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PREFACE

This book provides a variety of self-contained introductory courses on alge-
braic topology for the average student. It has been written with a geometric
flavour and is profusely illustrated (after all, topology is a branch of geo-
metry). Abstraction has been avoided as far as possible and in general a
pedestrian approach has been taken in introducing new concepts. The pre-
requisites have been kept to a minimum and no knowledge of point set or
general topology is assumed, making it especially suitable for a first course in
topology with the main emphasis on algebraic topology. Using this book, a
lecturer will have much freedom in designing an undergraduate or low level
postgraduate course.

Throughout the book there are numerous exercises of varying degree to
aid and tax the reader. It is, of course, advisable to do as many of these
exercises as possible. However, it is not necessary to do any of them, because
rarely at any stage is it assumed that the reader has solved the exercises; if a
solution to an exercise is needed in the text then it is usually given.

The contents of this book contain topics from topology and algebraic
topology selected for their ‘teachability’; these are possibly the more elegant
parts of the subject. Ample suggestions for further reading are given in the
last chapter.

Roughly one-quarter of the book is on general topology and three-
quarters on algebraic topology. The general topology part of the book is not
presented with its usual pathologies. Sufficient material is covered to enable
the reader to quickly get to the ‘interesting’ part of topology. In the alge-
braic topology part, the main emphasis is on the fundamental group of a
space. Students tend to grasp the concept of the fundamental group readily
and it provides a good introduction to what algebraic topology is about. The
theory of covering spaces and the Seifert-Van Kampen theorem are covered
in detail and both are used to calculate fundamental groups. Other topics
include manifolds and surfaces, the Jordan curve theorem (as an appendix to

vii



Preface

Chapter 12), the theory of knots and an introductory chapter on singular
homology.

As this book is about topology, and not the history of topology, names
and dates have not always been included.

This book should not necessarily be read in a linear fashion. The following
chart shows the approximate interdependence of the various chapters. For
example, to understand Chapter 18 completely you ought to have read
Chapters 0-9, 12-16 and 17 beforehand.

10 > 26

11 29

0-9 > 12->13>14>15->23 >24 > 25 > 27 > 28 > 28A

12A 16 20
17 >18 - 19 - 21 = 22
Czes Kosniowski
Newcastle-upon-Tyne
September 1979



Sets and groups

In this chapter we give some of the basic definitions and results of set theory
and group theory that are used in the book. It is best to refer back to this
chapter when the need arises.

For sets X, Y we use the notation Y C X to mean that Y is a subset of
X and Y C X to mean that Y is a subset of X and Y # X. If Y C X then we
denote by X-Y the set of the elements of X which do not belong to Y. The
empty set is denoted by @.

The cartesian or direct product of two sets X and Y is the set of ordered
pairs of the form (x, y) where xEXand y € Y, i.e.

XXY={(x,y;xEX,yEY}.
The cartesian product of a finite collection { X;;i=1, 2, ..., n} of sets can
be defined analogously:

Xe XXo X o XX = {(x1,%2, 00, X); 5, €X;, 1<i<n}.

A function or map f: X = Y between two sets is a correspondence that
associates with each element x of X a unique element f(x) of Y. The identrity
function on a set X is the function 1: X - X such that 1(x) = x for all
x € X. The image of the function f: X = Y is defined by

Im()=f(X)= { y€Y,;y=f(x)forsome xEX}.
Note that if W, W’ are two subsets of X then
fWUW’)=f(W) U f(W’),
f(WNW")C (W) NFW").
More generally, if we have a collection of subsets of X, say { W.;j€J}
where J is some indexing set, then
f(UWj) =U f(wj),
jE€l €l

f(NW)) C N £(W,).
i€l i€l



2 A first course in algebraic topology

We often abbreviate f: X = Y simply by f if no confusion can arise. A func-
tion f: X - Y defines a function from X to f(X) which is also denoted by f.
If A is a subset of X then f restricted to A is denoted by f|A; it is the func-
tion f|A : A = Y defined by (f|A)(a) = f(a) for a € A.
If Z is a subset of Y and f: X = Y is a function then the inverse image of Z

under f is

f'(2)= {xEX:f(x)EZ}.
Note that

-1 - -1
f E;JJ Z]) jéJj f (ZJ)
1N Zj) =N f"(Zj),
j€lJ j€l
£1(Y-2) = X-£7(Z),

for a collection { Z;;j€J } of subsets Zof Y.

A function f: X = Y is one-to-one or injective if whenever x;, x, € X
with x; # x, then f(x;) # f(x;). A function f: X =Y is onto or surjective if
f(X) = Y. A function f: X = Y that is both injective and surjective is said to
be bijective. In this case there is an inverse function f ': Y - X defined by

x=f"1(y) ®y=f(x).
If f: X > Y and g: Y - Z are functions then the composite function gf:
X = Z is defined by

gf(x) =g(f(x)), x EX.

If f: X = Y is a bijective function then ff™: Y = Y and f~'f: X - X are the
identity functions. Conversely if gf: X - X and fg: Y = Y are the identity
functions then f and g are bijective functions, each being the inverse of the
other. The condition that gf: X = X is the identity function implies that f is
injective and g is surjective.

A relation on a set X is a subset ~ of X X X. We usually write x ~ y if
(x,y) € ~. A relation ~ on X is an equivalence relation if it satisfies the
following three conditions.

(i) The reflexive condition: x ~ x for all x € X.

(ii) The symmetric condition: If x ~ y then y ~ x.

(iii) The transitive condition: If x ~y and y ~ z then x ~ z.

The equivalence class of x is the set

[x] = {y€X;x~y}.
If ~ is an equivalence relation on X then each element of X belongs to pre-
cisely one equivalence class.



Sets and groups 3

A binary operation on a set X is a function f: X X X - X. We abbreviate
f(x,y) to xy (multiplicative notation) or occasionally x +y (additive notation).
A group is a set G together with a binary operation satisfying three
conditions:
(1) There exists an element 1 € G, the identity element of G, such that
gl=1g=gforallgE€C.
(2) For each g € G there is an element g™ € G, the inverse of g, such
thatgg ' =g 'g=1.
(3) Forall g, 82,83 € G associativity holds, i.e.

(8182)83 = 81(8283)-

In the additive group notation the identity element is denoted by O and
the inverse of g by -g. A group whose only element is the identity is the
trivial group {1} or {0} .

A subset H of a group is a subgroup of G if H is a group under the
binary operation of G. If H is a subgroup of G and g € G then the left coset
of H by g is the subset

gH= {gh;h€H}.
Right cosets are defined analogously. Two left cosets gH, g'H of a subgroup
H are either disjoint or identical.

The direct product G X H of groups G and H is the set G X H with binary
operation defined by (g,h) (g',h") = (gg',hh). In the additive case we refer to
the direct sum and denote it by G ® H.

A homomorphism f: G - H from a group G to a group H is a function
such that

f(gg") = f()f(g)
for all g,g' € G. If the homomorphism f: G - H is bijective then we say that
G and H are isomorphic groups, that f is an isomorphism and we write G = H
or f: G == H. The kernel of a homomorphism f: G = H is the set

kerf= { gEG;f(g)=1y1}
where 1 is the identity of H. The kernel of an isomorphism consists of only
the identity element of G.

A subgroup K of a group G is normal if gkg ' €K for all g € G, k €EK.
The kernel of a homomorphism f: G - H is a normal subgroup of G. A homo-
morphism f: G - H is injective if and only if ker f= {1} .

If K is a normal subgroup of G then the left coset gK equals the right coset
Kg and the set G/K of all left cosets of K is a group under the operation

(&K) (g'K) = (g8)K.
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We call G/K the quotient group of G by K.

The first isomorphism theorem states that if f: G = H is a surjective homo-
morphism from a group G to a group H with kernel K then H is isomorphic to
the quotient group G/K.

If g € G then the subgroup generated by g is the subset of G consisting of
all integral powers of g

(g) = {g";neZ} -n

where g" ='ﬁ‘5.—g‘if n>0andg"=g~'g™"..g7" if n <O0. In the case of
additive notation we have
() = {ng;n€Z} -n

where ng =g¥g+..+g if n > 0 and ng = -g+(-g)+...+(-g) if n <0.If G = ‘g)
for some g then we say that G is a cyclic group with generator g. In general a
set of generators for a group G is a subset S of G such that each element of G
is a product of powers of elements taken from S. If S is finite then we say
that G is finitely generated.

A group G is said to be abelian or commutative if gg' = g'g for all g,g' €G.
For example, the set of integers Z is an abelian group (additive notation);
moreover it is a cyclic group generated by +1 or -1.

A free abelian group of rank n is a group isomorphicto Z e Z ©..e Z
(n copies).

The decomposition theorem for finitely generated abelian groups states:
If G is a finitely generated abelian group then G is isomorphic to

HoeH;e..eH_

where Hp is a free abelian group and the H;, i=1,2,...,m, are cyclic groups of
prime power order. The rank of Hqy and the orders of the cyclic subgroups
H;, H,,...Hp, are uniquely determined.

A commutator in a group G is an element of the form ghg 'h™'. The
commutator subgroup of G is the subset of G consisting of all finite products
of commutators of G (it is a subgroup). The commutator subgroup K is a
normal subgroup of G and it is in fact the smallest subgroup of G for which
G/K is abelian.

We use R,C,Z,N,Q to denote the set of real numbers, complex num-
bers, integers, natural numbers (or positive integers) and rational numbers
respectively. We often refer to R as the real line and to C as the complex
plane. The set R™ is the cartesian product of n copies of R . We use the
following notation for certain subsets of R (called intervals):
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(a,b) = { x€ R;a<x<b},
[a,b] = { x€ R;a<x<b},
[a,b) = { x€E R;a<x<b},
(ab] = { xeR;a<x<b}.

The meaning of the subsets (-o°,b), (-°0,b], [a,°) and (a,°) should be
apparent. Observe that (-o0,) =R.

Note that (a,b) could refer to a pair of elements, say in R? for example,
as well as an interval in R . What is meant in a particular instance should be
clear from the context.



Background: metric spaces

In topology we study sets with some ‘structure’ associated with them which
enable us to make sense of the question Is f: X = Y continuous or not?,
where f: X = Y is a function between two such sets. In this chapter we shall
find out what this ‘structure’ is by looking at euclidean and metric spaces.

Recall that for a function f: R = R we say that f is continuous at x if for
all ¢, > O there exists §, > 0 such that |f(y) - f(x)| <e, whenever |y - x|
< §,. The function is then said to be continuous if it is continuous at all
points x € R. We can extend this definition of continuity to functions f:
R? = R™ simply by replacing the modulus sign by the euclidean distance.
More generally, if we have sets with ‘distance functions’ then we can define
continuity using these distance functions. A ‘distance function’ - properly
called a metric - has to satisfy some (obvious) conditions and these lead to a
definition.

1.1 Definition

Let A be a set. A function d: A X A = R satisfying

(i) d(a,b)=0if and only ifa=b,

(ii) d(a,b) + d(a,c) > d(b,c) foralla,bc EA
is called a metric for A. A set A with a particular metric on it is called a metric
space and is denoted by (A,d) or simply M.

The second property is known as the triangle inequality.
1.2 Exercise

Show that if d is a metric for A then d(a,b) > 0 and d(a,b) = d(b,a)
for all a,b € A.

If we take A = R and d(x,y) = Ix - yl then it is not difficult to see that d
is a metric. More generally take A =R " and define d by
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d(x,y) = ( _:El (xryi)’) A = fxeyll

where X = (X1,X2,...,x,) and y = (y,.y2.....y,)- Again, it is not hard to show
that d is a metric for R M. This metric is called the euclidean or usual metric.
Two other examples of metrics on A = R ™ are given by

n
d(x,y) = I Ixmyl,  d(xy)= max x-ygl.
i=1 1<i<n
We leave it as an exercise for the reader to check that these do in fact define
a metric.
Finally, if A is any set then we can define a metric on it by the rules
d(x,y) = 0 if x =y and d(x,y) = 1 if x #y. The resulting metric is called the
discrete metric on A.

1.3 Exercises
(a) Show that each of the following is a metric for R ":
n 0 if x=y,
dxy)=| T (xy) ) %o xeyll; d(xy) =
i>1 1if x#y;

n
dix,y)= Z Ix-yl; d(x,y)= max Ix;-y;l.
=1 1<i<n
(b) Show that d(x,y) = (x - y)* does not define a metric on R .
(c) Show that d(x,y) =min |x; - y;| does not define a metric on R".
1<i<n

(d) Let d be a metric and let r be a positive real number. Show that d,
defined by d,(x,y) = rd(x,y) is also a metric.
(e) Let d be a metric. Show that d’ defined by

' - d(xvY)
4 (xy) = 1 +d(x,y)

is also a metric.
() In R? define d(x,y) = smallest integer greater or equal to usual
distance between x and y. Is d a metric for R 2?

Continuity between metric spaces, as we have indicated, is now easy to
define.
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14 Definition

Let (A, dy), (B,dg) be metric spaces. A function f: A - B is said to
be continuous at x € A if and only if for all €, > O there exists §, > 0 such
that dg(f(x),f(y)) < e, whenever d,(x,y) <&,. The function is said to be
continuous if it is continuous at all points x € A.

1.5 Exercises

(a) Let A be a metric space with metric d. Let y € A. Show that the
function f: A - R defined by f(x) = d(x,y) is continuous where R
has the usual metric.

(b) Let M be the metric space (R ,d) where d is the usual euclidean
metric. Let My be the metric space (R,do) where dg is the discrete
metric, i.e.

Oifx=y,
do(x»)') =

lifx #y.
Show that all functions f: Mg = M are continuous. Show that there
does not exist any injective continuous function from M to M,.

It is often true that by changing the metric on A or B we do not change
the set of continuous functions from A to B. For examples see the following
exercises.

1.6 Exercises
(a) Let A,B be metric spaces with metrics d and dg respectively. Let d,
be the metric on A as given in Exercise 1.3(d) (i.e. d,(x,y) =rd(x,y)).
Let f be a function from A to B. Prove that f is continuous with
respect to the metric d on A if and only if it is continuous with
respect to the metric d, on A.
(b) As(a) but replace d, by the metric d’ of Exercise 1.3(e).

So distance is not the important criterion for whether or not a function is
continuous. It turns out that the concept of an ‘open set’ is what matters.

1.7 Definition
A subset U of a metric space (A,d) is said to be open if for all x € U
there exists an e, > 0 such that if y € A and d(y,x) <€, theny € U.
In other words U is open if for all x € U there exists an €, > 0 such that
Bex x)={y€A;d(yx)<e, } CU.

An example of an open setin R is (0,1)= { x€ER;0<x<1} .In R?
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the following are open sets:
{(xy)€R: P +y? <1}, {(xy)ER*;x* +y* > 1},
{(xy)ER?;0<x<1,0<y<1}.

1.8 Exercises
(a) Show that B, (x) is always an open set for all x and all € > 0.
(b) Which of the following subsets of R? (with the usual topology) are

open?
{(y)x®+y? <1} U {(10)}, {(xy):x*+y* <1},
{(xy)IxI<1}, {(xy)sx+y<o0},
{(xy);x+y>01}, {(xy)x+y=0}.

(c) Show that if .# is the family of open sets arising from a metric
space then

(i) The empty set @ and the whole set belong to .7,
(ii) The intersection of two members of # belongs to .7,
(iii) The union of any number of members of .# belongs to .
(d) Give an example of an infinite collection of open sets of R (with
the usual metric) whose intersection is not open.

Using the concept of an open set we have the following crucial result.

1.9 Theorem
A function f: M; = M, between two metric spaces is continuous if
and only if for all open sets U in M, the set f ' (U) is open in M, .

This result says that f is continuous if and only if inverse images of open
sets are open. It does not say that images of open sets are open.

Proof Let d, and d, denote the metrics on M; and M, respectively. Suppose
that f is continuous and suppose that U is an open subset of M,. Let x €
f~' (U) so that f(x) € U. Now, there exists € > 0 such that B, (f(x)) C U
since U is open. The continuity of f assures that there is a § > 0 such that
di(x,y) <8 = d2(f(x), f(y)) <e,

or in other words f(Bg(x)) C B, (f(x)) C U which means that Bg (x) C
f~' (U). Since this is so for all x € f™* (U) it follows that f ' (U) is an open
subset of M;.

Conversely let x € M, ; then for all € >0 the set B (f(x)) is an open subset
of M; so that f' (Be(f(x))) is an open subset of M;. But this means that
since x € ' (Bg(f(x))) there is some & > 0 with Bg(x) C f ™" (B.(f(x))). i.e.
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f(Bg(x)) € Be(f(x)). In other words there is a § > 0 such that d,(f(x),f(y))
< ¢ whenever d,(x,y) <8, i.e. f is continuous

This theorem tells us, in particular, that if two metrics on a set give rise to
the same family of open sets then any function which is continuous using
one metric will automatically be continuous using the other. Thus Exercises
1.6 can be rephrased as ‘show that the metrics d, d, and d’ give rise to the
same family of open sets’.

1.10  Exercise

Which of the metrics d(x,y) = Z |x;~y;l, d(x,y) = max |x;-y;l on R"
gives rise to the same family of open sets as that arising from the usual metric
on Rn?

From the above we see that in order to study continuity between metric
spaces it is the family of open sets in each metric space that is important, and
not the metric itself. This leads to the following idea: Given a set X choose a
family .% of subsets of X and call these the ‘open sets’ of X. This gives us an
object (X,.#) consisting of a set X together with a family .# of subsets of X.
Continuity between two such objects (X.#), (Y,#') could then be defined by
saying that f: X =Y is continuous if f ! (U) €.# whenever U € #". Naturally
if we allowed arbitrary families then we would not get any interesting mathe-
matics. We therefore insist that the family.# of ‘open sets’ obeys some simple
rules: rules that the family .# of open sets arising from a metric space obey
(Exercise 1.8(c)). These are

(i) (for convenience) the empty set @ and the whole set belong to.#,
(ii) the intersection of two members of .# belongs to.#,
(iii) the union of any number of members of .# belongs to .#.

The ‘structure’ associated with a set X. referred to at the beginning of this
chapter, is simply a family .# of subsets of X satisfying the above three pro-
perties. This is the starting point of topology.



Topological spaces

A topological space is just a set together with certain subsets (which will be
called open sets) satisfying three properties.

2.1 Definition

Let X be a set and let % be a collection of subsets of X satisfying

() 9€¥,Xeu,

(ii) the intersection of two members of ¥ isin ¥,

(iii) the union of any number of members of ¥ isin ¥ .
Such a collection % of subsets of X is called a topology for X. The set X
together with # is called a topological space and is denoted by (X,4) which
is often abbreviated to T or just X. The members U € ¥ are called the open
sets of T. Elements of X are called points of T.

Note that condition (ii) implies that the intersection of a finite number of
members of # is in ¥ . If #(X) denotes the set of all subsets of X then a
topology for X is just a choice of # C.%(X) which satisfies the conditions
(i), (ii) and (iii) above. Different choices give different topologies for X.

It is important to have many examples of topological spaces. As a first
example we immediately have from the last chapter that any metric space
gives rise to a topological space. The resulting space is said to have the metric
topology or the usual topology. The converse is not true - that is, there are
topological spaces which do not arise from any metric space - see Exercise
2.2(c). Topological spaces that arise from metric space are said to be metriz-
able. Note that two metric spaces may give rise to the same topological
space.

By considering the extremes of the possible families of subsets of a set X
satisfying the conditions for a topological space we get our next two examples.
The first is where # = { §,X } ; this obviously gives a topology for any set
X, called the concrete or indiscrete topology for X. The other extreme is to
let % be the set #(X) of all subsets of X; this clearly gives a topology for X,
called the discrete topology on X.
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2.2 Exercises

(a) Show that if X has the discrete topology then it is metrizable. (Hint:
Consider the discrete metric.)

(b) Let X be a topological space that is metrizable. Prove that for
every pair a,b of distinct points of X there are open sets U, and U,
containing a and b respectively, such that U, N U, =@.

(c) Use (b) above to show that if X has at least two points and has the
concrete topology then it is not metrizable.

An interesting example of a topology for a set X is that known as the
finite complement topology. Here & is 3,X and those subsets of X whose
complements are finite. Of course if X itself is finite then this is just the
discrete topology for X. If X is infinite we need to check that the family &
satisfies the three conditions for a topology. The first is trivially true. For
the second suppose that U, ,U, € ¥ so that X-U; and X-U, are finite. Thus
(X-U;) VU (X-U,) is also finite, but this is equal to X-(U; N U,) and so
U, NU,; €% . For the third condition we just use the fact that X-(U Uj) =
N(X-U)). jel
€l

If X consists of two points { a,b } then there are four different topolo-
gies that we could put on X, namely:

6’/] = {¢,X} ;Q2 = {¢,{a} ,X} ;@3 = {G, {b} ,X} ’
#,={0,{a},{b} X1}.
We know that %, and %, are topologies and leave the checking that % ,
and 4 3 are topologies for the reader. Note that (X,#%,) and (X,4/3) are not
metrizable.
Other examples of topological spaces are given in the exercises that follow.

23 Exercises

In each case (a), (b), (c) below show that # is a topology for X.

(@ X=R, #= {9} U {R} U {(-=x);x€ R}.

(b) X = N = the positive integers = the natural numbers, % = {@}
U{N} u {0O;n>1} whereO, = { n,n+1,n+2,...} .

(¢c) X=R, U€ ¥ if and only if U is a subset of R and foreachs€ U
there is a t > ssuch that [s,t) CU,where [s,t)= { x€ R;s<x<t} .

(d) Determine the number of distinct topologies on a set with three
elements.

(e) Show that neither of the following families of subsets of R are
topologies.
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#,={0}U{R} U{(-=x];xeR}.
¥,={9} U{R} U {(@b);abER,a<b} .

For any subset Y of a topological space °X we could look at the largest
open set contained in Y; this is denoted by Y and is called the interior of Y.
In other words

Y° = U Uj
j€J
where { Uj; j€J} is the family of all open sets contained in Y. Obviously
x €Y if and only if there is an open set U C Y such that x € U.
For example let I" be the following subset of Rn:

In={ x=(xy,X3,..X,) ERM0<x;<1,i=12,..n}.
If R™ has the usual topology (i.e. the metric topology with the ‘usual’
metric d(x,y) = (2?31 (x;~¥;)*)*) then the interior of I" is

in= {x;0<x<1,i=12,.n}.
To see this let x € I" and let € = min { 1-x;,%;;i=1,2,...,n} . An open ball
B(x) (l.e. {y € R";d(y,x) <e}) of radius € about x is contained in I"
and so I" is open. On the other hand if, for some i, x; = 1 or O then any ball
B,(x) of radius r about x contains points not in I? no matter how small r is.

Hence such points are not in the interior of I".
Complements of open sets have a special name.

24 Definition
A subset C of a topological space X is said to be closed if and only
if X - Cis open.

The next result follows easily from set theoretic results on the comple-
ments of intersections and the complements of unions.

25 Theorem
(i) 9, X are closed,
(ii) the union of any pair of closed sets is closed,
(iii) the intersection of any number of closed sets is closed.

The concept of a closed set could be used to define topological spaces.

26 Exercises

(a) Let X be a set and let ¥~ be a family of subsets of X satisfying
o, Xe7,
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(ii) the union of any pair of elements of ¥~ belongs to ¥,
(iii) the intersection of any number of elements of ¥ belongs to ¥".
Show that & = { X-V;V E ¥  } is a topology for X.

(b) Prove that in a discrete topological space each subset is simultane-
ously open and closed.

(c) Show that if a topological space has only a finite number of points
each of which is closed then it has the discrete topology.

(d) Show that in the topological space (R,%), where 4/ is as defined in
Exercise 2.3(c), each of the sets [s,t) is both an open and a closed
subset.

For any subset Y of a topological space X we could consider the smallest
closed set containing Y; this is denoted by Y and is called the closure of Y.
In other words

Y=n F,
jel
where { F ; JGJ } is the family of all closed sets containing Y. The points
that are m Y but not Y are often called the limit points of Y. The next
result gives an alternative description of Y.

27 Lemma
X €Y if and only if for every open set U containing x, UNY # @.

Proof Let x € Y and suppose that there exists an open set U containing x
with UNY = @. Thus X-U is closed and Y € X-U so Y C X-U.Butx€Y
and x € U is then a contradiction.

Conversely suppose that x € Y so that x € X-Y. But X-Y is open and
X-Y)NY =@ so that (X-Y) N'Y =@ is a contradiction.

If we consider R with its usual topology then the closure of the sets (a,b),
[a,b), (a,b] and [a,b] is [a,b].

28 Exercises

(a) Let X be R with its usual topology. Find the closure of each of the
following subsets of X:
A= {123,.},B= { x;xisrational } ,C= { x;xis irrational } .

(b) Let X be R with the topology of Exercise 2.3(c). Find the closure
of each of the following subsets of X:
(a,b), [a,b), (a.b], [a,b].

Further properties of the closure of a set are given as exercises.
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29 Exercises
Prove each of the following statements.
(a) If Y is a subset of a topological space X with Y C FC Xand F
closed then Y CF.
(b) Yis closed if and only if Y = Y.

() Y=Y.
(d) AUB=AUSB, ANBCANB.
(e) X-Y=(X-Y).

() Y=Y U DY where 3Y =Y N (X-Y) (3Y is called the boundary of Y).

(g) Yis closed if and only if Y C Y.

(h) oY =@ if and only if Y is both open and closed.

() a({ x€ER;a<x<b})=03({ xER;a<x<b} )= {ab}.

(j) Prove that Y is the closure of some open set if and only if Y is the
closure of its interior.

A concept that will be useful later on is that of a ‘neighbourhood’ of a
point.

2.10 Definition
Let X be a topological space. A subset N C X with x €N is called a
neighbourhood of x if there is an open set U with x EU C N.

In particular an open set itself is a neighbourhood of each of its points.
More generally a set A with A# 9 is a neighbourhood of each of the points
in the interior of A. Some simple properties of neighbourhoods are given in
the next exercise. (It is possible to use the results in the next exercise to
define topologies.)

2.11 Exercise

Let X be a topological space. Prove each of the following statements.

(i) For each point x € X there is at least one neighbourhood of x.

(i) If N is a neighbourhood of x and N C M then M is also a
neighbourhood of x.

(iii) If M and N are neighbourhoods of x then sois N N M.

(iv) For each x € X and each neighbourhood N of x there exists a
neighbourhood U of x such that U C N and U is a neighbour-
hood of each of its points.
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3.1 Definition
A function f: X = Y between two topological spaces is said to be
continuous if for every open set U of Y the inverse image f ! (U) is open in X.

The most trivial examples of continuous functions are the identity func-
tion ly: X = X and the constant function X - Y which sends every point of
X to some fixed point of Y.

If we take a space X with the discrete topology then any function f:
X = Y from X to any topological space Y is continuous. This is clear since
the inverse image of any subset of Y is open in X. On the other hand if we
take Y with the concrete topology then any function f: X = Y from any
topological space X to Y is also continuous; this is easy to see. In fact there
is a converse to these two examples given in the next set of exercises.

The next example is of a non-continuous function. Let X = (R ,4/) where
#={Q0}YU{R}U{(-9%2x);x€ER} andlet f: X = X be given by
f(x) = x*. The function f is not continuous because f ™' ((- %,y?)) = (-y.y)
which does not belong to % . Exactly which functions from X to X are con-
tinuous is left in the form of an exercise (Exercise 3.2(d)).

32 Exercises

(a) Let X be an arbitrary set and let % , &' be topologies on X. Prove
that the identity mapping (X, &) - (X,4%") is continuous if and only
ifw'Cu.

(b) X is a topological space with the property that, for every topological
space Y, every function f: X = Y is continuous. Prove that X has
the discrete topology. (Hint: Let Y be the space X but with the
discrete topology.)

(c) Y is a topological space with the property that, for every topologi-
cal space X, every function f: X =Y is continuous. Prove that Y has
the concrete topology. (Hint: Let X be the space Y but with the
concrete topology.)
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(d) Let X be the real numbers with the topology {¢} U{ R} U
{ (- ,x); x € R} . Prove that a function f: X = X is continuous if
and only if it is non-decreasing (i.e. if x > x' then f(x) > f(x")) and
continuous on the right in the classical sense (i.e. for all x € X and
all € > 0 there exists & > 0 such that if x < x' < x + § then
If(x) - f(x)I <e).

There is a characterization of continuous maps in terms of closed sets.

33 Theorem
The function f: X = Y between topological spaces X,Y is continuous
if and only if f ™! (C) is closed for all closed subsets C of Y.

Proof Suppose that f is continuous. If C is closed then Y-C is open which
means that f ' (Y-C) is open. But f'(Y-C) = X - £ (C) and hence f ™! (C)
is closed. Conversely suppose that U is open in Y so that Y-U is closed and
hence f™(Y-U) = X -f!(U) is closed, which means that f™'(U) is open
and f is continuous.

A function that sends open sets to open sets is said to be open. Open
mappings are not necessarily continuous. As an example let Y consist of two
points { a,b} with the discrete topology and let X be the real numbers with
the usual topology. The function f: X = Y given by

aif x>0,
f(x) =
bif x <O,
is an open mapping but is not continuous because f™'( { a} ) is not open in
X. Any mapping from a topological space to a discrete topological space is
necessarily open.

We say that a map f: X = Y is closed if the image under f of any closed set
is closed. Closed mappings are not necessarily continuous; in fact the example
of the open non-continuous function given earlier is also closed. In general a
continuous function may be (i) neither open nor closed, (ii) open but not
closed, (iii) closed but not open or (iv) both open and closed. As examples
we have the following (i) X is a set A with the discrete topology, Y is the set
A with the concrete topology and f is the identity function. For (ii) consider
X= (ab} with the discrete topology and Y = {ab} with the topology
{9, {al}, { ab}} ; then the constant function to a € Y is open and
continuous but not closed. For (iii) take X = { a,b} with the discrete
topology and Y = R with the usual topology; then the function f: X > Y
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given by f(a) = 0, f(b) = 1, is continuous and closed but not open. Finally
for (iv) we can take X = Y to be any topological space and f to be the
identity. Of course if we put some further restrictions on f then all four
cases may not arise.

34 Exercise

Let f be a continuous function f: X = Y between the topological
spaces X and Y. If f is (a) injective (b) surjective (c) bijective, which of the
four cases (i) f is neither open nor closed, (ii) f is open but not closed, (iii) f
is closed but not open and (iv) f is both open and closed can actually arise?

The next result tells us that the composite of two continuous functions is
continuous. It is remarkably easy to prove.

35 Theorem
Let X,Y and Z be topological spaces. If f: X+ Y and g: Y > Z are
continuous functions then the composite h = gf: X > Z is also continuous.

Proof If U is open in Z then g ™' (U) is open in Y and so f ™! (g ! (U)) is open
in X. But (gf) "' (U) = £~ (g " (U)).

The next definition tells us when two topological spaces are considered
equivalent; we use the word homeomorphism.

36 Definition

Let X and Y be topological spaces. We say that X and Y are homeo-
morphic if there exist inverse continuous functions f: X = Y, g: Y = X (i.e.
fg = 1y, gf = 1 and f,g are continuous). We write X = Y and say that fand g
are homeomorphisms between X and Y.

An equivalent definition would be to require a function f: X » Y which is
(i) bijective, (ii) continuous and (iii) its inverse f ' is also continuous. Thus
a homeomorphism between X and Y is a bijection between the points and
the open sets of X and Y.

Some examples of homeomorphisms can be readily obtained from Chap-
ter 1. For example if X is the topological space arising from a metric space
M with metric d, and if Y is that arising from the metric space M with
metric d' given by d'(x,y) = d(x,y)/(1 + d(x,y)), then X and Y are homeo-
morphic. Another example is to let X be R™ with the usual metric topology
and to let Y be R™ with the metric topology obtained from the metric
d(x,y) = max |x;-y;l. Again X and Y are homeomorphic. On the other hand
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if X = R™ with the usual topology and Y = R™ with the discrete topology
then X and Y are not homeomorphic.

37 Exercises

(a) Give an example of spaces X,Y and a continuous bijection f: X > Y
such that f ™! is not continuous.

(b) Let X and Y be topological spaces. Prove that X and Y are homeo-
morphic if and only if there exists a function f: X = Y such that
(i) f is bijective and (ii) a subset U of X is open if and only if f(U) is
open.

(c) Metrics d, and d; on a set Y are such that, for some positive m and
M,

md;(y,y") < da(y.,y") < Md, (v.y")

for all y,y’ € Y. Show that the two topological spaces arising from
these metrics are homeomorphic. (Hint: Consider the identity map-
pingon Y.)

(d) Let X be a topological space and let G(X) denote the set of homeo-
morphisms f: X =+ X. Prove that G(X) is a group. For x € X, let
G,(X) = {f€G(X); f(x) = x} . Prove that G,(X) is a subgroup of
G(X).

Homeomorphism is an equivalence relation, and topology is the study of

the equivalence classes. The next three chapters describe ways of producing
new topological spaces from old ones.



Induced topology

Let S be a subset of the topological space X. We can give S a topology from
that of X.

4.1 Definition
The topology on S induced by the topology of X is the family of
sets of the form U N S where U is an open set in X.

In other words if % is the family of open sets in X then g = {UNS;
U€E %} is the family of open sets in S. To prove that # g gives a topology
for S we have to check the three conditions for a topology. Since =0 NS
and S = X N S we immediately have the first condition. For the second let
U;N S and U;N S be two elements of ¥ g; then since (U;N S) N (U,N S) =
(UiN Uz) N S it belongs to #g. Finally, if { U;NS;j€J} is an arbitrary set
of elements taken from &g then U Uns) = U) NSisin ¥s.

jEl j€l

The induced topology is sometimes referred to as the relative topology. If
the subset S of X has the induced topology then we say that S if a subspace
of X.

For example, if we take the subset [a,b] of R (with the usual topology)
and give it the induced topology then the sets

[ac), a<c<b,

(db], a<d<b,

(de), a<d<c<b
are open subsets of [a,b]. Note that U open in [a,b] does not imply that U
isopenin R.

As another example we can give the unit circle S' in R?, the topology
induced by the usual topology on R2. The open sets of S' are then unions
of ‘open arcs’ (i.e. arcs. with endpoints excluded). More generally we give the
standard n-sphere S™ where
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n+l
sn={x€ERM!;, T xi=1},
i=1

the topology induced by the usual topology on Rn*1.

In R"*! we may consider the subset S given by Xp+1 = 0. If we give S the
induced topology (using the usual topology on R"*1) then S is homeomor-
phic to R ™. The proof is left as an exercise; alternatively see Chapter 6.

It is interesting to look at subspaces of R 3 and try to find which are
homeomorphic to each other. For example the intervals [a,b] and [c,d] in
R C R3 are homeomorphic. A homeomorphism f is given by

f(x) = ¢ + (d-c)(x-a)/(b-a).
It is not difficult to construct an inverse f ' and show that f and f ™ are con-

tinuous (see also Exercise 4.5(g)). Intuitively we just stretch or shrink the
intervals into each other.

Figure 4.1
X X2 " Ya
Xa X3 Ya Y

For another example look at a circle and a square (by a square we mean
the ‘edge’ of a square region); see Figure 4.1. The map that sends the intervals
in S' from x; to x;,; onto the intervals in the square from Yj t0 ¥4+ defines
a homeomorphism from the circle to the square. If { (x,y);x* +y?* =11} is
the circle and { (x,y); x =2l,-1<y<lor-1<x<1,y=1%1} isthe
square then explicit homeomorphisms are given by

circle = square square -  circle

(xy) = (x/my/m) xy) = (x/rylr)
where m = max ()x], lyl) and r =+/(x* +y?). Intuitively we just twist or bend
the circle to form a square. In general if we have two subspaces of R? (or
R?) then intuitively they are homeomorphic if we can twist, bend and
stretch or shrink one into the other without joining points together and
without making any cuts. So, for example, a doughnut (the type with a hole
in it) is homeomorphic to a teacup (with a handle); see Figure 4.2.

Another example of homeomorphic spaces is given in Figure 4.3(a) and
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(d), with intermediate homeomorphic spaces illustrated in Figure 4.3(b) and
(o).

If h: X =Y is a homeomorphism then for every point x € X the spaces
X-{x} and Y- { h(x)} are homeomorphic. This sometimes gives us a
way of showing that certain spaces are not homeomorphic. For example, at

Figure 4.2

Figure 4.3

(a) (b)
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least intuitively at this stage, the subspaces [0,1] and (0,1) of R are not
homeomorphic because if we remove the point O from [0,1] then we get
(0,1] which (intuitively) is in one piece, whereas if we remove any point
from (0,1) then we get (intuitively) two pieces; more precisely it is the dis-
joint union of two non-empty open subsets. Now (intuitively) one piece
cannot be homeomorphic to two pieces (this would involve cutting, which is
not continuous) and so [0,1] cannot be homeomorphic to (0,1). (The notion
of ‘one piece’ and ‘two pieces’ will be made rigorous in Chapter 9.) The
above idea can be extended to removing two or more points. The reader can
explqre these ideas a bit more by doing the exercise that follow.

4.2 Intuitive exercise on homeomorphisms

Sort the subspaces of R? (and R?) in Figure 4.4 into sets of homeo-
morphic ones.

Figure 4.4

ABCDEFGHUKLMNOPORS
TUVWXYZ 1234567890

oot 6 O
(}A‘hﬂ\«—(j
Z & 00—

If we look at a circle and a knotted circle in R* (see Figure 4.5) then we
could easily construct a homeomorphism between the circle and the knotted

Figure 4.5
Xy
Ya
Xe Xq Ys "
Xy \
X9 Ya Ya
Xs Yo Yo
Xs
X, B N

Xo
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circle. The idea is to divide each into, say nine parts, and map the interval in
the circle from x; to x;,; onto the interval in the knotted circle from y; to
Yi+1- If a knotted circle is made out of thin string then, as the reader can
easily discover, it i3 not possible to make a circle from the knotted circle by
twisting and bending without cutting or glueing. However, if we make a
temporary cut in the knotted circle, unknot it and glue it back we can get a
circle. This suggests that we modify our intuitive notion of homeomorphisms
between subspaces of R* by allowing temporary cuts. The idea is that we
can make a temporary cut, carry out some homeomorphisms (by twisting,
bending etc.) and then glue back the cut we made; the initial and final spaces
are then homeomorphic. This idea can be made rigorous by using the notion
of quotient spaces as in Chapter 5; see in particular Theorem 5.5.

43 Exercise

Show that the two subspaces of R* shown in Figure 4.6 are homeo-
morphic. The first subspace is obtained by sewing together three twisted
strips of paper to two circular discs of paper. The second is obtained by
sewing together two long strips of paper. (Hint: Cut the first at two places,
namely at two of the twisted strips, then unfold and finally glue back.)

Figure 4.6

We have already mentioned that if S is a subspace of X then open sets of
S are not necessarily open in X. If, however, S is open in X then open subsets
of S are open in X.

44 Lemma
(i) If S is open in X then the open sets of S in the induced topology
are open in X.
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(ii) If S is closed in X then the closed sets of S in the induced topo-
logy are closed in X.

Proof Since the proofs of (i) and (ii) are more or less identical we shall only
give the proof of (i). Suppose S is open in X and let U be an open subset of S.
By definition U = V N S where V is an open subset of X. But since S is open
in X we also have that U=V N S is open in X.

4.5

Exercises

(a) Show that if Y is a subspace of X, and Z is a subspace of Y, then Z
is a subspace of X.

(b) Prove that a subspace of a metrizable space is metrizable.

(c) Suppose that S is a subspace of X. Show that the inclusion map
S = X is continuous. Furthermore, show that S has the weakest
topology (i.e. the least number of open sets) such that the inclusion
S = X is continuous.

(d) X is a topological space, S is a subset and i: S = X denotes the
inclusion map. The set S is given a topology such that for every
space Yand map f: Y =+ S

f: Y = S is continuous « if: Y = X is continuous.

Prove that the topology on S is the topology induced by the topo-
logy on X.

(e) Let Y be a subspace of X and let A be a subset of Y. Denote by
Clx(A) the closure of A in X and by Cly(A) the closure of Ain Y.
Prove that Cly(A) C Clx(A). Show that in general Cly (A) #Clx(A).

(f) Show that the subset (a,b) of R with the induced topology is
homeomorphic to R . (Hint: Use functions like x = tan (n(cx + d))
for suitable c and d.)

(g) Let X,Y be topological spaces and let S be a subspace of X. Prove
that if f: X = Y is a continuous map then so is fIS: S - f(S).

(h) Show that the subspaces (1,%), (0,1) of R with the usual topology
are homeomorphic. (Hint: x - 1/x.)

(i) Prove that S* - { (0,0,...,0,1) } is homeomorphic to R™ with the
usual topology. (Hint: Define ¢: S" - { (0,0,...,0,1) } = Rn by

= X1 X2 Xp
(x 1X2 30000 X, )_ ) gesey
ML (1—x,,+, T 1-xm)

and y:Rn > S - { (0,0,...0,1) } by

1
X2 peees = —— (2X1,2X3,0.2%lIX)12- 1).
Y(x1,X2,.-Xp) TP (2x1,2X2,5..,2%p,lIxI* - 1).)
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() Let R™*! - {0} and S™ have the subspace topology of Rn*!
with the usual topology. Prove that f: R n*1 - { 0 } - Sn defined
by f(x) = x/lix|l is a continuous function.



Quotient topology (and groups acting on spaces)

In the last chapter we essentially considered a set S, a topological space X
and an injective mapping from S to X. This gave us a topology on S: the
induced topology. In this chapter we shall consider a topological space X, a
set Y and a surjective mapping from X to Y. This will give us a topology on
Y: the so-called ‘quotient’ topology.

5.1 Definition

Suppose that f: X = Y is a surjective mapping from a topological
space X onto a set Y. The quotient topology on Y with respect to f is the
family

;= {U;f'(UyisopeninX }.

It is easy to check that 4/ satisfies the conditions for a topology: obvi-
ously  E4; and Y € ¥, and the other conditions follow easily from the
facts that f7'(U;N Up) = £ (Uy) N7 (Uy) and £71(V Up) = U £71(U)).

j€l €
Note that after we give Y the quotient topology then the function f: X > Y
is continuous.

A nice example is to take theset RPn= { { x,-x} ;xES"} of certain
unordered pairs of points in SM. There is an obvious surjective mapping
m: St = RP? given by x = { x,-x} . The set RP® with the quotient topo-
logy with respect to the mapping  is called the real projective n-space.

As a second example first consider the space

C={(xy2)€R*x* +y* =1,1z1< 1}
with the induced topology. (C is a cylinder.) Let M be the set of unordered
pairs of points in C of the form { p,-p }, i.e.

M= {{p-p};pEC}.

Since we have a natural surjective map from C to M we can give M the
quotient topology; the result is called a Mobius strip or band (sometimes

Mobius is spelt Moebius).
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Consider the function f: M - R given by
{prp} > ((x*-y*) (2+x2), 2xy(2+x2),y2)
where p = (x,y,z) € C C R3. It is not difficult to check that f is injective. The
image f(M) of M under f is pictured in Figure 5.1. In fact M is homeomor-
phic to f(M) C R? with the induced topology: that f is continuous follows
from the fact that F: R® >R 3 defined by
F(xy.z) = ((x?-y?) (2 + x2), 2xy(2 + x2),y2)

is continuous and from the universal mapping property of quotients (Theorem
5.2 below). The fact that f™' is continuous is left for the reader to prove; in
fact it follows quite easily from results to be proved in Chapter 8.

We now state and prove the universal mapping property of quotients.

52 Theorem

Let f: X = Y be a mapping and suppose that Y has the quotient
topology with respect to X. Then a mappingg: Y - Z from Y to a topological
space Z is continuous if and only if gf is continuous.

Proof The function f: X = Y is continuous and so if gis continuous then so
is the composite gf. Conversely suppose that gf is continuous. If V is open in
Z then (gf) ' (V) is open in X or in other words f ™' (g ™' (V)) is open in X.
By definition of the quotient topology on Y it follows that g ™' (V) is open
in Y and so g is continuous.

53 Exercises
(a) Suppose that Y is given the quotient topology with respect to the
mapping f: X = Y. Prove that Y has the strongest topology such that
f is continuous.
(b) Suppose that Y has the quotient topology with respect to the map-
ping f: X = Y. Show that a subset A of Y is closed if and only if
f~'(A) is closed in X.

Figure 5.1
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(c) Letf: R > S' (S' C R?) be defined by
f(t) = (cos(2nt), sin(2nt)) € R2.

Prove that the quotient topology # ¢ on S' determined by f is the
same as the topology # induced from R? (i.e. show that (S', &)
=(S',%¥)).

(d) Let X,Y,Z be topological spaces and let f: X = Y, g: Y - Z be sur-
jections. Prove that if the topologies of Y and Z are the quotient
topologies determined by f and g respectively then the topology of
Z is the quotient topology determined by gf: X -+ Z.

(¢) Prove that RP! and S! are homeomorphic.

(f) Show that the function f: RP?* -» R* given by

{x-x} »>(x1?-x2%, X1X2, X1X3, X2X3)
is continuous and injective.

(®) Let X be a topological space and let f: X - Y be a surjective map.
Let % denote the quotient topology on Y. Suppose that & is a
topology on Y so that f: X + Y is continuous with respect to this
topology. Prove that if f is a closed or an open mapping then (Y, %)
is homeomorphic to (Y,#;). Furthermore, give examples to show
that if f is neither open nor closed then (Y, &) % (Y, %;).

(h) Suppose that f: X + Y is a surjective map from a topological space
X to a set Y. Let Y have the quotient topology determined by f and
let A be a subspace of X. Let ¢, denote the topology on B = f(A)
C Y induced by Y and let 4, denote the quotient topology deter-
mined by the map f|A: A - B. Show that #; C #,. Give an
example to show that in general ¥, # % ,. (Hint: Consider f: R —»
S! given by f(t) = exp(2nit).) Also, show that if either A is a closed
subset of X and f is a closed map or A is an open subset of X and f is
an open map then ¥, = ¥,.

Surjective mappings are obtained if we consider the equivalence classes of
some equivalence relation. Thus, if X is a topological space and ~ is an equiva-
lence relation on X then we let X/~ denote the set of equivalence classes and
define f: X - X/~ by f(x) = [x] the equivalence class containing x. X/~
with the quotient topology is often said to be obtained from X by ropological
identification. For example if ~ is the equivalence relation on S" given by
x ~ vy if and only if x = ty then S?/~ is of course RP?. Similarly the same
relation on the cylinder C gives C/~ which is the Mébius strip.

If we take the unit square X = {(x,y); 0 <x,y <1} in R? with the
induced topology and define an equivalence relation ~ on X by
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Y~ Ky)exy)=(y)or {xx'} = {01} andy=y’
then X/~ with the quotient topology isin fact homeomorphic to the cylinder.
A tedious proof could be given now but it will follow much more readily in
Chapter 8; intuitively it is clear. We picture X with its equivalence relation as
in Figure 5.2(a), the arrows indicating which (and in which way) points are
to be identified.

Figure 5.2

(a) Cylinder. (b) Mobius strip.

We could construct a Mobius strip by a similar process; the relevant pic-
ture is given in Figure 5.2(b) and the relation on the square X is
(xy) ~ (K y)*(xy) =(xXy)or {xx'} = {01} andy=1-y.
Two other examples obtained from topological identifications of a unit
square are given in Figure 5.3.

Figure 5.3
— i
A A ’ A
- —
(a) Torus. (b) Klein bottle.

The non-trivial relations on X given in Figure 5.3(a) are

0y) ~(Ly), (x0)~(x,1),
while the non-trivial relations on X given in Figure 5.3(b) are
0.y)~(1,y), (x,0)~(1-x,1).
It will be apparent later on (but the reader may like to prove this now) that

the torus (the space of Figure 5.3(a)) is homeomorphic to the subspace of
R? given by

{(.y ) ER* (V(x* +y*)-2)" +2% =1} .
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A homeomorphism is given by

(x,y) = ((2+cos (27x)) cos (27y), (2+cos (27x)) sin (27y), sin (27X))
This leads to the traditional picture of a torus as the surface of a doughnut
(the type with a ‘hole’ in it). See figure 5.4.

Intuitively, if we start with some flexible material in the shape of Figure
5.3(a) and make the appropriate identifications then we are led to this pic-
ture again. See Figure S.5.

The similar process for a Klein bottle is difficult because we need to per-
form the identification in R*. The first identification (Figure 5.6(b)) is easy.
For the second (Figure 5.6(c)) we need four dimensions. Pictorially we
represent this as in Figure 5.6(d). The circle of intersection that appears is

Figure 5.4

Figure 5.5

(a) ) )

(C)) (e)
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Figure 5.6
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not really present, it appears because we live in a three-dimensional world.

By slicing Figure 5.6(d) with a plane we see (see Figure 5.7(a),(b)) that
a Klein bottle is really just two Mobius strips joined along their common
boundary. We can also visualize this as in Figure 5.7(c),(d).

For further intuitive notions recall that the real projective plane RP? is
defined as S/~ where

x~x ex=ztx'
In this case the northern hemisphere is identified with the southern hemi-
sphere and so we may restrict our attention to the northern hemisphere
which is homeomorphic to the disc D* = { (x,y) € R ?;x? +y? <1 } via
x,y,2) > (x,y)
for (x, y, z) € S? with z> 0. Thus we may rewrite R P? as D? /~ where
x~x @x=x" orx,x' €S' CD? and x =-x".
Pictorially this gives Figure 5.8(), or equivalently Figure 5.8(c). Of course
we have not presented a rigorous proof.
If we remove a small region (homeomorphic to ﬁ’) in RP? then we are

left with a Mébius strip; see Figure 5.9. Thus the real projective plane can be
thought of as a Mobius strip sewn onto a disc.

Figure 5.9
7
€
(@) (b) (c) (d)
Figure 5.10
»—
A 2

Y

(@) ()
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The sphere may be represented as a quotient space as indicated in Figure
5.10(a) or (b). Intuitively we imagine the spaces as purses with a zip. After
Zipping up we get a sphere.

In the above examples we have argued intuitively. Rigorous proofs could
be given but these are best left until we have a bit more theory. After reading
Chapter 8 the reader should return to this chapter and give details of proofs
concerning the intuitive results just mentioned.

A lower-dimensional analogue of the disc and sphere example is the inter-
val and circle: if we identify the ends of a unit interval we get a circle; intui-
tively this is clear. The reader should try to write down a proper proof.

54 Exercises

(a) Show that if I = [0,1] C R and ~ is the equivalence relation x ~ x’
if and only if {x,x'} = {0,1} or x = x’ then I/~ is homeomor-
phic to S'.

(b) The Mobius strip has some interesting properties compared with the
cylinder. Make a model of a cylinder and a Mobius strip by using
strips of paper, say 40 cm by 4 cm. Draw a pencil line midway
between the edges of the cylinder and of the Mobius strip. Now cut
along the pencil lines. What is the result in each case? What if we cut
along a line one-third of the distance between the edges?

The next result gives sufficient conditions to ensure that quotients of
homeomorphic spaces are homeomorphic.

55 Theorem

Let f: X = Y be a function between the topological spaces X and Y.
Suppose that X and Y have equivalence relations ~x and ~y respectively
such that x ~yx' if and only if f(x) ~y f(x'). If f is a homeomorphism then
X/~x and Y/~y are homeomorphic.

Proof Define a function F: X/~y - Y/~y by F[x] = [f(x)], where the
square brackets denote equivalence classes. F is well defined since if [x] =
[x'] then x ~xx', thus f(x) ~ yf(x") and [f(x)] = [f(x")]. We shall prove
that F is a homeomorphism. To show that F is injective assume that F [x] =
F[x'] so that [f(x)] = [f(x")], i.e. f(x) ~y f(x). But then x ~yx xand
[x] = [x'] . Surjectivity of F is easy to show. To prove that F is continuous we
consider the natural projections my: X - X/~x and ny: Y = Y/~y which
are continuous. Clearly Frry = my f and since f is continuous we deduce that
nx F is continuous and hence F is continuous by the universal mapping pro-



Quotient topology (and groups acting on spaces) 35

perty of quotients. The fact that F~! is continuous follows in a similar way
because F 'y =myf'.

As an example consider R* = (0,?) C R with the equivalence relation
x ~ x' if and only if there is an integer n such that x' = 3"x. Also consider
R with the equivalence relation x ~ x' if and only if there is an integer n
such that x' = n + x. The function f: R * -+ R given by f(x) = loga(x) is a
homeomorphism and x ~ x' « f(x) ~ f(x'), hence the spaces R* /~ and
R/~ are homeomorphic; in fact both are homeomorphic to the circle.

Theorem 5.5 explains the intuitive idea of a homeomorphism’ as presen-
ted in Chapter 4: We start with a space W. By cutting it we get X and a rela-
tion ~y which tells us how to reglue X in order to get W. Now perform a
homeomorphism f on X to give Y with an equivalence relation ~y. Natur-
ally, we want that

x ~x X @ f(x) ~y f(x).
Regluing Y according to ~y gives us Z = Y/~y. By Theorem 5.5 the space
Z is homeomorphic to the space X.
A concept that we shall find useful later on is that of a group G ‘acting’

on a set X. The notion is fruitful and leads to examples of spaces with the
quotient topology.

5.6 Definition

Let X be a set and let G be a group. We say that G acts on X and
that X is a G-set if there is a function from G X X to X, denoted by (g,x) -+
g'X, such that

(i) 1-x =x for all x € X, where | is the identity element of G,

(ii) g(h-x) = (gh)'x for all x € X and g,h €EG.

As an example let G be the group of homeomorphisms of a topological
space X (see Exercise 3.7(d)) and define g-x = g(x) for g €G. This defines an
action of G on X since clearly 1'x = 1(x) = x and g(hx) = gh(x) =
g(h(x)) = (gh)(x) = (gh)x. Another example is to take G=Z , = {£1} the
group of order 2 and X = S". An action of Z, on S" is given by t1-x = tx,
as is easily verified. If we take G = Z the integers and X = R then an action
of Z on R is given by n'x =n + x where n € Z, x € R. This example can be
generalized to an action of Z X Z on R? by (m,n)-(x,y) =(m +x,n +y). In
both cases we leave it for the reader to verify that we do indeed get an action
as defined in 5.6. Our last example for the present is an action of Z on the
infinite strip

{(xy)ER?*;-%<y<%}
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which is given by
m-(x,y) = (m +x, (- 1)™y).
Our definition of a G-action is strictly speaking that of a left G-action.
There is also the notion of a right G-action where now we have a function

X X G = X, denoted by (x,g) - x-g such that x-1 = x and (x-g)-h = x-(gh).
By a G-action we shall always mean a left G-action.

57 Exercises
(a) Suppose that X is a right G-set. For x € X and g €G define
gx=x(@™")
Show that this defines a (left) action of G on X. Why does the
definition g-x = x-g fail?
(b) Let H be a subgroup of a group G. For h € H, g € G define h-g to be
hg. Show that this defines an action of H on G.

(c) Let G be a group and let%(G) denote the set of subsets of G. Show
that

gU=gU= {ghh€U},g€G, UEK(G)

defines an action of G on #(G).
(d) Let G act on X and define the stabilizer of x € X to be the set

G,={g€G;gx=x}.
Prove that G, is a subgroup of G.

(e) Let G act on X and define the orbit of x € X to be the subset
Gx={gx;g€EG}
of X. Prove that two orbits G-x, G-y are either disjoint or equal.
Deduce that a G-set X decomposes into a union of disjoint subsets.

An important consequence of the definition of a G-set X is that in fact G
acts on X via bijections.

58 Theorem
Let X be a G-set. For any g € G the function 05: X = X defined by
X => g'x is bijective.

Proof From the definition of a G-set we see that 080,, = Ogh and 6, = ly;
thus 6,0,-1 = 1y =0,-10, and so 8, is bijective.
If G acts on X then we can define an equivalence relation ~ on X by
x ~y ¢ there exists g € G such that g'x =y,
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or in other words x ~ y if and only if y € G-x; see Exercise 5.7 (e). Now
denote the set of equivalence classes by X/G; this is called the quotient set
of X by G. There is an obvious surjective mapping X - X/G. If X is a topo-
logical space upon which G acts then we can give X/G the quotient topology.
We call X/G with the quotient topology the quotient space of X by G.

For example if Z ; acts on S" by *1-x = x then S"/Z, is just RPn. If
Zactson R by n'x=n+x then R/Z isjust S'.

59 Exercises

(a) Let X be the infinite strip { (x,y) € R?;-%<y<%} in R? with
Z acting on it by m-(x,y) = (m + x, (-1)™x). Show that the quo-
tient space X/Z is homeomorphic to the Mdbius strip.

(b) Let X and Y be G-sets. We say that the function f: X =+ Y is G-
equivariant if f(g-x) = g-f(x) for all x € X and all g €G. Prove that
if X and Y are topological spaces and f is a G-equivariant homeomor-
phism (i.e. both G-equivariant and a homeomorphism) then X/G
and Y/G are homeomorphic.

(c) Construct examples to show that if X and Y are topological spaces
with G acting on them such that X/G = Y/G then X and Y are not
necessarily homeomorphic.

(d) Let X be a G-set. For each x € X the stabilizer G, acts on G and so
the quotient G/G, is defined. Show that G/G, is just the set of
left cosets of G, in G. Show that there is a G-equivariant bijection
between G-x the orbit of x and G/G, .

In the examples that we gave of groups acting on topological spaces the
group in question acted continuously; we have a special name for such a
space.

5.10  Definition

Suppose that X is a topological space and G is a group then we say
that X is a G-space if G acts on X and if the function 6, given by x > g'x is
continuous for all g €G.

§.11  Exercise

Suppose that X is a G-space. Prove that the function 9, given by
X = g'x is a homeomorphism from X to itself for all § € G. Deduce that there
is a homomorphism from G to the group of homeomorphisms of X.

Because of the above exercise we sometimes say that if X is a G-space then
G is a group of homeomorphisms of X. Using this we prove the next result.
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5.12  Theorem
Suppose that X is a G-space. Then the canonical projection =:

X = X/G is an open mapping.

Proof Let U be an open set in X then consider 7 ™! (r(U)).
7' (@) = { xEX;n(x)En(U)}

{ xEX;Gx=Gyforsomey€U}

{ x€X;x=gyforsomey€U,someg€EG}

{ x€X;x€EgUforsomeg€G }

U gU
geG

The action of each g in G is a homeomorphism, so if U is open then so is

7 " (7(U)) and hence n(U) is open in X/G.

In the next exercises the first is an extension of the universal mapping
property of quotients. The second extends Theorem 5.12 in a special case.

L1}

5.13  Exercises

(a) Let X be a G-space and let m: X = X/G be the canonical projection.
Suppose that g is a function from X/G to a topological space Z.
Prove that g is an open mapping if and only if gmis an open mapping.

(b) Let X be a G-space with G finite. Prove that the natural projection
m: X - X/G is a closed mapping.

(c) Suppose X is a G-space and H is a normal subgroup of G. Show that
X/H is a (G/H)-space and that

(X/H)/(G/H) = X/G.
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Our final general method of constructing new topological spaces from old
ones is through the direct product. Recall that the direct product X X Y of
two sets X,Y is the set of ordered pairs (x,y) withx€EXandy €Y. If X and
Y are topological spaces we can use the topologies on X and Y to give one on
X X'Y. A first guess might be that the open sets of X X Y should be products
of open sets in X and in Y; this however is not quite sufficient (think! -
which condition for a topology fails?).

6.1 Definition

Let X and Y be topological spaces. The (topological) product X X Y
is the set X X Y with topology % x xy consisting of the family of sets that
are unions of products of open sets of X,Y.

A typical element of ¥ xxy is of the form U U; X V; where J is some
E€J

indexing set and for each j€J, U; and V; are open subsets of X and Y respec-

tively. That % x x y is a topology is not hard to check: =@ X @and XX Y =

X X Y so that the first condition is satisfied. If WW' € ¥y xy then W=U

j€J
U; X V; and W' =U U, X V', for some indexing sets J K and with U Uy
kekK
open in X and V;, V', openin Y. Since
wWNW = V] (U;nU) X(V;N V')
(,k)eIXK

we see that condition (ii) for a topology is satisfied. The third condition is
trivially true.

The notion of the topological product of X and Y can be extended to the
topological product of a finite number of topological spaces in an obvious
way.
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6.2 Exercises
(a) Show thatif X; =X, andY, =Y, then X, XY, =X, X Y,.
(b) Let XY be metrizable spaces and suppose that they arise from
metrics dy dy respectively. Show that d defined by

d((x;.y1), (x2.y2)) =max {dy(x;X;),dy(y;.y2)}

is a metric on X X Y which produces the product space topology on
X X Y. Deduce that the product topology on R? X R® (R, R™
with usual topology), is the same as the usual topology on R"*™ =
Rnx Rm,

(c) The graph of a function f: X = Y is the set of points in X X Y of the
form (x,f(x)) for x € X. Show that if f is a continuous function
between topological spaces then the graph of f is homeomorphic to
X.

(d) Prove that R2- {0} is homeomorphic to R X S'. (Hint: Consider
R2- {0} asC-{0}))

There is another characterization of the topology on X X Y.

6.3 Theorem

Let X X Y be the product of two topological spaces. A set W C
X X Y is open if and only if for all w € W there exist sets U, ,V, such that
U, isopenin X,V isopenin Y, U, XV, CWandw€ U, X V.

Proof Suppose W is open, then W = U Uj X V; where J is some indexing set
j€l
and U;,V; are open in X,Y respectively. So, if w E W then w € U; X V, for
some i€J. Conversely the set U U, X V,, is openin X X Y and clearly is
wew

equal to W.

There are obvious projection maps y: X X Y > Xand ny: X X Y > Y
given by (x,y) = x and (x,y) = y. These are called the product projections.
Since 7y "'(U) = UX Y and my ~' (V) = X X V it is clear that both my and 7y
are continuous maps.

6.4 Theorem
For all y € Y the subspace X X { y} C X X Y is homeomorphic
to X.

Proof Consider the map £ X X { y} - X given by (x,y) = x. This is
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clearly bijective. We may write f as the composite of the inclusion X X { y }
- X X Y and the projection my: X X Y = X, both of which are continuous.
Thus f is continuous. Next, suppose that W is an open subset of X X { y }
so that W = (U U; X Vj) NXX{y} where U;.V; are open in X.Y respec-

j€J
tively. W may be rewritten as U U; X {y} where Vy={jel)ye v},
el
thus f(W) = U U; which is open in X. This proves that f is also open and
€l

hence is a homeomorphism.

If f: A—> X and g: A = Y are mappings between topological spaces then
we can define a mapping h: A = X X Y by h(a) = (f(a),g(a)). It is clear that h
is the unique mapping such that myh = f and nyh = g. The relationship
between the continuity of h and f.g is called the universal mapping property
of products.

6.5 Theorem

Let A,X and Y be topological spaces. Then for any pair of mappings
f: A= X, g: A=Y the mapping h: A » X X Y defined by h(a) = (f(a),g(a))
is continuous if and only if f and g are continuous.

Proof If h is continuous then so is mxh = f and 7y h = g. Conversely suppose
that f and g are continuous. Let U,V be open subsets of X,Y respectively.
Then h™'(U X V) = { a;f(a) € Ug(a) €V } = £~ (U) N g~ (V), but since
f~'(U) and g™ (V) are both open so is h™' (U X V). Now consider an open
set Win X X Y. If x €W then x € U X V C W where U,V are open in X,Y.
Thush ™' (x) €Ef'(U) Ng~" (V) C h ™' (W) and so h “1(W) is open.

6.6 Exercises

(a) Show that the product topology on X X Y is the weakest topology
such that my and my are continuous.

(b) Let X be a G-space and let Y be an H-space. Prove that the space
(X X Y)/(G X H) is homeomorphic to (X/G) X (Y/H).

(c) For(nm) € Z XZ and (x,y) € R? define
(n.m)-(x,y) = (n+x,m+y)
Show that this makes R? into a (Z X Z )-space. Prove that R?/
(Z X Z) is homeomorphic to S! X S'.

(d) Prove that the torus (see Figures 5.3(a) and 5.4) is homeomorphic
toS! X S'.
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Forn€Z,2€C-{ 0} definenzby

n'z=2"z

Show that this makes C -{ 0} into a Z -space. Prove that (C
-{0})/ Z is homeomorphic to S' X S!. (Hint: Use Exercises
6.2(d), 6.6(b) and the fact that Z=Z X {1} )

As in (e) above but define n-z by

n'z=Qw)"z

where w = exp(27i/3). Whatis (C - {0} )/Z?

Prove that R7" - { 0} and S"~! X R are homeomorphic spaces.
(Hint: Consider the function f: S""' X R >R "- {0} given by
f(x,t) = 2tx.)

Prove that the subset Sp,q C R defined by

Spq= {XERM X +x3 + .4 x5 - Xpal ~~ Xpeg =1}

where p + q < n, is homeomorphic to SP~! X Rn-4. (Hint: Con-
sider the function f: SP~! X Rn-94 » Sp.q Biven by

f(xl 9°"xp) Y1 i"-tYn-p) = (xl Z,X2 Zw-.xpl,)ﬂ Y2 9‘"9yn-p)

wherez=+/(1 +y3 +y} +..+ yf‘).)

Let G be the group of homeomorphisms { Ti; i€ Z } where T:

Rn- {0} >R - {0} isgiven by Tx = 2x. Show that (R"

- {0} )/G is homeomorphic to S*™' X S!.

Prove that the following two subsets of R ? with the usual topology

are homeomorphic.

I"={ x=(X,X2,..,Xy) ERM0<x<1,i=12,..,n },

Dr={ xeRMxI<1}.

(Hint: First show that In = ([-1, 1]) = X, then define ¢: X > D"

and y: D" > X by

max { |xl| » lx2 I’"')
fixIl

lxnl } (xl » X2 v'":xn) ’

‘p(xl »X2 ’-"’xn) =

¢(0) =0,

x|l

max { Ix,],Ixz1,...,1x,1}

\b (xl » X2 r"ixn) = (xl » X2 v-"xn) )

v(0)=o0.
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Intuitively: Shrink down each line segment from 0 to dX linearly to
have length 1. See Figure 6.1.)

Figure 6.1

&
\__/

(k) Prove that Dn = R1, (Hint: Drxin= (f)“.)

(1) Find a non-empty space X such that X 2= X X X. (Hint: Try a non--
finite set with the discrete topology. Having done that try also to
find an example of such a space without the discrete topology.)




Compact spaces

In this and the next two chapters we shall look at properties of spaces that
are preserved under homeomorphisms. One important consequence of this is
that if one space has the property in question and another does not, then
the two spaces cannot be homeomorphic. The first property is compactness.
This concept is essentially based on the fact that if { Uj; jE€IJ} isacollec-
tion of open subsets of the unit interval [0,1] C R (with the induced topo-
logy) such that U U= [0,1] then there is a finite subcollection of these open
i€l
sets whose union still gives [0,1] ; see Theorem 7.7.

7.1 Definition
A cover of a subset S of a set X is a collection of subsets { U:;
j €T} of Xsuch that S C U U;. If in addition the indexing set J is finite
€l
then {U;;jE€J} issaid to be a finite cover.

For example the collection { [1/n, 1-1/n]; n € N } is a cover of the
subset (0,1) of R . Of course if S = X then { Uj;j €J }is a cover of
Xif X = U U;. For example ifU,=(n,n+3)CR then {U;;n€EZ} isa

jE€l

coverof R.

7.2 Definition

Suppose that { U;; j €J } and { Vi k€K } are covers of the
subset S of X. If for all j € J there is a k € K such that Uj =V then we say
that { Uj',j €J } is a subcover of the cover { Vi :k€K}.

For example { V,; r € R }, where V, = (r,r+3) C R, is a cover of R
and {U,;;n€Z} , where Uy =(n,n +3),is asubcoverof { V;r€ R }.

7.3 Definition
Suppose that X is a topological space and S is a subset. We say that
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the cover { U;; j €J } is an open cover of S if each Uj. j €17, is an open
subset of X.

7.4 Definition
A subset S of a topological space X is said to be compact if every
open cover of S has a finite subcover.

In particular the topological space X is compact if every open cover of X
has a finite subcover. The space R with its usual topology is not a compact
space because { (n,n+2);nE€ Z } is an open cover of R with no finite sub-
cover. A space X with the discrete topology is compact if and only if it is
finite. This is because each point of X is open and so if X is infinite then the
open cover consisting of the set of single points has no finite subcover. On
the other hand if X is finite then there are only a finite number of open
subsets. We shall shortly show that the unit interval [0,1] is a compact sub-
set of R.

7.5 Exercises
(a) Suppose that X has the finite complement topology. Show that X
is compact. Show that each subset of X is compact.
(b) Prove that a topological space is compact if and only if whenever
{ Cj; jEJ} is a collection of closed sets with N Ci= @ then there
i€l
is a finite subcollection { C,;k €K } such that N C =@.
kekK
(c) Let .# be the topology on R defined by: U € .#if and only if for
each s € U there is a t > s such that [s,t) C U. Prove that the subset
[0,1] of (R..#) is not compact.

A subset S of a topological space may be given the induced topology and
so we have two concepts of compactness for S: as a subset of X and as a
space in its own right. The two concepts coincide.

7.6 Theorem
A subset S of X is compact if and only if it is compact as a space
given the induced topology.

Proof This is clear since the open subsets of S with the induced topology are
of the form U N'S where U is an open subset of X. The reader should write
down the details carefully.
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Thus we could have defined S to be compact if it is a compact space in
the induced topology.
The next result yields an important example of a compact space.

7.7 Theorem
The unit interval [0,1] C R is compact.

Proof Let { Uj;j €} be an open cover of [0,1] and suppose that there is
no finite subcover. This means that at least one of the intervals [0,%4] or
[%.1] cannot be covered by a finite subcollection of { U;; j € J } . Denote
by [a,b] one of those intervals, that is [a,b] cannot be covered by a finite
subcollection of { Uj; j € J }. Again at least one of the intervals [a;,
%(a, +b;)] or [%(a; +b,),b;] cannot be covered by a finite subcollection
of { Uj;j €I }; denote one such by [a;,b,]. Continuing in this manner we
get a sequence of intervals [a;,b;]. [az2,b3],..., [a,,b,]..., such that no
finite subcollection of { U i €J } covers any of the intervals. Furthermore
b, - 3, = 27" and 3, < ap,; < byyy < by, for all n. This last condition
implies that a;, <b, for every pair of integers m and n so that b, is an upper
bound for the set { a,,a;,...} . Let a be the least upper bound of the set
{ a,,32,...} . Since a <b,, for each n, a is a lower bound of { b;,b,,...} .
Let b be the greatest lower bound of the set { b,,b,,... } . By definition we
havea, <a<b <b, foreachn.Butsinceb,-a, =2""wehaveb-a<2™
foreachnandsoa=b.

Since { Uj;j €J} covers [0,1] and a = b € [0,1] we have a € U, for
some j € J. Smce U; is open there is an open interval (a-e,ate) C U for
some € > 0. Choose a positive integer N so that 2 ™N < ¢ and hence by - an
< e. However a € [ay,by] and a- ay <2"'N<¢,b- by <2 7N <e so that
[an.bn] € (a - € a+¢€) CU; which is a contradiction to [ay,by] not being
covered by a finite subcollection of { Uj;j€J} .

The above argument could be extended to show that the unit n-cube
In=1X1IX.XIC R"is acompact space where I = [0,1] C R . We shall
however give another proof later on.

7.8 Theorem
Let f: X = Y be a continuous map. If S C X is a compact subspace,
then f(S) is compact.

Proof Suppose that { Uj; jE 11} is an open cover of f(S); then { f™* (UJ);
j €1} is an open cover of S. Since S is compact there is a finite subcover
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{ £ (Uy); k €K }, K finite. But f(f ' (Uy)) C U, and so { U ; k€K }is
a cover of f(S) which is a finite subcover of { U;j€l}.

79 Corollary
(a) Eachinterval [a,b] C R is compact.
(b) Suppose that X and Y are homeomorphic topological spaces; then
X is compact if and only if Y is compact.
(c) If X is compact and Y has the quotient topology induced by a map
f: X =Y then Y is compact.
(d) S' is compact.

The proof is obvious. Note that (b) tells us that a non-compact space can-
not be homeomorphic to a compact space.

Not every subset of a compact space is compact; for example (0,1) is a
subset of the compact space [0,1] which is not compact. This is easily seen
by using the covering { (1/n,1 - 1/n); n€ N } . However a closed subset of
a compact space is compact.

7.10  Theorem
A closed subset of a compact space is compact.

Proof Let {Uj; jE T} be an open cover of the subset S C X where each y;

is an open subset of X. Since t.JJ U; O S we see that {Uj;j€T} U
j€

{ X - S} is an open cover of X and as X is compact it has a finite sub-

cover. This finite subcovering of X is of the fom { U,; k €K} or

{U;k€K} U { X- S} where K is finite. Hence { U ;k €K} isa

finite subcover of { U;;j€J} which covers S.

We have investigated compactness under the induced topology and the
quotient topology. We now look at the product topology.

7.11  Theorem
Let X and Y be topological spaces. Then X and Y are compact if
and only if X X Y is compact.

Proof Suppose that X and Y are compact. Let { Wj; jEIJ} be an open cover

of X X Y. By definition each W; is of the form V) (Uj,k X Vj.k) where U; , is
kek

open in X and V;, is openin Y. Thus { Ujy X V;,;j€J,k€K} isan

open cover of X X Y. For each x € X the subspace {x} X Y is compact (it
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is homeomorphic to Y) and since { Uj'k X Vj.k¥ jE€J, k€K } also covers
{ x } X Y there is a finite subcover

{ U(x) X Vi(x);i=1.2,.,n(x) }
covering { x } X Y. Let U'(x) be defined by

U= B U
i=1

The collection { U'(x); x € X } is an open cover of X and therefore has a
finite subcover { U'(x;);i=1,2,...,m }. Clearly

{U'(x) X Vki("i); i=12,.,mk;=12,.,n(x;) }
is a finite open cover of X X Y. For each i and k; there is some j € J and
k €K such that

It follows that there is a finite subcover of { Wj; jEJ } which covers XX Y.

Conversely if X X Y is compact then X and Y are compact because 7y
and my are continuous.

More generally, of course, if X;,Xs,...,X,, are compact topological spaces
then the product X; X X; X ... X X is also compact. In particular the unit
n-cube I" is compact. A subset S of RP is said to be bounded if there is a
real number K > 0 such that for each point x = (x;,X2,...X,) € S,Ix;1 <K
for i = 1,2....,n. In other words S lies inside the n-cube of width 2K. Since
this is homeomorphic to the unit n-cube we deduce:

7.12  Theorem
(Heine-Borel) A closed and bounded subset of R? is compact.

The converse to Theorem 7.12 is also true; see Exercise 8.14(n). From
previous results we may now deduce that each of the following spaces is com-
pact:

Sn (closed bounded subset of Rn+*1);

Sn X SnX.. XSn;

R P? (surjective image of SM);

the Mobius strip (closed bounded subset of R ?).

7.13 Exercises
(a) Which of the following spaces are compact?
Dn={ x€ERMIxI<1},{ x€RMIxI<1},
{ ()€ R%;,0<s<1,0<t<4},



(b)
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(e)
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{(stu) e R:;s2+2<1 N {Gtu e R 2 +u? <1}
Prove that a compact subset of R is bounded.

Prove that the graph of the function f: I = R is compact if and
only if f is continuous. Give an example of a discontinuous function
g: 1 = R with a graph which is closed but not compact.

Let X,Y be topological spaces. Let #(X,Y) be the set of continuous
functions from X to Y. If A C X and B C Y then write F(A,B)for
the subset of #(X,Y) which maps A into B:

F(AB)= { fEF(X,Y); f(A)CB }.

Let & be the following

&= { F(A,B); A is acompact subset of X and B is an open set of Y}.
Define # by

# = { UCFXXY);if f € U then there are elements F,,F,,...,

F,€ #suchthatfEF, NF, N..NF CU}
Prove that 4 is a topology for #(X,Y). (It is called the compact-
open topology.)
Let X be a compact metrizable topological space. Suppose that Y is
a metric space with metric d, define d*on F(X,Y) by
d*(f.g) =sup d(f(x),g(x)).

xeX

Show that d* is a metric for #(X,Y) and that the resulting topology
on F(X,Y) is the compact-open topology.
A space X is said to be locally compact if for all x € X every neigh-
bourhood of x contains a compact neighbourhood of x. Show that if
X is locally compact then the evaluation map e: F (X,Y)XX->Y
given by e(f,x) = f(x) is continuous.
Let X be a compact topological space arising from some metric
space with metric d. Prove that if { U;;j €] } is an open cover of
X then there exists a real number § > O (called the Lebesgue num-
ber of { U;; j €1 }) such that any subset of X of diameter less
than & is contained in one of the sets U, j €J.
Let X be a topological space and define X™ to be XU { o } where
o is an element not contained in X. If # is the topology for X then
define & * to be % together with all sets of the form VU { o }
where V C X and X-V is both compact and closed in X. Prove that
@ > is a topology for X*. Prove also that X is a subspace of X* and
X* is compact. (X* is called the one-point compactification of X.)
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The starting point of this chapter is Exercise 2.2 (b) where you were asked to
prove that if a topological space X is metrizable then for every pair x,y of
distinct points of X there are open sets U, and U, containing x and y respec-
tively such that Uy N Uy, = @. The proof is straightforward: since x #y,
d(x,y) = 2¢ for some € where d is some metric on X realizing the topology
on X. The sets B(x) = { z € X; d(x,2) <e } and B¢(y) satisfy the required
conditions.

8.1 Definition
A space X is Hausdorff if for every pair of distinct points X,y there
are open sets Ux,Uy containing X,y respectively such that U, N U, = 9.

Thus all metrizable spaces are Hausdorff, in particular R® with the usual
topology and any space with the discrete topology is Hausdorff. A space
with the concrete topology is not Hausdorff if it has at least two points.

8.2 Exercises

(a) Let X be a space with the finite complement topology. Prove that X
is Hausdorff if and only if X is finite.

(b) Let # be the topology on R defined by U € Fif and only if for
each s € U there is a t > s such that [s,t) C U. Prove that (R,#) is
Hausdorff.

(c) Suppose that X and Y are homeomorphic topological spaces. Prove
that X is Hausdorff if and only if Y is Hausdorff.

The Hausdorff condition is an example of a separation condition. We shall
define some of the other separation conditions, but apart from the next few
pages we shall only pursue the Hausdorff condition in detail.

8.3 Definition
Let k be one of the integers 0,1,2,3 or 4. A space X is said to be a



T)-space if it satisfies condition T given below:

ToZ

T‘:

Hausdorff spaces

For every pair of distinct points
there is an open set containing one
of them but not the other.

: For every pair x,y of distinct points

there are two open sets, one con-
taining x but not y, and the other
containing y but not x.

: For every pair x,y of distinct points

there are two disjoint open sets, one
containing x and the other contain-

ingy.

: X satisfies T, and for every closed

subset F and every point x not in
F there are two disjoint open sets,
one containing F and the other
containing X.

X satisfies T, and for every pair
F,,F; of disjoint closed subsets
there are two disjoint open sets,
one containing F; and the other
containing F,.

51

G40,
()&

Y

A T,-space is a Hausdorff space. A T;-space is sometimes called a regular

space.

It is clear that T, = T; = T,. The reason why condition T, was included
in conditions T3 and T4 will be revealed in the next result (Theorem 8.5)
from which it will follow that T4 = T3 =T, =T, = T,.

8.4

Exercises

(a) Suppose that X and Y are homeomorphic spaces. Prove that X is a
Ty -space if and only if Y is a T -space (k = 0,1,2,3,4).

(b) Construct topological spaces Xo,X;,X; and X, with the property
that X, is a Ty -space but X, is not a T;-space for j > k.

(c) Prove that a compact Hausdorff space is a T4-space. (Hint: Look at
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the proof of Theorem 8.7 and in desperation look at the proof of
Theorem 8.11.)

8.5 Theorem
A space X is T, if and only if each point of X is closed.

Proof Suppose X is a T;-space. Let x€E X and y € X - { x } . Then there is
an open set U, containing y but not x. Therefore
U Uy, =X- {x}
yex-{«x}
which shows that X - { x } is a union of open sets and hence is open. Thus
{ x } is closed.
Conversely if { x} and { y } are closed then X - {x} and X-{y}
are open sets, one containing x but not y and the other containing y but not
x;i.e. Xisa T, -space.

As a corollary we get the following result.

8.6 Corollary
In a Hausdorff space each point is a closed subset.

In fact something much more general holds.

8.7 Theorem
A compact subset A of a Hausdorff space X is closed.

Proof We may suppose that A # @ and A # X since otherwise it is already
closed and there is nothing to prove. Choose a point x € X - A. For each
a € A there is a pair of disjoint open sets U,,V, with x in U, and a in V. The
set { V,;a€ A} covers A and since A is compact there is a finite subcover,
say
{Vaay Va@2y+Vam }

which covers A. The set U = U, ;) N Uy(3) N...N Uy(y) is an open set con-
taining x which is disjoint from each of the V, ;) and hence U C X - A. Thus
each point x € X - A has an open set containing it which is contained in
X - A, which means that X - A is open and A is closed.

Theorem 8.7 leads to an important result.

8.8 Theorem
Suppose that f: X = Y is a continuous map from a compact space X
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to a Hausdorff space Y. Then f is a homeomorphism if and only if f is
bijective.

Proof Obviously if f is a homeomorphism then f is bijective. It is the con-
verse which is more interesting. Suppose therefore that f is bijective, whence
f~! exists. Now f™! is continuous if and only if (f™) ™ (V) = f(V) is closed
whenever V is closed in X. If V is closed in X then V is compact by 7.10,
whence f(V) is compact by 7.8 and so f(V) is closed by 8.7 which proves
that f ! is continuous.

We need both the Hausdorff and compactness conditions in the above
result. For example if X is the real numbers with the discrete topology
(hence not compact) and Y is R with the usual topology (hence Hausdorff)
then the identity map X = Y is continuous and bijective but not a homeo-
morphism. Also, if X = { x,y } with the discrete topology (hence compact)
and Y = { x,y } with the topology { 9,Y, {x}} (hence not Hausdorff)
then the identity map is continuous and bijective but not a homeomorphism.

Using the above theorem, many of the homeomorphisms in Chapter 5 can
now be easily seen. For example the image f(X) of a compact space X in a
Hausdorff space under a continuous injective map is homeomorphic to X.

We now go on to investigate how the Hausdorff property carries over to
subspaces, topological products and quotient spaces.

89 Theorem
A subspace S of a Hausdorff space X is Hausdorff.

Proof Let x,y be a pair of distinct points in S. Then there are a pair of dis-
joint open sets Uy and Uy in X with x in U, andy in U, . The sets (U, NS)
and (U, N S) are disjoint open sets in S and x is in (U, N §) while y is in
(Uy N'S). Hence S is Hausdorff.

In particular every subset of R™ with the usual topology is Hausdorff.

8.10  Theorem
Let X and Y be topological spaces. Then X and Y are Hausdorff if
and only if X X Y is Hausdorff.

Proof Suppose that X and Y are Hausdorff and let w, = (x,,y,) and w; =
(x2,y2) be two distinct points of X X Y. If x; # x, then we can find two
open disjoint sets U;,U; with x, € Uy, x, € U,. The sets U; X Y and
U, X Y are disjoint open setsin X X Y withw; €U; X Yand w, €U, X Y.
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If x; = x, then y; # y, and a similar argument shows that there are disjoint
opensets XX Vyand XX Vain X X Y withw; EX X V; and wa EX X V,.

Conversely, if X X Y is Hausdorff then so are the subspaces X X {y},
{x} X Yandhence soare Xand Y.

Thus spaces like S' X 8! X ... X S! are Hausdorff.

Although subspaces of Hausdorff spaces are Hausdorff and products of
Hausdorff spaces are Hausdorff it is not true in general that a quotient space
of a Hausdorff space is Hausdorff. As an example let X be a Hausdorff space
with a subset A of X which is not closed, (e.g. X = R, A =(0,1)). Let Y be
X/~ where ~ is the equivalence relation on X given by x ~ x' if and only if
x = x or { x,x'} C A (intuitively Y is X with A shrunk to a point; in
general we denote Y = X/~ by X/A). If we give Y the quotient topology
with g: X =+ Y being the natural projection then the inverse image of the
point [xo] € Y where xo € A is A which is not closed in X. Therefore the
point [xo] is not closed in Y and Y is not Hausdorff.

To ensure that a quotient space Y of a Hausdorff space X is Hausdorff we
need to impose further restrictions on X. As an example we give the following
result.

8.11  Theorem

Let Y be the quotient space of the topological space X determined
by the surjective mapping f: X = Y. If X is compact Hausdorff and f is closed
then Y is (compact) Hausdorff.

Proof Points of Y are images of points in X which are closed in X, thus the
points of Y are closed. Let y, and y; be a pair of distinct points in Y. The
sets f'(y;) and f~'(y;) are disjoint closed subsets of X. For each point
x € f'(y,) and each point a € f ! (y,) there are a pair of disjoint open sets
U, o and V, , with x €U, , and a € V, ,. Since f ™' (y2) is closed it is also
compact and so there is a finite subcover of { Vx’a; a € f7'(y,) } which
covers f™'(y;), say { V, ,;a € A} where A is a finite subset of f™'(y;). In
particular there are disjoint open sets U, and V, with x €U, and f (y,) C
V. in fact

U=NU, V,=U V

X,a’ X
acA acA

X,8°

Now { U,; x € f™(y;) } is an open cover of f'(y,) which is compact,
hence there is a finite subcover { U,; x € B } where B is a finite subset of
f'(y,). Thus the sets
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U= U U, V= NV
XEB XEB
are disjoint open sets with f '(y;) CUand f'(y;) C V.

Since f is closed, by assumption, f(X - U) and f(X - V) are closed subsets
of Ysothat W, =Y - f(X - U) and W, =Y - f(X - V) are open subsets of
Y with y, €W, and y, € W,. Finally, we just need to check that W, N'W,
= (. Suppose therefore that y EW, N W, , theny ¢ f(X - U) and y ¢
f(X - V). Therefore f'(y) N (X- U)=@ and f'(y) N (X - V) =@ from
which it follows that f '(y) CUNV =@ and hence W, NW, =@.

X

As a corollary we get the following result.

8.12  Corollary
If X is a compact Hausdorff G-space with G finite then X/G is a
compact Hausdorff space.

Proof Let C be a closed subset of X. Then
'@(C)= U gC
gEG
where m: X = X/G is the natural projection. Since the action of g €G on X
is a homeomorphism g-C is closed for all g € G. Thus 7~ ((C)) is closed and
hence 7(C) is closed which shows that = is a closed mapping.

So, for example, R P? is a compact Hausdorff space.

For another corollary to Theorem 8.11 consider a space X with a subset
A C X. Recall that X/A denotes X/~ where ~ is the equivalence relation on
X given by

x~x'ifandonlyif x=x" or x,x' €A

8.13  Corollary
If X is a compact Hausdorff space and A is a closed subset of X then
X/A is a compact Hausdorff space.

Proof Let C be a closed subset of X and let p: X = X/A denote the natural
map. If C N A = @ then p(C) = Cis closed. If C N A # @ then p(C)=p(C-A)
Up(C N A) which is closed because p ! (p(C-A) Up(C N A))=(C-A)VA =
CU A. Thus p is a closed map.

Other restrictions on a Hausdorff space ensuring that a quotient is also
Hausdorff appear in the next set of exercises, where a converse to Theorem
8.11 is also given.
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Exercises

Let f: X = Y be a continuous surjective map of a compact space X
onto a Hausdorff space Y. Prove that a subset U of Y is open if and
only if f™'(U) is open in X. (Hint: Prove that a subset C of Y is
closed if and only if f~!(C) is closed in X.) Deduce that Y has the
quotient topology determined by f.

Prove that the space Y is Hausdorff if and only if the diagonal D =
{ (y1,y2)EYX Y;y; =y, } inY X Yis aclosed subset of Y X Y.
Let f: X = Y be a continuous map. Prove that if Y is Hausdorff then
the set { (x1,X2) € X X X; f(x;) = f(x3) } is a closed subset of
XX X.

Let f: X =+ Y be a map which is continuous, open and onto. Prove
that Y is a Hausdorff space if and only if the set { (x;,x;) €
X X X; f(x;)=1(x3) } is a closed subset of X X X.

Let X be a compact Hausdorff space and let Y be a quotient space
determined by a map f: X = Y. Prove that Y is Hausdorff if and only
if f is a closed map. Furthermore, prove that Y is Hausdorff if and
only if the set { (x;,X3) € X X X; f(x;) = f(x3) } is a closed sub-
set of X X X.

Let ~ be the equivalence relation on S' X I given by (x,t) ~ (y,s) if
and only if xt = ys (here we think of S' C € and 1= [0,1] C R).
Prove that (S' X I)/~ is homeomorphic to the unit disc D?* =
{ x€ER%IxI<1}={x€C;|x|<1} with the induced topo-
logy.

Let ~ be the equivalence relation on the unit square region X =
{ (x,y) €ER?* 0<x,y <1} givenby (x,y) ~ (x',y') if and only if
xy)=(xy)or { xx'} ={10}andy=1-y or {yy'} =
{ 1,0 } and x = 1-x". See Figure 8.1. Prove that the identification
space X/~ is homeomorphic to R P?.

Figure 8.1
—»-

¢

Let S” be the subset of S" C R*1 given by
SM= { x=(x1,X2,:-,Xp41) € RO IXI=1,x,,, 20} .
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Prove that the function f: R?*1 > R given by
f(xl 9x2 )-.-,xn+l) = (X1 ,Xg ,...,Xn)

induces a homeomorphism from S to the closed n-disc D",
Dn= {x€ RM|xli<1}.

(i) Define ~on R by
x ~y if and only if x-y is rational.

Show that ~ is an equivalence relation and that R /~ with the
quotient topology is not Hausdorff.

() Let X be a compact Hausdorff space and let U be an open subset of
X not equal to X itself. Prove that
U™ = X/(X-U).

(Hint: Consider h: U™ - X/(X-U) given by h(u) = p(u) foru€ U
and h(=) = p(X-U) where p: X = X/(X-U) is the natural projec-
tion.) Deduce that if x € X (and X is a compact Hausdorff space)
then

X-{x})®=X

(k) Prove that
Sn = (RM)®=xpn/Sn-1 = n/g|n,

(Hint: S" - { (00....,0,1) } = RnxDn-§n"1x|n-3jn)

() (Generalization of 8.11) Let Y be the quotient space of X deter-
mined by the surjective mapping f: X - Y. Suppose that X is a
Hausdorff space, f is a closed mapping and f ™ (y) is compact for all
y €Y. Prove that Y is a Hausdorff space.

(m) Suppose that X is a compact Hausdorff space and that A is a closed
subspace of X. Suppose furthermore that A is a G-space with G
finite. Define a relation ~ on X by saying that x ~ x’ if and only if
either x = x' or both x,x’ € A and x = g-x’ for some g € G. Prove
that ~ is an equivalence relation on X and prove that the space
X/~ is Hausdorff.

(n) Prove that

A subset of R" is compact if and only if it is closed and bounded.
(Hint: Use Theorem 7.12, Exercise 7.13(b) and Theorem 8.7.)
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Intuitively a space X is connected if it is in ‘one piece’; but how should a
‘piece’ be interpreted topologically? It is reasonable to require that open or
closed subsets of a ‘piece’ are open or closed respectively in the whole space
X. Thus by Lemma 4.4 we should expect that a ‘piece’ is an open and closed
subset of X. This leads us to the following definition.

9.1 Definition

A topological space X is connected if the only subsets of X which
are both open and closed are ® and X. A subset of X is connected if it is
connected as a space with the induced topology.

An equivalent definition is that X is connected if it is not the union of two
disjoint non-empty open subsets of X. That this is so forms the next result.

9.2 Theorem
A space X is connected if and only if X is not the union of two
disjoint non-empnty open subsets of X.

Proof Let X be connected and suppose X = X; U X, where X; and X, are
disjoint open subsets of X. Then X - X; = X, and so X, is both open and
closed which means that X; = @ or X and X; = X or @ respectively. In either
case X is not the union of two disjoint non-empty open subsets of X.

Conversely, suppose that X is not the union of two disjoint non-empty
open subsets of X and let U C X. If U is both open and closed then X - U is
both open and closed. But since X is then the disjoint union of the open sets
Uand X - U one of these must be empty,ie. U=@orU=X.

As an example, the subset S° = { £ 1} of R is not connected because
{ + 11} is both an open and a closed subset of S°; or equivalently because
S° is the disjoint union of the open subsets { + 1} and { - 1} of S°. An
example of a connected subset of R is [a,b], but this is a theorem. Before
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proving this let us have some more examples. The examples show that we
have to be careful with our intuition.

Let X be the real numbers with the topology { @} U { R} U
{ (-=,x); x € R } ; then any subset of X is connected. To prove this let S
be any subset of X. Suppose that F is a non-empty subset of S which is both
open and closed in S. Thus we may write F as UN S =C N S where U is open
in X and C is closed in X, i.e. U =(-2°,b) for some b and C = [a,*) for some
a. Since F=U N S = C N S it follows that if x € S then x <b and x > a (if
there is an x > b then C N S # U N S; similarly if there is an x < a then
UNS# CNS). Thus S C [a,b) and F = S which means that S is connected.

Now let X be the real numbers with the topology # defined by: S€ F#
if and only if for each s € S there is a t > s such that [s,t) C S. In this case
the only non-empty connected subsets of X are single points. To prove this
suppose that T is a non-empty connected subset of X and let x be a point in
T. The subset [x,x + €) of X is both an open and closed set (Exercise 2.6(d))
for all € > 0. Thus [x,x +€) N T is an open and closed subset of T. Since T is
connected and [x,x-€) N T # @ it follows that [x,x + €) N T =T for all
€ > 0. But this is possible only if T = { x }. Clearly single points are con-
nected and so the only non-empty connected subsets of X are single points.

We come now to the proof that the subset [a,b] of R (with the usual
topology) is connected.

9.3 Theorem
The interval [a,b] C R is connected.

Proof Suppose that [a,b] is the disjoint union of two open sets U, V of [a,b].
Also, suppose that a € U. Note that U and V are also closed in [a,b] and
hence, since [a,b] is closed in R, they are also closed in R. Let h be the
least upper bound of the set

{u€eU;u<vforallveV}

(this set is non-empty since a belongs to it). Because U is closed, h € U.
Now (h-¢,h+e) NV # @ for all ¢ > 0 (otherwise h would not be an upper
bound) and so by Lemma 2.7, h € V.But Visclosed soh€V,andh€UN V
gives a contradiction, proving that [a,b] is connected.

9.4 Theorem
The image of a connected space under a continuous mapping is con-
nected.

Proof Suppose that X is connected and f: X = Y is a continuous surjective
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map. If U is open and closed in Y then f ! (U) is open and closed in X which
means that f ' (U) =0 or Xand U=0 or Y. Thus Y is connected.

9.5 Corollary
If X and Y are homeomorphic topological spaces then X is con-
nected if and only if Y is connected.

From Theorem 9.4 we deduce that the circle S' is connected since there
is a continuous surjective map f: [0,1] = S' given by f(t) = (cos(2nt), sin
(2mt))€S' C R,

To prove that intervals in R of the form [a,b), (a,b] and (a,b) are con-
nected we make use of the next result.

9.6 Theorem
Suppose that { Yj; j €T} is a collection of connected subsets of a
space X. If N Y; # @ then Y = U Y; is connected.
i€l i€l

Proof Suppose that U is a non-empty open and closed subset of Y. Then
UNY,; #9 for some i €J and UNY; is both open and closed in Y;. But Y;
is connected so U N'Y; =Y, and hence Y; C U. The set Y, intersects every
other Yj, j € J and so U also intersects every Yj,j € ]. By repeating the argu-
ment we deduce that Y; C U for all j €J and hence u=Y.

That the subsets [a,b), (a,b] and (a,b) of R are connected follows from
Theorem 9.3, Corollary 9.5 and the fact that
[ab) = U [a,b- (b-a)/2"]
n>1
etc. Similarly it follows that R itself and intervals of the form [a,),
(-°9,b] , (-°°,b), (a,*°) are connected.
The final result that we shall prove concerns products of connected spaces.

9.7 Theorem
Let X and Y be topological spaces. Then X and Y are connected if
and only if X X Y is connected.

Proof Suppose that X and Y are connected. Since X = X X { y } and
Y= {x} XYforal xEX,yEYweseethat XX {y}and { x } XY
are connected. Now (X X {y})N({x} XY)= {(xy) } #0 and so
(XX {y})U({x} X Y)is connected by Theorem 9.6. We may write
XXYas
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XXY= U(XX {yHU({x} XY)
xeX
for some fixedy €Y.Since N (XX {y})U({x} XY))+#0 we deduce
xeX

that X X Y is connected.

Conversely, suppose that X X Y is connected. That X and Y are connected
follows from Theorem 9.4 and the fact that 7y: X X Y - X and my:
X XY =Y are continuous surjective maps.

From the above results we see that R™ is connected. In the exercises we
shall see that S™ is connected for n > 1 and also that RP™ is connected.

98 Exercises

(a) Prove that the set of rational numbers Q C R is not a connected
set. What are the connected subsets of Q?

(b) Prove that a subset of R is connected if and only if it is an interval
or a single point. (A subset of R is called an interval if A contains
at least two distinct points, and ifa,b EAwitha<banda<x<b
then xE A)

(c) Let X be a set with at least two elements. Prove
(i) If X is given the discrete topology then the only connected sub-
sets of X are single point subsets.

(ii) If X is given the concrete topology then every subset of X is
connected.

(d) Which of the following subsets of R? are connected?
{xixt<1}, {x;ixi>1}, {x;ixii#1}.

Which of the following subsets of R are connected?
{xx: 2 +x22 - %32 =1}, {x;x,2 +x2 +x32=-1},
{x;x3 #1}.

(e) Prove that a topological space X is connected if and only if each
continuous mapping of X into a discrete space (with at least two
points) is a constant mapping.

(f) A is a connected subspace of X and A C Y C A. Prove that Y is
connected.

(g) Suppose that Yo and { Yj;j €J } are connected subsets of a space
X. Prove that if Y, an#:GforalljeJthenY:Yo (VXY Yj)

i€l
is connected.
(h) Prove that Rn*1- {0} is connected if n > 1. Deduce that S™ and
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R P" are connected for n > 1. (Hint: Consider f: R*1- {0} -
Sn given by f(x) = x/|Ixll.)

(i) Let A and B be subsets of R? defined by

A={(xy);x=0,-1<y<1},

B= {(xy);0<x<1,y=cos(a/x) }.

Prove that X = A U B is connected. (Hint: Prove that A and B are
connected. Then consider X = U UV where U,V are open and closed
in X. Finally assume that some point of A is in U.)

() Let A and B be subsets of R? defined by
A= { (xy)¥%<x<l,y=0},
B={(x,y);0<x<1,y=x/nwheren€N}.

Prove that X = A U B is connected.

(k) First steps in algebraic topology. Let X be a topological space and

define H(X) to be the set of continuous maps from X to Z, (the
topological space consisting of two points { 0,1} with the discrete
topology). If f, g € H(X) then define f + g by
(f + g)(x) = f(x) + g(x) mod 2 (x € X).
Prove that f + g is continuous and H(X) is an abelian group with
respect to this operation. Prove that X is connected if and only if
H(X) is isomorphic to the cyclic group of order 2. Construct
examples of topological spaces X, with H(Xy) isomorphic to
(Z2)x.
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The pancake problems

In this chapter we give some light hearted applications of the results of
previous chapters by looking at the so-called ‘pancake problems’. Roughly
stated the first problem is: Suppose you have two pancakes (of any shape)
on a plate, show that it is possible to cut both exactly in half with just one
stroke of a knife. The second problem is to show that you can divide one
pancake into four equal parts with two perpendicular cuts of a knife. The
proofs are based on a form of the intermediate value theorem.

10.1 Lemma
If f: 1 = R is a continuous function such that the product f(0)
f(1) is finite and non-positive then there exists a point t € I such that f(t) = 0.

Proof Suppose that f(t) # O for all t € I; in particular f(0) f(1) <O0. Define
a function g: I - { 1} = S° by g(t) = f(t)/(If(t)!). This is clearly con-
tinuous and surjective (because f(0) f(1) < 0). But I is connected while S°
is not. This contradicts the fact that the image of a connected space is
connected.

As a corollary we get the following fixed point theorem.

10.2  Corollary
Suppose that f: I = I is a continuous function; then there exists
some point t € I such that f(t) = t.

Proof If £(0) = 0 or f(1) = 1 we are finished. Suppose therefore that f(0) > 0
and f(1) < 1 and consider the function g(t) = f(t) - t. This is continuous and
satisfies g(0) g(1) < 0. Thus by Lemma 10.1 we have g(t) = O for some
t € 1 and hence f(t) = t forsome t € 1.

10.3  Corollary
Every continuous mapping of a circle to the real numbers sends at
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least one pair of diametrically opposite points to the same point.

Proof Suppose that f(t) # f(-t) for all t € S'; then let h: S' = R be the
function h(t) = f(t) - f(-t). Also, let e: I - S' be given by e(t) = exp(mwit).
Clearly he is continuous. Now

he(0)=h(1)=f(1)- f(-1)

he(1) = h(-1) = (- 1) f(1) = -he(0).
So by Lemma 10.1 there is a point t € I such that he(t) = 0 and hence an
x €S! such that h(x) =0 i.e. f(x) = f(-x).

There is a physical interpretation of Corollary 10.3.

104  Corollary
At a given moment of time and a given great circle on the earth
there is a pair of antipodal points with the same temperature.

Antipodal points are just diametrically opposite points. This result does
generalize; see Chapter 20.
We come now to a precise statement of the first pancake problem.

10.5  Theorem
Let A and B be bounded subsets of the euclidean plane. Then there
is a line in the plane which divides each region exactly in half by area.

Note that the two regions may overlap, i.e. the pancakes may overlap.
Furthermore the regions need not be connected, i.e. the pancakes may be
broken into several pieces.

Proof Let S be a circle with centre (0,0) € R? which contains both A and B
(this is possible since A and B are bounded). By changing scales we may
assume that S has diameter 1 unit. For each x € S consider the diameter D,

Figure 10.1
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of S passing through x and let L, be the line perpendicular to D, passing
through the point on D, at a distance t from x (t € I); see Figure 10.1.

Let g;(t) denote the area of that part of A which lies on the side of L,
nearest to x. Let g,(t) denote the area of the other part. (Note g,(0) =

g2(1) = 0.) It is clear that g, and g, are continuous functions from I to R.
Define f: I+ R by

f(t) = g2 (1) - &1 (V).

It is continuous and satisfies f(0) = -f(1), i.e. f(0) f(1) <0. By Lemma 10.1
we know that there is some point t € I such that f(t) =0. This point may not
be wmique. Because g, and -g, are monotone decreasing functions (this is
obvious) so is f = g,-g;. Thus f(t) = 0 on either a closed interval [a,b] or at
some unique point c. In the former case let h, (x) = % (a+b) while in the
latter case hy(x) = c. In other words a line perpendicular to D, passing
through the point distance h(x) from x on D, bisects the area of A. Note
that

hA(‘X) = l'hA(X).
Also note that h,: S! - I is a continuous function (the usual trick: move x
slightly and see what happens to h, (x)).

In an identical fashion we define a function hg: S' - I by using B instead
of A. Now define h: S' - R by

h(x) =h, (x) ~hg(x)
which is continuous because h, and hg are. Now, we have h(x) = -h(-x) for
all x € S'. But also by Corollary 10.3 there is some point y € S! such that
h(y) = h(-y). Thus h(y) =0, h, (y) = hg(y) and the line perpendicular to D,
passing through the point on D at a distance h A(y) from y bisects the area
of A and the area of B.

The above theorem generalizes to higher dimensions, i.e. n bounded
regions in R 1; for n = 3 see Chapter 20.
The second pancake problem is now stated precisely.

10.6  Theorem
If A is a bounded region in the plane then there exists a pair of
perpendicular lines which divide A into four parts each of the same area.

Proof As in the proof of Theorem 10.5 we enclose A within a circle S centre
(0,0) € R? and diameter 1 unit. For each x €S let L, be the line perpendi-
cular to D, which meets D, at a distance h,(x) from x (in particular L,
bisects the area of A). Let y be the point on S at an angle %n from x
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measured counterclockwise (i.e. y = ix = x4/(-1)). Now let M, be the line
perpendicular to Dy, which meets D at a distance h,(y) from y (again M,
bisects the area of A). Finally denote the four parts of A, working counter-
clockwise, by A;(x), A2(x), A3(x), Aq(x); see Figure 10.2. Note that if we
denote area (A;(x)) by g;(x) then

g1(x) +g2(x) = ga(x) + ga(x),

ga(x) + g1(x) = g2(x) +g3(x),
which gives g;(x) = g3(x) and g2 (x) = g4(x). Of course, each of g, ,g;,83 and
g4 is a continuous function from S' to R . Let f be the continuous function
given by

f(x) = g1(x) - g2(x) = g3(x) -ga(x)
Notice that
f(ix)

81(ix) - g2(ix)

= ga(x)-ga(x)

= g2(x)-g1(x)

= -f(x).
Now apply Lemma 10.1 to the function f\/e: I = R, where \/e: I -+ S! is
given by ve(t) = exp(mit/2), to obtain the required result.

Figure 10.2

The solution to the pancake problems is an existence theorem; it asserts
that a cut of the required kind exists but it does not tell us where to make
the cut. In general the precise position of the cut may be difficult to find;
we give, by way of an exercise, one example where it is easy to find.

10.7  Exercises
(a) Suppose that there are two pancakes on a plate. If one of them has
the shape of a regular 2n-gon and the other the shape of a regular
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2m-gon where would you make a cut with one stroke of a knife in
order to divide both exactly in half?

(b) (An alternative proof of Theorem 10.5.) Using the notation of 10.5
first show that for x € S' there is a line L, perpendicular to D,
which divides A in half. This line L, divides B into two parts; let
k1 (x), ka(x) be the areas of those parts of B that are respectively
closest to, farthest from x. Let k(x) = k;(x) - k3(x). Show that k:
S! > R is continuous and deduce Theorem 10.5.



11

Manifolds and surfaces

In this chapter we look at a special class of topological spaces: ones that
locally look just like euclidean spaces.

11.1 Definition

Let n be a non-negative integer. An n-dimensional manifold is a
Hausdorff space in which each point pas an open neighbourhood homeomor-
ghic to the open n-dimensional disc D? = { x € R7; |Ix|| < 1} . Note that
D? > R 1, 50 that we could equally require that each point has a neighbour-
hood homeomorphic to R . For brevity we talk about an n-manifold.

Since R? is just a single point it follows that any space X with the dis-
crete topology is a O-manifold. (A space with the discrete topology is
Hausdorff and for x € X we can choose { x } as the open set containing x
which is homeomorphic to R°.) Apart frong the 0-manifolds perhaps the
simplest example of an n-manifold is R™ or Dn itself. Also, any open subset
of RM is an n-manifold: if U is an open subset of R? andu€U then there
exists an € > 0 such that u € B¢(u) C U C R™, and of course B¢(u) = Dn.

The circle S! is a 1-manifold. To see this let S' C C be given by

{ exp (2rit) ;tE€I1}.
If x = exp (27i0) €S' then
XxES'- { -x} =S'-{ exp(2ni(6 - %)) }
= {exp(mit) ;0 - B<t<O+%}
=(0 - %, g+ %)
=(0,1) = D!
so that each point has a neighbourhood homeomorphic to D Clearly S! is
Hausdorff and so S' is a 1-manifold. More generally S™ is an n-manifold. To
see this we introduce the idea of stereographic projection which is in fact a
homeomorphism from S - { (0,0,...,0,1) } to R™. We define it as follows:
for x € S* - { (00...,0,1) }, draw a straight line from (0,0.,...,0,1) to
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x in RP*1 extended to meet R™ = { (x1,X2,....Xp,Xp41) € RO x4y =
0 } € Rn*1 The point of intersection defines uniquely ¢(x). See Figure
11.1.

Figure 11.1

(0,0,1)

It is not difficult, intuitively at least, to see that ¢ is continuous and
bijective. Also ¥ = ¢! can be easily defined and seen to be continuous. A
precise formula for ¢ is not difficult to obtain: just write down the equation
for a straight line in R1*! passing through (0,0....,0,1) and x, then find the
point in this line for which x,,; = 0. The reader will quickly find that

= X1 X2 Xa_
@(X1,X2,000X0 4 1) = ( , )
P I-Xpe1 T-Xpep 77 1- X4

An inverse Y: Rn > Sn-{(0 0,...,0 1) } is given by

¥ (X1,X2,00,Xp) = PYTH (2X1,2X3 0., 2%, X112 - 1).

l+|l I

We leave it for the reader to check that ¢ and Y are continuous and that
¥ =1,yp=1

It follows that any point x € $? - { (0,0,...,0,1) } hasa neigbbourhood,
namely S" - { (0,0,...,0,1) } itself, which is homeomorphic to D". Finally,
the point (0,0,...,0.1) has the neighbourhood S? - { (0,0,...,0,-1) } which
is homeomorphic to R™ via the map ¢, where

X1 , X2 . xn )
Ttxpe 14x4 1+ xp41
It follows that S™ is indeed an n-manifold.

Another way to see that S™ is an n-manifold is to first look at the point
(0,0,...,0,1) € S™ and the neighbourhood U of (0,0,...,0,1) given by

U= { (X|,X2, ,xnﬂ)GS Xn+l>0}

This neighbourhood U is homeomorphic to Dn by orthogonal projection, in
other words by the map U —» Dn C R™ given by (xy,X3,...,Xp41) =

¢'(xl »X2 ""’xn-rl) = (
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(X1,X3,-.,Xy)- In general, for x € S8, we take U, to be

= {y€ESix-yi<v2}
which is clearly an open neighbourhood of x € S". Orthogonal projection
onto the n-plane in R™*! passing through O and orthogonal to the line
through O and x produces a homeomorphism between U, and D" and shows
that S” is an n-manifold.

The fact that an n-manifold, by definition, is HausdorfT is important.
One might ask: If X is a space in which each point has a neighbourhood
homeomorphic to R? then is X Hausdorff? The answer is no, as a simple
example will show. Let X be the set

X={x€R;-1<x<L2}
with the topology & where U€E€ & if U =0, U = X or U is an arbitrary
union of sets of the form

(@ 8) -1<a<p<2,

(@0)U@B2] -1<a<0,-1<8<2.
Note that X does not have the subspace topology induced by R because sets
of the form (8,2] are not open in X. Intuitively the correct picture of X is
given in Figure 11.2 (a) or (b). This is because { 2 } is arbitrarily close to
{ 0} (i.e. any open set containing { 2 } contains (a,0) for some a). Clearly
X is not Hausdorff because any open neighbourhood of { 2 } intersects
every open neighbourhood of { 0 }. On the other hand every point in X has
a neighbourhood homeomorphic to R!. If x € X and x # 2 then this is clear.
If x =2 then

N=(-%0)U(3/2,2]
is a nelghbourhood of { 2 } which is homeomorphic to D! by the map f:
N=(-1,1)= D! where

2y if-% <y <0,
f(y) =
4-2y  if32<y<2.

The reader should check that f is continuous and bijective with an inverse
g: (-1.1) = N given by

Figure 11.2

Y o

> —————————————

-1 N -1 2
b)

@)
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¥x if -1 <x<0,
g(x) =
2-%x if0<x<l.

Thus the Hausdorff condition in Definition 11.1 is not at all superfluous.
It rules out spaces as illustrated in Figure 11.2, spaces that do not intuitively
feel locally like euclidean spaces. Perhaps another reason for including the
Hausdorff condition is that we tend to think of n-manifolds as subspaces of
some euclidean space RN, N large (which locally are like R™). In this case
the Hausdorff condition is inherited from the surrounding space RN. In
fact there is a theorem which states that if M is a nice n-manifold (for
example compact) then M is homeomorphic to a subspace of some euclidean
space RN. See Exercises 11.2(f) and (g) for the case of a compact manifold.

For further examples of manifolds note that if M is an m-manifold and
N is an n-manifold then the product M X N is an (m + n)-manifold because
Dm X Dn = Rm X Rn = Rm*n o Pm+n gng products of Hausdorff
spaces are Hausdorff. Thus S' X S' is a 2-manifold and more generally
S!' X 8! X ... X S! is an n-manifold.

n

The space RP? is an n-manifold. To see this consider the map p: S" -
R P sending x € S" to the pair { x,-x } € Rl:“. Let U, be an open
neighbourhood of x € S™ that is homeomorphic to D" and has diameter less
than /2. In that case p(U,) is an open neighbourhood of { x,-x } ERP"
homeomorphic to D". This is because p is a continuous open mapping
(Theorem 5.12) and if U is a small enough region in S® then p| U : U= p(U)
is bijective. More generally let X be a G-space where G is a finite group. We
say that G acts freely on X if gx # x for all X € X and allg€E€G,g# 1. IfG
acts freely on X then if X is a compact n-manifold so is X/G; conversely if
X/G is an n-manifold then so is X. We leave details for the reader.

For another example consider the identification space M depicted in
Figure 11.3, which consists of an octagonal region X with its edges identified
as illustrated. Let p: X = M denote the natural projection map.

Figure 11.3
a;

ay a,

aq a;

a, as
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If x € M is such that p~(x) i in the interior of X then clearly x has a
neighbourhood homeomorphic to D2 in fact p(X) is such a neighbourhood.
If x € M is such that p ™' (x) belongs to an edge of X but not a vertex of X
then again it is not difficult to see that x has a neighbourhood homeomorphic
to D?; see Figure 11.4.

Figure 11.4

M @
X ———

Finally if p l(x) is a vertex of X then a nenghbourhood N, of x which is
homeomorphic to D? is depicted in Figure 11.5 (p ™' (N,)) consists of points
in X of distance less than € from p ™' (x) for some suitable € > 0).

Intuitively it is not difficult to see that M is Hausdorff and the reader
should have no difficulty seeing this. For the algebraic minded we give the
following proof. Let A denote the ‘edges’ of X. Write A as ¢ A; VY where

i=1
the A are the (closed) edges of X, and Y denotes the eight vertices of X. Let
C be a closed subset of X, then

p'p@)=p7'p((C- A)VU(CNY)U i§l (CNA))
=(C- A)Up p(CNY)U .lele"p(CnAi)
i=

=(C- A)Uevuﬁl((ani)uBi)
i=

Figure 11.5
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where e Y=Y if CN Y isnon-empty and e Y =@ if CN Y is empty. The set
B; is a subspace of A homeomorphic to C N A;. In fact, if the edge A, is
identified with the edge A; in M then B is the subspace of A; homeomorphic
to C N A; for which p(B;) = p(C N A;). (Note that p~' p(C NA) N A;=B;
UEeYN Aj).) Thus we see that

p'p(C)=CUeYU N B,

i=1

See Figure 11.6.

Figure 11.6

C p'p(O)

The subspaces B;, i = 1, 2, ..., 8, are closed subsets of X because B, is
homeomorphic to C N A; which is a closed set, and so B, is a closed subset
of A (some j) and hence a closed subset of X. It follows that p ' p(C) is a
closed set and hence so is p(C) by the definition of a quotient topology. We
deduce that p: X -+ M is a closed mapping. Since X is obviously a compact
Hausdorff space it follows by Theorem 8.11 that M is also a compact Haus-
dorff space and so M is indeed a 2-manifold.

We can actually perform the identifications of Figure 11.3 within our
three-dimensional world. This is depicted in Figure 11.7. The end result is
called a double torus.

Another way of realizing the 2-manifold M of Figure 11.3 is to first
remove an open disc neighbourhood of a point as indicated in Figure 11.8(a).
Now identify the two edges denoted by a; to give (c). Consider the shaded
region Y in (d). This is homeomorphic to the subspace of R? illustrated in
(e). The function f,

(x(a+2y(b-a))/b,y) if0<x<bandy<O,
fxy)= {(E-D-a-2y0-a), .50 - ), y)

1-b
ifb<x<landy<O0
b’ 1 —_ —_— —_ v
(xa/b,y) ify>0
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(where 0 < a <b <1)is a homeomorphism between the spaces illustrated in
Figure 11.8(¢) and (f). Notice that f is the identity on the three edges of
these regions not containing the bump. Thus we get a homeomorphism from
Y to Y which is the identity on the three edges of Y not containing a, . Using
this homeomorphism on Y and the identity on the non-shaded part of (d) we
get a homeomorphism between (d) and (g). Thus (¢) and (#) are homeomor-
phic spaces. In a similar way (k) and (k) are homeomorphic, using the shaded
regions of (i) and (f) to define a homeomorphism. Making the identification
on a, gives (/). In a similar way we obtain (m) which is homeomorphic to the
original ().

Figure 11.7
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Figure 11.8
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To continue we go over to Figure 11.9 and after some simple stretching
homeomorphisms we arrive at Figure 11.9(c). Finally, replacing the disc
neighbourhood that we removed gives us the double torus in Figure 11.9(d).

It turns out that all compact 2-manifolds can be obtained as the identifi-
cation space of some polygonal region; we shall return to this later on in this
chapter.

Figure 11.9

(d)

11.2 Exercises
(a) Show that an open subset of an n-manifold is also an n-manifold.
(b) Let CPn =821/ ~ where ~ is the equivalence relation on $*"*!
C Cn*1 given by
X~y e x=exp(2nit) y forsomet € 1.

Prove that C P" is a 2n-manifold. (Note that ~ identifies circles in
$*™*! {6 a single point; e.g. { (exp(27it), 0,0,....0); t €I } repre-
sents a point in CP1.)

(c) Let p be a positive integer and let L, = S/ ~ where ~ is the
equivalence relation on sl cC net” given by

x~y<sx=exp(2rin/p)y,n=0,1,..,p-1.
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Prove that L is a (2n+1)-manifold. (L, = g2+l IZ, where Z ,
acts freely on $27*1 i1 an obvious way.)

(d) Let X be a G-space where G is a finite group that acts freely on X.
Prove that if X is a compact n-manifold then so is X/G. Prove also
that if X/G is a manifold then so is X.

(e) Prove that if M is an n-manifold then each point of M has a neigh-
bourhood homeomorphic to the closed n-disc D?.

() Suppose that M is a compact n-manifold. Prove that M is homeo-
morphic to a subspace of some euclidean space R N_(Hint: Since
M is compact there is a ﬁmte cover { D;,D,,..,.D, } of M and
homeomorphisms h;: D; - Dn. Use Exercises 8. 14(j) and (k) to get
homeomorphisms M/(M- D) = (D)™ = (D“)°° = SP, Since M is
compact and Hausdorff and M-D; is closed the projection p;:
M - M/(M-D)) is continuous so that we get continuous maps f;:
M - Sn. Define f: M = (S")™ by f(x) = (f1(x), f2(x), ..., f,(x)).
Finally (S")m C(Rn)m = Rnm))

(8) Let M be an n-mamfold and let D be a subspace of M which is
homeomorphic to Dn. Since Dn = Rn = gn - {(0,0.,...,0,1) } we
have a homeomorphism

g:D->Sn- { (00,..0,1)}.
Define f: M - S? by
g(x) ifx€D,
f(x)=
00...0,1) if xEM-D.
Prove that f is continuous. Use this result to reprove the result in (f).

Our prime interest is in compact connected manifolds. All compact con-
nected O-manifolds are homeomorphic to each other. The circle S' is a
compact connected 1-manifold. In fact, up to homeomorphism, S' is the
only compact connected 1-manifold. The proof of this is not very difficult
and we shall give an outline of it. The first step (perhaps the hardest, but
intuitively plausible) is to use compactness to show that if M is a compact
connected 1-manifold then M can be subdivided in a ‘nice’ way into a finite
number of regions each homeomorphic to the unit interval 1. If we call
homeomorphic images of I arcs and the image of { 0,1 } the vertices of the
arcs then by ‘nice’ we mean that no arc intersects itself, and whenever two
arcs intersect then they do so at one or two vertices. (The idea is to (i) cover
M by neighbourhoods of points homeomorphic to D!~ l (ii) choose finitely
many of these by compactness, (iii) choose smaller neighbourhoods homeo-
morphic to I which still cover M, and finally, (iv) use the definition of a
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1-manifold to show that M has a ‘nice’ subdivision.) Clearly in such a nice
subdivision of M into arcs and vertices each vertex is a vertex of exactly two
distinct arcs and each arc has two distinct vertices. (If a vertex is the vertex of
one or of more than two arcs then that vertex does not have a neighbourhood
homeomorphic to D! .) Suppose that M has more than two arcs. Let A, A,
be a pair of arcs in M that meet at a vertex a.

Ay Ay

o Py

a

Let hy: A; = I, hy: A; = I be homeomorphisms defining A; and A, as arcs.
We may suppose that h;(a) = 1 and h;(a) = 0; otherwise compose h, and/or
h, with the homeomorphism f: I = I given by f(t) = 1-t. Define g: A; U A,
- Iby
% hy(x) ifxXEA,,
g(x) =
%+%hy(x) ifx€E€A,.
This is well defined and easily seen to be bijective. To see that g is continuous
note first that A; and A, are closed subsets of A; U A, and of M. Let C be a
closed subset of I, then
g7 (©)=hy'([0, %) NC)Uh3'([%, 1] NC)
which is clearly closed in A, U A,, and so g is indeed continuous. That g is a

Figure 11.10
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homeomorphism follows easily. We can therefore replace arcs A;,A, by one
arc A. We now have a subdivision of M with one fewer arc and one fewer
vertex. Continuing in this way we end up with a subdivision of M consisting
of two arcs and hence with two vertices. Thus M is homeomorphic to two
copies of I with the ends glued together pairwise. The result is that M is
homeomorphic to the circle S'.

Compact connected 2-manifolds are called surfaces. Examples of surfaces
are the sphere S?, the torus T = S' X S, the real projective plane R P? and
the double torus described earlier on in this chapter. The first three examples
are basic in the sense that any surface can be obtained from these three
surfaces by a process called ‘connected sum’. Let S, and S, be two disjoint
surfaces, their connected sum S, # S, is formed by removing small open
discs from each surface and glueing along the boundaries of the resulting
holes. See Figure 11.10.

For a more rigorous definition first choose D; C S; and D, C S; so that
D, and D, are homeomorphic to D?. That such regions exist is easy to see:
Let x be some point of a surface, then x has a neighbourhood N and a
homeomorphism h: N - D?. The subspace h™!(D?y,) C N, where D?,, C
D? is a closed disc of radius %, is homeomorphic to D2 by the homeomor-
phism

h~(D?y) - D?,
y = 2h(y).
Returning to the definition of S; # S; let D, C S, and D, C S; be sub-
spaces homeomorphic to D? and let h;: D, - D?, h;: D, - D* be homeo-
morphisms. Define S, # S; by

(&-&nu&—ﬁn

where ~ is an equwalence relation which is non-trivial only on 9(S,- ,) v
9(S,- D;) 9D, U 3D, ; there it is given by x ~ h3'h;(x) for x € 3D,. It is
possible to show that the definition of connected sum is independent of the
various choices of discs D;, D, and homeomorphisms h,;, h,. It is not diffi-
cult to see that S; # S, is a surface: the only neighbourhoods of points that
we need to look at are those in 3D, or dD,. Details are left for the reader.
The double torus is the connected sum of two tori; see Figure 11.10. The
Klein bottle is the connected sum of two projective planes. This can be seen
quite easily from Chapter 5 but a geometric proof is illustrated in Figure
11.11. We start with two projective planes as in Figure 11.11(a); then we
remove two open discs as indicated in (b). The result is homeomorphic to the
space in (c). Glueing together (i.e. taking connected sum) gives (d). Finally
we make a cut as in (e) to give us the identification space (f); rearranging
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Figure 11.11

(a) ®)
.-
! § 3 4
(¢) (d) (e)
' Y.
n ®)
-
3 3
—)-
(h) ()]

gives (g), identifying gives (k) and a simple homeomorphism gives (f) which
is a Klein bottle.

The fact that all surfaces can be obtained from the sphere S?, the torus
T =S' X S and the real projective plane RP? via connected sums gives the
so-called classification theorem of surfaces.

11.3  Theorem
Let S be a surface. S is homeomorphic to precisely one of the
following surfaces:
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SPETHT#. . #T (m>0),
m
S2#RP2#RP2¢..#RP (n>1).
n

The proof breaks down into two parts. The first part is to show that any
surface is homeomorphic to at least one of the surfaces listed in Theorem
11.3. We shall not give full details of this part, but merely a brief outline
later on in this chapter. The second part of the proof is to show that no two
of the surfaces listed in the theorem are homeomorphic; this we do rigor-
ously in Chapter 26.

Taking the connected sum with a torus is often referred to as sewing on a
handle (where a handle is just a torus with an open disc removed); the reason
should be obvious. (See Figure 11.12(e), (f) for an example.) Sometimes we
talk about sewing on a cylinder: to do this remove two open discs in the
surface and sew on the cylinder as indicated in Figure 11.12(a); it is impor-
tant to do this sewing on correctly. Sewing on a cylinder incorrectly (i.e.
reversing the arrow on one of the boundary circles) is equivalent to taking
the connected sum with a Klein bottle K.

Figure 11.12

(a) Sewing on a cylinder. ) (c)

d) (e) (/) Sewing on a handle.
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Taking the connected sum with the real projective plane is often referred
to as sewing on a Mobius strip (see Figure 11.13). This is simply because a
projective plane with an open disc removed is just a Mobius strip (see
Chapter 5).

Figure 11.13. Sewing on a Mobius strip.

The surfaces obtained after taking a connected sum with R P? are special
in they are (commonly called) one-sided. This is because they contain a
Mobius strip which as we saw in Chapter 5 has some strange properties. We
say that a surface is orientable if it does not contain a Mobius strip within it.
On the other hand we say that a surface is non-orientable if it does contain a
Mobius strip within it.

Thus the Klein bottle and the real projective plane are both non-orientable
surfaces while the sphere, torus and double torus are orientable surfaces.
The surface

S#T#T#. #T (m>0),
m

which we abbreviate to S? # mT, is said to be the standard orientable surface
of genus m. The surface

S*# RP? #RP* # . # RP? (n>1),
n

which we abbreviate to S # nR P2, is said to be the standard non-orientable
surface of genus n.

A natural question to ask is: What surface do we get if we take connected
sums of tori and projective planes? In other words, to which standard sur-
face is

T#T#. . #T# RP#RP#_ . #RP? = mT#nRP?

————

m n

homeomorphic?, where m, n > 1. Such a surface is clearly non-orientable and
50, if we assume Theorem 11.3 then mT # nR P? is homeomorphic to k R P?
for some k. We shall determine the value of k in the case m =n =1 and leave
the general case as an (easy) exercise.
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114 Lemma
T#RPP=RP2£RP#RP.

Proof Denote T # RP? by S; and RP? # RP? # RP? by S,. We shall first
represent S; and S, as identification spaces. S; is the quotient space of a
hexagonal region X; see Figure 11.14.

Note that all vertices of X are identified to one point in S; and there is a
neighbourhood D, of this point in S; which is homeomorphic to 6’;see
Figure 11.14(e). Removing this neighbourhood (Figure 11.15(g)) and mak-
ing the identifications gives the space of Figure 11.15(c) which after a
honreomorphism gives Figure 11.15(d). We shall describe a sequence of

Figure 11.14
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Figure 11.15
(a) (b) I (c)

(n) (0) z
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homeomorphisms that transform 11.15(d) to 11.15(0). To get from (d) to
(g) consider the shaded region indicated in (e) and (f). By using the ideas
described earlier in connection with Figure 11.8 it is not difficult to describe
a homeomorphism between (d) and (g). That (g) and (h) are homeomor-
phic is easy to see. To show that (h) and (k) are homeomorphic we use the
shaded regions of (i) and (). Similarly to see that (k) and (1) are homeomor-
phic we use the shaded regions of (/) and (’m). Finally it is easy to see that
(n) and (0) are homeomorphic. Thus S; - D, is homeomorphic to the space
illustrated in Figure 11.15(0).

On the other hand S, has the identification space representation given in
Figure 11.16(c). Removing the neighbourhood D, (indicated in (d)) which is
homeomorphic to an open disc and making the necessary identifications gives
us the space of Figure 11.16(g). It is immediate that there is a homeomor-
phism

h: S, - D, =8, - D,.
Furthermore it is clear that h induces a homeomorphism
3(8; - B1)= (s, - By).

This homeomorphism on the boundaries can be extended to a homeomor-
phism between D; and D;: If h: a(D,) - 3(D,) is the homeomorphism and
hy: D; = D?, h,: D, = D? then write x € D? in polar coordinates as

Figure 11.17




Manifolds and surfaces 87

x = (r,t) where 0 <r <1 and t €3(D?) = S'. Define H: D; = D, by H(y) =
h3'(r,h,hh7'(t)) where h,(y) = (r,t) € D2. It is clear that H|dD, = h and
that H is a homeomorphism. Thus

$;=(8,-Dy)UD; =(S; - D;)UD, =8,
which completes the proof of Lemma 11.4.

There is another way of visualizing the homeomorphism between S; and
S,. We start by representing the connected sum T # RP? as a handle (a torus
with a hole in it) together with a Mobius strip that has to be glued to it. This
is illustrated in Figure 11.17(a) and it is clearly homeomorphic to the space
in Figure 11.17(d). By performing the homeomorphism illustrated in (c) -
(f) we arrive at Figure 11.17(g).

Consider a Klein bottle with a disc removed, Figure 11.18 shows what
this space looks like.

It follows easily now that S; = K # R P?> where K denotes the Klein
bottle. But K= RP? # RP? 5o that S; = S, as was to be shown.

Figure 11.18

(a) (b) (c) d)

(e) ®)
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11.5 Exercises

(a) Suppose S;,S, and S; are surfaces. Show that

s! # 82 = 82 $ sl ’

(S1 #83;)#S; =S5, #(5, £8,),

S?#S,=S,.

Does the set of homeomorphism classes of surfaces form a group
using connected sum as a law of composition? Why not?

(b) Let M,;,M; be disjoint, connected n-manifolds. Let D, and D, be
subsets of M;,M, respectively homeomorphic to D™ via hy,h, say.
Define the connected sum M; # M, of M; and M; to be the quo-
tient space

o o
(M, - D;) U(M; - D;)
where ~ identifies x € (M, - 6,) with h3'h;(x). Prove that
M, # M; is an n-manifold.

(c) Let S = nT # mRP? with m, n > 1. To which standard surface is S
homeomorphic?

(d) Let S be a surface. Prove that S is homeomorphic to precisely one of
the following surfaces:

S #nT, RP*#nT, K#nT
where K is the Klein bottle and n > 0.
(e) Suppose that the surface S is a G-space where G = Z ,_ ., a cyclic

group of odd order. Prove that S/G is a surface. Notice that it is not
assumed that G acts freely on S.

We now give an outline of the first step in a proof of the classification
theorem of surfaces. A subspace of a space is called a simple closed curve
if it is homeomorphic to the circle S'. If C is a simple closed curve in a sur-
face S then we say that C separates S if S - C is not connected i.e. cutting
along C disconnects S (see Figure 11.19).

Figure 11.19

C, separates S?

- C, does not
separate T
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Let S be a surface which contains a simple closed curve C that does not
separate S. It is possible to prove that a neighbourhood of C is either (i) a
cylinder or (ii) a Mobius strip (Figure 11.20). Intuitively this should be clear.

Figure 11.20

=
=

Now remove (the interior of) this cylinder or Mobius strip. In the first
case sew on two discs to the two holes created, in the second case sew on one
disc to the hole created. We thus get a surface M, . Clearly M is just M, with a
cylinder sewn on (correctly or incorrectly) or else with a Mébius strip sewn
on. In other words

M=M,; #T,M=M, #KorM=M, # RP2.

We now look at M; and find a simple closed curve in M, that does not
separate M; (if one exists) and continue in the manner just described to
obtain M, with M, =M, #T, M, =M; #K or M, =M, # RP2. Continuing
in this manner we obtain after i steps M; with

M= Ml ‘il T#lz K‘i3 RP’
where i; +i; + iy =i. It turns out that after a finite number of steps (say
k > 0) this process stops, i.e. every simple closed curve in My separates M, .
Finally we use a theorem which says that if My is a surface in which every
simple closed curve in M, separates My then M, is homeomorphic to the
sphere S2. ,

Modulo the unproved assertions we see that M is homeomorphic to S* #
2T #mK #n RP? for some 2, m,n>0 (2 + m + n =k). By an easy applica-
tion of Lemma 11.4 we see that S* # 4T # mK #n R P? is homeomorphic to

S? 42T ifm+n=0
S? #(22+2m +n) RP? ifm+n>0.

To complete the proof of the classification theorem we need to show that
no two of the surfaces listed in Theorem 11.3 are homeomorphic; this we do
in Chapter 26.

11.6 Exercises
(a) Show that a torus T has two distinct (but not disjoint) simple closed
curves C;,C; such that T - (C, U C;) is connected.
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(b) Show that a torus T does not have three distinct simple closed
curves C;,C;,C;5 such that T - (C; U C; U C3) is connected.
(c) Generalize (a) and (b) to other surfaces.

We end this chapter with a result that we have already mentioned earlier
on: that a surface may be described as a quotient space of some polygonal
region in R 2,

11.7  Theorem
If M is an orientable surface of genus m > 1 then M is the quotient
space of a 4m-sided polygonal region with identifications as indicated in
Figure 11.21(a).
If M is a non-orientable surface of genus n > 1 then M is the quotient
space of a 2n-sided polygonal region with identifications as indicated in
Figure 11.21(2).

Figure 11.21

b,

a a a,

a3 a
b, 3

a, a3

(a) (b)

To prove this result we just need to show that mT and nRP? take the
form indicated. We merely illustrate the cases m <2, n <3.T # T takes the
form as indicated in Figure 11.22. It should be clear how to proceed and
obtain the result for the orientable case. For the non-orientable case we have
Figure 11.23 for RP? # RP? and Figure 11.24 for RP* # RP? # RP2.
Again how to proceed should be clear.

Figure 11.22
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Figure 11.23
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Figure 11.24
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Exercises

An n-manifold-with-boundary M is a Hausdorff space in which each
point has an open neighbourhood homeomorphic to either R " or
the upper half-space of R™ i.e. { (xy,...,x;) € R™; x; >0} .The
set of points in M which have neighbourhoods homeomorphic to
the upper half-space but which have no neighbourhoods homeomor-
phic to R™ is called the boundary of M. Prove that the boundary of
an n-manifold-with-boundary is an n-1 manifold.

A surface-with-boundary is a compact connected 2-manifold-with-
boundary. Prove that the boundary of a surface-with-boundary is a
disjoint union of a finite number of circles. Deduce that by glueing
on a finite number of discs we may obtain from each surface-with-
boundary a surface.

A surface-with-boundary is said to be orientable if and only if it
does not contain a Mobius strip. Prove that a surface-with-boundary
is orientable if and only if the associated surface ((b) above) is
orientable.
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Paths and path connected spaces

In Chapter 9 we studied connectedness; in this chapter we study a somewhat
similar and yet different concept of connectedness: path-connectedness.
Before defining this we look at ‘paths’. A continuous mapping f: [0,1] - X is
called a path in X. The point f(0) is called the initial point and f(1) is called
the final or terminal point. We say that f joins f(0) and f(1), and that fis a
path from f(0) to f(1). (Some books use the term arc instead of path.)

Note that it is the mapping f that is the path and not the image f([0,1])
which is called a curve in X.

We usually think of t € [0,1] as time so that f(t) is our position at time t.

The simplest example of a path is the constant path €,: [0,1] = X,
defined by €,(t) = x for all t € [0,1], where x is some point of X. In this
path we spend all our time at the same point x € X.

There are two simple, but important, ways of obtaining new paths from
old. These are given in the next lemma. The first associates to a path f a path
f which essentially goes backwards along f. The second joins up two paths f,
g (if possible) to give another path fsg.

12.1 Lemma
(a) If f is a path in X and f is defined by £(t) = f(1-t) then f is also a
path in X.
(b) If f and g are two paths in X for which the final point of f coincides
with the initial point of g then the function f«g: [0,1] = X defined

by

f(2t) if0<t<%4,
(feg)(t) =

gt-1) if%h<t<l1
is a path in X.

Proof Part (a) is obvious while part (b) follows from the next result, the so-
called glueing lemma.
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12.2 Lemma
Let W, X be topological spaces and suppose that W = A U B with
A, B both closed subsets of W. If f: A= X and g: B - X are continuous func-
tions such that f(w) = g(w) for all w € A N B then h: W - X defined by
f(w) ifwEA,
h(w) =
g(w) ifweEB
is a continuous function.

Proof Note that h is well defined. Suppose that C is a closed subset of X, then
h*(C) = h™(CO)N(AUB)
= (™) NAUVMLTC)NB)
f7'(C)ug™(O).
Since f is continuous, f ' (C) is closed in A and hence in W since A is closed
in W. Similarly g™'(C) is closed in W. Hence h™(C) is closed in W and h is
continuous.

12.3  Definition
A space X is said to be path connected if given any two points
Xg,X) in X there is a path in X from xq to X;.

Note that by Lemma 12.1 it is sufficient to fix Xo € X and then require
that for all x € X there is a path in X from xo to x. (Some books use the
term arcwise connected instead of path connected.)

For example R™ with the usual topology is path connected. The reason
is that given any pair of points a, b € R P the mapping f: [0,1] = R defined
by f(t) = tb + (1-t)a is a path from a to b. More generally any convex
subset of R M is path connected. A subset E of R™ is convex if whenever a,
b € E then the set { tb +(1-t)a;0 <t<1} is contained in E, i.e. E is con-
vex if the straight-line segment joining any pair of points in E is in E itself.
See Figure 12.1 for an example of a convex and of a non-convex subset of
R?,

Figure 12.1

A convex subset. A non-convex subset.
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In particular any interval in R ! is path connected.
The next few results 12.4 - 12.7 are analogous to the results 9.4 - 9.7.

124  Theorem
The image of a path connected space under a continuous mapping is
path connected.

Proof Suppose that X is path connected and g: X = Y is a continuous surjec-
tive map. If a,b are two points of Y then there are two points a’,b’ in X with
g(a') = a and g(b') = b. Since X is path connected there is a path f from a'
to b'. But then gf is a path from a to b which shows that Y is path connected.

12.5  Corollary
If X and Y are homeomorphic topological spaces then X is path
connected if and only if Y is path connected.

From the theorem we deduce that S! is path connected. Using this we
could then show that Rn*1- { 0 },S" and RP" for n > 1 are path connec-
ted (for Rn*1 - {0} because any pair of points in R "*! - {0 } lie on
some circle not passing through { 0}, for S* and R P® because they are
continuous images of R1*1 - {01} ).

126  Theorem
Suppose that { Yj, j €1} isacollection of path connected subsets
of a space X. If N Yj #@thenY=U Yj is path connected.
i€l i€l

Proof Suppose that a, 5EY, thena €Y, and b € Yy for some k. RE€J. Let ¢
be any point of N Yj. Since Yy is path connected and a, ¢ € Y} there is a
i€l
path f from a to c. Similarly there is a path g from ¢ to b. There is a path h
fromatob givenby h =fag,ie.
f(2t) ifo<t<y,
h(t) =
g2t-1)  if%u<t<l.

The above result provides an alternative way of showing that Rn*1 -
{0} (and hence S and R P") for n > 1 is path connected.

12.7  Theorem
Let X and Y be topological spaces. Then X and Y are path connec-
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ted if and only if X X Y is path connected.

The proof, which is identical to the proof of Theorem 9.7 (but with the
word path connected replacing the word connected), is left for the reader.

The above results should not mislead the reader into thinking that there
is no difference between connectedness and path connectedness. The next
result shows this.

128  Theorem
Every path connected space is connected. Not every connected
space is path connected.

Proof Suppose that X is a path connected space. We shall prove that X is
connected. To this end let X = U U V with U,V open and non-empty. Since
X is path connected and U,V are non-empty there is a path f: [0,1] = X
with f(0) € U and f(1) € V. Since [0,1] is connected so is f([0,1]) and so
U N f([0,1]), V N £([0,1]) cannot be disjoint. Thus neither can U and V be
disjoint and so X is connected.

To show that not all connected spaces are path connected we shall give an
example known as the flea and comb (see Figure 12.2). Consider the subset
X C C where X= A UB with

A= {i} (the flea),
B=[0,1]U {(1/n)+yi;n€N,0<y<1} (thecomb).

We claim that X is connected but not path connected. To prove that X is
connected first observe that B is path connected (use Theorem 12.6 on B =

Figure 12.2. The flea and comb.
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[0,1] U {(1/n)+yi;0<y<1} forn€ N and then onB=U B_) and
neN

so B is connected. Suppose that U is an open and closed subset of X. We may

suppose that A C U (otherwise the complement of U is an open and closed

subset of X that contains A). Since U is open and i € U there is an € > 0

such that

{x;li-xI<e} N XCU.

There is some integer n such that (1/n) + i € U; in particular U N B # @. But
B is connected and U N B is a non-empty open and closed subset of B; thus
UNB=B,ie. BCU But X=AUBand A C U;thus U=X and so X is
connected. (Essentially we have proved that B C X C B, so that X being
connected follows from Exercise 9.8(f).)

To prove that X is not path connected we shall show that the only path
in X that begins at i € X is the constant path. Let f be the path in X that
begins at i € X. Since i is closed in X, f ! (i) is closed in [0,1], furthermore
f71(i) # @ since 0 € f 7' (i). Let U be the open subset of X given by

U=XN{z€C;lz-il<% }.
If to € (i) then since f is continuous there is an € > 0 such that f(t) € U
whenever [t-to] < e. We claim that f((to - €, to +€) N [0,1]) =i. To see this
suppose that |t; - to|l < e and f(t;) € B. Since U N B is a union of disjoint
intervals, the interval containing f(t;) is both open and closed in U (open
because U is open, and closed because the interval is of the form { (1/n) +
yi; 0 <y <1} N U for some n €N ). But this contradicts the fact that
f((to - €, to +€) N [0,1]) is connected. Hence

(to- €, to +e) N [0,1] CF7'(D).
We have just shown that if to € f ™! (i) then

(to- €, to +e) N [0,1] C7'(i),
which means that f ™' (i) is open. Since f™!(i) is also closed and [0,1] is con-
nected it follows that (i) = [0,1], in other words f([0,1]) = i. There is
therefore no path between i € X and any point B C X; thus X is not path
connected as was claimed.

There are many other (similar) examples of connected but not path con-
nected spaces; see the exercises below.

The last result that we prove in this chapter concerns open connected
subsets of R .

129  Theorem
Any non-empty open connected subset E of R " is path connected.
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Proof Let p €EE and let F be the subset of E that consists of those points in
E that can be joined to p by a path in E. We claim that E is open. To prove
this let q € F C E. Since E is open there is an open n-disc D C E with centre
q,i.e.

q€D= {x;llq- xli<e } CE

for some € > 0. The open n-disc D is path connected (it is homeomorphic to
R 1) hence any point of D can be joined to q by a path in D. Hence any
point of D can be joined to p by a path in Eand soq€D C F. Thus F is open.

We also claim that F is closed. To see this consider G = E - F; thus G
consists of those points in E that cannot be joined to p by a path in E. By
an argument similar to the one above we can show that G is open and hence
F is closed. The subset F is non-empty, open and closed; since E is connected
F = E and so E is path connected.

12.10 Exercises

(a) Prove that any space with the concrete topology is path connected.

(b) Which of the following subsets of C are path connected?
{zlzZl#1}, {zzZI>1}, {z;2® isreal} .

(c) Prove the result in Lemma 12.2 but with the assumption that A and
B are both open subsets of W.

(d) Let X =A U B be the subspace of R ? where
A={(xy);x=0,-1<y<1},
B= {(xy);0<x<1,y=cos(n/x)} .
Show that X is connected but not path connected.

(¢) Let X = A UB be the subspace of R ? where
A= {(x,y);x=0,-1<y<1}
B= {(x,y);0<x<1,y=sin(1/x)}
Show that X is connected but not path connected.

(f) Consider the following subsets of R?
A= {(xy);0<x<1l,y=x/nforn€EN}
B= {(xy);%<x<1l,y=0}
Prove that A U B is connected but not path connected.

(g) Suppose that A is a path connected subset of a space X and that
{ A€l } is a collection of path connected subsets of X each of

which intersects A. Prove that AU { U A; } is path connected.
j€l
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Let S? = S% U S™ where

st = {xeR™LxI=1,x,,, >0},

sn= { x€RML x| =1,%,,, <0 }.

Using Exercise 8.14(h) prove that S" is path connected for n > 0.
Let ~ be the relation on the points of a space X defined by saying
that x ~ y if and only if there is a path in X joining x and y. Prove
that ~ is an equivalence relation. Prove also that X is path connected
if and only if the quotient space X/~ is path connected.

An open neighbourhood of a point x € X is an open set U such that
x € U. A space X is said to be locally path connected if for all x € X
every open neighbourhood of x contains a path connected open
neighbourhood of x. Prove that if X is locally path connected and
U C X is open in X then U is locally path connected. Prove that
R is locally path connected (and hence every open subset of R 1
is locally path connected). Prove that if X is locally path connected
and connected then X is path connected (this therefore reproves
Theorem 12.9).

Let p, q € X. The subsets A;,A;, ..., Ay of X are said to form a
simple chain joining p and q if p € A}, q € A, A; N A =@ when-
ever li-jl > 1 and A; N Ay, #0@fori=1,2,..,k-1; see Figure 12.3.

Figure 12.3

m
(m)
(n)
(0)

Prove that if X is connected and if { Uj; jEJ } is an open cover of
X then any pair of points in X can be joined by a simple chain con-
sisting of members of { Uysj€l } . (Hint: For p € X consider the
set of points in X which can be joined to p by some simple chain
consisting of members of { Uji€3})

Use (k) above to give yet another proof of Theorem 12.9.

Prove that a connected n-manifold is path connected.

Prove that an n-manifold is locally path connected.

Prove that the space Y C R? given by Y = A UB U C where
A={(xy);x*+y’=1,y>0}.

B= {(xy);-1<x<0,y=0}.
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C={(xy)0<x<1,y=%sin(n/x) }.
is path connected but not locally path connected.
(p) Let Z=Y UD € R? where Y is as above in (0) and D is the circle

{ (x-1)* + y* = 1}. Prove that Z is path connected but not locally
path connected.

We end this chapter with a strange path. This is a path f: I > I* which is
surjective. Such examples are referred to as ‘space filling curves’. They were
first invented by G. Peano in about 1890. The path f is defined as the limit
of paths f,: I = I>. The first three are illustrated in Figure 12.4. The reader
should have no trouble in visualizing the n-th step. After n steps every point
of the square I? lies within a distance of (%)" of a point in fo(I). In the
limit we get a continuous surjective map f: I - I. Note that at any finite
stage the continuous map fné I > I? fails to be injective only at {0} and
{ 1} inL In fact I and f,(I) are homeomorphic. This is certainly not true
in the limit.

Figure 12.4
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12A  Appendix. The Jordan curve theorem

12A.1 Definition
A simple closed curve C is a homeomorphic image of the circle. A
component is a maximal connected subspace.

One of the two following statements is true and one is false.

(A) Let C be a simple closed curve in the euclidean plane. Then R?-C
is disconnected and consists of two components with C as their common
boundary. Exactly one of these components is bounded.

(B) Let D be a subset of the euclidean plane. If D is the boundary of each
component of its complement R?-D and if R2-D has a bounded compo-
nent then D is a simple closed curve.

We now construct an example to show that not both of the above
statements are true. The example is known as the Lakes of Wada. It was first
described by K. Yoneyama in 1917. Consider a region in the form of a
double annulus;see Figure 12A.1. We imagine this to be an island, surrounded
by sea water, and having two lakes. For convenience the water in the two
lakes consists of different colours. By constructing canals from the sea and
the lakes into the island we shall define three connected open sets. At time
t=0 we construct a canal from the sea bringing sea water to within a dis-
tance of 1 unit of every point of land. At time t=% we dig a canal from lake
1 bringing water from that lake to within a distance % of every point of land.
At time t=% we dig a canal from lake 2 to bring water from that lake to
within a distance % of every point of land. The process continues where we
build canals at time 1-(%)" bringing the appropriate water to within a dis-
tance (%£)" of every point of land. The canals of course must have no inter-
sections. The two lakes with their canal systems and the sea with its canal
form three open sets, each connected, with the remaining ‘dry land’ D as
common boundary.

Now if (B) is true then the region D in the Lakes of Wada is a simple
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closed curve, and hence (A) is false. On the other hand if (A) is true then
(B) must be false. This proves our first assertion that at most one of the
statements (A), (B) is true.

In fact (A) is true while (B) is false. The result (A) is called the Jordan
curve theorem. It is named after C. Jordan, who pointed out in the early
1890s that although (A) may seem intuitively obvious a rigorous proof is
required. Such a proof was given in the early 1900s by O. Veblen. The proof
that we give here is based upon a recently discovered ‘elementary’ proof by
Helge Tverberg to whom we are indebted.

For simplicity we shall call a simple closed curve in the plane a Jordan
curve. Thus a Jordan curve C is a subspace of R ? homeomorphic to S! =
{ z€ C;lzl =1}. We shall say that a Jordan curve C is given by f: S' -+
R 2 if C = f(S'); of course f is not unique. A Jordan curve is a Jordan poly-
gon if it consists of a finite number of straight-line segments.

We always think of the circle S' as a subset of the complex plane and it

Figure 12A.1. The Lakes of Wada.
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is convenient to think of R? as the complex plane. Thus the distance
between two points x,y of R 2 or of S' will be denoted by |x-y|. If Aand B
are two disjoint compact subsets then we define d(A,B) by

d(A,B)=inf { la-bl;a€EA,bEB }.
In particular if A consists of a single point, say { x } , we have

d(x,B)=inf { Ix-b|;bEB}.

Our first result is to show that the Jordan curve theorem holds for a

Jordan polygon.

12A.2 Theorem

The Jordan curve theorem holds for a Jordan polygon, i.e. if C isa
Jordan polygon then R 2-C consists of two components with C as the
common boundary and exactly one of these components is bounded.

Proof First we shall show that if C is a Jordan polygon then R 2-C has at
least two components. Let p € R?-C and consider any straight line r
beginning at p; call such a line a ray at p. Let P(r,p) denote the number of
times that r intersects C with the convention that if r passes through a vertex

Figure 12A.2

-
-
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V or intersects a whole-line segment L of C then we count such an intersec-
tion as two if both adjacent edges to V or L are on the same side of V or L
respectively; otherwise we count it as one. For example in Figure 12A.2 we
have P(r.,p) =1, P(l’z nP) =1, P(Ts:P) = l’ P(TMP) = 5’ P("s ’P) =3 and
P(I’6 ,p) =3.

As the ray r at p rotates, the value of P(r,p) in general changes, but
whether it is even or odd does not. We therefore define p to be an even or odd
point according to whether P(r,p) is even or odd respectively for any ray r
at p. We also refer to the parity of p being even or odd.

Thus R2-C is divided into even and odd points, X, and X, respectively.
Clearly R2-C = X, U X, and X, N X, = @. We shall show that both X, and
X, are open subsets of R2-C. Let p € R 2-C and suppose that d(p,C) = .
This means that B.(p) C R2-C. The parity of all points in B¢(p) is the same
as the parity of p; for x € B¢(p) consider the ray at p passing through x. Thus
X, and X, are open so that R?-C is disconnected and consists of at least
two components.

Both X, and X, are path connected. To see this choose any straight-line
segment in C and let a,b be two points in R?-C, close to C but on opposite
sides of this line segment so that a € X, and b € X,. Now, if p is any point
in R 2-C then there is clearly a path in R 2-C that goes from p to a point
close to C. By continuing this path, remaining in R 2-C and close to C, we
eventually reach a or b. This shows that X, and X, are path connected and
hence connected, which completes the proof of the theorem.

To continue we shall need the concept of ‘uniform continuity’ and the
fact that if f: ' » R ? is a continuous map then f is uniformly continuous.

12A.3 Definition

Let M, ,M; be metric spaces with metrics d;,d; respectively. A map
f: M; = M, is uniformly continuous if given € > 0 there exists § > 0 such
that d, (f(x), f(y)) <e for all x,y in M, satisfying d,(x,y) <8.

Note that this is stronger than ordinary continuity.

12A.4 Theorem

Let M,;,M, be metric spaces with metrics d,d; respectively. If f:
M; - M, is a continuous map and if M, is compact then f is uniformly
continuous.

Proof Let € > 0. For all x €M, there exists § (x) > 0 such that if y € M, and
d;(x,y) <25(X) then d;(f(x), f(y)) <% e. The set
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{ Bgx) (X);XxEM,; }
is an open cover of M; . Since M, is compact there is a finite subcover:
{B 8(xl) (X|), B 8(x:) (XQ)’ seey B 8(xn) (xn) } .
Let & = min { 8(x;), 8(x3),...,8(x,) } . If X,y € M, and d,(x,y) <& then
X € B&(xi) (x;) for some i (1 <i<n)and so
da(f(x), f(x))) <% e
since & < 8(x;). Also
di(y,x;) <dg(y,x) +d,(x,x,) <8 +8(x;) <28(x;)
so that
da(f(y), f(x)) <% e.
Thus
da (f(x), f(y)) < da(f(x), f(xp) + d2 (f(x;), f(y)) <e
which proves the result.

12A.S Corollary
If f: ' = R ? is a continuous map then f is uniformly continuous.

The proof is obvious.

12A.6 Corollary

Let M;,M; be metric spaces with metrics d,,d; respectively. If f:
M, = M, is a continuous map with M, compact and with f: M; = f(M,) a
homeomorphism then, given € > 0, there exists § > 0 such that d,(x,y) <e
whenever d, (f(x), f(y)) <8.

Proof f™': f(M,;) = M, is a continuous map between metric spaces with
f(M, ) compact.

12A.7 Theorem

Let C be a Jordan curve given by f: S' - R?2. For every e > 0 there
exists a Jordan polygon C given by f': S' - R 2 such that [f(x) - f'(x)| <€
forallx €S'.

Proof Since f is uniformly continuous on S' there exists €; > 0 such that
Ix-yl <e; = If(x) - f(y)l <¥%e.

Since f: S! = C is a homeomorphism we have by Corollary 12A.6 that there
exists €3 > 0 such that
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If(x) - f(y)l < €2 = Ix-yl <min (¢;,7/3)

(The reason for the /3 is that if A is a subset of S' of diameter less than
v/3 then A is contained in a smallest closed arc.)

Let § = min(% e, €;). Cover C by square regions S;,S,,...,S, that do not
overlap (except at the edges), with each square being of diameter §. Because
8 < e, we know that f™!(S,) is contained in a smallest closed arc A; # S'.
Now straighten f(A;) to form a Jordan curve C,; in other words define
fi:S' > R?by

fe(t)), ife(t) €A,
fi(e(t)) = - _
1) (1 - Sa) f(e(a)) + :-)—_33 f(e(b)) ife(t) €A,
where A; = { e(t);a<t <b } and e(t) = exp(2mit), then let C, = f;(S")
which is clearly a Jordan curve. Note that f(A;) is not necessarily contained
in S, . Note also that f, ' (S;) C f7(S;) for i=2,3,...,n.

Next straighten f;(A;) where A; is the smallest arc containing f, ™ (S;).
This gives us a Jordan curve C, given by f,: S' = R? (if f,™(S;) =@ then
put f; = f, and C; = C;). Note again that f,7'(S;) C f~'(§;) for i=3,4,...,n.
Continuing in this way we obtain a Jordan polygon C, given by f,: S' -
R2. We shall check that C, is e-close to C.

Suppose x € S! and f;(x) # f(x). Then f,(x) = f;(x) # f;-1(x) for some
j 2 1 where fo = f. By construction x belongs to an arc A with end points
y,z say. Also, by construction, fj(y) =f(y) and fj(z) = f(z). We have

I10) - £,001 = 1) - £y) * £(y) - |
If(x) - £ +Ifi(y) - f(x)I
< If(x) - f(y)l +8
S ) - f(y)l +%e.

Since If(z) - f(y)l < § < e, we deduce that |z-y| < €,. But |x-y| <

Iz-yl, so that [x-y| <€, and hence |f(x) - f(y)| <% €. Thus

If(x) - () <%et¥he=e.

ANVAN

12A.8 Theorem

Let C be a Jordan polygon given by f: S! = R2. Then the bounded
component of R 2-C contains an open disc whose boundary circle meets C
at two points f(a), f(b) with |a-b| > /3.

Proof Let D be an open disc such that D C R2-C and such that there
exists two points f(a), f(b) € aD with |a-b| maximal. Such a disc exists.
Suppose that |a-bl <+/3. Then a and b must be the end points of an arc A of
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length greater than 4n/3. The boundary circle of D cannot meet f(A) -
{ f(a), f(b) } because max { la-cl,|b-c| } >la-blforallcEA- { a,b }.

Let f(vy), f(v2),....,f(v,) be the vertices of C in f(A) as seen when going
from f(a) to f(b). Four possibilities could arise: (i) v, # a, v, # b, (ii) v, #a,
vy, = b, (iii) v; = a, v, # b and (iv) v; = a, v, =b. In the first case the circle
9D is tangent to the line segments f(a) f(v,) and f(b) f(v,). There is a disc
D' € R2-C close to D such that the circle 3D’ touches C at points close to
f(a) and f(b), say at f(a') and f(b'), which lie in the line segments f(a) f(v,)
and f(b) f(v,) respectively; see Figure 12A.3(a). As la'-b’'| > |a-b| we get a
contradiction. In case (ii) the circle dD is tangent to f(a) f(v,) and there is a
disc D' € R 2-C such that 3D’ touches C close to f(a) in f(a) f(v,) and
passes through f(b) f(v,_,); see Figure 12A.3(d). This leads to a contradic-
tion. Case (iii) is similar to (ii). For case (iv) consider the region R bounded
by f(A) and the radii of D to f(a) and f(b). For each x €R there is a unique
circle S, that has centre x and passes through f(a) and f(b). Letting x move
continuously from the centre of D we get, for some x, circles S, that bound
discs D, with D, C R?-C. Eventually, for some particular x, the circle S,
either meets f(A) at some point other than f(a) and f(b), or becomes tangent
to one of the two segments f(a) f(v,), f(b) f(v,_;). The first case has already
been shown to be impossible while the second gives a contradiction by the
method of case (ii) above. All these contradictions leave only one possibility,
namely that |a-b| >+/3.

We now prove part of the Jordan curve theorem.

Figure 12A.3

f(vy)
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f(b) = f(Vn)
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12A9 Theorem
If C is a Jordan curve then R 2-C has at least two components.

Proof There is clearly an unbounded component. We shall show that there is
also a bounded component. Let C,,C,,... be a sequence of Jordan polygons
converging to C, (as determined in Theorem 12A.7 with € being €,,€3,...
where the €, converge to 0). Let C,C,,C;,... be given by f,f;,f3,... respec-
tively, so that f converges to f as n goes to infinity. For each C, there is a
circle S, containing points f,,(a,) and f,(b,) with la,-b,| >+/3, by Theorem
12A:8. Let the centre of S, be z,,. There is a circle So that surrounds all the
Jordan curves C, and C, hence So surrounds all the S,. Thus the sequence
Zy,2Z;.... is a bounded sequence in R? and hence has a convergent subse-
quence. We may therefore assume that the sequence z,,, n > 1, converges to
z as n goes to infinity.

For large n the points z and z,, lie in the same component of R 2-C,,. We
see this as follows: There exists 5§ > 0 such that if [x-y| > +/3 then |f(x) -
f(y)l > 8. Thus If(a,) - f(b,)l > & for all n > 1 and hence If, (a,) - f,(b,)!
> % & for n > N, where N is sufficiently large so that ey <% §. This means
that the diameter of S, for n > N, is greater than % & and so d(z,,C,) >
% &. But for large enough n we have |z-z,| <% §, so that z and z,, must lie in
the same component of R?-C,, namely the bounded component of R 2-C_,
since by definition z,, lies in the bounded component of R *-C,. We shall
show that z cannot lie in the unbounded component of R 2-C.

Suppose that z lies in the unbounded component of R 2-C. There is
therefore a continuous path g in R 2-C from z to some point outside Co
(by Theorem 12.9, an open connected subset of R 2 is path connected). Let
d(g(1),C) = 8. For large n we have If, (x) - f(x)| <% & and hence d(g(I),C,)
> % 6, which means that for large n the point z is in the unbounded com-
ponent of R’-Cn. But this contradicts what was shown previously, namely
that z lies in the bounded component of R 2-C, . We conclude therefore that
z does not lie in the unbounded component of R?-C and so R 2-C has also
a bounded component.

To prove the second part of the Jordan curve theorem we need a defini-
tion and a lemma.

12A.10 Definition

A chord T of a Jordan curve C is a straight-line segment that inter-
sects C only at its end points. Thus, apart from the end points of I, T lies
in R2-C.
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Note that if C is a Jordan polygon and I is a chord of Cthen'C XU C
where X is one of the components of R 2-C, and furthermore X-T consists
of two components.

12A.11 Lemma

Let C be a Jordan polygon and let a,b be two points in the same
component X of R 2-C such that d( {a,b} ,C) > &, some § > 0. Suppose
that whenever I' is a chord of C in X U C of length less than 28 then both a
and b are in the same component of X-TI'. In such a situation there is a path
g in X such that d(g(I),C) > 6.

Proof The idea is to place an open disc of radius § at centre a and then to pull
it towards b keeping it within X. The only way that we might be prevented
from pulling the disc (of diameter 25) is if there is a chord of length less than
28 in X U C. The assumptions on the chords ensure that this cannot happen.

12A.12 Theorem
Let C be a Jordan curve; then R 2-C has at most two components.

Proof Suppose that R 2-C has three or more components and let p,q,r be
points from three distinct components. Let d({ p,q,r} ,C) = € and let
C,,C,,... be a sequence of Jordan polygons converging to C. Suppose that
C,C,,C,,... are given by f,f),f;,... respectively. For n large d(C,,C) <% €
and so d({ p,q.r },C,) > % €. Using Theorem 12A.2 we see that, for each n
sufficiently large, two of the three points p,q,r are in the same component
X, of R’-Cn. By passing to a subsequence, if necessary, we may assume
that p and q are in X, for all n.

Suppose that there is a § with 0 < § < € and infinitely many n such that
the points p and q are connected by a path g, in X, with d(g,(I),C,) > 8.
For large n we have d(C,,C) < % & and so d(g,(I),C) > % & for n large,
which shows that p and q are in the same component of R 2-C. This contra-
diction means that no such § exists. By using Lemma 12A.11 we deduce that
for infinitely many n there exists a chord I', of length 5| with the properties
that p and q are in different components of X -I'; and &, tends to O as n
tends to infinity. Let these infinitely many n be denoted in increasing order
by n(1),n(2),... Also, let the end points of I', ;) be f, ;) (8), f; (i) (b;)- Since
(i) > 0asi—> > we have

0) (ay) - fn(i) (b)) >0asi—>oo,
and hence
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f(a;) - f(b;) >0 asi—>oo,
which implies that
- bi —+0asij—>oo.

Since p and q are in different components of X, - Iy then for
infinitely many values of i one of the points, say p, belongs to the component
of X (i) = Fn(i) bounded by I'; ;) and f; (;) (A;), where A, is the smallest of
the arcs on S' with end points a;,b;. Since a; - b; = 0 as i > it follows that
the diameter of this component just defined is smaller than e, for i suffi-
ciently large. In particular |p - f(a;)| < e, which is a contradiction, proving
the theorem.

The Jordan curve theorem follows from Theorems 12A.9 to 12A.12.

12A.13 Exercises
(a) Prove that if A is the image in R 2 of an injective continuous map f:
I+ R? then R 2-A is connected.
(b) Let C be a Jordan curve given by f: S' - R?_ Define § by

8 =min { If(x) - f(y)l;x,y €S" with Ix-y|>+/3} .
Prove that the bounded component of R 2-C contains an open disc
of diameter §.

(c) It is possible to fit an uncountable number of simple closed curves
disjointly in R?; for example { C,; r € R } where C, = {(x,y)
€R?; x* +y? =r1}. A figure eight curve is a space homeomor-
phic to
{(x.y)€ R*;(xt1)? +y* =1},

Prove that if { Ej; j € J }is a disjoint collection of figure eight
curvesin R ? then J is countable.



13

Homotopy of continuous mappings

In this chapter we introduce equivalence relations on continuous mappings
between topological spaces. This will be of fundamental importance in sub-
sequent chapters, particularly when applied to paths.

Roughly speaking two continuous maps fo, f;: X = Y are said to be
homotopic if there is an intermediate family of continuous maps f,: X >Y,
for 0 <t <1 which vary continuously with respect to t. See Figure 13.1(a).
Figure 13.1(b) depicts two maps that are not homotopic; here X = S! and
Y is an annulus in R 2.

Figure 13.1. (a) Homotopic maps. (b) Non-homotopic maps.

)

(b)
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More precisely we have

13.1 Definition

Two continuous maps fo, f;: X = Y are said to be homotopic if
there is a continuous map F: X X I = Y such that F(x,0) = fo(x) and
F(x,1)=f;(x).

For an example see Figure 13.2.

Figure 13.2

The map F is called a homotopy between f, and f,. We write fo = f, or
F: fo = f;. For each t € [0,1], we denote F(x,t) by f,(x), whence f,:
X = Y is a continuous map.

Observe that if f: 1 - Y is a path then f is homotopic to the constant
path €;(gy by the homotopy F: I X I - Y where F(x,t) = f((1-t)x). To
avoid such situations (that is, if we want to) we use a more general concept of
homotopy - that of homotopy relative to a subset A. Here we require that
the homotopy does not move any point of A.

13.2  Definition

Suppose that A is a subset of X and that f,, f; are two continuous
maps from X to Y. We say that fo and f, are homotopic relative to A if there
is a homotopy F: X X I - Y between f, and f, such that F(a,t) does not
depend on t for a € A; in other words F(a,t) = fo(a) foralla€ Aand allt €.

Note then that fo(a) = f,(a) for all a € A. The homotopy F is then called a
homotopy relative to A and we write fo = f, (rel A) or fo = oy A f1-

For example see Figure 13.3 where X=1and A= { 0} €X.

As another example consider Figure 13.4 where X=1, A= { 0,1} and
Y is an annulus in R 2. The maps fo, f, are not homotopic relative to A
although they are homotopic.
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Figure 13.3

XX N\

Figure 13.4

Of course, if A = @ then ‘homotopy relative to A’ becomes just ‘homo-
topy’. The next result is that homotopy relative to A is an equivalence rela-
tion.

133 Lemma
The relation = |, 5 on the set of continuous maps from X to Y is
an equivalence relation.

Proof The relation is reflexive because F(x,t) = f(x) is a homotopy relative
to A between f and f itself. It is symmetric because if F: f= ) 4 gthen G:
8 = ;e1 A f where G is given by G(x,t) = F(x, 1-t). Finally the relation is
transitive because if F: f = ) o, gand G:g= ,, A hthenH: f= , o h
where H is given by

F(x,2t) 0<t<%,

H(x,t) =

G(x,2t-1) ®%n<t<l.

The glueing lemma shows that H is continuous.
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13.4  Exercises

(a) Let X be a space, f: S! = X a continuous map. Show that f is null
homotopic (i.e. homotopic to a constant map) if and only if there
is a continuous map g: D* = X with g|S! = f. (Hint: If c is a con-
stant map and F: ¢ = f then define g(rx) = F(x,r) for x€S',r€1
and use Exercise 8.14(f).)

(b) Let x, y € X. Denote by P(x,y) the set of equivalence classes of
paths in X from x to y under the equivalence relation ‘homotopic
relative to { 0,1 }’. (In other words two paths p,q: I = X from x to
y are equivalent in P(x,y) if and only if p =~ q(rel { 0,1} ).) Show
that there is a one-to-one correspondence between P(x,y) and
P(x,x) if and only if P(x,y) #@.

(c) Let 0 <s< 1.Given paths p and q with p(1) = q(0), define h by the
formula

p(t/s) 0<t<s,
h(t) =
q((t-5)/(1-9)) s<t<L
Prove that h and p »q are homotopic relative to { 0,1} .

(d) For a path f let f be the path given by f(t) = f(1-t). Prove that
f~g(rel {0,1})ifand onlyif f=g(rel {0,1}).

(e) Show that if fo = 4 o f1: X>Y and g: Y - Z is a continuous map
then gfo = (o1 A 8f1: X>Z.

(f) Suppose that fo =~ f;: X > Y and go = g1: Y = Z. Prove that gofo
~ g,fy: X = Z. (Hint: First use (¢) to show that gofy = gof; and
then show that gof, =g, f;.)

() Let X, Y be topological spaces and let # (X,Y) be the set of con-
tinuous functions from X to Y with the compact-open topology,
(see Exercise 7.13(d)). Prove that if f = g: X = Y then there is a
path from f to g in the space # (X,Y). Suppose that X is compact
and Hausdorff; prove that there is a path from f to gin # (X,Y) if
and only if f = g: X = Y. (For this last result it is sufficient that X
is locally compact and Hausdorff.)

We can use the concept of homotopic maps to give us an equivalence
relation on topological spaces.

13.5  Definition
Two spaces X and Y are of the same homotopy type if there exist
continuous maps f: X = Y, g: Y = X such that
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gf =1 X=X,

fg=1:Y->Y.
The maps f and g are then called homotopy equivalences. We also say that X
and Y are homotopy equivalent.

Obviously, homeomorphic spaces are of the same homotopy type, but the
converse is not true. For example, if n > 0 then the n-disc D C R 7 js not
homeomorphic to a single point, say { y} C D7, but it is of the same
homotopy type as a single point. To see that they are homotopy equivalent
consider the inclusion map f: { y } = D" (given by f(y) = y) and the con-
stant map g: D" - { y } . Clearly gf = 1, whereas F: D" X I - D" defined
by F(x,t) = tx + (1-t)y is a homotopy between fg and 1: D - DR. Spaces
that are homotopy equivalent to a point are given a special name.

13.6  Definition
A space X is said to be contractible if it is homotopy equivalent to
a point.

Thus D" is contractible. More generally any convex subset of R is con-
tractible. Intuitively a space is contractible if it can be deformed within itself
to a point (a circle cannot be deformed within itself to a point).

Another example of a pair of homotopy equivalent spaces is provided by
the cylinder C and the circle S'. To see this write C and S' as

C={(xy,2)ER¥*x* +y*=1,-1<z<1},
S'={ (x,y,2)€ER?*;x* +y*=1,2=01}.
Define i: S' = C as the inclusion and r: C = S! by r(x,y,z) = (x,y,0).
Obviously ri = 1: S' - S' whereas F: C X I - C defined by F((x,y,z), t) =
(x,y,tz) is a homotopy between ir and 1: C =+ C.
The above example leads to some definitions.

13.7  Definition

A subset A of a topological space X is called a retract of X if there
is a continuous map r: X = A such that ri = 1: A - A (or equivalently if
rlA=1), where i: A = X is the inclusion map. The map r is called a retraction.

13.8 Definition
A subset A of X is called a deformation retract of X if there is a
retraction r: X = A such that ir = 1: X = X where i: A = X is the inclusion.

In other words A is a deformation retract of X if there is a homotopy F:
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X X I - X such that F(x,0) = x for all x € X and F(x,1) € A for all x E X.

Thus the circle is a deformation retract of the cylinder. Note that if A is
a deformation retract of X then A and X are homotopy equivalent. In the
example of the circle and the cylinder the map ir is in fact homotopic to the
identity relative to the circle. This leads to one more definition.

139 Definition
A subset A of X is a strong deformation retract if there is a retrac-
tion r: X > A such thatir= ;o 1: X > X.

In other words A is a strong deformation retract of X if there is a homo-
topy F: X X I = X such that F(x,0) = x for all x € X, F(a,t) =aforallaE A,
t€land F(x,1)€EAforallx EX.

A strong deformation retract is, obviously, also a deformation retract.
The notion of strong deformation retracts will be useful later on. Warning:
some books may call a strong deformation retract simply a deformation
retract; we refrain from doing this. Intuitively A is a strong deformation
retract of X if X can be deformed, within itself, to A keeping A fixed.

We give one further example involving the notion of strong deformation
retract. Consider the subset Y = C, U C, of R? where

Cr={x=(x1,x); (x-1)> +x3 =1},

Ca={ x=(x1,%);(x,+1)* +x5 =1} .
Thus Y is a ‘figure 8’, i.e. a pair of circles joined at one point. Let X =Y -
{ (2,0), (-2,0) } ;then the point xo = (0,0) is a strong deformation retract of
X. Tosee thisleti: { xo } = Xandr: X { xo } denote the obvious maps.
Clearly ri = 1; to see thatir = 1 (rel { xo} ) we use the following homotopy

F: XXI1-+X,

F(x,s) = (1-s)x/lI((1-s)x; + (-1)}, (1-s)y2)ll for xEC;,i=1,2.
Note that ((1-s)x; + (-1)i, (1-s)yz) # (0,0) for x € X. It is easy to check
that F is continuous. Since F(xo,s) = X0, F(x,0) = x and F(x,1) = xo it
follows that ir = 1 (rel { xo} ) and so { xo} is a strong deformation
retract of X.

13.10  Exercises
(a) Show that there is a circle in the Mobius strip which is a strong
deformation retract of the Mobius strip. Deduce that the Mobius
strip and the cylinder are homotopy equivalent.
(b) Prove that a space X is contractible if and only if the identity map
1: X = X is homotopic to a constant map.
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(c) Prove that there is a retraction r: D? - Sn-1 jif and only if S*! is
contractible. (Hint: Let F: S*-1 X [ - Sn~1 be a homotopy between
a constant map and the identity map, then use the natural map
Sn-1 X I - D" given by (x,t) = tx and the fact that F(S"~1 X
{0}) is a single point.)

(d) Prove that if X is connected and has the same homotopy type as Y
then Y is also connected.

(e) A subset A C X is said to be a weak retract of X if there exists a
continuous map r: X =+ A such thatri=1: A-> Awherei: A>Xis
the inclusion map. A retract is obviously also a weak retract. Give
an example of a subset which is a weak retract but is not a retract.

(f) Give an example of a subset that is a deformation retract but is not
a strong deformation retract.

(g) A subset A C X is said to be a weak deformation retract of X if the
inclusion map i: A = X is a homotopy equivalence. Thus a deforma-
tion retract is also a weak deformation retract. Give an example of a
subset that is a weak deformation retract but is not a deformation
retract.

(h) Let A be a subspace of X and let Y be a non-empty topological
space. Prove that A X Y is a retract of X X Y if and only if Ais a
retract of X.

(i) Prove that the relation ‘is a retract of is transitive (i.e. if A is a
retract of B and B is a retract of C, then A is a retract of C).

() Prove that the subset S' X { xo } is a retract of S! X S', but that
it is not a strong deformation retract of S' X S' for any point
Xo € S'. Is it a deformation retract? Is it a weak deformation
retract?

(k) Let xo € R2. Find a circle in R ? which is a strong deformation
retract of R? - { xo }.

(1) Let T be a torus, and let X be the complement of a point in T.
Find a subset of X which is homeomorphic to a ‘figure 8’ curve and
which is a strong deformation retract of X.

(m) Prove that S is a strong deformation retract of R"*!' - { 0 }.

(n) Show that a retract of a Hausdorff space must be a closed subset.

(0) Let Y be a subspace of R™ and let f,g: X -+ Y be two continuous
maps. Prove that if for each x € X, f(x) and g(x) can be joined by a
straight-line segment in Y then f = g. Deduce that any two maps f,g:
X = R " must be homotopic.

(p) Let X be any space and let f,g: X = S be two continuous maps
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such that f(x) # -g(x) for all x € X. Prove that f = g. (Hint: Con-
sider the map Rm - { 0 } - Sn-1 given by x = x/lIx|l and use (o)
above.) Deduce that if f: X = SP is a continuous map that is not
surjective then f is homotopic to a constant map.



14

‘Multiplication’ of paths

If f and g are two paths in X with f(1) = g(0) then by the product of f and g
we mean the path f » g, which is defined as in Chapter 12 by
f(2t) 0<t<Y,
(frg)(t)=
g2t-1) “<t<l.

We shall investigate this ‘multiplication’ of paths further in this chapter.
More precisely we shall look at the multiplication of paths up to homotopy
relative to { 0,1} and see to what extent this multiplication satisfies the
axioms for a group.

14.1 Definition
Two paths f, g in X are said to be equivalent if f and g are homo-
topic relative to { 0,1 } . We write f ~ g.

Note that the paths fo, f; in X are equivalent if there is a continuous map
F: I X I - X such that

F(t,0)=fo(t) and Fit,1)=f;(t) fort€l,
F(0,s) =fo(0) and F(l,s)=fo(1) fors€l

See Figure 14.1. In this case we shall write F: fo ~ f.

Figure 14.1

L.

Ix1
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Lemma 13.3 shows that ~ is an equivalence relation on the set of paths in
X. We denote the equivalence class of a path fby [f]. The first result shows
that the product of equivalence classes of paths is well defined by

(f][g] = [f=gl.

142 Lemma
Suppose that fo, f;, go, g1 are paths in X with fo(1) = go(0) and
fl(l)':gg(O) lffo ~ fl and 8o ~ 81 then fo * g ~ fl *g).

Proof Let F: fo ~ f; and G: go ~ g; be the homotopies relative to { 0,1}
realizing the equivalences. Define H: I X I -+ X by

F(2t,s) 0<t<,

H(t,s) =

G(2t-1,s) B<t<Ll,
which is continuous by the glueing lemma since F(1,s) = fo(1) = go(0) =
G(0,s). It is easy to see that H is a homotopy relative to { 0,1 } between
fo » go and f; = g,. See Figure 14.2.

Figure 14.2

The next result is that multiplication of equivalence classes of paths is
associative; in other words

(1f] (gD) (] = [f1([g] [h]).
whenever this product makes sense (i.e. if f(1) =g(0) and g(1) = h(0)). Note
that in general (f = g) « h # f « (g » h); see Exercise 14.6(a).

143 Lemma
Suppose that f, g, h are three paths in X with f(1) = g(0) and g(1) =
h(0). Then(f s« g) » h~f« (g« h).
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Proof Note first that
f(4t) 0<t<Y,
(feg)«h)()= g(4t-1) Bh<t<H,
h(2t-1) B<t<l;

and

f(2t) 0<t<y,
(fe(@eh)(t)= | g(4t-2) “<t<H,
| h@t3) %<t<1

We picture these paths by the diagrams

f g h f g h
o 3

1 0 i3

(feg)eh fs(geh)

The diagrams can be used to obtain the algebraic descriptions of the paths
in question quite easily. For example consider (f # g) « h; when % <t <%
we use g and compose it with a linear function that changes the interval
[%, %] to [0,1], namely t - 4t-1. In fact any continuous function from
[%, %] to [0,1] which sends % to 0 and % to 1 will do (see Exercise 14.6(c))
but it is usually easiest to choose a linear function.

To construct a homotopy between (f « g) »« h and f « (g « h) consider
Figure 14.3. For a given value of s we use f in the interval [0, (s+1)/4],gin
the interval [(s+1)/4, (s+2)/4] and h in the interval [(s+2)/4, 1]. Using the
method described above we are led to defining F: I X I - X by

f((4t)/(1+s)) 0<t<(s+1)/4,
F(t,9) = g(4t-s-1) (s+1)/4 <t <(s+2)/4,
h((4t-s-2)/(2-9)) (s+2)/4<t<1.
The function F is continuous and
F(t,0)=((f« g) + h)(1), F(t,1)=(f« (g +h))(1),
F(0,5)=f(0)=((f+@) «h)(0), F(l,5)=h(1)=((f=g) +h)(1),
so that F provides the required homotopy.

~i= ¢

Figure 14.3
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If x € X then we have defined €, : I = X as the constant path, i.e. €,(t) = x.
The equivalence path of the constant path behaves as a (left or right) identity,
ie.

[ex] [f] = [f] = [f] [¢y]
if f is a path that begins at x and ends at y. This is proved in the next result.

144  Lemma
If f is a path in X that begins at x and ends at y then €, » f ~ f and
fee ~f.
y

Proof We shall only prove that €, « f ~ f. The proof that f « €, ~ f is quite
similar. Consider Figure 14.4. Define F: I X I - X by
X 0<t<(1-9)/2,
F(t,s) =
f((2t-1+s)/(1+3)) (1-s)/2<t<L1.
Then F(t,0) = ¢, = f, F(t,1) = f(t) and F is a homotopy relative to { 0,1}.

Figure 14.4
f
Ex f
s
0l-s 1
\\ >
0 € '7 f 1

Finally we would like inverses to paths (up to equivalence of paths). To
this end recall that if f is a path then f is the path defined by f(t) = f(1-1).
Note that f ~ g if and only if f~ g (this is easy to prove). The next result will
show that the equivalence class of f acts as an inverse for the equivalence
class of f, i.e.

(7] = [ex] , (A1 (6] = [¢,]
for a path f beginning at x and ending at y.

145 Lemma
Let f be a path in X that begins at x and ends aty. Then f » f~ex

andftf~ey
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Proof We shall only prove that f » f~ €y- The path f « fis given by
) f(2t) 0<t<H,
(fe D)=
f(2-2t) B<t<l.
It represents a path in which we travel along f for the first half of our time
interval and then in the opposite direction along f for the second half. To
make sure that we get from x to y and back to x we travel at speed 2 (i.e.
twice ‘normal’ speed). If we now vary the speed proportionally to (1-s) for
s € I then for each s we get a path that starts at x, goes to f(2(1-s)) and then
returns to x. For s = 0 we get f « f and for s = 1 we get €, . Define therefore
F:IX1->Xby
f(2t(1-s)) 0<t<%,
F(t,9) =
f((2-2t)(1-s)) “<t<l.
F is obviously continuous and

F(1,0)=(f+ f)(1), F(t,1) = £(0) = €, (t)
F(0,5) = f(0) = (f » £)(0) F(1,5)=£(0) = (f « £)(1)
sothatff~e¢,.

An alternative homotopy between f = f and €y isgiven by G: I X I > X
where

f(2t) 0<t<(1-9)/2,
G(t,5) = f(1-s) (1-5)/2 <t <(1+9)/2,
f(2-2t) (1+s)/2<t<1.

The idea here is that the time that we spend travelling along f is proportional
to (1-s). Thus we go along f for the first (1-s)/2 part of our time interval,
then wait at the point f(1-s) and then finally return along f for the last
(1-s)/2 portion of our time. Thus when s = O this is f « fbut whens =1 we
spend all our time waiting at x, i.e. €, .

We shall return to equivalence classes of paths and their products in the
next chapter.

14.6 Exercises
(a) Give examples of paths f, g, h in some space X with f(1) = g(0),
g(1) = h(0) and (i) with (f«g) s h#* fe (g« h), (i) with(fsg) ¢ h
=fa(geh).
(b) Give a direct proof of the result €; ) » f~ f « €¢(y).
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Let f be a path in X and let h: I - I be a continuous mapping with
h(0) =0, h(1) = 1. Prove that f ~ fh.

Use (c) above to give a direct proof that f ~ ¢, « f where fis a path
that begins at x.

Let f, g: I = X be two paths in X from x to y. Prove that f ~ g if
and only if f « g ~ ¢, .

Suppose that h: 1 - 1 is a continuous function such that h(0) = 1
and h(1) = 0. Prove that if f is a path then f ~ fh.

Suppose that 0 =to <t; <t, =1 and that f: I = X is a path. Define
paths fl , fz by

f1(t) = f((1-t)to +1tt,),

f2(t) = f((1-t)t; +tty).

Prove that f, « f; ~ f. (Hint: Use (c) above.)

Suppose that 0 =to <t; <t < .. < tg=1 and that f: I >Xisa
path. Define paths f,, f;, ..., f, by

Prove that [f] = [f,] [f2] ... [f.].

Suppose that X is a space and ﬂm X =U U V with U, V open sub-
sets. Show that if f is a path in X then [f] can be expressed as

(f] = [fi] [fa) ... [fg]

with each f; being either a path in U or a path in V. (Hint: Consider
the open cover {£7'(U), £ (V) } of I, rewrite f ! (U) and f* (V)
as disjoint unions of open intervals and use the compactness of I;
alternatively use Exercise 7.13(g). Finally use result (h) above.)

(i) Prove that if h: (0,1) = (0,1) is a homeomorphism then there
exists a homeomorphism f: [0,1] such that f| (0,1) = h. Moreover,
prove that f is the unique such hgmeomorphism. (Hint: Look at the
closed interval (0,a] (closed in I) and show that h((0,a]) is of the
form (0,b] or [c,1) for some b or ¢.)

(ii) Prove that if h: 1 - I is a homeomorphism then h (3I) =9l.
(Hint: Use connectedness.)

(iii) Suppose f, g: I = X are paths in X so that f: I+ f(I) and g:
I = g(I) are homeomorphisms. Prove that if f(I) = g(I) then either
f ~ g or f ~g. (Hint: Use (ii) above.)

(iv) Suppose f, g: 1 = X are closed paths in X so that f: - f(l)
and g - g(l) are homeomorphisms. Prove that if f(I) = g(I) and
f(3I) = g(d1) then either f ~gor f~g.
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The fundamental group

From the last chapter we see that the set of equivalence classes of paths
(paths are equivalent if they are homotopic relative to { 0,1 } )in a space X
appear to satisfy the axioms of a group. The problem is that multiplication
is not always defined and the identity ‘floats’. The way to get around these
problems is to use the concept of a closed path.

15.1 Definition
A path is said to be closed if £(0) = f(1). If f(0) = f(1) = x then we
say that f is based at x.

Some books use the word ‘loop’ for a closed path.

Observe that the product f » g is defined for any pair of closed paths
based at some point x € X. We denote the set of equivalence classes of closed
paths based at x € X by n(X,x). This set has a product defined by [f] [g] =
[feg] for [f], [g] € n(X,x) which is well defined by Lemma 14.2. The next
result states that m(X,x) is a group; we call it the fundamental group of X
with base point x.

15.2  Theorem
m(X,x) is a group.

The proof follows from Chapter 14. The product has already been defined.
The identity element is [e,] (see Lemma 14.4), inverses are given by [f] ' =
[f] (see Lemma 14.5), while associativity follows from Lemma 14.3.

In view of associativity of the equivalence classes of paths we shall often
abbreviate [(f « g) » h] to [f » g = h]. Note however that we cannot abbre-
viate(fsg)shtofsgsh.

Before going any further the reader may like to look at the following
exercises.
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153 Exercises

(a) Why is it not possible to describe m(X,x) without reference to the
base point?

(b) Show that m(X,x) = 0 if X is a finite topological space with the
discrete topology.

(c) Calculate 7(Q,0) where Q denotes the set of rationals with the
topology induced from the usual topology of R .

(d) Let X be a space for which 7(X,x) = 0. Show that if f, g are two
paths in X with f(0) = g(0) = x and f(1) = g(1) then f ~ g. (Hint:
Use Exercise 14.6(e).)

*If we choose two different base points x, y € X then there is no reason, a
priori, why m(X,x) and n(X,y) should be related. However, if there is a path
from x to y then there is a relation.

154  Theorem
Let x, y € X. If there is a path in X from x to y then the groups
(X, x), m(X,y) are isomorphic.

Proof Let f be a path from x to y. If g is a closed path based at x then
(f » g) » fis a closed path based at y. We therefore define
ug: m(X,x) > m(X,y)
by
ug[g] = [Fagsf].
This is a homomorphism of groups because

ur((g] [h]) = ug[geh]
= [fegehsf]
[fegefefaehef]
[fegef] [fehef]
uelg] ue[h]
Using the path f from y to x we can define
uf: m(X,y) = n(X,x)

by

ur[h] = [fehe«f].
A simple check now shows that upus[g] = [g] and usuf [h] = [h] so that
ug is bijective and hence is an isomorphism.

15.§  Corollary
If X is a path connected space then 7(X,x) and n(X,y) are isomor-
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phic groups, for any pair of points x, y € X.

The above result is not true if we drop the condition that X is path con-
nected; even if X is connected the result does not hold in general. Once we
have done a few calculations of fundamental groups (in subsequent chapters)
the reader should be able to construct examples of spaces in which m(X,x)
and 7(X,y) are not isomorphic for every pair of points x, y € X.

In view of Corollary 15.5 it is tempting to drop the x from 7(X,x) when
X is path connected. This is dangerous as there is no canonical isomorphism
from n(X,x) to m(X,y) since different paths from x to y may give different
isomorphisms.

156  Exercises

(a) Prove that two paths f, g from x to y give rise to the same isomor-
phism from 7(X,x) to m(X,y) (i.e. ug = up) if and only if [g « f]
belongs to the centre of n(X,x). The centre Z(G) of a group G is
defined by
Z(G)={ a€G;ab=baforallbEG }.

(b) Let ug: n(X,x) = n(X,y) be the isomorphism determined by a path
f from x to y. Prove that u; is independent of f if and only if
m(X,x) is abelian.

For the rest of this chapter we shall be concerned with the effect that a
continuous map between topological spaces has upon fundamental groups.
Let ¢: X =Y be a continuous map; the following three facts are obvious.

(i) Iff, g are paths in X then of, pg are pathsin Y.
(ii) Iff ~ g then of ~ pg.
(iii) If f is a closed path in X based at x € X then ¢f is a closed path
in Y based at o(x).
Thus if [f] € n(X,x) then [¢f] is a well-defined element of n(Y,p(x)). We
therefore define
94 T(X,x) > 7(Y,0(x))
by
0o [f] = [f].
15.7 Lemma

¢, is a homomorphism of groups.

The proof is easy: ¢, ([f] [g]) = ¢, [f»g] = [o(f*g)] = [pfeyg] =
[of] [vg] = ¢, [f] v, [8]
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15.8  Definition

The homomorphism ¢,: 7(X,x) = n(Y,p(x)) defined by ¢, [f] =
[¢f], where ¢: X = Y is a continuous map, is called the induced homomor-
phism.

The next two results are easy to prove and are left for the reader.

159  Theorem
(i) Suppose v: X =+ Y and y: Y - Z are continuous maps, then
(Vo) =V 40y
(i) If 1: X = X is the identity map then 1, is the identity homo-
morphism on 7(X,x).

15.10 Corollary
If p: XY is a homeomorphism then ¢ ,: 7(X,x) = n(Y,¢(x)) is an
isomorphism.

Thus the fundamental group provides a means of going from topology to
algebra. This process has the following features.

(i) For each topological space (with some base point) we get a
group (the fundamental group).

(ii) For each continuous map between topological spaces we get a
homomorphism (the induced homomorphism) between groups.

(iii) The composite of continuous maps induces the composite of
the induced homomorphisms.

(iv) The identity map induces the identity homomorphism.

(v) A homeomorphism induces an isomorphism.

This provides a good example of what algebraic topology is about. We
replace topology by algebra and then use our knowledge of algebra to learn
something about topology. Of course if the fundamental groups of two
spaces are isomorphic it does not mean that the spaces are homeomorphic.
However, if the fundamental groups are not isomorphic then the spaces
cannot be homeomorphic.

Remark: The features (i) - (v) mentioned above are an example of a functor.
Thus the fundamental group is a functor from topology (especially the
collection of topological spaces with base points and base point preserving
continuous maps) to algebra (especially the collection of groups and group
homomorphisms).
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15.11  Exercises

(a) Give an example of an injective continuous map ¢: X = Y for which
¢, is not injective. (Assume that 7(S! ,x) = Z , 7(D?,x) = 0.)

(b) Give an example of a surjective continuous map ¢: X = Y for which
¥, i not surjective.

(c) Prove that if ¢: X = Y is continuous and f is a path from x to y then
Pa Up = Uy ¥ n(X,x) = n(Y,¢(y)), where u; and Uy(p) are the
isomorphisms of fundamental groups determined by f and ¢(f).

(d) Prove that two continuous mappings ¢, ¥: X = Y, with ¢(xo) =
V(xo) for some point xo € X, induce the same homomorphism from
m(X,Xo) to m(Y,¢(Xo)) if ¢ and ¥ are homotopic relative to Xo.

(e) Suppose that A is a retract of X with retraction r: X - A. Prove that
iy: m(A,2) > n(X,a)
is a monomorphism (where i: A - X denotes inclusion) and that
r,: m(X,a) > 7(A,a)
is an epimorphism for any point a € A.

(f) With the notation of (e) above, suppose that i, m(A,a) is a normal
subgroup of m(X,a). Prove that m(X,a) is the direct product of the
subgroups image (i,) and kemnel (r,).

(g) Prove that if A is a strong deformation retract of X then the inclu-
sion map i: A = X induces an isomorphism
iy: m(A,a) > n(X,a)
for any point a € A.

(h) Show that if ¢: X = X is a continuous map with ¢ = 1 then
0a: 1(X,X0) > m(X,0(x0))
is an isomorphism for each point xo € X. (In desperation look at the
proof of Theorem 15.12.)

The next result generalizes Exercise 15.11(d).

15.12 Theorem

Let ¢, ¥: X = Y be continuous mappings between topological
spaces and let F: ¢ =~  be a homotopy. If f: I = Y is the path from ¢(xo) to
V(xo) given by f(t) = F(xo,t) then the homomorphisms

Vo T(X,x0) > 7(Y,9(x0))
and
Vo 1(X,%0) > (Y, ¥ (%0))
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are related by Y, = u; ¢, where ug is the isomorphism from 7(Y,¢(x0)) to
7(Y,¥(xo)) determined by the path f.

Proof We have to show that if [g] € m(X,x0) then [yg] = (f » g+ f].
In other words we have to show that the paths (f « ¢g) = f and Yg are
equivalent. Observe that

_ f(1-4t) 0<t<%,
(fspr)sHt)= | wg(dt-1) W<t<y,
f(2t-1) ®<t<l,

which we may rewrite as
] Flxo,1-4t) 0<t<%,
(frep)e D)= | F(@@t-1),0) %¥<t<H,
F(x0,2t-1) % <t<1.

Meanwhile

ve(t) = F(g(1),1)
The way to see a homotopy between (f « pg) = f and Y g is to note that the
path Y g is equivalent to (e, » ¥ g) * €, where x = y/(xo). The path (e, » ¥g)
» €, has the form
F(xo,1) 0<t<%,
((ex » V) + ) (D) = F(g(4t-1),1) % <t<¥%,
F(xo,1) %<t<l
Define therefore amap H: I X I = Y by
F(xo, 1-4t(1-s)) 0<t<y,
H(t,s) = F(g(4t-1),s) B<t<H,
F(xo,1+2(t-1)(1-5)) 6 <t<1.
The map H is clearly continuous with

H(t,0) = ((f = pg) + D)(V),
Ht.1) = ((ex » ¥8) * €,)(V),
H(O,S) = F(XO! l) = ¢(Xo),
H(1,s) = F(xo,1) = ¥(xo).

Hence (f » wg) » f ~ (e, » ¥g) » €, ~ Y g which proves that ucp, = ¥ .

Another way of stating the above result is that there is a commutative
diagram
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P
(X, Xg) — > m(Y,¢(x0))

wt Ug

m(Y,¥(x0))

The next two results concern homotopy equivalent spaces.

15.13 Theorem
If p: X =Y is a homotopy equivalence then : m(X,x) = n(Y,o(x))
is an isomorphism for any x € X.

Proof Since ¢ is a homotopy equivalence there is a continuous map :
Y = X such that ¢ = 1: Y—>Y and y¢9 = 1: X X. By Theorem 15.12 we
have ug (), = 1, and since u; and 1, are isomorphisms so is (Y ¢), =
Vo ¥, This means that ¥, is an epimorphism and ¢, is a monomorphism.
Similarly ¢, ¥, is an isomorphism, which means that ¢, is an epimorphism
and y, is a monomorphism. This proves the result.

15.14  Corollary
A contractible space has trivial fundamental group.

We have a special name for path connected spaces with trivial fundamental
group.

15.15  Definition
A topological space X is simply connected if it is path connected
and 7(X,x) = { 1} for some (and hence any) x € X.

Thus contractible spaces are simply connected. The converse is not true
as the reader will discover later on.

15.16  Exercises

(a) Suppose that A is a weak retract of X (see Exercise 13.10(e)). What
can you say about the following homomorphisms
i,: m(A,a) > n(X,a),
r,: m(X,a) > 7(A,a),
fora€A?

(b) A space X is said to have property C if for every closed path f:
1 - X there is a homotopy F: I X I = X such that
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F(t,0)=f(t), F(t,1)is constant,
F(0,s)=F(l,s)foralls€l

Note that F is not necessarily a homotopy relative to { 0,1} . Prove
that if X has property C then X is simply connected.

(c) Suppose that X = U U V with U,V open and simply connected and
U N V path connected. Prove that X is simply connected. Hence
prove that if n > 2 then S™ is simply connected. (Hint: Use
Exercises 14.6(i) and (e).)

The last result that we prove in this chapter concerns the fundamental
group of the topological product of two spaces. It could have been included
much earlier in the chapter.

15.17 Theorem

Let X, Y be two path connected topological spaces. The fundamen-
tal group of the product X X Y is isomorphic to the product of the funda-
mental groups of X and Y.

Proof Let p: XX Y =+ X, q: XX Y =Y denote the projection maps. Define
v: M(X XY, (x0,0)) > m(X,x0) X 7(Y,yo)
by

e[f] =(p, [f]. q, [f]) =([pf], [qf]).

First we check that y is well defined. If f ~ g then there is a continuous
map F: I X I - X X Y such that F(t,0) = f(t), F(t,1) = g(t) and F(0,s) =
F(1,s) = (x0,Y0)- The continuous maps pF: X I+ X andqF: IX 1Y
provide the equivalences pf ~ pg and qf ~ qg so that ¢ [f] = ¢[g] and yis
well defined.

To see that y is surjective suppose that ([f,], [f2]) belongs to #(X,xo) X
7(Y,yo). Consider f: I = X X Y given by f(t) = (f;(t), f2(t)). Clearly ¢ [f] =
([f:1, [f2])-

To show that ¢ is injective suppose that ¢[f] = ¢[g]. This means that
pf ~ pg and qf ~qg. If Fy: I X I > X and F;: I X I =Y give these equiva-
lences then F: I X I -+ X X Y, given by F(t,s) = (F,(t,s), F2(t,s)) provides
the equivalence f ~ g.

Finally, that ¢ is a homomorphism follows readily from the obvious fact
that if f, g: I = X X Y are paths with f(1) = g(0) then p(f « g) = pf # pg and
q(f + g) = qf + qs.

Alternative ways of proving Theorem 15.17 appear in the exercises.
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Exercises

Prove that the product of two simply connected spaces is simply
connected.

Let f: I = X, g: I = Y be closed paths based at xo EXandyo €Y
respectively. Let i: X > X X Y and j: Y = X X Y be inclusions
defined by i(x) = (X,yo) and j(¥) = (Xo,y). Show that the two paths
(if) * (jg) and (jg) = (if) in X X Y are equivalent.

In the notation of (b) above show that the mapping of 7(X,xo) X
7(Y,yo) to (X X Y, (xo,y0)) given by ([f], [g]) > [(if) # (®)] is
an isomorphism of groups.

A topological group G is a group that is also a topological space in
which the maps

uwGXG-+G v.G->G

defined by u(g,,82)=g:182 and v(g) =g ™ are continuous. Let f,h be
closed paths in G based at the identity element e of G. Define f - h by

(E-h)(®) =u(@®),h() tEL

Prove that

feh~f-h~hef

and deduce that the fundamental group n(G,e) is abelian. Show,
furthermore, that the homomorphism

v,: m(G,e) > n(G,e)

satisfies v, [f] = [f] ~*.

For 8! C C define u: S' X S' - 8! by u(z;,,22) = 2,25, and »:
S! - S! by v(z) =z~'. Prove that S' is a topological group. Deduce
that m(S', 1) is an abelian group.

This question is a generalization of (d) above. Let x, be a point of
the space X. Suppose that there is a continuous map u: X X X+ X
such that

r(x,X0) = u(xo,x) = x

for all x € X. Prove that if f,g: 1 = X are closed paths based at
Xo € X and i,j: X = X X X denote the inclusions i(x) = (x,Xo),
j(x) = (xo,x) then

u(f) » Gg) =f » g.

Deduce, from (b) above, that 7(X,Xo) is an abelian group.

(g) This question is a generalization of (f) above. A space X is called an

H-space (after Heinz Hopf) if there is a continuous map u: X X X -+
X and a point xo € X such that ui = 1 (rel xo) and uj =1 (rel xo)
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where i and j are the inclusion maps as in (f). Note that u(xq,x0) =
Xo. Prove that the fundamental group 7(X,xo) of an H-space is
abelian. (Hint: Show that u((if) * (jg)) ~ f = g.)

The fundamental group m(X,X,) is often denoted by m,;(X,xo), the ‘1’
coming from the fact that we used paths (maps from I C R ) to define the
fundamental group. More generally we can define 7,(X,xo) by using maps
from I C R1 to X. This is called the n-th homotopy group of X at xo. We
can now briefly indicate the appropriate definitions; the uninterested reader
can go straight to the next chapter.

Let IM denote, as usual, the boundary of I", i.e.

ln = { (t),t2,....,t,) EI*; ;=0 or 1 for somei }.

The set m,(X,Xo) consists of homotopy classes relative to 31" of a continu-
ous map f: I? - X with f(3I") = xo. A product is defined by

[f] [g] = [f«g]
where
f(2t;,t2 ,...tn) 0<t; <4,
(fep()=
g(2t; -1t ,...,tn) <y, <L
It can be easily verified that the product is well defined and that it gives
7, (X,Xo) the structure of a group. Of course if n = 1 then we get the funda-
mental group. The fundamental group is not necessarily an abelian group as
we shall see later; however, 7,(X,Xo) is always an abelian group if n > 2.

15.19  Exercises
(a) Prove that m (X, xo) is a group.
(b) Prove that if there is a path in X from xo to x; then m,(X,%o) and
7,(X,x,) are isomorphic.

Figure 15.1
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R
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(c) For a continuous map p: X =Y define ¢ : m,(X,xo) = m,(Y,¥(xo))
and prove that ¢, is a homomorphism. Prove also Theorem 15.9 for
the n-th homotopy groups. Deduce that homeomorphic spaces have
isomorphic homotopy groups.

(d) Prove that homotopy equivalent spaces have isomorphic homotopy
groups.

(e) Prove that if n > 2 then m,(X,xo) is an abelian group. (Hint: A
homotopy between f « g and g = f is suggested in Figure 15.1.)

Remark: There is a sort of converse to (d) above. This is a theorem (due to
J.H.C. Whitehead) which states that if X and Y are a certain type of topologi-
cal space (the so-called path connected CW complexes) and if o: X > Y isa
continuous map that induces isomorphisms ¢,: m,(X,xo) = m,(Y,9(xo))
for all n > 1 then y is a homotopy equivalence.



The fundamental group of a circle

Except for some trivial cases we have not, so far, calculated the fundamental
group of a space. In this chapter we shall calculate the fundamental group of
the circle S', the answer being Z the integers. Intuitively we see this result
as follows. A closed path f in S! based at 1 € S' winds a certain number of
times around the circle; this number is called the winding number or degree
of f. (Start with f(0) = 1 and consider f(t) as t increases; every time we go
once around the circle in an anticlockwise direction record a score of +1,
every time we go once around in a clockwise direction score -1. The total
score is the winding number or degree of f.) Thus to each closed path f based
at 1 we get an integer. It turns out that two closed paths are equivalent (i.e.
homotopic rel { 0,1} ) if and only if their degrees agree. Finally, for each
integer n there is a closed path of degree n.

To get a more precise definition of the degree of a closed path we con-
sider the real numbers R mapping onto S! as follows.

e: RS,
t = exp (2mit).

s
.
o

..........
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Geometrically we think of the reals as a spiral with e being the projection
mapping (see Figure 16.1). Note that e ' (1) = Z C R . The idea now is that
if we are given f: I - S' with f(0) = f(1) = 1 then we show that there is a
unique map f: 1> R with ?(0) = 0 and ef = f (the map Tiis called a lift of f)
Since f(1) = 1 we must have T(1) € e™'(1) = Z ; this integer is defined to be
the degree of f. We then go on to show that if fo and f; are equivalent paths
in S' then fo(1) = T1(1). This leads to a function n(S',1) = Z which we
finally show is an isomorphism of groups.

The ‘method of calculation’ of m(S',1) that we shall be presenting
generalizes to some other spaces; see the subsequent three chapters. In fact
the next lemma is the starting point for a crucial definition in Chapter 17.

161 Lemma

Let U be any open subset of S'- { 1 } andlet V=INne ' (U)C
R. Then e '(U) is the disjoint union of the open sets V + n = { v+n;
VEV },n € Z, each of which is mapped homeomorphically onto U by e.

Proof We assume that U is an open interval, i.e.

U= { exp(27it); 0<a<t<b<1}
for some a,b. Then V = (a,b) and V + n = (a+n,b+n). It is clear that e "' (U)
is the disjoint union of the open sets V + n (n € Z). Let e, denote the
restriction of e to (a+n,b+n). Clearly e, is continuous and bijective. To
check that e, ™ is continuous we consider (a+n, b+n) and let W C (a+n,
b+n) be a closed (and hence compact) subset. Since W is compact and S! is
Hausdorff, e, induces a homeomorphism W - e (W) by Theorem 8.8. In
particular e (W) is compact and hence closed. This shows that if W is a
closed subset then e (W) is also closed; thus e, ! is continuous and hence
e, is a homeomorphism.

16.2 Exercise
Show that the above holds for S' - { x}, where x is any point of S!.

16.3  Corollary
If f: X - S! is not surjective then f is null homotopic.

Proof If x & image (f) then S' - { x } is homeomorphic to (0,1) which is
contractible. (x =exp(2wis) for some sand S' ={ exp(27it); s<t<1+s}.)

We come now to the first major result of this chapter: the so-called path
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lifting theorem (fore: R - S').

16.4  Theorem
Any continuous map f: I - S! has a lift f: I > R . Furthermore given
Xo € R with e(xo) = f(0) there is a unique lift f with f(0) = x,.

Proof For each x € S! let U, be an open neighbourhood of x such that
¢! (U,) is the disjoint union of open subsets of R each of which are mapped
homeomorphically onto Uy by e. The set { f*(U,); x € S' } may be
expressed in the form { (xj,yj) N I; jE€J } which is an open cover of 1. Since
I is compact there is a finite subcover of the form

[0,t; +€1),(t2 - €2,1t2 *+€2),..., (tn - Gn,l]
with t; + € > t;,; - €4 fori=1,2,.,n- 1. Now choose a; € (t;;;-€+1,
t; +¢) fori=1,2,..,n- 1so that

0=ap<a; <a; <<an= 1.
Obviously f([a;,a;41]) CS', but more so f([a;,a;41]) is contained in an open
subset S; of S' such that e7'(S;) is the disjoint union of open subsets of R
each of which are mapped homeomorphically onto §; by e.

We shall define liftings ?;( inductively over [0,a,] for k = 0,1,...,n such

that ’t?k(O) = Xo. For k = 0 this is trivial: ?;(0) = Xo, we have no choice.

0o
=

Figure 16.2 '
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Suppose that ?','(: [0,a,] = R is defined and is unique. Recall that
f([ay,ax+1]) C Sy and that €™ (S) is the disjoint union of { Wi € J} with
elW;: W - Sy being a homeomorphism for each j € J. Now f,(a;) €W for
some umque member W of { W ;j €J}; see Figure 16.2. Any extension
fkﬂ must map [ay,ay4;] into W since [ay,ay 4] is path connected. Since
the restriction e/W: W - §, is a homeomorphism there is a unique map p:
[aax4y] > W such that ep = fl[ay,ay4;] (in fact p = (eIW)™' f). Now
define fy ., by

- ?;((S) 0<s<3a,

f+1(s) =

p(s)  ag <s<ay,,

which is continuous by the glueing lemma since ?;((ak) = p(ay) and is unique
by construction. By induction we obtain f.

Using this theorem we can define the degree of a closed path in S'. Let f
be a closed path in S' based at 1 and let f: I > R be the unique lift with
(0) = 0. Since ¢! (f(1)) = e™'(1) = Z we see that T(1) is an integer which is
defined to be the degree of f. To show that equivalent paths have the same
degree we shall first show that equivalent paths have equivalent lifts. To do
this we replace I by I? in the previous theorem to obtain.

16.5 Lemma -
Any continuous map F: I*> » S! hasalift F: * - R. Furthermore
given xo € R with e(xo) = F(0,0) there is a unique lift F with ?'(0,0) = Xo.

Proof The proof is quite similar to that of Theorem 16.4. Since I? is compact
we find

0=2a9 <3 <..<a;=1,
0=bo <bl <...<bm'

such that F(R; ;) C S', where R; ; is the rectangle
Ri;= { (L) EP;a;<t<ay,bj<s<bj,, }.

The lifting Fis defined inductively over the rectangles
Ro,0,R0,1,--:Ro,m:R1,0,R1 15

by a process similar to that in Theorem 16.4. We leave the details for the

reader.

As a corollary we have the so-called monodromy theorem fore: R - st
which tells us that equivalent paths have the same degree.
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16.6  Corollary
Suppose that fo and f; are equivalent paths in S' based at 1. If fo
and f; are lifts with fo(0) = T, (0) then fo(1) =T, (1).

Proof Let F be the homotopy rel { 0,1 } between fo and f,. It lifts
uniquely to F: I*> > R with F(0,0) = f(0) = T} (0). Since F(t,0) = fo(t) and
F(t,1) = f,(t), we have F(t,0) = To(t) and F(t,1) = T;(t). Also, F(1,t) is a
path from To(1) to f;(1) since F(1,t) = fo(1) = f,(1). But ?(l,t) €e™
(fo(1)) = Z, which means that F(1,t) is constant and hence To(1) = 1 (1)
thus completing the proof. Note that in fact F provides a homotopy rel
{0,1} between fp and T;.

We are now in a position to calculate the fundamental group of the circle.

16.7 Theorem
(', )=2Z

Proof Deﬁne ¥ 1r(Sl 1) = Z by o([f]) = deg(f), the degree of f. Recall that
deg(f) = (1) where T'is the unique lift of f with f (0) = 0. The function pis
well defined by Corollary 16.6. We shall show that y is an isomorphism of
groups.

First we show that ¢ is a homomorphism. Let €,(f) denote the lift of f
beginning at a € ¢! (f(0)). Thus %(f) = T and 2,()(@®) = 1(t) + a for a path
in S' beginning at 1. It is clear that

2,(f » 8) = 2,() » %,()
where b = f(1) +a. Thusif [f], [g] €n(S',1) then

o([f] [8]) = w([f=8] =F+g(1)

= &(f* (1) _
= (R(f) » ,(g))(1) where b =£(1)
= L)1)
= b+3(1)
= (1) +g(1)
= o([f]) +w([&])

which shows that ¢ is a homomorphism.

To show that y is surjective is rather easy: given n € Zlet g: I > R be
given by g(t) = nt; then eg: I = S! is a closed path based at 1. Since g is the
lift of eg with g(0) = O we have p([eg]) = deg(eg) = g(1) = n which shows
that g is surjective.

To show that ¢ is injective we suppose that ¢([f]) =0, i.e. deg(f) = 0.
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This means that the lift T of f satisfies ?(0) ='t?(l) =0. Since R is contractible
we have T~ ¢, (rel { 0,1 }); in other words there is a map F: I? > R with
F(0,t) = T(t), F(1,t) = 0 and F(t,0) = F(t,1) = 0. Indeed F(s,t) = (1-s) f(1).
But eF: I> > S’ with eF(0,t) = f(t), eF(1,t) = 1, eF(t,0) = eF(t,1)=1 and
sof¢ (rel {0,1}),ie. [f] =1€&mn(S',1), which proves that ¢ is injec-
tive and hence ¢ is an isomorphism.

This completes the proof of the main result of this chapter. As a corollary
we immediately obtain:

16.8  Corollary
The fundamental group of the torusis Z X Z .

We close the chapter by giving two applications. The first is well known
and is the fundamental theorem of algebra.

16.9  Corollary
Every non-constant complex polynomial has a root.

Proof We may assume without loss of generality that our polynomial has the
form
p(z)=ao +ajz +...+a,_ K1 +2k
with k > 1. Assume that p has no zero (i.e. no root). Define a function G:
1X [0,0) > S' C Chby
ip(rexp(2mit)l  p(r)
for 0 <t <1 and r > 0. Clearly G is continuous. Define F: I* - S! by

G(t,s/(1-5)) 0<t<1,0<s<1,

F(t,s) =
exp(2rikt) 0<t<l],s=1.
By observing that
lim F(t,s) = lim G(t,s/(1-s)) = lim G(t,r) = (exp(2 mit))k
s—1 s—>1 >0

we see that F is continuous. Also, we see that F is a homotopy rel { 0.1 }
between fo(t) = F(t,0) and f,(t) = F(t,1). But fo(t) = 1 and f;(t) = exp
(2wikt), so that deg(fo) = O while deg(f;) = k, which is a contradiction
(unless k = 0).

The second application comes under the title of Brouwer's fixed point
theorem in the plane. Recall that in Chapter 10 we proved a fixed point
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theorem for I; the next result is the analogous theorem for D?. The result is
also true in higher dimensions but the proof requires tools other than the
fundamental group.

16.10 Corollary
Any continuous map f: D* - D? has a fixed point, i.e. a point x
such that f(x) = x.

Figure 16.3

f(x)
X =¢(x)
¢ (x)
¢ (x)

Proof Suppose to the contrary that x # f(x) for all x € D?. Then we may
define a function ¢: D* > S! by setting p(x) to be the point on S' obtained
from the intersection of the line segment from f(x) to x extended to meet
S!; see Figure 16.3. That ¢ is continuous is obvious. Let i: S' = D? denote
the inclusion, then yi = 1 and we have a commutative diagram

Sl 1 > sl
\ /
D2
This leads to another commutative diagram
n(s',1) —— > n(S'.1)

iy Ve
n(D?,1)

But n(D?,1) = 0, since D? is contractible, and so we get a commutative
diagram

which is impossible. This contradiction proves the result.
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16.11  Exercises

(a) Given [f] € m(S!,1), let 7 be the contour { f(t);t€1} C C and
define

_ 1 dz
w(f) = i)y z
Prove that (i) w(f) is an integer,
(ii) w(f) is independent of the choice of f € [f],
(iii) w(f) = deg(f).

(b) Let f: S' - S! be the mapping defined by f(z) = zK for some integer
k. Describe f,: m(S',1) = m(S',1) in terms of the isomorphism
(S, N=Z.

(c) Let a,B be the following closed paths in S' X S!.

a(t) = (exp(2rit), 1), B(t) =(1, exp(2mit).)
Show, by means of diagrams, that a « §~f » .
(d) Calculate m(S' X 8! X ... X S§', (1,1, ..., 1)).
n

(e) Using Exercise 15.16(c) deduce that the torus is not homeomorphic
to the sphere S?.

(f) Prove that the set of points z € D* for which D? - { z } issimply
connected is precisely S?. Hence prove that if f: D* - D? s a
homeomorphism then f(S') =S!.

(g) Find the fundamental groups of the following spaces.

(@ C*=C-{0};

(ii) C */G, where G is the group of homeomorphisms { ¢*; n €
Z } with ¢(z) = 2z.

(iii) C*/Hwhere H= { y";n € Z} with y(z) = 2zZ.

(iv) C*/ {e, a}, where e is the identity homeomorphism and
az=-%.
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Covering spaces

In this and the next few chapters we explore generalizations of the results
and concepts of Chapter 16.

Lef p: X - X be a continuous map. We say that the open subset U C X is
evenly covered by p if p~'(U) is the disjoint union of open subsets of X
each of _Wwhich is mapped homeomorphically onto U by p. The continuous
map p: X = X is said to be a covering map if each point x € X has an open
neighbourhood evenly covered by p. Then we say that p: X->Xisa covering,
g is the covering space of X and X is the base space of the covering map p:
X=X

In other words p: X-Xisa covering if

(i) pisonto, and
(ii) for all x € X there is an open neighbourhood U of x such that

p(U)=U Uj
i€l

for some collection { Uj;j€J} of subsets of X satisfying Uy N Uy =0 if
j #k and with p|U;: U; + U a homeomorphism for eachj €.

From Chapter 16 we see that e: R = S' is a covering. Obviously any
homeomorphism h: X - X is a covering map. Another trivial example of a
covering p: X = Xis to let X be X X Y where Y is a discrete space and p is the
canonical projection. An interesting example is p,: S' - S' where p,(z) =
z" (n # 0, think of 8! C C). To see that this is indeed a covering map just
note that S' - { x } is evenly covered by p,, forall x €S'.

Certain G-spaces lead to covering spaces. Suppose that X is a G-space. We
say that the action of G on X is properly discontinuous if for each x € X
there is an open neighbourhood V of x such that gV N gV = @ for all g,g’
€ G with g # g'. Notice that if the action is properly discontinuous then
gx#xforallg €G, g # 1 and all x € X, because if x €V theng'x Eg'V.
Before giving examples we shall prove a theorem which explains the reason
for introducing properly discontinuous actions.
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17.1 Theorem
Let X be a G-space. If the action of G on X is properly discon-
tinuous then p: X = X/G is a covering.

Proof First note that p: X = X/G is a continuous surjective map. Also, by
Theorem 5.12, p is an open mapping. Let U be an open neighbourhood of
x € X satisfying the condition of proper discontinuity. Since p is an open
map, p(U) is an open neighbourhood of G'x = p(x) and p~'(p(U)) =V g U
geG
(see the proof of Theorem 5.12) with { g'U; g € G } being disjoint open
subsets of X. Furthermore plg-U: g-U = p(U) is a continuous open bijective
mapping and hence a homeomorphism.

The action of Z on R given by x = x + n is properly discontinuous
since if x € R and € < % then (x-¢,Xx+€) is an open neighbourhood of x
satisfying the required condition. Since this action of Z on R makes R
into a Z-space we see that p: R = R/ Z is a covering map. (The reader
should check that this example is identical toe: R - S!.)

The next example shows that the natural map S® - RP?" is a covering
map. Consider the Z ,-space S® where Z , acts as +1-x = tx. For x € S,
the set

{yesnly- xit<%}
is an open neighbourhood of x which satisfies the condition for proper
discontinuity. Alternatively, since x # -x and S" is Hausdorff, there exist
disjoint open neighbourhoods V,W of x and - x respectively. The neighbour-
hood V N (-W) of x satisfies the condition of proper discontinuity. This
example generalizes: Recall that a group G acts freely on X (or is a free
action) if gx #x forall x EX and gEG,g# 1.

17.2  Theorem
If G is a finite group acting freely on a Hausdorff space X then the
action of G on X is properly discontinuous.

Proof Let G = {1 = go,81,82,-+8y } - Since X is Hausdorff there are open
neighbourhoods Uy, Uy ,...,U; of go°X,81X,...,8,°X respectively with Uy N

n
U; =@ for j = 1,2,...,n. Let U be the intersection N g;™ -U;, which is clearly
=0

an open neighbourhood of x.
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n
Now g;'U =j?03i'(3j - ‘U;) CUj and

gUN g,-‘U = gj'((gj -lgi.U) NU)
=g @ UNY) (for some k)
=0
since g'U C U, and U C U,. Hence the action of G on X is properly
discontinuous.

A nice example of a free action is given by the cyclic group Z and the

3.sphere S’ cC?,
= { (20,21 )EC*; 1z * +1z,* =1} .

Let q be prime to p and define h: S* - S* by

h(zo,2,) = (exp(27i/p)zo, exp(27iq/p)z;).
Then h is a homeomorphism of S* with hP = 1. We let Z , act on S® by

n-(20,21) =h™(z0,2,),n€Z , = { 0,1,..,p-1} .
The action is free, S* is Hausdorff and so S* > S%/Z ; is a covering map.
The quotient S*/Z , is called a lens space and is denoted by L(p,q). Note
that L(2,1) is RP3. There is an obvious generalization of the above example
to an action of Z ; on §?n*1 c € "*1; we Jeave the details for the reader.

It is time we had some general results about covering maps. Notice that
in the examples arising from group actions the covering map is open and the
base space has the quotient topology with respect to the covering map.
This is in fact true for all coverings.

17.3  Theorem
Let p: X = X be a covering map. Then
(i) pis an open map.
(ii) X has the quotient topology with respect to p.

Proof Let U be an open subset of X and let x € p(U). Since p is a covering
map there is an evenly covered open neighbourhood V of x. Let XE€p(x)
NU;sinceXEp(V)=U V; there is some open set V; meitthV
i€l

Since V; N U is open in V; and p|V; is a homeomorphism of V; onto V we
see that p(Vj N U) is an open subset of V. But V being open in X means that
p(V; N U) is open in X. Since x € p(V; N U) C p(U) it follows that p(U) is
open and hence p is an open map.
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The second part of the theorem follows from the fact that p is a continu-
ous open mapping and hence a subset V of X is open if and only if p~' (V)
is open.

Many of the results that we proved in the last chapter for the covering e:
R - S! generalize to other coverings. If p: X-Xisa covering and f: Y = X
is a continuous map then a lift of f: Y - X is a continuous map f: Y X
such that pf f. The next result shows that if a lift exists then it is essentially
unique.

17.4 Lemma
Let p: X->Xbea covering and let?'? Y - X be two llftmgsoff
Y - X. If Y is connected and f(yo) T(yo) for some yo €Y then f =T

Proof Define Y' to be
{yeY;fy) =T}

which is non-empty since yo € Y' by assumption. We shall show that Y' is
both open and closed. Let y € Y; then there is an open neighbourhood V of
f(y) which is evenly covered by p, ie. p~'(V) is the disjoint union of
{ V j€J} and pr V -»Vnsahomeomorplnsm foreachj€J. Ify €Y’
then f(y) = 7(y) € Vk for some k € J and V) OT“ (Vy) is an open
neighbourhood of y contained in Y'. To see this let x € ! Vi) Nt Vy);
then f(x) € V, and T(x) € V), but also pf(x) p?(x) Since p|Vk is a
homeomorphism it follows that f(x) = ?(x) Thus each point of Y’ has an
open neighbourhood contained in Y' and so Y' is open. On the other hand
ifyé¢ Y' then f(y) € V) and T(y) € Vy for some k, £ with k # 2. Hence

I f7 (V) N ?" (V) is an open neighbourhood of y contained in the com-
plement of Y’ (argue as above). Thus Y' is closed. Since Y is connected it
follows that Y =Y' and so f =

A curious corollary is:

17.5  Corollary

Suppose X is path connected and ¢: X - X is a continuous s map
with pyp = p. If ¢(x;) = x; for some x; € X then ¢(x) = x for all xEX(le
¢ is the identity mapping).

Proof Let x be any point of X and let : 1 > X be a path from x; to x.
Since ¢(x;) = x; the paths a and ya both begin at x,. Furthermore pa =
pya so that a and ya are lifts of the path pa: I = X. By the above lemma
a = pa and in particular the end points of a and g« coincide, i.e. p(x) = x.
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The next result, known as the homotopy path lifting theorem, is proved
in the same way as Theorem 16.4 and Lemma 16.5.

17.6 'l‘heoreg:
Let p: X = X be a covering. -
(i) Given a Bath f:1-X and a € X \yvith p(a) = f(0) there is a
unique path f: I = X such that pf = f and f(0) = a.
(ii) Given a continuous map F: I X I » X anda € X with p(a) =
F(0,0), there is a unique continuous map F: 1 X 1- X such that
p?'= F and ?(0.0) =a.

As a corollary we have the monodromy theorem, the proof of which is
identical to Corollary 16.6.

17.7  Corollary - -
- SupBose that fo and f, are equivalent paths in X. If fo(0) = f,(0)
then fo(1) = f;(1).

Continuing with generalizations of results in Chapter 16, we have the
following result.

17.8 Theorenl -

Let p: X = X be a covering with X being simply connected. Then
there is a one-to-one correspondence between the sets n(X,p(a)) and
p~' (p(a)) where a € X.

Proof The proof is essentially contained in the proof of Theorem 16.7. We
shall give the salient points. First define

¢: n(X,p(a)) > p ' (p(a)
by
w([f]) =T(1)
where f is a lift of f with f(0) = a. This is well defined by Corollary 17.7.
Next, we shall define
v: p ' (p(a)) = n(X,p(a).
To do this let x € p~'(p(a)) and choose a path f from a to x. Since X is
simply connected, any two such paths are equivalent, so that [pf] is a well-

defined element of m(X,p(a)). Define Y(x) = [pf]. It is easy to check that
vV =1and Yy =1, so that y and V are bijections.
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The moral of the above result is that in order to calculate n(X,xo) we
should find a covering p: X = X so that the covering space X is simply con-

nected.

Then find a group structure on p !(Xo) so that the bijection ¢:

m(X,xo0) = p "' (Xo) is an isomorphism of groups. This is essentially what we
did in Chapter 16. In general it is not easy to do; some special cases will
appear in the subsequent chapters (see also Chapter 21).

17.9

Exetcw

(a) Let p: X > Xbea covering map, let Xo be a subset of X and let

Xo = p~'(Xo). Prove that po: Xo — Xo, given by po(x) = p(x), is a
covering map.

() Let X= { (x,y) ERZ;x 0ryis an integer }, Let X = { (z1,2;) €

©

@

(e)

®

S! XS';zy=1o0rz; =1} andletp: X*Xbe defined by p(x,y) =
(exp(2mix), exp(2miy)). Show that p: X->Xisa covering map.
Which of the following are covering mappings?

(i) p: C* = C* given by p(z) = z" where n is a fixed integer;

(i) sin: C - C;

(iii) p: U = C * given by p(z) = (1-z)™z" where m,n are fixed
integersand U= C* - {1}.

Letp: X+Xand q: Y- Yje covering maps.

(i) Prove that p X q: XX Y = X X Y is a covering map.

(ii) Prove thatif X =Y and

W= { ENEXXX:p(®) =)}

then f: W - X, defined by f Xy)= p("') is a covering map.

(iii) Identify W and f when both p: X » X and q: Y- Yaree:
R - S!, where e(t) = exp(27it).

Let a: C = € and b: C - C be the homeomorphisms of the com-
plex plane C defined by

az =z +i,

bz=Z + % +i.

Show that ba =a ™' b and deduce that

G={a"b*"b¢: m€ Z,n€ Z,e=00rl}

is a group of homeomorphisms of C . Furthermore, prove that the
action of G is properly discontinuous and that the orbit space
C /G is Hausdorff.

(Continuation of (e).) Find a ‘half-open rectangle’ containing
exactly one point from each orbit of G and hence show that C/ G
is a Klein bottle.
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(8) (Continuation of (f).) An embedding of the Klein bottle in R*.
Let ¢: C -+ R® be defined by
w(x+iy) = (cos(2ry),cos(4nx),sin(4 nx),sin(27y) cos(27x),
sin(27x) sin(27y)).
Show that y identifies to a point each of the orbits of the group G

and deduce that C /G is homeomorphic to the image of .
Show that the restriction of : R® -+ R *, where

¥(p,q.1.8) = ((p+2)q, (p+2)1,s,1),
to the image @ of ¢ is a homeomorphism.

(h) Suppose p: X->Xisa covering map with X path connected. Prove
that the cardinal number of p"'“('x) is independent of x € X. If this
number is n then we say that p: X = X is an n-fold covering.

(i) Find a two-fold covering p: S' X S! - K where K is the Klein bottle.

() A subset T of a space is a simple closed curve if it is homeomorphic
to S'. Let p: S* > RP? be the canonical projection of the sphere
onto the projective plane. Prove that if Z is a simple closed curve
in RP? then p~!(Z) is either a simple closed curve in S? or is a
union of two disjoint simple closed curves. (Hint: Consider T as the
image of a closed path in RP2.)

(k) Calculate m(S' X S', (1,1)) directly from results in this chapter.
(Hint: Using Exercises (d) and (i) above we have a covering map
R X - S!'XS!;then use Theorem 17.8.)

(1) Assuming that S™ is simply connected for n > 2 (Exercise 15.16(c)),
show that the fundamental group of RP" (n > 2) s cyclic of order
2. Furthermore show that if p is a prime number then the funda-
mental group of the lens space L(p,q) is cyclic of order p.

(m) Does there exist a topological space Y such that S' X Y is homeo-
morphic to RP? or to §*?

(n) Suppose that p: X - Y is a covering map and that X,Y are both
Hausdorff spaces. Prove that X is an n-manifold if and only if Y is
an n‘magifold.

(o) Let p: X+ X be a covering and let Y be a space. Suppose that f:
Y - X has a lift f: Y = X. Prove that any homotopy F: Y X I+ X
with FQ 0) = f&) y €Y, can be lifted to a homotopy F: YX I -+
X with F.00={(),y€Y.

(p) Letp: X->Xbea covering and let f, g: Y = X be two continuous
maps with pf = pg. Prove that the set of points in Y for which f and
g agree i3 an open and closed subset of Y.

(q@) Let p: X > Xbea covering with X locally path connected (see
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Exercise 12.10(j)). Prove that X is also locally path connected.

(r) A covering transformation h of the covering p: X - X is a homeo-
morphism h: X - X for which ph = h. Prove that the set of cover-
ing transformations forms a group.

(s) Let p: X > Xbea covering in which X is connected and locally
path connected. Prove that the action of the group of covering
transformations of p: X -+ XonXis properly discontinuous.
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The fundamental group of a covering space

This chapter is concerned with ﬂ(i',%) and its relation with m(X,Xo), where
p: X = X is a covering and p(Xy) = Xo. Most of the results are in the

exercises.
The first result we give follows immediately from Theorem 17.6.

18.1  Theorem

If p: X Xis acovenngthhxoex Xo € X such that p(Xp) = Xo,
then the induced homomorphism

P m(X,Xo) = m(X,Xo)
is a monomorphism.

A natural question to ask is what happens if we change the base points.
This is answered next.

18.2 Theotem' - -
Let p: X = X be a covering with X path connected. If X,X; € X
then there is a path f in X from p(X,) to p(X;) such that

urp, M(XXo) = p, 7(X,%1).

Proof Let g be a path in X from Xo to X;.The path g determines an isomor-
phism u, from 1r(X Xo) to 1r(X X1), so that ug 1r(X Xo) = 1r(X X1). Apply-
ing the homomorphism P, gives

Pe Ug "(x:‘zO) = Pe ”(x’yl )-
But p, Ug = Un. Py (easy: see Exercise 15.11(c)), so that the path f = pg
satisfies the required conditions.

If, in the above theorem, p(Xp) = p(X)) = Xo then the path f determines
an element [f] of m(X,xo) and so

po mX%1) = [£]17'(p, X To)) [f].
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In other words the subgroups p, n(i,?(o) and p, (X%, are conjugate
subgroups of 7(X,xo). In fact we can say more:

183 Theorem N
Let p: X = X be a covering with X path connected. For xo € X the
collection

{pe 1(X%0);% €p7'(x0) }
is a conjugacy class in 7(X,xo).

Proof We have already shown that any two subgroups in the collection are
conjugate. Suppose therefore that H is a subgroup of m(X,xo) which is con-
jugate to one of the subgroups p, 7(X,X,). Thus

H=a"(p, (X, X))a
for some a € m(X,Xo). Let a = [f] and let T be a lift of f that begins at Xo.
We then have

P, m(X.T(1)) = ugp, 7(X,x0) =H
so that H belongs to the collection.

Other relations between ﬂ(i,’i’o) and m(X, xo) will be given as exercises.

184  Exercises - -
Throughout these exercises let p: X = X be a covering with X path
connected and xo € X.

(a) For X€p ' (x0) and [f] € 7(X,Xo) define X- [f] by
X-[£] =T(1)
where T is the unique lift of f that begins at X. Prove that this defines
a right action of the group m(X,Xo) on the set p ~ (xo). (Hint: Look
at the proof of Theorem 16.7 and use the notation £,(f) for the lift
of f that begins at a.)

(b) We say that a group G acts transitively on a set S if for all a,b €S
there is an element g € G such that g-a = b; in other words S = G-a,
the orbit of a, for a € S. Prove that n(X,xo) acts transitively on
P~ (%0)

(c) Prove that there is a 7(X,xo) equivariant bijection between p ~ (x0)
and the set of right cosets of p, m(X,Xo) in m(X,x0). (Hint: Use
Exercise 5.9(d) with the word ‘right’ substituted for ‘left’ and show
that the stabilizer of the action of m(X,xo) on p~'(xo) is p,
m(X,%o).)



The fundamental group of a covering space 153

(d) Deduce from (c) above that if X is simply connected then there is a
7(X,Xo) equivariant bijection between P 1 (x0) and 7 (X, Xo).

(e) Show that if p: X = X is an n-fold covering (i.e. p ~!(xo) consists of
n points) then
Py (X,%X0) = 7(X,%0)
is the inclusion of a subgroup of index n.

(f) Suppose that the fundamental group of X is Z and p~'(xo) is
finite. Find the fundamental group of X.

() Prove that if X i ( is simply connected then p is a homeomorphism.

(h) Suppose that X = X. Prove that p is a homeomorphism if the funda-
mental group of X is finite. Is p necessarily a homeomorphism if
the fundamental group of X is not finite?

() A covering is said to be regular if for some Xo € X the group p,,
7(X,Xo) is a normal subgroup of 7(X,Xo). Prove that if f is a closed
path in X then either every lifting of f is closed or none is closed.

(j) Suppose that p: X->Xisa _covering obtained from a properly dis-
continuous action of G on X (ie.X= X/ G). Prove that p: XX
is regular.

(k) Prove that p is a homeomorphism if and only if

p, (X, %o) = m(X,Xo).
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The fundamental group of an orbit space

Throughout this chapter we shall assume that X is a path connected space
with a properly discontinuous action of G on it. Thus p: X -+ X/G is a
covering. The object of this chapter is to find the relation between G and
the fundamental group of the orbit space X/G.

Let xo € X and yo = p(x0) € X/G. Notice that

P '(yo)= { g%;:8€EG}.
If [f] € n (X/G, yo) then there is a unique lift T of f that begins at xo € X.

The element T(1) € p~'(yo) and so there is a unique element g; € G such
that T(1) = 8¢ * Xo- The correspondence f - g; therefore defines a function

¢: 1(X/G, yo) =+ G.

19.1 Theorem
The function ¢: m(X/G, yo) = G is a homomorphism of groups.

Proof Consider two closed paths f, f' in X/G based at yo. If fof is the
unique lift of f « f' that begins at Xo € X then
Tot'=Teg, (f')
where T is the unique lift of f that begins at Xo, and £,(f ") is the unique lift
of f' that begins at a = T(1). This is because T 2,(f') is also a lift of f » f’
that begins at xo € X. Let T" be the unique lift of f' that begins at Xo. Since
g -T is a lift of f' that begins at g; - Xo and a =7(1) = g * Xo it follows that
2,(f')=g¢ - T Hence
Tet' () =g T (1)
= g¢ * (8¢ " o)
= (8¢8(') " Xo-
It follows that ¢ ([f] [f']) = (¢ [f1)(¢[f']) and so ¢ is a homomorphism.

The kernel of the homomorphism ¢ is given next.
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19.2 Lemma
The kernel of ¢: 7(X/G, yo) ~ G is the subgroup p, m(X,Xo).

Proof The kernel of y is the set of elements [f] € n(X/G, yo) such that
¢[f] = 1. This is precisely those elements [f] € n(X/G, yo) for which
?'(l) = X, i.e. for which T is a closed path in X based at xo € X. Thus it is
the set of elements [f] € n(X/G, yo) of the form [pf] for [f] € n(X,xo),
ie. pam(X,Xo).

In particular, p, m(X,Xo) is a normal subgroup of 7(X/G, yo) and so the
quotient group

n(X/G, Yo)/Pa 7(X,Xo)
is defined.
19.3 Theorem

The groups m(X/G, yo)/p, m(X,xo) and G are isomorphic.

Proof We just need to show that the homomorphism

¢: 1(X/G, y0) > G
is surjective. If g € G let f; be a path in X from xo to g * Xo. This determines
an element [pf;] € 1r(X/G Yo)- By definition ¢[pf;] - xo = pf (1) where
pf is the unique lift of pf that begins at xo. But f is such a lift and f (l) =
g Xo;thusy [pf ] =8 showmg that ¢ is surjective.

19.4  Corollary
If X is simply connected then 7(X/G, yo) = G.

From this corollary we can recapture the result of Chapter 16, namely
that the fundamental group of the circle is Z . This follows because S' is
homeomorphic to R/Z. In the same way we can deduce that the funda-
mental group of (S8')" = RNM/Zn is isomorphic to Z M. Other examples,
often based on previous exercises, are given in the next set of exercises.

19.5  Exercises
(a) Show that the fundamental group of the lens space L(p,q) is iso-
morphic to Z ,. (Assume by Exercise 15.16(c) that S* is simply
connected.)
(b) Show that for any finitely generated abelian group G there exists a
space X; whose fundamental group is G. (Assume the fact that G
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is a product of a number of copies of the integers Z and a number
of cyclic groups.)

Let Y = C*/K where C*=C - {0} and K is the group of
homeomorphisms { ¢"; n € Z } with ¢(z) = 4z. Prove, using
Corollary 19.4, that the fundamental group of Y is Z X Z . (Hint:
Find a space X, a group G and a normal subgroup H so that X is a
G-space with X simply connected, X/H = C* and G/H =K. Then
use Exercise 5.13(c).)

Prove that Tz = Z + 1 + i defines a homeomorphism T: X - X
where X = R X [0,1] C C. Show that if G is the group of homeo-
morphisms generated by T then X/G is the Mébius strip. Deduce
that the fundamental group of the Mébius strip is Z .

Prove that the fundamental group of a Klein bottle is
G={a"*"*¢,meZ,n€Z,e=00rl,ba=a"'b},

i.e. G is the group on two generators a, b with one relation ba=a'b.
Suppose that X has a properly discontinuous G-action. Recall from
Exercise 18.4(a) that m(X/G, yo) acts on p ' (yo) (on the right).
Prove that

() [f] =g~ (- [f])

forgE€G, x Ep ' (yo) and [f] En(X/G, yo)-

Suppose that G, H are groups acting on a set S with G acting on the
left and H acting on the right. Suppose also that

(g:x)-h=g (x-h)

for all g € G, x € S, h € H. Prove that if G acts freely and transi-
tively on S then there is a homomorphism

¢: H=>G.

Furthermore show that the kernel of v is the stabilizer under H of
the point xo € S where S = { g - Xo; g € G } . (Hint: Define ¢(h),
h €H, to be the unique element of g such that g - Xo =X, * h.)

(h) Use (f) and (g) above to reprove Theorem 19.1 and Lemma 19.2.

Use (h) above and Exercise 18.4(c) to reprove Theorem 19.3.
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The Borsuk-Ulam and ham-sandwich theorems

We shall give a few applications of the results from the preceding chapters.
They are generalizations of the results in Chapter 10 and are all based upon
the Borsuk-Ulam theorem (proved by K. Borsuk in the early 1930s after a
conjecture by S. Ulam).

20.1 Theorem
There does not exist any continuous map y: S? - S' such that

¢(-x) = - p(x).

This generalizes the result that there does not exist any continuous map
¢: S' = S° such that ¢(-x) = -¢(x) (such a map would be surjective, but S'
is connected and S° is not). In fact there is a more general result: there does
not exist any continuous map y: S® - S*™!', for n > 1, such that ¢(-x) =
-¢(x). For n > 2 the proof is beyond the scope of this book; it relies for
example on the higher homotopy groups.

To prove Theorem 20.1 we suppose that there does exist a continuous
map ¢: S* > S' such that p(-x) = -¢p(x). The group Z , = { 1} acts
antipodally on S? and on S' (i.e. 1 - x = £X); in each case the action is
properly discontinuous. If p;: S* - S?/Z, and p,: S' - S'/Z , denote
the canonical projections then y induces a continuous map ¥: S*/Z , -
S'/Z , such that p,p = ¥ pa, namely Y({2x}) = { £9(x) }; see the proof of
Theorem 5.5. Let a =(1,0,0) € S?, where as usual

S={(x,y,2)ER;x* +y* +22 =1} .
Also, let b = p,(a) €S?/Z ,. If f is the path in S? from a to -a given by

f(t) = (cos(nt), sin(nt),0) 0<t<1,
then p,f is a closed path in S?/Z , based at b. We claim that the element
[p2f] €7 (S?/Z ,, 1) satisfies

[p2f)? = [&)-
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p2(cos(2nt), sin(27t), 0) 0<t<¥4,

fa =
(2l » p2D) pa(cos(m(2t - 1)), sin(r(2t - 1)),0) %<t<]1,
= p2(cos(27t), sin(2nt), 0) 0<t<1.

Then define F: I X I > §? by
F(t,s) = (s + (1 - s)cos(27t), (1 - s)sin(27t), V(2s(1-5s)
(1-cos(2mt))).

We see that poF: I X I > S? /Z , is a continuous map satisfying

P2 F(t,0) = (p2f » p2 (1),
p2 F(t, l) = Pz(l ,0’0) = eb(t)y
p2F(O)S) = p2(110,0) = p2 F(l,S),
which shows that
[p2f]? = [ep] En(S?/Z,,b).
The map y: S?/Z, = S' /Z , induces a homomorphism
Vo m(S?/Z,,b)>n(S"/Z2, ¥(b))
so that
[¥p2f]? = [eym)) €E7(S'/Z2, Y(b)).
We have of course S' /Z , = S' and
n(S'/Z,, y(b))= {anEZ}
for some a € 7 (S' /Z 5, Y(b)). (In fact a = [p,g] where g: I = S! is given
by g(t) = exp(mit) € S' C C ) The fact that [y p,f]? = [GW(b)] means
therefore that [Wpaf] = [eyp)), ([Wp2f] = o¥ for some k and a?k
implies that o = a®).

Remark: Exercise 15.16(c) tells us that S? is simply connected (see also
Corollary 23.9), so that from the previous chapter we see that the fundamental
group of S?/Z, is Z ;. Thus Y, is a homomorphism from Z ; to Z , but
all such homomorphisms are trivial so that [y p.f] = [ew(b)] €n(S'Z,.
¥(b)). The previous argument was given to avoid using results from exercises
or results to be proved later on.

To continue with the proof of Theorem 20.1, consider the results of
Chapter 17 and look at the unique lifts of Yy p,f and €Y(v) t0 S! beginning
at ¢(a). These are ¢f and €p(a) Tespectively (remember Y p2 = p1v). But
of(1) = p(-a) = -¢(a) while ev,(a)( 1) = ¢(a) which contradicts the fact that
[¥paf] = [e (b)] and hence shows that ¢ does not exist. (Note also that
[p2f] # [ep) Grr(S |Z,,b).)
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20.2  Corollary

Let f: S - R? be a continuous map such that f(- x) = - f(x) for all
x € S2. Then there exists a point x € $? such that f(x) =0.

Proof Suppose f(x) # 0 for all x € S* and define g: $? = S' by g(x) = f(x)/

[If(x)Il. The map g is continuous and g(-x) = -g(x) which contradicts
Theorem 20.1.
20.3  Corollary

Let f: S » R? be a continuous map. Then there is a point x € S
such that f(x) = f(- x).

Proof If f(x) # f(-x) for all x € S" then we may define g: S> » R 2 by g(x)
= f(x) - f(-x), which is continuous and satisfies g(-x) = -g(x) and g(x) #0
for all x € S". This contradicts Corollary 20.2.

Corollary 20.3 generalizes Corollary 10.3. Both of the above results do in
fact also hold if S?, R? are replaced by S, Rn.

Corollary 20.3 tells us in particular that there is no continuous injective
map from S? to R ?. This immediately gives the next result.

204  Corollary
No subset of R? is homeomorphic to S?.

As in Chapter 10, we have a physical interpretation.

20.5  Corollary

At any given moment of time there exists a pair of antipodal points
on the surface of the earth which simultaneously have the same temperature
and pressure.

The analogue of the first pancake problem is the ham-sandwich theorem
which states that it is possible to cut a three layer sandwich consisting of
bread, butter and ham (the ingredients are not really relevant) exactly in
half with one stroke of a knife. More precisely:

206  Theorem
Let A, B, and C be bounded subsets of R>. Then there is a plane in
R? which divides each region exactly in half by volume.

Proof The proof is quite similar to the proof of Theorem 10.5. We may
suppose that A, B, C lie within S, the sphere in R ® of diameter 1 and centre
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0. For x € S let D, denote the diameter line of S through x. For t E1let P,
denote the plane that is perpendicular to D, and passes through the point
on D, at a distance t from x. Now P, divides A into two parts A, and A,
with A, closer to x than A, . Define functions f,, f, by
f1(t) = volume (A,), f2(t) = volume (A;).

Obviously f, and f, are continuous functions from I to R with f; monotone
increasing and f, monotone decreasing. Therefore the function f: I - R
defined by f(t) = f,(t) - f,(t) is continuous and monotone increasing.
Furthermore f(0) = -f(1) so that by the intermediate value theorem there is
some t € I such that f(t) = 0. As f is monotone increasing it either vanishes
at a single point a or on a closed interval [a,b]. In the former case we denote
the single point a by a(x) while in the latter case we denote (a + b)/2 by
a(x). Thus Py, divides A into two equal parts. Note that a: S + R is a
continuous map that satisfies a(x) = 1 - a(-x).

In a similar fashion we can define continuous functions B, v: S =+ R with
B(x) =1 - B(-x), v(x) = 1 - ¥(-x) and with the property that Pgx)s P'y(x)
divide B, C respectively exactly in half. Using the functions a, 8, ¥ we now
define v: S+ R? by

¢(x) = (a(x) - B(x), a(x) - ¥(x))
Since a, § and v are continuous so is y. Furthermore ¢(-x) = -¢(x) so that
by Corollary 20.2 there exists some point y € S such that ¢(y) = 0. But this
means that a(y) = B(y) = ¥(y), so that the plane Pqa(y) divides each of A, B
and C exactly in half by volume.

20.7 Exercises

(a) Prove that if n > 2 then there does not exist any continuous map
¢: SM = S! such that p(- x) = -¢(x).

(b) Let the group Z , act on S} C C?and S' C C as follows:

k (21, 22) = (exp(2mik/p)zy, exp(2mikq/p)z),

k- z=exp(2nik/p)z,

where k €Z ;= { 0,1, .., p-1} and q s an integer prime to p.
Prove that there does not exist any Z p €quivariant continuous map
from S® to S'.

(c) Is there an analogue in R 3 of the second pancake problem?

(d) Suppose that X and Y are G-spaces for which the action of G is
properly discontinuous. Suppose also that v: X = Y is a G equi-
variant continuous map. Let ¢: X/G - Y/G denote the map
induced by ¢. Prove that the homomorphism ¥ ,: 7(X/G, p(xo))
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- n(Y/G, qy(Xo)) induces a homomorphism

7(X/G, p(x0))/p, 1(X, X0) = 7(Y/G, qv(x0))/q, 7(Y, ¢(x0))
which is an isomorphism, where p: X - X/G and q: Y = Y/G are
the canonical projections.

(e) Use (d) above to reprove the Borsuk-Ulam theorem and to reprove
the result in (b) above (a one line proof for each).
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More on covering spaces: lifting theorems

Let p: X > Xbea covering and let f: Y = X be a continuous map with Y
connected. Recall that in Chapter 17 we showed that if a lift T of f: Y » X
exists then it is unique (essentially). Now. if the lift T exists then we have a
commutative diagram

m(X,Xo)

”(Y,Yo) Pe

f\‘n(X,Xo)

*
The homomorphism p, is a monomorphism (Theorem 18.1) and p,?, =f,,
so that
f, 1(Y.yo) = p, Ty 7(Y,¥0) C py n(X, o).

Thus a necessary algebraic condition for the lift T to exist is that fem(Y.yo)
C p, m(X,Xp). It turns out that this is also a sufficient condition so long as
we put an extra condition on Y. Thus a purely topological question is equi-
valent to a purely algebraic question. The condition we need on Y is that it
is connected and locally path connected. A space Y is said to be locally path
connected if for all y € Y every open neighbourhood of y contains a path
connected open neighbourhood of y; see Exercise 12.10(j). A space that is
connected and locally path connected is also path connected; we prove this
now.

21.1 Lemma
If Y is connected and locally path connected then Y is path con-
nected.

Proof Let y be some point of Y and let U be the set of points in Y which
can be joined to y by a pathin Y. If u € U then u has a path connected open
neighbourhood V (because Y is an open neighbourhood of u and Y is locally
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path connected). If v € V then there is a path in V from u to v and a path
in Y from y to u, so that there is a path from y tovin Y. Hence V C U. This
shows that U is open. In a similar way we can show that Y - U is open so that
U is open and closed. Since y € U, the subset is non-empty. But Y is con-
nected and so U must be Y, which proves that Y is path connected.

21.2 'l'heorelE

Let p: X > X be a covering, let Y be a connected and locally path
connected space and let yo € Y, Xp € X p(Xo) = xo. Gnven a_continuous
map f: Y - X with f(yo) = Xo, there exists a lift : Y - X with f(yo) Xo if
and only if

f, m(Y,yo) C p, 1(X,%o).

Proof We have already seen that the condition is necessary, thus it remains
to show that it is sufficient. Suppose therefore that f_ 7(Y,yo) C p, 1r(X Xo);
we shall show that a lift T exists. The definition of %15 as follows. Lety €Y
and let ¢: I = Y be a path in Y from y, to y. Thus fy is a path in X from x,
to f(y). By the homotopy path lifting theorem (Theorem 17.6(a)) thereis a
umque path f¢ I - X such that fap(O) =Xg and p fap fy. We define f(y) to
be f«p(l), see Figure 21.1.

Surprising though it may be, under this definition, Tis well defined and it
is continuous. First we show that T is well defined. The only choice we made
was the path ¢ from yo to y, so let ¥ be another path in Y from yo to y. The
product path ¢ = V is a closed path in Y based at yo. We have

f, [pe V] = [fos Y] €F, n(Y,yo).

Figure 21.1

-7 A~ ()=
o g 1 e(O)=y, ¥ y
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But f, 7(Y.yo) C p, #(X.Xo) and so there is a closed path a in X based at
Xo such that
[foefy] =[pa].
Using the results of Chapter 14 we have
fo ~ fose, o
~ fos(fysfy)
~ (fosfY) s fy
~ pasfy.
The path a is closed, thus
pasfy=as ﬂi]
and by the monodromy theorem (Theorem 17.7)
~ ——” ~ ~
fe(l) =pas fy(l) =(as fY)(1) = (1)
which proves that f(y) is well defined. Notice that to define f we only need
that Y is path connected.

To prove that T is continuous we need the extra assumption that Y is
locally path connected. Suppose that U is an open subset of X. Let y €
T'(U), thus U is an open neighbourhood of T(y). Let U’ be an evenly
covered neighbourhood of pf(y) = f(y) such that U’ C p(U). By definition
pl(U)=U V; with each V; being homeomorphic to u’; also?(y)evk for

i€l
some k. Since V, and U are open neighbourhoods of T(y)soisW = vViNnu.
Note that p(W) is evenly covered since U’ is and p(W) C U’. The map f is
continuous and so f~'(p(W)) is an open subset of Y which is an open
neighbourhood of y. Because Y is locally path connected there is a path
connected open neighbourhood V of y with V C f™! (p(W)). We claim that
T(V) C U. Certainly ?(y) € U. If y' is another pomt of V then there is a path
¢ in V from y to y' and by the definition of T we see that T(y') is f¢(l)
where fcp is the unique lift of fy that begms at f! y)- (If \lf is a path from y,
to y then ¥ s ¢is a path from y, to y’ and f(Y » ¢)(1) = f¢(l) by the homo-
topy path lifting theorem.) The path fy has its image in f(V) C p(W) and so
the path fy has its image in p ™' (p(W)). But p~'(p(W)) = U W; with the W,
j€l

being pairwise disjoint, each W; being homeomorphic to p(W) and with
one of the W;, say Wy, being W Since f¢(0) = T(y) € W it follows that
fsp(l) = T(y’ ) € W also. This proves that T(V) C W C U and hence vVcC
T1(U). Thus every point of T-'(U) has an open neighbourhood in T~ (U).
so that ! (U) is open and hence T is continuous.

We remark again that for T to be defined we just require that Y is path
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connected. For the continuity of T we need that Y is locally path connected.
We give an example now to show that if Y is path connected but not locally
path connected then T is not continuous. Let Y be the following subset of
R%:
Y=AUBUC
where
A={ (xysx*+y’=1,y>0},
B={ (xy);-1<x<0,y=0},
C={(xy);0<x<1,y=¥4sin(nr/x)}.
See Figure 21.2; this space is called the Polish circle.

Figure 21.2

It is clear that Y is path connected. Furthermore since B U C is not path
connected it follows that Y is simply connected and that Y is not locally path
connected. Consider the covering ez R = S! and let f: Y -+ S' be the map
defined by

(x,y) if(x,y)EACY,
f(x,y) =
(x, - V(1-x?)) if (x,y) EBUCCY.
Clearly f is continuous. Letting yo = (1,0), Xo = 0 we know that the
condition
f‘ ”(YvYO) g P« ﬂ(x,‘i'o)
is satisfied (where p=e, X= R). We can define T as in the proof of Theorem
21.2 to obtain
(arc cos(x))/2m if (x,y) EAUB,
f(x,y) =
(arc cos(x))/2m -1 if(x,y) €EC.
Clearly pf=f,f(1,0)=0 but  is not continuous at 0,00€Y.
There are several corollaries to Theorem 21.2. The first requires no proof.
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21.3  Corollary
If Y is simply connected ang locally path connected then any
continuous map f: Y - X lifts to f: Y = X.

214 Corollary

Let p;: X; = X, p2: X, = X be two coverings with X;,X; both
connected and locally path connected. Let x;,X,,Xo be base points of
X1,X2, X respectively with p;(x;) = pa(x2) = xo. If

P14 7(X1,X1) = p2, 7(X2,X2)
then there is a base point preserving homeomorphism h: X; = X, such that
p2h=p;.

Proof Both p; and p, lift to maps P, and P, such that p,p; = p, and p, p>
=p,. Let 9 =P,Py: X; = X, ; then

P1v = P1(P2P1) = (P1P2) P1 = P2P1 = P1-
Furthermore ¢(x,) = x, and so by Corollary 17.5 the map ¢ is the identity
map, i.e. p2P; = 1. By reversing the roles of X, and X, we see that p,p2 = 1.
Thus P; and P, are homeomorphisms and the theorem follows by taking h =
P1-

A special case of Corollary 21.4 is when X; and X, are simply connected.

21.5  Corollary

Let py: X; = X, p2: X2 = X be two coverings with X, and X; both
simply connected and locally path connected, then there is a homeomor-
phism h: X; = X, such that p,h=p,.

There is a converse to Corollary 21.4 which follows easily from Theorem
15.9.

21.6 Corollary

Let p;: X; = X, p2: X2 = X be coverings with X,,X, connected
and locally path connected. Let x,,x,,Xo be base points with p,(x,) =
p2(x2) = Xo. If there is a homeomorphism h: X, = X, with p,h = p, and
h(x,) = x; then

P1o M(X1,X1) = P2, 1(X2.X2).

We say that two coverings p;: X, = X, p2: X, = X are equivalent if
there is a homeomorphism h: X; = X, such that p,h = p,. Note that the
base points of X; and X; are not necessarily preserved by the homeomor-
phism h. Corollaries 21.4 and 21.6 generalize to give:
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21.7 Theorem

Let p;: X; = X, p2: X; = X be coverings with X;,X, both con-
nected and locally path connected. Let x,,Xx2,Xo be base points with p;(x;) =
p2(x2) = Xo. The two coverings are equivalent if and only if the subgroups
P14 m(X1,%;) and p2, (X2,X2) of m(X,xo) are conjugate.

Proof This follows directly from Corollaries 21.4,21.6 and Theorem 18.3.

The group of covering transformarions of a covering p: X - X is the group
of all homeomorphisms h: X -+ X such that ph= P (see Exercise 17.9(r)).
This group is denoted by G(X p,X). Clearly Xisa G(X p, X)-space.

218 The‘gtem
_ M X is connected and locally path connected then the action of
G(X,p,X) on X is properly discontinuous.

Proof Let x be any point of X and let U be an evenly covered neighbourhood
of p(x). Thus p~*(U) is the disjoint union of { Vj,j €1} with x €V, for
some k. Let h € G(X,p,X). If h(x) = x then by Corollary 17.5 the map h is
the identity. In other words if h # 1 then h(x) # x. Since ph(x) = p(x) it
follows that h(x) € Vg for some £; furthermore if Vg = V; then h(x) = x.
We therefore conclude that if h # 1 then x € V| and h(x) € Vg with V; N
Vg=0.

We may insist that U is path connected since X (and hence X clearly) is
locally path connected. Thus each of the sets V;, j € J, are path connected.
Now ph(Vy) = U, so that h(V,) C U V;. But the V;, j € J, are path con-

i€l
nected and h(x) € Vg for some x € Vy which means that h(Vy) C Vg and
hence V, N h(V,) = @. This proves that the action of G(X,p,X) is properly
discontinuous.

Using this result and some previous results leads to the following interes-
ting results.

219 Theo;_em -
Let X be connected and locally path connected. If an(X,'i'o) isa
normal subgroup of m(X,Xe) then X is homeomorphic to X/G(X,p,X).

Proof Since p, n(i,’i'o) is a normal subgroup we see from Theorem 18.3
that

py (X.%)) = p, 1(X,%0)
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for_any X1 € p'(x0). Hence by Corollary 21.4 there is an element of
G(X,p,X) such that h(X) = X;. Thus if p(Xp) = p(X)) then there is an
element h € G(X,p, X) such that h(Xp) = X, . Conversely, it is clear that if
h(Xo) = X, for some h € G(X,p,X) then p(Xo) = p(X,). Thus the group
G(X,p,X) identifies points in X in the same way as p does. This shows that
X and X/G(X,p,X) coincide setwise. They are homeomorphic because each
has the natural quotient topology determined by the projections p: XX
andm: X~ X/G(X p, X)-

21.10 Corollary
Let X be connected and locally path connected. If p, ﬂ(X Xo) is a
normal subgroup of 7(X,xo) then

"(X’XO)/p‘ ﬂ(’i,"\(o) = G(i’pax)'
Proof This follows immediately from Theorem 21.9 and Theorem 19.3.

21.11 CoLollm'y
If X is simply connected and locally path connected then

(X, x0) = G(X,p, X).

21.12  Exercises

(a) Show that the subspace P of R defined by
P={ 0, 1/n;nis a positive integer }
is not locally path connected.

(b) Let py: X; = S', p2: X2 = S' be n-fold coverings (n a finite posi-
tive integer). Show that they are equivalent.

(c) Determine all covering spaces of (i) S', (ii) the torus S' X S' and
(iii) a space X which is simply connected and locally path connected.

(d) Let py: X; = X, p2: X, = X be covering maps with X connected
and locally path connected. (i) Prove that if there is a continuous
surjection f: X, = X, then f: X; = X, is a covering map. (ii) Prove
that if X, is path connected and if there is a continuous map f:
X; = X, then f: X; = X, is a covering map.

(e) Suppose that p;: X; = X and p,: X, = X are coverings in which
X, is simply connected and locally path connected while X, is
connected and locally path connected. Prove that there is a con-
tinuous map p: X; = X, which is a covering map.

(f) Suppose that X is a connected G-space for which the action of G
on X is properly discontinuous. Prove that the group of covering
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transformations of p: X > X/G is G.

(g) Let p: X > X be a covering with X connected and locally path
connected. Prove that G(X,p X) acts on p~'(xe). Furthermore
prove that G(X p,X) acts transitively on p ™' (xo) if and only if p,
m(X,X,) is a normal subgroup of m(X,xo). (See Exercise 18.4(b) for
the definition of a transitive action.)
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More on covering spaces: existence theorems

In the last chapter we showed that a covering p: X - Xis determined, up to
equivalence, by the conjugacy class of the subgroup p, 7(X,Xo) of m(X,xo).
It is reasonable to ask whether for a given conjugacy class of subgroups of
m(X,Xo) there exists a covering p: X - X which belongs to the given con-
jugacy class. The answer, as we shall show later on, is yes, provided that we
put some extra conditions on X (in addition to X being connected and
locally path connected). There is always a covering corresponding to the
conjugacy class of the entire fundamental group of X, namely 1: X = X.
This, however, is of little interest. At the other extreme, the covering that
corresponds to the conjugacy class of the trivial subgroup is very interesting.
This covering, if it exists for a given X, is called the universal covering of X.
Thus the universal covering of X is a covering p: X = X for which X is simply
connected. Shortly we shall give a necessary and sufficient condition on X to
ensure that a universal covering for X exists.

Suppose that p: X - X is a universal covering of X. If x is any point of X
and X € p~'(x) then there is an evenly covered neighbourhood U of x with
p ' (U) being the disjoint union of { Viij€l } and X € V for some k.
Denote V, by V. The diagram

V——X

pwl | ]p

U——X
leads to a commutative diagram of fundamental groups
"(v9?() E— "(‘i”’i’)
PIV), l i l Pa

*
7(U,x) —— 7(X,x)
The map p[V: V = U is a homeomorphism and so (plV), is an isomor-
phism. Since p: X = X is a universal covering. the group n(X.X) is trivial and
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so the map i, must be the trivial homomorphism, i.e. i, (a) = [¢,] for all
a € 7(U,x). This shows that if p: X = X is a universal covering of X then
every point x € X has a neighbourhood U such that the homomorphism
n(U,x) = #(X,x) is trivial. A space X with this property is said to be
‘semilocally simply connected’. Thus a space is semilocally simply connected
if and only if for every x in X there is a neighbourhood U of x such that any
closed path in U, based at X, is equivalent in X to the constant path €. Note
that in the process of making a closed path in U equivalent to e, we may go
outside U. Note also that if U is a neighbourhood of x such that every closed
path in U, based at x, is equivalent in X to the constant path then every
neighbourhood U’ of x such that U’ C U also has the property that every
closed path in U’, based at x, is equivalent in X to the constant path. The
most interesting spaces are semilocally simply connected (see the exercises)
and we have to think quite hard to obtain an example of a space that is
connected and locally path connected but not semilocally simply connected.
Such an example is the subspace X of R? given by
X=UC,
n>0

where C_ is the circle with centre (1/n, 0) € R? and radius 1/n. The point
(0,0) € X fails to satisfy the condition required for X to be semilocally
simply connected. Thus this space fails to have a universal covering.

The above necessary condition on X for the existence of a universal
covering is in fact also sufficient.

22.1 Theorem
Let X be a connected and locally path connected space. Then X has
a universal covering p: X X if and only if X is semilocally simply connected.

Proof We first construct a space X and a map p: X - X, then we show that
these have the required properties. Let Xo € X be a base point and let X be
the set of equivalence classes of paths that begin at xo (see Definition 14.1).
Thus

X={[a];a:1>X,a0)=x, [a] =[B] ®a~B}.
Now define p: X->X by p([a]) = a(1).

We have to put a topology on X. Let U be an open set in X and let a:

I - X be a path that begins at X, and ends at some point, say x,, in U.
Define [U,a] by

(U] = { [ax*B];8: 1> X,B(0)=a(l),B1)CU}.
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In other words [U,a] consists of the equivalence classes of paths a = § for
which B begins at a(1) and B lies entirely within U. We use these sets to
define a topology #_for X as follows: ¥ consists of e, X and arbitrary
unions of subsets of X of the form [U,a]. To check that 4 is a topology for
X we need only check that the intersection of two members of # is still a
member of % (the other conditions for a topology are trivially satisfied).
First we show that if [y] € [U,a] then [U,y] = [U,a]. We see this as
follows. Since [y] € [U,a] there is some path @ lying in U such that [y] =
[a = B]. If § is any path in U beginning at (1) then

[v#8] =[(@xB)»8] = [ax(B+8)]
which shows that [U,y] C [U,a]. The same argument shows that [U,a] C
[Usy] and so [U,y] = [U,a]. Now consider [U,a] N [U',a’'], where
[U,a] and [U’,a’] belong to #. If B € [U,a] N [U',a’] then [U,B] =
[U,a] and [U',8] = [U',a']. Immediately we have

[GNU',B] C[U,a] N[U',a’]
and hence [U,a] N [U’,a'] is the union of

{[UNU',B];8€ [U,a] N [U'a] }
which shows that [U,a] N [U',a’] € #. We leave it for the reader to check
that the intersection of any two elements of 4 belongs to % (it is easy).
Thus % is a topology for X. -

We now check that the map p: X = X is continuous. Let U be an open

subset of X. If p ! (U) is empty then we are finished. Suppose [a] € p ! (U);
then by definition [U,a] is an open set of X and

p([Uia]) = { (a*B)(1); [a*B] €[U,a] }
= { B(1); [axB] €[U,a] }

cu,
since by definition of [U,a] the paths f lie in U. We therefore have
pl(U)= U [U.a]
[«] € p_l(U)

which is an open set in i, and so p is continuous.

Next we check that p: X = X is surjective. This is easy because if x € X
then there is a path in X beginning at Xo and ending at x (the space X is path
connected). Clearly [a«] € X and p([a]) = x.

To show that p: X->Xisa covering it remains for us to show that each
point of X has a neighbourhood which is evenly covered. Let x € X and let
V be an open neighbourhood of x which is path connected and for which
every closed path based at x is equivalent in X to the constant path €,. We
have
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pl(V)= U [V.a].
[a]€p™ (V)
If [V,a] N [V,B] # @ then there is an element [y] € [V,a] N [V,B] and
hence [V,y] = [V,a] and [V,y] = [V,B] so that [V,a] = [V,B].This
shows that p~'(V) is a disjoint union of open sets. We must show that p
maps each set homeomorphically onto V. The map

poe=pl[V.a] : [V,a] >V

is obviously continuous since pg ™' (V) = [V,a]. If x € V, let B be a path in
V from a(1) to x, then [a = 8] € [V:a] and p([a = 8]) = x. This shows that
Pq iS surjective.

To ptove that p, is injective suppose that py([a * 8]) = po([a * 7]) for
some two elements [« # f], [@ » y] € [V,a]. Then f and 7 have the same
end points. The path § « 7 is a closed path in V and so, by our choice of V, is
equivalent in X to the constant path €, . In particular f~ y and so [a « 8] =
[a = ] proving that p, is injective.

To complete the proof that p, is a homeomorphism we need to check
that pa" is continuous, or equivalently that p, is an open map. Let [W,(]
be an open subset of [V,a]. Then N = p([W,8]) is the set of points in W
which can be joined by a path in W to f(1). For each y €N there is an open
path connected subset W, of W containing y. Since y € N and W, is path
connected it follows that Wy, C N and so N = U W,. Thus p([W,B]) =N s

yEN
open and so p, is 4 homeomorphism, which completes the proof of the
statement that p: X - Xisa covering. -

To complete the proof of Theorem 22.1 we need to show that X is simply
connected. First we show that X is path connected. Let X = [e‘\]' be the
class of the constant path € at xo and let [a] be any element of X. Define
@ I-Xby

a(s) =[] s€I
where ay(t) = a(st), t € I. Then & is a path in X from Xo to [a]. This proves
that X is path connected. (Note that & is a lift of a.)

Let B be a closed path in X based at Xo. By uniqueness of liftings 8 = pB
and so

[pB] = [p(PB)] = [PB(1)] =% = [e].
Thus § = pp is equivalent to the constant path in X and so X is simply con-
nected and the proof of Theorem 22.1 is complete.
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Corollary
Suppose that X is a connected, locally path connected and semi-

locally simply connected space. If H is a subgroup of n(X,xo) then there
exists a covering py: Xy — X, unique up to equivalence, such that H=py .
7(Xy,Xy)- Thus, in particular, for any conjugacy class of subgroups of
m(X,xo) there is a covering space p': X' - X such that p’, n(X',x") belongs
to that conjugacy class.

Proof Let p: X = X be the universal covering space of X and let G(i,p,X) be
the group of covering transformations. Since G(X,p,X) = n(X,xo) we let H’
be the subgroup corresponding to H under this isomorphism. We ‘then take
Xy = X/H' and let py be the map induced by p. The details are left for the

reader.

The conditions on X in Corollary 22.2, ensuring the existence of Xy, can
be weakened; see Exercise 22.3(e).

223
(a)
(b)

(c)

(d)

Exercises

Prove that a simply connected space is semilocally simply connected.

Prove that a connected n-manifold is semilocally simply connected.

Prove that a connected n-manifold M has a universal covering p:

M - M in which M is also an n-manifold.

Prove that m(S",xo) is trivial for n > 1 in the following way. Let p:

S" - S" be the universal covering. Define f: D" - S to send 9D"

to Xo. Show that f lifts to f": D" - SP and prove that this yields a

continuous map f”: S - S" such that pf” = 1. Finally apply the

fundamental group to the sequence S" ;_-; Sn - 81 to deduce that
p

m(S",xo) is trivial.

Let X be a connected, locally path connected and semilocally

simply connected space. Let H be a subgroup of 7(X,xo). Let 2 be

the set of paths in X that begin at xo. Define a relation ~y on 2by

saying that

a~yB*a(l)=p(1)and [a*f] EH.

Prove that ~ is an equivalence relation on &. Denote the equiva-

lence class of @ by [a]y. Define Xy to be 2 /~y and let py:

Xy = X be defined by py([a]y) = a(1). Let U be an open set in

X and let a: I =+ X be a path in X beginning at xo and ending in U.

Define [U,a] 4 to be

[Ualy = { [asB]y:8: 1 X,80)=a(1),(1)CU }
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Show that the collection %y consisting of @, Xy and arbitrary
unions of sets of the form [U,a}y forms a topology for Xy . Prove
finally that py: Xy = Xis a covering and that

PHa T(Xg.Xyg) = H C 7(X,Xo).

Let X be a connected and locally path connected space. Let H be a
subgroup of m(X,Xo). Prove that there exists a covering py;: Xy = X
such that py, m(Xy,xy) = H if and only if for every point x of X
there is a neighbourhood U of x such that any closed path in U
based at x is equivalent in X to some element of H C n(X,xo).
(Hint: Modify the proof of (d) above.)
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The Seifert-Van Kampen theorem: I Generators

The theorem that we are about to discuss gives a quite general method for
calculating fundamental groups. It was first proved in the early 1930s inde-
pendently by H. Seifert and E. Van Kampen. The theorem is frequently
called the Van Kampen theorem and sometimes the theorem of Seifert
(usually depending upon whether you are English speaking or German
speaking).

Suppose that we are given a space X which is the union of two subspaces
U,, U, which are both open and path connected. Suppose furthermore that
U; N U, is non-empty and path connected. The Seifert-Van Kampen
theorem gives a way of calculating the fundamental group of X provided that
we know the fundamental groups of U,, U, and U; N U,. (A special case of
this theorem appears in Exercise 15.16(c).)

Let xo € U; N U, and let ¥ Uj — X for j = 1,2 denote the inclusion
maps. Then roughly speaking the Seifert-Van Kampen theorem tells us

(i) (The ‘generators’ of m(X,xo).) If a € 7(X,xo) then

a:

YA %

s

1

where ax € ﬂ(U)\(k)’ Xo), )\(k) =1 or?2.
(ii) (The ‘relators’ or ‘relations’ of m(X,xo).) Let

n
o k‘ll YAK)s %
be an element of m(X,Xo). Then a = 1 if and only if a can be
reduced to 1 by a finite sequence of operations each of which
inserts or deletes an expression from a certain list. This list depends
on m(U; NU,,x0), (U ,%0) and 7(U, ,%o).
The information in (i) and (ii) is called a presentation of the group
m(X,Xo). Thus in order to state the Seifert-Van Kampen theorem precisely
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we need to specify in detail what a presentation of a group is. It is in fact an
elegant way of expressing the group in terms of generators and relators (or
relations). Before we say more about this, however, we must introduce some
notation.

Consider a set S and think of the elements of S as being non-commutative
symbols. Using these symbols we form words; these are just expressions of
the form

W = x, €(1)x, €2)__. x, €(K)

where x; € S, repetitions being allowed, and €(i) = + 1. (In other words from
the set S = { y;; j €J} we get an ‘alphabet’ { y;', y;";j €J } whichis
used to form ‘words’.) It is convenient to have the empty word in which no
symbols appear. A word is said to be reduced if it does not contain x'
followed by x~' or vice versa x™! followed by x' for some x € S. Thus
x1'x;'x,! is a reduced word but x;'x;,7'x,! is not. Every word can be
reduced to a reduced word simply by deleting pairs like x'x™' or x ' x!
(where x € S) whenever they appear in a word. For example x; ™ x3'x, ™
x;'x3! reduces to x; ~'x;'x3' which reduces to x;'.

Using juxtaposition of reduced words as a law of composition and reducing
the resulting word, if necessary, it turns out that the set G of reduced words
in the symbols of S forms a group. The empty word acts as the identity, and
the inverse of the word W = x, €(1)x, €(2)___ x, €(k} is given by

W = x, €K xk_l—e(k“‘) X~ €2) x,~€()

We leave it for the reader to verify the group axioms. This group is called the
free group generated by S. Of course the actual symbols in S themselves do
not matter, so that if S' is another set bijective to S then the resulting groups
generated by S and S’ are isomorphic. When S is finite with n elements we
call the free group generated by S the free group on n generators.

Note that the free group on 1 generator { x} consists of the following

elements

Lx',x7xtxt,xPx 7t x x!xt,x TxTTx T L

and it is not difficult to see that it is isomorphic to the group of integers Z.
We often abbreviate x' by x,x'x' by x?,x'x™ by x2 etc. Note also that
the free group on n generators for n > 1 is a non-abelian infinite group.

It is convenient to view free groups in a slightly different way by consider-
ing equivalence classes of words under a suitable equivalence relation. Con-
sider the following operations on words:

(i) insert xx~! or x ' x in a word, where x € S,
(ii) delete xx ™! or x ' x in a word, where X €S
(by inserting xx ™! in a word W we mean write W as W, W, and then insert
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xx™! thus: Wyxx~?W,; here of course W, or W, may be empty). We say
that two words W,W' are equivalent if and only if W' can be obtained from
W by a finite number of operations of type (i) and (ii), This is clearly an
equivalence relation; furthermore it is obvious that any word is equivalent
to its reduced form. The set of equivalence classes of words in S, with juxta-
position as a law of composition, forms the free group generated by S. For
brevity we usually denote the equivalence class containing the word W by W
itself; this should not lead to any confusion.

Suppose now that R is a set of words in S. We can consider the following
additional operations on words in S:

(iii) insert r or r ! in a word, where r €R,
(iv) delete ror r ! in a word, where r €R.

We now say that two words W,W' are equivalent if and only if W' can be
obtained from W by a finite number of operations of types (i), (ii), (iii) and
(iv). The reader can readily verify that this is an equivalence relation and that
the set of equivalence classes forms a group, with juxtaposition as a law of
composition. This group is said to be the group with presentation (S;R) and
is denoted by (S;R). As above we denote the equivalence class containing
the word W by W itself, again this should not cause any confusion. The set S
is called the generators and the set R is called the set of relators. We shall
give three (simple) examples. First, the group with presentation (S;@) is just
the free group generated by S. The second example is ({x }; { x"}), where
n is some fixed positive integer. This group consists of the words

1,x,x2,...,x0"1

and is easily seen to be isomorphic to the cyclic group Z . For the third

example consider ({x,y}; { xyx™'y™}). We see that xy = yx, (xy =

(xyx 'y ™) 'xy = yxy 'x'xy = yxy 'y = yx by operations (iii) and (ii)).

It is then not difficult to see that x3y® = ybxa for all integers a,b and so any

word g = xa(1)yb(1)xa(2) _ xa(k)yb(k) can be rewritten as g = x3yb where

a= E]i“=l a(i) and b = 2};1 b(i). Thus the group ({ x,y }; { xyx'y™ }):
is isomorphic to Z X Z .

If is a word in S and a =1 in (S;R) then « itself does not necessarily
belong to R, of course. However, a can be reduced to the empty word by a
finite sequence of operations of type (i), (ii), (iii) and (iv). In such a case we
say that a is a consequence of the relators R. For example x2y?x 2y ®isa
consequence of the relator xyx 'y .

Different presentations may give rise to isomorphic groups; for example,
the group ({x,y}; { y}) is isomorphic to the group ({x},®). Similarly
the group ({a,b}; { baba'}) is isomorphic to the group ({a,c};
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{ a%c? }). To see this define

f: ({a,b};{baba'})>({a,c}; {a’c* })
on the generators by f(a) = a, f(b) = ca and in general by

f(x, €(Vx, €2)__x €M) = f(x, ) €(1f(x,)€(2) . f(x,)€M).
Since

f(baba™') = caacaa™ =ca’c=c(a’c*)c ! =cc! =1,
we get a well-defined function which is easily seen to be a homomorphism.
If we define

g ({a,c}; {a%c?*})>({a,b};{baba'})
on the generators by g(a) = a, g(c) = ba™ it is easy to check that g is well
defined, is a homomorphism and fg = 1, gf = 1 so that f and g are group
isomorphisms.

The problem of determining whether or not two presentations determine
isomorphic groups is in general extremely difficult. Even if we are told that
two groups are isomorphic it may be difficult to see why. For example the
group ({x,y}; { xy*x'y™, yx?y'x?}) is in fact isomorphic to the
trivial group 1, but this is extremely hard to prove. (The reader should never-
theless try proving that the group is indeed trivial.) Despite this pessimistic
tone there are various tricks which will enable us to tell if two groups are
different. These tricks will be produced when needed.

Given any group G then we say that G has a presentation (S;R) if G is
isomorphic to (S;R). Every group has a presentation (Sg;Rg) where

Sc={8€Gl, Rg={(xy)y"'x";x,y€G};
here (xy)'! means the symbol representating xy € G. Showing that G is
isomorphic to (Sg;Rg) is left as an exercise for the reader.

It is more convenient, sometimes, to write the relators R of the group
(S;R) as a set of relations. By this we mean that the set {r; r € R} is
rewritten as { r = 1;r € R} . Furthermore, if r is the product of two words
uv then we may replace r = 1 by u = v™'. Thus, for example, we may write
({A,B}; { ABA™'B'}) as ({A,B}; { ABA'B™! = 1}) or as ({A,B};
{ AB = BA}). As another example, the relators R above may be written
as { (xy)! = x'y'; x, y € G }. This informality of notation should not lead
to any confusion.

23.1 Exercises
(a) Show that if G is a group then G is isomorphic to (Sg;Rg) where

Ss={8€G}, Rg={(xy)'y'x"';xy€G}.
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(b) What is the order of the group ({ A,B};R) where
R={ A*,A?B™? A’BA'B' }°

(c) Show that the group ({ A,B}; { A*,B?,ABA™'B™ }) is isomorphic
toZsX Z,.

(d) Suppose that G is a group with presentation (S;R). Let AG be the
group with presentation (S;AR) where
AR=RU { xyx'y';x,y€S}.
Show that AG is an abelian group and that there is an epimorphism
G — AG. What is the kernel of this epimorphism?

(e) Using Exercise 19.5(e) show that the fundamental group of the
Klein bottle has presentation ( { a,b} ; {abab™ }).

(f) Let G = (S;R). Let T; (i = 1,2,3,4) be the following transforma-
tions on the pair (S;R), the so-called Tietze transformations.
T,: Ifrisa word in S and r = 1 is a relation which holds in G then
letS'=S,R'=RU {r}.
T,: If r € R is such that the relation r = 1 holds in the group
(S;R- {r}thenletS'=S,R'=R-{r}.
Ty: If wis a word in S and x is a symbol notin S, let $' =S U
{ x},R"=RU {wx!}.
Ts: If x € S and if w is a word in S not involving x or x ™! such that
wx ! € R then substitute w for x in every element of R - { wx ™'}
togetR andletS'=S- {x}.
Prove that if (S";R") results from (S;R) by a finite sequence of
Tietze transformations then (S”;R ") is isomorphic to (S;R).

(The transformations T; and T, correspond to adding and
removing a superfluous relation respectively while T3 and T,
correspond to adding and removing a superfluous generator respec-
tively.)

Let us now return to our topological space X which is the union of two
open path connected subsets U; and U, with U; N U, non-empty and path
connected. Let ¢;,92,V¥;,¥2 denote the various inclusion maps as indicated
below
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Choose, as a base point, a point xo € U; N U,. We then have the following
commutative diagram of homomorphisms:
m(Uy,Xo)

‘pla 'Illt
//'

‘pl‘\‘"(uz»xo) Vi

Suppose that the fundamental groups of U; N U,, U; and U, are known
and that the presentations of these groups are as given:
m(U; NUz,%0) =(S;R),
7(Uy,%o) =(S;;Ry),
m(Uz,%o) =(S3;Ry).
If s €8S then ¢;, s € 7(Uy,X%0) and 92, s € m(U;,Xg), so that we can
express these elements as words in S,,S; respectively. Let ‘g, .5’ ‘92,5’ be
representations of ¢, , s, 92,5 as words in the generators S;,8, respectively.

"(Ul nUz,Xo) ﬂ(x»XO)

23.2  Definition
Let Rg denote the following set of wordsin §; U S,:

(0145) (02,8)™ SES.
We shall think of Rg as a set of relators. As a set of relations Rg is

{“P148 =‘P2,5;sES}.
We can now state the theorem of H. Seifert and E. Van Kampen.

23.3  The Seifert-Van Kampen theorem
n(X,Xo) is isomorphic to the group defined by the generators S; U
S; and the relations R; UR; URGg.

Note that the relations R of 7(U; N U,,x,) are not required.

Loosely speaking m(X,Xo) is the smallest group generated by n(U,,Xo) and
m(Uz,X%o) for which ¢y .5 = 93,5, s € n(U; NUyz,x0).

The proof of the theorem will be divided into essentially two parts. The
first part will be concerned with generators and will be proved in this chap-
ter. The second part will be concerned with relations and will be proved in
the next chapter. We now prove a result that will be useful (in fact it is just
Exercise 7.13(g)); we could, as in Chapter 16, avoid using this result.

234  Theorem
Let X be a compact topological space arising from some metric
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space with metric d. Given an open cover { Uy j€J } then there exists
a real number 8 > O (called the Lebesgue number of { Uj; j €J }) such
that any subset of diameter less than § is contained in one of the sets Uj,
jEJ.

Proof Since X is compact we may assume that J is finite. For x € X and
j €1 let f(x) be given by

fj(x) =d(x,X-U)= inf d(x,y).

y € X‘Uj

Clearly fJ is continuous, as is the function f defined by

f(x)= max f;(x).

i€l

Since X - Uj is closed it follows that fj(x) =0if and only if x€X - Uj. Thus
f(x) = 0 if and only if x €EX - U forall j €J. But { Uji€l } is a cover of
X and so f(x) > O for all x € X. That X is compact and f is continuous means
that f(X) is a compact subset of R, in fact of (0,%°) C R. Therefore there is
a 8§ > 0 such that f(x) > & for all x € X. We claim that any set S of diameter
less than & must belong to some Uy, k € J. To see this, simply take x € S;
then f(x) > § which means that f, (x) > & for some k which in turn means
that x € U,. But the diameter of S is less than § and d(x,X - Uy) > & for
some x € S so that S itself is in Uy, which proves our assertion.

The first step in the proof of the Seifert-Van Kampen theorem is con-
cerned with generators. Essentially we solve Exercises 14.6(g), (h) and (i).

238 Lemma

The group m(X,xo) is generated by

¥ .(W(Ul X0)) U ¥ .(W(Uz +X0))-
In other words if a € m(X,Xo) then & = IT Y1), & Where ay € m(Up(),%0)
and A(k)=1or2.

Proof Let f be a closed path based at xo € X. Let § be the Lebesgue number
of the open cover { f™(U;),f™(U;) } of 1. This means that if to,t,,tz,...,
t, is a sequence of real numbers with

0=to <t; <t <...<t, =1
and t; - t;_, <§& then f([t;_,,t;]) is contained in U, or U, fori=1,2,..,n.
We may assume that f(t;)) € U; N'U,. (If f(t;) € U, N U, then [t;_,,t;] and
[ti,tiﬂ] are either both in U; or both in U; so that we can combine these
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two intervals into [t;_,,t;,, ] with f([t;_;,t;4,]) in U; or U,. Now relabel
and continue this process; see Figure 23.1.)
Let paths f;: 1 = X, fori = 1,2,...,n be defined by

£() = £((1 - )t +1tt).
Notice that f; is a path that is either in U, or in U,, beginning at f(t;_,) and
ending at f(t;). We claim that

[f] = [f1] [f2] .. [£,].

This was in fact Exercise 14.6(i), but we give a proof for completeness.

Figure 28.1

f(to) =xo=1(ty)

23.6 Lemma
Let f: I - X be a path and let

0=ty <t; <t <..<t = 1.
Iffj: I-X, forj=1,2,..,nis defined by
fj(t)= f((1-t._, +ttj)
then
(f] = [f1] [f2] ... [f].

Proof The proof is by induction on n. Suppose first that n = 2, then 0 =
to Stl Stz =1 and

_ [ fa2) 0<t<H,
(fy » f2)(1) = { f2(2t-1) L<t<l1

f(2tty) 0<t<Y,
f((1-Q2t-1))t; +2t-1) L<t<l.
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We can see that f; » f, ~ f simply by using the homotopy F: I X I = X
given by
f((1-s)2tt, +st) 0<t <%,
F(t,s) =
f((1-s)(t; +Qt-1)(1-t;)) +st) %<t<I.
Suppose now that n > 2 and that the result holds for smaller integers.
We have
0=te<t; <..<ty=1.
Since 0 =1to <t,_, <t =1 we can apply the above result to get

f~g»f,
where g(t) = f(tt,_,). Now
0=.tl. L'_<...tn_-2.gt“_“=l,
tn-—l - tn-l - tn—l tn—l

so that by the inductive hypothesis
(8] = (&1] (2] - [84-4]

where

gi(t) = g((1-0t,_,/t,_, +tty/t,_))
f((1-t);_, +1tt;)
fi(1).

Thus (f] = [f,] [f2] ... [f,], which completes the proof.

An alternative proof would be a direct one as follows.
(f1(2n11) 0<t< A,
f220"'t- 1) (A <t <),

Cef)ef)e e RO £ Grkneo 1) ponien <o<eans,

£, (2t- 1) %<t<1
[ f(2n-11t,) 0<t< (%I,

f(ty +" t- Dtz - 1)) (" <t <2,

Bty + Q@MK= (- b)) PR <e<eak,

L f(t,_, +(2t- DU - t,_,)) B<t<l1

=f(h(1)
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where h: I = I is the continuous function given by
20ttty 0<t< (%),
ty_y F 0K 1) - e )BTRSt <)Mk k=23,..n.
Define F: I X I » X by
F(t,s) = f(sh(t) + (1 - s)t).
Clearly F is continuous and so

h(t) =

f~(..((fy » f2) = f3) »...) » f,, which proves the required result.

Returning to the proof of Lemma 23.5, choose, for i = 1,2,...,,n-1 paths
q;: I > X so that q;(0) = xo, q;(1) = f(t;) and so that q;(t) € U; N U for all
t € 1. Also, let qo and q,, be given by qo(t) = q,(t) = Xo. See Figure 23.2.

Figure 23.2

U,

Since [f] = [f1] [f2] ... [f,] we have

(f] = [qo) [f1] [@1] [Q1] [f2] [@2] - [Gp-4] [f) (g
=[qosfi Q) (a1 #f2 #TQ2] ... [qy-1 #f #Ty)
and each of q; » (f;4; * Qj4,) are closed paths based at xo which lie entirely
in U; or U,. Hence [q; » fi4, * j4,) is an element of either Y, , m(Uy,Xo)
or Y2, m(Us,X0). Thus each element of m(X,Xo) may be written as the pro-

duct of images of elements from n(U,,xo) and m(U,,xo) which proves
Lemma 23.5.

23.7  Corollary
The group m(X,xo) is generated by the set Y, ,S; U ¢, ,S; where
S:,S, are the generators of 7(U;,Xo), 7(Uz,Xo) respectively.

It is cumbersome to keep writing the Y, and Y, ,, so we adopt the
convention that we write s in place of Y;,sfors€S;, j = 1,2. In other words
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£ Y
iff: 1> Uj then we denote the composite 1> U; X also by f. In this sense

n(X,xo) is generated by S; U S; where S;,S; generate 7(Uy,Xo), 7(U2,Xo)
respectively.
The next corollary follows immediately from Corollary 23.7.

23.8  Corollary
If S; =S; =@ then 7(X,xo) is trivial.

A special case of this is:

239 Corollary
If n > 2 then S" is simply connected.

This follows from Corollary 23.8 because S® may be expressed as U; U
U, where U; = S2- { (1,0,0,0,..,0) }, U; = S"- { (-1,0,0,..,0) } . Both
U, and U, are simply connected since they are homeomorphic to R with
homeomorphisms given by

:U; = RN, X{ yeees = vy Xan1
¥1: Up v1(xy xn+1) l % X1>

(7~ 75)

Using results from Chapter 19 we can now properly deduce:

Y2 U2 d Rn’ %(xl""’xni-l)

23.10 Corollary
The fundamental group of RP"is Z; and of L(p,q) is Z .

23.11 Exercise

Suppose that X = U 1 U; with each Uj, i = 1,2,...,n, being open
and path connected. Also suppose that ﬂn U; is non-empty and path con-
nected. Let xo € N1 ic1 U;. Prove that 1r(X xo) is generated by Ul=l Vi
7(U;,Xo) where y;: Ui —> X denotes the inclusion map.
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The Seifert-Van Kampen theorem: II Relations

In this chapter we shall complete the proof of the Seifert-Van Kampen
theorem (Theorem 23.3). Recall that we are assuming X = U, U U, with
U,, U and U; N U, being non-empty open path connected subsets of X.
Our base point xo is in U; N U, C X and 7(U; N U,, xo) is generated by S
while n(Uj, Xo) has the presentation (Sj; Rj) for j = 1, 2. Finally Rg is the
set of relations ‘g s’ = ‘g, 8’ for s € S. In the previous chapter we showed
that m(X,Xo) is generated by S; U S;.

24.1 Lemma

The generators S; U S, of m(X,x) satisfy the relations R, , R, and
Rs.
Proof Since

Vja: 1(UjX0) > 7(X, X0)
is a homomorphism for j = 1, 2 any relation satisfied by the elements of Sj
in n(Uj,xo) is also satisfied by the elements le.Sj C n(X,xo). Thus, if we
use our convention of suppressing wj., the elements S; U S, in n(X,xo)

satisfy the relations R; and R,.
If s€S Cn(U; NU,, xo) then

llln,.. ¢l¢s= 'IJZQ: ‘PI*S

since Y91 = Ya2¢2. If a word in Sj TEPIESEnts Yj, S then the same word in Sj
represents Y, ¢j, s in m(X,Xo) so that

‘P18 =‘P2,8 SES,
and so the proof of Lemma 24.1 is finished.
The proof of the Seifert-Van Kampen theorem will be completed when

we have shown that the relations mentioned in Lemma 24.1 are the only
relations.
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242  Theorem
If the elements of S; U S; in m(X,Xo) satisfy a relatien then it is a
consequence of the relations R;, R; and Rg.

Proof The proof of this theorem is not difficult but it is quite long and
requires a good deal of notation.

Suppose that of(1) o£(2) . o{(k) =1 is a relation between the elements
of 8; US,; C m(X,x0). Here (i) = £1 and &g €S)(;) fori=1,2, ..., k where
A() =1 or 2. For eachi,i=1, 2, ..., k, choose a closed path f; in U)‘(i) based
at Xo such that [f;] = ae“) In other words o = [f;] if e(x) =land o =
[fi] if €(i) =- 1. Define a path f: 1= Xby

(0 =foe-irnfor © <ol im12,k
Notice that

§® =1 - DG - 1D/k+5/K)
and since

0=0/k<1/k<..<k/k=1
we can use Lemma 23.6 to deduce that
(f] = [f1] [f2] ... [fk]-
Since o§(1) o£(2) of(®) = 1 it follows that [f] =1, ie. f~ €y, Let F:
IX I X be a homotopy between f and ¢, i.e.
F(t, 0) = (1),
F(t,1)=F(0,s) =F(1,s) = xo.
Now let § be the Lebesgue number of the open cover { F'(U,),
F™'(U;) } of I X I and choose numbers
0=ty <ty <t; <..<tp =
0=350 <s5; <35, <...<5, =1,
such that
@ {1/k,2/k .., (k-1)/k} C {ts5,ts, sty },
and
(i) (¢ - ti-y)? +(s5- 5-1)° <8 forall i,j.
Clearly such a choice is possxble If Rl denotes the rectangular region
[ticys 4] X [sj-y, 5] in I X I then F(R‘J) is contained in either U, or U,
for all i, j.
For each i,j let a;;: I > X be a path from x to F(y, sj) which lies in U,
(or U; or U, N U,) if F(t;, sj) lies in U, (or U, or U; N U, respectively).
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Such a choice is possible since each of U,;, U, and U; N U, are path con-
nected. If F(t;, sj) = Xo then we insist that 3 j = €y, (See Figure 24.1.)
Also, define paths b; ;, ¢; ; as follows
bi,j(t) = F((l't) ti-l + tti’ Sj),
ci,j(t) = F(tl’ (l't)S'-l + tSj),
so that b ; is a path from F(t;_,, sj) to F(tj, sj) while cijisa path from
F(t;, 8- 1) to F(t;, sj); see Figure 24.1. Notice that

(f] = [bi,0] [b2,0] .. [by 414
[exol = [bl,n] [bz,n] [bm,n]

The paths by ;_, * ¢;; and ¢;_, ; * b;; are equivalent as paths: intuitively
just move the paths within the region F(R, J). An equivalence of paths is
given explicitly by the homotopy H: I X 1+ X where

F((1-s)((1-2t)t;_, +2tt;) +st;_,,
(l-s)sj_l + s((1—2t)sj_l + Ztsj)), 0<t<Y,
H(t,s) =
F((1-9)t; +s((2-2t)(t;-, +(2t-1)),
(1-s)((2-2t)s;_, + (2t—1)sj) t+sg), h<t<1

Notice that H(I X I) C U,;, U; or U; N U, according as F(Ri'j) cu,,

U, or U; N U, respectively.

Figure 24.1

F (-1, 8p)
by, 5(1)

F(t,s)

blr]—l(l)

841 j-l("

ay,4-1 (1)

Xo
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Now define closed paths fi,j and g; ; based at xo by
fi,j = (ai_l ‘j *® bl,j) *® ?i,j’
gi.j = (aiJ_l * ci,j) * al'j.
Because b;;_, * ¢;; ~ ci_; ; * b;; it follows that the paths f;; , = g; ; and
Bi-1,j * fi j are equivalent paths. Furthermore the equivalence is within U,,
U; or U; N U, according to whether F(Ri,j) C Uy, U; or U; NU; respec-
tively. We therefore have
fij-1 ~ @Bicr,j * fij) * Bijo
i.e.
[fij-1] = 80 3] [fij) (8]
Now express each of these elements as words in either S; or S,, so that we
get a relation
) [fi,j-I] =gyl [fi,j] h [Ei,j] !
within either m(U;, xo) or m(U;, xo) respectively. This relation must be a
consequence therefore of the relations R, or R;.
Suppose now that 1/k = t;(,, then
(f1] = [f1,0] [f2,0] - [fi1),0]
and since f; is a closed path in Uy () based at xo we can use the relations
Ry(1) toexpress [f1 o] [f2,0], .-, [fi1),0] as wordsin S)(,). Thus we get a
relation
a‘;'(‘) =[f1] =*[f1 0] ‘[f2,0]" - ‘[fi1),0]°
which is a consequence of the relations R)(;). We can obtain similar rela-
tions for a§?), o§3, ..., aﬁ(k). Thus
a= o of@D . oK) =[f; 4] *[f2,0]" - *[f,0]"
is a relation that is a consequence of R, and R, . We rewrite this as
a=([go,1]" [fia ] [B1 a1 ClB1 ] *[f2,0] *[B2,1])
(‘[gm-l,l]' ‘[fm,ll’ ‘lgm,ll’)
giving a relation which is a consequence of R, and R,. Rearranging brackets
gives
a=([go1 1) [(f10]" ClB1,1]) ‘(81 1] [f2 1] ClB2 1)
‘(82,117 . (‘[gm-x,nl, ‘[gm.-x,nl') ‘[fm,nl’ (‘[gm,ll’)-
Now go,1 =gp,, = €, SO that ‘[8o,1]" =1 and ‘[g ]’ = 1 are trivial
relations. The relation
‘(8,1 (8,1’ =1
is also trivial if both ‘[gj',] " and ‘[g;,]" are expressed as words in either
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S, or S,. However if gj1isa path in U; NU, then it is possible that one of
¢ [Ej‘nl e [gj.nl * is expressed as a word in S, and the other asaword in S;.
In this case the relation ¢ [§j.1] T [gj,l] * =1 is a consequence of the relations
Rg. Thus we obtain the relation

a= ‘[fl,l]’ ‘[f2’|]’ aee ‘[fm.l]’

as a consequence of the relations Ry, R, and Rg.
By repetition of this process we arrive at the relation

a="[fia]" *[f2,n)" - ‘[fm,n]’
=‘[€x°]”[€xo]'---‘[€x°] ’
as a consequence of the specified relations. Thus the original relation is a

consequence of the specified relations. Thus Theorem 24.2, and hence also
the Seifert-Van Kampen theorem, is proved.

Except for an example based upon the corollary that follows we shall
leave calculations involving the Seifert-Van Kampen theorem until the next
chapter.

243  Corollary
If Uy N U, is simply connected then 7(X,xo) is the group with
generators S; U S, and relations R; UR;.

The proof is obvious.

For an example using this corollary we shall look at a figure 8: thus X is
the subspace of R? consisting of C, U C, where

C={(x,y)ER?;(x-1)* +y*=1 } and
C={ (xy)ER;(x+1)* +y* =11},
see Figure 24.2.

To apply the corollary we need to show that X is the union of open path
connected subsets U,, U, with U; N U, simply connected. Let, therefore,
U =X-{x;} and U, = X- { x3} where x;, =(-2,0), x, =(2,0).
Obviously U; and U, are both open and path connected; also U; N U, =

Figure 24.2

C| CI
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X - { xy, X2 } is path connected. Furthermore U; N U, is simply connec-
ted because it is homotopy equivalent to { X0 } ;in fact { xo} is astrong
deformation retract of X (see end of Chapter 13). Corollary 24.3 therefore
applies. Now Uj and Cj are homotopy equivalent relative to xo, forj=1, 2
(in fact, again, C; is a strong deformation retract of Uj). Thus n(Uj, Xo) isa
free group on one generator and so by Corollary 24.3 the fundamental
group of a figure 8 is a free group on two generators.

It is not difficult to generalize this result to a collection of n circles
joined at a single point, the result being that the fundamental group is a free
group on n generators. We leave this as an (easy) exercise.

244  Exercises
(a) Let X, be the union of n circles that intersect (pairwise and other-
wise) at only one point Xo. Prove that (X, xo) is the free group
on n generators. (Induction?)
(b) Let X be the following subset of R?:

X={(x,y)ER?*-I1<x,y<landxory€ Z }.

Determine the fundamental group of X.
(c) Let Y be the complement of the following subset of R?:

{(x,00e R*;xe Z }.

Prove that n(Y, (1,1)) is a free group on a countable set of genera-
tors.

(d) Let X be a Hausdorff space such that X = A U B, where A and B are
each homeomorphic to a torus and A N B = { xo }. Calculate
7(X,Xo). (Hint: For xo € A find a contractible neighbourhood C,
of Xo in A then let U; = B U C,. Similarly let U, = AU Cg where
Cp is a contractible neighbourhood of x, in B.)

(e) Let X be the space obtained from S"~! X R by removing k disjoint
subsets each homeomorphic to the open n-disc DR. What is the
fundamental group of X?

M Let X={ (x,y) € RP» X RP"; x =xo ory = Xo } where X is
some fixed point of R Pn. (X is two copies of R P? with one point
Xo in common.) Calculate 7(X,Xo). Is this group finite?

(g) Suppose that X = U; U U, with U;, U, both open and path con-
nected, and with U; N U, non-empty and path connected. Let ¢, :
U; NU; = U; and ¢,: U; = X denote the inclusion maps. Prove
that if U, is simply connected then ¥, ,: m(U;,X0) = m(X,Xo) is
an epimorphism.

Furthermore prove that the kernel of Y, is the smallest normal
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subgroup of m(U,,xo) containing the image of ¢, , m(U; N U, xo).
Suppose that X = U; U U, with U;, U, and U; N U, open non-
empty path connected subspaces. Prove that if U, and U; N U, are
simply connected then the fundamental groups of U, and X are
isomorphic.

Let K be a compact subset of R™ with R "-K path connected.
Let h: Rn - sn - {(1,0,0,...,0) } be the homeomorphism given

by
1
h(xl s X235 ceey xn) = ("x"2 - l’ le ’ 2x2 3 seey 2xn) ( IHTIP)

Prove that if xo € R1~-K then n(R"-K, x,) is isomorphic to
7(S" - h(K), h(xo)). (Hint: K C B, (0) for some k. Consider U, =
h(R"-K), U; =h(R®-B,(0)) U { (1,0, ...0) } and then use (h)
above.)

Let X be a torus with one point removed. Show that the fundamen-
tal group of X is a free group on two generators.

(k) Show that the fundamental group of RP?*- {y }, where y €

R P?, is isomorphic to Z .

(1) Let Y, be the following subspace of C:

Y,={z€C;lz-j+%I=%j=1,2 .,n}

where n is some positive integer. Calculate n(Y,, 0).
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The Seifert-Van Kampen theorem: III Calculations

In this chapter we use the Seifert-Van Kampen theorem to calculate the
fundamental groups of several spaces. For the first three examples the answer
has been calculated before (as an exercise or corollary) using different
methods.

We start by showing that the fundamental group of the torus T is isomor-
phic to Z X Z . Represent T as a square region with edges identified as in
Figure 25.1(b). We denote the edges that are identified by a; and a,.

Let y be some point in the interior of the square region as indicated in
Figure 25.1(c). Let U; =T - {y} and let U, =T -(a; Ua,), i.e. U; is the
interior of the square region. Obviously U, and U, are both open and path
connected as is U; N U,. Thus we can apply the Seifert-Van Kampen
theorem. Let xq,X; be the points indicated in Figure 25.1(c). (Note that x,
appears four times in the diagram since these four points are identified to
one point in T.) Finally let c be a circle, centre y, passing through xo, and let
d be the straight-line segment from X, to X, as indicated in Figure 25.1(c).

The ‘edge’ of the square region (Figure 25.2(a)) after identification gives
a figure 8 in T (Figure 25.2(d); see also (a)). It is clearly a strong deformation
retract of U;.

If «; and a; denote closed paths in U;, based at x,, that go once along
a; and a, respectively in the directions indicated then 7(U,,x,) is the free

Figure 25.1
a3 X3 az X3
>
’ a, A MNa, 3 1a
- d
a, X, ' X,

(a) (2} ©
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Figure 25.2
Xy a), X
a
a A Aa,
X, §: Xy 7oy
(a) ®)

group on the generators [a;], [a2]. Note that [a;] and [a;] are uniquely
defined. Let § denote a path in U; from X to x; that corresponds to d,
(i.e. 8: I = d is a homeomorphism) then 7(U,,xo) is a free group on the
generators [8 = a; » 8], [§ » a; » 8] which we abbreviate to A;,A;
respectively.

The single point space { Xo } is a strong deformation retract of U, and
so m(U,;,Xxo) = 1. For the space U; N U, we see that the circle c is a strong
deformation retract of U; N U,. Thus if ¥ denotes a closed path in U; NU,,
based at xo, which goes once around c in the direction indicated in Figure
25.1(b) then m(U,; N U,,Xo) is a free group generated by [v].

The Seifert-Van Kampen theorem tells us that 7(T,xo) is generated by

{ A;,A; } and is subject to the following relation

‘g [7] = 02, [7]"
Now in U; we have
[e17] = [5_‘01 #0; # 8y #0; ¢ 5]
=[6ea; #8][0na, «8] [6+a; «8][6+a +6]
so that ‘v, [7]’ = AjA2A; ' A;7!. On the other hand ‘g, , [¥]’ =1 so that
7(T,Xo) is the group with presentation ({ A;,A; }; { AjA2A;7'A;71 })
and hence 7(T,X,) is isomorphicto Z X Z .
For the next example consider the Klein bottle K. In many ways the cal-
culation of the fundamental group of the Klein bottle is similar to that of the

torus. Represent the Klein bottle K as in Figure 25.3(a) and use the notation
of Figure 25.3(b).

Figure 25.3
az a;
> Xy Xy
a A Aa, a lr a
L d
o X a X,

(@ )
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Let Ul =K - {Y} and Uz =K ‘(31 ) 33); then Ul,Uz, Ul N Uz
satisfy the conditions required in the Seifert-Van Kampen theorem. The
‘edge’ of the square region, after identification, is a figure 8 (see Figure
25.4) and this figure 8 is a strong deformation retract of U, .

Figure 25.4
a;
Xy > Xy a, a
a” ‘ ‘ L " %
X, ;; X, Xy
(a) ®)

It follows that m(U,;,xo) is a free group generated by { [a;],[a2] }
where a; ,as denote paths that correspond to a, ,a, respectively. If § denotes
the path corresponding to d then n(U;,xo) is the free group generated by
[6 # @ #8] and [6 = a; » 8] which we abbreviate to A; and A, respec-
tively.

The space U, is contractible and so #(U,,Xo) = 1. Finally the circle cis a
strong deformation retract of U; N U, so that #(U; N U,,xo) is a free
group generated by [y] where ¥ is a path in U; N U, that corresponds to c,
i.e. goes once around c in the direction indicated.

In U; we have

[e1y] = [5“!1“}2*51‘“2_‘5] _ _
= [6oa; #8][62ay »8] [0, «8][60ar s8]
so that ‘p; . [7]’ = A;A2A;™A;. On the other hand ‘¢, [7]’ = 1. Thus
from the Seifert-Van Kampen theorem we immediately have that m(K,x,)
is isomorphic to the group
({ALA )} { AJAATTA )
(See also Exercise 19.5(e).)

Figure 25.5
a a
Xy X,
a a

(@) )
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As a third example we show (again) that the fundamental group of the
real projective plane RP? is isomorphic to Z ,. Represent RP? as the
identification space in Figure 25.5(a). Let Xo,X,,Y,c and d denote the points,
circle and line as indicated in Figure 25.5(b).

Let U; = RP? - { y } and U, = RP? -a;then U,, U;, U, N U, satisfy
the conditions necessary in the Seifert-Van Kampen theorem. The curve a
represents a circle in RP? and it is a strong deformation retract of U, . Thus
n(U;,x,) is a free group generated by [a] where « is a path in U, corre-
sponding to a. If 8 denotes the path from xo to x; corresponding to d then
7(U},Xo) is the free group generated by [6 « a » §] = A say.

The subspace U, is contractible to the point xo and so m(U;,Xo) = 1. The
circle ¢ is a strong deformation retract of U; N U, so that 7(U; NU;z,xe) is
the free group with generator [y] where ¥ denotes a path in U; N U,, based
at Xq, that corresponds to c, i.e. goes once around c in the direction indicated.
From the Seifert-Van Kampen theorem we deduce that m( RP?,x,) is the
group with generator A and relation

‘*Pl * [7] '= ‘!Pz. [7] .
In U; we have
[¢17) =[6sasasd]=[6saed][5easd],
so that ‘p;, [7]’ = A%. Meanwhile ‘¢, , [7]’ = 1 so that 7(RP?,xo) is iso-
morphic to the group ({A };{ A?}),i.e.to Z,.

For our next example let X be the space that consists of an n-sided poly-
gonal region with all of its edges identified to one edge as indicated in Figure
25.6(a). Note that if n = 2 then X is RP2.

Using the notation in Figure 25.6(b) let U; = X- {y } and U, = X-a.
The spaces U;,U;, U; N U, are non-empty and path connected. The edges
of the polygonal region form a circle a in X. It is a strong deformation retract
of U; and so m(U;,x,) is a free group generated by [a], where a is a closed

Figure 25.6
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path, based at x,, that corresponds to a. If § is the path from x, to x; corre-
sponding to d then m(U,,X,) is a free group generated by [6 = a « §] = A.
The subspace U, is contractible so that m(U;,Xo) = 1. Finally the circle c is
a strong deformation retract of U; N U, so that (U, N U;,x,) is a free
group generated by [y] where v is a closed path in U; N U,, based at xo,
that corresponds to c.

Applying the Seifert-Van Kampen theorem we see that n(X,x,) has one
generator A and one relation

‘Pra 7] =02 ]
The following is easy to see

[p17] = [6sas..sasb]
n

[6+xaxd]n,
so that ‘g, , [v]’ = A". Meanwhile ‘g, [7]’ =1, so that 7(X,xo) has presen-
tation( { A} ; { A"} ), i.e. m(X,xo) is isomorphic to the cyclic group Z ,,.

In all the preceding examples in this chapter the subspace U, is contrac-
tible. The next examples do not have this property. We shall look at three
spaces at the same time. Let X;,X;,X; be the identification spaces illus-
trated in Figure 25.7. Notice that in X3 the edge a; is not identified to any
other edge. The notation that we shall use is illustrated in Figure 25.8.

Figure 25.7

(@) X, (b) X,

Figure 25.8

a,

4 A =

Xy



The Seifert-Van Kampen theorem: III Calculations 199

Let U, =X;- bfori=1,273.Let U, =X;-(ay Ua,)fori=1,2and
let Us ; = X3- (a; U a; Uay). Then Ui 1,Uj 2, U, NU; , are all open and
path connected subsets of X;, i = 1,2,3. Figure 25.9 denotes the ‘outer edges’
of X; after identification.

Figure 25.9

az az

(a) ) B ()

In each case they are strong deformation retracts of Uj , . It is therefore
not difficult to see that m(U; |,%o) is a free group with generators:
(A =[6%ay+8], A, =[5+ %5]} ifi=1,
{A;=[6s07%8]} ifi=2,
{A =[6ra; 8], A, =[5+ «5],A3 =[5 » a3 «5]}ifi=3;
where in each case we use the obvious notation regarding o, ,a; ,a3 and 6.
The space U; , contains a circle b which is a strong deformation retract of
Ui ,. i = 1,2,3. Thus #(U; ,,Xo) is a free group with one generator B =
[€ « 8 » €] where B and € are paths that correspond to b and e respectively.
The circle ¢ in Uj ; N Uj , is a strong deformation retract of U; | NU; ,
so that 7(U; | NU; ,) is a free group with one generator [7].
In U; , we have the following:

Fori=1,
[e17] = [6#ap %oy sy #0p %0y # 8y 8]
= A A %A,
Fori=2,
[017] = [62areay #; +G sy % #8)
= 1.
Fori=3,
[017] = (6% %) #a; 20 #G3 #8y +5]

A2A ZATTATTA L.
Within Ui,2 we have
[p27] = [exBsBBxE]
= B3,
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Using the Seifert-Van Kampen theorem we have the following results for
the fundamental groups of X;.

m(X1,%0) =({A1,A2,B}; {A;A,2AF =B*]),

ﬂ(x;,Xo) ({AQ,B }, { B3 =1 })a

m(X3,%0) =¢{{A1,A2,B};0).
The last result follows because A;A;2A;7 A, = B3 if and only if Ay =
A;TB3AA %A, so that the group ({A;,A;,A3,B}; { AzA,%A;!
A;7'A,™! = B? })is isomorphic to the group ({ A;,A;,B}; 0).

Further calculations involving the Seifert-Van Kampen theorem will be

given in subsequent chapters.

25.1  Exercises
(a) Suppose that G is a finite abelian group. Show that there is a space
X whose fundamental group is isomorphic to G. (See also Exercise
19.5(b).)
(b) A space X is obtained from a pentagonal region by identifying its
edges as indicated in Figure 25.10. Calculate the fundamental group
of X.

Figure 25.10

] a4

(c) Prove that if a subset W of R® is homeomorphic to the open disc
D? then W is not an open neighbourhood in R? of any of its points.
(Hint: If W is an open neighbourhood i in R3 of w €W then there is
asubset Uy CWwithw€ U, and U, = D° by definition.)

(d) Let X be the double torus, i.e. the subspace of R*® depicted in
Figure 11.7(e). Calculate the fundamental group of X.

(e) Dy,D; are two 2-discs with boundary circles S;,S; respectively.
The space X is the union of D, and D, with points in S, identified
to points in S; by the rule
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exp(2nit) €S, is identified with exp(27int) in S,
where n is some fixed positive integer. Prove that X is simply con-

nected.
(f) Calculate the fundamental group of each of the identification spaces

illustrated in Figure 25.11.

Figure 25.11
a; 8 a
a, a, a, 8, a a,
a, a, a, 8 a3 8
a, az a3
(a) ©®) ()
a,
ay a a, a a; a
a; ag -1 q Y as
M 4 a a a a,
3,
@ (e) n
a a,
2, a3
ay a,

@ (k)
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The fundamental group of a surface

It is now quite straight forward to calculate the fundamental group of a sur-
face. Recall from Chapter 11 that any surface may be obtained from the
sphere, torus and projective plane by taking connected sums. Recall also
that the fundamental group of a torus is the group with two generators, say
¢1,d;, and one relation ¢,d;c,”'d;™! =1, whereas the fundamental group
of the projective plane is the group with one generator f; and one relation
f12 = 1. The general result we shall prove is:

26.1 Theorem
The fundamental group of the surface S,
S=S*#mT#nRP?

is the group with generators
¢1,dy,¢2,d2,..,C0,dpy o 1,62 50 fy

and one relation

crdycitditcadaci! d3t cdpem da f315 L 2 = 1.

Proof We may rewrite S as
S=XUH, UH, U..UH,, UM, UM, U..UM_

where X is the sphere with m + n = q disjoint open discs removed, H,; ,H,, ...,
H,, are handles (i.e. a torus with an open disc removed) and the M, ,M,,...,
M,, are Mobius strips (i.e. real projective planes with an open disc removed).
Ifb,.bs ,...,bq denote the q boundary circles in X then we also have
XN H;=b;, i=1,2,...m,
XNOMj=bp,j j=12,..n
Note that X is homeomorphic to the disc D* with q - 1 open discs
removed. Let xo be the point in the interior of X as indicated in Figure 26.1.
Also, let x,,x; »Xq be points in by,by »bq a8 indicated. Finally, let

a1,2,...,3y be the curves between Xo and X;,X; e Xgq respectively as indica-
ted in Figure 26.1.
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Figure 26.1

The subspace of X consisting of a;,a, L P and b,,b, ,...,bq_, is a
strong deformation retract of X. It is then not difficult to see that the funda-
mental group is a free group on q - 1 generators. (In fact by shrinking a, ,a,,
--3g-1 down to the point xo we see that X is homotopy equivalent, relative
to { xo } , to a union of q - 1 circles with exactly one point in common.)
If we let a; 102,...,0g be paths in X from X, to x; corresponding to a, ,a,,...,
ag, and if we let 8, ,Bg,...,ﬁq be closed paths, based at x;,x; e Xgq, COITE-
sponding to b, ,b, »-bg then (X, xo) is the free group generated by

By =[a; By »@],B:=[az ¢ e @2 ], ...,
Bq-l =(a,_, th_l s, ]

If Bq denotes [ozq . Bq . &q] then

Ba‘ =B,B,..B _,,
i.e. B, B,...Bq_,Bq =1.

Thus, equally, m(X,xo) is the group with generators B,B;....,B; and one
relation B; B, ...Bq = 1. This formulation will be useful.

If we want a different base point, say x; (i = 1,2,...,q), then m(X,x;) is the
group with generators hy(B,),h;(B; ),...,hi(Bq) and one relation hy(B, B, Bq)
= 1 where h;: m(X,xo) = m(X,x;) is the isomorphism given by hy([8]) =
[& » 6 » o;] . Note that hy(B;) = [B;] .

Figure 26.2
5 (D

>

b,

. n( Avi(D
Xi
¢

8, (1)
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Now look at a handle H;. From previous calculations we know that the
fundamental group of H; is a free group on two generators. With the notation
of Figure 26.2, m(H;,x;) is the free group generated by C; = [¢; = 7; * ]
and D; = [¢; = §; # €;] where ¢; is the path corresponding to the curve e; in
H; and ;,5; are closed paths in H, as indicated.

Note that the closed path B; corresponding to b; can be expressed in
terms of C; and D; as

(8] =C;D,G' D}

Consider the Mobius strip Mj. The fundamental group of‘Mj is a free

group on one generator

Fj = [ej+m Y. éj+m]
where €, ,, is the path corresponding to €;4, in Figure 26.3 while y; is the
closed path indicated there. Note also that [Bj+m] = sz.
We shall combine the above results inductively in order to calculate the
fundamental group of S. Define subspaces Xo, X, e Xgq of S as follows:

Xo =X,

X;=X;.; UH; fori=1,2,..,m,
Xm+j = xm+j—1 0] Mj forj=1,2,...,n.

We shall show that the fundamental groups of these spaces X;, Xy, ,; are as
follows:

7(X;,X0),1=0,1,...,m, is the group with generators
Cy )dl ,C2 ’dz ,..-,Ci,di, Bi+l ’Biﬂ ,...,Bq

and one relation
cidycr'ditcadacz' 47t cidic; 47 By, Byyy B = 1.

n(Xm+j,xo),j =0,1,...,n, is the group with generators
Cy ,di,C2 ,dz,...,cm,dm,f] ,fa ’""fj’Bm+j+l ’Bm+j+2 ,...,Bq

Figure 26.3 @;(1)

o

@D
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and one relation
c1dy i di' cadac3' a3 cmdmen dn 363 8 Bry i Bryujey By = 1.
To prove the result we use the Seifert-Van Kampen theorem and this
requires that we express X, as a union of two open subsets. Although X =
Xyg-1 Y Yy, where Yy = H; or M; for some i or j, unfortunately neither of
these subspaces are open. However, recall from Chapter 11 that (because we
have taken connected sums) there is an open neighbourhood Ny of b in S
which is homeomorphic to S' X (-1,1), such that if g, : N, = S' X (-1,1) is
the homeomorphism then g, (b,)=S' X {0} and
g (8! X -1,0]) S XX ,,
g (S X [0,1)) CYy.
We therefore define
Ug = Xg-1 UNg € X VY =Xy,
and
V, =N, UY, CX_, UY, CX,.
Now Uy and V, are open path connected subsets of X, . Furthermore U, N
Vi = Ny is path connected. We may now apply the Seifert-Van Kampen
theorem to X, = Uy U V,, and x, € b, as base point. Of course, X, _,,
Yy, by are strong deformation retracts of Uy, V) ,Uy NV, respectively so that
ﬂ(Uk ,Xk) = 1r(Xk_ 1 ,xk)’
1|’(Vk,xk) = ﬂ(Yk,xk),
(U NV, x,) = (b, xi) = ({81 15 9.
It is quite easy to calculate the fundamental groups m(X,,Xo) by induction;
this is illustrated by calculating 7(X;,Xo). We have the following:
m(Uy,x1) = m(X,x,) = ({ hl(Bl)’hl(B2)w-’hl(Bq) b
{h,(B,B;..B)=1}),
7(Vi,x1) =w(H;, %) =¢{C,,D,} ; 0),
n(Uy NVy,xp) =a(by,x,) ={{ [B:1] };0).
By the Seifert-Van Kampen theorem #(X,,x,) = n(U; U V,,x,) is the
group with generators
C1,Dy,hy(By),hi(B2),....h1 (By)
and relations
hl(Ble...Bq) =1,
h,(B,) =C,D,C{' D7,
since h;(B;) = [f;] in X and [B;] = C,D,C;' D! in H,. Eliminating the
generator h, (B, ) shows that n(X,,x,) is the group with generators
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C1,Dy,hy (B2 hy (Bs),....hy (By)
and one relation
C,D,C! D}‘hl(BzBa...Bq) =1.
It follows immediately that m(X;,xo) is the group with generators
¢;,d;,B2,Bs,...,.B
and one relation
c1dyci'di'ByBy..By =1
where ¢; = hi'(C;) = [y # €; » 7, » & » @] and d; = hi’(D,) =

[a, * € *61 ‘El tt'x,].
How to proceed is obvious and left for the reader.

q

It is not immediately obvious as to how distinct the groups listed in
Theorem 26.1 are. We therefore abelianize them, where if G = (S;;R) then
G abelianized is

AG=(S;;RU{ xyx'y;x,yE€S, }),
i.e. we add the extra relations xy = yx for all x,y €G.

Suppose that n = 0, i.e. S = S # mT; then An(S,xo) is the group with
generators

Sm = { C1 )dl »C2 ’dZa-")cm’dm _}
and relations { 1, =1} U { xy=yx;x,y €S, } where

Iy = cidycrt ditcadacy! d3 e dot.
In particular we have the relation c;d, =d,c;, so that the relationr, =l isa
consequence of the relations { xy = yx; x,y €S, } . Thus An(S,xo) is the
group

S { xy =yx; x,y,€5, 1)
and it is not difficult to see that Am(S,xo) = Z2™.

If n > 1,s0 that S = S* # mT # nRP?, then An(S,x,) is the group with

generators

sm+n = { 1 )dl ’c29d2 »esCm )dm)fl )fz )'"’fn }
and relations { 1. =1} U { xy=yx;x,y €S 4, } where

Imen = Q1d1c7 d7 c2da 3t d2' epd e A2 31363,
The relation rp ., = 1 is a consequence of the relations { xy = yx; x,y €
Smen} and { (fifz..f,)* =1 }. Furthermore the relation { (f,f;...f,)* =
1} is a consequence of the relations { rp 4, =1} U{ xy =yx;x,y €
Sm+n }- Thus
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An(8,%0) ={Spen: { XY =yX; X,y ESpin I U
{ (fl fz...fn)z =1 } ).
Now any element of An(S,xo) may be written as
c?“)d'l’(’)cg(z)dg(z)-..Cfém)d&(m)ff")ff(z)...f:(")

where a(i),b(i),e(i) € Z . This may be rewritten as
AP AR calm)gb(m)pe(1)-e(n)g(2)-e(n)
fe(n- e, f, ...f, )M
and then we can see that An(S,xo) = Z2™*""! X Z,.

26.2  Corollary
The abelianized fundamental group
(i) of an orientable surface of genus m (m > 0) is Z3™;
(ii) of a non-orientable surface of genusn (n > 1) isZ"! X Z,.

This corollary proves that no two of the surfaces listed in Theorem 11.3
are homeomorphic.

The next result may be viewed as the basic result relating surfaces and
Jundamental groups.

26.3  Corollary
Two surfaces are homeomorphic if and only if their (abelianized)
fundamental groups are isomorphic.

This follows from the classification theorem of surfaces (Chapter 11) and
Corollary 26.2.
As another corollary we have

26.4  Corollary
A surface is simply connected if and only if it is homeomorphic to
the sphere S2.

Corollary 26.2 could be used as a way of deciding whether or not a space
is a surface:

26.5  Corollary
Let X be a space with xo € X. If An(X,xo) is not of the form
Z2M or Z™! X Z , then X is not a surface.

In Chapter 11 we gave an alternative description of surfaces in terms of
quotient spaces of polygonal regions. We leave it as an exercise for the reader
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to recalculate the fundamental group of a surface using this alternative
description.

26.6

(a

®)

©

@

Exercises

Let M be the quotient space of a 4m-sided polygonal region (m > 1)
with identifications as indicated in Figure 26.4(a), i.e. M is an
orientable surface of genus m. Prove directly (using the Seifert-Van
Kampen theorem) that the fundamental group of M is the group
with generators

A;,B1,A;,B,,.., A By,

and one relation

A,B,AT'Bi'A;B,A7' B3 LA B AL B = 1.

Let M be the quotient space of a 2n-sided polygonal region (n > 1)
with identifications as indicated in Figure 26.4(b), i.e. M is a non-
orientable surface of genus n. Prove (using the Seifert-Van Kampen
theorem) that the fundamental group of M is the group with
generators

Al ,AZ )'")An

and one relation

AIA} .. A} =1

Prove that if M; and M, are connected n-manifolds with n > 2
then the fundamental group of M; # M; is isomorphic to the group
(S; U S;;R; U R;) where the fundamental group of M; is (S;,R;)
fori=1,2.

Prove that if G, is a free group on n generators then there is a
4-manifold M, with fundamental group G,,. (Hint: Find M, .)

Figure 26.4

a a
bl > bz a3 : a,

a3

b, a s
4

3, ’

(a) M



27

Knots: I Background and torus knots

A knot is a subspace of R? that is homeomorphic to the circle S!. Some
examples are given in Figure 27.1. Although all the spaces in Figure 27.1 are
homeomorphic to each other (since each is homeomorphic to a circle by
definition), our intuition tells us that within R3 they are not the same.
Thus, if we make models of knots using string, then within our three-
dimensional world we could not, for example, create knot (¢) from knot (a)
in Figure 27.1, unless we cut the string at some stage. This is because knot
(c) is ‘knotted’ while knot (a) is ‘unknotted’. It is reasonable to say that a
knot is unknotted if we can move it continuously within 3-space to the knot
(a) of Figure 27.1. This suggests that, in addition to the knot being moved
continuously, the surrounding 3-space is also moved continuously. We are
thus led to the following definition. A knot K is unknotted if there is a
homeomorphism h: R3® = R3 such that h(K) is the standard circle
{ (x,y,00 € R}, x> +y> =1} in R? C R3. Thus knots (a) and (b) of
Figure 27.1 are unknotted while the others are not; at least practical
experience or intuition tells us so. Later on in this chapter we shall prove that
the knots (c), (d) and (g) of Figure 27.1 are not unknotted. In the next
chapter we shall be in a position to prove that all the remaining knots of
Figure 27.1 are not unknotted.

Before continuing, the reader may have wondered why we have defined
a knot to be a subspace of R 3. (Is it only because we appear to live in a
three-dimensional world?) Why not define a knot K to be a subspace of R "
such that K is homeomorphic to S!. Obviously n has to be at least 2 (why? -
Corollary 10.3!). However, if n # 3 then there is a homeomorphism h:
Rn - R sych that h(K) is the standard circle in R ". We shall not prove
this result. For n = 2 this is the famous Schonflies theorem. For n > 4 the
result tells us that if we lived in a four (or more)-dimensional world then we
could unknot all knots. Intuitively this should be clear; the extra dimension
gives us room to push one piece of the string ‘through’ another. This explains
why we defined knots as homeomorphic images of S* in R 3. We could also
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Figure 27.1. Some knots.
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consider subspaces of R "*! which are homeomorphic to S*~!. The question
makes sense and leads to some interesting mathematics, but this is beyond
the scope of this book.

Going back to knots (in R3) we have defined what it means for a knot
to be unknotted. More generally we say that two knots K, K, are similar
if there is a homeomorphism h: R 3 > R?3 such that h(K,) = K,. For
example in Figure 27.1, knots (a) and (b) are similar, knots (¢), (d) and (g)
are similar, knots (e) and (f) are similar, etc. That (a) and (b) are similar
is obvious, also, that (g) and (c) are similar is easy to see. To see that (¢) and
(d) are similar, place one directly above the other. A mirror in between the
two provides the required homeomorphism of R3. A similar homeomor-
phism works for the pair (e), (f). There is another way to see that knots (e)
and (f) are similar. This is depicted by the sequences of diagrams in Figure
27.2. The reader is advised to make knot (e) of Figure 27.1 out of some
string and produce the sequence of knots depicted jn Figure 27.2.

Figure 27.2

’7® e
C/\/?

(@)

Note however that physical experimentation (try it) tells us that the left
handed and right handed trefoil knots (Figure 27.1 (c), (d)) are not the
same in the sense that we cannot move the left handed trefoil knot within
3-space to create the right handed trefoil knot. In fact we need a mirror to
get from one to the other. A mirror takes a ‘right hand frame’ in R3 into a
‘left hand frame’ (Figure 27.3) and there is no way, within R 3, of moving a
right hand frame into a left hand frame.
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Figure 27.3

z 2
x
, MY
X
Right hand frame Left hand frame

We say that a homeomorphism h: R® - R?3 is orientation preserving if
h sends a right hand frame to a right hand frame. Two knots K, and K, are
equivalent if there is an orientation preserving homeomorphism h: R? - R?
such that h(K,) = K;. Thus (intuitively at least) the left hand and right hand
trefoil knots are not equivalent. On the other hand the left hand and right
hand figure 8 knots are equivalent, as Figure 27.2 shows. The notion of knots
being equivalent agrees well with the physical notion of knots being the
same. In fact one could prove that two knots K, , K; are equivalent if and
only if there is a homeomorphism h: R3 - R ? and a real number k > 0
such that h(K;) = K3 and h(x) = x whenever [|x|| > k. This result has strong
physical connotations which we shall leave for the reader to work out. We
shall neither prove nor use the result just mentioned (it is not trivial).

27.1 Exercises

(a) Show that the relations ‘similar’ and ‘equivalent’ between knots are
equivalence relations.

(b) Let h: R® > R? be a linear mapping (i.e. h(Aa + ub) = Ah(a) +
wh(b) for A,u € R, a, b € R3). Prove that h is orientation pre-
serving if and only if deth = +1.

(c) Prove that a knot K is equivalent to the standard circle in R? if and
only if K is similar to the standard circle in R 3. (Hint: The standard
circle is ‘symmetric’.)

(d) Find examples (if possible) of knots K such that
(i) KCS?C R3.

(ii) K C torus C R3,
(iii) K C double torus C R 3.

(e) Let K be a knot in R? that consists of a finite number, say k, of
straight-line segments. For what values of k (1 < k < 10) can you
find a knot K which is not unknotted?

(f) Let p: R* > R? denote the natural projection of R onto R?
(i.e. p(x1,X2,X3) = (X1,%X3) € R? C R?). A crossing point of a
knot K is a point x € R? such that p~(x) N K consists of two or
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more points. It is a double point if p™(x) N K consists of two
points. In this case we say that it is not a proper double point if by
moving the knot slightly the double point disappears; see Figure
274.

Consider knots such that all crossing points are proper double
crossing points. Find all such knots with one, two, three, four, five
or six crossing points.

If K; and K, are similar knots then there is a homeomorphism between
R3-K,; and R3-K;. Hence the fundamental groups of the complements of
two similar knots are isomorphic. Choose any point xo € R3 - K; we call
7(R3-K,xo) the group of the knot K. Knots that are similar but which are
not equivalent still have isomorphic groups. This explains why we look at
similar knots and not equivalent knots.

27.2  Theorem
The group of an unknotted knot is isomorphic to Z .

Proof Let K = { (x,y,2) ER3;x? +y? =1,2=0} be the standard circle
in R3. Let € > 0 be an arbitrary small real number and define subspaces
X,Y of R3-K by

X={(xy,2)€ER?*;x<e} N R3-K,
Y={(xy,2)ER3;x>-¢} NR3*-K.

It is easy to see that the subspace
{(xy,2)€R*;x=0,y>0} - {(0,1,0)}

is a strong deformation retract of X and of Y. Thus if O is the origin of R?
then the fundamental groups 7(X,0), 7(Y,0) are both isomorphic to Z with
generators [ayx], [ay], where ax: I = X and ay: I - Y are paths each
defined by

t = (0,1-cos(2nt), sin(27t)).

Figure 27.4

X K

Proper double crossing point  Improper double crossing point



214 A first course in algebraic topology

The subspace
{(xy.2:x=0} - {(0,1,0),(0,-1,0) }
is a strong deformation retract of X N Y so that #(X N Y,0) is the free group
on two generators [, ] and [B_,] defined by
B, (t) = (0,1-cos(2t), sin(2mt)),
B-,(t) = (0, - 1+cos(2mt), sin(27t)).
If ox: XNY > X, py: XNY > Y denote the natural inclusions then it is
clear that

ex B = ay, ey B = ay,
vx By ~ay, ¢y By ~ay.

All conditions on X, Y, X NY that are necessary for the application of the
Seifert-Van Kampen theorem are satisfied and so by using this theorem we
deduce that the fundamental group m( R*-K,0) is a free group on one
generator [a], where a: I > R? - K is given by

a(t) = (0,1 - cos(2nt), sin(2mt)).

Our next goal is to show that not all knots are unknotted. We do this by
calculating the group of the trefoil knots and related knots. The trefoil knots
belong to a group of the so-called torus knots. This is a large class of knots
which occur as simple closed curves on a torus in R*. We think of the torus
as S' X S' with a point in 8' X S' given by a pair (exp(iy), exp(if)) where
0 < ¢, 6 < 2. It is convenient to think of R*® as C X R and to use polar
coordinates (r,8) = rei® in C . Thus a point in R? is represented by a triple
(1,0,2). In these terms we have a continuous map f: S' X §' > R? given by

f(exp(iy), exp(i8)) = (1 + % cos v, 8, % sin y),

and S' X S' is homeomorphic to the image of f(S! X S'). See Figure 27.5
and Figure 5.4.

Figure 27.5
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Let m,n be a pair of coprime positive integers. Define K, ;| to be the
following subset of the torus in R 3

K on = { f(exp(2mimt), exp(27int));t €1 }.
It is not difficult to check that the map g: S' =K, .n defined by
g(exp(2nit)) = f(exp(2mimt), exp(2wint))
is a homeomorphism, so that K, | is a knot. We call K,  the torus knot
of type (m,n). See Figure 27.6 for some examples. There are two standard
circles in the torus; these are given by f(exp(2wit), 1) and f(1,exp(27it)). A
torus knot of type (m,n) goes n times around the torus in the direction of
the circle f(exp(2wit), 1) and m times around the torus in the direction of
the other standard circle. If we think of a torus T as the quotient space
R?/Z? then K,  is the image in T of the straight line in R? that goes
through the origin at a slope n/m to the horizontal axis.

In order to calculate the group of a torus knot K = K, ,, it will be con-
venient to thicken K slightly. Let a be a small positive real number which is
smaller than |% sin(n/n)l; for 0 < b <a define K, to be the following subset
of R3(=C X R):

{ (x+1+% cos(2mmt), 27nt, y +% sin(2mmt));
0<t<1,x* +y* <b?}.
It is clear that Ko =K. In general if Dy = { (x,y) ER*;x* +y* <b®} then
there is a homeomorphism
h: 8' X D, =Ky,
given by
h(exp(2wit), (x,y)) = (x+1+% cos(2 wmt), 2nnt, y +% sin(2 7mt)).

(The map h is clearly continuous and surjective. It is not difficult to check
that h is injective, the condition b < a < |% sin(n/n)| being necessary. That
h is a homeomorphism then follows from Theorem 8.8.)

It tumns out that R *-K and R 3-K, are homeomorphic for each b such
that 0 <b <a.

27.3  Theotem

Suppose that a is a positive real number and that for 0 <b < a there
is a homeomorphism h: §' X D, = Ky € R3. If 0 < b <athen R3-K is
homeomorphic to R3-K,.

Proof Define 9: R*-Ky = R?*-K, in the following way: If x lo(a-l(b then
let ¢(x) = x, while if x € K,-K, then we can write x = h(z,rexp(i)) with
b < r < a; we define ¢(x) in this case to be h(z,(r-b)(a/(a-b))exp(if)).
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Similarly, define y: R 3-Ko = R3-K in the following way: If x & l%a - Ko
then Y(x) = x, while if x €K,-Kg then x = h(z,rexp(i)) with 0 <r < a, and
we define Y(x) to be h(z,(r(a-b)/a + b)exp(if)). We leave it for the reader
to check that Yy =1, ¢y =1 and that g, { are continuous.

27.4  Theorem
The group of a torus knot K of type (m,n) is the group on two
generators a,b and one relation a™ = b™.

Proof Define f: C X 8' > R*(=C X R)by
(r exp(iyp), exp(i0)) > (1 +%r cos , 6, %1 sin )
Clearly f is continuous. Also f(S! X S') gives us the torus in R? that we

described earlier on. Choose € > 0 so that 2e < a where a, as before, is
smaller than |% sin(7/n)|. Define subspaces X and Y by

X = { f(rexp(iy), exp(i0)): 0 < 9,0 <27m,0<r<1+¢ } - Kz,

Y=R3- { f(rexp(iy), exp(i0)); 0 < 9,0 <2m,0<r<1- ¢ }
- K2€
Thus XUY= R3-K,e= R3-K. Letxo €XNY.

It is easy to see that Z = { f(0,exp(if)); 0 <8 <27 } is a strong defor-
mation retract of X and that R 3-Z is a strong deformation retract of Y.
See Figure 27.7 which shows the various regions involved (for n = 3) inter-
sected with the half-plane H of R?® given by points (r,6,z) with 6 fixed
(say 6 = 0). Of course Z is the standard circle in R 3 and so 7(X,xo) and
m(Y,Xo) are free groups on one generator [a], [B] respectively. Here a
represents a closed path in X that goes from xo to the circle Z along an arc
ay say, once around Z and then back along the arc ay to xo. The generator

Figure 27.7
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[B] is represented by a closed path § in Y that goes from X, along an arc ay
to the circle

{ (1+% cos(2nmt), 0,%sin(2mt));tE1 },

once around this circle and then back along the arc ay to xo.
The space X NY is precisely

{ f(r exp(ip), exp(i0)); 0 < 9,0 <2m, 1-e<r<1+e€ } - Ky,
and contains the subspace
W = { f(exp (2 mi(mt + §)), exp(27int)); 0 <t <1}
for a suitable § (say § = %n) which is a strong deformation retract of XN Y.
(Try drawing some examples.) This subspace W is a circle and so we deduce
that 7(X N Y,x0) is a free group on one generator [v], where 7 is a closed
path in X N'Y that goes once around W (if we choose xo € W).

Let o: XNY > X, py: XNY =Y denote the natural inclusions; then
it is not difficult to see that

¢x« (7] = [a]or [a] 7",
vy« [7] = [B]™ or [B]™™,
so that replacing a and/or f by & and/or f respectively we have

ox« [7] = [a]™ oy, [7] = [B]™.
See Figure 27.8 which illustrates the case m =3,n=2.

The spaces X,Y,X N Y satisfy the necessary conditions for the application
of the Seifert-Van Kampen theorem from which the result follows immedi-
ately. Note that the Seifert-Van Kampen theorem could not have been
applied if in the above we had actually had € = 0.

Having calculated the group of a torus knot it is not clear as to whether
the group is trivial or not. For surfaces we had a similar problem which we
solved by abelianizing the group. However, it turns out that the abelianized
group of a knot group is always isomorphic to Z (see Exercise 27.7(d) for

Figure 27.8
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hints on how to prove this for torus knots; in general see Corollary 28.4). We
must therefore look for some other way of deciding whether torus knots are
knotted or not.

27.5 Lemma
The torus knot of type (3,2) is not unknotted.

Proof The group of this knot is G = ({a,b }; { a® = b®}). Define G' by
adding a few relations to G

G'=({ab};{a®*=b%,a>2=1,ab=b""a}).

There is an obvious epimorphism G - G’ which on the generators sends a to
aandbtob.

It is easy to see that G' is isomorphic to the symmetric group on three
letters, i.e.

G'= {1,a,b,ab,b%,ab%>;ab=b""a }.

This group is non-abelian which means that G itself is non-abelian since the
image under a homomorphism of an abelian group is abelian. Thus G is not
isomorphic to Z , which proves that the torus knot of type (3,2) is not
unknotted.

We could produce similar arguments for the other torus knots, but this
would only show that they are not unknotted. We would like to know if any
of them are similar to each other. We need another trick to show that they
are different.

27.6  Theorem

If two torus knots of type (m,n), (m’,n') with m,n,m’,n' > 1 are
similar then {mn} = {m',n'},ie. m=m'and n =n' orm=n’ and
n = m’. In particular if m,n > 1 then no torus knot of type (m,n) can be
unknotted. Also, there are infinitely many different knots.

Proof The group theoretical argument that we give was first given by
O. Schreier in 1923. Consider the element a? = b™ in G where
G=({ab}, {an=bm}).
This element commutes with a and b,
aal = a*! = aNg bah =bbM = pM+! = pMp = gnp,
and so commutes with every element of G. The subgroup N generated by

a" is therefore a normal subgroup of G, and so the quotient group G/N is
defined. If g € G then we may write g as
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g= aa(l )bﬁ(l ) ___aa(k)bﬁ(k)
for some a(1), B(1),...,a(k), (k). Then gN € G/N may be written as

gN = (a%1N) (bBI)IN) ... (a*®IN) (bAKIN)
= @N)) (bNP) .. (aN)a) (pNYB),
which shows that G/N is generated by aN and bN. If gN = N then g € N,
and so g = (a“)Q = (b"‘)Q for some £. Thus the relations in G/N are given by
(aN)? = N and (bN)™ = N, so that

G/N = ({aN,bN};{(@aN)*=1,(bN)™ =1})
= ({c,d};{cn=1,dm=1}).

Notice that G/N has a trivial centre because if x belongs to the centre of G/N
then cx = xc and dx = xd. The first condition implies that x = ¢ for some a
and the second implies that x = df for some B; thus x = 1. This means that the
centre Z(G) of G is N (if p: G = G/N denotes the natural projection then it
is easy to see that p(Z(G)) C Z(G/N)). In other words we have

G/Z(G)=({c.d};{cP=1,d™ =1}).
Abelianizing this group gives
({cd};{cn=1,dm=1,cd=dch=Z X Z,_.

Now if the torus knots of type (m,n) and (m’,n") are similar then their
groups G, G' are isomorphic. But then the groups G/Z(G) and G'/Z(G") are
isomorphic. Abelianizing means that the groups Z X Z  and Z ;' X Z
are isomorphic and this is possible only if { m,n} = { m’',n'} since the
pairs m,n and m’,n’ are coprime.

27.7 Exercises

(a) Show that torus knots of type (m,1) or (1,n) can be unknotted.

(b) Show that a torus knot of type (m,n) is similar to one of type
(n,m). Are they equivalent?

(c) Torus knots were defined for positive pairs of coprime integers
(m,n), but it makes sense to define- torus knots for any pair of
coprime (non-zero) integers. Show that if we change the sign of
m and/or of n then the resulting torus knot is similar to the original
one. Is it equivalent to the original one?

(d) Prove that if we abelianize the group of a torus knot then we get
Z . (Hint: If G = ({a,b};{ a® = bM}) then define y: AG > Z
by w(2kb%) = mk +nQ.)

(e) Prove that the group ({a,b}; { a® = b%}) is isomorphic to the
greup ({x,y }; { xyx = yxy }). (Use the Tietze transformations,
Exercise 23.1(f).)
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Knots: 1I Tame knots

Let K.be a knot in R3. Let p denote the projection of R3 onto the plane
R? = { (x;,x2,0) € R3 } given by p(x;,X2,X3) = (X;,X2,0). We say that
x € p(K) is a crossing point if p ' (x) N K consists of more than one point.
It is a double crossing point if p~'(x) N K consists of two points; see Figure
28.1. A double crossing point is improper if by moving the knot slightly the
double crossing point disappears (in the illustration of an improper double
crossing point in Figure 28.1 moving the ‘top bit’ to the left causes the
double crossing point to disappear).

28.1 Definition
A knot K is tame if it is similar to a knot which has only finitely
many crossing points each of which is a proper double crossing point.

Figure 28.1
Proper double Triple crossing point Improper double
crossing point crossing point

Figure 28.2. A wild knot.
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All the examples of knots given in the last chapter are tame knots. An
example of a knot which is not tame is given in Figure 28.2. Knots which are
not tame are called wild. This chapter is concerned with tame knots.

28.2  Exercises

(a) Prove that a torus knot of type (m,n) is tame.

(b) Prove that a knot that has a finite number of crossing points is tame.

(c) Prove that a knot is tame if and only if it is similar to a knot that
consists of a finite number of straight-line segments.

(d) Prove that a knot K is tame if and only if there exists a subspace
K¢ C R? with K C K, such that K, is homeomorphic to S' X D?
with K corresponding to S' X {0} under this homeomorphism.

Throughout this chapter let K be a tame knot. Our object will be to
calculate the group of K. We may assume that K lies in the lower half-space
of R3,ie.

KcC { (xl ,Xz,X3); X3 SO } ’
and furthermore that K lies in the plane { (x;,X2,X3); X3 = 0 } except
where it dips down by a distance, say €, at each (proper double) crossing
point. See Figure 28.3.

Figure 28.3

Let P denote the set of points in K of the form (x;,x;,-€) for which
p(x1,X2,-€) is a crossing point. We can assume that P # @ since otherwise
the knot K is unknotted. Let p, be one of the points in P. Putting an arrow
(direction) on K determines p2,p3,...,p, where n is the number of crossing
points. The set P divides K into a finite number of arcs a,,a;,...,a;. The
arrow on K gives one on each of a,,a;,...,a, and we may insist that the end
point of a; is p;, i = 1,2,...,n. See Figure 28.4.

Our next object is to describe closed paths in R 3-K. For i =1,2,...,nlet
¢; denote a small circle in R3-K that goes around the arc 3; as indicated in
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Figure 28.4
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3
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Figure 28.5
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Figure 28.5. We give c; an arrow so that together with the arrow on a; we get
a clockwise screw. Naturally we must choose the ¢, ,¢3,...,c, to be disjoint.

Let xo be our base point in R3-K, which is somewhere high above K.
For i = 1,2,...,n let b; be a straight line in R*-K from X, to the circle c;; the
b; should be chosen disjoint and each b; should be in the upper half-space
{ (x1,X2,X3); x3 > 0} . See Figure 28.5. Define 7; to be the closed path,
based at xo, that begins at xo, goes along b;, once along c; in the direction
indicated by the arrow on c; and then back along b; to xo.

We shall show that m(R3-K, xo) is generated by the elements (711,
[72], -, [74]. For the relations see Figure 28.6, which shows that if the
crossing is as illustrated in Figure 28.6(a) then we have the relation

(7l %] (Fin] [75] = 1.
The other possibility is that the arrow on 3; is opposite to that shown in
Figure 28.6(a), namely as in Figure 28.6(c). In this case we have the relation

[71] ['7]] ['_Yiﬂ] [7j] =1.
It turns out that these are the only relations, as we shall show. In the above
and throughout we let apy, =2 and v,,, =71 etc.
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Figure 28.6
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28.3  Theorem
The group of the tame knot K is generated by
[71 ] ’ [72] yerey [7n]
and has relations
[7]] =1, [72] =12, e [7n] = In:
Each relation [7;] =r; is of the form
[n] = [‘Yj] [7is1] [‘Yj]”l
or
[r] =517 [%in] [
for some j. Moreover any one of the relations [, ] = r, may be omitted and
the result remains true.

The j that appears in the relation is determined by the arc 3; that crosses
over the point p;. Which of the two relations holds depends on the arrows
on a; and a;. In particular if the arrows determine locally a clockwise screw

then the first relation holds, otherwise the second holds. See Figure 28.6(a)

and (¢) respectively.

By looking at the form of the relations given in Theorem 28.3 we imme-

diately have:
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284  Corollary
Abelianizing a knot group gives Z .

To prove Theorem 28.3 we let C and A be subspaces of R® defined by
C= { (x1,%2,X3); X3 >-2¢/3 },
A={ (x1.%2,X3);X3 <-¢€/3 }.
The set C NK (and A NK) consists of n disjoint arcs with no crossing points.

It is therefore clear that there is a homeomorphism h: C - C such that
h(C NK) is the union

n
U (5,NnC)
i=1

where S;, i = 1,2,..,n, is the circle {(x;,X2,X3); X; =i, Xa? +x3% =1}.
See Figure 28.7.

Figure 28.7

Thus C-K is homotopy equivalent to a disc with n points removed, from
which it follows that 7(C-K, xo) is a free group on n generators [7,],
[v2]os[7p]-

In a similar way we see that the fundamental group of A-K is a free
group on n generators. However, A-K does not contain Xxo, so let b be a
straight line from xo to A, disjoint from K and all other curves chosen. Let

Figure 28.8
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B be A together with all points of distance less than, say, 6 from b. The
space B-K is open and path connected and it is clear that 7(B-K, x,) is a free
group on n generators [B;],([B2],...,[B,]. The closed path §; runs from X,
along b to A, then to a point close to p;, along a circle in B-K with centre p;
and then back again to x,. See Figure 28.8.

Next we look at the space (B-K) N (C-K). This clearly has the homotopy
type of a disc with 2n points removed and so 7 ((B-K) N (C-K), x¢) is a free
group on 2n generators [a7], [e2],..., {e7], [af], [af]...., [a}]. To describe
these generators note that B N C splits K into 2n arcs which we may denote
by aj,a2,...,a, and aj,a3,...,a] where a;,a] are those parts of a;,3;4, respec-
tively in A N B that are nearest the point p;. The path o goes around a;
whereas o goes around a; and aj" (for convenience). See Figure 28.8.

Now let gp: (BN C) - K+ B - Kand ¢c: (BN C) - K- C- Kdenote
the natural inclusions. The following equivalences are easy to see:

gy ~B, wpof~e oo~
while

Yc ‘1:' "'((‘Yi »* ‘Yj) * ‘7i+1) * ’7]'
or

Yc 01+ ~ ((‘Yi * ’7j) * Yie1) * Y
depending on the relation of the arrow on a; with the arrows on a; and a;,, .
(For Figure 28.8 the relation is the first one given above.)

We may apply the Seifert-Van Kampen theorem since the spaces B-K,
C-K, (B-K) N (C-K) are all open and path connected. The result concerning
the generators and relations of m( R2-K, xo) follows immediately.

To show that any one of the relations is redundant we simply alter A to
A’, where A’ is A together with all points of distance greater than some
large number, say N, from the origin of R3. This then givesus B'=BUA’.
The fundamental group of B’-K is the same as B-K; however, the funda-
mental group of (B’ N C) - K has one fewer generator than that of (B N C)
-K. This is because (B’ N C)-K now has the homotopy type of a sphere S?
with 2n points removed. So by removing the generator [al’:] from 7((B' N C)
-K, Xo) we see that the relation [v] =1, no longer is necessary in m(R*-K,
Xo). We leave the details for the reader.

We illustrate the above theorem by three examples. For brevity we shall
denote [v,] simply by v,. First we recalculate the group of a trefoil knot.
Using the notation in Figure 28.9 and previous notation we see that the
group of a trefoil knot has three generators 7;,72,7s Wwith relations
71=73' 7273, 1291737, ¥3=72' 1172, any one of which is redundant.
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Figure 28.9
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That 73, for example, is redundant can be seen simply by putting the first
relation partly into the second to obtain the third, viz.

BENTHBNEN T BT RY) =T N,
so that 73 = 7,7 7,72 . Thus the group of a trefoil knot is

s hin=vn'r2ra.2=n"' 11

={n.vh{n=rv""2"1r" 2}
={r2.1 {112 =131273 1)

which can be seen (quite easily) to be isomorphic to the group
({a,b};{a®=b2}).
For the next example consider the granny knot of Figure 28.10(a). We
see that the group of this knot has generators v,,7,,...,7¢ and relations

7 =7 1273, 72 =",
Y3 =712 Y872, Y4 =7 157>
s = Y4 Y67a, Y6 =75 1 7s,

any one of which is redundant. All relations may be rewritten in terms of
71,73 and vs and it is not difficult to show that the above group is isomor-
phic to one on three generators v;,73,7s and two relations 7, 7371 = 737173
and ¥s717s = 717s7:1- Thus the group of the granny knot is the group on
three generators x,y,z and two relations xyx = yxy and xzx = zxz.

For our last example consider the square knot of Figure 28.10(). The
group of this knot has six generators v,,7, ...,7s and relations

7N =71"1273, 2=1"1"N,

3 =72 vama, Y4 = Y6757,
s =nven~', Y6 =TYsNYs ',
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Figure 28.10
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any one of which is redundant. As in the granny knot it is easy to eliminate
three of the generators to obtain the group with three generators v,,73,7s
and two relations v;,7371 = Y37173 and ¥s71Ys = Y17sY1- Thus the group
of a square knot is the group on three generators x,y,z, and two relations
xyx = yxy and xzx = zxz. In particular we see that the groups of a granny
knot and a square knot are isomorphic. It is however a fact that these two
knots are not similar, although we shall not prove this.

28.5  Exercise

Using Theorem 28.3, calculate the groups of the knots in Figure
27.1. For the knot in Figure 27.1(b) show that the answer is £ as it should
be.

We end our chapters on knots by briefly describing two constructions
associated with knots. Most of the details and interesting properties of these
constructions are left for the reader in the form of exercises.

Given two knots K, ,K; place an arrow on each and define their connected
sum K, #K, to be the knot obtained by removing an interval from each knot
and glueing the result together so that the arrows go in the same direction;
see Figure 28.11. A prime knot is one which cannot be expressed as K, #K;
where K; and K; are both not unknotted. Most tables of knots (see the
appendix to Chapter 28) are of prime knots.
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28.6 Exercises
(a) Show that K, # (K, #K;) is equivalent to (K, #K;) #K;.
(b) Show that K, # K, is equivalent to K, # K,. (Hint: See Figure
28.12.)
(c) Show that if K, is equivalent to K; and K, is equivalent to K;
then K, # K, is equivalent to K| # K;. Does the result still hold
if the word equivalent is replaced by similar?

The next construction associates to each (tame) knot a surface-with-
boundary (see Exercise 11.8(b)). In order to do this, first place an arrow on
the knot. The region near each crossing point (Figure 28.13(a)) is replaced
by the arrangement shown in Figure 28.13(5).

What remains is a number of disjoint circles. We may fill each circle with
a disc in such a way that all the resulting discs are disjoint. To do this we
may have to push the discs slightly off the plane in case the circles are nested;
start with an innermost one and work outwards. Finally place a half-twisted
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Figure 28.12
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strip at the old crossing point (Figure 28.13(d)). The result is an orientable
surface-with-boundary. Its boundary is of course the knot K. We say that the
surface-with-boundary spans the knot. Some examples are given in Figures
28.14 and 28.15.

In Figure 28.15 a pair of nested circles arise. We have filled in the inner-
most one by a disc in the plane. The outermost circle has been filled in with
a disc that goes below the plane. Thus Figure 28.15(5) should be thought of
as a sphere with a ‘hole’ in it and within this ‘hole’ there is a disc. For Figure
28.15(c) these two regions have been bridged by five half-twisted strips.

By the genus of a surface-with-boundary we mean the genus of the asso-
ciated surface (in the sense of Exercise 11.8(b)). The genus of the surface-
with-boundary that we have constructed is %(c-d+1) where c is the number
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of crossing points and d is the number of disjoint circles that appeared in
our construction.

It is possible that there may be many different surfaces-with-boundary
spanning the knot. The genus of a knot K is defined to be the least integer
g(K) such that K is spanned by an orientable surface-with-boundary of genus

g(K).

Figure 28.14
(@) ) ()
Figure 28.15

@)
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28.7

A first course in algebraic topology

Exercises

(a) Show that g(K # L) = g(K)+g(L). (This is not trivial.)
(b) Deduce from (a) that every knot can be written as a finite connected

sum of prime knots.

(c) Prove that the genus of an unknotted knot is 0.
(d) Prove that if K is not unknotted then neither is K # L for any knot

L.

(e) Prove that the genus of a torus knot of type (m,n) is less than or

equal to %(m-1)(n-1).

(f) Given a knot K ‘drawn’ in the plane, perform the following opera-

tions. First of all shade the largest area that surrounds the knot;
see Figure 28.16. Next shade some of the regions in such a way that
neighbouring regions are neither both white nor both shaded. Then
label all the shaded regions except the largest one around the knot
by Ry,R;,...,R;. At each crossing point put either +1, -1, or 0
according to whether the crossing is as in Figure 28.16(b), (c) or
(d) respectively; the O occurs when the two shaded regions near the
crossing point belong to the same region.

Form a symmetric n X n matrix A(K) = (aij) in the following way:

a;; = sum of crossing point numbers at region R;;
T3 = -a; = sum of crossing point numbers common to regions

Riande.

Figure 28.16

[

(a)



Knozts: Il Tame knots 233

For example, the knot of Figure 28.16(g) determines the matrix

-2 1
1 -2

Let d(K) = det A(K), so that d(K) does not depend upon the labels
on the shaded regions. If n = 0 define d(K) = 1.
(i) Find two equivalent knots K,L such that d(K) # d(L). Is
(d(K)I = |d(L)1?
(ii) If K and L are similar knots is |[d(K)| = |d(L)I?
(iii) Find non-equivalent knots K, L such that |d(K)| = |{d(L)|.
(iv) Show that d(K # L) = d(K)d(L).



28A Appendix. Table of knots

have at most nine double crossing points.
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Singular homology: an introduction

Homology theory is without doubt very important in topology. This chapter
cannot give the theory full justice. We shall merely illustrate the basic ideas
involved and in a special case relate it to the fundamental group.

29.1 Definition
The standard n-simplex A, is defined to be the following subspace
of R n*l;

n
A, = { x=(x0,X1,., X)) ER ™}, T x,=1,%2>0,i=0,1,..,n}
i=0

The points vo =(1,0,...,,0), v, =(0,1,0,...,0),..., v, =(0,0,...,0,1) are called
the vertices of A,.

Figure 29.1

\£]
Vi

Vo

Vi

7 A,
vy °

Vi
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Thus A, is a single point, A, is a line interval, A, is a triangular region
and A is a solid tetrahedron; see Figure 29.1.

29.2  Definition
Let X be a topological space. A singular n-simplex in X is a con-
tinuous map ¢: 4, = X.

Thus a singular O-simplex is simply a point in X while a singular 1-simplex
is essentially a path in X. Indeed if ¢ is a singular 1-simplex then defining
f(t) = ¢(1-t,t) gives a path f: I = X from ¢(vo) to ¢(v,). Conversely, given
a path f: I - X we obtain a singular 1-simplex ¢: 4, =+ X by ¢(Xo,X;) = f(x;).

29.3  Definition
A singular n-chain in X is an expression of the form

jezl %)
where { % j €] } is the collection of all singular n-simplexes in X (with J
some indexing set) and n; € Z with only a finite number of { nj;j€J }
being non-zero.

The set S, (X) of singular n-chains in X forms an abelian group with
addition defined by
ZnjyjtZmy, = Z (n; + my) ;.
The zero element is £ 0 y; and the inverse of Z n;j ¢ is E(-nj)wj. Associa-
tivity is clear as is the fact that the resulting group is abelian.

Figure 29.2
va
14
—_—

v(4;)
'-_(3010)

\/ v, .

() A, ;

(329) T

-~
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The group S,(X) has some nice properties but unfortunately it is in
general extremely large. We make it more tractable by placing an equivalence
relation on it (in a similar way that we used an equivalence relation to define
the fundamental group). First we shall define the notion of a boundary
operator.

Given a singular nsimplex ¢ define a singular (n- 1)-simplex 9,y by

0;0(X0,X1,.0sXp—1) = P(X0,X1 501X 1,0, X500, Xy )
for i = 0,1,...,n. See Figure 29.2. Clearly this leads to a homomorphism of
groups
9;: S, (X) > S,,_,(X),
znjwj—»znjawj.

29.4  Definition
The boundary operator 3: S, (X) = S, _, (X) is defined by

n .
a=ao - 31 +az - ...+('l)n 3n= Eo (‘l)lar
i=

Using the boundary operator we can define two important subgroups of

S, (X).

29.5  Definition
(a) A singular n-chain ¢ € S, (X) is an n-cycle if dc = 0. The set of
n-cycles in X is denoted by Z (X).
(b) A singular n-chain d € S (X) is an n-boundary if d = de for some
e €S, ,,(X). The set of n-boundaries in X is denoted by B (X).
In other words

Z,(X) =kernel 3: S, (X) =+ S, _,(X),
B, (X) = image 3: Sy, (X) = S,(X),
and so clearly both Z_(X) and B (X) are subgroups of S (X).
Notice that all singular O-chains are 0-cycles, i.e. Zy(X) = So(X).
It turns out that all n-boundaries are n-cycles. This follows immediately
from the next result.

29.6 Theorem
00=0.

Proof We check 99 on a singular n-simplex ¢.
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n . n-l n .
=0 T (- 1)l ai(p = I z (“ 1)i+-‘ aj ai(p.
i=0 =0 i=0

Now if i <j then we claim that 9;9; = 9;3;,, ; we see this as follows.

(ajai“’)(xo""’xn—z) = (aj(aiw))(xo,...,xn_,)
(aiqp)(xo,...,xj_,,O,xj,...,xn_,)
¢(xo,...,xi_,,0,>q,...,xj_,,0,xj,...,xn_,)
= (aj+,¢)(xo,...,xi_,,O,xi,...,xn_,)

= (ai aj+1 tP)(xo,-'-:xn-z)-

Thus
= j . n-l n :
ddp= T T (MO0t T I (DY
j=0  i=0 §=0 i=j+1
n-1 j L n~-l n .
=T L EDMYY, et T2 CDMIY A
i=0  i=0 =0 i=j+1
n-1 n-1 L. n-1 n .
=X T (DM, et = DM
i=0  j=i =0 i=j+1
n-1 n-1 . n-1 n
j=0 i=] j:o =j+l
n-l n L. n-1 n .
=3 T (-yph? aj ot Z T (-1iY aj o ¢
j=0 i=j+1 =0 isj+1
=0.

Thus B, (X) is a subgroup of Z,(X). Since both groups are abelian, B, (X)
is a normal subgroup of Z,(X) and hence the quotient group Z,(X)/B,(X) is
defined.

29.7 Definition
The n-th homology group of X is defined as Z,(X)/B,(X); it is

denoted by H,,(X).
In other words, elements of H,(X) are equivalence classes of cycles under
the equivalence relation
c~c'®c-c'€B,(X)
for c,c’ € Z(X). (~ is easily seen to be an equivalence relation.) In this case
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we say that c and ¢’ are homologous cycles.
Our next two results will determine the homology groups of a point and
the zero homology group of a path connected space.

298 Lemma
If X is a single point space then Ho(X) = Z and H,(X) = O for
n>0.

Proof For all n > 0 there is a unique singular n-simplex ¢,): A, = X and so
Now ai (p(n) = tp(n_,) forn>0 and

n . n .
dem= Z CD%om= I C1en)
0 if n is odd,

P(n-1) if n is even and n > 0.

For n = 0 we have 9 V(o) = 0.

From the above we see

S,(X) noddorn=0,
Z,(X)=
0 nevenand n>0,
S,(X) nodd,
By(X)=
0 neven,
and hence
% Va4 n=0,
X)= 9
o 0 n>0.
299 Lemma

If X is a non-empty path connected space then Ho(X) = Z .

Proof A typical 0-cycle (= a singular O-chain) is of the form

Z ngx
xeX X
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where n, € Z and only finitely many of { n,;x € X } are non-zero. Define
y: Ho(X) > Z by
v(Zn, x)=Zn,.
First we check that this is well defined. Suppose that £ m, x is another
0O-cycle which is homologous to T n, x, i.e.
Zn, x=Zmyx+dc
where c is a singular 1-chain. A singular 1-chain is of the form

= ¥ .
c= Z kv

where k; € Z and v is a singular 1-simplex. Now

ac=j::-’3j k; 9 ¢; =jé3’ kj(%;(v1) - ¢;(vo)),

so that
v(Zn, x) = Y(Zm, x +9c)
= Y(Zm, x + Zk; ¢;(v1) - Zk; ¢;(vo))

Zm, +Zk;- Zk
= Zm,
V(Zmy x),
which shows that y is well defined.

Clearly ¥ is a homomorphism. It is surjective because Y (nx) = n, where x
is any point of X. Finally we show that y is injective. Let £ n, x be a
0O-cycle; then

Zn, x=Cn)xo+ Z_(n, x- ny Xo)
xeX

=(Zny) xo + agx ny ¢x)

where ¢, is a path (= a singular 1-simplex) from x to xo. Thus £ n, x and
(% n,) xo are homologous. So if Y(Zn, x) = 0 then Zn, =0, and so Zn, is
homologous to 0, which proves that y is injective.

This last step is the crux of the matter because it shows that any O-cycle
¢ = Zn, x is homologous to the O-cycle (Zn,) xo which is completely
determined by the integer Zn, .

Given a continuous map f: X - Y then we may define
f': Sn(x) - Sn(Y)
by
'(je, n; ¢)) o1
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(Perhaps we should denote fy: S (X) = S,(Y) by f4: S,(X) = S, (Y)
but this is unnecessarily complicated.) It is clear that f, is a homomorphism
of groups. In fact f, sends cycles to cycles and boundaries to boundaries.
This follows from the next result.

29.10 Lemma
F:] f, = f‘ ']

Proof Consider a singular (n- 1)-simplex y. Then
(@ife) (@) (X0, X150 xp_y) = 3(f)(x0,X1,--1Xp-y)
= (f0) (X0, X150 X4-1,0, X550, X4 )
= f(P(X0,X1 11 Xj= 110, Xj5 1 Xp— 1)
= f((3;0)(x0,X1 -1 Xp_4))
= (f3,p)(X0,X1 s Xp-y)
= «fi a|)(¢))(XQ,X1 »'"’xn-l)’
which proves the result.

29.11 Corollary
£y (Zo(X)) € Z,(Y), £y (B,(X)) C B,(Y).

Proof If c is a cycle in X then 9 f,(c) = f, 3(c) = 0, which shows that f,(c) is
a cycle in Y. If d is a boundary in X then d = d(e) and f,(d) = f, 3(e) =
of,(e) is a boundary in Y.

The above corollary shows that there is a homomorphism of groups
fo: Hy(X) - Ho(Y)
defined by
fo F, mwp=Z mfy
where EJ n; y; is an n-cycle in X. We call f,: H,(X) = H(Y) the induced
j€

homomorphism.
The next two results are easy to prove and left for the reader. Compare
Theorem 15.9 and Corollary 15.10.

29.12 Theorem
(i) Suppose f: X =+ Y and g: Y = Z are continuous maps; then
(84 = 84 fy: Ha(X) = Hp(Z) for all n >0.
(if) If 1: X - X is the identity map then 1, is the identity homo-
morphism on H,,(X) for alin > 0.
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29.13  Corollary
If f: X = Y is a homeomorphism then f,: H,(X) = H,(Y) is an
isomorphism for all n > 0.

Remark: Homology is a functor from topology to algebra (especially abelian
groups). (See Remark preceding Exercises 15.11.)

In fact if two spaces are homotopy equivalent then their homology groups
are isomorphic. This follows from the next resuit, the homotop}; invariance
theorem.

29.14 Theorem
Let f,g: X = Y be two continuous maps. If f and g are homotopic
then f, = g,: H (X) » H,(Y) foralln>0.

Proof For t € 1let \;: X X X I be given by A((x) =(x,t). Let F: XX I>Y
be a homotopy from f to g, i.e.
F(x,0)=f(x), F(x,1)=g(x),
or in terms of A, we have
Flo=f, FX =g
Suppose that Ao, = A, ,; then
fe=(Fho)e =Fe R0y =F o N1, =(FN\y), =g,
Thus we need only show that Ao, =A;,: Hy(X) = H (X X I). What we shall
show is that for the homomorphisms
Aogs A1g: Sp(X) > S (XX D)
there exists a homomorphism (called the prism operator)
P: S (X) = S, (XX])
such that
OP+PO =214~ Nog-
In such a situation the homomorphisms Aoy and A, , are said to be chain

homotopic.
If Ao 4 and A, 4 are chain homotopic and if ¢ is an n-cycle in X then

(A1~ 2og)(c) = (3P + P3)(c) = 3(Pc)
which shows that A;4c and Agyc are homologous and hence Ay, = Ao,.-
Therefore in order to prove the theorem we have to show that A; 4 and Aoy
are chain homotopic. To do this we need to define P.
Let ¢: 4, > X be a singular n-simplex in X, i.e. an element of S (X). Let
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P,(¢), fori=0,1,...,n, be the element of S ,, (X X I) defined by
Pi(¢) (X0 X110 Xp41) = 0(X0s X1 ees Xim 15X ¥ Xjgg 2 Xjg2 00 Xnay)

x(l - xk)’

0

-

and let P(9) €S, ,, (X X I) be given by
n .
P@)= Z 1R
|=

It is not difficult to see that P: S (X) -+ S ,, (X X I) is a homomorphism.
Now 9 P(y) may be rewritten as

n+l . n+1 n L
PW= I (DiIyP@= I I (1)* Py
j=0 j=0 i=0

We shall rewrite the aj P, () in another form.
Ifi <j- 1 then
aJ Pl (¢) (xo yeeoy xn) = P,(‘P)(Xo v-'vxj_l nouxjs-"u xn)
P(X0 seees Xic 1 X + Xiy s Xjg s Xjo 1 505ne0 Xp)

1
X (l -z xk)
k=0

=9, P(X0 1ers Xjm 15 X5 + Xiy+Xj42 1o Xp)
i
X(1- Z x
( k=0 k)
= Pi(9;_; ¥) (X0,.-1Xp)
= Pi aj_, (\p) (Xo,...,xn).

If i > j then
aj P; (¢) (X0,..-,Xp)

Pi(¢)(x0 v-wxj_] ,O,Xj,...,xn)
= W(xo 9"'vxj-] ,0,--~,Xi_2 ’M"l + Xi,xi+l ,...,xn)

i-1
X (1 -z Xk)
k=0
= ajW(xo""yxi_zyxi_l + Xi,Xi.',l ,...,xn)
i-1
X (l -z xk)
k=0
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.- 1 (90) (X0, Xp)
|-l ](‘p)(XOs sxn)
Finally if i = j then

P ('P)(Xo’ ’x)-lyo xjs !xn)

¢(X0 s Xp) X (1 - E xk)

,_, (#) (X051 X110, Xj0-1, Xp)
3 P,y (#) (X001 Xy)-

In summary we have

o P =9;P_,
a P P,_l 3; ifi>]
a P =P 9;_, ifi<j-1.
By using these relations and by writing 0P as
n+l
oP =2 2 (-l)“’la P
j=0  i=0

=aopo 23P+ 2 (1)3
i=j=1 i=j-1=0

z( D*I P+ T (1) P
i>j i<j-1

iti-1 T One Pp +

it is not difficult to see that
oP= aoPo - an“ Pn - Po.

But we have

30 Po (¢) (X0,--,Xp) = Po () (0,%0,---,Xp)
= P(Xg,rXp) X 1
= A1 ¢(X0,--sXp)
= A1y () (Xo5-9Xp)s

and

3+ Pn(®) (X05esXy) = Py (9) (X0,e-,%p,0)
¢(Xg,-.yXp) X 0
= k0 tP(Xo,-.-,Xn)
No ¢ (¥) (X055 %)

aP+Pa=7\1,- Ko',
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which shows that A;4 and Aoy are chain homotopic. This completes the
proof of the theorem.

29.15  Exercises

(a) Prove that if f: X > Y is a homotopy equivalence then f,: H,(X) -
H,(Y) is an isomorphism for each n > 0.

(b) Prove that if i: A - X is the inclusion of a retract A of X then i,:
H,(A) - H,(X) is a monomorphism. Prove that if g: X - A is the
retraction then
H,(X) = image (i,) ® kenel (g,).

Prove furthermore that if A is a deformation retract of X then i, is
an isomorphism.

(c) Let X be a path connected space and let xo € X be some point of
X. Let p: X = { xo } denote the obvious map and define irln(X) to
be the kernel of p,: H (X) = H,( { xo } ). Prove that
H,(X) = H, () e Hy({ %0 }).

(d) Let f: X = Y be a base point preserving continuous map. Show that
there is an induced homomorphism

f,: H,() - H (V).
Suppose furthermore that g: X = Y is another base point preserving

map with f and g homotopic relative to the base point of X. Prove
that

f, = g,: Hy(X) > H ().

The next result in our brief study of homology is a description of the
relationship between the fundamental group and the first homology group
of a space.

29.16 Theorem

There is a homomorphism

v: m(Y,yo) = Hy(Y).
If Y is path connected then Y is surjective and the kernel of ¢ is the com-
mutator subgroup of 7(Y,yo): in other words H, (Y) is 7(Y,yo) abelianized.

Proof Suppose that f: I = Y is a path in Y that begins at yq. Define y/(f):
A -Y by

v () (x0.%1) = f(x;) = f(1-Xo); (X0,X1) € A;.
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Y (f) is a singular 1-simplex. If f is a closed path then 38(Y(f)) = yo-yo = O,
and so y(f)is a l-cyclein Y.

We now check that if f and f’ are equivalent closed paths then ¥ (f) and
¥ (f") are homologous cycles. Suppose that f ~ f' and F: I X I = Y is the
homotopy relative to { 0,1 } realizing the equivalence f ~ f'. We use F to
define a singular 2-simplex ¢: A; = Y in the following way. The coordinates
of a point Q in A, may be expressed as (1-s,s(1-t),st) for some s,t with
0 <s, t <1 (see Figure 29.3). We define ¢(Q) to be F(s,t). In terms of the
coordinates (xo,X;,X2) of Q € A, we have

F(1-%0,x2/(1-%0)) if Xo # 1,
¢(X0,X1,X2) =
F(0,0) if xo = 1.

Notice that x2/(1-xo) = X2/(x, +X3) and of course Xg,X;,X2 > 0 so that
0<x2/(1-%) < 1.
Since F(0,t) = F(0,0) for all t € I it follows that ¢ is continuous. The boun-
dary of v is easily calculated:

90 v(x0.%1) = 9(0,x0,%1) = F(1,x1) = yo = ¥ (€) (X0.X1)
where ¢: 1 = Y is the constant path e(t) = y,;

F(1-%0,X1/(1-%X0)) if xo # 1,

9; v(x0,X1) = ¢(X0,0,%;)

F(0,0) if xo =1
F(I‘Xo, l) ion #1,
F(0,0) if xo = 1
= Y(f)(x0.%1);
92 v(x0.X1) =9(X0.x;.0) = F(1-x0,0) = ¥ (f)(x0,X;).
Figure 29.3
v, v2=(0,0,1)

(0.1-t.1)

LT

vy vo=(1,0.0) v,=(0,1,00
(1-s,s(1-1),s0)
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In other words
dp=y(f) +y(f") - Y(e).

However, if we define c2: A2 = Y by c2(X0,X1.X2) = yo then we see that
00C2 =0;,C2 =02C3 =C
where c;: A; = Y is given by ¢; (Xo,X;) = Yo. Thus Y(€) = dc, and hence
the cycles Y(f) and Y(f') are homologous. This proves that we have a well-
defined function Y from 7(Y,y,) to H;(Y).

To check that ¢ is a homomorphism let f,f' be two closed paths in Y,
based at yo. We need to show that y(f = ') is homologous to y(f) + Y (f"),
i.e. Ehat v() + (') - Y(f  f') is a boundary, say dy for some singular
2-simplex p: A; = Y. The definition of ¢ is suggested by Figure 29.4 and
is given explicitly by

f(1 +x2 - x0) if Xo > xa,
¢(Xo,X1,X2) =
f'(x2 - Xo) if xo < xa-
Notice that ¢ is continuous by the glueing lemma. The boundary of ¢ can
be easily calculated:

90 ¢(x0,X1) =9(0,%0,%y) = f (xy) = v (X0,%1),
f(1 +x, - X0)  if X0 21Xy,

a X ’x = xo’o’x =
1 ¥(xo0,X1) = ¢( 1) [f’(x.-xo) if xo <x;

i [f(zx.) if x, <%,
Tl rex -1 ifx %

(xy +x0=1)
=y(f o ') (X0,%1),

92 ¢(X0,X1) = ¥(Xo,%1,0) = f(1-%0) = Y(£) (x0,X1).
Thus

dp=y(f") - ¥(fsf)+y(f),

Figure 29.4

va

Vo vy
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which shows that Y (f = f') is homologous to Y (f) + Y(f') and hence that ¢
is a homomorphism.
Suppose now that Y is path connected. We shall show that ¥ is surjective.
Letc=2 n; y; be a l-cycle in Y;thusdc=0,i.e.
2 n; (4(¥0) - (1)) =0.

Rewriting dc as EY m, y, we must have m, = O forally €Y. For each
ye

j € J choose a path g, from yo to ¢j(vo) = 3o spj(l), and a path g;; from
Yo to ¢j(v,) =9, ¢j(l). These paths must only depend upon the end point,
thus if ¥; (vo) = ¢y (vo) then &jo = Bko- Clearly we must have
Zn; (W(gj,) - ¥(gig)) =0.
(Let gy be a path fromyq toy;then Z ﬂj(W(Sj,) - w(gjo)) may be rewritten
a X .
v ™ v(gy))
Letting o; be the singular 1-chain defined by
oj = 4’(8,0) + le - w(gn)’
then we have
c=Zno;
If fi: 1 Y denotes the path given by fj(t) = wj(l-t,t) then (3jo . fj) *gj, is
a closed path in Y, based at yo, and
v((8jo * ) * 8,) =9
and

W(? (o * f}) » g1 1™) =c,

which shows that { is surjective.
We prove that the kernel of  is the commutator subgroup. Suppose that
¥(f) is homologous to 0, thus

v = 3% nj ¢;) = 5 (%jo - %1 +¥j)

where y; ( € J) is a singular 2-simplex and y; = 9;¥; (i=0,1,2). Since Y(f) is
a singular 1-simplex we must have Y (f) = ¢, g for some k,£ and after collec-
ting terms on the right hand side of the expression above Y (f) = ¢, g appears
with coefficient 1 and all other terms have coefficient zero.

Let g; (G €1J,i=0,1,2) denote a path in Y from y, to spj(vi). As in the
past g;; is to depend only on the end point ~pj(vi) and not the particular
indexing. If V*,(Vi) = yo then choose the constant path. See Figure 29.5.

Letf; GEJ.i =0,1,2) be paths in Y defined by

fji(t) = wji(l-t,t) =9;p(1-t,t)
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Figure 29.5

j(vy)

v (4y)

g

and define paths hji (G€J,i=0,1,2) by
hjo = (8j, * fjo) * gjz»
hy, =(gjo * fj,) » &2
hj, = (o * fj2) * 8-
Finally define paths h; GE€I) by
h] = (h,o * h“) * hjz‘
It is not difficult to see that h; is equivalent to
@, * (o * Fj)) = 5,0 + 3,
which is clearly equivalent to the constant path e. Thus

ljl ()" =1.

Let An(Y,yo) denote the quotient of m(Y,yo) by the commutator sub-
group (ie. Am(Y,yo) is m(Y,yo) abelianized). If [a] is an element of
m(Y,yo) we denote by [[a]] the corresponding element in An(Y,yo).
Since IT [hy]"j = 1 we have

()] = 1.
We know that y(f) = g, g for some k,Q. It follows that f = f, g and (by our

choice of Sji) also that f = hyg. Since An(Y,yo) is abelian we may collect
the terms in the expression I [[h)-] ]?j and deduce that

I [[k]]7 = ([f]].
Thus [[f]] =1, i.e. [f] belongs to the commutator subgroup. We see there-
fore that the kernel of ¥ is contained in the commutator subgroup. On the

other hand the fact that H,(Y) is abelian means that the kernel of Y con-
tains the commutator subgroup. This completes the proof of the theorem.

29.17 Exercises
(a) Show that H,(S')= Z and that H,((S')") = Zn.
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(b) Give an example to show that if Y is not connected then An(Y,y,)
is not isomorphic to H, (Y).

(c) Calculate the first homology group of (i) an orientable surface of
genus g, (ii) a non-orientable surface of genus g. Deduce that two
surfaces S;,S, are homeomorphic if and only if H,(S,) = H,(S).

(d) Suppose that Y is path connected. Prove that 7(Y,ye) and H,(Y)
are isomorphic if and only if 7(Y,ye) is abelian.

(e) Show that the first homology group of a figure 8 is isomorphic to
ZXZ.

(f) Let S be a surface and let S' be S with an open disc neighbourhood
removed. Prove that H, (S) = H,(S").

When calculating fundamental groups we found the Seifert-Van Kampen
theorem very profitable. For homology theory we have an analogous theorem
which we shall describe.

Let X = U; U U, where U, and U, are open subsets of X, and let ;:
U; NU; = U, ¢;: U; = X denote the inclusion maps for i = 1,2. Define
homomorphisms

i: Hk(Ul N Ug) - Hk(Ul) & Hk(Uz)
j : H(Uy) @ Hy (U;) - H(X)
by
i(€) = (1,4 (c), ¥2.4(c)),
j(ersc2) = Y (cr) - Y. (c2).

29.18 Theorem
Let X = U; U U; where U, and U, are open subsets of X. There are
homomorphisms

A: Hy(X)»H_, (U, NU,)
such that in the following sequence of groups and homomorphisms,

o Ha (0 3 Hy(Uy 0 UL) S H(U) @ H(Un) S H O S Hy_, (U N Uy ) - .

the kernel of each homomorphism is equal to the image of the preceding one.
Furthermore if Y is another space with Y = V; UV, (V,,V; openinY)
and if f: X Y is a continuous map with f(U;) C V; then
(flu, NU;), A= Af,,
i.e. the homomorphisms A commute with induced homomorphisms.

The homomorphisms A are called connecting homomorphisms and the
sequence in Theorem 29.18 is called the Mayer-Vietoris sequence. In general
a sequence of groups and homomorphisms in which the kernel of each
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homomorphism is equal to the image of the preceding one is called an
exact sequence. Thus the Mayer-Vietoris sequence is an exact sequence.

We shall not prove Theorem 29.18 although we will indicate its usefulness
(and hence the usefulness of homology theory) by proving a result and then
deducing several important corollaries.

29.19 Theorem
Let n be a positive integer; then
Z ifk=0,n,
H (S") =
0 otherwise.

Moreover, if T, ;: S" - S" is the reflection map given by T, (x0,X1,...,Xp) =
(-xo0,X1,-..,X,) then

T,a: Hy(S™) > H,(S")
is multiplication by -1.

Proof We prove the result inductively using the Mayer-Vietoris sequence.
Let Uy = {x€S" x, >-% }and U; = { x €S"; x, <%}. Note that U,
and U, are contractible and that U; N U, is homotopy equivalent to S"~!
so that
Z ifk=0,
He(Up) =
0 otherwise;
Hy (U; NU,) = H (S ).
Note that if we think of S"~! as { x€S":x, =0 } then T, [S*~! =T
Let n=1; then for k=1 the Mayer-Vietoris sequence becomes

n-1-

j A i j
w05 H (S") > Ho(S®)»> Zo Z > ...

which becomes

J a i )
Ww20>HSY)>Zo0Z>Z 6 Z ..
with i(x,y) = (x+y,x+y). Now A is injective since ker(d) = im(j) = O:
furthermore im(A) = ker(i) = {(x.-x) € Z @ Z} which is isomorphic to Z
so that H;(S') = Z . It is clear that T ,(x.y) = (y.x) and since To , A = AT, ,
we see that T, is multiplication by -1. For k > | the sequence is

i A j
> 0> H(S') > H,_,(S°) >0 ..



256 A first course in algebraic topology

and it is easily seen that A is an isomorphism (it is injective because ker(4) =
im(i) and surjective because im(A) = ker(j)). The theorem is therefore proved
forn=1.

Suppose that m > 1 and that the result in question is true for n=m-1;
then we shall show that it is also true for n=m.

If k=1 then we have

. A .
0> H(S™) > Ho(S™ 1) > Z & Z > ..
which becomes

j A i
P 0SH(SM>Z >ZoZ ...

with i(a) = (a, a) so that ker(i) = 0 and hence im(A) = 0 and H,(S™) = 0.
If k > 1 then we have

i A i
.20 Hk(Sm) g Hk_l(Sm"') -0
from which we deduce that H(S™) = H,_,(S™"!). Furthermore if k=m

then using the fact that T _, A = AT, we deduce that T, is multiplica-
tion by -1. The result follows by induction.

29.20 Corollary

(a) If n¥m then S" and S™ do not have the same homotopy type.

(b) Any continuous map f: D® — D" has a fixed point.

(c) The reflection map T,: S - S is not homotopic to the identity
map.

(d) The antipodal map A: S*™ - S?" given by A(X) = -x is not homo-
topic to the identity map.

(e) If f: S*™ - S2" js homotopic to the identity then f has a fixed
point.

(f) There is no continuous map f: S*™ —» S2™ such that the vectors
x and f(x) are orthogonal in R 2"*! for all x.

Part (a) follows from the homotopy invariance theorem (Theorem 29.14);
see Exercise 29.15(a). Part (b) is Brouwer’s fixed point theorem and is
proved in the same way as Corollary 16.10. Part (c) follows from the homo-
topy invariance theorem. Part (d) follows from the fact that A =RoR,;...R;n
where R is reflection in the i-th coordinate so that A,: Hy n(S*™) > H,n(S?")
is multiplication by (-1)>™*! = -1. For part (e) assume that f has no fixed
point so that (1-t) f(x) - tx # 0 for all x and so we may define a homotopy
F: 2" X I > S?" between f and A by

F(x,t) = ((1-1) f(x) - tx)/li(1-t) f(x) - txII.
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Finally part (f) follows from (e) because if x and f(x) are orthogonal then
f(x) # x.

Parts (e) and (f) have a physical interpretation for n=1 which is commonly
called the hairy-ball theorem. This states that if you have a hairy-ball (i.e.
D® with a hair growing out from each point of the surface S?) then you
cannot comb it smoothly; indeed, any such attempt produces bald spots or
partings in the hair. For the proof just observe that if you had a smoothly
combed hairy-ball then the direction vector f(x) of the hair at x is orthogonal
to the vector x. Note however that it is possible to comb a hairy-torus
smoothly; this has important implications in nuclear fusion power stations.

29.21 Exercises

(a) Use the Mayer-Vietoris sequence to calculate the homology of R P2.

(b) Use the Mayer-Vietoris sequence to calculate the homology groups
of the complement of a knot. Deduce Corollary 28.4.

(c) Prove that there is no retraction of D" on Sn-1.

(d) Let M be an m-manifold and N an n-manifold. Prove that if m#n
then M and N are not homeomorphic. This is called the topological
invariance of dimension. (Hint: Use the homeomorphism M/(M-D)
= SM described in Exercise 11.12(f).)

There are many other different ways of defining homology groups. For a
very large class of spaces (the CW complexes for example) all these theories
coincide. This leads to an axiomatic approach to homology theory which
was originated by S. Eilenberg and N. Steenrod in the early 1950s. We shall
describe a set of axioms for so-called ‘reduced homology theories’. These
are theories defined on topological spaces with a base point (as is the funda-
mental group). The ‘reduced singular homology groups’ of a space X with
base point xo € X are defined by

H,(X) = kernel (p,: Hy(X) > Hy({ x0 1))
where p: X » { xo} is the obvious map (see Exercise 29.15(c)). Given a
base point preserving map f: X -+ Y there is an induced homomorphism f:
ﬁn(X) g ﬁn(Y) defined in the obvious way.

Before giving the axioms of a reduced homology theory we briefly
introduce some notation.

29.22 Definition .

Let X be a topological space with base point Xo. Define ZX to be
the quotient space

XXD/(XXIU {x} X
with the obvious base point. We call £ X the (reduced) suspension of X.
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Notice that if f: X = Y is a base point preserving continuous map then it
induces a base point preserving continuous map Zf: X = XY defined in
the obvious way.

29.23 Definitions
The reduced cone CX of X is defined to be the quotient space

XXD/(XX {1} U{x} XD.

If f: X = Y is a base point preserving continuous map then the mapping
cone C; of f is the quotient space

(CXVUY)/~
where ~ is the equivalence relation given by

(x,0) ~ f(x)
for (x,0) € CX and f(x) € Y. The base point of Cq is the point in C; corre-
sponding to the base point yo of Y.

Note that there is a natural inclusion
i Y- Cf'

29.24 Exercises
(a) Prove that if p: X = { xo } is the constant map then C, is just
X
(b) Prove that if X is Hausdorff then so is £X.
(c) Prove that TS' = §%.

We now give the Eilenberg-Steenrod axioms for a reduced homology
theory. From now on all spaces have a base point and all maps between such
spaces are continuous base point preserving maps.

A reduced homology theory defined on a collection of (possibly all)
topological spaces with a base point consists of the following.

(A) A family { Fln; n € Z} such that ﬁn assigns to each space X under
consideration an abelian group ﬁn(X). This group is called the n-th reduced
homology group of X.

(B) For every base point preserving continuous map f: X = Y there is an
induced homomorphism f_: ﬁn(x) - ﬁn(Y) for all n.

(C) For each space X and each integer n there is a homomorphism o,(X):
ﬁn(X) - ﬁn+l(EX). The homomorphism ¢,(X) is called the suspension
homomorphism.

The above are subject to the following seven axioms.
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(1) (The identity axiom) If 1: X = X is the identity map then the induced
homomorphism

1,: 5,00 - H,(X)
is an isomorphism for each integer n.
(2) (The composition axiom) If f: X = Y and g: Y = Z are (base point pre-
serving continuous) maps then (gf), =g, f,.
(3) (The naturality of suspension axiom) If f: X = Y is a continuous map
then the following diagram is commutative.

0,(X)
H,(%) » 1,0, (2X)
f, (0,
N 0,(Y)
H,(Y) »H,,,(ZY)

(4) (The homotopy axiom) If the maps f,g: X = Y are homotopic relative
to the base point of X then the induced homomorphisms f, and g, are equal.
(5) (The suspension axiom) The suspension homomorphism o, (X): ﬁn(X) -
H,,,(ZX) is an isomorphism for all X and all n.

(6) (The exactness axiom) For every map f: X = Y the sequence

H00 oy By () e Hy(Cp)
has the property that image (f,) = kernel (i,) for all n, where i: Y - C; is the
natural inclusion.
(7) (The dimension axiom)
Z ifn=0,
H,(s%) =

0. otherwise.

29.25 Exercise

Show that reduced singular homology theory is a reduced hamology
theory in the above sense. (Hint: For (5) and (6) use the Mayer-Vietoris
sequence.)

If instead of the dimension axiom above we have
Hy(s") =G,
for some collection of abelian groups G,,, n € Z then we have what is called

a generalized reduced homology theory with coefficients { G,;n € Z }.
Such theories have earned a prominent position in modern algebraic topology.
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Suggestions for further reading

This chapter contains a selection of books suitable for further reading. Books
that assume far more knowledge of topology than is contained in this book
have not been included. The choice of books given is based upon the author’s
(biased) preferences. The book [Spanier] is mentioned on a number of
occasions; it is an excellent all-round book on algebraic topology, although
some find it hard to read.

Manifolds For some general theory about manifolds see [Dold]. For 2-
manifolds and 3-manifolds see [Moise]. An important class of manifolds is
the so-called ‘differentiable manifolds’; for a book about these see [Hirsch].
Homotopy theory Three recommended books are [Gray], [Spanier] and
[Whitehead].

Covering spaces Covering spaces lead to ‘fibre bundles’ and good books for
this are [Husemoller] and [Spanier].

Group actions On topological spaces see [Bredon]. On manifolds see [Conner
& Floyd] and [Conner].

Knot theory [Rolfsen].

Homology theory For further singular homology theory see [Dold],
[Greenberg], [Spanier] and [Vick]. Two other types of homology theory
are simplicial homology and Cech homology. [Spanier] deals with both.
[Maunder] is good for simplicial homology while [Dold] and [Massey] can
be recommended for Cech homology theory. For generalized homology
theories see [Gray)] and [Switzer]. The book [Gray] deals with generalized
homology theory from a purely homotopy theoretic point of view. Finally,
the original book on axiomatic homology theory is [Eilenberg & Steenrod].

The books suggested

Bredon, G.E. Introduction to compact transformation groups. Academic
Press, New York - London, 1972.

Conner, P.E. Differentiable periodic maps (second edition). Springer, Berlin -
Heidelberg - New York, 1979.

Conner, P.E. & Floyd, E.E. Differentiable periodic maps. Springer, Berlin -
Heidelberg -~ New York, 1964.
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Dold, A. Lectures on algebraic topology. Springer, Berlin - Heidelberg - New
York, 1972.

Eilenberg, S. & Steenrod, N. Foundations of algebraic topology. Princeton
University Press, Princeton, N.J., 1952,

Gray, B. Homotopy theory. Academic Press, New York - San Francisco -
London, 1975.

Greenberg, M.J. Lectures on algebraic topology. Benjamin, New York, 1967.

Hirsch, M.W. Differential topology. Springer, New York - Heidelberg -
Berlin, 1976.

Husemoller, D. Fibre bundles (second edition). Springer, New York -
Heidelberg - Berlin, 1975.

Massey, W.S. Homology and cohomology theory. Marcel Dekker, New York
- Basel, 1978.

Maunder, C.R.F. Introduction to algebraic topology. Cambridge University
Press, 1980.

Moise, E.E. Geometric topology in dimensions 2 and 3. Springer, New York
- Heidelberg - Berlin, 1977.

Rolfsen, D. Knots and links. Publish or perish, Berkeley, Ca., 1976.

Spanier, E.H. Algebraic topology. McGraw Hill, New York, 1966.

Switzer, R.M. Algebraic topology - homotopy and homology. Springer,
Berlin - Heidelberg - New York, 1975.

Vick, J.W. Homology theory. Academic Press, New York - London, 1973.

Whitehead, G.W. Homotopy theory. M.L.T. Press, Cambridge, Mass., 1966.
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abelian group, 4
abelianjzation of a group, 206
abelianized knot group, 225
action of a group, 35

free action, 71
action of the fundamental group, 152
antipodal map, 256
antipodal points, 64
arc, 77,92

open, 20
arcwise connected space, 93
associativity, 3
axioms of homology theory, 258

ball, 13
base point, 124
base space of a covering, 143
bijective function, 2
binary operation, 3
Borsuk-Ulam theorem, 157
boundary
of a chain, 241
of a manifold-with-boundary, 91
of a space, 15
boundary operator, 241
bounded subset of RM, 48
bowline knot, 210
Brouwer’s fixed point theorem, 140, 256

cartesian product, 1
centre of a group, 126
chain, 240
chain homotopic maps, 246
Chinese button knot, 210
chord of a Jordan curve, 107
circle, 21

Polish, 165
class, 2
classification theorem of surfaces, 80, 90
closed map, 17
closed path, 124
closed set, 13

closure, 14
comb (flea and comb), 95
commutative group, 4
commutator subgroup, 4
compactification, 49
compact-open topology, 49
compact space, 45
locally compact, 49
one-point compactification, 49
component, 100
composite function, 2
composition axiom, 259
concrete topology, 11
cone
reduced, 258
mapping, 258
connected space, 58
locally path connected, 98, 162
path connected, 93
semilocally simply connected, 171
simply connected, 130
connected sum
of knots, 228
of n-manifolds, 88
of surfaces, 79
connecting homomorphism, 254
consequence (of relation), 178
constant map, 16
constant path, 92
continuous function
between euclidean spaces, 6
between metric spaces, 8
between topological spaces, 16
uniformly continuous, 103
continuous on the right, 17
contractible space, 114
convex subset of RM, 93
coset, 3
cover, 44
finite, 44
open, 45
subcover, 44
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covering
definition, 143
equivalence, 166
existerce theorems, 171, 174
map, 143
n-fold, 149
regular, 153
space, 143
universal, 170
covering transformation, 150
group, 167
crossing point, 212, 221
cube, 48
curve
simple closed, 88, 100, 149
space filling, 99
cycle, 241
group of n-cycles, 241
cyclic group, 4
cylinder, 27, 30

deformation retract, 114
strong, 115
weak, 116
degree of map, 138
diagonal, 56
dimension axiom, 259
dimension, topological invariance of, 257
direct product, 1, 3
direct sum, 3
disc
n-disc D", 42
open n-disc, 68
two-disc, 33
discontinuous action (properly), 143
discrete metric, 7
discrete topology, 11
distance function (or metric), 7
double point, 213, 221
double torus, 73
fundamental group, 202
doughnut, 21

Eilenberg-Steenrod axioms, 258
embedding of Klein bottle in R*, 149
empty word, 177
epimorphism (or surjective
homomorphism), 128

equivalence

homotopy, 114

class, 2

of covering spaces, 166

of knots, 212

of paths, 118

relation, 2

topological, 19

equivalent knots, 212
equivalent paths, 118
equivarient map, 37

euclidean metric, 7

evaluation map, 49

evenly covered open subset, 143
exactness axiom, 259

exact sequence, 255

false lovers knot, 210
figure 8, 109, 115
figure 8 knot, 210
final point, 92
finite complement topology, 12
finite cover, 44
first homology group, relationship with
fundamental group, 249
first isomorphism theorem, 4
fixed point theorem
for 1, 63
for D, 141
for D“ﬁ 256
for S2", 256
flea and comb, 95
free abelian group, 4
free action of a group, 71, 144
free group, 177
function, see map
functor
definition, 127
fundamental group, 127
homology, 246
fundamental group
action of, 152
as a functor, 127
change of base point, 125
definition, 124
of circle, 139
of complement of a tame knot, 224
of complement of a torus knot, 217
of contractible space, 130
of covering space, 151
of figure 8, 191
of homeomorphic spaces, 127
of homotopy equivalent spaces, 130
of H-space, 132
of Klein bottle, 156, 196
of lens space, 149, 155, 186
of orbit space, 155
of product space, 131
of RP”, 149, 186, 197
of RP", 149,186
of S", 131, 174, 186
of surface, 202
of topological group, 132
of torus, 140, 149, 195
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of union of circles, 192
relationship to first homology group,
249
Seifert-Van Kampen theorem, 181
fundamental theorem of algebra, 140

G-action, left, right, 36
G-equivariant map, 37
generators, 4, 178
generalized reduced homology theory, 259
Genus
of knot, 231
of surface, 82
of surface-with-boundary, 230
glueing lemma, 92
granny knot, 210
group, 227
graph, 40
group
abelian, 4
abelianized, 206
action of, 35
centre of, 126
commutative, 4
cyclic, 4
definition, 3
finitely generated, 4
free, 177
free abelian, 4
fundamental, 124
generators, 178
homology, 242
homomorphism, 3
homotopy, 133
of a granny knot, 227
of aknot, 213
of a square knot, 227
of a tame knot, 224
of a torus knot, 217
of a trefoil knot, 217, 226
of an unknotted knot, 213
of covering transformations, 167
presentation, 178
quotient, 4
topological, 132
trivial, 3
group action
definition, 35
free, 71, 144
properly discontinuous, 143
transitive, 152
G-set, 35
G-space, 37

hairy-ball theorem, 257
ham-sandwich theorem, 159

265

handle, 81
Hausdorff space, 50
Heine-Borel theorem, 48, 57
homeomorphic spaces, 18
homeomorphism, 18
orientation preserving, 212
homologous cycles, 243
homology group
definition, 242
homotopy invariance, 246
of a pajnt, 243
of RP%, 257
of 1, 255
reduced, 249, 258
relatio;nship with fundamental group,
24
homomorphism, 3
connecting, 254
induced, 127, 245
homotopic maps, 111
homotopy
axiom, 259
equivalence, 114
equivalent spaces, 114
group, 133
invariance theorem, 246
of continuous maps, 111
path lifting theorem, 147
relative to a subset, 111
type, 113
H-space, 132

identification space, 29
identity axiom, 259
identity element, 3
identity function, 1
image, 1
inverse image, 2
improper double crossing point, 221
indexing set, 1
indiscrete topotogy, 11
induced homomorphism
in fundamental group, 127
in homology group, 245
induced topology, 20
infinite strip, 35
initial point, 92
injective function, 2
interior, 13
intermediate value theorem, 63
interval, 4, 61
intuitive notions, 21-4
inverse element, 3
inverse function, 2
inverse image, 2
isomorphism, 3
first isomorphism theorem, 4
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Jordan curve
chord of, 107
definition, 101
theorem, 101
Jordan polygon, 101
juxtaposition, 177

kernel, 3

Klein bottle, 30, 32, 148
embedding of, 149
fundamental group of, 156, 196

Knot(s)
bowline, 210
Chinese button, 210
connected sum of, 228
definition, 209
equivalence, 212
false lovers, 210
figure 8, 210
genus of, 231
granny, 210
group, 213
prime, 228
similarity, 211
square, 210
tame, 221
torus, 216
trefoil, 210
true lovers, 210
unknotted, 209
wild, 222

knot group
abelianized, 225
definition, 213
granny knot, 227
square knot, 227
tame knot, 224
torus knot, 217
trefoil knot, 217, 226
unknotted knot, 213

Lakes of Wada, 100
Lebesgue number, 49, 182
left coset, 3
left G-action, 36
left hand frame, 211
lens space, 76, 145
lift of a map, 136, 146
lifting theorem, 163
path lifting, 137
homotopy path lifting, 147
limit points, 14
locally compact space, 49
locally euclidean, 68
locally path connected space, 98, 162
loop, 124

manifold, 68
connected sum of manifolds, 88
with boundary, 91
map (or function)
antipodal, 256
bijective, 2
closed, 17
composite, 2
constant, 16
continuous, 6, 8, 16
covering, 143
definition of, 1
degree of, 138
equivariant, 37
evaluation, 49
G-equivariant, 37
graph of, 40
homotopic, 111
identity, 1
injective, 2
inverse, 2
lift of, 136, 146
one-to-one, 2
onto, 2
open, 17
reflection, 255
restricted, 2
surjective, 2
mapping, see map
mapping cone, 258
Mayer—Vietoris sequence, 254
metric
definition, 6
discrete, 7
euclidean, 7
space, 6
topology, 11
usual, 7
metrizable, 11
mirror homeomorphism, 211
Mabius strip, 27, 30
monodromy theorem, 138, 147
monomorphism (or injective
homomorphism), 128
monotone decreasing (or non-
increasing), 65
monotone increasing (or non-
decreasing), 17
multiplication of paths, 118

n-boundary, 241
n-cube, 48

n-cycle, 241

n-disc, 42, 68
n-fold covering, 149
n-manifold, 68
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n-manifold-with-boundary, 91
n-simplex

standard, 239

singular, 240
n-sphere, 20
n-th homology group, 242
n-th homotopy group, 133
neighbourhood, 15
non-orientable surface, 82
normal subgroup, 3

one-point compactification, 49
one-to-one function, 2
onto function, 2
open arcs, 20
open ball, 13
open cover, 45
open map, 17
open subset
metric space, 8
topological space, 11
operation, binary, 3
operator
boundary, 241
prism, 246
orbit, 36
orbit space, X/G, 37, 154
orientable surface, 82
orientable surface-with-boundary, 91
orientation preserving homeomorphism,
212

parity, 103
path(s)
closed, 124
constant, 92
definition, 92
degree of, 138
equivalence, 118
product of, 118
path connected, 93
locally path connected, 98, 162
path lifting theorem, 137
homotopy path lifting theorem, 147
point, 11
even, 103
final, 92
initial, 92
odd, 103
Polish circle, 165
polygon, Jordan, 101
presentation of a group, 178
prime knot, 228
prism operator, 246
product
cartesian, 1
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direct, 1, 3
metric, 40
of paths, 118
of topological spaces, 39
projections, 40
space, 39
projection map, 40
projective plane, 33
fundamental group, 149, 186, 197
homology group, 257
projective space, 27
fundamental group, 149, 186
proper double point, 213, 221
properly discontinuous group action, 143
property C, 130

quotient
group, 4
set, 37
space, 37
topology, 27

rank of a free abelian group, 4
ray, 102
real projective plane, 33
fundamental group, 149, 186, 197
homology group, 257
real projective space, 27
fundamental group, 149, 186
reduced cone, 258
reduced homology theory, 258
reduced suspension, 257
reduced word, 177
reflection map, 256
regular covering, 153
regular space, 51
relation(s), 2, 179
equivalence relation, 2
relative topology, 20
relators, 178
restriction of a map, 2
retract, 114
deformation, 114
strong deformation, 115
weak, 116
weak deformation, 116
retraction, 114
right coset, 3
right G-action, 36
right hand frame, 211

Schoenflies theorem, 209
Seifert-Van Kampen theorem, 181
semilocally simply connected, 171
separates, 88

separation conditions, 50
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sewing on a cylinder, 81
sewing on a handle, 81
sewing on a Maobius strip, 82
similar knots, 211
simple chain, 98
simple closed curve, 88, 100, 149
simplex
singular, 240
standard, 239
simply connected, 130
semilocally simply connected, 171
singular homology group, 242
singular n-chain, 240
singular n-simplex, 240
space
arcwise connected, 93
base, 143
compact, 45
connected, 58
contractible, 114
covering, 143
filling curve, 99
G, 37
H-, 132
Hausdorff, 50
identification, 29
locally compact, 49
metric, 6
path connected, 93
projective, 27
quotient, 37
regular, 51
topological, 11
Ty 51
sphere, 20
fundamental group, 131, 174, 186
homology group, 255
square knot, 210
group, 227
stabilizer, 36
standard n-simplex, 239
standard n-sphere, 20
standard surface, 82
stereographic projection, 68
strongest topology, 28
strong defomration retract, 115
subcover, 44
subgroup, 3
commutator, 4
normal, 3
subspace, 20
subspace topology, 20
sum
direct, 3
connected, 79, 88, 228

surface
classification theorem, 80
connected sum, 79
definition, 79
fundamental group, 202
genus of, 82
non-orientable, 82
orientable, 82
standard, 82
with boundary, 91
surjective function, 2
suspension
axiom, 259
homomorphism, 258
reduced, 257

tame knot, 221
group, 224
teacup, 21
terminal point, 92
Tietze transformation, 180
Tk-spaee. S1
topological identification, 29

topological invariance of dimension, 257

topological group, 132
topological product, 39
topological space, 11
topology
compact-open, 49
concrete, 11
definition, 11
discrete, 11
finite complement, 12
indiscrete, 11
induced, 20
metric, 11
product, 39
quotient, 27
relative, 20
strongest, 28
subspace, 20
usual, 11
weakest, 25
torus, 30, 31
double torus, 73
fundamental group, 140, 149, 195
torus knot, 216
transformation
covering, 150
Tietze, 180
transitive group action, 152
trefoil knot, 210
group, 217, 226
triangle inequality, 6
trivial group, 3
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true lovers knot, 210

uniformly continuous, 103
unique lifting property, 146
unit circle, 20
unit interval, 44
unit n-cube, 48
unit n-disc, 68
unit n-sphere, 20
unit square, 21
universal covering, 170
universal mapping property
of products, 41
of quotients, 28
unknotted knot, 209
group, 213

269

usual metric, 7
usual topology, 11

vertices of an arc, 77
vertices of a simplex, 239

Wada, Lakes of, 100
weak deformation retract, 116
weak retract, 116
weakest topology, 25
wild knot, 222
word, 177
empty, 177
reduced, 177

zeroth homology group, 243
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