VynofF)).

By taking the polars of all sides and observing that ‘z and ‘v are onto,
we see that
W U9 C U + Kertu, - V9) C V0 + Ker v,

that is to say
USC (U3,  VOC w(V?).

Now, if the form (43.4) converges to zero uniformly on UJ x V3, it
is clear that @ must converge to zero uniformly on U x V7. Q.E.D.
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CoroLLARY. If E, (resp. F)) is a hinear subspace of E (resp. F), E; ®, F,
(resp. E; &, Fy) is canonically isomorphic to a linear subspace of E Q, F
(resp. ER,F).
In this corollary, isomorphic is meant in the sense of the T'VS structure.
We switch now to the =-topology. Since the dual of a locally convex
Hausdorff TVS E is canonically identifiable with the dual of the com-
pletion of E, we derive from the corollary of Proposition 43.4:

PROPOSITION 43.8. The dual of ER,F is canonically isomorphic to
B(E, F).
The transpose of
u @nv:El @W'F‘l__> 2 @nF2

is the mapping
¥ {315 31) > Plu(xr), v(31))}

of B(E, , F,) into B(E, , F,).
We may then prove the following statement:

PrOPOSITION 439. Let E;,F, (i = 1, 2), u, and v be as in Proposition
43.6. Suppose that u (resp. v) is a homomorphism of E, (resp. F;)onto a
dense linear subspace of E, (resp. F,).

Then u &, v is a homomorphism of E, X, F, onto a dense subspace of
E, ., F, which is identical to E, &, F, when E, and F, are metrizable.

Proof. First, we make use of the fact that the image of a continuous
linear map u : E—F is dense if and only if ‘u is one-to-one. If u(E,)
(resp. o(Fy)) is dense in E, (resp. Fy), ¥ € B(E,, F,) cannot vanish on
u(E,) x v(F,) without being identically equal to zero; thus {u &), v)
is one-to-one, therefore the image of u &), v is dense.

Let, now, @ € B(E,, F,) have the property that ®(x,, y,) =0 as soon
as either x, € Ker u or y; € Ker v. Let us define the following bilinear
functional on u(E,) x v(Fy):

W(u(xy), (1)) = P(x1, y1)-

This is obviously a correct definition. Let us consider a neighborhood
of zero U, (resp. V,) in E, (resp. F,) such that

1D(Uy, ) < 1.

Select, then, a neighborhood of zero U, (resp. V,) in E, (resp. F,) such
that U, N u(E,) Cu(U,), V, N o(F,) Co(V,). We have, for u(x,)e U,
and v(y,) € V,, | P(u(xy), ©(3,)) | < 1. This shows that ¥ is continuous
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for the topology induced by E, x F,. It can be extended in a unique
manner as a continuous bilinear functional on E, X F,. We denote
this extension also by ¥. We remark that, if @ belongs to an equi-
continuous subset of B(E,,F,), H,, the neighborhoods U, and V,,
and therefore also U, and V,, can be chosen independently of &,
depending only on H,, and ¥ then belongs to

H, ={XeB(E,,F,) | |X(U,, V,)| <1},

which is obviously an equicontinuous subset of B(E, , F;). These ficts
imply all we want. Indeed, they prove that the image of {u &), v) is
exactly equal to the set of @ € B(E, , F,) which vanish on

(Ker u) X F, + E; x (Ker v);

in particular, this image is weakly closed. Furthermore, any equi-
continuous subset contained in it is the image of an equicontinuous
subset of B(E,, F,) under {(u &, v). It suffices, then, to apply Lemma
37.7 (Exercise 37.8).

If E, and F; are metrizable, this is also true of E; ®, F, ; then E; ®, F;
is a Fréchet space; its image under (¥ (3, v) is isomorphic to E; &, F,/
Ker(u &, v), which is a Fréchet space, is therefore complete, i.e., is
closed in E, &, F, . Since it is also dense in this space, according to the
first part, it must be equal to it. Q.E.D.

Remark 43.1. It is not difficult to find examples of homomorphisms
onto, u : E, -~ E,, v:F, »F,, such that u &, v is not onto.

Remark 43.2. If u and v are isomorphisms into, it is not true in general
that u &, v will be an isomorphism into. In order that this be true,
it is necessary and sufficient that every equicontinuous subset of B(E,, F,)
be the image, under Y(u &, v), of an equicontinuous subset of B(E,, F,).
And it is sufficient that %(E;) and o(F;) have a topological supplemen-
tary in E, and F, respectively.

Remark 43.3. If ¥ and v are homomorphisms onto, it is not true, in
general, that # &), v will be a homomorphism. Comparing with Remark
43.2, we see that the s-completion and the w-completion of E Q@ F
behave in quite different manners with respect to isomorphisms into
and homomorphisms. It is also clear, if we look at Propositions 43.7
and 43.9, that, in the cases where the two completions will be isomorphic,
the extensions of tensor products of linear mappings u @ v will have
very convenient properties.
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We close this section with a few words about the case where E and F
are normed spaces (we denote by || || the norm in both of them, as well
as the norm on their duals, on the related spaces of continuous linear
mappings, etc.). In particular, the space of continuous bilinear forms
on E' x F', B(E', F'), carries a canonical norm, which is the maximum
of the absolute value of a form on the product of the unit balls of £ and
F. This induces a norm on every one of its subspaces, in particular on
#(E,,F,) and on B(E, ,F,) >~ E ®F.

ProposITION 43.10. The e-topology on the tensor product E QF of
two normed spaces E and F is defined by the canonical norm on B(E, ,F,).

The proof is straightforward. We shall denote by || ||, the canonical
norm on E ® F which defines the e-topology. We have already the
notion of m-norm: it is the tensor product of the norms of E and F
(Definition 43.3, Proposition 43.2); we shall denote it by || ||, .

We keep assuming that E and F are normed spaces.

ProPOSITION 43.11. The canonical mapping of E X F into E &, F and
into E ®, F has norm one.

Proof. By Proposition 43.1, we have

@yl ==yl

If we identify E ® F with B(E, , F,), x @ y is identified with the bilinear
form
(', 3") =~ <&, x> <,
and
lx@ylle = sup sup KKa', x> <y, 3| ==yl
e’ n=1, 1y =1

In the case of normed spaces, the universal property stated in Proposi-
tion 43.4 can be made more precise:

PrROPOSITION 43.12. Let E, F be two normed spaces.

(a) Any norm on E ® F, such that the canonical bilinear mapping of
E x Finto E Q F is continuous if norm < 1, is < to the m-norm.

(b) For all normed spaces G, the canonical isomorphism of B(E, F; G)
onto L(E ®, F; G) is an isometry.

(c) Any norm on E QF, such that the canonical linear mapping of
B(E, F) into (E Q F)*, algebraic dual of E ®F, is an isometry
of B(E,F) onto (E @ F)', is equal to the m-norm.
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Proof. Note that (b) = (a) trivially: if ® is a norm on E @ F such
that the canonical mapping ¢ : E X F— E @gF has norm < 1, it
suffices to apply (b) with G = E ®@g F; we know that the mapping
E x F— G corresponding in this case to ¢ is the identity mapping
of EQF.

Let us prove (b). Let # € B(E, F; G), u € L(E ®, F; G) be canonically
associated. For all xe E, y € F, we have

N M <z @M <llzllx @yl =lelil=llyl

This proves that | #| < | #|. Let 6 € E®F with || 8|, = 1. We may
find a decomposition § = ¥, x; ®y; with T;llx [y 1<1 + e
But then ||u(@)|| = || X;@(x;, ;)| <@ (I + ¢). By taking £¢—0,
we conclude that the maximum of || #(6) || on the unit sphere of E Q, F
is < || 4|, which proves what we wanted.

Finally, we prove (c). Let t be a norm on E ® F such that B(E, F)
and (E ®g F)' are canonically isometric. By (b) this is true when %t = .
Therefore, both E @, F and E Qg F are mapped isometrically (by the

mapping: value at § € E @ F) onto the same subspace of the dual of
B(E, F). Q.E.D.

CoROLLARY 1. The canonical isomorphism of B(E,F) onto (E ®.,F)
is an isometry.

COROLLARY 2. For all e E ®F, we have || 0. <1101, -

Proof of Corollary 2. Apply Proposition 43.12(a), as the canonical
bilinear map E X F — E ¥, F is continuous and has norm one.

ProPoSITION 43.13. Let E;, F; (i = 1,2) be four normed spaces, and
u:E,—E,,v:F,—F, two continuous linear mappings. Then

le®@oll, =lle@vll.=lullllvl

Proof. For all xe E,,ye E,, we have (cf. Proposition 43.11)
I @ v)(* @Yl = || u(*) @ oIl = Nl w(=I | ),

where w stands either for = or for e. Take, now, || x| = L |yl =1
such that || #(x){| and || »(y)| be arbitrarily close to | «| and || v,
respectively. We obtain

lullllol <ll# @l -
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Let us prove the converse inequality: first, when w = =. Consider
the bilinear map of E, X F; into E;, ®,F;,

(%, ¥) ~ u(x) @ v(y);

it has a norm < ||« ||| v|]. By applying (b) in Proposition 43.12, we see
that the associated linear map of E, ®, E; into E, ®, F,, that is to
say u (¥ v, must have norm < || ||| v |

Finally we look at the case where w = &. Let 8 be an arbitrary element
of E, ®F, ; its e-norm is the supremum of its absolute value (when
we regard 6 as a bilinear form on E] x Fy) over the product of the unit
balls of Ej and F; (Proposition 43.10). We denote by sup the supremum

over x’ € E;, y'eF,, ||x'|| =y || = 1; we then have
lI(x @ v)(O)ll. = supl(u @ v)(6)(*" @ ¥)I
= sup| 0Cu(x"), (YN <N Ol [ 'l 22l = 01 Hullll v
Q.E.D.
Exercises

43.2. Let E;,F;(i = 1, 2), u, and v be as in Proposition 43.6. Prove that the kernel
of u &, v is equal to the closed linear subspace of E, ®, F: spanned by the tensors of
the form %, ® v, such that either u(x;) = 0 or v(x;) = 0 or both.

43.3. In relation with Remark 43.2, prove the following lemma (which can be viewed
as a complement to Lemma 37.7, Exercise 37.8, and which is going to be used, later on):

LemMmA 43.1. Let E, F be two Hausdorff locally convex spaces. A continuous linear map
u : E — F is an isomorphism if and only if every equicontinuous subset of E’ is the image
under *u of an equicontinuous subset of F'.

434. Let E,,F; (i = 1, 2) be four normed spaces, and u: E;, - E;, v:F, - F,
two isometries. Prove that u &® v is an isometry of E, ®, F, into E, ®; F, if and only if
every continuous bilinear form on E; x F, is the image, under ‘(u &, v), of a continuous
bilinear form on E, X F, having the same norm.

43.5. Making use of Remark 43.2, prove the following statement: Let F be a Banach
space, and E a closed linear subspace of F having a topological supplementary in.its bidual
E”. The canonical mapping E &, E' —F &, E’ is an isomorphism (for the TVS
structures) if and only if E has a topological supplementary in F.

43.6. By using Exercise 43.4, prove the following result: if E and F are normed spaces,
the canonical linear mapping E &, F — E” &, F is an isometry (into).

43.7. Prove that, if E and F are two Fréchet spaces, E ®, F is a barreled space (hint:
use Exercise 33.4).

43.8. Let {E,} be a family of locally convex spaces, and F a locally convex space.
Prove the canonical isomorphism

(H E«) ®,F=[]E &, F.
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Examples of Completion of Topological
Tensor Products: Products ¢

Example 44.1. The Space ¥™(X; E) of ™ Functions
Valued in a Locally Convex Hausdorff Space E (0 < m < + )

In the discussion that follows, X is either a locally compact topological
space, and then m can only be equal to zero, or else an open subset of
R”", and then m can be any integer, or + 0. The space ¥™(X; E)
carries its natural €™ topology (see Definition 40.2); when m = 0
and X is a locally compact space, that definition still holds: the topology
of €% X; E) is the topology of uniform convergence on the compact
subsets of X.

ProrosiTioN 44.1. If E is complete, so is €™(X; E).

Proof. As E is complete, a Cauchy filter # on ¥™(X; E) converges
pointwise to a function f: X — E. As X is locally compact, the conver-
gence of # is uniform on a neighborhood of every point (as it is uniform
on compact subsets of X), hence the limit f is continuous. This proves
the result when m == 0. Suppose now that X is an open subset of R»
and that m > (0. As a matter of fact, it suffices to show that grad f
(grad = gradient of) exists, is a continuous function, and is the limit
of grad &# (obvious notation); having done this, an obvious reasoning
by induction on the order of differentiation easily completes the proof.
We may even suppose that we are dealing with only one variable, so
as to simplify the notation. Extension to n > 1 variables will be evident.
We recall (Theorem 27.1) that, for all ¢’ € E', ¢ €™(X; E),

(0/0%,) <e', Plx)> = (€', (8]0%,) P()>.

Now, by the preceding argument, we know that (8/0x,)# converges,
uniformly on the compact subsets of X, to a continuous function f, .

446
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A fortiori, (8/dx,) <e’, F) converges to (¢, f;>. We conclude that the
complex-valued continuous function <{¢',f,> is the derivative of the
function <¢', f>. We then have

(e LT ) = 3 [ o) — fepy

where h # 0. Let, then, U be a convex closed balanced neighborhood
of 0 in E and take ¢’ arbitrary in the polar U° of U. Because of the
continuity of f;, we may find | 2| so small that f,() — fi(x,) € U for
all ¢ in the segment joining x; to x; + k; then the integrand, on the
right-hand side, and, as a consequence, the left-hand side, have their
absolute value << 1. This means that

Y f(x1 + By — f(x)} € U + fi(x1),
hence that f, is the first derivative of f.

COROLLARY 1. Suppose that X is countable at infinity and that E is a
Fréchet space. Then €™(X; E) is a Fréchet space.

It is evident, on the definition of the topology of ¥™(X; E), that it
is metrizable whenever X is countable at infinity (i.e., a countable union
of compact subsets) and E is metrizable.

CoROLLARY 2. Suppose that X is compact and E a Banach space. Then
€%X; E), equipped with the norm

[~ sup IfN (I l: norm in E),
is a Banach space.

We denote by €™(X) ® E the subspace of ¥™(.X; E)-consisting of the
functions whose image is contained in a finite dimensional subspace

of E (cf. Proposition 40.2); €™(X) & E is a tensor product of €™(X) and
E

Let Eﬁe ¢™(X) ® E, e,,..., e; be linearly independent vectors of E
such that the image of ¢ is contained in the linear subspace of E they
span. Thus we may write, for all x € X,

f(x) =¢y(x) e; + -+ +dyx) eq,

where ¢, ,...,¢; are complex-valued functions. These functions are
m times continuously differentiable, as one sees immediately by writing

(%) = e, $(x)>
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and then applying Theorem 27.1; here e; € E’ is such that

(e;,e> =38,  (Kronecker symbol).
We may also write

252951@91‘{‘ i ®ey.

ProposiTION 44.2. If X is a locally compact space, €%(X) Q E is dense
in €%(X; E).
If X is an open subset of R, €3(X) ®- E is dense in €™(X; E).

Proof 1. X is a locally compact space, m = 0. Let fe €°(X; E), p be a
continuous seminorm on E, K a compact subset of X, and ¢ a number >
0. We may find a finite covering U, ,..., U, of K, by relatively compact
open subsets of X, such that, for each j = I,...,7, and each pair x,
ye U, '

p(f(x) —f(9) <e.

Itis a general property of compact sets (see, e.g., N. Bourbaki, “Topologie
générale,”) that we can find a continuous partition of unity subordinated
to the above covering, i.e., r continuous functions in X, g; (1 <j <)
such that: (a) for each j, supp g; C U; ; (b) X7_; gi(x) = | for all xe K.

In each set U; we pick up a point x;. We have, for xe K, f(x)=

>7-181(x)f(x), hence
P = 3 e < 3 80) 1) —fls) <

as p(f(x) — f(x;)) < e if xesuppg;.

Proof 2. X is an open subset of R™, m is arbitrary. The proof consists
of a few easy steps. First of all, we see that €7(X; E) is dense in
€™ X; E): consider a sequence of complex-valued functions g, € €3(X)
(v = 1, 2,...) equal to one on increasingly large open sets {2, whose
union is equal to X; each fe €7'(X; E) is the limit of the gf (in
€™ X; E)) as v — 0.

Let, now, fe €7(X; E) and p, e €7(R") be the usual mollifiers (cf.
p. 156): suppp, C{xeR"; | x| < &}; [pi(x)dx = 1. We can define
the integral (for fixed x e R")

[pdx =0 fn @
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as the limit of the Riemann sums. The latter define a Cauchy filter which
converges in the completion £ of E. When x varies, we obtain a function
of x with values in E, which it is natural to denote by p, * f; this is an
element of €7(R"; E) which converges to f in ¢™(R™ E) as ¢ —0.
These statements are easy to check, by duplicating what is done in the
scalar case.

The last step goes as follows. In view of the first part of the proof,
['is the limit of functions f; € €(X) ® E in the €° topology. By using
a cutting off function, we may assume that the supports of the f; lie
in an arbitraty neighborhood U of supp f. But then, it is not difficult
to see that, for each £ > 0, p, * f is the limit of the p, * f; in €7(R™; k).
If U is a relatively compact open subset of X and « is small enough, the
p. *f; and p, x _f have all their support contained in U. Finally we see
that the p, * f; , which belong to €2(U) ® E as soon as ¢ is sufficiently
small, converge, as j varies, to p, xf in €(X;E). As p,xf—f in
%™(X; E) when e — 0, the proof is complete.

TueoreM 44.1. If E is complete, €™(X; E) ~ ¢™(X) &, E.

The meaning of the isomorphism stated in Theorem 44.1 is the
following: €™(X; E) induces on its linear subspace ¥™(X) @ E the
topology ¢; therefore, the natural injection of the latter into the former
extends as an isomorphism of €™(X) &), E into the completion of
%™(X; E); but the latter is complete, by Proposition 44.1, and the
isomorphism of €™(X) &, E into ¥™(X; E) is onto, by Proposition 44.2.

Proof of Theorem 44.1. As we have just said, it suffices to show that
%™(X; E) induces on €™(X) ® E the topology «.

We observe, first, that ¥™(X; E) can be canonically injected in
L(E, ; ™(X)). Indeed, let fe ¥™(X; E) and consider the complex-
valued function, defined in X,

(44.1) x ~ e, f(x)),

where ¢’ is an arbitrary element of E’. We know (cf. Theorem 27.1)
that this function is ¥™. Now let p be an arbitrary n-tuple such that
[p] <m+ 1 and K is a compact subset of X. Then (0/ox)? f(x) stays
in a compact subset ¥" of E as x varies in K; but the closed convex
balanced hull of X", I'(('), is also compact since E is complete; it is,
a fortiori, weakly compact. If ¢ belongs to the polar of (l/¢) I'(X),
which is a neighborhood of zero in E., we have

sup I(8/oxy? <e', f(x)>| = sup IKe'y (8]0x)? f(x)>] < e.
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This shows that the mapping
(44.2) e~ (&~ (e fx))

is continuous from E; into ¥™(X).

The proof of Theorem 44.1 will be complete if we show that the
topology ¥™ on ¥™(X; E) is equal to the topology induced by L(E; ;
%™(X)). Let U be a closed convex balanced neighborhood of zero in
E, U° its polar, K a compact subset of X, and p € N® such that [p | <
m -+ 1. Then it is equivalent to say that (8/0x)? f(x)e U for all xe K,
or to say that | (8/dx)? < €,f(x) > | < 1 for all x€ K and all ¢’ € U°.

Exercises

44.1. Let E be a normed space, with norm || |. Let K be a compact set. Prove that
the norm

I~ sup I call

on ¥(K) ® E is equal to the s-norm.
44.2. Let H, K be two compact sets. Prove that
¢H x K) >~ ¢(H) B, ¢(K),
with the isomorphism to be understood as a Banach space isomorphism.

44.3. Let 2 be an open subset of R*, and m an integer > 0 or - . Let E be a locally
convex Hausdorff space. Prove that €™(2; E) is identical to the space of scalarly €™ func-
tions valued in E, that is to say of functions f such that, for each e’ € E’, x ~ (¢, f(x)) is
a €™ complex-valued function in £2.

44.4. Let ?;"(Q; E) be the space of functions f, defined in the open set 2 C R* and
valued in the locally convex Hausdorff space E, such that, for every ¢’ € E’, the function
x ~ (¢, f(x)> belongs to €7(£2). Prove that, if E is a normed space,

™R, E) = €™(R2; E).

44.5. With the notation of Exercise 44.4, prove that

G2(R"; 2'(RY) # €2(R™; 2(RY).

44.6. Let us denote by #(R"; E) the space of functions f € ¥°(R"; E) such that,
for all pairs of polynomials P, in n variables, with complex coefficients, P(x)Q(3/dx)f(x)
remains in a bounded subset of E as x varies over R". We equip ¥ (R"; E) with its natural
topology: the topology of uniform convergence of the functions P(x) Q(3/9x) f over the
whole of R*, for all possible P and Q. Prove that, if E is complete,

SR E) = S(R) B, E.

44.7. Let lo be the space of complex sequences converging to zero, with the norm

induced by I,

6 = (0n)tnure,..d ™ | O lo = SI:P | 0 |-
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Let E be a Banach space, with norm || |{|. Prove that /s @s E is canonically isomorphic,
as a Banach space, to the space of sequences in E which converge to zero, equipped with
the norm

e = (e,) ~ sup |l eq |l

Example 44.2.
Summable Sequences in a Locally Convex Hausdorff Space

We shall need some results about the Banach space ' of complex
sequences ¢ = (g,) (n = 0, 1,...) such that

loly =Y lo,| <+  (Chapter 11, Example IV).

n=0

We shall say that a subset X of I' is equismall at infinity if, to every
e > 0, there is an integer n, >> 0 such that

Y lonl<e forall o€}

nxzn,

We recall that {® “is” the dual of /! (Theorem 20.1). We shall make
use of the following result:

THEOREM 44.2. The following properties of a sequence S CI' are equi-
valent:

(a) S is weakly (i.e., for the topology o(2, I*)) convergent;

(b) S is convergent (for the norm on IY).

The following properties of a subset K of I' are equivalent:

(a,) K is weakly compact;
(b)) K is compact,;
(c1) K is bounded, closed, and equismall at infinity.

Proof. We begin by proving that a sequence S which converges weakly
in ! is equismall at infinity. We may assume that S converges weakly
to zero. We shall then reason by contradiction. Suppose that there is a
sequence of integers 7, (k = 1, 2,...), strictly increasing, and a sequence
of elements of S, {o®}, such that, for all k,

T o>

nxn,
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For each %, we select an integer nj, > n, such that

Y, leB| < /4

nzng

Next, we construct a sequence of integers k, — + o0, in the following
manner: k, = 1, and &, is an integer such that the following conditions
are satisfied:

(i) Y, etk | <c/4 (i) =< .

Ny <n<ng

and so on; &, is an integer such that

M T lawi<ds @) m <m.

v
n, <n<nj
1SR kl’ 1

These two conditions can be fulfilled, by induction on », since 7, — + o0
as k— + oo, and since the fact that the sequence of sequences S
converges weakly to zero implies that, for each n separately, the o
converge to zero.

For the sake of simplicity, we shall write v instead of &,, hence o*
instead of o'%), n, and #; instead of 7, and n; . Observe that we have,
for all v > 1,

Y e <4

,
SNy

n_, <mn and Y 1e® | > 3¢/4;

ny,<n<ng
finally,
Z | ol | < c/4.
n,<n
Let us then define a sequence 7 = (7,,) in the following way:
r,=0W[|o®| if nm <n<n andif o £0,
7, =0 otherwise.

A quick computation shows that, for all v > 1,

[Kry oDl = Y o | —cf2 > /4

n,<n<n;
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this means that the ¢’ cannot converge weakly to zero. It proves our
assertion.

Now we prove that (a) = (b). Again, we may assume that S converges
weakly to zero. In view of the first part, this implies that to every ¢ > 0
there is an integer n, >> 0 such that, for all o € S,

Z | on | <.

nong

On the other hand, as o varies over S, for each n, o, — 0. It follows
that there is a finite subset A of S such that, for o€ S, o ¢ A4,

Z jon| <e.

n<mng

Finally, we see that, for c€ S,0 ¢ 4, | 0|, < 2e. This proves that S
converges to O for the norm.

Let us now prove that (a,) => (b;). We must show that every sequence
in K, S, contains a subsequence which converges for the norm. But
S contains a subsequence which converges weakly in K. Hence, it
suffices to take into account the implication (a) = (b).

Next we prove that, if K is compact, K is equismall at infinity. If
K were not equismall at infinity, there would be a number ¢ > 0, a
sequence {¢™} in K, such that

Xl =e

nzv

The sequence {o*} cannot possibly contain a subsequence which
converges to zero.

Finally, let us prove that (c,) = (b,). Let S be a sequence contained
in K. As K is equismall at infinity, we can select a sequence of integers
0 <n <m < - <mn <<- such that, for every k, and every o € S,

(44.3) Y lon] <l

n=zng

Observe that since K is bounded there is a subsequenice S of S such
that o'’ converges to some complex number o, if n < 2, , as oV ranges
over S; then we may select a subsequence S® of S such that o!®
converges to a complex number o, if # < n,, as ¢? ranges over S?;
etc. Let us denote by o the sequence (o,) thus defined. Now, in each
sequence S we select a sequence 7® such that |+ — o, | < 1/k
for all # < n;, . We see immediately that {'®} (k = 1, 2,...) is a Cauchy
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sequence in /! (for the norm; take into account (44.3)); therefore it

converges in K, which is closed (of course, its limit is the sequence o,

which, thus, belongs to ). Q.E.D.
We need the following consequence of Theorem 44.2:

Lemma 44.1.  The identity mapping of I' is the kmit, for the topology
of uniform convergence on the compact subsets of I', of a sequence of continuous
linear mappings whose image is finite dimensional.

Proof. Let us denote by ¢, the multiplication mapping, in %, by the
sequence 1¢, whose terms of rank <{ n are equal to one, whereas the
other ones are all equal to zero: if ¢ € I, ¢,(0) is the sequence whose
terms are all equal to zero if their rank is > #, and are equal to the terms
of the same rank in ¢ otherwise; obviously, ¢, is a continuous linear map
of ! into itself with finite dimensional image. It is also obvious that
¢, — I uniformly on every subset of /! which is equismall at infinity.
Q.E.D.
Now let E be a locally convex Hausdorff TVS. We derive fromTheorem
44.2:

Lemma 44.2. Every linear map u: E' — I, which is continuous when
E’ carries the weak topology o(E’, E) and I, the topology o(I%, I*), transforms
any equicontinuous subset of E' into a relatively compact subset of I.

Proof. 1f A’ C E' is equicontinuous, it is relatively weakly compact
therefore u(A4’) is relatively weakly compact, hence compact by Theorem
44.2.

Let us call weakly continuous any linear mapping u : E’ — I* which
is continuous for the topologies o(E’, E) and o({%, I°), and any linear
mapping v : [ — E continuous for o(/*, I') and o(E, E’).

LemMa 44.3.  Let v be a linear mapping [° — E. The following properties
are equivalent :

(a) the image of the unit ball B of 1° under v is precompact;

(b) o is weakly continuous;

(c) © is the transpose of a mapping u : E' — I which is weakly con-
tinuous.

Proof. (a) implies that v is continuous, hence weakly continuous;
(b) and (c) are equivalent, simply because the transpose of a continuous
linear map is continuous. Let us show that (c) = (a).

Let V be a closed convex balanced neighborhood of zero in E. The
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polar ¥ of V is weakly compact in E’, hence u(V®) is a compact subset
of [*. This implies that we can find a finite subset of points of V79,
Y15 - ¥ » such that, for every y’ € V?, there is j, | <j < s, such that:

(44.4) | (y) — WO, < &

On the other hand, the unit ball B of /* is weakly relatively compact
for o(I®, I'), in view of the Banach-Steinhaus theorem (Theorem 33.2).
This implies that there is a finite family of points x, ,..., x, in B such that,
to every x € B, there is ¢, | <7 < r, such that

(44.5) sup [(x — x,, (Y| < &

1<7i<s

Now let x € B, ¥’ € V° be arbitrary. Let us select an index ¢ so as to
have (44.5) and an index j so as to have (44.4). We have

[<x — %, (YD1 < Ko — %, oy + Kx — ;5 (y) — 2Ol
But x — x; € 2B, hence, in view of (44.4),
1<% — x,, (y") — (YD < 3,
and, therefore, by (44.5),
IKx — x5 (Y PI < 1

This proves that v(x) — v(x;) € V = V®, hence v(x) € V 4 v(x;). Thus
we see that o(B) is’covered by the sets V' + v(x;) (1 < £ < r). Proposition
6.9 implies that v(B) is precompact. Q.E.D.

Of course, when E is complete, u(B) is relatively compact (i.e., v(B)
is compact).

Let us observe that, if u is weakly continuous, then it is a continuous
mapping of E, into I* (Proposition 42.2). We contend that u is the limit,
in L(E, ; IY), of a sequence of continuous linear mappings with finite
dimensional images. Indeed, with the notation of the proof of Lemma
44.1, it suffices to take the sequence of mappings ¢, o u (n = 1, 2,...).
Indeed, if A’ is an equicontinuous subset of E’, #(A4’) is relatively compact
in /' by Lemma 44.2, hence ¢,, converges to the identity of /!, uniformly
on u(A’) by Lemma 44.1;this proves that ¢,, o u converges to # uniformly
on 4’ Q.E.D.

A consequence of what we have just seen is that, when E is complete,

(44.6) 1 ®,ExL(E ;N
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As a next step, we show that there is a canonical correspondence
between weakly continuous mappings u#: E'— ', or, equivalently,
weakly continuous mappings v : [* — E, and summable sequences in E.
We define the latter concept:

Definition 44.1. A sequence {x,} in a TVS E is said to be summable
if to every neighborhood of zero V in E there is an integer n, > 0 such that,
for all finite subsets | of integers n = n,, ,

Y xeV.

neJ

If {x,} is a summable sequence in a TVS E, the partial sums

Y% (p=01,.)

nzp

form a Cauchy sequence. Therefore they converge if E is complete;
when they converge, their limit is denoted by

o«©
> Xns
n=0
The space of all sequences in E, i.e., of all mappings from the set
N of nonnegative integers into E, induces a structure of linear space
on the set of all summable sequences in E. We shall not put a topology
on this set.

1. Let v : {*— E be a weakly continuous mapping. Let us denote
by e, the sequence with all terms equal to zero, except the nth one,
equal to one, and let us set x, = v(e,). The sequence (e,) (n = 0, 1,...)
is weakly summable in /®. Therefore, the sequence (x,) is weakly
summable in E. But on the other hand, all the partial finite sums

Y e, (J: finite set of integers > 0),
net

belong to the unit ball B of /*. By Lemma 44.3, v(B) is a precompact
subset A of E. On A4, closure of A in E, which is compact, the weak
topology o(E, E’) coincides with the topology of E as completion of E
(equipped with its initial topology). We conclude that the sequence
{x,} is summable in E, hence in E.

Thus, with every weakly continuous linear mapping of [® into E
we have associated a summable sequence in E.
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2. Conversely, let (x,,) be a summable sequence in E. Let us suppose
now that E is complete. I contend that

@K
v (1)) ~ z TpXp
n=0

is a weakly continuous linear mapping [* — E. We show first that v
indeed maps /* into E. Possibly by separating each =, into its real and
imaginary parts, we may assume that every one of them is real; next,
by dividing each =, by sup, | 7, | (supposed to be 5~ 0!), we may assume
that [ 7, | << 1 for all n. Let J be an arbitrary finite set of integers; let
us denote by Y, the (finite) family of finite sequences ¢ = (&,,),, such
that e, = + 1 for every n € J. If we embed any sequence (o,,),.; in the
Euclidean space with dimension equal to the number of elements of J,
in the obvious canonical way, we see that, if |0, | <1 for all ne J,
the sequence (0,),.; belongs to the convex hull of 3, : this is the same
as saying that a hypercube is the convex hull of its vertices—which it
is! In particular, the finite subsequence (7,),., belongs to the convex
hull of ¥, .

Now let p be a continuous seminorm on E, and ¢ a number > 0.
Since the sequence (x,,) is summable, we may select an integer n, > 0
such that, for every finite set of integers n > n,, J, we have

P (T ) <el2

neJ

Let us take a finite sequence (e,) belonging to >, . We have

P(ZEnxn)SP( Y xn)+p( Yy, x,,)gs.

neJ net,e,=+1 nel,g,=-1

This immediately implies what we wanted.

Next, we must show that the mapping v is weakly continuous. It
suffices to show that, for every x’ € E’, the sequence {(x’, x,>} (n = O,
1,...) belongs to . It is obvious that, to every ¢ > 0, there is n, 2 0
such that, for every finite set J of integers n > n,,

PIRCIENIES

nelJ

In taking for ] any finite set of integers n > n, such that Re(«’, x,,> is
= 0 for all #n € J, then a set such that Re{x’, x,> < 0 for all n€ J, and
doing this again with Im{«’, x,,>, we reach the desired conclusion.
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Finally, we observe that v(e,) = x, for every m, which shows that
the mapping (x,) ~ v is the inverse of the mapping v ~ (x,) introduced
in 1. We may summarize:

THEOREM 44.3. Let E be a complete locally convex Hausdorff space.
Then:

(Xmdnen ™ ((Tn)neN ~ i T"x,,)

n=0

s a one-to-one linear map of the space of summable sequences in E onto
the space of weakly continuous linear mappings of I° into E.

The latter space, canonically isomorphic to L(E, ; ), when carrying
the topology of uniform convergence on the equicontinuous subsets of E',
is canonically isomorphic (for the TVS structure) to I' ), E.

Thus I* 3, E may be identified with the space of summable sequences
in E.

Exercises

44.8. By making use of Theorem 44.2, prove that [* and [® are not reflexive.

44.9. Let dx be the Lebesgue measure on R” and L? (1 < p < + ) the Banach
space of (classes of) functions f such that | f |? is Lebesgue integrable. Prove that a subset
A of L? is compact if and only if it has the following three properties:

(i) A4 is bounded in L? (in the sense of the L? norm);
(i) A is equismall at infinity, i.e., to every ¢ > O there is p > 0 such that, forall f € A,

f [ fx)Pdx < ¢
lal >p

(ili) to every ¢ > 0, there is 7 > O such that, for all @ € R" such that |a | < » and
allfe A,

f!f(x —a) ~ f(x){Pdx < =.
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Examples of Completion of Topological
Tensor Products: Completed m-Product
of Two Fréchet Spaces

We give the definition of an absolutely summable sequence in a locally
convex Hausdorff space E.

Definition 45.1. A sequence {z,} (n = 0, 1,...) in E is said to be absolutely
summable if, for every continuous seminorm p on E, the sequence of non-
negative numbers P(z,) is summable.

An absolutely summable sequence (z,) is summable (Definition 44.1).
If E is complete, the partial sums Y, , 2, converge, as p — -+ 0.
Their limit, 37_, 2, , is called an absolutely convergent series.

We state now the main theorem:

THEOREM 45.1. Let E, F be two Fréchet spaces. Every element 0 € E ), F
ts the sum of an absolutely convergent series

(45.1) 0=3 % ®Yn,

n=0
where (A,) is a sequence of complex numbers such that 35 o | A, | <1,
and (x,) (vesp. (y,)) is a sequence converging to zero in E (resp. F).

It is important, in various applications, to have a strengthened form
of Theorem 45.1:

THEOREM 45.2. Let E, F be two Fréchet spaces, and U (resp. V) a convex
balanced open neighborhood of zero in E (resp. F).

Let K, be a compact subset of the convex balanced hull of U @ V. There
is a compact subset K, of the unit ball of I, a sequence {x,} (resp. {,})
contained in U (resp. V) and converging to zero in E (resp. F), such that,
for every 0 € K, , (45.1) holds for some (\,) € K .

459
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Proof of Theorem 45.2. Let us denote by Z, the vector space of all
complex-valued functions on the set £ X F such that

Ifllpa= %  |1f(%) p)a(y) < +oo

(z.y)€EXF

for all continuous seminorms p and q on E and F, respectively. The
space &, contains the space of functions on E X F which have a finite
support; as in the proof of Theorem 39.1, we denote the latter by %
The seminorms || ||,,, define a locally convex topology on %; which
is certainly not Hausdorff, since all these seminorms vanish on the linear
subspace

M, ={feX;x #0and y # 0 implies f(x, y) = O}.

As a matter of fact, when E and F are Hausdorff, M, is exactly the
intersection of the kernels of the seminorms || |,.q, and the Hausdorff
space associated with &, can be canonically identified to the space of
complex functions on T = (E — {0}) X (F — {0}), which we denote
by A, (we denote by A the subspace consisting of the functions in T
which have finite support). Let us denote by supp p the complement
in E of Kerp; similarly for q. If fe A, , we denote by supp f the set
of points (x,y) € T such that f(x, y) # O (this is consistent with the
usual definition of the support if we consider the discrete topology on
E — {0}, F — {0} and T). From the fact that || f|l,,, < + 0, we derive
that supp f intersects (supp p) X (supp q) according to a countable
subset. It is also evident that, to every » = 1, 2,..., there is a function
f» with finite support, such that || f — f, |l,., < 1/n: A is dense in 4,.
Now, there is a canonical mapping of 4 onto E X F, namely

(45.2) f~ Y f®»*®y

(x,9)eT
It is the definition of the 7w-topology that this mapping is a homomorphism
of A (equipped with the topology defined by the seminorms || |l,,,)
onto E ®, F.

We have not yet exploited the fact that E and F are Fréchet spaces.
As both are metrizable, so is 4, : this is a trivial consequence of the fact
that, if p, p’ (resp. q, q) are two continuous seminorms on E (resp. F)
and if p < p’,q < ¢', wehave||fll,.q < fllpr.o for all f€ A, . Further-
more, the support of each f € /1, is countable: indeed, it is the union of a
countable family of countable sets, its intersections with (supp p,) X
(supp a,), where (p,) and (a,) are countable bases of continuous semi-
norms in E and F, respectively. Another consequence of the fact that
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E and F are metrizable is that 4, is complete. We leave the proof of this
fact to the reader. Then let J, be the extension to A, of the canonical
mapping of A onto E ® F; ], is a continuous linear mapping of A,
into E &, F. As a matter of fact, it is a homomorphism of A, onto E ®.F.
In order to see this, it suffices to look at the usual diagram:

A, —2 S EQ,F

L Jy
A, /Ker [,

Indeed, the image under ¢, of A is a dense linear subspace of A,/Ker J,
which is isomorphic, via J,, to E ®, F; the inverse of this mapping,
defined on E ®, F, can be extended to E &), F by continuity, and this
extension must be the inverse of [, (defined on the whole of 4,/Ker J,).
Thus [, is an isomorphism onto (we have used the completeness of 4,
only to the extent that it implies the completeness of A,/Ker J,). The
expression of the homomorphism J, is given by (45.2): in the present
situation, every f € /, vanishes outside a countable subset of T, so that
Yeper f(%, ¥) x ® y is a series in E &), F, obviously absolutely con-
vergent (see Definition 45.1).

We have thus obtained a representation of every element 8 of E &), F
as an absolutely convergent series, closely resembling (45.2). We are
going to show, now, that this series can be made to possess all the
properties announced in Theorem 45.2. We begin by selecting two
increasing sequences of continuous seminorms (p,,), (4,) (m =0,
1,...) in E and F, respectively, such that every continuous seminorm
p (resp. q) on E (resp. F) < some p,, (resp. q,). Furthermore, we start
these two sequences by two seminorms p, and q, such that

U={xecE;px) <1} V ={yeF;aq(y) <1}
It is then quite evident that the unit semiball

O={fecdy;; |fllppa <1}

is mapped by ], onto the convex balanced hull of U & ¥, which we
shall denote by W. We shall apply the following lemma of point-set

topology:

LemmaA 45.1. Let o, B be two complete metric spaces, u an open con-
tinuous mapping of A onto #, and O an open subset of L. Every compact



462 TENSOR PRODUCTS. KERNELS [Part 111

subset K of u(0) is the image u(H) of a compact subset H of O, which is
the closure of a countable subset of u=(K).

Proof. Consider the family of all open subsets U of @ whose closure
is contained in @; a finite number of open sets #(U) cover K, which is
the same as saying that there is one such set U with #(U) 2 K. Let
us construct, by induction on k= 1, 2,..., an increasing sequence of
finite subsets of U, 4, C 4, C -+ C 4, C ---, with the following pro-
perties:

(i) the A4,’s are all contained in the preimage of K;

(i) A4, is contained in the set Ay of points of U lying at a distance
< 27k from 4, ;

(iii) u(4;) D K.

The possibility of finding A, is obvious. Suppose that A4, has been
determined and call 4; the set of points of U which lie at a distance
< 27*-1 from A, . We can find a subset B, of #~(K) N A, such that
the set of points in U which lie at a distance << 2-%-1 from B, is mapped
onto a subset of u(U) containing K — K N u(A;). We may then take
Apy = Ap Y B,,. Let us call 4 the union of the sets 4, . Whatever
k is, every point of A4 lies at a distance << 27*—! from A, : this follows
immediately from Property (ii). It implies immediately that A is
precompact (cf. Proposition 6.9); let H be the closure of 4 in &/: H
is compact and contained in U, hence in 0. Given any & > 0, there is
k such that A4, is contained in U. If Hj is the set of points of @ at a
distance < 2~* from H, we have K C u(H;) since 4;, C Hy, ; we derive
immediately from this that K C #(H). Since H is the closure of A C
u~(K) and since #~(K) is closed, we have u(H) = K. Q.E.D.

CorOLLARY. Let K be a compact subset of a complete metric space ;
K contains a subset which is everywhere dense and countable.

Proof. It suffices to apply Lemma 45.1 with &/ = % and u the identity
mapping of .

Let us go back to the proof of Theorem 45.2. Let K be a compact
subset of W, the convex balanced hull of U % V. There is a compact
subset H of @ C A, such that J,(H)C K. This follows from Lemma
45.1; from its corollary it follows that there is a countable subset N of
T = (E — {0}) x (F — {0}) which contains the support of every fe H.
Indeed, there is a countable subset S of H which is everywhere dense
in H; let N be the union of the supports of the f € S. Since every fe H
is the limit of a subsequence of the sequence S, f must be identically
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zero outside of N; and N is countable, as a countable union of countable
sets. We order N in an arbitrary way: N = {(¢,, 7,)}n=0.1. ... For
every 8 € K, we have

0= Zf(fn"']n) fn ®7]n
n=0
for some fe H. Needless to say, the series is absolutely convergent.
Let us set ay, = Pu(€n)s Omn = Im (Mn)s fa=S(én > 1a)- We shall con-
struct two sequences of numbers > 0 (a,), (6,) (» = 0, 1, ...) with the
following properties:

(45.3) For every m, }lim(am.,,/a,, 4 b, nfby) = 0;

(45.4) the mapping f ~ (fu@.0,)(n=0.1,..., Maps H into a compact subset
K of I,

Observe that, for each m, f ~ (f,a, »bn n)n=01,..) maps H into a
compact subset of ' (by definition of the topology of A,). But every
compact subset of I! is equismall at infinity (Theorem 44.2), therefore,
for each m, we may select an integer N, = 0 such that

(45.5) Y 1ol @mnbmn <8 ™  forall feH.

nz N,

Since H C 0, we may even take N, = 0. Let us first choose ¢, > 0
such that, for all fe H,

(45.6) Y 1 l2map,n 4 2y En)en < 27™

nzN,

This is possible, since, for fixed n > 0, the set {| f, |} is bounded as
f ranges over H. We then set, if N,, <n < N,,,,,

a, =¢, + 2™ay 5, b, =¢, +2™b,, 4.

Recalling that a,, , and b, , are nondecreasing with m for fixed », we
see easily that (45.3) is satisfied. On the other hand, by combining
(45.5) and (45.6), we obtain

z ‘fn \ anbﬂ < 2—(m—1)’

N << Ny 1y
whence

Y fal @b, < 2702,
N,<n
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This shows that (45.4) holds: indeed, by taking m = 0, hence N,, = 0,
we see that the sequences (f,4,b,) remain bounded in ! when f varies
over I; then, by taking m = 1, 2, ..., we see that these sequences form
a subset of /' which is equismall at infinity, hence relatively compact
by virtue of Theorem 44.2.

From there on, the proof of Theorem 45.2 is easy to complete. We
set, for every fe H and every » = 0, 1,...,

.fn =fnanbn s En = gn/an s ﬁn = nn/bn .

This is possible since a,, , b, > ¢, > 0. From (45.3) we derive immediate-
ly that the £, (resp. 7,) converge to zero in E (resp. F). From (45.4),
we derive that {f,},01 . varies in a compact subset H of I* as f varies
in H. Furthermore, note that there is a number « < 1 such that, for
all fe H,

3| melE) i) = 3 1 | PalE) aalna) < .

n=0 n=0
There is an integer N >> 0 such that
polé) <1, (i) <1 forall n>= N,

Y Ifhl< 1;" forall feH.

nx=N

For n > N, we shall set x, = £,,¥, = fi,> Ay, = f,. Let ¢ >0 be
a very small number. Let us select, for each n, two numbers p, , o,
such that

Po(én) <p < po(gn) + ¢, %(ﬁn) <o, < %(ﬁn) + ¢,

and let us set, for n << N,
anP;I n’ yn=a;;17]~n’ An=fnpnan'

It is then clear that the sequences (x,) and (y,) converge to zero and
that they are contained in U and V, respectively. Furthermore, (A,)
remains in a compact subset of /' when f ranges over H. Finally,

@

ZlAn|< Z |f;|Pnan+%(1—K)

n=0 n<N

< Y 1l oo&n) aoliin) + 3(1 — x) + Ce < K1 + «) + Ce,
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where C is a positive constant, depending on sup, po(£,), SUP, do(fin)s
and on H. By taking ¢ sufficiently small, we see that (A,) remains inside
a ball of radius < 1 (centered at 0) in /'. The proof of Theorem 45.2 is
complete.

CorOLLARY 1. Let E, F be two Banach spaces. Every element 8 of the
open unit ball of E®, Fis equal to an absolutely convergent series

0= i’\nxn@)yn,

n=0

where (x,) and (y,) are sequences converging to zero in the open unit ball
of E and F, respectively, and 3 _o | A, | < 1.

COROLLARY 2. Let E and F be two Fréchet spaces. Every compact subset
of ER, F is contained in the closed convex balanced hull of the tensor
product of a compact subset of E with a compact subset of F.

CorOLLARY 3. If E and F are Fréchet spaces and G a complete locally
convex Hausdorff TV'S, the canonical (algebraic) isomorphism of B(E, F; G)
onto L(E &, F; G) becomes a homeomorphism if the first space carries the
topology of uniform comvergence on the products of compact sets and the
second one, the topology of compact comvergence.

Exercises

45.1. Prove that every compact subset of a Fréchet space E is contained in the closed
convex balanced hull of a sequence converging to zero.

45.2. Let E and F be two Banach spaces, and G a complete locally convex Hausdorff
space. Prove that the canonical algebraic isomorphism of B(E, F; G) onto L(E ®,F; G)
is a homeomorphism when the first space carries the topology of uniform convergence
on the products of bounded sets and the second space, the topology of bounded con-
vergence. )

45.3. Let E; ,F;(j = 1, 2) be four Fréchet spaces, and u; : E; — F; (j = 1, 2) two
continuous linear mappings. Prove, by making use of Theorem 45.1, that, if both #; and
u, are onto, then u; &, u; is also onto.

45.4. Let H, be the space of entire functions with respect to the variable z in C*,
H the space of analytic functionals in the variable { € C*, and H,(H}) the space of entire
functions of z with values in the space Hé (all the spaces under consideration carry their
natural topologies). Prove the following facts:

(i) there is a canonical TVS isomorphism of H, &, H; onto H,(H));

(ii) every element 8(z, {) € H,(H)) =~ H, ®4 H{ is equal to the sum of an absolutely

convergent series,
Bz, )= Y A 2*®8,

»,9eN™

where §; is the Dirac measure with respect to the variable { at the point { = 0.
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Give the expression of the numbers A, in terms of 8(z, {); prove that the function
8(z — 1), which assigns to each z € C" the Dirac measure (with respect to the variable g
at the point { = 2, belongs to H,(H;), and compute the coefficient A,, when

0z, 0) =3z — D).

45.5. Let €. be the space of €= functions with respect to the variable x in R",'J;
the space of distributions with compact support in the variable ¢ € R", and %’f(é’;) the
space of €= functions of x € R* with values in & 'f (all the spaces under consideration carry
their usual topologies). Anticipating slightly what is to come, we admit the fact that we
have, canonically,

€)= € B, <.
Let 8(x — y) be the function which assigns to every x € R" the Dirac measure, with respect
to y, at the point y = x. Prove that 8(x — y) belongs to €2(&;). Prove that 3(x — y) is
not equal to the sum of an absolutely convergent series. in €2°(&),

«©

8x — & = Y u(x) ® vy(é),

i=0

with {4;} C €° and {v;} C € bounded sets (show that if this were true every function
u € €= could be written in the form u = 3 &, Au; , which is not possible).

45.6. Let E be a Banach space, E’ its strong dual, 5 the natural injection of E ®, E’
into L(E; E), and § the extension, to E ®, E’, of the continuous linear map j. Prove (by
applying T}teorem 45.1) the equivalence of the following two facts:

(a) the identity mapping E — E belongs to f(E &, E’);

(b) dimE < + .
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Examples. of Completion of Topological
Tensor Products: Completed m-Products
with a Space L'

In Chapter 44, we have studied the completed e-product of a space
E (locally convex Hausdorff and preferably complete) with the space
I' of absolutely summable complex sequences. We have shown that,
when E is complete, ! &), E is canonically isomorphic to the space
of summable sequences in E. It is unnecessary to recall that ! is the
space of integrable functions on the set N of nonnegative integers with
respect to the measure dn whose mass at every point is + 1. In the
present chapter, we shall consider the space L! with respect to an arbitrary
measure u on a set X and study its m-product with a space E. We are
going to show, among other properties, that, when E is a Banach space,
L'®, E is exactly “equal” to the space LY(E) of integrable functions
with values in E. When L! = 1, this means that I! %, E can be identified
with the space of absolutely summable sequences in E, and thus underlines
the difference between completion of e-products and =-products. One
can then show that, if E is an infinite dimensional Banach space, the
canonical mapping of ' ), E into A &), E is never onto. This implies
immediately the theorem of Dvoretzky—Rogers: in an infinite dimensional
Banach space, there is at least one summable sequence which is not absolutely
summable. This stands in contrast with the case of a nuclear space E,
whose theory we begin describing in the next chapter: these are the
spaces such that E®),F = E®,F for all locally convex Hausdorff
spaces F. It is obvious that, in such a space E, every summable sequence
must be absolutely summable. Needless to say, no infinite dimensional
Banach space is nuclear.

46.1. The Spaces L*(E)

Let X be a set, dx a positive measure on it, E a locally convex Hausdorff
space, and « a number such that 1 < a < 4 c0.

467
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We denote by F°*(E) the vector space of all functions f: X — E
such that, for every continuous seminorm p on E,

(46.1) I £lns = ([ PUEGI )

where [ denotes the upper integral; we provide #°(E) with the topology
defined by the seminorms (46.1). Let us denote by ¥ &® E the linear
subspace of F#*(E) consisting of the tntegrable step-functions s : X — E.
By this we mean the finite linear combinations of the form ¥; ose;,
where the o; are complex integrable step-functions and the e, are vectors
belonging to E (of course, one may suppose that the o; are characteristic
functions of integrable sets). We denote by .#*(E) the closure in F*(E)
of ¥ ® E. As usual, we denote by £ the space .#*(C). It is obvious,
from the definition, that #* ® E is dense in #*(E). Generally, .#*(E)
is not Hausdorff and one denotes by L*(E) the associated Hausdorff
space; one sets L* = L*(C). These notations are all right as long as one
deals with a single measure dx; if more measures are introduced, the
notation must be adapted so as not to create confusion.

One defines the space F~(E) as the space of functions f: X — E
such that, for each continuous seminorm p on E, there is a number
M, > 0 and a set N, C X with measure zero such that

(46.2) pE(x) <M, forall x¢N,.

One then defines the number || f] .« , as the infimum of the numbers
M, > 0 such that (46.2) holds for some set N, of measure zero. The
topology of #=(E) is then defined by the seminorms f ~ | £l =, ;
Z#>(E) is the subspace of #F=(E) consisting of the functions f which
are measurable. By L°(E) one denotes the associated Hausdorff space.

A straightforward generalization of the Fischer—Riesztheorem enables
one to prove that, when E is a Fréchet space, the spaces L*(E)(]1 < a <
+ o0) are complete. But this.is not so if E ceases to be metrizable—in
general.

The canonical image of #* ® E into L(E) is denoted by L* ® E;
it is immediately seen to be a tensor product of L* and E. For « > 1
finite, .#* ® E is dense in #*(E); as the canonical image of a dense
subset, L* ® E is dense in L*(E).

We shall now focus our attention on the case of a Banach space E,
with norm || |. In this case, the topology of #*(E) is defined by a
single seminorm and L*(E) is a normed space. Furthermore, L*(E) is
complete, hence a Banach space (theorem of Fisher—Riesz); its elements
can be interpreted as classes of functions (belonging to £*(E)) which
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are equal almost everywhere. It is immediately seen that the bilinear
form

£, 8> = [ <K(x), gx)> d

is continuous on L*(E) X L*(E’), where E’ is the Banach space dual
of E and where o' = af(a — 1). This defines a canonical mapping of
L¥(E’) into (L*(E))’, which can be seen to be an isometry, but which
in general is not onto.

If feL* and e € E, we have

([ifelrdz) ™ = ([1£15) “Nel.

This proves that the bilinear mapping (f, e) ~ fe of L* x E into L*(E)
has norm one. But (Proposition 43.12) the #-norm on L* @ E is the
largest norm on this space such that the canonical mapping of L* X E
into it has norm one. We conclude that the 7-norm is larger than the
norm induced by L*(E). For o« > 1, the m-norm is strictly larger than
the norm of L*(E) (at least in general). If they were equal, it would
mean (when « is finite) that LX(E) = L* &), E. For instance, we would
apply this to E = the space L* with respect to a positive measure
dy on a set Y. In this case, L*(E) = L, (L3,) can be canonically identified
to the space Ly,;, with respect to the product measure dx dy on the set
X x Y (the identification extends to the norms!). Thus we would have
Lyzay =~ L3, &, Ly, (a: canonical isomorphism), which is generally
not true, as we shall see in the case « = 2 (Chapter 49).

However, it is true, and it is the main result of this chapter, that

L'®, E = LY(E).

46.2. The Theorem of Dunford-Pettis

As before, we consider a set X and a positive measure dx on it. By
2> we denote the space of complex-valued functions which are bounded
on the whole of X, with its natural norm f ~-sup,.y | f(x) |. The space
2> is obviously a Banach space; it is quite different from the space
%= introduced on p. 468, whose elements are not necessarily bounded
functions. Let us denote by 4" the linear subspace of #* consisting
of the functions which vanish outside of a set of measure zero: A" is
closed. Indeed, if a sequence {f,} in A4 converges to f in %=, each f,
must vanish outside some set of measure zero, N, , therefore f = 0
outside the union {J, N, which has also measure zero. We denote by
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B= the quotient #*/A4" equipped with its natural Banach space structure.
Although .#* is not contained in #%, there is a natural isometry of L*
into B®: for given any function f € #* and any e > 0, there is a function
2 € #> such that f = g almost everywhere, and such that

Ifllee < sup 18X < |1 flle= + &

Of course, if f is measurable, so is g.
It will be handy to introduce two new terms in our vocabulary, so
as to abbreviate the statements; the first one is widely used:

Definition 46.1. A subset A of a topological space is called separable
if A contains a subset B which is countable and dense in A.

The second term is also commonly used: if we have a map f of a set
E onto a set F, a lift of a subset V of F is a mapping g of V into E such
that f o g is the identity of V (if one prefers, g is a right inverse of f
on V).

We may now state the following lemma, which will be used in the
proof of the theorem of Dunford-Pettis:

LemMmaA 46.1. Every separable linear subspace V of B> possesses a lift
into #* which is a linear isometry.

The mapping of £~ onto B® considered in this statement is, of course,
the canonical homomorphism.

Proof. Let A be a countable and dense subspace of ¥, and W the set of
all finite linear combinations of elements of A with coefficients in the
field Q of rational numbers. Let 7 be an arbitrary lift of W into £ which
is linear: such a lift = is obtained by lifting in an arbitrary manner an
algebraic basis of W and extending the lift by Q-linearity. Let w be an
element of W; two representatives of w in #® differ only on a set of
measure zero, therefore, for every e > 0, there is a set of measure zero,
N, , such that

£

[ r(w) (¢)] < llwllp= +¢  if x¢N,.
If we denote by N,, the union of the sets Ny, as n — + co, we see that
|7(w) (¥)] < | wllpg=  for x¢N,.

Let N be the union of the sets N, as w ranges over W; since W is
countable, the measure of N is equal to zero. Let us define a lifto : W —
#> by setting

o(w)(x) =0 if xeN,

o(w) (x) = r(w) (x)  if x¢N.
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This is indeed a lift of W, hence | @ (po < SupLey | o(w)(x)|; but
| o(w) (x) | <l w|lp= for all x € X. We conclude that o is an isometry,
obviously linear (as 7 was linear). By continuity, we can extend o to
the closure of W in B®, which contains V (taking advantage of the fact
that #® is complete!). The extension of a linear isometry is a linear
isometry, and if o was a right inverse of the canonical mapping of #
onto B® over W, the same is true of its extension—but, now, over

wov. Q.E,D.
Let E be a Banach space, and E’ its dual with its Banach space
structure; we shall denote by || | the norms, both in E and in E’.

Definition 46.2. A function £ : X — E' is said to be scalarly measurable
tf, for every e € E, the complex-valued function

x ~ {fi(x), e
is measurable.

Here, measurable means dx-measurable in X. Every measurable
function of X into E’ is scalarly measurable, but the converse is not
generally true.

Let us denote momentarily by = the canonical projection of #=
onto L®. As before, E is a Banach space.

PROPOSITION 46.1. Let g be a bounded function X — E’, scalarly measur-
able. Then

(46.3) e ~ m(x ~ ({g(x), &)))
is a continuous linear map of E into L™ with norm < sup,y | g(x) |l

The theorem of Dunford-Pettis states that, under the assumption
that E is separable, every continuous linear map of E into L® is of the
form (46.3); furthermore, the function g can be chosen so that the norm
of the mapping (46.3) is exactly equal to the maximum of || g|| on X.

THEOREM 46.1. Let E be a separable Banach space. To every continuous
linear map of E into L™, u, there is a scalarly measurable bounded function
€ : X — E’ such that u is equal to (46.3) and such that the norm of u is

equal to sup.x || g(x) .

Proof. As E is separable, u(E) is a separable linear subspace of L,
therefore, by virtue of Lemma 46.1, there is a lift o of #(E) into &%
which is a linear isometry. For each e € E and each x € X, let us set
&«(x) = ofu(e)] (x); observe that the function g,, for fixed e, belongs



472 TENSOR PRODUCTS. KERNELS [Part 111

to £ (indeed, it differs from any other representative of u(e)eL®
only on a set of measure zero). Furthermore, we have

[ge(x)] < sup | ofu(e)] (x)| = Il u(e)ll= <l ullll el

This shows that, for fixed x, e ~ g(x) is a continuous linear form
on E, which we denote by g(x) € E’; of course, as g, € .£* for all e € E,
x ~ g(x) is a scalarly measurable function X — E’. Furthermore,

sup || g(x)ll =sup ( sup | g (x)i)
xeX zeX ecE.leli=1
= sup (sup | ofu(e)] (x)}) = sup [lu(e)|r> = |l .
tel=1 zeX el =1

Finally, the mapping u is equal to (46.3) since, for all e € E and x € X,
{g(x), &> = ge(x) = ofu(e)] (x). Q.E.D.
We give now, as corollaries, two equivalent statements of the theorem
of Dunford-Pettis. We must, however, make a preliminary remark.
Suppose that g : X — E’ is scalarly measurable and bounded. Then,

for every e € E, the function x ~ {g(x), &> belongs to .#*. We may
campute the integral of its product with a function fe #. As we have

| [ <et@), € fx) dx | < sup K<gte), 31 [ 1f(w)]

< Gupll gl el [ 1 £ ds,
xEX
we see that

e~ f (g(x), e f(x) dx

is a continuous linear form on E, which it is natural to denote by

(46.4) [ &) f) dx.
The norm (in E’) of (46.4) is < (sup,.x |l () I} Il fll:; it is also evident

that (46.4) does not change value if we replace f by a function which
is equal to f almost everywhere, so that

(46.5) [ e fix) ds
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might be viewed as a linear mapping of L! into E’; note that the norm
of this mapping is < sup.. |l g{x) .

We may now state the two equivalent versions of the theorem of
Dunford-Pettis; we shall leave the proof of their equivalence to the
student, as an (easy) exercise:

COROLLARY 1. Let E be a separable Banach space. To every continuous
linear map v : L' — E’ there is a bounded, scalarly measurable function
g : X — E’ such that v is given by (46.5) and such that the norm of v

is equal to sup,., || g(x) |

CoROLLARY 2. Let E be a separable B-space. To every continuous bilinear
form @ on L) X E there ts a bounded, scalarly measurable function g : X —
E’ such that, for all fe L' and e c E,

O£, ) = [ <), € fix) dx,

and such that the norm of ® is equal to sup,. || g(x) ||.

46.3. Application to L', E

Let A be a continuous linear functional on LY(E) (see 46.1). The
restriction of A to L' (¥) E defines a linear form on this vector space,
hence (Theorem 39.1(b)) a bilinear form B, on L! x E, which is imme-
diately seen to be continuous; furthermore, || B,{| <<|| A|. Indeed, for
allfel'and alle e E,

(46.6) Bi(f, @) = A fe).

Observe that B, determines A, since (46.6) determines the values of A
on L! @ E, which is dense in L1(E) (p. 468).

THEOREM 46.2. Let E be a Banach space. The canonical injection of
L' ® E into L\(E) can be extended as a linear isometry of L' Q, E onto
LY(E).

Proof 1. E is separable. We are going to show that the mapping
considered before the statement of Theorem 46.2,

A~ B, i (f, €) ~ Afe),

is an isometry of the dual of LY(E) onto the Banach space B(L!, E) of
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continuous bilinear forms on L! X E. This implies that the dual of
L' @ E, dense linear subspace of LY(E) carrying the norm induced
by L} E), is equal to B(L}, E). By virtue of Part (¢) of Proposition43.12,
we derive that the norm induced on L! ® E by LY(E) is equal to the
w-norm. This implies immediately the theorem when E is separable.

Let B e B(L', E). By virtue of Corollary 2 of Theorem 46.1, there is
a bounded, scalarly measurable function g: X — E’ such that, for
all ec E and felLl,

B(f,¢) = [ <g(x), @ f(x) dx,

and such that
| Bl = sup || g(*)I.
xeX

Let us now consider f € LY E). To every £ > 0, there is an integrable
step-function valued in E, f,, such that

(46.7) f (| f(x) — £.(x)] dx < &.
We have

J

fx = Z fe,le,j s ]e < +CD,

=1

where the f, ; are elements of E and the x, ; characteristic functions of
integrable subsets of X. Note then that

<g(x)» fs(x)> = z <g(x)1 fs.i> Xe,j(x)

is a function of x which belongs to -#* since, for all j, the functions
{g(x), f, ;> are bounded and measurable. From (46.7) we derive

(46.8) | 1Ke@), £(=)) — <g@), £(x)>) dx < e sup | g()].

Here, the integral may be understood as the upper integral, or as the
integral itself if we note that (g, ), being the limit, almost everywhere,
of the measurable functions <{g, f,> as ¢ = l/n, n = 1, 2,..., is measur-
able, and that | {g(x), f(x)) | <X (Sup.ex || (=) |}) || £(x) ||l. Either this or
(46.8) shows that (g, f) e £ We set

NE) = [ <glx), £(x)) d.
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We have
1A®] <11 BIl [ 1) d.

In particular, A(f) = X(f,) if f =f, a.e. Finally, we see that A can be
regarded as a continuous linear form on LYE) with norm < | B].
But if feL! and e€ E, A(fe) = [<{g(x), > f(x) dx = B(f, e), so that
B = B,. We have already seen (p. 473) that || B,|| <[ A|, which
proves that || Al = || B}, hence our assertion: when E is separable,
A ~ B, is an isometry of (L'(E))’ onto B(L, E).

Proof 2. E arbitrary. If 6L @ E, there is a finite dimensional
subspace M of E such that § € L* ® M. Let us denote momentarily
by | |l and || [l the respective norms in L' ®, E and L' ®. M.
Since the canonical mapping of L! X M into L' @ M is continuous
and has norm < 1 when the latter carries the norm || llng » this norm
is<| [, onL' @ M by Proposition 43.12(a). But since M is separable,
we have, by Part (1),

101l = [ 110Gl dx =110 ll2cer

for we assume, needless to say, that M carries the norm induced by E.
As the canonical mapping of L! X E into LY(E) has norm < 1, we have,
again by Proposition 43.12(a),

10]le <1l Ollag -

Combining all these inequalities, we see that all the introduced norms
of 6 are equal. In particular,

10llre =110 g « Q.E.D.

COROLLARY. Let E be a Banach space. Then

A~ ((f, @) ~ A(fe))
is an isometry of the strong dual of L\(E) onto B(L!, E).

Indeed, B(LY, E) is canonically isomorphic (as a normed space) with
the dual of L! ¥, E =~ LY(E); this defines an isometry of the dual of
LYE) onto B(L!, E), which is immediately seen to be the one in the
corollary. Note that this corollary extends to nonseparable Banach
spaces the result stated and proved in Part (1) of the proof of Theorem
46.2.
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Exercises

46.1. Let E be a Banach space, and F a linear subspace of E (equipped with the norm
induced by E). Prove: (i) that the norm induced on L! ® F by L! ®, E is equal to the
a-norm on L' ® F; (ii) that every continuous bilinear form on L! X F can be extended
as a continuous bilinear norm on L! X E having the same norm.

46.2. Let E and F be as in Exercise 46.1. Prove that every continuous linear map of
F into L® can be extended as a continuous linear map of E into L® having the same norm.

46.3. Let X, Y be two sets, dx, dy two positive measures on X and Y, respectively,
u a continuous linear map of LY, into L} , and E a Banach space. Prove that there is a
unique continuous linear map # : L% (E) — L} (E) such that ii(fe) = u(f) e for all
feLl, and all e € E. Prove also that || &l = [ u |l

46.4. Let E be a locally convex Hausdorff space. Prove that the canonical injection
of L' ® E into L} E) can be extended as an isomorphism (for the TVS structures) of
1L' ®, E onto L\(E).

46.5. Let X, Y, dx, and dy be as in Exercise 46.3. Prove that for all « > 1 finite
we have

Liasy = Lax(L3,).
Prove that L}, == L. ®,L% .
46.6. Supposethat X = Y = R"(n > 1),dx = dy = Lebesgue measure. Prove that

(£,8) = [ exp(=2mi <x,93) 1) o(y) dx dy

is a continuous bilinear form on L}, x L}, and that we have L} ,, o& L}, ®n L2, (where o
would denote the canonical isomorphism).

46.7. Let dx be the Lebesgue measure on X = R". Let E be a finite dimensional
space equipped with a Hilbert norm. Prove that the m-norm on L}, ® E = L}(E) is
equivalent to and strictly larger than the norm of L¥(E).
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Nuclear Mappings

We shall use systematically the concept of the space Ej, introduced
in Chapter 36: E is a locally convex Hausdorff space, B a convex balanced
bounded subset of E, and Ej the subspace of E spanned by B, equipped
with the norm x ~ pg(x) = inf,. ¢ .5 p (see p. 370). We shall use
the following definition:

Definition 47.1. A convex balanced bounded subset B of E is said to be
tnfracomplete if the normed space Ey ts a Banach space.

We have seen (Lemma 36.1 and corollary) that, if B itself is complete,
in particular if B is compact, then B is infracomplete. But the converse
is not necessarily true.

An important particular case is provided by the spaces Ej., where
E’ is the dual of a locally convex Hausdorff space E and H' is a weakly
closed convex balanced equicontinuous subset of E’ (hence H' is weakly
compact). There is a natural interpretation of Ey. which should be kept
in mind: let H be the polar of H' in E; H'® is a convex balanced closed
neighborhood of zero in E (for the initial topology of E) which we
denote by U, for simplicity. Let us then call E, the space E equipped
with the topology where a basis of neighborhoods of zero is formed
by the multiples pU, p > 0, of U. We see immediately that E,. is nothing
else but the space of linear forms on E which are continuous on E, .
In general, E; is not Hausdorff; the associated Hausdorff space is ob-
viously normed; its completion is a Banach space which we denote by
E, . Tt should also be noted that every convex balanced closed neigh-
borhood of zero of E is the polar of a weakly closed convex balanced
equicontinuous subset of E’: its own polar. Let p be the seminorm on E
associated with U,

p(x) = xepil}%;f:;o P
The Hausdorff space associated with E; is nothing else but E, /Ker p,
equipped with the quotient topology. The forms x’ € Eyo (with the
previous notation, U° = H’) are continuous on E for the topology

477
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defined by p, hence define continuous linear forms on E,/Ker p, and
by continuous extension, on E . It is clear that Eyo can be identified
as a Banach space (i.e., the identification extends to the norms) with
the dual of £,,. We have a canonical mapping of E into £, the compose
of the sequence

E—h(i»Eu/Kerp—jl]—»Eu,

where 4, is the canonical mapping and j, the natural injection of a
space into its completion. Note that, in general, 4, is not open, since
E,/Ker p does not carry the quotient modulo Ker p of the topology
of E but the quotient of the topolegy of E,,.

We consider two locally convex Hausdorff spaces E, F and the tensor
product E' @ F of the dual of E with F, regarded as a linear subspace
of L(E; F), space of continuous linear maps E — F, namely the subspace
of these maps whose image is finite dimensional. An element Y; x, ® y;
(finite sum) of E’ ® F defines the mapping

i

Let us consider momentarily the case where both E and F are Banach
spaces. As usual, we denote by L,(E;F) the space L(E; F) equipped
with the topology of bounded convergence, i.e., with the topology
defined by the operators norm,

lulf = sup [[u(x)|.
zeE, 121=1

We observe that the canonical bilinear map of E’ X F into L(E; F),
(2", 3) ~ (2~ <2, ) ),

is obviously continuous and has norm <{ 1. We therefore derive from
Proposition 43.12(a), that the norm induced by L,(E; F) on E’ QF is
< || |l»- The injection of E' @ F into L,(E; F) can then be extended
as a continuous linear map of E’' &), F into L,(E; F), which we shall
call canonical. It is not known if this canonical mapping of E' &, F
into L,(E; F) is always injective, although it has been shown to be so
in all the cases studied so far.

Definition 471.2. Let E, F be two Banach spaces. The image of E' ®, F
tnto L(E; F) is denoted by LYE; F). Its elements are called the nuclear
mappings of E into F.
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LYE;F) is isomorphic, as a vector space, with E’ ®. FIN, where
N is the kernel of the canonical mapping E’ &, F — L,(E; F); the above
quotient is a Banach space (as the quotient of a B-space modulo a closed
linear subspace). The norm on LY(E; F) transferred from E’ ), F/N is
called the trace-norm (the motivation for this name will be seen later).
Needless to say, the trace-norm restricted to E’ @ F is nothing else
but the #-norm.

We shall now give the definition of a nuclear operator in the general
case of two locally convex Hausdorff spaces E, F, not necessarily Banach
spaces.

Let U be a convex balanced closed neighborhood of zero in E, and
B a convex balanced infracomplete bounded subset of F. Letu : B, — F,
be a continuous linear map. We may define a map # : E — F by compos-
ing the sequence

E2Y Byt s F, 2. F,

where hy, is the canonical mapping E — E, and i, the natural injection.
This correspondence # ~ 4 yields an injection of L(E}, ; F;) into L(E; F):
for if # = 0, it means that % vanishes on ky(E), which is dense in E,
hence u = 0. In the forthcoming, we consider L(Ey ; F;) as a linear
subspace of L(E; F).

Definition 47.3. Let E, F be two locally convex Hausdorff spaces, U the
family of all convex balanced closed meighborhoods of zero in E, and B
the family of all convex balanced infracomplete bounded subsets of F.

The union, when U ranges over W and B over B, of the subspaces

LYEy; Fs) C L(Ey; Fp) CL(E; F),

is denoted by L)(E; F); its elements are called the nuclear mappings of E
into F.

Suppose that E and F are Banach spaces. Then every £, is canonically
isomorphic (as a TVS, not as a Banach space) with E. On the other
hand, L*(E; F,) is canonically injected into L(E; F) by composing the
mappings with the injection F; —F. This shows that, when E and F
are Banach spaces, Definition 47.3 coincides with Definition 47.2, as it
should. It is not immediately evident that, in the general case (when
E and F are not necessarily Banach spaces), LY(E; F) is a vector space.
This will follow trivially from the next propositions, whose importance,
however, goes beyond that consequence.

ProposiTION 47.1. Let E, F be two locally convex Hausdorff spaces,
and u a nuclear mapping of E into F. Let G, H be two other locally convex
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Hausdorff spaces, and g:G—E,h:F— H two continuous linear
mappings. Then h o u o g is nuclear.
Suppose that E, F, G, and H are Banach spaces. Then:

lhouoglre <IAllluleligll
We have denoted by || ||;. the trace norm.

Proof. By hypothesis, we have a decomposition of » as a sequence

where &, and i, are the canonical mappings and # is nuclear. Let us
denote by V' the preimage of U in G under g, and by q the associated
seminorm, that is to say the seminorm

G >z ~| ho(g()

where|| | denotes the norm in £}, . It is obvious that, in the commutative
triangle

¢2-E1UE,

S

G,/Ker q

where k, is the canonical mapping, g is an isometry onto ky{g(G))
and might therefore be extended as an isometry I of G, onto the closure
M of hy(g(G)). On the other hand, C = A(B) is convex balanced bounded
in H. Furthermore, C is infracomplete: indeed, the restriction % | Fy
of h to F induces an isometry | of the Banach space Fg/(Fy N Ker k)
onto H_, as immediately seen; an isometric copy of a Banach space is
a Banach space. Finally, we have decomposed % o # o g into the sequence

¢ 6, LM M p, v S

The notation is evident: k, and j. are the canonical mappings, I and J
are the isometries defined above, # | M is the restriction of @ to M.
It remains to show that J o (# | M) o I is nuclear. Thus we are reduced
to the case where all the spaces involved are Banach spaces and where
g and £ are isometries onto.
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We have the commutative diagram

E &.,F —L\E;F) —L(E;F)

(41.1) @k 1 1)
G’ &, H—~LYG; Hy— L(G; H)

where the horizontal arrows are the canonical mappings and (*) is
the mapping v ~ k o v 0 g, which is an isometry onto. The vertical
arrow at the center must obviously be an isometry onto; the image of
u € L{E; F) under this isometry is of course % o u o g, which belongs
to LY(G; H).

Still in the case where all the spaces are Banach spaces, we must
prove the statement about the norms. For this we go back to Diagram
(47.1), where we do not assume any more that g and 4 are isometries
onto; then the vertical arrows are simply continuous linear mappings.
We know (Proposition 43.13) that || ‘g @ k|| < || %gll | |l; of course,
lgll =llgl. If 0 € E'®, F defines a nuclear mapping , thenkouog
is defined by (‘g ® &) (6) and we have therefore

lhouoglhe <I(%g @a)ON. < ligllll RN, .

By taking | 6|, arbitrarily close to | #|l;,, we obtained the desired
inequality.

The next result makes it easier to prove that certain operators are
nuclear.

ProrosiTION 47.2. Let E, F be two locally convex Hausdorff spaces,
and u:E—F a continuous linear map. The following conditions are
equivalent :

(@) u is nuclear;

(b) u is the compose of a sequence of continuous linear mappings

E->E 2sF . F,

where E, and F| are Banach spaces and v is nuclear;

(c) there is an equicontinuous sequence {x;} in E’', a sequence {y;}
contained in a convex balanced infracomplete bounded subset B
of F, and a complex sequence {A,} with ¥, |\, | < + oo such
that u is equal to the mapping

(47.2) XY ALK, XY,
3
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If E and F are Banach spaces, u ts nuclear if and only if there is a sequence
in the closed unmit ball of E', {x;}, a sequence in the closed unit ball of F,
{y.}, and a complex sequence {\,} with ¥, | A, | < + o0 such that u is
given by (47.2). Furthermore, the trace-norm || u |, of u is equal to the
infimum of the numbers 3, | A, | over the set of all representations of u

of the type (47.2).

Proof. Trivially, (a) = (b); (b) = (a) in view of Proposition 47.1.
On the other hand, because of Theorem 45.1, (a) = (c). Conversely,
3k A %, @ y) converges absolutely in Ep. &, F,, where H' is the
convex balanced weakly closed hull of the sequence {x;}: H' is an equi-
continuous subset of E’ and thus (c) = (a). If E is a Banach space,
the closed unit ball of E’ is an equicontinuous subset of E’, obviously
convex balanced and weakly closed; if F is a Banach space, its closed
unit ball is infracomplete. Finally, the statement about the trace-norm
is a straightforward consequence of the definition.

COROLLARY 1. Let E be barreled and F quasi-complete; u is nuclear if
and only if u has a representation (47.2) with the sequence {x;} bounded
in E' and the sequence {y,} bounded in F.

Proof. As E is barreled, a bounded sequence in E’ is equicontinuous
(Theorem 33.2). As F is quasi-complete, the closed convex balanced
hull of a bounded subset, here the sequence {y,}, is complete, a fortiori
infracomplete (Lemma 36.1).

COROLLARY 2. Let E, F be locally convex Hausdorff spaces; L\(E; F) is
a linear subspace of L(E; F).

Proof. Let u,, u, : E— F be nuclear. We have a diagram
E,—2+F,
/ \
E F
N, A
E2 T,) F2

where all mappings are linear and continuous, where E;, F; (1 = 1, 2)
are B-spaces and where ©,, v, are nuclear; furthermore, the upper
path gives u,;, the lower one u, (the diagram is not commutative!).
Let G (resp. H) be the Banach space product E; X E, (resp. Fy X F,),
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f the mapping x ~ ( fy(x), fo(x)), and g the mapping (y,, ¥2) ~ gi(¥1) +
g:(y2)- The sequence

! v g

E G H F,

where v = (v, ;) : (%1, %) ~ (v1(x,), vo(x,)) consists of continuous
linear mappings and constitutes a decomposition of u = u; + u, .
Then u is nuclear if v is nuclear. Suppose that v, is defined by an element
0, E;®,F; (i = 1, 2). There is a canonical mapping of (E; ® F;) X
(Ez QF,) into (Ey X Ej) @ (F, x Fy), (Zpx1; @ 1) (Tixzm  yar)) ~
ik (%155 %2) & (¥4 » Yax)> Which is immediately seen to be continuous
when all the tensor products carry the projective topologies; this
canonical mapping extends to the completions. Then it is easily
seen that the image of (8, #,) under this extension, an element
0e(E, X E)) &, (F, X F,), defines v, which is therefore nuclear.

We introduce the following definition, familiar in Hilbert (or Banach)
space theory:

Definition 47.4. Let E, F be two locally convex Hausdorff spaces. A linear
map u : E—F is called compact (or completely continuous) if there is a
neighborhood U of O in E such that u(U) CF is precompact.

ProposrTioN 47.3. Any nuclear map is compact.

Proof. 1t suffices to go back to the proof of the implication (a) = (c)
in Proposition 47.2 and to observe that full use of Theorem 45.1 allows
us to take the sequence {y,} converging to 0 in F, a fortiori in F. The
closed convex hull I" of this sequence is precompact (Proposition 7.11).
Let U be the polar of the equicontinuous sequence {x;}: U is a neigh-
borhood of zero in E, and if x € U,

u(x) =Y A <x,, x>y, el Q.E.D.
k
We now study the transpose of a nuclear map.

ProrosiTION 47.4. Let E, F be two locally convex Hausdorff spaces,
and u a nuclear map of E into F.

Then ‘u : F' — E’' is nuclear when E' and F' carry their strong dual
topology.

In the case of Banach spaces, some precision can be added to the
preceding statement concerning the trace-norms:
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ProposiTION 47.5. If E, F are Banach spaces and if u c L\(E; F), then
‘ueF'; E') and || 'u|lre < | %]l -

Proof of Proposition 47.5. Let u € L(E; F) be defined by some element
0 e E' R, F; suppose that 8 is equal to an absolutely convergent series

=73 %Q®y,.
par

Then ‘u i1s equal to the mapping

y, ~ Z <y,, yj> x’, .
i=0
In other words, ‘u is defined by the element (I &, ?)(f) € E' Q, F’,
where I is the identity of E and 7 the canonical isometry of F into F”, x ~
value at x. By Proposition 43.13, we know that

I & X0 <11 Ol

By taking the infimum of both sides as @ varies over the set of represen-
tatives of u, we see that || % ||, <| %], -

CorOLLARY. If E and F are Banach spaces and if F is reflexive, then
u is nuclear if and only if ‘u is nuclear. Moreover, || u |1, = || ' ||rr -

If w:F’ > E’' is nuclear, then *“u : E" —F" s nuclear and so is
u: E— E" —F" ~ F, where the first arrow is the canonical isometry.
Furthermore we have || # |1, < || “u ||, < | ' ||;: because of Proposition
47.5, which implies at once || % |, = || % ||1, -

Remark 47.1. 'The conclusion of the previous corollary is valid in
all the cases which are known, even when F is not reflexive.

Proof of Proposition 47.4. Here E and F are locally convex Hausdorff
spaces, not necessarily Banach spaces. If u : E—F is nuclear, there
exist two Banach spaces E| , F, , two continuous linear maps f : E — E, ,
g:F—F,, and a nuclear map v: E, —»F, such that u=govof
(Proposition 47.2). Then ‘4 = 'f o (*v) o (‘g) is also nuclear, in view
of Proposition 47.5.

We conclude these generalities about nuclear mappings by two
results on extension and lifting of nuclear mappings:

PROPOSITION 47.6. Let E, F, and G be three locally convex Hausdorff
spaces, and j an isomorphism of E into F.
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(1) Given any nuclear map u : E — G there is a nuclear map v : F — G
such that voj = u.

(2) Suppose that (E)CF is closed and let ¢ be the canonical map
of F onto F[j(E). Suppose moreover that every convex balanced
compact subset of F[j(E) is the image, under ¢, of a convex balanced
infracomplete bounded subset of F. Then, to every nuclear map
u : G — F[j(E) there is a nuclear map v : G — F such that
dov=u

When E and F are Banach spaces and j is an isometry, for every ¢ > 0,
v can be chosen (either in (1) or in (2)) so as to have

Hollee < M2 fler + &
Proof of (1). The map u is the canonical image of an element

0=zk:)\kx;c®zk,

where the {x;} form an equicontinuous sequence in E’ and the sequence
{2} is a sequence contained in some infracomplete bounded subset
of G; as usual the sequence () belongs to I' (Proposition 47.2). By
applying the Hahn-Banach theorem, we may lift the sequence {x;} C E’
into an equicontinuous sequence {y;} CF’; when E and F are Banach
spaces (and j an isometry), the y, can be taken so as to have, for each
k, the same norm as x;, ; then v is defined by the element

=27 ®xz,.
k

When E and F are Banach spaces (and j is an isometry), we may take
the x; (resp. the y;, resp. the z;) in the unit ball of E’ (resp. of F’,
resp. of G); then

ol <31 Ay
x

and the right-hand side can be taken <C|| #||y, + & (Proposition 47.2).
The proof of (2) is similar and will be left to the student.

Remark 47.2. If E and F are Fréchet spaces, every compact convex
balanced subset of F[j(E) is the canonical image of a compact convex
balanced subset of F (Lemma 45.1). This is also true if F is the strong
dual of a Fréchet space and if j(E) is weakly closed in F.

We conclude these generalities by a few words about the so-called
trace form. This is a continuous linear functional on E’ &), E, where
E is a Banach space and E’ the Banach space which is the strong dual
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of E (with the dual norm). We observe that (x, x') ~ {x’, ) is a con-
tinuous bilinear functional, with norm 1, on E X E’; therefore, it
corresponds to a continuous linear form, denoted by Tr(-) and called
trace form, on E’ &), E; the norm of Tr is one. If we have

€0 - o]
0=y «,®=x,, with Y alll <o,
k=0 k=0

then we have
Tr(0) = Y <, %)
k=0

The motivation for the name trace form originates in the fact that,
if 0 E' Q@ E, we may write

T
0= 13 0,¢Qe,
iyi=1

where (e; , ;5 = 1 if { = j and O otherwise, having then

Tr®) =Y 6,,,
i=1
which is the trace, in the usual sense, of the linear mapping of E into
itself defined by 6.

Example. Nuclear Mappings of a Banach Space into a Space L!

Let X be a set, and dx a positive measure on X; we assume o-finiteness
and we denote by L! the corresponding space of (classes of) integrable
functions. Let E be a Banach space, and E’ the dual Banach space.
We have a canonical isometry

L(E)=~E' ®,L' (Theorem 46.2).
By using the canonical mapping of E’ &), L' onto the space of nuclear

mappings of E into L!, we see that every class of integrable functions
f € LY(E’) defines a nuclear map, namely

ug: e ~ (x ~ (f(x), ),
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and that f ~ u, is onto. Furthermore, this mapping is injective, for we
have

[KiG=), e dx =0 forall eck,

if and only if the representatives of f vanish almost everywhere. But
if the mapping f — u, is injective, it is an isometry onto when we consider
the trace-norm of nuclear operators; indeed, the canonical mapping
of E' ®, L' onto LY(E; L) is then injective and the trace-norm is the
quotient of the m-norm modulo the kernel of the canonical mapping.

Thus
lteliee = [ 1| £(2)) .

The student may apply these considerations to the case where E itself
is a space L? (1 < p < + o).
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Nuclear Operators in Hilbert Spaces

Let E, F be two Hilbert spaces, # a continuous linear map of E into
F, and ] (resp. K) the canonical antilinear isometry of E onto its dual
E’ (resp. of F onto F’). We call adjoint of u and denote by u* the compose
of the sequence of mappings

FE.p s p L,

u* is a continuous linear map of F into E; it has a norm equal to the one
of u (Proposition 23.3). If we denote by (| ) and | || the inner product
and the norm, both in £ and F, we have, forallx€ E, y € F,

(=) | y) = (x| #¥(3)).

When E = F and u = u*, the operator u is said to be self-adjoint.
A mapping u € L(E; E) is called positive if (u(x)|«x) = 0 for all x € E.
A positive operator is self-adjoint: indeed, the bilinear form (u(x) | y)
is real when & = y (see p. 113). An important and well-known property
of positive operators is the one stated now:

Levma 48.1. Let ueL(E; E) be positive. There is a unique positive
map v € L(E; E) such that v* = u.

Proof. By examining the coefficients of the Taylor expansion of the
function
Cra g~ (1 — 2)12

about z = 0, one sees that the Taylor series converges when |z | = 1.
From this it follows immediately that the finite Taylor series, when
z has been replaced by w € L(E; E) with || w || < 1, converge in Ly(E; E),
to a continuous linear map, which it is natural to denote by (I — w)/%
Observe that the latter commutes with any continuous linear map which
commutes with w, as it is a limit (in the sense of the operators norm)
of polynomials with respect to w. For the same reason, (/ — w)'/? is

488
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self-adjoint whenever this is true of w. And of course ((I — w)!/?)? =
I — w. From this we derive that, if w is positive, so is w(l — w) =
((I — w)17?) w((I — w)*/?). We see therefore that

M — w)x | = (I — w)x | x) — (] — w)x | x) <N — w)x ||| =],

‘which proves that, in the case where @ is positive and || w| < 1, we
have || I — w| < 1. But then we may consider

(I = =)'

which we shall denote precisely by +w. Now, if [[#| is arbitrary,
we set Vu = ||u|*2 (|| u|~'u)'/2. This proves the existence of the
mapping v (now denoted vu) of Lemma 48.1.

Suppose there was a second positive map w € L% E; E) such that
w? = u. Then w commutes with # and therefore with v/%, in view of
the earlier considerations. This implies that we have

0 =w? — (Vup = (w — Vu)w + V).

We apply the right-hand side to a vector x€ E and conclude that
w = Vu on the image of (w + Vu); the orthogonal of this image is
the kernel of (w + v/u) (as this operator is self-adjoint), which is the
intersection of Ker w with Ker v/u, as w and 1/u are positive; and on
this intersection, we have trivially @ = v/u. Q.E.D.

CoROLLARY. Let u be a positive operator. If x € E satisfies the equation
(u(x) | x) = 0, we have u(x) = 0.

Proof. Let v be an operator such that v*v = u; then (u(x)|x) =
[l (%) ||z and ©v(x) = O implies u(x) = v*(v(x)) = 0.

The unique positive operator v of Lemma 48.1 is often denoted by
v/u and called the positive square root of u.

Let us now consider an arbitrary continuous linear map of a Hilbert
space E into another Hilbert space F; let #* be the adjoint of . Then
u* u is a positive operator of E into E; let us denote by R its positive
square root. We have || R(x)| = || u(x)]|| for all xe E and therefore
Ker R = Ker u. Let us then define the following continuous linear
map U: E—F,

U(x) = u(x) if x=R(x))elmR;
then U is extended by continuity to the closure of Im R;

Ux)=0 if xeKerR.
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We have, for all x € E,
It URG) = |l u(x)l| = || R(x)]-
This means that U is an isometry of Im R onto Im u. We have
u=UoR

One refers often to R as the absolute value of u.

Our purpose is to study the operators u ; E — F which are nuclear
and to characterize them. But, because of the isometric properties of the
operator U above, it is clear that u will be nuclear if and only if its
absolute value R is nuclear. In other words, it suffices to study the nuclear
operators which are positive mappings of a Hilbert space E into itself.
But we know that nuclear mappings are compact: we may therefore
restrict our attention to compact positive operators. These have simple
and beautiful spectral properties, discovered at the beginning of this
century by Fredholm and F. Riesz.

For the benefit of the student who does not have a treatise on Hilbert
space theory within reach, we recall the statement and the proof of the
main theorem on compact positive operators.

THEOREM 48.1. Let E be a Hilbert space, and u a positive compact
operator of E into itself. There is a sequence of positive numbers, decreasing
and either finite or converging to zero,

Al >A2 > - >Ak> R

and a sequence of nonzero finite dimensional subspaces V, of E (k = 1, 2,...)
with the following properties:
(1) the subspaces V, are pairwise orthogonal;
(2) for each k and all x € V., u(x) = A\x;
(3) the orthogonal of the subspace spanned by the union of the V,
is equal to the kernel of u.

Proof. Let t be the supremum, on the unit sphere of E, of the non-
negative function (#(x) | x). We use the fact that the closed unit ball
of E is weakly compact (Proposition 34.1); there is a weakly converging
sequence {x,}, || x,|| = 1, such that (u(x,) | x,) —¢. But as u itself is a
compact operator, we may suppose that the sequence {u(x,)} converges
in the sense of the operators norm. This implies at once that, if x is the
(weak) limit of the x,, (u(x) | x) is equal to the limit of the (u(x,) | x,),
i.e., to t. Thus we have

(I —u)(x) | x) =0.

But, because of our choice of ¢, tI — u is positive. Now if o is positive
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and if (v(x) | x) = 0, we have v(x) = 0. Indeed, (v(x) | x) = || Vo(x) |2
and vo(x) = 0 implies (v2)%(x) = 0. Thus we have

u(x) = tx

Let us denote by ¥V, the linear subspace of elements x € E such that
u(x) = tx. Let B, be the unit ball of V,, i.e., the intersection of the
unit ball of E with V; . By hypothesis, ¥(B,) is precompact; but it is
equal to B, , hence is closed and B, must be compact. Thus V), is finite
dimensional. From now on we write A, instead of . If V" is the orthogonal
of V,, we have u(Vi)C Vi as u is selfadjoint. Thus, by restriction, u
defines a continuous linear map of V7§ into itself which is clearly compact
and positive. We may repeat the above procedure with E replaced by
Vi. The maximum A, of the function (u(x) | x) on the unit sphere of
Vi i1s < A,, for otherwise there would be an element x in this unit
sphere such that u(x) = A,x and x would belong to V;. We then build
the sequences {);} and {V;} by induction on %, taking V, = {x€ E;
u(x) = Ax}. If the procedure comes to a halt after a finite number of
steps, say k steps, it means that the maximum of the function (u(x) | x)
on the orthogonal of V, 4 --- 4+ V. is equal to zero; this orthogonal
must then be the kernel of u (note that in this case the image of u is
finite dimensional). If the procedure does not stop after a finite number
of steps, the decreasing sequence {};} must converge to zero. Otherwise
we would be able to find an orthonormal sequence of vectors x, such
that u(x,) = A x, with 4, > ¢ > 0. But as u is compact, the sequence
{u(x,)} should contain a convergmg subsequence, which is absurd as

lla(x,) — u(x I = A, + X, > 2e.
Finally, if an element x € E is orthogonal to all-the V,, we must

have, in view of their definition, (u(x) | x) = 0, hence u(x) = 0. Q.E.D.

We recall the well-known terminology: the numbers A, are the
eigenvalues of u; V, is the eigenspace of u corresponding to the eigenvalue
A, ; dim V), is sometimes called the multiplcity of the eigenvalue A, .
The sum of the series

i A, dim ¥,

k=1

is called the trace of u and denoted by Tr u. For each k, let P; be the
orthogonal projection of E onto V', (see p. 120). The finite sums

K
Y APy
k=1
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converge to # for the operators norm as K — c0. We may write

(48.1) u= fj APy .
k=1

This representation of u is called the spectral decomposition of u. In the
preceding notation, which makes use of infinite series, it is to be under-
stood that, if the image of u is finite dimensional, the series in question
are finite.

We may now state and prove the main theorem on the subject of
nuclear operators in Hilbert spaces:

TuEOREM 48.2. Let E, F be two Hilbert spaces, u: E—F a continuous
linear map, and R its absolute value.
The following properties are equivalent:

(a) u is nuclear;
(b) R is nuclear;
(c) R is compact and Tt R is finite.

If u is nuclear, Tt R is equal to || u |y, .

Proof. As we have already pointed out, we have # = U o R, where U
is an isometry of R(E) onto #(E) C F, and it suffices to prove the equival-
ence of (b) and (c) and the fact that, if R is nuclear, Tr R is equal to
|| R |lge - In other words, we may as well suppose that # € L(E; E) and
that u is positive.

Suppose that # is nuclear; then # is compact (Proposition 47.3) and
has therefore a spectral decomposition

o0
u = Z AkPk .
k=1
Let us consider the finite sums
K
Ux = Z ArPr;
k=1

they converge in norm to u. If we set Op = Py + -+ 4 Py, we see
that we have u, = QO u. Then (Proposition 47.1)

oo lhee <N QN 22 lhre = 1) ¢ Jr -

On the other hand, the trace form (see p. 485) is a continuous linear
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form on E' ®, E of norm one. Using the fact that, if amap u: E— E
is defined by an element 6 € E’ ® E, we have || u |, = || 0], , we have

| Tr(ug)l < |l 2xlre <l % lrr -

But as we have pointed out, when dealing with a linear map defined
by an element 6 € E’ ® E, the trace form is equal to the trace in the
usual sense, therefore

K
Z A dim Vi < || #l1r s

k=1

where we have set V, = P,(E). By taking K — + 00, we see that the
trace of u is finite, which proves (c).

Conversely, suppose that u is compact and that Tr u is finite. By using
the spectral decomposition of u, (48.1), we see that

el < 3 Al Pellre

k=1
and the proof of Theorem 48.2 will be complete if we show that
| Pillre < dim Vo, V, = P(E).
If we select an orthonormal basis ¢, , ..., ¢, in V} , we can write

,
Pk=ze§®°’w

i=1

where e; is the linear form x ~ (x | ¢;) on E. We have, therefore, in
view of Proposition 47.2,

.
[ Pellre < ¥ 1 = Tr(Pgll= dim V. Q.E.D.
i=1

Theorem 48.2 provides a motivation of sorts for the name trace-norm.
Observe that, if u is a positive nuclear map of a Hilbert space E into
itself, its trace, as an operator, is equal to the trace of an element
becE R, E representing it. As a matter of fact, one can show that such
an element 6 is unique, in other words, that the canonical mapping of
E'®, E onto L''%; E) is injective; it follows then from the definition
of the trace-norm that it is an isometry.

We leave the proof of the following corollary of Theorem 48.2 to the
student:
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COROLLARY. A continuous linear map u: E—F of Hilbert spaces is
nuclear if and only if there are two orthogonal sequences {x,}, {v,} in E and
F, respectively, and a sequence {A,} in I* such that

u:x wzk:)\k(xlxk)yk.

We consider now the space E &), F (E and F are Hilbert spaces).
We recall that the topology ¢ on E ® F is induced by L(E, ; F). The
equicontinuous subsets of E’ are identical to the bounded sets and, as
E is reflexive, its weakly compact subsets are identical to its bounded
subsets; in other words, L(E, ; F) = L,(E'; F), the space of bounded
linear operators E' — F equipped with the operators norm (E’ carries
its dual norm). As for E &), F, it is the closure, in the sense of the
operators norm, of the continuous linear mappings whose image is
finite dimensional.

THEOREM 48.3. Let E and F be Hilbert spaces; E &), F is identical to
the space of compact operators of E' into F.

Proof. E®),F is contained in the set of compact operators; indeed
every continuous linear map with finite dimensional image is obviously
compact. On the other hand, we have the general result:

Lemma 48.2. Let E, F be two Banach spaces. The set of compact linear
operators of E into F is closed in Ly(E; F).

Proof. Letu: E— F be the limit (for the operators norm) of a sequence
of compact operators. Let ¢ be > 0 arbitrary; let us denote by B the
closed unit ball of E, by B, the one of F. There is a compact operator
v : E— F such that (u — v)(B) € eB;. There is a finite set of points
x4 »..., %, In B such that

o(B) C (v(x,) + &By) U - U (vlx,) + &By)
whence
u(B) C (u(x,) + 3eBy) U --- U (u(x,) + 3eB,).

This proves the lemma and therefore that every element of E &), F
is a compact operator. In order to see that every compact operator
u: E' — F belongs to E &), F, it suffices to observe that u is the limit,
for the operators norm, of continuous linear mappings with a finite
dimensional image. Indeed, we write u = Uo R, with R: E' — E’
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compact positive and U, an isometry of R(E’) into F. We then use the
spectral decomposition of R,

R=Y MNP,  (cf (48.1)).

The sequence of mappings

X
ug=Y MUOP, (K=12..)

k=1

converges to u for the norm; but P, maps E’ onto a finite dimensional
subspace, hence U o P, (E’) is finite dimensional. Q.E.D,

Let us take a look now at the space B(E’, F'), the space of continuous
bilinear forms on E’ X F’ equipped with its natural norm, the supremum
of the absolute value on the product B’ X B, of the unit ball of E’ and
the unit ball of F', If # : E' — F, we can associate with » the bilinear
form on E’ X F',

€z (2, ) ~ s wlx)),

which is obviously continuous. Conversely, let ¢ € B(E’, F’'); then
uy:x ~ (y ~¢(x’,y")) is a continuous linear map of E’ into F" = F;
we see immediately that ¢ = #@, . All this means that B(E’, F’) is canoni-
cally isomorphic to L(E’; F); it is evident that the isomorphism extends
to the norms.

Thus we have the natural mappings

E §.F —I\E';F)—~E ®,F > L(E'; F) >~ B(E', F').

The first space carries the 7-norm, the second one the trace-norm, and
the last two the operators norm. All the mappings are continuous;
the last one is an isometry (into!). It will follow, from what we are
going to say now, that the first mapping is an isometry (onto!). For
this, we study the duals of the spaces above.

We know what the dual of the first one is: B(E, F) =~ L(E; F'). By
transposing the mapping (with dense image) E&),F —E &, F, we
obtain an injection of the dual of E &, F into B(E, F). Its image is denoted
(in general) by J(E, F); the elements of J(E, F) are called integral forms
on E X F (see next chapter, Definition 49.1; this definition is hardly
justified in the case of Hilbert spaces, as we shall soon see). At any
event, the elements of J(E, F) can be identified to certain continuous
linear mappings of E into F'. What are they?

Before we can answer this question, we must recall the duality
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bracket between E &, F and L(E; F'). Let 6 be an element of E &, F,
and u an element of L(E; F’). We may consider the extended tensor
product

u®,I:EQ,F>F ®,F, I:identity of F.

Then (u &), I)(f) is an element of F' &), F; we may consider its trace
(see p. 486). We have

{u, 0> = Tr((u @nl)(o))

If we use a representation of # of the form

6 = Z Ar 2 Q Vi
k=0

with 3 | A, | < + oo, {*;} and {y;} being two sequences converging
to zero in E and F, respectively, we have

(48.2) 05 = 3 Ay Cul), Y-

At this stage, we may show that we need not distinguish all the time
between E &), F and LY(E’; F). Since the trace-norm is the quotient
of the 7-norm modulo the kernel of the canonical mapping E &, F —
LYF’; E), it suffices to show that this mapping is one-to-one. This is
a consequence of the following result:

TueoreMm 48.4. If E and F are Hilbert spaces, the canonical mapping
of E®, F into E &, F is one-to-one.

Proof. It suffices to show that the transpose of the mapping in question
has a weakly dense image; since the mapping itself has trivially a dense
image, its transpose is one-to-one. In other words, we must show that
J(E,F)~ (E ®,F) is weakly dense in B(E,F) =~ (E &®.F); here,
weakly has to be understood in the sense of the duality between B(E, F)
and E ®, F. We identify B(E,F) to L(E; F’) and we note that the set
of v : E— F’ with finite dimensional images (and which moreover are
linear continuous!) belong clearly -to J(E, F). It will therefore suffice
to show that, if 6 € E &, F, to every u € L(E; F’) there is such a v with
the property that | <{u — v, 0> | <&(¢ > 0 arbitrary). Suppose then
that we have proved the following fact:

(48.3) To every compact subset K of E and every neighborhood V of 0'
F’, there is a continuous linear mapping v : £ — F’' with finite
dimensional image such that

(u —o)K)CV.
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We shall combine (48.3) with Eq. (48.2): we shall take, as set K, the set
{X1}r=0.1.... Y {0} and, as set V, the multiple pS° of the polar S° of the
sequence S = {y,}, withp = /(3 | A, |). We have then | (u — 9, ) | <
e. Now, Property (48.3) follows easily from the lemma:

Lemma 48.3. Let H be a Hilbert space. Then, to every compact subset
C of H and to every neighborhood of zero V in H, there is a continuous
linear map w: H— H with finite dimensional image such that, for all
xeC,

x —wkx)e V.

Before proving the lemma, let us show how it enables us to complete
the proof of Theorem 48.4. We apply it with H = F’ and C = u(K),
where K is an arbitrary compact subset of E. Let us choose w as in
Lemma 48.3 and set ¥ = w © u; the image of v is finite dimensional,
and (I’ — w)(C) C V(I': identity of F') is equivalent with (u — 9} K)C V,
whence (48.3).

Proof of Lemma 48.3. We may assume that V' is a closed ball centered
at the origin; then C can be covered by a finite number of balls of the
form xy + V; let M be the (finite dimensional) linear subspace of H
spanned by their centers. We have CC M + V; if w is the orthogonal
projection of H onto M, the norm of x — w(x) is necessarily < radius
of V, since there is a point £ € M suchthatx — & € V;thusx — w(x) e V.

Let ue L(E; F') >~ B(E,F), and e LE'; F)~ E®,F. The trans-
pose of u, ‘u, is a continuous linear operator of F into E’; the compose
6 o 'u maps F into itself. It is a nuclear operator, by Proposition 47.1.
As one sees immediately,

{u, 0> = Tr(0 o tu).

We are going to show that the linear form 8 ~ {u, 6> is continuous on
E ® F for the topology = if and only if u is nuclear. This can be stated
in the following way:

THEOREM 48.5. If E and F are Hilbert spaces, the dual of E X, F is
canonically isomorphic to L\(E; F").

The isomorphism extends to the norms: E ), F carries the operators
norm (which is equal to the e-norm); LY(E; F’), the space of nuclear
operators E — F’, carries the trace-norm (which is equal to the 7-norm).
Theorem 48.5 is due to J. Dixmier and R. Schatten. If we use the
canonical antilinear isometry of a Hilbert space onto its dual, we can
give the following more striking statement of Theorem 48.5:
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THeOREM 48.5'. Let E and F be Hilbert spaces. The dual of the space
of compact linear operators E —F, equipped with the operators norm,
is the space of nuclear operators E —F, equipped with the trace-norm,
and its bidual is the space L,(E; F) of all continuous linear operators E — F.

Proof of Theorem 48.5. As we have said, we must show that, if 6 ~
{u, 6> is continuous on E &), F, then u# must be nuclear. Let us write

ty = UR  (we omit the ‘“compose’ sign o),

where R is the absolute value of ‘v and U is an isometry of R(F) into E’.
We shall take advantage of the following result of the spectral theory
of linear operators in Hilbert spaces: if R is a positive bounded operator
(of F into itself), which is not compact, there exists a bounded linear operator
G such that GR is the orthogonal projection P onto a closed subspace of
infinite dimension. We then choose

0 = oGUL (: E' - F),

where v is a continuous linear map of F into itself having a finite dimen-
sional image. We have then

{u, 8> = Tr(8tu) = Tr(vP).
Now, if v remains in the unit ball of L,(F; F), we have
Ne<iellGI<IiGl,

so that the norm of 8 (as an operator!) remains bounded. But the e-norm
is precisely the operators norm. On the other hand, if v is the orthogonal
projection of F onto a linear subspace of P(F) of dimension 7, we have
vP = v and Tr(v) = n. Since dim P(F) = 4 oo, we may take n — -co.
In this way, we see that | {u#, 8> | does not remain bounded, although
6 remains bounded in the e-topology. We have reached a contradiction.
It means that R, and therefore ‘#, must be compact. But then we may

write (cf. (48.1))

R = Z AJcP ko>
k=1
where the P, are orthogonal projections on (pairwise orthogonal) finite

dimensional subspaces V), of F. We choose now 6 = vU-!, whence
Tr(0'u) = Tr(vR), and v = Y 3_; P;, whence

N
Tr(vR) = Z A dim V.

k=1
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On the other hand, |<u,8)| < const |6 (| |l: operators norm).
Thus we have

N
Y Axdim ¥, < const|| 8.
=1

By going to the limit N — co, we see that Tr R is finite and is at most
equal to the norm of the linear form € ~ (%, ) on E ®,F. From
Theorem 48.2, we derive that R, and therefore %, is nuclear. We have

ll#llee < sup [Ku, 63].
e
But on the other hand, if # is nuclear, so is 'z and 6 o ‘u. We have
(Proposition 47.1; here 8 is any element of L(E’; F))
I<u, 03] = | Tr(6 0 *)] < || 00 *ullee <N O]l *88 |ler

and the proof is complete if we apply the corollary of Proposition 47.5
(in relation to the last estimate, we recall that the trace-form is a con-
tinuous linear functional on F' &), F ~ L(F; F) of norm one).
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The Dual of E®. F. Integral Mappings

We recall that E ®, F is identifiable with (or is) the space B,(E, , F))
of continuous bilinear forms on E, X F,, equipped with the topology
of uniform convergence on the products 4’ x B’, 4’ (resp. B’) equi-
continuous subset of E’ (resp. F’). The identity mapping

E®,F—EX.F

gives rise, by transposition, to a (continuous) injection of the dual
of EQ,F into the one of E ®,F, B(E,F), the space of continuous
bilinear forms on E X F (cf. Corollary of Proposition 43.4).

Definition 49.1. The canonical image of the dual of E ®, F into B(E, F)
is denoted by J(E,F); its elements are called the integral forms on E X F.

From now on, we identify J(E, F) to the dual of E &, F. Note that
E®F = B(E,,F,) can be identified, as a vector space, with the dual
of E, ®, F, ; the e-topology is then the topology of uniform convergence
on the sets 4’ ® B’, with A’ and B’ equicontinuous. A basis of neigh-
borhoods in the e-topology consists of the polars (4’ ® B’)?. On the
other hand, E’ @ F’' can be trivially regarded as a linear subspace of
J(E,F). An equicontinuous subset of J(E,F), the dual of E ®,F, is
then a subset of a bipolar (4’ Q) B')®. It is on this remark that we shall
base the integral representation of integral forms, motivating the name
of the latter. But prior to proving it, we need a few facts about Radon
measures.

Let X be a compact subset of a locally convex Hausdorff TVS G.
We denote by €(K) the Banach space of complex continuous functions
on K, with the maximum norm f ~ sup.. | f(x) |, by €'(K) its dual,
which by definition is the space of Radon measures on K. There is a
natural injection of K into €’(K): to each x € K we assign the Dirac
measure §, at x (we recall that (5., f> = f(x)). The mapping x ~ &,
is clearly continuous when €’(K) carries its weak dual topology; as it
is also one-to-one, it is a homeomorphism of K onto its image 8(K) €

500
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%’'(K). The inverse mapping can be extended, by linearity, as a continuous
linear map of the linear subspace of ¥’(K) spanned by the Dirac measures
8,, xe K, into G. Here €’(K) carries its weak dual topology. Then,
by continuity, we can extend the inverse mapping as a continuous linear
mapping of the closure of the subspace spanned by the Dirac measures
into the completion G of G. But the finite linear combinations of the
Dirac measures are weakly dense in €’(K), in view of the Hahn—Banach
theorem: a continuous function f which is orthogonal to all Dirac
measures must necessarily vanish identically. Thus we have obtained
a continuous linear map of ’(K) (equipped with the weak dual topology)
into G. Consider now the weakly closed convex hull §(K) of §(K):
it is a weakly closed subset of the closed unit ball of ¢’(K), which is
weakly compact, as €(K) is barreled. Therefore §(K) is compact. Its
image in G is a compact convex set, which contains K. It contains
therefore the closed convex hull of K in G, K, which is a compact set,
and, in fact, is identical to K, as is easy to check. On the other hand,
S(K) consists of positive Radon measures on K of total mass < I;
in fact, 8(K) is exactly the set of all such Radon measures. For if p €
€'(K)is > 0 and u(K) < 1, we have | u(f) | < 1 for all fe €(K) which
belong to the polar of §(K). Indeed, such a function f satisfies | f(x) | < 1
for all x € K. Thus p belongs to the bipolar of 8(K) and, as p is positive,
it belongs to the weakly closed convex hull of 8(K), as is easily verified.
At any event, we see that every point x of the closed convex hull I'(K)
of K in G is the image of a positive Radon measure u of total mass
< lon K. Then if x’ is an arbitrary element of the dual G’ of G, we have

(49.1) Gy = [,y duly).

Indeed, this is true when x = ¥}, myx;, x;€ K, 37_, m; < 1, taking
then p = ¥ m;8, . It remains true by going to the limit, for an arbitrary
pE S(K )

We may, now, state and prove the integral representation formula
of integral forms. We recall that weakly closed equicontinuous subsets

of a dual are weakly compact sets.

PropPoSITION 49.1. A bilinear form u on E X F is integral if and only
if there is a weakly closed equicontinuous subset A’ (resp.B’) of E' (resp. F")
and a positive Radon measure p on the compact set A" X B’ with total
mass < 1, such that, for all x€ E, y € F,

(49.2) we) =] w5 du, ).
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Proof. 1t is evident that (49.2) defines an integral form. If we regard
the right-hand side as a linear form on E @ F and if § € E ® F (regarded
as a bilinear form on E’ X F’) is such that | (4, B')| < 1, we have
| <u1 0> | < IA')(B' dl"’ < L.

Conversely, an integral form u belongs to the bipolar of a set 4" Q B,
that is to say to the weakly closed convex balanced hull of 4' ® B’.
Here A’ and B’ are equicontinuous sets, but we may assume that they
are weakly closed, which makes them weakly compact. Note that the
canonical bilinear mapping of E; X F, into E’ @ F’, equipped with
the topology induced by o J(E, F), E @ F), induces a homeomorphism
of A’ X B’ onto A’ @ B’; thus we may transfer every Radon measure
from A’ X B’ onto A’ @ B’ and vice versa. In view of the considerations
preceding the statement of Proposition49.1 and by applying Eq. (49.1),
we know that, for some positive Radon measure p on A’ @ B’ of mass
< land forall 8e E QF,

o ={ @I ®).

If we then take § = x ® y and transfer p onto 4’ X B’, we obtain
precisely (49.2).

Remark 49.1. If both E and F carry their Mackey topology (see p. 369)
there is identity, in E' and F’, between weakly compact and weakly
closed equicontinuous subsets—provided that they are convex balanced!
This applies, in particular, to the case where E and F are barreled or
metrizable, in particular normed.

Consider the integral form # given by (49.2) and let us call U and V
the polars of A’ and B’ in E and F, respectively; U and V are closed
convex balanced neighborhoods of zero. Let us denote by p and q the
associated seminorms (p(x) = inf,,, p, p >0) and by E, and F,
the normed spaces E/Kerp and F/Kerq equipped with the quotient
norms p/Kerp and q/Kera, respectively. The canonical map of E
onto E, defines, by transposition, a continuous injection of E; into
E’ whose image is the subspace Ey, spanned by the polar U° of U. The
dual norm of p is exactly equal to the gauge pyo of U?; as we have already
done (cf. p. 478) we identify E, and Eye; E, is the space of linear
forms on E which are continuous with respect to the seminorm p.
It is also obvious that Ey. is the dual of £,, completion of E,. We note
then that 4’ is an equicontinuous subset of E,, , and B’ an equicontinuous
subset of F, ; in fact each is contained in the respective closed unit ball
of the Banach space E, or F,. Going back to the form u, we derive
from (49.2) that, for all x€ E, y € F,

| u(x, )| << p(x) a(y)
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and, therefore, that u defines a continuous bilinear form # on E;, X F,
and, by continuity, on E, x F,. Returning then to Eq. (49.2) and
regarding A’ (resp. B’) as an equ1cont1nuous subset of E, (resp F,),
we see that the form # is integral over £, x F . Conversely, given an
integral form # on E, x F, we can pull 1t back as an integral form on
E X F, just by settmg

u(x, y) = #(py(x), Yo(¥))

where ¢, (resp. ¢,) is the canonical mapping of E into E, (resp. F into

F,). This reduction of arbitrary integral forms to 1ntegral forms on
products of Banach spaces will be used to a considerable extent. It
follows from Eq. (49.2).

Definition 49.2. Let E, F be two locally convex Hausdorff spaces. A
continuous linear map u : E — F is called integral if the associated bilinear
form on E X F',

(% 5") ~ <y u(=)>,
15 integral.

By F’ we have denoted the strong dual of F. From what precedes,
we know that there are continuous seminorms p and q’ on E and F,
respectively, such that (y’, (x)) is integral on £, x F;. . Let us denote
by U (resp. V') the closed unit semiball of p (resp. q’). By definition
of the strong dual topology, the polar V"® of V' in F is a closed convex
balanced bounded subset of F. As we have

Iy, (x| < p(x) 9'(y")

(for suitable choices of p and q'; see above), # maps U into V"°. Thus
u defines a continuous linear map of the normed space E, into the normed
space Fy.o (for the definition of the latter, see p. 370). As the dual of
Fy. can be identified, as a Banach space, with F;. , we obtain a factoriza-
tion of u into the sequence

i i j

E Ev FV'O

F,

where ¢ and j are the natural mappings and # is integral. Here again,
we are reduced to the case of normed spaces.

ProPoSITION 49.2. Let E, F, G, and H be four locally convex Hausdorff
spaces, u : E— F an integral map, and f : G — E, g : F — H continuous
linear maps. The compose g o u o f is integral.
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Proof. It suffices to verify the following. If @ is an integral form
on E X F', the form on G X H', (£ 7') ~ D(f(£), g(n')), is integral.
But this follows at once from the fact that f &) ‘g is a continuous linear
map of G &, H' into E &, F'.

ProrosiTiON 49.3. If a continuous linear map u: E —F is integral,
tis transpose 'u - F' — E' is also integral.

Proof. The integral map u can be factorized as follows:

i i i

(49.3) E E, Fy F,

where p is a continuous seminorm on E, B is a closed convex balanced
bounded subset of F, i and j are the natural mappings, and # is integral
(see above). The transpose of u is factorized by transposing the sequence
(49.3); it suffices therefore to show that the transpose of @, ‘4 : Fy —
E, (¢': gauge of the polar B? of B), is integral. In other words, it can be
assumed that E and F are normed spaces. Let us denote by A’ (resp. B")
the closed unit ball in E’ (resp. F”). There is a positive Radon measure
non A" X B" of total mass < 1 such that, for all xe E, y' €F,

(@94)  Culy) x> =ula = [ 0y duty")

It is clear that the right-hand side, hence the left-hand side, can be
extended from E to E” and the form (y’, ") ~ (‘u(y’), "> 1s therefore
integral.

ProprosiTION 49.4. Suppose that the canonical injections E — E" and
F'—F" are isomorphisms into (which is the case, e.g., when E and F’' are
barreled or metrizable). If u: E —F s a continuous linear map whose
transpose is tntegral, u is integral.

Proof. By Proposition 49.3, we know that the bitranspose ‘u : E” — F”
of u is integral. Let {: E — E” be the natural injection; viewed as a
mapping of E into F”, u is equal to “u o i. By hypothesis 7 is continuous,
therefore u : E — F” is integral. Thus we have an integral representation
of the type (49.2), or rather (49.4),

Ly, ulx)y = fA'xB”” 'y x> Y™y ™y dulx’, ¥,

Taking the restriction of both sides to E x F’, i.e., replacing 3" € E”
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by y'€F’, and taking into account the hypothesis that the natural
injection F'—F"” is an isomorphism into, yields easily the result:
for we may write

s ux) = | g BT i, 5,

where B” is the image of B”” under the canonical mapping F"" — F”,
transpose of F' —F"”, and i is the image of x under that mapping.
It is clear that B” is a weakly closed equicontinuous subset of F”.

CorOLLARY. If E and F are nmormed spaces, u:E —F is integral if
and only if 'u : F' — E’ is integral.

ProrosiTION 49.5. A nuclear map u : E — F is integral.

Proof. Let us for instance use the representation (47.2) of u (Proposition
47.2). We see that the bilinear form on E X F’ associated with u is
equal to

ﬁ(x)yl) = Z Ak <x;c % <J", yk>
k

We recall that {x;} is an equicontinuous sequence S’ in E’, whereas
the y; are all contained in some bounded subset B of F. The polar B°
of B is a neighborhood of zero in E’, by definition of the strong dual
topology. The polar of B in E” is therefore an equicontinuous subset
B” in E", trivially weakly closed. If then § € E @ F’ takes values on
S8’ X B” which are bounded, in absolute value, by one, we have
| <, 6| < YplAl <+ o©, which implies immediately that u# is
integral.

Example 49.1. Let X be a compact topological space, and dx a positive
Radon measure on X of total mass << 1. The bilinear form

(49.5) (f,8) = [ f()8(x) dx

on %(X) X €(X) (¥(X): space of continuous complex functions in
X with the norm f ~ sup,.x |f(x)!) is integral, as it can be written

(f, 8) ~ j Y (3!, V& dl"(sz s 811)’

where 8, is the Dirac measure at x and p is the Radon measure which
is the image of dx via the mapping x ~ (8., 3,) of X onto a weakly
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compact subset of the diagonal of €'(X) X €'(X). By €'(X) we denote
the Banach space of Radon measures on X, the dual of ¢’(X). It can
easily be checked that the form (49.5) is associated with the mapping
g ~ g(x) dx of €(X) into €'(X).

Remark 49.2. Example 49.1 shows that there are integral mappings
which are not nuclear. Indeed, the mapping g ~ g dx above, of €(X)
into ¥'(X), is integral. But, in general, it will not be nuclear; for then
it would have to be compact. Take for instance X equal to the closed
unit interval [0, 1] of the real line, and dx equal to the induced Lebesgue
measure; the image, under g ~ g dx, of the unit ball of ¢(X), is not a
relatively compact subset of %'(X).

However, as a consequence of Theorem 48.3, every integral map of
a Hilbert space into another one is nuclear:

ProPOSITION 49.6. Let E, F be two Hilbert spaces, and u : E—F an
integral mapping. The operator u is nuclear.

This is merely a restatement of Theorem 48.5.

We are now going to use Example 49.1 in order to obtain a useful
factorization of any integral map. Let E, F be two locally convex Haus-
dorff TVS, and « : E— F an integral map. Consider the representation

Y ulx) = f s <y 2y <y D dulx', ).

We recall that 4’ and B” are weakly closed equicontinuous subsets,
for the dualities between E and E’ and F’' and F”, respectively. We

choose, as compact topological space X, the product 4' x B". We
define two mappings S : E— €(X) and T : F’ — %(X) in the following
manner. For every x € E and every y' € F',

S(x) = (%, y7) ~ <&, %D,
T(y’) : (x,v y”) ~ <}’", }">

Then let # be the mapping f ~ f(x', y") du(x’, y") of €(X) into €'(X).
It is immediately seen that u is the compose of the sequence

N i

(49.6) E—s #(X)—> €'(X)—T> F"

(where we regard u as valued in F"); the central arrow # is an integral
mapping, as we have seen when looking at Example 49.1. From the
factorization (49.6) of u, we derive the following important result:
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PROPOSITION 49.7. Let u: E—F be an integral mapping. If the locally
convex Hausdorff space F is complete, there is a Hilbert space H and two
continuous linear mappings o: E— H, 8: H—F such that u = B o a.

Proof. In (49.6), we observe that # can be factorized into
E(X) ~ LY(X, dp) ~ €'(X),

where the first arrow is the natural mapping of the space of continuous
functions into the space of classes of square integrable functions, and
the second arrow is the injection L¥X, du)sf ~fdue €'(X). By
combining this with (49.6) we obtain a factorization of u:E —F"
into a sequence

E—<2>H —Z>F"

where H,, is a Hilbert space. Let H, be the linear subspace of H, which
is the image of E under o; as u(E) CF, we have 7(H,) CF. We suppose
that H, carries the pre-Hilbert structure induced by the structure of
H,. We have now a factorization of u into

ELHIJ—»F.

Since F is complete we may extend 7, by continuity to the completion
H of H, ; we call this extension 8; H is a Hilbert space. We call « the
map o, viewed as a map of E into H. Q.E.D.

Remark 49.3. There are linear mappings u: E—F which can be
factorized into E-> H S F, with «, 8 continuous and H a Hilbert
space, without u being integral. Trivial example: the identity mapping
I of an infinite dimensional Hilbert space; if I were integral, it would
be nuclear (Proposition 49.6), hence compact.

A simple and important consequence of Propositions 49.6 and 49.7
is the following one:

ProPosITION 49.8. Let A, B, C, and D be four locally convex Hausdorff
spaces. Suppose that B and D are complete. Then the compose

(49.7) A—*>B-?*,C-%,D

of three integral mappings is nuclear.
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Proof. By applying Proposition 49.7, we may factorize (49.7) into

[T v

A2 H, B c -2 H,— D,

where H; is a Hilbert space, u; and v; are continuous linear mappings
(j = 1, 2). As v is integral, the compose w; © v O u, must be integral
(Proposition 49.2), hence nuclear (Proposition 49.6). But then the total
compose, which is equal to w o # o v, must be nuclear (Proposition
47.1).

We shall soon make use of Proposition 49.8. Let us point out an
easy consequence of it: let E be a Fréchet space, « : E — E a continuous
linear mapping onto; then u cannot be integral. We leave the proof of
this fact as an exercise to the student.
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Nuclear Spaces

In Chapters 44, 45, and 46, we have seen a few examples of how
completion of topological tensor products £ ®,F or E Q,F may
yield new representations for known ‘‘functional’” spaces. There is a
number of reasons for the usefulness of such representations. An im-
portant one is that they make the extension of certain mappings automat-
ic, showing that it is the extension of a tensor product of mappings of
the type u &), v or u &), v. Also, these representations might bring to
light certain interesting properties of the spaces under consideration,
which could have gone unnoticed otherwise or which would have
remained mysterious. A startling example of the latter is L. Schwartz’s
kernels theorem: it states, essentially, that every continuous linear map
of the space (%% ), of test functions in some variable x, into the space
2, of distributions in a second variable y, is given by a (unique) distri-
bution K, , in both variables x, y, according to the formula

¢ ~ <Ka:.u ’ ¢(x)>

The reader will realize the peculiarity of this situation if he compares
it to those of a more ‘“‘classical”’ nature, such as, for instance, the one
occurring in the L2 theory. It is trivially false that every bounded operator
of L? into L2 can be represented as a kernel K(x, y)e L2, , that is to
say, can be written as

£~ | K, 5) f) ds.

The identity mapping itself cannot be written in that way! We know
indeed that the kernel (distribution) defining the identity is a Dirac
kernel, 8(x — y)—which is not a function.

What then are the reasons for such a striking difference between
continuous linear operators into 2’ and the ones on L%? This is the
question which is at the origin of the theory of completed topological
tensor products and nuclear spaces, due to A. Grothendieck. The answer
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to it is, very roughly speaking, that the spaces 9’ (as well as €~, €5,
&', &, etc.) are all nuclear, whereas no infinite dimensional Banach
space is. A nuclear space E is a locally convex Hausdorff space such
that, for any other space F, E®,F = E X, F (the sign = stands for
the canonical mapping, which is onto when E is nuclear). It is at once
evident, on this definition, that nuclear spaces will be endowed with
nice properties, in relation with extension of tensor products of two
mappings, u @ v: for the e-topology is well behaved when we deal
with isomorphisms into, whereas the m-topology is well behaved when
we deal with homomorphisms onto. But going back to the kernels
theorem, it is readily seen that 2, , induces on 2, ® 2,, the e-topology
(or the = one), and that we have therefore

2, =9, 9,,

where we omit the indices = or & to the symbol &. In addition to this,
it is easy to see that
2,8 9,=L((€7),: 2,),

where (€7), is supposed to carry the r-topology. As %7 is a Montel
space, its 7-topology is equal to its initial topology, and every equi-
continuous subset (we are viewing % as the dual of 2’) is bounded
(= relatively compact). Finally, we see that

D,., = L((€7),; 2,)-

We proceed now to define the nuclear spaces and give their basic
properties.

Let E be a locally convex Hausdorff space, and p a continuous semi-
norm on E. We recall that £, is the completion of the normed space
E[/Ker p (the latter is a normed space if we put on it the quotient
mod Ker p of the seminorm p); thus Ep is a Banach space.

Definition 50.1. The locally convex Hausdorff TVS E is said to be
nuclear if to every continuous seminorm p on E there is another continuous

seminorm on E, q¢ = p, such that the canonical mapping Eq —-»Ep s
nuclear.

What the canonical mapping E, — E, is, should be easy to guess:
since q > p, Ker pD Kerq, hence there is a canonical mapping of
E/Kerq onto E/Kerp; furthermore this mapping is continuous if
we provide the first space with the norm q/Ker q and the second one
with p/Ker p.

We recall that E;, , the dual of £, , can be identified with the subspace
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of E’ consisting of the functionals x' which are continuous when E
carries the topology defined by the single seminorm p; E, carries its
dual Banach space structure. We recall that this structure may be
defined without reference to E,: indeed, E, is the subspace of E’
spanned by the polar U} of the closed unit semiball U, of p; its norm
is the one associated W1th the weakly compact convex balanced set U
(cf. pp. 478 and 502).

The introduction of nuclear spaces is justified by the following
theorem:

TueoreM 50.1. The following properties of a locally convex Hausdorff
TVS E are equivalent:

(a) E is nuclear;

(b) to every continuous seminorm p on E there is another conmtinuous
seminorm o on E, q = p, such that the canonmical injection of
E, into E, is nuclear;

(c) every continuous linear map of E into a Banach space is nuclear;

(d) every linear map of a Banach space into E’', which transforms the
unit ball into an equicontinuous set, is nuclear;

(e) for every Banach space F, the canonical map of E &, F into E R, F
is an isomorphism onto;

(f) for every locally convex Hausdorff TVS F, the canonical map of
E®,F into E &, F is an isomorphism onto.

Proof. (a) = (b) in view of Definition 50.1 and of the fact that the
transpose of a nuclear map is nuclear.

Let us show that (b) = (a). The canonical injection j:E, — E,
is the transpose of the canonical map i:E,—~E,. From the corollary
of Proposition 49.4 we know that 7 is 1ntegra1 We can find two more
continuous seminorms s 2> r 2= g on E such that the canonical mappings

i':E,—-»Eq, i" : E,— E,

are integral. In view of Proposition 49.8, the compose " o ' o 7, which
is the canonical mapping E; — £, , is nuclear.

Let F be a Banach space, and u: E—F a continuous linear map.
The preimage under # of the closed unit ball of F is a closed convex
balanced neighborhood of zero U in E. Let p be the gauge of U. If
E is nuclear, there is ¢ > p such that Eq — E,p 1s nuclear. But we can
factorize u into the sequence
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where 7 and j are the canonical mappings, and # the extension by con-
tinuity of the mapping E/Kerp —F defined by u (E/Kerp carries
the norm p/Kerp). As j is nuclear, so is u (Proposition 47.1). This
shows that (a) = (c). To see that (c) = (a), we choose arbitrarily a
continuous seminorm p on E and we apply (c) with F = E,, and u the
canonical mapping of E into £, . But by Definition 47.3, to say that
u is nuclear is equivalent to saying that there is a continuous seminorm
q on E, q =2 p, such that the canonical map Eq —»E,, i1s nuclear. This
shows that (c) = (a).

The equivalence of (b) and (d) is shown in pretty much the same
fashion as the equivalence of (a) <> (c). We shall leave this part of the
proof to the student. We shall concentrate on the proof of the fact that
(e) and (f) are equivalent to the other properties. We begin by showing
that (e) < (f).

Trivially, (f) = (€). Note that (f) (resp. (e)) means that, for all locally
convex Hausdorff spaces (resp. Banach spaces) F, we have

(50.1) E®,F=E®,F,

where the equality extends to the topologies. If we wish to prove (50.1)
we may apply Lemma 43.1 (Exercise 43.3) and show that every equi-
continuous subset of the dual B(E, F) of E ®, F is an equicontinuous
subset of the dual J(E, F) of E ®,F. We recall that B(E, F) is the space
of all continuous bilinear forms on E X F and that J(E, F) is the space
of integral forms on E X F (see Chapter 49). To every equicontinuous
subset @ of B(E, F) there are continuous seminorms p and q on E and F,
respectively, such that @ is an equicontinuous subset of B(E,,F,)
(E, is the space E equipped with the single seminorm p; analog for
F,). But we may then go to the quotient spaces E, — E,/Kerp and
F,—F,/Kerq, and then to the completions of the quotient spaces.
Thus @ defines (canonically) an equicontinuous subset @, in B(E, , F,)
and one, @, , in B(E,, F,). Of course, @, can also be regarded as an
equicontinuous subset of B(E, F,). On the other hand, the equicontinuous
subsets of J(E, F,) are identifiable to those of J(E, F,) and these, in turn,
are equicontinuous subsets of J(E,F) (this is only saying that the
identity mapping is continuous from E ®,F into E Q, F,!). Suppose
then that (e) has been proved. It implies that every set like @, is an
equicontinuous subset of J(E, F,), hence of J(E,F). This proves the
equivalence of (e) and (f).

Let us suppose now that E is nuclear, F a Banach space, and let us
show that (50.1) holds. Let @, p be as above (q is now the norm of F).
Let p, be a continuous seminorm on E, p, == p, such that the canonical
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map E, — E, is nuclear (p, exists by (b)). For Be B(E, F), let us
set
up:y ~(x ~ B(x, ).

When B ranges over @, we may regard the u; as an equicontinuous subset
of L(E, E.); if we compose the u,, B € @, with the canonical injection
E, — E, , we obtain a bounded subset of LY(F; E, ) (equipped with the
trace-norm) From this it follows immediately (cf. Proposition 49.5
and proof) that the bilinear forms on F X (E, )" associated with the
mappings #p form an equicontinuous subset of J(F, (E;)’), ®". But
the natural map of Ep into its bidual, (E; ), is an 1somorph1sm into,
and therefore, by restriction to E , D7 defines an equ1contmuous subset
®, of J(E, , F). Let 4, : E—»E be the canonical mapping, and set,
for each Bye &, , B(x,y) = 0(1(,(x) y), x€ E, y e F. When B, ranges
over @, , B ranges over @, as immediately checked. But on the other
hand, B ranges over an equicontinuous subset of J(E, F) in view of the
equicontinuity of @, and the continuity of 7, . Thus (50.1) holds when
E is nuclear.

Conversely, let us suppose that (50.1) holds for all Banach spaces
F and derive from this that E is nuclear. Then let p be an arbitrary
continuous seminorm on E, and #: E— E, the canonical mapping.
The bilinear form associated with u is trivially continuous on E X E,,
hence, since B(E, E;) = J(E, E;) by hypocthesis, it is integral; in
other words, the mapping « is integral. But by the factorizations property
of integral mappings (see p. 503), we know that there is a continuous
seminorm q on E, which we can take > p, such that ¥ decomposes into

E—>E, %> E,,

where v is the canonical mapping and # (also canonical) is integral.
By reasoning then as in the proof of the implication (b) = (a), we
conclude easily that E is nuclear.

Remark 50.1. Inspection of the proof of Theorem 50.1 shows immediat-
ely that we have proved that Property (a), E nuclear, is equivalent with
each one of the properties (b), (c), and (d) where the word nuclear is
replaced by integral and that E is nuclear if and only if, to every con-
tinuous seminorm p on E there is a continuous seminorm q > p on
E such that the canonical mapping E, — E, is integral.

The basic properties of nuclear spaces are now easy to derive, either
by direct derivation from Definition 50.1 or by application of Theorem
50.1. Let us begin with the so-called stability properties:
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Prorosition 50.1.

(50.2) A locally convex Hausdorff TVS E is nuclear if and only if its
completion E is nuclear.

(50.3) A linear subspace of a nuclear space is nuclear.

{50.4) The quotient of a nuclear space modulo a closed linear subspace is
nuclear.

(50.5) A product of nuclear spaces is nuclear.

(50.6) A countable topological direct sum of nuclear spaces is nuclear.
(50.7) A Hausdorff projective limit of nuclear spaces is nuclear.
(50.8) A countable inductive limit of nuclear spaces is nuclear.

(50.9) If E and F are two nuclear spaces, E & F is nuclear.

Before giving the proof of Proposition 50.1, we recall the definitions
of certain terms used in its statement. First of all (and this will be valid
from now on), if E is nuclear, we write E @ F instead of E &), F or
E®,F. Let {E,} be a family of locally convex spaces, and E a vector
space.

(i) Suppose that we are given, for each index «, a linear map ¢, :
E— E,. We then consider on E the least-fine topology, compatible
with the linear structure of E, such that all the mappings ¢, be continuous.
Equipped with it, E is called the projective limit of the spaces E, with
respect to the mappings ¢, . A basis of neighborhoods of zero in this
topology is obtained as follows: in each E,, we consider a basis of
neighborhoods of zero U, 5 (B € B,); let V,; be the preimage of U,,
under ¢, ; then, all the finite intersections of sets V, 3, when « and 8
vary in all possible ways, form a basis of neighborhoods of zero in the
projective topology on E (this shows, in particular, that the said topology
exists!); it is also clear that this topology is locally convex as soon as
all the E, are locally convex. It is Hausdorff if every one of .the E, is
Hausdorff and if, for every x € E, x # 0, there is at least one index «
such that ¢.(x) # 0. If the latter condition is not satisfied, E, cannot
possibly be Hausdorff. Now a Hausdorff projective limit E of spaces
E, can be identified (topology included) to a linear subspace of the
product space E = [], E, via the mapping x ~ ($o(x))s -

(i) Suppose now that we are given, for each index «, a linear map
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és : E,— E, such that E = {J,#,(E,). Suppose that the E, are all
locally convex. We may then define on E the finest locally convex
topology such that all the mappings ¢, be continuous. A convex subset
U of E is a neighborhood of zero in this topology if, for every o, U N
#o(E,) is of the form ¢,(U,), where U, is a neighborhood of zero in E, .
When E is equipped with this topology, it is called the inductive limit
of the spaces E, . The student will readily perceive that LF-spaces are
a special kind of inductive limit.

(i) A notion closely related to the preceding one, and as a matter
of fact a particular case of it, is the notion of locally convex direct sum.
In this case, we suppose that every mapping ¢, is injective and we
replace the hypothesis that E = (J, $,(E,) by the hypothesis that E
is the algebraic direct sum of the vector spaces E, : every element x of
E can be written in one and only one manner as a sum x = Y, $.(x.)
in which all x, are equal to zero except possibly a finite number of them.
Then the direct sum topology on E is the finest locally convex topology
such that all the mappings ¢, are continuous. We say, when E carries
it, that it is the topological direct sum of the E, (note that the latter are
locally convex). A convex subset U of E is a neighborhood of zero if,
for all «, UN ¢(E,) = ¢,(U,), where U, is a neighborhood of zero
in E,. As we have said, this is a particular case of inductive limit, as
can be seen in the following way. For each finite set 4 of indices «,
let E, be the direct sum of the E,’s, with its obvious topology (the one
carried over from the product TVS J].., E, canonically identified to
E)); let ¢, : E, — E be the linear map defined by

2 x> Y bx)

«€A «€A

Then the direct sum topology on E is nothing else but the inductive
limit topology of the spaces E, with respect to the mappings ¢, .

But conversely the inductive limit E of spaces E, with respect to
certain mappings ¢, may be regarded as a quotient, modulo a closed
linear subspace M, of a direct sum of the E, . As direct sum, we take
the linear subspace E, of the product £ of the E, consisting of those
elements (x,), such that x, = 0 for all « except p0331bly a finite number
of them. The injection of E, into E, is the mapping x,, —> (£.)« , Where
& = 0if o # oy and &, = %, The linear subspace M of E, will then
be the kernel of the linear map ¢ : E,— E defined by ¢((x(,),) =
é.(%,). We leave to the student the verlﬁcatlon that$ is a homomorphlsm
of E, onto E.
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Proof of Proposition 50.1
Proof of (50.2). Evident by Theorem 50.1, since
EQ.F~E®,F, E§,F~E®,F.

Proof of (50.3). Let E, be a linear subspace of a nuclear space E.
Every continuous seminorm p, on E, is the restriction of a continuous
seminorm p on E. By hypothesis, there are two continuous seminorms
t 2= q = p on E such that the canonical mappings

BB —E,

are nuclear; we may say that the canonical mapping E, — E,, is poly-
nuclear in the sense that it is the compose of two (or more) nuclear
mappmgs _Let 1, be the restriction of r to E;; there is a canonical
mapping (El),r — E, and therefore a canonical mapping

(50.10) (El)r, —E,,

which is obviously polynuclear; but the image of (50.10) is contained
in the closed linear subspace (El)p Assertion (50.3) will then follow
from the lemma:

LemMa 50.1. If a linear mapping u: E—F is polynuclear (i.e., the
compose of at least two nuclear operators) and if u(E) is contained in a
complete Imear subspace F, of F, then the mapping u: E —F, is also
nuclear.

Proof of Lemma 50.1. 'The mapping u can be factorized into
E—2>G-2>F

with v, w nuclear; we may suppose F complete, for if we regard w as
taking its values in F, w is still nuclear; in particular, w is integral and
can be factorized into

G—*>H-t>F

with a, b continuous linear mappings and H a Hilbert space. We set
f = a o v; fis nuclear and % is factorized into
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Let H, be the closure of f(E) in H, and = the orthogonal projection of
H onto H, ; let us set g = =w o f; g is a nuclear operator and u can be

factorized into
g

E—*.H . F_F,

where the last arrow is the natural injection. Indeed, &(f(E)) CF,.
As b, is continuous, b; 0 g is nuclear. Q.E.D.

Proof of (50.4). Let E be a nuclear space, M a closed linear subspace
of E, and ¢ : E— E/M the canonical homomorphism. Let p be a
continuous seminorm on E/M; the seminorm on E, p=pog, is
continuous. There exists a continuous seminorm q > p on E such
that the canonical mapping E, — E,, is polynuclear. Let ¢ be the semi-
norm on E/M defined by q:§(%) = inf,; , a(x), and let us set
q; = § o ¢. The open unit ball U, of q, is equal to U 4+ M, with U,
the open unit ball of . We derive from this that Eq is a quotient space
of E, and that the mapping E — E, decomposes into

(50.11) E,—~E, —~E,,

where the arrows denote the canonical mappings. But, as is easily seen,
E, ~ (E/M); and E, =~ (E/M); ; therefore, it will suffice to show
that the second arrow, in (50.11), is a nuclear map. This will follow
from the next lemma:

LemMMa 50.2. Let u: E—F be polynuclear and equal to the compose

E-2-EIN-5F,

where N is a closed linear subspace of E, ¢ : E— E[/N is the canonical
homomorphism, and i is continuous. If F is complete, @ is nuclear.

Proof. By hypothesis, # can be factorized into E-5 G5 F with v,
w nuclear; we may suppose G complete after extending @ to its comple-
tion (which is permitted, as F is complete) and regarding v as valued
in G. Then we decompose v into E - H A G, with a, b continuous
and H a Hilbert space. Observe that u(N) = 0; then let H, be the
closure of a(N) in H. By going to the quotients, a defines a continuous
linear map @ : E/N — H/H, ; H/H, can be identified with the orthogonal
of H, in H, on which b is defined; therefore let b be the restriction of
b to H/H,. We have obtained a decomposition of # into

EIN—> HH, 2> G+ F.
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As w is nuclear, so is i.

Proof of (50.5). Let E = T[], E, be the product of a family of nuclear
spaces E, . Every continuous seminorm on E is at most equal to a semi-
norm of the form
Pal(x) = X ),
a€A
where A is a finite set of indices «, and where each p, is a continuous
seminorm on E, . It is then clear that E, is isomorphic to the finite
product [T... (E,),, It suffices then to select for each « € A4, a continu-
ous seminorm g, > p, on E, such that the canonical mapping (B.); >
(E,)ﬁ is nuclear, and set
(%)) = X au(x.).
«€A
The canonical mapping of £, = [T.., (£.); into E, is then nuclear,
as a product of nuclear mappings.

Proof of (50.6). Let E be the topological direct sum of a sequence
of nuclear spaces E, (k =0,1,...). Let p be a continuous seminorm
on E, and p, its restriction to E, (regarded as a linear subspace of E).
By hypothesis, there is a continuous seminorm g, => p; on E; such that
the canonical mapping u, : (Ek)q —»(Ek)p is nuclear. This means
that there is a sequence (x; ,,) in the unit ball of (Ek)q , a sequence
(yk ,,) in the unit ball of (Ek)p , and a sequence {};.,} in I such that u,,
is given by

fid .
xk ~ Z Ak.n <x;c.n ’ xk> yk.n :
n=0

Observe that the dual E; of E, can be regarded as a linear subspace
of E’, via the mapping x;, ~ (x ~ {x}, x,>), where x, is the kth com-
ponent of x. Consider then the mapping

=Zx -~ Z Zf’k An P s %20 Vi -

k=0 n=0

Here p; is a number = 2* 3% _o | A, , | and Yrn is regarded as an element

of the direct sum of the Banach spaces (Ek)p ; this direct sum is trivially

isomorphic to E,. On the other hand, let us set, for x = Y, x, € E,
a(*) = sup py ax(%)-

Obviously, q is a continuous seminorm on E and the p.x; , all belong
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to the closed unit ball of E; . Furthermore, the mapping u above induces
the canonical mapping of E, into E,, which is therefore nuclear.

Proof of (50.7). Follows from the combination of (50.3) and (50.5)
since a Hausdorff projective limit is a linear subspace of a product
~ (see preliminary remarks).

Proof of (50.8). Follows from the combination of (50.4) and (50.6)
since an inductive limit is a quotient of a topological direct sum (see
preliminary remarks).

Proof of (50.9). For all locally convex Hausdorff spaces G, we have
ERF)®.GC=EQ.(F®.G) =ER®,F®,6)=(EQRF)®,G,

where E ® F stands for E @, F = E @, F. The associativity of topolog-
ical tensor products 7 and & follows straightforwardly from their
definitions.

ProrosiTiON 50.2. Let E be a nuclear space. Then:

(50.12) every bounded subset of E is precompact;

(50.13) every closed equicontinuous subset of the dual E’ of E is a metrizable
compact set (for the strong dual topology);

(50.14) E is a linear subspace of a product of Hilbert spaces.

Proof of (50.12). Let B be a bounded subset of E, p a continuous
seminorm on E, and q > p another one such that Eq — Ep be nuclear.
The canonical mapping of E into E, can be decomposed into

' E—»Eq—>Ep;

as the arrows denote continuous linear mappings and the last one a
compact mapping, the canonical image of B in E, is precompact. As
p is arbitrary, this implies immediately that B is precompact.

Proof of (50.13). Let A’ be a closed equicontinuous subset of E’;
we may assume that 4’ is convex and balanced. There is another such
set B’ D A’ with the property that the injection E’, — Ej. is nuclear.
The image of A’ in Ej. is precompact; as it is closed and as Ej. is a
Banach space (we may choose B’ weakly compact), A’, regarded as
a subset of Ej. , is compact and, of course, metrizable. Since the topology
induced by E’ on A’ is weaker than the one induced by Ej;., 4’ is a
compact metrizable subset of E’.
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Proof of (50.14). Let p be an arbitrary continuous seminorm on E,
and ¢ > p another continuous seminorm such that the canonical map
E, — E, is nuclear, hence integral. This implies that there is a Hilbert
space H, such that that canonical mapping has the factorization

Eq—)Hp—)Ep.

By introducing the canonical mapning of E into E,, we obtain a fac-
torization
E—-H,— Ep .

Let us denote by ¢, the map corresponding to the first arrow and by
S the product TVS ], H, . Itis immediately verified that the mapping
x ~ (1,(x)), of E into S is an isomorphism into (for the TVS structure).

COROLLARY 1. Let E be a quasi-complete nuclear space. Every closed
bounded subset of E is compact.

We recall that a TVS E is said to be quasi-complete if every closed
bounded subset of E is complete. Banach spaces being complete are
a fortiori quasi-complete; we have:

COROLLARY 2. A normable space E is nuclear if and only if it is finite
dimensional.

We recall that E is nuclear if and only if E is nuclear.

COROLLARY 3. A quasi-complete barreled space which is nuclear is a
Montel space.

We shall discuss some examples of nuclear spaces and of spaces
which are neither nuclear nor normable in the next chapter. In particular,
we shall see that the countability restriction in Properties (50.6) and
(50.8) cannot be dropped (in general).

PROPOSITION 50.3. Let E be a nuclear space. The identity mapping of
E is the uniform limit over the compact subsets of E of continuous linear
-mappings of E into itself whose image is finite dimensional, i.e., E has the
Jollowing approximation property :

(A) For every compact subset K and every neighborhood of zero U in

E there exists a continuous linear map u:E — E with finite
dimensional image, such that, for all x € K, u(x) — x€ U.

Proof. Suppose that U is the closed unit semiball of a continuous
seminorm p on E and let us select another continuous seminorm
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a > p such that the canonical mapping E, — E, is nuclear. We have
the commutative diagram

E

E

where I is the identity mapping and the other arrows are the canonical
ones. The lower horizontal one is of the form

1
—_>

pe—

E-]

—> Ly

(50.15) Foe TOAEL, B D

where the x; are bounded in E, , the J; are bounded in E,, and () e
The mapping (50.15) is the limit, in L(E, ; E,) for the operators norm,
of mappings

™M=

~
X ~>

M <x LB P, (1=0,1,.),

Ed
]
-]

which, in turn, are the limit of mappings

£ Z Ak<x;c"£>yj.k (7=0,1,..),

k=0

where now the y; ; belong to the image of E in E, ; this follows from
the fact that the image in question is dense (by definition of E, as the
completion of E/Ker p). We reach the conclusion that to every ¢ >0
there are integers j and # sufficiently large that, for all x € E satisfying
q(x) < 1,

x— Y AL, xy, €&l
k=0

If K is now an arbitrary bounded subset of E, we select ¢ > 0 such
that eK C U, = {x € E; q(x) < 1}. Q.E.D.

Remark 50.2. The reader should not think that Property (A) is in
any way a prerogative of nuclear spaces: it is not difficult to see that
all Hilbert spaces have it (Lemma 48.3), that the spaces L? (1 < p << )
have it, and that the same is true of the space %(X) of continuous
complex functions on a compact (or on a locally compact) space. As a
matter of fact, no space is known which does not possess (A)!
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Let E be a nuclear space; every weakly compact subset of E is bounded
for the initial topology (this is true in general, in view of Mackey’s
theorem). But conversely, every bounded subset of E is precompact.
It follows from this that, if E is nuclear and complete, the topology
7(E’, E) on E is identical to the strong dual topology (which we have
sometimes denoted by b = b(E’, E)).

PROPOSITION 50.4. Let E be a nuclear and complete space, and F a complete
locally convex Hausdorff space. Then

E®F~L(E,;F)L(F;E).

Proof. We know that L(E,;F) is complete (Proposition 42.3); it
suffices to show that its linear subspace consisting of the mappings
with finite dimensional image is dense. Note that L(E, ; F) ~ L(F, ; E,)
and consider an element v : F, — E, in this space. Let B’ be an equi-
continuous subset of F’; if we suppose that B’ is weakly closed, which
we may, B’ is weakly compact, hence v(B’) is weakly compact in E
(as v is continuous). But then v(B’) is closed and bounded, hence
compact in E. We take into account Property (A) with K = o(B’) and
U arbitrary; there is # : E— E with finite dimensional image such
that, for all y' € B,

o(y) — u(¥(y)) e U.

The mapping # o v: F,— E, has finite dimensional image and is
continuous.

ProposiTiON 50.5. Let E, F be two locally convex Hausdorff spaces.
We make the following hypotheses: (i) E and F are complete; (ii) E is
barreled; (iii) E' is nuclear and complete. Then Ly(E; F) is complete, and
we have

E' § F =~ Ly(E; F).

Proof. We begin by showing that E’ is semireflexive (i.e., equal to its
bidual, E”, as a vector space). We apply Theorem 36.3: a closed and
bounded subset 4’ of E’, in the sense of o(E’, E"), is of course closed
and also, by Mackey’s theorem, bounded in the sense of &(E’, E). As
E’ is nuclear and complete, 4’ is compact and, a fortiori, compact for
o(E’, E"), which proves our assertion.

As E’ is semireflexive, E is semireflexive. Indeed, as E carries its
Mackey topology 7(E, E’), the natural injection E — E” is an isomorphism
into; as E is complete, it is a closed subspace of E”. But E” and E = E”
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have the same dual, E' = E”, hence they must be equal. Incidentally,
we note (by Proposition 36.4) that E’ is barreled, therefore £’ is a Montel
space. Then E, as the strong dual of a Montel space, is also a Montel
space (Proposition 36.10).

At any event, as E’ and F are both complete, we may apply Proposition
50.4. We obtain

E' § F = L(E;F).

But in the dual of a Montel space, there is identity between equicontinu-
ous sets and strongly bounded sets (Theorem 33.2), whence Proposition
50.5.

Proposition 50.5 has applications to many situations occurring in
distribution theory.

COROLLARY. Under the hypotheses of Proposition 50.5, L,(E, F) is a
nuclear space.

It suffices to combine Proposition 50.5 with (50.9).
We close this chapter with some results about Fréchet spaces.

PrOPOSITION 50.6. A Fréchet space E is nuclear if and only if its strong
dual is nuclear.

Proof 1. Suppose that E is nuclear. Then (Corollary 3 of Proposition
50.2) E is a Montel space, therefore E is reflexive. Let u : F — E be a
linear map of a Banach space F into E. Let us set G = F’; the bitranspose
of u, "u: G’ — E” = E, is weakly continuous (here weakly means for
the topology o(G’, G) on G and o(E, E’) on E), which means that
twe (G, ; E,) = L(E, ; G) (Proposition 42.2). As E is nuclear, the
latter space is equal to E ® G (Proposition 50.4). We now use the
fundamental theorem on completed w-products of Fréchet spaces
(Theorem 45.1): the mapping !u is represented by an element 6 € E, & G,
with 4 a closed convex balanced bounded subset of E. This implies
immediately that “u is nuclear. But then the restriction of ‘‘u to the
closed linear subspace F C G’ = F”, restriction which is equal to u,
is also nuclear. Thus Condition (c¢) in Theorem 50.1 is satisfied: we
conclude that E’ is nuclear.

Proof 2. Suppose now that E’ is nuclear. As E’ is complete (Corollary
2 of Theorem 32.2), E’ is a Montel space (Corollary 3 of Proposition
50.2), hence E’ is reflexive. On the other hand, E can be regarded as a
closed linear subspace of its bidual E”; as E and E” have the same dual,
they must be equal. Thus E is semireflexive; but a barreled space which
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is semireflexive is reflexive. We are going to show that, given any Banach
space F, the canonical mapping E &, F — E &, F is an isomorphism.

First of all, that mapping is onto. Indeed, let § € E ), F; 0 defines a
continuous linear map E’ — F. In view of the nuclearity of E’' and of
Theorem 50.1, Part (c), the mapping defined by € is nuclear, hence
defined by some element of E” &), F; but E” = E.

Next we show that the mapping E &), F - E ®,F is one-to-one.
The transpose of this mapping is the natural injection J(E, F) — B(E, F);
it will suffice to show that its image is dense for the weak dual topology
on B(E,F) = (E®,F). We now apply Corollary 2 of Theorem 45.1:
every element § € E &), F belongs to the closed convex balanced hull
I'(H ® K) of the tensor product H ® K of a compact subset H of E
and a compact subset K of F. It will therefore suffice to show that
E QF' C J(E,F) is dense in B(E,F) for the topology of uniform
convergence on products of two compact sets. Let us regard an element
of B(E,F) as a mapping u : F — E’; the elements of E' ® F’ are then
the mappings v : F — E’ with finite dimensional image. As E’ is nuclear,
it has Property (A) in Proposition 50.3. We can approximate the identity
mapping of E’ uniformly over the compact subsets of E’ by continuous
linear mappings @ : E' — E’ with finite dimensional image. It is then
clear that mappings of the form wowue E' @ F' will converge to u
uniformly on compact subsets of F. This proves the density of E' @ F’
in B(E, F).

We have shown that the mapping E &, F — E &), F is both onto and
one-to-one; as it is continuous and as the two completed tensor products
are Fréchet spaces, it follows from the open mapping theorem that this
mapping is an isomorphism.

ProrosiTiON 50.7. Let E, F be two Fréchet spaces. If E is nuclear, we
have the canonical isomorphisms

E' ® F o~ B(E,F)~(E & FY.

We shall give the proof only in the case where F is also nuclear;
the general case requires a slightly lengthier treatment.

Proof of Proposition 50.7 (when both E and F are nuclear). Letu : E — F’
be a continuous linear map; then the bilinear form on E X F, (x,y) ~
{u(x), y>, is separately continuous, hence continuous. This means that
we have the vector space isomorphism

(50.16) B(E, F) = L(E; F").
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In view of Proposition 50.5, where the hypotheses are obviously satis-
fied, we have
E §F ~LE;F).

Here the isomorphism extends to the topologies (L(E; F) carries the
topology of bounded convergence). It suffices therefore to show that
(50.16) also extends to the topologies. The topology of bounded con-
vergence in L(E; F’) is equivalent to the topology of uniform convergence
on the products 4 x BCE x F, with A (resp. B) bounded in E
(resp. F), in B(E, F), or, if one prefers to use the duality between B(E, F)
and E®F, to the topology of uniform convergence on the closed
convex balanced hulls of tensor products 4 & B (with 4, B as above).
On the other hand, B(E, F) carries the topology of uniform convergence
on the bounded subsets of E X F. The result will therefore be proved
if we show that every bounded subset of E ) F is contained in the closed
convex balanced hull of a tensor product 4 & B of bounded subsets
of E and F. This is true under the hypothesis that E is nuclear (F does
not have to be nuclear); however, in the situation where both E and F
are nuclear, we also know that E®F is nuclear (Proposition 50.I,
(50.9)). Therefore, the bounded subsets of the three nuclear Fréchet
spaces E, F, and E & F are relatively compact. It then suffices to apply
Corollary 2 of Theorem 45.1. Q.E.D.

By virtue of Propositions 50.4, 50.5, and 50.6 we see that when E and
F are Fréchet spaces, E (and therefore E’) being nuclear, we have

(50.17) EQF~IL(E;F),
(50.18) E' @ F ~ L(E; F),
(50.19) E § F ~ (E § FY ~ B(E, F),

where the duals carry the strong dual topology, the spaces of continuous
linear maps carry the topology of uniform convergence on the bounded
subsets, and B(E, F) carries the topology of uniform convergence on
the products of bounded sets.
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Examples of Nuclear Spaces.
The Kernels Theorem

In this chapter, we shall prove that the most important spaces occurring
in distribution theory, €7, ¥~, &, 2’, §’, and ¥, are nuclear; this is
also true of the space of holomorphic functions H({2) in some open
subset 2 of C*, of the space of polynomials in n variables, &, , and
of its dual, the space of formal power series in n variables, 2, . To
prove the nuclearity of the latter is most easy. Indeed we have:

TuEOREM 51.1. Let S be an arbitrary set; the product space CS is nuclear.

It suffices to apply Proposition 50.1, (50.5). Note that C* is the space
of all functions S — C provided with the topology of pointwise con-
vergence. Now we may identify 2, to the space of sequences in 7
indices, or, equivalently, to the space of functions on N*, the set of
n-tuples p = (py ,..., p,) consisting of # integers > 0. The identification
is the obvious one: to u € 2, corresponds the function which assigns
to every p € N* the pth coefficient u,, of u. By taking § = N* in Theorem
51.1, we obtain:

COROLLARY 1. The space 2, of formal power series in n variables,
equipped with the topology of simple convergence of the coefficients, is
nuclear.

CorOLLARY 2. The space P, of polynomials in n variables, equipped
with its LF topology, is nuclear.

Indeed, £, is the strong dual of 2,, and the latter is a nuclear Fréchet
space. It suffices therefore to apply Proposition 50.6.

One can also prove Corollary 2 above in the following manner:
2, can be identified with the topological direct sum ¥ yn Cp,, Where
each C, is a copy of the complex plane C. It then suffices to apply
Proposition 50.1, (50.6). In relation with this, let us show that the
countability restriction in (50.6) and (50.8) cannot be dropped:

526
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THEOREM 51.2. If the set S is not countable, the topological direct sum

Cs=)YC, (C,=Cforalls)

3eS

is not nuclear.

Proof. The dual of Cg is easily seen to be isomorphic to the product
space CS = [T,sC,. The closed equicontinuous subsets of the dual
Cs of C, are the compact subsets of C5. If Cg were nuclear, these
compact subsets should be metrizable (Proposition 50.2). But a compact
set such as [0, 1]5 is metrizable (if and) only if S is countable.

Remark 51.1. Theorems 51.1 and 51.2 show that the dual of a nuclear
space (e.g., C5 with .S noncountable) is not necessarily nuclear. Thus
Proposition 50.6 expresses a property of Fréchet spaces which, although
not altogether characteristic of these, is not true for general spaces.

The nuclearity of the spaces of type € will follow from the fact
that the space s of rapidly decreasing sequences is nuclear. We proceed
to define and to study s.

The sequences which we are now going to consider will have n
indices p, ,..., p, ; but these indices will be positive, negative, or zero
integers. We shall then use the notation |p| = 37, |p;|; the set
of the n-tuples p = (p, , ..., pn), P; : integers > 0 or < 0, will be denoted
by Z". This slight departure from our previous practice is due to the
fact that we wish to relate rapidly decreasing sequences to Fourier
series.

A complex sequence o = (o,),cz» is said to be rapidly decreasing
if, for every constant k > 0, the quantity

(SL.1) Y (L+1pDkloyl

peZ™

is finite. The rapidly decreasing sequences form a vector space,
which we denote by s and on which we put the topology defined by
the seminorms (51.1) for k == 0, 1, 2,.... It is easy to check that s is a
Fréchet space.

A sequence 7 = (7,,) is said to be slowly growing if there is a constant
k > 0 such that the sequence {(1 + | p [)7*r,} is bounded. We leave to
the student the verification of the fact that the mapping

T = (1) ~ (0 = (0,) ~ Z 0pTy)

PpeEL™
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is an isomorphism (for the vector space structures) of the space of slowly
growing sequences (which we shall denote by s’) onto the dual of s.

For us, the importance of rapidly decreasing sequences stems from
the fact that the Fourier coefficients of a periodic ¥ function form
such a sequence. Let us denote by I" the hypercube [0, 1]* (regarded
as a subset of R"). We denote’ then by ¥*(R")% the vector space of
periodic €~ functions in R® with I" as period. We provide #*(R")"
with the topology induced by #°(R”) (i.e., with the topology of uniform
convergence of the functions and all their derivatives); it turns it into
a Fréchet space. Then, for every u € €°(R")" and every p € Z", we set

i, = f exp(—2im (p, x>) u(x) dx,
-

where {p, x> = pyx; + - + p.x,. Let now aeN” be afbitrary.
We have, because of the smoothness and the periodicity of u,

(inpyi, = | exp(—2im (p, x)) (8/ox) u(x) d,

which implies immediately that the sequence (#,) belongs to s. Con-
versely, let ¢ = (¢,,) be a sequence belonging to s; the series

Y. o, exp(2im {p, x))
peZ”
converges in €°(R™) to a periodic function u whose pth Fourier coefficient
is equal to o, . Because of obvious continuity properties, we may state:

THEOREM 51.3.  The Fourier expansion u ~ (@,),czn i an isomorphism
of the space of periodic € functions, €°(R™)%, onto the space of rapidly
decreasing sequences, s.

In this statement, isomorphism is meant in the sense of T VS structures.

Stressing the analogy between the spaces s and % on one hand,
their duals ' and %’ on the other, is hardly needed. The Fourier
expansion of periodic distributions in R™, 2'(R™)%, is an isomorphism
of this space onto &’. Furthermore, the space & itself can be embedded
isomorphically into the space ¥*(R")". We shall now briefly describe
such an embedding. Let us denote by %5 (R")% the subspace of #*(R")"
consisting of those functions which vanish of infinite order at the boundary
of the hypercube I». We put on €g(R")" the topology induced by
¥*(R™)%; it becomes a Fréchet space.

Let us denote by A(t) the function defined for 0 <t <1 by

1 1

M =1— "%
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Then, for every ¢ € L(R"), we set
(%) = d(h(xy), ..., h(x,)), O<x; <1, 1<j<n

It is immediately seen that the function ¢ vanishes at the boundary
of I . We denote by ¢* the periodic function (with I* as period) which
is equal to 4 in I*. We leave to the student, as an exercise, the proof
of the following result:

THEOREM 51.4. The mapping ¢ ~ ¢" is an isomorphism (for the TVS
structures) of the space #(R™) of € functions in R™, rapidly decreasing
at infinity, onto the space €5(R™)* of periodic €™ functions with period
I*, which vanish of infinite order at the boundary of I™ .

We recall that I" = [0, 1] CR™.

The nuclearity of the main spaces occurring in distribution theory
will follow from the next result:

THEOREM 51.5. The Fréchet space s of rapidly decreasing sequences
ts nuclear.

Proof. Let p be the seminorm (51.1); of course, p is a norm. The
completion §, is the Banach space s¢y of complex sequences o =
(¢p)pezs such that (51.1) is finite. Its dual is the Banach space s, of
complex sequences 7 = (7,) such that

(51.2) sup(l +1p 1)1 |

is finite (sy, is equipped with the norm (51.2)). Let us denote by e, the
sequence whose pth term is equal to one while all the others are equal
to zero. We then consider the following element of s( 1) & (-

=3 AL ®y,,
peZ®
where

,={(1+1p)™?  thus the sequence (A,) is summable;
x, = (1 + | pl)**"*1e, (belongs to the unit ball of 5, ., ,,);

Yo=(1+]p ", (belongs to the unit ball of s,).

Now let 0 = (¢,,) be an arbitrary element of s¢.p,;) ; We have

O(o) = Z A1+ [ ptloLe, = Z gye, = 0.

peL” cz*
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This means that § is the natural injection of s¢y,.q) Into sy ; we
have thus proved that this injection is nuclear. We may then interpret
S(t+ns1) as the completion §, of the space s with respect to a norm
q which is (51.2) where % has been replaced by £ + n 4+ 1. We see that
the nuclearity of s is thus established.

CoRroLLARY. The following spaces are nuclear:
Z(R"), L' (R, €2(K) (K: compact subset of R");
€(Q), €°(), 2'(2), &'(2) (2: open subset of R");
H(Q), H'(22) (2: open subset of C").

We recall that H(S2) is the space of holomorphic functions in £ and
H'(8), its dual,'is the space of analytic functionals in £.

Proof of Corollary. %(R") is isomorphic to a subspace of s, as we
see by combining Theorems 51.3 and 51.4, hence is nuclear (by (50.3),
Proposition 50.1). So is its dual, #'(R"), by Propositiori 50.6, and its
linear subspace %7 (K) (again by (50.3)). But then €Z(£2), as a countable
inductive limit of spaces ¥7(K), is nuclear, by virtue of (50.8). The
dual of the nuclear Fréchet space € (K) is nuclear; as 2'(2) is a projec-
tive limit of such duals, as is seen at once, we derive from (50.7) that
2'(82) is nuclear. On the other hand, consider, for each compact set
K CQ CR~, a function ¢, € €7(K), in such a way that, to every point
x € £, there is a set K such that ¢ is different from zero at every point
of some neighborhood of x. Then €*(f2) is the projective limit of the
spaces €(K) with respect to the mappings f ~ ¢.f; it follows then
from (50.7) that ¥>(£2) is nuclear and so is &’(R2), by Proposition
50.6. Finally, H(2) is nuclear as it is a subspace of €*(£2) (where we
identify £ to a subspace of R?**) and H'(£2) is nuclear as the dual of a
nuclear Fréchet space (Proposition 50.6).

THEOREM 51.6. We have the following canonical isomorphisms:

(51.3) L(R™) ® L(R™) = L(R™");

(51.4) €=(X)® €=(Y)= €=(X x Y)(X CR™, Y C R"open sets);

(51.5) €2(K) @ €=(L) = €2(K x LYK C R™, L C R compact sets);

(51.6) H(X) & H(Y)= H(X X Y) (XCCm, Y CCropensets).

Proof. We shall prove only (51.3); the proof is the same in all the other

cases. It follows from Theorem 39.2 that #(R™) ® #(R") is dense in
F(R™ x R7); it suffices to show that the latter induces on the former
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the topology = = e. It induces a weaker topology, since the bilinear
mapping (%, v) ~u ®@v of LR™) X L(R™) into F(R™ X R") is
continuous (it is separately continuous!). On the other hand, if {f,} is
a sequence converging to zero in S (R™+"), it converges to zero uniformly
on the equicontinuous subsets of %'(R™+%), by a general property of
locally convex spaces. In particular, sets of the form 4’ ® B’, with 4" C
S'(R™) and B'C ¥'(R") equicontinuous, are equicontinuous in
&' (R™+n), Thus L(R™") induces on L(R™) ® S (R™) a topology
which is finer than the ¢ one.

CoroLLARY. We have, with the notation of Theorem 51.6,
(51.7) L' R™) ® L' (R = L(L(R™); F'(R%) == L' (R™");
(51.8) &'(X)® €(Y) = L(¥2(X); &'(Y)) = &'(X X Y});

(51.9) H'(X) @ H'(Y)=L(H(X); H(Y)) =~ H'(X X Y).

Proof. It suffices to apply Proposition 50.5 and combine Theorem 51.6
with (50.19).

The isomorphisms (51.7), (51.8), and (51.9) can be regarded as
variants of the kernels theorem, due to L. Schwartz, which we proceed
now to state and prove:

THEOREM 51.7. We have the canonical isomorphisms:
(51.10) 2(X X Y)= ' (X) ® (V)= L(¢2(Y); 2'(X))

(X CR™, Y C R"” open sets).

Proof. The second isomorphism is a straightforward application of
Proposition 50.5. The conditions there are satisfied if we take E = €3(Y)
and F = 2’(X): indeed, E, F, and F’' are complete (Theorem 13.1;
Corollary 3 of Theorem 32.2); E is barreled; E’ is nuclear. Therefore
E' @ F =~ Ly(E;F).

It remains to show that 2'(X X Y) induces on its dense (Proposition
40.4) linear subspace 2'(X) ® 2'(Y) the topology ¢ = =. By a now
standard argument, we see that it is enough to show that every compact
subset of €7(X X Y) is contained in the closed convex balanced hull
of the tensor product of a compact subset of €(X) with a compact
subset of €7(Y). But a compact (i.e., closed and bounded) subset of
€2(X X Y) is contained (and is compact) in a subspace €7(K X L)
with K (resp. L) a compact subset of X (resp. Y). Our assertion follows
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then if we combine the isomorphism (51.5) with Corollary 2 of Theorem
45.1. Q.E.D.

The isomorphism (51.10) calls for some comment. To every kernel-
distribution K(x,y) on X X Y we may associate a continuous linear
mapping K of €;(Y) into 2'(X) in the following manner: if v € €:(Y),
then Kv is the distribution on X,

€2(X) 3 u ~ (K(x,y), u(x) v(y)).

It is traditional to write

(Ko)(x) = [ K(x, y) o(3) dy.

Theorem 51.7 states that the correspondence K(x, y) <> K is an iso-
morphism.
Note that the transpose of the mapping K is given by

E=(X)5 u ~ (Ku)(y) = j K(x, y) u(x) dx.

Concerning kernels, the following terminology is commonly used:

(1) The kernel K(x,y) or its associated map K are said to be semi-
regular in x if K maps €2(Y) into €°(X) (then K is a continuous linear
map € (Y) - €°(X)). The kernels which are semiregular in x are the
elements of the space

(X)) ® 2'(V) = L(EX(Y); €2(X)).
By virtue of Theorem 44.1, we have
E=(X) & V(YY) €(X; 2'(Y)).

Thus, the kernels semiregular in x can also be identified with the €~
functions of x valued in the space of distributions with respect to y.

(2) K(x, y) is said to be semiregular in y if its associated mapping K
can be extended as a continuous linear map of &'(Y) into £'(X). Then
we see that the transpose of K continuously maps %7(X) into €°(Y).
In other words, we are considering the same property of kernels as in
(1) but with x and y (as well as K and ‘K) exchanged. In particular,
the kernels semiregular in y are the elements of

D'(X) ® €(Y) == L(E(X); €(Y)) = €(Y; 2'(X)).
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(3) K(x,y) is called a regularizing kernel if the associated mapping
K can be extended as a continuous linear map of &’(Y) into ¥~(X),
in other words if

K(x,y) € €=(X) ® €=(Y) = €=(X X Y).

The student should not think that a kernel K(x,y) which is semi-
regular both in x and y is regularizing! A look at the identity mapping
of €7 into &' easily clarifies this question. Indeed, let us take X = Y =
f, an open subset of R~ The kernel distribution in £ X £2, associated
with the natural injection of €7(£2) into 2°(82), is the “Dirac measure”
on the diagonal of 2 x £, which is always denoted by 6(x — y). As a
distribution with respect to (x, y), it is defined by the formula

B(x — ), w3 = [#lw. x) dx, e b2 x Q).

But 8(x — ) can also be viewed as a distribution in x depending’on the
“parameter” y: it is then the Dirac measure §,(x) in £, at the point
y € 2. Of course, 8(x — y) is symmetric in x and y. Clearly, the kernel
8(x — y) is semiregular in both x and y: the natural map €7(£2) — 2'(£2)
is a continuous linear map of ¥(£2) into ¥*(£2)". In other words,

8(x — y) e {€=(2:) ® 2'(Q,)} N {2'(©) B €2(L)}-

But §(x — y) is obviously not regularizing, as it is not a ¥ function
in 2 x 2.

Finally, let E be a locally convex space, Hausdorff, and complete.
By virtue of Theorem 44.1 and of the nuclearity of ¥*(X), we have

%~(X; E) >~ €~(X) & E.
Similarly (cf. Exercise 44.6),
PR E) =~ F(R") § E.

On the other hand, it is natural to define a distribution T in the open
set X C R* with values in the space E, as a continuous linear map of
€(X) into E. This is indeed the definition when E = C. When E
is finite dimensional, it corresponds to the natural idea of what should
be a vector-valued distribution (its components with respect to a basis
should be complex-valued distributions). In other words, the space
of E-valued distributions in X will be, by definition,

P'(X; E) = L¥=(X); E).
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The latter space, equipped with the topology of bounded convergence
(i.e., the topology of uniform convergence on the equicontinuous
subsets of €;(X) regarded as the dual of 2'(X); cf. Proposition 50.4),
is identical to 2'(X) ® E, so that finally

DX E)=2'(X)R E.
This can also be done for tempered distributions:
&' (R E) = L(#(R"); E) =~ ¥'(R") § E.

Note that if F’ is the strong dual of a Fréchet space F, we have, by
(50.19),
SR F')~ (R FY.

Let & be the Fourier transformation %’ — &’ and I the identity
mapping of E into itself. Then (Proposition 43.7) # ) I is an isomorph-
ism of &’ ® E into itself; as its image is both dense and complete,
it is onto. This defines the Fourier transformation of E-valued tempered
distributions.
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Applications

In this chapter, we shall present some applications of kernels and
topological tensor products theory to linear partial differential equations.
Kernels play a role in this connection as inverses, or as approximations
of inverses, of differential operators. We shall deal with a differential
operator D defined in some open subset £ of R”; we recall that, with
our definition of differential operators, the coefficients of these are €~
functions. We shall have to deal with the product £ x £; the variable
in this product will be (x, y); the diagonal in 2 x £ is the set of points
(%, ) such that x = y. The operator D acts on distributions in £; if
D acts on distributions on £ X £, we must indicate clearly in what
variable D operates: for instance, if D acts in the variable x, we shall
write D, rather than D. Note that the operator

Do: D'(Q, X 0,)— D'(R, X 2,)

is nothing else but the extended tensor product D, ® I, , with I, the

identity mapping of 2'(L2,), taking into account the canonical isomorph-
ism 2'(Q, x 2,) =~ 2'(2,) ® 2'(2,). We now introduce some of the
terminology of kernels and differential operators:

Definition 52.1. A kernel K(x,y) e D'(2, X 82,) is called a fundamental
kernel (resp. a parametrix) of the differential operator D, if

D,K(x,y) —8(x —y)=0 (resp. belongs to €~(2, X 2,)).

We have denoted by §(x — y) the “Dirac measure” on the diagonal
of 2, xX 2, (see p. 533).

Definition 52.2. The differential operator D is said to be hypoelliptic
in 2 if, for every open subset 2’ of 2 and every distribution u in 2, the
fact that Du is a € function in §2' implies that u is a € function in £2'.

Hypoelliptic differential operators form an important class of differen-
tial operators, to which belong the elliptic and the parabolic operators
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(but not the hyperbolic ones). In the forthcoming statements concerning

hypoelliptic differential operators, we make use of the terms ‘‘regular

kernel” for a kernel K(x,y) semiregular both in x and vy (see p. 532)

and “‘very regular kernel” for a kernel K(x, y) which is regular and which,

moreover, is a €® function of (x, y) in the complement of the diagonal.
The following result is due to L. Schwartz:

TuEOREM 52.1. Suppose that the transpose ‘D of D has a parametrix
which is very regular. Then D is hypoelliptic. Furthermore, the topologies
tnduced on the kernel of D,

Np = {uc 2'(82); Du = 0} C €°(£),
by 2'(R2) and by €*(R2) are equal and turn N, into a Fréchet space.

In the proof which follows, we suppose that !D acts in the variable
y :if K(x, y) is the parametrix of ‘D, we have ‘D, K(x,y) — d(x — y) €
€=(2 x Q).

Proof of Theorem 52.1. Let u € 2'(82) be such that Du is a €* function
in a neighborhood w of a point a € 2. Let g € € (w) be equal to one in
some neighborhood w’ of a and p € €7(R*) be equal to one in some
neighborhood of 0; we suppose furthermore that p(x) = 0 for | x | > ¢,
e > 0 to be chosen later. We consider then

w(x) = f p(x — ) K(x, y) D,[g(y) u(y)] dy-

It should be underlined that this makes sense only because we have
assumed that K(x,y) and therefore p(x — y) K(x,y) is semiregular
in y. For then, the mapping it defines can be extended as a continuous
linear mapping of &'(£2,) (to which D,[g(y) u(y)] belongs) into 2'(£2,).
By integration by parts, we see that

w(x) = [ *Dylp(x — 3) K(x, )] 8(3) u(») dy.
But, since K(x,y) is €® for x # y, and p = 1 near 0,

K\(x, y) = 'Dy[p(x — y) K(x, y)] — p(x — y)'D, K(x, )

is a €= function of (x, y). Now, since K(x, y) is a parametrix of ‘D, and
since p(x — y) 8(x — 3) = 8(x — ) (as p(0) = 1),

Ky(x, y) = p(x — ) 'D, K(x — y) — 8(x — )
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is also a €™ function of (x,y). We reach the conclusion that
w(x) — g(x) u(x) is a €= function in 2.

As g = 1 near a, it remains to show that w is € near a for a suitable
choice of e&. We observe that

D,[g(y)«(y)] — g(y) Dyu(y) =0

in the neighborhood »’ of a. Let us then choose ¢ > 0 so small that
the support of p(x — y), as a function of y, is contained in w’ when
| x — a| < e. Then, for these x’s,

w(x) = [ p(x — ) K(x, ) g(y) Dy () dy.

But it is our hypothesis that g Du e €7(£2) and that p(x — y) K(x, y)
is semiregular in x, therefore maps €7(£2,) into €*(£2,). This proves
that D is hypoelliptic.

Consider now a filter of elements u of .#7, converging to 0 in 2'(£).
Using the above notation, we may write

w(x) — g(@)u(x) = [ (Kol 3) + Ko, )] 0lr) dy.

As Kj(x,y) e €°(2 X 2),j = 1,2, and as gu converges to 0 in&'(Q2),
we see that w — gu converges to 0 in *(£2). But now, if ¢ > 0 is small
enough, w(x) = 0 for [x —a| <&, hence gu = uin

o' ={xlx—al <e},
and converges to 0 in ¥°(w”"). As a is arbitrary, we conclude that u
converges to 0 in €<(£2). Q.E.D.

Let K(x,y)e 2'(2 X ), and K be the map €7(2) — 2'(2) defined
by K(x,y). We say that K(x, y) is a two-sided fundamental kernel of the
differential operator D if, for all ¢ € €7(2),

KD =DKp —¢.

We see that K(x, y) is a two-sided fundamental kernel of D if and only if
D, K(x,y) = 8(x — y), ‘Dy K(x,y) = &(x — y).

THEOREM 52.2. If D is a hypoelliptic differential operator in Q, every
point of Q2 has an open neighborhood in which ‘D has a fundamental kernel.
If 'D is also hypoelliptic, every point of 2 has an open neighborhood where
D has a two-sided fundamental kernel, which is very regular.
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Proof. We shall introduce the spaces H* (see Definition 31.4) and their
norm || |, (p. 330). Let K be an arbitrary compact subset of 2, and s
a real number. We denote by ®3(K) the space ¥7(K) equipped with
the topology defined by the seminorms

¢~ Délle + b1,

as ¢ ranges over the set of real numbers or, equivalently, over the set
of positive integers; ®%(K) is a metrizable space. Its completion, $*(K),
can be identified with a linear subspace of H®, hence of 2'(£2). Note
however that u ~ Du is a continuous linear map of @%(K) into €>(£2),
hence all the -distributions belonging to ®*(K) must be €™ functions;
as they have obviously their support in K, we have %K) = ®%(K) =
€7(K). As the identity mapping ‘5°°(K)—-><ﬁs(K) is continuous, it is
an isomorphism, by virtue of the open mapping theorem. We reach
the conclusion that to every real number r, there is a real number ¢t
and a constant C(r, s) > 0 such that, for all ¢ € €3 (K),

(52.1) 1l < C, 5) (Il Db lle + 1l 6 1ls)-

At this stage, we choose r = 1, s = 0 and we make use of the following
fact, whose verification will be left to the student. To every & > 0,
there is n > 0 such that, if diam(supp ¢) < 7,

B llo < elidlly -

We apply Estimate (52.1) to the closure K of an arbitrary relatively
compact open neighborhood 2’ of an arbitrary point x° of 2. It is clear
that there is another open neighborhood U C £’ of x° such that we have,
for all'¢ € €=(U),

i Il < constl| D |, .

Finally, by enlarging ¢ if necessary, we see that there is a constant
C’ > 0 such that

(52.2) lél_, < ClIDé|, for all ¢ e €>(U).

If also ‘D is hypoelliptic, we may further enlarge ¢ and C’ and possibly
shrink U so as to also have

(52.3) lell_, < C'li D I, for all ¢ e #>(U).

Let M be the closure, in H¢, of the set of distributions of the form D¢,
¢ € €2(U), and let p,, be the orthogonal projection of H' onto M.
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Estimate (52.2) means that mapping D¢ ~ ¢ can be extended as a
continuous linear map of M (equipped with the H! norm) into H—%.
It can be further extended as a continuous linear map G : H! — H~!
by setting it equal to zero on the orthogonal of M. The transpose ‘G
of G is a continuous linear map of H' into H~! such that, for all fe H!,

we have in U
D(*Gf) = f.

As €2(U) is continuously embedded in H!, !G induces a continuous
linear map of €;(U) into H~, afortiori into 2’(U); the kernel associated
with it is a fundamental kernel (in U) of !D. This proves the first part
of the statement.

If tD is also hypoelliptic, we derive from (52.3) that there is a con-
tinuous linear operator I": H! — H~* such that, for all fe H!, D(I'f) = f
in U. Let us then set

E = Gpa + I — pus)

where I is the identity mapping of H!; E is a bounded linear operator
H'— H-'. We have p, D$ = D¢ for all ¢ € € (U), hence E(D$) =
G(D¢) = ¢. On the other hand, in U,

D(E$) = D G(pm9) + (I — pm)é-

Let {¢,} be a sequence in €(U) such that D¢, — p,¢ in H'; as G is
continuous, ¢, = GDg¢, converges to G(p,4) in H~ and D¢, converges
to D G(p,,¢) in 2'; but D¢, converges also to p,$, which must therefore
be equal to D G(p,.$). Finally we have, in U, D(E¢) = ¢. This proves
that the kernel K(x,y) associated with the continuous linear operator
¢ ~ E$|U (restriction of E¢ to U) is a two-sided fundamental kernel
of D. The fact that K is very regular follows from the following lemma:

LEmMA 52.1. Let D and 'D be hypoelliptic in 2. Every two-sided fun-
damental kernel K(x, y) of D in Q is very regular.

Proof. We have, for every ¢ € €7(£),

D, [ K(x,5)$(y) dy = $(x)

and, as D is hypoelliptic, we must have [K(x,y)¢(y)dy e €°(£2,).
Thus K :¢(y) ~ [ K(x,y)$(y) dy maps €(2) into €>(£2) and, in
this sense, its graph is closed since K is continuous when taking its
values in 2'(2). We conclude that K : €7(2) — €*(L2) is continuous.
This shows that K(x, y) is semiregular in x. By interchanging x and y,
D and ‘D, we see that K(x, y) is also semiregular in y. Thus K(x,y)
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is regular. It remains to prove that K(x,y) is a € function of (x,y)
in the complement of the diagonal of £ x Q.

Let U and ¥V be two open subsets of £ such that UNn V=g; in
what follows, we denote by K(x,y) the restriction to U X ¥ of what
has been denoted until now by K(x, y). We have just seen that

K(x,y) € €=(V,; 2'(Uy)) = 2'(U,) ® €(V,).
For every n-tuple ¢, we have
D,[(9/oy) K(x,»)] =0 in UxV.

Let H be a compact neighborhood of an arbitrary point »° in V. The
image of H under the mapping y ~~ (8/8y)?2K(x, ¥), which is continuous
from V into 2'(U), is a compact subset £ of 2'(U). Let U’ be any
relatively compact open subset of U, 3# | U’ the set of restrictions to U’
of the elements of 5#. One can show (cf. Theorem 34.3, p. 359) that
S | U’ is contained in some space H3,(U’) (Chap. 31-11) and compact
there. But #-| U’ is also contained in A,(U’), the space of solutions
in U’ of the homogeneous equation Du = 0. Since D is hypoelliptic,
A p(U)CE€°(U’) and AH(U’) is closed in both Fréchet spaces €°(U’)
and Hj,, (U’). They necessarily induce the same topology on A5(U’).
Therefore, €°(U’) and Z'(U’) induce the same topology on 5 | U’,
which implies at once that ¥°(U) and £’(U) induce the same topology
on J#. Hence, y ~ (8/0y)2K(x, y) is a continuous map of H into ¥°(U);
as 90 is arbitrary, it is a continuous map of ¥ into €°(U). As q is arbitrary,
we reach the conclusion that K(x, y) is a €~ function of (x,y)in U x V.

CoROLLARY 1. The following conditions are equivalent:

(a) D and ‘D are hypoelliptic;
(b) every point of Q2 has an open neighborhood where D has a two-sided
Jundamental kernel (which is very regular).

If they are satisfied, the topologies induced on Np by Z'(82) and by
€~ (L) are equal and turn N, into a Frechet space.

It suffices to combine Theorems 52.1 and 52.2.

It is well known that, for harmonic or for holomorphic functions,
the uniform convergence of functions on compact sets and the uniform
convergence, still on compact sets, of the functions and all their derivat-
ives, is one and the same thing. Granting that the Laplace and the
Cauchy—Riemann operator are hypoelliptic, which they are, Corollary 1
of Theorem 52.2 strengthens and generalizes this convergence property.
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COROLLARY 2. Same hypotheses as in Theorem 52.2. Let K be a compact
subset of 2. The linear space N (K) of (distributions) solutions of the
homogeneous equation Du = O which have their support in K is fimte
dimensional.

Proof. Let E be a Banach space of distributions in 2, e.g., E = L¥Q),
which contains €(K) and therefore induces on it a topology finer than
the one induced by 2’(2). From Corollary 1 of Theorem 52.2 we
derive that E induces on A5(K) C €2(K) the same topology as 2'(£2).
But the unit ball of A#3(K) for the norm induced by E is bounded in
2’'(82), hence precompact, whence the corollary.

The previous results will be used to prove the following theorem,
due to B. Malgrange, asserting, under suitable conditions, the existence
of a global two-sided fundamental kernel:

THEOREM 52.3. Let D be a differential operator in 2, and ‘D its transpose.
Suppose that both D and 'D are hypoelliptic and map €*(2) onto itself.
Then D has a two-sided fundamental kernel in 2, which is very regular.

Proof. Let F be a Fréchet space. We begin by proving that
(52.4) (DRINE(R)RE)=¢~(R) BF,
(52.5) DRINZARF) =2 RF,

where I is the identity mapping of F. (52.4) is a trivial consequence of
Proposition 43.9 and of the fact that DE*(2) = €>(£2); hypoellipticity
is irrelevant in this connection (cf. Theorem 52.5).

We proceed to prove (52.5). As D and ‘D are both hypoelliptic, we
may apply Theorem 52.2. We see that there is an open covering {U;}
of 2 such that D has a two-sided, very regular, fundamental kernel in
every U; . We may assume the covering {U,} to be locally finite and con-
sisting of relatively compact open sets. Let then {¥;} be another locally
finite open covering of £ such that 77; C Uj for every #; and let {g;} be a
partition of unity in ¥2(£2) subordinated to the covering {¥;}. For each i,
let &;€ €7(U,;) be equal to one on V. Multiplication by 4;, S ~ A,S,
in 2'(Q), gives rise to the extended tensor product

h@L: 2R F—>&(U,)RF.

We shall write 4,S rather than (b, ® I)S for S€ 2'(2) ® F. On the
other hand, if K; is a two-sided (very regular) fundamental kernel of
D in U,;, we may consider the mapping

K.gl:&U)®F—->2'(U)JF
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which satisfies, for all p € &'(U,) ® F,
(D ®INK: ® D = 1.
Then let S be an arbitrary element of 2'(Q2) ® F, and set
T, = (K; & I)(A,S).

Observe that the restriction of T; — T; to V; = V, N V; belongs to
2D'(V;) ®F and satisfies there

DPRINT: —T;) = (h: —h)S =0

since h; = h; = 1 in V,;. Let us now use the nuclearity of 2’ and
recall that
FV,) ®F=LF; D(V,).

But we have just seen that T; — T;, viewed as a mapping of F’ into
9’( ), takes its values in ./V p(V4;), the space of distributions in V;
solutions of the equation Du = 0. By Corollary 1 of Theorem 52.2,
we know that the topology induced on Ap(V,;) by 2'(V,) and by
€>(V,;) are the same. Hence

(52.6) T, —T,eL(F;€(V,)=¢(V,)®F.
We set
T = Zngj .
]
We have, in ¥,
S—DNT=DNT; —(DRNT =3 g(T; — T)),
]

and each term g,(T; — T;) belongs to ¥°(2) ® F, by virtue of (52.6).
As the V’s cover 2, we conclude that

— (D NTe%=(Q) & F.

By (52.4) we derive the existence of an element ¢ € €°(2) & F such
that (D ® )¢ = S — (D ® I)T, hence

DEIT + ) =S
and this proves (52.5).
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We begin by applying (52.5) with F = #*(£2). We know that §(x—y) €
2'(2,) ® €°(2,). Therefore, by (52.5), there is a kernel K,(x,y) in
the same completed tensor product, such that (D, ® I,) K,(x,y) =
8(x — ), ie, DK, =1I,,.(We denote by I, I, and I, , the identity
mappings in the spaces of distributions in the variables x, y, and (x, y).)
Let us then set

L=1I,,— . ®'D)K e D' (2,) ® Z'(2,).
We have
(Dz @IV)L = (Dz @ Iv)Iz.v - (Ix @ tDv)(Da: @ Iv)Kl
= (Dz @ Iv -1, @ tDv)Ia:.v =0

by definition of ‘D. Thus we see that L defines a linear map of €3(£2,)
into Ap(2,) = {ue 2'(2,); Du = 0}, which is continuous when the
latter carries the topology induced by 2°(£2,). This topology turns
Ap(£2,) into a Fréchet space (Corollary 1 of Theorem 52.2). Therefore,
in view of (52.5) applied with F = A#,(£2,) and 'D instead of D, there
exists K, e Ap(2,) ®2'(2,), hence satisfying (D, ®I)K, = 0,
such, furthermore, that (I, ® ‘D,)K, = L. Then, if weset K = K, + K,
we have
I:@'D)K=1,,, (D.®1)K=1I,,.

This means precisely that K is a two-sided fundamental kernel of D;
Lemma 52.1 implies, then, that K is very regular. Q.E.D.

Let E, F be two Hausdorff TVS, and #: E—F a homomorphism
onto. We say that « has a continuous right inverse if there is a continuous
linear map v : F — E such that ¥ o v = identity of F. We recall that
a linear subspace M of E has a topological supplementary if there is
another linear subspace N of E such that the mapping (x; , X5) ~ x; + x,
of M X N into E is an isomorphism onto (for the TVS structures:
M x N carries the product structure, M and N carry their induced
one). Then it is easy to see that u has a continuous right inverse if and
only if Ker u has a topological supplementary. Indeed, if v is a continuous
right inverse of u, ©(F) is a topological supplementary of Ker u. Con-
versely, if M is a topological supplementary of Ker «, the restriction
of u to M is an isomorphism of M onto F whose inverse is a continuous
right inverse of .

The next theorem, due to A. Grothendieck, shows that an important
class of differential operators (“most” elliptic operators with analytic
coefficients), although they map %> onto itself, have no continuous
right inverse. From what we have said above, this implies that their
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kernels have no topological supplementary. As the class includes all
elliptic operators with constant coefficients, in particular the Laplace
operator and the Cauchy-Riemann operator, we see that the space of
harmonic functions in an open subset £2 of R”® or the space of holo-
morphic ones in an open subset 2 of C” have no topological supple-
mentary in €°(£2).

THEOREM 52.4. Let D be a differential operator in an open set 2 C R™
having the following properties:

(I) For every open subset ' of Q2 and every distribution S in £,
DS =0 in Q implies that S is an analytic® function in §'.
(A1) D maps €=(82) onto itself.
(III) To every open set §2° C 82 there is another open subset 2" C &
such that ‘DT = O for some T e 2'($2"), T # 0.

Under these conditions, D has no continuous right inverse in €*(£2).

Proof. We reason by contradiction. Suppose that D had a continuous
right inverse G in €*(£2). To every compact subset K of £ there is

another compact subset K’ of £, an integer m > 0, and a constant
C > 0 such that, for all ¢ € €=(2),

sup | G4()l < C'sup ¥, |(2/2x) ()l

zek |p|<m

Suppose then that ¢ vanishes in a neighborhood of K': G¢ must vanish
in K. Let us choose K with a nonempty interior 0. Let £, be an open
ball, contained in the intersection of the complement of K U K’ with
some connected component £, of £ which intersects ¢. For every
$ € €2(L2,), we have Gp = 0 in K, in particular in @. On the other
hand, D(G¢) = O in the complement of supp ¢, hence G¢ is analytic
in this complement (in view of (I)). We derive from this that G¢ = 0
in every connected component of £2, — supp ¢ which intersects 0, i.e.,
in every nonrelatively compact connected component of £, — supp ¢
(relatively compact with respect to £,). This implies immediately
that 2, N (supp G¢) is a compact subset of £, . As D(G¢) = ¢ we see
that DEY(2,) = €2(£,), hence that D : 2'(2,) — 2'(8,) is one-to-
one. But exactly the same reasoning applies to any open ball contained
in 2, so that we may suppose (by (III)) that £, itself is contained in
some open set 2” where the homogeneous equation {DT = 0 has a

t Analytic is meant here in the real sense, i.e., the Taylor expansion about each point
converges in some neighborhood of that point.



Chap. 52-11] APPLICATIONS 545

solution T € 2'(2") whose restriction to £2, is nonzero. We have thus
reached a contradiction.

Remark 52.1. Elliptic operators with analytic coefficients are such
that (I) and (III) hold. If D is such an operator, its transpose ‘D is also
elliptic (and has analytic coefficients). Then let K be an arbitrary compact
subset of 2, and K the union of K with all the connected components
of 2 — K which are relatively compact; K is obviously a compact
subset of Q. If ‘D has Property (I) of Theorem 52.4, for every u € £'(2),
supp ‘Du C K = supp » C K. Thus Q is D-convex (Definition 38.1).
To show that Property (II) holds, it suffices therefore (by Theorem
38.2) to show that D is semiglobally solvable (Definition 38.2). All
operators with constant coefficients are semiglobally solvable (Exercise
38.1). We see thus that all the elliptic operators with constant coeflicients
satisfy Conditions (I), (II), and (III) in Theorem 52.4 (regardless of
what the open set £ is).

Now let E be a nuclear Fréchet space, and # : E— E a homomorphism
of E onto itself. Suppose that # has a continuous right inverse ». Let us
identify v to an element of E' ® E (by (50.18)), say 8, . Let 6, e E' ® E
be the element corresponding to the identity mapping of E. To say
that » is a continuous inverse of # is equivalent with saying that

(' ® u)8,) = 6.

We have denoted by I’ the identity mapping of E’. Thus we see that,
if u does not have a continuous right inverse, I’ ® u does not map
E'® E onto itself—although both I' and u are mappings onto. In
particular, Theorem 52.4 provides us with examples of tensor products
of surjections whose extension to the completion of the tensor product
(of €=(2) with &'(£2)) is not surjective. It shows that the metrizability
restriction, in Proposition 43.9, cannot be lightly brushed aside.

Let us go on considering a differential operator D on an open subset
2 of R*. If E is a complete locally convex Hausdorff space, we may
make D operate on functions valued in E, in fact on distributions valued
in E if the latter are defined as the elements of 2'(2) ® E. Then if Te
2'(Q) ® E =~ L(€2(22); E) (Proposition 50.5), we define D,T as the
value at T of ,the mapping D, &® I, where I is the identity of E. Note
that if ¢ € €3(£2), we have

D, T(¢) = T(*D¢).

If £ is a function valued in E, sufficiently smooth, say fe €2(R2; E),
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we may define Df directly. Needless to say, the two definitions agree,
as

E=(2; E) = €°(2) & E = L(€'(82); E)
is canonically identifiable to a subspace of 2'(2) ® E. The next result
is a straightforward consequence of Proposition 43.9:

THEOREM 52.5. Suppose that DE*(Q) = €~(2). Then, whatever the
Fréchet space E is, DE€*(2; E) = €>(Q; E).

We consider now a differential operator in 2 of the form

P(x, y, 8]ox) = 3 a(x,)(0]ox),
Ipl<m
where y is the variable point of some open subset ¥ of a Euclidean

space R? and where the coefficients a,(x, y) are €~ functions of (x, y)
in x Y.

THEOREM 52.6. Suppose that to every function fe €*(2) there is a
function ue €<(Q2 x Y) such that P(x,y, 0/dx)u(x,y) = f(x). Let
then F(Y) be a Fréchet space of distributions in Y with the property that
Yg eF(Y) for all y € €°(Y), g € F(Y). Then

P(x, y, 8/0x) €2, F(Y)) = €(2, F(Y)).
Proof. We take advantage of the fact that
E=(S2; F(Y)) = €(2) S F(Y).

And we apply Theorem 45.1: every element f of ¥°(2; F(Y)) can be
written as a series

flx,y) = ; A fi*) ge()s

with {A} e, f, — 0 in ¥°(R2), g — 0 in F(Y). Let us denote by G
the linear subspace of €°(R2 X Y) consisting of the functions u(x, y)
such that P(x,y, 9/9x) u(x, y) € €°(£2), i.e., is independent of y; ob-
viously G is a closed linear subspace of €°(2 x Y), i.e., G is a Fréchet
space for the induced topology. By hypothesis, the restriction of P(x, y,
9/dx) is a continuous linear map of G onto €*(£2), hence it is a homo-
morphism onto. If we apply Lemma 45.1, we see that there is a sequence
{u,(x, y)} relatively compact (or even converging!) in €*(2 X Y)
such that, for each &, P(x, y, 8/0x) u,(x, y) = fi(x). We then set

u(x, y) = ; A ur(%, ¥) gl 3)-
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We claim that the series converges in ¥®(2) ¥ F(Y) and that
P(x, y, 8/ox) u(x, v) = f(x,y) (this is a trivial consequence of that).
Consider then the bilinear map (4, g) ~ g of €=(Y) X F(Y) into
2'(Y); it is separately continuous and its image, by hypothesis, is
contained in the Fréchet space F(Y) (which is continuously embedded
in 2'(Y)). Therefore, this bilinear map is separately continuous, hence
continuous, when we regard it as a map valued in F(Y) (simply remark
that the graphs of the linear mappings  ~ {ig and g ~ Jig are closed!).
In particular, when g remains in a bounded subset of F(Y), a fortiori
in a compact one, the mappings i ~ g form an equicontinuous subset
of L(€=(Y),; F(Y)). Given g in F(Y), we may then consider the mapping
IR g of €°(2 X Y) into €°(2) ® F(Y) (I: identity of €°(£2)). When
£ remains in a bounded subset of F(Y), these mappings form an equi-
continuous set. We derive immediately from this that, as k& varies,
(%, y) g,(y) remains in a bounded subset of F(Y). As ¥, | A, | < + o,
the series defining #(x, v) converges absolutely in F(Y), whence the
result.

Theorem 52.6 can be applied to the case of F(Y) = €¥(Y) (0 <k <
+ ) or F(Y) = Lf,(Y) (1 £ p < + ). Note that we have

€=(Q) B EHY) == €=(2; ENY)) = EN(Y; ().

The theorem says that, in this case, if we know how to solve in %€y,
the equation

P(x,y,0/0x)u=f

for right-hand sides f independent of y, then we know also how to solve
it in €3} (obvious notation) for arbitrary right-hand sides in this space.



Appendix:
The Borel Graph Theorem

Recently, L. Schwartz has proved the following result:

TueoREM A.1. Let E,F be two locally convex Hausdorff TVS, u a
linear map of E into F. If E is the inductive limit of an arbitrary family of
Banach spaces, if F is a Souslin space, and if the graph of u is a Borel set
in E X F, then u is continuous.

Theorem A.l implies, as we are going to show, that the closed graph
theorem is valid for linear mappings defined and valued in most spaces
encountered in Analysis and, in particular, in distribution theory. The
original proof of Schwartz is based on the theory of Radon measures on
arbitrary topological spaces; we shall present here a proof due to A.
Martineau, which is an adaptation of reasonings in the book [0] of
S. Banach. Martineau has also succeeded in weakening the condition
that F be a Souslin space; but then the graph has to be closed and not
merely a Borel set (this restriction is hardly an inconvenience!). A few
words about this extension will be found at the end of the Appendix;
bibliographical references will also be found there. Independently and
by different methods, D. Raikov has also proved the closed graph
theorem for a large class of spaces, including most spaces of Analysis, in
particular &’.

We begin by recalling the definitions of the various terms used in the
statement of Theorem A.l. The meaning of an inductive limit of locally
convex spaces has been given on pp. 514-515. We recall what a Borel set
in a topological space X is (X does not have to carry any algebraic
structure). A collection £ of subsets of X is called a g-algebra if X\4
belongs to .# whenever 4 € &, and if countable intersections of sets
which belong to .# also belong to .# (this is then also true of countable
unions). Given any collection & of subsets of X, there is a smallest
g-algebra containing &; it is evident. If we apply this to the collection &
of all the closed subsets of X, we obtain the g-algebra of Borel sets in X.

A topological space P is called Polish if there is a metric on P which

549
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defines the topology of P, such that P, equipped with this metric, is a
complete metric space and, moreover, if there is a countable subset
of P which is everywhere dense in P (the latter property is expressed
by saying that P is separable).

Definition A.1. A Hausdorff topological space S is called a Souslin space if
there is a Polish space P and a continuous mapping of P onto S.

We shall now state a certain number of “stability properties” of
Polish and Souslin spaces, most of them without a proof (the proofs
are all easy).

ProrositioN A.1. The following spaces are Polish:

(a) closed subsets of a Polish space;

(b) products and disjoint unions of countable families of Polish spaces;
(c) open subsets of a Polish space;

(d) locally compact spaces which are metrizable and countable at infinity;

(€) countable intersections of Polish subspaces of a Hausdorff topological
space;

(f) the set of nonrational numbers with the topology induced by the real
line R.

Let us, for instance, prove (c). Let E be a Polish space, U an open
subset of E, and d a metric on E defining the topology of E. The product
space R X E is Polish by (b), and so is the subset J of R X E consisting
of the pairs (¢, x) such that ¢ -d(x, E\ U) = 1, indeed, V is closed.
The second coordinate projection induces a homeomorphism of V onto
U, whence (c).

ProPosITION A.2. A subspace Q of a Polish space P is Polish if and only
if Q is the intersection of a sequence of open subsets of P.

The sufficiency is obvious by Proposition A.1; let us prove its neces-
sity. Let d be a metric on Q, inducing the topology of QO and for which
Q is a complete metric space. Let O be the closure of Q in P, and Q,,
be the set of x € O such that there is an open neighborhood U of x in P
so that the diameter of Q N U is < 1/n; Q,, is open in Q. Let x° € Q,, for
all n; the filter of neighborhoods of x° in P obviously induces a Cauchy
filter (for the metric d) on Q. This Cauchy filter has a limit which can
only be x%; thus, #°€Q, i.e, Q = {'):fo Q, . For each n, let U, be an
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open subset of P such that O, = O N U, . On the other hand, let 8 be
a metric on P defining the topology of P, and set

Vi = {xeP;8(x,0) < 1/m}, m=12,...

It is clear that Q =N, ,, U, NV, .

Let us denote by I the closed unit interval [0, 1] in the real line,
and by IN the cube which is the product of a countable infinity of copies
of I. Let X be a separable metric space; the metric in X will be denoted
by d. We may and shall assume that the diameter of X is < 1; this can
be obtained by replacing d with x ~ sup(d(x), 1) if necessary. Then let
(x,) (n = 0, 1, ...) be a sequence in X which is everywhere dense. The
following mapping

X (d(x’ xn))n=0,1,...

is a homeomorphism of X onto a subset of IV, as the student may readily
check. Combining this fact with Proposition A.2, we obtain:

ProprosiTION A.3. A topological space X is Polish if and only if X is
homeomorphic to the intersection of a sequence of open subsets of the cube IN.

We switch now to Souslin spaces; they are obviously separable. They
have the following stability properties:

ProposITION A.4. The following are Souslin spaces:

(a) closed or open subspaces of a Soushn space;
(b) countable products and disjoint unions of Souslin spaces;

(c) countable intersections or countable unions of Souslin subspaces of a
Hausdorff topological space;

(d) continuous images of Soushn spaces.

Proposition A.4 follows easily from Proposition A.1. We shall limit
ourselves to proving (c). Let A,(n = 0, 1,...) be a sequence of Souslin
subspaces of a Hausdorff topological space X, A their disjoint union,
which is a Souslin space in view of (b), ¢ the canonical mapping of A
onto the union {J,4,, . As ¢ is continuous, this union is a Souslin space
in view of (d). Let 4’ be the intersection of the A4,’s, f the canonical
map of X onto the diagonal of X™ (N equals the set of integers > 0).
The image of A’ under f is the intersection of this diagonal with [T,4, ;
as X is Hausdorff, the diagonal is closed in X™ and fis a homeomorphism
of X onto it. Thus, the restriction of f to 4’ is a homeomorphism of 4’
onto a closed subset of [1,4,, . It suffices then to apply (a) and (b).
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ProrosiTION A.S5. Borel subsets of a Souslin space are Souslin spaces.

Proof. Let % be the family of subsets of a Hausdorff topological
space X which are Souslin spaces and whose complements are also
Souslin spaces. In view of Proposition A.4(c), £ is a o-algebra. If X is
a Souslin space, .Z contains the closed sets, in view of Proposition A.4(a),
hence, the Borel sets.

ProposITION A.6. Let S be a Souslin space. For each n = 0, 1,... there
is a countable set C,, and two mappings p, : C,.,— C, and ¢, : C,, — B(S),
the set of all subsets of S, with the following properties:

(A.1) p, is onto;
(A.2) for every ce C, ,

$nlc) = U $rialc’);
€'€Cy 41, Pplc’)=C
(A.3) for each n, the sets $,(c), as ¢ runs over C,, , are pairwise disjoint and
their union is equal to S;

(A.4) for any sequence {c,} (n-=0,1,..), such that c,eC, and
DPr(Cni1) = ¢, , the sequence of sets {$,(c,)} is the basis of a convergent

filter on S.

Proof. Let P be a Polish space and f a continuous map of P onto S;
we equip P with a metric d which turns it into a complete metric space.
As P is separable, for arbitrary n = 0, 1,..., there is a covering of P
consisting of a countable family of closed balls of radius 1/(n + 1); we
select such a covering and we order it in an arbitrary fashion. This
yields a sequence %, whose elements we denote by B (k = 0, 1,...).
Let us set first by induction on &,

B =f(B;;+1) N (S\ L:)OB;), B =f(Bg).

It is clear that the union of the sets BY, as & varies, is equal to .S, and that
they are pairwise disjoint. We denote by C, the collection of the sets
B{f, k = 0, 1,...; then we denote by C, the collection of the sets Bt n B}
which are not empty. By induction, we denote by C, the collection of
sets B, N¢, as [ =0, 1,..., and ¢ varies over C,,_,, provided that
B!, n ¢ # . Condition (A.3) is obviously satisfied. The mapping p,
is defined as follows: if ¢’ € C,,,, p,(c’) is the unique element of C,
which contains ¢’; then (A.2) is obviously satisfied (¢, is the mapping
which assigns to the element ¢ of C, the subset ¢ of S). As for (A4), it
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follows from the fact that for each n = 0, 1,... there is a set 4, in P
such that f(4,) = ¢, and diameter of A4, =< 1/(n + 1), such that
A,,1CA,. The A,’s form the basis of a Cauchy filter on P, which
converges as P is complete, whence (A.4).

We say that a subset M of a topological space X is meager if M is
contained in the union of a countable family 4,(n = 1, 2,...) of closed
sets none of which has an interior point. We recall that X is called a Baire
space if no meager subset of X has interior points.

Definition A.2. Let X be a topological space and Y a subset of X. We call
Baire closure of Y in X the set of points x € X having the following property:

(A.5) every neighborhood of x contains a subset of Y which is not meager
(in X).

We shall denote by 5(Y) the Baire closure of Y; clearly 5(Y) is closed
in X.

ProposiTION A.7. Let X be a Baire space and suppose that Y C X is
nonmeager. Then the interior o(Y) of b(Y) is nonempty.

Proof. We must show that there is an open subset £ of X such that,
for any open subset £’ of £, ' N Y is nonmeager. Let .# be a maximal
family of open sets 0, , pairwise disjoint, such that ¥ N @, be meager for
every i. Let @ be the union of the @,’s; then @ N Y is meager. This is not
because @ is a countable union of sets whose intersection with Y is
meager, for the set of indices 7 needs not be countable; it is because
every connected component of &, necessarily contained in some 0,
intersects Y according to a meager set. The complement F of 0 is a
nonmeager closed set, for Y is nonmeager; hence, its interior F° is
nonempty. By definition of .#, no open subset of F° intersects Y
according to a meager set, therefore F° C o(Y). Q.E.D.

The subset of ¥ which lies outside 5(Y) is meager: 5(Y) is the smallest
closed set containing the whole of Y except possibly a meager subset
of Y; o(Y) is the largest open set with the property that every open
subset of it contains some nonmeager part of Y. Obviously 5(Y) \ o(Y) is
meager; hence, o(Y) = 5(Y).

ProposiTioN A.8. Let {Y,}(n = 0,1,..) be a sequence of nonmeager
subsets of X, Y their union. Then b(Y)\ |, 0(Y,) is a meager set.

Proof. Every open subset of o(Y) contains a nonmeager subset of Y,
hence a nonmeager subset of some Y, , and intersects some o(Y,),
which means that {),,o(Y ) is a dense open subset of o(Y). Its complement
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with respect to o(Y) must be meager, as well as its complement with
respect to b(Y), since b(Y) \ o(Y) is meager.
We come now to the main step in the proof of Theorem A.1.

THEOREM A.2. Let X be a Hausdorff topological space, S a Souskn
subspace of X. Then S and o(S), therefore also S and b(S), differ only by
a meager set.

Proof. We shall make use of a sequence of triples (C,, p,,d,)
(n = 0, 1,...) with the properties listed in Proposition A.6. For each
ce C,, the set

M, (c) = blpn()] \ U B[$ns1(¢)]

c’€Cp 1> Dylc")=c

is meager, by virtue of Proposition A.8 and of (A.2). Therefore,

M = U M, (c)
n=0,1,...
ceCy,

is also meager. Thus, it will suffice to show that o(S) N (X\ M) C S.
Let x € o(S) N (X\ M). As S = Ueec,Po(c), there is ¢y € C,y such that
x € b(¢o(co)). Since x € o(S) but x ¢ M,(c,), there is ¢, € C,, py(¢}) = ¢,
such that x e b[¢,(c,)], etc. We find a sequence {c,} like the one in (A.4).
We have, for each n = 0, 1,..., x € b(¢,(c,)) C ¢,(c,)- As the sequence
of sets ¢,(c,) converges to a unique point of S, this must also be true of
{#n(cs)}, and this point must necessarily be x which therefore belongs
to S. Q.E.D.

Tueorem A.3. Let E be a Baire Hausdorff TVS, S a convex balanced
subset of E. If S is nonmeager and is a Sousln space, S is a neighborhood
of Oin E.

Proof. As S is nonmeager, o(S) % & (Proposition A.7); leta€.S N o(S).
The operation S ~ o(S) is invariant under translation and scalar
multxphcatxon therefore o(2S) 3 o(S — a) = o(S) — a. But o(S) is an
open set containing a, hence o(S) — a is a neighborhood of O, and this
is also true of 0(2S), hence of o(S) = 3 0(2S). The proof will be complete
if we show that o(S) C 2S. Let x € o(S). As o(S) is a neighborhood of
0O, o(S) N [x — o(S)] is an nonempty open set which differs from
S N (x — S) only by a meager set; hence, S N (x — S) # &, which
means that there is y € S such that x — y € S, therefore, x € 2S. Q.E.D.
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Proor oF THEOREM A.l. Suppose that E is the inductive limit of an
arbitrary family {E,} (x € A) of Banach spaces, with respect to linear
mappings ¢, : E, — E; to say that u : E — F is continuous is equivalent
to saying that, for each o,u, = uod¢,: E, — F is continuous. The
graph of u, is the preimage of the graph of % under the mapping
(% » ) ~ (Pu(x,), ¥) of E, X Finto E X F; but the preimage of a Borel
set is easily seen to be a Borel set. This shows that we may assume E to
be a Banach space. Of course, it suffices to show that u is sequentially
continuous and it is enough to consider the restriction of u to the
smallest closed linear subspace of E containing a given, but arbitrary,
sequence of E. In other words, we may assume that E is a separable
Banach space. |
Let G denote the graph of », V' an arbitrary closed convex balanced
neighborhood of O in F, W the intersection of G with E X V. Of course,
W is a Borel set; on the other hand, E x F is a Souslin space, as are
both E and F (E is a Polish space!). From Proposition A.5 we derive
that W is also a Souslin space and, therefore, that this is also true of its
image under the first coordinate projection, which is nothing else but
U = u (V). Now, the convex and balanced subset U of E is nonmeager,
since E = {J2_,nU. By Theorem A.3, U is a neighborhood of O in E.
Q.E.D.

CoroLLarRY 1. Let E,F be locally convex Hausdorff spaces, E the
inductive limit of a collection of Banach spaces, F a Souslin space, v : F — E
a continuous linear map. If v is surjective, v is open.

Proof. Let ¢:F/Kerv— E be the associated injective map; ¥ is
continuous, hence the graph of ! is closed. But F/Ker v is a Souslin
space [Proposition A.4,(d)], hence 97! is continuous by Theorem A.l.

Q.E.D.

CoROLLARY 2. Let .9, and T, be two locally convex Hausdorff topologies
on the same vector space E, both turning E into a Souslin space inductive
limit of Banach spaces, such that the infimum of I | and 7 , is Hausdorff.
Then T, = T ,.

CoroLLARY 3. If a TVS E, which is both a Souslin space and the
inductive limit of Banach spaces, is the algebraic direct sum of two closed
subspaces, it is their topological direct sum.

We show next, very quickly, that the most important spaces of
distribution theory, in particular 2’, are Souslin spaces.
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Of course, a separable Fréchet space is a Souslin space, in fact, a
Polish space. But we also have:

ProPosITION A.9. The weak dual of a separable Fréchet space and
the strong dual of a separable Fréchet-Montel space are Souslin spaces.

Proof. Let E be a separable Fréchet space, {U,} (n =1, 2,...) be a basis
of neighborhoods of O in E, UY the polar of U, . The dual E’ of E is
the union of the (weakly compact convex balanced) sets U3, n =1, 2,....
It suffices to show [Proposition A.4(c)] that under out hypotheses
the UY are Souslin spaces. For the weak topology, this follows from
Exercise 32.9. For the strong topology, when E is a Fréchet-Montel
space, it follows from the result about the weak topology and from
Proposition 34.6.

Proposition A.9 and the remark that precedes it tell us that the
following are Souslin spaces (£2 is an open subset of R?, K a compact
subset of R"): LP(Q), LT,(2)(]1 < p < +0), Hy,(R2)seR), €<(Q),
F(R"), €3(K), LK), H(K) (also for 1 < p < +0,seR); &'(Q),
F'(R"), (¢2(K))'. We now use the fact that countable inductive limits
of Souslin spaces are Souslin spaces [Proposition A.4(c)]. We see thus
that L2(2) (1 < p finite), H3(£), and €7(£2) are Souslin spaces.

Next we use the fact that projective limits of countable families of
Souslin spaces are Souslin spaces; this follows from Proposition A.4 and
from the fact that a projective limit of a collection of spaces E, is a closed
subspace of the product of the E,’s.

Since €(£2) is the inductive limit of the ¥3(K) as K runs over an
increasing sequence of compact subsets of 2 whose interiors fill £, its
dual, 2'(£2), is the projective limit of the duals (¥7(K))’, which are
Souslin spaces, therefore it is a Souslin space.

One can prove that if E is a countable inductive limit of separable
Fréchet spaces and if F is a countable union of images, under continuous
linear mappings, of separable Fréchet spaces, then L,(E; F) is a Souslin
space.

We indicate now what is the improvement of Theorem A.l obtained
by A. Martineau. A topological space X is said to be a K5 space if X is
a countable intersection of countable unions of compact sets. A Hausdorft
space X is said to be K-analytic if there isa K5 space Y and a continuous
mapping f of Y onto X. Martineau’s theorem states that Theorem A.l
remains valid if we substitute the hypothesis ‘“F is a Souslin space’” by the
hypothesis “F is a K-analytic space”, provided that we also replace
the hypothesis “the graph of u is a Borel set” by the one: “‘the graph of
u ts closed.”
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Every Souslin space is K-analytic, as is easily derived from Proposition
A.3. Every compact space is K-analytic, which implies that there are
nonseparable K-analytic spaces. Thus, Martineau’s theorem is a true
generalization. For instance, every weak dual of a Fréchet space is
K-analytic, although it is not necessarily separable (hence, not a Souslin
space). The same remark applies to reflexive Fréchet spaces.
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237

Cauchy filter, 37

Cauchy formula, 90

Cauchy-Riemann equations, 90

Cauchy sequence, 37

Characteristic function, 99, 222

€™ topology, 89

€* topology, 86

Closed convex hull, 58

Closed graph theorem, 168

Closed set, 8

Closure, 8

Codimension, 81

Compact (also, completely continuous)
map, 483

Compact set, space, 50

Comparison of filters, 8

Comparison of topologies, 9

Compatible

topology compatible with vector space
structure, 20

with duality, 369

Completed tensor product, 439

Complete set, 38

Complete TVS, 38

Completion, 38, 41

of normed space, 97
Complex conjugate measure, 217
Compose of two mappings, 17
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Cone, 192, 195
Continuous function (or map), 11, 12
Continuous linear form or functional, 35
Continuous linear map, 34
Continuous right inverse, 543
Continuously differentiable functions, 86
Convergent filter, sequence, 10
Convex hull, 57
Convex set, 30, 57
Convolution algebra, 280
Convolution

of analytic functionals, 321

of distributions, 293

of functions, 278
Covering finer than another one, 161
Cutting, 302

D-convex, 391
Definite positive form, 60
Dense, 9
Density, 217
Diagonal, 535
Differentiable vector valued function, 285
Differential operator, 247
Differential polynomial, 252
Differentiation monomial, 251
Dimension of vector space, 78
Dirac measure, 217
Direct sum, 81
Direct sum topology, 515
Discrete topology, 9
Distance, 70

to set, 76
Distribution, 222

of finite order, 258

with compact support, 256

with support at origin, 264
Dixmier-Schatten theorem, 497
Dvoretzky-Rogers theorem, 467
Dual, 35

of normed space, 107
Dunford-Pettis theorem, 471

Egoroff’s theorem, 103
Eigenspace, 491
Eigenvalue, 491

Entire function, 152
e-norm, 443
e-topology, 429, 434
Equicontinuous set

SUBJECT INDEX

of functions, 142
of linear functions, 142
Equismall at infinity, 451
Equivalence relation, 15
Equivalent modulo subspace, 15
Equivalent norms, 95
Equivalent seminorms, 95
Essential supremum, 105
Essentially bounded, 105
Euclidean (also, Hermitian) norm, 59
Exponential type (entire function of), 232
Extendable distribution, 246
Extension (of distribution, of function), 246

Filter, 6
associated with sequence, 7
of neighborhoods, 8
of the origin, 21
Finer filter, 8
Finer topology, 9
Finest locally convex topology, 134
Finite dimensional TVS, 78
Finite dimensional vector space, 19
Finite Taylor expansion, 152
Fisher-Riesz theorem, 102
Formal power series, 25
Formal transpose of differential operator,
249
Fourier-Borel (also,
transform, 237
Fourier series (also, Fourier expansion),
528
Fourier transformation
of distributions, 275
of functions, 268
Fréchet space (also, F-space), 85
Fubini’s theorem, 416
Fundamental kernel, 535

Fourier-Laplace)

Gevrey class, 160
Graph of linear map, 167

Hahn-Banach theorem, 181

Half-space, 189

Hausdorff topology, space, 31

Hausdorff TVS associated with given
TVS, 34

Heaviside function, 276, 297

Hermitian form, 60, 113

Hilbert norm, 115
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Hilbert space, 115
Hilbert sum, 121

Hélder’s inequality, 205
Holomorphic function, 89
Homeomorphism, 51
Homomorphism, 35, 166
H?* Spaces, 329
Hyperplane, 81
Hypocontinuous, 423
Hypoelliptic, 535

Ideal, 26
Image
of filter, 12
of map, 16

Indicator of set, 307
Inductive limit of locally convex spaces, 515
Infinitely differentiable function, 86
Infinitely dimensional vector space, 78
Infracomplete, 477
Initial topology, 368
Injection of dual, 243
Injective, 17
Integrable function, 101
Integrable step-function, 99, 468
Integral form, 500
Integral map, 503
Interior of set, 8
Isometry, 96, 124
Isomorphism, 35
of normed spaces, 96, 124
of pre-Hilbert spaces, 124

K-Analytic space, 556
Kernel distribution, 509, 532
Kernel

of map, 16

of seminorm, 66
Kernels theorem, 531

Laplace operator, 324
Laplace transform, 277
Lebesgue measure, 99, 217
Length of n-tuple, 85
LF-Space, 126

Line, 82

Linear form, functional, 17
Linear isometry, 96, 124
Linear map, 15

Linear subvariety, 15
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Linearly disjoint, 403

L®-Space, 105

Locally compact TVS, 81

Locally convex TVS, 58

Locally finite covering, 161

Locally integrable function, 212, 221
L*-Space, 101

Mackey’s theorem, 371
Mackey topology, 369
Maximum of absolute value, 97
Meager set, 553
Metric, 70
Metrizable space, TVS, 38, 70
Minkowsky’s inequality, 99
Montel space, 356
Montel’s theorem, 149
Multiplication
of distribution by function, 250
of vector by scalar, 14
Multiplicity of eigenvalue, 491

Natural injection, 16
Neighborhood of point, 8
Nondegenerate form, 113
Nonnegative form, 60, 114
Norm, 59

of functional, of map, 107
Normable TVS, 95
Normal space of distributions, 302
Normed space, 96

associated with seminormed space, 67
Nuclear map, 478, 479
Nuclear space, 510

One-to-one map, 15
Onto map, 16
Open covering, 161
Open mapping, 166
Open mapping theorem, 166
Open set, 8
Order
of differential operator, 247, 251
of differentiation, 85
of distribution, 258
Order relation (compatible with linear
structure), 193
Orthogonal to (or of) a set, 119, 121, 196,
241
Orthogonal projection, 118, 120
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Orthonormal basis, 121
Orthonormal set, 121
Osgood theorem, 335

Paley-Wiener theorem, 305

Parametrix, 535

Parseval’s identity, formula, 122, 271

Part (real or imaginary) of measure, 217

Partition of unity, 164

Periodic €* functions, 528

m-Norm, 443

w-Topology, 434

Plancherel (also, Plancherel-Parseval) theo-
rem, 270

Pointed cone, 193

Polar, 195

Polish space, 549

Polydisk, 90

Polynomials, 129

Polynuclear, 516

Positive definite, 113

Positive linear functional, 193

Positive measure, 217

Positive operator, 488

Positive square root of operator, 489

Positively homogeneous, 59

Precompact, 53

Pre-Hilbert space, 60, 114

Preimage, 11

Product of pre-Hilbert spaces, 124

Product topology, 13

Product vector space, 18

Projection, 83

Projective limit, 29, 514

Projective topology, 434

Pseudofunctions, 225

Quasicomplete, 355
Quotient norm, 97
Quotient normed space, 97
Quotient seminorm, 65
Quotient topology, 33
Quotient TVS, 33
Quotient vector space, 15

Radon measure, 211, 216
Radon-Nicodym theorem, 211
Rapidly decreasing at infinity distribution,
315
function, 92

SUBJECT INDEX

Rapidly decreasing sequence, 527

Reflexive space, 372

Regular kernel, 536

Regularization, 302

Regularizing kernel, 533

Relatively compact, 53

Restriction map, 181

Restriction of distributions, of functions,
245, 246

Runge domain, 152

S-Topology, 197, 336

Salient cone, 193

Scalarly differentiable, 377

Scalarly measurable, 471

Schwarz (also, Cauchy-Schwarz) inequality,
114

Self-adjoint, 121, 488

Semiglobally solvable, 392

Seminorms, 59

defining topology, 63

Semireflexive space, 372

Semiregular kernel, 532

Separable spaces, 111, 125, 550

Separated, 189

Separately continuous, 352, 420

Sequence of definition of LF-space, 126

Sequences, 101

Sequentially complete, 38, 74

Sesquilinear form, 60, 112

o-Algebra, 549

o-Finite, 99

Slowly growing (also, increasing) function,
275

Slowly growing sequence, 527

Smoothing, 302

Sobolev space, 322

Souslin space, 551

Space of distributions, 244

Spectral decomposition, 492

Sterling’s formula, 234

Strict inductive limit, 126

Strictly separated, 189

Strong (also, strong dual) topology, 198

Stronger than, 95

Subadditive, 59

Subordinated (partition of unity
ordinated to covering), 164

Summable sequence, 456

Supplementary

sub-
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algebraic, 36
topological, 36, 543
Support
of distribution, 255
of function, 104
Surjective, 17
Swallow (to), 21, 136
Symmetry with respect to origin, 291

Temperate, tempered, 272
Tensor product
of distributions, 417
of functions, 407
of mappings, 406
of seminorms, 398, 435
of vector spaces, 403
Test functions, 130, 132
Topological direct sum, 36, 84
Topological ring, 27
Topological space, 6
Topological vector space (also, TVS), 20
Topology, 8
of bounded convergence, 198, 337
of compact convergence, 198, 337
of convex compact convergence, 197, 337
of pointwise convergence, 29, 337
of uniform convergence, 98
on compact sets, 86
Total, 337
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Trace form, 485
Trace norm, 479
Trace

of filter, 39

of operator, 491
Translation-invariant metric, 70
Translation of distribution, of function, 296
Transpose of linear map, 199, 240
Triangular inequality, 61, 70
Trivial topology, 9
Two-sided fundamental kernel, 537
Tychonoff’s theorem, 56, 342

Ultrafilter, 54

Uniform boundedness (principle of), 335
Uniformly continuous, 39

Unit semiball, 61

Universal property (of tensor product), 404
Upper integral, 99

Value at point, 200, 361
Vanishing of distribution, 253
Vector addition, 14

Vector space, 14

Very regular kernel, 536

Weak dual, weak topology, 197
Weakly continuous, 454
Weierstrass-Bolzano theorem, 51



