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Preface

This is a textbook intended for advanced undergraduate and graduate stu-
dents in physics and mathematics, as well as a reference for researchers.
The book is based on lectures given during the years at the Ben Gurion
University, Israel. Spinors are used extensively in physics; it is widely, ac-
cepted that they are more fundamental than tensors and the easy way to
see this fact is the results obtained in general relativity theory by using
spinors, results that could not have been obtained by using tensor methods
only. The book is written for the general physicist and not only to the
workers in general relativity, even though the latter will find it most useful
since it includes all what is needed in that theory.

But the foundations of the concept of spinors are groups; spinors appear
as representations of groups. In this text we give a wide exposition to the
relationship between the spinors and the representations of the groups. As
is well known, both the spinors and the representations are widely used in
the theory of elementary particles.

After presenting the origin of spinors from representation theory we,
nevertheless, apply the theory of spinors to general relativity theory, and a
part of the book is devoted to curved spacetime anplications.

In the first four chapters we present the group-theoretical foundations
of the concept of two-component spinors. Chapter 1 starts with an intro-
duction to group theory emphasizing the rotation group. This followed
by discussing representation theory in Chapter 2, including a brief out-
line of the infinite-dimensional case. Chapters 3 and 4 discuss in detail
the Lorentz and the SL(2,C) groups. Here we give an extensive discussion
on how two-component spinors emerge from the finite-dimensional repre-
sentations of the group SL(2,C). Chapter 4 also includes the derivation
of infinite-dimensional spinors as a generalization to the two-component
spinors.

In Chapters 5 and 6 we apply the two-component spinors to a variety of
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problems in curved spacetime. In Chapter 5 we discuss the Maxwell, Dirac
and Pauli spinors. Also given in this chapter the passage to the curved
spacetime of spinors. The gravitational field spinors are subsequently dis-
cussed in detail in Chapter 6. Here we derive the curvature spinor and give
the spinors equivalent to the Riemann, Weyl, Ricci and Einstein tensors.

In Chapter 7 we present the gauge field spinors and discuss their geo-
metrical properties. As is well known, gauge fields are extremely important
nowadays. The Euclidean gauge field spinors are finally discussed in Chap-
ter 8.

All chapters of the book start with the ordinary physical material before
introducing the spinors of that subject. Thus, for instance, the chapters
dealing with the Lorentz group and gravitation start with detailed discus-
sion of the theories of special relativity and general relativity.

It is a pleasure to thank our wifes Elisheva and Tova for creating the
necessary atmosphere and for their patience while writing this book. We are
grateful to the many students who attended the courses in spinors during
the years for their suggestions which led to a better presentation of the
material in the book. We also want to thank Silvia Behar for her help with
the Index of the book. Finally, we want to thank Julia Goldbaum for the
excellent job of typing the book, prepairing the Index, and for the many
suggestions for improvements.

Moshe Carmeli
Beer Sheva, Israel

Shimon Malin
Hamilton, N.Y.
U.S.A.
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Chapter 1

Introduction to Group
Theory

In this chapter a brief discussion on group theory is given. This includes the
concept of group and subgroup, normal subgroup and factor group. Isomor-
phism and homomorphism are subsequently discussed. This then followed
by introducing the rotation group and the group SU(2), the aggregate of
unitary matrices of order two and determinant unity. A homomorphism
between the pure rotation group and the group SU(2) is subsequently es-
tablished. The chapter is concluded with presenting invariant integrals over
the groups.

1.1 Review of Group Theory

In this section the fundamental concepts of group theory are briefly pre-
sented. For details the reader is refered to the books of Pontrjagin, van der
Waerden and others suggested at the end of the chapter.

1.1.1 Group and Subgroup

A non-empty set G of elements a, b, c,..., such as numbers, mappings,
transformations, is called a group if the following azioms are satisfied:

(1) There exists an operation in the set G which associates to each two
elements a and b of G a third element ¢ of G. This operation is called

1



2 CHAPTER 1. INTRODUCTION TO GROUP THEORY

multiplication, and the element c is called the product of a and b, denoted
by ¢ = ab;

(2) The multiplication is associative, namely, if a, b and c are elements
of G, then (ab) ¢ = a(be);

(3) The set G contains a right identity, namely, there exists an element
e such that ae = a for each element a of G; and

(4) For each element a of G there exists a right inverse element, denoted
by a~!, such that aa=! =e.

If the set G is finite, then the group G is called finite and the number of
elements of G is called its order. Otherwise, the group G is called infinite. If
the product of any two elements a and b of G is commutative, namely, ab =
ba, the group is called abelian. In abelian groups the multiplication notation
ab is replaced by an addition notation a + b, and the group operation is
called addition. The identity is called zero and denoted by 0, and the inverse
of a is called the negative of a and denoted by —a.

Since the product of group elements is associative, one writes for (ab) ¢ =
a (bc) simply abc and for (a+b)+c=a+ (b+c) just a+ b+ c. The same
holds for products of any number of elements. One can easily show (see
Problem 1.1) that a right identity e is also a left identity, namely, ea = a,
for any element a of G.

Likewise, a right inverse a™! of a is also a left inverse, a—'a = e. Hence
the inverse of a~! is simply a. Moreover, it follows that both the identity
and the inverse are unique. This allows the use of the notation of the
notation of algebra such as a™t! = a™a, with a! = a, for any natural
number m. Negative powers of a are introduced by a™™ = (a=!)™, a® = .
Hence aPa? = aP*9, and (aP)? = aP9, where p and q are integers.

An example of a group is the set of all nonzero rational numbers, if the
rule of combination is ordinary multiplication. The identity is the number
1.

Another example of a group whose elements are not numbers is the
aggregate of rotations of a plane or of space about a fixed point. Two
rotations a and b are combined by performing the rotations successively. If
b is carried out first and then a, the same result, i.e. the same final position
of all points of the space, may also be obtained by a single rotation, denoted
by ab. The group of rotations in space is an example of non-abelian group
since it is not immaterial whether one performs first the rotation a and then
b, or first b and then a. The identity of the rotation group is the identical
transformation that leaves every point in its original position. The inverse
of a rotation is the rotation in the opposite sense which cancels the first
one.
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A set H of elements of a group G is called a subgroup of G if it is a group
with the same law of multiplication which operates in G. A necessary and
sufficient condition for a subset H of a group G to be a subgroup is that
if H contains two elements a and b it must also contain the element ab~!
(see Problem 1.2).

1.1.2 Normal Subgroup and Factor Group

Let G be a group and H a subgroup, and let a and b be two elements of
G. One calles a and b equivalent, a « b, if ab~! is an element of H. The
group G is thus devided into classes of equivalent elements each called a
right coset of H relative to G. It follows that if A is a right coset of H and
a is an element of A then A = Ha. Moreover, every set of the form Hb is
a right coset and the subgroup H itself is one of the cosets. One can also
introduce left cosets of H, written in the form aH. They are obtained from
an equivalence relation such that a o< b if a='b belongs to H.

A subgroup N of a group G is called an invariant or normal subgroup of
G if for every element n of N and a of G the element a~'na belongs to N.
It follows that a necessary and sufficient condition for right and left cosets
of a subgroup N to coincide is that N be a normal subgroup. Every group
has at least two normal subgroups, the subgroup which includes only the
identity, and the subgroup which coincides with the group itself. A group
which has no normal subgroup except for these two subgroups is called
simple.

If N is a normal subgroup of a group G and A and B are two cosets of
N, A= Na, B= Nb, then AB is also a coset of N. The multiplication of
cosets thus defined satisfies the group axioms, and the set of all cosets is
called the factor group of G by the normal subgroup N and is denoted by
G/N.

1.1.3 Isomorphism and Homomorphism

A mapping f of a group G on another group G’ is called isomorphism if
it (1) is one-to-one; and (2) preserves the multiplication. G and G’ are
then called isomorphic. The inverse f~! of an isomorphism f is itself an
isomorphism. An isomorphism of a group onto itself is called automorphism.
The aggregate of all automorphisms of a group forms a group.

A mapping f of a group G on another group G’ is called homomorphism
if it preserves the operation of multiplication. The set N of all elements of
G which go over into the identity of G’ under the homomorphism is called
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the kernel of the homomorphism. If the kernel coincides with the identity
of G then the homomorphism is an isomorphism. It follows that N is a
normal of G, and G’ is isomorphic to G/N. The isomorphism between G’
and G/N is called the natural isomorphism.

The mapping f of a group G on G/N defined by associating with each
element a of G the element f(a) = A of G/N containing a is a homomor-
phism, called the natural homomorphism of a group on its factor group. If f
is a homomorphism of a group G on another group G’ and H is a (normal)
subgroup of G, then f(H) is a (normal) subgroup of G’. If f is a homo-
morphism of a group G on another group G’, and g is a homomorphism of
G’ on a third group G”, then the mapping gf is a homomorphism of G on
G’

One finally notes that if f is a homomorphism of a group G on part
of another group G’ then the set of all elements of G’ which are images of
elements of G forms a subgroup of G’. Also, if f~!(H’) is the set of all
elements of G which go into H’ C G’ under the homomorphism f, and if
H’ is a (normal) subgroup of the group G, then f~! (H’) is also a (normal)
subgroup of the group G.

1.2 The Pure Rotation Group SO(3)

A linear transformation g of the variables z,, z3, and z3, which leaves the
form z? + z% + 22 invariant, is called a three-dimensional rotation. The
aggregate of all such linear transformations g forms a continuous group,
which is isomorphic to the set of all real orthogonal (namely, ggt = 1,
where g* is the transposed of g) 3-dimensional matrices and is known as
the three-dimensional rotation group. One can easily show that the deter-
minant of every orthogonal matrix is equal to either +1, in which case the
transformation describes pure rotation, or to —1, in which case it describes
a rotation-reflection. The aggregate of all pure rotations forms a group,
which is a subgroup of the 3-dimensional rotation group, and is known as
the pure rotation group. We will be concerned with the 3-dimensional pure
rotation group. This group is denoted by us by SO(3). (For more details,
see in the sequel.)

1.2.1 The Euler Angles

Let g be an element of the group SO(3), i.e., a 3-dimensional orthogonal
matrix with determinant unity. It is well known that one then can express
each such element in terms of a set of three parameters. An example of
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such parameters is that of the familiar Euler angles, which are defined as
the three successive angles of rotation describing the transformation from
a given Cartesian coordinate system to another one by means of three
successive rotations performed in a specific sequence.

The sequence will be started by rotating the original system of axes X
by an angle ¢; clockwise about the z axis. The new coordinate system will
be denoted by =. One then has

where the orthogonal matrix g (¢1) is given by
cos¢p; —sing; 0
g(¢1)=| sing, cos¢; 0 |. (1.2)
0 0 1

We use the notation according to which X = (z, y, 2) = (z1, z2, z3),
E=( n (), and X' = (', ¢, #) = (2, 73, 73), ' = (€&, 7', {').

In the second stage the intermediate axes = are rotated about its £ axis
clockwise by an angle 6 to another intermediate set which is denoted &’,
thus one has

= =g(0)X, (13)
where the orthogonal matrix g (6) is given by
1 0 0
g@ =1 0 cosf —sinf |. (1.4)
0 sinf cosf

The €' axis is called the line of nodes. Finally the Z’ axes are rotated
clockwise by an angle ¢9 about the £’ axis to produce the desired X’ system
of axes,

X' =g(42) E, (1.5)
where the orthogonal matrix g (¢2) is now given by
cos¢y —sings 0

g(p2) = | sings cosgy 0 |. (1.6)
0 0 1

The matrix of the complete transformation

X' = gX, (1.7)
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is given, therefore, by the product of the matrices g = g(¢#2) g(8) g (¢1)-
Hence it is given by

COS ¢3 cOSs @ —cos ¢2sin ¢y sin ¢ sin 6
—cosf@sing;singy — cosfcos @) sin @y

g= | singycos ¢, —sin @y sin ¢ —cos¢gsind | . (1.8)
+ cos fsin ¢; cos ¢+ cos B cos @1 cos p2
sin @sin ¢, sin 6 cos ¢ cos @

The angles ¢, 6, ¢2 are independent parameters, fully determining the
rotation g. They are known as the Euler angles. By their definition, one
has 0 < ¢; <27, 0< 0 <7, and 0 < ¢ < 27 for the intervals of the angles

¢1) 01 and ¢2-

1.3 The Special Unitary Group SU(2)

Rotations can also be described by unitary matrices of order two and de-
terminant unity. The aggregate of all such matrices provides a group which
is usually denoted by SU(2). The relation between the groups SO(3) and
SU(2) can be established as follows.

1.3.1 Homomorphism between the Groups SO(3) and
SU(2)

Let z; and z}, with k,! = 1,2, 3, denote the coordinates of two Cartesian

frames related by the transformation

T = griT1, (1.9)

where g, are elements of the matrix g €SO(3), and repeated indices means
summation from 1 to 3. With each coordinate system z; one associates a
2 x 2 Hermitian matrix P defined by

P=zkak=( z zHy), (1.10)

T—1y -2

k

where o® are the familiar Pauli spin matrices,

al=<(1) é>,02=(_0i 3),03=<(1) _01). (1.11)
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In terms of the matrix P one requires that the coordinates transform

according to the formula A
P' S uPut, (1.12)

where u is an element of the group SU(2),
P’ = z}d', (1.13)

and u! is the Hermitian conjugate of the matrix u. The relations between
u of SU(2) and g of SO(3) are given by

Grs = -;—’I\‘ (c"uoul), (1.14)

u=F(1+0"0°grs) /2(1+ Trg)"/%, (1.15)

where Tr stands for trace.

Accordingly, to each rotation g of the group SO(3) there correspond,
by Eq. (1.15), two matrices Fu of the group SU(2) and, conversely, to
each unitary matrix u of the group SU(2) there corresponds, by Eq. (1.14),
some rotation g of the group SO(3). It thus follows that the group SU(2)
is homomorphic to the group SO(3) (see Section 1.1). For example, the
unitary matrices corresponding to the rotations g(¢:), g(6), and g(¢2)
given by Egs. (1.2), (1.4) and (1.6) are easily found, using Eq. (1.15).
They are given by

eit1/2 0
u(¢1) =¥( 0 e-itr/2 ) (1.16a)
w(®) = F cos 50 zsm0§ , (1.168)
isin 2 cos 3
and _
u(¢a) =F ( e'¢(;/2 e“g”ﬂ ) (1.16¢)

A general rotation g, described by the matrix (1.8), will then correspond
to the unitary matrix u = u (¢2) u (8) u (¢,), and is thus given by

cos ge"(“*‘"l)ﬂ isin eei(¢z—¢x)/2
u=% : 1.17
isin ge"i(“’z"”l)/? cos ge-i(d’z +61)/2 (1.17)
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1.4 Invariant Integrals over Groups

A function y = f(g) is said to be defined over the group G if to each
element g of G there corresponds a number y. If the group is taken to be
the rotation group SO(3) and one uses the Euler angles as parameters then
f(g), where g € SO(3), becomes simply a function of the angles ¢, 8, ¢,
ie.,

fgg) = f(¢l) 0) ¢2)- (118)

The function f then satisfies
f(¢l + 27T) 0; ¢2) = f(¢l’ 0; ¢2)) (llga)
f(¢ly 0; ¢2 + 27{) = f(¢l’ 0’ ¢2) . (llgb)

1.4.1 Invariant Integral over the Group SO(3)

The integral [ f (g)dg is then called invariant integral of the function f(g)
over the group SO(3) if it satisfies

7f(ggo)dg=/f(gog) dg=/f(g) dg (1.20)

for any go € SO(3), and

/f(g“‘)da=/f(g) dg. (1.21)

The expression dg is called a measure. When the Euler angles are used
to parametrize the elements g of the group SO(3), one can write dg in terms
of the angles ¢,, 6, ¢7 as

|
dg = g,z sin 0dp1d0des. (1.22)

One then can easily verify that it satisfies

/ dg=1. (1.23)

The integration limits extend over the whole domain of definitions of the
variables, i.e., 0 < ¢, <27, 0< 6§ <7, and 0 < ¢ < 27.
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1.4.2 Invariant Integral over the Group SU(2)

The concepts of functions defined over the group SO(3) and invariant inte-
grals defined over the rotation group SO(3) can easily be extended to the
special unitary group SU(2). Again, a function f (u) defined over the group
SU(2) can be considered as a function of the angles ¢1, 6, ¢9, i.e.,

f(u) = f(¢l’ 0) ¢2) (1.24)

if the Euler angles are used for parametrization. The analogous periodicity
conditions to those of Eq. (1.19) for functions defined over SO(3) will now
be

f(#1+4m, 6, ¢2) = f(¢1, 6, 82), (1.25a)
f(¢l) 0) ¢2 +47r) = f(¢l) 01 ¢2)) (1'25b)
f(¢l +27r) 0; ¢2 +27|') = f(¢l) 0: ¢2) . (1'256)

The invariant integral over the group SU(2) then satisfies

/ £ (wo) du = / £ (ugu) du = / £ (w)du (1.26)

for any u € SU(2), and
u

[

/f(u_l) du=x/f(u)du. (1.27)
The measure du can then be expressed in terms of the Euler angles as

1
du = IT’II'E sin 0d¢1d0d¢2. (1.28)

It can be shown that it satisfies

/du: 1. (1.29)

The integration limits here will be: 0 < ¢} <47, 0< 6 <7, and 0 < ¢2 <
2.

In the next chapter the theory of representations of groups is given and
applied to the rotation group.



10 CHAPTER 1. INTRODUCTION TO GROUP THEORY

1.5 Problems

1.1. Show that a right identity e is also a left identity, namely, ea = a, for
any element a of a group G. Show also that a right inverse a~! of a is also
a left inverse, namely, a~!a =e.

Solution: The solution is left for the reader.

1.2. Show that a necessary and sufficient condition for a subset H of a
group G to be a subgroup is that if H contains two elements a and b it
must also contain the element ab—!.

Solution: The solution is left for the reader.

1.6 References for Further Reading
M. Carmeli and S. Malin, Representations of the Rotation and Lorentz
Groups (Marcel Dekker, New York and Basel, 1976).

C. Chevalley, Theory of Lie Groups (Princeton University Press, New Jer-
sey, 1962). (Section 1.1)

L.P. Eisenhart, Continuous Groups of Transformations (Dover Publica-
tions, Inc., New York, 1961). (Section 1.1) .

H. Goldstein, Classical Mechanics (Addison-Wesley Publishing Co., Read-
ing, Mass., 1965). (Section 1.3)

M.A. Naimark, Linear Representations of the Lorentz Group (Pergamon
Press, New York, 1964). (Sections 1.3, 1.4)

L. Pontrjagin, Topological Groups (Princeton University Press, Princeton,
New Jersey, 1946). (Section 1.1)

A. Salam, The formalism of Lie groups, Lecture Notes, 1960.

B.L. van der Waerden, Modern Algebra (Fredric Ungar Publishing Co., New
York, 1953). (Section 1.1)

A. Weil, Actualites Sci. Ind., No. 869 (1938); L’integration dans les groups
topologiques et ces applications (Hermann et Cie., Paris, 1940). (Section
1.4)



Chapter 2

Representation Theory

In the last chapter the important concept of groups was discussed. In this
chapter the theory of representations of groups is given and applied to the
rotation group and the group SU(2). The spinor representation of the group
SU(2), along with the matrix elements, are then given. This subsequently
followed by finding the differential operators of the rotations. The more
complicated theory of infinite-dimensional representations is briefly given
in the last section of the chapter.

2.1 Some Basic Concepts

In this section the fundamentals of the theory of finite-dimensional repre-
sentations are given. For more details the reader is reffered to the books
of Naimark, of Gelfand, Graev, and Vilenkin, and of others given in the
suggested references at the end of the chapter. The more complicated the-
ory of infinite-dimensional representations is also given in the last section
of the chapter.

2.1.1 Linear Operators

Let S be a linear space and z a vector in it. A function A (z) is called an
operator in S if for any vector z of S there corresponds a vector y = A (z) of
S. An operator A in S is then called linear if A(z +y) = A(z)+ A(y) and
A(az) = aA(z), for any z, y of S and a complex number c. Addition of two
operators A and B is defined in the space S by (A + B) z = Az + Bz for all
vectors z of S. Similarly, multiplication by a number a and multiplication

11



12 CHAPTER 2. REPRESENTATION THEORY

of operators A and B in the space S are defined by (aA)z = a (Az) and
(AB) z = A (Bz). If, furthermore, A and B are linear operators in S then
A+ B, aA, and AB are also linear operators in S.

Linear operators in a finite-dimensional space S can be represented as
matrices by introducing a basis, ey, ..., en, in S. Accordingly, if A is a linear
operator in the space S, then Ae, can be written as a linear combination
of e}, ...,en, Or,

Aeg =ZAjk€j; (k= 1,--')"’)‘ (21)

Jj=1

Ajr are the elements of the matrix representing the operator A relative
to the basis ej, ...,e,. One can show that the operator A is completely
determined by its matrix A;;. Furthermore, the operations of addition,
multiplication by a number, and multiplication of operators correspond to
the same operations of their matrices relative to a fixed basis.

2.1.2 Finite-Dimensional Representations

Let G be a group and g an arbitrary element of G. A correspondence
g — D (g) of each element g of the group G to a linear operator D(g) in a
finite-dimensional space S is called a representation if: (1) D(g1) D (g2) =
D (g192) and (2) D(e) is the unit element in S, where e is the identity
element of G. The space S is called the space of representation and its
dimension is called the dimension of the representation. (For the more
general definition of a representation see Subsection 2.5.4.)

Two finite-dimensional representations ¢ — D (g) and g — D5 (g) of
the group G in two spaces S; and Sy having the same dimensions, respec-
tively, are called equivalent if bases in the spaces S) and S; can be chosen
so that the matrices of the operators D, (g) and Dj(g) are identical. A
subspace S’ of the space S is called invariant with respect to the represen-
tation g — D (g) if for every vector z of S’ one finds that D (g) z is also
a vector in S’ for all elements g of the group G. If there are no invariant
subspaces in the space S with respect to the representation g — D (g),
except for the trivial cases of the null subspace and the whole space, the
representation is then called irreducible.

A representation g — D (g) of a group G is called continuous if D (g) is a
continuous operator function on the group G. (An operator function D (g)
is called continuous on a group G if the elements of the matrix of D (g),
relative to a fixed basis, are continuous functions on G. This definition
of continuity of D (g) does not depend on the choice of the basis since
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the matrix elements relative to another basis are linear combinations, with
constant coefficients, of the matrix elements relative to the original basis.)
Only continuous representations will be considered here.

2.1.3 Unitary Representations

A linear space is called Euclidean if from each two vectors z and y of it
one can define a function, called the scalar product of z and y, denoted by
(z, y), which satisfies:

(1) (z, z) 20, (z, z) =0 if and only if z = 0;

(2) (v, =) =(z, v);

(3) (az, y) = a(z, Y);

(4) (z1 + 72, y) = (21, ¥) + (z2, ¥).

One can show that a scalar product can be introduced in every finite-
dimensional space. (The infinite-dimensional case is discussed in the ap-
pendix at the end of the chapter.)

An operator D in a finite-dimensional Euclidean space FE is called uni-
tary if it preserves the scalar product, namely, (Dz, Dy) = (z,y) for all
z,y of the space E. A representation g — D (g) is called unitary if all its
operators D (g) are unitary.

In the following we find the irreducible representations of the three-
dimensional pure rotation group. This is done by Weyl’s method which
makes use of the homomorphism of the special unitary group of order two
onto the rotation group. The representations are expressed in terms of the
angle of rotation in a specified direction and the spherical angles of the
direction of the rotation.

2.2 Representations of SO(3) and SU(2)

We have seen that the unimodular unitary group of order two, SU(2), is
homomorphic to the pure rotation group SO(3) such that to every rotation
g of SO(3) there correspond two matrices +u and —u of SU(2) and, con-
versely, to every element u of SU(2) there corresponds some rotation g of
SO(3). '

2.2.1 Weyl’'s Method

It thus follows that the description of the representations (see Section 2.1) of
the group SO(3) is equivalent to that of the group SU(2); a representation
g — D(g) of the group SO(3) is single- or double-valued according to
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whether or not D (u) is equal to D(—u). The use of the group SU(2) for
finding the representations of the group SO(3) was originally suggested by
H. Weyl and has been wildly adopted when the Euler angles are used to
parametrize the groups. The advantage of Weyl’s method is in giving the
double-valued representations along with the proper representations. The
double-valued representations are important in physical problems dealing
with spin-like properties of particles whose spins are half integers.

We point out that, by using Weyl’s method, one can obtain a general
invariant result that is a function of the element u € SU(2), valid for any
parametrization one uses to describe the rotation. To find the representa-
tions of the group SO(3) in terms of a specific set of parameters, one has
merely to express u in terms of these parameters, as is the case when the
Euler angles are adopted.

In addition, by having the results as functions over the group SU(2),
certain relations will be obtained which are invariant under change of the
parameters. As an example, the orthogonality relations between the matrix
elements of the irreducible representation can be written in the form of an
invariant integral over the group SU(2). Hence the relations are valid for
any parametrization.

2.2.2 Infinitesimal Generators

An orthogonal matrix describing a rotation with an angle ¥ about some
direction
n = (sinfcos ¢, sinfsing, cosd) (2.2)

is given by
Grs = Ors COSY 4 1oy (1 — €OSYP) — €rgen’sin g, (2.3)

where 7, s and t take the values from 1 to 3. Rotations g; (), g2 (¢) and
g3 (¥) around Ozx;, Ozs and Ozx3 axes are then obtained from Eq. (2.3) by
putting the proper values for the polar angles 6 and ¢. These matrices are
given by

1 0 0
a(@)=1 0 cosyp -—siny |, (2.4a)
0 siny cosy
cosyy 0 siny
92 (¥) = o 1 o0 |, (2.4b)

—siny 0 cosy
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cosyp —siny 0
ga(¥)=| sinp cosy 0 |. (2.4c)
0 0 1

Infinitesimal Matrices

The infinitesimal matrices g, corresponding to rotations about the axis
Oz, are defined by

dgr (w)]
go= |2 0N (2.5)
[ d,()b 1/)-.:0
and satisfy the commutation relations
[gf" g’] = €rstt, (26)
- where [gr, gs] = grgs — gs9r
The matrices g,’s are given by
00 O
gg=10 0 -1 |, (2.7a)
01 o0
0 01
g2 = 0 0 0}, (2.70)
-1 00
0 -1 0
gg=|1 0 0}, (2.7¢)
0 0 0
and one has the relation
gr (¥) = exp (Yg-) . (2.8)

Let us denote a representation of the group SO(3) in an n-dimensional
Euclidean space R by g — D (g) and, for convenience, we denote

A2 D) w). 2.9)

A () are called the basic one-parameter groups of the given representation
and define one-parameter groups of operators that satisfy A, (1) A- (¥2) =
Ar (Y1 + 92); they are differentiable functions of 9 and may be expanded
as A, (¢) = exp (Y A,), where A, is defined by Eq. (2.10)
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2.2.3 Basic Infinitisimal Operators

The basic infinitesimal operators of the representation are then obtained by

A= [%;—'@J N (2.10)

A representation of the group SO(3) is uniquely determined by its basic
infinitesimal operators A,.. The determination of all the finite-dimensional
representations of the group SO(3) is based on the fact that the operators A,
satisfy the same commutation relations that exist among the infinitesimal
matrices g,:

[A,-, A,] = erstAt- (211)

The operators A, are skew-Hermitian, At = —A,, since, without loss of
generality, every finite-dimensional representation of SO(3) can be consid-
ered to be unitary. (An operator B in a finite-dimensional Euclidean space
F is called adjoint to the operator A in the same space if (Az,y) = (z, By)
for all z, y of E. The adjoint of an operator A is usually denoted by At. It
can be shown that for any linear operator A there exists one and only one
adjoint operator A', and that the adjoint operator to At is A. An operator
A is called Hermitian if At = A. An operator A can be shown to be unitary
if and only if A'A=1.)

2.2.4 Canonical Basis

Defining the new operators
Ly =iA, £ Ay, (2.12a)

L3 = iAs, (2.12p)

one then finds for the commutation relations of the infinitesimal generators
Ly, L_, and L3 the following:

[L+, Ls) = +L+, (2.13a)
[Ly,L_] =2La, (2.13b)
Lt =L_, L} =Ls. (2.13¢)

The problem of determining the representation is then reduced to the
determination of the operators Lz and L3 satisfying the conditions (2.13).
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. This problem is solved by the following: every finite-dimensional represen-
tation of the group SO(3) is uniquely determined by a non-negative integer
or half-integer j, the weight of the representation.

The space of the representation corresponding to such a number j has
the dimension 2j + 1; the operators Ly and L3 of the representation are

given relative to its canonical basis f—j, f—j+1, ..., f; by
Lifm=[GFm) (G 2m+1)]Y2 frs, (2.14a)
LSfm = mfm: (214b)

where m = —j, —j + 1, ..., 4.

It also follows that for each j there corresponds an irreducible repre-
sentation of SO(3). If the operators Ly and L3 of a representation of
SO(3) in a (27 + 1)-dimensional space are given relative to some basis
f-j, f=j+1, .., fj , then by Egs. (2.14) that representation is irreducible.

2.2.5 Unitary Matrices Corresponding to Rotations

We now find the unitary matrix u corresponding to the rotation g, of Eq.
(2.3). The matrices u and g are related by Eqs. (1.14) and (1.15). A direct
calculation then gives:
cos ¥ +isin ¥ cost isin id sin fe*®
isin = sin fe~*® cos 3~ isin 7 cosf

This is the unitary matrix u € SU(2) corresponding to a rotation with an
angle ¢ around the direction n specified by the spherical angles 8 and ¢.
The corresponding matrix, when the Euler angles are employed, was given
in Eq. (1.17). It will be noted that

u(=9, 8, 9)=u"' (¥, 6, ¢). (2.16)

The unitary matrices u; (¢), uz (¥) and wus (1) corresponding to the
rotations gy (¥), g2 (¥) and g3 (1) around the axes of coordinates Oz,
Oz; and Ozs, can be obtained from Eq. (2.15) by putting the appropriate
values for the angles § and ¢. They are:

cos id isin id
u(¥) =F % , (2.17a)
isin 3 cos 3
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cos f —sin —
w@)=F| 2 2| (2.17b)
sin ) cos 3

ei¥/2 0
usz () =F ( 0 e—iv/2 (2.17¢)
Using these matrices, the operators A, (¥) of the group SU(2) will be de-
termined in the next chapter.
The infinitesimal matrices u,, corresponding to rotations around Oz.,

are given by
U = [dur (¢)} , (2.18)
¥=0

dy
and explicitly,

__1/0 i __1/0 -1 _ 1/4i 0
ul_:F'z— i 0 )UZ—;E 1 0 ’u3—':F2 0 —i
-(2.19)
These are related to the Pauli matrices, Eq. (1.11), by

U = F=0". (2.20)

2.3 Matrix Elements of Representations

A matrix u of the group SU(2) can be considered as that of a linear trans-
formation of the space of all pairs of complex numbers (¢!, €2):

2
€7 = upt? (p=1,2). (2.21)
q=1 ’

A representation of the group SU(2) can be obtained if one considers several
pairs (€1,€2), ..., (€}, €2) and forms all products &§*...€0%, letting p1, ..., Pk
take the values 1, 2, independently. Under the transformation (2.21), this
product transforms like

2
PGP = D Upg ek (2.22)

q1,e-,qk=1
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The product £7"...£0* may be considered as a vector in the linear space Ri
of all 2% complex numbers £71--Px, The linear transformation D(*) (u) of
the space Ry is then given by

2

Py
gPPe = Z Up, g - Upygu €. (2.23)
q1,..,qe=1

2.3.1 The Spinor Representation of the Group SU(2)

The correspondence u — D) (u) is a representation of the group SU(2),
not irreducible in general, since the subspace Sk of Rj of all symmetrical
vectors £ is invariant with respect to all the operators D(*) (u). The cor-
respondence u — D(¥) (u) is irreducible, however, in the subspace Sx. We
denote this representation by Zi. It is called the spinor representation of
the group SU(2) and is of weight k/2.

An equivalent realization of the representation Zy is obtained if one
identifies the subspace Sy with the (k + 1)-dimensional space of homoge-
neous polynomials p (21, z2) of degree k in the two complex variables z; and
22 and sets up a one-to-one correspondence between £ of Sk and p(z1, 22)
in the form

2
p(21,22) = Z EPr PRy . 2, (2.24)
P1y-,Pk=1

The operator D(*) (u) for this new realization in the space of polynomials
Sy is then given by

D™ (u)p (21, 22) =p (2}, 2), (2.250)
where \
7= upez (g=1,2). (2.25b)
p=1

Introducing now a new variable z = 21/ 29, the polynomial p (21, z2) can
then be written as z5p(z), where p(z) is a polynomial in the variable z
of degree not exceeding k. The operators D(*) (u) of the representation zj
are, accordingly, given by

(2.26)

+
D(k) ('U,)p (z) = (ul2z + u22)kp (ullz U21) .

U122 + U2

This equation gives, in particular, the operators A, (¥) = D (ur (3)) when
the matrices u, (¢), Eqs. (2.17), are used. (For the determination of the
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operators A, (1), one needs u, (1)) only for small values of 9. The signs in
Egs. (2.17) are determined by the conditions limu, (¢) = 1 when ¥ — 0;
hence the + sign must be used.)

2.3.2 Matrix Elements of Representations

It follows that every irreducible finite-dimensional representation of the
group SU(2) is uniquely determined by some non-negative integer or half-
integer j = k/2, the weight of the representation. Conversely, for any non-
negative integer or half-integer j, there exists an irreducible representation
of the group SU(2) of weight j. A representation of weight j can be realized
as the spinor representation Zi, where k = 25; and every finite-dimensional
irreducible representation of the group SU(2) is equivalent to one of the
representations Zg.
The functions

f ) = — T (2.27)
(G = m)! (G +m)y*/
where m = —j, —j + 1, ..., 7 then form a canonical basis for the represen-
tation zx in the space Si. Using Eq. (2.26), one finds
j .
D™ (u) fo(2) = Y Din, (u) fm(2), (2.28)

m=—j

where D7 (u) are the matrix elements of the operator D (u) of the ir-
reducible representation of weight j relative to the canonical basis, which
corresponds to an arbitrary rotation g. Its explicit expression is

(G —m)(j +m)!]‘/2
G-n)G+n)

D (1) = (=) |

j-n jt+n —m—a jene
XZ( a )(j—m_a)“'l'l“’wm “uf TG, (2.29)

where a runs from a = max (0, —m, —n) to a = min(j — m,j — n), and

( " ) - (77»_—"%)—'15 (2.30)

In Eq. (2.29) the indices m and n take the values —j,—j + 1, ..., 7 and
7=0,1/2,1,3/2,2, ....
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It will be noted that DJ, . (-u) = (-1)% D3 (u). Thus the represen-
tation is single-valued for integer 7 and double-valued for half-integer j. In
the sequel the matrix u of Eq. (2.15) will be taken with the + sign.

To find the matrix elements (2.29) in terms of the variables ¥, 8§ and ¢
we simply substitute for u,, their expressions as functions of these variables
as given by Eq. (2.15). (One can easily find the expression of D7 in terms
of Euler’s angles.) One obtains

(G —m)!u+m)!]"2

DJ;rm (’¢‘, 0, ¢) = (—1)2j_m—n [ (.7 _n)| (,7 +n)’

m—n m+n
X (z sin % sin 06‘“’) (cos v_ isin k4 cos 9) S(j,m,n;x).

2 2

(2.31)

Here we have used the notation

S (j,m,n;x) =277 (j = n)(j +n)!
(z+1)* (-1
xza!(j—n-—a)!(j-—m—a)!(a+m+n)!’ (2:32)
where z is defined by

z =1—2sin? % sin?4. (2.33)

It will be noted that the function S (j, m,n;z) is equal to the Jacobi
polynomial p2? (z) when s = j— 2 (|m+n|+|m-n]), a=|m-n|,
and f=|m+n|.

2.3.3 Properties of D?  (u)

Finally we discuss the properties of the matrices DY, (u).

One first notices that the matrices D’ (u) are unitary. The correspon-
dence u — D7 (u) is a representation of the group SU(2). Therefore one
has

J
D3, (wrug) = Y DI (w1) D, (us). (2.34)

n'=-j

Furthermore, one has

D7 (ut) = [D? ()] ' = [P ()], (2.35a)
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or
D%, ()" =Dy (u). (2.35b)

Denoting now by « the unitary matrix

e~ /2 0
7= ( 0 ev/2 ), (2.36)

where 9 is a real number. If one applies now the representation formula
(2.26), where p (2) is taken as the basis functions fn, (2) of Eq. (2.27), one
obtains

Dy fm (2) = (=1)7 "™ &Y (7 )j—m =™ fn(2). (2.37)
i VG —m)IG +m)! "

Hence the matrix D7 () is diagonal, and D7, () = e™™¥. Furthermore,
one easily finds that

Dl (yu) = €™DJ,, (u), (2.38q)

D3 (wy) = €™ Dy, (w). (2.380)

We conclude this section by giving the orthogonality relation that the
matrices D7 satisfy:

/DJ":'Im (“) ﬁjnzzznz (u) du = (2j1 + 1)-1 ‘ijja‘smlmz‘smnz' (2-39)

Relations similar to (2.39) are valid for any compact group. See, for exam-
ple, the book of Pontrjagin.

2.4 Differential Operators of Rotations

We are now in a position to find the differential operators corresponding to
infinitesimal rotations about the coordinate axis, namely, the operators A,
Az and As and, consequently, the operators Ly and L3. These operators
are well known in the literature when the Euler angles are employed. We
here derive these operators in terms of the variables 1, 8 and ¢.
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2.4.1 Representation of SO(3) in Space of Functions

Let g — D(g) be an irreducible representation of weight j of the group
SO(3) and let Dy, = DJ,, be its matrix elements. We consider these

elements as functions of the rotation g, Dmpn = Dmn (g). Since g — D(g)
is a representation, one has
D(gq') = D(9)D(¢'). (2.40)

In terms of matrix elements, the last relation is

J
Din (99') = Y Dimg(9) Dgn (9') (241)
q==Jj

where Dy, (gg’) are the matrix elements of the operators D (gg’).
Define now a transformation U such that

U (gl) D, (g) = Dpp (99’) . (242)

Comparing Egs. (2.41) and (2.42) we obtain

J
U(g") Dmn (9) = Y Dan (3") Dimq (9)- (2.43)

q=-J

Furthermore, one can show that

U)U(g")=U(dg"). (2.44)

It thus follows that the transformation U (g’) realizes a representation of
the group SO(3) in the space of 2j + 1 functions of the mth row of the
matrix D (g) [compare Eq. (2.28)], and that the matrix elements of U (g’)
are Dgn (9').

The representation g’ — U (g’) in the space of functions Dpq (9), ¢ =
—j,—3+1, .., 7, is irreducible, and the D,,4 (g) form a canonical basis in
this space. Hence the operators Ly and Lz of this representation satisfy
the relation (2.14), i.e.,

LyiDh, (9) = [ £n+1) G Fn)]"/2 DI, sr (9), (2.450)

L3D},, (9) =nDi., (9). (2.45b)
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2.4.2 The Differential Operators

To find the operators A, we take g’ as the rotation through some angle
« around the axis Oz, and expand the relation (2.42) in powers of a.

Expansion of Dy, (99'), which we denote by Dyp (1}, 5, d;), gives

D (%,6,8) = Dmn (4,6, 9)

8Dy dp  ODpn d6 8D, do

To determine the infinitesimal operators A, we have to determine the func-

tions
dy dé dé
[E:I , [3:] and [:i;] , (2.47)
a=0 a=0 a=0
for each rotation.

Now the 3x3 matrix of the rotation g is a function of the angles v, 6
and ¢ which, by Eq. (2.3), has the form

[ cos sin?fcospsing  sin 6 cos @ cos ¢ \
+sin?fcos? ¢ x (1 — cos9) x (1 — cosy)
x (1 — cos ) —cosfsiny + sin fsin ¢sin ¢
sin®fsinpcos¢p cosyP sin @ cos fsin ¢
x (1 — cos ) +sin? #sin® ¢ X (1 — cos ) . (2.48)
+ cos fsin ¢ X (1 — cos®) —sin #cos ¢siny
sinfcosfcos¢  sinfcosfsing cos
X (1 — cos®) x (1 — cos®) +cos? 8 (1 —cos)

\ —sinfsingsiny +sinf cos¢siny

The matrix of rotation gg’ is given by some angles 1}, 6 and ¢ which depend
on the rotation angle o and which are equal to ¥, # and ¢ when a = 0. It
will also be noted that expansion of the matrix gg’ in a power series in a
gives

) dg | dy dg | db dg | dé .
v g(w’ 9, ¢)+a [w [5] a=0 ¥ 55 l:.J;:I a=0 ¥ % [da] a—O:| i
B - (e

49)



2.4. DIFFERENTIAL OPERATORS OF ROTATIONS 25

To find the infinitesimal operator A; we identify g’ with the rotation
with angle o around Oz, given by

1 0 0
g1(a)=| 0 cosa —sina |. (2.50)
0 sina cosa
Therefore
1 00 0 0 O
gi(e)=1 010 )+a|l 0 0 -1 |+---. (2.51)
0 01 01 o0
As a consequence we obtain for the product of g with g;:
0 g13 —g12
991 =9(%, 0, ¢)+a| 0 gz —goz | +---. (2.52)
0 g3z —ga2

On the other hand, gg; is given by Eq. (2.49) when g, = g’. Comparing
these two expressions for gg;, we obtain equations from which the three
expressions given in (2.47) can be determined for the case of rotation about
Ozx,. We obtain

2sin0005¢sin?- —sinfsin¢ @ + cosfcos ¢ d_0
2 da -0 do -

—cos — (1 — sin®  cos? ¢) [(w:' =0, (2.53a)
2sinesin¢sin1p- sin 6 cos ¢ % + cosfsin ¢ ﬁ
2 do a0 da a0
—cos ¥ (1 —sin20sin2 9) | 22
cos 3 (1 —sin® 8sin® ¢) [da] _
=sinf (cosesinqbsin% — COs ¢ cos %) , (2.53b)

Y [dé ¥ |dP
2cos05m§ ia —0+cos2sm0 o .
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= cos fsin ¢sin % + cos ¢ cos % (2.53c)
(One actually obtains nine equations; only three of them are independent.
Equations (2.53) are obtained by equating the diagonal element of the ma-

trices (2.49) and (2.52).)

2.4.3 Angular Momentum Operators
The solution of Egs. (2.53) can easily be shown to be

[ﬁ:l = cos ¢sinb, (2.54a)
da w0

db 1/, ¥

I:E} 3 =3 (smqb + cos 5 Cos 0 cos ¢) , (2.54b)
dé 1 ¥
[EE] . = icosece (cos 6 cos ¢ — cot 5 sin ¢> . (2.54c¢)

Using Egs. (2.54) in Eq. (2.46), we find the operator A; corresponding to
the rotation around Oz;:

1{. P 7]
Al—cos¢3m9%+ (81n¢+cot§c080008¢>5§

1 ¥ i)
+§cosec9 (cos 6 cos ¢ — cot — sm ¢> % (2.55a)

The operators A2 and Aj are found in a similar way:

. .. 0 1 Y . 7]
Ay = sm¢sm0% —5 (cosd: — cot -2—c05951n¢> 2

+lcosec0 cos @sin ¢ + cot f cos ¢ (2.55b)
2 6¢
A3 = cos 0 lcot 2 sin 9i - -{-)- (2.55¢)

a9 225 T 5g

Using the last three equations in Eq. (2.12) one obtains for the operators
Ly, L_ and Lj3:

; o 1/(_. P 3]
— je¥i? |sinf—o 4 =
Li=ie [smﬁ5 +2(q:z+cot20089) 69]
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i | 1 AN

+igp | 2 ) —

+ie [zcosecﬁ (coso + 4 cot 2) an , (2.56a)
) 8 1 v . 8 8

Ly=i (cos l9—E -3 cot 3 sin 055 - 5‘;) . (2.56b)

The operators derived above were expressed in terms of the angle of
rotation 9 and the spherical angles of direction of rotation 8 and ¢. One
can use, however, the Euler angles and obtain the standard expressions of
angular momentum operators given in the books of Naimark and Wigner.

In the following the Lorentz group is introduced along with its infinitesi-
mal matrices and basic infinitesimal operators. The commutation relations
that these matrices and operators satisfy are also given. This is the in-
finitesimal approach to finding the representation of the Lorentz group.
Each representation is shown to be completely determined by a pair of
numbers.

2.5 Infinite-Dimensional Representations

In this section a brief review of the theory of infinite-dimensional repre-
sentations is given. For more details the reader is referred to the books of
Naimark and of Gelfand et al.

2.5.1 Banach Space

A linear space is called Euclidean if in it a function (z,y), called the scalar
product of x and y, is defined and satisfies the following:

(1) (z,x) >0, (x,z) =0if and only if z = 0;

2) (v,2) = (=, 9);

(3) (az,9) = a(z, v);

(4) (.'l'l + $2)y) = (zlry) + (Iz, y)y

for any number a.

Normed Space

A linear space R is said to be normed if a function, denoted by | z |, is
defined in it, which satisfies:

(1) |z|=0, |z |=0if and only if z = 0;

(2) | @z |=| a || = | for any number « and any z € R;

@) lz+y|<|z|+]|y] forany r,y€ R.

Such a function | z | is called a norm.
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An example of a normed space is the aggregate C of all complex numbers
z. The norm of a complex number is taken as its modulus. Another
example is provided by the aggregate of all sequences z = {£, &, ...} of
complex numbers &, &, ... for which the series | & |2 + | & |2 +---
converges. The operations in the space are defined as oz = {a&), o, ...}
and z+y = {& +m, & +m2, ...} for z = {€,6, ...} and y = {m, 72, ...}.
The norm is defined as | z |= {| & |2+ | & |2 +---}l/2. This space is
sometimes denoted by 2.

Let R be a Euclidean space, not necessarily finite-dimensional. Then,
in R, a norm can be defined by

|z |=V(z, ). (2.57)

The axioms for a norm will be satisfied; in fact, the first two axioms are
trivially satisfied. To prove the triangle inequality one needs

| (z,9) 1|zl y], (2.58)

which is the well-known Cauchy-Buniakovsky inequality. From the above
inequality one has

lz+yP=(z+y,z+y) = (z,2) + (z,9) + (z.9) + (%, %)

SlelP+2lzllyl+lyP=(=z|+1y )’ (2.59)

and consequently
lz+y|<lz|+]|y]. (2.60)

A sequence of elements ,, of a normed space R is called convergent in
norm to the element z of R if | £ — z, |- 0 as n — co. A sequence z,
of R is called fundamental if it satisfies the Cauchy condition (i.e. if for
every € > 0 there exists a number N = N (€) such that | z,, — z,, |< € for
n,m > N.) A space R is called complete if every fundamental sequence in
R converges in norm to some element z of R. A complete normed space is
called a Banach space.

Examples of complete normed spaces are the space C of all complex
numbers and the space {2, both mentioned above. An example of a non-
complete normed space is the set of all sequences z = {£;,&s, - -} in which
only a finite number of &, is non-zero, all other operations of the space are
the same as those of the space 2.

Let S be an arbitrary set in a Banach space R. The set S obtained from
S by adding to it all the limits in norm of sequences of elements z,, of S is
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called the closure of the set S. A set S is called densein Rif S = R. A set
S is called closed if S = S. A closed subspace of a Banach space is itself a
Banach space.

A series x| + =3 + - - - of elements z,, of R is called convergent and the
element = of R is called the sum of the series if z) + zo + -+ -+, = =
as n — oo in the sense of the norm in R. A series z, + 9 + - - - is called
absolutely convergent if the series | £, | + | z2 | +--- of real numbers is
convergent. In a Banach space every absolutely convergent series converges.
This follows from the inequality

| Zntr+ + Tngp S| Tnsr |+ + | Tnap | (2.61)

and the fact that the space is complete.

2.5.2 Hilbert Space

A Euclidean space R, complete with respect to the norm | z |= /(z, z), is
called a Hilbert space.

Examples of Hilbert Spaces

The space [? discussed in Subsection 2.5.1 is a Hilbert space if the scalar

product is defined by (z,y) = ¥ &7k for & = {€1, €2, -} and y = {n1, ma, - }.
Another example of a Hilbert space is the aggregate of all functions f (:c)

measurable in a fixed interval (a,b) and satisfying the conditions f
f(z) |> dr < oo, if the operations of addition and multiplication by a
number are defined in the usual way, and the scalar product is defined by

b
(1, f2) = / £ (@) T (=) d.

This Hilbert space is sometimes denoted by L? (a,b). In the same way the
Hilbert space L2(SU(2)) is defined as the aggregate of all functions f (u)
satisfying [ | f (u) |? du < oo, where the scalar product is defined by

(f1, f2) = /f1 (u) fa (u) du.

A linear functional f(z) in a linear space R is a numerical function
satisfying f(az) = af (z) and f(z+y) = f(z) + f(y) for any number
a and = and y of R. A linear functional in a normed space R is called
bounded if there exists a constant ¢ > 0 such that | f(z) [< ¢ | = | for all
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z of R. The smallest number ¢ > 0 satisfying this condition is called the
norm of the functional and is denoted by | f |. Thus | f(z) |<| f |l z |.
The bounded linear functionals in R form a normed linear space where
the sum and product are defined by (f1+ f2) (z) = fi(z) + f2(z) and
(af) () = @f (). This space is called the conjugate to the space R. It is
a complete space.

In a Hilbert space R every bounded linear functional f (z) is represented
in the form f (z) = (z,y), where y belongs to R and | f |=| v |. Hence the
space R’, conjugate to a Hilbert space R, may be identified with R itself,
R' =R

Two Hilbert spaces R; and Rs are called isometric if there exists a
linear operator U mapping R; onto R, and preserving the scalar product,
(Uz,Uy) = (z,y) for all z, y of Ry. The operator U itself is then called
isometric and it satisfies | Uz |=| z | for all z of R;.

2.5.3 Operators in a Banach Space

A linear operator A in a Banach space R is called bounded if there exists a
constant ¢ > 0 such that | Az |< ¢ | z | for all £ of R. The smallest number
¢ satisfying this condition is called the norm of the bounded operator A
and is denoted by | A |. Hence | Az |[<| A ||z |. If A and B are bounded
operators, then also the operators A, A + B, and BA are bounded and
satisfy

laA|=|a||Al; |A+BI<|A|+]B]; |ABI<|A|IB]. (2:62)

It then follows that every bounded linear operator A is continuous. Fur-
thermore, if two bounded operators A and B coincide on a set .S which is
dense in a space R, then they coincide on the whole of R.

2.5.4 General Definition of a Representation

A mapping ¢ — D(g) of a group G on a Banach space R is called a
representation if to every element g of G there corresponds a bounded linear
operator D (g) in R such that D(e) = 1 and D (g1g2) = D(g1) D (g2). A
representation g — D (g) in a Banach space R is called irreducible if R
contains no closed subspace (other than the null one and R itself) which is
invariant with respect to all operators D (g). This definition coincides with
that of irreducibility for the finite-dimensional one. This is so since every
finite-dimensional subspace is closed.
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Let a linear space be denoted by R and let its conjugate space be denoted
by R’. Then for every element = of R there exists a functional f of R’ such
that f(z) =| = | and | f |= 1. Hence if f(z) = 0 for all f of R’ then
z = 0. Furthermore, if M is a closed subspace of a Banach space R and zg
is a vector in R not belonging to M, then there exists a functional f of R’
satisfying f (zo) # 0, and f (z) =0 for all z of M.

Since the conjugate space R’ is a normed space, one can therefore con-
sider the linear bounded functional F (f) in it. Such functionals are ob-
tained, for example, if we put F; (f) = f (z) for a fixed element z of R since
F; (f) is a bounded linear functional in R’. A space R is called reflexive if
the functionals F; (f), for all z of R, exhaust all the bounded linear func-
tionals in R’. In other words if every bounded linear functional F (f) in R’
is given by F (f) = f (z) for some z of R. (Throughout our discussion we
consider only representations in reflexive Banach spaces.)

2.5.5 Continuous Representations

Let z (t) =z (t;,¢tq,-- -, tm) be a vector function of a point t = (¢y,-+-,tm)
in an m-dimensional space with values in R. A vector function z (t) is called
continuous in a set D in m-dimensional space if for every functional f of
the conjugate space R’ the numerical function f [z (¢)] is continuous in D.
A bounded linear operator function A (t) in R is called continuous in D if
for every z of R and f of R’ the numerical function f (a (t) z) is continuous
in D. For example if G is a group of matrices, then it may be regarded as
a subset of m-dimensional space for a sufficiently large m. Hence one may
speak of a vector-function x (g) or an operator function A (g) as continuous
in the group G.

A representation ¢ — D(g) of a group of matrices is called continu-
ous if D (g) is a continuous operator function. [Throughout the text the
term representation stands for continuous representation (unless otherwise
stated)]. It then follows that if z (t) and A (t) are vector and operator func-
tions, respectively, which are continuous in a closed bounded set D, then
the numerical functions | z (t) | and | A (t) | are bounded in that set.

2.5.6 Unitary Representations

The concept of a unitary representation in finite-dimensional spaces dis-
cussed in Subsection 2.1.3 can be generalized to infinite dimensions as fol-
lows.

Let U be an isometric operator mapping R onto itself, then U is called a
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unitary operator in R. A representation g — D (g) of a group G in a space
R is called unitary if R is a Hilbert space and D (g) is a unitary operator
for all g of G. A representation g — D (g) in a Hilbert space R is unitary if

(D(g9)z, D(9)y) = (z,9) (2.63)

for all g of G and z, y of R.

Now let A be a bounded operator in a Hilbert space R. An operator At
is called adjoint to A if (Az,y) = (z, Aly) for all z, y of R. One can show
that At = A, (aA)! = aAl, (A+B)' = At + Bt, (AB)! = BtA!, and
| At |=| A|. An operator U is unitary if and only if UtU = UUt = 1. The
operator A™! is called inverse to A if AA~! = A=A = 1. Hence a unitary
operator satisfies Ut = U~!. An operator A is called Hermitian if At = A.
A Hermitian operator P is called a projection operator if P2 = P.

Finally, let R), R, --- be closed, mutually orthogonal, subspaces of a
Hilbert space R. The aggregate of all sums £ = z, 4+ z3 + - -- of con-
vergent series of elements z), € R is called the orthogonal sum of the
Hilbert spaces R}, Ry, --, and is denoted by Ry @ R ---. It follows
that Ry @P R, P is a closed subspace of R. If E, is a projection op-
erator in R onto Ry R2P - --@P Rn, then Epz =z, + - - - + z,, for any
vector £ = x) + 9 + - - - of R, where z, € Ry.

The bounded linear operator A in a space R is called the orthogo-
nal sum of the operators Aj in Ri, denoted by A; P AP+, if R =
Ri@PRP---and Az = Ayz, + Asxy + -+, where z = z) + 29 + -+ -.
A unitary representation ¢ — D (g) of a group G in a Hilbert space R is
called the orthogonal sum of the representations g — D®*) (g) in the closed
subspaces Ry if D (g) = D (g) + D (g) + - - - for all g of G.

In the next chapter the Lorentz group and the group SL(2,C) are dis-
cussed in details.
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Chapter 3

The Lorentz and SL(2,C)
Groups

In this chapter the elements of the theory of special relativity are given
and the relationship between the Lorentz group and the group SL(2,C)
is discussed extensively. We first discuss the Lorentz group. The group
SL(2,C), the aggregate of all 2x 2 complex matrices with determinant unity,
is consequently introduced. It is shown that SL(2,C) is homomorphic to
the homogeneous, orthochronous, Lorentz group. A direct correspondence
between elements of the matrices of the two groups is given explicitly. The
representations of these groups are gjven in the next chapter.

3.1 Elements of Special Relativity

In this section the fundamentals of Einstein’s special relativity theory are
given. It is within this theory that the Lorentz group originates.

3.1.1 Postulates of Special Relativity

In the following we give the basic principles of the special theory of relativ-
ity. These principles are needed to describe the electromagnetic field and
other physical phenomena, and they constitute their spacetime symmetry
background.

The special theory of relativity was developed by Einstein in 1905 in or-
der to overcome and correct certain basic concepts that were in use at that

35
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time, such as asymmetries in relative motion of bodies. Examples of rela-
tive motion in electrodynamics, and the unsuccessful attempt to detect the
motion of the Earth by the experiment of Michelson and Morley, suggested
that the phenomena of electrodynamics and mechanics do not depend on
the Newtonian notion of absolute rest. Rather, the laws of electrodynam-
ics should be valid in all frames of references in which the equations of
mechanics are valid.

Einstein raised the above observation to the status of a postulate and
called it the principle of relativity. He also introduced another postulate
(which is only apparently inconsistent with the former one) according to
which light always propagates in empty space with a constant velocity c
which is independent of the motion of the emitting body and the measuring
instrument.

The above two postulates were shown by Einstein to be enough for the
development of a consistent theory of electrodynamics of moving charges
which is based on Maxwell’s original theory that was assumed to be valid in
stationary systems only. The theory did not require an “absolute stationary
space.” ‘

To describe the electromagnetic field, or any other classical field, one
needs a system of coordinates in terms of which the fields are described.
Such a coordinate system will include three spatial coordinates to which
we add the time coordinate. The three spatial coordinates will be denoted
by z¥, where lower case Latin indices ¥ = 1,2, 3, and the time coordinate
by z° = ct, where c is the speed of light in vacuum. The four coordinates
will collectively be denoted by z*, where Greek indices take the values
a=0,1,2,3.

Inertial Coordinate System

A system of coordinates in which the law of inertia holds is called an inertial
coordinate system. Hence Newton’s laws of mechanics are valid only in
inertial coordinate systems.

If K is an inertial coordinate system, then every other coordinate system
K’ is also an inertial system if it is in uniform motion with respect to K.
Hence if, relative to K, K’ is a uniformly moving coordinate system then the
physical laws can be expressed with respect to K’ exactly as with respect
to K.

One of the most important physical consequences of the special relativity
theory is the existence of a maximum signal speed in nature, which coincides
with the velocity of light in empty space. It is therefore natural to define
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the same time at separate points by means of light signals. This then raises
the problem of defining simultaneity.

Simultaneity

The definition of simultaneity is made as follows. If light requires the same
time to pass across a path A — M as for a path B — M, where M is the
middle of the distance AB, then we say that the light signals at A and B
started simultaneously if the observer at M sees the two light signals at the
same time.

Will the two events, which occur simultaneously in one system, also be
simultaneous in another system moving with a velocity v with respect to
the first one? The answer is negative; events which are simultaneous in one
coordinate system are not necessarily simultaneous in others. It follows
that every inertial system has its own particular time.

3.1.2 The Galilean Transformation

As was mentioned above, inertial coordinate systems are those which are
in uniform, rectilinear, translational motions with respect to each other.
Accordingly, inertial systems of coordinates differ from each other by or-
thogonal rotations, accompanied by translations of the origins of the sys-
tems, and by motion with uniform velocities. One can, furthermore, add
the translation of the time coordinate thus enabling an arbitrary choice of
the origin of time ¢t = 0.

Counting the number of parameters which each system of coordinates
has with respect to any other, we find that there are ten.

A transformation between inertial coordinate systems which has ten pa-
rameters, as described above, is called a Galilean transformation. The ag-
gregate of all Galilean transformations provides a group, called the Galilean
group, which has ten parameters.

One can choose two inertial systems of coordinates so that their corre-
sponding axes are parallel and coincide at t = 0. If v is the velocity of one
inertial coordinate system with respect to the other, the Galilean transfor-
mation can then be reduced into a simple transformation as follows:

T =1 — vgt, (3.1a)
y/ =Y - ‘Uyt, (3.lb)

Z =z —v,t, (3.1¢)
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where vz, v, and v, are the components of the velocity v along the r axis,
y axis, and z axis, respectively. Of course the Newtonian laws of classical
mechanics are invariant under the full ten-parameter Galilean group of
trasnformations, and we have what can be called a Galilean invariance.

3.1.3 The Lorentz Transformation

According to the Galilean transformation which relates the spatial coordi-
nates and the time between inertial systems in prerelativity, the postulates
of the constancy of the speed of light and of the principle of relativity (which
applies, in particular, to the propagation of light and hence its constant ve-
locity is independent of the choice of the inertial system) are mutually
incompatible, even though both are experimentally valid.

The special theory of relativity resolves this impasse as follows.

The above two postulates will be compatible with each other if a new
transformation relating the spatial coordinates and times of different iner-
tial systems replaces the Galilean transformation. The new transformation,
of course, follows to be the Lorentz transformation. This, subsequently, re-
quires certain behavior of the moving measuring rods and clocks.

The principle of relativity may, thus, alternatively be restated as fol-
lows: The laws of physics should be covariant (or invariant) under the
Lorentz transformations relating different inertial coordinate systems. This
Lorentz invariance is in accordance with the Michelson-Morley null experi-
ment which showed that on the moving Earth light spreads with the same
speeds in all directions.

Consequently, the behavior of light is not incompatible with the princi-
ple of relativity. The incompatibility is only apparent.

3.1.4 Derivation of the Lorentz Transformation

We now derive the Lorentz transformation connecting the two coordinate
systems K and K’ when they have the same orientations and their origins
coincide at t = 0, but K’ moves along the coordinate z with a velocity v.

The directions perpendicular to the motion are obviously left unaffected
by the transformation. Hence

t?=z% 8 =23 (3.2)
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and only the z° and z! coordinates require changes when transforming from
one system to the other. One will therefore have the form

A% A% o0 O
Ay A, 0 0

A=1"% 0 10 (3.3)
0 0 01

for the matrix of the Lorentz transformation in our particular case.
The “orthogonality” condition of the Lorentz transformation yields

ncpA® aAP g = nas, (3.4)

where the indices A, B, C, D=0, 1, and oo = —m1 =1, o1 =710 = 0.
The above formula gives three relations connecting the four elements of the
matrix (3.3):

(A%)* = (A%)* = 1,

(A%)? = (AY)? = -1, (3.5)
A%A°, — AlGAL, = 0.

The solution of these equations can therefore be determined up to an
arbitrary parameter. One then finds that

A% = cosh, A%, =sinhy,

Aly =sinh¢, A} = cosh . (3.6)

is such an appropriate solution. With these values for the four elements,

we obtain
coshy sinhy 0 O

sinhy coshy 0 O
0 0 10
0 0 01

for the matrix (3.3) of the Lorentz transformation.

The parameter 1 is related to the relative velocity v between the two
inertial coordinate systems K and K’. The relationship between them is
found by determining the motion of the origin of the coordinate system K
as seen from K’, for instance. This motion is determined by putting z! = 0
in the Lorentz transformation, and using Eq. (3.7). This gives

z'0 = 20 cosh v,
z'! = z%sinh 4.

A= (3.7)

(3.8)
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We therefore obtain

Ill 1 IL'I
F = 27 = —ﬂ = tanh ’l/), ) (3.9)
where the parameter 3 is defined by
v
=- (3.10)

Accordingly we obtain from Eq. (3.9)

1
coshp = ——=—=, (3.11a)
V1-p?
sinhyp = —2 . (3.11b)
V1-p2
Using these results in Eq. (3.7) then yields
1 =B
00
V1 }162 V1-p2
- 1
A= 0 0 3.12
i-B P 12
0 0 0
0 0 01
for the matrix of the Lorentz transformation. We also obtain
1 B
V4 lﬁ— B V1 T B2
A_l = (313)
V-8 J1-p2
0 0 0
0 0 01

for the inverse matrix describing the inverse Lorentz transformation.
The Lorentz transformation along the = axis is therefore given by

ct — Bz

= 3.
ct ok (3.14a)
o= EZP (3.148)

JiF
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Y=y ==z (8.14¢)
We also obtain , ,
N (3.15a)
V1i-32
/ I
= f__i'_éc_t_’ (3.15b)
V1-p2
y=vy, z2=172. (8.15¢)

for the inverse transformation from the coordinates z’# back to z#.

Equations (3.15) show that the inverse transformation differs from Egs.
(3.14) only by a change in the sign of v. This result is obvious since the
coordinate system K is moving relative to the system K’ with the velocity
—v.

A Lorentz transformation involving the time coordinate z° and one or
more spatial coordinates z*, such as that derived above, is often called
a boost. A Lorentz transformation which keeps the time coordinate un-
changed is, of course, just an ordinary three-dimensional rotation of the
spatial coordinates.

3.1.5 The Cosmological Transformation
Universe Expansion versus Light Propagation

The Lorentz transformation has an analog in cosmology. (For full details
see Carmeli’s book appearing in the References at the end of this chapter.)
Under the assumption that gravitation is negligible and thus Hubble’s con-
stant is constant in cosmic time, there is an analogy between the propaga-
tion of light, z = ct, and the expansion of the Universe, z = Tv, where 7 is
Hubble’s time, a constant which is also the age of the Universe under the
above assumption, and c is the speed of light in vacuum.

Thus one can express the expansion of the Universe, assuming that it is
homogeneous and isotropic, in terms of the null vector (v, z, y, z) satisfying

% — (22 + 4%+ 2%) =0, (3.16)

where v is the receding velocity of the galaxies. Equation (3.16), in the 4-
dimensional flat space of the Cartesian 3-space and the velocity, is similar
to

At - (22 +4* 4+ z2) =0, (8.17)
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describing the null propagation of light in Minkowskian spacetime. We
assume, furthermore, that a relationship of the form (3.16) is valid at all
cosmic times, just as the assumption that (3.17) holds in all inertial systems
moving at any speed.

Accordingly, at a cosmic time ¢’ at which the coordinates and velocity
are labeled with primes, we have

%2 — (2 + 4% + 22) =0, (3.18)

with the same 7, just as for light emitted from a source with velocity v with
respect to the first one,

A — (22 + 42+ 2'2) = 0. (3.19)

As a result, we have a 4-dimensional space with zero curvature of v, z, y,
z just as the Minkowskian spacetime of ¢, z, ¥, z.
We now assume that at two cosmic times ¢ and ¢’ we have

722 _ (212 +y/2 + zl2) = 722 (12 +y2 +22) , (3.20)
in analogy to the special relativistic formula
2’2 (2/2 +y/2 + z/2) . (1_2 + y2 + 22) . (3.21)

The question is then what is the transformation between v’, =/, ¢/, 2/
and v, z, y, z that satisfies the invariance formula (3.20).

The transformation can be derived like deriving the Lorentz transfor-
mation by writing, in the two-dimensional case,

2% — 2% = %2 — 12 (3.22)
whose solution is
v’ = Tvcosh ¢ — zsinh 1,
z’ = z cosh ¢ — Tusinh . (3.23)
At =’ = 0 we obtain ,
T
_z_t 3.24
tanhy = (3.24)
and therefore
t
sinhy = —LT (3.250)
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coshy = = (3.25b)
-2
which lead to the transformation

—zt/T2
o = % (3.26a)

Vi-=

, T —tv

-0

¥=y, 2=z (3.26¢)

The cosmic time appearing in the transformations (3.26) is measured back-
ward with respect to us. Thus the present time is zero, and that at the big
bang is 7.

The transformation (3.26) is called the cosmological transformation and
it relates physical quantities at different cosmic times. It is in complete
analogy to the Lorentz transformation which relates physical quantities at
different velocities.

Interpretation of the Cosmological Transformation

Equations (3.26) give the transformed values of z and v as measured in the
system K’ with a relative cosmic time ¢ with respect to K. The roles of the
time and the velocity are ezchanged as compared to special relativity. This
fits our needs in cosmology where one measures distances and velocities
at different cosmic times in the past. The parameter t/7 replaces v/c of
special relativity.

It should be emphasized that the transformation (3.26) is not a trivial
exchange of v/c, appearing in the Lorentz transformation, and t/T here.
For example, the redshift 2 = v/c at low velocities, but is certainly not
equal to t/7 for small ¢/7.

The Galaxy Cone

The invariant equation (16), describing the distribution of galaxies in the
Universe at any cosmic time, has a very simple geometrical interpretation.
It enables one to present the locations of galaxies as a cone in the dual space
of distance and velocity. One then has a galazy cone, similar to the familiar
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light cone in special relativity. The symmetry axis of the cone coincides
with the z° axis which extends from —7c to +c.

3.2 The Lorentz Group

Consider two inertial coordinate systems K and K’ whose origins coincide
at time ¢ = 0, and the events with respect to which are denoted by ¢, z, y,
zand t/, ', o, 2/, respectively. A light pulse emitted from the origin of K
will be spread spherically with the speed c, according to the equation

z? + % + 2% = 42 (3.27)

Invariance of the speed of light tells us that an observer in K’ will also see
the light propagating from his origin spherically according to the equation

z? + 2 + 2% = A% (3.28)
From Egs. (3.27) and (3.28) one then obtains
At? — (22 + 2+ 2%) =22 — (22 + 92 + 22), (3.29)
or
nuuzlﬂzw = Nuz’z, (3.30)
where z* and z'# are defined by
¢ =(ct, T, 9, 2), = (ct', =, ¢, 2'), (3.31)

and the symbol 7, (and later on n*¥) is the flat-space metric, given by the
matrix

41 0 0 0
0 -1 0 0
=1 0 0o -1 o0 (3.32)

0 0 0 -1

In the above equations, and throughout the following, repeated indices
indicate the use of the summation convention.
We will seek a linear transformation of the form

'* = A*,z¥ (3.33)

between the times and spatial coordinates of the two inertial systems K
and K’. Using matrix notation, Egs. (3.30) and (3.33) can then be written
in the form

z''nz’ = zinz (3.34)
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and
z’ = Arz, (3.35)
respectively. Here z and z’ are the one-column matrices
z° z'°
1 "
z T
I = Z2 y I/ = z,z , (336)
xa z'3

z* and z'* are the transposed matrices to the matrices z and z’, respectively,
and A is the 4 x 4 matrix whose elements are A*,.
Using now Eq. (3.35) in Eq. (3.34) then gives

z'AlnAz = z'nz, (3.37)
from which we obtain the condition
A'pA =1q (3.38)

that the 4 x4 matrix A of the transformation has to satisfy. The transforma-
tion (3.33) is the Lorentz transformation. Equation (3.38) is a generalization
of the familiar relation

R'IR =1, (3.39)

which the 3 x 3 orthogonal matrix R, describing ordinary rotations of
the spatial coordinates alone, satisfies. The essential difference between
the two cases is in the replacement of the unit matrix I in the ordinary
three-dimensional rotations by the matrix 7 in the four-dimensional Lorentz
transformations.

Equation (3.38) shows that

(detA)® =1, (3.40)

and accordingly the determinant of every Lorentz transformation A is equal
to either +1,
detA = +1, (3.41)

in which case the transformation is called proper, or to —1,
detA = -1, (3.42)

where the transformation is called improper. This is similar to the case of
the rotation group discussed in the previous chapter.
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3.2.1 Orthochronous Lorentz Transformation

From Eq. (3.12), when written with indices, one finds
Nuw oA g = Nap, (3.43)
and taking o = 3 = 0, one obtains
(0%)% = (A%)® - (A%)% = (A3%)* = 1. (3.44)
Therefore (A00)2 > 1, and consequently we have either
A% > +1, (3.45)
in which case the transformation is called orthochronous, or
A% < 1. (3.46)

The aggregate of all orthochronous Lorentz transformations provides a sub-
group of the Lorentz group. The aggregate of all proper, orthochronous,
Lorentz transformations also provides a group which is a subgroup of the
Lorentz group.

In the following we will be concerned with the group of all proper,
orthochronous, Lorentz transformations. This group will be denoted by L.

3.2.2 Subgroups of the Lorentz Group

To conclude this section we give a brief discussion of the groups which can
be obtained from the Lorentz transformations.

The Lorentz transformations form a group called the (homogeneous)
Lorentz group. It is a subgroup of the inhomogeneous Lorentz group, also
known as the Poincaré group. The latter group is formed from the inho-
mogeneous Lorentz transformations

z'* = A%z + zf), (3.47)

where z{ describes translations.

The Lorentz group possesses four disconnected parts which arise as fol-
lows.

(1) LL: detA = +1, A% > +1. This part contains the identity element
of the group. The aggregate of all proper, orthochronous, Lorentz trsans-
formations provides a group, which is a subgroup of the Lorentz group. It
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is called the proper, orthochronous, Lorentz group.
(2) L': detA = —1, A% > +1. This part contains a space inversion
element S which describes a reflection relative to the three spatial axes:

xzo = mo
= —z!,
Te_ o2 (3.48)
8 = —13,
(3) L*: detA = —1, A% < —1. This part contains a time reversal element
T which describes a reflection relative to the time axis:
0 = _z0
=gl
Z e o (3.49)
" = :1:31

(4)’Ll+: detA = +1, A% < —1. This part contains the element ST.

As was mentioned before, from the above four parts of the Lorentz group
one obtaines the subgroup LT = L} |J L (the union of L] and L!), called
the orthochronous Lorentz group. Likewise, the subgroup L = LL U Lt ,
called the proper Lorentz group, is obtained.

Finally, we notice that every improper Lorentz transformation can be

written in the form
A =SA,, (3.50)

where S is a space-inversion element and A, is a proper Lorentz transfor-
mation.

3.3 The Infinitesimal Approach

3.3.1 Infinitesimal Lorentz Matrices

Rotations a; (¢), a2 (¥), a3 (¢) and Lorentz transformations (boosts) by (1),
bz (¢), bs (¥), around and along Oz, Oz, Ozs can then be written explic-
itly. These matrices are given by

0 0

0 0
cosy —siny
siny cosy

a1 (4) = , (3.51a)

(e N e NN J
[=Nel e}
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(1 0 0 O

0 cosyp O siny

0 0 1 0

0 —siny 0 cosy /

1 0 0 0
| 0 cosyp —siny O
B =10 siny cosyp 0 |’
0 O 0o 1)
\

az (¥) = , (3.51b)

(8.51¢)

and
coshy sinhy

sinh cosh
b ("p) = 0 v 0 ¢

0 0
cosh ¢ sinh ¢
0 0
b2 (¥) = sinh ¢ cosh 9
0 0

0

1

0

0 /
coshy O sinh ¢ \

1

0

0

, (3.52a)

[N N eNe)
-~ O OO

—

, (3.52b)

- O O O

bW =| g ;

sinh

(3.52¢)

[N e Nl

0
coshy /

Infinitesimal Matrices

As in the case of the rotation group, the infinitesimal matrices a, and b, of
the group L are defined by

_ da, (¥) — [dbr (’lﬁ)]
ar = [———dd) ]¢=0 , by 3 o’ (3.53)
The a, and b, are related to a, (¥) and b, (¢) by
ar (¥) = exp (Ya,), by (¥) = exp (¥b,), (3.54)

and are given by

(3.55a)

ay =

[e=NeNeNe)
[=NeNeNe)
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0 0 0 0)
0 0 01
0.2::0000, (355b)
0-100)
00 0 0)
00 -10
a3=0100, (3.550)
00 0 O
and
(0100\
1000
=900 0| (3.56a)
\0 0 0 0
(0010
0000
2=| 100 0| (3.56b)
000 0)
(0001
0000
=000 0| (3.56¢)
\1 00 0/

One can easily see that these matrices satisfy the commutation relations

[ai, a;] = €ijka, (3.57a)
(b, bj] = ~—e€ijkax, (3.57b)
[ai, bj] = €:ijkbk. (3.57¢)

Here €;,x is the usual Levi-Civita symbol defined by €;23 = 1.

3.3.2 Infinitesimal Operators

We denote an arbitrary linear representation of the group L in an infinite-
dimensional space B (see Chapter 2) by g — D (g) and for convenience we
denote

Ar(¥) = D(ar (¥)), Br (%) = D (b (¥)). (3.58)
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A, (¥) and B, (¢) are continuous functions of ¥ and are called basic one-
parameter groups of operators for the given representation. They satisfy
the relations (no summation on r)

Ar (Y1) Ar (¥2) = Ar (Y1 + ¥2), (3.59a)
B, (1) Br (¥2) = Br (%1 + 92) - (3.59b)
A (0)=1, B, (0) = 1. (3.59¢)

If the representation is finite-dimensional then the operators A, (¢) and
B, (¢) are differentiable functions of . If the representation is infinite-
dimensional, however, these operators might be non-differentiable.

Basic Infinitesimal Operators

The basic infinitesimal operators of the one-parameter groups A (3) and
By () are then defined by

A [dA, (w)]w, B - [dBr (¢)}¢=0’ (5.60)

dy dy

if the representation is finite-dimensional. A, (¢) and B, (¢) might then
be expanded in terms of A, and B, as

Ay (¥) = exp (¥A,), Br(4) = exp (¥B;). (3.61)

If the representation ¢ — D(g) is infinite-dimensional, however, the op-
erator functions A, (¢) and B, (¥) might be non-differentiable, but there
may still exist a vector = for which A, () z and B, () = are differentiable
vector-functions.

In general, let A (¢) be a continuous one-parameter group of operators in
a Banach space R (see Chapter 2), and denote by X (A) the set of all vectors
z € R for which the limit of (A (¢t) z — z) /t, when t — 0, exists in the sense
of the norm in R. Obviously the set X (A) contains the vector z = 0.
Define now the operator A for all z € X (A) by Az = lim[(A(t)z — z) /t]
at the limit ¢t — 0. The domain of definition, X (A), of the operator A is a
subspace of R, and A is linear, i.e.,

A(Mzy + A2z2) = A\ Az + A Azy for 21,29 € X (A) . (3.62)

Such an operator A is called the infinitesimal operator of the one-parameter
group A(t). If A(t) = D (a(t)) is the group of operators of the represen-
tation g — D (g), corresponding to a one-parameter subgroup a(t) of the
group L, the corresponding operator A is then called the infinitesimal op-
erator of the representation g — D(g).
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3.3.3 Determination of the Representation by its In-
finitesimal Operators

A representation ¢ — D (g) of the group L is completely determined by
its infinitesimal operators A; and B;, i = 1,2, 3. The determination of the
irreducible representations of the group L is based on the fact that the basic
infinitesimal operators of a representation satisfy the same commutation
relations that exist among the infinitesimal matrices a, and b,, namely:

[4s, A)] = €k Ak, (3.63a)
[Bi, Bj] = —¢€ijk Ak, (3.63b)
[Ai, B,] = Ei]kBk’ (3630)
Defining now the new infinitesimal operators

L:F = iA] :EAg, L3 = iAg, (3.64a)
Fy =iBy £+ B;, F3 =1iBs, (3.64b)

one then finds that they satisfy the following commutation relations:
[L:F, L3] = :!‘:L:F, [L+, L_] = 2L3, (3.65a)
Fs, Fa] = ¥Lz, [Fy, F-] = —2Ls, (3.65b)
[Ly, F'i] =0, [La, F3] =0, (3.65¢)
(Ls, F3] = FFy, [Fy, L3] = FFy, (3.65d)
[Ly, Fy] = £2F;3. (3.65¢)

The problem of determining a representation then reduces to the deter-
mination of Ly, L3, Fy, F; satisfying the conditions (3.65).

Now, since the three-dimensional pure rotation group SO(3) is a sub-
group of the proper, orthochronous Lorentz group L, obviously every rep-
resentation of the group L is also a representation of the group SO(3). In
fact, any infinite-dimensional representation of the group L, when regarded
as a representation of the group SO(3), is highly reducible; it is equivalent
to a direct sum of an infinite number of irreducible representations. The
space of representation R of any irreducible representation of the group L
is, therefore, a closed direct sum of subspaces M7, where M7 is the (25 + 1)-
dimensional space in which the irreducible representation of weight j of the
group SO(3) is realized.
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Following the standard convention, one chooses the 25 + 1 normalized
eigenvectors of the operator L3 as the canonical basis for the subspace M7.
Let these base vectors be denoted as fJ,, where m = —j, —j + 1, ..., 4, the
superscript j indicates the subspace to which fJ, belongs, and the subscript
is the eigenvalue of the operator L3. The superscript in fJ, specifies the sub-
space uniquely since each irreducible representation of SO(3) is contained
at most once in any given irreducible representation of the group L.

3.3.4 Conclusions

A detailed investigation of the commutation relations (3.65) in terms of the
canonical basis fJ, then leads to the following conclusions:

(a) Each irreducible representation of the group L is characterized by
a pair of numbers (jo, c¢), where jo is integral or half-integral, and c is a
complex number.

(b) The space R (jo, c) of any given irreducible infinite-dimensional rep-
resentation of the group L is characterized by integer or half-integer jo such
that

R(jo,c) = M* e Mt g.... (3.66)
The whole space R (jo, c) is apanned, therefore, by the set of base vectors
f3,, where j = jo, 50 + 1,50 + 2, ..., and m = —j, —j + 1, ..., j. If the given
irreducible representation is finite-dimensional then the direct sum of the
subspaces M'’s terminates after a finite number of terms.

(c) A given reppresentation is finite-dimensional if and only if

= (jo +n)?, (3.67)

for some natural number n.

(d) The irreducible representation corresponding to a given pair (jo, c)
is, with a suitable choice of basis fJ, in the space of representation, given
by the formulas

Lefi =[G tm+1)GFEm) " f L, (3.680)
Lsfl, =mf}, (3.68b)
Fifi= 2[GFm)GFm-1)"2C f,,.ﬂ
—[Gxm)Gxm+1))"2A;f (3.68¢)
£[Gxm+1)G+m+2)]2CinfiHY,
Fsfhp= (G =m)G+m)'2Cyfi! —mA;ff, (3.684)

—[G+m+1) G —m+1)]/2Cpa fir.
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Here we have used the symbols A; and C; which are defined by

icjo
=TGR (3.69a)
and
i(2-3)" (2 -
7 (452 - 1)/

(e) To each pair of numbers (jo, c), where jo is integral or half-integral
and c is complex, there corresponds a representation g — D (g) of the group
L, whose infinitesimal operators are given by Egs. (3.68).

Equations (3.68), for the unitary representations case and under certain
assumptions, were first obtained by Gelfand (see the book of Naimark);
they later on were rederived by Harish-Chandra, and by I.M. Gelfand and
A.M. Taglom.

C]"_"

(3.690).

3.3.5 Unitarity Conditions

A representation of a group G in a space R is called unitary if R is a Hilbert
space (see Chapter 2) and D (g) is a unitary operator for all g € G. This
implies that (D (g) z, D(g) y) = (z,y) for all g € G and all z,y € R, where
(z, y) denotes the scalar product in R. (For the physical significance of non-
unitary representations see Barut et al..) If the representation g — D (g)
of the group L is unitary, then Eqs. (3.68) satisfy certain conditions which
are summarized below.

Adjoint Operator

An operator B is called an adjoint to the operator A if (Az,y) = (z, By) for
all z,y € R. Let A be an infinitesimal operator of a unitary representation
g — D(g) of the group L. Then A (t) = D (A(t)) is a unitary operator and
therefore its adjoint satisfies:

[A@) = A(-t) (3.70)
Accordingly one has
(A(t) f,9)=(f, A(-t)g). (3.711)

Differentiating both sides of this equation with respect to ¢ we obtain for
t=0,
(Af,9)=—(f Ag). (3.72)
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Using this relation one then easily finds that

(L+f,9)=(f L-g), (3.73a)
(Laf,g9) = (f, Lag), (3.73b)
(Fyf,9)=(f,F-9), (3.73c)
(F3f,9) = (f, F3g) . (3.73d)

A systematic use of Egs (3.73) in (3.68) then leads to the following.

If the irreducible representation g — D (g) of the group L is unitary then
the pair (jo,c) characterizing it satisfies either: (a) c is purely imaginary
and jo is an arbitrary non-negative integral or half-integral number; or (b)
c is a real number in the intervals 0 <| ¢ |< 1 and jo = 0.

The representations corresponding to case (a) are called the principal
series of representations and those corresponding to case (b) are called the
complementary series.

3.4 The Group SL(2,C) and the Lorentz Group

We now introduce the group of all 2 x 2 complex matrices with determi-
nant unity, the group SL(2,C), and establish a homomorphism between the
group SL(2,C) and the proper, orthochronous, Lorentz group (see Subsec-
tion 3.2.2). Subgroups of the group SL(2,C) are then discussed, and the
connection with the Lobachevskian motion is pointed out.

3.4.1 The Group SL(2,C)

In what follows we establish the fact that elements of the proper, or-
thochronous, homogeneous Lorentz group L discussed in the last section
can be described by means of elements of SL(2,C), the group of all 2 x 2

complex matrices
a b
g= ( c d ) (3.74)

det g=ad —bc=1. (3.75)

with

In the natural topology of matrices the group SL(2,C) is simply connected.
The relation between the two groups can be established as follows.



3.4. THE GROUP SL(2,C) AND THE LORENTZ GROUP 55

One associates with each four-vector z*# a Hermitian matrix

0+ 23 z!+iz?

Q= ( ! —iz? 20— 23 ) (3.76)

In this way one defines a one-to-one linear correspondence between all four-
vectors and all 2 x 2 Hermitian matrices. Equation (3.76) can also be written
as

Q = z40°, (3.77)

where 0%, k = 1,2, 3, are the three Pauli matrices and ¢ is the 2 x 2 unit
matrix:

o_(10Y 4_(01Y) ,_ (0 i) 4 (10
c'”(01)"""(10)"’* - 0) 7% \0o -1 )
(3.78)

It is often also very convenient to parametrize the elements g of the group
SL(2,C) by
9= guo*, (3.79)

where go, gk, kK = 1,2, 3, are complex numbers.
Corresponding to every element g of the group SL(2,C) consider the
following transformation in the space of the Hermitian matrices Q:

Q' = 9Qg', (3.80)

where g' is the Hermitian conjugate of g, and Q' = z/,0*. The corre-
sponding operation in the Minkowskian space of four-vectors is a linear
transformation

z'* = A% (g) z°, (3.81a)

or, in matrix notation,
' =A(g)z, (3.81b)

where the transformation matrix A can be expressed in terms of the matrix
g of the group SL(2,C). The transformation (3.81) preserves the scalar
product since

(x’°)2 _ (3'1)2 _ (212)2 _ (z'3)2 = det Q'

=det Q = (2°)% - (=)* - (=2)° - (=%)*. (3.82)
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3.4.2 Homomorphism of the Group SL(2,C) on the
Lorentz Group L

The matrix elements A% can be expressed in terms of the corresponding
matrix g of the group SL(2,C). Using the properties of the Pauli spin ma-
trices, and using Eq. (3.80) and Egs. (3.81), one has

1 1
' = gm’p = 5’1\‘ (0%0”) Ty = §Tr (o°Q")

1 1
= 5Tr (0°9Qg") = 5Tr (0%g0” g") zp. (3.83)
Comparing this result with Eq. (3.81a) one obtains .
1
AP = ETr (e*goPgt), (3.84a)

where gt is the Hermitian conjugate of the matrix g, and Tr stands for
trace.

The explicit expression of the transformation A (g) in terms of the pa-
rameters go and gi of the matrix g is as follows (Problem 3.1):

3
Ao =lgo >+ laxl? (3.84b)
k=1

A*) = goGy + Togk — i€ ™ 1G, . (3.84¢)

K™ G (3.84d)

A% = goGy + Togk + i€

3
Ay =6 (l gol>=) lg lz) + 90 + Gugt — i€°™ (Gogm — 90Trm) ,

s=1

(3.84¢)

where the ¢ symbols are fixed by €23 = €123 = +1. In particular, one
notices the useful relation

TrA(g)=|Trg|’=4]g|>. (3.85)

One also notices that because the group SL(2,C) is connected, and the
mapping into the homogeneous Lorentz group is a continuous homomor-
phism, the image of the group SL(2,C) must be a subgroup of the proper
orthochronous, Lorentz group L.
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Equations (3.84) show that to an arbitrary matrix g of SL(2,C) there
corresponds a 4 x 4 matrix A. We now show that the matrix A belongs to
the proper, orthochronous, Lorentz group L.

First, from Eq. (3.82), one sees the quadratic form (z°)% — (z1)? -

(22)* = (2%)” is invariant under the transformation A, and therefore the
matrix A is an element of the homogeneous Lorentz group. As a conse-
quence, det A = +1. But for the special case for which g is the 2 x 2 unit
matrix, the corresponding A is the identity transformation, and hence det
A = 1. Since det A is a continuous function of the four variables a, b, ¢, d
of the matrix g of the group SL(2,C), and since the domain of variation
of these four variables is simply connected, a discontinuous jump from det
A = +1 to det A = —1 is excluded.

Consequently, det A = +1 for all values of a,b,c,d, subject to the
restriction (3.75). Hence A belongs to the proper Lorentz group. Finally,
from Eqgs. (3.84) one sees that A% cannot be negative. Accordingly, A is
orthochronous. Consequently, A is an element of the proper, orthochronous,
Lorentz group L.

Suppose now that an element A of the group L is given. Let us try to
invert the relations (3.84). If Tr A # 0 we obtain (Problem 3.2):

3
9=000"+)_ gro*

k=1
3
=D |Tr Ao® + ) (A% + A% — ied**A”,) o, (3.86)
k=1
where
D? =4 —Tr A2+ (Tr A)? —ieXA%AP,. (3.87)

The sign of the denominator D is undetermined. Since the smallest sub-
group of the group L that contains all elements with Tr A # 0 is A itself,
the image of the group SL(2,C) is the whole of the group L.

It is possible to find the elements g of SL(2,C) which go into L in the
case Tr A =0, also. If

3
Y (ak)* #0, (3.88)
k=1

the matrix A then describes a rotation with an angle 7, and one has

3
90 =0, g= Zykak, 9 =—e (3.89a)

k=1
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A(g)A(g) =A(¢®)=A(-e) =1, (3.890)

where e is the 2 x 2 unit matrix. The 3 x 3 matrix M*, 6‘kA o + Al
is symmetric and possesses the three eigenvalues 0, A% — 1, A% + 1. The
eigenvalue 0 belongs to the normalized eigenvector vg deﬁned by

-1/2
(vo)* = [Z (AY) ] A%, (3.90)

If we denote the normalized real eigenvector, corresponding to the eigen-
value A% + 1, by v;, we can then express the components g in terms of
the vectors v and v; X vy, as follows:

1/2 1/2
gr=1=% [(% (A% - 1)) (vi x Vo) +i (% (A% + 1)) v’f] . (38.91)

Again the matrix g is determined only up to a sign. The remaining case,
for which Tr A = A¥, = 0, k = 1,2,3, is contained in Eq. (3.91) as the
limit A% = 1. One obtains (Problem 3.3):

gk = ivk. (3.92)

In this fashion one reaches the conclusion that there exists a two-to-one
mapping between all the elements of the group SL(2,C) and all the elements
A of the proper, orthochronous, Lorentz group L such that to each element
A of the group L there correspond two elements &g of the group SL(2,C),
and to each element g of the group SL(2,C) there corresponds an element
A of the group L. The mapping preserves the group multiplication and
constitutes, therefore, a homomorphism of the group SL(2,C) on the group
L. As a result of this, the description of the representations of the group L
is equivalent to that of the group SL(2,C); a representation g — D (g) of
L is single- or double-valued according to whether or not D (g) is equal to
D (~g) or not.

3.4.3 Kernel of Homomorphism

The sign ambiguity of g = g (A) means, in particular, that the unit matrix /
of the group L is the image of both central elements e of the group SL(2,C),
where ey = te, and e is the 2 x 2 unit matrix. (Group elements are called
central if they commute with all group elements. Central elements form the
center of the group.) Hence we have established an isomorphism between
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the proper, orthochronous, Lorentz group L and the group SL(2,C)/Z,,
where Z, denotes the center of the group SL(2,C) consisting of the elements

€4,

3.4.4 Subgroups of the Group SL(2,C)

The group SL(2,C) possesses some important subgroups, some of which
play crucial roles in further investigations. These subgroups correspond
to subgroups of the proper, orthochronous, homogeneous, Lorentz group
L as well. Since the group SL(2,C) is more natural to handle than the
group L, one prefers to deal with the group SL(2,C)xT4, where Ty is the
translational group. The group SL(2,C)xT, is sometimes called the in-
homogeneous SL(2,C) group. (See Subsection 3.2.2 for the inhomogeneous
Lorentz group.)

The group SU(2) has already been mentioned as a subgroup of SL(2,C).
It consists, of course, of those elements u satisfying u! = u~!. A possible
parametrization of the group SU(2) is as follows:

U= uao%, (3.93)
with the condition s
W+ ul=1 (3.94)
k=1

Here up and ug, k = 1, 2, 3, are real numbers.
Another subgroup of SL(2,C) is the group SU(1,1). It consists of those

elements v of SL(2,C) satisfying the condition v'o3v = o3. A possible
parametrization is as follows:
v =100° + v10" + ve0? + iv3c®, (3.95)
with the condition
¥ -vi-vl4ul=1 (3.96)

Here the numbers vg and v, k = 1, 2, 3, are real.
A third subgroup of SL(2,C) is the group SL(2,R). It consists of elements
a of the group SL(2,C) satisfying a'o2a = o2. They can be presented as

a = ago® + ay0! +iaz0? + azod. (3.97)

Here the numbers ag and ag, k = 1,2, 3, are real and satisfy the condition

a2 —al+a2-al=1 (3.98)



60 CHAPTER 3. THE LORENTZ AND SL(2,C) GROUPS

The matrix a is a real 2 x 2 matrix.
By the rotation exp (imo!/4) = 271/2 (¢° +io!) in the z2 — z% plane,
we can map the group SU(1,1) on the group SL(2,R):

. 1
a = exp (_m: ) v exp (WZ ) , (3.99)

from which one infers that ag = v, a1 = v1, az = v3, and a3 = —vy. This
one-to-one mapping of the two groups SU(1,1) and SL(2,R) onto each other
is sometimes called the standard isomorphism.

Finally, the group of triangular matrices

e~ /2 0
(¢, 0) = ( pe=i9/2  ¢id/2 ),

(3.100)

where 4 is complex and 0 < ¢ < 4w, with the group multiplication law
(1, 1) X (P2, 2) = (é1+ b2 (F47), ) + €1 p2) , is isomorphic to the
group of Euclidean motions on the Riemannian plane of functions z!/2,
The corresponding subgroup of L is isomorphic to the group of motions in
the complex z-plane itself. The notation of this subgroup is U(1)x Ty if
one means the subgroup of L, and U(1)’x T, if one means the subgroup of
SL(2,C).

3.4.5 Connection with Lobachevskian Motions

We have seen that each complex, unimodular, two-dimensional matrix g
induces a Lorentz transformation in the Minkowskian space according to
Q' = gQg', where Q is given by Eq. (3.76). These Lorentz transformations
map the surfaces

I QP e e J (3.101)

into themselves, since they preserve the corresponding quadratic form.
There are three types of such surfaces. These are either sheet of a two-
sheeted hyperboloid when ¢ > 0, a single-sheeted hyperboloid when ¢ < 0,
and either the positive or the negative cone when ¢ = 0. [If, instead of
considering points z in Minkowskian space, we deal with Hermitian matrices
Q, the surfaces would be the following three types of manifolds in the space
of Hermitian matrices: all positive definite (or negative definite) Hermitian
matrices with fixed determinant ¢ > 0; all Hermitian matrices with fixed
determinant ¢ < 0; and all Hermitian matrices Q@ > 0 (or Q < 0), that is
matrices Q whose corresponding Hermitian form takes on nonnegative (or
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nonpositive) values, with determinant zero. See, for example, Gelfand et
al]

The Lorentz transformations induce transformations that are called
motions of these surfaces. In this way to each complex unimodular two-
dimensional matrix g there corresponds a motion on each of the surfaces
above. One can show that a given motion corresponds to two matrices g,
and g5 if and only if g; = *gs.

The upper sheet of a two-sheeted hyperboloid together with the motions
defined in this way is one model of Lobachevskian space. This means that
the group of compler two-dimensional unimodular matrices is locally iso-
morphic to the group of Lobachevskian motions. In addition to Lobachevskian
space, there exist two related spaces with groups of motions locally iso-
morphic to the same group of matrices. Models of these spaces are the
single-sheeted hyperboloid and the positive cone.

We conclude this brief discussion on the Lobachevskian space by point-
ing out that the group of motions on each of these surfaces is transitive, that
is every point of the space can be transformed by some motion to any other
point. Let us prove this assertion for the upper sheet of the two-sheeted
hyperboloid z3 — z? — 22 — 2z} = 1, as the proof for the other surfaces is
similar. Using Eq. (3.76), then the points on our surface correspond to
positive definite unimodular Hermitian matrices. Since every such matrix
can be written in the form Q = ggt = geg!, where g is a complex unimod-
ular matrix and e is the 2 x 2 unit matrix. This proves that there exists a
motion transforming the fixed unit matrix into Q.

In the next chapter the theory of two-component spinors is developed
in detail.

3.5 Problems

3.1 Use Eq. (3.84a) to prove Egs. (3.84b)-(3.84e).
Solution: The solution is left for the reader.
3.2 Prove Eq. (3.86).

Solution: The solution is left for the reader. (See the book of Riihl.)
3.3 Prove Eq. (3.92).

Solution: The solution is left for the reader. (See Riihl.)

3.4 Prove that the kernel of the homomorphism of the group SL(2,C) onto
the group L coincides with the center of the group SL(2,C). (Notice that
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by definition the element g is in the kernel of the homomorphism if for all
Hermitian matrices Q one has Q = gQg'.)

Solution: The solution is left for the reader.

3.5 Use Eq. (3.84a) to show that if a ,b, c and d are the four elements of the
matrix g of the group SL(2,C), with ad — bc = 1, then the corresponding
matrix A of the proper, orthochronous, homogeneous, Lorentz group is
given by

3(a@+bb) R(ab+ed) S(ab—cd) 3 (aa-—bd)
+3 (cc + dd) +3 (ce — dd)
A= | Rlac+bd) R(ad+bc) S(ad+be) R (ac-—bd)
T | S(at+bd) S(ad+bc) R(ad—be) S (at - bd) '
3(a@a+bb) R(ab-cd) S (ab+cd) 3 (aa-—bd)

% (cE+ dz) % (cc - dj
where R and S denote real and imaginary parts. Show that the same matrix

can also be obtained directly from either Eq. (3.80) or Egs. (3.84b)-(3.84e).

Solution: The solution is left for the reader.
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Chapter 4

Two-Component Spinors

Spinors were invented by Elie Cartan without reference to the theory of
representations of groups. The natural way to study spinors, however, is
through the representation theory of the groups SU(2) and SL(2,C); two-
component spinors occur in the spinor representation of the group SL(2,C).
The latter is an irreducible, finite-dimensional, nonunitary representation.
It can be shown that any finite-dimensional representation of the group
SL(2,C) is equivalent to the spinor representation. In this chapter we study
the above-mentioned topics. Infinite-dimensional spinors are subsequently
given.

4.1 Spinor Representation of SL(2,C)

We now construct the spinor representation which contains all the finite-
dimensional irreducible representations of the group SL(2,C). A generaliza-
tion to infinite dimensions is given in the last section.

4.1.1 The Space of Polynomials

Let us denote by P, the aggregate of all polynomials with complex coef-
ficients p (2, Z) of the two variables z and Z, where z is a complex variable
and Z is its complex conjugate. We assume that the polynomial p (z,%)
is of degree not exceeding m in the variable z and not exceeding n in the
variable Z, where m and n are two fixed nonnegative integers. Hence we

65
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have
m,n

p(z7%) = Z Prsz’Z° =poo + P10z +Po1Z+ -+ Pmaz"Z".  (4.1)

7,8=0

The space Py, is therefore determined by the two integers m and n.

The space Py, may be considered a linear vector space, the components
of the “vectors” being the coefficients p,s, with » = 0,1,...,m and s =
0,1,...,n. For each value of s there are m + 1 values for r, and for each
value of  there are n + 1 values for s. Hence the dimension of the space
Pppn is (m+ 1) (n+1). The operation of addition of two polynomials in
Py is defined, as usual, by

P (22)+0"(2,2) =) prd 2+ ) P2 =) ped?, (42)

where p,s = pl., + pl,.
The operation of product by a number is also defined, as usual, by

ap(2,2) =a) pr2’Z =) p, 77, (4.3)

where p.., = ap,s. We obviously have )
ap(2,%2) +bp(2,Z) = (a+b)p(2,2), (4.4)
ap’ (2,2) + ap” (2,2) = a(p' + ") (2, %) (4.5)

Thus P,y is a linear space. The space Py, will be used in the following as
the space of representation for the group SL(2,C).

4.1.2 Realization of the Spinor Representation

Let us now denote an element of the group SL(2,C) by

a b
g=(c d),ad—bc:l, (4.6)

where a, b, c and d are four complex numbers. We then define the operator
D (g) in the space Py, by

D(9)p(2,7) = (bz+d)™ 5z +d)" p (w, ), (4.7)
where w is the image of z under the Mobius transformation

az+c
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Accordingly, to each element g of the group SL(2,C) there corresponds an
operator D (g) defined in the linear space Ppyy.

We now verify that the correspondence g — D(g) is a linear represen-
tation of the group SL(2,C). To this end we have to show that

D(g1) D(g2)p(2,2) = D (9192)p (2, %), (4.9)
D(I) =1, (4.10)

for arbitrary elements g, and g, of the group SL(2,C). In the above formulas
I denotes the unity element of SL(2,C) and 1 denotes the unit operator in
the space Ppny,.

Let now the elements g; and g, of the group SL(2,C) be denoted by

_ a; b _ ay by
g1 = ( 1 dl )7 g2 = ( o d2 >) (411)
and hence their product is given by
_ _ ajas +bicy apby +bidy _ a b
9=9192= ( ciaz +d102 01b2 +d1d2 ) - < c d ’ (4'12)

Accordingly we have, using the representation formula (4.7),
D(g2)p(2,2) = (baz + da)™ (baZ + d2)" p (w2, @3), (4.13)

where w; is the image of z under the Mobius transformation associated

with the matrix go,
_ @zt

T bz +dy’
Applying now the operator D (g1) on both sides of Eq. (4.13), we obtain
D(g1) D(g92)p(2,2)

=1z +d)" (B:1Z+d1)" (bowy + do)™ (bo1 +d2) " p (v,7),  (4.15)

where w1 is the image of z under the Mobius transformation corresponding
to the element g; of SL(2,C),

wy (4.14)

a1z+4+ ¢

= 4.16
T bz dy (4.16)

and v is obtained from ws by replacing the variable z by wy,
_ aguy + C2 (4 17)

Y= bow; +dy
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A simple calculation then gives the following for the products of the
terms with equal powers m and n in Eq. (4.15):

(blz +d1) (bzwl +ds) = (a1b2 +bids) z + (01 by + dids) = bz +d. (4.18)
Accordingly we obtain
D(g1)D(g2)p(5,7) = (bz+ )™ (62+ )" p(v,3)  (4.19)

for Eq.(4.15).
The variable v of Eq. (4.17) may be calculated using Eqs.(4.16) and
(4.12), giving

_ (a1a3 + b1c3) 2 + (c102 + dico) _az+c
- (a1b2+b1d2)z+ (01b2+d1d2) bz+d’

(4.20)

In the above formulas a, b, ¢ and d are the elements of the matrix g = g1g2
given by Eq. (4.12). Accordingly we obtain for Eq. (4.19), using Eq. (4.20),
the following:

D(91) D(g92)p(2,%7) = D (9192)p (2, %), (4.21)

thus proving Eq. (4.9). The proof of Eq. (4.10) is immediate since
D (I)p(2,%Z) = p(z,%) by the representation formula (4.7).

The correspondence g — D (g) is thus a finite-dimensional representa-
tion of the group SL(2,C) since it is being realized in the finite-dimensional
space Pry,. It is known as the spinor representation and is usually denoted

by D(%:3)_ Its dimension is, of course, equal to (m + 1) (n +1).

4.1.3 Two-Component Spinors

In order to introduce the two-component spinors we realize the spiﬂor rep-

resentation D("""%) discussed above in a somewhat different form.
To this end let us consider all systems of numbers

P Ay A XX (4.22)

which are symmetric in their indices A; --- A, and X]--- X}, taking the
values 0, 1 and 0’, 1’, respectively. Such numbers may be considered as
the components of vectors of a linear space. Let us denote such a space by
Pp.n. Because of the symmetry of the indices in (4.22), we actually have
only m + 1 independent indices A;---A,, and n + 1 independent indices



4.1. SPINOR REPRESENTATION OF SL(2,C) 69

X{---X]. These are 0,...,0, 0; 0,...,0, 1;..; 1,...,1, 1, for instance,
for Ay Am_1Am. Hence the dimension of the space P, is equal to
(m+1)(n+1).

We may relate the two spaces Ppy, and P, by one-to-one mapping by
associating to each number (4.22) of Py, the polynomial

P(57) = ) fapanxpxg g AR (423)

This polynomial is of degree not larger than m in the variable z and not
larger than n in the variable Z. Hence the polynomial (4.23) belongs to the
space P,

On the other hand every polynomial

p (zv 2) = Zprazr?’ (424)

of the space P, may be written in the form given by Eq. (4.23) by relating
the coefficients of 27z° of the two polynomials (4.23) and (4.24). We then

obtain
m n
( r ) < s )¢A1-~-A,,.X§-~X," = Prs (4.25)

along with the conditions
A1+"'+Am=r; X{++X,’,=S (426)
In Eq. (4.25)

( n ) N (Tn’%lf)ﬁ (4.27)

A second form of the spinor representation is obtained if we apply the
operator D (g) on the polynomial (4.23). We then obtain

D (g)p (z, 7) =D (g) Z¢Bl.”Bmyl,my'(zBl+...+Bm—Y{+...+Y,(

= (92 +9")" 32 +3)" Z ¢Bx-~B,,.Y{~--Y,’."”BI+“'+B'"_Y"+m+y’:,
(4.28)
where w is given by Eq. (4.8) and use has been made of the notdtion
9! =a,9,°=b, g! =c, and g° = d. Hence we obtain

- B +"‘+Bm
D(9)p(2,2) =Y ¢8,.-Bavivy (912 +9')"

' —~By—+=Bm [ 1'—  _1' Y;+-’-+Y,:
x (9.°2+9")" (gl}z"’go})
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Vi
x (§,9z+§09) : , (4.29)

and therefore

’

_ v, _vl
D (g) p (z: z) = 290}3l . 'goB"‘go, LI o ¢Bl...3myl'...y'(

B Bn=Y) Y,
+ g7t 9 gy Gy By B Y YR B

B Bm—=Y/ =Y,
= E EgAll ...gAm gx;l gx:‘ ¢B]~~BMY{"'Y,{
A,X’ \B,Y’

’ ’
x AT Amg X X, (4.30)

Accordingly we may finally write the following for the spinor represen-
tation:

D(9)p(2,2) = Z ¢541-«~A,,.X{-~X:‘7'Al +~-~+A,,.2X,+--.+xn’ (4.31)

where

’ B Bn=Y Y,
¢A1"'AMX{~~X,', = Z gAll . 'gAm gx{‘ © gx',‘ ¢Bl"'BmY{‘“Y,{ (432)
B)Y’

is the transformed ¢ under the group SL(2,C).

The quantities ¢4, .4, x;---x;, are called two-component spinors, and
are complex numbers. The indices A; - - - A,, take the values 0, 1 and are
called unprimed (or undotted) indices, whereas X :-- X, take the values
0’, 1’ and are called primed (or dotted) indices. Similarly to tensors, every
spinor has an order. The spinor ¢ defined above, for instance, is of order
m in its unprimed indices and n in its primed indices. Equation (4.32)
shows that these two kinds of indices transform under elements of the group
SL(2,C) and its complex conjugate, respectively. The summation over the
indices can also be made to run over 0, 1 instead of over 1, 0 by relabeling
the matrix g of SL(2,C) so that g,' = @, g,° = b, go' = ¢, and g° = d,
where a, b, ¢ and d are defined by Eq. (4.6).

Finally we notice that although two-component spinors were introduced
above as numbers, they can actually be made functions of spacetime when
applied in physics. This is again similar to tensors. The essential difference
between tensors and spinors is their association with groups. While tensors
are associated with the Lorentz group, spinors are associated with the group
SL(2,C), which is the covering group of the Lorentz group. As a result of
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this fact, spinors can be used to describe particles with spins 3, 3,... in
addition to those with spins 0, 1, 2,..., whereas tensors can describe only
the latter kind of particles. As a consequence, spinors are considered to
be more fundamental than tensors from both the mathematical and the
physical points of view. )

4.1.4 Examples

1. The spinor representation p(5:3),

The representation D(4:3) corresponds to m = 2j; = 1 and n =
2j2 = 1. The space of representation has accordingly the dimension of
(271 +1) (252 + 1) = (m+1) (n + 1) = 4. The space Py, is the aggregate
of all polynomials of the form

P (2,%) = poo + P10z + Po1Z + p112Z. (1)
When the operator D (g) is applied to the above polynomial, we obtain ,
D(g)p(2,%) = (bz + d) (bZ + d) (poo + p1ow + po1W + p11 W)
= poo (bz + d) (bZ + d) + p10 (az + ¢) (1_77-!-3)

+po1 (bz + @) (@2 +T) + p11 (az + ¢) (@2 +T), (2)

by the representation formulas (4.7) and (4.8).

Using now the correspondence between the spaces P, and Prn we
then find the following, using Eq. (4.25), for the relationship between the
polynomial coefficients p,s and the components of the corresponding spinor:

Poo = doo’, P10 = P10/, Po1 = dorr, P11 = b1, (3)

Hence we have a spinor with two indices, one is unprimed and one is primed.
The polynomial p(z,%) is therefore defined in the space Ppy, by

p(z,2) = Z bax 227X = poo + 102 + dorZ + $11:2Z. (4)
Using now Egs. (2) and (3) we obtain
D(9)p(x2) = doo (9% + 5c°) (757 + 37 )

+¢10r (9117— + gol) (§19 zZ+ §09 )
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+¢o1/ (9103 + 900) (?1'1,7 +Jor )

+611/ (91" 2 + g07) (_9.1}’7"' o/ ) ) (5)

which may also be written in the form
D(9)p(22) = doo (978 5%+ + 97T ) + -

+é11/ (91151} ZZ+ -+ o' %o ) . (6)

Hence we have

D(g)p(z,%) = (900509,4500' +ot 901?0}’4511') 4o

+ (910519 door + -+ 9,' Ty} ¢11') 2z

= ZQOB%Y ¢y + -+ EQlBEY $BY' 27, (7)
or
D(g)p(z2) =Y | 3 9l9x ¢sv | "2%
A X' \BY'
=Y $ax 27, (8)
AX
where ,
$ax = D 95 ¢y 9)
BY’

In the above formulas A, B =1,0 and X', Y’ = 1/,0' (or, alternatively, 0,1
and 0’,1%).

2. The spinor corresponding to the space of representation with dimension
m=2j;=2andn=2j,=1.
The polynomials of the space Ps; are given by

p(2,%) = poo + P10z + Po1Z + p112Z + P02’ + p212°Z. (1

By Eq. (4.25) the spinor corresponding to the coefficients p,s is given by
éaBx’, namely, of order 2 in its unprimed indices and of order 1 in its
primed indices. One then easily finds that

Poo = dooo’, P10 = 2¢o10' = 2d100,
po1 = door’, P11 = 2¢011’ = 2¢101" (2)
P20 = b110,, P21 = 111/



4.2. OPERATORS OF THE SPINOR REPRESENTATION 73

Hence we finally have for the polynomial p (z, Z), in terms of the spinor
¢aBx the following:

p (2, %) = ¢ooo + (o010’ + d100") 2 + Po01'Z

+ (do11 + d1017) 2Z + b110:2%b1112°Z
=D banxzt BT (3)

4.2 OQOperators of the Spinor Representation

We now find the infinitesimal operators Ly, L3, Ky, K3 of the spinor
representation for the group SL(2,C) discussed in the last section.

4.2.1 One-Parameter Subgroups

First we find the one-parameter subgroups of the group SL(2,C) corre-
sponding to the one-parameter subgroups ax (1) and by (¥) of the proper,
orthochronous, homogeneous Lorentz group L. These can easily be derived
using Eqs. (3.86). One finds for these one-parameter groups:

*Slnﬁ

cos? isin¥ cos ¥

eiv/2
a3 (¥) = ( e_&ﬂ ) (4.33a)
cosh¥ sinh¥% cosh 2 isinh ¥
b1 (¥) = ( sinh i coshi )’ b2 (¥) = ( —zsxnhﬂ cosh’zZ )’
¥/2
bs (¢) = ( “ 6_3/2 ) (4.33b)

In terms of the infinitesimal matrices ax and by, where k = 1,2, 3, of
the group SL(2,C), they can be written as

ak () = e¥°*, by () = e¥™, (4.34)

where a; and by are given in terms of the three Pauli matrices (3.78) by
ax = i0*/2 and by, = o*/2.
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4.2.2 Infinitesimal Operators

Using now Egs. (4.7) and (4.8) one can find the operators Ay (¢) and
By (¢), where k = 1,2, 3. For example,

) AN A P\"
A (Y)p(2,2) = (zsm 52 +.cos 5 isin 7% + cos 5
cos}g‘z+'isin2 cos ?-E—isin%-
xp 2 3} | —2 5 5| (4.350)
isin §z+cos—2— —18In §z+cos§
[ ¥ v\™ ¥ "
A2(¢)P(Z,Z)—< sin 5z +cos 5 s1n2z+cos2
cos £z+sinf cos £E+sin£
2 2 2 2
xp ,‘/) 1’0 ) 'd} 1/) ) (4.35b)
—sin FZtcos —sin §z+cos§
Az (Y) p(2,7) = e "™/ 2"/ 2p (M2, e7V3) . (4.35¢)

In the same way one finds the operators By (¢), k = 1,2, 3. Differen-
tiating both sides of these equations with respect to the parameter vy, and
putting ¥ = 0, one obtains:

Ap = [% (1-2%) % - % (1- z2) %13 (mz —nz)} (4.36a)
Asp = -l-(1+z2)i+-l-(l+-2)g——(mz+nz) (436b)
2 o0z 2 oz 2 ’
.0 _8 1
Asp = [1,25; - - (m— n)] P, (4.36¢)

_[1 a 0 1 o 0 1
Bip = [5 (1-2z )5—;+§ (1-2 )? (mz+nz)} D, (4.36d)

[ N0 P8 i .z
ng_[ (l+z) +2(l+z)az+2(mz nz)}p, (4.36¢)

8 _90 1
Bap — [a— T L n)} . (436)
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The operators Ly, L3, K, and K3 can now be found, using Egs. (4.36):

Lip= [-(% - 32% + nf] P, (4.37a)
L.p= [zZ% + a% - mz] D, (4.37b)
Lsp = [—z(% +2% + —;— (m— n)] P, (4.37¢)
Kip= [iga; - ;226% + inz] P, (4.37d)
Kp= [—M% + i% + imz] P, (4.37¢)
Kap = [iza% + ﬁ% - % (m+ n)] P, (4.37f)

4.2.3 Matrix Elements of the Spinor Operator D (g)

To conclude this section we find the matrices,of the spinor operators D (g).
For more details see the book of Riihl.
Consider the complex two-vectors € = (¢!, £2), which transform as

¢ =¢g, (4.38)

under application of a matrix g of the group SL(2,C). Let us construct a
linear vector space of complex polynomials by defining p(€) = p (¢!,€2)
which are homogeneous in £! and &2 of degree 2J, where 2J is an arbitrary
nonnegative integer. In this space, having the dimension (2J + 1), we define
the transformation D (g) for any g of SL(2,C) by

D(g)p(&) =p(&") =p (). (4.39)

These transformations provide a (2J + 1)-dimensional representation of the
group SL(2,C).

In order to relate the transformation (4.39) to a more familiar notation
we expand the polynomial p into powers of ¢! and £2:

J
p© =Y xhNi (€)™ (™. (4.40)
M=-J
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Here N}, are normalized constants defined by

(2J)! 12
Nz = [(J+M)!(J-M)!J ’ (4.41)

and xj, are expansion coefficients. In terms of xj, the transformation D (g)
can be expressed as

J
(D@)x )= Y. Dim (9) X (4.42)
M'=—J

From Egs. (4.39), (4.40), and (4.42) one finds

D 0+ [R5 (430 (15

x99t ™M s M T ggy MM (4.43)
where the sum over n extends over all integers for which neither of the
binomial coefficients vanish.

If we restrict the group SL(2,C) to the subgroup SU(2), we obtain
the matrix Dy, (u) defining the unitary irreducible representation of the
group SU(2). Each element D}, ,,, (u) is a homogeneous polynomial of de-
gree 2J in the matrix elements of u, and the coefficients of the polynomial
are real. A substitution u;; — g;j, with i,j = 1,2, leads us back to the
matrix elements Df, (g). If we substitute

u1 = a +if3,
u2 = 'Y+1‘6s

. 4.44
uz1 = —7v +14, (4.44)

ugy = a —if3,
with real a, 8, v, 4, such that
a2+ B2+ +68%2=1, (4.45)

the substitution u;; — g;; can be interpreted as an extension of the real
parameters «, 3, v, d into the complex domain. This is called a complex:-
fication of the group SU(2).
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4.2.4 Further Properties of Spinor Representations

We conclude this section by the following statements.
(1) The spinor representations of the group SL(2,C) are irreducible.
(2) Every finite-dimensional irreducible representation of SL(2,C) is
equivalent to some spinor representation. The pair of numbers jo and c, ap-
pearing in the representation formula, is then related to the pair of numbers
m and n of the spinor representation by

Jo = %'m‘"l’ (4.460)
_ [ien(m=n)][3(m+n)+1]; m#n
T { [} (m+n)+1]; —n (4.46b)

(3) The spinor representations are all nonunitary.
The proofs of (1), (2), and (3) are left for the reader (Problems 4.4-4.6).

4.3 Infinite-Dimensional Spinors

In this section the method used in Section 4.1 to obtain symmetrical spinors
and their transformation law from finite-dimensional representations of the
group SL(2,C) is extended to infinite-dimensional representations.

4.3.1 Principal Series of Representations

As we have seen in Section 4.1, two-component spinors are associated with
finite-dimensional representations of the group SL(2,C) when realized in
the space of polynomials. Spinors appear (up to factorial terms) as the
coefficients of the polynomials of the space in which the representation
is realized. Their transformation law then provides another form for the
representation.

The group SL(2,C), however, has also infinite-dimensional representa-
tions the most notable of which is the principal series of representations
(see Subsection 3.3.5). In this section we define an infinite set of numbers
which can be associated with the principal series of representations in a
way which is very similar, but as a generalization, to that two-component
spinors appear in describing the finite-dimensional representations. The
transformation law of these numbers, at the same time, defines another
form of the principal series of representations of SL(2,C). Just as in the
spinor case, these numbers become functions of spacetime when applied in
physics.
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The principal series of representations of SL(2,C) is an irreducible uni-
tary representation, which can be realized in several ways according to the
space of realization. For our purpose, we employ that particular realization
of it by means of the special unitary group SU(2).

The Hilbert Space L2*(SU(2))

We denote by L3*(SU(2)) the set of all functions ¢ (u), where u is an element
of SU(2), which are measurable and satisfy the conditions

¢ (yu) = ¥4 (u), (4.47)

[l du<e, (4.48)

where v €SU(2) is given by

1,
eI 0
’7:( 0 e%ill’ ). (4.49)

L2:(SU(2)) provides a Hilbert space where the scalar product is defined by

(61, 62) = / 61 (u) B2 (u) du. (4.50)

The principal series of representations is then given by the formula

Ve =2 Ds ), (@)

—( 911 912
g (921 922)

is an element of the group SL(2,C) and «(g) is a function given by

where

a(g) =935 | g2 [*7272. (4.52)

Here p is a real number and 2s is an integer.
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4.3.2 Infinite-Dimensional Spinors
The Hilbert Space i3*

Consider now all possible systems of numbers ¢7,, where m = —j, —j +
1,---,7and j =|s|,|s|+1,|s|+2,---, with the condition

Yo @i+1) Y | ¢ P< oo, (4.53)
j=lsl

m=—j

The aggregate of all such systems ¢, forms a Hilbert space, which we
denote by (3°, where the scalar product is defined by

i (2 +1) XJ: & P, (4.54)
= m J

for any two vectors ¢, and ¥, of I2°.
With each vector ¢?, € 13°, we associate the function

=Y @+1) Y ¢hDi(u), (4.55)

J=ls| m=-)

where D, (u) is the matrix element DJ,, (u) of the irreducible representa-
tion of SU(2). Since . . .
Di, (yu) = €*¥ D3, (u), (4.56)

the function given by Eq. (4.55) belongs to the space L%*(SU(2)).
On the other hand, every function in L3*(SU(2)) can be written in the
form (4.55), since the DJ, (u) provide a complete orthogonal set,

/ Di. (u) D’m, (u) du= 893" § i . (4.57)

+l

The two spaces L3°(SU(2)) and [2° are, in fact, isometric where the transi-
tion from one space to the other can be made by means of the generalized

Fourier transform ‘
_ / 6(w) D’ (u) du. (4.58)

Similarly to spinors, which appear as coefficients in the polynomials of
the space of representation, we see that the numbers ¢, appear as coef-
ficients in the expansion given by Eq. (4.55) of the functions ¢ (u) of the
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space L2*(SU(2)). By means of the mapping (4.58), the operator V (g) of
the representation (4.51) may also be regarded as an operator in the space
I2*, whose explicit expression we find below. This expression also defines
another form of the principal series of representations.

Applying the operator V' (g) to the function ¢ (u) as given by Eq. (4.55),
we obtain

V@#w =T+ e 2D ), @59)

or
V)¢ =3 (2 +1)D ¢hD (2 +1)
Zv,ffm, 9:5,0) D2y (u), (4.60)
where
Vit @50 = [ 207, ) Die (). (4.61)

Accordingly, we obtain

V(o= (25+1)D ¢4iD% (), (4.62)
j m
where, using Eq. (14), we have

S = Z (25 +1) Z V. (9:5,0) 6. (4.63)

=|s| m=—)

Thus, the operator V (g) of the principal series of representations of
SL(2,C) in the space (2° is the linear transformation determined by Eq.
(4.63) describing the law of transformation of the quantities ¢{n, where
.7=I s |,|S l +1,|S | +2,---and m = _j’_j'*'lv"'vj- Here, V,g{ln' (g;s)p)
are functions of g €SL(2,C) and of p and s, where p is a real number and
2s is an integer.

In the next two chapters we apply the two-component spinors to curved
spacetime topics.
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4.4 Problems

4.1 Show that the matrix elements Dy, (9) of Eq. (4.43) satisfy the
properties:

o —=J
D3y @) = Dypag (9)
Dim (9°) = Digmer (9)

Dioser ((671)") = (1™~ DLy _p:(9).

Solution: The solution is left for the reader.

4.2 Show that the parameter i of Egs. (4.33b) is related to the relative
speed v of the Lorentz transformation by

¥ =cosh ™! [(1-v?/c?) 7]

Solution: The solution is left for the reader.

4.3 Find the operators B (1) for the spinor representation of the group
SL(2,C) and from them prove Egs. (4.36d)-(4.36f).

Solution: The solution is left for the reader.

4.4 Show that the spinor representations of the group SL(2,C) are irre-
ducible.

Solution: The solution is left for the reader.
4.5 Prove Egs. (4.46).
Solution: The solution is left for the reader.

4.6 Prove that the spinor representations are all nonunitary. [Thus the
group SL(2,C) does not contain finite-dimensional unitary representations.]

Solution: The solution is left for the reader.

4.5 References for Further Reading

H. Boener, Representations of Groups (North-Holland, Amsterdam, The
Netherlands, 1963). (Sections 4.1-4.3)
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Wiley, 1982).
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4.1,4.3)
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.M. Gelfand, M.I. Graev and N.Ya. Vilenkin, Generalized Functions, Vol.5:
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H. Weyl, The Classical Groups (Princeton University Press, Princeton, New
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Chapter.5

Maxwell, Dirac and Pauli
Spinors

In the last chapter we derived the two-component spinors and their trans-
formation law under the group SL(2,C) from the theory of representations.
We now apply the two-component spinors to curved spacetime. Hence these
quantities will be functions of spacetime. In this chapter and the follow-
ing chapters two-component spinors will be applied to the electromagnetic,
Dirac, neutrino and gravitational fields. The first three fields can be in-
troduced in flat (Minkowskian) spacetime, but not the gravitational field.
Our presentation, however, will all be done in curved spacetime since that
needs no further effort. It should be very easy to go from the curved to the
Minkowskian spacetime if it is necessary. Hence our discussion will start
with spinors in curved spacetime. We start the chapter with a brief review
of Maxwell’s theory.

5.1 Maxwell’s Theory

In this section we give a brief account on the Maxwell equations for elec-
trodynamics.

The Lagrangian density for the electromagnetic field is given by

__ Ll oap_la
L=~ fapf™ = =j* Aa+ Le. (5.1)

83
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The field f,., is related to the potential A, by
fu =0,A, — 8,A,, (5.2)

and j¢ is the four-current density. L. is the Lagrangian density of the
charged particles.
Maxwell’s equations are then given by

o, = 2T, (5.3)
Oy fap + Op fya + aafﬂ'v =0. (5.4)

Equation (5.3) is the field equation obtained from the Lagrangian density
(5.1), whereas Eq. (5.4) is a consequence of Eq. (5.2).

The electric field E and the magnetic field H are related to the electro-
magnetic field tensor f,, by the following identification:

E= (Eli Ey, EZ) = (Ely E?y ES) ) (5.50.)

H = (Hz, Hy’ Hz) = (Hly HZy H3)y (55b)
where E; and H;, with i = 1,2, 3, are given by

1
Ei= fio, Hi=geijifyn (5.6)

Here ¢;, is the three-dimensional totally skew-symmetric tensor with values
+1 and -1, depending upon whether ijk is an even or an odd permutation
of 123, and zero otherwise.

The electromagnetic field tensors f,, and f“” may then be written
explicitly as follows:

0 -E, -E, -E,
Ez 0 Hz "‘Hy

fl»l»l/ = Ey —‘Hz 0 Hx ’ (570‘)
E, H, -H, 0
O E E, E
| "B O H. -Hy (5.75)

-E, -H, 0 H,
-E, H, -H, 0

In terms of the dual *f,,, to the electromagnetic field tensor f,gs, given
by

o = e, (538)
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the Maxwell equation (5.4) may also be written in the alternative form
] *faﬁ
P

We then have for the dual the following explicit expressions:

0 -H, -H, -H,
H, 0 -E, E,

=0. (5.9)

fuv = H B 0 -E | (5.10a)
H, -E, E, 0
o H, H, H,

spue - | —H= 0 B, By (5.10)

-H, E, 0 «~FE;
-H, -E, E; 0
To obtain the Maxwell equations in the usual notation, we have merely
to make the following identifications:

AF = (A% A™) = (¢, A), (5.11a)
Au = (Ao, Am) = (¢, —A), (5.11b)
and
i* = (%™ = (ep.d), (5.12a)
Ju = (o, jm) = (cp, =) . (5.12b)

In the above equations ¢ is the scalar potential, A is the vector potential,
p is the charge density, and j is the vector current density.
A straightforward calculation, using Eq. (5.2), gives

10A

H=VxA. (5.14)
Equations (5.3) and (5.4), on the other hand, give
V -E =4mp, (5.15)
16H
VxE= —ZE', (516)
V-H=0, (5.17)
1E A4m,
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5.1.1 Maxwell’s Equations in Curved Spacetime

It is easily seen that generalizations of these equations to curved spacetime
are achieved by the following equations:

4r

V. f* = T’”’ (5.19)
f;w = VvAp. - V#Al/’ (5.20)

for Egs. (5.3) and (5.2), whereas
Vs [6""’6 (—g)™'"? faﬁ] =0, (5.21)

generalizes Eq. (5.4).

It will be noted that Egs. (5.20) and (5.21) are identical to Egs. (5.2)
and (5.4), respectively. In Eq. (5.21) €*97¢ is the totally skew-symmetric
tensor density of weight +1 with values +1 and —1, depending on whether
afiyd is an even or an odd permutation of 0123 and zero otherwise. In
the above equations the symbol V, means covariant differentiation (see
Chapter 6).

The Lagrangian density (5.1) can be extended, in the presence of grav-
itation, as follows:

1 1 -

where now we use the curved spacetime metric tensor to raise the indices
of the Maxwell tensor,

fapfoP = g**GP" fap fuu. (5.23)

The Lagrangian density (5.22) then leads to the field equation
K3 8L _ oL
0zP | 8(8An/02P) 8Aq

=0. (5.24)

Using the Lagrangian density (5.22) in the field equation (5.24) gives

0£ 1

—_—_ = =2 /=g" 5.

0L 1 o pvr 1
B OA5aR) = ~an VY IS S = = Ve (5.26)
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Accordingly, using Eq. (5.24) we obtain the following equation:

1 0(v=gf*) _4m,
vV—-g  0z° =77

(5.27)

or
Vafef = 4—c7r-j°‘. (5.28)

Equations (5.27) and (5.28) are Maxwell equations in the presence of grav-
itation and are a generalization of their flat-space counterpart, Eq. (5.3).

It remains to generalize the Maxwell equations (5.4) into curved space-
time. This may be achieved by replacing the partial derivatives appearing
in those equations by covariant derivatives. The result is

Vyfap +Vafpy + Vpfya =0, (5.29)
or, in its alternative form,
Vs P =0. (5.30)

One can easily show that the above equations are identical to Eqgs. (5.4)
for the flat-space case.

Continuity Equation

The equation of continuity is obtained in the electromagnetic theory from
the Maxwell equations (5.3). We obtain, because of the antisymmetry of
the Maxwell field f#¥, the following:

%* _

o = (5.31)

In the presence of gravitation, on the other hand, the Maxwell equations
(5.27) yield the following equation of continuity in curved spacetime:

3(v=gi%) _
——=0. (5.32)

Again, it can easily be shown that the latter formula may also be written
in the equivalent form

Voj® = 0. (5.33)
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5.2 Spinors in Curved Spacetime

Two-component spinors are introduced in curved spacetime at each point in
a “tangent” two-dimensional complex space. We then associate with every
tensor a spinor. The opposite is not correct; not all spinors correspond to
tensors. This is a consequence of the fact that tensors are associated with
the Lorentz group, whereas spinors are associated with its covering group
SL(2,C), and the correspondence between the two groups is a homomor-
phism rather than an isomorphism. Another way of looking at this is that
the group SL(2,C) yields all representations, including those with the half-
integral spins, whereas the Lorentz group yields only the representations
with integral spins.

5.2.1 Correspondence between Spinors and Tensors

The correspondence between spinors and tensors is achieved by means of
mixed quantities that were first introduced by Infeld and van der Waerden.
These are four 2 x 2 Hermitian matrices, denoted by 0% 5,. Here Greek-
letter indices are the usual spacetime indices of tensors taking the values
0, 1, 2, 3, whereas Roman capital indices are the spinor indices taking the
values 0, 1. The primed indices refer to the complex conjugate and take
the values 0/, 1’.

The hermiticity of the matrices o’y 5, means, using spinor notation, that

ohg =054 =Tg 4. (5.34)

The matrices o 5, are generalizations of the unit matrix and the three Pauli
matrices. They are functions of spacetime. There is no need to calculate
them explicitly, however, when spinors are used in general relativity theory.

The relationship between the matrices o# and the geometrical metric
tensor g, is as follows:

9uvT g 06D = €ACEBI D! - (5.35)

Here e4¢ and e pr, along with A€ and ¢B'2’ to be used in the sequel, are
the skew-symmetric Levi-Civita metric spinors. They are defined by the

matrix
01
€= ( -1 0 ) . (5.36)

The raising and lowering of spinor indices is accomplished by means of the
above metric spinors as follows.
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5.2.2 Raising and Lowering Spinor Indices

The role of the Levi-Civita metric spinors in raising and lowering spinor
indices is similar to that of the geometrical metric tensors in raising and
lowering spacetime indices. There is a difference, however, since the metric
spinors are antisymmetric. We will use the convention according to which

£4 = e*Beg, n = A B np, (5.37)
and
Ea=EBepa, na =" epa, (5.38)

for arbitrary spinors £ and . The above formulas give, for instance, £° = ¢,
and £! = —£;. We have, moreover,

404 = €%nBepa = —€4eapn® = —£pn°. (5.39)

Hence contraction with spinor indices should be done according to the con-
vention given by Egs. (5.37) and (5.38).
We finally notice that the Levi-Civita spinor satisfies the simple identity

€aBecD + €acepp + €apepc = 0. (5.40)

The above identity may easily be proved by taking the different values of
the indices A, B, C, and D.

5.2.3 Properties of the ¢ Matrices

In addition to relation (5.35), which the Hermitian matrices o* satisfy, they
also satisfy the following formulas:

aﬁB,aVAB, =g", (5.41a)

or
oh g afB =g, (5.41b)

which is equivalent to Eq. (5.41a).

The spinor equivalent of a tensor is a quantity that has an unprimed
and a primed spinor index for each spacetime tensor index. The spinor
equivalent of the tensor T,g, for instance, is given by

Tapcp = 055055 Tap. (5.42)
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The above formula may be reversed. We then obtain the tensor correspond-
ing to the spinor Tap'cp:. We obtain

AB' _CD’ AB' _CD’
0,7 0" Tapcp =0, 0, UﬁB'UgDITaﬁ

= 858Tap = Ty, (5.43)

by Egs. (5.41).
The spinor equivalent of the geometrical metric tensor g, is given by

9ABCD = 0%p 0L gap = €aceB D/, (5.44a)

gAB'CD aés’apCD'gap = (ACB'D (5.44b)
by Eq. (5.35). The above spinors are, in fact, the usual flat spacetime
metric tensors, but are now having the form

’ ’ _1 0
948 P =gapcp = 0 -1 ) (5.45a)

rather than that of the Minkowskian metric tensor 744.
The indices of the matrix (5.45a) are arranged in such a way that the

first pair, AB’ = 00’,01’, 10’, 11/, denotes the rows, whereas the second pair

C D', taking the same values, denotes the columns. We also have

10

01 0

0

CD' _ sCD’

gA%? =0'aAB’Ua =04p/ =6§(SB/, = ) (5.45b)

1 0
01
which is equivalent to Eq. (5.45a).

5.2.4 The Metric gap.cp and the Minkowskian Metric
Nuv

The relationship between the flat spacetime metric g4p-cp’ and the ordi-
nary Minkowskian metric tensor 7, is obtained if we take for the matrices
o4 g/ the Pauli matrices and the unit matrix, divided by v/2. Accordingly
we may take '

oo _L(10Y 4 1 (01
ABT e\ 0 1)) AR T A1 0 )



5.2. SPINORS IN CURVED SPACETIME 91

1 0 1 1 1 0
UzAB/._—‘ %( i 0 ), 0?45,:—5( 0 -1 ), (5.46@)

and, raising the indices AB’, we obtain

04 _ L (1 0N ap_ 1[0 0 -1
7a\0 1) ZZA\-1 0)

s 1 0 i 1/ -10
ﬁw=ﬁ(40)ﬁ“=7(01) (5.46b)

The tensor equivalent to the spinor gap'cp- is then given by

+1

’ ’ —-1
M =028 0SP gapcp = -1 ) (5.47)

-1

which is, of course, the Minkowskian metric tensor.

5.2.5 Hermitian Spinors

When taking complex conjugate of a spinor, unprimed indices become
primed, and vice versa. The complex conjugate of the spinor S4p, for
instance, is given by _

Sap =Sas. (5.48)
When a tensor is real, its spinor equivalent is Hermitian. Suppose, for

instance, that V, is a real vector and its spinor equivalent is V45.. Then
we have

VBIA:VBAI =0'gA,Va=-0'—%/AVa=O'§B/Va= VAB’, (5.49)

by Eq. (5.34).

If the vector V, is null, namely, V,V* = g,V *VP = 0, then its cor-
responding spinor can be given as a product of an unprimed spinor with a
primed spinor,

Vap = asPp. (5.50)

If, moreover, the vector V,, is real, then Sp: is a multiple of ap,
Vap = aalpr. (5.51)

Any direction along the light cone, therefore, corresponds uniquely to a
one-index spinor ray, namely, to a set of spinors proportional to a given
spinor.
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5.3 Covariant Derivative of a Spinor
The covariant derivative of a spinor £4, denoted by V{4, is given by

Oa
Vi = oA ~ T4 65, (552)

Here ' , 1s the spinor affine connection. When taking the covariant deriva-
tive of the complex conjugate of the spinor £4, we have

= 0, =B -
V. = azi -T4.8p (5.53)

Analogous equations hold for the spinors £ and EA ,

A aEA A ¢B
V,_‘f = ;9_5; + FB#E . (554)
—A’
A" _ O =A’ B
V,‘,,f = —a-%—; + FB’/.A§ - (555)

Generalizations of the above formulas to spinors with more than one
index are done similarly as for tensors. Thus we have for a spinor with two
indices,

’ A I
V,,,,'I]AB a”l FC;;T’CB + F —-AC , (556)

for instance.

5.3.1 Spinor Affine Connections

The spinor affine connections introduced above are fixed by the requirement
that the covariant derivatives of the matrices o* and the Levi-Civita spinors
all vanish,

Vaohg =0, (5.57)
Voeas =0, VoedB =0, (5.58a)
Vaearp =0, Vaer' B =0. (5.58b)

The vanishing of the covariant derivative of €4, for instance, implies

Oeap ’
Va€an = 3.: FAQGCB — Fgae,qc =0. (5.59)
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Hence we obtain
TGatcB ='§acca, (5.60a)

or
I'Baa =T aBa, (5.600)

where Cago = IS eca.

In the sequel we use the covariant derivative operator V 45- defined by

Voo Vou
= “ —
Vap =045V, ( v ) (5.61)

Of course the two components Voo and Vi, are real, whereas V- and
Vio/ are complex, each being the complex conjugate to the other one,
V1o = Vo1 = V1. The operator V 45 is often denoted as follows:

vuw=(21). s

In flat spacetime, and when the matrices o# are presented as in Egs.
(5.46), the operator V 4p- has the simple presentation

Vap = L[ &+ 08 +id,
A= B\ 8-, 8&-0, )

In the above formula it has been assumed that the coordinates are Carte-
sian, 20 = t, ! = z, 22 = y, and z3 = z, with the speed of light ¢ = 1.

(5.63)

5.3.2 Spin Covariant Derivative

As was shown in Chapter 4, two-component spinors are obtained as (com-
plex) numbers in the representation formula of the group SL(2,C). When
applied in physics they become functions of spacetime and subsequently
one needs to define the (coordinate) covariant derivative as was done pre-
viously. Such derivatives have a vectorial form V, or a spin form V4p-.
The question arises as to whether one can define spin covariant derivatives
of the form V 4 and V 4 which are more basic than the previous ones. In
the following such a derivative is presented.

To this end one considers two-component spinors as functions of some
complex variables. More definitely it will be assumed that they are func-
tions of two complex variables, z° and z!, and their complex conjugates.
This is equivalent to four real variables which might or might not have any
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relationship to spacetime coordinates. The two complex variables will be
denoted collectively by z4 with A =0, 1.
The spin covariant derivative may then be defined by

B

Valp = 5.4 r$sée, (5.64a)
Valp = %%4 - F/ca;sfcu (5.64b)
Vals = %% -T$ 5¢c, (5.64c)

Valp = g—i— ~Teslon (5.64d)

for the spinors (g and —(-B,. Similar formulas for the spin covariant deriva-

tives of the spinors ¢B and T°

vact = % a0 5.65
a¢” = 2 +Tac(™, (5.65a)
B’ 6?3, B —C’
Va(h = ga +TacC (5.65b)
< B _ a( c
VA’C oA + FAICC (5.65C)
>
_.B'
— -B' 0 —B' =C'
Val” = o 4+ Tho ", (5.65d)

It will be noted that Eqgs. (5.64c) and (5.65¢) are the complex conjugates
of Eqgs. (5.64b) and (5.65b), respectively. The quantities I" are called spin
affine connections.

We finally relate the spin covariant derivative to the ordinary coordinate
covariant derivatives. This is done by expressing the ordinary covariant
derivative as a product of the newly defined ones,

Vap =VaVp, (5.66)
where V 45 = 0% 5, V,,, and thus one has
VuUfBIVAB' = U,fB'VAvB'- (5.67)

Since V ap- is Hermitian, V,, is real. In terms of the complex variables P
and z!, one then has

V.oV VoV ) (5.68)

Vap = ( VoV VaVa
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5.3.3 A Useful Formula

Finally it is worthwhile mentioning that any spinor with two indices £45
satisfies the relation

26(ap) = €aB — €Ba = €5 €an, (5.69)

where £ = €“P¢cp. Equation (5.69) is a consequence of the identity
(5.40) and is obtained from it by multiplying it by £°P. Formulas similar
to Eq. (5.69) are valid for spinors having more than two indices. Thus we
have, for instance,

2S(aBjcD = SaBcp — Spacp = €ABSF ¢, (5.70)

for an arbitrary spinor Sagcp.

In the next section we apply the theory presented above to the electro-
magnetic field.

5.4 The Electromagnetic Field Spinors

We may now apply the theory presented in the last section to the electro-
magnetic and gravitational fields. Accordingly, all the field variables will be
presented in spinorial form. This includes the electromagnetic field poten-
tial and tensor, the gravitational field curvature tensor, the Weyl conformal
tensor, and the Ricci and Einstein tensors. This section is devoted to the
electromagnetic field.

5.4.1 The Electromagnetic Potential Spinor

The spinor equivalent to the electromagnetic potential A, is the spinor
Acp given by

Acp = 0% p A, (5.71)

Since the vector A, is real, the spinor Acpr is Hermitian, namely, Acpr =
Aprc. Thus the components Aggr and A;y. are real, whereas Agy and Ao
are complex conjugate to each other,

AIO’ = m = XO’I- (572)
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5.4.2 The Electromagnetic Field Spinor

The spinor equivalent to the electromagnetic field tensor f,, is given by
fapep =04 5.0¢p fur- (5.73)

Since f,, is skew-symmetric and real, the spinor (5.73) is antisymmetric un-
der the exchange of the two pairs of indices AB’ and C D’ and is Hermitian
with respect to these indices. Accordingly we have

fap'cpr = —fcpras, (5.74)

fAB’CD’ =7B'Ach- (5.75)

Because of the antisymmetry property of the electromagnetic field, we
may decompose its spinor equivalent (5.73). To this end we present Eq.
(5.73) as follows:

1 1
fapep = 3 (faB'cp’ — fep ap’) + 3 (feprap' — fcprap).  (5.76)

Here the first expression in parentheses is skew-symmetric in the indices A
and C, while the second expression is skew-symmetric in the indices B’ and
D'. According to Eq. (5.70) we then have

fapcp = fepap = €acfo’ b (5.77)

’

fcB ap' — fepap = €D foe £ - (5.78)

Hence Eq. (5.76) may now be written in the form
1 ’
fapcp = 3 (GACfGB?D' +esp foc f ) . (5.79)

5.4.3 Decomposition of the Electromagnetic Spinor

Let us now denote

1 ’
¢AB = éfAC'B . (5.80)
We then have

1 ! 1 ’ 1 ’
$Ba = §fsc'Ac =-3 Ao = §fAc'BC = ¢aB. (5.81)
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Hence ¢4p is a symmetric spinor. Taking now the complex conjugate of
$ApB We obtain

— — 1l 1= c 1
bap = PaB = QfAc/Bc = §f,4'cs' = ’éfCA?B’: (5.82)

where use has been made of the hermiticity property of the spinor fap'cp’.
As aresult, Eq. (5.79) may now be written in the form

faBcp = €achpp + bacep s (5.83)

where use has been made of Egs. (5.81) and (5.82).

We thus see that the electromagnetic field tensor f,,, is equivalent to
the symmetric spinor ¢4p. The six real components of f,, are presented
by the three complex components of ¢ 45. These are ¢go, P01 = P10, and
¢11. The spinor ¢ 4p will be referred to by us as the electromagnetic field
spinor, or simply the Mazwell spinor. In the sequel use will be made of the
notation

$0 = do0, b1 = do1 = d10, $2 = P11. (5.84)

We finally find the spinor equivalent to the dual to the electromagnetic
field tensor. If f,, is the electromagnetic field tensor and * fo g is its dual,

1
"fap = 5V =g6apysf ", (5.85)

where €546 is the Levi-Civita tensor density of weight W = —1, then the
spinor equivalent to the dual is given by

*fapcp =i(eacg p — baces D) - (5.86)

5.4.4 Intrinsic Spin Structure

We now apply the commutator (VnV p — V V) to an arbitrary spinor
£q. A simple calculation then yields

(VnVu —VuVn)éq = - unép, (5.87)
where
®Fmn =Tomn —T&nm + oML En —TENT Err- (5.88)

In Eq. (5.88) a comma followed by a capital letter means a partial deriva-
tive, f = 0f/0zM (see Subsection 5.3.2). In the same way we obtain

(VN = VuVn) €9 = 8%, nEF. (5.89)
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The above formulas are analogous to those for defining the Riemann cur-
vature tensor (see next chapter).
From Eq. (5.87) we obtain

(VNVm = VuVn)Eq = @pquné’. (5.90)
On the other hand, by lowering the free index @ in Eq. (5.89), we have
(VNVM = VMmVn) € = Popmntr. (5.91)
Comparing the last two formulas we find that
Qpqun = Pqrmn, (5.92)

thus the spinor ® is symmetric with its first two indices. It is also obvious,
by its derivation, that & is skew-symmetric with respect to its last two
indices,

Qpqmn = —PpoNm- (5.93)
Using now Eq. (5.70), one thus has

Ppomn = PpPq MmN, (5.94)

where @pQ = QQP = q)PQAA'
The spinor ®pq thus has the same symmetry properties as the electro-
magnetic field spinor ¢pq (see Subsection 5.4.3).

5.4.5 Pauli, Dirac and Maxwell Equations

1. The neutrino equation

The neutrino is described by a two-component Pauli spinor, n4. The neu-
trino field equation is then given by

Vasm? =0. (5.95)
2. The Dirac equation
The Dirac equation for a spin-% particle is given by
P (Vi —iedu) § = my,

in units in which A = ¢ = 1. Here ¢ is a four-component spinor and *
are four 4 x 4 matrices that satisfy certain commutation relations. The
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4-component spinor 1 is composed of two 2-component spinors a4 and g4
as follows:
o
5!
= -0
¥ ﬂ:
B

The Dirac equation can also be described by coupled two equations with
the two 2-component spinors o and 8“4 (see Problem 5.12):

(Vepr +ieAcp) a® = %ED/, (5.96a)
(VCD’ + ‘I:GACD/) ﬁc = %ED’) (596b)

where Acp/ = o4, A,, with A, being the electromagnetic potential, and
m and e are the mass and the charge of the particle.

3. The Maxwell equations

These are given by
ar .

V, ¥ = ?]", (5.97a)
V, *f* =0, (5.97b)

where * f is the dual to f, and c is the speed of light in vacuum.
The spinor version of the above equations is

Vop fAECD = fcjjAB” (5.984)
Vepr *fABCD =, (5.980)
where f and *f are given by
FAB'CD _ eAC;,B'D' + ACE' D’ (5.99a)
* fAB'CD' _ (eAC$B,DI _ ¢AC€B’D’) _ (5.99b)

Defining now the spinor f* = f 4 i *f, we then obtain for the Maxwell

equations

f+AB,CD/ = _4£jAB" (5‘100)
c

Vepr

with fZB'CD’ = 2¢AC£B'D'-
In the next chapter we discuss the gravitational field dynamical vari-
ables, starting with a review of general relativity theory.
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5.5 Problems

5.1 Decompose the commutator of the covariant differentiation operators
(V.,V, —-V,V,) in spinor form.

Solution: The spinor equivalent to the commutator (V,V, -V,V,) is
given by
(Vep'Vap —VapVep). (1)

By adding and subtracting identical terms we obtain
Vep'Vap —VasVep
=(Vep'Vap —VepVap)+(VepVap —VasVep).  (2)

The first bracket on the right-hand side is antisymmetric in the indices D’
and B’, whereas the second bracket is antisymmetric in the indices C and
A. Hence we can use Eq. (5.69). We then obtain

Vep'Vap —VapVep =epp'Viacy + ecaVs pry, (3)
where use has been made of the notation
1 / ’
Vic) = 3 (VAE‘VCE +Vep VL ) , (4)
1
Vo) =3 (Ve V% +Vep V). (5)

5.2 Show that the Levi-Civita contravariant tensor density e** of weight
W = 41 may be presented in the form

#vef =\ [ZgahCB gvAD’ (agD,aﬁB, - agD,aiB,) . (1)
Solution: We start with the identity

! ’ ’ U ' ’ ’ ’ ! 'y
MN'PQAB'CD' _ _ (GAMGBQ (CPD'N' _ AP B'N' CM D'Q )’ @)

where ¢MN'PQ'AB'CD’ g the spinor equivalent to the Levi-Civita tensor
density €#¥*#, Identity (2) may be verified by checking the components of
Eq. (2) for the various values of its indices. The indices MN’, PQ’, AB’,
C D’ take the values 00’, 01’, 10, 11/, and eMN'PQAB'CD’ t5kes the values
+1 and —1, depending upon whether MN’, PQ', AB’, CD’ is an even or
an odd permutation of 00/, 01/, 10, 11/, and zero otherwise.
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Using now the relation

pvaf MN'_PQ' _AB’ _CD' _ _ _MN'PQ AB'CD’
o, oF3 g4 o5 =o0¢ , (3)

where ,
o= deta;‘}B =,g=-iv-g, (4)
Eq. (3) then yields, using Eq. (2),

e“""‘pafN/an’agB,ang
=iy=g (CAMCB’Q’GCPeD’N’ _ CAPCB’N’CCMCD’Q’) ' (5)
Multiplying now the latter formula by a4 5.0 pg/0 % 508 then yields
P — i\/_:«aaﬁle’a;’Q’ (awMQ’aéPN’ _ GJMQ’(,'yPN') ] (6)
Equation (6) is identical to Eq. (1) if we raise the indices M N’ and

PQ' of oy, and 0pg, and lower the same indices of the bracket without
causing any change.

5.3 Show that the spinor equivalent to the tensor

1
nﬁ = V=99*°g"’ €oopr = \/'—-_gg“/’gwepMpa (1)

where €,0,, and €728 are the Levi-Civita covariant and contravariant ten-
sor densities of weights W = —1 and +1, respectively, is given by

ABCD _ (agagagi 82— agagag:ag:) . 2)

Solution: Using the representation for the Levi-Civita tensor density given
by Eq. (1) of the previous problem, we obtain

af

6,15

_ ;,CB’' JAD’
=0, " 0} (

O'nga'iB/ —aﬁB/agD/) . (3)
The spinor equivalent of Eq. (3) is

(BF'GH' _ ;5CB' EF’ sGH' _ sEF' G

Pl =isfF opl (5CD'5AB' - AB’écD'> (4)
which may also be written as

(EFGH EF' sGH' _ sEF’
TrEp = (511/ 87 — o on ) (5)
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In the above formulas use has been made of the notation
648, = 6485, (6)
5.4 Show that the spinors equivalent to the tensor e:f and to the tensor
ésf are related by
ER.ER = iefR SR (1)
Solution: The tensor 6;’? is given by

658 = 5288 — 5260, (2)
Hence its spinor equivalent is given by
SER.ER = S8R 6GhH, — 8GR OER. (3)
where
SpB = spsB . (4)

Comparing Eq. (3) with Eq (5) of the previous problem for the spinor
equivalent of the tensor €22, we obtain Eq. (1).
5.5 Write the spinor affine connections in terms of the ordinary tensor affine

connections and the matrices 0 and their derivatives.

Solution: We use the fact that the covariant derivative of the matrices o*
vanish. We then obtain

’
v — v v P C v =D v —
Vu"AB' = #"AB"“'Fup"AB' —FA;LO'CB’ —FBIP'UADI —0, (1)

where 8, f = 8f/8z*. Multiplying now the above equation by ¢EF" and
summing over the index v, we obtain

v v ’ —-D'
ofF 8,045 +0EF TY 055 ~ 5,65 —Tp. 865 =0. (2)

Contracting now the indices F’ and B’ in Eq. (2), yields

afBla,‘a;"B, +aF l"" Tp — 21"2“ =0, (3)
and therefore 4
15, = 205 (Th,0ha + 8u0hm) @

Likewise we obtain, by contracting indices A and E in Eq. (2),

=F' 1
Ppu =300 ol T (Chohp +8u04p) - (5)
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5.6 Write the ordinary tensor affine connections (see Chapter 6) in terms
of the spinor connections and the matrices ¢ and their derivatives.

Solution: From the vanishing of the covariant derivatives of the matrices

o8’ we obtain

8,048 _ T8 048 4T, oCF 4+ To, L0 = 0. (1)

Multiplying this equation by ¢ 5. and summing up over the indices AB’
then yields

ar%, = 045.0,085 + 18,055 0% 5 + rc, 55 Bt p. (2)

In Eq. (2) use has been made of the fact that the matrices 0 are Hermitian.

The first term on the right-hand side of the above equation is real since

3P 3 4AB _ 5P =A'B __ _p BA' _ _»p AB’
045 0u0B =57%,50,05 ° =05 ,4,0,0," =0450,057 . (3)

Hence we finally obtain

1
4%, = 20,43/3,;0‘43 +Té,0 CB' 5% . + complex conjugate.  (4)

5.7 Find the relationship between the spinor affine conections I'§, and the
spin affine connections I'4¢.

Solution: The solution is left for the reader.

5.8 Show that if f,p is the electromagnetic field tensor and * fog is its dual,
then the spinor equivalent to the dual is given by Eq. (5.86).

Solution: The spinor equivalent to the dual * fo5 is given by
*fapicp = 0;’{3/020/ *fap

1 1
= 508890V ~9¢aprs9™ 9" fuv = 508898 prtg fun- (1)

Changing now the spacetime tensorial indices in Eq. (1) by the spinorial
indices, we get
1 ’ ’
*fapcp = 56,14(52%\{ fxkrmn. (2)
Using now Egs. (5) and (6) of Problem 5.3 in the above formula, we
obtain

i .
*fapcp = 2 (faprcs' — fep ap’) =ifapcs- (3)
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Hence we obtain, using (5.83),
*faprcp =i (eacdp g + bacep Br)
or
*faprcp =i (eachp p — bacen ), (4)

where use has been made of the fact that ¢ 45 is symmetric and ep:p/ is
skew-symmetric.

5.9 Find the spinor equivalent to the tensor

= fuw +7* fu. (1)

Solution: Using Egs. (5.83) and (5.85) we obtain
fiecp =2¢acepp. (2)
5.10 Find the expression of the spinor equivalent to the energy-momentum
tensor of the electromagnetic field. .
Solution: The energy-momentum tensor of the electromagnetic field is

given by Eq. (62) of Appendix A, Chapter 6:

1

1
T;.w = Z‘ ( g/.wforﬂf - fuafua) . (1)

Using spinor notation, the above expression may subsequently be written
in the form

1 /1
Tapcp = — (—

1 ’ F/
o 4€ACeB’D’fEF'GH’fEF CH' _ fappr fopt ) (2)

The two quadratic terms in f in Eq. (2) may be calculated. We then obtain

fercn fEFCH =2 (¢BG¢BG + EF'H';SF,H,) , (3)

’ —_ —_ — F
faBEF fopl = —20achp p + €achp b + GaEdS €n D (4)

Denotlng now the splnor equwalent to the energy-momentum tensor
TAB'CD' by Tmn, where

Toan = TA+C,B’+D’) (5)
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with m,n = 0,1,2, and using the notation given by Eq. (5.84) for the
electromagnetic field spinor ¢ 4p we then obtain from Eq. (2) the following
simple formula:

1 -
Tmn = 2_7r¢m¢n- (6)
Here m,n=0,1,2.
5.11 Show that the energy-momentum tensor for the neutrino field is given
by
Tow = (03X naVilix: + 00X 1aV,iix

—U:X,ﬁx'vvﬂA - fo’ﬁX'VnﬂA)- (1)

Solution: The solution is left for the reader.

5.12 The “standard” form of the Dirac equation is given by
Y (Vy —ieAu) P = my, (1)

in units in which A = ¢ = 1, where ¢ is a four-component spinor, y* are
four 4 X 4 matrices, and m and e are the mass and charge of the particle.

Show that 1 can be expressed in terms of the two 2-component spinors a4
and B4, as
ag
v=| 3 (2
= -0 .
) )
¢

Finally, show that Eq. (1) yields the two equations (5.96). Find the matri-
ces y* and write them in terms of the three Pauli matrices and the 2 x 2
unit matrix.

Solution: The solution is left for the reader.

5.13 “Ghost neutrinos” in general relativity are solutions of the Einstein-
Dirac equations with a neutrino current but with zero energy-momentum.
Solve the Einstein field equations for a static, plane-symmetric spacetime
generated by neutrinos. [See T.M. Davis and J.R. Ray, Phys. Rev. D 9,
331-333 (1974); also C. Collinson and P. Morris, Nuovo Cimento 16B, 273
(1973).]

Solution: The Einstein-Dirac equations are given by

1 87G
Gu =R, — §guuR = TTMV) (1)
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he
T;w = —"’4— (1;[)17;41[1;11 - "ﬁ;fy')'p"l’ + 1[’1%'1[’;;4 - "ﬁ;tp’)’v"/)) , (2)
where 1 satisfies the zero-mass Dirac equation

¥ 1[’;0: =0, (3)

and the semicolon denotes covariant differentiation. Since for zero-mass
Dirac particles the trace of the energy-momentum tensor vanishes, the
scalar curvature R also vanishes, and the Einstein equations reduce to

&G
o T (@

R, =
Spacetimes with plane symmetry along the z axis can be given by
ds® = e (dt? — dz?) — €% (dy® — d2?), (5)

where v and v are functions of z and ¢ only, and the speed of light c is
taken as unity. For the static case u, v, 9, etc. depend on only .
The exact solution to the Einstein-Dirac equations is given by

u=In(kz+1)""%,  v=In(kz+1)"?, (6)
and s
Yo = (kz +1)7/ o, (7)
where
1
+1
'¢00 =a i ’ (8)
+i
and k and a are arbitrary constants. The neutrino current density,
J# =ity 9)

is consequently given by
Jh=4a|? (kz+1)"34 (8 £5v). (10)

Equations (6) and (7) represent an exact solution to the Einstein-Dirac
equations for a static, plane-symmetric spacetime. Its most interesting
property is that the neutrino energy-momentum tensor vanishes, whereas
the neutrino field and current density do not vanish.
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5.14 Show that the solution to the Einstein-Dirac equations given in Prob-
lem 5.13 can be generalized to represent “non-ghost” neutrinos,

u=_%]n(aa:+b)+cz+d, (1)
1
v=gn(ez+b), (2)
S
P = e~/ (coswz + iyl 4 sinwr) et :l;s e, (3)
+q /»

where a, b are constants, and s, g and ¢ are arbitrary real numbers. All
components of T, are zero except Too and T, which are equal.

Solution: The solution is left for the reader. [See K.R. Rechenick and J.M.
Cohen, Phys. Rev. D 19, 1635-1640 (1979).]

5.15 Generalize the solutions given in Problems 5.13 and 5.14 to the case
in which an electromagnetic field is present. Show that in the presence
of an electromagnetic field even the time-dependent Dirac field has ghost
solutions, but the solutions become ghost-free in the presence of charged
matter. Show also that the time-independent Dirac field has a ghost-free
solution if the neutrinos are considered to possess some mass.

Solution: The solution is left for the reader. [See K.D. Krori, T. Chaud-
hury and R. Bhattacharjee, Phys. Rev. D 25, 1492-1498 (1982).]
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Chapter 6

The Gravitational Field
Spinors

In this chapter the gravitational field spinors are presented. These include
the curvature spinor and the spinors equivalent to the Riemann, Weyl,
Ricci and Einstein tensors. A decomposition of the Riemann spinor into
its irreducible components is also given. We start the chapter with a brief
review of the essentials of general relativity theory.

6.1 Elements of General Relativity

In this section a brief review of general relativity theory is given. Only
the essentials of the theory that is needed for the chapter are given. We
begin the discussion with a brief review of Riemannian geometry, followed
by a description of the physical foundations of general relativity. These are
the principles of equivalence and of general covariance. The gravitational
field equations are then derived in a tensorial form. The Schwarzschild
solution of Einstein’s field equations is derived. Experimental verification
of general relativity is subsequently given. The section is then concluded
with a review of the problem of motion in the gravitational field.

109
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6.1.1 Riemannian Geometry
Transformation of Coordinates

Any four independent variables z#, where Greek letters take the values 0,
1, 2, 3, may be considered as the coordinates of a four-dimensional space
V4. Each set of values of z# defines a point of V4. Let there be another set
of coordinates x’# related to the first set z¥ by

g = f*(z), (6.1)

where f# are four independent real functions of z¥. A necessary and suffi-
cient condition that f# be independent is that their Jacobian,

3
T
= s (6.2)
af° af3
does not vanish identically. Equation (6.1) defines a transformation of

coordinates in the space V4. When the Jacobian is different from zero, one
can also write z* in terms of z'¥ as

af+
ozv

z# = g (") . (6.3)

A direction at a point P in the space V} is determined by the differential
dz*. The same direction is determined in another set of coordinates z’# by
the differential dz’#. The two differentials are related, using Eq. (6.1), by

ox'* of¢
dr'* = —dz¥ = —dz". 6.4

z azv *° oz (6.4)
Here the Einstein summation convention is used, according to which re-
peated Greek indices are summed over the values 0, 1, 2, 3.
Contravariant Vectors

Let two sets of functions V# and V’# be related by

or'*
ozv

similar to the way the differentials dz’# and dz* are related. V# and V'#
are then called the components of a contravariant vector in the coordinate

Vi =

v, (6.5)
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systems z* and z'#, respectively. Hence any four functions of the z’s in
one coordinate system can be taken as the components of a contravariant
vector whose components in any other coordinate system are given by Eq.
(6.5).

A contravariant vector determines a direction at each point of the space
V4. Let V¥ be the components of a contravariant vector and let dz* be a
displacement in the direction of V#. Then dz°/V® = ... = dz3/V3. This
set of equations admits three independent f* (z#) = c*, where k =0, 1,2,
and the c’s are arbitrary constants and the matrix 8f%/dc# is of rank
three. The functions f* are solutions of the partial differential equation
Vvafk/8z¥ = 0. Hence using the transformation laws (6.1) and (6.3)
one obtains V’* = 0 for k = 0,1,2, and V' # 0. Hence a system of
coordinates can be chosen in terms of which all components but one of a
given contravariant vector are equal to zero.

Invariants. Covariant Vectors

Two functions f (z) and f’ (z’) define an invariant if they are reducible to
each other by a coordinate transformation.
Let f be a function of the coordinates. Then

of _ of o9z"
8x'* ~ Ozv Bz’
Two sets of functions V,, and V,; are called the components of a covariant
vector in the systems z and z’, respectively, if they are related by the
transformation law of the form (6.6),
oY
! —
V,= Fom V.. (6.7)
For example, if f is a scalar function, then 8f/8z* is a covariant vector.
It is called the gradient of f. The product V#W, is an invariant if V is a
contravariant vector and W is a covariant vector. Conversely, if the quantity
V#W, is an invariant and either V# or W, are arbitrary vectors, then the
other set is a vector.

(6.6)

Tensors

Tensors of any order are defined by generalizing Egs. (6.5) and (6.7). Thus
the equation
oz'M dzx'Pm dz % oz

I e 1 P 6.8
T, oA OzPm O/ ox'vn T50057 (6.8)
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defines a mixed tensor of order m + n, contravariant of the mth order
and covariant of the nth order. If the Kronecker delta function is taken
as the components of a mixed tensor of the second order in one set of
coordinates, for example, then it defines the components of a tensor in any
set of coordinates. An invariant is a tensor of zero order and a vector is a
tensor of order one.

When the relative position of two indices, either contravariant or co-
variant, is immaterial, the tensor is called symmetric with respect to these
indices. When the relative position of two indices of a tensor is interchanged
and the tensor obtained differs only in sign from the original one, the ten-
sor is called skew-symmetric with respect to these indices. The process by
means of which from a mixed tensor of order r one obtains a tensor of order
r — 2 is called contraction.

Metric Tensor

Let g,. be the components of the metric tensor, i.e., a symmetric covariant
tensor, which is a function of coordinates, and let g = det g,,. The quantity
g*¥, denoting the cofactor of g, divided by g, is a symmetric contravariant
tensor and satisfies

9" gu, = &b (6.9)

The element of length is defined by means of a quadratic differential form
ds? = g, dz#dz”. By means of the tensors g,, and g*” one can lower or
raise tensor indices:

T”up = g“UTde, (6100)
TP = go,T?P7. (6.100)
Certain other quantities transform according to the law

o' ozP o

tpe-r _ N or
Ta... =J 2P Oz’ Bt

(6.11)
Here J is the Jacobian determinant | 8z%/8z'P |. The superscript N is the
power to which J is raised. T}." is called a tensor density of weight N. For
example, if ¢’ denotes det g,,, then ¢’ = J?%g, where g = det g,,. Hence
one has for the four-dimensional elements in two coordinate systems the

equality:
V—gdir = \/—g'd*z’. (6.12)
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Christoffel Symbols

From the two tensors g,, and g#* one can define the two functions

_ 1 3g,,a agaa 89}:0
Faps = 2 (3:1:” t ozr "Bz ) (6.13)

T, = ¢**Tapo. (6.14)

They are symmetric in p and o, and are called the Christoffel symbols of
the first and second kind, respectively.

Both kinds of Christoffel symbols are not components of tensors. By
starting with the differential transformation law for g,, it is not too diffi-
cult to show that I',, transforms according to the following relation (see
Problem 6.10):

, 0zP 3z" Ox® orP %z

v = G e 3L 07 T 90 g e (B15)

Making use of the transformation law for g®° then leads to the transfor-
mation law of ['§, as

oz’ dz# 8z° _, = 8z'% 0%x°

s _
To, = Oz Ox'P dx'v  #°  Ox° Bx'Pxv’ (6.16)
From Eq. (6.13) we obtain
1 Oy
F‘;# = -éguu-ga—. (617)

This equation can be rewritten in terms of the determinant g of g,.. The
rule for expansion of a determinant leads to the formula

Og
8guu

=AW, (6.18)

where A*¥ is the cofactor of the element g,,. From the law for obtaining
the inverse of a determinant, and from the definition of g#*¥, Eq. (6.18)
may be written as

oy

Oguv

= gg"*, (6.19)

and consequently
dg = gg"dgu, = —gguvdg””. (6.20)
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Hence we have

Oag = yy""aagpu = —gg;.waag#”- (6.21)
The use of Eq. (6.21) enables us to write Eq. (6.17) in the form
re,=—28 1 2= (6.22)

kT 998z /=g 8z
Covariant Differentiation

We have seen that the derivatives of an invariant are the components of a
covariant vector. This is the only case for a general system of coordinates in
which the derivative of a tensor is a tensor. However, there are expressions
involving first derivatives which are components of a tensor. To see this we
proceed as follows.

Let V# and V' be a contravariant vector in two coordinate systems z

and z’. Then
or*

o'V’

Differentiating this equation with respect to z* and using Eq. (6.16) gives
(see Problem 6.11):

oV ov'’e oz’ Oz#
()

o> ozv 9z dr'P

VE =V

(6.23)

VPTE,. (6.24)

Hence if we define a covariant derivative of V# by
VoV = 0,V¥ +Th,V?, (6.25)
Eq. (6.24) can be written as

oz’ Oz#
Oz Oz'P’

V VE =V, V" (6.26)

Therefore V,V*# is a mixed tensor of second order.
In the same way one shows that the covariant derivative of a covariant
vector V, is given by:

VoV =8aV, - FZQV;” (6.27)
From the above equation one has for the curl of a vector V,.:

VsVa = VoV = 03V — 8a V. (6.28)
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Hence a necessary and sufficient condition that the first covariant derivative
of a covariant vector be symmetric is that the vector be a gradient.

It is easily seen, using the law of covariant differentiation of tensors (see
Problem 6.12), that

V,g*" =0, (6.29a)
vpg;w =0, (629b)
V, 8 =0. (6.29¢)

Other properties of covariant differentiation can be established (see Problem
6.13).

Riemann and Ricci Tensors

If we differentiate covariantly the tensor V,V,, given by Eq. (6.27), we
obtain
(V4Vs = VsV, Vo = R?

apr Vs (6.30)

where R® apy 18 called the Riemann tensor and is given by

R® 5, =835, — 8,18, + T4 I8, —T# T . (6.31)

apfy
A generalization of Eq. (6.30) to an arbitrary tensor can be made (see
Problem 6.14).

One can show that in order that there can exist a coordinate system in
which the first covariant derivatives reduce to ordinary ones at every point
in space, it is necessary and sufficient that the Riemann tensor be zero and
that the coordinates be those in which the metric is constant.

One notices that the Riemann tensor satisfies

Rapys = —Rpays = —Rapsy = Rysap, (6.32a)

Ropvs + Ravysp + Raspy = 0. (6.32b)

Moreover, counting the number of components, one finds that in a four-
dimensional space the Riemann tensor has 20 components.

From the Riemann tensor one can define the Ricct tensor and the Ricct
scalar by

R, =R* (\/_1‘ V) o = (Inv=g) ., ~TpsTl,,  (6.33)

pav

‘ll

R=R* (6.34)

73
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respectively. Here a comma denotes partial differentiation, f o = 0,f. The
Einstein tensor is then defined by

1
G;w = Rp.u - EguuR- (635)

The last important tensor constructed from the Riemann tensor is the
Weyl conformal tensor (see Section 6.1.8):

1
Coouv = Rpop — 3 (9ouRvs — 9ov Ryuo — gouRup + gov Ryp)

1
% (9ov9uo — Gougva) R. (6.36)

It has the special property that

C? Lo =0. (6.37)

Furthermore, if the Weyl tensor vanishes everywhere, then the metric
is said to be conformally flat. (Two spaces V and V are called conformal
spaces if their metric tensors g, and g, are related by g,, = e 9uv, Where
B is a function of the coordinates.) That is, there exists a mapping such that
guv can be diagonalized, with +3 (z) appearing in the diagonal positions,
and where 3 (z) is some function. This follows from the fact that the Weyl
tensor can be expressed entirely in terms of the density g.., = (—g)_l/ 4 Guv
and its inverse, and is equal to the Riemann tensor formed by replacing g,
by Guv, Rapys (Guv) = Capys (guv)-

Consequently, the vanishing of the Weyl tensor implies the vanishing of
Rpys (Guv), which in turn implies that there exists a mapping such that
Juv is everywhere diagonal, with +1 appearing along the diagonal. Only g

is arbitrary and + (—g)l/ 4 appears along the diagonal of Guv-

Geodesics

The differential equations of the curves of extremal length are called geodesic
equations. To find their equations we seek .the relations which must be sat-
isfied to give a stationary value to the integral [ ds. Hence we have to find
the solution of the variational problem

5 / Lds=0, (6.38)
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where the Lagrangian L is given by

dz# dzv\ /2
Accordingly we have
oL oL dz#
= —0z* + —F—( — . .
5/Lds /[3z“6$ +8(dx/‘/ds)6(ds )st (6.40)
The second term of the integrand may be written as the two terms

d 8L d 8L

— e SpeH | - T "

ds [a(dx#/ds)az } ds [B(dzf‘/ds)J b (6.41)

On integration, the first of these expressions contributes nothing since the
variations are assumed to vanish at the end points of the curve.
As expected, the equation obtained is the usual Lagrange equation:

d oL oL

ds 0 (dzh/ds)  Ozh (642)

A simple calculation then gives, using the Lagrangian given by Eq. (6.39),

d2z# dz* dzP
27 s gy 25 =0 (6.43)

Bianchi Identities

A study of Eq. (6.16) shows that it is always possible to choose a coordinate
system in which all the Christoffel symbols vanish at a point. For, suppose
the Christoffel symbols do not vanish at a point A. One can then carry out
the coordinate transformation

1
' =z% - 1% + §Fg'7 (A4) (a:p - :L"BA) (=7 —2",), (6.44)

where the subscript A indicates to the value at the point A. By Eq. (6.16)
one finds that the Christoffel symbols in the new coordinate system vanish
at the point A.

A coordinate system for which the Christoffel symbols vanish at a point
is called geodesic. (It is also possible to transform away the Christoffel
symbols along a given curve.)
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If we choose a geodesic coordinate system at a point A, then at A one
has
V.,R“w,y = 6;56,[‘3‘7 - 876.,I‘f,‘ﬁ. (6.45)

Consequently, at the point A one has:
VVR#J[?‘Y -+ V7Rp6l/ﬁ + VﬁRMJ’yV = 0- (6.46)

Since the terms of this equation are components of a tensor, this equation

holds for any coordinate system and at each point. Hence Eq. (6.46) is an

identity throughout the space. It is known as the Bianch: identities.
Multiplication of Eq. (6.46) by g°?6) gives

¢ (VR s+ VR 5,0+ VaR5,, ) =0, (6.47)

Using the symmetry properties of the Riemann tensor, the last equation
becomes:

v 1 14 v
v, (R., - 5571%) =V.,G," =0. (6.48)

Equation (6.48) is called the contracted Bianchi identity.
After having developed the mathematical tools to describe general rel-
ativity theory, we now turn to the physical foundations of the theory.

6.1.2 Principle of Equivalence
Null Experiments. E6tvés Experiment

One of the most interesting null experiments in physics is due to E6tvos, first
performed in 1890 and recently repeated by Dicke. The experiment showed,
in great precision, that all bodies fall with the same acceleration. The
roots of the experiment go back to Newton and Galileo, who demonstrated
experimentally that the gravitational acceleration of a body is independent
of its composition.

The importance of the E6tvos experiment is in the fact that the null
result of the experiment is a necessary condition for the theory of general
relativity to be valid.

E6tvos employed a static torsion balance, balancing a component of the
Earth’s gravitational pull on the weight against the centrifugal force field
of the Earth acting on the weight. He employed a horizontal torsion beam,
40 cm long, suspended by a fine wire. From the ends of the torsion beam
were suspended two masses of different compositions, one lower than the
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other. A lack of exact proportionality between the inertial and gravitational
masses of the two bodies would then lead to a torque tending to rotate the
balance. There appears to be no need for the one mass to be suspended
lower than the other.

The experement of EGtvds showed, with an accuracy of a few parts in
109, that inertial and gravitational masses are equal.

In the experiment performed by Dicke, the gravitational acceleration
toward the Sun of small gold and aluminium weights were compared and
found to be equal with an accuracy of about one part in 10!!. Hence
the necessary condition to be satisfied for the validity of general relativity
theory seems to be rather satisfactory met.

The question therefore arises as to what extent is this experiment also
a sufficient condition to be satisfied in order that general relativity theory
be valid.

It has been emphasized by Dicke that gold and aluminium differ from
each other rather greatly in several important aspects. First, the neutron
to proton ratio is quite different in the two elements, varying from 1.08
in aluminium to 1.50 in gold. Second, the electrons in aluminium move
with nonrelativistic velocities, but in gold the k-shell electrons have a 15
per cent increase in their masses as a result of their relativistic velocities.
Third, the electromagnetic negative contribution to the binding energy of
the nucleus varies as z? and represents % per cent of the total mass of a
gold atom, whereas it is negligible in aluminium. Fourth, the virtual pair
field and other fields would be expected to be different in the two atoms.
We thus conclude that the physical aspects of gold and aluminium differ
substantially, and consequently the equality of their accelerations represents
an important condition to be satisfied by any theory of gravitation.

Since the accuracy of the EGtvos experiment is great, the question arises
as to whether it implies that the equivalence principle is very nearly valid.
This is true in a limited sense; certain aspects of the equivalence principle
are not supported in the slightest by the EGtvos experiment.

6.1.3 Principle of General Covariance

We have seen in the preceeding subsection that a gravitational field can be
considered locally equivalent to an accelerated frame. This implies that the
special theory of relativity (see Section 3.1) cannot be valid in an extended
region where gravitational fields are present. A curved spacetime is needed
and all laws of nature should be covariant under the most general coordinate
transformations.
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The original formulation of general relativity by Einstein was based on
two principles: (1) the principle of equivalence (discussed in detail in the
last subsection); and (2) the principle of general covariance.

The principle of general covariance is often stated in one of the following
forms, which are not exactly equivalent:

(1) All coordinate systems are equally good for stating the laws of
physics, and they should be treated on the same footing.

(2) The equations of physics should have tensorial forms.

(3) The equations of physics should have the same form in all coordinate
systems.

According to the principle of general covariance, the coordinates become
nothing more than a bookkeeping system to label the events. The principle
is a valuable guide to deducing correct equations.

It has been pointed out that any spacetime physical law can be written
in a covariant form and hence the principle of general covariance has no
necessary physical consequences, and Einstein concurred with this view.

In spite of Einstein’s acceptance of this objection, it appears that the
principle of general covariance was introduced by Einstein as a generaliza-
tion of the principle of special relativity and he often referred to it as the
principle of general relativity. In fact the principle of equivalence (which
necessarily leads to the introduction of a curved spacetime), plus the as-
sumption of general covariance, is most of what is needed to generate Ein-
stein’s theory of general relativity. They lead directly to the idea that
gravitation can be explained by means of Riemannian geometry. This is
done in the next subsection.

6.1.4 Gravitational Field Equations

We have seen in Subsection 6.1.1 that the Riemannian geometry is charac-
terized by a geometrical metric, i.e., a symmetric tensor g,, from which one
can construct other quantities. Classical general relativity theory identifies
this tensor as the gravitational potential. Hence in general relativity there
are ten components to the gravitational potential, as compared with the
single potential function in the Newtonian theory of gravitation.

Einstein’s Field Equations

In trying to arrive at the desired gravitational field equations that the metric
tensor has to satisfy, we are guided by the requirement that, in an appro-
priate limit, the theory should be reduced to the Newtonian gravitational
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theory. In the latter theory, the gravitational potential ¢ is determined by
the Poisson equation:
V24 = 4nGp, (6.49)

where G (= 6.67 x 1078 cm® gm~! sec™2) is the Newton gravitational
constant and p is the mass density of matter. Hence g,, should satisfy
second order partial differential equations. The equations should then be
related to the energy-momentum tensor T, linearly. Such equations are

1
Ry.v - Egy.vR = NT;w, (650)

where  is some constant to be determined. In cosmology theory, one
sometimes adds an additional term, Ag,,, to the left-hand side of Eq. (6.50).
The constant A is known as a cosmological constant.

But the contracted Bianchi identities, Eq. (6.48), show that the covari-
ant divergence of the left-hand side of Eq. (6.50) vanishes. Hence

V.T," =0, (6.51)

which expresses the covariant conservation of energy and momentum. The
constant £ can be determined by going to the limit of weak gravitational
field (see Problem 6.20). Its value is k = 8wG/c%. The constant x is known
as Einstein’s gravitational constant.

Deduction of Einstein’s Equations from Variational Principle

We start with the action integral
I= /\/—-g (Le — 2kLF) d'z, (6.52)

and demand its variation to be zero. Here Lg and Lr are the Lagrangians
for the gravitational and other fields, respectively. We take Lg = R, where
R is the Ricci scalar, R = R,,g*".

The first part of the integral (6.52) gives

6/ V—=gRd'z = / V—=99" R, d't + /R,,.,J (V=99*) d*z. (6.53)
To find dR,, we note that in a geodesic coordinate system one has

6Ru, =Vq (0T5,) =V, (6T3,) . (6.54)
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But the latter is a tensorial equation. Hence it is valid in all coordinate
systems. Consequently, the first integral on the right-hand side of Eq.
(6.53) can be written as

/\/—gg“véR,_,yd“z = /‘/—gVQ (g“"él’zy - g’“’ﬂ‘ﬁp) diz, (6.55)
and hence (by Problem 6.16) is equal to
/ Be fwara — ghsT? )] z. (6.56)
This integral, however, vanishes since by Gauss’ theorem it is equal to a
surface integral which is equal to zero in consequence of the vanishing of
the variations at the boundary.

The second integral on the right-hand side of Eq. (6.53) gives, by Eq.
(6.21),

1
/ R, (V=gg*) d*z = / V=g (R,,,, - §g,_,.,R> Sg"diz.  (6.57)
The second part of the integral (6.52) leads to (see Problem 6.21)
6/\/—ngd4x= —%/\/—gT,“,Jg"”d“z, (6.58)

where T, is the energy-momentum tensor and is given by

- 9(vV/=gLr)\ _ 9(V—gLr)
\/——g[< ) P ] (659

and a comma denotes partial differentiation, fo = 9of. Combining Egs.
(6.52), (6.57) and (6.58) then leads to the field equations (6.50):

T,, =

%gpyR = KTp,v- (660)

R, -
The Electromagnetic Energy-Momentum Tensor

The energy-momentum tensor T}, for the electromagnetic field is obtained
from the general expression (6.59) with the field Lagrangian Ly given by
the first part of the Lagrangian density (5.22) of Chapter 5, namely,

1
Lr = ~T6n ——g%* 0P fup fuu- (6.61)
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It can easily be shown to be given by

1 /1
Tpo = yo (ngafapf"ﬁ = foafs a) . (6.62)

If we calculate the trace of the energy-momentum tensor (6.62) we find
that it vanishes,
T=T,"=g"T,, =0. (6.63)

Using now R = —xT then leads to the vanishing of the Ricci scalar curva-
ture, R = 0. We therefore obtain

RI-“" = KoTl_‘,y (6.64)

for the Einstein field equations in the presence of an electromagnetic field.

In Eq. (6.64) the energy-momentum tensor T}, is given by Eq. (6.62).
The Einstein field equations (6.64) and the Maxwell equations (5.28)

(Chapter 5) constitute the coupled Einstein-Mazwell field equations.

6.1.5 The Schwarzschild Solution

In spite of the nonlinearity of the Einstein field equations, there are numer-
ous exact solutions to these equations. Moreover, there are other solutions
which are not exact but approximate. Exact solutions are usually obtained
using special methods.

The simplest of all exact solutions to Einstein’s field equations is that
of Schwartzschild. The solution is spherically symmetric and static. Such a
field can be produced by a spherically symmetric distribution and motion
of matter. It follows that the requirement of spherical symmetry alone is
sufficient to yield a static solution.

The spherical symmetry of the metric means that the expression for the
interval ds = (g,_wdx“dx")l/ % must be the same for all points located at the
same distance from the center. In flat space their distance is equal to the
radius vector, and the metric is given by (c is taken as equal to 1):

ds? = dt? — dr? — r? (d¢? + sin® 0dg?) . (6.65)

In a non-Euclidean space, such as the Riemannian one we have in the
presence of a gravitational field, there is no quantity which has all the
properties of the flat space radius vector, such as that it is equal both to
the distance from the center and to the length of the circumference divided
by 2m. Therefore, the choice of a radius vector is here arbitrary.
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When a mass with spherical symmetry is introduced at the origin, the
flat space line element (6.65) must be modified but in a way that retains
spherical symmetry. The most general spherically symmetric expression for
ds? is

ds? = a(r,t)dt® + b (r,t) dr® + c(r, t) drdt + d (r, t) (d6® + sin® §dg?) .
(6.66)
Because of the arbitrariness in the choice of the coordinate system in gen-
eral relativity theory, we can perform a coordinate transformation which
does not destroy the spherical symmetry of ds?. Hence we can choose new
coordinates r' and ¢’ given by some functions r’ = ' (r,t) and ¢’ = ¢/ (r, t).
Making use of these transformations, we can choose the new coordinates
so that the coefficient ¢ (r, t) of the mixed term drdt vanishes and the coeffi-
cient d (r,t) of the angular part to be —r'2, in the metric (6.66). The latter
condition implies that the radius vector is now defined in such a way that
the circumference of a circle whose center is at the origin of the coordinates
is equal to 27r. It is convenient to express the functions a (r,t) and b (r,t)
in exponential forms, e and —e*, respectively, where v and X are functions
of the new coordinates r’ and t'. Consequently, the line element (6.66) will
have the form

ds® = e’dt? — e*dr? — r? (d6? + sin® 8d¢?), (6.67)

where, for brevity, we have dropped the primes from the new coordinates
r’ and ¢/, and the speed of light c is taken as equal to 1.
We now denote the coordinates t, 7, 6, ¢ by z°, z!, z2, z3, respectively.

Hence the components of the covariant metric tensor are given by:

e 0 0 0
0 — 0 0
Juv = 0 0 —p2 0 s (6.68a)
0 0 0 -—r2sin%9
whereas those of the contravariant metric tensor are:
e v 0 0 0
0 —e? 0 0
w o _
g = 0 0 2 0 (6.68b)
0 0 0 —r2sin"%9

To find out the differential equations that the functions v and A have
to satisfy, according to Einstein’s field equations, we first need to calculate
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the Christoffel symbols associated with the metric (6.68). The nonvanishing
components are:

v v’ A
Y = 2 Y= 7 rf, = 7€ e, (6.69a)
v by N
Ty = 56" A, Tl= 2 i, = 7 (6.69b)
[}y =—-re™», Tly=—rsin’fe™>, T1%,= -i- (6.69c¢)
I3 = —sinfcosf, TI3= l, I3, = cotd, (6.69d)
T

where dots and primes denote differentiation with respect to t and r, re-
spectively.

With these Christoffel symbols, we compute the following expressions
for the nonvanishing components of the Einstein tensor:

a1 X 1
G0 = —e (ﬁ _ 7) =T, (6.70a)
G,' = —e_’\;_/\- =«T, !, (6.70b)
(Y 1 1
Gll = —e~ (7_}_7‘_2) +T_2=K:Tl 1, (6.700)
_ l/’2 l/’ _ A/ V’A’
Gy? = —5e™ (,""* 7t ‘7)
1 [« A A 9
Gs® = G,? = kT 3. (6.70e)

All other components vanish identically.

The gravitational field equations can now be integrated exactly for the
spherical symmetric field in vacuum, i.e., outside the masses producing the
field. Setting Egs. (6.70) equal to zero leads to the independent equations:

/
e (%-}-i) ~1o, (6.71a)

r2 r?
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’
e (A— - i) + 1_ 0, (6.71d)

r r? r?
A=0. (6.71c)

From Eq. (6.71a) and (6.71b) we find v’ + X = 0, so that v + X = f (¢),
where f (t) is a function of t only. If we perform now the coordinate trans-
formation z° = h (z°), * = z’*, then ghy = h%goo. Such a transformation
amounts to adding to the function v an arbitrary function of time, while
leaving unaffected the other components of the metric. Hence we can choose
the function h so that v + A = 0. Consequently, we see, by Eq. (6.71c),
that both v and A are time-independent. In other words the spherically
symmetric gravitational field in vacuum is automatically static.

Equation (6.71b) can now be integrated. It gives:

er=e"=1- g (6.72)

where K is an integration constant. We see that for r — 0o, e™ = e¥ =
1, i.e., far from the gravitational bodies, the metric reduces to that of
the flat space (6.65). The constant K can easily be determined from the
requirement that Newton’s law of motion be obtained at large distances
from the central mass. From the geodesic equation it follows that the
radial acceleration of a small test mass at rest with respect to the central

mass is (see Problem 6.20):

1 K\ K K
— 1 [ pp— — — — —_— .
Foo 2 (1 r ) r2 — 27‘2. (6 73)

Comparing this expression with the Newtonian value —Gm/r? gives K =
2G'm, where m is the central mass and G is the Newton constant.

The constant 2Gm, or 2Gm/c? in units where c is not taken as equal
to 1, is often called the Schwarzschild radius of the mass m. For example,
the Schwarzschild radius for the Sun is 2.95 km, that for the Earth is 8.9
mm, and that for an electron is 13.5 x 1073¢ ¢m.

We therefore obtain for the spherically symmetric metric the form:

1-2Gm/r 0 0 0
_ 0 —(1=2Gm/r)"" 0 0
Juv = 0 0 2 0 (6.74)
0 0 0 —r2sin%4

It is known as the Schwarzschild solution and describes the most general
spherically symmetric solution of the Einstein field equations in a region
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of space where the energy-momentum tensor T#* vanishes. Although g,
goes to the flat space metric when r goes to infinity, it was not necessary
to require this asymptotic behavior to obtain the solution.

It is worth mentioning that all spherically symmetric solutions of the
Einstein field equations in vacuum which satisfy the boundary conditions at
infinity mentioned above are equivalent to the Schwarzschild field, i.e., their
time-dependence can be eliminated by a suitable coordinate transformation.
This result is due to Birkhoff.

Finally, it is convenient to introduce Cartesian coordinates by means of
the coordinate transformation

z! = rsinf cos ¢,

z2 = rsinfsin ¢, (6.75)

z% =rcosé.

In terms of these coordinates, the Schwarzschild metric (6.74) will then

have the form

2Gm
goo=1- )
T

901' = 0’ (6.76)

2Gm/r z'z*

Irs = =0 = T 3Gmlr 72

6.1.6 Experimental Tests of General Relativity

Up to a few years ago, general relativity was verified by three tests: the
gravitational red shift, the deflection of light near massive bodies and the
planetary orbit effect on the planets. The first could also be explained, in
fact, without the use of the Einstein field equations. However, this picture
has been changed.

Gravitational Red Shift

Consider the clocks at rest at two points 1 and 2. The rate of change of
times at these points are then given by ds (1) = y/goo (1)dt and ds(2) =
v/ 900 (2)dt. The relation between the rates of identical clocks in a gravi-

tational field is therefore given by 1/goo (2) /goo (1). The frequency of an
atom, vy, located at point 1, when seen by an observer at point 2 is, hence,
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given by

goo (1)
goo (2)

For a gravitational field like that of Schwarzschild, one therefore obtains
for the frequency shift per unit frequency:

ézz”“”oz_a_zm(i_i>, (6.78)
140) 141} [ T1 T2

(6.77)

to first order in Gm/c%r. If we take r; to be the observed radius of the
Sun and rg the radius of the Earth’s orbit around the Sun (thus neglecting
completely the Earth’s gravitational field), then Av/yy = —2.12 x 1078,
This frequency shift is usually referred to as the gravitational red shift.
The gravitational red shift was tested for the Sun and for white dwarfs,
and it was suggested that it be tested by atomic clocks. The red shift was
also observed directly using the Mdossbauer effect by Pound and Rabka,
and by Cranshaw, Schiffer and Whitehead. The latter employed Fe57 and
a total height difference of 12.5 metres. A red shift 0.96+0.45 times the
predicted value was observed by them. Pound and Rabka’s result is more
precise. They obtained a red shift 1.05+0.10 times the predicted value.

Effects on Planetary Motion

One assumes that test particles move along geodesics in the gravitational
field (see next subsection), and that planets have small masses as compared
with the mass of the Sun, thus behaving like test particles. Consequently, to
find the equation of motion of a planet moving in the gravitational field of
the Sun one has to write the geodesic equation in the Schwarzschild field. In
fact one does not need the exact solution (6.76) but its first approximation,

goo = 1- 2Gm/r,
gor = 0) (679)
Grs = —0ps — 2Gmz"z® /13,

In the above equations the speed of light is taken as unity.
Using the approximate metric (6.79) in the geodesic equation (6.43)
gives (see Problem 6.24)

)"‘(—G'mVl
r

= A v _oomivl_o(x.vi) i+ 2 (x %2
_Gm{Z(x)Vr 2Gm_V— 2(X-Vr) + 5 (x-%)"x,, (6.80)



6.1. ELEMENTS OF GENERAL RELATIVITY 129

where we have used three-dimensional notation and a dot denotes differen-
tiation with respect to ¢. Multiplying Eq. (6.80), vectorially, by the radius
vector x gives

X x % = ~2Gm (x-v%) (x x %), (6.81)
thus leading to the first integral
X X X = Je~26m/7, (6.82)

where J is a constant vector, the angular momentum per mass unit.

Hence the radius vector x moves in a plane perpendicular to the vector
J, as in Newtonian mechanics. Introducing in this plane polar coordinates
r, ¢ to describe the motion of the planet, the equation of motion (6.80),
consequently, decomposes into

F—re®+ ci—"‘ = C;m {3 2 _ 2r2¢? + 2Gm} (6.83a)

r2¢ = Je~26™/, (6.83b)

where J is the magnitude of the vector J.
Introducing now the new variable u = 1/r one can rewrite Egs. (6.83)
in terms of u (¢):

Gm o Gm
u - — el —Gm(—-u,’ + 2u? +2J2 > (6.84)
Here a prime denotes a derivation with respect to the angle ¢.
Let us try a solution of the form

=b(1+ ecosag). (6.85)

Here ¢ is the eccentricity and « is some parameter to be determined and
whose value in the usual nonrelativistic mechanics is unity. The other
constant b is related to J in the nonrelativistic mechanics by Gm/J? = b.
Using the above solution in Eq. (6.84) and equating coefficients of cos a¢
gives

o =1-2Gm(2b+Gm/J?). (6.86)

Substituting for Gm/J? its nonrelativistic value b then gives a® = 1 —6Gmb,
or, to a first approximation in Gm,

a=1-3Gmb. (6.87)
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Successive perihelia occur when
(1 — 3Gmb) (27 + A¢) = 2. (6.88)

Consequently, there will be an advance in the perihelion of the orbit per
revolution given by A¢ = 67Gmb, or Ap = 6m1Gm/a (1 — €?) if we make use
of the nonrelativistic value of the constant b, and where a is the semimajor
axis of the orbit. Reinstating now c, the velocity of light, finally gives for
the perihelion advance

67rGm

Ad= c2a(l —€2)’ (6.89)
in radians per revolution.

We list below the calculated values of A¢ per century for four planets:

Planet A
Mercury 43.03"
Venus 8.60"
Earth 3.80”
Mars 1.35”

The astronomical observations for the planet Mercury give 43.11 £ 0.45 sec
per century, in good agreement with the calculated value.
Deflection of Light

To discuss the deflection of light in the gravitational field we must again
solve the geodesic equation, but now with the null conditions ds = 0. Using
the appropriate solution (6.79) then gives for g,,dz#dz" =0

(1 + ZG-T—"‘) [x %+ Zi"‘ (x- x)"] ~1 (6.90)

Using polar coordinates r, ¢, consequently, gives to the first approximation
in Gm

. '2 .
2 4 r2¢? 4 ‘—er’“ +2Gmré? = 1. (6.91)

Again changing variables into u (¢) = 1/r, and using Eq. (6.83b), gives

u? +4? + 2Gmu (20 + u?) = J2e40™, (6.92)
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Differentiation of this equation with respect to ¢ gives
u” 4+ u+ Gm (202 + duu”’ + 3u?) = 2GmJ 2, (6.93)

to the first approximation in Gm.
To solve Eq. (6.93) we note that in the lowest approxnmatlon one has

2 J7 4l (6.94)
v~ —u. (6.95)

Using these values in Eq. (6.93) gives
u” +u = 3Gmu?, (6.96)

for the orbit of the light ray. In the lowest approximation u satisfies u” +u =
0, whose solution is a straight line

cos ¢
===2 6.
u= 5", (6.97)
where R is a constant. This shows that » = 1/u has a minimum value R at
¢ = 0. Substituting into the right-hand side of Eq. (6.96) then gives

v tu=3 C;z cos? ¢. (6.98)
The solution of this equation is
cos¢> Gm . 2
-t (1+sin®9). (6.99)

Introducing now Cartesian coordinates £ = rcos ¢ and y = rsin¢, the
above equation gives

Gm 2 + 2y*
r=R- — —=—. 6.100
iRt (6.100)
For large values of | y | this equation becomes
2Gm
~R—-—— 6.101
saR= gl (6.101)

Hence, asymptotically, the orbit of the light ray is a straight line in
space. This result is expected, since far away from the central mass the
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space is flat. The angle A¢ between the two asymptotes is, however, equal

to
Gm

2R’
in units in which c is different from unity.

The angle A¢ represents the angle of deflection of a light ray in passing
through the Schwarzschild field. For a light ray just grazing the Sun Eq.
(6.102) gives A¢ = 1.75 sec. Observations indeed confirm this result; one
of the latest results gives 1.75 £ 0.10 sec.

A¢p=4 (6.102)

Gravitational Radiation Experiments

Weber has developed methods to detect gravitational waves that Einstein’s
gravitational field equations predict. The experiment involves detectors at
opposite ends of a 1000 km baseline. Sudden increases in detector output
were observed by him roughly once in several days, coincident within the
resolution time of 0.25 seconds.

Weber’s apparatus measures the Fourier transform of the Riemann ten-
sor. The method uses the fact that the distance n* between two neighbour-
ing test particles, which follow geodesics, satisfies the geodesic deviation
equation

2,0

%—2’2— + R* AN =0, (6.103)
where A® is the tangent vector to one of the geodesics, and §/ds = AV,
is a directional covariant derivative. Weber measured the strains of a large
aluminium cylinder, having mass of the order 10 grams, by means of a
piezoelectric crystal attached to the cylinder which transforms the mechan-
ical movement into an electric current. The detector was developed for
operation in the vicinity of 1662 cycle/sec. A high frequency source was
developed for dynamic gravitational fields and the detector was tested by
doing a communication experiment with high frequency Coulomb fields.

Radar Experiment

Shapiro has designed a radar experiment to test general relativity by mea-
suring the effect of solar gravity on time delays of round-trip travel times of
radar pulses transmitted from the Earth toward an inner planet, i.e., Venus
or Mercury. The experiment is based on the phenomenon that electromag-
netic waves “slow down” in the gravitational field. Within the framework of
general relativity there should be an anomalous delay of 200 microseconds
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in the arrival time of a radar echo from Mercury, positioned on the far side
of the Sun near the limb.

For example, if we calculate the proper time 7 at r = ro for a radial
round-trip travel r — r, — 7o, with ro > 7}, of a radar pulse in the
Schwarzschild field, and subtract from 7 the corresponding value 79 when
the spherical mass m = 0, we find

_4Gm Te T9—T) 2
AT = _(:3— (ln " T ) + O (m ) . (6104)

In general one finds

(6.105)

Ar~ G (1nr°+r”+R),
A3 re+r, —R

where r. is the Earth-Sun distance, r, the planet-Sun distance, and R the
Earth-planet distance.

Shapiro found that the retardation of radar signals are 1.02+0.05 times
the corresponding effect predicted by general relativity.

Low-Temperature Experiments

Schiff has proposed an experiment to check the equations of motion in
general relativity by means of a gyroscope, which is forced to go around the
Earth either in a stationary laboratory fixed to the Earth or a satellite. The
unique experiment is made possible by complete use of a low-temperature
environment, and the properties of superconductors, including the use of
zero magnetic fields and ultrasensitive magnetometry. Schiff has calculated,
using results obtained by Papapetrou for the motion of spinning bodies
in general relativity, that a perfect gyroscope subject to no torques will
experience an anomalous precession with respect to the fixed stars as it
travels around the Earth.

6.1.7 Equations of Motion

Geodesic Postulate

In the last subsection it was assumed that the planet’s motion around the
Sun is described by the geodesic equation (6.43). The assumption that the
equations of motion of a test particle, moving in gravitational field, are
given by the geodesic equation is known as the geodesic postulate and was
suggested by Einstein in his first article on the general theory of relativity.
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Eleven years later when Einstein and Grommer showed that the geodesic
postulate need not be assumed, but that it rather follows from the gravita-
tional field equations; this is a consequence of the nonlinearity of the field
equations along with the fact that they satisfy the four contracted Bianchi
identities (see Subsection 6.1.1). The discovery of Einstein and Grommer
is considered to be one of the most important achievements, and one of the
most attractive features of the general theory of relativity. Later on Infeld
and Schild showed that the equations of motion of a test particle are given
by the geodesic equation in the erternal gravitational field. This result,
however, does not differ from the geodesic postulate because, by definition,
a test particle has no self-field.

Equations of Motion as a Consequence of Field Equations

In order to establish the relation between the Einstein field equations and
the equations of motion one proceeds as follows. We have seen in Subsection
6.1.4 that because of the contracted Bianchi identity it follows that the
energy-momentum tensor T*¥ satisfies a generally covariant conservation
law of the form given by Eq. (6.51). Consequently, one obtains for the
energy-momentum tensor density TH"

V. T* =8,T* +Th,T* =0, (6.106)

where TH” = /—gTH,
For a system of N particles of finite masses, represented as singularities
of the gravitational field, 7#¥ may be taken in the form

N
T = Z mavhv’da (x —24). (6.107)
A=1

Here 2! are the coordinates of the Ath particle. (Roman capital indices,
A,B,---, run from 1 to N. For these indices the summation convention
will be suspended.) Also v* = 2* = dz#/dt (v% = 2% = 1), and ¢ is the
three-dimensional Dirac delta function satisfying the following conditions:

§(x)=0; for z#0Q, (6.108a)

/6(x—z) &z =1, (6.108b)

/ f(x)d(x —2z)d*z = f(z), (6.108¢)
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for any continuous function f (x) in the neighbourhood of z. In Eq. (6.107),
my4 is a function of time which may be called the inertial mass of the Ath
particle.

If we put the energy-momentum tensor density (6.107) into (6.106) and
integrate over the three-dimensional region surrounding the first singularity,
we obtain

w
ddlt = / F*5 (x — z) d°r, (6.109)

where p* = mo* and F* = —ml%;v*0?, and where we have put, for
simplicity, m = my, 2# = 2}, v* =o{, and & (x — z) = §; (x — z1).

Self-Action Terms

Equation (6.109) may be interpreted as an “exact equation of motion” of
the first particle. However, since the Christoffel symbols are singular at
the location of the particle, the equation contains infinite self-action terms.
However, it was shown by Carmeli that these terms can be removed as
follows.

Putting Eq. (6.107) into Eq. (6.106) we obtain

N N N
8o [zm,qvﬁé,{l + 8, [Z myuﬁ’uﬁ&,;] + Zm,q[‘f:‘ﬁvﬁvﬁé,q =0,

A=1 A=1 A=1
(6.110)
where Latin indices run from 1 to 3. The first term on the left-hand side
of Eq. (6.106) can be written as

N N N
& [Z mAv‘,";éA] = Zao(mA’Uf;) 64+ Zm,;vf;c’)oé,;, (6.111)
A=1 A=1 A=1

with
8004 = Opda (z° — 234) = —0rdav5. (6.112)
Using the above results in Eq. (6.110), we obtain
N
d (mavly
AZ {(—d’:—") +m,,rgpv§;uﬁ}a,4 =0. (6.113)
=1

Equation (6.113), which is identical with Eq. (6.106), is satisfied for any
spacetime point, since otherwise the Bianchi identity or the Einstein field
equations will not be satisfied.
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We now examine the behavior of Eq. (6.113) in the infinitesimal neigh-
bourhood of the first singularity, which we assume not to contain any other
singularity. In this region ég (x —zg) =0 for B = 2,3,---, N. Hence Eq.
(6.113) gives for the conservation law near the first singularity

“
{d(r;’:’ ) 4 mI‘va“vp} §(x—z)=0. (6.114)

Let us further assume that the Christoffel symbols near the first singularity
can be expanded into a power series in the infinitesimal distance r, defined
by 72 = (z*® — 2*)(z* — 2°), where z* = z{, in the vicinity of the first
particle. Then we have

Ths=-kChs+-kr1Thg+ - +oThg+--, (6.115)

where the indices written in subscripts on the left of a function indicate its
behavior with respect to r, and k is a positive integer.

For example QI‘ZI, is that part of the Christoffel symbol which varies as
0, i.e., is finite at the location of the first particle. When one uses spherical
coordinates r, § and ¢, one can write

wThy=1"FAL5(6,9), (6.116a)
k1l =7 *1BL; (6, 9), (6.1160)
or:;ﬁ = D:;ﬁ (0) ¢) ) etc. (6.1160)

Terms like IFZ,,, gf‘zﬂ, etc., however, need not be taken into account when

one puts the above expansion into Eq. (6.114) since 776 (x — z) = 0 for any
positive integer j. If we denote now mAZﬁv"’v” ,-++ by A¥, -.. we can write
Eq. (6.114) in the form '

{r*A¥ 4 r7Ft1BE 4 T ICR + DY} 6 (x —2) =0, (6.117)

where we have used the notation D{ = d (mv*) /dt + D*.

In order to get rid of terms proportional to negative powers of r in Eq.
(6.117) we proceed as follows. Multiplying Eq. (6.117) by 7* and using
7§ (x —z) = 0 we obtain

A¥(0,¢)0(r) =0, (6.118)
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the integration of which over the three-dimensional region yields, using
spherical coordinates,

/ / AW (6, $) sin 0d9dg / r28 () = 0. (6.119)

From the property of the delta-function
/ §(r)d3z = / / sin fdfd¢ / 5(r)rdr =1, (6.120)

one obtains [ 4 (r) r2dr = (47)”'. Hence we obtain

/ / A* (8, ¢) sin 8d0de = 0, (6.121)

independent of the value of the variable R. Thus the angular distribution
of A* (8, ¢) is such that its average equals zero.

However, not only does the above equation hold, but also (s is any finite
positive integer)

a(r)=r"* / / A¥ (8, ¢) sin 0dodg = 0, (6.122)

for small values of r as well as when r tends to zero, as can be verified
by using L’Hospital’s theorem, for example. It follows then that a(r) is a
function of r whose value is zero for any small r, including » = 0. Using
the property of delta-function we obtain

/ r28 (r) dr = (47) " £(0), (6.123)

for any continuous function of r. Since a(r) is certainly continuous, one
obtains

/r26 (r)a(r)dr=0. (6.124)

Hence when one integrates Eq. (6.117) over the three-dimensional space,
there will be no contribution from the first term.

In order to show that the second term of Eq. (6.117) will also not
contribute to the three-dimensional integration of the same equation, we
multiply it by 7*~!. We obtain now, after neglecting terms that do not

contribute,
{r=1A%(6,4) + B*(6,4)} 6 (r) = 0. (6.125)
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Integration of this equation, again using spherical coordinates, shows that
the first term will not contribute anything because of Eq. (6.124), and we
are left with

/ / B* (0, ¢) sin 6dbd¢ / 728 (r)dr =0. (6.126)

Hence we have

/ / B* (6, ¢)sin dfdg = 0, (6.127)

independent of r. From this equation one obtains another one, analogous
to Eq. (6.124) but with B* instead of A¥:

/ r25 (r) b(r)dr =0, (6.128)

with
b(ry=r"" // B* (6, ¢) sin 8dfd¢ = 0. (6.129)
Proceeding in this way, one verifies that the angular distribution of all

functions A#, BH, etc., is such that they all satisfy equations like Egs.
(6.121) and (6.127). Hence it is clear that one obtains

/ DY (6,)6(r) d*z =0, (6.130)
which gives
i P [ oI* 6 (r)d3z =0 6.131)
dt-}-m’u’u olLpd (r)d°z =0, (6.
or equivalently
0* +v*f / (oTkp — v*oI'%p) 8 (r)d’z = 0. (6.132)

Equation (6.132) is the “exact equation of motion”.

Einstein-Infeld-Hoffrnann Method

Having found the law of motion (6.131), one can now proceed to find the
equation of motion of two finite masses, each moving in the field produced
by both of them. In the following we find such an equation of motion in the
case for which the particles’ velocities are much smaller than the speed of
light. Moreover, we will confine ourselves to an accuracy of post-Newtonian.
This means the equation of motion obtained will contain the Newtonian
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equation as a limit, but is a first generalization of it. Such an equation was
first obtained by Einstein, Infeld, and Hoffmann. To obtain this equation
we solve the field equations and formulate the equations of motion explicitly
by means of an approximation method, the Einstein-Infeld-Hoffmann (EIH)
method, to be described below.

Let us assume a function ¢ developed in a power series in the parameter
A = 1/c, where c is the speed of light. One then has

p=0d+16+20+ - (6.133)

The indices written as left subscripts indicate the order of A absorbed by
the ¢’s.

If a function ¢ (z) varies rapidly in space but slowly with :z:b, then we
are justified in not treating all its derivatives in the same manner. The
derivatives with respect to z0 will be of a higher order than the space
derivatives. We thus write

0o (19) = 119 (6.134)

That is, differentiation with respect to z° raises the order by one. Thus if
the coordinates 2° of a particle are considered to be of order zero, 2° will be
of order one, and z* of order two. Using now the Newtonian approximation
mass X acceleration=mass x mass/(distance)?, we see the mass is of order
two. In all the power developments we take into account only even or only
odd powers of 1/c. (The expansion of the metric tensor, etc., in a power
series in ¢™2 (such as ¢ = o+ 20+ -+, or ¢ = 1¢ + 3¢+ ---) corresponds
to the choice of the symmetric Green function, thus excluding radiation.)
Thus, because of the order with which we start m and 2°, we have

TOO =27—00+4T00+-",

T =3 T 45 T 4., (6.135)
Tmn=4Tmn+67-mn+.“.

As to the metric tensor, we write
Guv = M + by, g =" + A (6.136)

The gravitational field equations can be written as

1
Vv —-gRap =K (%p - §gapT) ) (6137)
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where T = 7,,g**, and Rqup is the Ricci tensor. From the right-hand side
of the field equations it follows that Roo and Ry (When m = n) start with
order two, Rp,, (When m s n) start with order four, while Ro,, starts with
order three. The lowest order expressions of the left-hand side are

1
Roo =~ §h00,33y

1
ROm =~ 5 (hOm,ss - hOs,ma - hms,Os + hss,Om) ) (6138)

1
Rmn ~ 5 (hmn,ss - hms,ns - hns,ms - hOO,mn + has,mn) )

where a comma denotes a partial derivative, ¢ , = J,¢. Hence we have
hoo = 2hoo + 4hoo + - - -,

hom = 3hon + shon + - -+, (6.139)
hmn =2hmn +4hmn+

Newtonian Equation of Motion

We now find the equation of motion in the lowest (Newtonian) approx-
imation. We do it in such a way as to make the generalization to the
post-Newtonian approximation as simple as possible.

Because of Egs. (6.137) and (6.138), the field equations of the lowest
order are in hgg,

2
1 1
§2h00,aa =K (27'00 - 527—00> = ngoo = g Z,uAéA, (6.140)
A=1

where, for simplicity, we have put 4 = 2m 4. Hence the equation obtained
is
2
2hoo,ss = K Z Kada. (6.141)
A=1
The solution of this equation that represents two masses is

2
2hoo = —2G Y _ pary’, (6.142)
A=1
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where 4 = (z° — 25) (z® —2%). Using 2hoo in the equation of motion
(6.132), we obtain in the lowest (second) order for the equation of motion
of the first particle

P -G/a,c (par3!) 6 (x — z1) d*z = 0. (6.143)
This gives
. a M2
k =3 —— ——
zk Gaz{c =, (6.144)

where 22 = (2§ — 23) (2§ — 23). Equation (6.144) is, of course, the Newto-
nian equation of motion.
Einstein-Infeld-Hoffmann Equation

To find the equation of motion up to the fourth order, we must know besides
2hgo the functions 4hoo, 3hon and ghm,yn. The second and third functions are
easy to find. The left-hand side of the corresponding equations is written
out in Eq. (6.138), whereas the right-hand side is given by Eq. (6.137) and
itis =k pazyda for the Om component, and §dmn ) pada for the mn
component. Therefore, for the 3h,, we have the equation

thn,sa - 2hms,na - 2hna,ma + 2hss,mn - 2h00,m‘n = 6mn2h00,33) (6145)

whose solution is
thn = Omn 2h00' (6146)

The equation for 3hgy, is
3h0n,ss - 3h0s,ns - 2hns,03 + 2hse,no = —2“2#‘,4226,4- (6.147)

Using the value of 3h.,, in terms of the 5hgo found above, we obtain

2
3hon ss — 3hos,ns + 22h00,n0 = —2K z rAaZZ04. (6.148)
A=1
The solution of this equation is
2
shon =4G Y _ paziry’. (6.149)

A=1
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Calculation of 4hgg is somewhat more complicated. The relevant part
of 4hgo, for two masses, that contributes to the equation of motion of the
first particle, is

shoo ~ G {2Gp§r;2 — 3ugs3s3ry !t — para00 + 2G iy (zrg)_l} . (6.150)

Using these values for 4hgg, 3hon, and 2hmy, in the equation of motion
(6.132) gives, for the two-body problem (Problem 6.25):

n a(1/z
2y — M2 ((92{1)
oss s 5858 K m) 9(1/=
="2{(””“ *tghs A ‘472 - 5‘3) —éf )
a(l 5
+42] (47 — &) + 34 43 — 443 3] ——— ( /Z) 3% z }. (6.151)

2 24y, 1027027
In Eq. (6.151) the Newtonian gravitational constant G was taken as equal
to 1. The equation of motion for the second particle is obtained by replacing

K1, M2, 21, 22 bY p2, p1, 22, 21, respectively.

Equation (6.151) is known as the Einstein-Infeld-Hoffmann equation of
motion, and is a generalization of the Newton equation. The essential rel-
ativistic correction may be obtained by fixing one of the particles. Writing
M for po, neglecting p; and 23, and using an obvious three-dimensional
vector notation, Eq. (6.151) simplifies to

O (R OB )

where z denotes the three-vector zj.

6.1.8 Decomposition of the Riemann Tensor

The Riemann curvature tensor Rqgys can be decomposed into its érreducible
components. These are the Weyl conformal tensor Cyp,5, the tracefree Ricci
tensor Sug, and the Ricci scalar curvature R. The tensor S,p is defined by

Saﬂ = Raﬂ - i‘gaﬂR) (6153)

where Rqp is the ordinary Ricci tensor.
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The decomposition can be written symbolically as

aﬂ‘y& aﬂ‘y& @ Sorﬂ @ R. (6154)

No new quantities can be obtained from any of the above three irreducible
components by contraction of their indices.

When written in full details, the decomposition (6.154) will then have
the form:

1
Rpay.u = Cpa;.w + 5 (gpusa'u - gvaap, - gay.spu + gauSp,u.)

1
—1_2 (gpuga,u, - gpu.gau) R. (6.155)

It can also be written in the form:

1
Rpa/,w =Cpopv + 3 (gpy. ov gpuRa‘y. - gop.Rpu + gauRpu)
1
+5 (9ovgou = gpugov) R. (6.156)

6.2 The Curvature Spinor

We first derive the curvature spinor and investigate its properties. This is
done along the lines of deriving the Riemann curvature tensor. Instead of
applying the commutator of the covariant derivatives on a vector, however,
we apply it on a spinor.

In Subsection 5.4.4 we have seen how such a procedure works when the
commutator of the spin covariant derivatives were applied on a spinor. Here
we use the ordinary (spacetime) covariant derivatives.

If we differentiate covariantly the quantity V,€q, given by Eq. (5.52),
we obtain

V.Vuq =8, (Vu€q) -T2, Vaéq — T8, V.uéB, (6.157)

where
V.éq = 9,€q — TP (6.158)
Substituting Eq. (6.158) in Eq. (6.157), the latter equation then yields

V.V.éq = 8,0,6q - T5,0,€p — 8,T5,6p — T2,0:6q

+I3,Tgxép —T8,8.68 + T, TEEp (6.159)
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Calculating now the same expression, but with the indices x and v being
exchanged, and subtracting it from the expression (6.159), we then obtain

(VuVu=VuV.)éq = -Fh, tp, (6.160)
where the mixed quantity FZW is given by

FY,.,=T§,, —-T&,,+T8. 5, —T8,TE,. (6.161)

In Eq. (6.161) a comma followed by a Greek letter indicates a partial
differentiation, f, = 8f/8z%. The quantity F% Quv will be referred to in
the sequel as the curvature spinor.

In the same way, if we apply the commutator (V,V, —V,V,) to the
spinor £€9 we then obtain

(VoVu -V, V.)€9=F% ¢ (6.162)

Equations (6.160) and (6.162) are analogous to the formulas for defining the
Riemann curvature tensor (see, for instance, Eisenhart). The occurrence of
the minus sign in the curvature spinor is just a matter of convention.

We may also apply the commutator of the covariant derivatives to prod-
ucts of spinors and spinors with more than one index, using a combination
of Egs. (6.160) and (6.162). Thus, for instance, we obtain

(VoViu = VuV,) (€pn°) = —F%,,6an% + FS,, €pn%, (6.163)
for arbitrary one-index spinors £p and 9. Likewise we obtain
(VoViu = VuVl) (p° = FS, 08" = F3,.04°0 (6.164)

for an arbitrary spinor ¢ PQ with two unprimed indices.

6.2.1 Spinorial Ricci Identity

The above formulas may be further generalized to spinors of higher orders
and to those with primed indices as well. Thus we obtain

(VoVe = ViVo) CBR = FSLLCPRT + P Bl
-F4 IWCAR FR#U PA (6-165)

for an arbitrary spinor an-:- with unprimed indices. Likewise we obtain

—A’
(VoViu = VuVo)Cpar = —F,,¢a0 — F grulpa, (6.166)
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—A
(VVV,,, - V,_,Vy) I’Ql = FI;-;‘“‘, AQI - F Q'Mllca" (6167)
(V¥ = VuV,) (P9 = FE, (A9 + FY,, 0P, (6.168)

for the arbitrary spinors (pq, (%, and ¢P Q" with mixed indices. Equation
(6.165) will be referred to as the Spinorial Ricci identity.

6.2.2 Symmetry of the Curvature Spinor

We now study the symmetry properties of the curvature spinor introduced
above. Later on we will relate it to the Riemann curvature tensor.
From Eq. (6.160) we obtain

(VuV,.—=V.V.)€g = Fpou.tF. (6.169)

We may, on the other hand, lower the free index Q in Eq. (6.162), thus
getting

VoV =VuV,)ég = FQPWEP- (6.170)
Comparing now the last two equations we find that the curvature spinor

satisfies the property
FPQV»V = FQPuu’ (6-171)

namely, it is symmetric with respect to its two spinor indices P and Q.
By its definition, furthermore, it is antisymmetric in its spacetime tensorial
indices p and v, namely

Fpguw = —Fpqup. (6.172)

To further study the symmetry properties of the curvature spinor we
define the spinor
Fpgapcp' = FpQuospotp, (6.173)
which is, of course, skew-symmetric under the exchange of the pairs of
indices AB’ and CD’. Hence it may.be decomposed, similar to the spinor
equivalent of the electromagnetic field tensor given by Eq. (5.83).
Accordingly we may write

Fpgap'cp' = — (xpQaces' D' + #pQB'D'€AC) (6.174)

where the minus sign is introduced for convenience, and where the two new
spinors xpgac and ¢pgp pr are defined by

’

1
XPQAC = _EFPQAB'C ) (6.175)
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1
¢pqe>r = ~5Fpqan A (6.176)

In the following we study the properties of the above two spinors. Before
doing so we relate the curvature spinor to the Riemann curvature tensor.
As we see, the curvature spinor has only six spinorial indices. Since the
Riemann tensor has four spacetime indices, its spinor equivalent will have
eight spinorial indices. We will see in the next section that the two spinors
x and ¢ describe completely the Riemann spinor. It thus follows that the
curvature of spacetime is determined by a six-indices spinor (the curvature
spinor) and not by an eight-indices spinor (the Riemann spinor). In fact,
we will see that the Riemann spinor is obtained from the curvature spinor
and its complex conjugate.

6.3 Relation to the Riemann Tensor

Multiplying Eq. (6.166) by % 9" and rearrahging the indices we obtain

’ ’ —D’ ’
(VoV,=V,V,) CPQ'”::Q == (FcPuuagD +F Q'WUSQ ) Ccp-
(6.177)
Hence we may write, since (pg:0f9" = (, is a vector,
(VoY = ViVo) Ca = ROP o = R oo, (6.178)

where use has been made of the notation

’ ’ —D’ ’
RP =~ (Fcp#,aﬁ Dy F g 0S8 ) , (6.179)
and

Rpay.u = RCD a#yang, (6180)

by Eq. (6.178). The tensor given by Eq. (6.180) is the Riemann curvature
tensor. The last two formulas give the relationship between the curvature
spinor and its complex conjugate on the one hand, and the Riemann cur-
vature tensor on the other hand.

From Eq. (6.179) we now obtain

cD’
Rap'EFw =R ayueCAﬁD'B'”%F'

= Fapues r + €AEF B/ Fruw. (6.181)



6.3. RELATION TO THE RIEMANN TENSOR 147

Equivalently, the latter equation may be written in the form
RaperMNPg = FaEMN Pg e + €AEF B PN/ Mg P. (6.182)

The left-hand side of the above formula is the spinor equivalent of the
Riemann curvature tensor.

We may also obtain equations for the curvature tensor. Multiplying Eq.
(6.181) by €B'F’ we obtain

1 ' 1 ,
Fapw = 5Rap s = 50aa80°5" R%,,. (6.183)
Likewise we obtain
— 1 1
FB'F’yu = §RABIAFI“U = EUGAB'UISA F’Ra,@uw (6184)

by multiplying Eq. (6.181) by €A,

6.3.1 Bianchi Identities

We may also write the Bianchi identities in terms of the curvature spinor.
From Eq. (6.183) we then obtain

VaFagsy + VaFagEya + VyFaEap

1 /
= 5uam0” s (VR oy + VR e+ V4R, 05) =0, (6.185)
where the last equality is obtained from the ordinary (tensorial) Bianchi

identities,

VA,R“m,3 + VR o + VaR”um =0. (6.186)
Defining the dual to the curvature spinor by
N 1
quaﬁ = 2\/__g_€ap#UFpQ,“, = -éFPQ“Uezf, (6187)
the Bianchi identities may then be written in the form
Vs *Fpg® =0. (6.188)

The relations (6.185) and (6.188) may also be written in the forms
Vap Fpqep'er + Vep Fpqer as + Ver Fpgapcp =0,  (6.189)
and ,
VEeH *Fpgercu =0, (6.190)
respectively, when written in spinor forms.

In the next section we further discuss the graviational field dynamical
variables.
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6.4 The Gravitational Field Spinors

We are now in a position to find the spinors in terms of which the gravi-
tational field is described. We have already found in Chapter 5 the spinor
equivalent to the geometrical metric tensor g,., whose expression was shown
to be given by the flat spacetime metric

01
0 -1 0
gAB'CD' = €ACEB' D' = 0 -1 . (6.191)
1 0 0

The rows and the columns of the 4 x 4 matrix (6.191) are labeled by the
pairs of indices AB’ and C D', each taking the values (1, 2, 3, 4)=(00’, 01/,
10, 117).

6.4.1 Decomposition of the Riemann Tensor

We next discuss the Riemann curvature tensor and decompose its spinor
equivalent, which is given by

é
RAB’CD'EF'GH' = UiB’agD'U‘éF"GGH’RGﬁ‘Y‘S' (6.192)

Decomposing this spinor by the method of decomposing the spinor equiv-
alent of the electromagnetic field used in Chapter 5, we then obtain

1 P ,
Rapcpron = 2 (EACRPB' p'EFcH T RAP'CPBF"GH'eB/DI)
1 ’
= ZEAC (RPB'PD'KF'KH'EEG + RPB'PD'BL'G L EF'H')
1 ’ / ’
’*‘Z (RAP'CPKF’ }?pegc + RAP'CPEL’G' L GF‘/H/) €B’'D’. (6.193)

The proof of the above formula is left for the reader (see Problem 6.3).
To compare the above decomposition for the spinor equivalent of the

curvature tensor with that given in the last section for the same tensor, we

denote the last two terms on the right-hand side of Eq. (6.193) as follows:

’ ’

1
XACEG = _ZRAP’CPEL’G L , (6194)

’

1
¢ACF’H' = —ZRAPICPKF/ };II. (6.195)
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Using now the decomposition (6.182) for the spinor equivalent to the Rie-
mann curvature tensor in Eqgs. (6.194) and (6.195), we get

’

1
XACEG = —EFACEL/G L , (6.196)

1
¢ACF’H' = —EFACKF’KH" (6197)

Comparing the last two formulas with Egs. (6.175) and (6.176), we find
that they are identical. Hence Egs. (6.194) and (6.195) are consistent with
our previous definitions for the same quantities xpgan and ¢pga’p’ given
by Egs. (6.175) and (6.176), respectively, when the decomposition (6.182)
is used.

The decomposition of the spinor equivalent of the Riemann curvature
tensor, given by Eq. (6.193), may be further simplified if we notice that the
first two terms on the right-hand side of that equation may be written in
terms of the complex conjugate of the spinors xascp and ¢apc:pr. To see
this we use the fact that the Riemann curvature tensor is real, and therefore
it satisfies

4 K

P K _ D _ P’ 7
Rpp' pixr v =Rppp pxkw = Rppp' rrrn
= —4-X_Bm = _473'0'5"1'1" (6.198)
RosPosrct =Roen un's = Rapolis o
pB' D’EL'G — 'B'PD' L'E G — “*BP'D LE’' G’
= —4¢pE'c' = —49p/p'EG) (6.199)

by Egs. (6.194) and (6.195). Accordingly we finally obtain
RapcpEFGH' = —(XACEG €B'D' €F'H' + ®ACF'H' €B'D’ €EG

+€ac ¢p'pEG €F'G' + €AC €EG XB'D/F'H')> (6.200)
for the decomposition of the spinor equivalent to the Riemann curvature
tensor.

We next decompose the spinor equivalent to the dual of the curvature
tensor. If *Rogys is the dual to the Riemann curvature tensor, then its
spinor equivalent is given by

*Rap'cD'EF'GH' = Y(XACEG €B'D’ €F'H' — ®ACF'H’ €B'D’ €EG

+€ac $B'D’EG €EF'G' — €EAC €EG 7310/;*/”/), (6.201)

The proof of the above formula is given in Problem 6.4.
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6.4.2 The Gravitational Spinor

The two spinors xascp and ¢ 4pc’pr uniquely determine the spinor equiv-
alent to the Riemann curvature tensor. The symmetry properties of the
spinor xapcp follow from the symmetry properties of the Riemann tensor
given by

Rapys = —Rpavs = —Rapsy, (6.202a)
Rapys = Rysap, (6.202b)
Ragys + Ravysp + Raspy = 0. (6.202¢)
Because of the relation Ragys = —Rpays, for instance, we have
XCAEG = _%RCP’A ;EL'G V= %RAP,CP’BL’G I
1 ’ L
= —j8apc BrG =XAcEG: (6.203)
In the same way, using the fact that Rqgys = —Rapsy, We find that

XACEG is symmetric with respect to the two indices E and G, namely,
XACEc = XaccE. Finally, using the fact that Rogy6 = Rysap leads to the
symmetry of xacec under the exchange of the first and second pairs of
indices, xacEc = XEcac- Accordingly we have

XABCD = XBACD = XABDC, (6.204)

XABCD = XCDAB, (6.205)

which the spinor xapcp satisfies.
Similarly we find that the spinor ¢ 4pc/p’ is symmetric under the ex-
change of indices A and B and C’ and D’. We have, moreover,

_ [— 1 7
éc'praB = bcpa'B = _ZRCP'D KA B
1= P K 1= K P
= _ZRC'PD' K'A B= _ZRK’A BC'PD" » (6.206)

by Eq. (6.195) and using the symmetry of the Riemann tensor. Using now
the fact that the Riemann tensor is real and hence its spinor equivalent is
Hermitian, we then obtain

’

— 1
$c'paB = _ZRAK'BKPC' b =¢aBcp. (6.207)
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Summarizing the above results we find the following formulas:
$#aBc'D' = ¢BAC'D' = dABD'C’, (6.208)

$aBc'D' = ¢cipraB- (6.209)
Equations (6.208) and (6.209) express the symmetry properties of the spinor
éABC'D -

Because of the symmetry properties (6.204) and (6.205), the spinor
xABcp behaves like a 3 X 3 symmetric complex matrix. This fact may
easily be seen since each pair of the indices AB and CD takes the three
values (1, 2, 3)=(00, 01=10, 11) and xaBcp is unchanged under the ex-
change of AB with CD. Hence the spinor xapcp may have at most six
complex components. These components, however, are not entirely inde-
pendent. For if we calculate the trace of xaBcD,

A = XABAB = CACGBDXABCD, (6210)

we find that X is a real quantity.

Reality of A

The reality of A may be seen using the symmetry property expressed by
*R? 5 = 0, which the dual to the Riemann curvature tensor satisfies. In
spinor calculus the above equation is given by

*REF,AB'EF'CD' = 0. (6.211)
Using the expression for the spinor equivalent to the dual of the Riemann
curvature tensor, given by Eq. (6.201), in Eq. (6.211), we then find

*RPF  pErcD
. E = <F’ —
=1 (—X AEC €B'D' + $caB'D' — Pprprac +€ac X B'F’D’) =0.
(6.212)
The two terms with ¢ and ¢ on the right-hand side of the above formula
cancel out because of Egs. (6.208) and (6.209). Hence Eq. (6.212) reduces
to

XEAEC €B'D' = €AC YF,BIFID,, (6.213)
from which, by multiplying it by e?'8’,

1 —_'p 1 _ 'y
XZapc = —5€ac X" Ppip = —5€ac Xpp! D - (6.214)
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Accordingly we obtain

1 <
xpac = 5eACK, (6.215)

where ) is defined by Eq. (6.210). Multiplying now Eq. (6.215) by €4,
the latter equation then yields

A=2, (6.216)

namely, X is real.

As a consequence of the reality of ), the spinor x apcp has only 11 in-
dependent real components rather then 12. In the sequel the spinor xascp
is shown to describe the Weyl spinor plus the Ricci scalar curvature, and
it will be referred to as the gravitational spinor.

The spinor ¢ apcpr, on the other hand, behaves like a 3 x 3 Hermitian
matrix. This fact may easily be seen if we write ¢ 4gcrpr in the form of the
matrix

doo P01 Po2 do000r  Pooor1r  Poor1’
®=| b0 1 d12 | = ooy G010 Po1rrr |. (6.217)
d20 d21 P22 d100r  Pr1001 vy

Hence the matrix elements satisfy ¢mn = ¢pm, With m,n = 0,1,2, by Eq.
(6.209), namely, the matrix & is Hermitian, ®' = &.

Accordingly the spinor ¢4pcrpr has three complex components ¢,
02, $12 and three real components ¢gg, $11, P22, namely, it has nine real
independent components. In the sequel the spinor ¢sgc/pr is shown to
describe the tracefree Ricci tensor

Sy = Ry — %g,wR. (6.218)

6.4.3 The Ricci Spinor
We now calculate the Ricci spinor. It is given by

EF’ EGGF’H'

RAB’CD' =R AB'EF'CcD' = € RGH’AB'EF'CD’- (6.219)

Using the expression (6.200) for the spinor equivalent to the Riemann cur-
vature tensor, we then obtain

Rapicp = — (XEAEC €8 —dcaB'D' — prprac +€ac X' D
(6.220)
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The second and third terms on the right-hand side of the above formula
are equal to each other by Eqs. (6.208) and (6.209). Moreover, from Egs.
(6.215) and (6.216) we obtain

1
Xgalo = €40, (6.221a)

YF'B'F,D' = %63'0')\, (6.221d)
Hence the Ricci spinor is given by
Rapcp =2¢acB'Dr — A €ac €B'Dr. (6.222)
The Ricci scalar curvature is given by R = R*,. Hence we have
R=R,p"8 = —4x (6.223)
As a result, the spinor equivalent to the tracefree Ricci tensor is given by
Sapcp’ = Raprop — i‘gAB'CD'R, (6.224)
or, using Eqgs. (6.222) and (6.223), we obtain
Sapcpr = 2¢AacBD . (6.225)
Hence the spinor ¢ 4cp’p is equal to one half the spinor equivalent of the

tracefree Ricci tensor.
The spinor equivalent of the Einstein tensor is given by

1
Gapcp' = Rapcpr — '2‘9AB'CD'R
=2¢acB'D + A €ac €B/D. (6.226)

6.4.4 The Weyl Spinor

The decomposition of the spinor equivalent to the Riemann tensor given
above is not complete since the spinor x 4pcp may be further decomposed
and related to the Weyl conformal spinor. To this end we write the spinor
XABcD in the form

1 1
XABOD = 3 (xaBeD + xacBp + XaADBC) + 3 (xaBcD — XACBD)
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1
+§ (xaBCD — XADBC) - (6.227)

Hence we may write

1 1
XABCD = ¢ABCD+§ (xaBcD — XACBD)+'3‘ (xaBcD — xaDBC), (6.228)

where 1
YaBeD = 3 (xaBcD + XacBD + XADBC) - (6.229)
We notice that the first expression in brackets on the right-hand side

of Eq. (6.228) is antisymmetric in the indices B and C. Hence using Eq.
(5.70), it may be written in the form

1 1

3 (xaBcD — XACBD) = §XAEED €BC. (6.230)

The last term of Eq. (6.228) may also be written as

1
(xaBDC — XADBC) = §XAEEC esp, (6.231)

by Eqgs. (6.204) and (5.70). Using now Eq. (6.221), furthermore, we finally
obtain the following for Eq. (6.228):

(Sl

1
5 (XABCD - XADBC) =

A
XABcD = YaBcp + 3 (eaceBD + €aD€BC) - (6.232)

Since A is a real quantity, it follows that the spinor ¥ 4gcp has 10 indepen-
dent real components.

The symmetry of the spinor ¥ 4pcp may be found as follows. From Eq.
(6.232) we see that it satisfies the same symmetry as the spinor xascp,

namely, Yapcp = ¥Bacp = YaBpc = Ycopas- In fact the spinor Yascp
is symmetric with respect to all of its four indices. For instance

1
YacBD = 3 (xacBp + XaBcD + XADCB) , (6.233)

by definition. Hence

1
YacBD = 3 (xaBcp + XacBD + XADBc) = YaBCD, (6.234)

where use has been made of xapcs = xabpBC-
The totally symmetric spinor ¥ 4pcp has thus only five independent
complex components, as has been pointed out above. These components



6.4. THE GRAVITATIONAL FIELD SPINORS 155

are %0000, $0001, Yoot11, Yo111, and P1111. These components are sometimes
denoted as follows:

Yo = Yoo00, %1 =YPooo1, VY2 =toor1, Y3 =7Po11, Ys= P11
(6.235)
Using now the decomposition (6.228) for the gravitational spinor x apcp we
may then find the decomposition of the spinor equivalent to the Riemann
tensor given by Eq. (6.200). We obtain

Rapcperen = —(YacEG €B'D €F'H + $ACF H! €B'D' €BG
+€ac ¢B’D'EG €Er'H' + €AC €EG ¢B’D'F'H')
A
—'6[(6,413600 + €AGECE) €B'D’ €F'HY
+eac €ec (ep'F €pH + €prhr €pp)). (6.236)

Relation to the Weyl Tensor

We now show the relationship between the spinor ¥ 4gcp and the spinor
equivalent to the Weyl conformal tensor Cqpys. Let us denote the latter
spinor by Cap'cp'EFcH’. We show below that

Capcpercr = — (YacEe €D €p i + €ac €BcYpprppy) - (6.237)

From Eq. (6.236) we see that the spinor (6.237) satisfies the same symme-
tries as those of the spinor equivalent to the Riemann curvature tensor. We
have to show, in addition, that the trace

CEF CD'EF'GH' = 0 (6238)

Indeed a direct calculation verifies that Eq. (6.238) is satisfied.

Hence the spinor ¥ 4gcp is equivalent to the Weyl conformal tensor and
is referred to in the sequel as the Weyl conformal spinor.

If Capys is the Weyl conformal tensor and *Cqypys is its dual,

L
*Caﬂ'y& = -2-\/ —gCaﬁ'”"eW.yg, (6239)
then the spinor equivalent to the tensor

C;ﬁ'y& = Capys + 1" Caprs ‘ (6.240)
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is given by
Clpcpercn = —2VACEG €B'D €FH'- (6.241)
The proof of the above formula is given in Problem 6.5.
As a consequence of the decomposition of the gravitational spinor ¥4 gcp
into the Weyl conformal spinor plus the Ricci scalar curvature, the curva-
ture spinor (6.174) may finally be written in the form

A
Fpgapcp = — |Ypgac + 3 (epa €gc + €pc GQA)] €B'D'—@PQB' D’ €AC-

(6.242)
Equation (6.242) describes the decomposition of the curvature spinor into
its irreducible components, namely, the Weyl spinor, the tracefree Ricci
spinor, and the Ricci scalar curvature. This is similar to the decomposi-
tion of the Riemann curvature tensor into its irreducible components (see

Subsection 6.1.8).
In analogy with the curvature spinor we may define the conformal spinor

by

YPQap = VPQaBI L 010557 . (6.243)

Under the conformal transformation g, = e??g,,, the matrices o, trans-

form into G, given by
G, (z) = €Po, (), (6.2440)

" (z) = e Po* (z), (6.244b)

We now find the transformed components of the conformal spinor J:pqap
under the conformal transformation. From Eq. (6.241) we find that

1 ' ,
¢PQAB = _-S-C;C'QCAF’BF . (6.245)

Hence the conformal spinor, by Eq. (6.243), is given by

1 ¢ F_ A _ BD
YPQap = —'S'C;C'Q AF'B %9« D93
l ’ ’ ’
= _§C+“VKAU“PC'0'VQC UKAF/UABF UGAD/UﬁBD . (6.246)
Since C** | = C*™ _,, and because the expression (6.246) includes an

equal number of terms of the matrices ¢ having covariant and contravari-
ant spacetime tensor indices, we find that

1Z'Poaﬁ = YpQags- (6.247)

Therefore the Weyl spinor is invariant under the conformal transformation.
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6.4.5 The Bianchi Identities

The Bianchi identities may be written in terms of the dual to the Riemann
tensor in the form given by

V#*Rogyp = 0. (6.248)

The spinor equivalent to this equation is given by

VGH,*RAB/CD/E,‘F/GHI =0. (6.249)

Here the covariant differentiation operator VEH' is defined by Eq. (5.61).

Using the expression (6.201), for the spinor equivalent of the dual to the
Riemann curvature tensor, in Eq. (6.249) we obtain

’
c
V. xacec €8p — Vg bacrn epp +€acVer g ppc

—CACVEH’ YBIDIFIHI =0. (6.250)
Multiplying the above equation by ¢3'D2’ then gives
VO xacec — Vg $acru =0. (6.251)

Equations (6.251) are the Bianchi identities in spinor calculus.
In the next chapter the spinors of gauge fields are discussed.

6.5 Problems

6.1 Find the expressions for the differential operators
1 ’ ’
Viac) = 3 (VAE'VCE +VepV,E ) , (1)

VD= % (VEB'VBD/ +VEeDp'VEg), 2
when applied on an arbitrary unprimed one-index spinor £q.
Solution: By Egs. (6.170) and (6.171) we have
(Vop'Vap —VapVeop)€q = Frqapcptr. )

Using the decomposition of the commutator operator given in Problem 5.1,
and using the decomposition of the curvature spinor given by Eq. (6.174),
we then obtain

[ep'B'Viacy + €caVis by €q = — (xpgac €8'p' + dpqp preac) EF .

4)
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Multiplying now the latter equation by ¢P'B’ and €©4 we obtain

Viacyéq = xpgact’, V(s'péq = ¢prep 0, (5)
In the same way we obtain the corresponding results when the operators
(1) and (2) apply on a primed-index spinor 7g-. We obtain
V(AC)"’Q' = aP'Q'ACnP , V(B/Dl)ﬂq/ = YP/Q/BIDI"’P . (6)
6.2 Show that

’ ' ’ —FE' ’
V(AB)CQDE = xpqgas(FPP +XDPABCQPE +¢ P'ABCQDP: (1)
and
V(A’B')CQDE, = ¢ppgap(FPE 4 ¢DPA’B’CQPE’ + EP'E,A’B'CQDP,- (2)

Solution: Equations (1) and (2) are direct generalizations of the results of
Problem 6.1 and are left to the reader for verification.

6.3 Prove Eq. (6.193) for the decomposition of the Riemann curvature
tensor.

Solution: Equation (6.193) is a straightforward result of the application
of Eq. (5.70) and is left to the reader for verification.

6.4 Find the spinor equivalent to the dual of the Riemann curvature tensor.

Solution: The spinor equivalent to the dual of the Riemann curvature
tensor is defined by

)
"RapcpErcH = 0459800 hp oS *Raps, (1)

where *Rqp.5 is the dual to the Riemann curvature tensor given by

1
*Rapys = 2V —9R 6" €prys- (2)
The latter formula may also be written in the form
1
*Ruﬂ‘yJ = ERaﬁpvﬁ:gy (3)

and therefore in spinor notation in the form

Nl

1 ,
*Raop'cD'EFGH = -2'RAB'CD'KL'MN'€§IL~*"?;4H' . (4)
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Using now the expression for the spinor equivalent to the Riemann

curvature tensor given by Eq. (6.200) and the expression for the spinor

eKLIMN' given by Eq. (5) of Problem 5.3 in the above formula, we then

obtain
*Rap'cp'EFGH' = {(XACEG €B'D' €F'H' — QACF'H' €B'D’ €EG
+€AcPp DEG EF'H' — €AC €EGXB/D/F'H')- (5)
6.5 Find the spinor equivalent to the tensor
Clsy5 = Capys +i*Caprs, (1)

where *Cqyp5 is the dual to the Weyl conformal tensor Cogys.

Solution: The spinor equivalent to the Weyl conformal tensor is given
by Eq. (6.237). The spinor equivalent to the dual of the Weyl tensor
may be obtained from that of the Riemann curvature tensor, given by Eq.
(5) of Problem 6.4, by replacing the spinor xagcp by Yascp and taking
éaBc'pr =0,

*CapcpercH =4 (YacEG €8'D' €FH — €AC CEG-'ZB'P'F'H') - (2
We consequently obtain
Clpcpercon = —2VACEG €B'D/ €F1HY. (3)
6.6 Find the spinor equivalent to the tensor
Ripys = Rapys +i *Rapys. M
Solution: Using Egs. (6.200) and (6.201) we obtain
Ripcoeron = —~2(xacEG €D €pnr +€acbpipipc €Fmr) . (2)

6.7 Find the expression for the spinor *Fpgap'cpr, the dual to the spinor
Fpgap'cp', in terms of the Weyl conformal spinor, the tracefree Ricci
spinor, and the Ricci scalar curvature. Show that Eq. (6.190) is identical
to the Bianchi identities (6.251).

Solution: The spinor *Fpgapcp’ is defined by

1 wr'mn
*Fpqgap'cp = 5€AB/CD! FporL Mn:. (1)
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Using Eq. (2) of Problem 5.3 we then obtain

*Fpgas'cp' =iFpgapcp =1i(xpgac €D’ — dpPgB'D’ €ac). (2)
Using the above result in Eq. (6.190), we then obtain

VOP *Fpgapcp = —i (VCB'XPQAC - VAD’¢PQB'D') =0. (3)

Equation (3) is identical to the Bianchi identities (6.251).

6.8 Discuss the physical and geometrical meaning of the field equations
V,,FPQ‘“’ = 41rJPQ", (1)

\ *FPQ”V =0, (2)

where *Fp,"” is the dual to Fpg"” and Jpg" represents the energy-
momentum tensor, as possible field equations for the theory of gravitation.

Solution: The solution is left for the reader.

6.9 Write the Einstein gravitational field equations in the presence of an
electromagnetic field using the spinor calculus.

Solution: The Einstein field equations in the presence of an electromag-
netic field have the form R, = (87G/c*) T,,, since R = 0. The equivalent
equations, using spinor calculus, are given by
4G
dace' D = —04-TAB'CD', (1)

where ¢ acp'p is the tracefree Ricci spinor. Using now Eq. (6.217) and
Eq. (6) of Problem 5.10, we then obtain

2G|, -
¢mn = ?‘¢m¢n: (2)

for the Einstein field equations. Here m,n = 0,1, 2.

6.10 Prove the transformation laws (6.15) and (6.16) of the Christoffel
symbols of the first and second kinds.

Solution: Using the transformation laws for the metric tensor leads to
Egs. (6.15) and (6.16).

6.11 Prove Eq. (6.24).



6.5. PROBLEMS 161

Solution: The solution is left for the reader.

6.12 Show that the covariant derivatives of the tensors T,g, T*? and T

are given by
Top

VaTap = 52

- Fﬂva’ fo‘vTJﬂ:

vV, TP = ?81—’—‘*'11 T% 415 T*°,
aT'a
VT = W +T8,T% - T5,T%.
From this find the general rule for covariant differentiation.
Solution: The solution is left for the reader.

6.13 Show that the covariant differentiation of the sum, difference, outer
and inner products of tensors obeys the usual rules of ordinary differentia-
tion.

Solution: The solution is left for the reader.
6.14 Generalize Eq. (6.30) for a tensor T}, .
Solution: The solution is left for the reader.

6.15 If T, is the curl of a covariant vector, show that
VaTap +VaIpy + VgTya =0,
and that this is equivalent to
0,Top + 0aTpy + 85Tya = 0.
Solution: The solution is left for the reader.
6.16 Show that the divergence VpV“ of the vector V* is given by

= (v+VT).

V-9 3:1:“
Also show that for a skew-symmetric tensor F*P the covariant divergence
is

V.Vt =

VsFf = ——-( Fof\/=9).

v/—g 0zP

Solution: The solution is left for the reader.
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6.17 Find the expression for the Riemann tensor Ra,gys. From it prove
Egs. (6.32).

Solution: The solution is left for the reader.

6.18 Show that a curve with a covariantly constant tangent vector is nec-
essarily geodesic.

Solution: Let the curve be denoted by z* = z®(s) and the tangent vector
by dz®/ds. If the tangent vector is covariantly constant, then

dz®
V“_ds— =0, ) (1)
or explicitly
8 (dz* dzV
_— = @ — =0.
oz+ ( ds )+F’“’ ds @
Multiplying Eq. (2) by dz*/ds and using the identity
dz* 0 d
&5 5or — ds’ ®)

gives
d%z> o dz# dz¥
ds? T W ds ds
6.19 Discuss the constancy of the weak and gravitational coupling con-
stants.

=0. (4)

Solution: The solution is left for the reader.

6.20 Use the geodesic equations, Eq. (6.43), to determine the force per unit
mass on a body at rest, and show that it is given by F* = —c2I}, where
i=1,2,3. In the weak field approximation g** are very close to the Lorentz
metric, and for a time-independent metric F* = c’T'y, = (c?/2) d;g00. Show
that in the weak field case Eq. (6.50) reduces to the Poisson equation (6.49)
where goo ~ 14 2¢/c?. From this show that the constant x in Eq. (6.50)
is given by k = 87G/c*.

Solution: The solution is left for the reader.
6.21 Prove Egs. (6.58) and (6.59).
Solution: The solution is left for the reader.

6.22 Derive the gravitational field equations (6.50) using the calculus of
variation by treating both g,, and sz as independent variants, and ob-
tain thereby equations that determine both objects. Such a procedure is
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known as the Palatini formalism. The procedure is analogous to the one
employed in deriving the electromagnetic field equations from a variational
principle where both the field f#* and the potential A, are variants of an
action principle.

Solution: The solution is left for the reader.

6.23 Find the energy-momentum tensor T,,, for: (1) a system of neutral
particles of inertial mass M (function of time); (2) the electromagnetic field;
and (3) a scalar field ¢. Show that they are given by:

()T =) Mz#:6(x—12),

1

(2) T;w = -— {%guufaﬁfap - fyafu a} )

4
1
(3) Tow = 8,08,¢ — 59 (VE¢Vatp —m?4?).
Solution: The solution is left for the reader.

6.24 Use the approximate metric (6.79) into the geodesic equation (6.43)
to show that the equation obtained is (6.80).

Solution: The solution is left for the reader.
6.25 Prove Egs. (6.150) and (6.151).

Solution: The solution is left for the reader.
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Chapter 7

The Gauge Field Spinors

After discussing the electromagnetic and the gravitational fields in the last
two chapters, we now formulate the gauge field dynamical variables in a
spinorial form. Following a brief review of the Yang-Mills theory, the spinors
equivalent to the gauge potential and the gauge field strength are writ-
ten down. Then, in analogy to the electromagnetic field, the gauge field
strength spinor is decomposed. Likewise, the expression for the energy-
momentum tensor of the gauge field is given in a spinorial form. This is
subsequently followed by formulating the gauge field variables as spinors in
the interior spaces of both the groups SL(2,C) and SU(2). The chapter is
then concluded with formulating and analyzing the geometry of the gauge
field dynamical variables.

7.1 The Yang-Mills Theory

In this section a brief review of the Yang-Mills theory is given.

7.1.1 Gauge Invariance

In ordinary gauge invariance of a charged field which is described by a com-
plex wave function 1, a change of gauge means a change of phase factor
Y — ¢/, ¥ = (expic)y, a change that is devoid of any physical conse-
quences. Since ¥ depends on spacetime points, the relative phase factor
of ¢ at two different points is completely arbitrary and « is, accordingly,
a function of spacetime. In other words, the arbitrariness in choosing the
phase factor is local in character.

167
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To preserve invariance it is then necessary to counteract the variation of
the phase a with spacetime coordinates by introducing the electromagnetic
potentials A, (z) which change under a gauge transformation as

1 O«

r_ 1 oa
4 A“+eaz“’

" (7.1)
and to replace the derivative of i by a “covariant derivative” with the
combination (8, — ieA,) .

7.1.2 Isotopic Spin

An isotopic spin parameter was first introduced by Heisenberg in 1932 to
describe the two charge states, namely neutron and proton, of a nucleon.
The idea that the neutron and proton correspond to two states of the same
particle was suggested at the same time by the fact that their masses are
nearly equal, and the light stable even nuclei contain equal numbers of
them.

Later on it was pointed out that the p — p and n — p interactions are
approximately equal in the 1S state, and consequently it was assumed that
the equality holds also in the other states available to both the n — p and
P — p systems.

Under such an assumption one arrives at the concept of a total isotopic
spin which is conserved in nucleon-nucleon interactions. Experiments on
the energy levels of light nuclei strongly suggest that this assumption is
indeed correct. This implies that all strong interactions, such as the pion-
nucleon interaction, should also satisfy the same conservation law. This,
and the fact that there are three charge states for the pion can be coupled
to the nucleon field singly, lead to the conclusion that pions have isotopic
spin unity. A verification of this conclusion was found in experiments which
compare the differential cross-section of the process n +p — 7° + d with
that of the perviously measured process p +p — nt + d.

7.1.3 Conservation of Isotopic Spin and Invariance

The conservation of isotopic spin is identical with the requirement that all
interactions be invariant under isotopic spin rotation, when electromagnetic
interactions are neglected. This means that the orientation of the isotopic
spin has no physical significance.

Differentiation between a neutron and a proton is then an arbitrary
process. This arbitrariness is subject to the limitation that once one chooses
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what to call a proton and what to call a neutron at one spacetime point,
one is then not free to make any other choices at other spacetime points.
It also seems not to be consistent with the localized field concept which
underlies the usual physical theories.

7.1.4 Isotopic Spin and Gauge Fields

The possibility of requiring that all interactions to be invariant under in-
dependent rotations of the isotopic spin at all spacetime points, so that the
relative orientation of the isotopic spin at two spacetime points becomes
physically meaningless, was accordingly explored by Yang and Mills. They
introduced isotopic gauge as an arbitrary way of choosing the orientation of
the isotopic spin axes at all spacetime points, in analogy with the electro-
magnetic gauge which represents an arbitrary way of choosing the complex
phase factor of a charged field at all spacetime points.

This suggests that all physical processes, which do not involve the elec-
tromagnetic field, be invariant under the isotopic gauge transformation
¥ — Y, ¢’ = S~14, where S represents a spacetime dependent isotopic
spin rotation which is a 2 x 2 unitary matrix with determinant unity, i.e.,
an element of the group SU(2) discussed in Chapter 1.

In an entirely similar manner to what is done in electromagnetics, Yang
and Mills introduced a potential B in the case of the isotopic gauge trans-
formation to counteract the dependence of the matrix S on the spacetime
coordinates.

Accordingly, and in analogy with the electromagnetic case, all deriva-
tives of the wave function vy describing a field with isotopic spin % should
appear as “covariant derivatives” of the form (0, — iB,) v, where B, are
four 2 x 2 Hermitian matrices. The field equations satisfied by the twelve
independent components of the B potential, which is called the b potential,
and their interaction with any field having an isotopic spin, are fixed just
as in the electromagnetic case.

7.1.5 Isotopic Gauge Transformation

Under an isotopic gauge transformation, a two-component wave function
describing a field with isotopic spin %, transforms according to

¥ =Sy (7.2)

Invariance then requires that the covariant derivative expression transforms

as
S (8, —iBL) ¥’ = (3, — iB,) ¥. (7.3)
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When combined with Eq. (7.2), we obtain the isotopic gauge transforma-
tion of the 2 x 2 potential matrix B,:

B, =S"'B,S+i57'8,S. (7.4)

In analogy to the procedure of obtaining gauge invariant fields in the
electromagnetic case, Yang and Mills defined their field as

F,, =8,B,— 8,B, +i[B,, B,], (7.5)
where the commutator is given by
[Bu, B.) = BuB, — B, B, (7.6)
Under the transformation (7.2) the 2 x 2 field matrix (7.5) transforms as
F,, =S7'F,S. (7.7)

Now Eq. (7.4) is valid for any S and its corresponding B,,. Furthermore,
the matrix S'laS/ Oz* appearing in Eq. (7.4) is a linear combination of the
isotopic spin “angular momentum” matrices T%, i = 1,2, 3, correspondmg
to the isotopic spin on the field ¥ under cons1deratlon Here T = 20 ,
where o* are the three Pauli spin matrices.

Accordingly, the matrix B, itself must also contain a linear combination
of the matrices T*%; any part of B, in addition to this, denote it by Bp,
is a scalar or tensor combination of the T’s, and must transform by the
homogeneous part of (7.4),

B, =S7'B,S. (7.8)

Such a field is extraneous and was allowed by the very general form we
took for the B potential, but is irrelevant to the question of isotopic gauge.
Therefore, the relevant part of the B potential can be written as a linear
combination of the matrices T*:

B,=2b,-T, ©(7.9)

where bold-face letters denote 3-component vectors in the isospin space.
The isospin-gauge covariant field matrices F},, can also be expressed as
a linear combination of the T’s. One obtains '

F,, =26, - T, ~ (7.10)
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where
éb, b,

v = Bzv ~ Bz#
One notices that f,, transforms like a vector under an isotopic gauge trans-

formation. The corresponding transformation of b, is cumbersome. Under
infinitesimal isotopic gauge transformations,

£, +2b, X b, (7.11)

S=1-2iT - éw, (7.12)
however, one obtains

oow

oz+’

b), =b, —2b, x dw +

’ (7.13)

7.1.6 Field Equations

In analogy to the electromagnetic case one can write down an isotopic gauge
invariant Lagrangian density:

L = —%T\'prF#y = "%fyu * f"y' (7'14)

One can also include a field with isotopic spin % to obtain the following
total Lagrangian density:

L= 3 TF F* — Ty (8, — iB,) ¥ — m. (7.15)

The equations of motion obtained from the Lagrangian (7.15) are

o o e
oo — 2(by x ) + 34 =0, (7.16)
A# (8, — 2T -b,) ¢ +my =0, (7.17)
where
J, = 21y, Ty (7.18)

Continuity equation

Since the divergence of J* does not vanish, one may define

3 =3# —2b, x ", (7.19)
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which leads to the equation of continuity,

83"

— =0. 7.20
507 =0 (7.20)

Equation (7.20) guarantees that the total isotopic spin
T= / 3’ dz, (7.21)

is independent of time and Lorentz transformation.

Nonlinearity of the Field Equations

Equation (7.19) shows that the isotopic spin arises from both the spin-3
field J# and from the b, potential itself. This fact makes the field equations
for the B potential nonlinear, even in the absence of the spin-% field. The
situation here is different from that of the electromagnetic case whose field
is chargeless, and hence satisfies linear equations.

7.2 Gauge Potential and Field Strength

The spinors equivalent to SU(2) gauge potential b,,, and gauge field strength
fauv are complex functions, which are obtained from the potential and the
field strength in the same way that the comparable spinors are obtained in
the theory of electrodynamics (see Section 5.4). The gauge potential and
field strength are related by the equation

fau.v = aubay, - aubau + geabcbbubcm (722)
where g is a coupling constant and €, is the skew-symmetric tensor defined
by €123 = 1. In the above quantities the indices a, b, c = 1,2, 3 are SU(2) la-
bels describing the inner space degrees of freedom, whereas u, v =0, 1,2, 3,
are spacetime indices.

7.2.1 The Yang-Mills Spinor
The spinor equivalent to the gauge potential is given by
baap = Uﬁa'bam (7.23)

whereas that equivalent to the gauge field strength is given by

fGAB'CD' = aiB’aéD'fal“" (7.24)
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Since the potential b,, is real, its spinor equivalent b,4p is Hermitian,
namely,
ba.AB’ = ba.B'A- (725)

Accordingly bgoor and b,1y- are real quantities, whereas b,g1 and bg1o- are
complex quantities, conjugate to each other,

ba1o’ = bao’1 = baoy’- (7.26)

Decomposition of the Spinor Equivalent

In analogy to the decomposition given by Eq. (5.83) of the spinor equivalent
to the electromagnetic field tensor, the spinor equivalent to the gauge field
strength may be decomposed. We then obtain

faeAB'CD' = XaAc €B'D’ + €ACXap' D" (7.27)
where 1
XaAC = XaCA = 563 D foapcp- (7.28)

Since the spinor x,4p is symmetric in its spinor indices A and B, it has
3 x 3 complex components: Xz00, Xa01 = Xa10, @0d Xg11, With a = 1,2, 3.
These nine complex components are equivalent to the 18 real components
of the field strength fo,..

The Yang-Mills Spinor

The gauge field spinor x,45 Will be referred to in the sequel as the Yang-
Mills spinor. Its role is analogous to the Maxwell spinor ¢4p in electro-
magnetics (see Section 5.4). We will also, sometimes, use the notation

Xa0 = Xa00
Xal = Xa01 = Xal0 (7.29)
Xa2 = Xall

in analogy to the Maxwell spinor.
We may also find the spinor equivalent to the tensor * fa,,, where

1
*fau.u = 5\/ ‘gfuupafa,pa: (7'30)
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which is the dual to the gauge field strength fs,,. We then find

*faaBiCD = %ffggglfaxuww, (7.31)
or, using Eq. (2) of Problem 5.3,
*faaBcD' = ifoaD'cB = i (€ACXaB D' — XaAC €B'D') - (7.32)
The spinor equivalent to the tensor
[l = faps +1 * faps (7.33)
is consequently given by
frecp = faascp — faADicB =2XaAceB D) (7.34)

where use has been made of Eq. (7.27).
Likewise, we may find the spinor equivalent to the tensor

\ fopo = faps =1 " fapa- (7.35)
We then obtain
oancp = faaBcD' + faaD'cB' = 2€4CcXaB D' (7.36)
Accordingly we have
faaprcp = % (Frapep + faapen) (7.37)
and
*fRecp =T s cpn (7.38)

for the duals of ffAB’CD"

7.2.2 Energy-Momentum Spinor

The energy-momentum tensor of a gauge field is given by

1 /1 .
T;w = Z; (ngufaaﬁfa P fa/.mfa,ya) ) (739)

and is in complete analogy to that of the electromagnetic field. It may also
be written in the form

1
T;.w = "§7—r (fauafaya +* f:pafau a) ) (7-40)
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and is, as can easily be seen, traceless,
T,*=0, (7.41)

just as the case in electrodynamics.
The spinor equivalent to the energy-momentum tensor of the gauge field
is then given by

1 ’ .
Tapcp = ~ % (faAB'EF’facD'EF + *foas BF *focpBF ) . (7.42)

Using now the expressions for f and *f given by Egs. (7.27) and (7.32) in
Eq. (7.42), we then obtain

1
Tagcp = Z_WXGACBZ::B’D" (7.43)
If we denote the above spinor by
Tmn = TA+C,B’+D', (744)
with m,n =0, 1,2, Eq. (7.43) will then have the form
1
Tonn = Z—WXamYa,n' (7‘45)

This form for the energy-momentum tensor is in complete analogy to that
of the electromagnetic field (see Eq. (6) of Problem 5.10).

The Einstein Field Equations

The Einstein field equations with the above energy-momentum tensor have
the form
87G

)
since the Ricci scalar curvature R = — (87G/c*) T,# = 0 by Eq. (7.41).

The equivalent gravitational field equations, using the spinor notation, are
given by

R;w = Tuu, (746)

4G
¢acep =~ Tapcp, (7.47)
where use has been made of Eqs. (6.222) and (6.223). Using now Egs.
(6.217) and (7.40), we then obtain for the Einstein field equations in the
presence of a gauge field the following:

2G _
bmn = _(':TXamXa,n- (748)
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Here m,n=0,1,2,and a = 1,2, 3. We notice that Eq. (7.48) is in complete
analogy to Eq. (2) of Problem 6.9 for the case of the Einstein equations in
the presence of an electromagnetic field.

7.2.3 SU(2) Spinors

So far we have described the gauge field and potential in terms of SL(2,C)
spinors, leaving the SU(2) inner space degree of freedom indices unchanged.
We now develop an SU(2) spinor calculus to take care of that degree of free-
dom. The Yang-Mills spinor x,4s, for instance, will thus be described as a
quantity having two SL(2,C) spinor indices and two SU(2) spinor indices,
XMNAB, Where M, N =0, 1 also.

The relationship between isospinors and isovectors is as follows. An
isospin-% object is described by an SU(2) spinor with one index. An exam-
ple of this is the proton and the neutron which are described collectively by
the spinor s (it is, in addition, a four-component Dirac spinor in configu-
ration space). An isospin-1 object is described by a two-index SU(2) spinor
which is symmetric in the two indices. An isospin-T object is described
by a totally symmetric spinor having 2T indices. It therefore has 2T + 1
independent components.

The correspondence between isovectors and isospinors is achieved by
means of the Pauli spin matrices. The spinor equivalent to the vector &, is
given by

i’ = and Ea, (7.49)
whereas the isovector equivalent to the spinor £,/ is given by
€a=0ar €. (7.50)

Here o,,,/V are the usual three Pauli matrices divided by v/2:

N 1 /01 1 0 i
ag = — . N=__.
wm = p\10) M TS - 0)
1 0
aaMN=——<O _1>. (7.51)

7.2.4 Spinor Indices

The SU(2) spinor indices for the Pauli matrices are chosen in such a way
that the spinor equivalent to the isovector is symmetric when both indices
are upper or lower:

Emn =€ epN = 0.0 epnEa = OamNEa = ENM, (7.52)
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EMN _ MPe N _ (MPg Ne o g MNg _ eNM (7.53)

Equations (7.52) and (7.53) are the consequence of the symmetry of the
matrices g,pn and oMV, In fact we have

_L(-1t0) _ 1 /(-i 0
UIMN—\/§ 0 1 ) 2MN"‘\/—2' 0 —; J°

1 01
O3MN = 7 ( 1 0 ) , (7.54)
and
un_ L (1 0 P A
71 - \/-2' 0 -1 ) g2 - \/-2' 0 —i )
1 0 -1
MN __
oMN = _\/ﬁ( 1 o ) (7.55)

as compared to our previous presentation for the Pauli matrices in the
SL(2,C) spinor calculus given by Egs. (5.46).

The Yang-Mills spinor x,ap, for instance, will be presented by the
mixed SU(2) and SL(2,C) spinor xmnag. It is symmetric with its two
kinds of indices, namely,

XMNAB = XNMAB, XMNAB = XMNBA. (7.56)

We also notice that in the SU(2) spinor calculus there are no primed indices,
and that we raise and lower the indices with €M~ and epn just as for the
SL(2,C) spinor case.

In the next section we give the geometry of the Yang-Mills fields.

7.3 The Geometry of Gauge Fields

We now give to the gauge field dynamical variables a geometrical descrip-
tion.

7.3.1 Four-Index Tensor

Let fou. be the gauge field strengths. Here i, v = 0, 1,2, 3 are the spacetime
indices, and a is the isospin index taking the values 1, 2, 3. From the field
strengths we define the four-index tensor

R;wpa = _fau.ufapa- (7.57)
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The tensor R, ,,, which is an SU(2) invariant, satisfies the symmetry prop-
erties
Rul/pcr = —Ruppa = _Rp.uap = +Rpa/_w- (758)

Hence the tensor R,,,, is skew-symmetric in each pair of the indices pv
and po, and is symmetric under the exchange of these two pairs of indices
with each other. These symmetry properties are the same as those of the
Riemann curvature tensor, or the Weyl conformal tensor, known from the
geometry of curved spacetime (see the book of Eisenhart).

It will also be useful to define another tensor R}, ,,, which is also an
SU(2) gauge invariant, by

R:wpa = _fapv *fapcr- (7.59)

Here * fo,0 is the dual to the tensor f,,4,

1
*fapa = 5\/ _gepcrp.uf:l/- (760)
The tensor R}, ,, has the same symmetry properties as those of Ry, ,0,
namely
R;Vpd = _R:p.pd = _Rrwap = +R;auv' (761)
From the two tensors R, ,, and R}, ,, we may then define the complex
tensor .
Ryvoe = Ruvpo + iR:pr' = —fau f a+pm (7.62)
where
S = faps + i fapa- (7.63)
The new tensor RP,,,,, also satisfies the same symmetry properties of R, 50
and Rz,,p,,
R;wpv = _Rvutw = _Ruwp = +Rp0uv- (7'64)

From the tensor Ru,,,,, we may define the Ricci tensor R.,p = R“a,p
and the Ricci scalar curvature R =R~,.

Since the tensor R,p,s has the same symmetry properties (except for
the cyclic identity) as those of the Riemann curvature tensor, we may de-
compose it as follows:

1 N . .
Rpo‘u.v =Cpopv + § (gpu.RO'u - gpvRau. - gauRpu + gavap.)
1
6

+ (gpvgcru - gpugav) R, (7.65)



7.3. THE GEOMETRY OF GAUGE FIELDS 179

or in the alternative, but equivalent, form

1 ~ ~ ~ -
Roopy = Cpopv + 2 (gpusw = 9ovSou — GouSpv + gwspu)

1 -
_'15 (gpugau - gpugav) R. (7.66)
Here S,,, is the tracefree Ricci tensor,
- - 1 -
Sw/ = R;w - ZguvR, (7.67)

which satisfies 5",“ =0.
Contracting now either Eq. (7.65) or Eq. (7.66) with respect to the
indices p and p, we find that the trace of the tensor C,qy.,, vanishes, C* o8 =

0. Hence Egs. (7.65) and (7.66) express the fact that the tensor Ragys
decomposes into its irreducible components.

7.3.2 Spinor Formulation
The above results may easily be put into the spinor language. The spinor
equivalent to the Yang-Mills field strength fo,,. is given by (see Section 7.2)

faaBcD = UﬁBIU'(/;D'fauy, (7.68)

faaB'cD' = €ACXap' D' + XaAC €B'D', (7.69)

’ ’ . .
where xaac = 32D foap cp. The spinor equivalent to the tensor * fa,.,,

the dual to f,,., is given by
*faaB'cD' = i (€ACXaB D' — XaAC €B'D') - (7.70)
Subsequently the spinors equivalent to the tensors R,,,, and R, ,;
may be found. So may the spinor equivalent to ;'p, which, by Eq. (7.34),
is given by
fIAB’CD’ =2XaAC €B'D’. (771)
As a result, the spinor equivalent to the tensor R, ., is given by
Rap'cp'EFGH' = —faaB'cD' faEF'GH'- (7.72)
Using now Eq. (7.69), we then obtain

Rapcpereu = —(€acec €8'D' €r H' + €EGCACF H' €B'D’
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+€acCp pEc €FH +€ac €BGER D F Y)- (7.73)
In Eq. (7.73) the two spinors £apcp and (apcrps are defined by

§ABCD = XaABXaCD; (7.74)

and
CABC'D' = XaABXaC' D' (7.75)
respectively.
From the definition of the spinor £4gcp we see that it satisfies the
following symmetry properties:

€aBcp = €Bacp = €aBpc = €cDAB- (7.76)

Hence it can be decomposed into the sum of a totally symmetric spinor
nascp and a scalar P,

P
€aBcD =MNaBcD + 5 (eac €BD + €ap €BC) - (7.77)

Here the scalar P is the trace of the spinor é4pcp,
1 .
P=¢,45"8 = 3 Jour (f27 +7F27). (7.78)

A simple calculation, moreover, shows that
P
EACCB = EeAB. (7.79)

7.3.3 Comparison with the Gravitational Field

The spinor £ 4gcp resembles in its properties the gravitational field spinor
XABcD, Which combines the Weyl conformal spinor and the Ricci scalar
curvature (see Chapter 6). The difference between the two spinors is only in
their trace structure, the trace of the gravitational field spinor is x ,g*Z =
—R/4, where R is the Ricci scalar curvature, which is a real quantity.
Here, however, the invariant P is a complex function. The role of P in
gauge fields, nevertheless, seems to be similar to that of the cosmological
constant of general relativity theory.

The spinor nagcp in Eq. (7.77), on the other hand, is a totally sym-

metrical spinor in all of its four indices and is given by

1
MABCD = 3 (éaBcp +€acBp + €apBC) - (7.80)
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It is therefore completely analogous to the Weyl conformal spinor, and
has only five independent complex components: 79 = 70000, 71 = 70001,

M2 = Tooi1, 713 = Mot111, M4 = Ni11-

The other spinor {(4pc'ps appearing in Eq. (7.73), defined by Eq.
(7.75), satisfies the same symmetries that the tracefree Ricci spinor ¢ 4pc’p/
satisfies, namely,

CaBc'p = (Bac'p' = CaBp'c' = Corprap- (7.81)

It therefore has nine real independent components. The spinor {4gc’p-
is, moreover, irreducible. Its physical meaning lies in the fact that it is
proportional to the energy-momentum tensor of the Yang-Mills field (see
details in Section 7.2).

From the spinor Rap'cp'Er ch given by Eq. (7.73) we may define the
Ricci spinor Reprenr = REF op gy We then find that

1 —
Repen = 2cepn — 5 (P+P)ecc epnr- (7.82)
We also find for the Ricci scalar curvature
R=RC* g,y =-2(P+P). (7.83)

We then find the following expressions:

1 1
Gapcp' = Rapcp — 5€AC eg'p'R =2Cace D + 2 (P+P)eac esp,
(7.84)

1
Sasrcp' = Raprop' — ;Reac ep'p = 2acep, (7.85)
for the Einstein spinor and the tracefree Ricci spinor, respectively.
We now find the spinor equivalent to the tensor R}, ; defined by Eq.
(7.59). It is given by
R apcpprcH = —faascD' " faEFGH - (7.86)
Using Eqgs. (7.69) and (7.70) we obtain

R;AB’CD’EF’GH’ = 7:(£AC’EG€B’D' €r o' — €EGCACF'H' €B'D’

+€ACZB'D/EG €EF'H' — €AC fEGEB'DlF'H')- (7'87)
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7.3.4 Ricci and Einstein Spinors

The Ricci spinor, Ricci scalar curvature, Einstein spinor, and tracefree Ricci
spinor are subsequently given by

)
Repen =3 (P-P)ecc epr, (7.88)
R*=2i(P-P), (7.89)
i —
Gapcp = -3 (P-P)eac e, (7.90)
Sapcp =0, (7.91)

respectively. _
Finally, the spinor equivalent to the complex tensor Rap.s, defined by
Eq. (7.62), is given by

RapcpErcH = Rapcpercn +1Rypcpercn - (7.92)
We then find that
RascpercH = —2(€acec €8'D' +€aclp pEc) €F H'- (7.93)

The Ricci spinor, Ricci scalar curvature, Einstein spinor, and tracefree Ricci
spinor are then given by

Rcper = 2cep'n — Pece €pmr, (7.94)
R = —4P, (7.95)

Gepen = 2cep'H + Pecc €pmr, (7.96)
Scpcr = 2cepH, (7.97)

respectively.
A fourth spinor which can be constructed out of the Yang-Mills spinor

is given by -
XABCDEF = €abcXaABXbCDXCEF - (7.98)

It satisfies the following symmetry:

XABCDEF = XBACDEF = XABDCEF = XABCDFE- (7.99)

In addition, the spinor xapcper keeps or changes its sign, depending
upon whether the pairs of indices AB, CD, EF are an even or an odd
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permutation of the pairs of numbers 00, 01(=10), 11, and zero otherwise.
Hence it can be decomposed as follows:

XABCDEF = ﬁ(eAC €BE €EDF+EAF €BC €EDE+EAC €BF €DE+EAE €BC €DF

+€AD €BF €cE + €AD €BE €cF + €AF €BD €cE + €AE €8D €cF), (7.100)
where Q is a complex quantity, the trace of the spinor xagcpEer:

C EEA — GCBGEDGAF

Q=xa"c XABCDEF- (7.101)

Finally, two more mixed-indices spinors, with unprimed and primed
indices, can be defined as follows:

@ABCDE'F' = €abcXaABXbCDXcE'F'» (7.102)

@ABC'D'E'F' = €abeXaABXbC' D' XcE' F' - (7.103)

The relationship between them can easily be shown to be given by
@ABCDE'F' = EE'FfABCD, (7.104)

ABC'D'E'F' = G D B Fr ABS (7.105)
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Chapter 8

The Euclidean Gauge
Field Spinors

In the last chapter we discussed the gauge field spinors in the flat Minkowskian
spacetime. In this chapter we extend the discussion to the Euclidean gauge
field spinors. First we discuss the Euclidean spacetime in general terms.
This is followed by writing down the Dirac equation in this spacetime, and
discussing the matrices involved in this formalism. The spinor formula-
tion of the Euclidean gauge fields is subsequently given. This includes the
O(4) two-component spinors. The chapter ends with the discussion of the
self-dual and anti-self-dual fields appearing in the theory.

8.1 Euclidean Spacetime

We are now in a position to formulate the Euclidean gauge field theory for
isospin in terms of quantities which are multispinors of the group product
O(4)xSU(2), where O(4) is the four-dimensional rotation group. The group
O(4) replaces here the group SL(2,C) employed in the previous chapters
for gauge fields and gravitation. Hence instead of dealing with quantities
defined in the Minkowskian or the Riemannian spacetimes, as has been
done so far, we will be dealing with quantities defined in the Euclidean
four-dimensional spacetime.
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The Groups O(4) and SU(2)xSU(2)

We will also use the fact that the group O(4) may be written as the product
of two SU(2) groups, O(4)=SU(2)xSU(2). Hence in the spinorial formula-
tion described below the O(4) quantities, with which we are concerned in the
four-dimensional Euclidean spacetime, may be designated by SU(2) xSU(2)
representation labels. Moreover, the additional internal isospin space SU(2)
gauge group also gives rise to such SU(2) labels. Accordingly all quantities
of interest in the four-dimensional Euclidean spacetime with SU(2) inter-
nal symmetry are actually three SU(2) multispinor quantities. A certain
simplification is achieved sometimes when the various SU(2) groups are
coupled to each other.

The spinorial method makes use of 2 x 2 matrices to be described below
which are Euclidean analogues of the 2 x 2 SL(2,C) matrices encountered
in the study of the Lorentz group. We subsequently present the spinorial
formulation of the SU(2) gauge theory. But we first present the Dirac
equation in the Euclidean spacetime.

8.1.1 The Euclidean Dirac Equation

Our starting point is the four-dimensional Euclidean spacetime gauge co-
variant Dirac equation

’7“'%0!# = (6;4 —igB,) ¢y =0. (8.1)

Here ), is a gauge covariant derivative of the spinor ¢. Under the in-
finitesimal SU(2) transformation with generators 6,, where a = 1, 2,3, the
spinor 9 transforms according to some representation of the group SU(2),
namely,

69 = iTo1h0,. (8.2)

The matrices T, describe the infinitesimal generators of the group SU(2)
and satisfy

[Ta: Tb] = i€abc T, (83)

with a,b,c=1,2,3. In Eq. (8.1) B, is the Yang-Mills gauge potential in a
Hermitian matrix representation given by

B, = b, T.. (8.4)



8.1. EUCLIDEAN SPACETIME 187

Gauge Potential and Gauge Field

We assume that from the gauge potential B, we can define a well-behaved
gauge field strength matrix

Fu, =0,B, - 8,B, +i[B,,B,], (8.5)

so that the action integral is finite. This requirement then implies that the
Pontrjagin indez, defined by

1
0= g1 | o fid'n, (86)

is an integer. Here * f,,, is the dual to f,,.,, and f,,, is the gauge field
strength. Also, in Eq. (8.5) and the rest of this chapter the coupling
constant g is taken as unity.

Now ¢ is also a four-component spinor in the Euclidean space. The
4 x 4 Dirac matrices y* satisfy the Euclidean anticommutation relations

{r*, 7"} =20 (8.7)

The metric here is J,,, and the signature is (+, +, +, +) so that there is no
distinction between upper and lower space indices.

The v Matrices

A convenient realization of the - matrices is given by

_ 0 —iok (0 I
’Yk—(iak 0 )) 74‘([ 0)) (8’8)

where o (k = 1,2, 3) are the three Pauli matrices given by Eq. (7.51) and
I is the unit 2 x 2 matrix. With the above realization for the matrices v*,
we define the matrix «5 by

-I 0
Y5 = NN2VVe = ( 0 +I ) . (8.9)
The matrix s consequently anticommutates with the matrices v,,

{Yus 75} =0, (8.10)

with 4 = 1,2, 3,4. As a result, 45 also anticommutates with the Hermitian
Dirac differential operator iy* (9, — ¢B,).
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Hence if we consider the full eigenvalue spectrum through the equation
of motion

" (Ou — iB,) YE = EvE, (8.11)
then the matrix ~5 transforms the spinor ¢ g into the spinor ¥_ g, namely,
iy (ay - ":Bp) Y-g=—-Ey_g, (8-12)

with ¥_g = v59¥g. On the other hand, the zero-eigenvalue modes may be
chosen as the eigenstates of ~s, and they have either positive or negative
chirality.

8.1.2 Algebra of the Matrices s,

Equations (8.8) show that the -y matrices may also be presented in the form

(9 su
o = ( 4 ) (8.13)
where the matrices s, and s}, are defined by

(—"I:O'k,I), (814)

(io, 1), (8.15)

These 2 x 2 matrices will be used in the sequel, and some of their properties
are given in the following.
We first have
sLs,, +shs, =0, (8.16a)

sus) + s,,sL =d,,. (8.160)

Hermitian Spin Matrices

We then define the Hermitian spin matrices

1

Sw = o2 (SLSU - slsp) ) (8.17a)
1

shy = 57 (sus = susl), (8.17b)

which satisfy
255, = 8y + 2is, (8.18a)
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25,8} = 0 + 2is],,,. (8.18b)
One then finds that in terms of the Pauli matrices we have
t 1
Sij = sij = -Eeijkak’ (8190)
t 1
Sia = —Sig = 504 (8.19b)

with 4,7,k = 1,2,3 and €;93 = +1. Moreover, under the duality transfor-

mation we have

*sp.u = =Suv, *s;‘w = s;.‘un (820)

where

* _ o‘
Suy = §5uvpasp P

*sf

I too
= 26,,,,,,,,3 .

Commutation Relations

The spin matrices satisfy the O(4) commutation relations given by

i [Spas Sup] = OvasSup — uvSap + 0apSuu — Ougsvas (8.21a)
i [sLa, slﬂ] = Jyo,sLﬁ - y,,s:‘xﬁ + Japs,fm — 0,5} e (8.21b)

Moreover, the products of three s matrices are equal to linear combination
of s matrices,

t 1

sLusa = (s:‘xsw) =5 (Svasy — Opasy + e,,,,apsﬁ) , (8.22a)
t 1

sp,,sL = (so,s;‘“,) =5 (JyasL - Jpas,f, - e,,,,,apsm) . (8.22b)

Finally, the following identities

OkSuwOk = —Su, (N0 summation on k), (8.23a)
akstcrk = —s;‘w (no summation on k), (8.23b)
sLaks“ =0, (8.23¢c)

between the Pauli matrices and the s matrices, may be verified.



190 CHAPTER 8. THE EUCLIDEAN GAUGE FIELD SPINORS

The eigenvalue equation (8.11) may be written in terms of the s matrices
also. It then has the form

(Lof I&)(%)ﬂ?(g) (8.24)

This is a two-component spinor form which exhibits the chiral structure.
Here the operators L and Lt are defined by

L =s" (i, + B,), (8.25a)
Lt =s*1(i9, + B,), (8.25b)

The zero-eigenvalue modes then satisfy the equations
Ly~ =0, Liypt=0. (8.26)

Here ¢* and ¢~ are two-component spinors which also carry an isospin
label according to the representation (8.3).

8.2 The Euclidean Gauge Field Spinors

We are now in a position to present the spinorial formulation of the Eu-
clidean Yang-Mills theory with the internal gauge group SU(2). Accord-
ingly all quantities will have spinor indices A, B, C, - - - taking the values 0,1.
As has been mentioned above, these two-component spinors represent the
two SU(2) groups in terms of which the Euclidean group O(4) is presented
according to O(4)=SU(2)xSU(2).

8.2.1 O(4) Two-Component Spinors

An O(4) two-component spinor is accordingly denoted by (4 when having
one superscript index or by {4 when having one subscript index. The spinor
equivalent to an O(4) tensor is obtained like in the case of the group SL(2,C)
(see Section 5.2). To each tensorial O(4) index u, v, - -, there correspond
two spinorial indices which are now denoted by AA’, BB’,--.. The spinor
equivalent to the vector V), is denoted by V44- and that equivalent to the
tensor T}, is denoted by Taa/gp/, for instance. The tensors and spinors
are related by means of the s matrices. The vector V,, and the tensor T}, ,
on the other hand, may be recovered from the spinors V44 and Taa g
by using the properties of the s matrices.
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Matrix Elements

We denote the matrix elements of the matrix s* by
(s).. =sha-

We also denote the matrix elements of the matrix sL by
(), = oA

Accordingly we have

_1 (01
San ="\ -1 0 )’
A (=io
fSav =m0 i )
4 1 1 0
S = =
AA 3\0 1)’
and
sz'A__i 0 1
1 - 0} i 0 )

Superscript and Subscript Indices

191

(8.27)

(8.28)

(8.29a)

(8.29b)

(8.29¢)

(8.294)

(8.30a)

(8.30b)

(8.30¢)

(8.30d)

There is no distinction between the superscript and the subscript O(4)
tensorial indices, namely, (s*) = (s,)  and (s#') = (s}) . The spinor

equivalent to the vector V,, is thus given by

Vaa = sl 4V
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T2\ -ivi-V i+

The spinorial indices A, A’, - - - may be raised or lowered according to the
ordinary rules for the SL(2,C) spinors, given in Subsection 5.2.2, namely,

t=e"B¢g,  Ca=(Pepa. (8.32)

Hence if we define the spinors

S‘;}A, = GABGA,B, SuBB’, (833)
LA'A = SfBI €EB’A’€BA, (834)
we then find that
s;‘}A = sLAIA = (sL) , (8.35)
shaa=suan = (su)_ . (8.36)

From Egs. (8.16) we also obtain

’ ’ ’
sﬁA SvAB' + s,‘:‘A SuAB' = 53;5“,,, (8.37)

BA’

suansBY + s a0 B4 =885, (8.38)

From the above formulas one then obtains the following:

SuansiA =8, (8.39)
[‘?A,SBB’ = 6363/, (8.40)
S#AA/SEB, = €AB€A’'B’. (8.41)

Using now Eq. (8.40), for instance, we obtain
VAA'S =V, SAA/S = V 60 V (8.42)

for the relationship between an O(4) vector and its spinor equivalent.
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8.2.2 Self-Dual and Anti-Self-Dual Fields

We may now write the spinors for the gauge potential bf and the gauge
field strength f2, in the Euclidean space. They are given, respectively, by

bunaa = bL0aMNSYy 4, (8.43)

and
fMNaaBB = f,00MNSY 4 SER s (8.44)

where o,pn are given by Egs. (7.54). The pair of indices M N are internal
SU(2) spinor indices, whereas AA’ and BB’ are O(4) spinor indices. Both
the gauge potential and the gauge field strength are symmetric in their
SU(2) spinor indices M and N.

Obviously the field strength spinor (8.44) is skew-symmetric in the pair
of indices AA’ and BB’. The above spinors are related by

funaaBp = O8pbunaa — daabunes + 2bmpaad’yypp, (8.45)

where brackets indicate symmetrization,

{aB) = % (CaB +¢BA), (8.46)

and the differential operator daa: = s 4, 9,.
Now because of its antisymmetrical property, the gauge field strength
spinor can be split into two parts as follows:

fuMNaaBB = €aBfiinarp + frnas€a B, (8.47)

where

1
fainas 3/ MNaa B (8.48a)

’

_ 1

funas = 5 unans (8.48b)

Here f,]‘}N g 1s symmetric under the exchange of the indices A’ and B’

since

A 1 A 1 A +

funap a4 =—5Iun"aap =5 uNan s = funap:
(8.49)

Likewise, fy;n 4p is symmetric under the exchange of the indices A and B.

Finally, from Eq. (8.45) it follows that

flthB’A’

DN ==

f;lNArBl = BA(A’bMN ABI) + b(MPAA’bPN) AB;, (8.500)
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funas = 6(AA’bMNB) At b(MPAA'bPN) BA,. (8.500)

Furthermore, under the duality transformation we find

*funaaBp = fMNAB BA', (8.51)

which in terms of f* and f~ can be written as
“fanas = fainarss (8.52a)

*funap = —funas- (8.52b)

Hence for self-dual fields the expression fj;y 4 must vanish, whereas
for anti-self-dual fields the expression fy;y 4,5 must vanish.

8.3 Problems
8.1 Verify Eqgs. (8.16), (8.17) and (8.18).

Solution: These equations are direct consequences of the definition of the
s matrices and are left to the reader for verification.

8.2 Verify Egs. (8.21) and (8.22).

Solution: Equations (8.21) and (8.22) are left to the reader for verification.
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