
Lynn Arthur Steen 
J. Arthur Seebach, Jr. 

Counterexamples 
in Topology 

Second Edition 

Springer-Verlag 
New York Heidelberg Berlin 



Lynn Arthur Steen 

Saint Olaf College 
Northfield, Minn. 55057 
USA 

AMS Subject Classification: 54·01 

J. Arthur Seebach, Jr. 

Saint Olaf College 
Northfield, Minn. 55057 
USA 

Library of Congress Cataloging in Publication Data 

Steen, Lynn A 1941· 
Counterexamples in topology. 
Bibliography: p. 

Includes index. 
1. Topological spaces. I. Seebach, J. Arthur, joint author. 

II. Title 
QA611.3.S74 1978 

All rights reserved. 

514'.3 78·1623 

No part of this book may be translated or reproduced in 
any form without written permission from Springer.Verlag 

Copyright © 1970, 1978 by Springer·Verlag New York Inc. 
The first edition was published in 1970 by Holt, Rinehart, and Winston Inc. 

9 8 7 6 5 4 321 

ISBN-13: 978-0-387-90312-5 
DOl: 1007/978-1-4612-6290-9 

e-ISBN-13:978-1-4612-6290-9 



Preface 

The creative process of mathematics, both historically and individually, 
may be described as a counterpoint between theorems and examples. Al
though it would be hazardous to claim that the creation of significant 
examples is less demanding than the development of theory, we have dis
covered that focusing on examples is a particularly expeditious means of 
involving undergraduate mathematics students in actual research. Not only 
are examples more concrete than theorems-and thus more accessible-but 
they cut across individual theories and make it both appropriate and neces
sary for the student to explore the entire literature in journals as well as 
texts. Indeed, much of the content of this book was first outlined by under
graduate research teams working with the authors at Saint Olaf College 
during the summers of 1967 and 1968. 

In compiling and editing material for this book, both the authors and 
their undergraduate assistants realized a substantial increment in topologi
cal insight as a direct result of chasing through details of each example. We 
hope our readers will have a similar experience. Each of the 143 examples in 
this book provides innumerable concrete illustrations of definitions, theo
rems, and general methods of proof. There is no better way, for instance, to 
learn what the definition of metacompactness really means than to try to 
prove that Niemytzki's tangent disc topology is not metacompact. 

The search for counterexamples is as lively and creative an activity as 
can be found in mathematics research. Topology particularly is replete 
with unreported or unsolved problems (do you know an example of a 
Hausdorff topological space which is separable and locally compact, but 
not CT-compact?), and the process of modifying old examples or creating 
new ones requires a wild and uninhibited geometric imagination. Far from 
providing all relevant examples, this book provides a context in which to 
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iv Preface 

ask new questions and seek new answers. We hope that each reader will 
share (and not just vicariously) in the excitement of the hunt. 

Counterexamples in Topology was originally designed, not as a text, but 
as a course supplement and reference work for undergraduate and graduate 
students of general topology, as well as for their teachers. For such use, the 
reader should scan the book and stop occasionally for a guided tour of the 
various examples. The authors have used it in this manner as a supplement 
to a standard textbook and found it to be a valuable aid. 

There are, however, two rather different circumstances under which this 
monograph could most appropriately be used as the exclusive reference in 
a topology course. An instructor who wishes to develop his own theory in 
class lecture may well find the succinct exposition which precedes the 
examples an appropriate minimal source of definitions and structure. On 
the other hand, Counterexamples in Topology may provide sufficiently few 
proofs to serve as a basis for an inductive, Moore-type topology course. In 
either case, the book gives the instructor the flexibility to design his own 
course, and the students a wealth of historically and mathematically sig
nificant examples. 

A counterexample, in its most restricted sense, is an example which dis
proves a famous conjecture. We choose to interpret the word more broadly, 
particularly since all examples of general topology, especially as viewed by 
beginning students, stand in contrast to the canon of the real line. So in 
this sense any example which in some respect stands opposite to the reals 
is truly a Gegenbeispiel. Having said that, we should offer some rationale 
for our inclusions and omissions. In general we opted for examples which 
Wf're necessary to distinguish definitions, and for famous, well known, or 
simply unusual examples even if they exhibited no new properties. Of course, 
what is well known to others may be unknown to us, so we acknowledge 
with regret the probable omission of certain deserving examples. 

In choosing among competing definitions we generally adopted the 
strategy of making no unnecessary assumptions. With rare exception 
therefore, we define all properties for all topological spaces, and not just 
for, for instance, Hausdorff spaces. 

Often we give only a brief outline or hint of a proof; this is intentional, but 
we caution readers against inferring that we believe the result trivial. 
Rather, in most cases, we believe the result to be a worthwhile exercise 
which could be done, using the hint, in a reasonable period of time. Some 
of the more difficult steps are discussed in the Notes at the end of the book. 

The examples are ordered very roughly by their appropriateness to the 
definitions as set forth in the first section. This is a very crude guide whose 
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only reliable consequence is that the numerical order has no correlation 
with the difficulty of the example. To aid an instructor in recommending 
examples for study, we submit the following informal classification by 
sophistication: 

Elementary: 1-25, 27-28, 3~34, 38, ~7, 49-50, 52-59, 62-64, 
73-74, 81, 86-89, 97, 104, 109, 115-123, 132-135, 137, 
139-140. 

Intermediate: 26, 29, 35-37, 39, 48, 51, 65-72, 75-80, 82-85, ~91, 
93-96,98-102,105-108,113-114,124,126-127,130,136, 
138, 141. 

Advanced: ~1, 92, 103, 11G-112, 125, 128-129, 131, 142, 143. 

The discussion of each example is geared to its general level : what is proved 
in detail in an elementary example may be assumed without comment in a 
more advanced example. 

In many ways the most useful part of this book for reference may be the 
appendices. We have gathered there in tabular form a composite picture 
of the most significant counterexamples, so a person who is searching for 
Hausdorff nonregular spaces can easily discover a few. Notes are provided 
which in addition to serving as a guide to the Bibliography, provide added 
detail for many results assumed in the first two sections. A collection of 
problems related to the examples should prove most helpful if the book is 
used as a text. Many of the problems ask for justification of entries in the 
various tables where these entries are not explicitly discussed in the example. 
Many easy problems of the form "justify the assertion that . . ." have not 
been listed, since these can readily be invented by the instructor according 
to his own taste. 

In most instances, the index includes only the initial (or defining) use of 
a term. For obvious reasons, no attempt has been made to include in the 
index all occurrences of a property throughout the book. But the General 
Reference Chart (pp. 17~ 179) provides a complete cross-tabulation of 
examples with properties and should facilitate the quick location of exam
ples of any specific type. The chart was prepared by an IBM 1130 using a 
program which enables the computer to derive, from the theorems dis
cussed in Part I, the properties for each example which follow logically 
from those discussed in Part II. 

Examples are numbered consecutively and referred to by their numbers 
in all charts. In those few cases where a minor but inelegant modification of 
an example is needed to produce the desired concatenation of properties, 
we use a decimal to indicate a particular point within an example: 23.17 
means the 17th point in Example 23. 
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The research for this book was begun in the summer of 1967 by an under
graduate research group working with the authors under a grant from the 
National Science Foundation. This work was continued by the authors 
with support from a grant by the Research Corporation, and again in the 
summer of 1968 with the assistance of an N .S.F. sponsored undergraduate 
research group. The students who participated in the undergraduate re
search groups were John Feroe, Gary Gruenhage, Thomas Leffler, Mary 
Malcolm, Susan Martens, Linda Ness, Neil Omvedt, Karen Sjoquist, and 
Gail Tverberg. We acknowledge that theirs was a twofold contribution: 
not only did they explore and develop many examples, but they proved by 
their own example the efficacy of examples for the undergraduate study of 
topology. 

Finally, we thank Rebecca Langholz who with precision, forbearance, and 
unfailing good humor typed in two years three complete preliminary edi
tions of this manuscript. 

Northfield, Minn. 
January 1970 

Lynn Arthur Steen 
J. Arthur Seebach, Jr. 

Preface to the Second Edition 
In the eight years since the original edition of Counterexamples ap

peared, many readers have written pointing out errors, filling in gaps in the 
reference charts, and supplying many answers to the rhetorical question 
i_n our preface. In these same eight years research in topology produced 
many new results on the frontier of metrization theory, set theory, to
pology and logic. 

This Second Edition contains corrections to errors in the first edition, 
reports of recent developments in certain examples with current refer
ences, and, most importantly, a revised version of the first author's pa
per "Conjectures and counterexamples in metrization theory" which 
appeared in the American Mathematical Monthly (Vol. 79, 1972, pp. 
1t13-132). This paper appears as Fart III of this Second Edition by per
mission of the Mathematical Association of America. 

We would like to thank all who have taken the time to write with 
corrections and addenda, and especially Eric van Douwen for his exten
sive notes on the original edition which helped us fill in gaps and correct 
errors. The interest of such readers and of our new publisher Springer
Verlag has made this second edition possible. 

Northfield, Minn. 
April 1978 

Lynn Arthur Steen 
J. Arthur Seebach, Jr. 
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SECTION J 

General Introduction 

A topological space is a pair (X,T) consisting of a set X and a collec-
tion T of subsets of X, called open sets, satisfying the following axioms: 

0 1: The union of open sets is an open set. 
O2 : The finite intersection of open sets is an open set. 
0 3 : X and the empty set 0 are open sets. 

The collection T is called a topology for X. The topological space (X,T) is 
sometimes referred to as the space X when it is clear which topology X 
carries. 

If T1 and T2 are topologies for a set X, Tl is said to be coarser (or weaker 
or smaller) than T2 if every open set of T1 is an open set of T2. T2 is then said 
to be finer (or stronger or larger) thanT1, and the relationship is expressed 
as T1 ~ T2. Of course, as sets of sets, Tl ~ T2. On a set X, the coarsest topol
ogy is the indiscrete topology (Example 4), and the finest topology is the 
discrete topology (Example 1). The ordering ~ is only a partial ordering, 
since two topologies may not be comparable (Example 8.8). 

In a topological space (X,T), we define a subset of X to be closed if its 
complement is an open set of X, that is, if its complement is an element of T. 

The De Morgan laws imply that closed sets, being complements of open 
sets, have the following properties: 

C1: The intersection of closed sets is a closed set. 
C2 : The finite union of closed sets is a closed set. 
C3 : X and the empty set 0 are both closed. 

It is possible that a subset be both open and closed (Example 1), or that a 
subset be neither open nor closed (Examples 4 and 28). 

An F,,-set is a set which can be written as the union of a countable col-

3 
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lection of closed sets; a G,-set is a set which can be written as the inter
section of a countable collection of open sets. The complement of every 
F .. -set is aG,-set and conversely. Since a single set is, trivially, a countable 
collection of sets, closed sets are F .. -sets, but not conversely (Example 19). 
Furthermore, closed sets need not beG,-sets (Example 19). By complemen
tation analogous statements hold concerning open sets. 

Closely related to the concept of an open set is that of a neighborhood. 
In a space (X,T), a neighborhood N A of a set A, where A may be a set con
sisting of a single point, is any subset of X which contains an open set con
taining A. (Some authors require that N A itself be open; we call such sets 
open neighborhoods.) A set which is a neighborhood of each of its points 
is open since it can be expressed as the union of open sets containing each 
of its points. 

Any collection S of subsets of X may be used as a subbasis (or subbase) 
to generate a topology for X. This is done by taking as open sets of T all 
sets which can be formed by the union of finite intersections of sets in S, 
together with 0 and X. If the union of subsets in a subbasis S is the set X 
and if each point contained in the intersection of two subbasis elements is 
also contained in a subbasis element contained in the intersection, S is 
called a basis (or base) for T. In this case, T is the collection of all sets which 
can be written as a union of elements of S. Finite intersections need not be 
taken first, since each finite intersection is already a union of elements of S. 
If two bases (or subbases) generate the same topology, they are said to be 
equivalent (Example 28). A local basis at the point x E X is a collection 
of open neighborhoods of x with the property that every open set contain
ing x contains some set in the collection. 

Given a topological space (X,T) , a topology Ty can be defined for any 
subset Y of X by taking as open sets in Ty every set which is the intersec
tion of Yand an open set in T. The pair (Y,TY) is called a subspace of 
(X,T), and Ty is called the induced (or relative, or subspace) topology 
for Y. A set V C Y is said to have a particular property relative to Y 
(such as open relative to Y) if V has the property in the subspace (Y,TY). 
A set Y is said to have a property which has been defined only for topo
logical spaces if it has the property when considered as a subspace. If for 
a particular property, every subspace has the property whenever a space 
does, the property is said to be hereditary. If every closed subset when 
considered as a subspace has a property whenever the space has that 
property, that property is said to be weakly hereditary. 

An important example of a weakly hereditary property is compactness. 
A space X is said to be compact if from every open cover, that is, a 
collection of open sets whose union contains X, one can select a finite 
subcollection whose udion also contains X. Every closed subset Y of a 
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compact space is compact, since if lOa} is an open cover for Y, lOa} U 
(X - Y) is an open cover for X. From lOa} U (X - Y), one can choose 
a finite subcollection covering X, and from this one can choose an appro
priate cover for Y containing only elements of lOa} simply by omitting 
X - Y. A compact subset of a compact space need not be closed (Examples 
4, 18). 

LIMIT POINTS 

A point p is a limit point of a set A if every open set containing p con
tains at least one point of A distinct from p. (If the point of A is not re
quired to be distinct from p, p is called an adherent point.) Particular 
kinds of limit points are w-accumulation points, for which every open 
set containing p must contain infinitely many points of A, and condensa
tion points, for which every open set containing p must contain uncount
ably many points of A. Examples 8 and 32 distinguish these definitions. 

The concept of limit point may also be defined for sequences of not 
necessarily distinct points. A point p is said to be a limit point of a 
sequence {Xn}, n = 1, 2, 3, ... if every open set containing p contains 
all but finitely many terms of the sequence. The sequence is then said to 
converge to the point p. A weaker condition on p is that every open set 
containing p contains infinitely many terms of the sequence. In this case, p 
is called an accumulation point of the sequence. It is possible that a 
sequence has uncountably many limit points (Example 4), both a limit 
point and an accumulation point that is not a limit point (Example 53), 
or a single accumulation point that is not a limit point (Example 28). 

Since a sequence may be thought of as a special type of ordered set, each 
sequence has associated with it, in a natural way, the set consisting of its 
elements. On the other hand, every countably infinite set has associated 
with it many sequences whose terms are points of the set. There is little 
relation between the limit points of a sequence and the limit points of its 
associated set. A point may be a limit point of a sequence, but only an 
adherent point of the associated set (Example 1). If the points of the 
sequence are distinct, any accumulation point (and therefore alty limit 
point) of the sequence is an w-accumulation point of the associated set. 
Likewise, any w-accumulation point of a countably infinite set is also an 
accumulation point (but not necessarily a limit point) of any sequence 
corresponding to the set. Xot too surprisingly, a point may be a limit point 
of a countably infinite set, but a corresponding sequence may have no 
limit or accumulation point (Example 8). 

If A is a subset of a topological space X, the derived set of the set A is 
the collection of all limit points of A. Generally this includes some points 
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of A and some points of its complement. Any point of A not in the derived 
set is called an isolated point since it must be contained in an open set 
containing no other point of A. If A contains no isolated points, it is called 
dense-in-itself. If in addition A is closed, it is said to be perfect. A 
closed set A contains all of its limit points since for every x E (X - A), 
X - A is an open set containing x and no points of A. Also, a set containing 
its limit points is closed since X - A contains a neighborhood of each of its 
points, so is open. Therefore we see that a set is perfect if and only if it 
equals its derived set. 

CLOSURES AND INTERIORS 

The closure of a set A is the set together with its limit points, denoted 
by A (or A -). Since a set which contains its limit points is closed, the 
closure of a set may be defined equivalently as the smallest closed set con
taining A. Allowing A to be A plus its w-accumulation points or cond!'lnsa
tion points would permit A, the closure of A, not to be closed (Example 
50.9), which is clearly undesirable. Analogously, we define the interior of 
a set A, denoted by Ao, to be the largest open set contained in A, or equiv
alently, the union of all open sets in A. Clearly the interior of A equals the 
complement of the closure of the complement of A. 

There are at most fourteen different sets that can be formed from a given 
set A by successive applications of the closure and complement operations. 
Indeed, these two operations generate a semigroup with fourteen members. 
These sets are intricately related by inclusion and there is an example of a 
set A for which all fourteen sets are distinct (Example 32.9). An open set 
for which A = A-o is called regular open, and a closed set for which 
A = A 0- is called regular closed. 

The union of the closures of finitely many sets always equals the closure 
of their union; for infinite collections it need only be contained in the 
closure of the union (Example 30). Similarly, the intersection of the in
teriors always contains the interior of the intersection, though they are 
equal only for finite intersections (Example 32.4). The intersection of 
finitely many regular open sets is regular open and the union of finitely 
many regular closed sets is regular closed, but the intersection of regular 
closed sets need not be regular closed (Example 32.6), and by complemen
tation, the union of regular open sets need not be regular open. 

The set of all points which are in the closure of A but not in the interior 
of A is the boundary (or frontier) of A, denoted by Ab. Ab is also equal 
to A-(1 (X - A)-, sinee Ab = A- - Ao = A-(1 eX - A)-. A set is 
closed if and only if it contains its boundary, and is open if and only if it is 
disjoint from its boundary. Therefore a set is both open and closed if and 
only if its boundary is empty. A boundary is always closed since it is the 
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intersection of two closed sets. The boundary of the boundary of a set, A bb, 

need not equal A b, although A bb is always contained in A b (Example 4). 
The exterior Ae of a set A is the complement of the closure of A, or 

equivalently, the interior of the complement of A. In general, A 0 is con
tained in A", but they need not be equal (Example 51). The exterior of 
the union of sets is always contained in the intersection of the exteriors, 
and similarly, the exterior of the intersection is contained in the union of 
the exteriors; equality holds only for finite unions and intersections. 

If two sets A and B have the property that A n B = A n B = 0, they 
are called separated. A set A in a topological space X is connected if it 
cannot be written as the union of two separated sets. 

COUNTABILITY PROPERTIES 

A set A is said to be dense in a space X if every point of X is a point 
or a limit point of A, that is, if X = A. A subset A of X is said to be 
nowhere dense in X if no nonempty open set of X is contained in A. In 
other words, the interior of the closure of a nowhere dense set is empty. A 
set is said to be of first category (or meager) in X if it is the union of a 
countable collection of nowhere dense subsets of X. Any other set is said to 
be of second category. 

A space is said to be separable if it has a countable dense subset. It is 
said to be second countable (or completely separable, or perfectly 
separable) if it has a countable basis. A space is first countable if at 
each point p of the space, there is a countable local basis, that is, a count
able collection of open neighborhoods of p such that each open set con
taining p contains a member of the collection. Every second countable space 
is both first countable and separable. The first countability is obvious, 
while the separability follows from the observation that the union of one 
point from each basis element forms a countable dense subset. A separable 
space need not be even first countable (Example 19). 

The property of being first countable and the property of being second 
countable are both hereditary, but the property of being separable is not 
even weakly hereditary (Example 10). A subspace A of a first countable 
space is first countable, since the intersection of A with the countable local 
basis for the space provides a countable local basis for A; similarly, every 
subspace of a second countable space is second countable. 

FUNCTIONS 

Functions on spaces are important tools for studying properties of spaces 
and for constructing new spaces from previously existing ones. A function f 
from a space (X,r) to a space (Y,u) is said to be continuous if the inverse 
image of every open set is open. This is equivalent to requiring that the 
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inverse image of closed sets be closed, or that for each subset A of X, 
f(A) C f(A). Another equivalent condition is that for each x in X and each 
neighborhood N of f(x), there exists a neighborhood M of x such that 
f(M) C N. If this last condition holds at a particular point p, the function 
is said to be continuous at the point p. 

The composition g 0 f is continuous whenever f: X ~ Y and g: Y ~Z 
are both continuous, since the inverse image under g of an open set in Z is 
an open set in Y, and the inverse image of that open set under f is again 
an open set in X. 

A functionf from (X,T) to (Y,u) is said to be open if the image under f of 
each open set is open, and closed if the image under f of every closed set is 
closed. For bijective (one-to-one and onto) functions, the conditions of 
being open and of being closed are equivalent, although in general they are 
not equivalent (Example .?3). It is not difficult to see that f is an open 
bijective function if and only if f-1 is a continuous bijective function. 

A bijective function f from X to Y is a homeomorphism if f and f- 1 

are continuous, or equivalently, if f is both continuous and open, or if 
f(A) = f(A) for all A. X and Yare then topologically equivalent or 
homeomorphic. Such spaces are indistinguishable from a topological 
point of view. It is possible, though, that two spaces formed by assigning 
topologies T and T* to a set X may be homeomorphic, even though T and T* 

are not identical nor even comparable (Example 8.8). It is also possible 
that two sets, A andB, A C X andB C Y where X and Yare homeomor
phic, may be topologically equivalent as subspaces, but because of the 
nature of X and Y there may be no homeomorphism of X and Y taking A 
onto B (Example 32.7). 

A property is said to be a topological invariant (or topological 
property) if whenever one space possesses a given property, any space 
homeomorphic to it also possesses the same property. Similarly, a property 
is called a continuous, open, or closed invariant if any continuous 
(respectively open, closed) image of a space possessing the property also 
possesses the property. Both separability and compactness are continuous 
invariants. 

For a given collection of topological spaces (Xa,Ta), where a E A, an 
indexing set, the product space is defip.'3d to be the usual Cartesian prod
uct II X a of all the sets X a, together with the coarsest topology on this set 
such that all of the coordinate projections 'Ira are continuous. This coarsest 
topology is called the Tychonoff topology and has as a subbasis all inverse 
images under projections of open sets of the Xa'S, that is, "open cylinders" 
of the form 'lra-1( U). It follows immediately from this description of the 
sub basis thatf:Z ~ II Xa is continuous iff 'Ira 0 fis continuous for eacha. 

If (X,T) is a topological space, Ya set, andf: X ~ Y a function, there 
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is then a finest topology u for Y relative to ,yhich f is continuous. We may 
describe u explicitly by noting that V C Y is an element of u (open in Y) 
iff f-I(V) is in T. This topology, which depends on f: X ~ Y and T, is 
called the identification topology on Y with respect tof and (X,T). Now 
if R is an equivalence relation on X, if p: X ~ XI R is the usual projection 
function which maps each x E X to its equivalence class [xl in X I R, and 
if u is the identification topology on XjR with respect to p, then (XIR,u) 
is called the quotient space of (X,T) by the relation R. An important 
special case arises whenever A is a subspace of X. One may then define an 
equivalence relation R on X by declaring x ,....., y iff x = y or x and yare 
both in A. In this case XjR is usually written XIA and is called the quo
tient of X by A. 

If (X,T) and (Y,u) are two topological spaces, the topological sum 
(Z,cp) of X and Y is defined by taking for the setZ the disjoint union of the 
sets X and Y, that is, the union of X and Y where X and Yare decreed 
to have no common elements. The topology cp is defined as the topology 
generated by the union of T and u. cp is characterized by being the finest 
topology on Z in which the inclusion functions from (X,T) and (Y,u) are 
continuous. 

FILTERS 

A filter on a set X is a collection F of subsets of X with the following 
properties: 

F1 : Every subset of X which contains a set of F belongs to F. 
F 2 : Every finite intersection of sets of F belongs to F. 
F 3: The empty set is not in F. 

The set X with the filter F is called a set filtered by F, or just a filtered set. 
If ill is a nonempty set of subsets of X which does not contain >0, then 

the collection of all subsets of X which contain some member of ill is a 
filter F if and only if the intersection of any two sets in ill contains a set in ill. 
Such a set ill is called a base of the filter F and F is called the filter generated 
by ill. Equivalently, a subset ill of a filter F is a base of F if and only if 
every set of F contains a set of ill. Two filter bases are said to be equivalent 
if they generate the same filter. Conditions F2 and F3 imply that the family 
of sets F satisfies the finite intersection property, that is, that the inter
section of any finite number of sets of the family is nonempty. Conversely, 
any family of sets satisfying the finite intersection property is a subbase 
for a filter F since the family together with the finite intersections of its 
members is a filter base. 

If F, pi are two filters on the same set X, F' is said to be finer than F 
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(or F is coarser than F') if F C F'. If also F ;;6 F', then F' is said to be 
strictly finer than F, or F strictly coarser than F'. Two filters are said to 
be comparable if one is finer than the other. A filter F' with base (B' is 
finer than a filter F with a base (B if and only if every set of (B contains a 
set of (B'. 

If a filter F on X has the property that there is no filter on X which is 
strictly finer than F, F is called an ultrafilter on X. Equivalently, F is an 
ultrafilter if and only if for every two disjoint subsets A and B of X such 
that A VB E F, then either A E F or B E F. Thus if F is an ultrafilter 
and E C X then either E or X - E is inFo Furthermore, if F and F' are dis
tinct, there exists a set A such that A E F and A f/. F'; but then X - A 
E F', so we have A E F and X - A E F'. 

If a point x is in all the sets of a filter we call it a cluster point; clearly 
an ultrafilter can have at most one cluster point. An ultrafilter with a cluster 
point p is just the set of all sets containing that point and is called a fixed, 
or principal ultrafilter; an ultrafilter with no cluster point is called free, 
or nonprincipal. 

If X is a topological space, the set N of all neighborhoods of an arbitrary 
nonempty subset A of X is called the neighborhood filter of A. Let F 
be any filter on X. A point x E X is said to be a limit point of F if F is 
finer than the neighborhood filter N of x; F is also said to converge to x. 
The point x is said to be a limit of a filter base (B on X, and (B is said to 
converge to x, if the filter whose base is (B converges to x. Equivalently, a 
filter base CB on a topological space X is said to converge to x if and only if 
every neighborhood of x contains a set of (B. 



SECTION 2 

Separation Axioms 

It is often desirable for a topologist to be able to assign to a set of objects 
a topology about which he knows a great deal in advance. This can be done 
by stipulating that the topology must satisfy axioms in addition to those 
generally required of topological spaces. 

One such collection of conditions is given by means of axioms called Ti 
or separation axioms. These stipulate the degree to which distinct points or 
closed sets may be separated by open sets. Let (X,T) be a topological 
space. 

To axiom: If a,b E X, there exists an open set 0 E T such that either 
a E 0 and b f/. 0, or b E 0 and a f/. O. 

1'1 axiom: If a,b E X, there exist open sets Oa, Ob E T containing a 
and b respectively, such that b f/. Oa and a f/. Ob. 

1'2 axiom: If a,b E X, there exist disjoint open sets Oa and Ob con
taining a and b respectively. 

1'3 axiom: If A is a closed set and b is a point not in A, there exist 
disjoint open sets 0 A and Ob containing A and b respectively. 

l' 4 axiom: If A and B are disjoint closed sets in X, there exist dis
joint open sets OA and DB containing A and B respectively. 

l' 6 axiom: If A and B are separated sets in X, there exist disj oint open 
sets OA and OB containing A and B respectively. 

If (X,T) satisfies a Ti axiom, X is called a Ti space. A To space is some
times called a Kolmogorov space and a 1'1 space, a Frechet space. We 
will conform to common practice and call a 1'2 space a Hausdorff space. 

It follows from the Ti axioms that To spaces are characterized by the fact 
that no two points can be limit points of each other. Similarly, 1\ spaces are 
characterized by points being closed, and 1'; spaces by points being the 

11 
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intersection of their closed neighborhoods. Ta spaces may be characterized 
either by the fact that each open set contains a closed neighborhood around 
each of its points, or by the property that each closed set is the intersection 
of its closed neighborhoods. A space is T 4 iff every open set 0 contains a 
closed neighborhood of each closed set contained in O. It is To iff every 
subset Y contains a closed neighborhood of each set A C yo where A C Y. 

Each of these axioms is independent of the axioms for a topological space; 
in fact there exist examples of topological spaces which fail to satisfy any T i 
axiom (Example 21). But they are not independent of each other, since 
for instance, axiom T2 implies axiom Tl and axiom Tl implies axiom To. 
There are, on the other hand, To spaces which fail to satisfy every other 
separation axiom (Example 53) and Tl spaces which do not satisfy any 
separation axiom but the To axiom (Example 18); similarly, there are T2 
spaces which fail to be Ta, T 4 or To (Example 75). Furthermore, neither the 
Ta axiom nor the T4 axiom implies any of the other separation axioms 
(Examples 90.4 and 21.8) nor is either generally implied by them though 
in compact spaces T2 implies T4 but not To (Example 86). The 1\ axiom 
does however imply T 4, though it is independent of the other separation 
aXlOms. 

REGULAR AND NORMAL SPACES 

More important than the separation axioms themselves is the fact that 
they can be employed to define successively stronger properties. To this 
end, we note that if a space is both Ta and To, it is T 2, while a space that is 
both T4 and Tl must be Ta. The former spaces are called regular, and the 
latter normal. 

Specifically a space X is said to be regular if and only if it is both a To 
and a Ta space; to be normal if and only if it is both a Tl and a T4 space; 
to be completely normal if and only if it is both a T 1 and a T 5 space. 
Thus, we have the following sequence of implications: 

Completely normal =} Normal =} Regular =} Hausdorff =} Tl =} To. 

Examples 86, 82, 75, 18, and 53 show that the implications are not revers
ible. A T 4 space (or T 5 space) must be a T 1 space in order to guarantee that 
it is a Ta space, for there are T4 spaces (and To spaces) which are To and 
yet fail to be Ta (Example 55). 

The use of the terms "regular" and "normal" is not uniform throughout 
the literature. While some authors use these terms interchangeably with 
"Ta space" and "T 4 space" respectively, others refer to our Ta space as a 
"regular" space and vice versa, and similarly permute "1\ space" and 
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"normal." This allows the successively stronger properties to correspond to 
increasing Ti axioms. We prefer, however, to allow a Ti space to be a space 
satisfying the corresponding T i axiom, and content ourselves with labeling 
the successively stronger properties with unique terminology. 

COMPLETELY HAUSDORFF SPACES 

We will now introduce two variations of the separation properties. The 
first involves the use of closed neighborhoods in place of open sets in axioms 
T2, T3, and T 4 • 

Since in normal spaces every open set 0 contains a closed neighborhood 
of each closed set contained in 0, if X is a normal space and if A and Bare 
disjoint closed subsets, there exist open sets OA and OB containing A and B, 
respectively, such that OA n OB = 0. So the use of closed neighborhoods 
in place of open sets in the definition of a normal space yields the same 
class of spaces. 

Similarly, if X is a regular space, A is a closed subset, and b is a point 
not in A, then there are open sets 0 A and Ob containing A and b respectively 
such that 0 A n Ob = 0. However, there are Hausdorff spaces which have 
two points which do not have disjoint closed neighborhoods (Example 75). 
Thus, we present the following new axiom. 

T 21 axiom: If a and b are two points of a topological space X, there 
exist open sets Oa and Oh containing a and b, respectively, 
such that Oa nOb = 0. 

A T21 space will be called a completely Hausdorff space. It is clear that 
every regular space is completely Hausdorff and every completely Haus
dorff space is Hausdorff. Since there are completely Hausdorff spaces which 
fail to be regular (Example 78), the completely Hausdorff property IS 

intermediate in strength between the properties Hausdorff and regular. 

COMPLETELY REGULAR SPACES 

The second variation of the separation axioms concerns the existence of 
certain continuous, real-valued functions. A Urysohn function for A and 
B, disjoint subsets of a space X, is a continuous functionj: X - [0,1] such 
that flA = 0 and fiB = l. 

Urysohn's famous lemma asserts that if A and B are disjoint closed sub
sets of a T 4 space, there exists a Urysohn function for A and B. Conversely, 
if there is a Urysohn function for any two disjoint closed sets A and B in 
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a space X, then X is a T 4 space. But the existence of such a function does 
not guarantee that X is a T 1 space and thus a normal space (Example 5). 

However, the statement for regular spaces analogous to Urysohn's lemma 
is false (Example 90), so we give the following new separation axiom: 

Tat axiom: If A is a closed subset of a space X and b is a point not in 
A, there is a U rysohn function for A and {b I . 

Then every Tal space is a Ta space, though not necessarily a T2 space 
(Example 5) unless it is also a To space. Such a space, which is both To 
and Tat, will be called completely regular, or Tychonofl. Thus com
pletely regular spaces are regular, Hausdorff, and therefore T 1• Since 
points are closed in normal spaces, it follows from Urysohn's lemma that 
normal spaces are completely regular. There are, however, regular spaces 
which fail to be completely regular (Example 90) and completely regular 
spaces which fail to be normal (Example 82). 

Although normal spaces are Taj, T4 spaces need not be (Example 55). 
But if a T 4 space is also Ta, even though possibly not normal, it must 
nevertheless be Tat for if the point p is disjoint from the closed set A in a Ta 
space, then there is an open neighborhood of A disjoint from p. The 
complement B of this neighborhood is a closed set disjoint from A, so if 
the space is also T 4, we can apply Urysohn's lemma to produce a Urysohn 
function for A and B. This function is clearly a U rysohn function for A 
and {pI also. 

We summarize the Ti implications and counterexamples in Figure 1 
where the numbers in parentheses indicate examples. In addition, we have 
the following simple diagram, in which none of the arrows reverse, and 
where the numbers refer to appropriate counterexamples: 

Compo N I Compo R I Compo T T T => orma => => egu ar => => 2 => 1 => o. 
norm. (86) (82{eg. (90) (78)Haus. (75) (18) (8) 

FUNCTIONS, PRODUCTS, AND SUBSPACES 

All the separation properties are topological properties, that is, they are 
preserved under homeomorphisms. However, certain of the properties are 
preserved under less restrictive functions. 

If X and Yare topological spaces, and f: X ~ Y is a closed bijection, 
and X is To, T 1, Hausdorff, or completely Hausdorff, then Y is To, T 1, 

Hausdorff, or completely Hausdorff, respectively. In particular, if Tl C T2 

are topologies for X, the identity function from (X,n) to (X,T2) is closed; 
hence, if (X,Tl) is To, Tb Hausdorff, or completely Hausdorff, then so is 
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(8) 

(18) 

(75) 

(78) 

T3 (90) 

T3t (82) 

T4 (86) (16.10) 

TS (39) (55) 

(90.S) (82.10) (86.6) (6) 

Figure 1. 

(21.8) 

T3t .. T3 

TS -T4 

T4 and T3 .. TJi 

(52) 

(X,T2). We call T2 an expansion of Tl and note that expansion preserves 
the above separation properties. The stronger separation properties are not, 
in general, preserved under expansion (Example 66). ~ 

Most separation properties are, however, preserved under product<;. If 
X = II X a , then X is a To, T1, Hausdorff, completely Hausdorff, regular, 
or completely regular space if and only if each of the Xa is To, T 1, Haus
dorff, completely Hausdorff, regular, or completely regular, respectively. 
If X is normal or completely normal, each Xa is normal or completely 
normal, but the converse does not hold (Example 84). 

Normality diverges from the remainder of the separation properties in 
the case of subspaces, also. For every subspace of a To, T 1, Hausdorff, com
pletely Hausdorff, regular, or completely regular space is To, TI, Hausdorff, 
completely Hausdorff, regular, or completely regular, respectively. But 
only closed subspaces of normal spaces need be normal (Example 86). 
However, every subspace of a completely normal space is completely nor
mal, since, a space is completely normal iff every subspace is normal. In 
fact, a space is T 6 iff every subspace is T 4. 
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ADDITIONAL SEPAMTION PROPERTIES 

Urysohn's lemma guarantees for 1'4 spaces the existence of a Urysohn 
function for any two disjoint closed sets. Requiring such a function for a 
point and a closed set gave the 1'31 property which was stronger than 
axiom 1'3. When applied to two points this requirement yields a condition 
even stronger than completely Hausdorff (Example 80). We call a space 
with a Urysohn function for any two points a Urysohn space. 

A 1'4 space in which every closed set is a G6 is often called perfectly T4. A 
perfectly 1'4 space which is also 1'1 will be called perfectly normal. Every 
perfectly normal space is completely normal, but not conversely (Exam
ple 24). 

Since each open set in a 1'3 space contains a closed neighborhood around 
each of its points, every open set in a 1'3 space can be written as the union of 
regular open sets. Since the converse is not true (Example 81), we will call 
semiregular all 1'2 spaces in which the regular open sets form a basis for 
the topology. Semiregular spaces are not necessarily either completely 
Hausdorff (Example 81) or Urysohn (Example 80). 

To (8) 

Tl (18) 

Hausdorff (75) 

Semiregular (81) 

Completely Hausdorff (80) (126) 

Regular (90) 

Urysohn (91) (88) (79) 

Completely regular (82) 

Normal (86) 

(43) 
Completely 
normal 

Perfectly 
normal 

(28) 

Figure 2. 
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If we add these new properties to the basic separation axiom structure, 
we obtain the summary Figure 2. The implications are best illustrated by 

Perf. Compo N I Comp·-.....U h 
=} =} 'orma =} --I' ryso n 

norm. norm. reg. 
!l !l 

R I Compo 
egu ar =} H aus. 
!l !l 

Semi-
=} T2 =} Tl =} To. 

regular 



SECTION 3 

Compactness 

A space satisfies a certain separation axiom only if the topology contains 
enough open sets to provide disjoint neighborhoods for certain disjoint sets. 
Compactness, however, limits the number of open sets in a topology, for 
every open cover of a compact topological space must contain a finite sub
cover. This difference between the separation axioms and the various forms 
of compactness is illustrated in the extreme by the double pointed finite 
complement topology (Example 18.7) which is not even To yet does satisfy 
all the forms of compactness. 

GLOBAL COMPACTNESS PROPERTIES 

A topological space X is compact if every open cover contains a finite 
subcover; equivalently, X is compact if it satisfies the finite intersection 
axiom, that is, if every family of closed subsets whose intersection is empty 
contains a finite subfamily whose intersection is empty. For if {Aa} is any 
family of closed sets such that n Aa = 0, then {X - Aa} is an open 
cover which has a finite subcover {X - Aa.\k S n}. By De Morgan's 
Law, X - U(X - Aa.) = 0 iff nA". = 0. Conversely, if the family 
lOa} is an open cover of X, then since n(X - 0,,) = 0, there is a finite 

n 

subfamily such that n (X - 0".) = 0. By De Morgan's Law, 
k=l 

n 

U 0". = X. An equivalent subbasis condition for compactness is given 
k=l 

by Alexander's Compactness Theorem: if a topological space X has a 
subbasis S such that from every cover of X by elements of S, a finite sub
cover can be selected, then X is compact. The condition is clearly necessary, 
but the proof of sufficiency uses the axiom of choice. 

18 
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Two generalizations of compactness may be obtained by weakening the 
requirement that subcovers be finite. A topological space is called IT-com
pact if it is the union of countably many compact sets, while a space is 
called Lindelof if every open cover has a countable subcover. Clearly 
every compact space is IT-compact and every u-compact space Lindelof. 
These implications are not reversible (Examples 28 and 51). 

A topological space is called countably compact if anyone of the fol-
lowing equivalent conditions is satisfied: 

CC1 : Every countable open cover of X has a finite subcover. 
CC2 : Every infinite set has an w-accumulation point in X. 
CCa: Every sequence has an accumulation point in X. 
CC.: Every countable collection of closed sets with an empty inter-

section has a finite subfamily with an empty intersection. 

Condition CC., the countable finite intersection axiom, is equivalent to 
CCI for the same reasons that the ordinary finite intersection axiom is 
equivalent to compactness. Conditions CC2 and cea are equivalent to each 
other since a point is an ",-accumulation point of a countably infinite set 
iff it is an accumulation point of that set viewed as a sequence. Now if the 
space X has a countable open cover {Od with no finite subcover, we can 

n 

find a set {Xn} of distinct points such that Xn f/. U Oi; this sequence can 
i=l 

have no w-accumulation point in X, for every point of X has a neighbor
hood, namely one of the Oi to which it belongs, which intersects only 
finitely many points of the set. Thus CC2 =} CCI • Conversely, if sex is 
a countably infinite set without an ",-accumulation point, each x E X 
would have an open neighborhood Ox which intersects atmostfinitelymany 
points of S. For each finite subset F of S, define OF = U IOxIO., n S = F}. 
Then {OF I is a countable open covering of X every finite subcollection of 
which includes at most finitely many points of S. Thus no finite subcollec
tion may cover X. 

Two other conditions are closely related, but not equivalent to countable 
compactness: a topological space is said to be sequentially compact if 
every sequence has a convergent subsequence, and weakly countably 
compact (or limit point compact) if every infinite set has a limit 
point. Sequential compactness clearly implies countable compactness, 
and since every ",-accumulation point is a limit point, every countably 
compact space is weakly countably compact. However, neither converse 
is necessarily true (Examples 105 and 106). However, in a Tl space, weak 
countable compactness is equivalent to countable compactness. For as
suming that x is a limit point of a set A, but not an ",-accumulation point, 
implies that some open set 0", containing x contains only a finite number 
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of points of A, say {al ... an}. But in a TI space, this implies that x 
has an open neighborhood which contains no points of A, that is, that x 
is not a limit point of A. 

Finally, a space X is called pseudocompact if every continuous real
valued function on X is bounded. Every countably compact space X is 
pseudocompact, since for a continuous function f on X, the sets Sn = 

{xl If(x) I < n} form a countable cover of X whose finite subcover yields a 
bound for the absolute value of j. Although the converse is not true (Exam
ple 9), every pseudocompact normal space is necessarily countably com
pact. Suppose not; then X would contain an infinite subset S = {x n } with 
no ",-accumulation point. Since X is T I , S is closed and discrete in the sub
space topology; since X is T 4, the Tietze extension theorem guarantees a 
continuous extension to X of the unbounded continuous functionf: S ~ R 
defined by f(xn) = n. This shows that X could n()t have been pseudo
compact. 

The relations between the varieties of global compactness may be sum
marized in this diagram: 

u-compact =} Lindelof 
~ 

Compact Weakly 
~ ~ countably 

Countably compact 
compact 

~ ~ 
Sequentially Pseudocompact. 
compact 

In general, none of the arrows reverse, though, trivially, every countably 
compact LindelOf space is compact. So Figure 3 summarizes both the impli
cations and counterexamples. 

LOCALIZED COMPACTNESS PROPERTIES 

A topological space is called locally compact if each point is contained 
in a compact neighborhood. Clearly every compact space X is locally com
pact, since X itself is a compact neighborhood of each of its points. 

A common nonequivalent variation of the definition of local compactness 
requires that each point be contained in an open set whose closure is com
pact. We shall call this concept stron~ local compactness since every 
space satisfying this condition is clearly locally compact; the converse, 
however, is not generally true (Example 52) although it does hold in 
Hausdorff spaces for in such spaces compact sets are closed, so the interior 
of every compact neighborhood has a compact closure. 
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r---------------------------------, 
(5.7) Weakly countably compact I 

r------------------------------~ 
I Pseudocompact (10.16) I 
I 
I Countably compact I 
I 

(106) 

I 
1 Cro~~~~_+ _____ ., 
: (21) (50) 

I I Sequentially : 
'----1-----------, I compact I 

I I (23) (42) I 
I I I 

(25.4) (6) I 
L ______ ,...-----..1 

I (105) L _____ 1----------+ 
(J _ compact (28): (75) I 

(10) I 

I I 
(25) (20) I L __________ ______ ..J 

Lindelof 

Figure 3. 

A different strong form of local compactness is obtained by requiring X 
to be both u-compact and locally compact: such a space is called u-locally 
compact. It suffices in fact to assume X locally compact and Lindelof, 
for such spaces must be u-compact: the interiors of the compact neighbor
hoods cover X, so some countable number of such interiors, and therefore 
of compact neighborhoods, covers X. 

Although both stronger properties imply local compactness, strong local 
compactness and (J'-local compactness are independent (Examples 3 and 52). 
We may summarize the implications as follows: 

C t (J'-locally L' d l"f ompac =} =} (J'-compact =} 1Il eo 
JJ, compact 

JJ, 
Strongly L II oca y locally =} • 

compact 
compact. 

The appropriate counterexamples are summarized in Figure 4. 

COUNTABILITY AXIOMS AND SEPARABILITY 

Although the previous compactness properties indirectly imply limita
tions on the number of open sets in a topology, the countability axioms 
introduced in the first section directly limit the number of open sets by 
restricting the number of basis elements. There are three major countability 
properties: a topological space is separable if it has a countable dense 
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Lindelof (51) 

a - compact (58) 

a -locally 
compact 

(52) (40) Compact 

I (24) 
I 
I 

(3) 
Strongly 
locally compact 

Locally compact 
(10) 

Figure 4. 

subset, second countable if it has a countable basis, and first countable 
if the neighborhood system of every point has a countable local basis. 
Clearly, every second countable space is first countable, separable and 
LindelOf, although none of these implications reverse. In fact, there are 
spaces which are first countable, separable and LindelOf but not second 
countable (Example 51). A special property which is strictly weaker than 
separability (Example 20) is the countable chain condition, which is 
the condition that every disjoint family of open sets is countable. 

In second countable spaces, compactness is equivalent to countable 
compactness. Similarly, in a first countable space, countable compactness 
is equivalent to sequential compactness, for if ISn} is any sequence in a 
countably compact space X with accumulation point p E X, there is a 
countable local base at p, say {V n\V1 :J V 2 :J Va ... }. Then a subsequence 
{Sn,} where Sn, E Vi converges to p. 

Figure 5 summarizes the important relations between the countability 
axioms and compactness. 

P ARACOMPACTNESS 

Several compactness properties which have both local and global aspects 
rely on the concept of a refinement of a cover. A cover {V fj} of a space X 
is a refinement of a cover { U a} if for each V /3 there is a U a such that 
V /3 C U a' A cover is point finite if each point belongs to only finitely 
many sets in the covering, and it is locally finite if each point has some 
neighborhood which intersects only finitely many members of the cover. 
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First countable 

(10) Countably 
(42) (42.15) compact 

(51) (15) 

Second countable 
(54) (13) 

(106) 

(24) Sequentially 
compact 

(lOS) 
Compact 

Undel8f 
(26) 

Figure 5. 

Finally, a cover {V ~ 1 of X is said to be a star refinemen t of a cover { U III 1 
if for each x E X there is some U a such that x' C U '" where x·, the star 
of x with respect to {V ~ I, is the union of all the sets V ~ of which x is an 
element. 

A space is called metacompact (or sometimes pointwise paracom
pact) if every open cover has an open point finite refinement, paracom
pact if every open cover has an open locally finite refinement, and fully T, 
if every open cover has a star refinement. The slightly weaker conditions of 
countable metacompactness and countable paracompactness re
quire only that every countable open cover have the desired type of refine
ment. A fully T4 space which is also Tl is called fully normal. As the nota
tion implies, every fully normal space is normal, and also paracompact. 

Clearly every compact space is paracompact, and every paracompact 
space metacompact. Although these implications are not reversible (Exam
ples 28 and 89), every metacompact space (and therefore every paracom
pact space) which is also countably compact must be compact. For if { U "I 
is any open covering of the metacompact space X, { u" 1 has an open point 
finite refinement IV~I. Now {v~1 has an irreducible (that is, a minimal) 
subcovering {V 'Y I, for if we order subcoverings by inclusion, the intersection 
of a chain of subcoverings is a subcovering: if x is not covered by the inter
section of the subcoverings, being contained in only finitely many V~, it 
would fail to be covered by one of the elements of the chain of subcoverings, 
a contradiction. Now {V 'Y 1 is a finite covering, for in each V'Y there is an 
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x"( belonging to no other element of the family {V "(} since the family is 
minimal and if the family {V "(} were infinite the set {x"(} would be an 
infinite set with no w-accumulation point. 

Thus we have the following implications: 

Fully normal =? Fully T 4 =? T 4 

Ll 
Compact =? Paracompact =? Metacompact 

Ll Ll Ll 
Countably Countably Countably 

=? =? 
compact paracompact metacompact. 

None of the implications is reversible, so Figure 6 can be used to summarize 
the necessary counterexamples. 

Just as a Lindelof countably compact space is compact every LindelOf 
countably metacompact space is metacompact and every LindelOf count
ably paracompact space is paracompact. Furthermore a separable meta
compact space is LindelOf. For if { U a} is an open cover with no countable 
subcover, and {V~} is a point finite refinement (uncountable, of course), 
and {X6} is a countable dense subset, then each V {J contains some X8 so some 
X6 is contained in uncountably many V oc , a contradiction to the nature of 
{V{J}. 

COMPACTNESS PROPERTIES AND THE Ti AxIOMS 

Although compactness and the separation axioms involve conflicting 
requirements on the number of open sets in the topology, when compact
ness properties are combined with the T2 or Ta axioms, the topology often 

Countably metacompact 

(78) 
Metacompact (89) 

Countably (143) 
paracompact 

Paracompact 

(42.16) 
(62) 

Fully nonnal 

(28) 

Countably Compact 
compact 

(42) 
(53) (I) 

Figure 6. 
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satisfies certain higher Ti axioms. For the compactness properties, by 
limiting the number of open ::lets in a cover, allow the desired disjoint open 
sets to be constructed by finite intersections. As a result compact sets in 
T2 or Ta spaces have the same properties as points, namely: two disjoint 
compact sets in a Hausdorff space have disjoint neighborhoods, while if A is 
a compact subset of Ta spaces, then for each open set U:J A, there is an 
open V such that A eve iT c U. Also, then, compact sets in a Haus
dorff space are closed. Thus a compact Hausdorff space is T 4 since closed 
subsets of a compact space are compact. In fact certain conditions weaker than 
compactness are sufficient for this, while other compact~ess properties result 
in only weaker conclusions. The precise nature of the implications following 
from the assumption of the T2 or Ta separation axioms is pictured in 
Figure 7. Furthermore, certain combinations of the compactness properties 
and separation axioms force a space to be of the second category in itself. 
This type of Baire category theorem applies both to locally compact 
Hausdorff spaces and to countably compact regular spaces. 

Compact Hausdorff topologies are especially interesting since any such 
topology T on a space X is both minimal Hausdorff as well as maximal 
compact. T is a minimal Hausdorff topology since if T· C T, the identity map 
f: (X,T) ~ (X/) would be continuous. Thus if A is closed in (X,T), it is 
compact (since (X,T) is compact) and thus f(A) is compact. If T· were 
Hausdorff, f(A) would be closed, and hence f would be a closed mapping
which would mean that T C T*. Thus no topology strictly smaller than T 
can be Hausdorff. Similarly, T is a maximal compact topology for if T· :J T, 

In T2 spaces: 

o - locally =====>:. Locally 
compact compact 

First countable and 
countably compact 

Paracompact ===:::» T 4========>=:> T3-!- ====::::::::» T3 

In T3 spaces: 

Second countable =============:» TS 

Paracom pact 

Lindelof ===:» ~ 
Fully T4 

Figure 7. 
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the identity map f: (X,T*) ~ (X,T) is a continuous bijection of a Hausdorff 
space to a compact Hausdorff space. If T' is also compact, f must be open, 
hence T' C T. Thus no topology strictly larger than T can be compact. 
Examples 99 and 100 show that the converse statements are not necessarily 
true: minimal Hausdorff topologies need not be compact, and maximal 
compact topologies need not be Hausdorff. 

We should note, finally that separable Hausdorff spaces can have 
cardinality not exceeding 22No, for if D is a countable dense subset of X, 
the map «1>: X ~ 2PW ) defined by «I> (x)(A) = 1 iff A = D n Ux for some 
neighborhood Ux of x is one-to-one whenever X is Hausdorff. Thus card 
(X) ~ card 2P (D) = 22No• 

INVARIANCE PROPERTIES 

It can be easily seen that most global and local compactness properties 
(namely those defined by covers) are weakly hereditary, that is, they are 
preserved in closed subspaces. But in most cases they are not preserved 
in open subspaces, so are not hereditary. Para compactness and meta
compactness, similarly, are only weakly hereditary. Both first and sec
ond countability are, however, hereditary, although separability is not. 
In fact, separability is preserved only in open subspaces (Example 10.6). 

Most compactness properties fail to be preserved by arbitrary products. 
The most famous exception is compactness itself, for, by Tychonoff's 

Table 1 

PROPERTIES PRESERVED BY PRODUCTS 

TYPE OF PRODUCT 
PROPERTY OF 
FACTOR SPACES FINITE COUNTABLE UNCOUNTABLE 

Compact True True True 
a-compact True False (102) False 
Sequentially compact True True False (105) 
Countably compact False (112) False False 
Locally compact True False (102) False 
Lindelof False (84) False False 
First countable True True False (103) 
Second countable True True False (103) 
Separable True True False (103) 
Paracompact False (84) False False 
Metacompact False (84) False False 
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theorem, the product of an arbitrary family of topological spaces is com
pact iff each factor space is compact. If X is compact, then in general 
X X Y has the compactness properties of Y. If X satisfies only weaker 
conditions, the situation is considerably more complex, and may be best 
summarized by Table 1 which indicates which properties are preserved by 
various types of products, and cites counterexamples where appropriate. 

Conversely, it is often possible to infer properties of the factors given a 
property of the product space. This may be done most easily by observing 
that the projection maps are continuous, but in general, only the global 
compactness properties are preserved under continuous mappings. To be 
precise, the properties of compactness, u-compactness, countable compact
ness, sequential compactness, Lindelof, and separability are· preserved undeI' 
continuous maps and therefore also under projections. Local compactness, 
and first and second countability are preserved under open continuous 
maps, but not just under continuous maps (Examples 116 and 26); since 
projections are open and continuous, these properties also are preserved 
under projection maps. Paracompactness even fails to be preserved under 
open continuous maps (Example 11.19), although it is preserved under 
projections. 



SECTION 4 

Connectedness 

Connectedness denies the existence of certain subsets of a topological 
space with the property that [] II V = )25 and U II 11 = )25. Any two 
such subsets are said to be separated in the space. Although this concept 
is logically related to the separation axioms, it examines the structure of 
topological spaces from the opposite point of view. 

We call two open sets U and Va separation of a topological space X 
if U II V = )25 and X = U V V; spaces which have no nontrivial separa
tions are connected. Equivalently, X is connected iff it is not the union of 
two separated sets; or it is not the union of two disjoint, closed sets; or, it 
does not have any nontrivial sets which are both open and closed; or, there 
is no continuous function from X onto the two point set, with the discrete 
topology. A connected space X is said to be de~enerate if it consists of a 
single point. A subset in a topological space X is a connected set if it is 
not the union of two separated subsets of X, or, equivalently, if it satisfies 
the definition of a connected space under the induced topology. Two points 
of X are connected in X if there exists a connected set containing them 
both. This relation between the points of a space is an equivalence relation, 
since the union of any family of connected sets having a nonempty inter
section is connected. The disjoint equivalence classes of points of X under 
the relation "connected in X" are called the components of X. The 
components of X are precisely the maximal connected subsets of X, and 
they must be closed since the closure of every connected set is connected: 
any separation of E would either separate E, or separate E from some of its 
limit points. (This shows even more, namely, if E C FeE and if E is 
connected, then F is connected.) Each nonempty set in X which is both open 
and closed contains the components of all of its points, but the component 
of a point need not coincide with intersections of the sets containing it which 
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are both open and closed (Example 115). We say that a space X is con
nected between two points if each separation of X includes a single open 
set containing both points. This too is an equivalence relation between the 
points of a space; we will call the equivalence classes the quasicompo
nents. The quasicomponent containing p E X is precisely the intersection 
of all sets containing p which are both open and closed. If a space X has 
just one quasicomponent, it must in fact be connected; thus we need not 
call it quasiconnected. 

Path and arc connectedness relate to the existence of certain continuous 
functions from the unit interval into a topological space. Continuous func
tions from the unit interval are called paths; if they are one-to-one they are 
arcs. A space is path connected if for every pair of points a and b there 
exists a path f such that f(O) = a and f(l) = b. The existence of a path 
between two points of a space is an equivalence relation; transitivity may 
be verified by reparametrizing the two paths. The equivalence classes, 
called path components, are the maximal subsets with respect to path 
connectedness. Arc connectedness and arc components are defined by 
exact analogy; to make the relation reflexive, we declare every point arc 
connected to itself. Clearly, every nontrivial arc connected space must be 
uncountable. 

The relations between the four types of components may be summarized 
by the following chain of containments: 

~ P~ . 
t etC Components C QuasIComponents. componen s componen s 

None of these containments is reversible (Examples 8, 116, and 115). 
A set with no disjoint open sets will be called hyperconnected and a 

set with no disjoint closed sets will be called ultraconnected. Equiv
alently, X is hyperconnected if the closure of every open set is the entire 
space, while X is ultraconnected if the closures of distinct points always 
intersect. Ultraconnectedness is independent of hyperconnectedness, though 
both imply connected. In fact, every ultraconnected space is path con
nected, for if p is a point in -raT n W, then the function f: [0,1]---+ X 
which maps each point of [O,t) to a, each point (t,l} to b, and t to p is 
continuous. Hyperconnected spaces need not be path connected (Example 
18) and ultraconnected spaces need not be arc connected (Example 13). 
So we may summarize the connectedness implications by: 

"Ultraconnected => Path connected => Connected 

/' 11 
Arc connected Hyperconnected 

Both ultra- and hyperconnectedness are very strong conditions which 
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trivially imply some other properties. Every continuous real-valued func
tion on a hyperconnected space is constant, so such spaces are necessarily 
pseudocompact. On the other hand, no nontrivial ultraconnected space can 
have more than one closed point, so none are T I , even though they must all 
be T 4, trivially. 

Quasicomponents and components are equal if (but not only if; see 
Example 26) a space has a basis consisting of connected sets; we call such a 
space locally connected. Equivalently, X is locally connected if the com
ponents of open subsets of X are open in X. Local connectedness clearly 
does not imply connectedness, but neither does connectedness imply local 
connectedness (Example 116). However, every hyperconnected space is, 
clearly locally connected, since in such spaces every open set is connected. 
Figure 8 summarizes the relevant counterexamples. 

Connected 

(116) 

Path connected 

(121) 

Arc 
connected 

(120) 
----- ---- ---- i-r--- --, 

(45) (57) (46) I I 
I I 
I I 

Hyperconnected I I 
(53) (56) I (18) I I 

I I 
I I 
I (7) I 
I LocaUy connected I L __________________ J 

Figure 8. 

Path components are equal to quasicomponents if a space has a basis 
consisting of path connected sets; such a space is called locally path con
nected. Equivalently, X is locally path connected if the path components 
of open subsets of X are open in X. Analogously, arc components are equal 
to quasicomponents if a space has a basis of arc connected sets; such a space 
is said to be locally arc connected. As above, locally arc connected 
implies locally path connected, which implies locally connected, but neither 
converse holds (Examples 4 and 18). Furthermore, locally path connected 
is independent of path connected and locally arc connected is independent 
of arc connected (Examples 118 and 32.5). 
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FUNCTIONS AND PRODUCTS 

Any set S which is the union of connected sets A" and a connected setB 
where B n A" 'J'f }25 for each ex must be connected since a separation of S 

n 

would necessarily separate B. Since any finite product II Xi of connected 
i-I 

n-l 

sets Xi can be written as the union of spaces homeomorphic to IIX j and 
;=1 

X,., a simple induction argument shows that any finite product of con
nected spaces is connected. In fact, a straightforward argument by trans
finite induction can be used to show that any product II X" of connected 

aEA 
spaces X" is connected. If the index set A is well ordered and if x = (x,,) E 
X = II Xa is some fixed point, let S" = {(y~) E Xly~ = X(3 for all {3 ~ ex}. 
Then Sa is connected whenever Sa-I is since Sa is homeomorphic to Sa-I X 
Xa. If ex is a limit ordinal, Sa = U S(3, so if each S(3 is connected for {3 < ex, 

fJ<a 

Sa must be also, since the collection {S'Y} is nested. Thus X = U Sa is 
aEA 

connected. Indeed we have proved more since the proof uses only the facts 
that in the product topology the subsets X'a C II Xa where X'a = 
{(y(3) E:: XIY(3 = X(3, {3 'J'f ex} are homeomorphic to the Xa'S and that 
X = U Sa. Thus this proof applies to the Cartesian product of the Xa 

aEA 
with any topology in which the sets X'a are copies of the corresponding Xa, 

and X = USa. 
aEA 

If X is connected and f is a continuous function on X, then f(X) must 
be connected, for if A and B separate f(X), f-I(A) and f-I(B) separate X. 
Though the continuous image of a locally connected space need not be 
locally connected, it is true that local connectedness is preserved under 
continuous maps f from a compact space X onto a Hausdorff space Y. 
For suppose E is a component of an open subset U of Y. Then each com
ponent of f-I(E) is a component of f-I( U) since if G is a component of 
f-I( U), then f(G) is connected and thus either contained in E or disjoint 
from it. But if X is locally connected, the components of the open set 
f-I(U) are open, so f-I(E) must be open. Its complement is closed, thus 
compact, so f( X - f-I(E» = Y - E is compact, hence closed (since Y is 
Hausdorff). Thus E is open, and therefore Y must be locally connected. 

DISCONNECTEDNESS 

A space is totally pathwise disconnected if the only continuous maps 
from the unit interval into X are constant, or, equivalently, if its path 
components are single points. A space with single point components is said 
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to be totally disconnected; since the points will then be closed, each 
such space will be T1• Clearly no connected set with more than one point 
can be totally disconnected, though there is a connected set which is 
totally pathwise disconnected (Example 128). Furthermore, only the dis· 
crete space can be both totally disconnected and locally connected, for in 
such cases each component (that is, each point) must be open. 

If for every pair of points a and b in a space X there exists a separation 
U, V such that a E U and b E V, we shall say that X is totally sepa· 
rated. A necessary and sufficient condition that X be totally separated 
is that its quasicomponents be single points; clearly every totally separated 
space is completely Hausdorff and Urysohn. A Hausdorff space in which 
the closure of every open set is open is called extremally disconnected ; 

To (53) 

Tl (18) 

T2 (28) 

(129.6) (129) Totally disconnected 

Scattered (72) 

(8) 

(79) 
Totally 
separated 

r--------- ---, 
(127) 

(27) I (23) (29) I 

ExtremaJly disconnected I I 

(113) I (114) I 

I Discrete I 
(111) I (113.7) 

I I 
I 

~ Scattered and Tl ~ 

Discrete ~ Extremally ~ Totally => Totally => Totally pathwise 
topology disconnected separated disconnected disconnected 

/ fM ~ 
Zero dimensional => Regular ~ T 2 ~ T 1 

and To 

Figure 9. 
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equivalently, a Hausdorff space is extremally disconnected iff the interior 
of every closed set is closed, or, if disjoint open sets always have disjoint 
closures. Clearly every extremally disconnected space is totally separated. 

A space is zero dimensional if it has a basis consisting of sets which 
are both open and closed. Clearly every zero dimensional space is Ta, though 
not necessarily To (Example 5). Every zero dimensional To space is totally 
separated. A space is called scattered if it contains no nonempty dense
in-itself subsets; although scattered spaces need not be TI, every scattered 
T I space must be totally disconnected since in '1\ spaces, every nontrivial 
connected set is dense-in-itself. However, a scattered space which is not 
TI may be connected (Example 57). Thus we may summarize the various 
disconnectedness properties in Figure 9. 

BICONNECTEDNESS AND CONTINUA 

A connected set is said to be biconnected if it is not the union of two 
disjoint nondegenerate connected subsets. A point p of a connected set X 
is called a cut point if X - Ip} is disconnected, and a dispersion point 
if X - I p} is totally disconnected; any set having a dispersion point is 
biconnected, since the dispersion point can be in at most one of the two 
disjoint subsets. There is, however, a biconnected set without a dispersion 
point (Example 131). 

Sets which are both compact and connected are called continua; a 
continuum is indecomposable if it is not the union of two different 
nondegenerate proper sub-continua. A subset C of a continuum K is a 
composant if for some p E K, C contains all points x such that x and p 
are contained in some proper sub-continua of K. A set is said to be puncti
form if it contains no nondegenerate continua. Clearly, each totally dis
connected space is punctiform, although so are some connected spaces 
(Example 128). 



SECTION 5 

Metric Spaces 

A metric for a set X is a mapping d of X X X into the nonnegative real 
numbers satisfying the following conditions for all X,y,z EX: 

M1 : d(x,x) = 0 
M 2 : d(x,z) ~ d(x,y) + d(y,z) 
M3: d(x,y) = d(y,x) 
M4 : if x ¢ y, d(x,y) > O. 

We call d(x,y) the distance between x and y. If d satisfies only M1, M2, 

and M4 it is .called quasimetric, while if it satisfies M1, M2, and M3 it is 
called a pseudometric. It is possible to use a metric to define a topology 
on X by taking as a basis all open balls B(X,E) = {y E Xld(x,y) < E}. 
A topological space together with a metric giving its topology is called a 
metric space. Although a single metric will yield a unique topology on a 
given set, it is possible to find more than one metric which will yield the 
same topology. In fact, there are always an infinite number of metrics which 
will yield the same metric space (Example 134). 

Every metric space is Hausdorff, since B(p,E) (\, B(q,E) = 0, if E < 
d(p,q)/2, and also T 5• For suppose A and B are separated subsets of a 
metric space X; then each point x E A has a neighborhood B(X,E,,) disjoint 
from B, and each point y E B has a neighborhood B(y,Ey ) disjoint from A. 
Then U A = U B(X,E,,/2) and U B = U B(y,Ey /2) are disjoint open neigh-

xEA yEB 

borhoods of A and B, respectively. Thus metric spaces are completely nor
mal, and, by a similar argument, perfectly normal. Therefore metric spaces 
satisfy every Ti separation property. Furthermore, every metric space is 
fully T4, thus fully normal and paracompact. 

Much of the structure of countability and compactness is also simplified 
in metric spaces. Since IB(x, lin) In = 1, 2, 3, ... } is a countable local 
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basis at x, each metric space is first countable. If {x;} is a countable dense 
subset of X, the ballsB(x;,l/n) form a countable base for the topology on 
X. So for metric spaces separability implies, and is therefore equivalent to, 
second countability. 

The same is true of metric spaces which are Lindelof, since in such spaces, 
for each integer k, the open covers {B(x,l/k)\x E Xl have countable sub
covers. The union of all such subcovers is a countable base for X. Thus 
every Lindelof metric space is also second countable. 

Since each metric space X is first countable, sequential compactness is 
equivalent to countable compactness, which, since X is T I , is equivalent to 
weak countable compactness. More important, countable compactness in 
metric spaces is equivalent to compactness, since every countably compact 
metric space is separable: for each n, a countably compact metric space 
can be covered by finitely many balls B(x;n,l/n), so {x;nl is a countable 
dense subset. Thus each countably compact metric space is second countable, 
and every countably compact second countable space is compact. 

Since metric spaces are Hausdorff, the concepts of local compactness and 
strong local compactness are equivalent. So in metric space, we have a much 
simplified implication chart (Figure 10); that these implications do not 
reverse is shown by the counterexamples listed in Figure 11. 

Sequentially ~ 
a -locally 

===> 
a -locally 

compact compact compact 

n u ~ 
Strongly 

Countably locally 
compact a - compact compact 

n u 
Compact Separable 

n ~ 
Lindel8f 

Weakly ~ 
countably Second 
compact countable 

Figure 10. 

Although in general the metric structure of a space does not appreciably 
simplify its connectedness properties, we can show that every metric space 
which is extremally disconnected is discrete. For in any metric space, each 
point p can be written as the intersection of the closed metric balls 
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(36) Separable 

(30) 0- compact 

o -locally 

(28) compact 

Compact 

(29) 

(3) 

Locally compact 

Figure 11. 

.. 
B1/n(p); then U = U B1/2n (P) - B 1f(2n+l) (P) is an open set which has p as a 

n=1 

noninterior limit point provided p is not open. So if X is not discrete, it 
cannot be extremally disconnected. 

COMPLETE METRIC SPACES 

Heuristically, compactness is related to the size of a space in that it 
determines how many small open sets are required for a cover. In a metric 
space, the radius E of an open ball can be used as a precise measure of the 
size of the small open sets. Thus we call a subset E of a metric space X 
totally bounded (precompact) iff for every E > 0, E may be covered by a 
finite collection of open balls of radius E. We call such a cover an E-net. A 
subset E is called bounded if there exists a real number (:J such that 
d(x,y) ~ {:J wherever x,y E E; the least bound of E is called the diameter 
of E. Clearly every totally bounded set is bounded, but not conversely 
(Example 134); furthermore, totally bounded is not a topological property, 
since it is not preserved by homeomorphisms (Example 134). 

Every compact metric space is totally bounded, since every covering by 
E-balls has a finite subcover, and every totally bounded set is second 
countable, since the union of E-nets for E = 1, j, 1, ... forms a countable 
basis. But neither of these implications reverses (Examples 30.10 and 134). 

To discover the reason that totally bounded sets may fail to be compact, 
we must examine the convergent sequences. A sequence {x .. } in a metric 
space (X,d) is called a Cauchy sequence iff for every E > 0 there exists 
an integer N such that d(xm,xn) < E wherever m,n > N. Obviously, every 
convergent sequence is a Cauchy sequence; but the converse fails (Exam
ple 32.1). So we define a complete metric space as one in which every 
Cauchy sequence converges to some point in the space, or equivalently 
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that the intersection of every nested sequence of closed balls with radii 
tending to zero is nonempty. (A sequence {En} of sets is nested iff En ::) 
En+l for all n.) If the radii do not tend to zero, this condition need not be 
implied by completeness (Example 135). Now every compact metric space 
is complete, and more important, every complete and totally bounded 
metric space is compact. 

We will call a topological space (X,T) topologically complete if there 
exists a metric d giving the topology T such that (X,d) is a complete metric 
space. Topological completeness is a topological property which is weakly 
hereditary, though not hereditary (Example 30). Clearly every compact 
metric space is complete; though the converse is not true (Example 28), it 
is true that a metric space is compact iff it is complete in every equivalent 
metric. The famous Baire category theorem states that every topologically 
complete metric space is second category. 

A completion of a metric space X is any complete metric space which 
contains a dense subset to which X is isometric, that is, to which there is 
a bijection which is distance preserving. All metric spaces have completions 
and even more surprising, all of the completions of a given space are iso
metric. Furthermore completeness is preserved by isometries but unlike 
topological completeness not by homeomorphisms (Example 32.10). 

METRIZABILITY 

A topological space (X,T) is called metrizable if .there exists a metric d 
which yields the topology T. Every regular second countable space is metriz
able, but not conversely (Example 3); in fact, a topological space is metriz
able iff it is regular and has a u-Iocally finite base, that is, a base which 
is the countable union of locally finite families. Although this requirement 
is very close to paracompactness, and though every metric space is para
compact, there exist regular paracompact spaces which are nonmetrizable 
(Examples 51 and 141). 

UNIFORMITIES 

A quasiuniformity on a set X is a collection V of subsets of X X X 
which satisfies the following axioms: 

U1 : For all u E V,.l C u, where.l = {(x,x)\x EX}. 
U2 : For u E V and v E V, u (\ v E V. 
Va: If u E V and u eve X X X, then v E U. 
U4 : For all u E U, there is v E U such that v 0 v C u where 0 is 

defined by u 0 v = {(x,z)\ there is ayE X such that (x,y) E v 
and (y,z) E u}. 
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The quasiuniformity U is a uniformity if the following additional condi
tion is satisfied: 

U 6 : Ifu E U, thenu-1 E U where u-1 = I(y,x)\(x,y) E UI. 

A set u which is an element of the quasiuniformity U is called an entourage 
(or a relation). The entourage u is said to be symmetric if u = u-1• The 
set d is called the diagonal of X X X. The quasiuniformity U is said to be 
separated if the intersection of all the members of U is the diagonal d. 

The first three axioms say that every quasiuniformity on a set X is a 
fiiter on X X X. Further, a quasiuniformity U is a uniformity iff there is a 
symmetric base for U, that is a filter base of symmetric sets. 

Every quasiuniformity U on a set X yields a topology T on X by taking 
as a neighborhood system for X the sets u(x) where u E U and u(x) = 

Iy\(x,y) E ul; there may be more than one quasiuniformity generating a 
given topology (Example 44). If two quasiuniformities generate the same 
topology on the set X, they are said to be compatible. A set X with a 
quasiuniformity U and the topology T generated by U is said to be a 
quasiuniform space and we may use the notation «X, U),T) to denote 
this or the shorter notation (X,U) where T is understood to be the topology 
generated on X by U. A topological space (X,T) is said to be quasiuni
formizable if there is a quasiuniformity U such that «X, U),T) is a 
quasi uniform space. 

The problem of when a topological space (X,T) is quasiunformizable or 
uniformizable is simpler than the corresponding metrization problem. If 
(X,T) is a topological space, the set U = {UG\UG = (G X G) U «X -
G) X (X - G)) and G E:: T I is a filter subbase for a quasiuniformity on X 
which generates T, and thus every topological space is quasiuniformizable. 
A topological space (X,T) is uniformizable iff it is a T3l space. 

METRIC UNIFORMITIES 

If (X,d) is a pseudometric space, then the family U of all sets u which 
contain a set of the form u. = I (x,y)\d(x,y) < d is a uniformity on X, 
which yields the same topology as the pseudometric d. Such a uniformity is 
called pseudometrizable (or, if appropriate, metrizable). Not every uni
formity which yields a metrizable topological space need be metrizable 
(Example 44). 
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Counterexamples 



1. Finite Discrete Topology 

2. Countable Discrete Topology 

3. Uncountable Discrete Topology 

On any set X we define the discrete topology by taking all subsets of X 
to be open. Any subset is then both open and closed. We distinguish three 
cases, the finite discrete topology, the countable discrete topology, and 
the uncountable discrete topology according to whether the set X is 
finite, countably infinite, or uncountable. 

1. This topology is the finest topology for X, since any open set of 
any other topology is an open set in this topology. 

2. Every point is an isolated point. 

3. x is not a limit point of the sequence x, x, x, . . . considered as a 
set, although it is an adherent point of the set. 

4. For any set A C X, A = Ao = .1-, and A6 = 0. 

5. Any function from a set X with the discrete topology is 
continuous. 

6. The topology on a discrete space may be obtained from the dis
crete metric: d(x,y) = 1 if x oF y, and d(x,y) = 0 if x = y. Thus 
every discrete space satisfies all separation properties. 

7. Each discrete space is strongly locally compact since each point 
is a neighborhood of itself. Such spaces are clearly first countable 
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and, since the open cover by discrete points is locally finite and 
finer than all other open covers, discrete spaces are paracompact. 

8. Countable discrete spaces are u-compact, LindelOf, second count
able, and separable hut uncountable discrete spaces are none of 
the above. Finite discrete spaces satisfy all compactness 
properties. 

9. Since only the empty set is nowhere dense, every discrete space 
is of the second category. (In fact, a discrete space is a complete 
metric space.) Furthermore, no discrete space is dense-in-itself. 

10. If X consists of more than one point, it is clearly not connected 
and thus neither path nor arc connected. But it is locally path 
connected, and thus locally connected. 

11. The topology on the discrete space is generated by the discrete 
uniformity which consists of all subsets of X X X which contain 
the diagonal A. The diagonal A is a base for this uniformity. 

4. Indiscrete Topology 

:For any set X, the indiscrete topology is the topology whose only ele
ments are the empty set 0 and X itself. (We assume X has at least two 
points.) 

1. This topology is the coarsest one for X. It is comparable with 
any other topology for X. 

2. No subset A ~ X or 0 is open, closed, F", or G6• 

3. Every subset is compact and sequentially compact. 

4. Every point of X is a limit point for every subset of X, and every 
sequence converges to every point of X. If X is uncountable, 
every sequence has uncountably many limit points. 

5. Every subset containing more than one point is dense-in-itself. 
The only nowhere dense subset is 0, so X is of the second 
category. 

6. For A ~ X, Ao = Ao- = Ao-o = 0 and for A ~ 0, A- = 

A -0 = A -0- = x. If A ~ X or 0, A b = X, A bb = 0. 

7. X is separable, since any subset is dense. Furthermore, X IS 

second countable. 

8. Every function to a space with the indiscrete topology IS 

continuous. 
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9. The indiscrete space is path connected and thus connected, but 
is arc connected only if it is uncountable. It is both hypercon
nected and ultraconnected. 

10. Since the only open set containing any given point is X itself, 
the indiscrete space fails to be To. But it is T3, T 4, and T6 
vacuously. 

11. Clearly X is pseudometrizable, although not metrizable. 

5. Partition Topology 

6. Odd .. Even Topology 

7. Deleted Integer Topology 

Each partition P of any set X into disjoint subsets, together with 0, is 
a basis for a topology on X, known as a partition topology. A subset of X 
is then open if and only if it is the union of sets belonging to P. 

1. The partition topology is characterized by the fact that every 
open set is also closed; each set in the partition P is a component of 
the space X. Thus XIP is discrete. 

2. The trivial partitions yield the discrete or indiscrete topologies. 
In any other case X \",ith a partition topology is not To since some 
element of the partition contains two or more points neither of 
which can be separated from the other. Thus X is not T2t, T2, 

or T1. However a subset of X is open iff it is a union of elements of 
the partition and thus its complement is also open; thus a set is 
open iff it is closed. Hence X is T3, T31> T 4, and To. 

3. An important example of a partition topology is the odd-even 
topology on the set X of positive integers, generated by the parti
tion P = {{ 2k - 1, 2k II. Clearly this space is second countable, 
thus first countable, separable, and Lindelof. Since every non
empty subset of X has a limit point in this topology, X is weakly 
countably compact. But X is not countably compact, since P 
itself is a countable open covering of X which has no finite 
subcover. 

4. If X is the set of positive integers with the odd-even topology, 
and if Z+ is the same set with the discrete topology, then the 
mapping j: X ~ Z+ defined by f(2k) = k, f(2k - 1) = k is con
tinuous. But X is weakly countably compact, whereas Z+ is not. 
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So weak countable compactness is not preserved under continuous 
maps. 

5. A common variation of the odd-even topology is the deleted inte
ger topology: in this case X is the union of the open intervals 
(n - 1,n) for n = 1, 2, 3, ... , and the topology on X is gen
erated by the partition P = {(n - 1,n) I. This example has most 
of the properties of the odd-even topology. 

6. Every partition space is pseudometrizable since the pseudometric 
defined by letting d(x,y) = 0 iff x and y belong to the same set 
of the partition, and letting d(x,y) = 1 otherwise yields the par
tition topology. 

7. If we double the points of the real numbers with the discrete 
topology, we obtain a partition topology with uncountably many 
disjoint open sets. This topology is weakly countably compact 
but not LindelOf. 

8. Finite Particular Point Topology 

9. Countable Particular Point Topology 

10. Uncountable Particular Point Topology 

11. Sierpinski Space 

12. Closed Extension Topology 

On any set X, we can define the open sets of a topology to be 0 and any 
subset of X that contains a particular point p. We distinguish three cases, 
finite, countable, and uncountable according to the size of X. 

1. The only sequences {ad which converge are those for which the 
ai are equal for all but a finite number of indices. The only accu
mulation points for sequences are the points bj that the ai equal 
for infinitely many indices. So any countably infinite set con
taining p has a limit point, but never even an accumulation point 
when considered as a sequence in any ordering. 

2. Every point except p in X is a limit point of p, so the closure of 
any open set other than 0 is X. Closed sets other than X do not 
contain p, so the interior of any closed set other than X is 0. 
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3. Let Y be a subset containing the particular point p. Then every 
point q ¢ p is a limit point of Y but not an w-accumulation point. 

4. Every particular point topology is To, but since there are no dis
joint open sets, none of the higher separation axioms are satisfied 
unless X has only one point. 

5. A = {pI is compact, but A = X is not compact if X is infinite. 
In this case, X is locally compact but not strongly locally com
pact, since the closure of any set containing p is X. In fact, if X 
is uncountable, it is not even Lindelof. 

6. X is separable, since {p I is a countable dense subset. But, if X 
is uncountable, X - {p I is not separable. 

7. If X is uncountable, it is first countable, but not second count
able, since X - {p I is discrete. 

8. If on a given set X, we define Tl to be the collection of all sets 
containing a point p, and T2 to be the collection of all sets con
taining q ¢ p, the spaces (X,Tl) and (X,T2) are homeomorphic, 
but Tl and T2 are not comparable. 

9. X is scattered, since every subset not containing p has no limit 
point, and for a subset which contains p, p itself is not a limit 
point. Thus X contains no nonempty dense-in-itself subsets. 

to. X is hyperconnected, since every open set must contain p. But 
if X contains at least three points, it is not ultraconnected since 
two points not equal to p are disjoint closed sets. 

11. Since X - {p I is discrete, p is a dispersion point for X. 

12. X is not weakly countably compact since any set which does not 
contain p has no limit points. But since there are no disjoint open 
sets, every continuous real valued function on X is constant. 
Thus X is pseudocompact. 

13. X is path connected and locally path connected since if q E X 
we can map 1 to q and [0,1) to p to form a path from q to p. 
But X is not arc connected since the inverse image (under a 
homeomorphism) of the open set p would be one point, which is 
not an open set in [0,1). 

14. X is not of the first category, since if it were, some nowhere dense 
set would have to contain p, and its closure would then be X. 

15. (X,T) is locally compact since each point has a compact neighbor-
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hood, namely itself together with p; but if X is infinite, it is not 
strongly locally compact since the closure of any neighborhood 
is all of X. 

16. If we replace the particular point p with two points Pl, P2, the 
resulting space is weakly countably compact since either Pl or 
P2 is a limit point of any subset. 

17. An important particular point topology is Sierpinski space, the 
space {O,l} with the particular point o. Since the only open sets 
are 0, X, and to}, the sequence 0, 1, 0, 1, ... has 0 as an 
accumulation point and 1 as a limit point. 

18. Sierpinski space is hyperconnected, ultraconnected, and path 
connected, but not arc connected. Also it is T4 and T. vacuously. 

19. Let (X,T) be a countable set with the discrete topology, which 
is then paracompact, and let Y = {O, 11 be Sierpinski space with 
o open, which is compact; then X X Y is paracompact. If 
(X U {P},O") is a particular point space with particular point P 
then the cover { {p,alla E XI is a countable cover with no point 
finite refinement. Thus (X U {p 1,0") is not even countably meta
compact. However the function f: X X Y -t X U {p I defined 
by f(x,O) = p and f(x,l) = x is open and continuous. Thus the 
open continuous image of a paracompact space need not even be 
countably metacompact. 

20. The particular point topology permits the following useful ex
tension. Let (X,T) be any nonempty space, and let p be a point 
not in X. We define X* = X U {pI and describe a topology T* 
on X* by calling a set in X* open iff it is the empty set or is of 
the form U U {p I where U E T. Since the closed sets of X* 
other than X* itself are precisely the closed sets of X we call 
(X*/) the closed extension of (X,T). The particular point to
pology on X is the closed extension of the discrete topology on 
X - {pl. 

21. The properties of the closed extension topology are the same as 
the properties of the particular point topology except in the 
cases where the properties of the particular point topology de
pend on the discreteness of X - {pl. Thus (X*,T*) is To iff 
(X,T) is To; but (X·/) is not T l , T2, or T3• Further (X*,T*) is 
T4 or T. iff (X,T) is T4 or T. vacuously and in this case the con
dition on (X*,T*) is also vacuous. 
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13. Finite Excluded Point Topology 

14. Countable Excluded Point Topology 

15. Uncountable Excluded Point Topology 

16. Open Extension Topology 

The excluded point topology may be defined on any set X by declaring 
open, in addition to X itself, all sets which do not include a given point 
p E X. As usual, we distinguish three special cases depending on the 
cardinality of X: finite, countable, or uncountable excluded point 
topology. 

1. If X has just two points, the excluded point topology on X is 
just the Sierpinski topology. We consider this to be the trivial 
case, and assume hereafter that X has at least three distinct 
points. 

2. X is To, but since the only neighborhood of p is X itself, X is not 
T I , and thus not T2 or Ta. However, every nonempty closed set 
contains p so X is T 4 vacuously. Since any two sets in X are 
separated iff they are disjoint subsets of X - {pI, and since 
such sets are open, X is T 5 nonvacuously. 

3. Again, since X is the only open set containing p, X must be both 
compact and connected. Since every closed set other than )2f 
contains p, X is ultraconnected, but it is not hyperconnected, 
since two points distinct from p are disjoint open sets. Thus 
X is path connected, though it cannot be arc connected since 
the inverse image of a single point distinct from p must be an 
open set in [0,1]. Similarly X is locally path connected but not 
locally arc connected. 

4. Since {p I is closed, and since the only open set which contains p 
is X itself, X is not perfectly T 4 • 

5. X contains no nonempty dense-in-itself subsets since only p can 
be a limit point of any set. Thus X is scattered. Further p is a 
dispersion point of X. 

6. X is always first countable, and thus (since X is compact) se
quentially compact. But it is second countable and separable 
only when X is finite or countable. 

7. The excluded point topology may be varied by selecting as open 
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all sets which are disjoint from a fixed subset A, together with X 
itself. This excluded set topology is similar to the excluded point 
topology except that it will in general fail to be To. 

8. The excluded point topology is a special case of the following. 
Let (X,T) be a nonempty topological space, and let p be a point 
not in X. We define X· = XU Ip} and describe a topology T" 

on X" by calling a set in X" open iff it is X" or in T. We call 
(X",T") the open extension of (X,T) since other than X" itself the 
open sets of T" are just the open sets of T. The excluded point 
topology is then the open extension of the discrete topology. 

9. Except where the preceding arguments depend on the discrete
ness of X - Ip} the properties of (X",T") are the same as those 
of the excluded point topology. Thus (X",T") is To iff (X,T) is To 
but (X",T") always fails to be T I , T2, T 3• It is always T 4, but it 
is Ts iff (X,T) is. Similarly (X",T") is compact, connected, and 
ultraconnected. Likewise (X",T") is separable, first or second 
countable iff (X,T) is. 

10. The open extension of the particular point topology is To and 
1\ but neither T I nor T s since the particular point topology is 
only To. 

17. Either-Or Topology 

The either-or topology is defined on the interval X = [- 1,1] by de
claring a set open iff it either does not contain 10} or does contain ( - 1,1). 
Thus \1}' I-l}, I-I,l} and any set containing 10} are the nontrivial 
closed sets. 

1. A straightforward consideration of cases shows that X is To and 
T 4, but neither Tl nor T3 • In fact, X is Ts, since if A and Bare 
separated sets neither of which contains 0, they are then open. 
But if one, say A, contains 0, then 0 cannot be in B. SO B can be 
only \1)' {-I}, or {-1,1}, and in any of these cases Band 
X - B are disjoint open sets containing Band A. 

2. Since any open cover of X must include an open set containing 0, 
X is compact, thus Lindeli:if. But the subspace X - 10} is dis
crete, thus not LindelOf. 

3. X is clearly first countable, although not separable since X con
tains uncountably many open points. X is not of the first category, 
since no open point can be contained in any nowhere dense set. 
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4. X is locally path connected since every point except 0 is open, and 
the neighborhood (-1,1) of 0 is path connected: if p E (-1,1), 
the function which takes 0 to 0 and (0,1] to p is a path joining 0 
to p. Thus X is also locally connected, but not locally arc 
connected. 

5. However X is scattered, since there are no nonempty dense-in
itself subsets, for 0 is the only possible limit point of any subset. 

18. Finite Complement Topolo~ on a Countable Space 

19. Finite Complement Topolo~ on an Uncountable Space 

We define the topology T of finite complements (or cofinite topology) 
on any set X by declaring open those sets with finite complements, to
gether with 0 (and X). Then the only closed sets are X, 0, and finite 
sets. If X is finite, the topology of finite complements is the discrete 
topology. So, to avoid trivialities, we will assume that X is infinite, and 
distinguish two cases, the topology of finite complements on a countable 
space, and the topology of finite complements on an uncountable space. 

1. Each point of X is a limit point of any infinite subset A, since 
then any open set of X contains a point of A. In particular, if A 
is countably infinite, A = X, so X is separable. 

2. The space X and every subspace of X is compact. If we have a 
collection of open sets covering X, anyone of the sets will cover 
all but a finite number of points of X, say n points of X. We can 
choose n other sets of the collection, one for each point, and 
together these n + 1 open sets will constitute a finite subcover 
of X. 

3. If X is uncountable, open sets are uncountable, so are not F a
sets. By complementation, closed sets are not G~-sets. Thus X is 
not perfectly T 4. In this case, the countably infinite sets are 
Fa-sets, which are neither open nor closed, and the complements 
of countably infinite sets are G6-sets, also neither open nor closed. 

4. For uncountable X, this topology is not first countable, and 
therefore not second countable. Suppose at some point x there 
exists a countable local basis. Then there exists a countable 
collection of open sets CB .. , each containing x, such that every 
open neighborhood of x contains some set B E CB ... SO nCB .. = 

{x), and thus X - {xl = X - nCB .. = v (X - B). Each of 
BE 01.. 
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the X - B are finite by definition, and the countable union of 
finite sets is countable, so X - {x I must be countable, a con
tradiction. But X is separable, since any infinite set is dense. 

5. If a,b E X, then Oa = X - {b I is an open set containing a but 
not b, and Ob = X - {al contains b but not a, so X is a Tl space. 

6. Since no two open sets are disjoint (since X is assumed infinite), 
(X,T) is hyperconnected and therefore not T2, Ta, T 4, or Ts. 

7. If one doubles the points of X, the resulting space satisfies no Ti 
axioms, but is still compact. 

8. T is the smallest (or coarsest) topology on X in which points are 
closed, thus it is often called the minimal Tl topology. 

9. Since X is hyperconnected it is connected and locally connected. 

10. If X is countable, it cannot be path connected for if f: [0, 1]-t X 
is continuous, {f-l(x)lx E Xl is a countable collection of mutu
ally disjoint closed sets whose union is [0,1]. But this is impos
sible. For the same reason, X cannot be locally path connected. 

11. If X is uncountable, and if we assume the continuum hypothesis, 
then each pair of points a, b E X is contained in some set S 
whose cardinality is that of [0,1]. If f: [0,1] -t S is a bij ection, 
it is continuous, so S is an arc in X joining a and b. Thus in this 
case X is arc connected and similarly, locally arc connected. 

20. Countable Complement Topology 

21. Double Pointed Countable Complement Topology 

If X is an uncountable set, we define the topology of countable comple
ments on X by declaring open all sets whose complements are countable, 
together with 525 (and X). 

1. Since the topology of countable complements is finer than the 
minimal Tl topology, it is Tl and To; but it does not satisfy any 
other Ti axioms since no two open sets are disjoint. 

2. Since the only compact sets are finite sets the space is neither 
cr-compact nor countably compact, though since the complement 
of any open set is countable the space is Lindel6f. 

3. X is not even first countable for the same reason that the topology 
of finite complements is not. Since no countable set has a limit 
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point, X is not separable even though it satisfies the countable 
chain condition. 

4. X is hyperconnected and thus connected, locally connected, and 
pseudocompact. 

5. Since in this topology the intersection of any countable collection 
of open sets is open and thus uncountable, X is not even countably 
metacompact. 

6. An interesting variation of this space may be constructed by 
doubling each of its points. Technically, this double pointed 
countable complement topology is the product of X, the topology 
of countable complements, with the two point indiscrete space. 
Clearly the double pointed countable complement topology fails 
to be To or TI and since each doublet is closed and no two open 
sets are disjoint, it fails to satisfy any higher T; axioms. 

7. The double pointed countable complement topology is weakly 
countably compact, since if p belongs to any infinite set A, then 
its twin p' is a limit point of A. (The ordinary topology of count
able complements is not weakly countably compact.) 

8. If we further vary this example by forming the open extension of 
the double pointed countable complement topology, we will have 
a space which is T 4 (since all open extension topologies are T 4) but 
not To, TI, T 2, T3, or Th• 

22. Compact Complement Topology 

On (R,T) the Euclidean space of real numbers, we define a new topology 
by letting T* = IX C R!X = )25 or R - X is compact in (R,T)}. Since 
the compact sets in (R,T) are closed under arbitrary intersection and 
finite unions, T* is a topology. 

1. Since finite sets are compact in (R,T), the topology T* is finer than 
the topology of finite complements. Thus (R,T*) is T1• 

2. However, no two open sets in (R,T*) can be disjoint, for the com
plement of their intersection, being the union of their compact 
complements, cannot be R. Thus X must fail to be T2, and thus 
cannot be T21, nor, since it is T I, can (R,T*) be T3, T 4, or Ts. 

3. For precisely the same reason, (R,T*) is hyperconnected, thus 
connected and locally connected. But it is not ultraconnected. 

4. (R,T*) is compact, since if 10 .. } is an open covering of R, R - 0", 
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is compact in the Euclidean topology (for any 0",. E {O"'}). Since 
each 0", is open in the Euclidean topology, a finite number of them 
must cover R - 0 .... 

5. Sets of the form (- <Xl ,n) U (p - lin, p + lin) U (n, <Xl) form 
a countable local basis at pER. So (R,T·) is first countable and 
similarly, also second countable. Thus it is also sequentially 
compact. 

6. Since (R,T·) is coarser than the Euclidean topology, the rationals 
remain dense in the new topology. Thus (R,T·) is separable. 

23. Countable Fort Space 

24. Uncountable Fort Space 

If X is any infinite set, and p a particular point of X, we can define a 
topology on X by declaring open any set whose complement either is 
finite or includes p. If X is countably infinite, we call this space count
able Fort space; if X is uncountable, then uncountable Fort space. 

1. This topology is clearly the minimal topology generated by the 
excluded point topology together with the topology of finite com
plements, and thus (X,T) is T 1• 

2. (X,T) is T6, since if A and B are separated sets and neither con
tains p, they are both open. Otherwise, since A and B are disjoint, 
p is in exactly one of them, say A; then B is open, but so too is 
X-B. For if B were not closed it would contain infinitely many 
points, while every open set containing p has a finite complement. 
So p, which belongs to A, would be in B, and thus A (\ B could 
not be empty. So (X,T) is completely normal, and thus satisfies all 
weaker separation conditions. 

3. If X is uncountable, {p} is a closed set which is not a G,-set, for 
every countable intersection of open sets containing p contains all 
but a countable number of points of X. Thus in this case, (X,T) 
is not perfectly normal-that is, not all of its closed sets are G,
sets. In the countable case, X is perfectly normal. 

4. X is compact, since any open covering of X must contain a neigh
borhood U of p whose complement is finite. So U, together with 
one neighborhood containing each point of X - U, is a finite sub
cover. Furthermore, X is sequentially compact since every se
quence of infinitely many distinct points contains a subsequence 



Fortissimo Space 53 

which converges to p. In fact, if X is uncountable, p is the only 
limit point of any infinite countable subset, so such an X cannot be 
separable. 

5. If X is uncountable, it is not first countable either, since p cannot 
have a countable local base. For suppose {V d is a countable col
lection of neighborhoods of p; then X - Ui is finite, so 

U (X - Vi) = X - (I Vi is at most countable. Thus 
i=1 i=1 

(I Vi,e p, so there exists a point q ,e p in (lUi, and hence 
;=1 
X - q is a neighborhood of p which does not contain any U i. 
So {Ud is not a neighborhood base of p. 

6. But if X is countable, it must be separable (it is a countable dense 
subset of itself) as well as second countable, for the total number 
of neighborhoods of p-the only point in question-is countable, 
being in one-to-one correspondence with the totality of all finite 
sets. So countable Fort space, since it is regular, must be 
metrizable. 

7. Every point q of X, except p, is both open and closed, so {q} and 
X - {q} separate X. Thus X is totally separated. But X is not 
extremally disconnected, for if A is an infinite set with an infinite 
complement which contains p, then A is open, although A = 

AU {pI is not open. 

8. X is scattered since in Tl spaces, every dense-in-itself subset must 
contain an infinite number of points. But this is impossible in X, 
since every point except p is open. 

9. Since every set containing p is closed, p has a local basis of open 
and closed sets. Since each other point is open, X will be zero 
dimensional. 

25. Fortissimo Space 

If X is any uncountable set, and p a particular point of X, we can define 
a topology on X by declaring open any set whose complement either is 
countable or includes p. 

1. This space, like uncountable Fort space, is completely normal and, 
like the countable complement topology, is LindelOf but not com
pact, separable, or first countable, and thus not metrizable. But 
it is paracompact, since every open cover has a refinement con-
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sisting of one special open set which contains p together with open 
points. 

2. From observation of an infinite complement of a neighborhood of 
the point p it follows that X is not sequentially compact or even 
weakly countably compact. In fact only finite sets are compact so 
X is not u-compact. 

3. X is not pseudocompact since the function which maps a neigh
borhood of p to ° and the elements of its countable complement 
one-to-one onto the remaining integers in R is continuous. 

4. If we double the points of X we obtain a space that is weakly 
countably compact and LindelOf but still neither u-compact nor 
pseudocompact. 

26. Arens-Fort Space 

Let (X,T) be the set of all ordered pairs of nonnegative integers with each 
pair open except (0,0). Open neighborhoods U of (0,0) are defined so 
that for all but a finite number of integers m, the sets 8m = 

{nl(m,n) (£. U) are each finite. Thus each open neighborhood of the 
origin contains all but a finite number of points in each of all but a 
finite number of columns. 

1. T contains Fort's topology with particular point (0,0), so it is T2, 

T I , To. 

2. Tis T. for the same reason that Fort space is. The only nontrivial 
case occurs when A and B are separated sets where (0,0) E A. 
Then B is open. But every point other than (0,0) is an interior 
point of the complement of B, so B is closed iff (0,0) 4. lJ and if 
(0,0) E lJ then A n lJ ~ 0 so A and B are not separated. Thus 
(X,T) is completely normal. 

3. (X,T) is not first countable for no sequence {Xn} in X - {(O,O)} 
can converge to (0,0). If {Xn} contains points in at most finitely 
many columns, it clearly cannot converge to (0,0). If not, then 
we can find an infinite subsequence {Yn} with at most one 
point in each column. But then X - {Yn} is a neighborhood of 
(0,0), so neither {Yn} nor {Xn} could converge to (0,0). 

4. Since X is countable, it is separable, u-compact, and LindelOf. 
But no neighborhood of (0,0) is compact and hence X is not 
locally compact, and thus neither compact nor countably compact. 
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5. Since X is T3 and LindelOf, it is paracompact. This can also be 
shown directly by selecting from an arbitrary open covering of X 
one set, say U, which contains (0,0). Then the covering consisting 
of U together with all of the open points in X - U is a locally 
finite refinement of the original cover. 

6. The identity mapping of X with the discrete topology onto (X,r) 
is a continuous function from a space which is both first and second 
countable to one which is neither. 

7. (X,r) is neither connected nor locally connected since every neigh
borhood U of (0,0) has a separation, nam~ly, U - {pI and {pI, 
where p E U, P ;;e (0,0). 

8. Every neighborhood of (0,0) is closed since its complement con
sists of a discrete set of points, so X is zero dimensional, and thus 
totally separated. Also since every point but (0,0) is isolated, X is 
scattered, and not first category. 

9. X is not extremally disconnected, for the closure of the set S = 

{(m,n)im is even} is S U {(O,O)}. But this set is not open, for it 
does not contain any neighborhood of (0,0). 

27. Modified Fort Space 

Let the set X be the union of any infinite set N and two distinct one point 
sets {Xl} and {X2}. We topologize X by calling any subset of N open and 
calling any set containing Xl or X2 open iff it contains all but a finite num
ber of points in N. 

1. X is compact for in any cover there is some open set containing Xl, 

the complement of this set is then finite and hence covered by a 
finite subcover. 

2. X is TI for each point in N is open and both Xl and X2 have neigh
borhoods not containing any other given point. 

3. X is not T2 for Xl and X2 do not have any disjoint neighborhoods, 
thus X is not T3, T t , or T5• 

4. Every point of X is a component since every set containing more 
than one point is separated, thus X is totally disconnected, and 
not locally connected. 

5. If X = A U B is a separation of X and Xl E A then A is a closed 
and open set containing Xl. Then since the closure of any open set 
containing Xl contains X2, X2 E A. Thus the quasicomponent of Xl 
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contains {xd V {X2}. But no point of N is in the quasicomponent 
of {xd. Thus {xd V {X2} is a quasicomponent though every com
ponent consists of a single point. So X is totally disconnected but 
not totally separated, and not zero dimensional. 

6. X is scattered since it is T h and thus any dense-in-itself subset 
must be infinite; but any set with three or more points contains 
an isolated point. 

7. X is sequentially compact since any sequence has either one point 
repeated infinitely many times or infinitely many distinct points 
In the first case the subsequence of repeated points converges to 
itself, while in the second case the subsequence of distinct points 
converges to both Xl and X2. 

28. Euclidean Topology 

We define the Euclidean (or, usual) topology on the set R of real num
bers by using as a basis sets of the form (a,b) = {x E: Ria < x < b}. 

1. The Euclidean topology on R is generated by the metric d(x,y) = 

Ix - yl, where Ixl denotes, as usual, the absolute value of the 
real number x. So the metric space R satisfies all of the separation 
axioms. Furthermore, R is complete, so of the second category. 

2. R is second countable (and therefore first countable and Lindelof) 
since sets of the form (a,b) where a and b are rational, form a 
countable basis for R. Since the rationals are a countable dense 
subset of the reals, R is separable. 

3. If {a .. } is the sequence 1, 1, 1,2, 1,3, ... ,lis the only accumu
lation point of the sequence, but is not a limit point of the 
sequence. 

4. R is not countably compact, since the open intervals (n,n + 2), 
n = 0, ± 1, ±2, . . . cover R but no finite subcollection covers R. 
But R is locally compact and u-compact, since the closed and 
bounded intervals [a,b] are compact. .. 

5. Every closed subset A of R is a Grset since A = ('\ A .. where 
.. =1 

An is a neighborhood of A of radius lin-that is, An = 
V B(x,l/n). Each point not in A is contained in an t-ball 

",EA 

which is disjoint from A, and thus disjoint from some An. 
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6. Any open cover for R covers each of the compact intervals 
[n,n + 1], so an open cover can be reduced to a sequence of finite 
subcovers {G.'n)} for each interval [n,n + 1]. Then the setsG.(n) n 
(n - l,n + 2) form a locally finite refinement of the original open 
cover. Thus R is paracompact. 

7. The topology on R can be given also by a quasimetric such as 
d(x,y) = y - x if y ~ x, and d(x,y) = 2(x - y) if y < x. Basis 
neighborhoods are off-center intervals, since points to the right 
of x are closer to it than are points to the left. 

8. The collection of sets Sob = {(x,y)\x,y < b or x,y >a}, where 
a, b E R and a < b, is a subbase for a uniformity U which gener
ates the usual topology on R, but U is clearly not the usual metric 
uniformity. 

9. Euclidean n-space Rn is defined to be the product of n copies of R. 
The product topology is that generated by the basis of open rec
tangles, sets formed by the cross product of one open interval 
from each copy of R. An equivalent basis consists of open n
spheres, the metric balls under the metric d(x,y) = [~(x. - y.)2]1I2• 

29. The Cantor Set 

The Cantor set C consists of all points in the closed unit interval which 
can be expressed to the base 3 without using the digit 1. This representa
tion of points of C is unique, for even though many rational numbers 
have two possible ternary expansions-such as t = 0.10000 ... = 

0.022222 ... -no number can be written in more than one way without 
using the digit 1. 

1. Geometrically, the Cantor set is the set obtained by deleting a 
sequence of open sets, known as middle thirds, from the closed 
unit interval. The exact construction is as follows. From the 
closed interval El = [0,1], first remove the open interval (l,i), 
leaving E2 = [O,l] U [j,I]. From the remaining intervals, delete 
the open intervals (1/9, 2/9) and (7/9, 8/9). Four closed intervals 
will remain; E3 will denote their union. From these four, remove 
middle thirds as before, leaving E 4, the union of eight closed 
intervals. The Cantor set C is then the intersection of the suc-.. 
cessive closed remainders: C = n E •. 

2. The Cantor set is closed and compact because it is the intersection 
of closed subsets of the unit interval which is compact. Thus C 
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is a complete metric space and therefore satisfies all Ti axioms. 
Furthermore, C is second countable since the unit interval is. 

3. C is dense-in-itself since every open set containing a point pEe 
contains points of C distinct from p. Thus C is not scattered, and, 
since it is closed, it is perfect. 

4. The Cantor set is nowhere dense in [0,1] since it is closed, and no 
open interval in [0,1] is disjoint from all the deleted open intervals 
of [0,1]. Being nowhere dense in [0,1], C is obviously of the first 
category in the closed unit interval. But, being itself a complete 
metric space, it is of second category in itself. 

5. The CaTJ.tor set is uncountable. We can define a function f from 
the Cantor set onto the uncountable set [0,1] as follows. If x E C 
is written uniquely to the base 3 without using the digit 1, f(x) is 
the point in [0,1] whose binary expansion is obtained by replacing 
each digit "2" in the ternary expansion of x by the digit "I." 
Clearly all points in [0,1] may be obtained by such a process. 

6. The components of C are single points, for if a < b are two points 
in C there exists a real number r f/. C such that a < r < b. Then 
A = en [O,r) and B = en (r,l] is a separation of C where 
a E A and b E B. Thus C is totally separated. 

7. But C is not extremally disconnected, since en [0,1/4) and 
en (1/4,1] are disjoint open subsets of C with intersecting 
closures, since 1/4 = 0.02020202 ... belongs to both closures-

00 

8. The countably infinite product A = II An, of the two point 
n=l 

discrete space An = {0,2} (for all n) is homeomorphic to the 
Cantor set. In C, basis elements consist of all sets of the form 
{Yllx - YI < t) for x E C and t a positive number. In nAn, the 
sets of the form ((ai) E nAnlai is fixed for 1 ~ i ~ n) form a basis 
for the product topology. The function f taking each point 
(at, lL2, aa, . . .) of nAn to the point 0.ala2aa . . . is a homeomor
phism of nAn onto C. Clearly bothf and f-1 are continuous, since 
they take basis elements to basis elements. 

9. Since C is totally separated, it is not locally connected. But C is 
the countable product of copies of the locally connected discrete 
space {0,2). 
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30. The Rational Numbers 

31. The Irrational Numbers 

Let Q be the set of rational numbers, Q C R. Then R - Q is the set of 
irrationals. In each case we impose the topology induced by the usual 
topology on R. ' 

1. If B" is the set containing the single rational a, then V" B" = Q 
but Va Ba = R. Also (VBa)< = [25 while nBa' = R - Q. 

2. Q is an F .. -set in R that is neither closed nor G" since its comple
ment is neither open nor F ... Thus R - Q is a G,-set, in fact 
R - Q = n (R - {a}). 

aEQ 

3. Q n (R - Q) = [25 but Q n (Il - Q) = R. 

4. The Euclidean metric makes both Q and R - Q into metric 
spaces and thus they are completely normal and paracompact. 

5. If {r i} is an enumeration of Q, we can define a new metric on R by 
.. 

d(x,y) = Ix - yl + " 2-iinf(l, I max-_1-1- maX-I _1_11)· 
~ i:5,i Ix - rj i:5,i y - ri 
i=1 

The metric d adds to the Euclidean distance between x and y a 
contribution which measures the relative distances of x and y 
from the rationals Q. If B,(p) is a Euclidean metric ball and ~.(p) 
a d-metric ball, it is clear that ~.(p) C B.(p). The converse fails 
since if r is rational and ~ sufficiently small, a.(r) = I r} ; hence in 
the metric space (R,d) the rationals are open. 

But if we restrict d to the irrationals R - Q, we can always 
find, for each~, a 5 so that B,(p) C ~.(p). Thus the metric space 
(R - Q,d) is homeomorphic to the Euclidean irrationals. 

But (R - Q,d) is complete, since no sequence {Xn} which 
converges in the Euclidean topology to a rational rk can be 
Cauchy: for each Xn in such a sequence, there exists a term Xm 

(where m > n) such thatd(x",xm) ~ IXn - xml + 2-k. Of course, 
those sequences which are Cauchy converge to irrationals, so 
R - Q is topologically complete. 

6. The complete metric space R - Q is of the second category, 
while Q, the countable union of one-point subsets, is of the first 
category. 
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7. Q is clearly separable and R - Q is separable since the irra
tionals of the form 7r + q, q E Q are dense in R - Q. Thus Q 
and R - Q are second countable. 

8. Since in either Q or R - Q the only compact sets are nowhere 
dense, it follows that neither Q nor R - Q are locally compact 
or IT-locally compact. However Q, being countable, is IT-compact. 

9. Both Q and R - Q are totally separated, but since Q and R - Q 
are both dense-in-themselves neither is scattered, though both 
are zero dimensional. 

10. [0,1] (\ Q is totally bounded, but not compact. 

32. Special Subsets of the Real Line 

If R is the real line with the Euclidean topology, we consider the fol
lowing subsets: 

1. Let A be the set of all points lin, for n = 1, 2, 3, ... 
(a) A = AU {O}. 
(b) 0 is a limit point and an ",-accumulation point but not a 

condensation point of the uncountable set A U [2,3]. 
(c) The set A contains a Cauchy sequence (1, !, }, ... ) which 

has no limit point in A. 

2. Let A = to} U {lInin = 1,2,3, ... }. 
(a) A is not locally connected, for no neighborhood of 0 is 

connected. 
(b) If B is any countable discrete space, and f: B ~ A any 

one-to-one correspondence, then B is locally connected and 
f is continuous, but A = f(B) is not locally connected. 

(c) A is totally separated, since if a,b E A where a < b, we 
may select an irrational a such that a < a < band 
A (\ [O,a) and A (\ (a,l] separates A so both the compo
nents and quasicomponents of A are single points. 

(d) A is not extremally disconnected since {1/2k) is open, but 
its closure contains 0 and is not open. 

3. Let {an} be the sequence Ill, 1 + Ill, 1/2, 1 + 1/2, 1/3, 
1 + 1/3, ... ,11m, 1 + 11m, .... 0 is a limit point and an 
",-accumulation point of the set of numbers in the sequence. It is 
an accumulation point but not a limit point of {an}. 

4. Let An = (1 - lin, 1 + lin) for n = 1, 2, 3, .... (\An = 
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(lAno = 1. «(lAn)o = P)o = >0, so «(lAn)o is properly con
tained in (lAno. 

5. Let A = (O,!) U (!,l). 
(a) A = Ao, Ao-o = A-o = (0,1), and Ao- = A-o- = A- = 

[0,1]. 
(b) Aee = (0,1), so Ao is a proper subset of A,e. 
(c) (O,!) and (!,!) are both regular open, but their union, A, 

is not regular open. 
(d) If BI = (O,!) and B2 = (!,1), (BI (l B2) = >0, but BI (l 

B2 = {!). 

6. If Al = [O,!] and A2 = [!,1], {!} is the intersection of the regu
lar closed sets Al and A 2, but is not itself regular closed. Al and 
A2 are also an example of sets for which Alo U A 20 ¢ (AI U A 2)o, 
since Alo U A 20 = (O,!) U (!,1), but (AI U A 2)o= (0,1). 

7. Let A = (0,1) and B = [0,1]. A is homeomorphic to the subset 
(0,1) of [0,1], B is homeomorphic to the subset [1/4,3/4] of A, 
but A and B are not homeomorphic. 

8. Let A = to} U [1,2] U {3} and let B = [0,1] U {2} U {3}. A 
and B are homeomorphic as subspaces, but there is no homeomor
phism of R onto R taking A onto B. 

9. Consider the set A = {l/nln = 1, 2,3, ... } U (2,3) U (3,4) U 
{4!} U [5,6] U {xix is rational and 7 ~ x < 8}. There are 14 
distinct sets that can be formed from A (including A itself) by 
successive applications of the closure and complement opera
tions; these sets are depicted graphically in Figure 12. 

10. Let Z+ be the set of positive integers. If d(x,y) = \x - y\ is the 
usual metric for Z+, we define a new metric on Z+ by 6(x,y) = 

Ix - yllxy. The metric topologies for (Z+,d) and (Z+,6) are both 
discrete and thus are homeomorphic. Clearly, every Cauchy 
sequence in (Z+,d) must eventually be constant and so (Z+,d) is 
complete. The sequence 1, 2, 3, ... , is a Cauchy sequence in 
(Z+,6) since for t > ° if we choose an integer N(t) > l/t then 
for m,n > N(t) we have 6(m,n) < t. But clearly 1, 2, ... cannot 
converge in (Z+,6) and thus (Z+,6) is not complete. 

33. Special Subsets of the Plane 

1. Let R2 = R X R be the Euclidean plane. The set A of all points 
I (x,y)lxy ~ I), where x,y E R, is a closed subset of R2. The 
projection map p: R2 --t R taking (x,y) in R2 to x in R, is open, 
but it is not closed since peA) is not closed. 
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A 
0. __ • • ( 0 • [ ] [ rationals] 

0 2 3 4 5 6 7 8 

A' ()aar;rC' 0 0 ] • E--<>----1 ) irrationals E 

0 2 3 4 5 6 7 8 

AO=A'-' ~ 0 ) 
0 2 3 4 5 6 7 8 

A- .. -... • E • E 3 E 3 
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A' = A'O owaao 0 0 ) (---0-----) ~ 
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AP= AO-o ) ~ 
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Aq = A- o - E 3 E ] E 3 
0 2 3 4 5 6 7 8 

AU-A-o'o - [ ( ) ) f 
0 2 3 4 5 6 7' 8 

A V = AO-Ot 
3 E 3 E 

0 2 3 4 5 6 7 8 

Figure 12. 

2. Let A be the subset of R2 = R X R consisting of all points with 
at least one irrational coordinate, and let A have the induced 
topology. A is arc connected since a point (Xl,Yl) with two irra-
tional coordinates may be joined by an arc to any point (a,b) E A 
as follows. Since (a,b) E A either a or b is irrational, say a. Then 
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the union of the lines x = a, Y = YI is an arc connected subset of X 
containing (XI,YI) and (a,b). Hence any point of A can be connected 
by an arc to (XI,Yl). 

34. One Point Compactification Topolo~ 

35. One Point Compactification of the Rationals 

Let (X,T) be a non empty topological space, and let p be a point not in X. 
We define X* = XU {pI and describe a topology T' on X' by calling 
a set in X* open iff it is in T or is the complement of a closed and compact 
subset of (X,T). 

1. (X',T') is compact since any open cover '11 of X' contains an open 
set about p and the complement of this open set is covered by a 
finite number of sets in '11. 

2. (X'/) is TI iff (X,T) is since if x E X', x ~ p then X' - {x} is 
an open set containing p when (X,T) is T 1• Conversely (X,T) is a 
subspace of (X',T*) hence is Tl when (X'/) is. 

3. (X',T') is T2 iff (X,T) is T2 and locally compact. For if X,Y E X 
they may clearly be separated in X'; if Y = P and (X,T) is T2 then 
any compact neighborhood of x is closed so its complement is 
an open set about p disjoint from some open set about x. Con
versely if (X',T') is T2 so is (X,T) as a subspace. To see that (X,T) 
is locally compact let x E X, and let U be an open neighborhood 
of x disjoint from an open neighborhood V of p. Then X' - V is 
a compact neighborhood of x. Thus since (X',T') is compact 
(X',T') is T4 if it is T2. 

4. If (Q,T) is the rationals with the topology induced by the Euclidean 
topology on the reals, (Q',T*) is not Hausdorff, since (Q,T) is not 
locally compact. But since (Q,T) is Tl so is (Q',T') and thus (Q*/) 
satisfies no higher separation axioms. 

5. p is a dispersion point of Q* for, clearly, Q* - {pI is totally dis
connected and Q' is connected since any open set containing p 
has a nowhere dense, and thus non open complement. Thus 
(Q'/) is biconnected. 

6. Every sequence in (Q',T') must either be contained in a compact 
subset, or must contain a subsequence converging to p. In either 
case, the original sequence must contain a convergent subse
quence, so (Q',T') is sequentially compact. 
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36. Hilbert Space 

37. Frechet Space 

Hilbert space H is the set of all sequences x = (Xi) of real numbers Xi 
such that 'l;xl converges together with a topology generated by the 
metricd(x,y) = ['l;(Xi - Yi)2)1/2. 

1. H is a complete metric space, for whenever xl, X2, x3, • is a 
Cauchy sequence in H, then for each i, {X/}:_l is a Cauchy se
quence in the complete metric space R and thus converges to a 
point of R, say Xi. Then if x = (Xi), the points X - xi eventually 
belong to H, so x = (x - xJ) + xi must be in H, and d(x,xi) -+ O. 

2. H is separable since the set of all points having finitely many 
rational coordinates and the rest zero is a countable dense sub
set. Thus, since H is a metric space it is also second countable 
and LindelOf. 

3. H is not locally compact since the closed balls B(X,E) = 
{y\d(x,y) ~ E} are not compact. For the points Yn = (Xl, X2, ... , 
Xn_l, Xn + E, Xn+l, ... ) are in B(X,E), yet d(Yn,Ym) = V2e when
ever n "¢ m. Thus {Yn} has no convergent SUbsequence. 

4. Since H is Hausdorff any compact subset C is closed. If a set C 
has nonempty interior it is not compact since H is not locally 
compact at any point. Thus any compact subset of H is nowhere 
dense. Hence, since H is a complete metric space and thus second 
category, H is not u-compact. 

5. H is arc connected since the entire line segment joining any two 
points of H lies entirely in H. That is, if x = (Xi) and Y = (Yi) are 
in H, then the function f: [0,1]-+ H defined by f(t) = tx + 
(1 - t)y = (txi + (1 - t)Yi) is a path joining x to y, since 
'l;(txi + (1 - t)Yi)2 converges. 

6. H is homeomorphic to R"', the countable infinite product of copies 
of the real numbers R. 

7. A direct comparison of the corresponding basis elements shows 
that the product topology on R"' may be given also by the Frechet 
product metric: 



Hilbert Cube 65 

In this case we call the metric space (R"',d) Frechet space, and can 
prove, as with Hilbert space, that Frechet space is complete. 

8. Every separable metric space (X,d) can be mapped homeomor
phically onto a subspace of Frechet space by the functionf(x) = 

(d(X,Xi) where x E X and Ix;} is a countable dense subset of X. 

38. Hilbert Cube 

The subspace I'" of Hilbert space consisting of all points x = (Xl, X2, 

Xa, .•• ) such that ° ~ Xj ~ 1/j (or homeomorphically, Jx;J ~ 1/j for 
each integer j) is known as the Hilbert cube. 

1. I'" is homeomorphic to the countable infinite product of the closed 

unit interval, I = [0,1]. f : I'" ~ II Ii by f(Xl, X2, xa, ... ) = 
i=l 

(Xl, 2X2, 3xa, ... ) is a bijective function which is both open and 
continuous. (This is why the Hilbert cube is denoted by I"'.) 

2. I"', being a subspace of Hilbert space, is a metric space and thus 
completely normal. 

3. I'" is separable and second countable, for the points with rational 
coordinates for a finite number of Xi and ° for the other Xi form 
a countable dense subset. 

4. I'" is compact since it is homeomorphic to II h which is compact 
;=1 

by the Tychonoff theorem. This may also be proved directly by 
considering a sequence Ix;} of points of I"'. The sequence of first 
coordinates, {Xli} consists of real numbers from the compact 
interval [0,1], so there is a subsequence of {Xi} whose first coor
dinates converge to some point Xl E [0,1]. Similarly, the second 
coordinates of this subsequence belong to [O,!], so there must 
exist another subsequence whose second coordinates converge to 
a number X2 E [O,t]. We may use induction to continue this proc
ess of constructing subsequences. Then the diagonal subsequence 
consisting of the first member of the first subsequence, the second 
member of the second subsequence, and so on, converges to the 
sequence (Xl, X2, Xa, .•. ), which belongs to I"'. 

5. I'" is arc connected for if X = (Xi) and Y = (Yi) belong to I'" then 
so do the elements tx + (1 - t)y = (tXi + (1 - t)Yi) for all ° ~ t ~ 1. Similarly, each metric ball contains the entire line 
segment joining its center to any point in it (since for ° ~ t ~ 1, 
d(x,tx + (1 - t)y) ~ d(x,y)). So I'" is locally arc connected. 
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39. Order Topology 

Let X be a set which is linearly ordered by the transitive relation" < ." 
We define the order (or interval) topology on X by taking as a subbasis 
the rays {xly < xl and {xix < zl. Then the intervals (y,z) = 
{x C Xly < x < z I for each pair y,z C X where y < z are open. 

1. We will call a set seX convex whenever it contains all points 
which lie between any two of its points: if a,b E S and if a < 
t < b, then t E S. This concept is to be distinguished from an 
interval in X which is a set of points lying between two fixed 
points of x; as usual we denote intervals by (a,b), [a,b), (a,b], or 
[a,b] according to whether they do or do not contain their end
points. Clearly every interval is convex but not conversely. 

2. The union of any collection of convex sets with nonempty inter
section is convex. So any subset S of X can be uniquely expressed 
as a union of disjoint, nonempty, maximal convex sets called 
convex components; the component of S which contains the point 
pES is just the union of all convex subsets of S which contain p. 

3. Suppose A and B are separated subsets of X; let A' = V {[a,b]la,b 
E A, [a,b] n B = .0}, and let B' = V {[a,b]la,b E B, [a,b] n A 
= .0}. Then A C A' since for a E A, [a,a] = I a I is disjoint 
from B. Further A' n B' = .0, for if pEA' n B', then there 
must be points a,b E A and e,d E B such that p E .la,b] n [e,d]. 
But since neither c nor d can belong to [a,b], and neither a nor b to 
[c,d], we must have [a,b] n [e,d] = .0. 

4. In fact, we can prove more: A' and B* must be separated. To 
prove this, we observe first that A' CA' V A. For suppose 
p E/. A' V A. Then there exists an open interval (s,t) disjoint 
from A but containing p. The interval (s,t) may intersect A' only 
if it intersects some interval [a,b] C A where a,b E A. But since 
(s,t) n A = .0 and a,b E A then (s,t) C (a,b) which would imply 
that pEA'. But since p E/. A', we must have (s,t) n A' = .0. 
Thus p E/. A*. Thus A' n B' C (A' V A) n B' = (A' n B') V 
(A n B') = .0. 

5. If we now write A', B' and (A * V B')' as the union of convex 
components, A' = VA a, B* = VBfj and (A' V B')' = VC"y, the 
collection M = {Aa,Bfj,C-y1 inherits a linear order from X and is 
thus itself a linearly ordered set. We claim that in the ordered 
set M, each of the sets Aa (and similarly, each of the sets Bfj) has 
an immediate successor whenever Aa intersects the closure of Sa, 
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the set of strict upper bounds for Aa. In this case we can show that 
the successor to Aa is an element of {Coy}, which we will denote 
by Ca+. 

For suppose Aa (\ Sa ~ 0; then Aa (\ Sa contains precisely 
one point, say p, which belongs to the complement of the closed 
set BO, so there exists a neighborhood (x,y) of p disjoint from BO. 
Then (x,y) (\ Sa ~ 0, so (p,Y) ~ 0. But (p,y) is disjoint from 
both AO and BO, so there must exist some set Coy containing (p,y). 
In the linear order on J[, Coy is the immediate successor to Aa, 
and we will call it C a +. 

6. For each ,¥, select and fix some point koy E Coy. Then whenever 
Aa (\ Sa ~ 0, there exists a unique ka+ E Ca+, the immediate 
successor of Aa. In such cases, let Ia = [p,ka+) where pEA (\ Sa; 
otherwise, if A (\ Sa = 0, let 1.. = 0. Define J a similarly for 
the strict lower bounds of Aa (using the same collection of points 
koy E Coy). Then for each a, let Ua = J a U A" U la, and similarly 
for each fJ, let Vil = J(J U B(J U Ill. Each Ua and V(J is clearly a 
convex open set containing Aa and Ba, respectively. Thus U = 
U U a, V = U V (J are open sets containing A ° and BO, respectively. 
Since no Aa intersects any BIl , and the use of the same koy through
out implies that no J (J or I(J may intersect any J a or I a, it is clear 
that no U a can intersect any V (J. Thus U (\ V = 0, and hence X 
is T5 • Since the points of X are clearly closed, X is Tl , and thus 
completely normal. 

7. The order topology on X is compact iff it is complete-that is, 
iff every nonempty subset of X has a greatest lower bound and a 
least upper bound. This condition is clearly necessary, for if 
A C X and if A has no least upper bound, then the sets P a = 

{xix < a} and S(J = {xix> fJ} for a E A and fJ an upper bound 
of A cover X but they contain no finite subcover. To prove it 
sufficient we need only consider, for any given open cover 'U of X, 
the set S of those elements y E X for which [a,y) (where a = 

g.l.b. X) can be covered by finitely many members of 'U. If a = 

l.u.b. S and if a E U E 'U, then U C S. There then exists, unless 
a = l.u.b. X, an interval (x,y) C U such that a E (x,y). Then 
(a,y) = 0 since a = l.u.b. S. But this would mean that yES, 
which is impossible. Thus S =X. 

8. \Yhcnever X contains two consecutive points (that is, whenever 
some interval (a,b) is empty), X can be separated by {xix ~ a} 
and {xix ~ b}. Similarly, if X contains a bounded set A with no 
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least upper bound, the set of upper bounds for A and its comple
ment separate X. Thus X is connected only if it contains no con
secutive points, and if every bounded subset has a least upper 
bound. These conditions are in fact sufficient; and are often sum
marized by the Dedekind cut axiom: if A and B are disjoint non
empty subsets of X whose union is X, and if every point of A is 
less than every point of B, then there exists l.u.b. A and it equals 
g.l.b. B. We will use this version to prove sufficiency. 

Suppose. U and V are disjoint nonempty open sets whose union 
is X, and assume that U contains a point u which is less than some 
point v E V. Let E be the convex component of U which con
tains u, and let A = EU Ix E Xix < 'Ill. If B = X - A, then 
v E B and so the Dedekind cut axiom guarantees the existence of 
a point p = l.u.b. A = g.l.b. B. If pEA, then it must be in E 
and thus in U; so there exist points x,y such that p E (x,y), 
(x,y) C E C U. But since p = l.u.b. A, (p,y) = )25 which is 
impossible since y cannot be the immediate successor of p. Thus 
pEA. By a similar argument it can be seen that p t/. B, which 
gives the desired contradiction. 

9. If X is a connected set with the order topology, any point p E X 
is a cut point, since X - I p) is separated by P p = I x E XI 
x < p) and Sp = Ix E Xix> pl. 

40. Open Ordinal Space [0,1') (I' < n) 

41. Closed Ordinal Space [0,1'] (I' < n) 

42. Open Ordinal Space [O,n) 

43. Closed Ordinal Space [0, n] 

Closed ordinal space consists of the set of all ordinal numbers less than 
or equal to some limit ordinalI', together with the order topology. 
Open ordinal space is the subspace [0,1') consisting of all ordinals strictly 
less than 1'. Sets of the form (a,{3 + 1) = (a,{3j = I xla < x < (3 + I) 
form a basis for this topology. We will consider two special cases: 
I' = n, the first uncountable ordinal, and I' < n. 

1. In ordinal space [O,n], I n I is a closed set that is not a G.-set. 
In) is closed since its complement [O,n) is an open set. It is not a 
G.-set, since for any countable collection Gi of open seti:1 con
taining n, we can find a collection of basis elements of the form 
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(a;,n] C Gi for each i. The least upper bound of the ai is an 
ordinal 'Y less than n, since each a;, or equivalently, each [O,a;) 
is countable and the countable union of countable sets is count
able. Therefore nG; => ('Y,n] ~ in}. 

2. Thus ordinal space [O,n] is not first countable, since the point n 
does not have a countable local basis. In fact, n is a limit point 
of the set (a,Q) but it is not the limit point of any sequence of 
points in (a,Q). 

3. Similar reasoning shows that [O,n) is not separable, for the least 
upper bound of any countable subset of [O,n) is countable, and 
will be strictly less than n. Therefore, there will always be an 
open interval (a,Q) in the complement of a countable subset. 
Thus both [O,n) and [0,0] fail to be separable. But unlike [O,n], 
[O,n) is first countable, since the only point of [O,n] which does 
not have a countable local basis is n. 

4. Since all order topologies satisfy all the separation axioms, each 
ordinal space is completely normal. But [O,n] is not perfectly 
normal, since the closed set in} is not Ga. 

5. Although neither [0,12] nor [0,12) are second countable, both [O,r] 
and [O,r) are (for r < n) since each point has a countable local 
basis, and there are only coulltably many points. Thus, since 
ordinal spaces are regular, both [O,r] and [O,r) are metrizable. 

6. Every subset of each ordinal space has a greatest lower bound 
(its first element) and every subset of [O,r] has a least upper 
bound. Therefore, [O,r] is a complete order topology, and thus 
compact. Similarly, the closure of each basis neighborhood is 
compact, so every ordinal space is strongly locally compact. 

7. The open subset [O,r) of [O,r] fails to be compact since the col
lection {[O,a) la < r} is an open cover with no finite subcover 
(since r is a limit ordinal). 

8. Since [O,n] is compact, it is countably compact. Thus every 
sequence in [O,n) has an accumulation point in [0,12]. But 12 can
not be an accumulation point of any sequence in [O,n). So every 
sequence in [0,12) has an accumulation point in [O,n), which means 
that [O,n) is countably compact. 

9. Because a space is compact iff it is both countably compact and 
metacompact, and since [0,12) is countably compact but not 
compact, [O,n) cannot be metacompact or paracompact. 
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10. Since every Ta LindelOf space is paracompact, [O,n) is not 
LindelOf, and thus not u-compact. But [O,n] being compact, is 
both LindelOf and u-compact. 

11. Since it is first countable and countably compact, [O,n) is se
quentially compact. 

12. Any continuous real-valued function! on [O,n) must be even
tually constant-that is, constant on some set (a,n). To prove 
this, we verify first the existence of a sequence an E [O,n) such 
that I!({J) - !(an) 1 < lin whenever f3 > an· For if no such se
quence existed, there would be some integer no for which we 
could construct inductively an increasing sequence 'Yi E [O,n) 
such that 1!('Yi) - !('Yi-l) 1 ~ llno for each i. But the sequence 
'Yi converges to its least upper bound 'Y, whereas the points !('Yi) 
cannot converge. This is impossible for a continuous function f. 
So the sequence an exists, and it has a least upper bound a < n. 
Clearly! is constant on (a,n). 

13. All ordinal spaces are zero dimensional, since the basis elements 
(a,{3] are closed. But none of them are extremally disconnected, 
since the open set A = {1, 3, 5, 7, . . .} has as its closure 
A V I w}, a set which is not open. 

14. Since ordinals are well-ordered, every subset of ordinal space 
with at least two points contains both a first and a second ele
ment; thus the first element cannot be a limit point of the set, 
so no nonempty subset of ordinal space can be dense-in-itself. 
Thus each ordinal space is scattered. 

15. The ordinal space [0,2n) is, like [O,n), sequentially compact but 
not compact. But, unlike [O,n), [0,2n) is not first countable. 

16. If we expand the interval topology on [O,wn) by declaring open 
each ordinal nn, we will have, essentially, a countably infinite 
sum of copies of [O,n). This new space will fail, like [O,n), to be 
metacompact and furthermore it will fail to be countably com
pact since the summands form a countable cover with no finite 
subcover. But clearly [O,wn) with the new topology will still be 
countably paracompact. 

44. Uncountable Discrete Ordinal Space 

Let X be the set of points of the form a + 1 in [O,n) where a is a limit 
ordinal, together with the subspace topology induced by the order 
topology on [O,n). 
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1. X is well-ordered, since it is a subset of [O,n) yet its topology 
is discrete since X n (a,a + 2) = {a + 1 I is open in X. Thus 
the topology on X is not the topology given by its natural ordering. 

2. The product set [O,n) X Z, where Z is the integers with the lexico
graphic order «a,n) < (a',n') if a < a' or if a = a' and n < n') 
is a linearly ordered set in which every element has both an im
mediate predecessor and an immediate successor. Thus its order 
topology is also discrete and so, since it has the same cardinality 
as X, it is homeomorphic to X. 

3. The discrete metric on X yields the discrete uniformity U1 which 
has as a base the diagonal II = {(x,x) E X X Xix E Xl. Thus 
U1 is a metrizable uniformity. 

4. The uniformity U2 which is generated x 
by the basis of all sets of the form 
B. = llU {(x,y) E X X Xix> zand 
y > z I also yields the discrete topol
ogy. Howeyer U2 does not have a 
countable base since every countable 
subset of X has a least upper bound 
less than n. Thus (X, U2) is a nonme
trizable uniform space whose topology 
is metrizable. 

45. The Long Line 

46. The Extended Long Line 

L-------~-------x 

The long line L is constructed from the ordinal space [O,n) (where n is 
the least uncountable ordinal) by placing between each ordinal a and 
its successor a + 1 a copy of the unit interval I = (0,1). L is then 
linearly ordered, and we give it the order topology. The extended long 
line L* is constructed similarly from [O,n]. 

1. L is not compact, since the open covering by sets of the form 
{yly < a}, a E [O,n) has no finite subcover. In fact, it has no 
countable subcover, since the least upper bound of any countable 
collection of ordinals a E [O,n) must Le countable, and therefore 
cannot equal n. Thus L is not Lindelof, and therefore not 
CT-compact. 

2. For a similar reason, L is not separable. If D is a countable subset 
of L, and if fJ is the least upper bound of D, the set lyE L Iy > fJ I 
is a nonempty open subset of L which is disjoint from D. So D 
cannot be dense i:a L. 
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3. L is first countable since each point x E L is the least upper bound 
of a countable collection I Xn J of points in L which precede it. So 
I (xn,x + lin)} is a countable local basis for the topology at the 
point x. 

4. Since Land L* carry the order topology, they are both com
pletely normal. However neither L nor L* is perfectly normal 
since the sets of limit ordinals in either space are closed but not 
Ga. For example, let I U.} be a countable collection of open sets 
containing the set S of limit ordinals in L. Let Ii be a Urysohn 
function for S and the complement of Ui . Then Ii must be con
stant for all values greater than some ai. Hence (lUi contains 
all points of L greater than the least upper bound of the ai. 

So (lUi ;>f=S. 

5. L" is compact since each open neighborhood of 11 has a compact 
complement. So Lis countably compact, for just as in the ordinal 
space [0,11), every sequence in L has an accumulation point which 
must be in L. Clearly L is not compact, and thus, since it is count
ably compact, neither metacompact nor paracompact. 

6. L is arc connected since whenever p,q E L, the interval [p,qj is 
homeomorphic to the closed unit interval. L·, being the closure 
of L, is thus connected, but it is not path connected, for no path 
can join any point to n. 

7. Since both Land L· are countably compact and regular, they are 
of the second category. 

47. An Altered Long Line 

To the long line L we add a point p. Open sets of L U IpJ are the open 
sets of L together with those generated by the following neighborhoods 

Il 

of p: U~(p) = IpJ U I U (a, a + 1) J (where 1 ~ (3 < 11). Ufj(p) is then 
a=~ 

a right-hand ray less the ordinal points. We consider p to be the greatest 
element of L U IpJ. 

1. If a,b E L U Ip}, say a < b, then there exists a z such that 
a < z < b. Thus Ixlx < zJ and Ixlx > z) are disjoint neighbor
hoods of a and b, so L U Ipi is T2• 

2. No U~(p) contains Ua(p) for any a. Hence L U Ipi is not T3; 
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but since it is T2, it cannot be compact. Yet, L U {p}, like the 
extended long line, is countably compact, connected, and not 
separable. But it is not LindelOf, for the cover consisting of the 
sets (/3,/3 + 2) together with U1(p) has no countable subcover. 

48. Lexicographic Ordering on the Unit Square 

Let X be the unit square in the plane: X = {(x,y)\O ~ x ~ 1,0~y~ I). 
We order X lexicographically «x,y) < (u,v) iff x < u, or x = u and 
y < v) and place the order topology on X. 

1. Since X carries the order topology, it is completely normal. 

2. Every nonempty subset A of X has a least upper bound. Although 
this is not obvious, it is at least clear that the set of first coordi
nates of points of A, being a subset of the closed unit interval, has 
a least upper bound; leta = l.u.b.{(x,O)\(x,y) E A for some y}. 
Then if A n {(a,y) \0 ~ y ~ I} = 0, (a,O) is the least upper 
bound for A. Otherwise, l.u.b. A = l.u.b. {(a,y) E A \0 ~ y ~ I}. 
Thus X is a complete ordered space, and hence compact. 

3. The set L = {(x,y) \y = !} is an uncountable discrete subspace 
because each of its points can be obtained by intersecting L 
with the open sets 0" = {(x,y)\t < y < I). The family 
{U.:\O ~ x ~ I} is an uncountable collection of disjoint open 
sets, so X does not satisfy the countable chain condition. Hence 
X is not separable. 

4. Since X is compact but not separable, it is not metrizable. How
ever, it is first countable. 

5. Since in the linear order on X there are no consecutive points, and 
since every (bounded) subset of X has a least upper bound, X is 
connected. But X is not path connected since any path in X join
ing, say, (0,0) and (1,1) must be connected, and therefore must 
contain all of X-since in a linearly ordered space any connected 
set containing two given points must contain the entire interval 
between them. But X cannot be the continuous image of [0,1] 
since X contains an uncountable collection of disjoint open sets 
whose inverse images would form an uncountable collection of 
disjoint open sets in [0,1]. But this is impossible since each such 
open set would have to contain a rational. 
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49. Right Order Topology 

50. Right Order Topology on R 

If X is a linearly ordered set, the topology generated by basis sets of 
the form Sa = Ixlx > a} is called the right order topology on X. (A 
left order topology is defined similarly using the sets P a = I X Ix < a}.) 

1. For any point a EX, every x < a is a limit point for I a}. So the 
closure of any open set is the whole space X, and every right order 
topology is weakly countably compact. 

2. Clearly X is both hyperconnected and ultraconnected, thus path 
connected, locally connected, and pseudocompact. 

3. X is always locally compact, but it is compact iff it contains a 
first element. But since the closure of any open set is the whole 
space, X will be strongly locally compact iff X is compact. 

4. If x < y, then S", is an open neighborhood of y which does not 
contain x. So X is To, but clearly not T1 • Thus it is not T2, Ta, or 
Tal' But since there are no disjoint closed sets, X is T4 vacuously. 
Similarly, X is T5 vacuously since there can be no separated sets 
in X: if A and B are disjoint and nonempty, one of them, say A, 
must contain a point p which is greater than some point q E B. 
But then q E A, since every neighborhood of q must contain p. 
Thus A (\ B -,= 0, so A and B cannot be separated. 

5. X is not perfectly T4, since the only open set which contains any 
closed set is X. 

6. An interesting special case is the right order topology on the real 
numbers Ri call this space (R,T). Then (R,T) is second countable 
since ISr}rEQ is a countable basis for T. Thus (R,T) is Lindelof, 
and therefore not countably compact since it is not compact. 
But, since (R,T) is thus both locally compact and LindelOf, it must 
be cr-compact. 

7. Each set Pr = Ix E Rlx < r} is nowhere dense in (R,T), so R, 
which equals U P r, is first category. But each P r is dense-
in-itself. rEQ 

8. The open cover ISn} of R, where n is an integer, has no point 
finite refinement, so (R,r) is not countably metacompact. 

9. Any finite set in (R,r) has infinitely many limit points, but no 
w-accumulation points. Thus if we add to a finite set its w-accumu
lation points, we will not produce a closed set. 
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51. Right Hall-Open Interval Topology 

On the set X of all real numbers (or, more generally, any linearly ordered 
set), we choose a basis for a topology T to be the family of all sets of the 
form [a,b), where a,b E X. For obvious reasons, (X,T) is called the right 
half-open interval topology, or sometimes the lower limit topology. 
Then sets of the form (- 00 ,a), [a,b), or [a,+ 00) are both open and 
closed. Sets of the form (a,b) or (a,+ 00) are open in X, since (a,b) = 

V I [a,b)!a < a < b}. They are not closed, since sets of the form (- 00 ,al, 
[a,b l, and I p} are not open, not being the union of basis elements. 

1. If A = (a,+oo), Ao = (a,+oo), A' = (-oo,a), and A·' = 
[a,+ 00). We see that A'· :J Ao, but A·' ~ Ao. 

2. X is Hausdorff since the topology is an expansion of the interval 
topology on X. X is in fact completely normal, for let A and B be 
two separated sets in X. Then for each a E X - iJ there is an 
Xa E X such that [a,xa) ex - iJ since X - iJ is open. We de
fine OA = V [a,xa). OB containing B is defined analogously. If 

aEA 

OA () OB ~ 0, then for some a E A, b E B we have [a,xa) () 

[b,xb) ~ 0. Say a < b: then b E [a,xa) ex - iJ, a contradic
tion. So OA and OB are disjoint. 

3. X is not second countable, for if S = IlXi,Yi)li E Z+} is any 
countable set of basis elements there exists an a E X such that 
a ~ Xi for any i E Z+. Then for any b > a, [a,b) is not a union 
of any collection of elements of S. 

4. However X is first countable, for at a point X, the collection of 
sets of the form [x,ai), where ai is a rational number, form a 
countable local basis. Furthermore, X is separable since the 
rational numbers are dense in X. Thus, since X is not second 
countable, it cannot be metrizable. 

5. Every compact subset of (X,T) is countable and nowhere dense 
in the Euclidean topology. In fact, if A is compact, and if 
a E:: A, then there is some interval (xa,a) disjoint from A. (If 
not, A would contain an increasing sequence {b i } such that 
I bi - al -+ 0; then [- Q) ,bi) , {[b i , bi+1) } i:1, and [a, Q» is a (count
able) open covering of A which can have no finite subcover.) 
Hence, since the real numbers are uncountable, (X,T) is not 
u-compact; neither is it locally compact, for every open set 
(in 7) is uncountable. 
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6. But (X,T) is LindelOf, for if {Ua } is an open covering of (X,T) and 
if UaD is the Euclidean interior of Ua, then since every subset of R 
is Lindelof, {U aD} has a countable subcollection {U aiD I which 
covers U = VUaD. But the complement A = X - U may be 
covered by a countable subcollection of { U a I since A is a countable 
set. For if pEA there must be some point Xp > p such that 
(p,xp) n A = )25. But these intervals are disjoint, so there cannot 
be uncountably many of them. 

7. Since each of the basis sets [a,b) is both open and closed, X is 
zero dimensional; since it is To, it is therefore also totally sepa
rated and totally disconnected. But, since X is dense-in-itself, it 
is not scattered, nor is it extremally disconnected since the closure 

of the set V [1/2n, 1/(2n - 1)) is not open. 
n=l 

8. Since X is both Lindeltif and regular, it is paracompact and thus 
fully normal. 

52. Nested Interval Topology 

On the open interval X = (0,1) we define a topology T by declaring open 
all sets of the form Un = (0,1 - lin), for n = 2,3,4, ... , together 
with {2f and X. 

1. Since every nonempty open set contains both i and 1-, X is not 
To, thus not T1, T2, or T21 • 

2. Similarly, since every nonempty open set contains i, every neigh
borhood of the closed set [!,1) must also. Thus (X,T) is not Ta. 

3. Since the closure of any set S includes all points of X greater 
than the greatest lower bound of S, there can be no separated sets; 
thus (X,T) is T. vacuously, and thus T4 also vacuously. 

4. X is clearly hyperconnected and ultraconnected and thus is path 
connected, connected, locally connected, and pseudocompact. 

5. Since T is countable, X is second countable and thus first count
able, separable, and Lindeltif. 

6. Since all nontrivial open sets are of the form Un = (0,1 - lin), 
each open set except X itself is compact. Furthermore, no closed 
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set except 0 is compact, since {Un} is an open covering of any 
closed set which can never have a finite subcover. 

7. Since each point of X is contained in a compact open set 
(0,1 - lin), X is locally compact. X is not strongly locally com
pact since the closures of neighborhoods are not compact: 1] n = X 
for each n. Since X = U Un, X is u-compact and thus u-Iocally 
compact. 

8. X is not countably compact for the Un have no finite subcover, 
and thus not sequentially compact. X is, however, weakly count
ably compact for if p is the greatest lower bound of any infinite 
set A, then every point x > p is a limit point of A. X is not count
ably metacompact since the open cover { Un} has no finite refine
ment and 1/4 is in every set in the cover. 

53. Overlapping Interval Topology 

On the set [-1,1] we generate a topology from sets of the form [-l,b) 
for b > 0 and (a,I] for a < O. Then all sets of the form (a,b) are also 
open. 

1. X is To, but not 1'1, since the point 0 is not closed. Also X is not 1'4 
since {-I) and {I} are closed subsets with no disjoint 
neighborhoods. 

2. X is compact, since in any open covering, the two sets which 
include 1 and -1 will cover X. 

3. Every nonempty open set contains 0, and the closure of any non
empty open set is the whole set X. So X is dense-in-itself and 
hyperconnected and thus connected and locally connected. 

4. Since this topology is coarser than the Euclidean topology X is 
arc connected. 

5. X is second countable since the intervals [-l,t), (8,t) and (8,1] 
for rational 8,t such that 8 < ° < t form a countable basis. 

6. The sequence 0, !, 0, !, O,!, ... has ° as an accumulation point 
but not a limit point but any point greater than! is a limit point 
of this sequence. 

54. Interlocking Interval Topology 

Let X = R+ - Z+, the positive real numbers excluding the positive 
integers. The topology T on X is generated by the sets Sn = (O,Iln) U 
(n,n + 1), where n E Z+. 
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1. X is not To since 2t and 2t cannot be separated; X is also not 
T4 since (2,3) and (3,4) are disjoint closed sets, but X has no dis
joint open sets. 

2. Since X is hyperconnected it is connected, locally connected, and 
pseudocompact. 

3. ISn} is a countable open covering of X with no finite subcover. 
So (X,T) is not countably compact, and thus not compact. 

4. A basis for T consists of the sets Sn together with sets of the form 
(O,l/n) for n ~ 2. Since each of the basis elements is compact, 
(X,T) is locally compact and thus q compact since USn = X. 

5. Since ISn} is countable, (X,T) is second countable and therefore 
separable and Lindelof. 

6. The open cover ISn} has no refinement. But S1 = (0,1) U (1,2) 
intersects every other set in the cover. So (X,T) is not countably 
paracompact. 

7. But the cover I Sn} is point finite, since each point x > 1 belongs 
to only one member of the cover, and each point x < 1 belongs 
to finitely many members of the cover IS .. }. So (X,T) is 
metacompact. 

55. Hjalmar Ekdal Topology 

The Hjalmar Ekdal topology is defined on the set X of positive integers 
by including in T precisely those subsets of X which contain the successor 
of every odd integer in them. Thus a set A is closed in (X,T) iff for each 
eVen point p in A, p - 1 E A, for if p - 1 f/. A, it would be an odd 
integer in X - A. 

1. (X,T) is just the sum of countably many copies of Sierpinski space. 

2. The sum of spaces is T; iff each of the spaces is T; since to sepa
rate two sets it is necessary and sufficient to separate them within 
each summand, for the summands are both open and closed. Thus 
X is To, T" and T5 only. In this case the summands are the sub
sets 12n - 1,2n}. 

3. X is not compact since the covering by summands is an open dis
joint infinite covering with no finite subcover. But since each 
summand is second countable so is the sum X. The fact that the 
cover by sunmlands is a refinement of any open cover implies that 
X is paracompact. That these summands are finite implies that X
is locally compact. 
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4. Since the subspaces 12n - 1,2nl are the components of X, X is 
locally connected and locally path connected, but neither totally 
separated nor totally disconnected. No subset is dense-in-itself, 
so the space is scattered. In fact, since each even integer is open 
and not closed, X is neither first category nor zero dimensional. 

56. Prime Ideal Topology 

Let X be the set of all prime ideals of integers; that is, X is the set of all 
ideals P in Z whose complement is multiplicatively closed. We define a 
topology for X by taking as a basis all sets Vx = IP E Xix t/. PI, for 
all x E Z+. (Note that Vo = 0 and VI = X.) 

]. Each basis element Vx contains all but a finite number of prime 
ideals (those generated by the prime factors of x), while the ideal 
o is contained in every basis element V x' Thus a subset of X is 
open iff it contains 0 and has a finite complement. 

2. A subset U of X is open iff there is an ideal Ie Z such that 
U = IP E XII Cl PI. For if U = U V x, lis the ideal generated 

",EM 

by M, and conversely. So a set C is closed iff there is an ideal I in 
Z such that C = IP E XII C PI. (This description may be used 
to define a topology on the set of prime ideals in any ring A; this 
space is normally called Spec A.) 

3. X is To, but not TI since 0 is in every open set. Thus X is not T2 or 
T 3• Since any nonzero prime ideal is closed X does have disjoint 
closed sets and hence is not T4 or Ts, nor metrizable. Again since 0 
is in every open set X is hyperconnected and thus connected and 
locally connected. 

4. X is compact since every open set has a finite complement. Also X 
is second countable since the basis I V x I xEZ+ is countable. 

5. The mapj: [0,1]- X defined by f(O) = P,f(l) = Q andf(t) = 0 
for t E (0,1) is continuous for any P,Q E X. Thus X is both path 
connected and locally path connected since 0 is in every 
neighborhood. 

57. Divisor Topology 

Let X = Ix E Z+lx ~ 21, together with the topology generated by sets 
of the form Un = Ix E Z+lx divides nl, for n ~ 2. 

1. X is To for if x < y then y t/. U",; but every neighborhood of 6 
contains 3 so X is not T I , and thus not T2 or Ta. 



80 Counterexamples 

2. If x is a point of X the closure of x consists of all multiples of x. 
Thus no two nonempty closed sets are disjoint since they must 
both contain the product of any two elements, one from each set. 
Thus X is T4 vacuously, and also ultraconnected, path connected, 
and connected. 

3. If neither of x or y divides the other they form separated sets, but 
any open set containing x or y contains the greatest common divi
sor of x and y. Thus 6 and 8 may not be separated by open sets so 
X is not T5• 

4. The set of primes is dense in X for every open set contains all 
prime divisors of all of its elements; in fact each prime is open and 
therefore not nowhere dense so X is second category. 

5. Since each point has a finite neighborhood, X is locally compact. 
But it is neither countably compact, since the sets Sn = U Un = 

x5n 

{xix:::; n} form an open covering of X with no finite subcover, 
nor strongly locally compact, since every closed set is infinite and 
therefore not compact. 

6. Since X is countable, it is separable and LindelOf; and since all 
basis elements are finite, it is second countable. 

7. X is locally connected, since for each n E X the set Un is a small
est open set containing n, and thus connected. X, though con
nected, is scattered since each nonempty subset has a first element 
which is therefore an isolated point of the set, and therefore no 
such set can be dense-in-itself. 

8. Each basis neighborhood Un is ultraconnected in the induced 
topology (since every closed set in Un contains the point n), so 
X is locally path connected. 

58. Evenly Spaced Int~er Topology 

Let X be the set of integers with the topology generated by sets of the 
form a + kZ = {a + kAlA E Z}, where Z is the set of integers, and 
a,k E:: X, and k ~ O. The basis sets are simply the cosets of nonzero 
subgroups of the integers. 

1. X is Hausdorff, for if a,b E X and Ie does not divide b - a, then 
a + kZ and b + kZ are disjoint cosets. 

2. Every basis element is closed since a given coset of a subgroup is 
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the complement of the union of the remaining cosets of that sub
group. Thus X is zero dimensional and regular. 

3. X is totally separated, since it is Hausdorff and zero dimensional. 
If S is the set of odd integers, the sets 2nS, n = 0, 1, 2, . . . ,are 
disjoint, for if a2n = b2m, then a2n-m = b which implies either ., 
m = n or one of a and b is even. The sets A = U '},2nS and 

n=O 

B = U 2(2n+IlS are then open, disjoint, and contain all the in-
n=O 

tegers except o. If k E A then 2k E B and vice versa, thus 0 is 
a limit point of both A and B so X is not extremally disconnected. 

4. X is clearly second countable and thus, since it is regular, it is 
metrizable which in turn implies that X satisfies all the separation 
axioms and is paracompact. Since points are closed and not open, 
and since X is countable, X is first category, and thus not 
complete. 

5. The set of positive primes congruent to 3 mod 4 is an infinite set 
without a limit point, so X is not countably compact and thus 
not compact. However, since X is countable and second count
able, it is u-compact and Lindelof. 

6. The function a + kX -+ X defines a homeomorphism between any 
basis element and the entire space. But since X is Hausdorff and 
each basis element is closed, this implies that no neighborhood of 
any point is compact. For being compact it would be closed and 
thus contain the closure of a basis element which would then be 
compact even though it is homeomorphic to X which is not com
pact. Thus X is not locally compact. 

59. The p-adic Topology on Z 

Let X = Z be the set of integers, and let p be a fixed prime. We define a 
topology T on X by taking as a basis all sets of the form U,,(n) = 

In + xp"IX E ZI. 
1. The topology T is generated by the metric d(n,m) = 2-.1: where k 

is the largest power of p which divides In - ml; if n = m, 
d(n,m) = O. The equivalence of these topologies follows from the 
relation Bn (2-a ) = U,,+l(n). 

2. Since Ua(n) = {mlpa divides 1m - nil = {mld(m,n) ~ 2-a l, 
each basis set Ua(n) is closed. Thus X is zero dimensional. Since 
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no point is open, X has no isolated points; thus X is dense-in
itself, and therefore not scattered. 

3. Each point is closed and not open, thus nowhere dense in X; thus 
since X is countable it is of the first category, hence it can be 
neither topologically complete, nor locally compact. 

60. Relatively Prime Integer Topology 

61. Prime Integer Topology 

On the set X = Z+ of positive integers we generate a topology T from the 
basis ill = {Ua(b)\a,b E X, (a,b) = I} where Ua(b) = {b + na E X 
\n E Z} and a subtopology (1 from the sub basis <P = {U p(b) \p is 
prime}. The topology T will be called the relatively prime integer topol
ogy, and (1 simply the prime integer topology. 

1. That ill is a basis for a topology follows directly from the observa
tion that the intersection of any two of the arithmetic progres
sions in ill is itself an arithmetic progression of the same type, or 
empty. In fact, if q E Ua(b) n Ue(d), then Ua(b) n Ue(d) = 
U[a.el(q) where [a,e] is the least common multiple of a and e. 
Clearly, q + n[a,e] E V a(b) n Ue(d) for all appropriate n. Con
versely if x. = b + na = d + n'e, then since q = b + noa = 
d + no'e \ve have x - q = (n - no)a = (n' ~ no')c so [a,c]\x - q 

and thus x = Ic[a,e] + q for some k, so x E U[a.el(q). So ill is 
indeed a basis. 

2. Ua(b) n Ue(d) ~ 0 iff b = d mod(a,e) for if b - d = r(a,e) 
then there exist integers sand t such that r(a,e) = r(as + et) = 

b - d, so d + e(tr) = b + a( -rs). Thus for sufficiently large n, 
d + etr + aen E Ua(b) n Ue(d). Conversely if for some no and 
no' we have b + noa = d + no'e, then b - d = no'e - noa = 

k(a,e), for some k, so b = d mod(a,e). 

3. In (X,(1) , forp ~ q, Up(b) always intersects Uq(d) since (p,q) = 1. 
So the collection ill I = {Ua(b) E ill\aissquare-free} forms a basis 
for (X,(1) (where an integer is called square-free if it has no re
peated prime factors). 

4. If a,b E X, and if p is a prime greater than a + b, then b ¢ 
a mod p so U pea) n U pCb) = 0. Thus (X,(1) (and therefore also 
(X,T») is To, TI , and T2 • 

5. (X,T) is not T2i since the closure of any open neighborhood 
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Ua(b) contains all multiples of a, and thus the closures of any 
two open neighborhoods Ua(b), Uc(d) contain in common all 
mUltiples of [a,e]. To see this we observe for any k that if (t,ka) 
= 1 then (i,a) = 1, so Ut(ka) n Ua(b) rf; ° for ka == b mod (t,a). 
A similar argument may be applied to (X,u) with similar results, 
so neither space can be regular or Urysohn. 

6. Since both spaces are Hausdorff but not regular, they are neither 
locally compact, paracompact, or compact. Since (B is countable, 
(X,r) (and therefore also (X,u») is second countable, thus first 
countable. Since in second countable spaces compactness is 
equivalent to countable compactness, neither space can be 
countably compact. 

7. Since in both spaces the closures of any two disjoint open sets 
intersect, every real-valued continuous function on (X,r) or 
(X,u) is constant. Thus both spaces are pseudocompact and 
connected. 

8. Suppose N is an open r-neighborhood of 1 contained in U2(1); 
let 1 + 2n E N for some n > O. Then U = U2n+l(I) is an open 
subset of U2( 1) whose relative complement V is open and contains 
1 + 2n (since V = U2(l) - U2n+l(I) = U~:'ll U2n+l(1 + 2i»). 
Thus un N and V n N separate N, so U2(1) cannot contain 
any open connected neighborhood of 1. Thus (X,r) is not locally 
connected. 

9. Suppose Ua(b) is a basis element of (X,u) with the induced 
topology. If A and B are open sets in (X,u) which separate 
Ua(b), then each contains some induced basis neighborhood: as
sume N = Uac(t) C .1 n Ua(b) and M = Uad(s) C B n Ua(b), 
where (a,e) = (a,d) = 1. Then some multiple r of cd belongs to 
Ua(b) since (a,ed) = 1, and we may assume that rEA. But 
then there is an induced basis neighborhood Uae(r) CAn Ua(b) 
where (e,ed) = 1; thus (e,d) = 1. But Uae(r) n Uad(s) rf; 0, 
since r = b + xa = b + ya = s mod (ae,ad) for (e,d) = 1 im
plies (ae,ad) = a; so A n B rf; 0, a contradiction. Thus there 
can be no separation of Ua(b), which means that (X,u) is locally 
connected since each of its basis neighborhoods is connected. 

10. Returning to the space (X,T), we see that if p is a prime Up.(b) 
is just Upn(b) together with all nonzero multiples of p. To see 
this write b as kp + {1 where 0 < (1 < p since (pn,b) = 1. Let 
x = mp + 'Y be any integer where 0 S 'Y < p. Consider Ut(x) n 
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U pn(b) where (t,x) = 1. This intersection is nonempty iff mp + 'Y 

= kp + (3 mod (t,pn). 'Y = ° iff x is a mUltiple of p and in this 
case (t,x) = 1 implies (t,pn) = 1 so the intersection is nonempty 
for all t such that (t,x) = 1, thus x E Up. (b). If 'Y ,c. ° then take 
t = p": (pn,mp + 'Y) = 1 but (pn,pn) = pnso Up.(x) n Up.(b) ,c. 
525 iff x == b mod pn. This holds iff x E Up.(b). 

11. If p is a prime, Upn(b) is regular open in (X,T) except for U2(b), 
where U2 (b) = X. For if kp E Up.(b), then (t,kp) = 1 implies 
(t,p") = 1. Thus Ut(kp) n Up.(a) ,c. 525 for all a where (a,pn) = 

1; in other words, Ut(kp) must contain (for each appropriate t) 
some element of every U p.(a) for a ,c. kp. But U p.(b) may con
tain elements from at most two such sets: U p.(b) itself, plus all 
multiples of p. Thus if there are more than two congruence 
classes (that is, if pn ,c. 2), then Ut(kp) cannot be contained in 
Up.(b) for any t. Thus Up.(W = Up.(b). 

n n 

12. Since Ua(b) = n Up;o,(b) where a = n p.a" the regular open 
;=1 ;=1 

sets generate the basis ffi except for sets Ua(b) where a = 2k, 
(k,2) = I-these being the integers that use pa = 2 in their 
prime decomposition. But each such set may be written as 
U2k(b) = U4k(b) U U4k(b + 2k). Thus the regular open sets form 
a subbasis, and therefore also a basis for the topology generated 
by ffi, so (X,T) is semiregular. 

62. Double Pointed Reals 

Let X be the Cartesian product of the real line with the usual topology 
and {0,1} with the indiscrete topology. 

1. In X, the intersection of two compact sets need not be compact. 
Let A = {[a,b] X O} U {(a,b) X l}, B = {(a,b) X O} U {[a,b] 
X I}. Since every open set containing (a,O) contains (a,l) both 
A and B are compact. But A n B = (a,b) X (0,1) which is not 
compact since (a,b) is not compact. 

2. Clearly X is not To, 1'1, or T2; but it is T 3, 1'4, and To. 

3. Since (a,O) is a limit point of every set containing (a,I), X is 
weakly countably compact. But clearly it is neither countably 
compact nor pseudocompact. 

4. X is arc connected, for if f is the arc which joins the points 
x,yE R, then the function g: [0,1] ~ X defined by gCt) = (J(t),l) 
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for ° ~ t < 1, g(l) = (f(1),0) is an arc joining the points (x,l) 
and (y,O). Then clearly every two points of X can be joined by an 
arc. 

5. X is paracompact since {O,l} is compact and the real line is para
compact. X is not fully normal since it is not TI, but since the 
real line is fully normal X is fully T4• 

63. Countable Complement Extension Topology 

If X is the real line, and if TI is the Euclidean topology on X and T2 is 
the topology of countable complements on X, we define T to be the small
est topology generated by TI V T2. 

1. A set 0 is open in Tiff 0 = V - A where V E TI and A is count
able. So a set C is closed in T iff C == K V B where K is closed in 
TI and B is countable. 

2. If 0 = V - A is open in T, the closure in T of 0 is the closure of V 
in TI, for if K V B contains 0 (where B is countable, K is closed 
in TI) then K ~ O. So the smallest closed (in T) set which contains 
o must be closed in TI; thus it must be O. 

3. So the only sets in T which are regular open are those which were 
regular open in TI, since if 0 = V - A is the interior of its closure 
D, 0 must be V, and V must equal Do. 

4. The regular open sets in TI do not form a basis for this topology, 
for the set of irrationals is open in TI, yet is not the union of regular 
open sets. Thus X is not semiregular. 

5. As an expansion of the Euclidean topology, this space is To, T I, 
T2, T2t, and Urysohn. 

6. Since X is TI but not semiregular, it cannot be Ta, T 4, or T6 • This 
may also be proved directly by observing that X - Q, the open set 
of irrationals, does not contain the closure of any of its open sub
sets, since such a closure must be identical to the usual Euclidean 
closure. Thus X - Q cannot contain a closed neighborhood around 
each of its points. 

7. A subset of X is compact iff it is finite, so X is neither compact 
nor u-compact. But it is Linde16f, for if {Va - Aal is an open 
cover of X (Va E TI, Aa countable) then Va covers X and has a 
countable subcover I Vd. Then I Vi - Ad covers all but count-
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ably many points of X, so all of X can be covered by some count
able subcollection of {U a - Aa}. 

8. X is not first countable, for if {0;}1'" = {U i - Ai!t'" were a 

countable collection of open neighborhoods of x and if p E/. U Ai, 
i =1 

then R - {pI is a neighborhood of x which does not contain any 
0;. Since every countable set is closed, X is not separable either. 

9. X is connected for if X = 0 1 U O2, where 0 1 and O2 are disjoint, 
nonempty and open, then they are also closed, so they must be 
closed in Tl, which is impossible since (X ,T) is connected. But since 
the continuous image in X of the Euclidean unit interval [0,1] is 
compact, it must be finite and therefore just a singleton. Thus X 
is totally pathwise disconnected, for no two points of X may be 
connected by a path. 

64. Smirnov's Deleted Sequence Topology 

Let X be the set of real numbers and let A = {linin = 1, 2, 3, ... }. 
Define a topology T on X by letting 0 E T if 0 = U - B, where Be A 
and U is an open set in the Euclidean topology on R. The topology Tis 
sometimes called the Smirnov topology on X. 

1. Choosing B = 0 C A, it is clear that this topology T is finer than 
the usual topology on X. Therefore, X is Urysohn, as well as 
T21 , T2, T 1, and To. 

2. X is not, however, a Ta space, since every open set containing the 
closed set A intersects every open set which contains the point 
o E/. A. Of course X also fails then to be Tal, T 4, or To. 

3. X is clearly not compact (since the closed subsetl! is not compact), 
but it is IT-compact since the intervals [i,i + 1] for i ~ 0, and 
[l/(i + l),l/i] cover X. Since 0 does not have a compact neigh
borhood, X is not locally compact. 

4. X is not countably paracompact, SlIlce the countable open cover
ing by the sets On = X - (A - {lin}) has no open locally finite 
refinement, since in every refinement every open set covering 0 
must intersect infinitely many other sets of the refinement. One 
should note that an open set about 0 contains all of an open inter
val about 0 except the points lin. 

5. X is, however, metacompact. Suppose X is covered by open sets 
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Oa = Ua - Ba (where Ba C A). Then I Ua} forms an open cover
ing of the Euclidean space R, and thus has an open point finite 
refinement IV fl}. Then the collection IV fl - A} is a refinement 
of U a, but it covers only X - A. But each point of A is contained 
in some Oa, so we can cover each point lin by some centered open 
interval In of length less than1/2n(n + 1) which is contained in 
an Oa. These intervals will be disjoint, so the refinement of Oa 
consisting of I V fl - A} U lIn} covers X and is clearly point 
finite. Thus X is metacompact. 

65. Rational Sequence Topology 

Let X be the set of real numbers and for each irrational x we choose llr 
sequence Ix;} of rationals converging to it in the Euclidean topology. 
The rational sequence topology T is then defined by declaring each ra
tional open, and selecting the sets Un (x) = I Xi} nco U I X} as a basis for 
the irrational point x. 

1. Since every Euclidean open interval contains a T-neighborhood of 
each of its points, (X,T) is an expansion of the Euclidean topology 
and is thus To, '1'1, and '1'2. Furthermore, each rational point and 
each basis set Un(x) must be closed, so (X,T) is zero dimensional, 
and thus regular. 

2. Any subset of X which contains a rational cannot be dense-in
itself, and any set containing an irrational could be dense-in
itself only if it contained some rational. So only the empty set is 
dense-in-itself, and thus X is scattered. But X is not extremally 
disconnected, for if I Xi} is the rational sequence associated with 
the irrational point x, then IX2i} and IX2i+d are disjoint open sets 
whose closures each contain;!:. 

3. X - Q is an uncountable discrete subspace, so X is not Lindelof, 
and thus not second countable, though clearly it is first countable. 
Since Q is dense, X is separable. Clearly then, X is not metrizable. 

4. X is not countably compact since the set of integers has no limit 
point and thus no accumulation point. Since each basis neighbor
hood is compact and X is '1'2, X is strongly locally compact. Since 
X contains open points it is second category. Further, a compact 
set can contain only finitely many irrationals, for the irrationals 
in a compact set form a closed, and thus compact, discrete subset. 
Thus X is not u-compact. 
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66. Indiscrete Rational Extension of R 

67. Indiscrete Irrational Extension of R 

68. Pointed Rational Extension of R 

69. Pointed Irrational Extension of R 

If X is the set of real numbers with the Euclidean topology r, and if D 
is a dense subset of X with a dense complement, we define r', the indis
crete extension of r, to be the topology generated from r by the addition 
of all sets of the form D n U where U E r, and r', the pointed extension 
of R, to be the topology generated by all sets {x} U (D n U) where 
x E U E r. In each case, we will be particularly interested in D = Q, 
the set of rationals, or D = X - Q, the set of irrationals. 

1. r' is clearly an expansion of r since if x E U E r, the set {x} U 
(D n U) is contained in U and open relative to r'. Since D 
itself is open (D = {x} U (D n X) if x ED), r' is also an ex
pansion of r', which is clearly an expansion of r. Thus r C r' C r'. 

2. The set D is still dense in r' since every neighborhood of every 
point of X - D must contain a point of D. Therefore D is dense . , 
lIlT. 

3. Every open set 0 in r' has a large closure; specifically, {j is 
always closed in r. For suppose every r-neighborhood U of a 
point p intersects 0; then uno is a nonempty open set in r' 

which must intersect the dense set D. So if {pI U (D n V) is 
a r' neighborhood of p, it must intersect 0, since V E r, and 
therefore every r-limit point of 0 is a r' limit point. Thus the r 
closure of 0 is contained in, and thus equal to the r' closure. If 
N E r', then N E r' and the r' closure of N is in general larger 
than its r' closure. Thus the same conclusion applies to N: it 
is closed in (X,r). 

4. Every connected subset of (X,r') is clearly connected in (X,r) 
since r C r'. The converse is also true. Since every connected 
subset of (X,r) is an interval, its r' interior equals its r interior. 
Thus it suffices to show that no r open interval S can be r' 
disconnected. For if such an interval S were disconnected in r', 
there would be two disjoint nonempty sets N, JIll E r' such that 
S = N U JIll. Then the r' closure of N is r closed, so JIll = 



Pointed Irrational Extension of R 89 

(X - N) n Sis T open; similarly, N is T open, which is impos
sible since S is T connected. 

5. Since both T* and T' are expansions of T, these spaces are To, T l , 

T2, T21, and Urysohn. But in each case if ° is an open set con
taining X - D, then (j equals X, the T-closure of the dense set 
X-D. So no point of D can be separated-in either topology
from X - D by means of open sets. Thus neither topology is 
Ta, T4, or To. 

6. No subset of (X,T*) which rontains a nondegenerate interval can 
be compact, for an'! such set S must contain a closed interval 
[p,q] where p,q E D. Then the sets (- oo,p), (q,oo), D, and 
{ (x,q) Ix > p, x E X - D I form an open covering of S with no 
finite subcovering. Clearly then no subset of (X,T') which con
tains an interval can be compact. 

7. We can prove much more: in both spaces, a set which contains an 
open set cannot be compact. For if the compact set C contains an 
open set 0, it must contain the closure of 0, since C is closed. 
But (j must contain an interval so C cannot be compact. 

8. Suppose f: [0,1] ~ (X,T*) is continuous; then f([O,l]) is both 
compact and connected. But the connected sets of (X,T*) are 
precisely those of (X,T), namely intervals, and the only intervals 
which can be compact are the degenerate ones consisting of one 
point. So f is constant, and hence (X,T*) (and therefore also 
(X,T'» is totally pathwise disconnected. Yet both spaces are 
connected, since (X,T) is. No nontrivial subset of D is connected 
in (X,T) since X - D is dense in (X,T); thus clearly neither 
(X,T*) nor (X,T') can be locally connected. 

9. If p,q E Q, the sets of the form (p,q) and (p,q) n D comprise a 
countable base for T*; thus (X,T*) is always second countable, and 
therefore first countable, Lindelof and separable. But (X,T') is 
second countable iff X - D is countable (as when D = X - Q), 
for then sets of the form (a,b) n D and {xl V «a,b) n D) 
where a,b,x E X - D comprise a countable basis for T'. On the 
other hand, if X - D is uncountable (as when D = Q), (X,T') 
is not even LindelOf, for the open covering of X by sets of the 
form {xl V D, x E.X - D, has no countable subcover. So in 
this case (X,T') is not second countable. But it is first countable 
since the sets {x I V «a,b) n D) for a,b E Q form a countable 
local base at x. 
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10. If A is compact in (X,r'), it must be compact in (X,r), since the 
identity function from (X,r') to (X,r) is continuous. But the 
only compact sets in (X,r) which do not contain a nondegenerate 
interval are nowhere dense in (X,r). So every compact subset 
of (X,r'), and thus every compact subset of (X,r*), is nowhere 
dense in (X,r). Since (X,r) is of second category, this means that 
neither (X,r") nor (X,T') can be a-compact. 

70. Discrete Rational Extension of R 

71. Discrete Irrational Extension of R 

If X is the set of real numbers, and if D is a dense subset of the Euclidean 
space (X,r) with a dense complement, we define T", the discrete extension 
of r to be the topology generated from T by adding each point of D as 
an open set. Then any subset of D will be open in TO. As in the previous 
examples, we will be particularly interested in the cases where D = Q 
or D = X - Q. 

1. Since (X,r") is an expansion of the Euclidean topology, it is To, 
T I , T2, and Urysohn. 

2. No point of D is ever the limit point of a set A in (X,r"), while 
a point of X - D is a limit point of A iff it is a r-limit point of A. 
Thus if A and B are separated subsets of (X,r*), then A -
(A n D) and B - (B n D) are separated subsets of (X,r) and 
are therefore contained in disjoint open sets N,M E:: T. Then 
since every subset of D is open, N U (A n D) and M U (B n D) 
are disjoint neighborhoods of A and Bin (X,T*). Thus (X,r*) is 
T 5, hence regular, normal, and completely normal. 

3. If D is countable (for instance, if D = Q) (X,r") is second count
able since T has a countable basis. Thus since X is regular, it is 
metrizable. We can actually exhibit a metric by first enumerating 
D as hl':ll and then defining d(x,y) = sup \1/i\x::; ri::; y} 
whenever x < y, and letting d(x,y) = 0 if x = y. Then d(rk,x) 2:: 
11k whenever x .= rk, so B.(rk) = ! rk} whenever E < 11k; thus in 
the metric topology, each point of D is open. Now if x < y < z, 
we have d(x,y) ::; d(x,z), so each metric ball B.(x) is an interval, 
possibly degenerate. Clearly then, every metric ball is contained 
in some basis element of (X,T") , and every basis element of 
(X,T") is some set B.(x). Thus (X,d) generates the topology TO. 

4. In general, (X,T") is not locally compact, for every neighborhood 
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N of a point P E X - D contains an infinite sequence without 
a limit point: simply select a point r E N n D and consider 
Ir + I/n}':I' For the same reason, (X/) is not countably 
compact. 

5. If D is uncountable (for example, D = X - Q), (X,r*) cannot be 
separable, for any dense subset would have to contain D. Further
more, if X - D is countable, we can cover each point r; of 
X - D with an open interval J i of length Z-', thus leaving un
countably many points of D uncovered. The open covering of X 
consisting of the intervals J i together with each point p E D has 
no countable subcover. So in this case (X,r*) is not LindelOf. But 
clearly it is first countable. 

6. Since every subspace of (X,T) is paracompact, so too is (X,T*). 
For if U is an open covering of (X,r*) , then the collection of 
T-interiors of sets in U covers some subset of X. Thus it has a 
locally finite refinement U* which covers all of X except perhaps 
certain points of D. But these single points may be added to 
U* to produce a locally finite refinement of U which covers all 
of X. 

72. Rational Extension in the Plane 

If (X,r) is the Euclidean plane, we define a topology T* for X by declaring 
open each point in the set D = {(x,y)\x E Q, y E Q}, and each set of the 
form Ix} V (D n U) where x E U E T. 

1. Clearly (X,r*) is an expansion of (X,T), since every open set in T 
contains a r* neighborhood of each of its points. Thus (X/) is 
To, T I , T 2, T 2l, and Urysohn. 

2. (X/) is not T 3, for if p f/. D, then A = (X - D) - Ip} is a 
closed set since {pI V D is open. Yet every neighborhood {pI V 
(D n U) of p intersects every neighborhood of A, since U must 
contain a point q E X - D, and each neighborhood of q inter
sects (D n U). Thus (X,r*) fails to be T4 or To either. 

3. The open covering of X by sets {x} V D where x EX - D has 
no countable subcover, so (X/) is neither LindelOf or second 
countable. But it is separable since D is countable and dense. 

4. Since D is discrete, any dense-in-itself subset must be contained 
in X - D; but every point p E X - D has a neighborhood con-
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tained in {pI U D, so no nonempty subset can be dense-in-itself. 
Thus (X,r·) is scattered and, since it is T l , totally disconnected. 

5. But it is not totally separated, for if i is irrational, no two points 
Xl = (i,Yl), X2 = (i,Y2) on the vertical line X = i can be separated. 
For if X = A U B is a separation of X with Xl E A, X2 E B, 
the set {(i,y)\(i,y) E A} is nonempty and has a least upper bound, 
say (i,yo). If (i,yo) E A,then, since A is open, there is an open set 
of the form {(i,yo)} U (D n U) contained in A; then there exists 
a point (i,y') E U such that y' > Yo. Clearly (i,y') is a limit point 
of A, and so is in A, which is impossible since y' > Yo. Similarly, 
(i,yo) cannot belong to B. So there can be no such separation, 
and X is therefore not totally separated. 

73. Telophase Topology 

Let (X,r) be the topological space formed by adding to the ordinary 
closed unit interval [0,1] another right end point, say 1", with the sets 
(a,l) U {1*} as a local neighborhood basis. 

1. (X,r) is homeomorphic to the quotient space [-I,ll! R, where 
the equivalence classes in Rare {-I}, {I}, and {x, - x} for all 
X E (-1,1). 

2. (X,r) is Tl since [0,1] is, and if a E [0,1], each of the points a 
and 1· have neighborhoods which do not contain the other point. 
But the points 1 and 1· do not have disjoint neighborhoods, so 
(X,r) is not T2, and thus neither Ta, T 4, nor T 5 • 

3. Since [0,1] and [0,1) U II·} are homeomorphic as subspaces, and 
the subspace topology on [0,1] is Euclidean, X is the union of two 
compact subspaces and thus compact. By the same reasoning it is 
arc connected. 

4. [0,1] and [0,1) U II·} are compact sets with noncompact 
intersection. 

74. Double Origin Topology 

Let X consist of the set of points of the 
pianeR2 together with an additional point 
0·. Neighborhoods of points other than 
the origin 0 and the point O· are the usual 
open sets of R2 - 0; as a basis of neigh
borhoods of 0 and 0·, we take V n(O) = 
I (x,y)\x2 + y2 < l/n2, y > O} U 10} and 
V,,(O·) = I (x,y)ix2 + y2 < l/n2, y < O} 
U {O·}. 
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1. X is clearly Hausdorff, though not T2i since 0 and O· do not have 
disjoint closed neighborhoods: any two neighborhoods of 0 and O· 
contain a segment of the x axis in the intersection of their closures. 

2. X is neither compact, paracompact, nor locally compact for if it 
were it would be T3 and thus T 21• But X is clearly second 
countable. 

3. X is arc connected since either 0 or O· may be connected by an 
arc to any other point of X in the usual manner, except that an 
arc starting at 0 must be contained in the upper half-plane for a 
short distance, while one starting at O· must begin in the lower 
half-plane. 

Irrational Slope Topology 

Let X = I (x,y)ly ~ 0, x,y E Q) and 
fix some irrational number 8. The 
irrational slope topology r on X is 
generated by t-neighborhoods of the 
formN,«x,y)) = I(i,y)} U B.(x + 
y/8) U B.(x - y/8) where B.(t) = 

IrE QJlr - tl < E},Qbeingtherationalsonthexaxis.EachN,«x,y)) 

consists of I (x,y)} plus two intervals on the rational x axis centered at 
the two irrational points x ± y/8; the lines joining these points to (x,y) 
have slope ±8. 

1. (X,r) is Hausdorff since 8 is irrational, for no two points in X can 
lie on a line with slope 8, and if one point of X lies on a line with 
slope 8, no other point of X can lie on the line of slope -8 which 
intersects the original line at its intersection with the x axis. Thus 
any two distinct points in X must project (along lines with slope 
±8) onto distinct pairs of irrational points on the x axis, which 
have disjoint neighborhoods. 

2. The closure of each basis neighborhood N.«x,y)) contains the 
union of the four strips of slope ±8 emanating from B.(x + y/8) 
and B.(x - y/8), since every point in each such ray projects to an 
irrational on the x axis which lies within E of either x + y/8 or 

/ / 
/ 

/ 

/ 
/ 

/ 
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x - y18. So, as a consequence, the closures of every two open 
sets must intersect. Thus (X,r) fails to be T21, and consequently 
is neither Ta, Tail T 4, nor T •. 

3. Since the closure of each basis neighborhood contains open neigh
borhoods around each point in the diamond shaped region formed 
by the intersection of strips, every regular open set must contain 
some such diamond. Thus the regular open sets cannot form a 
basis for the topology, so (X,r) is not semiregular. 

4. Since the closure of any two open sets must have a nonempty 
intersection, (X,r) is connected. So it is a countable connected 
Hausdorff space. But it cannot be path connected since if 
f: [0,1] ~ X is continuous, X is countable, so If-I (p) ip E X I 
is a countable collection of disjoint closed sets which covers [0,1]. 
This, however, is impossible. 

5. Every real-valued continuous function f on (X,r) is constant, for 
if f were not constant, f(X) would contain two disjoint open sets 
with disjoint closures. The inverse images would then be disjoint 
open sets with disjoint closures, which is impossible. Thus X is 
pseudocompact. 

6. Since X is countable and since each point of X has a countable 
local basis, (X,r) is second countable and therefore has au-locally 
finite base. But it is not Ta, so it is not metrizable. 

7. X is not even weakly countably compact since the sequence of 
integers on the x axis has no limit point. 

76. Deleted Diameter Topology 

77. Deleted Radius Topology 

Let X be the Euclidean plane, we define the deleted diameter topology 
on X by taking as a subbasis for a topology u all open discs with all of 
the horizontal diameters other than the center, excluded. By deleting 
only the horizontal radius to the right of the center we describe a sub
basis for a topology r which we call the deleted radius topology. 

1. Since both u and r are expansions of the Euclidean topology both 
(X,u) and (X,r) are Hausdorff, completely Hausdorff, and 
Urysohn. 

2. Since no deleted (radius or diameter) disc contains the closure of 
any neighborhood of its center neither (X,u) nor (X,r) is regular 
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nor semiregular. Thus neither space is locally compact. In fact, 
since no set with a nonempty interior is compact neither (X,u) 
nor (X,T) are u-compact since the Baire category theorem for R2 
shows that R2 cannot be a countable union of compact (which 
implies nowhere dense) sets. 

3. Both (X,u) and (X,T) are connected since the closure of any open 
set in either case is its usual Euclidean closure, and thus any 
open and closed set must be open and closed in the Euclidean 
topology and thus is >25 or X. 

4. Neither (.K,u) nor (X,T) is countably compact since both are ex
pansions of the Euclidean topology which is not countably com
pact. Clearly neither space is sequentially compact. 

5. That (X,u) is neither LindelOf nor metacompact may be shown by 
considering the cover consisting of the basis neighborhood at (0,0) 
of radius 1, the complement of the closed disc of radius 7/8 about 
(0,0), together with one basis neighborhood for each point not yet 
covered on the horizontal diameter. Since this cover has no sub
cover and is uncountable (X,u) is not Lindelof. If 'U is a fixed 
refinement of this cover and x E [-7/8, 7/8], let ~:z; be the radius 
of a disc about (x,O) contained in some element of 'U. By the Baire 
category theorem for some E > ° the set of x E I such that 
~x > E is not nowhere dense, so its closure contains some closed 
intervalI'. Then the point (x,y) where x E I', y < E is contained 
in infinitely many open sets of the refinement. 

6. Similarly, (X,a-) is not countably paracompact: to show this we 
construct a cover by taking the basis neighborhood of radius 1 
about (0,0) together with the complement of the closed disc of 
radius 7/8 about the origin as before. Now partition the remaining 
portion of the horizontal axis (including (0,0» into a countable 
number of disje,int dense subsets (as in the usual construction of 
a nonmeasurable subset of Rl) and take for each of the remaining 
sets of the cover a union of basis neighborhoods of the elements of 
one class, where (0,0) is deleted from the class that contains it. 
Any neighborhood of the origin must intersect infinitely many 
members of any refinement of this cover, at least one for each of 
the countably many dense subsets. 

7. We can also show that (X,T) is not countably paracompact by 
choosing the same first two open sets as before, thus leaving just 
one interval to be covered. Consider the points (l/n,O) which are 
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in this interval and include the point (1/n,O) in the deleted disc 
of radius l/(n(n + 1» with center at (1/n,O). Then in any refine
ment the open set containing (0,0) intersects the open sets con
taining infinitely many of the points (1/n,O). 

78. Half-Disc Topology 

If P = {(x,y) Ix,y E R, y > O} is the open upper half-plane with the 
Euclidean topology T, and if L is the real axis, we generate a topology 
TO on X = P V L by adding to T all sets of the form {x} V (P ("\ U) 
where x E L, and U is a Euclidean neighborhood of x in the plane. 

1. Since open discs form a convenient basis for the Euclidean topol
ogy in the plane, we often think of the topology TO as being gen
erated by a basis consisting of two 
types of neighborhoods: if x E P, 
a basis element containing x is an 
open disc contained in P, whereas 
the basis sets around a point y E L 
are of the form {y} V (P ("\ D) 

"",,--...... , 
/ , 

I \ 
I \ 
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where D is an open disc around y. That is, a basis set con
taining y E L consists of an open half-disc centered at {y}, 
together with {y} itself. 

2. (X,TO) is an expansion of (X,T) since every set in T contains a TO 
neighborhood of each of its points. Thus (X,TO) is To, 1'1, T2, T2l, 

and Urysohn. 

3. The closure of each half-disc neighborhood of y E L includes all 
z E L which lie on the diameter of the disc (together with the 
upper circumference). So the complel~ent of any basis neighbor
hood of y E L is a closed set which intersects the closure of every 
neighborhood of y. That is, every neighborhood of that closed set 
intersects every neighborhood of y; this means that (X,TO) is not 
Ta, nor, therefore, Tal, T., or T 6 • 

4. The interior of the closure of a half-disc basis neighborhood of a 
point pEL contains the diameter of the disc on the x axis. Thus 
X is not semiregular. 

5. The subspace L is discrete and uncountable, so (X,T*) is not 
second countable. Neither is it Lindelof, for the covering by 
basis neighborhoods has no countable subcover. But clearly 
(X,T*) is both separable and first countable. 

6. The covering of (X,TO) by basis elements, one for each point of X, 
has no point finite refinement. For consider any refinement of this 
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cover and let Sn denote the set of points y E L for which the ele
ment of the refinement containing y contains a basis element of 
radius greater than lin. By the Baire category theorem for some n, 
8n has a nonempty interior. Let I be an open interval contained 
in 8n, and let x E I. Then if ° < y < lin the point (x,y) is con
tained in infinitely many elements of the refinement. Thus (X,T·) 
is not metacompact. 

7. However X is countably metacompact. For let lAd = IVj } U 
I Uk}-be a countable cover where each V j C P, and each Uk inter
sects L; let Sk = Uk n L. The sets Uk - Sk together with the Vj 

form a Euclidean open cover of the upper half-plane which may be 
refined to a point finite cover IWa}. Now let T. = S - U Sj 

j<i .. 
so that the T. are disjoint although U T. = L. Define Uk' = 

i-1 

Uk n U D.,k where D.,k is a basis neighborhood of 8 with radius 
BET. 

11k. Since Uk' does not extend more than 11k above L no point 
may be in more than finitely many Uk'. So tWa} U I Uk'} covers 
X and is point finite. 

8. If I T i } is a countable exhaustive collection of disjoint dense sub
sets of L, and if U i is a neighborhood of T., then the countable 
cover I U;} U IP} has no locally finite refinement. Thus X is not 
countably paracompact. 

79. Irregular Lattice Topology 

Let X be the subset of the integral lattice points of the plane consisting 
of all (i,k) where i,k > 0, together with the points (i,O) for i ~ 0. The 
lattice topology on X is determined by its basis elements: each point of 
the form (i,k) is itself open, each point of the form (i,O) i ¢ 0, has as a 
local basis sets of the form Un«i,O» = I(i,k)\k = ° or k ~ n}, while 
the sets V .. = {(i,k)\i = k = ° or i,k ~ n) form a basis for the point 
(0,0). 

1. Clearly each open set I (i,k)} is closed, as is each basis element 
Un«i,O». But the closure of Vn includes the points (k,O) where 
k ~ n, since every neighborhood of these points intersects V ... 
(Note that each V .. is open, though IV .. ) does not form a local 
basis for the point (0,0).) 

2. X is a completely Hausdorff space, since it may be shown that to 
each pair of points x,y E X, there correspond open neighborhoods 
0", and Ou with disjoint closures. Since all basis elements except 
those around (0,0) are closed, the construction of 0", and Ou is 
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trivial unless one point, say x, is (0,0). But in that case, if y = 

(i,k), we need only take Ox to be Vn where n > k. Then Ox will 
be disjoint from some (closed) basis element of y. 

3. X is not regular, though, since for each n > 0, the point (0,0) 
and the set X - Vn do not have disjoint open neighborhoods. 
Thus X also fails to be completely regular, normal, and completely 
normal. 

4. Kone of the sets Vn can contain a regular open neighborhood Jf 
(0,0), for the closure of any such neighborhood U must contain 
some point (k,O) which is then an interior point of O. Thus V n 

cannot contain 00, so X is not semiregular. 

5. Since all but one of the points of X have a local basis of sets which 
are both open and closed, at least one point in every pair a,b E X 
has this property; suppose it is a, and suppose N is an open
closed neighborhood of a disjoint from b. Then the characteristic 
function of N is a (continuous) l:"rysohn function for a and b, so 
X is a Urysohn space. 

6. Since X is countable, and since each point of X has a countable 
local base, X is second countable. Furthermore, it is neither weakly 
countably compact, pseudocompact, nor locally compact. 

7. Since each point of X is the intersection of the sets containing it 
which are both open and closed, each of these points is a quasi
component of X, so X is totally separated. But it is not zero 
dimensional and not extremally disconnected since U = {(1,2k)lk 
= 1, 2, 3, ... } is open, yet 0 = U U {(I,D) I is not open. 

8. X is, however, scattered since any subset which was dense-in
itself could contain no isolated points, and thus must be a subset 
ofS = {(i,O)li = 0,1,2, ... }. But S is discrete in the subspace 
topology, so it can have no nonempty dense-in-itself subsets. 

80. Arens Square 

Let S be the set of rational 
lattice points in the interior of 
the unit square except those 
whose x-coordinate is t. Define 
X to be SU {(O,O)} U {(I,D)} U 
{(!,r 0)lr E Q,O < r V2 < I}. 
We define a basis for a topology on 
X by granting to each point of S the 
local basis of relatively open sets 

r--------r----,.''' 
I I 1-' -....11 I ,...-___ + ____ -\~J I 
I I • I I L-----t---.J 
I I I 
i I I 
I I I 
I I I 
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1-----, I .-----1 L __ L __ -L __ ~ ___ "" 

(O,O) ! (I,O) 
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which S inherits from the Euclidean topology on the unit square, and 
to the other points of X the following local bases: 

Un(O,O) = I(O,O)} u I (x,y)IO < x < t, ° < y < lin), 
Un(I,O) = 1(1,0)} U l(x,y)lt < x < 1, 0< y < lin}, and 
Un(t,r V2) = I (x,y) It < x < t, Iy - r V21 < l/n}. 

1. With this topology X is T2i. This may be seen by direct consid
eration of cases noting that neither any point of S nor (0,0) nor 
(0,1) may have the same y coordinate as a point of the form 
(l,r V2). 

2. X is not T3 and hence not T3t since given (0,0) E U n(O,O) there 
exists no open set U(o.O) such that (0,0) E U(o.O) C 0(0.0) C Un(O,O) 
since 0(0.0) must include a point whose x coordinate is t though no 
such point exists in Un(O,O) for any n. 

3. We can show that X is not Urysohn by considering a function 
1: X ~ I = [0,1] such that 1(0,0) = ° and 1(1,0) = 1. If f is con
tinuous we note that the inverse images of the open sets [O,t) and 
(t.l] of I must be open and hence contain U n(O,O) and U m(I,O) for 
some m and n, respectively. Then if r V2 < min II/n,l/m}, 
f(l,r V2) is not in both [O,t) and (t,l], so suppose it is not in [O,t): 
then there exists aboutl(l,r V2) an open interval U such that 0 
and [O,t) are disjoint. But then the inverse images of 0 and [O,t) 
under f would be disjoint closed sets containing open sets about 
(l,rv2) and (0,0) respectively. But by the choice of rV2 < 
min {l/n,l/m\, these closed sets containing Un(O,O) and 
Uk(!,r 0) for some k cannot be disjoint. 

4. X is semiregular because the basis neighborhoods are regular open 
sets: a straightforward check of each case reveals that 0 0 = U 
for each basis neighborhood U. 

5. Since X is countable and since each point has a countable local 
basis, X is second countable. But it is neither weakly countably 
compact nor locally compact. 

6. The components of X are each single points, and so are the quasi
components except for the set 1(0,0), (1,0)} which is a two point 
quasicomponent. Thus X is totally disconnected but not totally 
separated. 

7. X is not scattered since each basis set is dense-in-itself, nor zero 
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dimensional, since (0,0) cannot have a local basis consisting of 
open and closed sets since for sufficiently small x, the points (x,l) 
would be limit points but not interior points of each basis set. 

81. Simplified Arens Square 

If S is the set of points in the inte
rior of the unit square, we define X 
to be S U {(0,0),(1,0)}. Points in S 
will be given the Euclidean local 
basis neighborhoods, while U n(O,O) 
= {(O,O)} U {(x,y)\O < x < i, 
o < y < lin} and Um (l,O) = 
{(1,0)} U {(x,y)\i < x < 1, 0< y 

r--------------, 
I I 
I I 
I I;) I 
I ,_/ I 
I I 
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< 11m} are the local bases for (0,0) and (1,0), respectively. 

1. X may be seen to be Hausdorff by a consideration of cases. But 
it is not completely Hausdorff, since (0,0) and (1,0) do not have 
disjoint closed neighborhoods. Clearly X is semiregular, since the 
given basis consists of regular open sets. Thus X is not T 3, T 4, or T 6. 

2. Clearly X is not sequentially compact since the induced topology 
on the open unit square S is the Euclidean topology. 

3. X is neither locally compact nor compact for it is T 2 and not T 3. 

4. X is second countable and separable since the open unit square 
in the Euclidean topology is, thus X is Lindelof. But since X is 
not T 3, it is not paracompact and thus not countably paracompact 
since it is Lindelof. 

5. X is metacompact since the open unit square S is metacompact in 
the induced topology and the addition of a neighborhood for 
each of the two points (0,0) and (1,0) to a point finite refinement 
would not destroy its point finite character. 

6. The identity map from the set X with the Euclidean topology 
to the given space X is continuous so X is both arc and locally 
arc connected. 

82. Niemytzki's Tangent Disc Topology 

If P = {(x,y)\x,y E R, y > O} is the 
open upper half-plane with the Euclid-
ean topology T, and if L is the real ~xis, 
we generate a topology T" on X = 



Niemytzki's Tangent Disc Topology 101 

P U L by adding to r all sets of the form {x} U D, where x ELand D 
is an open disc in P which is tangent to L at the point x. 

1. (X,r*) is an expansion of the Euclidean subspace topology on X. 
For let V C X be open in the Euclidean subspace topology, and 
let x E V. Then if x E P, there 
is an open neighborhood of x 
contained in V since for such x, 
the two topologies have the 
same local bases. If x E L, then 
there exists a disc ~, centered 
at x, and open in the entire 
plane, such that ~ ('\ X C V. 
Clearly then there is a disc 
~I C P with radius half that of 
~, which is tangent to L at x, and which is contained in ~, 
and hence in V. Thus (X,r*) is T 2!, T2, T I , and To. 

2. To show that (X,r") is completely regular, we select a closed set A 
and a point b q. A. If b E P, then there is a neighborhood V of b 
which is contained in X - A, and is open in both r" and the 
Euclidean topology. So its complement, X - V, is closed in the 
Euclidean topology, and since that topology is completely regu
lar, there is a Urysohn function for X - V and b. But this 
function is continuous relative to r", and is a Urysohn function 
for A C X - V and b. 

So we consider the case where bEL. There must then exist a 
disc D, tangent to L at b, which does not intersect A; let its 
radius be 5. We define a functionf: X ~ [0,1] by requiring that 
f(x) = 1 if x q. D U {b}, f(b) = 0, and at the point (x,y) ED, 
f(x,y) = [(x - b)2 + y21/25y. f is continuous, since f-I([O,a)) is 
the open set {b} U D", where D" is the open disc of radius 5a 
tangent to L at band f-1«a,1]) is the open set X - 15". Hence f 
is a Urysohn function for A and b, so (X,r*) is completely regular. 

3. Since each basis neighborhood of each x E L contains at most 
one point of L, every subset of L is closed. In particular, the 
rationals Q eLand the irrationals I CLare disjoint closed 
sets which do not have disjoint open neighborhoods, so (X,r*) 
is not normal. For suppose V ::> Q and V ::> I are open sets in 
(X,r*). Then to each point x E V there corresponds a disc 
D", C V of radius r"" tangent to L atx; letS" = Ix E l1r", > lin}. 
Then the collection IS,,} together with the points of Q forms a 
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countable cover of the second category space (L,T), where T is the 
Euclidean topology. Thus some one of the sets S,. fails to be 
nowhere dense in (L,T)-SO for some integer no, there is an inter
val (a,b) in which {x E Llrz > I/nol is dense. Then every neigh
borhoOd of every rational in (a,b) must intersect V, so U and V 
cannot be disjoint. 

4. X is separable since {(x,y)lx,y E QI is countable and dense, but 
the uncountable closed subspace L is not separable, since the 
induced topology on L is discrete. 

5. X must not be second countable since otherwise L would be 
second countable yet not separable. In particular, each point of 
L is in a basis element containing no other point of L. Since L has 
uncountably many points, any basis must be uncountable. 
Clearly then X is not LindelOf. 

6. If N is a neighborhood of the point x E L, and if D U {xl is a 
basis set where 15 C N, then the circumference of 15 contains a 
sequence of points which converges to x in the Euclidean topol
ogy, but which can have no limit point in the tangent disc topol
ogy. Thus N contains a closed subset which is not countably 
compact, so N can be neither compact nor countably compact. 
Thus X is not locally compact. 

7. X is not paracompact, since every paracompact Hausdorff space 
is normal. Furthermore, X is not countably paracompact, for 
suppose {Ed is a countable partition of L into congruent, dis
joint dense subsets each of second category in L. Let {U i I be 
an open covering of X where Ei C Ui and Ui (l L = E.; let 
{ V .. I be a refinement of I U;}. For each i and each n let S .. i be 
the set of points in Eo which have a tangent disc basis neighbor
hood in some V .. of radius ~ lin. Then for each i, at least one 
of the sets S,. i must fail to be nowhere dense in L, since U S .. i = 

n 

Ei which is second category in L. So in particular for i = 1, there 
is some interval (a,b) eLand some integer no such that the 
refinement sets Va contain discs of radius ~ Ilno which are 
tangent to S on some dense subset F of (a,b). These discs must 
intersect every element of the refinement which contains a point 
of (a,b) and thus no point of F has a neighborhood which inter
sects only finitely many members of {Val. Hence {U i I has no 
locally finite refinement, so X is not countably paracompact.· 

8. As in the half-disc topology, X is countably metacompact but 
not metacompact. 
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9. We can construct from X a space Y which is normal yet not com
pletely normal since Y contains X as a subspace. To do this we 
merely add a point p to X, with neighborhoods {p) U U where 
U is open in (X/), and U contains all but finitely many points 
of L. Then Y = XU {pI is normal. 

10. If we double the points of X the resulting space is only T3 and 
Tal· 

83. Metrizable Tangent Disc Topology 

84. 

Let S be a countable subset of the x axis in the plane. We define (X,r) 
to be the subspace of the tangent disc topology consisting of PUS, 
where P is the open upper half-plane. 

1. Since S is countable, since the rational lattice points of P are dense 
in X, and since X is clearly first countable, (X,r) is second count
able. Thus, since it is a subspace of a regular space, X is metrizable 
and thus completely normal and paracompact. 

2. Let.:l be a closed disc tangent to the x axis at p. Then a sequence 
of points on the edge of .:l which approach p yields a countable 
set with no limit point. So (X,r) is neither locally compact nor 
countably compact. 

SOl'genfrey's Half-Open Square Topology 

Let S = (R,r) be the real line with the right 
half-open interval topology: the product 
space X = S X S then carries the half-open 
square topology in which a typical neighbor
hood of a point (x,y) is a rectangle (or a 
square) including its boundary only below P 

-------, 
I 
I 
I 
I 
I 
I 

S(p,€) I 

the diagonal with negative slope. If p E X and if E > 0, we will de
note the basic half-open square of side E and lower left corner point p 
by S(p,e). 

1. X is completely regular since S is completely regular. (In fact, S 
is completely normal.) 

2. Although S is completely normal, X is not even normal. This may 
be proved by the second category argument used previously to 
show that the tangent disc topology is not normal. The diagonal 
line L = {(x,y)\y = -x) is closed in X and is discrete in the 
induced topology (since L (\ S(p,e) = {pI whenever pEL), so 
both K = {(a,-a)\a is irrational) and its complement L - K 
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are closed in X. Then if U is a neighborhood of K, there must be 
some jJ. > 0 and some subset A C K whose Euclidean closure 
contains some interval I of L such that 8(p,p.) C U whenever 
pEA. (Otherwise, L could be written as the countable union 
of sets which were nowhere dense in the Euclidean topology on L.) 
But then no point of (L - K) n I can have a neighborhood dis
joint from U, so K and L - K cannot be separated by open sets. 

3. X is separable since the countable subset D = I (x,y)\x,y E QI 
is dense in X; yet L is not separable, even though closed, for it is 
uncountable and discrete in the induced topology. This leads 
directly to an alternate proof that X is not normal. There must 
be 2c continuous real-valued functions on L, but, since X is sepa
rable, there are only 2)(" continuous real-valued functions on X. 
So not every continuous real function on the closed subspace L 
can be extended to X, which means X cannot be normal. This 
shows, more generally, that any space with a dense set D and a 
closed discTete subspace 8 of cardinality larger than that of D 
cannot be normal. 

4. Even though the space (8,7) is LindelOf, X = 8 X 8 is not 
Lindelof since the closed subset L is not Lindelof. 

5. X is not metacompact since (X -K) U 18(p,1)\p E KI is an 
open covering of X with no point finite refinement. For, as above, 
any refinement of this covering must have sets which contain 
basic squares B(p,E) for some fixed E > 0 and pEA where the 
Euclidean closure of A includes some interval of L. Clearly no 
such refinement can be point finite. 

6. A similar argument can be used to show that X is not countably 
paracompact. For let I U a I be a refinement of the countable 
covering (X - (L - K)) U 18(p,1)\p E L - KI. Then for each 
point pEL - K we can select a 
81' > 0 such that 8(p,81') is con
tained in some U a; further, each 
U a can contain at most one of the 
8(p,8p). If I Ual were locally finite 
each q E K would have a neigh
borhood N q that intersects only 
finitely many of the U a, and thus 
only finitely many of the 8(p,81'). 

Therefore with each q E K we can 
associate an Eq > 0 so that 8(q,Eq) is 

---, 
I ..-. __ ..,Nq 

I I I 
E I 

-, q I 
I -+-1 

. ./ I 
I 
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disjoint from all S(p,~p) where pEL - K. Thus by applying the 
preceding category argument to the set K with its topologically 
complete interval topology we can guarantee the existence of an 
E > 0 and an interval I C K such that the Euclidean closure of 
Iq E KIEq > E} contains 1. So if P E (L .- K) (', I, S(p,~q) can
not be disjoint from all S(q,Eq) for q E K. But this is contrary 
to the definition of S(q,Eq), so I Ual cannot be locally finite. 

85. Michael's Product Topology 

If (R,T) is the real line with the Euclidean topology and if D = R - Q, 
we define (X,u) = (R,TO) X (D,T') where TO is the (irrational) discrete 
extension of T by the dense set D, and T' is the induced Euclidean topol
ogy on D. 

1. (D,T') is a separable metric space, and (R,TO) is a completely nor
mal paracompact space, yet the product space (X,T) is not even 
normal. Consider the disjoint sets A = Q X D = I (x,y) Ix EQ, 
y E DI and B = /(z,z)lz ED}. A is closed since Q is closed in 
(R,TO), while B is closed since both (R,TO) and (D,T') are Hausdorff. 
But since basic neighborhoods of points of B are vertical intervals 
while neighborhoods of A are rectangles, a category argument 
similar to that used in the tan-
gent disc topology will show that (D, T') 

A and B cannot have disjoint 1 .B · .. 
~ .. open neighborhoods in (X,u). 

Specifically, any neighborhood 
N of B must contain, for some 
J.' > 0, intervals of length greater 
than J.' which intersect B in a set 
whose Euclidean closure con
tains some interval. Then every 
neighborhood of A must inter
sect N. 

· .. ·1···· · .. .l·-... . . . . .. - : ... : 
•.. r-f-, 

•• - L_!_J . . 
L· ___ ---::.· ____ (RtT.) 

2. Since X is not normal, it is clearly not paracompact. But it is 
metacompact for if I U a} is o.n open covering of X, the Euclidean 
interiors Uao form an open covering of VUao which has a Euclid
ean (and hence T) open point finite refinement, lOa}. Now the 
complement K = X - V U aO is metacompact on each vertical 
line, so we can find on each line a point finite refinement consisting 
of open subsets of the line. The union of all these refinements 
together with {Oa} is a point finite refinement of {U a}. 
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86. Tychonoff Plank 

87. Deleted Tychonofl Plank 

If Q is the first uncountable ordinal, and if w is the first infinite ordinal, 
then the Tychonoff plank T is defined to be [O,Q] X [O,w], where both 
ordinal spaces [O,Q] and [O,w] are given the interval topology. The sub
space T"" = T - {(Q,w)} will be called the deleted Tychonoff plank. 

1. Since ordinal space [O,r] is compact and Hausdorff, so is the 
Tychonoff plank T. Since every compact Hausdorff space is nor
mal, T is thus normal. (Note that even though [O,w] and [O,Q] are 
normal, we cannot conclude directly that T is normal, since 
normality need not be preserved under products.) 

2. T fails, however, to be completely normal since the deleted plank 
T"" is not normal. For let A = {(Q,n) 10 ::; n < w} and B = 
{(a,w)IO::; a < Q}. Then A and B are subsets of T"" which are 
closed in the subspace topology on T "'" since their complements in 
T "" are clearly open. Now suppose U C T"" is a neighborhood of A. 
For each point (Q,n) E A, there is an ordinal an < Q such that 
{(a,n)lan < a ::; Q} C U. 
Let ex be an upper bound (0, w) B (!l,W) 

for the an; ex < Q since Q Co ............... • .............. ) 
has uncountably many 
predecessors, while ex has 
only countably many. 
Thus the set (ex,Q] X 
[O,w) C u. So any neigh
borhood of (ex + 1,w) E B 
must intersect U. Thus 

o ••••••••••••••• ••••••••••••••• ~ 
. ........ ...... .. ... ... .... ... . 
••• ••••••• ••••• ••• ••••••••• ••• • A 

. ... ...... ...... .......... ..... . . . .......... .... ....... ... ..... . 
(0,0) (!l,0) 

any neighborhood V of B will intersect U, so T"" is not. normal. 

3. That T is not perfectly normal follows from the fact that T is not 
completely normal. It also follows directly from the observation 
that the closed set I (Q,w)} is not the countable intersection of 
open sets. But it is the intersection of all open sets which contain 
it, so T cannot be first countable or separable. 

4. T"" is not weakly countably compact, since A = I (Q,n) 10 ::; n < w} 
is an infinite set with no limit point. But it is pseudocompact, since 
every continuous real-valued function jon T"" can be extended to 
a continuous function j on the compact set T, and therefore both 
f and j are .bounded. For we know that on each set Ln = 
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{(a,n)IO ~ a ~ O} as well as on L., = B = {(a,w)IO ~ a < O} 
f is eventually constant, so for each n E [O,w], there exists 'Yn < 0 
such that f«a,n)) = Xn for all a 2 'Yn. So the extension of f to 
j: T ~ R given by j«O,w)) = x., will be continuous since sup 
'Yn < o. 

5. Each ordinal space is zero dimensional, scattered, but not ex
tremally disconnected; so too are T and T e,,, for exactly the same 
reasons. 

6. If we double the points of the Tychonoff plank the resulting space 
is Ta, Tah and T4 only. 

88. Alexandrofl Plank 

Let (X,T) be the product of [0,0] and [-1,1], each with the interval 
topology. If p = (0,0) E X, we let u be the expansion of T generated 
by adding to T the sets of the form U(a,n) = {pI V (a,O] X (O,l/n). 

+\ 

r 
I 

o L_ p 

-\ 
o \ 2 w n 

1. Since (X,T) is regular, the expansion (X,u) is Urysohn. But (X,u) 
is not regular since C = {(a,O)la < O} is a closed set not con
taining p, yet every neighborhood of C intersects every neighbor
hood of p. 

2. (X,u) is clearly semiregular since each basis rectangle in T is 
regular open, as is each set U(a,n). 

3. (X,u) is not countably compact since the set {(O,-l/n)ln = 2, 
3, ... } has no limit point. Neither is (X,u) metacompact: if 
{ Va I is a covering of the ordinal space [0,0) with no point finite 
refinement, then the covering {Ua } of X defined by U1 = {pI V 
([0,0] X (0,1]), U2 = [0,0] X [-1,0), and U;. = Va X [-1,1] has 
no point finite refinement. 
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89. Dieudonne Plank 

Let X be [0,0] X [O,w] - {(O,w) I, the points of the deleted Tychonoff 
plank, with the topology T generated by declaring open each point of 

(O,W) (/l,W) (n,W) 

(/l,a) 

Va(/l) (n,/l) 

(0,0) (.11,0) 

[0,0) X [O,w), together with the sets Va({j) = {({j,'Y)\a < 'Y ~ wI and 
Va({j) = {( 'Y ,(j) \a < 'Y ~ 0 I· 

1. The Dieudonne topology T on X is finer than the Tychonoff 
topology on T .. = X, so (X,T) is T21, T2, T 1, and To. Similarly, 
(X,T) is not weakly countably compact. 

2. Each of the open basis sets Va({j) and Va({j), together with each 
open point is also closed, so (X,T) is completely regular and zero 
dimensional. But the sets A = I (n,n)IO ~ n < wI and B = 

B --------------a--
-------------

I \ 
I \ 
I 1 

i iA 
1 I 
1 I 
\ I 
\ I 

I (a,w) 10 ~ a < 121 cannot have disjoint open neighborhoods since 
each neighborhood N = UIVa.(n)\O ~ n < wI of A must inter
sect each basis neighborhood of each point ('Y,w) E B, where 
sup an < 'Y < 12. Therefore, (X,r) is not normal. 

3. (X,r) is metacompact since any open covering of X has a refine
ment consisting of one basii neighborhood for each point x E X. 
But any such refinement is point finite since an arbitrary point 
can be contained in at most three such basic neighborhoods. 
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4. The space (X,T) is not countably paracompact since the open 
covering of X by the sets Uo = X - A and Un = Vo(n - 1) for 
n = 1, 2, 3, ... has no locally finite refinement. For if {WI'} 

r------------------, 
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I U2 
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Uo 

refines {Un}, we may define for each integer n an ordinal an to be 
the least ordinal such that V".(n) is contained in just one WI" 
Then if a = sup an < 12, every neighborhood of (a,w) will intersect 
infinitely many elements of {WI'}' 

90. Tychonoff Corkscrew 

91. Deleted Tychonoff Corkscrew 

For each ordinal O!, let A" denote the linearly ordered set (-0, -1, 
- 2, ... , O!, ••• , 2, 1, 0) with the order t<:,pology. Let P be the 
product space All X A", (where w is the first infinite ordinal, and 12 is 

(-0,0) (n,O) (0,0) 
r,TTr-----,-.,.----------, 
I I III I I I 
I I III I I I 
I I III I I Aw I 

I III I I 
: I III I I An I 

(-O,W) I L1ll. _____ J 0- --------1 (O,W) 
I I (n,W) I 
I 1 I 
I I I 
I I I l ________ --L..- ________ .-J 

(-0, -0) ( n, -0) (0, - 0) 

the first uncountable ordinal); let p* be the subspace P - {(12,w)}. 
Then P* may be thought of as a rectangular lattice of points with 
coordinate axes All and A",. We then use an infinite stack of copies of P* 
to form a rectangular corkscrew lattice S, spiraling in both directions, by 
slitting each P* immediately below the positive All axis and then joining 
the fourth quadrant of one plane to the first quadrant of the one im
mediately below it. If {AIl+(i)} t:- .. is the indexed collection of posi-
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tive All axes, we will call i the level of All, and will consider. by conven
tion, the points of S which lie above A!l+(i) to be at level greater than i; 
if x is such a point, we write L(x) > i. To complete the infinite corkscrew 
X, we add to S two ideal points a+ and a-, to be thought of as infinity 
points at the top and bottom of the axis of the corkscrew; basis neigh
borhoods of a+ consist of all points of X which lie above (or, for a-, 

a+ 

+3 

+2 

+\ 

0 

-\ 

-2 

-3 

below) a certain level. The subspace Y = X - I a-I will be called the 
deleted Tychonoff corkscrew. 

1. Each quadrant of the rectangular lattice P* is homeomorphic to 
T .. -the subset of the Tychonoff plank formed by deleting the 
point (Q,w). Since T", is regular, the corkscrew S clearly is also. 

2. To prove X regular, we thus need consider only cases involving 
the t,,"o ideal points a+ and a-. If C is a closed set in X which does 
not contain a+, then X - C is open and must contain all points 
of X above a certain level It. Then the sets U = Ix E XiL(x) < 
If + 11 and V = Ix E XIL(x) > k + 11 are disjoint open sets 
containing C and a+, respectively. A similar discussion could be 
applied to a-. 

3. Consider now a continuous real-valued functionj on X. Since the 
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restriction of f to each quadrant of each P' may be extended 
continuously to the missing center point (n,w), and since f is 
eventually constant on each positive and negative An axis, we see 
by induction that f must be constant on some set which includes 
at each level a deleted open interval ai'ound (n,w) on the An axis. 
Thus there exists a sequence ! a. I ~ '" on which f is constant, 
where lim ai = a+ and lim ai = a-. Since f is continuous, it 

i~+oo i-+-1Xl 

follows that f(a+) = f(a-), so X cannot be either Urysohn or 
completely regular. 

4. Since X is not L'rysohn, it cannot be either totally separated or 
zero dimensional. In fact, ! a+,a-I is the only quasicomponent of X 
containing more than one point. But X is totally disconnected 
since {a+,a-I is discrete in the induced topology. 

5. If we double the points of the corkscrew X the resulting space 
will be Ta only. 

6. The deleted corkscrew Y is regular since it is a subspace of X, 
but it is also Urysohn since every point of X except a- can be 
separated from a+ by a continuous function. However Y is still 
not completely regular, for, as above, the point a+ may not be 
separated by a continuous function from the closed set in Y con
sisting of the complement of a basis neighborhood of a+. 

7. Y is totally separated since no more than one point of any given 
quasicomponent of X lies in Y. Further Y is not zero dimensional 
since a+ had a basis of open and closed neighborhoods in Y these 
neighborhoods would also form a basis of open and closed neigh
borhoods of a+ in X in contradiction to the fact that a+ and a
together form a quasicomponent of X. The basis neighborhoods 
of a+ have nonopen closures so Y is not extremally disconnected. 
Since the Tychonoff plank is scattered so is S, and thus also Y 
and X. 

92. Hewitt's Condensed Corkscrew 

If T = S U ! a+ I U ! a-I is the Tychonoff corkscrew and if [O,n) is the 
set of countable ordinals, we let A = l' X [O,n) and define X to be the 
subset of A consisting of S X [O,Q). We think of A as an uncountable 
sequence of corkscrews AA where X E [O,n), and of X as the same 
sequence of corkscrews missing all ideal (or infinity) points. If r: X X 
X ~ [O,n) is a one-to-one correspondence, and if 1I"i (i = 1,2) are the 
coordinate projections from X X X to X, we define a function if; from 
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• • • 
~ I 

x 
~ 

o n 

~ 

'"--""I(Xl----' 
A - X onto X by y;(a+}.) = 7I"lr-I(>-) and y;(a-}.) = 7I"2r-I(X). Then if x 
and yare two distinct points of X, there exists some >- E [O,n), namely 
>- = r(x,y), such that both of the sets y;-I(X) and y;-I(y) intersect AA' 

The topology on A is determined by basis neighborhoods N of each 
x E X with the property that y;-I(N (\ X) eN, together with A A-basis 
neighborhoods (called tails) of each point a E A - X; X will inherit 
the subspace topology from A. To construct a typical basis neighborhood 
of x E X, we begin with a IT-neighborhood No of x U y;-I(X) where IT is 
the product topology on A = T X [O,n) where [O,n) is discrete. Then 
inductively, we let Ni be a IT-neighborhood of N i-I U y;-I(Ni _ 1 (\ X) 
and N = UN;. Clearly y;-l(N (\ X) eN. 

1. X is Tl in the induced topology since each point x E X is the 
intersection of all of its basis neighborhoods. 

2. If x E X, each basis neighborhood N of x is the union of relatively 
open sets NA C AA (\ X. We claim that N is simply the union of 
corresponding NA (where NA denotes the closure of NA in AA (\ X, 
and N is the closure of N in X). Suppose not; then there would be 
a point y f/. UNA every neighborhood of which intersected N. 
But every neighborhood M of y is a union of certain relatively 
open sets A,fA C AA (\ X, and the only way that every such set 
could intersect N would be for each M (\ N to contain a tail in 
some corkscrew AA' But this means that the corresponding ideal 
point, say a+A can be traced Lack via y; to another tail contained 
in both M and N. Repeating this finitely many times produces 
either yEN or x EM; the former contradicts the selection of y, 
and the latter must fail for some neighborhood M of y. Thus it is 
true that N = UNA. 
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3. Clearly now, since each Ax is regular, each open basis neighbor
hood N contains a basis neighborhood M such that MeN. This 
shows that X also is regular. 

4. The function 1j;: A - X ~ X permits a natural extension of any 
function f on X to a function! on A by defining j(x) = f(x) if 
x E X and j(a) = f(1j;(a)) if a E A-X. If f is continuous, so is 
j since for any open set U, j-I(U) = f-I(U) U (f 0 1j;)-I(U) = 

f-I(U) U 1j;-I(f-I(U)) where f-l( U) is an open subset of X. Thus 
f-I(U) = X n (UN;) where each N; is a u-neighborhood in A 
and UN; is open in A. Thus 

j-I(U) = [X n (UN;)] U [1j;-I(X n (UN.))] 
= [U(X n N i )] U [U1j;-I(X n N;)] 
= UN; 

since 1j;-I(X n N;) C N i+l and Ni C (X n N,) U 1j;-I(X n N i ). 

Hencej-I(U) is open in A, sojis continuous on A. 

5. Every real-valued continuous function f on X is constant, for if 
X,y E X and if A = r(x,y), then 1j;(a+x) = x and 1j;(a-x) = y. 
But j is continuous on A and hence on Ax, so j(a+x) = lea-x) 
where j(a+)..) = f(1j;(a+x)) = f(x) and j(a-x) = f(1j;(a-x)) = fey). 
Thus f(x) = fey) for any two points of X,y E X. 

93. Thomas' Plank 

94. Thomas' Corkscrew 

Let X = U Li be the union of 
":=0 ~E----------~)LI 

lines in the plane where Lo = 
{(x,O)lx E (O,I)}, and for i ~ 1, E-[ -----------;) L2 

Li = {(x,I/i)lx E [O,I)}. Ifi ~ 1, [E-------------)) L3 

each point of Li except for (O,I/i) [1:------:::------------1). 

is open; basis neighborhoods of ~: : : 
(O,1/i) are subsets of L, with: : . ) 
finite complements. Similarly, ) Lo 

the sets Ui(x,O) = {(x,O)} U 
{(x,I/n)ln> i} form a basis for the points in Lo. Alternatively, if 
S = L U {p} is the one point compactification of the unit interval 
L =(0,1) and if T = Z+ U {q} is the one point compactification of the 
positive integers, then X = S X T - {(p,q) I. 

l. Every basis neighborhood of X is closed as well as open, so X 
is zero dimensional and completely regular (since it is clearly Tl)' 
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2. X is not normal, since every neighborhood of the closed set 
{(O,I/n)ln = I, 2, 3, ... 1 contains all but countably many 

00 

points of U Ln, whereas every neighborhood of the closed set Lo 
n=1 

contains uncountably many points of U Ln. 
n =1 

3. If f is a continuous real-valued function on X, and if p = (O.l/n) 

E Ln,f-I(f(p» = f-I( n BI/;(f(p») = n f-I(BI/;(f(p») , a count-
;=1 ;=1 

able intersection of open sets in X. Thus f-l(f(p) n Ln has a 
countable complement, so fiL. is constant except for a countable 
set. Since f is continuous on X, flL, must also be constant except 
for a countable set. 

4. If we use copies of Thomas' plank to build a corkscrew (as in the 
Tychonoff corkscrew) we can obtain a regular space which is not 
{;rysohn, since every continuous functionfwill be constant except 
for a countable set on coordinate axes at each level of the cork
screw. Thus if p+ and p- are the infinity points, f(p+) = f(p-). 

95. Weak Parallel Line Topology 

96. Strong Parallel Line Topology 

Let A be the subset of the plane {(x,O) 10 < x ~ 11 and let B be the 
subset {(x, 1) 10 ~ x < 11. X is the set A U B . We define the strong 
parallel line topology q on X by taking as a basis all sets of the form 

u v 
[( ) [ ) )8 

u 
[( ) 

w 
[ ) )B 

u 
t-( +-( -J+-----iJ A 

u 
( ] 

w 
) JA 

(X,O) (X,r) 

v = {(x,I)la ~ x < bl and U = {(x,O)la < x ~ bl U {(x,I)!a < x < 
bl, th:-'.; is, left half-open intervals on B and right half-open intervals 
on A together with the interior of their projection onto B. The weak 
paraJlel line topology T consists of the sets U together with sets W = 
{(x,O)la < x < b) U {(x,I)la ~ x < b). 
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1. Since each W may be written as V U U U" where V = W (\ B 
a 

and the union is taken over all U a C W, we see that u is a finer 
topology than T. 

2. If we define (x,i) < (y,j) (i,j = 0,1) whenever x < y or x = y 
and i < j we see that for any two points PI, P2 of X either PI < P2 
orp2 < Pl' In (X,T) , tV = {(x,O)la < x < b} U {(x,l)\a ::; x < b} 
= {p E XI(a,O) < P < (b,O)}; since each U may be expressed 
similarly, (X,r) is an order topology and is therefore completely 
normal. (X,u) however is not Ta since the closure of each V con
tains points on the lower line, so no open subset of B can contain 
a closed neighborhood. 

3. If PI E A, the sets C = {p E Xlp ::; pI} and D = {p E XI 
p > pI} are both open and closed in both u and T. Thusf: X ~ R 
defined by f(p) = ° if pEe and f(p) = 1 if p E D is continuous. 
Thus both spaces are totally separated, Urysohn, Hausdorff, and 
not locally connected. 

4. The order which induces T is complete, so (X,T) is compact. For 
if S is a nonempty subset of X and if x is the least upper bound 
of the first coordinates of S, then lou.b. S is (x,I) if (x,I) €: S; 
otherwise, l.u.b. S = (x,O). Since u is finer than T, and both are 
Hausdorff, u cannot be compact. 

5. Considerations entirely analogous to those given for the right 
half-open interval topology show that (X,u) is neither locally 
compact nor u-compact. Clearly both (X,u) and (X,T) are first 
countable, and as in the right half-open interval topology, are 
Lindelof and separable, but not second countable. 

6. Since no set V contains any closed neighborhood, (X,u) is not 
regular, and thus is not zero dimensional since it is Hausdorff. 
But the closures of the sets U (or W for that matter) are just the 
union of the set U and a set of the form Wand thus are also open. 
These sets form a basis for T for each U or W is the union of all 
such sets contained in it. Thus (X,T) is zero dimensional. 

7. Since in either topology all the basis elements are dense-in
themselves neither space is scattered. 

8. Neither (X,u) nor (X,T) is extremally disconnected for, as in the 
right half-open interval topology, a certain infinite union of dis
joint basis elements has a closure which is not open. 
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97. Concentric Circles 

Let X consist of two concentric circles 
C1, C2 in the plane; let C2 be the outer 
circle, C1 the inner. We take as a sub
basis for the topology all singleton sets 
of C2, and all open intervals on C1 each 
together with the radial projection of 
all but its midpoint on C2• 

1. That X is Hausdorff may be seen by a straightforward consider
ation of cases. 

2. X is T5 for if A and B are two separated sets then A n C1 and 
B n C1 are separated and thus have disjoint Euclidean neighbor
hoods V A and VB in C 1. l\' ow if a E A n C 1, a has a neighborhood 
Va which is disjoint from B, and which may be chosen such that 
Va n C1 eVA. Similarly for b E B n C1 we may find Vb such 
that Vb n A = 0 and Vb n C1 C VB. Then since An C2 is 
open, (A n ( 2) u (U Ua ) and (B n ( 2) U (U Vb) are disjoint 

aEA bER 

neighborhoods of A and B, respectively. 

3. X is compact. If Va is a collection of open sets of X covering CJ, 
then each Va is a union of basis neighborhoods ViJ• The cover of 
C1 by the U/J has a finite subcover (since C1 is compact in the 
Euclidean topology) so the Va containing these finitely many 
VafJ forms a cover of C\ which in fact fails to cover only finitely 
many points of C2• Thus any cover of X contains finitely many 
open sets covering all but finitely many points of C,. One may 
add finitely many open sets to cover these remaining points. 

4. X is sequentially compact in the Euclidean topology, so any se
quence has a convergent subsequence. This subsequence still 
converges in the concentric circle topology r for if its Euclidean 
limit point were in C1, that point would be a r-limit point, whereas 
if the Euclidean limit point were in C2, the r-limit point would be 
its projection in C1 (unless the subsequence is constant, in which 
case the r-limit point is the Euclidean limit point). Thus (X,r) 
is sequentially compact. 

5. X is not second countable since C2 is an uncountable discrete 
subset, but X is first countable as may be seen by choosing as a 
local basis at the points of C2, the points of C2, and at the points of 
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Cl, nested sequences of intervals together with their deleted 
projections. 

6. X is not separable since no countable subset is dense in C2• Since 
X is compact, it is LindelOf and thus not metrizable. 

7. The components of X are Cl and each of the points of C2• 

98. Appert Space 

Let X be the set of positive integers. Let N(n,E) denote the number of 
integers in a set E C X which are less than or equal to n. We describe 
Appert's topology on X by declaring open any set which excludes the 
integer I, or any set E containing 1 for which lim N(n,E)/n = 1. 

n-+oo 

1. Appert space is an expansion of countable Fort space; a set 
C is closed in Appert space if 1 E C, or if 1 f/. C and 
lim N(n,C)/n = O. 
n-+oo 

2. Appert space is clearly Hausdorff, and in fact, completely normal. 
If A and B are separated sets, and if 1 f/. A V B, then A and B 
are open. If 1 E A, then lim N(n,B)/n = 0 (otherwise 1 would 

n-+oo 

be a limit point of B) and so B and X - B are disjoint open neigh
borhoods of B and A respectively. If 1 E B, the argument is 
similar. 

3. X is not countably compact, for the infinite set {2"), n > I, has 
no limit point: no x > 1 can be a limit point since each such point 
is open, and 1 cannot be a limit point of {2"} since X - {2"} is 
open. 

4. Since X is countable, it is a-compact, Lindelof, and separable. 

5. X is not first countable, since the point 1 does not have a count
able local basis. Suppose {B .. } were a countable local basis at 1. 
Then each Bn must be infinite, so we can select an x" E B" such 
that x" > IOn; then U = X - {x .. } does not contain any of the 
sets Bn , yet it is an open neighborhood of I, for N(n,U) > 
n - 10glO n, and thus lim N(n,U)/n = 1. 

n--+ 00 

6. X is not locally compact, since the point 1 does not have a compact 
neighborhood, for any neighborhood of 1 is infinite, and may be 
covered by a (smaller) neighborhood of I, together with a disjoint 
ihfinite collection of open points. 
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7. Appert space is scattered since in Tl spaces every dense-in-itself 
subset must contain an infinite number of points. But this is 
impossible in X since every point other than 1 is open. 

8. Since any set containing 1 is closed, 1 has a local basis of sets 
which are both open and closed. Since all other points are dis
crete, X is zero dimensional. 

9. X is not extremally disconnected since the set E of even integers 
is an open set whose closure E U {I} is not open. 

99. Maximal Compact Topology 

Let X be the set of all lattice points (i,j) of positive integers together 
with two ideal points x and y. The topology T on X is defined by declaring 
each lattice point to be open, and by taking as open neighborhoods of x 
sets of the form X - A where A is any set of lattice points with at most 
finitely many points on each row, and as open neighborhoods of y all 
sets of the form X - B where B is any set of lattice points selected from 
at most finitely many rows. 

1. (X,T) is not Hausdorff, for there are no disjoint open neighbor
hoods of x and y. But it is Tl since each point is the intersection 
of its neighborhoods. 

2. (X,T) is compact since if X - A and X - B are open neighbor
hoods of x and y, respectively, then X - [(X - A) U (X - B)] 
= A n B is finite. 

3. Every compact subset of X is closed, for suppose that E C X is 
not closed. Since each lattice point (i,j) is open, E can fail to be 
closed only if x or y is a limit point of, yet not in, E. Suppose 
y E E - E; then E must contain points from an infinite number 
of rows. If A = I (in,jn)} is a collection of points in E, one in each 
of infinitely many rows, X - A together with the discrete points 
(in,jn) forms an open covering of E but has no finite subcover. 
Similarly if x E E - E, then E must contain an infinite number 
of points from some one row; so we let B be that row and cover E 
by X - B and singletons. Thus a set which is not closed cannot 
be compact. 

4. Suppose T· :J T is a compact topology for X. If the containment 
were strict, there would be a subset A which was closed under 
T· but not under T. But then A would be compact under T· but 
not under T, which is clearly impossible. Hence no topology on X 
which is strictly larger than T can be compact; that is, T is a maxi
mal compact, non-Hausdorff topology. 
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5. X is not first countable since neither ideal point has a count
able local basis: a Cantor-type diagonalization argument will 
show that no countable collection of neighborhoods of x has 
the property that every set of the form X - A contains some 
set in the collection. 

6. The doublet I x,y I is a quasicomponent of X which is not a com
ponent. Thus X is totally disconnected, but not totally separated. 
Clearly X is scattered since in a 1'1 space any dense-in-itself sub
set must be infinite, but all points except x and yare open. 

100. Minimal Hausdorft Topology 

If A is the linearly ordered set 11,2,3, ... , w, ... , -3, -2, -I} 
with the interval topology, and if Z+ is the set of positive integers with 
the discrete topology, we define X to be A X Z+ together with two 
ideal points a and· - a. The topology T on X is determined by the prod
uct topology on A X Z+ together with basis neighborhoods Mn+(a) 

a r-, M; Mm- "' ..... -a 
\ . '-------------..., r-----------'·) 
" • ., 1'1 ( 

I 1,1 I 
I I I I 
I I' I I 
I '. .' I • •• I .1 ••• L ___________ --J L ___________ J 

. ..... . ..... . 
w 

lal U I (i,j) Ii < w, j > n) and Mn-(-a) = I-al U l(i,j)li > w, 
j> n}. 

1. A straightforward consideration of cases shows that (X,T) is 
Hausdorff, though not completely Hausdorff since for all integers 
nand m, Mn+(a) n Mm (-a) = I (w,i) Ii > max (m,n)} ~ 0. 

2. Clearly each basis neighborhood is the interior of its closure, so 
(X,T) is semiregular. But it is not regular since it is not com
pletely Hausdorff. 

3. The basis neighborhoods form an open cover~ng of X with no 
finite sub covering, since the points (w,j) are contained only in 
their own neighborhoods. Thus X is not compact. 

4. However, X is almost compact since any collection of open sets 
which covers X must have a finite subcollection whose closures 
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cover X. This follows from the fact that the closures of any neigh
borhoods of a and - a contain all but finitely many of the points 
(w,j). A straightforward consideration of cases shows similarly 
that the complement of any basis neighborhood is also almost 
compact. 

5. Now suppose T* C T, suppose N is a basis neighborhood of T and 
suppose lOa I is a T * -open covering of X - N. It is then aT-open 
covering, so there exist finitely many sets 0 1, • • • , On the union 
of whose T-closures covers X - N. But the T* closure of Oi con
tains the T-closure, so X - N is covered by the union of the T * 

closures of 0 1, O2, • • • , 0". In other words, X - N is an 
almost compact subset of (X,T*). 

6. Suppose T* is a proper subtopology of T. Then there would be 
some basis neighborhood NET for which X - N would not be 
closed in T*, and so there would be a point x E N such that x 
belongs to the T * closure of X - N. Let I Cal be the family of 
T*-closed neighborhoods of x, and suppose IX - Cal covers 
X - N. Then for some CI ••• C", X - N C UX - C';; but 
U X - C i is closed, so must contain x. Since the C i are neighbor
hoods of x, this is impossible, so IX - Cal could not have 
covered X - N. Thus (lCa contains more than just the point x, 
so T* cannot be Hausdorff. This means that T is a minimal 
Hausdorff topology for X. 

101. Alexandroff Square 

If X is the closed unit square [0,1] X [0,1], 
we define a topology T by taking as a 
neighborhood basis of all points p = (s,t) 

-1- 1-1-
- - --- - -

off the diagonal .:1 = {(x,x) Ix E:: [O,l]} the 
intersection of X - .:1 with an open ver
tical line segment centered at p: N.(s,t) = 
{(s,y) E:: X - .:1 lit - yl < Ei. Neighbor
hoods of points (x,x) E:: .:1 are the intersec
tion with X of open horizontal strips less a 
finite number of vertical lines: M.«s,s» = 
{(x,y) E X Ily - sl < E, x ,t. xu, XI, ... , xnl. 

Ip 

1. X is Hausdorff as may be seen by direct examination of cases. 
Consider two points (Xl,YI), (X2,Y2) E X. If YI ,t. Y2 then we may 
find disjoint horizontal strips, and thus disjoint open neighbor-
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hoods, containing (XI,YI) and (X2,Y2) , respectively. If YI = Y2, 
then either Xl rt YI or X2 rt Y2; say Xl rt YI. Then any open hori
zontal strip containing (X2,Y2) less the vertical line through 
(XI,Yl) and any basis neighborhood of (Xl,Yl) are disjoint neigh
borhoods of (XI,Yl) and (X2,Y2). 

2. Let {Va} be an open covering of X, and let B = {alVa n ~ rt 
0}. If 1r is the projection map of X onto the Y axis, {1r( Va) } aEB 
is an open covering of [0,1] and thus has a finite subcovering, say 
{1r(VaJ}7~1' Then {Va.}:'! covers all of X except for finitely 
many closed vertical line segments, and each of these may be 
covered by finitely many Va. Thus (X,T) is compact. 

3. Since (X,T) is compact and Hausdorff, it is normal. However, 
(X,T) isnotT5: A = ~ - {(O,O)} andB = {(x,y)lx;::: 0, Y = OJ 
are clearly separated, yet they are not contained in disjoint 
open sets. For let V be an open set containing B. Then each 
(x,O) ~ B is contained in a vertical line of height Ez contained in 
U. Since [0,1] is uncountable, for some n the set of Ez such that 
Ez > l/n is infinite (in fact uncountable). Then no basis neigh
borhood of (l/n,l/n) ~ A can fail to intersect V. 

4. No point on the diagonal ~ can have a countable local basis so 
(X,T) is not first countable. But X is sequentially compact since 
every sequence has a subsequence {(Xi,Yi)} which converges in 
the Euclidean topology on X to a point, say (x,y). Then {(Xi,Yi)} 
converges in (X,T) to (y,y) unless all but finitely many of the Xi 
are equal; in this case, {(x',Y')} converges to (x,y). 

5. The induced topology on each vertical line in X, as well as on 
the diagonal ~, is the Euclidean topology. Since these are arc 
connected, so too is (X,T) for two points in X may be joined by a 
path consisting of two vertical line segments and an interval 
along the diagonal. Thus X is connected. But clearly it is not 
locally connected since no nontrivial neighborhood of any point 
on ~ is connected. 

102. Zz 

Let Z+ be the positive integers with the discrete topology; let X = 
II Z+i be the countable Cartesian product of copies of Z+ with the 

iEZ+ 

Tychonoff product topology T. 
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1. If x = (Xi) and y = (Yi) are points of X, and if E""y denotes 
Ii E Z+JXi ~ Yi}, we can define a metric for X by d(x,y) = 

~ 2-i . Since E""y U Ey" :::) E""" d is a metric for X; since 
iEEz,u 

B2-i(a) C 1I'i-l (ai), the Cartesian product topology is finer than 
i+1 

the metric topology. But since (\ 1I'rl(aj) C B 2-i(a), the topol
i=1 

ogies must be equal. 

2. If a subset Y of X is compact, 1I'n(Y), the projection of Yonto 
the nth coordinate, is compact and thus finite. So no compact set 
in X can contain an open subset, for each open set U C X must 
have some projection 71"n(U) which equals Z+. Thus X is not 
locally compact. 

3. X is not u-compact either, for if X = UYk , Y k compact, we 
can define m(n,k) to be the greatest integer in 1I'n(Yk)' Then 
the point whose nth coordinate is m(n,n) + 1 is in X, but not 
in any Y k • 

4. X is second countable, and thus Lindelof, since it is the count
able product of second countable spaces. 

5. Since Z+ is totally disconnected, each projection map must take 
a connected subset of X to a point; thus only one-point sub
sets of X may be connected, so X is totally disconnected. In 
fact, the subbasis sets 1I'i-I (j) are open and closed, since they 
are the inverse images under continuous maps of open and 
closed sets, so X is zero dimensional and thus totally separated. 

6. No point of X is isolated so X is dense-in-itself, and thus not 
scattered. 

7. A sequence of points Ix;} C X converges to the point x iff each 
coordinate Xji eventually equals Xj (for sufficiently large i). 
Indeed, each coordinate in a Cauchy sequence eventually be
comes constant, so X is a complete metric space. 

8. In the space (X,d), the open ball B 2- i (a) is the set I (aI, a2, ... 

ail Xi+l, Xi+2, ... ) 3 k :3 Xi+k = aj+k I, and its closure is simply 
i 

the set {(aI, U2, ... ,aj, Xi+b :1:j+2, ... )1 = (\ 1I'i-l (ai)' Thus 
i=1 

B 2- i (a) is closed in (X,d) but open in (X,T)-yet both spaces 
have the same topology. 

9. If ei = (1, 1, 1, ... , 1, 0, 0, 0, ... ) with i consecutive 1's, 
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the point e = (1, 1, 1, ... ) is a limit point of the set B = 
... ... 
U B2-2i(e i ). But B = tel U U B2-"(ei) , so e cannot be an 
i=1 i=1 

interior point of B since every point of B - {e} must contain 
some consecutive zeros, yet every neighborhood of e contains 
a point with just one zero. Hence B is an open set whose closure 
is not open, so X is not extremally disconnected. 

10. The Baire metric on X defined by ~(x,y) = lin where n is the 
index of the first coordinate at which x and y differ has the same 
Cauchy sequences as the metric d. Thus it yields the same 
topology. 

103. Uncountable Products of Z+ 

If Z+ is the discrete space of positive integers, we let X A = II Z+a, 
aEA 

where A is the cardinality of A. We assume that A> No-that is, that 
A is uncountable. 

1. XA is clearly Hausdorff and completely regular since these prop
erties are preserved by arbitrary products. 

2. XA is neither first nor second countable. Assume {Bd is a count
able local base at the point p E XA• For each i, 'lra(Bi) = Z+ for 
all but finitely many a; since there are uncountably many a, 
we can select one, say ao, such that 'lrao(Bi) = Z+ for all i. Then 
'lrao-I(Pao) = {y E XA!Yao = pao} is an open neighborhood of P 
which contains no B i , so {B;} is not a local base at p. 

3. If A ~ 2KO, X A is separable. For in this case there exists a bijec
tion if> ot A onto a proper subset of the unit interval I. Let J 1, 

J 2, . . • , J k be any finite pairwise disjoint collection of closed 
subintervals of I with rational endpoints, and nl, n2, ... ,nk be a 
finite subset of Z+. Let p(J 1, ... ,J k, nl, ... ,nk) be the point 
(Pa) E XA where pa = ni if r/J(a) E J i, and pa = 0 otherwise. 

The set of all such points p(J I, J 2, • • • ,J k, nl, n2, . . . ,nk) 
is clearly countable; it is also dense, for given any open set in X A 

k 

of the form (\ 'Ir ai-Ie U (Xi)' where U ai is any open set (that is, any 
j=1 

set) in Z+ ai' we can find a pairwise disjoint collection J I, ••. , 

J k such that r/J(aj) E J j, and for eachj, an nj such that nj E U ar 
k 

Then p(J I , ••• ,Jk, nl, ... ,nk) E (\ 'lrrl(Uaj), since when
i=1 
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4. Conversely, if A > 2KO, XX is not separable. For suppose D were 
a countable dense subset of Xx; then for each a,{3 E A, the sets 
D (\ "11" .. -1(1) and D (\ "II"/l-I(I) are distinct, since each basis neigh
borhood "11" .. -1(1) and "II"/l-I(I) is both open and closed. Thus the 
map <1>: A -+ P(D) given by <I>(a) = D (\ "11" .. -1(1) is injective, so 

A = card A :::; card P(D) = 2Ko• 

5. Xx is neither compact, u-compact, nor locally compact since ZZ 
is none of these and they are all preserved by open continuous 
maps. Also like ZZ, Xx is zero dimensional-since each subbasis 
set "11" .. -1(Pa) is both open and closed-but not scattered. 

6. For i = 0 and 1, let Pi C Xx be the collection of all points with 
the property that each integer except i appears at most once as a 
coordinate. Then since A is uncountable, PI (\ Po = >0 and 
since Xx - Pi = U ("II"a-l(n) (\ "II"/l-I(n», Pi is closed. We will 

a¢/l 
n¢i 

show that any two neighborhoods U and VofPoandPdntersect, 
so Xx cannot be normal. 

Each finite subset F C A determines a basis neighborhood 
F(x) of any point x E Xx by F(x) = (\ "ll"a-I(Xa). We define 

aEF 
inductively a nested increasing sequence Fn = {aj}.i=1 of finite 
subsets of A together with an associated sequence of points 
xn E Po. Let Xao = 0 for all a E A, and suppose that xn and 
Fn- 1 are given; select Fn ::::> Fn- I by requiring that Fn(xn) C V, 
and then select xn+1 E Po so that xat+1 = j whenever aj E Fn , 

and xan+1 = 0 otherwise. Now let y E PI be defined by Ya; = j 
whenever aj E UFn , and Ya = 1 otherwise. Then there is a 
finite set G C A such that G(y) C V. Then for some integer m, 

G (\ U Fn = G (\ F"" so we may define a point Z E Xx by 
n=O 

Za. = k whenever ak E F "" Za. = 0 whenever ak E F ",+1 - F m, 

and Za = 1 otherwise. Then Za = Ya if a E G (\ F m, and other
wise if a E G, Za = Ya = 1; thus Z E G(y) C V. Furthermore, 
Za. = k = xa•m+1 if ak E F"" and Za. = 0 = Xa.m+I if ak E 
Fm+1 - Fm; thus zEn "ll"a-I(Xam+l) = Fm+l(xm+l) C U. So 

aEF .. +! 

Z E V n V, which was to be proved. 

104. Baire Metric on Rw .. 
If X = Rw is the set IT Ri, where each Ri is a copy of the Euclidean 

;=1 

real line, we define the Baire metric on X by d«Xi),(Yi» = Iii where i 
is the first coordinate where x and Y differ. 
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1. A Baire basis set Bl/i(x) consists of all y E X whose first i coor
dinates agree with those of x. Clearly no basis set of the Tychonoff 
product topology on R'" can be contained in B1/.(x), but B1/i(X) 

• 
is contained in the Tychonoff basis set n 1rrl(Ui ) where Xi E Ui 

i=l 
for all j ~ i. Thus the Baire topology is strictly finer than the 
Tychonoff topology on R"'. 

2. If {xnl is a Cauchy sequence in X, and if X •• n is the ith coordinate 
of the term Xn , then for each i the sequence Xi,l, Xi,2, Xi,3, ... 
is eventually constant, say Xi. Then clearly {xnl converges to 
X = (Xi). Thus X is complete. 

3. The induced topology on each coordinate axis R. is discrete. In 
• 

fact, since B1/i(X) = n 7rrl(Xi) , the topology generated on R'" 
i=1 

by the Baire metric is precisely the Tychonoff product topology 
where the factors Ri are assumed discrete. But clearly X is not 
discrete. 

4. Since the projection of every compact subset of X onto each 
discrete factor space R. is compact and therefore finite, a com
pact subset of X cannot contain an open set. Hence every 
compact set is nowhere dense. So by the Baire category theo
rem, X cannot be u-compact. Similarly, X cannot be locally 
compact. 

5. Since the discrete topology on each factor space R. is non
separable, X cannot be separable. 

6. Since the subbasis sets 7ri-1(Xi) are the inverse images under con
tinuous maps of sets which are both open and closed, they, and 
therefore the corresponding basis sets, are both open and closed. 
Thus X is zero dimensional. Since no point is open, X is dense
in-itself and therefore not scattered; since X is metrizable and 
not discrete, it is not extremally disconnected. 

105. ]1 

Let [1 be the uncountable Cartesian product of the closed unit interval 
1= [0,1]:[1 = III;. 

iEI 

1. [1 is compact and Hausdorff since I is compact and Hausdorff. 
Thus [1 is normal. Similarly since I is connected, so is [1. 
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2. If A = {lIn E lin E Z+}, JI contains Y = IT Ai; the sub
iEI 

space topology on Y is homeomorphic to II Z+i since the in-
iEI 

duced topology on A is homeomorphic to the discrete topology 
on Z+. Thus Y is a subspace of JI which is not normal, so II 
cannot be completely normal. 

3. Suppose {Bn} is a countable local basis at a point y E JI. Since 
for each n, 7r,,(Bn) = I for all but finitely many a, and since I is 
uncountable, there must be an a, such that 7r ",(Bn) = I for all n. 
So if U is an open neighborhood of Ya" U ~ I, 7ra,-l(U) is an 
open neighborhood of y which contains no Bn. Thus II is not 
first countable. 

4. Points of II are functions from I to I, and a sequence of points 
ak converges in JI to a iff the functions ak converge pointwise 
to a-that is, iff for each x E I, ak(x) converges in I to a(x). 
This equivalence follmvs directly from the definition of the prod
uct topology on JI, for open neighborhoods in II restrict only 
finitely many coordinates at a time, and this is precisely point
wise convergence. 

5. II is not sequentially compact since the sequence of functions 
an E JI defined by an(X) = the nth digit in the binary expansion 
of x has no convergent subsequence. For suppose I an. I is a sub
sequence which converges to a point a E JI. Then for each 
x E I, an.(x) converges in I to a(x). Let pEl have the prop
erty that ank(p) = ° or 1 according to whether k is odd or even. 
Then the sequence I an. (p)} is 0, 1, 0, 1, . . . , which cannot 
converge. 

196. [0,0) X Jl 

Let X be the product of [O,n) with the interval topology and JI with 
the Cartesian product topology. 

1. X is Hausdorff and completely regular since both factor spaces 
are. 

2. Since [O,n) is countably compact and JI is compact, X is count
ably compact. However X is neither compact nor sequentially 
compact since these are preserved by projections and [O,n) fails 
to be compact while JI fails to be sequentially compact. 
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3. Since [O,n) is neither separable, LindelOf, nor u-compact, X also 
cannot satisfy these conditions. Similarly, since [I is not first 
countable, neither is X. But since both II and [O,n) are locally 
compact, so is X. 

107. Helly Space 

The subspace X of II consisting of all nondecreasing functions is called 
ReIly space; it carries the induced topology. 

1. If f E [I - X, it is not nondecreasing. Thus there are points 
x,y E I such that x < y but f(x) > f(y). If E < i[f(x) - f(y)], 
and if u,. = B.(f(x» and Uy = B.(f(y)) , then 71z-1(U:r;) (\ 
71y- 1(Uy ) is a neighborhood of f disjoint from X. Thus X is a 
closed subspace of the compact set [I, so X is a compact Haus
dorff space. 

2. Each function f E X has at most countably many points of 
discontinuity. Let AI be these points of discontinuity together 
with the rationals in the unit interval I; then AI is a countable 
set. We claim that the set of all finite intersections of 
71a-1(Bl/j(f(a») for a E AI and j = 1, 2, 3, ... is a countable 
local basis for f. To verify this we need only check that every sub
basis neighborhood 7111- 1(B.(f(y))) contains an element of our 
countable family. If y is a point of discontinuity of f, we merely 
select j so that l/j < E, and take 71y- 1(B1/i(f(y))). If not, then f 
is continuous at y, so there is a ~ such that f(x) E B.(f(y» 
whenever Ix - YI < ~. So if a is a rational in the interval 
(y,y + ~) and j so large that Bl/j(f(a» C B,(fCy», and similarly 
if b is a rational in (y - ~,y) and Bl/k(f(b» C B.(f(y», then 
every function of X in 71a-1(Bl/j(f(a))) (\ 71b-1(Bl/k(f(b») must 
be in 7111- 1(B,(f(y))). Thus X is first countable. 

3. Let Ai be the set of diadic rationals in I with denominator 2;; 
then {A i I is an increasing nested sequence of finite subsets of I 
whose union is dense in I. For each i, let Y; be the set of contin
uous piecewise linear functions in X which take on rational values 
at each point of Ai and which are linear between these points. 
Each Y i is countable, so Y = UYi is also. Furthermore, Y is 
dense in X, so X is separable. 

4. The collection of functions f:r; defined by fz(t) = ° if t < x, 
fix) = i, and fit) = 1 if t > x is an uncountable subset of X 
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which is discrete in the induced topology. Thus, this subspace 
is not second countable, and so therefore neither is X; further
more, since X is separable, it cannot be metrizable. 

108. C[0,1] 

The space of real-valued continuous functions on the unit interval I will 
be denoted by C[O,l]; it is a metric space under the sup norm distance: 
dU,g) = sup IJ(t) - g(t)\. 

lEI 

1. C[O,l] is a complete metric space, since each Cauchy sequence 
in C[O,l] is a uniformly convergent sequence of continuous func
tions, which must have a continuous function as a limit. 

2. C[O,l] is separable since the polynomials with rational coeffi
cients form a countable dense subset. 

3. Every open ball B.U) contains a sequence Ifd such that 
d(hh) = E (for i ¢ j) and which therefore has no convergent 
subsequence. To see this we define 
q,,, E C[O,l] to be -E/2 on [0,1/2 -
E/2n], +E/2 on [1/2 + E/2n,l] and 
linear in between. Then Ji = J + 
q,i E B.U) and satisfies d(hh) = E. 0 

Thus C[O,I] has no compact neigh
borhoods, so is neither locally com
pact nor, since it is of second 
category, u-compact. 

4. C[O,l] is both arc connected and locally arc connected since each 
ball B.(f) is convex. That is, the function q,: [0,1] ~ C[O,l] de
fined by q,(t) = tg + (1 - t)h is a path joining g to h; if g and 
h lie in B.U), so does each q,(t). 

109. Box Product Topology on R'" 

co 

If X = R'" is the set II Ri, where each Ri is the Euclidean real line, 
i-I 

we generate the box product topology T from basis sets of the form 
co 

II Ui where each Ui is open in Ri • 
i-I 

1. Clearly each basis set of the Tychonoff topology is open in the 
box topology, so T is strictly finer than the Tychonoff prod
uct topology on X. Thus (X,T) is Hausdorff. 
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2. (X,T) is completely regular. Let U be an open set and let x = 

'" (Xi) E:: II Ui C U, where each Ui contains an open interval 
i-I 

(Xi-Ei, Xi+Ei). Define f(x) = ° and for y E:: X - {x} define 
f(y) = inf{r E:: (0,1]1 for some i, Yi rt (xi-rEi, Xi+rEi)}. Then 
f is a Urysohn function for x and X - U. 

3. X is not connected since the set of bounded sequences and the 
set of unbounded sequences are both open. 

4. Since (X,T) is an expansion of the Tychonoff topology on R"', 
which is homeomorphic to Hilbert space, any compact subset of 
X must be compact in Hilbert space. Thus, since Hilbert space 
is not u-compact, neither is (X,T). 

5. (X,T) is not locally compact since the origin, for instance, has 
no compact neighborhoods. For let U be an open set contain
ing the origin, and let x = (Xi) E: U. Then the sequence x" = 
(xiln), which ought to converge to the origin, does not do so, 

'" because II (-xi/2i, x./2i)-a neighborhood of the origin-
i-I 

excludes every x". 

6. Suppose {U;} is a countable local basis at the point x E X; let 

U i = II Uij. Then for each i, let Vi be a proper subset of Uii 
j=1 

containing Xi; then II Vi is a neighborhood of x = (Xi) which 
;=1 

does not contain any of the sets {U d. Thus {U;} cannot be a 
basis at x, so X is not first countable. 

7. Neither is X separable, for if, for each i, U ij is the open interval .. 
(j,j + 1) in R i , then the collection of all sets A(ii) = II Ui,i" 

;=1 
where Ud is an infinite subset of the integers, forms an uncount
able disjoint collection of open sets in X. This shows in fact that 
X does not satisfy the countable chain condition. 

110. Stone-Cech Compactification 

Let (X,T) be a completely regular space, let I be the closed unit interval 
[0,1] C R, and let C(X,l) be the collection of all continuous functions 
from X to I. Let r(X,I) = II I~ where I~ is a copy of I indexed 

~EC(X,I) 

by A E C (X,I). We denote by (t~) the element of IO(X,l) whose Ath coor
dinate is t~. Then if hx: X -t IO(X,I) is defined by hx(x) = (A(xh), the 
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image of hx, hx(X), is a subset of the compact Hausdorff space IC(x.l), 
so its closure (3X = hx(X) is a compact Hausdorff space known as the 
Stone-Cech compactification of (X,T). 

1. hx is a homeomorphism of X onto hx(X), a dense subset of (3X. 
Since P>. 0 hx = X for each X E C(X,I) (where P>. is the projec
tion of III>. onto I>.), hx is continuous. It is also injective since if 
x,y E X, x ~ y, there is a continuous function X: X ~ I such 
that X(x) = 0 and X(y) = 1. Thus hx(x) ~ hx(Y). In fact hx is 
injective iff X is Urysohn. Finally, we can show that hx is an 
open mapping by selecting any open set U'C X, and a point 
x E U. Since (X,T) is completely regular, there exists X: X ~ I 
such that X(x) = 0 while X = 1 on the closed set X - U. Then 
hx(X) (\ p>.-l« - OC) ,1» is an open subset of hx(U) which con
tains hx(x). So hx(U) is open. 

2. Every continuous function f from X to a compact Hausdorff 
space Y has a unique continuous extension to (3X; that is, for 
each continuous f: X ~ Y there exists a continuous function 
l (3X ~ Y such that j 0 hx = f. To prove this we note first 
that for any space Y, a continuous function f: X ~ Y induces 
a continuous function F: IC(X.l) ~ IC(Y.l) as follows. If k E 
C(Y,I) then k 0 f E C(X,I) so we may define F: IC(x,l) ~ 
IC(Y.l) by F«t>.» = «tko/h); that is, the k 0 fth coordinate of 
(tA) is taken as the kth coordinate of F«tx». Since Pk 0 F = PkO/ 

is a continuous map for each le, F itself is a continuous map. 
N ow we show that F 0 hx = hy 0 f by computing the kth 
coordinate: (F 0 hx(x)h = 

(hx(x)hol = k 0 f(x) = 

(hy(f(x»h. Thus F(hx(X» C 
hy(Y) so by the continuity of 
F, F({3X) C F(hx(X» C {3Y. 
Thus F restricts to (3f: {3X ~ 
{3Y such that (3f 0 hx = hy 0 f. 
Now since Y is compact hy: 
Y ~ {3Y is a homeomorphism 
so j = hy- 1 0 f3f is the desired 
continuous extension of f, for 

f 
x -----..... ~ y 

F 

j 0 hx = hy- 1 0 f3f 0 hx = hy- 1 0 hy 0 f = f. Since Y is Haus
dorff, j is unique, for a map from any space X to a Hausdorff 
space Y is determined by its values on any dense subset of X. 

3. The properties that (3X is compact, heX) is dense in {3X, and 
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that every map from X to a com
pact Hausdorff space Y may be 
extended uniquely to {3X charac
terize {3X. For let T have those 
properties. Then there exists an 
inclusion f of X into T with a 
unique extension 1: {3X ---+ T, and 
a unique extension h to T of 
the inclusion h of X into {3X. 
Since both h 0 j and the identity 
i: {3X ---+ {3X are extensions to {3X of h: X ---+ {3X, h 0 j must be 
the identity on {3X; likewise j 0 h is the identity on T. Hence 
{3X and T are homeomorphic. 

4. A second description of (3X may be given as follows. We call 
A C X a zero set if for some continuous real-valued function f 
on X, A = Ix E Xlf(x) = O}. Clearly, for a completely regular 
space X, the collection Z of zero-sets forms a basis for the set 
of closed sets of X, that is, every closed set is an intersection of 
zero-sets of X. We note that the points of X are in a natural 
correspondence with the principal ultrafilters of zero-sets and 
we shall identify a point with the corresponding ultrafilter; 
further, we shall restrict our attention to ultrafilters of zero-sets 
which are the intersections of ordinary ultrafilters with Z, the 
collection of zero-sets. We now take as a new definition of {3X 
the set of all ultrafilters of zero-sets of X. 

With these conventions we define a topology on {3X by 
taking as a basis of closed sets all sets of the form C A = 

IF E {3XIA E F}, where A is any zero-set; clearly CA (\ CB = 
C Ar\B. Then the function h: X ---+ {3X which assigns to x the 
principal ultrafilter of all zero-sets containing x is a homeomor
phism into {3X and its image is dense in (3X with the given 
topology. To see this we note that h is one-to-one, since distinct 
points give rise to distinct principal ultrafilters, and if A is a 
zero-set in X that h(A.) is just h(X) (\ CA ; thus h of each closed 
set is closed and h of each open set is open. Since X is the only 
set contained in all principal ultrafilters, Cx = (3X is the only 
closed set containing h(X). Thus h(X) = {3X. 

5. {3X is compact since it satisfies the finite intersection axiom. Sup
pose ICA\AE.1 is a collection of closed subsets of (3X with non
empty finite intersections. Then if each CA is the intersection 
of closed basis sets C A(A.a) (that is, CA = (\ C A(A.a») the family 

a 
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{CA(A,a)} also has nonempty finite intersections. Hence so does 
the family {A(X,a)}, which means that some ultrafilter Fin fJX 
contains all of the zero-sets A(X,a). Clearly for all a and X, 
F E CA(A,a) = {O E fJXIA(X,a) EO}, so F E (\ (\ CA(A,a) = 

A a 

6. The two spaces fJX are homeomorphic since they both satisfy 
the three characterizing properties enumerated above. To com
plete the characterization, we must only show that every con
tinuous function from X to a compact Hausdorff space Y has a 
unique continuous extension to (the new) fJX. Since X is dense 
in fJX any extension we can produce will be unique; so suppose 
f: X ~ Y, and let F E fJX. Let E = E(f,F) = {zero-sets 
A C Ylf-1(A) E F}; then E is a filter in Y which inherits from 
F the property that whenever A and B are zero-sets for which 
AU BEE, either A or B also belongs to E. Since Y is compact, 
(\ A is nonempty; suppose p and q are both in each set of E, 

AEE 
P #- q. Then since Y is completely regular, being compact and 
HausdorfI, there exist disjoint open neighborhoods U and V of 
p and q respectively whose complements are zero-sets. Thus 
since (Y - U) U (Y - V) = Y E E either Y - U or Y - V 
must also be in E; but neither can be in E if both p and q are in 
every set in E. This contradiction shows that the sets of E can 
have at most one, and hence precisely one point in common. 
This point we call j(F), and thereby define 1: (3X ~ Y; j is the 
desired extension of f. To show that j is continuous we need only 
show that the inverse image of any closed zero-set is closed, and 
this follows from the fact that for every zero-set A C Y, 
j-l(A) = C,-l(A). 

111. Stone-Cech Compactification of the Integers 

Let (X,r) be the Stone-Cech compactification of Z+, the space of posi
tive integers with the discrete topology. 

1. The set X is that subset of IC(z+,I) which is the closure of the 
image of hz+: Z+ ~ JC(z+,n where hz+ is defined by hz+(n) = 

(X(nh) for X E C(Z+,I). Since Z+ is discrete, C(Z+,I), the set of 
all continuous functions from Z+ to I, is merely the set of all 
sequences of numbers in I = [0,1]. Since the set of all zero-sets 
of functions from Z+ to R is just the power set P(Z+) we may 
also describe X as the set of all ultrafilters on Z+. Since the prin-
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cipal ultrafilters correspond exactly to the points of Z+ we may 
consider X to be Z+ V M where M is the collection of all non
principal ultrafilters of Z+. In this case we have as a basis for 
our topology the collection of all sets of the form VA = 

{F E XIA E F} for A C Z+, since X - VA = {F E XI(X -
A) E F} is by definition a basis closed set. If x E A, and if F,. 
is the principal ultrafilter containing {x}, A E F",j so, happily, 
F", C VA, which can be interpreted to mean that A eVA. 
Clearly each U A is closed as well as open j furthermore, V A (I VB 
= V AIlB, and A C B implies UA C VB. 

2. The cardinality of C(Z+,I) is the cardinality of all countable 
subsets of I which is c, the cardinality of the reals. Thus card 
(IC(z+,l») = cC so card (X) ~ cC = 2c• Analogously, the set of 
ultrafilters is a subset of P(P(Z+)) and so has cardinality less 
than or equal to 22Ko = 2". 

3. Since the Cartesian product of c = 2110 separable spaces is sepa
rable, IC(z+.r) must have a countable dense subset D. So there is 
a surjection cp: Z+ -t D which is continuous since Z+ is discrete. 
Thus cp can be extended continuously to ~: X -t jj. Since X is 
compact, so is ~(X) j so ~ (X) is a closed set containing D, which 
can only be jj = F(Z+,I). Thus card (X) ~ card (IC(z+,l») = 2c• 

So therefore X has cardinality 2c. 

4. When fJX is considered as a set of ultrafilters the above cardi
nality argument takes the following form. We must construct, 
so to speak, 221Co ultrafilters on the positive integers. We in fact 
construct 22" ultrafilters on any infinite set with cardinal a. Let 
F be the set of all finite subsets f of X and let <I> denote the set 
of all finite subsets cp of F. Note that F X <I> has the same cardi
nality as X so it is sufficient to construct the desired ultrafilters 
on F X <1>. For any subset A C X we define bA = {(f,cp) E 
F X <l>IA (If E cp} j let bA ' denote (F X <1» - bA • Now for each 
SinP(P(X)) letBs = {bAIA E S} V {bA'IA E/. S} C P(F X <1». 

Then Bs has the finite intersection property, and thus is the base 
for a filter on F X <1>. If Sand T are different subsets of P(X), 
there is some set A E S - Tj thus bA E Bs, and bA ' E BT , so 
any ultrafilters containing Bs and BT are distinct. Thus there 
are at least as many ultrafilters as subsets of P(X)-that is, 
22" many. We note that of the 22" ultrafilters, at most a are 
principal, so we have 22" nonprincipal ultrafilters. 
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5. If F E M, the sets U A for all A E F form a local neighborhood 
basis at F. So if 0 is an open set and if A = 0 n Z+, 0 must be 
contained in U A, for if F Eon M, there exists a set B C Z+ 
such that FE UB C O. But then Be A, so FE UA. 

6. If A = 0 n Z+, where 0 is open in X, and if FEU A, every 
neighborhood U B of F must intersect 0 since B n A -.e 0. Thus 
F C 0. Conversely, if G E U A, then U Z+-A is an open set con
tainingG which is disjoint from O. Thus 0 = U A, so X is 
extremally disconnected and since if 0 = U A we have U A = U A, 
X is zero dimensional. In fact if Z+ = A V B, An B = 0, 
then U A V U B = X and U A nUB = 0. 

7. Every neighborhood U A of every point F E M contains infinitely 
many elements of M, so M is dense-in-itself. Thus X is not 
scattered. 

8. X is separable since Z+ is dense in X. But, since X is extremally 
disconnected yet not discrete, it is not metrizable; since it is 
regular, it cannot be second countable. 

112. Novak Space 

If Z+ denotes the positive integers with the discrete topology, and if 8 
is the Stone-Cech compactification of Z+, we will construct by trans
finite induction a certain subset P of 8. Let F be the family of all 
countably infinite subsets of 8, well ordered by the least ordinal r of 
cardinal 2c = card (8). Let {P AlA E F I be a collection of subsets of 8 
such that card (P A) < 2c, PD CPA whenever D < A, and j(p A) n 
P A = 0 where j is the unique extension to 8 = (j(Z+) of the contin
uous function f: Z+ --+ Z+ which permutes each odd integer with 
its even successor: fen) = n + ( __ l)n+l. Then we define P = 

V{PAIA E FI, and then define Novak's space by X = P V Z+; X is 
a subspace of 8 = (j(Z+). 

1. The collection {P AlA E F} can be defined inductively as fol
lows: if B E F where P A has been defined for all A < B, let 
QB = V{PAIA < BI. Then card (QB) < 2c sincecard {AlA < BI 
< 2c and card (P A) < 2c. Furthermore, since f 0 f is the iden
tity on Z+, so is j 0 j on 8. Thus j is invertible, so j(QB) = 

vj(P A) cannot intersect QB. X ow B is an infinite closed subset 
of 8, and any such set must have cardinality 2c ; hence card B > 
card B V j(QB) , so there exists a point x E B - B such that 
x <I. j(QB). Let PB = QB V {x}. Then clearly card (PB) < 2'; 
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furthermore, j(PB) n P B = j(QB U Ix)) n (QB U Ix)) = 

Ij(x)} n QB since j leaves no point fixed. But this intersection 
is empty since otherwise x = j(j(x)) E j(QB)' This completes the 
inductive construction of the sets P A. 

2. If B is a countably infinite subset of S, P contains a limit point 
of B, since by construction P contains a point of B - B for 
each such B. So X is countably compact. 

3. Let K = l(n,j(n»ln E Z+}. Since 1: S-S is continuous, its 
graph a = I (x,j(x)) E S x S} is closed in S X S. Since 
P n j(P) = 0 by construction and j(Z+) C Z+, a n (X x X) 
= K, so K is closed in X X X. Furthermore, K is infinite and 
contains no limit points of itself since it is the graph of the 
homeomorphism j on the discrete set Z+. So K is an infinite set 
of X X X without a limit point so X X X is not countably 
compact. 

4. X is separable since Z+ = X, and X is completely regular since 
it is a subspace of the normal space S. 

113. Strong Ultrafilter Topology 

Let Z+ be the positive integers, and let M be the collection of all non
principal ultrafilters on Z+. Let X = Z+ U M, and let the topology T 

on X be generated by the points of Z+ together with all sets of the form 
A U IF} where A E F EM. 

1. X is Hausdorff, since any two members F and a of M, being 
ultrafilters, are incomparable. So there exist A E F - G, B E 
a-F. Then since F is an ultrafilter, B' E F, so An B' = 

A - B E F. Similarly, B - A E a, and so (A - :B) U IF} 
and (B - A) U la} are disjoint neighborhoods of F and a. 
(N ote that F E M can be separated from any y E Z+ precisely 
since no y can be contained in all sets of F since F can have no 
cluster points.) 

2. We can prove that X is extremally disconnected by showing 
that if 0 is an open subset of X, (j is open. Suppose p is a limit 
point of 0 which does not belong to OJ since each point of Z+ is 
open, p E X - Z+ = M. So p is an ultrafilter, say F, and every 
neighborhood A U IF) of p (where A E F) intersects O. But 
since F itself does not belong to 0, this intersection is contained 
in Z+. Thus, 0 n Z+ intersects every member of the ultrafilter 
F j but it is a property of ultrafilters that for every subset S 
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(of Z+), either S or its complement belongs to the ultrafilter. 
Since 0 n Z+ does not intersect its own complement, 0 n Z+ 
itself must belong to the ultrafilter F. That is, (0 n Z+) E p! 
Thus (0 n Z+) U {F\, or equivalently, (0 n Z+) U {p\, is 
open. Thus 0 U {pI = 0 U ((0 n Z+) U {pI) is open, and 
since p was an arbitrary limit point of 0, () must be open. Thus 
X is extremally disconnected. 

3. Any basis element A U {F} has as a limit point every ultra
filter G which contains A as an element, for if BEG and A E G, 
then A n B ~ )25, so B U {G} n A U {F} ~ )25. So if B C A, 
B U, IF} contains all ultrafilters which contain B, which means 
that B U {F} is not contained in A U {F}. Thus X cannot be 
T 3, so it is not zero dimensional. 

4. X is scattered since it cannot contain any nonempty dense-in
itself subsets. For no dense-in-itself set can contain a point of Z+, 
yet no point of M can be a limit point of a subset of M. In fact, 
Z+ is discrete, and in the induced topology, so is M. Clearly Mis 
an infinite subset of X with no limit point, so X is not countably 
compact. 

5. Since every open set in X contains an integer, Z+ is dense in X. 
Thus X is separable. But M is uncountable, so the collection of 
all open sets A U {F} where F E M is an uncountable open 
covering of X which has no countable subcover. Thus X is not 
LindelOf. 

6. Since X is extremally disconnected it is totally separated, and 
thus Urysohn. 

7. The direct sum of X with (3(Z+), the Stone-Cech compactifica
tion of the integers, is extremally disconnected, but neither zero 
dimensional nor scattered, since both spaces are extremally dis
connected, but one is not zero dimensional and the other is not 
scattered. 

114. Single Ultrafilter Topology 

Let X = Z+ U {F} where F is a nonprincipal ultrafilter on Z+. We 
take as a basis of open sets all sets of the form A U {F) where A E F, 
together with the points of Z+. 

1. X is Hausdorff for clearly any two points of Z+ may be separated, 
while if x E Z+, then since F is nonprincipal, {x} f/. F; thus 
(Z+ - {x}) U {F} is a neighborhood of F disj oint from the open 
set {x}. 
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2. X is extremally disconnected for the only limit point of any set 
is F, but F is a limit point of A iff A E F and then A V IF} 
is open. Thus, also, X is zero dimensional since the sets A V IF} 
are both open and closed. 

3. X is clearly scattered, since no subset can be dense-in-itself, but 
not discrete since the point F is not open. 

115. Nested Rectangles 

In the Euclidean plane, let Ll designate 
the line x = 1, L2 the line x = - 1, and 
R.. the boundary of rectangles centered 
at the origin, of height 2n and width 
2n/(n + 1). Let X = Ll V L2 V (VR,,), 
and let X inherit the topology from the 
Euclidean plane. 

1. X is not locally connected since no 
point on either Ll or L2 has a con
nected neighborhood. 

R" 

" S 

'" 2. Each rectangle Rn is both open and closed in X, so X - V R" 
,,-1 

is also open and closed. Thus Ll V L2 = X - UR .. is a quasi
component of X. But Ll is a component of X, since it is connected 
and no larger subset of X is connected . 

. 116. Topologist's Sine Curve 

117. Closed Topologist's Sine Curve 

118. Extended Topologist's Sine Curve 

Let S be the graph of f(x) = sin (l/x) for 0 < x :::; 1, considered as a 
subset of the Euclidean plane with the induced topology. The topol
ogist's sine curve is the set S V I (0,0) I which we will denote by S·. 

+1 

-I 



138 Counterexamples 

l. 

2. 

S· is not locally compact, since the 
point (0,0) has no compact neigh-
borhood. For any neighborhood N +e 

of (0,0) contains a set ~ns·, ',to 

where ~ is a disc centered at the 
, 

- ~-----

origin of radius E. Then any horizon-
\ 
\ 
\ 

tal line passing through, say (0,E/2) I 

intersects ~ n S· in a sequence of I 
I 

points which has no accumulation I 
I 

point in N. So N cannot be count- / 

ably compact, and thus not compact.. / 

-e 

The map f; {-I} U (0,1]-t S· de-
fined by f( -1) = (0,0), f(x) = 

(x, sin(1/x» for x E (0,1] is continuous, so the continuous image 
of a locally compact space need not be locally compact. 

3. The closed topologist's sine curve S, which is S U {(O,y)\-1 ~ 
y ~ I}, is compact, being closed and bounded, as well as con
nected, for S is the closure of the continuous image of the con
nected set (0,1]. Since S = j«O, 1]) is connected, and S C S· C S, 
S· is also connected. 

4. Clearly neither S· nor S is locally connected. But any continuous 
function from the locally connected compact set [0,1] to the 
Hausdorff space S· (or S) must have a locally connected and 
connected image. Thus no path can join the point (0,0) to (411",0) 
in either S or S·, so neither space is path connected. 

5. S has two path components, Sand L = {(O,y) \-1 ~ y ~ I}. 
Though L is closed, S is not; but S is not path connected, though 
S is. Similarly, S· has two path components, Sand {(O,O)}. 

6. The extended topologist's sine curve T = S U {(x, 1) \0 ~ x ~ I} 
is arc connected, but not even locally connected. 
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119. The Infinite Broom 

120. The Closed Infinite Broom 

In the Euclidean plane, the infinite broom 
B is the union of the closed line segments 
joining the origin to the points {(l,l/n)in 
= 1,2,3, ... } together with the half-open 
interval (t,l] on the x axis. The closed 
infinite broom is then iJ, the union of B 
and the interval (0,1]. 

1. B is connected since the line segments through the origin all have 
a common point, and every open set in the plane which contains 
(t,1] intersects these line segments. Thus iJ is also connected. 

2. Neither B nor iJ is locally connected since every small open 
neighborhood of the point (to) has a separation. 

3. Clearly iJ is arc connected, yet B is not even path connected, for 
any path connecting a point of (t,l] to a point off the x axis 
would be a continuous map from a locally connected compact 
space (namely [0,1]) onto a Hausdorff space which was not 
locally connected (namely f[O,l]). 

4. A more interesting infinite broom may be formed by joining a 
sequence of closed brooms end to end as pictured. Since no open 
set containing the point (0,0) is connected (except for X itself), 

o I! I 
"54"3 

I 
"2 

this space fails to be locally connected at the point (0,0) even 
though this point has a basis of open sets whose closures are 
connected . 
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121. The Integer Broom 

Let X be the set of points with polar coor
dinates {(n,fJ) l in the plane R2 where n is 
a nonnegative integer and fJ E {1/nl~ 
V {Ol. We define a topology T on X by 
taking as a basis of open sets all sets of the 
form U X V where U is an open set in 
the right order topology on the non
negative integers and V is open in 
{Ol V {l/nl~ in the topology induced • 
from the reals. The only neighborhood of 
the origin is X itself. 

• 

• 

• 

• 
• 
\ 

• 

• 
• 

• • • • 
I • • • • • x 

1. X is clearly To, but neither Tl nor T2; (X,T) is compact since the 
only open set containing the origin is X itself. 

2. X is not locally connected since (1,0) does not have a basis of 
connected neighborhoods. 

3. Since X is countable it is not arc connected yet it is path 
connected for the function/: [0,1]--+ X which maps the interval 
[O,!) to the point (nl,fJ1), (!,1] to (n2,fJ2) and the point! to the 
origin is a path joining (nl,fJ1) and (n2,fJ2). 

122. Nested Angles 

Let X be the subset of the plane E2 consisting of line segments joining 
the points (0,1) and (n,I/(n + 1» for n E Z+; the half-lines y = 

1/(n + 1), n E Z+, x :::; n; and the line y = 0. We give X the induced 
topology. 

1. X is the closure of a family of (bent) lines with the point (0,1) 
in common. Hence it is connected. 
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2. Since X is a closed subset of E2 it is locally compact, but it is not 
compact since it is not bounded. 

3. The set X - 1(0,1)} is not connected; in fact, each angle and 
the x axis are components. So, in particular, X is not locally 
connected. 

1l3. The Infinite Cage 

The infinite cage X is the union of three types of sets: 

A" = {(l/n,y,O) E: R810 ~ y ~ 3n\, 

Bn = {(O,y,O) E R312n -! ~ y ~ 2n +!}, 
en = {(x,y,z) E R310 ~ x ~ lin, y = 2n, z = x(l/n - x)}. 

We define X to be V (An V Bn V en) and give it the induced 

Euclidean topology. 

I 
I z 

I 

Bl 

I 
I 

I 

- -..,. 
x 

1. If Dn = An V Bn V en, {Dn} is a collection of pairwise disjoint 
compact connected subsets of X. 

2. The cage X = V Dn is itself connected, for suppose Y,Z were a 
separation of X. Then each of the sets Yand Z must contain 
entirely each Dn which they intersect. So at least one of the sets 
Y or Z contains infinitely many of the sets Ai; suppose it is Y. 
Then Y must also contain VBn since any point of Bn is a limit 
point of any infinite collection of A i, hence each Dn C Y. But 
this means that Y = X. 
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124. Bernstein's Connected Sets 

Let I C ala E [O,r)} be the collection of all nondegenerate closed con
nected subsets of the Euclidean plane R2 well ordered by r, the least 
ordinal equivalent to c, the cardinal of the continuum. We define by 
transfinite induction two nested sequences IAa} a<r and IBa} a<r such 
that Aa n BfJ = ° for all pairs a, {3. Al and BI are merely distinct 
singletons sel\:lcted from Ct ; if IAa}a<fJ and IBa}a<fJ have been defined, 
the cardinal of U (Aa U Ba) is less than c, but card CfJ = c. Thus we 

a<fJ 
can select points afJ,bfJ E CfJ - U (Aa U Ba), and define AfJ = lafJ} U 

a<fJ 
(U Aa), BfJ = IbfJ} U (U BfJ). Let A = U Aa, and B = R2 - A. 
a<fJ a<fJ a<r 

L A and B are clearly disjoint subsets of R2 containing UAa and 
. U Ba respectively and any nondegenerate closed connected sub

set of R2 must intersect both A and B. 

2. Every open subset of R2 contains some nondegenerate closed 
connected set, so must intersect both A and B. Thus both A 
and B are dense in R2. 

3. Suppose A were separated by the disjoint open sets U and V; 
An U ~ 0, A n V ~ 0, A C (UU V). The complement 
in R2 of U U V separates the plane, so must contain a nondegen
erate closed connected set C. But then A would intersect C even 
though C C X-A. This contradiction shows that A (and, 
similarly, B) is connected. 

125. Gustin's Sequence Space 

Gustin's sequence space (X,T) is constructed from the set X = Y U 
(Z+ X W) where Y consists of all finite sequences of positive integers 
having an even number of terms (including the null sequence denoted 
by 0), Z+ is, as usual, the positive integers, and W is the collection of 
all unordered pairs (that is, all subsets of size two) from Y. Now if a 

and {3 are arbitrary finite sequences, we will denote by a{3 the sequence 
formed by adjoining (3 to the end of a, by a ~ i(i E Z+) the condition 
that a ~ i for all a E a, and by (3 ::) i a the existence of a sequence "( ~ i 
such that (3 = a"(. For any sequence a, let Ui(a) = 1{3 E YI{3 ::::>ia}. 

Before defining the topology on X, we select some one-to-one corre
spondence p between the countable set Wand the set of positive prime 
numbers. Then we define q: (Z+ X W) -+ Z+ by q(n,w) = [p(w)]n. 
Finally, we define the topology T on X by selecting the set U i( a) as open 
neighborhoods of the point a E Y, and Vi(n,w) = I (n,w)} U 
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Ui(aq(n,w» U Ui({3q(n,w» as open neighborhoods of the point (n,w) = 
(n,{a,{3}) E Z+ X w. 

1. (X,T) can be shown Hausdorff by a straightforward considera
tion of cases. If a,{3 E Y, a ~ {3, then we can find an integer n 
larger than any term of a or (3. Clearly Un(a) n Un ({3) = 0. 
Suppose 'Y E Y and (n,w) = (n,{a,{3}) E Z+ X W; select an 
integer m greater than every term of the sequences 'Y, aq(n,w), 
(3q(n,w); then Um('Y) n Vm(n,w) = 0, for 'Y, having an even 
number of terms can never equal aq(n,w) or (3q(n,w) since they 
each have an odd number of terms. Finally, if (n,w) = (n, {a,{3}) 
and (m,z) = (m, {-y,l5}) are distinct points in (Z+ X W), we select 
an integer i greater than any term in aq(n,w) , (3q(n,w), 'Yq(m,z) or 
l5q(m,z). Then Vi(n,w) could intersect Vi(m,z) only if one of the 
points aq(n,w) or (3q(n,w) equaled one of the points 'Yq(m,z) , 
l5q(m,z). But this could happen only if q(n,w) = q(m,z), and this 
would mean (n,w) = (m,z). 

2. If Ui('Y) is a neighborhood of'Y E Y, let Z(i,'Y) = {(n, {a,{3j) E 
Z+X Wlaq(n,w) Ji'Y or (3q(n,w) Ji'Y\. Then clearly every 
point of Z(i,'Y) is a limit point of Ui('Y); in fact, Ui(-y) = 

Ui('Y) U Z(i,'Y). 

3. If 'Y,l5 E Y, Z(i,'Y) n Z(j,l5) ~ 0 for all i,j E Z+; this is so 
because we can always find a point (n,w) = (n,{a,{3}) such that 
q(n,w) > max (i,j), and a Ji 'Y and {3 Ji l5. Thus every two dis
joint open sets in (X,T) have closures with nonempty intersec
tion. This shows that (X,T) is connected. 

4. Let X· = Y U {(n, {a,O}) In E Z+, a;= O}. Then every rela
tively open neighborhood of a point in X· is open in (X,T) , so 
an argument similar to that given above shows that X· is also 
connected. But the point 0 E Y is a dispersion point for X·, 
since X· - 0 is totally disconnected. 

126. Roy's Lattice Space 

127. Roy's Lattice Subspace 

Let {C;}':l be a countable collection of disjoint dense subsets of the 
rationals Q; we construct the space X by joining to I (r,i) E Q X Z+I 
r E C;} an ideal point w. Neighborhoods of the points of the form 
(r,2n)-that is, of points on the even numbered lines-are ordinary 

open intervals U,(r,2n) = I (t,2n) I it - rl < ~\. But a neighborhood of 
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z· 

1'\ w _________________ 0' 
III" " 

6. -----------------

~------------------
4. --+--1---------(-o-~--
3. ---f--+-------------
2. ---f--:r-------------
I. __________________ _ 

Q 

a point of the form (r,2n - 1) is a stack of three open intervals 

V.(r,2n - 1) = {(t,m) lit - 1'1 < E, m = 2n - 2, 2n - 1, 2nl. 
A basis neighborhood of the point w consists of all lines numbered ~ 
2n:Wn (w) = {(s,i) E Xli ~ 2nl. These neighborhoods form a basis 
for a topology T on the countable set X. The subspace X - {w I will be 
denoted by X'. 

1. Any closed set containing an even numbered line must contain 
both adjacent odd numbered lines since every neighborhood of 
every point on the line {(r,i) E Xli = 2n - 11 intersects the 
lines {(r,i) E Xli = 2n I and {(r,i) E Xli = 2n - 21. Similarly, 
every open set containing an odd numbered line must contain 
both adjacent even numbered lines. 

2. Suppose A is an open and closed subset of X which contains w. 

Then A contains a neighborhood U = {(r,i) E Xli ~ 2n I of w. 
Since A is closed, it must contain the next lower odd numbered 
line; since it is open it contains the next even numbered line. 
Clearly it must therefore contain all lines numbered below 2n, 
and thus all of X. Thus X is connected. 

3. The ideal point w is a dispersion point of X, for X' = X - {wI 
is totally separated and thus totally disconnected. For whenever 
(r,i) and (s,j) E X', where r < s, we can find an irrational num
ber t between rand s which yields a separation of X: {(r,i) E 
Xlr < tl and I (r,i) E X\r > tl. 

4. Since X' is totally separated, X' must be Urysohn; but since X 
is connected and countable, X cannot be U rysohn since the 
image of X in [0,1] would be connected and countable, which 
is impossible, unless the image is one point. 

5. However, X is completely Hausdorff, since no two points in X 
have the same first coordinate. Thus we can find sufficiently 
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short intervals around the points with disjoint closures. Further
more, X· is not regular since the neighborhood U.(r,2n) cannot 
contain any closed neighborhood whatsoever. Thus X· is not 
zero dimensional. 

6. X· contains no isolated points, so it is dense-in-itself; thus X· 
is not scattered. Neither is it extremally disconnected for U.(r,2n) 
is not open since it contains points of the form (s,2n + 1) and 
(t,2n - 1) but does not contain any of their neighborhoods. 

7. If V.(r,2) is a neighborhood of the point (r,2), V.(r,2) contains 
points of the form (s,l) which are interior points of V.(r,2). 
Thus V.(r,2)o ~ V.(r,2), so X is not semiregular. 

128. Cantor's Leaky Tent 

129. Cantor's Teepee 

Let C be the Cantor set situated on the unit interval [0,1]; let p be the 
point (!,!) in the coordinate plane. Let X be the cone over C with 
vertex at p. That is, if L(c) denotes the line segment joining p to the 
point c E C, X = V{L(c)\c E C}. If E denotes the subset of C con
sisting of the endpoints of the deleted intervals, we let XE denote the 
cone over E: X E = V{L(c)\c E E}; similarly, if F = C - E, X, 
denotes the cone over F. Then we define YE = {(x,y) E XE\y E Q}. 

p 

o 

where Q denotes the rationals, Y, = I (x,y) E X,\y f/. Q}, and 
Y = Y E V Y,. Both X and Y carry the induced Euclidean topology. 

1. To prove Y connected we consider a separation A,B where 
pEA. We will show that for some dense set sec, A contains 
all the points of Y which lie in the cone over S (except those for 
which y = 0); thus A = Y. For each c E C, we let l(c) be the 
least upper bound of B n L(c); if B n L(c) = 0, we let l(c) = c. 
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Then l(c) f/. Y unless l(c) = c, for otherwise it would be a limit 
point of both A and B. Furthermore, l(c) = c can be in Y = 
Y E U Y F only if it is in Y E, or equivalently, in E-for the y 
coordinate of l(c), namely 0, is rational. Thus for each c E C, 
either l(c) f/. Y, or l(c) = e EYE. 

Let S = {c E Flc = l(c)}, and let Ti = {c E CIL(e) (\ Hi 
,e 0'1 where, if {Til is an enumeration of the rationals in 
(O,!], Hi = {(x,Ti)II(c) = (X,Ti) for some c E Fl. Each Hi is a 
closed, bounded subset of the line y = T i, and T i is the continuous 
projection through p of Hi; so each Ti is closed. Furthermore, 
Hi (\ L(c) = 0' for every c E E and each i > 0, for if (x,y) E 
lIi(\L(c) where c E E, y is rational and (x,y) E X E ; so 
(x,y) E Y E C Y = A U B. But Hi C A (\ B, so Hi (\ L(e) C 
(A (\ fJ) (\ (A U B) = 0'. 

Thus each Ti C F, so if T = UTi, F = S U T; for if c E F, 
l(c) must be rational-since otherwise l(c) E Y Fey, which is 
impossible if c E F. Thus C = E US U T, where C is a com
plete metric space, E is countable and each T i is nowhere dense 
in C since Ti = T i, and the interior of Ti in C is empty (other
wise we could find an open interval U such that U (\ C C 
Ti C F; but in each such U (\ C there must be a point of E). 
So E U T is of the first category, but C is not. Furthermore, no 
open subset of C is of the first category in C, so each such set 
must contain a point of S = C - (E U T); thus S is dense in C. 

Now suppose q E B; then, since S is dense in C, every open 
set containing q intersects a segment of L(c) for some c E S. 
But by definition of S, the set Y (\ (L(e) - {c}) is contained 
in A whenever c E S; thus q E A, so A = Y. This proves that Y 
is connected. 

2. The point p = a,i) is a dispersion point of Y, for each point of 
yo = Y - {p I is a component of Y·. For suppose A is a con
nected subset of Y·, then clearly A must lie entirely within one 
line L(e), for otherwise some line through p would separate A. 
But L(c) (\ Y· is totally disconnected, so A can contain at most 
one point. 

3. But Y· is not totally separated, for the lines L(e) are the quasi
components of Y·. To see this we observe that each line L(e) is 
the intersection of cones over certain intervals containing e which 
are open and closed in Y·. Furthermore, each open and closed 
set A containing a point T E L(c) (\ Y· must contain L(e) (\ Y·, 
since otherwise there would be a point q E L(c) (\ Y· and a disc 



B,(q) in the complement of A. Assume 
that q lies above r in L(e); a similar 
argument holds if q is below r . We 
can then find an interval (s,t) contain
ing e such that the cone T over (s,t) 
is open and closed, and separated by 
B,(q). Then that part of AnT 
which lies below B,(q) is an open and 
closed subset of Y' whose complement 
together with p is an open and closed 
subset of Y. But this is impossible 
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since Y is connected, so A must contain all of L(e) n Y·. 

4. Clearly Y contains no nondegenerate compact connected proper 
subsets so is punctiform. 

5. Since no point of Y' is isolated, Y' is not scattered. 

6. The direct sum of Y' with modified Fort space is totally dis
connected but neither scattered nor Hausdorff, since modified 
Fort space is scattered and totally disconnected but not 
Hausdorff. 

130. A Pseudo-Arc 

By a chain ~ in the Euclidean plane we will mean a finite collection of 
open sets ID;}~ (called links) such that Di n Dj = )25 iff Ii - jl > 1. 
A pseudo-arc joining two points a,b in the plane is any set in R,2 re
sulting from the following inductive construction. Let I~;} be a se
quence of chains such that 

(i) The diameter of each open set in ~i is less than Iii. 
(ii) The closure of each link of ~i+l is contained in some link of ~i. 

(iii) ~i+I is crooked in ~i, that is, if D~+l, Dni+l E ~i+l with m < n 
and D~+l C m, D~+l C D; with Ik - hi > 2 then there exist 
D;+l, D;+I E ~i+l with m < s < t < n such that D;+l is con
tained in a link of ~i adjacent to D; and similarly D;+I is con
tained in a link adjacent to Dt. 

(iv) a is in the first link of each chain ~i and b is in the final link 
of each chain. 

If ~/ = U Dt denotes the set of all elements of elements of ~i, then 
k 

X = n ~;" with the induced topology is a pseudo-arc. 

1. Since X is an intersection of closed sets, it is closed. Since each 
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element of ~l has diameter less than 1 and ~l has only finitely 
many links X C ~l· is bounded. Thus X is compact. 

2. X is connected. Suppose C1 and C2 are two disjoint closed 
(and thus compact) subsets. Then for some i, 3/i is less than 
inf {d(x,y)\(x,y) E C1 X C2 } where d is the induced Euclidean 
metric on X. Thus there is some link ~; whose closure intersects 
neither C1 or C2, but since the closure of every link of every 
chain contains a point of X, C1 V C2 ~ X. 

3. X contains no decomposable subcontinuum, that is, X is hered
itarily indecomposable. Let Y C X be any subcontinuum and 
let Y be the sum of two distinct proper subcontinua Hand K. 
Then there are points p E H, q E K and an integer j such that 
the distance from q to Hand p to K are both greater than 2/j. 
Let ~/ = {DL, D{+l' . . . , DL, Dl} and ~~+l = {D~+t, 
D~t\, . . . , D!-:':.~, D~+l} be subchains of ~; and ~i+l from 
p to q. Without loss of generality assume p E D{. Then D{+l1 
contains no point of K, therefore it must contain a point of Hi 
similarly, DLI contains no point of H but some point of K. 
N ow since ~i+l is crooked in ~j there are links D!+\ D!+\ D{+l 
with r < 8 < t such that D!+l C D{+l and D!+l, D{+l C DL. 
Thus D!+l contains no point of K but both D!+l and D{+l must 
contain points of K. Since r < 8 < t, K cannot be connected. 
Thus Y is indecomposable. 

131. Miller's Biconnected Set 

Let C be a nowhere dense perfect set contained in the unit interval I, 
and let W = C X lew. Let K be an indecomposable continuum such 
that K (\ 12 = W. The space X is defined using the axiom of choice 
as follows. Let e be the set of composants of K, <B the set of continua 
which separate K, and ~ the set of subsets of a fixed countable dense 
subset .:1 of K which are themselves dense in the interior of some square 
region with edges parallel to 12 which intersects W. Let C I, C 2, C 3, • • • , 

C"" ... be a well ordering of the elements of e where the a are ordinals 
less than the first ordinal n of cardinality c. Like\vise let BI , • • • , 

B"" ... and D1, ••• ,D"" ... be similar well orderings of <B and~, 
respectively. For each a < n define ]1;[", C K and a simple closed curve 
J", such that 

(i) ]1;[", = P'" E B", (\ K if B", (\ .:1 = 525 i 
(ii) ]1;[", = 525 if B", (\ .:1 ~ 525 i 

(iii) For ordinals JJ. ~ X and ]I;[ ",M x ~ 0, ]1;[" and M x belong to 
different compos ants of K i 
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(iv) J a separates K; 
(v) Jan (d - Da) = JanM = .0whereM = U Ma. 

a<O 

We define the space X to be the set dUM with the induced topology 
from R2. 

1. To show that X is connected, we first note that X is a subset of K. 
Now if U and V are open sets in W such that X C U U V and 
X n U and X n V are disjoint, then X n U and X n V are 
separated sets in R2 which is completely normal. Thus there 
exist disjoint open sets U' and V' which separate X. So the 
complement of U' U V' contains a continuum which separates 
K. Thus by (i) we have a contradiction to XC U U V. So X is 
connected. 

2. Now by (i) and (ii) Ma is either empty or a singleton. Since d is 
countable, (iii) implies that no composant of K contains a con
nected subset of M for any such set is uncountable. Now if N is 
a connected subset of X such that IV is a proper subset of K then 
IV is a proper subcontinuum of K and hence lies in some compo
sant so N also lies in the same composant, a contradiction. So 
the closure of N in X is X, which means that every connected 
subset of X is dense in X. 

3. Consider the family of sets X n Ba. We now show that there 
is no set containing at least one element of each X (\ Ba which 
does not contain all of X n B~ for some {j. Let Q be any set which 
contains a point of each X n Ba. Then since X is dense in K, 
(iv) implies that Q has a point in every set X (\ J a, for J a is a 
continuum which separates K and thus any dense subset of K. 
By (v) and the choice of the D a , Q* = Q n (U eX n J a» is 

a 

dense in W. In fact since J a n M = .0 we know Q* Cd so 
Jan Da ~ .0 for every a, which implies that every neighbor
hood of a point of W intersects Q*. Since Q* C d and is dense 
in W for some {j, Q* J d~. But by (v) X n J~ = d~ n J~ so Q* 
and thus Q contains X n J~. 

4. By using the preceding results, we can now show that X is bi
connected and contains no dispersion point. If X were the union 
of two disjoint connected sets Xl and X 2, Xl would be dense in X 
since it is a connected subset of X. Hence Xl intersects X n Ba 
for every a; since any set with a point in each X n Ba contains 
some X n B~, Xl must contain some particular X n B~. But X2 

must also have a point in every X n Ba thus in particular in 
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x n Bf3 so Xl n X 2 .,t. 0. Thus X is biconnected. Now if X - p 
is disconnected for any point p, say X - P = Y l U Y2 where 
Y l n Y 2 = >0 is a separation, then Y l U {pI is connected but 
not dense, a contradiction. So X can not have a dispersion point. 

132. Wheel without Its Hub 

Let X be the closed unit disc in R2 minus the origin. The topology T 

for X is generated by adding to the induced Euclidean topology all 
open intervals on the radii contained in the open unit disc. 

1. X is connected because it is the union of radii homeomorphic to 
(O,l) all of which intersect the connected unit circle. 

2. Furthermore, X is arc connected for we can obtain an arc be
tween two points by running out along the radius containing 
the first point, along the circumference to the radius containing 
the second point, and in along this radius to the second point. 

3. The Euclidean length of the shortest arc between a and b can 
be used to define a metric on X; by convention we declare 
d(a,a) = O. The topology determined by the metric d is precisely 
T, and d is a bounded metric with bound 2 + 7r. 

4. As in the order topology, every point is a cut point, for if p is 
any point of X, then the open radial segment connecting the 
origin to p and its complement give a separation of X - {pl. 

5. But the topology on X is not the order topology for any linear 
order on X. Assume that it is, and suppose a < b < c where 
a,b,c belong to the circumference C. Then since C contains no 
neighborhood of any of its points, there exists a point x E X - C, 
such that a < x < c. Then {t E Cit < x} and {t E Cit> xl 
separate C, which is impossible since the circumference C is 
connected. 

133. Tangora's Connected Space 

Let X, Y,Z be mutually disjoint and exhaustive dense subsets of the 
real line R, for example, the diadic rationals (those of the form m/2n ), 

the remaining rationals, and the irrationals. We expand the Euclidean 
topology on R by adding as open sets X, Y, and sets of the form 

{z} U {w E: X U Y Ilw - zl < a} where z E: Z and a > o. 
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1. As subspaces, X and Yare totally disconnected since their 
topology is an expansion of the Euclidean topology in which 
such sets are totally disconnected. Z is clearly a discrete sub
space. 

2. A = Y U Z and B = X U Z are closed being complements of X 
and Y respectively. Moreover, every point x E X gives a separa
tion, {a E Ala < xl and {a E Ala> xl. of A. Likewise points 
of Y give separations of B. So A and B are totally disconnected. 

3. The space R = A U B is connected in the above topology al
though it is a union of two closed totally disconnected subsets. 
For suppose C,D is a separation of R where some point of C 
is less than some point d E D; let p = l.u.b. {e E Cle < dl. If 
p is in X or Y we obtain a contradiction since C and D are both 
open and hence whichever one contains p contains an open inter
val of X or Y about p. Likewise, if p E Z, whichever one of C 
or D contains p contains an open interval in X U Y about p, 
again a contradiction. Hence A U B is connected. 

134. Bounded Metrics 

If (X,d) is any metric space we define new metrics for X by ~ = 

dl(l + d) and ~ = min (d,I). 

1. That ~ is indeed a metric follows from the following proof of the 
triangle inequality: 

d(x,y) + d(y,z) > d(x,y) + d(y,z) 
1 + d(x,y) 1 + d(y,z) - 1 + d(x,y) + d(y,z) 

= [[d(x,y) + d(y,Z)]-1 + 1]-1 ~ [[d(X,Z)]-1 + 1]-1 = ~(x,z). 

2. Since d = ~/(I - ~), the metric ~ is equivalent to the original 
metric d, for any open ball ill one metric contains an open ball 
in the other metric. 

3. The metric ~ is bounded (by 1), but the space (X,~) need not be 
totally bounded. Suppose, for instance, that (X,d) is the real 
linewiththeEuclideanmetric.ThenB6(x;e} = {YI~(x,y) < el = 

{yllx - yl < e/(1 - e) I = Bix; 4(1 - e)). Clearly for small e, 
no finite number of such balls can cover the real line. 

4. By iterating the process by which we derived ~ from d, we can 
produce a sequence of equivalent, bounded metrics {dnl. related 
by dn+1 = dnl(1 + dn}. 

5. ~ is also bounded by 1, and is a metric for X since min (d(x,y),I) 
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::; min (d(x,z) + d(z,y),I) ::; min (d(x,z),I) + min (d(z,y),I). 
Clearly /l is equivalent to d since they agree for all small radii. 

6. If (X,d) is the real line with the Euclidean metric, the open ball 
Ba(O,I) is the interval (-1,1). Its closure Ba(O, 1) is [-1,1], but 
the closed ball {xl/l(O,x) ::; I} equals X. 

7. Any bounded metric on a topological space X can be used to .. 
define the Frechet metric on the product space XZ = II Xi 

i-I 

(where each Xi = X) which yields the Tychonoff product topol
ogy. If 8 is the bounded metric on X, we simply define the prod
uct metric to be d*(x,y) = d*«Xl,X2, ... ), (Yl,Y2, ... » = 
2;2-i8(Xi,Yi)' The topology of (XZ,d*) can be shown to be the 
Tychonoff product topology by a direct comparison of basis 
neighborhoods. 

8. If (X,d) is the real line with the Euclidean metric, we can define 
a special metric by 

IT(x,y) = 11 .: Ixl - 1 .: Iyll· 

Heroic but straightforward calculations can be used to verify 
that IT is indeed a metric on X, and that it yields the Euclidean 
topology. In fact, IT(x,y) < jx - y\ for all X,y E X. But in (X,u), 
the positive integers form a Cauchy sequence since IT(n,m) = 

In - ml!(l + \nl)(1 + 1m\). Of course this Cauchy sequence has 
no limit point in X, so (X,IT) is not a complete metric space. 

135. Sierpinski's Metric Space 

If X = {xi\i = 1, 2, 3, ... } is a countable set, the function d(Xi,Xj) = 

1 + 1/(i + J) for i ~ j, d(XiXi) = 0 is a metric on X. 

1. Since {y E X\d(Xi,y) < !} = {Xi}, each point in X is open. So 
the topology generated on X by the metric d is the discrete 
topology. 

2. (X,d) is a complete metric space, since all Cauchy sequences are 
eventually constant. 

3. Let Sn = {y E X\d(y,xn) ::; 1 + 1/2n}. Then Sn = {xn, Xn+h 

Xn+2, • • .}, so {Sn} is a nested sequence of closed balls whose 
intersection, nSn, is empty. Of course the radii of the sets Sn 
converge to 1, not to O. 
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136. Duncan's Space 

Let X be the set of strictly increasing infinite sequences of positive 
integers such that /l«Xi» = lim N(n,x)/n exists, where N(n,x) is the 

n_oo 

number of elements in the sequence x = (Xi) which are less than n. 
/lex) will be called the density of the point X E X. We then define a 
metric on X by the condition d(x,y) = k(X,y)-l + !/l(x) - /l(y)! where 
k(x,y) is the least integer n for which Xn ¢ Yn; if x = y, we set 
d(x,y) = O. 

1. To verify that (X,d) is a metric space, we need only check that 
d(x,y) ~ d(x,z) + d(z,y). Certainly k(x,y) ;::: min {k(x,z), k(z,y)}, 
and the triangle inequality for real numbers shows that 
!/l(x) - /l(y)! ~ !/l(x) - /l(z) I + J/l(z) - /ley)!. The triangle in
equality for d now follows trivially. (Note that d is a bounded 
metric since k(x,y) ;::: 1, and 0 ~ Ilea) ~ 1; thus d(x,y) ~ 2.) 

2. X is a subset of ZZ, but the topology T on X is not the same as the 
subspace topology CT induced from ZZ. But since the Baire metric 
p(x,y) = 1/k(x,y) yields the topology CT, and since p(x,y) ~ 
d(x,y), we have aCT. Thus the topology on X is an expansion 
of the induced product topology. 

3. Each projection map 1I'"n: X ~ Z is continuous on (X,CT), there
fore also on (X,T). So any compact subset of X must project to 
finite subsets since only finite subsets are compact in Z. But 
every open metric ball B will have some 1I'"n(B) which is infinite, 
for sufficiently large n. This can be seen by observing that 
d(x,y) < E means that the sequences x and y agree in their initial 
terms, and ultimately have densities which are approximately 
equal. Thus no open subset of (X,T) can be contained in a com
pact set, so X is neither locally compact nor compact. 

00 

4. Suppose X = U Yk where each Yk is compact. Let rn(n,k) be 
k-l 

the greatest integer in the finite set 1I'"n(Yk ). Certainly there 
exists in X a point (Xi) where for each i, Xi > rn(i,i); such a point 
would be in none of the sets Y k , thus our supposition is unten
able. Hence X is not a-compact. 

5. The set of all finite sequences of integers is countable, as is the 
set of all arithmetic sequences. Thus the set of all x E X of the 
form (Xl, X2, • • . , Xn, Xn+1, . . .) where (Xn+h Xn+2, • • .) is an 
arithmetic sequence is countable. Furthermore, the collection of 
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all finite unions of such sequences is clearly dense in X, so X is 
separable. 

6. Since ZZ is totally separated, so is (X,u) and therefore also (X,T). 
But no point in (X,T) is isolated, so X is dense-in-itself and thus 
not scattered. Since X is metrizable but not discrete, it is not 
extremally disconnected. 

137. Cauchy Completion 

If (X,d) is a metric space, we let X' be the set of all equivalence classes 
of Cauchy sequences where the sequence {x n } is equivalent to {Yn} iff 
lim d(xn,Yn) = 0. We define on X' a metric d' by d'(x',y') = 

n--+ .. 

lim d(xn,Yn), where {xn } is any element in the equivalence class x', 
n--+ .. 

and similarly, IYn} E y'. 

1. The metric space (X* ,d*) is complete, for if Ix .. *} is a Cauchy 
sequence in X*, and if for each n, IXi ... } is a representative se
quence in the equivale~ce class x .. *, then a receding diagonal 
sequence IXi ... .! is a Cauchy sequence, provided ni is chosen 
so that IXi ... , - xi.ml < 2-' for all m > ni. The equivalence 
class of this sequence is the limit of the sequence Ix .. *}. 

2. The mapping f: X ---+ X* which takes each point x E X into the 
equivalence class containing the constant sequence I x, x, x, . . .} 
is a distance preserving injection of X into X*. That is, 
d*(f(x),J(y)) = d(x,y). f(X), the image of f in X', is a dense 
subset of X'. 

138. Hausdorft's Metric Topology 

Let (S,d) be a metric space, and let X be the collection of all nonempty 
bounded closed subsets of S. Let f : S X X ---+ R+ be defined by 
f(s,B) = inf d(s,b), and let y: X X X ---+ R+ be given by y(A,B) = 

bEB 

sup f(a,B), and let Il(A,B) = max {y(A,B),y(B,A)}. (X,Il) is known as 
aEA 

Hausdorff's metric space. 

1. If for some s E Sand B E X, f(s,B) = 0, we must have s E B 
since s would be a limit point of B. Thus if Il(A,B) = 0, every 
point of A must belong to B and conversely; thus in this case, 
A = B. 

2. Since d(a,b) ~ d(a,e) + d(e,b) for all a, b, e E S, we have: 
inf d(a,b) ~ d(a,e) + inf d(e,b). Hence f(a,B) ~ inf d(a,e) + 
B B C 
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inf f(c,B), so f(a,B) ~ f(a,C) + sup f(c,B). This then yields 
c c 
supf(a,B) ~ supf(a,C) + y(C,B), ory(A,B) ~ y(A,C) + y(C,B). 

A A 

Thus ~ satisfies the triangle inequality and is thus a metric for X. 

139. The Post Office Metric 

Let (X,d) be the Euclidean plane with the ordinary metric; let ° be the 
origin in this plane. We define a new metric d· on X by the formula 
d·(p,q) = d(O,p) + d(O,q), whenever p,q E X, P ~ q; if p = q, we let 
d·(p,q) = 0. 

1. d· is a metric for X since clearly d·(p,q) = d(O,p) + d(O,q) ~ 
d(O,r) + d(O,p) + d(O,r) + d(O,q) = d·(p,r) + d·(r,q). 

2. Every point but ° is open since if p ~ 0, and if ~ = td(O,p) the 
open metric ball around p of radius ~ is just I p}. Basis neighbor
hoods of ° are just Euclidean open balls. 

3. Since each point of X - 10} is open, X is not separable and thus 
neither u-compact nor compact. Although each point of X - 10} 
has a compact neighborhood (namely, itself) ° does not; thus X 
is not locally compact. 

4. The open metric balls around ° are also closed, so X is zero 
dimensional. However X is not extremally disconnected since the 
closure of the open set E = I (x,y)\y > O} is E V 10}, which is 
not open. But X is scattered, since every nonempty subset con
tains isolated points. 

140. The Radial Metric 

Let (X,d) be th~ Euclidean plane with the ordinary metric; let ° be the 
origin in this plane. We define a new metric d· on X by the composite 
formula: 

)

0 if p = q 
d*( ) _ d(p,q) if p r6- q and the line through p and q passes 

p,q - through the origin. 
d(p,O) + d(q,O) otherwise. 

The metric d· corresponds to a model in which all distances are meas
ured along lines radiating from the origin. 

1. The metric balls around points removed from the origin consist 
simply of line segments lying on a radial path through the point; 
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in addition, points near 0 have a Euclidean neighborhood of 0 in
cluded in their metric balls. 

2. (X,d·) is not separable, for the closure of any subset A can 
include only points which lie on rays from the origin which pass 
through points of A. For a countable subset A, only countably 
many such rays can intersect A, so A ~ X. 

3. The induced topology on each ray through the origin is the 
Euclidean topology. Thus X is arc connected since the rays 
which connect points a and b to the origin are arcs. 

141. Radial Interval Topology 

We generate a topology T on 
the coordinate plane X from a 
basis consisting of all open in-
tervals disjoint from the origin' '\, 
which lie on lines passing ~ 
through the origin, together 
with sets of the form U {I ,\0 S 
o < 7r} where each I, is a non
empty open interval centered 
at the origin on the line of 
slope tan o. 

/ 

1. The topology T is strictly finer than the topology IT given by 
the radial metric on X since every metric ball is in T, but not 
every T-neighborhood pf the origin is a union of metric balls. 

2. (X,T) is, like the radial metric topology, completely normal. For 
it is clearly Hausdorff, and suppose A and B were separated 
subsets of X. Then if L, is the line of slope tan 0 passing through 
the origin, A n L, and B n L, are separated subsets of L, 
which as a subspace carries the Euclidean topology. Thus there 
exist in L, disjoint Euclidean open sets U, and Vs containing 
An L, and B n Ls; clearly UU, and UVs are disjoint open 
subsets of X containing A and B. 

3. (X,T) is not first countable because it does not have a countable 
local basis at the origin. For suppose {Un} were such a basis 
where Un = U I;. If {On I is any sequence of angles, and if J '. 
is the middle half of the interval I,., and otherwise J, = L" 
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then UJ s is a neighborhood of the origin which contains no 
set Un. 

4. Clearly (X,r) is neither Lindelof nor locally compact: no neigh
borhood of the origin has a compact closure. Similarly, X is not 
separable. 

5. X is paracompart since each subspace Ls is paracompact. If 
I U a} covers X, I U a n Ls} has a locally finite refinement N: 
(in which for each fJ, a neighborhood of the origin 0 belongs to 
at most one of the sets N!) so the collection IN!\O E/. N!} 
together with UIN!\O EN!} is a locally finite refinement of 
I Ua}. 

6. X is not metrizable since it is not first countable. Thus, since it 
is regular, it cannot have a IT-locally finite base. This can be seen 

'" 
directly by assuming U Bi is a base for r, where each B, is a 10-

i=l ~ 

cally finite family. This would mean that I U E U B,\O E U} 
i ~ 1 

is a countable local basis at 0, which does not exist. 

142. Bing's Discrete Extension Space 

143. Michael's Closed Subspace 

If R is the set of real numbers with power set P, we let X = IT 10,1 } A 
AEP 

where 10, I}" is a copy of the two point discrete space. For each r E R, 
let Xr be the point of X whose Ath coordinate (xrh equals 1 iff rEA; 
let M = IXr E X\r E R}. (If we think of X as the power set of P, 
M becomes the collection of principal ultrafilters of R.) Now if X has 
the Tychonoff topology r, X - M is clearly dense in X, so we may 
form the discrete extension IT of r by X - M. In (X,IT), each point of 
X - M is open, while each point of M retains its r-neighborhoods. Let 
Y be the subspace M U F of (X,IT) where F is the collection of all 
x in X - M such that (x),.. = 1 for only finitely many A. 

1. Since X - M is open in (X,IT), M is a closed subset of (X,IT). 
As a subspace, M inherits from " and thus from fT, the discrete 
topology, since if Xr E M, and if A = Ir}, then 1/).-1(1) n M = 

Ixr }. A slight extension of this argument shows that any two 
disjoint subsets of AI are contained in disjoint open subsets of X: 
if A is a subset of R corresponding to a subset L of M, then 
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11"),-1(1) and 11),-1(0) are disjoint open sets in X which contain L 
and M - L, respectively. 

2. Now (X,a-) is clearly Hausdorff, so to show that it is normal we 
need only find disjoint open neighborhoods for disjoint closed 
sets Al and A2. Let U1 and U2 be disjoint open sets in X which 
contain, respectively, Al (\. M and A2 (\. M. Then (U1 - A2) U 
(AI - M) and (U2 - AI) U (A2 - M) are disjoint open sets 
containing A1 and A 2, respectively. 

3. Since X - Y C X - M, Y is closed in (X,a-). Thus, since (X,a-) 
is normal, so is the subspace Y. 

4. Neither (X,a-) nor Y is paracompact, since the covering by basis 
sets has no locally finite refinement, for every neighborhood of a 
point Xr E lvI must contain infinitely many points of X - lvI 
(or of F). 

5. (X,a-) is not even metacompact, since some points of X - lvI 
will always lie in infinitely many neighborhoods of points of lvI, 
so the covering by basis sets has no point finite refinement. But 
Y, which does not contain all the points of X - M, is metacom
pact. For let I U a} cover Y; select for each Xr E M a neighbor
hood Ur E IUa}. Then Vr = Ix E Urllr} Ex} = Ur(\.'/I'{r}-1(1) 
is open in Y, and I Vr} is point finite. Thus the family IVr} 
together with the singletons of F = Y - M form a point finite 
refinement of I U a} . 

6. Since Y is normal and metacompact, it is countably paracom
pact; but it is not paracompact. 
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Conjectures and Counterexamples 

PROLOGUE 

The search for necessary and sufficient conditions for the metrizability 
of topological spaces is one of the oldest and most productive problems of 
point set topology. Alexandroff and Urysohn [6] provided one solution as 
early as 1923 by imposing special conditions on a sequence of open cover
ings. Nearly ten years later R. L. Moore chose to begin his classic text on 
the Foundations of Point Set Theory [82] with an axiom structure which 
was a slight variation of the Alexandroff and Urysohn metrizability con
ditions. After Jones [56], we now call any space which satisfies Axiom 0 
and parts 1, 2, 3 of Axiom 1 of [82] a Moore space. Each metric space is a 
Moore space, but not conversely, so the search for a metrization theorem 
became that of determining precisely which Moore spaces are metrizable. 
The most famous conjecture was that each normal Moore space is 
metrizable. 

It would probably be no exaggeration to say that for the last 30 years, 
the normal Moore space conjecture dominated the search for a significant 
metrization theorem and in the process played a major role in the develop
ment of point set topology. The conjecture itself was first stated in 1937 
by Jones [56] who showed that if 21(0 < 21(" then every separable normal 
Moore space is metrizable. The next major result came nearly twenty 
years later when Bing [22] and Nagami [86] showed that every paracom
pact Moore space is metrizable. But Jones' result together with more 
recent ones of Heath [50] and Bing [20] indicated a close relationship be
tween the normal Moore space conjecture and the continuum hypothesis 
which was shown by Cohen [32] in 1963 to be independent of the axioms 
of set theory. Recently Silver (see Tall [ll8]) used a Cohen model to show 
that the normal Moore space conjecture itself could not be proved from 
the present axioms of set theory. 

161 
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Thus as metrization research shifts from topology to set theory, we 
survey in this paper the chief topological milestones of the last half cen
tury. We shall not present proofs that are available in the literature, but 
shall concentrate instead on gathering together the most significant defi
nitions, theorems, conjectures and counterexamples. The latter will be 
grouped together at the end of the paper and referenced throughout the 
text whenever appropriate. We begin at the beginning. 

BASIC DEFINITIONS 

We shall assume throughout this paper that all topological spaces are 
Hausdorff. Most often we shall be concerned only with regular spaces, 
though we do not formally require this assumption. Re~ular spaces are 
those which admit a separation of a point from a closed set by disjoint 
open neighborhoods. A space X is normal if each pair of disjoint closed 
sets can be separated by disjoint open neighborhoods, and completely 
normal if the same can be done for separated sets. A space is completely 
normal if and only if it is hereditarily normal [42], that is, if and only if 
every subspace is normal. 

A subset of a topological space which can be written as the countable 
union of closed sets is called an Fu-set; the complement of an Fu-set can 
be written as a countable intersection of open sets, and is called a G.-set 
(or an inner limitin~ set). A space in which every closed set is G. (or 
equivalently, every open set is Fu) will be called a G.-space; a normal 
space which is also a Go-space is called (by Cech [29]) perfectly normal. 
Every metric space is perfectly normal and every perfectly normal space 
is completely normal [68], so we have the following implications: 

. perfectly completely 
Metnzable ==> 1 ==> 1 ==> normal ==> regular. norma norma 

Examples 5, 2, 10, and 6 below show that none of these implications is 
reversible. 

If a topological space has a countable dense subset it is called sepa
rable, if it has a countable basis it is perfectly separable (or second 
countable), and it it has a countable local basis at each point it is first 
countable. A space in which every subspace is separable is called heredi
tarily separable. If every open covering of X has a countable subcover
ing, X is called Lindelof (or, by Russian mathematicians, finally com
pact [3]); clearly each perfectly separable space is both LindelOf and 
hereditarily separable. 

Since in a metric space the (open) balls of radius lin form a countable 
local basis at each point, every metric space is first countable. l\letric 



Conjectures and Counterexamples 163 

spaces need not be second countable, but in metric spaces the properties 
of separable, hereditarily separable, second countable and LindelOf 
coincide. Urysohn [129] proved in 1925 that every normal second count
able space is metrizable, and, in response to a question proposed by 
Urysohn, Tychonoff [126] showed a year later that every regular second 
countable space is metrizable. 

DEVELOPMENTS 

A collection of sets F = I [T" I is said to cover a space X if each point 
of X belongs to some U,,; if each U" is open, the cover F is called an open 
covering of X. A cover I V,91 of a space X is a refinement of a cover 
I U" I if for eaeh V,9 there is a U" such that U" C V,9. If seX, the star of 
S with respc.ct to a cover F = I U" I is the union of all sets in F which 
intersect S; the star of S is denoted by F*(S), and the star of the singleton 
Ix I is usually denoted simply by F*(x). 

A development for a topological space X is a countable family 5' of 
open coverings F; such that if C is a closed subset of X and p C X - C, 
there is a covering F C 5' such that no element of F which contains p 
intersects C (i.e., such thatF*(p) n C = 0). A space with a development 
is called developable. If 5' = {F;} is a development where F; C F ;+1 for 
all i, the family 5' is called a nested developmen t, and if F ;+1 is a refine
ment of F i , 5' is called a refined development. Clearly each nested de
velopment is a refined development; Vickery [133] showed that every 
developable space has a nested development. Axiom 0 and parts 1, 2, 
and 3 of Axiom 1 of :;\Ioorc [82] require precisely that a space be regular 
with a nested development {F;}; such spaces are called Moore spaces 
(after Jones [56]), and are characterized by the fact that for each p C X, 
{F;(p) I is a countable local basis. Vickery's theorem can be restated as 
follows: a topological space is a Moore space if and only if it is regular and 
developable. 

Each metric space is a :;\Ioore space since the sequence of open cover
ings by metric balls of radius lin is a development; Examples 6, 9, 14, 
and 15 below show that Moore spaces need not be metrizable. In [132] 
van Douwen gives a generalized version of a construction of Pixley and 
Roy [93] which yields many simple examples of bad (very nonmetrizable) 
:;\Ioore spaces. 

SEMIMETRIC SPACES 

A semimetric for a Hausdorff space X is a symmetric function 
d : X X X ----> R+ such that d(x,y) = 0 if and only if x = y, and if x C X 
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and E C X, inf {d(x,y) lyE: E} = 0 if and only if x E: E, the closure of 
E; a Hausdorff space which admits a semimetric is called a semimetric 
space. If we did not require d to be symmetric, to assert the existence of a 
function with the remaining properties would be equivalent to saying 
that the space X was first countable [26]. Thus a semi metric space may 
be thought of as a first countaole space with a symmetric function d. 
In fact, some Russian mathematicians call these spaces symmetrizable. 

Now every developable space has a natural semimetric: if IF"I is a 
nested development for X (with X E: F 1), we define d(x,y) = inf {lin I x, 
y E: U E: F tI}. Then d is a semimetric, but clearly not a metric since d 
is not continuous. Semi metric spaces share with metric spaces the prop
erty that every closed set is a G~ [72], hence such spaces are G~-spaces. 
We use Figure 13 to summarize the implications for regular spaces; 
counterexamples to the converse implications are listed below each impli
cation. 

Every known example (in standard set theory) of a Moore space which 

metric g 

(6) 

Moore 

developable 

~ 
(5) 

Figure 13. 

G. and 
semimetric ~ first 

(1) countable 

is not metrizable is also not normal; the normal Moore space conjecture 
asserts that it will always be thus. Jones [56] in 1937 mounted the first 
major attack on this conjecture, and succeeded only in proving several 
weaker theorems: every normal Moore space is completely normal, and 
every separable normal Moore space is metrizable provided 2M1 > 2 Mo -

a fact implied by (but not equivalent to) the continuum hypothesis. 
Both of Jones' results have recently been strengthened: McAuley [73] 
observed in 1954 that a simple modification of Jones' proof will show that 
every normal semimetric space is completely normal, while in 1964 Heath 
[49] showed that a necessary and sufficient condition for the metrizability 
of a separable Moore space is that every uncountable subset M of the 
real line contains a subset which is not F" (in M). This condition is (per
haps not strictly [49]) weaker than that used by Jones, namely 2 MO < 2M1. 

Jones actually showed that if 2 MO < 2 M1, then every separable normal 
space has the property that every uncountable subset has a limit point; 
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Heath [50] called spaces with this property N1-compact and proved the 
converse to Jones' theorem: if every separable normal space is N1-

compact, then 2110 < 2111. 

PARACOMPACTNESS 

The most significant general approximation to the normal Moore 
space conjecture is the Bing-Nagami theorem that every paracompact 
Moore space is metrizable. To develop the concept of para compactness 
and all its variations, we must first discuss the naming of various covers. 

A cover is point finite if each point belongs to only finitely many sets 
in F, locally finite if each point has some neighborhood which intersects 
only finitely many members of F, and star finite if each set in F inter
sects only a finite number of other sets in F. A cover V = {V Ii I of X is a 
star refinement (or a point star refinement, or a .1 refinement) of a 
cover {U", I if for each x E::: X there is some U", such that V*(x) C U", 
(where V*(x) is the star of x with respect to V = {VII}). 

A Hausdorff space is called fully normal if every open cover has an 
open star refinement, strongly paracompact (or star paracompact) 
if every open cover has an open star finite refinement, paracompact if 
every open cover has an open locally finite refinement, and metacom
pact (or pointwise paracompact, or weakly paracompact) if every 
open cover has an open point finite refinement. 

Fully normal spaces were first defined by Tukey [125] in 1940, while 
paracompact spaces were introduced by Dieudonne [33] in 1944. Tukey 
showed that every metrizable space is fully normal, while Dieudonne 
showed that every paracompact space is normal. The key link between 
these definitions was provided by Stone [115] in 1948 who showed that 
every metric space is paracompact by proving that every fully normal 
space is paracompact, and conversely. Although a regular semimetric 
space need not be paracompact (Example 6), Ceder [30] showed that each 
regular hereditarily separable semimetric space is paracompact. Smirnov 
[110] showed that a paracompact space which fails to be metrizable must 
fail for local reasons: every locally metrizable paracompact space is 
metrizable. 

Also in 1948 Morita [84] introduced the concept (but not the name) of 
strongly paracompact spaces; he showed that each regular Lindelof 
space is strongly paracompact while every strongly para compact space is 
afortiori paracompact. Kaplan [63] and Alexandroff [1] showed that each 
separable metric space is strongly paracompact, and that a nonseparable 
metric space need not be strongly paracompact (Example 11 below). We 
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summarize in Figure 14 these results together with the counterexamples 
to the converse implications. 

A most important variation of paracompact spaces is that of count
ably paracompact spaces, those for which every countable open cover
ing has a locally finite open refinement. Morita [84] showed in 1948 that 
every meta compact normal space is countably paracompact, (see also 
Michael [77]) while in 1951 Dowker [34] proved that every perfectly nor
mal space is countably paracompact: Countably paracompact normal 
spaces are sometimes called binormal; they have been characterized in 
many ways by Mansfield [69] and Dowker [34]. Clearly every fully nor
mal (i.e., paracompact) space is binormal, and every binormal space is 
normal. 

In [20] Dowker conjectured that every normal space is countably para
compact, and showed that this conjecture is equivalent to the conjecture 
that the product of a normal space with the closed unit interval I is 

(3) ~ 

separable 
metric 

regular 
LindelOf 

~ 
(11) melriz.ble 

~ 
(4) 

strongly para

compact 

~ 
(3) 

Figure 14. 

g paracompact 

(11) 

n ~ mel.-
compact 

(8) 

fully normal 

normal by showing that X is countably paracompact and normal if and 
only if X X I is normal. Dowker's conjecture stood for twenty years 
before it was proved false (see [103]), motivating considerable work on the 
relation between normality, paracompactness, and product spaces. .. 

SCREENABLE SPACES 

A collection ill of sets is called conservative (or closure preserving) 
if for every subcollection a C ill, the union of the closure of the members 
of a is closed. A conservative collection is discrete if the closures are pair
wise disjoint. Equivalently a collection ill of subsets of X is discrete if 
every point in X has a neighborhood which intersects at most one of 
the sets in ill. 

Now a topological space is called (by Bing [22]) screenable if for each 



Conjectures and Counterexamples 167 

open covering F there is a sequence Fn of collections of pairwise disjoint 
open sets such that U F n is a refinement of F. The space is called strongly 
screenable if the Fn may be chosen to be discrete. A perfectly screen
able space is one with a u-discrete base-that is, a base which is the 
countable union of discrete families. A formally weaker condition is that 
of a u-locally finite base-one which is the countable union of locally 
finite families. It follows directly from the definitions that every per
fectly screenable space is strongly screenable, and a fortiori, screenable. 

Stone [115] showed in 1948 that every metric space has a u-discrete (and 
thus u-Iocally finite) base. Shortly thereafter, Nagata [87] and Smirnov 
[110] showed that every regular space with a u-Iocally finite base is 
metrizable, while Bing [22] showed that each perfectly screenable regular 

metrizable paracompact ~ { binormal 

U n E 
~ r::::::::}- screenable 

.. ·disc. base 

U ~ 
strongly screen able ~ (+G,) 

~ 
perfectly screenable metacompact 

developable 

n ~ n G, 
.. ·Iocally Moore 
finite base 

Figure 15. 

space is metrizable. A few years after Bing's work appeared, Nagami [86] 
showed that in regular spaces paracompactness is equivalent to strong 
screenability and that in binormal (i.e., countably paracompact and nor
mal) spaces, screenable implies strongly screenable. Every strongly 
screenable developable space must be perfectly screenable since the dis
crete refinements of the development will form a u-discrete base [22]. 
Thus every paracompact Moore space is metrizable, for by Nagami's 
theorem such spaces are strongly screenable and developable. Heath [49] 
showed that every screenable G.-space (thus every screenable develop
able space) is metacompact. 

We summarize in Figure 15 the major implications for regular spaces 
(which are really the only ones of interest vis-a-vis metrizability). The 
relevant counterexamples are classified by the Venn diagram in Figure 16. 
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COLLECTIONWISE NORMAL SPACES 

screenable 

A (Hausdorff) topological space is called collectionwise normal if 
every discrete collection of sets (or, equivalently, closed sets) can be 
covered by a pairwise disjoint collection of open sets, each of which covers 
just one of the original sets. If we weaken this property by requiring it of 
only countable discrete collections, we call the space countably collec
tionwise normal. On the other hand, we may strengthen collectionwise 
normal by requiring every almost discrete collection of sets (that is, a 
collection which is discrete with respect to its union) to have a covering 
by pairwise disjoint open sets: such spaces are called completely collec
tionwise normal. A space is completely collectionwise normal if and 
only if it is hereditarily collectionwise normal [29], so each completely 
collectionwise normal space must be completely normal (i.e., hereditarily 
normal). Every metric space is completely collecti6nwise normal, so we 
summarize the implications in Figure 17. Examples 10 and 12 below show 
that normal spaces need not be collectionwise normal, and that collec
tionwise normal spaces need not be completely collectionwise normal. 

Bing [22] showed that every fully normal (i.e., para compact) space is 
collectionwise normal; Nagami [86] showed that every metacompact col
lectionwise normal space is strongly screenable. Nagami and Michael 
[75] showed that the converse holds for regular spaces. So for regular 
spaces, the concepts of fully normal, para compact and strongly screen
able coincide. Since each strongly screenable developable space is per
fectly screenable and each regular perfect screenable space is metrizable, 
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we conclude again that every paracompact Moore space is metrizable. 
In fact, Bing [22] gave two slightly stronger results: every screenable, 
normal Moore space is metrizable (since every screen able normal develop
able space is strongly screenable) and every collectionwise normal Moore 
space is metrizable (since every such space is screenable). Thus to prove 
every normal Moore space metrizable, it would suffice to prove it collec
tionwise normal. In 1964 Bing [20] showed that every normal Moore 
space is countably collectionwise normal. 

Several conditional converses of the basic implications have been estab
lished. Michael [77] showed that every collectionwise normal meta com
pact space is paracompact, while McAuley [72] showed that every col
lectionwise normal semimetric space is paracompact, and that every 
para compact semi metric space is completely collectionwise normal. 

metri
zable ~ 

completely 
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wise normal 

~ 

~ 

completely normal 

collection· 
wise normal 

Figure 17. 
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In 1960 Alexandroff [2] developed a slightly different type of metriza
tion theorem by defining the concept of a uniform base: a basis for X is a 
uniform base if for each x E::: X and each neighborhood U of x, only a 
finite number of the basis sets which contain x intersect X - U. Equiva
lently, a base (B for X is uniform if for each x E::: X any infinite subset of 
{U E::: (B I x E:: Ul is a (local) basis at x. Since for each integer n the open 
covering of a metric space by balls of radius lin has a locally finite sub
covering, each metric space has a uniform base, and each space with a 
uniform base is meta compact. Alexandroff showed that a collectionwise 
normal space with a uniform base is metrizable, and similarly that a 
para compact space with a uniform base is metrizable. Heath [49] proved 
that a regular space has a uniform base if and only if it is metacompact 
and developable, from which both of Alexandroff's theorems follow. 

Arhangel'skii [12] strengthened the definition of a uniform base by 
substituting for the point x an arbitrary compact set K: he called (B a 
strongly uniform base if for any compact subset K C X and any 
neighborhood U of K, only a finite number of the basis sets intersect both 
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K and X - U. Arhangel'skii showed [14] that a space is metrizable if 
and only if it has a strongly uniform base. Finally, a space is said to have 
a point countable base if it has a basis ffi such that no point is con
tained in more than countably many sets of ffi. Each uniform base is 
point countable, and Heath [48] has shown that every semimetric space 
with a point countable base is developable. We summarize the preceding 
implications in Figure 18; the reader is invited to draw the corresponding 
Venn diagram. 

CONJECTURES 

The literature on the normal Moore space conjecture abounds in con
ditional theorems which assert that if some hypothesis is true, then some 
particular theorem is true. A famous example cited previously is Jones' 
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theorem that if 2110 < 211 " then every separable normal Moore space is 
metrizable. These theorems deal with implications among statements 
whose truth or falsehood is either not yet known, or which are in some 
cases (e.g., the continuum hypothesis) independent of the axioms of set 
theory. 

We shall denote by CH the continuum hypothesis 2110 = NI; Godel 
[44] and Cohen [32] proved this hypothesis consistent with and independ
ent of the Zermelo-Fraenkel (or Godel-Bernays) axioms of set theory 
(hereafter referred to simply as "set theory"). We shall denote by WCH 
Jones' hypothesis that 2110 < 2111, since it is a weak version of CH: if 
2110 = NI, then 2110 = NI < 2111 by Cantor's theorem. Clearly the consis
tency of CH implies the consistency of WCH. The negation of WCH, 
namely 2110 = 211 1, is called the Luzin Hypothesis LH; Bukovsky [27] 
showed thatLH is consistent with set theory. Thus WCH, the negation of 
LH, is independent of set theory. 

Since every separable metric space has 2110 Borel subsets WCH implies 
that every separable uncountable metric space has a subset which is not a 
Borel set; we shall call this BH, for Borel hypothesis. Heath [49] used a 
special case of BH to strengthen Jones' theorem: we shall denote by HH 
the statement that every uncountable subspace M of the real line con
tains a subset which is not F" in M. Since every F,,-set is a Borel set, BH 
implies HH; Heath showed that HH is equivalent to Jones' conjecture 
]C that every separable normal :Vloore space is metrizable. The con
sistency of the continuum hypothesis implies that of JC, while the inde
pendence of JC was proved by Tall and Silver [118] in 1970. 

Heath also showed that Jones' conjecture follows from the hypothesis 
MMSC that every normal metacompact :Moore space is metrizable; 
clearly MMSC is weaker than the normal Moore space conjecture MSC. 
M MSC is equivalent to Alexandroff's conjecture A C that every normal 
space with a uniform base is metrizable [3]. Traylor [124] suggested the 
conjecture TC that every normal Moore space is metacompact. Since 
l\IcAuley [72] showcd that a separable normal metacompact Moore 
space is metrizable, Traylor's conjecture implies Jones' conjecture. 

Several common conjectures center on semimetric spaces, a generaliza
tion of Moore spaces. Brown [26] suggested that every normal semimetric 
space is collectionwise normal, while Heath [47] appeared to strengthen 
this conjecture by suggesting that every normal semimetric space is para
compact. Actually since every semimetric collectionwise normal space is 
para compact [72], these conjectures are equivalent; we shall denote them 
by NSP. McAuley [74] proposed the weaker conjecture SNSP that every 
separable normal semi metric space is paracompact. The Bing-Nagami re
sult that every paracompact Moore space is metrizable shows that NSP 
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implies the Moore space conjecture MSC, and similarly, SNSP implies 
Jones' separable :Moore space conjecture JC. 

In [22] Bing showed that MSC is equivalent to the conjecture that every 
normal Moore space is collectionwise normal; in [20], he considered the 
weaker conjecture BC that every normal Moore space is collectionwise 
normal with respect to a discrete collection of points. (This property is 
called, naturally enough, collectionwise Hausdorff. Bing termed a 
counterexample to BC one of type D.) Bing showed that BC is equivalent 
to the following set theoretic conjecture: If X is a set and if Y denotes the 
product X X X less the diagonal l:;. = I (x,x) E: X X X I, we call a sub
set W C Y a skew subset if the projections 7rz(W) and 7r1l(W) are dis
joint. Bing's alternative to BC is the conjecture F that if f: Y ~ Z+ is a 
function from Y to the nonnegative integers with the property that for 
each skew subset We Y there is a function Fw:W ~Z+ which domi
nates f in the sense that max [Fw(x), Fw(y)] > f(x,y) for all (x,y) E: W, 
then there is a functionF:X ~Z+ which dominates fin this sense for all 
(x,y) E: Y. 

Bing also showed that BC implies JC by showing that any nonmetriz
able separable normal Moore space would necessarily be a counterexample 
of type D. We summarize the relationships among these conjectures in 
Figure 19. Since all of the conjectures in this figure imply JC, none of them 
can be proved from the axioms of set theory. But the consistency of these 
various hypotheses (except of course for CH and its consequences) re
mains an open question. 

We have already mentioned Dowker's conjecture DC that every nor-
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mal space is countably paracompact; he showed this equivalent to the 
conjecture NP that the product of every normal space with the unit inter
val is normal [34]. Nagami [86] showed that a screenable normal count
ably para compact space is para compact and conjectured NC that every 
screen able normal space is paracompact. Clearly DC implies NC. Tamano 
[120] discusses a wide variety of theorems concerning the product in
variance of normality and paracompactness and enunciates the following 
conjecture TPC: If Y is metrizable and X X Y is normal then X X Y 
is paracompact. Tamano and ~Iorita [83] have shown that to conclude 
that X X Y is paracompact it is sufficient to prove X X Y countably 
paracompact. Thus Dowker's conjecture implies Tamano's; see Figure 20. 

Souslin [113] asked whether a linearly ordered space must be separable 
whenever it satisfies the countable chain condition (that every disjoint 
collection of open sets is at most countable). We shall call this conjecture 
SC; a counterexample (if it exists) is known as a Souslin space. A thor
ough discussion of this conjecture and related topics is provided by 1\1. E. 
Rudin [108] who earlier showed [106] that if a Souslin space exists, then 
so must a counterexample to Dowker's conjecture. In other words, 
Dowker's conjecture implies Souslin's conjecture. In 1967, Tennenbaum, 
Solovay, and Jech showed that Souslin's conjecture is consistent with 
[111] and independent of [54, 122] the axioms of set theory. This result 
showed also that Dowker's conjecture could not be proved from the pres
ent axioms of set theory. Shortly thereafter, -:\1. E. Rudin !showed [104] 
that Dowker's conjecture is actually false. 

EPILOGUE 

The concepts and examples discussed in this paper represent not so 
much the frontier as the established settlements of metrization research. 
Several papers by Ceder [30], Borges [23], [24], Michael [76], and Worrell 
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and Wicke [138] contain such refinements as Mi-spaces, stratifiable 
spaces, No-spaces, and 8 bases. In each of these areas there are signifi
cant and difficult conjectures similar to those enumerated above; the 
interested reader can pursue these issues in the papers cited in the bib
liography, together with those listed in the excellent bibliographies of 
[3] and [13]. :M. E. Rudin's monograph [107] is an excellent survey of 
recent work in set-theoretic topology, much of it related to metrization 
theory. Current research is contained in [99]. 

Since a metric is a map to the positive reals, it should not be surprising 
to find that the existence of certain esoteric metrics is intimately related 
to the existence of certain subsets of the real line. Example 7 provides a 
very specific instance of this relationship in that potential counter
examples to both Jones' and Dowker's conjectures depend on the exist
ence of certain special subsets of the real line, while the independence 
theorems of Tall, Silver, Tennenbaum, Solovay, and Jech show that 
many topological problems depend on fundamentally undecidable prob
lems of set theory. Indeed, recent research in metrization theory has de
pended heavily on different set-theoretic axiom8: the kind of topology 
you get depends on the kind of models for set theory that you aS8ume. 

Two different models are now rather common. In Godel's constructible 
universe (where the only sets are those absolutely required by the axioms) 
Souslin's conjecture is false [55]: there is a nonseparable linearly ordered 
space that satisfies the countable chain condition. Since the continuum 
hypothesis holds in the constructible universe, so must Jones' separable 
Moore space conjecture. Moreover, Fleissner [39] showed that in this 
universe, every normal space with local basis no greater than cis collec
tionwise Hausdorff; it follows from this that in the constructible universe 
every locally compact normal l\Ioore space is metrizable. 

The contrasting universe in which much current research takes place 
is one based on the denial of the continuum hypothesis together with 
Martin's axiom [70]: no compact Hausdorff space which satisfies the 
countable chain condition is the union of fewer than c nowhere dense sets. 
In this universe, Souslin's conjecture is true [111], and every perfectly 
normal compact space is hereditarily separable [61]. Moreover, there are 
in Martin's universe many nonmetrizable normal Moore spaces [40}, 
[94], [96}, [119]. (In this universe the. Cantor tree (Example 14) is normal, 
even though in the ordinary mathematical universe it is not.) Recently 
Alster and Przymusinski [7] showed how many of these examples follow 
from a single property of Martin's universe; they also found, in this uni
verse, a paracompact space whose countable product is normal but not 
paracompact, and a non-paracompact space whose countable product is 
perfectly normal. 
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So despite four decades of intensive work, the normal Moore space 
conjecture, in the "real" universe of naive set theory, is still unresolved. 
It is still not known, for instance, whether the normal Moore space con
jecture is consistent with the axioms of set theory. Tall (in [117], [119]) 
showed, using a result of Fleissner, that the existence of metacompact 
normal nonmetrizable Moore spaces is consistent with CH, and hence 
with the metrizability of separable normal Moore spaces. Perhaps the 
nearest thing to a counterexample is the space named George created by 
Fleissner in 1974 [38] (and simplified by Przymusiflski in [95]): George is 
normal and collectionwise Hausdorff, but not collectionwise normal. A 
near proof is Reed and Zenor's recent theorem [100] that every locally 
compact locally connected normal Moore space is metrizable. Yet this 
theorem may not be very near, after all: it is consistent with the axioms 
of set theory to assume the existence of nonmetrizable normal Moore 
spaces that are either locally connected or locally compact, but not both. 
Research in these areas is now rather intense, so definitive answers may 
not be far away. 

EXAMPLES 

1. Open Ordinal Space. Let X be the set of all ordinal numbers strictly 
less than the first uncountable ordinal Q; X carries the interval (or order) 
topology. Then X is completely collectionwise normal [114], but not fully 
normal [22]. 

2. Closed Ordinal Space. Let X be the set of all ordinal numbers less 
than or equal to the first uncountable ordinal Q. X is compact in the inter
val topology, but not Ga since the closed set {Q) is not a Ga set. Thus X is 
neither perfectly normal nor semimetrizable. But of course it is strongly 
paracompact. 

3. Lower Limit Topology. Let X be the real line with the topology gener
ated by the sets of the form [a,b) = {x E::. X I a ~ x < b}. Bing [22] cites 
this space as an example of a regular, separable, strongly screenable (and 
therefore paracompact) space which is neither perfectly screenable nor 
developable. 

4. Stratified Plane. If R is the real line with the Euclidean topology and 
S is the real line with the discrete topology, then X = R X S is a non
separable strongly paracompact metric space. 

5. Bow-Tie Space. Let X be the Euclidean plane with real axis L. If 
d: X X X ~ R+ is the Euclidean metric on X, we define a semimetric 6 
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as follows: o(p,q) = d(p,q) if p,q E::: X - L; o(p,q) = d(p,q) + a(p,q) if p 
or q E::: L, where a (p,q) is the radian measure of the acute angle between 
L and the line connecting p to q. The topology on X is generated by the 
semimetric balls of small radius; a neighborhood ball of a point p E::: L 
looks like a bow-tie (Figure 21) or a butterfly, so this space is often called 
the bow-tie or butterfly space. McAuley [73] introduced this space as an 
example of a regular semi metric space which is not developable. He 
showed furthermore that it is paracompact (thus completely collection
wise normal) and hereditarily separable. 

6. Tangent Disc Topology. Let P = {(x,y) I x,y E::: R, y > 0) be the 
open upper half-plane with the Euclidean topology T and let L denote the 
real axis. We generate a topology on X = P U L by adding to T all sets 
of the form {x) U D, where x E::: Land D is an open disc in P which is 
tangent to L at the point x (Figure 22). This important example was ap
parently introduced by both Niemytzki (see [13]) and Moore (see [57] as a 
regular developable space which is not metrizable (since the uncountable 
closed subsetL is discrete and thus not separable in the induced topology). 
The development which makes X a Moore space is the collection of open 
balls of radius 1/ n (including the tangent discs {x) U D if D has radius 

,...-- ..... 

" " D I \ 
I \ 
I \ 
\ I 
'\ / 

'\. / 
......... </ L 

x 

Figure 22. 



Conjectures and Counterexamples 177 

~-----7' 

" / " / " / V 
Figure 23. 

L 

lin). X is clearly not normal, and neither countably paracompact nor 
metacompact (see Part II, Example 82). 

A common variation (see [58]) of the tangent disc topology is formed by 
replacing the tangent disc neighborhoods by sets of the form {x I U T for 
each x E: L, where T is an inverted isosceles triangle in P with vertex at 
the point x and base parallel to L, such that the radian measure of the 
vertex angle equals the length of its adjacent sides (Figure 23). McAuley 
[73] discusses a different variation which is formed from the bow-tie 
space by rotating each of the bow-tie neighborhoods 900 (Figure 24). 
Bing [21] introduced a physical model which he called flow space by as
suming that water is flowing from left to right across the unit square at 
the rate of (1 - x) feet per second. Flow space is the closed unit square, 
and a neighborhood Np(t) of a point p is the set of all points in X which a 
swimmer could reach in less than t seconds (Figure 25). 
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Figure 24. Figure 25. 

7. Tangent Disc Subspaces. If S is a subset of the real line L, and Y = 

P U L is the tangent disc space, we let X be the subspace PUS with the 
topology induced from Y. The space X is second countable if and only if 
S is countable, so, since X is regular, X is metrizable if and only if S is 
countable. X will always be a Moore space since it has the same develop
ment as Y, and similarly it will always be separable since the rational 
lattice points in P are dense in X. Jones [56] showed that every subset of 
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cardinality c of a separable normal space has a limit point; since S cannot 
have any limit points, X cannot be normal when S has cardinality c. Bing 
[22] showe_d that X is normal if every subset of S is a Ga-set in (the relative 
topology of) S; but every uncountable Ga-subset of the Euclidean realline 
has cardinality c (by Mazurkiewicz' theorem [68, p. 441]). Thus X would 
be a normal nonmetrizable Moore space if S were uncountable but of 
cardinality less than c with the additional property that every subset of 
S isGa in S. Such an S could contain only countable Ga-subsets of the real 
line. Clearly the existence of a set with these properties cannot be proved 
within ordinary set theory since it would constitute a counterexample to 
the continuum hypothesis. However, Jones [76] constructed a set S of 
cardinality Nl such that every countable subset of Sis Ga in S. 

Younglove [139] studied this example as a possible counterexample to 
Dowker's conjecture that every countably paracompact space is normal 
and proved that if S is a Ga-set, then X is countably paracompact if and 
only if S is countable. Thus X could be a counterexample to Dowker's 
conjecture only if S was not a Ga-subset of the real line L. 

8. Tangent V Topology. If X is the upper half plane including the real 
axis L, we let each point of X - L be open and take as a neighborhood 
basis of points x E:: L a "V" with vertex at x, sides of slopes ± 1 and 
height lin (Figure 26). Heath [49] showed that X is a meta compact Moore 
space which is not screen able. Clearly X is neither normal nor separable . 

• 

lin 
L 

Figure 26. 

9. Picket Fence Topology. If X is the upper half plane including the real 
axis L, we let each point of X - L be open, and take as a neighborhood 
basis of rational points x E:: L the vertical line segments of height lin 
with lower end point at x. The neighborhood basis of irrational points 
x E:: L consists of line segments of slope 1 and height lin with their base 
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at the point x (Figure 27). Heath [49] introduced this as a simple example 
of a screenable l\loore space which is not normal. 

10. JI. Let X = JI be the uncountable Cartesian product of the closed 
unit interval I = [0,1] with the Tychonoff topology; that is, X is the set 
of all functions from I to I with the topology of pointwise convergence. 
Since X is compact and Hausdorff, it is normal; but it is not completely 
normal (see Part II, Example 105) since it contains a subspace homeo
morphic to Zl, the uncountable product of the positive integers, which 
Stone [115] showed was not normal. Thus X is strongly paracompact and 
collection wise normal but neither perfectly normal nor developable. 

11. Hedgehog. If K is a cardinal number, a hedgehog X of spininess K 
is formed from the union of K disjoint copies of the unit interval [0,1] by 
identifying the zero points of each interval. A metric for X can be defined 
by d(x, y) = I x - y I if x and y belong to the same segment (or spine), 
and d(x,y) = x + y otherwise. Alexandroff [3] cites a hedgehog of un
countable spininess as an example of a metric space which is not strongly 
paracompact. 

12. Bing's Power Space. If S is some uncountable set with power set P, 
let X = 11" Au{O,I),., where {O,I}A is a copy of the two point discrete 
space. (If we let 2 denote the two point discrete space, we have X = 228.) 

Since the elements of X are collections of subsets of S, each ultrafilter on 
S is a point in X; let M denote the subset of X consisting of all principal 
ultrafilters of S. Then if x. is the point in X whose X-th coordinate (x.h 
equals 1 if and only if s E:: X, we have M = {x. E:: X I s E:: S I. If X has 
the Tychonoff topology T, X - M is dense in X. Bing [22] generated a 
new topology on X by adding to T all points of X - M as open sets; we 
shall denote the topology thus generated by CT. M inherits from (X,CT) the 
discrete topology; furthermore, any two disjoint closed subsets of Mare 
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contained in disjoint open subsets of X (see Part II, Example 142). It fol
lows that X is normal but not perfectly normal [22], metacompact (Part II, 
Example 142), or collectionwise normal (since it is not even collectionwise 
Hausdorff: M is an uncountable discrete collection of points without dis
joint open neighborhoods for all of its points). 

13. Michael's Power Subspace. If X = 22; is Bing's Power Space, we let 
Y be the subspace M U L, where M is the subset of all principal ultra
filters of Sand L is the collection of all x in X - M such that (x) A = 1 
for only finitely many A. Michael [77] selected this ·subspace as an exam
ple of normal metacompact space which is not collectionwise normal. 

14. Cantor Tree. Let C denote the Cantor set in the unit interval [0,1]; 
the midpoints of the components of [0,1] - Care 1/2, 1/6, 5/6,1/18, 
5/18, etc. Let D be the tree (or dendron) in the lower half plane whose 
vertices are (1/2,-1), (1/6,-1/2), (5/6,-1/2), (1/18,-1/4), (5/18, 
-1/4), etc. Then the space X is defined as DUe (Figure 28), where D 
inherits the Euclidean topology from the plane, while a basis neighbor
hood of a point c E: C is a path r in the tree D whose upper limit is the 
point c, together with open segments at each branch point of r suffi
ciently short to avoid including any other branch point. Jones [59] cites 
this example of Moore as the first example of a nonmetrizable Moore 
space. The fact that X is nonmetrizable follows from the observf1tion 
that it is separable but not perfectly separable. Jones [59] shows tHat X 
is not normal. 

15. Moore's Road Space. Let two roads start at the origin of the plane 
and proceed in opposite directions for one mile each. Let each then 
branch into two roads which continue for one mile each before each of 
these now branches into two roads. Continue this in such a way that none 
of the new roads ever intersect, and so that all roads proceed indefinitely 
far from the origin. This process generates c roads; at the "end" of each 
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Figure 28. 
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we adjoin a straight ray of infinite length. This collection of roads is the 
space X (Figure 29), and we generate a topology from a basis of open 
discs. This "automobile road" space was introduced by Moore as a 
graphic variation of the Cantor tree (Example 14); it has the same prop
erties [59]. 

Figure 30. 
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2 Closed Ordinal Space 1 1 1 0 0 0 1 0 0 0 
3 Lower Limit 1 0 1 0 0 1 1 1 1 0 0 0 
4 Stratified Plane 0 0 1 1 1 1 1 1 1 1 1 1 1 
5 Bow-Tie 1 1 1 0 1 0 1 1 1 1 0 0 0 
6 Tangent Disc 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 
8 Tangent V 1 0 0 0 0 0 0 0 0 1 0 0 1 1 1 1 0 0 0 0 0 0 0 1 
9 Picket Fence 0 0 0 0 0 0 0 1 0 0 1 1 1 1 0 0 0 1 0 1 0 0 0 1 

1011 1 1 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1 1 0 0 
11 Hedgeh"" 1 1 1 0 0 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 
12 Power Space 1 1 0 0 0 0 0 0 0 0 0 0 0 
13 Power Subspace 1 0 0 0 0 0 0 0 1 1 1 0 0 0 
14 Cantor Tree 0 0 0 1 0 0 1 1 1 0 0 0 0 
15 Moore's Road Space 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 
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SPECIAL REFERENCE CHARTS 

The next few pages contain six basic reference charts which display the 
properties of the various examples. The properties of a topological space 
have been grouped into six nearly disjoint categories: separation, com
pactness, paracompactness, connectedness, disconnectedness, and metriza
tion. In each category we have listed those spaces whose behavior is par
ticularly appropriate. We usually chose any space which represented a 
counterexample in that category or which exhibited either an unusual or an 
instructive pathology; occasionally we listed a space simply because it was 
so well behaved. 

Entries in the charts are either 1, 0, or -, meaning, respectively, that the 
space has the property, does not have the property, or that the property is 
inapplicable. Occasional blanks represent properties which were not dis
cussed in the text and which do not appear to follow simply from anything 
that was discussed. Examples are listed by number, and in a few cases the 
tables extend beyond one page in length. 

185 
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Table I 

SEPARATION AXIOM CHART 
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4 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 
8 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

13 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 
17 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 
18 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
21 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
24 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
28 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
43 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
52 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 
53 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
54 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
55 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 
57 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 
60 1 1 1 0 0 0 0 0 1 0 0 0 0 0 0 
63 1 1 1 1 0 0 0 0 0 0 1 0 0 0 0 
66 1 1 1 1 0 0 0 0 0 0 1 0 0 0 0 
75 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 
78 1 1 1 1 0 0 0 0 0 0 1 0 0 0 0 
79 1 1 1 1 0 0 0 0 0 0 1 0 0 0 0 
80 1 1 1 1 0 0 0 0 1 0 0 0 0 0 0 
81 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 
82 1 1 1 1 1 1 0 0 1 1 1 1 0 0 0 
84 1 1 1 1 1 1 0 0 1 1 1 1 0 0 0 
86 1 1 1 1 1 1 1 0 1 1 1 1 1 0 0 
88 1 1 1 1 0 0 0 0 1 0 1 0 0 0 0 
90 1 1 1 1 1 0 0 0 1 1 0 0 0 0 0 
91 1 1 1 1 1 0 0 0 1 1 1 0 0 0 0 
92 1 1 1 1 1 0 0 0 1 1 0 0 0 0 0 
93 1 1 1 1 1 1 0 0 1 1 1 1 0 0 0 
94 1 1 1 1 1 0 0 0 1 1 0 0 0 0 0 

100 1 1 1 0 0 0 0 0 1 0 0 0 0 0 0 
101 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
103 1 1 1 1 1 1 0 0 1 1 1 1 0 0 0 
105 1 1 1 1 1 1 1 0 1 1 1 1 1 0 0 
126 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 
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Table II 

COMPACTNESS CHART 
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2 0 1 1 0 0 0 0 1 1 1 1 1 1 1 1 
3 0 0 0 0 0 0 0 1 1 0 0 0 1 0 1 
6 0 1 1 0 0 1 0 1 1 1 1 1 1 1 0 
9 0 1 1 0 0 0 1 1 0 1 1 1 1 1 0 

10 0 0 0 0 0 0 1 1 0 0 1 0 1 1 0 
14 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
15 1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 
19 1 1 1 1 1 1 1 1 1 1 1 0 0 1 0 
20 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 
21 0 0 1 0 0 1 1 0 0 0 0 0 0 1 0 
22 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
25 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 
26 0 1 1 0 0 0 0 0 0 0 1 0 0 1 0 
28 0 1 1 0 0 0 0 1 1 1 1 1 1 1 1 
30 0 1 1 0 0 0 0 0 0 0 1 1 1 1 1 
31 0 0 1 0 0 0 0 0 0 0 1 1 1 1 1 
36 0 0 1 0 0 0 0 0 0 0 1 1 1 1 1 
42 0 0 0 1 1 1 1 1 1 0 0 0 1 0 0 
43 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 
47 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 
48 1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 
50 0 1 1 0 0 1 1 1 0 1 1 1 1 1 0 
51 0 0 1 0 0 0 0 0 0 0 1 0 1 1 0 
52 0 1 1 0 0 1 1 1 0 1 1 1 1 1 0 
57 0 1 1 0 0 1 1 1 0 1 1 1 1 1 0 
58 0 1 1 0 0 0 0 0 0 0 1 1 1 1 1 
60 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 
63 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 
65 0 0 0 0 0 0 0 1 1 0 1 0 1 1 0 
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Table II (continued) 
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66 0 0 1 0 0 0 0 0 0 0 1 1 1 1 0 
68 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 
70 0 0 1 0 0 0 0 0 0 0 1 1 1 1 1 
71 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 
75 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 
76 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 
77 0 0 1 0 0 0 0 0 0 0 1 0 1 1 0 
78 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 
79 0 1 1 0 0 0 0 0 0 0 1 1 1 1 0 
82 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 
87 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 
89 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
97 1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 
98 0 1 1 0 0 0 0 0 0 0 1 0 0 1 0 
99 1 1 1 1 1 1 1 1 1 1 1 0 0 1 0 

100 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 
101 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 
102 0 0 1 0 0 0 0 0 0 0 1 1 1 1 1 
103 0 0 0 0 0 0 0 0 0 0 0 0 0 
105 1 1 1 1 0 1 1 1 1 1 1 0 0 1 0 
106 0 0 0 1 0 1 1 1 1 0 0 0 0 0 0 
107 1 1 1 1 1 1 1 1 1 1 1 0 1 1 0 
109 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
111 1 1 1 1 0 1 1 1 1 1 1 0 0 1 0 
112 0 0 0 1 1 1 0 1 0 1 0 
113 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 
132 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 
136 0 0 1 0 0 0 0 0 0 0 1 1 1 1 1 
139 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 
140 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 
141 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
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Table III 

PARACOMPACTNESS CHART 

e- e-o 0 
~ ~ e- ::;t ::;t 

0 0 
~ 

0 0 0 -< 
~ -< e-
o ~ 1>1 ~ e- e- O ::is 0 ::;t 0 

~ fj ~ i>< i>< i>< I>: 

::;t 0-< 0-< 0-< 0 
~ .. ~ e- ::;t III III III Z 0 0 -< -< -< .. 

~ 0 0 ... ... e- i>< i>< .... 0 -< Z Z Z g: ::;t -< e- o-< 0-< 
I>: 1>1 P P P 0-< S 1>1 0 
~ 

0 8 0 p 
0 :;g 0 0 r.. r.. :;g 

28 0 1 1 0 1 1 1 1 1 
42 0 0 0 1 1 1 0 0 0 
51 0 1 1 0 1 1 1 1 0 
54 0 0 1 0 0 1 0 0 0 
62 0 1 1 0 1 1 0 1 0 
64 0 0 1 0 0 1 0 0 0 
78 0 0 0 0 0 1 0 0 0 
82 0 0 0 0 0 1 0 0 0 
84 0 0 0 0 0 1 0 0 0 
85 0 0 1 0 1 0 0 0 
89 0 0 1 0 0 1 0 0 0 
96 0 0 1 0 0 1 0 0 0 

103 0 0 0 0 0 0 
143 0 0 1 0 1 1 0 0 0 
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Ta.ble IV 

CONNECTEDNESS CHART 

~ ~ ~ 
m z ~ 

B 8 z e-

B ~ m 
0 8 z 

0 ~ III ~ r.1 0 Z 0 
~ r.1 e- o 

m i:I z r.1 Z 0 ~ ~ ~ ~ z z z z 0 0 0 z 8 0 r.1 ... 0 0 0 

~ ~ ~ Z III 
101 0 

0 II: 

~ 
II: 

Z III ~ ~ z t1 z -< 8 e- o 0 III 0 
~ 

II: &l ..:I tS 0 tS ... ... 
0 < P ....:l ~ 0 

3 0 0 0 0 0 1 1 1 0 0 
9 1 1 0 1 0 1 1 0 1 1 

14 1 1 0 0 1 1 1 0 1 1 
17 0 0 0 0 0 1 1 0 0 0 
18 1 0 0 1 0 1 0 0 0 0 
19 1 1 1 1 0 1 1 1 0 0 
28 1 1 1 0 0 1 1 1 0 0 
35 1 0 0 0 0 0 0 0 1 1 
46 1 0 0 0 0 1 0 0 0 0 
48 1 0 0 0 0 1 0 0 0 0 
52 1 1 1 1 1 1 1 1 0 0 
53 1 1 1 1 0 1 1 1 0 0 
55 0 0 0 0 0 1 1 0 0 0 
56 1 1 0 1 0 1 1 0 0 0 
57 1 1 0 0 1 1 1 0 0 0 
60 1 0 0 0 0 0 0 0 0 0 
61 1 0 0 0 0 1 0 0 0 0 
66 1 0 0 0 0 0 0 0 0 0 
75 1 0 0 0 0 0 0 0 0 0 

101 1 1 1 0 0 0 0 0 0 0 
116 1 0 0 0 0 0 0 0 0 0 
118 1 1 1 0 0 0 0 0 0 0 
119 1 0 0 0 0 0 0 0 0 0 
120 1 1 1 0 0 0 0 0 0 0 
121 1 1 0 0 1 0 0 0 0 0 
126 1 0 0 0 0 0 0 0 1 1 
128 1 0 0 0 0 0 0 0 1 1 
132 1 1 1 0 0 1 1 1 0 0 
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Table V 

DISCONNECTEDNESS CHART 

Q 

~ 
~ 0 

Ilil 
Z Q Ilil 
Z Ilil Z 
8 ... z 0 
III Ilil Q 0 ~ .... z ~ 0 
~ Z III Z 

~ 
.... 

1I1 
0 ~ S 0 III ... III 

~ Z 
~ 

.... Ilil 
~ 00 Ilil 

..:l !:!! Q Z ~ < 

I 1I1 < ~ ~ ~ !:!! a 0 ..:l ..:l ..:l ..:l ~ III P 
~ ~ ~ g ~ C!l 

~ 
... .. Ilil 0 0 ~ Ilil 0 8 8 P ~ ~ ~ ~ r"'l ~ 00 

6 0 0 0 0 0 0 0 0 0 1 0 
8 1 0 0 0 0 0 0 0 0 0 1 

23 1 1 1 1 1 1 1 1 0 1 1 
26 1 1 1 1 1 1 1 1 0 1 1 
27 1 1 0 0 0 1 1 0 0 0 1 
29 1 1 1 1 1 1 1 1 0 1 0 
30 1 1 1 1 1 1 1 1 0 1 0 
35 1 1 0 0 0 1 0 0 0 0 0 
42 1 1 1 1 1 1 1 1 0 1 1 
51 1 1 1 1 1 1 1 1 0 1 0 
57 1 0 0 0 0 0 0 0 0 0 1 
58 1 1 1 1 1 1 1 1 0 1 0 
60 1 1 1 0 0 1 0 0 0 0 0 
65 1 1 1 1 1 1 1 1 0 1 1 
66 1 1 1 1 0 1 0 0 0 0 0 
70 1 1 1 1 1 1 1 1 0 1 0 
72 1 1 1 1 0 1 1 0 0 0 1 
79 1 1 1 1 0 1 1 1 0 0 1 
80 1 1 1 0 0 1 1 0 0 0 0 
90 1 1 1 0 1 1 1 0 0 0 1 
91 1 1 1 1 1 1 1 1 0 0 1 
95 1 1 1 1 1 1 1 1 0 1 0 
96 1 1 1 1 0 1 1 1 0 0 0 
99 1 1 0 0 0 1 1 0 0 0 1 

102 1 1 1 1 1 1 1 1 0 1 0 
111 1 1 1 1 1 1 1 1 1 1 0 
127 1 1 1 1 0 1 1 1 0 0 0 
129 1 1 1 1 1 1 1 0 0 0 0 
136 1 1 1 1 1 1 1 1 0 0 
139 1 1 1 1 1 1 1 1 0 1 1 
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Table VI 

METRIZABILITY CHART 

/l<1 
~ 
/l<1 

tt.l ..:I -< Po. ~ 
~ 

jl:l ~ 

~ 
0 t: ~ ~ (.) 

~ -< ... 0 -< ... Z ~ 
Po. 0 

Z " ~ (.) ... 
~ t; 

~ 
p r:.. ..:I 0 
0 -< -< f: (.) ~ ~ III (.) :>< u (.) 

-< II:: ..:I § It: ... 
~ 

III ~ 
'" -< ~ ..:I ~ 8 u -< ... ..:I -< -< ... 0 
It: P Z U ..:I Z tt.l Po. ..:I Z U 

~ 0 0 0 0 p ~ -< -< 0 u ~ 
Po. U u 5 It: 

~ 
r.:I r.:I I 0 /l<1 -< 0 0 ~ p:: W. b E-< w. ~ (.) ~ (.) 

23 1 1 1 1 1 1 1 1 1 1 1 
24 0 1 0 0 1 1 1 1 1 1 
28 1 1 1 1 1 1 1 0 1 0 1 
30 1 1 1 1 0 0 1 0 0 0 1 
31 1 1 1 1 1 1 1 0 0 0 1 
35 0 0 1 1 0 0 1 1 1 1 
43 0 1 0 0 1 1 1 1 1 1 
45 0 1 0 0 1 1 0 1 1 0 
51 0 1 0 0 1 1 0 0 0 1 
58 1 1 1 1 0 0 1 0 0 0 1 
59 1 1 1 1 0 0 1 0 0 0 1 
65 0 1 0 0 1 1 0 1 0 0 
70 1 1 1 1 1 1 0 0 0 1 
71 0 1 0 0 1 1 0 0 0 1 
75 0 0 1 1 0 1 0 0 0 0 
83 1 1 1 1 1 1 0 0 0 1 
85 0 1 0 0 1 1 0 0 0 0 

102 1 1 1 1 1 1 1 0 0 0 1 
103 0 1 0 0 1 0 0 0 0 
104 1 1 0 1 1 1 1 0 0 0 1 
107 0 1 0 0 1 1 1 1 1 1 
108 1 1 1 1 1 1 1 0 0 0 1 
111 0 1 0 0 1 1 1 1 1 1 
132 1 1 0 1 1 1 1 0 0 0 1 
136 1 1 1 1 1 0 0 0 1 
139 1 1 0 1 1 1 1 0 0 0 1 
140 1 1 0 1 1 1 1 0 0 0 1 
141 0 1 0 0 1 1 0 0 0 0 
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59 11111111110 00000001 1 
MOO 0 000 000 0 0 0 000 000 1 0 
61 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
620000111000000001001011111 1 
~ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000 0 0 0 
64 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 1 1 0 
~ 1 1 100 1 1 1 1 0 0 0 0 0 000 0 0 1 100 0 
66 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
67 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 
68 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 
69 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 
70 1 1 1 1 0 0 1 0 0 0 0 0 0 0 1 1 1 
7I 11 1111 11110000000000000 01 
72 1 1 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 
n 000 0 0 0 0 0 0 0 0 0 0 1 1 1 III 1 1 
U 1 1 0 0 0 0 001 0 0 0 0 0 0 1 0 0 0 0 0 001 1 0 
75 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 0 
76 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
77 1 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 
78 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 
79 1 1 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 
~ 1 1 0 0 000 1 0 0 000 0 1 1 0 0 0 0 0 0 0 1 0 
81 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 ~ 1 1 0 
821111001 000000000000(;10 0 
83 III III 1110 00000001 1 
MIllO 0 000 0 0 0 0 0 0 0 0 0 0 1 0 1 0 
MIl 0 0 000 000 0 0 0 0 0 0 0 001 0 0 
86 11 10 1001111 1 110000 
87 1 1 1 1 0 0 1 1 1 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 
~ 1 0 0 0 0 1 0 0 0 0 0 000 0 0 0 0 000 0 0 0 0 
~ III 100 1 1 1 0 0 0 0 0 0 0 0 0 0 0 000 000 0 
90 1 1 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 
91 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
92 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 
W 111 1 100 1 1 0 0 0 0 0 0 0 0 0 011 0 0 0 000 
MIllO 0 0 0 1 0 0 0 0 0 0 0 0 000 0 0 0 0 0 0 0 0 
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GENERAL REFERENCE CHART (continued) 

1 1 1 000 0 0 0 0 0 0 0 1 101 001 
1 0 100 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
10100 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 
1 1 1 0 1 1 1 100 1 1 100 0 0 0 0 0 0 0 0 

100 1 101 0 
1 - 1 101 1 
1 - 1 101 1 

-000110 
o 0 000 1 0 0 0 0 1 000 0 0 0 0 0 0 0 0 
10100 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 - 1 
o 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 100 0 - 1 
1 010 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000 1 -
10100 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 -
00000 1 0 0 0 0 0 0 0 0 0 0 0 0 0 000 

o 0 1 1 0 
o 0 1 1 0 
o 0 1 1 0 
o 0 1 1 0 
o 0 1 1 0 
o 0 1 1 0 

o 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 - 00110 
00110 
00110 

1 1 1 1 000 0 0 0 0 0 0 0 1 0 1 001 1 1 
111 1 1 000 0 0 0 0 000 101 000 0 - 1 
001 0 0 0 0 0 0 0 0 0 0 0 0 1 100 0 1 0 0 00110 
1 1 100 1 1 001 1 1 0 0 0 0 0 0 0 0 001 - 1 
1 0 1 001 1 100 1 1 1 000 0 0 0 0 0 001 - 1 
10100 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 - 0 

o 0 1 1 0 
o 0 1 1 0 
1 1 0 1 1 

00100 1 0 0 0 0 0 0 000 0 0 0 
000000000 0 0 0 0 0 0 

00100 1 100 1 1 1 0 0 0 0 0 0 0 0 0 0 
101 0 0 0 0 0 0 0 0 0 0 0 0 1 1 100 1 0 0 
10100 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 
1010000 000 0 0 0 0 0 0 0 
00100 100 0 0 0 0 0 0 0 000 
1 1 1 1 1 1 1 100 1 1 1 0 0 0 0 0 0 0 0 0 1 
001 000 0 0 0 0 0 0 0 0 0 1 1 101 000 
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 000 
111 1 1 0 0 0 0 0 0 0 0 0 0 1 101 100 
001 0 0 0 0 0 0 0 0 0 000 1 1 101 100 
o 000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000 
10100 0 0 0 0 0 0 0 0 0 0 101 100 
011 0 0 0 0 0 0 0 0 0 000 1 000 1 0 0 

o 0 0 0 0 0 0 0 0 000 1 100 1 0 0 
00100 0 0 0 0 0 0 0 

101 0 0 0 0 0 0 0 0 0 0 0 011 101 100 
101 0 0 0 0 0 0 0 0 0 0 0 0 1 1 000 0 0 

o 0 1 1 0 
o 0 1 1 0 
00110 

1 - 1 1 010 
1 - 0 1 1 0 1 0 
1 - 1 001 1 0 
0-100 1 1 0 
1 100 1 1 0 
o - 001 1 0 
0-100 1 1 0 
0-1 0 1 0 
0-1 0 1 0 

100 1 1 0 
0-1 0 1 0 
0-1 0 1 0 
0-010 
0-011 
0-100110 
0-100110 
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1 1 1 01 11111110010 
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1 1 0 0 0 0 
1 1 000 

o 0 0 0 0 0 0 0 0 1 III 1 1 111 100 1 1 
000 1 0 0 0 0 0 0 1 1 000 1 000 1 1 1 1 0 

1 1 01 0011111111110000 
111 1 1111 1110010000000 11 1 
1 1 10011 1 0 0 0 0 0 0 0 0 0 0 0 0 0 - 0 0 1 0 
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1 1 1 1 1 
1 1 1 1 1 

III 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 101 
1 0 1 1 100 1 1 1 0 1 1 1 1 100 1 1 
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101 100111 1 11 110 1 
1 1 1 100 1 000 0 000 1 
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1 1111 01 0011110 1111 
111 11 1111 0001 11 0 
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1 1 1 1 1 1 1 1 101 1 0 0 0 0 0 0 0 
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1 0 1 0 
10010 
1 0 0 1 1 
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11 111 1111111111111 111 
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III 1 1 1 1 1 1 101 0 0 001 1 1 
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1 1 1111 110 
III 11111 1 0 
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PROBLEMS 

SECTION 1 

1. If {A i}::1 is a countably infinite collection of subsets of a topological .. 
space, show that U Ai C U Ai. 

i=l i=l 

2. True or false: A n B = A n B. 
3. Show that the complement of an Fa set is a G6 set, and conversely. 
4. Show that any space with an open point must be second category. 

What is the smallest second category space? 
5. Show that if for i = 1, ... ,n, Ci is a closed subset of a topological 

space X, and f: X --+ Y is continuous on Ci for all i, thenf is continu-
11 

ous on U C i. Show that this result does not hold if one considers in-
i=1 

finitely many closed sets. 
6. Show that a filter F on a set X is an ultrafilter if and only if for every 

two disjoint subsets A and B of X such that A U B E F, either A E F 
or BE F. 

SECTION 2 

7. Show that a space is T1 if and only if every point is closed. 
8. Show that a space is T2 if and only if every point is the intersection of 

its closed neighborhoods. 
9. Show that a space is Ta if and only if every open set contains a closed 

neighborhood of each of its points. 
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10. Show directly that every second countable regular space is completely 
normal. (Do not use any metrization theorems.) 

11. Show that nXa is completely regular if each Xa is completely regular. 
12. Show that every Urysohn space is completely Hausdorff. 

SECTION 3 

13. Show that every separable space satisfies the countable chain 
condition. 

14. Prove the following generalization of the Tietze extension theorem: 
any real-valued continuous function on a closed subset X of a normal 
space Y may be extended continuously to all of Y. 

15. Show that every fully normal space is normal. 
16. Show that disjoint compact subsets of a Hausdorff space have disjoint 

neighborhoods. 
17. Show that every paracompact Hausdorff space is normal. 
18. Show that every IT-locally compact Hausdorff space is normal. 
19. Show that every locally compact Hausdorff space is completely 

regular. 
20. Show that every Lindelof T3 space is paracompact. 
21. Show that every second countable T3 space is both LindelOf and T5• 

22. Prove Tychonoff's theorem: the product of an arbitrary family of 
topological spaces is compact iff each factor space is compact. 

23. Is the product of second category spaces always second category? 
24. Prove that every open subspace of a separable space is separable 
25. Show that the countable Cartesian product of separable spaces is 

separable. 

SECTION 4 

26. Show that the following are equivalent: 
(i) X has no nontrivial separation 

(ii) X has no nontrivial subsets which are both open and closed. 
27. Show that the union of any family of connected sets with a nonempty 

intersection is connected. 
28. Show that if a space has just one quasicomponent, it must be 

connected. 
29. Show that every quasicomponent in a locally connected space is 

connected. 
30. Show that every countable Tl space is totally path disconnected. 
31. Show that every zero dimensional space is Tat. 



Problems 207 

SECTION 5 

32. Show that every metric space is perfectly normal. 
33. Show that a metric space is compact if and only if it is complete in 

every equivalent metric. 
34. Show that every second countable space has a IT-locally finite base. 

COUNTEREXAMPLES 

35. Show that the indiscrete topology on a set (Example 4) is arc con
nected iff the set is uncountable. 

36. Show that the uncountable particular point topology (Example 10) 
does not have a IT-locally finite base. 

37. Show that the uncountable excluded point topology (Example 15) has 
a IT-locally finite base. 

38. Show that the either-or topology (Example 17) has a IT-locally finite 
base. 

39. Prove that the finite complement topology on an uncountable set 
(Example 19) is second category. 

40. Show that the countable complement topology (Example 20) is not 
path connected. 

41. Show that the countable complement topology (Example 20) does 
not have a IT-locally finite base. 

42. Show that the countable complement topology (Example 20) is second 
category by showing that a set is nowhere dense if and only if it is 
countable. 

43. Show that the compact complement topology (Example 22) is second 
countable. 

44. Show that the compact complement topology (Example 22) is not 
second category. 

45. Countable Fort space (Example 23) is metrizable since it is regular 
and second countable. Find a metric which gives this topology. 

46. Show that Fortissimo space (Example 25) does not satisfy the count-
able chain condition and thus is not second countable. 

47. Prove that the real line R (Example 28) is a complete metric space. 
48. Show that the rational numbers are dense in the real line (Example 28). 
49. Show that a subset of Euclidean n-space (Example 28.9) is compact 

iff it is closed and bounded. 
50. What can be said about the cardinality of connected subsets of R" 

(Example 28)? 
51. Show that the uniformity {8OO }a.bER where 800 = {(x,y)\x,y < b or 

x,y > a} is not the usual metric uniformity for the real line (Example 
28) but still gives the Euclidean topology. 
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52. Prove that the Cantor set (Example 29) is zero dimensional. 
53. Show that the metric d of Example 30.5 is indeed a metric for the real 

numbers. 
54. Show that the rational numbers with the Euclidean topology (Exam

ple 30) are not topologically complete. 
55. The set of irrationals in [0,1] (Example 30) is topologically complete 

but not compact; thus it cannot be totally bounded. Show this directly 
from the definition of totally bounded. 

56. Show, without using the concept of compactness that (0,1) is not 
homeomorphic to [0,1] (Example 32.7). 

57. Show that no homeomorphism of R onto itself can map A = {o} U 
[1,2] U {3} onto B = [0,1] U {2} U {3l, even though A is homeo
morphic to B (Example 32.8). 

58. Show that the one point compactification of the irrationals is second 
category, but not first countable (Example 34). 

59. Show that the one point compactification of the irrationals is not arc 
connected (Example 34). 

60. Note that the one point compactification of the irrationals (Example 
34) is of course locally compact. Why should this be considered 
artifi cial ? 

61. Show that the J<'rechet product metric (Example 37.7) does indeed give 
the right topology for Hilbert space. 

62. Show that every separable metric space may be imbedded in Frechet 
space (Example 37). 

63. Show that every connected order topology (Example 39) is locally 
connected. More generally, show that any connected topology on a 
linearly ordered set is locally connected provided it has a basis of 
convex sets. 

64. Ordinal spaces for countable ordinals (Examples 40 and 41) are 
metrizable. Find appropriate metrics. 

65. Show that open ordinal space [O,r) for r < 0 (Example 40) is topo
logically complete. 

66. Give as many different reasons as possible why closed uncountable 
ordinal space (Example 43) is not metrizable. 

67. The extended long line (Example 46) is not path connected since no 
path can join any point to O. Prove this. 

68. There is an obvious definition of sin 21TX for every x E L· the extended 
long line (Example 46). Why is this function not continuous? 

69. Show that the altered long line (Example 47) is not locally compact. 
70. Show that the altered long line (Example 47) does not have au-locally 

finite base by showing that this property is preserved in open 
subspaces. 
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71. Prove that the lexicographic ordering on the unit square (Example 48) 
does not yield a perfectly normal topology. 

72. Prove that the unit square with the lexicographic ordering topology 
(Example 48) is indeed first countable. 

73. Show that every right order topology (Example 49) is locally compact. 
74. Show that the right half open interval topology (Example 51) is neither 

locally compact nor second category. 
75. Show that the right half open interval topology (Example 51) is 

perfectly normal. 
76. Show that the nested interval topology (Example 52) is not second 

category. 
77. Show that the overlapping interval topology (Example 53) is second 

category. 
78. Find an infinite subset of the interlocking interval topology (Example 

54) which does not have a limit point. 
79. Show that the interlocking interval topology (Example 54) is not 

strongly locally compact. 
80. Show that the interlocking interval topology (Example 54) is neither 

second countable, scattered, nor biconnected. 
81. Show that the prime ideal topology (Example 56) is second category. 
82. Show that the divisor topology (Example 57) is not fully T4 • 

83. Show that with the divisor topology (Example 57), the positive in
tegers are weakly countably compact but not countably metacompact. 

84. The evenly spaced integer topology (Example 58) is metrizable. 
Find a metric which yields this topology on the integers. 

85. Show that the integers Z with the p-adic topology (Example 59) are 
not extremally disconnected. 

86. Show that the relatively prime integer topology (Example 60) is not 
biconnected. Hint: first show that the prime integer topology (Ex
ample 61) is not biconnected. 

87. Prove the assertion (Example 63.7) that a subset of the countable 
complement extension topology is compact iff it is finite. 

88. Show that the countable complement extension topology (Example 
63) is neither pseudocompact nor metacompact. From what other 
property of this space can you then determine immediately that it is 
not countably metacompact? 

89. Prove that the countable complement extension topology (Example 
63) satisfies the countable chain condition. 

90. Show that Smimov's deleted sequence topology (Example 64) is 
second countable. 

91. Show that Smimov's deleted sequence topology (Example 64) IS 

connected, but neither path connected nor locally connected. 
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92. Show that in the rational sequence topology (Example 65) every sub
set is a G6 set. 

93. Show that the rational sequence topology (Example 65) is not 
paracompact. 

94. Show that the rational sequence topology (Example 65) is not 
normal. 

95. Discuss the rational sequence topology (Example 65) with regard to 
whether it is ever countably paracompact for any choice of sequences. 

96. Show that both the indiscrete extensions of R (Examples 66 and 67) 
as well as the pointed extensions of R (Examples 68 and 69) fail to be 
semiregular. 

97. Show that the indiscrete rational extension of R (Example 66) is 
metacompact. 

98. Show that neither discrete extension of R (Examples 70 and 71) is 
cr-compact. 

99. Show that the discrete rational extension of R (Example 70) is zero 
dimensional, but neither scattered nor extremally disconnected. 

100. Show that the discrete rational extension of R (Example 70), with the 
metric given in 70.3, is not complete. Is this space topologically 
complete? 

101. Show that the double origin topology (Example 74) is' cr-compact. 
102. Show that the irrational slope topology (Example 75) is not second 

category. 
103. Show the deleted diameter and radius topologies (Examples 76 and 

77) are arc connected. Hint: consider paths which contain no hori
zontal segments at all. 

104. Show that although neither the deleted diameter nor the deleted radius 
topologies (Examples 76 and 77) is second countable, the deleted radius 
topology is Lindelof. 

105. Is the deleted radius topology (Example 77) metacompact? 
106. Show that the half-disc topology (Example 78) is arc connected. 
107. Show that the irregular lattice topology (Example 79) is second 

category. 
108. Justify the global and local compactness properties of Arens square 

(Example 80). 
109. Show that the space developed in Example 82.9 from Niemytzki's 

tangent disc topology is normal. 
110. Prove that Niemytzki's tangent disc topology (Example 82) is neither 

Lindelof nor cr-compact. 
111. Prove that Niemytzki's tangent disc topology (Example 82) is arc 

connected. 
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112. Show that the metrizable tangent disc topology (Example 83) is arc 
connected. 

113. Show that Sorgenfrey's half open square topology (Example 84) is 
countably metacompact. 

114. Show that Michael's product topology (Example 85) is zero dimen
sional, but neither scattered nor extremally disconnected. 

115. Show that Michael's product topology (Example 85) is first count
able. 

116. Show that Michael's product topology (Example 85) is second 
category. 

117. Show that the deleted Tychnoff plank (Example 87) is locally com
pact but not LindelOf. 

118. Show that the Alexandroff Plank (Example 88) is neither u-compact 
nor Lindelof. 

119. Verify that the Dieudonne plank (Example 89) does not satisfy any 
of the global or local compactness properties. 

120. Prove the assertion that 1/I-l(N n X) eN which appears in the con
struction of Hewitt's condensed corkscrew (Example 92). 

121. Prove that the strong parallel line topology (Example 96) is neither 
sequentially compact nor paracompact, but is metacompact. 

122. Show that the concentric circles topology (Example 97) is not per
fectly normal. 

123. Show that the minimal Hausdorff topology (Example 100) is 
pseudocompact. 

124. Show that the Alexandroff square (Example 101) is neither perfectly 
normal nor separable. 

125. A metric space is compact iff it is complete in every metric. ZZ (Ex
ample 102) is not compact though we describe a metric in which it is 
complete. Find a metric in which it is not complete. 

126. Show that the uncountable product of copies of Z+ (Example 103) 
is neither LindelOf nor extremally disconnected. 

127. Show that [0,0) X II (Example 106) is not normal. 
128. Show that the subspace Y of ReIly space consisting of continuous 

piecewise linear functions, which take rational values on the diadic 
rationals (Example 107.3), is dense in HeIly space. Further show that 
Helly space is not completely normal. 

129. Show that the box product topology on R" (Example 109) gives a 
space which is not LindelOf. 

130. Show that the Stone-Cech compactification of the integers (Example 
111) is not first countable. 
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131. Novak space (Example 112) is clearly not compact. Find an open 
cover with no finite subcover. 

132. Show that the strong ultrafilter topology (Example 113) is an expan
sion of the Stone-Cech compactification of the positive integers. 

133. Show that the strong ultrafilter topology (Example 113) is neither 
locally compact nor first countable. 

134. Show that the single ultrafilter topology (Example 114) is perfectly 
normal and paracompact, but not locally compact. 

135. Show that the integer broom (Example 121) is T5• 

136. The construction of Bernstein's connected sets (Example 124) as
sumes that the number of closed connected subsets of Rn is c, the 
power of the continum. Prove this. 

137. Prove that the pseudo-arc (Example 130) is nonempty. 
138. Prove that the wheel without its hub (Example 132) is locally arc 

connected. 
139. Prove that the wheel without its hub (Example 132) is not LindelOf. 
140. Show that the wheel without its hub (Example 132) is not locally 

compact. 
141. Show that the wheel without its hub (Example 132) is topologically 

complete, though not complete in the given metric. 
142. Be heroic. Verify that the function u(x,y) in Example 134.8 is 

indeed a metric. 
143. Verify that Sierpinski's metric (Example 135) on a countable set 

satisfies the triangle inequality (axiom M2 for a metric). 
144. Show that Duncan's space (Example 136) is not complete in the 

given metric. Is there a metric in which this space is complete? 
145. Determine whether Duncan's space (Example 136) is zero dimen

sional. 
146. Fill in the missing details in the construction of the Cauchy comple

tion of a metric space (Example 137.1). 
147. Show that the plane with the post office metric (Example 139) is 

complete. Since it is not compact, it is not complete in every equiva
lent metric. Find a metric for this space which is not complete. 

148. Show that the radial metric (Example 140) really is a metric and 
that it yields a complete metric space. 

149. Show that the plane with the radial metric topology (Example 140) 
is not locally compact. 



NOTES 
'a,t .: Basic Definitions 

SECTION 1. GENERAL INTRODUCTION 

1. In the definition of a topological space, condition 0 3 is actually redun
dant since the union of an empty family of sets is empty, and the inter
section of an empty family of subsets of a set X is X itself. 

2. With the abbreviations introduced in Example 32.9 we can explicitly 
represent the semigroup of sets formed by complementation and closure 
(Table 2). The inclusion relations between these fourteen sets can be 
summarized by 

where larger sets are above smaller ones. 

3. The Tychonoff topology on the set II Xa is characterized by the fol-
aEA 

lowing universal property: if Z is any topological space, and if 
fa: Z ~ Xa are continuous there exists a unique continuous function 
f: Z ~ II Xa such that 'Ira 0 f = fa. Indeed II Xa with the Tychonoff 

aEA aEA 

topology is the product in the category of topological spaces and con
tinuous mappings. Likewise the quotient space XjR is universal with 
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Table 2 

OPERATIONS TABLE 

i= identity e=-' 
f=o' 
g=o
h=-o 

m=fo 
n=e
p=go 
q=h-

o o 

e e 

, = complement 
0= interior 
-=closure 

o 

o 

e 

f o 

e h 

e 

u=q' 

e 

e 
I 
10 

g 1m 
- Ie 
_J 
n h 

f 

f 

f 

n 

g 

g 

n 

g 

q 

n 

v=p' 

h mn p q v u 

h m n 

m I h g 

p I m v 
I 

h I u n 

u I h q 

p 

u 

P 

h 

u 

q 

v 

q 
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n 

v 

q 

v 
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u 

p 

m 

u 

h 

f f o m f 0 q v m I p g m v 

q 

g p 

g 

h 

g 

h 

m 

n 

m m g 

n n h 

p p v 

q q u 

v v p 
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respect to continuous functions f: X ~ Y such that the relation defined 
by f on X extends R. That is, if p: X ~ X/R is the projection and 
f: X ~ Y defines (by x,......, x' if f(x) = f(x')) a relation which extends R 
then there exists a unique continuous functionI': X/R ~ Y such that 
l' 0 p = f. By the universality of p this condition characterizes X/R. 
Finally, the topological sum is characterized dually to the product by 
the inclusion functions of the summands, and thus is the sum or co
product in the category of topological spaces and continuous functions. 

4. When dealing with identification topologies the concept of a saturated 
set is often helpful. If f: X ~ Y, and if A C X, A is called a saturated 
subset if A = f-ICE) for some B in Y, that is, A is the complete in-
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verse image Qf SQme subset Qf Y. The map p: X --+ X/R is nQt generally 
Qpen but it dQes take saturated Qpen sets to Qpen sets. 

5. It should be nQted that the existence of any nQnprincipal ultrafilters 
depends Qn the axiQm Qf chQice fQr the cQnstructiQn Qf ultrafilters uses 
ZQrn's lemma to. produce at least Qne maximal ultrafilter cQntaining 
a given filter. In Example 111, we CQnstruct many distinct ultrafilters 
Qn a cQuntable set; in fact, we CQnstruct 2" ultrafilters Qf which Qnly No 
can be principal. 

SECTION 2. SEPARATION AXIOMS 

1. Certain general constructiQns dealing with the separatiQn axiQms are 
wQrth special nQte because Qf their generality and effectiveness. Many 
Qthers Qf mQre special applicability can be fQund amQng the examples. 
If Qne dQubles the PQints Qf a space (technically this invQlves taking 
the prQduct Qf the space with the two. PQint indiscrete space) the re
sulting space is no. IQnger To, T1, Qr T2, but clearly the new space 
satisfies the same higher Ti-axiQms as did the Qriginal space. MQre 
generally since fQr i ~ 3l, the prQduct Qf two. spaces is Ti iff each space 
is Ti, we may use products to. destro.y certain selected Ti prQperties. 

2. PrQperties T4 and T. are Qften satisfied vacuQusly if the space X has 
no. disjQint clQsed sets. The Qpen extensiQn tQPQIQgy (Example 16) is 
a general cQnstructiQn which acco.mplishes this. 

3. The results that a space is To iff every subspace is T4 and that every 
perfectly nQrmal space is co.mpletely no.rmal may be fQund in Gaal [42]. 

SECTION 3. COMPACTNESS 

1. A prQo.f o.f Alexander's subbasis theo.rem can be fo.und in Gaal [42], 
p.146. 

2. It sho.uld be nQted that Qur definitio.n Qf cQuntably cQmpact requires 
that infinite sets have ",-accumulatio.n PQints, while mQst autho.rs give 
a definitiQn o.f co.untably cQmpact which is equivalent to. Qur definitio.n 
Qf weakly cQuntably cQmpact. Since in a Tl space every limit PQint is an 
",-accumulatiQn PQint it is clear that the two. different definitiQns co.in
cide in a Tl space. Hence the theQrems which cQrresPQnd to the equiv
alences o.f CCt, CC2, CCs, and CC4 usually invQlve the assumptiQn that 
the space invQlved is T1• In particular the prQQf due to. Arens and 
Dugundji [35], p. 229, that a space is cQmpact iff it is bOoth cQuntably 
cQmpact and metacQmpact dQes nQt need the assumptiQn that the space 
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is Tl if one defines countable compactness using w-accumulation points. 
Finally one should note that doubling the points of any space renders 
it weakly countably compact, for then every subset has a limit point, 
namely, the twin of one of its points. Note that the space is no longer 
To and in fact is still not countably compact if it were not so originally. 

3. The Venn diagram which relates the countability axioms and compact
ness omits the concept of separability since there are general means 
available to render each example separable or nonseparable, as desired. 
To make any space separable without affecting any of the other prop
erties involved in the Venn diagram one simply takes the closed exten
sion of that space (Example 12). The new point is then a dense subset. 
Conversely, to render the space nonseparable it is sufficient to take 
the product of the space with uncountable Fort space (Example 24) 
which is compact and nonseparable. The result will then have exactly 
the compactness properties of the original space but will no longer be 
separable. There are other useful tricks for producing certain desired 
alterations. We have already observed that the product of any space 
with the two point indiscrete space effectively doubles the points of the 
original space thus rendering it non-Hausdorff and all that that entails. 
Direct sums of two spaces often have a different variety of properties 
than either of the summands. And finally, the methods of the indiscrete, 
pointed, and discrete extensions (Examples 66-71) are frequently useful 
in dealing with the higher separation axioms. 

4. Further discussion of fully normal spaces together with proofs of the 
relation to normal and paracompact spaces can be found in Gaal [42]. 
Proofs of the T2 and T 3 implications concerning the compactness prop
erties can be found in Dugundji [35] and Gaal [42]. 

5. The product property lists separability as preserved under countable 
but not uncountable products. In fact, it is preserved under products 
of cardinality no greater than 2110; this is proved in Dugundji [35], p. 
175, and his proof is adapted in Example 103 to show that that prod
uct space is separable for X :::; 2110. Dugundji also proves that every 
separable Hausdorff space has cardinality less than or equal to 22110. 

6. Many of the countability and compactness properties are cardinality 
(set theoretic) statements that in some way measure the size of a 
topological space. The general idea of cardinal functions in topology 
has now appeared as the title of a text by Juhasz [60] in which many 
new and important cardinality conditions are studied. 

7. Certain recent work has dealt with contrasts between separability 
and the Lindelof property, properties which are equivalent in 
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metrizable spaces. The lexicographic square (Example 48) is an ex
ample of a non-separable LindelOf space. On the other hand the 
Cantor tree (Example 14 in Part III)-an example of importance in 
metrization theory-is an example of a separable non-Lindelof 
space. Moving still further into the realm of metrization theory, 
M. E. Rudin [103] used a Souslin line to construct recently an ex
ample of a normal non-LindelOf space which is hereditarily separable. 

SECTION 4. CONNECTEDNESS 

1. The proof that local connectedness is preserved under certain contin
uous functions actually shows more. We observe that if the function 
maps saturated open sets (open sets which are complete inverse images 
of sets) to open sets then f preserves local connectedness. This condition 
is always satisfied if the image of f bears the identification topology. 
From this viewpoint, the given proof merely asserts that any Haus
dorff image of a compact space bears the identification topology. 

2. Countable spaces have some interesting connectivity properties. If X 
is countable and T 1 then it is not path connected for the inverse images 
of the points in the path would yield a decomposition of the closed unit 
interval into a denumerable number of closed disjoint subsets, a con
tradiction. If X is countable and connected it may not be Urysohn, for 
if it were Urysohn then there would be a nonconstant real-valued func
tion on X; the image of this function must be countable, hence not 
connected. The inverse images of two components of the image will 
then separate the original space. Finally, and trivially, no countable 
space or finite space with more than one point is arc connected. 

3. It should be noted that the three point space with the indiscrete topol
ogy is a biconnected space with no dispersion point. Miller's example 
(Example 131) is of interest because it is Hausdorff. 

SECTION 5. METRIC SPACES 

1. As in metric spaces the sets B(x,~) = /y E Xid(x,y) < ~I form a basis 
for a topology whenever d is either a pseudometric or a quasimetric. 
The topology resulting from a pseudometric is not necessarily T. for 
i < 3, but it is always T3 and T5 for the same reason that metric 
spaces are T3 and T5. For example, the indiscrete topology is given by 
pseudometric d(x,y) = 0 for all x,y E: X. Quasimetric spaces are dis
cussed in Murdeshwar and Naimpally [85]. The compactness relations 
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for metric spaces also hold for pseudometric spaces with the excep
tion that weak countable compactness need not imply countable 
compactness, for this result depends on the Tl axiom. 

2. It is shown in Pervin [92], p. 118 that in a totally bounded metric 
space every sequence contains a Cauchy subsequence. Thus if a 
totally bounded metric space is complete it is sequentially compact 
and hence compact. 

3. The Baire category theorem and several equivalent formulations are 
presented in Pervin [92], pp. 127-128. Pervin also proves on p. 124 
that all completions of a given metric space are isometric. 

4. That regular second countable spaces are necessarily metrizable was 
proved by Urysohn [129] in 1924. In 1950 Bing [22], Nagata [87], and 
Smimov [110] showed that a space is metrizable iff it is regular and 
has a u-locally finite base. The search for further metrizability condi
tions continues, centering around the normal Moore space conjecture. 

5. That a space is uniformizable iff it is Tal was proved in 1937 by 
Weil [136]. 

6. Niemytzki and Tychonoff [89] prove that a metric space is compact iff 
it is complete in each metric. 



Part II: Examples 

18. In 18.10 we prove X is not path connected by using the fact that 
the unit interval cannot be written as a countable disjoint union 
of closed sets. Since this result is used repeatedly to show cer
tain spaces are not path connected, and since it is not usually 
proved in the standard texts, we prove it here . .. 

Suppose I = V C i where {C;} is a family of disjoint closed 
;=1 

sets; letB = uaci = I - UC/. ThenB is nowhere dense in I 
since each subinterval J of I contains an open subset L disjoint 
fromB. This follows from the fact thatJ is of second category, so 
some C k is dense in some open interval L C J; since C k is closed 
L C Cko, so L n B = 0. Since B is nowhere dense in I, every 
open interval U containing a point x E: ac; must intersect 
B - ac; for U, being a neighborhood of x, contains a point of 
1- C;, say u E:: Cm o. Then if un B n aCm = 0, Cm O n U is 
a nonempty open and relatively closed subset of U. 

Now B itself is of second category (in itself) since it is a closed 
subset of I; thus some aCk is dense in some nonempty open subset 
U n B (where U is an open interval in I). Again, since aC k is 
closed,thismeansthataCkn U = Bn U.Butthisisimpossible, 
since if un aCk ~ 0, then un (B - ack ) ~ 0. This con
tradiction shows that I cannot be written as VC;. 

23. Fort [41] introduced this as an example of a Hausdorff space in 
which some points do not have a local basis of nested sets. 

26. This more sophisticated type of Fort space is adapted from Arens 

219 
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[11]. It is of interest particularly because it is a countable space 
which is not first countable. 

28. This discussion of the Euclidean real line is somewhat incomplete 
in that it provides sanctuary for several logical circularities. 
First of all, we refrain from asserting that the real line is path 
connected for such a statement, though true, would be lacking 
significance since a path is defined to be the image of part of the 
real line. Furthermore, the fact that the real line is connected, 
and that the intervals [a,b] are compact depends on the fact 
that the real line is complete, either in its order topology or in its 
metric. Since these completions are discussed later we chose to 
avoid using them in Example 28. A logically complete elementary 
discussion of the topological properties of the real line may be 
found in any introductory text on real analysis. 

30. The complete metric on the irrationals is adapted from Greever 
[45], p. 110, where he proves a more general result due to Alex
androff [4] that every G6 subspace of a complete metric space is 
topologically complete. 

32. The sets in 32.9 are an explicit representation of the semigroup 
whose table is given earlier in these Notes. 

36. The assertion that Hilbert space is homeomorphic to the count
able infinite product of real lines was first proved by Anderson [8] 
in 1966. Anderson and Bing [9] provide an elementary, though 
lengthy proof of this result, together with a survey of related 
problems. 

39. Example 132 shows that the converse of 39.9 is false: a topologi
cal space in which every point is a cut point need not be an order 
topology. 

40. The proof in 40.12 that every continuous real-valued function on 
[O,g) is eventually constant is adapted from Dugundji [35], p. 81. 
This proof shows also that any continuous real-valued function 
on [O,g) is also eventually constant, though this fact can be 
proved more directly by observing that iff(g) = p, thenj-l(p) 
j-l(nB(p,1/n)) = nj-l(B(p,1/n)), a countable intersection of 
neighborhoods of g, which must contain some interval (cr,g). 

45. Every metric space is perfectly normal, and if L were metrizable 
the proof in 45.4 would be unnecessary. But L is locally metriz
able and this observation provides the idea for the proof as given. 
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L is normal but not paracompact, yet too large to be separable. 
Most examples of this type are non-separable, but M. E. Rudin 
has recently created an example [105] of a normal nonparacom
pact space which is separable. 

47. This example was constructed by Alexandroff and Urysohn [5], 
pp.71-72. 

59. This topology is a special case of a topology for any commutative 
ring with unit that is usually called the A-adic topology where A 
is an ideal of the ring R. We take as a basis of neighborhoods of 
zero the sets An, the powers of the ideal .4 .. We then take the set 
of cosets of these powers as the topology. R with this topology .. 
forms a topological group and thus is T2 iff (\ Ai = O. In the 

i=l 

case that R is Hausdorff the function d defined by d(r,s) = 2-\ 
where k is the largest power such that r - s E Ak, defines a 
metric. 

61. The proof that the prime integer topology fT is locally connected 
is due to Kirch [65]. 

74. Due to Alexandroff and Urysohn [5], p. 22. 

75. Bing [18] introduced this as an example of a countable connected 
Hausdorff space; the first such example was given by Urysohn 
[127]. Bing's example, though connected, is not path connected, 
and the proof of this fact depends on the lemma proved above 
in the note for Example 18. 

In [1101 G. X. Ritter altered this example by enlarging neigh
borhoods to consist of a point in the plane together with tri
angles (shaded in the illustration on p. 93) on the x-axis. This 
space is then locally connected as well, giving an example of a 
connected and locally connected Hausdorff space that is simpler 
than Example 61. For other pathological examples of countable 
connected spaces see Example 126 and the related note. 

80. Hewitt [51] credits Arens with constructing an example of this 
type; we present a modified version, and then a simplified ver
sion. Arens square is both semiregular and completely Haus
dorff but not regular. 

82. The method of argument in 82.7 centers on a subtle but very 
useful application of the Baire category theorem: if f% is a positive 
number for each real number x then at least one of the sets 
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Si = Ix ERiE,. > Iii} is not nowhere dense, so there is some 
interval (a,b) and some io where Ix E (a,b)kr > 1/io} is dense in 
(a,b). This method of attack is used often in proofs concerning 
paracompactness and metacompactness. 

83. This example is adapted from Bing [22], p. 182. He considers the 
case where the subset S is hereditarily Ga, that is, where Sand 
each of its subsets is Ga. Now no set of cardinality c = 2Ko can 
have this property since any such set has 2c subsets, but there 
are only c G 8 sets. So the existence of an uncountable hereditarily 
G, set depends on the denial of the continuum hypothesis. 

84. Sorgenfrey [112] used this example to show that para compact
ness is not necessarily preserved even by finite products. More 
recently Przymusinski [94] has shown that under set theoretic 
conditions which are equivalent to the existence of nonmetriz
able Moore spaces there exists a subset Y of S such that 
y X Y C X is perfectly normal but still not para compact. 

85. This example is due to Michael [78]. 

88. This example is adapted from Alexandroff and Urysohn [5], 
p.26. 

89. This space was introduced by Dieudonne [33] in the same article 
in which he formulated the definition of a paracompact space. 

90. The Tychonoff corkscrew was constructed by Arens and re
ported by Hewitt [51]. Greever [45] presents a lengthy exposi
tion of the details of this example on pp. 77-79. Our presenta
tion is a significant geometric rearrangement of the original, and 
our proofs rely more heavily on geometric intuition. Both 
Hewitt and Greever present the space as a cube with certain 
identifications along the edges; we have simply unfolded the 
cube into a corkscrew. 

Recently a smaller (i.e., hereditarily separable) example of a 
regular but not completely regular space has been constructed 
by Ostaszewski [91]. 

92. This example, very complex yet very significant, was con
structed by Hewitt [51] using a condensation process first de
scribed by Urysohn [127]. As in the previous example, we have 
relied heavily on a geometric analogy in order to present a clear 
description. 

To appreciate the significance of this example, we should con-



Notes 223 

sider the relations between cardinality and connectedness. Any 
Urysohn space has a nonconstant map to the real line, so if it 
were connected, its image would be an interval with cardinality 
c. Thus connected Urysohn spaces have cardinality ~ c. Dry
sohn [127] showed that connected regular spaces must be un
countable (a separation of a countable regular space can be con
structed by induction), and also that there exist countable con
nected Hausdorff spaces. 

Now the absence of any nonconstant continuous real-valued 
functions is a very strong form of connectedness which cannot 
occur in U rysohn spaces; we will call such spaces strongly con
nected. Hewitt's example shows that regular spaces may be 
strongly connected. Figure 31 indicates the relations between 
these concepts, with the designation of certain significant 
counterexamples. For simplicity here, we assume the continuum 
hypothesis. 

Not strongly connected 

(7) 
Not connected (62) 

[1:--------- --------, 
Hausdorff 

I (St) 

I r:-------- ---, 
I I Regular I 

I 
Countable I I I 

(9) 

(6) I I 
I 

(90) I I I I 
_-.J I ,--

(SO) I 1 
! Urysohn I (30) (31) I 
L __ I -..., I 

(79) (72) I (2S) I (7S) 
i I 

(15) i (92) 
1 (126) L ____ ...J 

L ______________________ J 

Regular .. Hausdorff 

Urysohn" Hausdorff 

Strongly connected .. Connected 

Urysohn .. Not strongly connected 

Regular and connected .. Uncountable 

Connected but not strongly connected .. Cardinality ~ c. 

Figure 31. 
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Van Douwen [130] has given an analogous construction of a 
regular space on which every continuous real valued function is 
constant. His example makes particularly clear use of twins 
(pairs of points which continuous functions cannot separate) 
and of the condensation process whereby a space is constructed 
from infinitely many spaces containing twins in such a way as to 
permit only constant functions. 

93. This is an adaptation of an example given by Thomas [123]; by 
translating his example into planks and corkscrews, we hope to 
make clear the similarity between Thomas' example and 
Tychonoff's. 

95-97. Each of these examples is from Alexandroff and Urysohn [5], 
pp. 6,13. 

98. This example is discussed by Appert in [10]; it was introduced 
by Urysohn [127]. 

99-100. Both of these spaces are adaptations of examples developed by 
Ramanathan in [97] and [98]. 

101. From Alexandroff and Urysohn [5], p. 15. 

103. The proof in 103.3 that X>. is separable whenever X ~ 2110 is a 
special application of a proof in Dugundji [35], p. 175 that sep
arability is preserved under products of cardinality ~ 2110. The 
proof in 103.6 that X>. is not normal is adapted from Stone [115]. 

107. The treatment of Helly space is motivated by a problem in 
Kelly [64], p. 164. 

109. Early basic results concerning box topologies are discussed in 
Knight [67]. M. E. Rudin [109] has shown that the continuum 
hypothesis implies that Rt# is normal since it is a box product 
of countably many locally compact metrizable spaces. On the 
other hand Van Douwen [131] has shown that the box product 
topology need not, in general, be normal by the following ex-

ample. Let Xi = {O} U {~ I n E:: Z+} and let Y be the irra~ 

tionals. Then in the box topology Y X IT Xi is not normal. In 

fact, Van Douwen proves that a box product of metrizable 
spaces cannot be completely normal if infinitely many factors 
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are non-discrete. Further details and a summary of recent lit
erature may be found in [107]. 

110. Most of the material about fJX in its ultrafilter guise is adapted 
from Gillman and Jerison [43], Chapters 6 and 9. The original 
ideas are primarily due to Stone [116]. The method in Cech [28] 
is similar to the view of fJX as a subspace of a product space. 
The characterizing and mapping properties of fJX described in 
110.3 express the fact that fJ is a functor from the category of 
completely regular spaces to itself whose range is compact 
Hausdorff spaces, and that h is a natural transformation from 
the identity to fJ. 

111. This discussion in 111.4 is from Gillman and Jerison [43]. In 
particular the claim thatB. satisfies the finite intersection prop
erty is proved there in detail. In recent years the Stone-Cech 
compactification has continued to be a useful source of exam
ples. In [135] Warren shows that for the integers N, fJN-N-{p} 
is not normal for any p E:: fJN-N. Further uses of fJN are men
tioned below in Note 130. 

112. This example is due to J. Novak [90]. 

113. Notice that in this topology the closure of a basis set is the same 
as its closure in the Stone-eech cumpactification. As with the 
various dense extension topologies this renders the space not Ta. 
This is a frequent occurrence that in an expanded topology the 
closures of open sets remain unchanged. 

119. The special infinite broom of 119.4 is adapted from Hocking and 
Young [52], p. 113 where a similar space is used to illustrate the 
concept of connected im kleinen. 

124. The construction in this example is due to Hocking and Young 
[52], p.110 who modified an idea of Bernstein [17]. Two aspects of 
this example are worth further comment. In the construction we 
assume that every nondegenerate closed connected subset of the 
plane has the cardinality c of the continuum. To see this we 
merely consider the image of such sets under nonconstant contin
uous maps to the real line. Such images must be connected, so 
must be nondegenerate intervals which have cardinality c. Thus 
the original connected closed subset has cardinality c. 

Secondly, in 124.3, we use the obvious but subtle fact that 
every set which separates the plane must contain a nondegenerate 
closed connected set. This follows directly from the theorem (see, 
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for instance, Newman [88], p. 124) that every component of the 
complement of a connected open subset of the plane has a con
nected boundary. The complement of the union of two disjoint 
open subsets of the plane will always contain some such bound
ary. 

125. Further details, particularly concerning 1~5.4, can be found in 
Gustin [46]. 

126. This example comes from Roy [102] who seems to have started 
an active line of investigation. In [80] Miller presents two re
lated examples, one a Urysohn space with a dispersion point, 
the other a locally connected space with dispersion point. A 
later example of Ritter [101] has similar properties. About two 
years later both Vought [134] and Kannan and Rajagopalen 
[62] showed just how far one can go. A countable connected 
space cannot be regular, but both papers present examples of 
countable Urysohn spaces which are regular almost everywhere 
(regular at a dense set of poin ts). In fact Kannan and Rajagopa
len show that there are 20 such spaces. 

Baggs in [15] treats the question of maximal connected to
pologies for a space. He modifies Roy's basic construction to 
produce a connected Hausdorff space which cannot be a sub
space of any maximal connected space. 

128. This example is from Knaster and Kuratowski [66], p. 241, a 
paper which contains many similar examples. 

130. The history of indecomposable continua may be traced back to 
Janiszewski [53] whose example is rather different from the one 
presented here. Our example is presented by Bing [19] though 
we call it a pseudo-arc which was the term used by Moise [81], 
for a different description of the same space. The footnotes in 
Moise and Miller [79] give a good survey of the basic literature 
ooaling with the unusual properties of indecomposable con
tinua. More recently Bellamy [16] has used the Stone-Cech 
compactification (Example 110) to give a new example of an 
indecomposable continuum: if A = [1, (0) (with the Euclidean 
topology), then !3(A) - A is an indecomposable continuum. 

131. For the extended proof that such an inductive construction can 
be performed one should see Miller [79]. It appears that the in
decomposable continuum K of this example may be constructed 
in the spirit of Bing [19] and Moise [81]. It is necessary to keep 
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certain links of the chains long, but thin, and to adapt the argu
ments of Bing [19] to use arguments about adjacent pairs of 
chains as used by Moise to prove such a continuum is indecom
posable. Our proofs that X is biconnected and has no dispersion 
point are adopted from Miller. 

133. This example was constructed by Tangora [121] as the solution 
to a Monthly problem. 

136. This is adapted from Duncan [36]. 

141. This is one of many examples in Bing [22]. 

142. The space (X,u) is also from Bing [22] who introduced it as an 
example of a normal space which is not collectionwise normal. 
Michael [77] selected the subspace Y to be metacompact. That 
normal metacompact spaces are countably paracompact was 
proved by Morita [84]. These papers discuss at length several 
areas beyond the scope of this book, all related to the metriza
tion problem. An introductory survey of significant recent re
sults in metrization theory appears above in Part III. A more 
advanced and more recent survey can be found in [107]. 
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Discrete topology, 41 
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Dowker's conjecture, 166, 172 
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completely, 13 
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Jones' conjecture, 171 
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Kolmogorov space, 11 
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of a filter, 10 
of a filter base, 10 
of a sequence, 5 

Limit point compact, 19 
Limiting, inner, 162 
LindelOf, 19, 162 
Local basis, 4 
Locally arc connected, 30 
Locally compact, 20 
Locally connected, 30 
Locally finite cover, 165 
Locally finite refinement 22 
Locally path connected 30 
Long line, 71 ' 

altered,72 
extended, 71 

Lower limit topology, 75, 175 
Luzin hypothesis, 171 

Maximal compact topology, 118 
Meager, 7 
Metacompact, 23, 165 

countably, 23 
Metric, 34 

Baire, 123, 124 
bounded, 151 
discrete, 41 
Frechet, 64, 152 
Hausdorff's, 154 
post office, 155 
product, 64, 152 
radial, 155 
Sierpinski's, 152 

Metric space, 34 
Metrizable, quasiuniform space, 38 

topological space, 37 
Metrizable tangent disc topology, 103 
Metrization theorem, Bing-Nagami 165 

Bing-Nagata-Smirnov, 167, 218 ' 
Urysohn, 163 

Michael's subspace, 157, 180 
Michael's topology, 105 
Miller's biconnected set, 148 
Minimal HausdorfI topology, 119 
Modified Fort space, 55 
Moore space, 163 
Moore space conjecture, 171 
Moore space, Vickery's theorem, 163 
Moore's road space, 180 

Nagami-Bing metrization theorem, 165 
Nagata-Bing-Smirnov metrization 

theorem, 167, 218 
Neighborhood, 4 

open, 4 
Neighborhood filter, 10 
Nested angles, 140 
Nested development, 163 
Nested interval topology, 76 
Nested rectangles, 137 
Nested sequence of sets, 37 



Net,.-,36 
Niemytzki's topology, 100 
Nonprincipal ultrafilter, 10 
Normal, 12, 162 

collectionwise, 168 
completely, 12, 162 
completely collectionwise, 168 
countably collectionwise, 168 
fully, 23, 165 
hereditarily, 162 
perfectly, 16, 162 

Normal Moore space conjecture, 171 
Novak space, 134 
Nowhere dense set, 7 
Numbers, irrational, 59 

rational, 59 

Odd-even topology, 43 
",-accumulation point, 5 
One point compactification, 63 
One point compactification topology, 63 
Open ball, 34 
Open cover, 4, 163 
Open cylinder, 8 
Open extension topology, 47 
Open function, 8 
Open neighborhood, 4 
Open set, 3 
Order topology, 66 

right, 74 
Ordering, lexicographic, 73 
Ordinal space, 68, 175 

uncountable discrete, 70 
Overlapping interval topology, 77 

p-adic topology, 81 
Paracompact, 23, 165 

countably, 23, 166 
pointwise, 23, 165 
star, 165 
strongly, 165 
weakly, 165 

Parallel line topology, 114 
Particular point topology, 44 
Partition topology, 43 
Path, 29 

Path component, 29 
Path connected, 29 
Perfect set, 6 
Perfectly normal, 16, 162 
Perfectly screenable, 167 
Perfectly separable, 7, 162 
Perfectly T 4, 16 . 
Picket fence topology, 179 

Index 241 

Plane, rational extension in the, 91 
subsets of the, 61 

Plank, Alexandroff, 107 
deleted Tychonoff, 106 
Dieudonne, 108 
Thomas', 113 
Tychonoff, 106 

Point, adherent, 5 
cluster, 10 
consensation, 5 
cut, 33 
dispersion, 33 
isolated, 6 
limit, 5 
",-accumulation, 5 

Point countable base, 170 
Point finite cover, 165 
Point finite refinement, 22 
Point star refinement, 165 
Pointwise paracompact, 23, 165 
Post office metric, 155 
Power space, Bing's, 157, 179 
Power subspace, Michael's, 157, 180 
Precompact, 36 
Prime ideal topology, 79 
Prime integer topology, 82 
Principal ultrafilter, 10 
Product invariance properties, 26 
Product metric, Frechet, 64, 152 

Baire, 124 
Product space, 8 

P, 125,179 
[0,0) X P, 126 
ZZ,121 

Product topology, Michael's, 105 
Product topology on R", 128 
Products of Z+, 123 
Pseudo-arc, 147 



242 Index 

Pseudocompact, 20 
Pseudometric, 34 
Pseudometrizable (quasiuniform space), 

38 
Punctiform, 33 

Quasicomponent, 29 
Quasimetric, 34 
Quasiuniform space, 38 
Quasiuniformity, 37 

separated, 38 
Quasiuniformizable, 38 
Quotient space, 9 

Radial interval topology, 156 
Radial metric, 155 
Rational extension in the plane, 91 
Rational numbers, 59 
Rational sequence topology, 87 
Real line, extensions, 88, 90 

subsets, 60 
Reference charts, 185-203 

compactness, 188 
connectedness, 191 
disconnectedness, 192 
metrizability, 193 
paracompactness, 190 
separation axiom, 187 

Refined development, 163 
Refinement,22,163 

.1, 165 
locally finite, 22 
point finite, 22 
point star, 165 
star, 23, 165 

Regular, 12, 162 
completely, 14 
semi-,17 

Regular closed set, 6 
Regular open set, 6 
Relation, 38 
Relative to, 4 
Relative topology, 4 
Relatively prime integer topology, 82 
Right half-open interval topology, 75, 

175 

Right order topology, 74 
Road space, Moore's, 180 
Roy's lattice space, 143 
Rudin (on box product topology), 224 

(on Dowker's conjecture), 173 

Saturated set, 214 
Scattered, 33 
Screenable, 166 

perfectly, 167 
strongly, 167 

Second category, 7 
Second countable, 7, 22, 162 
Semimetric, 163 
Semimetric space, 164 
Semiregular, 17 
Separable, 7, 21, 162 

completely, 7 
hereditarily, 162 
perfectly, 7, 162 

Separated, 28 
totally, 32 

Separated by open sets, 11 
Separated quasiuniformity, 38 
Separated sets, 7 
Separation, 28 
Separation axioms, 11, 215 
Sequence, accumulation point of, 5 

Cauchy, 36 
convergence of, 5 
limit point of, 5 

Sequence space, Gustin's, 142 
Sequence topology, rational, 87 

Smirnov's deleted, 86 
Sequentially compact, 19 
Sierpinski space, 44 
Sierpinski's metric space, 152 
IT-compact, 19 
IT-discrete base, 167 
IT-locally compact, 21 
IT-locally finite base, 37, 167 
Simplified Arens square, 100 
Sine curve, topologist's, 137 
Skew subset, 172 
Smaller topology, 3 



Stnirnov-N agata-Bing metrization 
theorem, 167,218 

Smirnov's deleted sequence topology, 
86 

Sorgenfrey's half-open square topology, 
103 

SousHn conjecture, 173 
Souslin space, 173 
Spec A, 79 
Square, Alexandroff, 120 

Arens, 98 
lexicographically ordered, 73 
simplified Arens, 100 

Star, 23, 163 
Star finite cover, 165 
Star paracompact, 165 
Star refinement, 23, 165 
Stone-Cech compactification, 129, 132 
Stratified plane, 175 
Strictly coarser filter, 10 
Strictly finer filter, 10 
Stronger topology, 3 
Strongly connected, 223 
Strongly locally compact, 20 
Strongly paracompact, 165 
Strongly screenable, 167 
Strongly uniform base, 169 
Subbase, of a filter, 9 

of a topology, 4 
Subbasis,4 

equivalent, 4 
Subcovering, irreducible, 23 
Subsets of the plane, 61 
Subsets of the real line, 60 
Subspace, 4 
Subspace topology, 4 
Sum, topological, 9 
Symmetric base (for a quasiuniformity), 

38 
Symmetric entourage, 38 
Symmetrizable, 164 

T., fully, 23 
perfectly, 16 

T i, space, 11 
Tangent disc subspaces, 177 

Index 243 

Tangent disc topology, 100, 176 
metrizable, 103 

Tangent V topology, 178 
Tangora's connected space, 150 
Tangora's space, 150 
Telophase topology, 92 
Thomas' corkscrew, 113 
Thomas' plank, 113 
Tietze extension theorem, 20 
Topological invariant, 8 
Topological property, 8 
Topological space, 3 
Topological sum, 9 
Topologically complete, 37 
Topologically equivalent, 8 
Topologist's sine curve, 137 
Totally bounded, 36 
Totally disconnected, 32 
Totally pathwise disconnected, 31 
Totally separated, 32 
Traylor conjecture, 171 
Tree, Cantor, 180 
Tychonoff corkscrew, 109 

deleted, 109 
Tychonoff plank, 106 

deleted, 106 
Tychonoff space, 14 
Tychonoff theorem, 26 
Tychonoff topology, 8, 213 
Type D, 172 

Ultraconnected, 29 
Ultrafilter, 10 

fixed, 10 
free, 10 
nonprincipal, 10 
principal, 10 

Ultrafilter topology, 135, 136 
Uncountable discrete ordinal space, 70 
Uniform base, 169 

strongly, 169 
Uniformity, 38 

compatible, 38 
discrete, 42 

Universal property, 213 
Urysohn function, 13 
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Urysohn lemma, 13 
Urysohn metrization theorem, 163 
Urysohn space, 16 
Usual topology, 56 

V topology, tangent, 178 
Van Douwen's nonmetrizable Moore 

spaces, 163 
Van Douwen's non-normal box product, 

224 

Vickery's theorem (on Moore spaces), 
163 

Weaker topology, 3 
Weakly countably compact, 19 
Weakly hereditary, 4 
Weakly paracompact, 165 
Wheel without its hub, 150 

ZZ, 121 
Zero dimensional, 33 
Zorn's lemma, 215 
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