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Preface

To a very high degree of accuracy, the space—time we inhabit can be taken
to be a smooth four-dimensional manifold, endowed with the smooth
Lorentzian metric of Einstein’s special or general relativity. The formalism
most commonly used for the mathematical treatment of manifolds and
their metrics is, of course, the tensor calculus (or such essentially equivalent
alternatives as Cartan’s calculus of moving frames). But in the specific
case of four dimensions and Lorentzian metric there happens to exist — by
accident or providence — another formalism which is in many ways more
appropriate, and that is the formalism of 2-spinors. Yet 2-spinor calculus
is still comparatively unfamiliar even now —some seventy years after
Cartan first introduced the general spinor concept, and over fifty years
since Dirac, in his equation for the electron, revealed a fundamentally
important role for spinors in relativistic physics and van der Waerden
provided the basic 2-spinor algebra and notation.

The present work was written in the hope of giving greater currency to
these ideas. We develop the 2-spinor calculus in considerable detail,
assuming no prior knowledge of the subject, and show how it may be
viewed either as a useful supplement or as a practical alternative to the
more familiar world-tensor calculus. We shall concentrate, here, entirely
on 2-spinors, rather than the 4-spinors that have become the more familiar
tools of theoretical physicists. The reason for this is that only with 2-
spinors does one obtain a practical alternative to the standard vector—
tensor calculus, 2-spinors being the more primitive elements out of which
4-spinors (as well as world-tensors) can be readily built.

Spinor calculus may be regarded as applying at a deeper level of struc-
ture of space—time than that described by the standard world-tensor
calculus. By comparison, world-tensors are less refined, fail to make trans-
parent some of the subtler properties of space—time brought particularly
to light by quantum mechanics and, not least, make certain types of
mathematical calculations inordinately heavy. (Their strength lies in a
general applicability to manifolds of arbitrary dimension, rather than in
supplying a specific space—time calculus.)

vil
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viii Preface

In fact any world-tensor calculation can, by an obvious prescription,
be translated entirely into a 2-spinor form. The reverse is also, in a sense,
true —and we shall give a comprehensive treatment of such translations
later in this book — though the tensor translations of simple spinor mani-
pulations can turn out to be extremely complicated. This effective
equivalence may have led some ‘sceptics’ to believe that spinors are
‘unnecessary’. We hope that this book will help to convince the reader that
there are many classes of spinorial results about space—time which would
have lain undiscovered if only tensor methods had been available, and
others whose antecedents and interrelations would be totally obscured by
tensor descriptions.

When appropriately viewed, the 2-spinor calculus is also simpler than
that of world-tensors. The essential reason is that the basic spin-space is
two-complex-dimensional rather than four-real-dimensional. Not only
are two dimensions easier to handle than four, but complex algebra and
complex geometry have many simple, elegant and uniform properties not
possessed by their real counterparts.

Additionally, spinors seem to have profound links with the complex
numbers that appear in quantum mechanics.* Though in this work we
shall not be concerned with quantum mechanics as such, many of the
techniques we describe are in fact extremely valuable in a quantum
context. While our discussion will be given entirely classically, the formal-
ism can, without essential difficulty, be adapted to quantum (or quantum-
field-theoretic) problems.

As far as we are aware, this book is the first to present a comprehensive
development of space—time geometry using the 2-spinor formalism. There
are also several other new features in our presentation. One of these is
the systematic and consistent use of the abstract index approach to tensor
and spinor calculus. We hope that the purist differential geometer who
casually leafs through the book will not automatically be put off by the
appearance of numerous indices. Except for the occasional bold-face
upright ones, our indices differ from the more usual ones in being abstract
markers without reference to any basis or coordinate system. Our use of
abstract indices leads to a number of simplifications over conventional
treatments. The use of some sort of index notation seems, indeed, to be
virtually essential in order that the necessary detailed manipulations can

* The view that space—time geometry, as well as quantum theory, may be governed by
an underlying complex rather than real structure is further developed in the theory
of twistors, which is just one of the several topics discussed in the companion volume
to the present work: Spinors and space—time, Vol. 2: Spinor and twistor methods in
space—time geometry, (Cambridge University Press 1985).
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Preface 1X

be presented in a transparent form. (In an appendix we outline an alter-
native and equivalent diagrammatic notation which is very valuable for
use in private calculations.)

This book appears also to be breaking some new ground in its presen-
tation of several other topics. We provide explicit geometric realizations
not only of 2-spinors themselves but also of their various algebraic opera-
tions and some of the related topology. We give a host of useful lemmas for
both spinor and general tensor algebra. We provide the first compre-
hensive treatment of (not necessarily normalized) spin-coefficients which
includes the compacted spin- and boost-weighted operators o and p and
their conformally invariant modifications o, and p,,. We present a general
treatment of conformal invariance; and also an abstract-index-operator
approach to the electromagnetic and Yang—Mills fields (in which the
somewhat ungainly appearance of the latter is, we hope, compensated by
the comprehensiveness of our scheme). Our spinorial treatment of (spin-
weighted) spherical harmonics we believe to be new. Our presentation of
exact sets of fields as the systems which propagate uniquely away from
arbitrarily chosen null-data on a light cone has not previously appeared
in book form; nor has the related explicit integral spinor formula (the
generalized Kirchhoff-d’Adhémar expression) for representing massless
free fields in terms of such data. The development we give for the inter-
acting Maxwell-Dirac theory in terms of sums of integrals described
by zig-zag and forked null paths appears here for the first time.

As for the genesis of this work, it goes back to the spring of 1962 when
one of us (R.P.) gave a series of seminars on the then-emerging subject of
2-spinors in relativity, and the other (W.R.) took notes and became more
and more convinced that these notes might usefully become a book. A
duplicated draft of the early chapters was distributed to colleagues that
summer. Our efforts on successive drafts have waxed and waned over the
succeeding years as the subject grew and grew. Finally during the last three
years we made a concerted effort and re-wrote and almost doubled the
entire work, and hope to have brought it fully up to date. In its style we
have tried to preserve the somewhat informal and unhurried manner of the
original seminars, clearly stating our motivations, not shunning heuristic
justifications of some of the mathematical results that are needed, and
occasionally going off on tangents or indulging in asides. There exist many
more rapid and condensed ways of arriving at the required formalisms,
but we preferred a more leisurely pace, partly to facilitate the progress of
students working on their own, and partly to underline the down-to-earth
utility of the subject.
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X Preface

Fortunately our rather lengthy manuscript allowed a natural division
into two volumes, which can now be read independently. The essential
content of Vol. 1 is summarized in an introductory section to Vol. 2.
References in Vol. 1 to Chapters 6-9 refer to Vol. 2.

We owe our thanks to a great many people. Those whom we mention
are the ones whose specific contributions have come most readily to mind,
and it is inevitable that in the period of over twenty years in which we have
been engaged in writing this work, some names will have escaped our
memories. For a variety of different kinds of assistance we thank Nikos
Batakis, Klaus Bichteler, Raoul Bott, Nick Buchdahl, Subrahmanyan
Chandrasekhar, Jiirgen Ehlers, Leon Ehrenpreis, Robert Geroch, Stephen
Hawking, Alan Held, Nigel Hitchin, Jim Isenberg, Ben Jeffryes, Saunders
Mac Lane, Ted Newman, Don Page, Felix Pirani, Ivor Robinson, Ray
Sachs, Engelbert Schiicking, William Shaw, Takeshi Shirafuji, Peter
Szekeres, Paul Tod, Nick Woodhouse, and particularly, Dennis Sciama for
his continued and unfailing encouragement. Our thanks go also to Markus
Fierz for a remark leading to the footnote on p. 321. Especially warm
thanks go to Judith Daniels for her encouragement and detailed criticisms
of the manuscript when the writing was going through a difficult period. We
are also greatly indebted to Tsou Sheung Tsun for her caring assistance
with the references and related matters. Finally, to those people whose
contributions we can no longer quite recall we offer both our thanks and

our apologies.
Roger Penrose

1984 Wolfgang Rindler
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1
The geometry of world-vectors and

spin-vectors

1.1 Minkowski vector space

In this chapter we are concerned with geometry relating to the space of
world-vectors. This space is called Minkowski vector space. It consists of
the set of ‘position vectors’ in the space—time of special relativity, originat-
ing from an arbitrarily chosen origin-event. In the curved space—time of
general relativity, Minkowski vector spaces occur as the tangent spaces
of space—time points (events). Other examples are the space spanned by
four-velocities and by four-momenta.

A Minkowski vector space is a four-dimensional vector space V over
the field R of real numbers, V being endowed with an orientation, a
(bilinear) inner product of signature (+ — — —), and a time-orientation.
(The precise meanings of these terms will be given shortly.) Thus, as for any
vector space, we have operations of addition, and multiplication by scalars,
satisfying

U+V=V+U U+(V+W=U+VN+W,
aU+ Vy=aU+aV, (a+b)U=alU+bU,
ablU)y=(ab)U, 1U=U, OU=0V=:0 (1.1.1)
forall U, ¥V, WeV, a, be R. 0 is the neutral element of addition. As is usual,
we write — U for (— 1)U, and we adopt the usual conventions about
brackets and minus signs,e.g, U+ V — W=(U+ V) +(— W), etc.

The four-dimensionality of V is equivalent to the existence of a basis
consisting of four linearly independent vectors ¢, x,y,zeV. That is to
say, any UeV is uniquely expressible in the form

U=U%+U'x+ U+ Uz (1.1.2)
with the coordinates U°, U', U2, U*€R; and only 0 has all coordinates
zero. Any other basis for V must also have four elements, and any set of
four linearly independent elements of V constitutes a basis. We often
refer to a basis for V as a tetrad, and often denote a tetrad (t, x, y, 7) by
g,, where

t=g,,xX=g8,,V=8,,2=§,. (1.1.3)

1
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2 1. Geometry of world- and spin-vectors

Then (1.1.2) becomes
U=U%,+U'g, +U%,+U’%,=Ulg,. (1.1.4)

Here we are using the Einstein summation convention, as we shall hence-
forth: it implies a summation whenever a numerical index occurs twice in a
term, once up, once down. Bold-face upright lower-case latin indices
a,i,a ,a , 4,etc, will always be understood to range over the four values
0,1,2,3. Later we shall also use bold-face upright capital latin letters
A LA A, A, etc., for numerical indices which will range only over the
two values 0, 1. Again the summation convention will apply.

Consider two bases for V, say (g,.2,.£,,8,) and (g;.8;.85.85).
Note that we use the ‘marked index’ notation, in which indices rather than
kernel letters of different bases, etc., carry the distinguishing marks (hats,
etc.). And indices like a, 4, a, etc., are as unrelated numerically as a, b, ¢. The
reader may feel at first that this notation is unaesthetic but it pays to get
used to it; its advantages will becomes apparent later. Now, each vector
g, of the first basis will be a linear combination of the vectors g; of the
second: ) ) )

8=9, % +9,8i + 9,8, + 9,83

=gi"gj. (1.1.5)
The 16 numbers gij form a (4 x 4) real non-singular matrix. Thus det (gi‘:)
is non-zero. If it is positive, we say that the tetrads g, and g; have the same
orientation; if negative, the tetrads are said to have opposite orientation.
Note that the relation of ‘having the same orientation’ is an equivalence
relation. For if g; = g;g;, then (g;) and (g;’) are inverse matrices, so their
determinants have the same sign; 1f g = gl’g and g; = g;' g then the matrix
(gi’) is the product of (g, ') with (g~ ) and so has positive determlnant if both
the others have. Thus the tetrads fall into two disjoint equivalence classes.
Let us call the tetrads of one class proper tetrads and those of the other
class improper tetrads. It is this selection that gives V its orientation.

The inner product operation on V assigns to any pair U, ¥ of V a real
number, denoted, by U- ¥V, such that

UVv=Vv-U (@U)V=aUV), U+V)yW=UW+V-W, (1.16)

i.e, the operation is symmetric and bilinear. We also require the inner

product to have signature (+ — — —). This means that there exists a
tetrad (¢, x, y, z) such that
tt=1, xx=yy=z7=-—1 (1.1.7)
tx=ty=tz=xy=x2=yz7=0. (1.1.8)

If we denote this tetrad by g, according to the scheme (1.1.3), then we can
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1.1 Minkowski vector space 3

rewrite (1.1.7) and (1.1.8) succinctly as

8,8, ="Ny» (1.1.9)
where the matrix (11“) is given by

1 0 0 o0

y 0 -1 0 0
5 == 1.1.10
)=CO=10 0 1 o (1.1.10)

0 0 0 -1
(The raised-index version 5 will be required later for notational consisten-
cy.) We shall call a tetrad satisfying (1.1.9) a Minkowski tetrad. For a
given vector space over the real numbers, it is well known (Sylvester’s
‘inertia of signature’ theorem) that for all orthogonal tetrads (or ‘ennuples’
in the n-dimensional case), i.e., those satisfying (1.1.8), the number of
positive self-products (1.1.7) is invariant.

Given any Minkowski tetrad g;, we can, in accordance with (1.1.4),
represent any vector Ue V by its corresponding Minkowski coordinates
U'; then the inner product takes the form

U-V=(Ug,) (Vig)=U'Vig, g)
= UiVj’?i,-
=U%°-Uv! -Uv? - UV (1.1.11)
Note that U-g, = U’ Thus,
U=Ug, U'=-Ug, U"=-Ug,U'=-Ug, (1112
A particular case of inner product is the Lorentz norm
|U] = U U= UUi, = (U - (U')* —(U>? — (U (1.1.13)
We may remark that the inner product can be defined in terms of the
Lorentz norm by
vv=3{{u+v|-lul-|v]} (L.1.14)
The vector UeV is called
timelike if | U| >0

spacelikeif | U <0 (1.1.15)

null if | U]l =o0.
In terms of its Minkowski coordinates, U is causal (i.e., timelike or null) if
(U =2(UY + (U + (U3, (1.1.16)

with equality holding if Uis null. If each of Uand V is causal, then applying
in succession (1.1.16) and the Schwarz inequality, we obtain
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4 1. Geometry of world- and spin-vectors

lUOVol > {(U1)2 + (Uz)z + (Us)z}%{(Vl)z + (Vz)z + (Vz)z}%
> UW' 4+ U2+ U3V3, (1.1.17)

Hence unless U and ¥ are both null and proportional to one another, or

unless one of them is zero (the only cases in which both inequalities reduce

to equalities), then by (1.1.11), the sign of U- ¥ is the same as the sign of

U°VO, Thus, in particular, no two non-zero causal vectors can be

orthogonal unless they are null and proportional.

As a consequence the causal vectors fall into two disjoint classes, such
that the inner product of any two non-proportional members of the same
classes is positive while the inner product of non-proportional members of
different classes is negative. These two classes are distinguished according
to the sign of U?, the class for which U° is positive being the class to which
the timelike tetrad vector ¢ = g, belongs. The time-orientation of V con-
sists in calling future-pointing the elements of one of these classes, and
past-pointing the elements of the other. We often call a future-pointing
timelike [null, causal] vector simply a future-timelike [-null, -causal]
vector. If ¢ is a future-timelike vector, then the Minkowski tetrad (¢, x, y, 2)
is called orthochronous. When referred to an orthochronous Minkowski
tetrad, the future-causal vectors are simply those for which U® > 0. The
zero vector, though null, is neither future-null nor past-null. The negative
of any future-causal vector is past-causal.

The space-orientation of V consists in assigning ‘right-handedness’ or
‘left-handedness’ to the three spacelike vectors of each Minkowski tetrad.
This can be done in terms of the orientation and time-orientation of V.
Thus the triad (x,y,z) is called right-handed if the Minkowski tetrad
(¢, x, y,2) is both proper and orthochronous, or neither. Otherwise the
triad (x, y, 2) is lefi-handed. A Minkowski tetrad which is both proper
and orthochronous is called restricted. Any two of the orientation, time-
orientation, and space-orientation of V determine the third, and if any
two are reversed, the third must remain unchanged. When making these
choices in the space-time we inhabit, it may be preferable to begin by
choosing a triad (x,y,z) and calling it right- or left-handed according
to that well-known criterion which physicists use and which is based on
the structure of the hand with which most people write.* Similarly statistic-
al physics determines a unique future sense.

* In view of the observed non-invariance of weak interactions under space-reflection
(P) and of K°-decay under combined space-reflection and particle-antiparticle
interchange (CP) it is now possible to specify the space-orientation of physical space—
time independently of such cultural or physiological considerations: ¢f. Lee and
Yang (1956), Wu, Ambler, Hayward Hoppes and Hudson (1957), Lee, Oehme and

Yang (1957), Christenson, Cronin, Fitch and Turlay (1964), Wu and Yang (1964);
also Gardner (1967) for a popular account.
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1.1 Minkowski vector space 5

Minkowski space—time

As we mentioned earlier, Minkowski vector space V can be regarded as
the space of position vectors, relative to an arbitrarily chosen origin, of the
points (events) which constitute Minkowski space—time M. That space—
time is the stage for special relativity theory. None of its points is preferred,
and specifically it has no preferred origin: it is invariant under translations,
i.e., itis an affine space. The relation between M and V can be characterized
by the map

vec: M x M-V (1.1.18)
for which
vec(P, Q) + vec(Q, R) = vec(P, R), (1.1.19)

whence vec(P,P)=0 and vec_()P, Q)= —vec(Q, P). We can regard
vec(P, Q) as the position vector PQe V of Q relative to P, where P, Qe M.
Evidently V induces by this map a norm, here called the squared interval
®, on any pair of points P, Qe M:

O(P, Q) := || vec(P, Q)| (1.1.20)

The standard coordinatization of M, M «— R*, where R* is the space of
quadruples of real numbers, cons1sts of a choice of origin OeM and a
choice of Minkowski tetrad g, = OQi for Q,,0,,Q,,0,eM. Then the
coordinates P° P!, P2, P3 of f any point PeM are the coordinates of the
vector OP relative to g;, i.e. 0P = Pgi From (1.1.19) we find, by putting
O for Q, the following coordinates of PR relative to g

(PR} = R' — P, (1.1.21)

clearly independently of the choice of origin. Substituting this and (1.1.20)
into (1.1.13) yields

OP,0)=(Q° — PO —(Q' - P’ — (@~ PPy —(@* - P?)". (1.12))

A linear self-transformation of ¥V which preserves the Lorentz norm —
and therefore, by (1.1.14), also the inner product —is called an (active)
Lorentz transformation. If such a transformation preserves both the
orientation and time-orientation of V, it is called a restricted Lorentz
transformation. Clearly the [restricted] Lorentz transformations form a
group, and this group is called the [restricted] Lorentz group. Similarly
a self-transformation of M which preserves the squared interval (no
linearity assumption being here needed) is called an (active) Poincaré
transformation. Any such transformation induces a Lorentz transforma-
tion on V, and can accordingly also be classified as restricted or not. Again,
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6 1. Geometry of world- and spin-vectors

the restricted Poincaré transformations clearly form a group.*

Any physical experiment going on in the Minkowski space—time of our
experience may be subjected to a Poincaré transformation —i.e., rotated
in space, translated in space and time, and given a uniform motion —
without altering its intrinsic outcome. This is the basis of special relativity
theory, and it can be stated without reference to coordinates or to the
other laws of physics.

Coordinate change

If not further qualified, Lorentz and Poincaré transformations in this
book will be understood to be active. But it is sometimes useful to consider
‘passive’ Lorentz [and Poincaré] transformations. These are transforma-
tions of the coordinate space R*, i.e. re-coordinatizations of V [or M].
Any Minkowski tetrad g, in V [or tetrad g, and origin O in M] defines a
quadruple of coordinates U’ for each U of V [or U = OP of M], with U=
U igi. A change in this reference tetrad, g,—g;in V [or of tetrad and origin
in M] induces a change in the coordinates for V[M]. The resulting
correspondence

G: U U (1.1.23)

[or Ui Ul + K with K const. ]
is called a passive Lorentz | Poincaré] transformation. It is called restricted
if it can be generated by two restricted Minkowski tetrads g, and g;. For
the sake of conciseness, we shall now concentrate on Lorentz transforma-

tions, obvious generalizations being applicable to Poincaré transforma-
tions.

It the two reference tetrads are related by
8.=9.%; (1.1.24)
then
U= U§g§= U'g, = Uigiagi’
and thus the passive transformation (1.1.23) is given explicitly by
Ui = Ulg,), (1.1.25)

which is evidently linear. It is fully characterized by the matrix gf.
It is often convenient, though slightly misleading, to describe even an

* Note that we use the term ‘Lorentz group’ here only for the six-parameter homogeneous

group on Minkowski vector space, while referring to the corresponding ten-parameter
inhomogeneous group on Minkowski space-time as the Poincaré group.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.002
https://www.cambridge.org/core

1.1 Minkowski vector space 7

&

Fig. 1-1. An active Poincaré transformation sends the world vector U at O to a world
vector ¥ at O. If it also sends the tetrad g atOtog:at O, then the coordinates U,
of Uin g,, are the same as those, Vi, of ¥ in & (ie. U' = V'). Hence the (reversed)
passive transformation induced by {g; at 0} {g, at O} takes the original coordinates
vi="v )of U to the original coordinates V! of V.

active Lorentz transformation by means of coordinates. (It is slightly
misleading because an active Lorentz transformation exists independently
of all coordinates, whereas a passive Lorentz transformation does not.)
Thus, for a given active Lorentz transformation L: U— ¥, we can refer
both U and its image ¥V to one (arbitrary) Minkowski tetrad g;, whose
pre-image under L, let us say, is g, as in (1.1.24). Since by the assumed
linearity of L the expression of V in terms of g; must be identical with the
expression of Uin terms of g;, we then have, from (1.1.25), (see also Fig. 1-1)

Ui =vigh (1.1.26)
where, in violation of the general rule, we here for once understand sum-

mation over the unlike index pair j and j. We therefore have the following
explicit form of the transformation,

Vi=UiLd, (1.1.27)
where

(LH=1(g,)". (1.1.28)
Thus the active Lorentz transformation L that carries g, into g; is formally
equivalent, in its effect on the coordinates of a vector, to the passive
Lorentz transformation G~' induced by the passage from g; to g, as

reference tetrad.
If L is a restricted Lorentz transformation, it clearly carries a restricted
Minkowski tetrad into a restricted Minkowski tetrad, and thus the corres-
ponding passive transformation G is restricted also. If, conversely, G is

restricted, suppose it is generated by the restricted tetrads g, and g; ; then
the corresponding L preserves norms, products, and orientation since,
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8 1. Geometry of world- and spin-vectors

in fact, it preserves coordinates, and thus L is restricted. Now in order for
L to preserve inner products we require ~ from (1.1.11) and (1.1.27), drop-
ping hats —

ML L = 1. (1.1.29)

Regarding this as a matrix equation, we see that det(L))= +1. The
condition for L to be restricted is then seen to be

det(Lj)=1, L,°>0. (1.1.30)

Because of (1.1.28), the same conditions apply to the matrix of a passive
restricted Lorentz transformation. They can, of course, also be derived
directly from the definitions:

11il.giigj:j =, det(g)=1, g;°>0. (1.1.31)

n

1.2 Null directions and spin transformations

In §1.1 the conventional representation of a world-vector U in terms of
Minkowski coordinates was considered. Now we examine another way of
representing world-vectors by coordinates. In particular, we shall obtain
a coordinatization of the null cone (i.e., the set of null vectors) in terms of
complex numbers. This will lead us to the concept of a spin-vector.

To avoid unnecessary' indices, we write T, X, Y, Z for the coordinates
U° UL, U2 U? of U with respect to a restricted Minkowski tetrad
t x,p 2:

U=Tt+Xx+Yy+ Zz (1.2.1)
For null vectors the coordinates satisfy
T?-X2-Y?>-2Z2%*=0. (1.2.2)

Often we wish to consider just the null directions, say at the origin O
of (Minkowski) space—time. Note that + U will be considered to have
unequal (namely, opposite) directions. The abstract space whose elements
are the future [past] null directions we call #*[% ~]. These two spaces
can be represented in any given coordinate system (7, X, Y, Z) by the
intersections S* [S7] of the future [past] null cone (1.2.2) with the
hyperplanes T=1 [T = —1]. In the Euclidean (X, Y, Z)-space T =1
[T = —1],S* [S™]is a sphere with equation*

x4+ yr4+z2=1 (1.2.3)
(See Fig. 1-2) Of course, the direction of any vector (1.2.1) through O

* We here reserve lower case letters x, y, z for coordinates on S* and $~
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1.2 Null directions and spin transformations 9

x2+y2+22=1

[ abstract sphere
\'\. -, of past null

directions

Fig. 1-2. The abstract sphere &~ naturally represents the observer’s celestial sphere
while S~, or its projection to S, gives a more concrete (though somewhat less in-
variant) realization.

(whether null or not), unless it lies in the hyperplane T = 0, can be repre-
sented by a point of T = 1 or T = — 1. The direction of U from the origin
is represented, on the appropriate hyperplane, by the point (X/|T}, Y/| T},
Z/|T)). The interior of S~ represents the set of past timelike directions and
the interior of $* the set of future timelike directions. The exteriors of
these spheres represent spacelike directions.

Let us consider the significance of S~ and S* in physical terms. We
imagine an observer situated at the event O in space-time. Now, light rays
through his eye correspond to null straight lines through O, whose past
directions constitute the field of vision of the observer. This is &~ and is
represented by the sphere S™. In fact, S~ is an accurate geometrical repre-
sentation of what the observer actually ‘sees’ provided he is stationary
relative to the frame (z, x, y, z), i.e., his world velocity is ¢. For he can
imagine himself permanently situated at the centre of a unit sphere S (his
sphere of vision) onto which he maps all he sees at any instant. The lines
from his eye to these image points on S are the projections of the world
lines of the incoming rays to his instantaneous space T=0. Hence
these images are congruent with those on S (¢f. Fig. 1-2), and we can
refer to &~ or S~ as the celestial sphere of 0. The mapping of the past null
directions at O to the points of S~ we shall call the sky mapping. Since any
past-pointing null vector L is uniquely (and invariantly) associated with
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10 1. Geometry of world- and spin-vectors

a future-pointing null vector, namely — L we also have a representation
of the observer’s field of vision by the sphere S*. This we may call the
anti-sky mapping. The correspondence between S* and S~ is simply
(x, ¥, z2) =>(—x, —y, —2z), i.e. the antipodal map if we superpose the two
spheres. This involves a reversal of the orientation of the sphere: e.g., a
tangent vector on S~ rotating clockwise as viewed from the center,
rotates anti-clockwise on S™.

The sphere $* (or $7) can, in a natural way, be regarded as the Riemann
sphere of an Argand (—Wessel-Gauss) plane, that sphere being the well-
known representation of the complex numbers including infinity. Familiar
properties of the Argand plane and its Riemann sphere reflect many of the
geometrical properties of Minkowski vector space V. In particular, a
restricted Lorentz transformation of V will be seen to be uniquely deter-
mined by its effect on the Riemann sphere (and thus on the null directions).
Furthermore, we shall see in §1.4 that spin-vectors may be given a fairly
direct geometrical interpretation on the Riemann sphere.

We can replace the coordinates x, y,z on S* by a single complex num-
ber, obtained by means of the ‘stereographic’ correspondence between a
sphere and a plane (See Fig. 1-3.) Draw the plane Z with equation z =0
in the Euclidean 3-space T = 1, and map the points of S* to this plane by
projecting from the north* pole N(1,0,0,1). Let P(l,x,y,z) and P’
(1, X', Y’, 0) denote corresponding points on S* and X. Let the points 4
and B denote the feet of the perpendiculars drawn from P to CP" and CN,
respectively. Labelling the points of X by the single complex parameter

{=X+1iY/, (1.2.4)
we have

x+iy=h{, (1.2.5)
where

CA NP NB
CP NP NC

Hence the expression for { in terms of the coordinates (1, x, y, z) of the point
P becomes

— 2.

x+1
(=27 (1.2.6)
1-z
* We choose the north pole rather than the south pole to be consistent with most of

the directly relevant spinor literature, and also because it leads to a right-handed
rotation of a spin-vector’s flag plane under positive phase change (cf. §§1.4, 3.2).
It may be noted, however, that this assigns $* the opposite orientation, when viewed
from the outside, to that of £, when viewed from above. This has the effect that, in
relation to the conventions of §84.14, 4.15, { turns out to be an anti-holomorphic
coordinate on S* (and a holomorphic coordinate on §7) (cf. Figs. 4-2, 4-6).
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1.2 Null directions and spin transformations 11

P(1,x,,2)

$=X'+iy’

TNPX Y',7

Fig. 1-3. Stereographic projection of S* to the Argand plane.

To obtain the inverse relations, we first eliminate x and y from (1.2.6) by
means of (1.2.3):

_xX2+y? 14z
CZ~(1 1= (1.2.7)
Solving (1.2.7) for z and substituting in (1.2.6), we obtain
— CO— 1
N {+{ (-7 (128)

S AT

Equations (1.2.6) and (1.2.8) are the algebraic expressions for a standard
stereographic correspondence between the Argand plane of { and the
unit sphere in (x, y, z)-space centered on (0, 0, 0). The correspondence is
one-to-one provided we regard { = o as one ‘point’ added to the Argand
plane, and associate this point with the north pole of the sphere. In this way
the sphere S* gives a standard realization of the Argand plane of { with
{ = o adjoined: it is the Riemann sphere of {.

As an alternative coordinatization of S* we can use standard spherical
polar coordinates, related to x, y, z by the equations

x=sinfcos¢d, y=sinfsing, z=cosb. (1.2.9)

To find the relation between { and (0, ¢), we substitute (1.2.9) into (1.2.6)
and find

_ e ot
{=¢e cotz. (1.2.10)

This relation can also be obtained directly, by reference to Fig. 1-4 and
use of simple trigonometry.
Formulae (1.2.6), (1.2.7), (1.2.8), (1.2.10) apply to the anti-sky mapping

future null cone - S* - Z.

We shall also be interested in the corresponding formulae for the sky
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12 1. Geometry of world- and spin-vectors

Fig. 1-4. The geometry of the equation { = e* cot /2 which relates the spherical
polar angles 0, ¢ to the complex stereographic coordinate {. (The angle CP'N is
equal to that subtented at the south pole by PN, since each is complementary to the
angle PNC)

mapping, in which each null direction at O is represented by a typical
past event —(1, x, y, z) rather than by a future event +(1, x, y, z). If we
require { in both cases to represent the same null line, thenon S* and S~ it
must correspond to antipodal points =+ (x, y, z). The relevant formulae are
therefore obtained from (1.2.6), (1.2.7), (1.2.8), (1.2.10) by the antipodal
transformation (x, y, z)—> — (x, y, z) or, equivalently, (6, ¢)—>(n — 0,7 + ).
Equation (1.2.10), in particular, becomes

(= —e*"’tang. (1.2.11)

(Note that the effect of the antipodal map is { — —1/{.)

The above correspondence between the set of future [past] null direc-
tions at O and the complex {-plane could have been obtained more
directly than via a stereographic projection. To achieve this direct corres-
pondence (see Fig. 1-5), we slice the (7, X, Y, Z)-space with the null
hyperplane I1 whose equation is

T-Z=1 (12.12)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.002
https://www.cambridge.org/core

1.2 Null directions and spin transformations 13

Fig. 1-5. As the plane through ON varies it provides the stereographic projection
P— P and also the correspondences P—Q and Q— P’. (The “parabolic” inter-
section of IT with the cone has the same intrinsic Euclidean metric as the plane X —
the Argand plane of {.)

rather than with the spacelike hyperplane T = 1. Consider a null straight
line through O which meets S* at the point P =(l,x, y,z). This null
straight line clearly also contains the point

1 X y z
Q—<l—z’l—z’1——z’1—z>

lying on I1. Now the ‘x’ and ‘y’ coordinates of Q are precisely

X = X and Y = Y
11—z 1—z
with
(=X +1Y'
as in (1.2.4), (1.2.6), and so ( is obtained by simple orthogonal projection
from I to Z. In the exceptional case { = oo (z = 1), the null line through O
is parallel to IT and so meets it in no finite point.

We refer to Fig. 1-5 to elucidate the geometric relation between our two
different constructions. Let N =(1,0,0, 1) be the north pole of S*, as
before. Let OPQ be the null straight line under consideration, with
PeS™ and Qell. Let P’ be the orthogonal projection of Q to the plane
3X(T=1,Z =0). Then the direction of @P" is 1:0:0:1, the same as that
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14 1. Geometry of world- and spin-vectors

of ON. Consequently P’, Q, O, N are coplanar. And P lies on their plane
since it lies on 0Q. But P’, P, N also lie on the hyperplane T = 1. They are
therefore collinear*, and it follows that P’ is the stereographic projection
of P (from S* to £ with N as pole). The required equivalence is thus
established geometrically.

Lorentz transformations and spin transformations

In order to avoid having to use an infinite coordinate ({ = o) for the point
(1,0,0, 1) at the north pole of S* it is convenient sometimes to label the
points of S* not by a single complex number, {, but rather by a pair
(£, n) of complex numbers (not both zero), where

L =&/ (1.2.13)
These are to be projective (homogeneous) complex coordinates, so that the
pairs (&, 1) and (A&, An) represent the same point on S*, where 4 is any
non-zero complex number. With these coordinates, the additional point
at infinity, { = o0, is given a finite label, e.g., (1, 0). Thus, we now regard
S* as a realization of a complex projective line. Written in terms of these
complex homogeneous coordinates, equations (1.2.8) become

=€ﬁ+n5y Gi—-né  EE—nj
g’ i ) Eni

Note that x, y, and z are homogeneous of degree zero in ¢, #, and so are
invariant under a rescaling of ¢, .

Recall that the role of the point P(1, x, y,z) on S* was simply that of
representing a future null direction at 0. We could, if desired, choose any
other point on the line OP to represent the same null direction. In parti-
cular, we could choose the point R on OP whose coordinates (T, X, Y, Z)
are obtained from those of P by multiplying by the factor (¢€ + #7)/+/2.
This will eliminate the denominators in Q .2.14). (The factor 1/\/2 is
included for later convenience.) Then K := OR has coordinates

(1.2.14)

1 1 -
T =—( + i), X = ——(&f + nb),
ﬁ(éf ") ﬁ(én ne)

Z= (1.2.15)

|
(&7 —né), —=(&& — mp).
\/_ ﬁ
Unlike the point P, however, R is not independent of the real scaling of

* In four dimensions, the intersection of a plane (two linear equations) with a hyperplane
(one linear equation) is a straight line.
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1.2 Null directions and spin transformations 15

(&, n), ie. (& n)—(rE, ry), reR, although it is independent of the phase
‘rescaling’ (&, 1) — (€'°¢, '), 8eR. Thus, the position of R is not just a
function of { alone, although the direction OQ depends only on (.

Now it is not difficult to see from (1.2.15) that any complex linear
transformation of & and # will result in a real linear transformation of
(T, X, Y, Z) (given explicitly in (1.2.26) below). Since the null vectors
span the whole space V, a linear transformation of the null vectors induces
a linear transformation of V, which is given formally by the same equation
(namely (1.2.26)) on the general coordinates (T, X, Y, Z). Under such a
transformation the property (1.2.2) will be preserved. Thus we get a
Lorentz transformation together, possibly, with a dilation. In any case,
the effect on the null directions at O will be the same as that of a Lorentz
transformation, since dilations produce no effect on directions.

Consider, then, a complex linear (non-singular) transformation of &
andn:

EE=al+ Py
n1 = yE + on.
Here, a, f,y, and  are arbitrary complex numbers subject only to the

condition aé — By # 0 (non-singularity). Expressed in terms of {, the
transformation (1.2.16) becomes*

~ al+p

dadts W +6

We may, without loss of generality as regards the transformation of {,
normalize (1.2.16) by imposing the ‘unimodular’ condition

ad — By =1. (1.2.18)

The transformations (1.2.16) (or (1.2.17)), subject to (1.2.18), are called
spin transformations in the context where { is related to the Minkowski null
vectors through equations (1.2.13) and (1.2.15). We note that these equa-
tions imply

(1.2.16)

(1.2.17)

C-X+iY T+Z 1219
T T-Z X-iY (1.219)
In the same context, we define the spin-matrix A by
a B
A= , detA=1. (1.2.20)
y 6

A bilinear transformation of this kind is in fact the most general global holomorphic
(i.e, complex-analytic, i.e., conformal and orientation preserving) transformation
of the Riemann sphere to itself.
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16 1. Geometry of world- and spin-vectors

The last condition is simply the normalization condition (1.2.18). In terms

of A, (1.2.16) takes the form
(%):A(é) (1.2.21)
n n

We see from (1.2.21) that the composition of two successive spin trans-
formations is again a spin transformation: the spin-matrix of the compo-
sition is given by the product of the spin-matrices of the factors. Also,
any spin-matrix has an inverse,

A“=( 0 _ﬁ>, (1.2.22)
—y

which is also a spin-matrix. Thus, the spin transformations form a group
—referred to as SL(2,C).

Note that the two spin-matrices A and — A give rise to the same trans-
formation of { even though they define different spin transformations.
Conversely, suppose A and B are spin-matrices each of which defines the
same transformation of {. Then B™!A is a spin-matrix which defines the
identity transformation on {. We see from (1.2.17) that this implies
p=vy=0, a=4. The normalization (1.2.18) implies « =6 = +1. Thus
B~ 'A = +1I (identity matrix), whence A = +B. A spin transformation
is therefore defined uniquely up to sign by its effect on the Riemann sphere
of {.

Let us examine the effect of the spin transformation (1.2.21) on the
coordinates (T, X, Y, Z). We observe that (1.2.15) can be inverted and
re-expressed as:

1 ([T+Z X+iY g éﬁ) (é)(&? 7)
- = . (1223
ﬁ(X-iY T—Z) <n5 ni) \n (1229

From this, we see that the spin transformation (1.2.21) effects:

<T+Z X+iY> <T+Z X +iY <T+Z X +iY

) Pls -~ o~ 5 |=A . A*,

X—-iYy T-2 X-iy¥y T-2Z X—-iY T-2Z
(1.2.24)

where A* denotes the conjugate transpose of A. As we remarked earlier,
this is a linear transformation of (T, X, Y, Z), it is real (since Hermiticity is
preserved in(1.2.24)), and it preserves the condition T2 — X? — Y? - Z%2 =
0. Also, if

U=Tt+ Xx+ Yy +Zz (1.2.25)

is any world-vector (i.e. not necessarily null), then the spin-matrix A still


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.002
https://www.cambridge.org/core

1.2 Null directions and spin transformations 17

defines a transformation of U according to (1.2.24). We note that this
transformation is not only linear and real, but that in addition it leaves the
form T? — X? —Y? — Z? actually invariant. For this form is just the
determinant of the left-hand matrix in (1.2.24), and the determinant of
the right-hand side is simply this form multiplied by det A det A*, which
is 1 (¢f. (1.2.20)). Thus (1.2.24) defines a Lorentz transformation. Regarded
as a transformation on (7, X, Y, Z), its explicit form is

T T
B

[S1C

—

i

I e

X X
Y Y
zZ VA

ad + BB+ 7+ 65  of + Pa+ 5+ 67 i(af — Pa+ y5 — 67) ad — BB+ y7 — 88
af +ya& + B8 +0f  ab + &+ B7 + 9B i(ad — 6& + yB — B) o +ya — B8 — O
iy — of + 88 — BS) i(6a — a8 + yB — B7) o +6& — 7 —vB i(y&k — af + B — op)[
ad+PB—yp—~068 af +Pa—y5—087 iaf — Pa+ 7 —y8) ad— pf— 7+ 65
(1.2.26)

B=

In fact, this must be a restricted Lorentz transformation. For: (i) a
Lorentz transformation continuous with the identity must be restricted,
since no continuous Lorentz motion can transfer the positive time axis
from inside the future null cone to inside the past null cone, or achieve a
space reflection; (ii) the transformation (1.2.24) is evidently continuous
with the identity if A is; (iii) and A, like every spin-matrix, is continuous
with the identity. For consider the matrix B := AI + (1 — A)A. Since it is
singular for at most two values of A, we can find a path in the complex
A-plane from O to 1 which avoids these values. Then (det B)": B defines
a continuous succession of spin transformations from A to I or — L. (The
latter occurs if the path is such that (det B)™: changes from 1 to — 1, as is
inevitable, for example, if A= — 1. But —1 is continuous with I, for
example by the spin transformation diag (€', e "), 0 < 0 <=, and thus
(iii) is established.

We shall presently give a constructive proof showing that, conversely,
any restricted Lorentz transformation is expressible in the form (1.2.24),
with A a spin-matrix. Then we shall have established the following basic
result:

(1.2.27) PROPOSITION

Every spin transformation corresponds (via (1.2.24) to a unique restricted
Lorentz transformation; conversely every restricted Lorentz transformation
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18 1. Geometry of world- and spin-vectors

so corresponds to precisely two spin transformations, one being the negative
of the other.

Actually the required converse part of this result is a simple consequence
of a general property of Lie groups. For the subgroup of the Lorentz group
which arises in the form (1.2.24) must have the full dimensionality six.
This is because spin-matrices form a six-real-dimensional (i.c. three-
complex-dimensional) system and because only a discrete number (namely
two) of spin-matrices define a single Lorentz transformation. This full-
dimensional subgroup must contain the entire connected component
of the identity in the Lorentz group.

It is instructive, however, to give an alternative demonstration of the
converse part of (1.2.27) by simply constructing those spin-matrices
explicitly which correspond to certain basic Lorentz transformations
sufficient for generating the whole group. These basic transformations are
space rotations, and ‘boosts’ (i.e. pure velocity transformations) such as
in the well-known equations

T=0-v) ¥T+02), X=X, Y=Y, Z=(1-v¥)"HZ +vT), (12.28)

in which v is the velocity parameter. Any restricted (active) Lorentz
transformation can be compounded of a proper space rotation, followed
by a boost in the z-direction, followed, finally, by a second space rotation.
For the transformation is characterized by its effect on a Minkowski
tetrad. Choose the first rotation so as to bring z into the space—time plane
containing both the initial and final ¢ directions. The boost (1.2.28) now
sends ¢ into its final direction, and the second rotation appropriately
orients x, y, and z. Thus we have only to show that space rotations and
z-boosts can be obtained from spin transformations. We shall consider
rotations first and, in fact, establish the following result:

(1.2.29) PROPOSITION :

Every unitary spin transformation corresponds to a unique proper rotation
of S*; conversely every proper rotation of S* corresponds to precisely two
unitary spin transformations, one being the negative of the other. (A unitary
spin transformation is one given by a spin-matrix which is unitary:
Al =A%)

First, let us fix our ideas a little more as to the geometrical significance
of the transformations. The Lorentz transformations are here regarded
as active. The spheres S* and S~ are regarded as part of the coordinate
frame, and do not partake of the transformation: as each future [past]
null direction gets shifted, its representation on S* [S~] shifts. For
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1.2 Null directions and spin transformations 19

example, a rotation of (x, y, z) which leaves ¢ unchanged corresponds to a
rotation of the images on S* [$™], which we may loosely call a rotation
‘of” §* [S™]. The plane X also is part of the coordinate structure, and
remains fixed while the images { of the null lines shift on it. Again, loosely,
we may speak of motions ‘of’ Z.(Of course, S *, § 7, T are no more invariant
than the various coordinate hyperplanes: vectors that terminate on them
generally will not do so after a Lorentz transformation has been applied.)
It is of importance to remember that, while we here have a representation
only of the null directions of V, their transformations uniquely determine
the transformation of all vectors of V.

Now it is clear from (1.2.24) that T is invariant under a unitary spin
transformation, since the trace (= 27) is always invariant under unitary
transformations. (Equivalently we may see this from the invariance of the
expression &€ 4 uif, which is the Hermitian norm of (¢, #).) Restricted
Lorentz transformations for which 7T is invariant are simply proper
rotations of S* (since they leave X2+ Y2 + Z? invariant) as required.
To demonstrate the converse explicitly, we begin by noting that any
proper rotation (x, y, 2)—(x’, ), z') of $* may be compounded of succes-
sive rotations about the Y- and Z-axes. For the triad (x', 3, 2’) is determined
by the polar coordinates 0, ¢ of 7’ relative to (x, p, z) and by the angle y
subtended by the plane of x', 2’ with that of z, z'. (These three angles are
essentially the well-known Euler angles of mechanics: see Goldstein
1980, Arnold 1978). Thus a rotation through ¥ about z, followed by a
rotation through 6 about the original y, followed, finally, by a rotation
through ¢ about the original z, will achieve the required transformation.
We shall show how these elementary rotations may be represented by
unitary spin transformations. It will then follow that any proper rotation
of $* can be so represented, since a product of unitary matrices is unitary.

A rotation of S* about the z-axis, through an angle ¥, evidently arises
from a rotation of the Argand plane about the origin, through an angle .

This is given b J
¢ d {=¢"Y(, (1.2.30)

i.e. by the spin transformations

(el o)) o

Next, we assert that a rotation of S* through an angle 8 about the y-axis
is represented by the following unitary spin transformations:

(%)___ N (c?s 0/2 —sin6/2 ><§> (12.32)
7 sin 6/2 cos 8/2 /\n
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20 1. Geometry of world- and spin-vectors

Since (1.2.32) is unitary, it certainly represents some rotation. Furthermore,
since & — n€ is invariant, as well as € + 57, it follows from (1.2.14) that
the y-coordinates of points on $™ are invariant under (1.2.32). Hence the
rotation is about the y-axis. Finally, the transformation (1.2.32) sends the
point (1, 0, 0, 1) into (1, sin 0, 0, cos 8), so the angle of rotation is indeed 6.
(By a similar argument one verifies that the unitary spin transformations

4 - cosx/2 isin x/2><§>
<’7> -3 <i siny/2 cosy/2 /\n (1.2.33)

correspond to a rotation through an angle y about the x-axis.) Proposition
(1.2.29) is now established. For reference we exhibit the resultant spin-
matrix corresponding to the (general) rotation through the Euler angles

0, ¢,y

+ [ cos Qei(wwz —sin 0 ei— w2
2

0 _. 0 _.
sin 3 e iTVIZ cos 3 e ietin2 (1.2.34)

Itselements are in fact the Cayley—Klein rotation parameters of mechanics.
(Goldstein 1980).

We now complete the proof of Proposition (1.2.27) by showing that
every z-boost (1.2.28) can be obtained from a spin transformation. To do
this, we rewrite (1.2.28) in the form

T+Z=wT+2),T-Z=w(T-2,X=X,Y=Y, (1235

1 i
w =< * v) . (1.2.36)
1—-v

where

(Here w is the relativistic Doppler factor and log w = tanh ™' v is the ‘rapi-
dity’ corresponding to v.) By reference to (1.2.24) we see at once that (1.2.35)
is achieved by the spin transformation

A A &
G e

or, in terms of the Argand plane of {, by the simple expansion
I=wt. (1.2.38)

Thus (1.2.27) is established.

We finally remark that any pure boost (two hyperplanes orthogonal to
¢t kept invariant, eg. X =0, Y =0 above) corresponds to a positive-
[ or negative-] definite Hermitian spin-matrix, and vice versa. For the z-
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boost (1.2.37) is of this form, and to obtain a boost in any other direction we
need merely rotate that direction into the z-direction, apply a z-boost, and
rotate back. This corresponds to the spin-matrix A~ 'BA, where A is the
required rotation and B the z-boost; by elementary matrix theory, A*BA
is still positive- [negative-| definite Hermitian. Conversely, any positive-
[negative-] definite Hermitian matrix B may be diagonalized by a unitary
matrix A: ABA~! = diag(a, §), which must be of the form + diag(w?,
w™ %)= + B, since Hermiticity, definiteness, and unit determinant are
preserved. Consequently B is of the form + A~ 'BA and our result is
established.

It is easy to see from the preceding work that any restricted Lorentz
transformation L is uniquely the composition of one boost followed by
one proper space rotation, and also the other way around. For we need
merely determine the spatial direction w orthogonal to ¢ in the plane
containing the original and final ¢, apply a ‘w-boost’ to send ¢ into its
final position, and then apply a space rotation to re-orient x, y, z suitably.*
Evidently, if we perform these transformations in reverse, we have a
decomposition of L™!. Again in the light of what has been shown before,
the reader will recognize in this result an example of the mathematical
theorem according to which any non-singular complex matrix is uniquely
expressible as the product of a unitary matrix with a positive definite
Hermitian matrix, and also the other way around.

Relation to quaternions

We conclude this section with some remarks on quaternions. Several of our
spin-matrix results in connection with rotations will thereby be illuminat-
ed. In fact, the representation of proper rotations by unitary spin-matrices
is effectively the same as their more familiar representation in terms of

quaternions. Set
<i 0) 1.2.39
=lo _;/ (1.2.39)

1 0\ . (0 i) ) <0 —1)
I= , =1, , b= , k
(0 1) i 0 1 0

Then these matrices have the following multiplication table
I i j k

...
-
|
o
=
|
—

(1.2.40)

il
klk j —i -I

* It follows that the topology of the restricted Lorentz group is the topological product

of the rotation group with R>,
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which defines L i,j and k as the elementary quaternions. The general
quaternion will then be represented by the matrix
a+id —c+ ib)

. ) (1.2.41)
c+1b a—id

A=Ia+ib+jc+kd=<

where a, b, ¢, deR. The sum or product of two quaternions is obtained
simply as the matrix sum or product. Again, A* is defined via the corres-
ponding matrix operation, and we note that

A*=1la — (ib + jc + kd). (1.2.42)

The matrix A in (1.2.41) will be a unitary spin-matrix if it is unimodular
and unitary. But from (1.2.41),

det A =a’+b>+c* +d?, (1.2.43)
AA* =(a® + b? + ¢* + d?), (1.2.44)

so that both conditions are satisfied if the quaternion has unit ‘norm’:
NA)=a’+b*+c*+d*=1. (1.2.45)

Thus, unit quaternions can be represented by unitary spin-matrices.
Particular examples of unit quaternions are the elementary quaternions
L1 j, k. We see from (1.2.31), (1.2.32), (1.2.33), and (1.2.39) that i, j, and k
define, respectively, rotations through 7 about the X, Y, and Z axes.

If we write

A=la+ib+jc+kd=a+v (1.2.46)
and regard
v={(b,c,d)
as a vector having components (b, ¢, d) relative to some basis, and if,
similarly, A’ =1a" + --- = a4’ + v, it is easy to verify that
A+A =ag+ad+v+Vv.
AA ' =qgd — vV +dav+av+vxy, (1.2.47)

where vectorial sums and products are formed in the usual way from
components. It is therefore clear that a valid equation of quaternions,
involving sums and products, remains valid when a rotational transforma-
tion is applied to the ‘vector’ components (b, ¢, d), (b', ¢, d'), etc.; for the
‘vectorial’ part of the equation will be form-invariant under such trans-
formations.

We saw that some quaternions can be represented by spin-matrices.
In that sense, they may be regarded as transformations. But quaternions
play a dual role, in that they can also function as ‘transformands’, e.g.,
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as three-vectors being transformed. As we saw in (1.2.24), it is sometimes
useful to combine the components (7, X, Y, Z) of a four-vector into a
certain Hermitian matrix. In the particular case when T =0, and after
multiplying that matrix by i, it can be identified with a ‘vectorial’ quater-
nion Q (cf. (1.2.41))*:

Q=<, iz iX,_Y>=iX +jY +kZ. (1.2.48)
iX+Y -—-iZ
Equation (1.2.24) then reads

Q = AQA*. (1.2.49)

Now, from the spin-matrix interpretation of this equation we know that
any unit quaternion A will, via this equation, effect a certain proper space
rotation on the vector Q. The most general unit quaternion can clearly be
written in the form

A=lcos%+(il+jm+kn)sing

Y Y
= COS 5 + vsin 5 (1.2.50)
where v= (I, m,n) and > + m? + n®> = 1. We assert that this A effects a
rotation through ¥ about v. For proof we need merely note that (1.2.49)
is a quaternion equation and as such unaffected by a change of (quater-
nion-) vector basis: rotate that basis so that v becomes (0, 1, 0). Then our
result is immediate by comparison with (1.2.32), A having reduced to the
spin-matrix which effects a rotation through y about the y-axis, and v
having reduced to that axis. A corollary of this result is the important fact
that any proper space rotation (unit quaternion) is a rotation about some
axis v, through some angle .
Writing (1.2.50) in matrix notation,

cos—ﬁ—+insin% (—m+ il)sin%
A= , (1.2.51)

(m +il)sin % cos 5~ n sin 5

we obtain the most general unitary spin-matrix in a form which allows us

* No such ‘trick’ works to relate the full four-vector (T, X, Y, Z) with real quaternions.
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to read off its transformational effect by inspection. Note, incidentally,
that A changes sign under Y+ + 27

Although unitary spin-matrices and unit quaternions are effectively the
same thing, there is no such close relationship between spin-matrices in
general and quaternions. The underlying reason for this is that quaternions
are associated with quadratic forms of positive definite signature (cf.
(1.2.45)) whereas spin-matrices and Lorentz transformations are con-
concerned with the Lorentzian signature (+, —, —, —). Of course, one
can avoid this difficulty by introducing ‘quaternions’ with suitably
complex coefficients. Such objects do not share with the real quaternions
their fundamental property of constituting a division algebra. Neverthe-
less, the mere use of quaternion notation (especially (1.2.47)) can bring
considerable advantages to certain manipulations of general spin-
matrices (see, e.g., Ehlers, Rindler and Robinson 1966).

1.3 Some properties of Lorentz transformations

As a consequence of the correspondence between the restricted Lorentz
group and the group of spin transformations, it is possible to give simple
derivations of many of the standard properties of rotations and Lorentz
transformations This we shall now do.
It is easily seen that when the spin transformation (1.2.16) is unitary
then (1.2.17) becomes
727 (1.3.1)
Y +a

The fixed points (i.e. { = {) are then given by
WP +@—a)f+7=0.

Clearly if { is one root of this quadratic equation, then — 1/ is the other.
Consequently the fixed points have the form {, — 1/{, which correspond
to antipodes on the sphere S* (cf. after (1.2.11)). This constitutes yet
another proof of the fact that every rotation of the sphere is equivalent to
arotation about a single axis.

A circle on the sphere S* is defined as the intersection of S* with some
plane in the Euclidean 3-space T'=1, given by a real linear equation
IX + mY+nZ=p(p> <[> +m?+ n?). Substituting (1.2.8) into this, we
get (provided p +# n) an equation of the form {{ — xl — &{ + ki = r?
(r >0, k complex), i.e. |{ — x| =r. This is the equation of a circle in the
Argand plane, with centre k and radius r. When p = n (i.e., when the origi-
nal circle passes through the north pole on §*), we get the equation of
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a straight line on the Argand plane. So we have established the well-known
fact that under stereographic projection circles on the sphere project to
circles or straight lines on the plane—and vice versa, since the above
argument is reversible.

Now, in the previous section we showed that every spin transformation
can be compounded of transformations which induce either rotations of
S* or simple expansions of the Argand plane. The first type clearly
preserves circles on S* while the second clearly preserves circles or straight
lines on the Argand plane. It therefore follows from the above discussion
that every spin transformation induces a transformation on $* which
sends circles into circles. (This is actually a familiar property of bilinear
transformations (1.2.17) of the Riemann sphere and is not hard to establish
directly.)

Any circle-preserving transformation must necessarily be conformal
(i.e. angle-preserving). This is basically because infinitesimal circles must
transform to infinitesimal circles rather than ellipses. Alternatively, we
may verify the conformal nature of stereographic projection directly
by observing that the squared interval da? on the sphere is related to that,
d{dZ, on the Argand plane by

4d¢d?

T+
as follows from (1.2.8). And the conformal nature of the bilinear trans-
formation can be deduced from the mere fact that it is holomorphic
(i.e., complex-analytic)*; for then { = f({) implies d = f'({)d{. In con-
sequence of all this it is seen that a Lorentz transformation effects an
isotropic expansion and rotation of the neighbourhood of each point of
S*.

The above conformal and circle-preserving properties have as a corol-

de?=dx?*+dy? +dz’ = (13.2)

* Conversely, every local proper (i.e. orientation preserving) conformal transformation
of the Riemann sphere arises from a holomorphic mapping of {. (For conformality
means d{ = ad{ for some complex g, i.e. (d% + idj) = a(dx + idy), from which follow
the Cauchy—Riemann equations d%/dx = Re(a) = dy/dy, — 0x/dy = Im(a) = 0y/0x,
hence holomorphicity.) Since the only global holomorphic mappings of the Riemann
sphere to itself are bilinear transformations, it follows that the only proper global
conformal maps of & * (to be understood via S™) to itself are those induced by spin
transformations. The group of proper conformal self-transformations of & is thus
the restricted Lorentz group. The structure of % * which is significant, therefore,
is precisely its conformal structure and orientation.

In fact any 2-surface T with the topology of a sphere $? and with a (positive definite)
conformal structure is conformally identical with a metric sphere (say S*). Thus,
the proper conformal self-transformations of T also form a group isomorphic with
the restricted Lorentz group. This result will have importance for us in Chapter 9
(¢f- (9.6.31)).
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lary the familiar but surprising special-relativity effects sometimes known
as ‘the invisibility of the Lorentz contraction’. Let us envisage an observer
at 0. As remarked earlier, his field of vision or celestial sphere may be
conveniently represented by S”. Each light ray entering his eye is re-
presented by a null straight line through O and hence by a single point
of his celestial sphere S~ (sky mapping). Now S~ is related to S* simply
by the antipodal map. Thus, any restricted Lorentz transformation of
V induces a conformal circle-preserving map of the celestial sphere onto
itself. It follows from the conformal property that an object subtending
a small angle at a given observer will present a similar shape visually
to any other observer momentarily coincident with the first, no matter
what his velocity relative to the first observer may be (Terrell 1959).
Only the apparent angular size and direction will, in general, be different
for two such observers. Moreover, from the circle-preserving property
it follows that if one inertial observer perceives an object of any size to
have a circular outline, then all inertial observers momentarily coincident
with the first will perceive circular outlines (or, in special cases, ‘straight’
outlines, if we consider a great circle on the celestial sphere as appearing
‘straight’). Hence, in particular, uniformly moving spheres, in spite of
the Lorentz contraction, present circular outlines to all observers (Penrose
1959).

A bilinear transformation of the Riemann sphere is fully determined
if we specify any three distinct points as images of any other three distinct
points of the sphere. This well-known fact is a simple consequence of
(1.2.17). (The three complex ratios « : § :y : 6 define the transformation and
these are fixed by three complex equations.) It follows that every restricted
Lorentz transformation is fully determined if we specify the (distinct)
maps of three distinct null directions. (Thus, by a unique adjustment of
his velocity and orientation an observer can make any three given stars
take up three specified positions on his celestial sphere.)

Again, each bilinear transformation (1.2.17) — not merely the special
case (1.3.1)— (apart from the identity transformation) possesses just two
(possibly coincident) fixed points on the Riemann sphere, as is readily
seen if we set { = { in (1.2.17) and solve the resulting quadratic equation.
Consequently every (non-trivial) Lorentz transformation leaves invariant
just two (possibly coincident) null directions.*

In fact, according to a theorem of topology, every continuous orientation-preserving
map of the sphere onto itself must possess at least one fixed point and, ‘properly’
counted, precisely two fixed points, since the Euler characteristic of the sphere is 2.
Compare the discussion of ‘fingerprints’ in §8.7.
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The kinds of Lorentz transformation, in terms of S*

Let us examine the structure of Lorentz transformations in the light of this
fact. Consider first the case when the two fixed null directions are distinct.
We can obtain a canonical form for such a Lorentz transformation by
choosing our reference Minkowski tetrad so that ¢ and z lie in the 2-plane
spanned by these null directions. The latter must then have components
(1,0,0, + 1) whence the fixed points lie at the north and south poles of
S* ({ = o0, 0). The most general bilinear transformation (1.2.17) which
leaves both poles invariant is of the form

= we( (1.3.3)

where w and y are real numbers. This is the composition (in either order)
of a rotation through an angle y about the z-axis, with a boost with rapidity
¢ = log w along the z-axis (¢f. Figs. 1-6, 1-7, 1-8). In terms of Minkowski

Fig. 1-6. The effect of a rotation on S*. Fig. 1-7. The effect of a boost on S™.

Fig. 1-8. The effect of a four-screw on S*.
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coordinates (1.2.15) we have
X=Xcosy—Ysiny, Y=Xsiny+ Ycosy,
Z = Z cosh ¢ + Tsinh ¢, T = Z sinh ¢ + T cosh ¢. (1.3.4)

This is what Synge (Synge 1955, p. 86) calls a ‘four-screw’.

We have already seen that a pure boost in the z-direction corresponds
to an expansion { = w{ of the Argand plane. In terms of the sky mapping
(S7), and with spherical polar coordinates for the celestial sphere (cf.
(1.2.11)), this leads to the aberration formula for incoming light rays in
the useful form:

tan- = wtan—,
2

2
with (1.3.5)
( 1— V>‘/2
w=| ——r .
1+V
Here V = — v is the velocity in the direction 8 = 0 of the observer who

measures angle 7, relative to the one who measures 0. (Since our trans-
formations are active, we must think of the rest of the universe as acquiring
a velocity — V = v in the z-direction.) We see that an observer who travels
at high speed toward a star P perceives all other stars to crowd more and
more around P an his speed increases.

Next we examine the Lorentz transformations for which the two fixed
null directions coincide. These are called null rotations. Without loss of
generality we may choose the fixed null direction to correspond to the
north pole of S*. Thus { = 0 is to be the only fixed point of the bilinear
transformation (1.2.17), and so

I=(+8 (1.3.6)

where f is some complex number. This is simply a translation in the
Argand plane. (A bilinear transformation of the Argand plane, for which
{ = o0 is a fixed point, must be of the form { = a{ + f, but if @ # 1 it has
also a finite fixed point.) The spin transformations giving (1.3.6) are

()= 1)G) a

Without loss of generality we can take, say, § = ia with a real. Then in
terms of Minkowski coordinates we get

X=X, Y=Y+aT-2),
Z=Z+aY+1a(T-2),T=T+aY +1d¥T - 2).

Note that the null vector z + ¢ is itself invariant, not merely its direction.

(1.3.8)
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Fig. 1-9. The effect of a null rotation on S™.

To visualize the effect of this null rotation of the Riemann sphere,
refer to Fig. 1-9. The rigid translation of the Argand plane projects to a
transformation on the Riemann sphere for which the points are displaced
along circles through the north pole tangent to the y-direction there.
The displacements become less and less as the north pole is approached,
leaving this as the only fixed point.

As mentioned above, the most general bilinear transformation for which
{ = oo is a fixed point is of the form { = «{ + B. This can be broken up into
a translation, a rotation, and a dilation of the Argand plane (in any order).
Thus the most general restricted Lorentz transformation which leaves
invariant a given null direction K (in the plane of z and ¢, say) is the product
of a null rotation about K, a space rotation about z, and a z-boost. The
first two of these transformations leave the entire vector K invariant, the
last only its direction.

We may remark that the Lorentz transformations leaving two given
null directions invariant and the null rotations leaving one given null
direction invariant each form a two-dimensional Abelian subgroup of the
Lorentz group. In the first case we have the additive group on the complex
number ¢ + iy (modulo 27i) and in the second case, the additive group
on f. The groups are not isomorphic since they have a different topology
(8! x R and R2, respectively). This is because ¢ + i + 2rmin (n= ...,
—1,0,1,2,...) all give the same transformation, whereas for different
B’s the null rotations are all distinct.

Cross-ratios of null directions

For future use (in Vol. 2 Chapter 8), we conclude this section with some
rather specialized results concerning cross-ratios. It is well known (and can
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easily be verified) that the cross-ratio
r=1{(,0,,0¢ }=(C1 — 0 (1.39)
1962963554 (N (SR

of four points {,, {,, {;, {, in the Argand plane is invariant under bilinear
transformations. In homogeneous coordinates,

_ (61’72 - 62’11)(63’14 - 54’73)

(61’14 - '54”1)(63"2 - 62”3)
Now it is easily seen that
{0, 8,7, 0} ={B,0, 0,7} ={y, 0,0, B} = {d,9, B,a}.  (1.3.11)
Consequently there can be at most six different values of the cross-ratio
of four points taken in all possible orders, and these are seen to be
1 1 x—1 X
X 1— X s s .
x 1—-x x  x—1
When just two {’s coincide, y degenerates into 1, 0 or co. With triple or
quadruple coincidences, ¥ becomes indeterminate.

The cross-ratio of four real null directions is defined to be the cross-ratio
(1.3.9) of the four corresponding points in the Argand plane. It is easily seen,
e.g. by an interchange of the &s and #s in (1.3.10), that

{l/a, l/ﬂ’ 1/% 1/6} = {CZ, B’ ¥s 5} = { - _B7 -7 _5}’ (1313)
and that consequently the sky mapping and the anti-sky mapping yield
cross-ratios which are complex conjugates of each other, since the maps
on S* and S~ of given null directions are as — 1/{ and { respectively.

A knowledge of any three of the complex numbers {,,{,, {5, {, (without
coincidences), and an arbitrarily assigned value of the cross-ratio (1.3.9),
determines the fourth number uniquely (counting o as a number).
In consequence, any four distinct null directions (points of S*) can be
transformed by a suitable restricted Lorentz transformation (bilinear
transformation) into any other four null directions (points) having the
same cross-ratio; for any three of the null directions can be so mapped into
any other three noncoincident null directions and then the fourth is deter-
mined uniquely by the invariant cross-ratio.

The reality of the cross-ratio (1.3.9) is the condition for the four relevant
points to be concyclic (or collinear) in the Argand plane. This is equivalent
to saying that the four corresponding points on the Riemann sphere are
concyclic and hence coplanar. Consequently the condition that four null
lines lie in a real hyperplane

aT+bX 4+ cY+dZ=0
is that their cross-ratio be real. A particular instance of this is a harmonic

(1.3.10)

(1.3.12)
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set for which the cross ratio is — 1,2, or 1/2. One harmonic set in the
Argand plane is given by the vertices of the square 1,1, — 1, —i; these
same points on the equator of the Riemann sphere therefore correspond to
a set of harmonic null directions. By the remark of the preceding para-
graph, any four harmonic null directions can be transformed into these
by a suitable restricted Lorentz transformation.

Also of interest is an equianharmonic set which possesses even greater
intrinsic symmetry. The cross-ratio in this case is —w or — w?, where
w =e?™3 By a suitable restricted Lorentz transformation four such
points on the Riemann sphere can be made the vertices of a regular
tetrahedron. This follows from the fact that for all A the set of points
0, 4, Aw, Aw? is equianharmonic in the plane, and for a suitable real A
it evidently projects into the vertices of a regular tetrahedron.

A geometric interpretation of the cross-ratio can be elucidated as
follows.* Consider any four distinct real null vectors A, B, C, D, and
write [ AB] for the plane of 4 and B. Let Q be that unique timelike plane
which contains one vector from each of [4B] and [ CD], and one normal
vector to each of [4B], [CD]. For purposes of computation, assume that
Q is the plane of z and ¢, and that 4 oc (1, p, g, 1), Boc (1, p', ¢, ¥'). The only
normals to 4 and B contained in Q are (r,0,0,1) and (+',0,0, 1), res-
pectively; hence r' =r. If [4B] is to contain a vector of Q, (p', ¢') oc (p, 9).
Since 4 and B are null and distinct, this implies 4 oc (1, p, q,7), Boc (1, —p,
—g,r); and similarly for C, D. Hence on the Riemann sphere each of
these pairs is represented by a pair of points on the same latitude but
opposite meridians. There can be only one restricted Lorentz transforma-
tion which transforms 4+— C, B— D, and preserves Q (and thus its null
directions, corresponding to the north and south poles). Evidently it is
a rotation (1.2.30) about the z-axis, followed by a boost (1.2.38) along the
Z-axis:

[=e*"¥ =er(, (1.3.14)
where e? = w and p = ¢ + iy. If o, B are the points in the complex plane

corresponding to 4, B, then f = — a; and if y,  correspond to C, D, then
6 = —yand y = e?a. Consequently

(1—e?)’ p
= , B, 8} = ——_ =tanh? = 1.3.15
x=1{x7 5,0} iTer > (1.3.15)
* We are indebted to Ivor Robinson for discussion on this point.

The unique existence of Q is not entirely obvious. But note that the unique Lorentz
transformation sending A4, B, C into B, 4, D also sends D to C (since the cross-ratios
of A, B,C, D and B, A, D, C are equal by (1.3.11)) and hence has period 2. This is a
reflection whose invariant planes are Q and its spacelike orthogonal complement.
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We may call

p=¢+il//=2tanh“\/x (1.3.16)
the complex angle between the real planes [4B] and [CD], and we see
that it is uniquely determined by the cross-ratio {«, y, §, 6} apart from sign,
and modulo iz depending on whether A+ C, B— D or the other way
around. Its geometric meaning is that [4B], [CD] ‘differ’ by a Lorentz
transformation compounded of a rotation through an angle y about the
plane Q, and a boost through a rapidity ¢ in the plane Q, Q being the
unique ‘normal’ to [4B],[CD], as defined above.

1.4 Null flags and spin-vectors

The purpose of this section is to lead up to the geometrical concept of
a spin-vector (the simplest type of spinor). On this will rest the geometrical
content of spinor algebra, which will be treated formally in succeeding
chapters. The geometry of the elementary algebraic operations between
spin-vectors will be discussed in §1.5.

Our aim is to find some geometrical structure in Minkowski vector
space V —this will be our geometrical picture of a spin-vector & —of
which the pair (¢, #) of complex numbers introduced in §1.2 can be regard-
ed as a coordinate representation. We have already seen how to associate
with (&, 1) a future-pointing null vector K provided a Minkowski coordi-
nate system is given. The pair (&, n) serve as coordinates for K; but for
K these coordinates are redundant to the extent that the phase transforma-
tion é—e'%, ni—e®y leaves K unchanged (cf. (1.2.15)). We now propose
to associate a richer geometrical structure with (&, ), one that reduces the
redundancy to a single (essential) sign ambiguity. This structure will,
in fact, be a ‘null flag’, i.e., the previous null vector K representing £ and »
up to phase, together with a ‘flag plane’, or half null plane, attached to KX,
which represents the phase.* However, when the phase angle changes
by 0 the flag rotates by 26, which leads to the above-mentioned sign ambi-
guity. This sign ambiguity cannot be removed by any local or canonical
geometric interpretation in V; it will be discussed later in this section.

An essential requirement on any geometrical picture of (&, x) is that
it be independent of the coordinates used. If (&, #) is obtained from (&, )
by a spin transformation corresponding — via (1.2.24) — to a passive Lorentz
transformation of the Minkowski coordinates, then the abstract spin-
* We do not discuss the possible different ways in which the relationship between a

spinor and its geometric realization may be affected by a space (or time) reflection.
See Staruszkiewicz (1976).
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vector k represented by (&, #) must remain unchanged, as must its geometri-
cal representation. Thus if (&, #) determines the geometrical representation
of « in the first Minkowski coordinate system, (&, 7) must determine pre-
cisely the same structure in the second system. Note that we are here
concerned with invariance under passive transformations. In the last
two sections we examined the 2-1 local isomorphism between the spin
group SL(2, C) and the restricted Lorentz group, taking the groups as
active; but the same isomorphism holds for the passive transformations,
by the remarks at the end of §1.1, and so the detailed results apply also
to passive transformations, mutatis mutandis.

Description on &+

We start by showing how a geometrical picture of (£, ) can be obtained in
&7, the space of future null directions, and then we represent this in V.
As before, we label the points of & by the complex numbers { = &/n
(with { = o« for n = 0). We shall show that not merely the ratio £:n but
also £ and # individually (up to a common sign) can be represented, in
a natural way, by picking, in addition to the null direction P (labelled
by (), a real tangent vector L of #* at P (cf. Fig. 1-10). To span the space
of derivatives of real functions on & * (which is an image of the Argand
plane), we need the real and imaginary parts of d/0(. Now a real vector
L on &* (except at the coordinate singularity { = oo — for that point we
need to replace { by another coordinate, e.g., 1/{) can be represented by
a linear differential operator*

L = 49/0¢ + 70/dC, (1.4.1),

Fig. 1-10. The representation of a spin-vector in terms of a pair of infinitesimally
separated points on & * or, equivalently, by a null flag.

A differential operator is a standard representation of a vector, which has become
increasingly popular in differential geometry. It automatically incorporates all
transformation properties. This representation will play an important role in
Chapter 4.
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the coefficients being chosen so as to make L real. We shall require 4
to be some definite expression in £ and # so that after applying the (passive)
spin transformation

+ 5B

o alt Pn, ii=yE+on, Z=j§+5 (142

we get
o =0 d 0
I—+Al—==A—+71=, 143
FHFT R ® (143)

where £ is the same expression in &, 7j that A is in & . From (1.4.2) we get

8 {“(VC +0) =yl + B)}_
- aC

0 + 6)?
‘ VC ) p (1.4.4)
52 -2
=@l +9)” 6Z =] P
since ad — Py = 1 (by (1.2.18)). Substituting in (1.4.3), we find
i = in?, (1.4.5)
and so we must choose 4 to be some numerical multiple of #~2. For later
convenience we make the choice A = — (1 /\/5)11"2, which gives
1
L=— _(,,-zﬁ + ﬁ‘l£>.
V2 o ol (1.4.6)

Conversely, if we know L at P (as an operator), we know the pair (£, )
completely up to an overall sign. This is seen from the expression (1.4.6):
knowing L and comparing coefficients, we can find n?; and knowing P,
we know {. Thus we can find &2, &y and 52, and hence + (¢, ).

We can couch the above argument for finding L in somewhat different
terms. We consider P, as before, to be the point of & * labelled (. Let P’
be another point of % which approaches P along a smooth curve on
& *. The limiting direction of PP’ is defined in terms of the location of P’
relative to P, when P’ is very near to P. Let us write the complex number
labelling P’ in the form

(1.4.7)

when P’ is near to P, ¢ being a small positive quantity whose square is to
be neglected. By a simple calculation parallel to (1.4.4) one verifies that
under the spin transformation (1.4.2),

P=0-—= (1.4.8)
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is required for the invariance of the construction. Taking £ > 0 as arbitra-
rily ‘giver’, P and P’ define { and 5~ 2. Hence (as before), P and P’ define
+ (&, ) (where { = o0 may be treated as a limiting case). The ordered pair
of ‘neighbouring points’ P, P’ on & * defines essentially the same situation
as the point P together with the tangent vector L at P (¢f. Fig. 1-10).
For, the vector L is

1—
L = lim-PP". (1.4.9)
=0 €

We can see this by observing that, for any £ (¢, ),
im{ s = o=t (6= et ) e
o W) k) 1 A Gy rEb iy =y R

(29 522\,
_\—/—5<’7 a aZ)f L,

by (1.4.6).*

Description in V

The tangent vector L in the abstract space & corresponds to a tangent
vector L in the coordinate-dependent representation S* of #*. The
operator expression for the (coordinate-dependent) vector L is formally
the same as that (1.4.6) for the (coordinate-independent) vector L:

1 5, G, G,
L=——(n*=+7g2=)=01*—, 14.10
ﬁ(" atm )" e (1410
where [* are the components** of L relative to the coordinates x* of V.
* Another invariant way of representing the pair (¢, n) on & is to use the differential
form

n*d{=nd¢ - &dy
at P, since under spin transformations (¢f. (1.4.4))
A?dl = n*dt.
The real part of this differential form (times —\/5) gives a description essentially
equivalent to the one in terms of L just given, but since the geometrical interpretation
of forms is not quite so immediate as that of tangent vectors (¢f. Chapter 4), we shall
not pursue this further here.

We may remark that various possible ways of representing a spin-vector which are
equivalent under restricted Lorentz transformations are not necessarily equivalent
when the group is widened to include reflections or conformal re-scalings (¢f. §§3.6
and 5.6). In each case a choice may have to be made as to the behaviour of the spin
vector under these additional transformations (e.g., conformal weight, signs, or
possible factors of i).

o Henceforth we conform to the usual practice and refer to the coordinates of a vector
as ‘components’.
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The difference arises because in (1.4.10) we interpret the operators 0/0(
and /07 as acting on functions defined on V instead of on & *, and two
extra constraints are being imposed on the coordinates to define the sub-
space ST of V (say T=1= X2+ Y? + Z?).

For later reference we calculate the components L* explicitly, using
(1.2.8):

L+l ., =T, -t

0 = = = =
x'=1,x CZ_'_l.x i(Cf+l)’x il (14.11)
whence
0x° oxt  1-0% ox* 1+7 ox3 27
a0 T o TR T L T (1412
o¢ a (+H¥ & I(C'Z+ 1?80 ((+1y ( )
and since, by (1.4.10),
Lfiz-—-——l—< _Zax“+_niax*>lz_ 14.13
oxr =~ A\ T T e e (14.13)
we find
L0=0, L1=62+EZ“’12—’?1
J2EE + nip
2 __ 22 2 _ 52 — ]
poS o ",1}=—A£§ligﬂ (1.4.14)
J2A(EE + nif)? (EE + n7)

From this we can calculate the norm of the (evidently spacelike) vector
L{cf(1.1.13)):

=2
» (& + ¥
so that L is a unit vector if and only if K (the null vector corresponding
to & n via (1.2.15)) defines a point P actually on S* (ie. K= T=1).
In fact, the ‘length’ (—||L|)* of L varies inversely as the extent* of

K, ie. inversely as the ratio of K to 0P (¢f. (1.2.14), (1.2.15)). We shall
write

IL| =Ll (1.4.15)

K=(-|L|)"k (1.4.16)

where k defines a point on S*. Note also that whereas we might have
envisaged difficulty with the definition (1.4.10) for L at n =0, { = co, we

* The term ‘extent’ will frequently be used for null vectors, since their ‘length’ is always

zero. The extent of a null vector cannot be characterized in an invariant way by a
number, nor can null vectors of different directions be compared with respect to
extent. The ratio of the extents of null vectors of the same direction is meaningful,
being just the ratio of the vectors.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.002
https://www.cambridge.org/core

1.4 Null flags and spin-vectors 37

see from (1.4.14) that no such problem in fact arises since L is still well-
defined aty = 0.

If (£, 1) and (&, #) are related by a (passive) spin transformation and we
calculate [* relative to the two corresponding Minkowski coordinate
systems (using (1.4.14)) we shall in general find that they are not related
by a Lorentz transformation. (This is clear, for example, from the fact
that L, being tangent to S*, is necessarily orthogonal to the coordinate
t-axis, a relation that is not generally preserved by a Lorentz transforma-
tion.) Nevertheless the plane IT of K and L is invariant, i.e., coordinate-
independent, and thus a geometric structure in V. This becomes clear
when we remember that L corresponds to a tangent vector in & * and so
to two infinitesimally close null directions, one of which is K. The plane
of these null directions is evidently IT.

Now IT is given by the set of vectors

aK + bL,(a, beR), (14.17)

and therefore has the required invariance. To give significance to the
sense of L we shall stipulate

b>0, (1.4.18)

which makes (1.4.17) into a half-plane, say I1, bounded by K. This is the
flag we have been looking for. Together with K it determines (&, #) up to
sign. For, knowing K we know & and 5 up to common phase, and knowing
the direction of L we can get the phase of # (and thus of &) from (1.4.6).
Note that L is spacelike and orthogonal to K (being tangent to S* it has
zero time component, and its spatial part is evidently orthogonal to that
of K). Hence IT is one-half of a null 2-plane (see next paragraph), i.e. it
is tangent to the null cone. It must touch the null cone along the line
through K. All directions in I, other than K, are spacelike and orthogonal
to K. We shall refer to I1 and K as a null flag or simply as a flag. The vector
K will be called the flagpole, its direction the flagpole direction, and the
half-plane IT the flag plane.

We digress briefly to recall some general properties of null planes. Any
real plane

aU + bV (1.4.19)

spanned by two 4-vectors U and V contains at most two real null direc-
tions, given by
a|U| +b*| V| +2abU-V=0. (1.4.20)

When these null directions coincide, the plane is called null. In that case
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\ i/ / /7 ISR
S W

Fig. 1-11. Cross-sections of the null cone are mapped conformally to one another
by the generators of the cone. This provides & * with a conformal structure. Sphere
metrics arise as cross-sections by spacelike hyperplanes. The various unit sphere
metrics on % compatible with its conformal structure correspond to the different
choices of unit timelike vector (i.e., normal to the hyperplane).

suppose U is the unique null direction in it; (1.4.20) then shows that there
is no other null direction in the plane only if U-¥V =0, ie. every other
vector ¥ in the plane must be orthogonal to U. And since no two distinct
causal directions can be orthogonal (cf. after (1.1.17)), every such vector
V must be spacelike. The angle 0 between two null planes with common
null vector, say U, can be defined as that between any two non-null
vectors, one in each plane; for suppose ¥, W are two such vectors, then
(@U + bV)-(cU + dW) = bd¥V- W, whence cos 0 = + V-W/(| V|| W]|)*,
independently of a, b, ¢, d. An interesting corollary is that any cross-section
T of the null cone in V, even one achieved by cutting the null cone with
a curved hypersurface, is conformally identical to every other, and there-
fore to S*, where corresponding points lie on the same generator of the
null cone (¢f. Fig. 1-11). This result can be seen in many ways but, in
particular, by considering the infinitesimal triangle obtained by cutting
three given neighbouring generators of the null cone by any hyperplane
element. Since neighbouring generators lie on a null plane, our preceding
result shows that all these infinitesimal triangles will be similar. The
corollary is therefore established. We have already seen an example of
itin the use of the hyperplane (1.2.12).

We now examine a little more closely the geometric role of the ‘magni-
tude’ of the vector L. We cannot attach significance to the norm || L |,
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since this would attach unwanted significance to the E«;tric of §*. (We
saw above that | L| = — 1 was the condition for K= OP with P on S*))
We have to envisage L, at P, as ‘joined’ to the origin O. Thus, if we replace
P by some other point R on OP, to the future of O, with must rescale
L by the factor OR/OP (Fig. 1-10). So L at P is ‘equivalent’ to (OR/OP)L
at R. We can choose R so that (OR/OP)L is a unit vector*. Then OR = K,
since this gives K = (— || L |)™ OP, which is the same as (1.4.16). Thus, the
magnitude of L simply locates K (in the direction OP). In terms of P and
P, we can picture this, intuitively, in the following way. We consider
neighbouring null lines OP, OP'. Then we locate R on OP by proceeding
along the line OP until the distance to the neighbouring line attains the
value &. Note that the ‘closer’ together are OP and OP’, the greater will
be the extent of OR.

The labelling of flags by pairs (£, #) does not specifically depend on the
choice of a Minkowski coordinate system for V. (In fact, certain other types
of coordinate systems would have led to rather simpler formulae than the
ones we have used.) The assignment of a pair (£, ) to a null flag can be made
much more directly once we have the concept of a spin-frame available.
The coordinate system for V will then be seen as an irrelevance. Essentially
a spin-frame is defined when the flags corresponding to the pairs (1, 0)
and (0, 1) are known, but there is a slight difficulty concerning the sign
ambiguity. This is removed when the concept of a spin-vector is introduced,
which we shall do in a moment. The details of the necessary geometric
operations will then be given in §1.6.

Spin-vectors

To understand the passage from the concept of flag to that of spin-vector,
we must appreciate the essential nature of the sign ambiguity in the re-
presentation of a null flag by a pair (&, #). Let us, for this purpose, examine
the effect on a null flag of transformations of the form

(&, m— (AL, An), (1.421)

where A is some non-zero complex number. These are the transformations
which leave the flagpole direction invariant but may alter the extent of
the flagpole or the direction of the flag plane. Set

A=re (1.4.22)
where r,0eR and r > 0. Then in the particular case 6 =0 (i.e., 1 real),

* Strictly speaking, we must allow that L may also have multiples of K added into it.
But this makes no difference to the norm since K is null and orthogonal to L.
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(1.4.21) gives no change in the flag plane, while the extent of the flagpole
isincreased by a factor 2; on the other hand, if r = 1 (i.e. A of unit modulus),
(1.4.21) gives no change in the flagpole but the flag plane rotates through
an angle 26 in the positive sense. This may be seen perhaps most easily
if we use the representation in terms of the infinitesimally separated points
P,P on S*. Then P is given by { and P’ by { — 2" *en ™2, Under (1.4.21)
we have n — A, hence ™2 2e~ 2%~ 2 Since the extent of the flagpole
varies inversely as the infinitesimal separation PP’, we have the first part
of the above assertion. The second part is seen to follow when we recall
that §* is obtained from the Argand plane of { by a conformal stereo-
graphic projection.

Now let us apply a continuous rotation (¢, n)—(e'%¢, e!%) where 6
varies from 0 to 7. We end up with

but the flag is returned to its original position, the flag plane having been
rotated through 2z (i.e., once completely about the flagpole). If we continue
the rotation, so that 6 further varies from = to 2x, then the original pair
(&, 1) is obtained once more. Thus, a rotation of the flag plane through
4r is required in order to restore (&, 1) to its original state. Such considera-
tions imply that a complete local geometrical representation, in V, of
(&, ), which takes into account its overall sign, is not possible. Every local
structure in the Minkowski space V that we might adjoin to the null flag
would also be rotated through 27 and hence returned to its original state,
while (&, ) undergoes (1.4.23). To see this most clearly, we observe first
that for any particular pair (¢,n) we can achieve (&, n)— (e, ) by a
spin transformation which corresponds to a rotation for which the flagpole
direction is an invariant null direction. (For simplicity we could choose
(&,1) = (0, 1)—(0,¢') and use (1.2.31).) As 0 varies continuously from
0 to m, the spin transformation varies continuously (provided the rotation
axis is kept fixed) and takes the final value —I. The corresponding Lorentz
transformations also vary continuously, but end up at the identity Lorentz
transformation. Thus, any geometrical structure in V would be rotated
into its original state by this succession of Lorentz transformations, even
though (&, ) is ‘rotated’ into ( — &, — n).

Once it is accepted that a complete local geometrical representation in
V is not possible, it becomes clearer what attitude should be adopted.
Essentially we must widen the concept of geometry in V, so that quantities
can be admitted as ‘geometrical’ which are not returned to their original
state when rotated through an angle 27 about some axis; when rotated

—>r


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.002
https://www.cambridge.org/core

1.5 Spinorial objects and spin structure 41

through 4n, however, they must be returned to their original state. Such
quantities will be referred to as spinorial objects. A spin-vector differs
from a null flag only in that it is a spinorial object, and to each null flag
there correspond exactly two spin-vectors. The next section is devoted
to an elaboration of these ideas.

1.5 Spinorial objects and spin structure

To define a spinorial object in more precise terms, we must first consider
some properties of ordinary rotations. The manifold of proper rotations
in Euclidean 3-space is denoted by SO(3). SO(3) can also be used to re-
present the different orientations* of an object in space. If one such orienta-
tion is designated as the ‘original’ orientation —and represented by the
identity element of SO(3) — each other element represents the orientation
which is obtained by acting on the original orientation with the rotation
in question.

Any rotation is defined by an axis k and a right-handed turning through
an angle 6. It can therefore be represented by a vector of length 0 in the
direction of k. Since we need only consider the range 0 < 0 < &, every
point of SO(3) thus corresponds to a point of the closed ball B of radius
7. This correspondence is not unique, however, since a rotation about
k through an angle n is the same as a rotation about —k through an
angle n. Thus opposite points of the boundary S of B must be identified,
giving us a space B which represents rotations uniquely, and also continu-
ously (i.e., points close in B represent rotations that differ little from each
other).

We are interested in the topology, and especially in the connectivity
properties of B. A space is said to be simply-connected if every closed loop
in it can be deformed continuously to a point. (This property obviously
holds for an entire Euclidean space, for an ordinary spherical surface, or
for a Euclidean 3-space with a point removed. It does not hold for the
surface of a torus, for a circle, for a Euclidean 3-space with a closed
curve removed, or for a Euclidean 2-space with a point removed.) A
simply-connected space is alternatively characterized by the property
that if ¢, and ¢, are two open curves connecting two points in the space,
then ¢, can be continuously deformed into ¢, .

The space B is in fact not simply-connected. The closed loops in B
fall into two disjoint classes, I and II, according as they have an odd or even

* Not to be confused with our previous use of the word ‘orientation’ which means

‘handedness’.
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/) /

Fig. 1-12. SO(3) is a closed 3-ball with opposite points of its boundary identified.
Continuous deformation of a curve in SO(3) can eliminate pairs of its intersections
with this boundary.

number, respectively, of ‘intersections’ with the boundary S. An inter-
section occurs when a curve approaches S and, by the identification of
points, reappears diametrically opposite. Class I contains, for example,
all diameters of B. Class II contains all internal loops, and in particular
the ‘trivial’ loops consisting of a single point. No loop of class I can be
continuously deformed into a loop of class 1I, since intersection points
with S can appear or disappear in pairs only. On the other hand, all
class I loops can be deformed into each other*, and the same holds for
class II loops. This is because intersections with S can be eliminated in
pairs (see Fig. 1-12, which shows how to deal with one strand at a time),
and internal loops can clearly be deformed into each other, as can loops
which intersect the boundary once.

Now consider a continuous rotation of an object in Euclidean 3-space
which takes that object back to its original orientation. This corresponds
to a closed loop in SO(3) (hence also in B), which may be of class I or of
class II. In the case of a simple rotation through 2n we evidently get a
class I loop, whereas for a rotation through 4n we get a class II loop. It
is clear from the above discussion that the rotation through 27 (where
the whole motion must be considered, not just the initial and final orienta-
tions) cannot be continuously deformed into no motion at all, whereas
the rotation through 4n can. That this is the case is by no means obvious
without some such discussion as that given above in terms of B.

There are numerous ways of illustrating this result. One way of perform-
ing a continuous deformation of a 47 rotation into no rotation is the
following (due to H. Weyl). Consider a pair of right circular cones in space,
of equal semi-angle a, one cone being fixed while the other is free to roll on
the fixed one, the vertices remaining in contact. Start with « very small and
roll the moving cone once around the fixed cone: the moving cone executes

* One of the rules for such deformations is that different portions of a loop may be
moved through one another. Hence the question of ‘knots’ does not arise.
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Fig. 1-13. Dirac’s scissors problem: rotate the scissors through 720° and then un-
tangle the string without moving the chair or rotating the scissors. With a belt it is
easier.

essentially a rotation through 4n. Now increase « gradually from 0 to
n/2. For each fixed o we have a closed motion as the moving cone rolls
once about the fixed cone. But when a nears 7/2 the cones become almost
flat and the motion becomes a mere wobble. So at & = n/2 we get a ‘trivial’
loop in SO(3), and the rotation through 47 has been continuously deform-
ed into no motion at all.

In Dirac’s well-known scissors problem a piece of string is passed through
a finger hole of the scissors, then around a back strut of a chair, then
through the other finger hole and around the other back strut, and then
tied (see Fig. 1-13). The scissors are rotated through 4z about their axis
of symmetry, and the problem is to disentangle the string without rotating
the scissors or moving the chair. The fact that this problem can be solved
for 4n but not* for 27 is a consequence of the above properties of SO(3).
The solution is made trivially easy if the four strands of string (whose main

* That it cannot be solved for 27 requires, strictly speaking, a more involved topological
argument (see Newman 1942).
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purpose is to confuse the issue) are regarded as glued (in an arbitrary
manner) to an open belt issuing from the chair: a twist of 47 of the belt
is undone by looping the belt once over its free end. This solution also
yields another way of continuously deforming a 4x rotation into no rota-
tion. If we regard the scissors as free to slide along the belt, then each
position of the belt during the untwisting manoeuvre gives a closed path
in the configuration space of the scissors. The first takes it through a
rotation of 4z, the last through no rotation at all.

The connectivity of B can also be discussed in terms of ‘open’ curves,
joining a point P to a point Q. Again (for fixed P and Q) these curves fall
into two classes, I and I, according as the number of their intersections
with S is odd or even, respectively. And again each member of one class
can be continuously deformed into any other member of the same class,
but into no member of the other class. The arguments are just as above.
But now there is a slight difference in that no intrinsic topological distinc-
tion can be made between the two classes. (In the case of closed loops the
aistinction between classes I and II is topologically intrinsic: all loops
of class II — and only those — can be shrunk to a point.) For from the point
of view of the topology of B, the particular location of the surface S has
no significance; for example, we may think of the ball B as extending
beyond S, and then move S radially outward in one direction and radially
inward in the opposite direction. If a curve from P to @ intersects the
initial location of S once, it need not intersect the final location of S at
all. We note that two curves from P to Q belong to the same class if and
only if the first followed by the second in reverse direction constitute
a closed loop of class I1.

In terms of the original Euclidean 3-space, the points P and @ corres-
pond to two orientations # and 2 of an object, and a path from P to Q
in B corresponds to a continuous motion beginning with 2 and ending
with 2. We now see that there are two essentially different classes of
continuous motions from # to 2. The motions of each class can be continu-
ously deformed into one another, but not into any motion of the other
class. Nevertheless there need be nothing intrinsically to distinguish
between one class and the other.

The particular feature of the topology of SO(3) that we have been
discussing concerns its fundamental group (or first homotopy group)
7,(SO(3)) (roughly: the group of topologically equivalent loops, in this
sense). Here, this group has just two elements, so we have n,(SO(3))=Z,
(the group of integers mod 2).
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Universal covering spaces

Animportant concept is that of a universal covering space T for a connected
(but not necessarily simply-connected) topological space T. Choose a
base point O in T and consider paths in T from O to some other point X.
There may be several different classes of paths from O to X, with the
property that each path of one class can be continuously deformed into
every other path of the same class but into no path of another class.
To construct T we, in effect, allow X to acquire as many different ‘identi-
ties’ as there are such distinct classes. More precisely, the points of T are
these different classes associated with X, where X itself varies over the
whole of T, O remaining fixed. The continuity properties of 7" are defined
in the obvious way from those of T. It is readily seen that T is simply-
connected and that — as a topological space — it is essentially independent
of the choice of 0. If T is simply-connected then T is identical with T.

For example, take T to be a circle, whose points may be assigned co-
ordinates @ in the usual way, modulo 2n. The inequivalent paths from
O (the base point) to 0 are distinguished by the different number of times
that they ‘wrap around’ the circle. Evidently the space T is parametrized
by 6 without the equivalence modulo 27, i.e., T is topologically the real
line. Similarly, if T is an infinite cylinder, parametrized by z and by 6
modulo 2x, T is the entire plane parametrized by z and an unrestricted 6.
Thus, to pass from T to T, we maximally ‘unwrap’ the space T — and this,
indeed, is how we may view the situation in the general case.

Consider, in particular, the space SO(3). There are now just two classes
for each point of the space, so the universal covering space ,_829) is just
a twofold unwrapping of SO(3). A concrete realization of SO(3) has, in
fact, already been obtained in §1.2, namely the space SU(2) of 2 x 2
unimodular unitary matrices.* The correspondence referred to in Pro-
position (1.2.29) establishes precisely the required 1-2 relation between
the spaces SO(3) and SU(2). In just the same way, Proposition (1.2.27)
establishes the relation between the restricted Lorentz group 0'(1,3)
and its (twofold) universal covering space SL(2,C) of spin-matrices.
The fact that the topology of O',(1, 3) is essentially no more complicated
than that of SO(3) follows from a property of restricted Lorentz trans-
formations established in §1.3: every such transformation is uniquely

* From our discussion of quaternions in §1.2 we see that the topology of SU(2) is the
same as that of the space of unit quaternions. This is a 3-sphere 53 (topologically a
closed 3-ball whose boundary is identified as one point) - which, indeed, is simply-
connected.
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rotation through 27

L
twofold A —~A
unwrapping
P P W o
01(1,3) SL (2,C)

Fig. 1-14. The 1-2 relation between the restricted Lorentz group and SL(2, C).

the product of a rotation with a boost. The topology of the boost is ‘trivial’
(i.e., that of Euclidean space R3, in which the rapidities are mapped as
lengths in the relevant directions), so the topological properties of 0", (1, 3)
are essentially the same (except for dimension) as those of SO(3).* The
1-2 relation between 0'(1,3) and SL(2,C) is indicated in Fig. 1-14.

Consider now a geometrical structure (e.g., a rigid body, a flag, etc.)
in Euclidean 3-space E*, space—time, or Minkowski vector space V. Let
% denote the space of orientations Q of that structure. We have shown
how to construct a ‘spinorized’ version Q, of Q, provided the space €
is such that it possesses a twofold universal covering space €, and provided
the two different images Q,, Q Ze? of an element Q€% are interchanged
after a continuous rotation through 2n is applied to Q. For example, if
the Qs are the orientations of a rigid (asymmetrical) body in E3, % has
the topology of SO(3) and we have seen that §0\(/3) has the required pro-
perties. In the general case, the elements of ¢ may be pictured as represent-
ing ordinary geometrical structures in space (-time), but with this
additional feature, that a rotation through 2z about any axis (or any
other motion continuously equivalent to this) will send the structure into
something distinct, and a further rotation through 2x is needed to send
the structure back to its original state. The elements of € will then be
spinorial objects.** They are the required ‘spinorized” version of the
original Qs.

¥ Technically, 0',(1, 3)is of the same homotopy type as SO(3).

Although from the point of view of conventional geometry, or of everyday experience,
the concept of a spinorial object may seem strange, such objects do appear to have
aphysical reality. The states of electrons, protons or neutrons are examples of spinorial
objects. According to Aharonov and Susskind (1967), genuine spinorial objects on a
macroscopic scale are also possible in principle. Their (somewhat idealized) theoretical
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Definition of a spin-vector

We are now in a position to give the geometrical definition of a spin-
vector. For that, we take the Qs to be null flags in V, and € the space of
null flags. We must verify that this ¥ does indeed have the topological
properties required of it. Since it is four-dimensional, it cannot be topo-
logically identical with SO(3) (three-dimensional) or O' (1, 3) (six-dimen-
sional). Nevertheless, as was the case with 01(1, 3), the essential part
of its topology is the same as that of SO(3) (We have ¢ = SO(3) x R,
and consequently 7,(%)=Z,). To see this, we can think in terms of the
representation on S*. Each element Q of ¥ is represented by a point P
of S* and a non-zero tangent vector L to $* at P. We can associate a
Cartesian frame continuously (but not invariantly) with Q by choosing
the z-axis from the origin to P, the x-axis parallel to L, and the y-axis
so as to complete the frame. Such a frame uniquely corresponds to points
of SO(3). The only remaining parameter defining Q is || L| which is a
positive real number and topologically trivial, so it is seen that ¢ has the
properties required of it.

The elements of the space % are therefore the spinorized null flags,
which we identify with the (non-zero) spin-vectors of V. Each null flag
Q defines two associated spin-vectors, which we label ¥ and — k. A con-
tinuous rotation through 2x will carry x into — «. and since on repeating
the process — k is carried back to x, we have

—(—K) =K,
as suggested by the notation. In addition, there is a unique zero spin-vector,
written 0, which does not correspond to a flag. It is associated with the
zero world-vector, which is its ‘flagpole’, but no ‘flag plane’ is defined.

The pair (£, 7) may genuinely be thought of as components for x.
Spin transformations applied to (£, ) will correspond to active motions
which carry x about the space V. A continuous rotation of k through 2n
corresponds to a succession of spin transformations acting on (&, #) which
end up with (— ¢, —#). Thus (— &, — ) will in fact be the components of
— K, as the notation implies.

apparatus involves splitting wave functions of a large number of electrons between
two containers A, B which fit together in a unique relative orientation. When together,
a current flows from A to B, but after they are separated, and B rotated relative to
A through 2=, the current then flows from B to 4 when they are re-united. After
a further relative rotation through 2= the original direction of the current from A
to B is restored. A corresponding effect on the scale of single neutrons in a split beam
has actually been observed experimentally. (Bernstein 1967, Klein and Opat 1975,
Rauch et al. 1975, Werner et al., 1975.)
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Spinor structure

Before proceeding to a detailed discussion of the basic operations on spin-
vectors, we briefly consider how the above arguments are affected by
the global topology of a general curved space—time manifold .#. The topo-
logy we have been concerned with until now arose from local considera-
tions in space—time. (For example, we discussed the topology of the space
of null flags at one space—time point.) But certain space-time manifolds
themselves have a non-trivial (i.e. non-Euclidean) topology, which must
be considered together with local topological properties. Indeed, the
question arises of what restrictions to put on a manifold for it to allow
objects like spin-vectors to be defined globally.

We shall not, at this stage, enter into the precise definition of a space—
time manifold, beyond saying that locally its structure is that of Minkowski
space —i.e. it has a Lorentzian metric—and that it is an ordinary (i.e.,
Hausdorff, paracompact, connected) C* 4-manifold (see Chapter 4 for a
definition of these concepts).

To fix ideas, let us consider a space &, each point of which represents
a null flag at a point of .#. This space is called the null-flag bundle of 4.

—
I
i
I
~—

. ¥
j)_ P S 7

JULL
s

Fig. 1-15. The null-flag bundle ¥ of .#, and its twofold covering space, the spin-
vector bundle £
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(See Fig. 1-15 and ¢f. §5.4.) It is an 8-dimensional space, since .# itself
is 4-dimensional, and the space %, of null flags at any one point P of
A (previously denoted by ¥) is also 4-dimensional. The null flags at
P are thought of as structures in the tangent space (¢f. Chapter 4) at P -
which is a Minkowski vector space. Now, already for the existence of
&, there are two global restrictions on .#. In the first place, null flags
are associated with only one of the two null half-cones in the tangent
space at P, namely that labelled future-pointing. Thus it is necessary to
be able to make a consistent continuous choice, over the whole of .#,
of null half-cones. In other words,

M must be time-orientable. (1.5.1)

In the second place, the algebra for spin-vectors requires a choice of space—
time orientation at each point, since multiplication by e'’ must rotate the
null flags in a particular sense. That this requires a space—time orientation,
rather than a space orientation, can be seen from the fact that the positive
rotation of the null flags assigns a positive orientation to S*, and, corres-
pondingly, a negative orientation to S~ (¢f. §81.2, 1.4, 3.2) We must there-
fore be able to make a consistent continuous choice, over the whole of
M, of a space—time orientation. Thus,

M must be space—time-orientable. (1.5.2)

But if we want to pass from the concept of null flag to that of spin-vector,
these two global requirements on .# are not sufficient. .# must also permit
a spin structure* to be defined on it, which means, roughly speaking, a
prescription for keeping track of the sign of a spin-vector not only if we
move it around at a fixed point of .#, but also if we move it around from
point to point within .#. If .# is topologically trivial, this spin structure
exists and is unique. But if topologically non-trivial, .# may or may not
permit a consistent spin structure, and if it does, the possible spin structures
may or may not be unique. It turns out, generally, that (assuming (1.5.1)
and (1.5.2) hold} the conditions on .# for existence and uniqueness of
spin structure depend only on the topology of .# and not on the nature of
its (Lorentzian) metric. We shall see shortly (¢f. (1.5.4); also (1.5.6)) the
precise topological condition on .# that is required.

In accordance with our earlier discussion, we require % to possess

* It should be emphasized that the question of the existence of spin structure on a
manifold .# is not the same question as that of the existence of certain (e.g. non-
vanishing) spinor fields on .#. The latter is analogous to the question of whether there
is a non-vanishing vector field on a 2-sphere. But without spin structure, the very
concept of a global spinor field does not exist.
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an appropriate twofold covering space %, which will in fact be the space
of spin-vectors on .#. (Unlike the universal covering space, a general
covering space need merely be connected and map to the original space
so that the local topology is preserved and the inverse map of a point
is a discrete set of points.) %’ must be ‘appropriate’ in the sense of reducing
to 9':,,. the universal covering space of %, above each point P of .#.
We might expect that the universal covering space & of & will normally
achieve this (i.e, #' = %), but since the complete ‘unwrapping’ of %
also involves unwrapping .#, this may not be what is required. Moreover
the situation is more complicated than this. We shall find that in fact there
are two somewhat different obstructions to the existence of %’ which can
occur. The first of these can arise whether or not .# is simply-connected,
while the second occurs only for non-simply-connected .#.

To investigate this, let us examine closed loops in &, and their pro-
jections to .#. A projection from & to .# maps each flag at P to the point
P; thus the whole of each # , maps to the single point P. (See Fig. 1-15.)
Any path in F projects to a path in .#; a closed loop in F evidently
projects to a closed loop in .#. Each path in # corresponds to a motion
which carries a null flag around in .#, and which finally returns it, in
the case of a closed path, to the starting configuration. The projection
simply describes the motion of the base point in .#.

A loop in # that lies entirely in % ,, for some fixed P, projects to a
‘trivial’ loop (the point P)in .#. As we have seen earlier, there are precisely
two classes (I and II) of closed loops in % ,. The first kind of obstruction
that can arise when the topology of .# is suitably non-trivial is that these
two classes can become united into one, which means that class I (i.e.,
nonshrinkable) loops in any one %, after being deformed within &, can
return to # , as class 1I (i.e., shrinkable) loops. In that case spin-vectors
could not exist on .. For suppose they exist, and consider a class I
loop A in a given %, which consists simply of a 2n-rotation of the flag
plane of some given null flag, and which therefore sends the corresponding
spin-vector k into — k. Every closed loop in # into which A can be trans-
formed continuously, carries a nonzero spin-vector continuously into
its negative. But if A can be continuously moved to become a single point
on %, we find that the spin-vector must equal its negative. Hence .#
does not admit a spin-vector concept.

Now assume that this first kind of obstruction is absent. Then a second
kind of difficulty can sometimes arise when .# contains an unshrinkable
loop y,1.e., when .# is not simply-connected. If a null flag is carried around
y to its starting position P, a corresponding spin-vector ¥ would have to
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be returned either to its starting value or to — k. Accordingly we must
choose between these two alternatives. If y is such that no multiple my
(i.e., y traversed m times) is shrinkable to a point, then both choices are
equally valid, but lead to different spin structures for .# (assuming that
spin structure is not ruled out for other loops). The choice between the
two alternatives is then part of the definition of what shall be meant by
spin-vector. Once the choice is made for y, it determines the choice for
all loops in # which can be projected to y or to loops deformable to y
through .#.

Next suppose that y is such that some odd multiple my of it is shrinkable
to a point within .#. Then for any loop A in # that projects to y, m4 is
deformable within # to a loop in one # , — following the deformation of
my within .# to a point P. If that final loop in % is of class I, then, by
continuity, a spin-vector kx taken around mA must go to — «; if of class
I1, such a ¥k must go to k. Since m is odd, this fixes 4 as taking x into —k
or k respectively, without ambiguity.

Finally, it may happen that while no odd multiple of 7 is shrinkable,
some (smallest possible) even multiple 2ny can be shrunk to a point. Then
one of two things can happen. The corresponding loops 2nd in &, following
the deformation of 2ny to a point P in .#, may all end up as loops of class
Il in &, or else some (and then in fact all) end up as of class I. In the former
case, by continuity, a spin-vector k taken around 2ny must go into itself.
Hence either choice of x— 4 k for one traversal of A is valid, and we end
up with different possible spin structures for .# as before (unless spin
structure is ruled out for other loops). But suppose a loop 2n4 ends up
as a class I loop in % ,, requiring k— — k around 2ni. Neither choice
k+— + x around A is now consistent, and this is the second obstruction
to .# having spin structure. Unlike the first, in can only occur if .# is not
simply-connected, and, also unlike the first, it obviously disappears when
we pass to the universal covering space of .#.

Examples of space—times can be constructed (cf. Penrose 1968, p. 155,
Geroch 1968, 1970, Hitchin 1974) in which one or the other or both of
the above-mentioned difficulties occur, but which nevertheless satisfy
(1.5.1) and (1.5.2) and which in no obvious other way seem to be physically
unacceptable. The phenomenon is actually an instance of a more general
one arising in manifolds of arbitrary dimension. There is a topological
invariant, known as the second Stieffel-W hitney class, w,, whose vanish-
ing, in the case of an orientable* manifold .#, is necessary and sufficient

* The concept of orientability, for an n-manifold, is the same as has been referred to
here {and in §1.1) as space—time orientability.
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for the property

M has spin structure, (1.5.3)

i.e., for the existence of general (but still two-valued) spinorial objects
in ./ (Milnor 1963, Lichnerowicz 1968; ¢f. Milnor and Stasheff 1974).
The condition w, = 0 can be roughly stated as follows:

(1.5.4) CONDITION:

On any closed 2-surface & in the manifold 4 (of dimension n = 3) there
exists a set of n — 1 continuous fields of tangent vectors to M, linearly
independent at every point of &. If M is orientable (which, in fact, is the
condition w, = 0), we can replace ‘n — 1’ by ‘n’.

We shall show that when (1.5.4) is satisfied, for a space—time manifold
A satisfying (1.5.1) and (1.5.2) (so now n=4), neither of the above-
mentioned obstructions to spin structure can occur.

As a preliminary, we consider the rotation group SO(4) (that is, the
identity-connected component of the group of rotations in four Euclidean
dimensions) and show that, like SO(3), closed paths within it fall into two
classes I and II, non-shrinkable and shrinkable respectively, such that
double a class I path is a class II path (i.e, m,(SO(4)) = Z,). (In fact the
same holds for SO(n), for all n 2 3, but we shall not need this more general
result here) We recall the quaternions of §1.2 and remark that any given
element of SO(4) may be obtained as an action on unit quaternions ¢:

q—q=aqb (1.5.5)

where a and b are fixed unit quaternions. (This follows because §§* = g¢*
the 4-dimensional Euclidean norm, and the full dimensionality, 6, of SO(4)
is obtainable in the above way.) We have the one ambiguity

(a,b)=(_a9 _b)’

but apart from this, the pair (a. b) is uniquely determined by the SO(4)
element it represents.

Next, suppose that (1.5.4) and the orientability conditions (1.5.1), (1.5.2)
hold for the 4-dimensional space-time manifold .#. Let us imagine that the
tangent space* T, at each point P of a closed 2-surface %, in .#, is mapped
linearly to R* in such a way that the four linearly independent vectors
at P provided by (1.5.4) are mapped, respectively, to the four coordinate
basis vectors in R* (i.e., we use the four vector fields of (1.5.4) as coordinate

* See §4.1 for a precise definition of this concept.
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Fig. 1-16. The map to R*, of future null cone and null flag, provides, in continuous
fashion, a unique frame ABCD, right-handed and orthonormal with respect to the
Euclidean metric of R*.

axes at each point of ). The future null cone at P will be mapped to a
half-cone K* in R*. (See Fig. 1-16.) Just one of the principal semi-axes
of K* (with respect to the standard Euclidean geometry of R*) will be the
image, 4, in R?, of a future-timelike vector in T, (namely the axis within
K ™). As the point P moves about %, the vector 4 € R* moves continuously
with P. Now consider a null flag at P. Its image in R* will be a ‘flag’ whose
flagpole points along a generator of K* and whose flag plane is tangent
to K*. Let B be the projection orthogonal to A4 (with respect to the
Euclidean metric of R*) of this flagpole. The projection orthogonal to A4
of the flag plane contains just one direction, C, perpendicular to B (as well
as to A). Take D to complete a right-handed frame with A4, B, C, and
finally normalize all of 4, B, C, D to be unit vectors (in the metric of R*).
We thus have a continuous way of assigning a right-handed orthonormal
frame ABCD to any null flag at any point of &, i.e. to any point of # which
lies above &. We note that in this correspondence if the null flag executes
a class I [or IT] path, keeping the point P fixed, then the corresponding
frame ABCD executes a class I [or II] continuous rotation in SO(4).
(Consider a 2zn-rotation of the flag plane and then argue by continuity.)
Let us now examine our two types of possible obstruction to the exist-
ence of spinors in a space- and time-oriented space—time manifold .#.
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In the case of the merging of classes I and II, when a loop 4 in %, corres-
ponding to a 2n-rotation is deformed through & to a point, its projection
to .# traces out a closed surface . to which (1.5.4) can be applied. If the
stated frames exist on ., we can continuously describe the orientation
of our flag in terms of the frame ABCD in R* as above. Each position of
the loop in # then corresponds to a continuous motion of ABCD in R*,
the first to a 2zn-rotation and the last — continuous with the first — to no
rotation, which is impossible. Thus, if (1.5.4) holds for .#, the loop A in
& can not be shrunk to a point in &, and so that type of failure cannot
occur.

A similar argument disposes of the second possible reason for failure -
incompatibility of flag transport after 2n circuits around a loop 7, i.e. two
circuits around n = ny. By hypothesis, the loop 2ny = 25 is to be shrinkable
to a point P in .#. In the course of such shrinking, it traces out a closed
surface in .#, ‘welded together’ along the one loop . To this surface
we can apply (1.5.4), and use the representation in terms of ABCD in R*
as before to map the flags taken around 2# at various stages of its
deformation to a point. Now the obstruction in question arises if a loop
2{ in #, where { projects to n, is deformable to a loop of class I in & .
But a flag taken around 2{ in & is represented by a double motion of
ABCD and thus a class 11 loop in SO(4). If the final loop in %, were of
class I, the original class II path in SO(4) would be continuously deforma-
ble to a class I path in SO(4), which is impossible, and so this obstruction
cannot arise either.

We shall use the more specific term spinor structure (rather than the
general term spin structure) to mean that all three of the properties (1.5.1),
(1.5.2), and (1.5.3) hold. Thus, if .# has spinor structure, a spinor system
(based on null flags and spin-vectors) of the type that concerns us in this
book will exist for .#. In other words, the space &', defined above, will
exist. If ./ is simply-connected, #’ will in fact be #. (In each & ,, a path
between the two points which represent a single point in # , corresponds
to a 2n-rotation, as we saw earlier; this ensures the same property also
for #.)

But even when .# possesses spinor structure, that structure will general-
ly not be unique if .# is not simply-connected. In that case #' #+ . (For
%' must ‘unwrap’ each class I loop in each # , and no more; yet # would
unwrap also those loops that correspond to unshrinkable loops in .#.)
In fact, there are then 2* different spinor structures, where k is the number
of ‘independent’ loops in .# of which no odd multiple can be shrunk to
a point.
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Spinor structure for non-compact space—times

We end this section by mentioning without proof a very simple criterion
for .# to have spinor structure in the case when .# is non-compact (i.€.,
loosely speaking, ‘open’). In fact non-compactness follows from the very
‘reasonable’ physical requirement that .# should possess no closed time-
like curves (Bass and Witten 1957; ¢f. also Penrose 1968, Hawking and
Ellis 1973 p. 189).

(1.5.6) THEOREM (Geroch 1968)

If M is a non-compact space—time, then a necessary and sufficient condition
that it should have spinor structure is the existence of four continuous vector
fields on # which constitute a Minkowski tetrad in the tangent space at each
point of M .

The sufficiency of the condition in (1.5.6) is, indeed, evident. For the
continuity of the Minkowski tetrads implies time- and space-orientability
for .# as required by (1.5.1) and (1.5.2) —and without loss of generality
we can assume Minkowski tetrads are all restricted. Choosing a fixed
abstract (‘restricted’)Minkowski coordinate space (playing the role of R*
above, but the discussion is now simplier) we may refer each null flag in .#
to it by using the flag’s representation in the local Minkowski tetrad
provided by (1.5.6). This enables us to keep track of the parity of the number
of 2n-rotations executed by any null flag on .# and spin structure is
assured, as in (1.5.4).

We remark that for a non-simply-connected space—time the selection of
a spinor structure is fixed once a Minkowski tetrad field is chosen in ac-
cordance with (1.5.6), this choice being normally topologically non-
unique. But even when .# is simply-connected, topological non-unique-
ness in the Minkowski-tetrad field may occur. An instructive example is
the Einstein static universe (to be discussed in more detail in §§9.2, 9.5),
for which .# has the topology S* x R (with R corresponding to the
time-direction). A 3-frame at any point of $* may, for example, be carried
into a continuous field of 3-frames all over S? either by right-translation
(given by the motions of §* to itself defined by the quaternionic trans-
formations (1.5.5) of the special form ¢+ § = ¢b) or by left-translation
(given by those of the special form ¢+ § = agq). These are topologically
inequivalent even though they give rise to the same (unique) spin structure.

We have remarked that the non-compactness assumption required for
A in Theorem (1.5.6) is very desirable on physical grounds. There are also
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rather strong reasons for believing that physical space—time should actually
possess the global requirements of spinor structure. Time-orientability may
be regarded as strongly suggested by the time-asymmetry of statistical
physics which apparently assigns, on a reasonably local level, a time-
orientation everywhere throughout physical space—time. Space-
orientability would likewise follow from the (seemingly universal)
reflection-asymmetry of weak interactions (P-noninvariance) and of K°-
decay (CP-noninvariance) which apparently provide a natural space-
orientation throughout space—time (see footnote on p. 4). Finally, the
existence of spinor fields in physics seems to imply that physical space—time
should possess spin structure (see footnote on pp. 46, 47). Hence the
existence of globally defined restricted Minkowski tetrad fields would
appear to be physically assured by Theorem (1.5.6).

1.6 The geometry of spinor operations

As we have seen, every null flag in Minkowski vector space V defines a
pair of spinorial objects, namely the (non-zero) spin-vectors k¥ and —x.
With the help of a Minkowski coordinate system we assigned two complex
components (£, n) to k. Let us now write
E=k°% np=x«'

Similarly, if @ is some other spin-vector we can denote its components by
(w® w!), etc. Now, we shall be interested in operations between spin-
vectors which have geometrical (and therefore coordinate independent)
meanings. But we saw in §1.4 that any passive Lorentz transformation (i.e.,
change of Minkowski coordinate system) corresponds to a spin-
transformation applied to the components (&, ). Thus operations between
spin-vectors, when written as relations between components, must be
invariant under (passive) spin-transformations.

Let &  denote spin-space, i.e., the space of spin-vectors, and C the field
of complex numbers. There are three basic operations on & to be consi-
dered. These are
(1.6.1) scalar multiplication: C x & —» &,

i.c., given 1eC and k€S, we have an element lkeS';
(1.6.2) addition: @' x S > &,
i.e. given k, o€ S we have an element ¥k + weS;
(1.6.3) inner product: S x & - C
i.e. given k, we S we have an element {x, w}eC.
Representing each spin-vector by its components relative to some
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given reference system, we can define these three operations, respectively,
by:

A, 1) = (Axc®, Axch), (1.6.4)
(k% kY + (0% w') = (k% + 0°, k! + w'), (1.6.5)
{(x% k"), (0% 0"} = Koo' — k' 0°. (1.6.6)

The first two of these are obviously invariant under the spin transforma-

tion . .
0 0
(5)-(2)-( 2 187
K K! y 8 J\x!

because of its linearity. The invariance of the third is easily verified:

o i is |k ° a B\(xk° o°
Ko' —klo®=| 1+ 4I= . .
k' o y 0/J\k'
0 .0
__a 'BK @ — -0,.1 1,,0
= . | = K0! — Ko,
y Ol|k' w

since ad — fy = L.
The following relations are immediate consequence of the definitions
(1.6.4), (1.6.5) (1.6.6).

Mux) = (Au)x, (1.6.8)
Ik =k, (1.6.9)
Ok =0, (1.6.10)
(— D= —x, (1.6.11)
(A + e = (AK) + (ux), (1.6.12)
K+w=0+KkK, (1.6.13)
k+o)+t=K+(0+ 1), (1.6.14)
Mx + o) = (Ax) + (o), (1.6.15)
{k, 0} = —{o, «}, (1.6.16)
Mx, o} = {ix, 0}, (1.6.17)
k+w,t}={x1+ {01} (1.6.18)
Furthermore,
{k, 0}t + {0, T} + {t,k}0 =0, (1.6.19)
as follows by Laplace expansion of
0 Kk o’
' k! w'[=0 (A=0,1)
A A A


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.002
https://www.cambridge.org/core

58 1. Geometry of world- and spin-vectors

with respect to the last row. Note the particular case of (1.6.16):
{x,x}=0. (1.6.20)

Regarding (1.6.8)—(1.6.15) as (not independent) axioms, we recognize
that € is a vector space over C. By (1.6.16)—(1.6.18) the inner product is a
skew-symmetrical bilinear form on € Relation (1.6.19), together with

{k,0} #0 forsomexk, weS, (1.6.21)

implies that the vector space is two-dimensional. For, if ¥ and o satisfy
(1.6.21), neither can be a multiple of the other (by (1.6.20) and (1.6.17)), so
the dimension is at least two; then (1.6.19) shows how to express an
arbitrary spin-vector t as a linear combination of the two spin-vectors
x and o.

With the aid of the inner product, we can readily obtain the general
representation of a spin-vector in terms of components. We choose any
pair of spin-vectors ¢ and 7 (omicron and iota) normalized so that their
inner product is unity:

{o,1} =1=—{1,0}. (1.6.22)

We call the pair 0,1 a spin-frame. The components of a spin-vector « in
this spin-frame are*

K®={K,1}, k'= —{x 0} {1.6.23)
Thus, from (1.6.19), (1.6.22) and (1.6.16) we get
k=K% + k1. (1.6.24)

The components of o are (1,0) and those of ¢ are (0, 1). Now, if we start
from (1.6.24) and (1.6.22), then we can directly re-obtain the expressions
(1.6.4), (1.6.5) and (1.6.6) for scalar multiplication, addition and inner
product. A passive spin transformation (1.6.7) is achieved when the
spin-frame o,1 is replaced by another spin-frame 4,7 The particular
spin-frame which gave the representation of spin-vectors by components
(&, n) according to §§1.2 and 1.4, is related (¢f. Fig. 1-17) to the given
Minkowski tetrad (¢, x, y, z) as follows (¢f. (1.2.15), (1.4.14)): the flagpole
ofois (t+ z)/ \/ 2 with flag plane extending from this line in the direction
of x; the flagpole of 1is (¢ — z)/\/2 with flag plane extending from this line
in the direction of — x; the relative signs of the spin-vectors are defined by
the fact that o is rotated into 1 by a continuous rotation about y in the
positive sense through an angle n (and hence the same rotation sends
1into —o).

* Expression (1.6.23) looks a little more natural in terms of the ‘lowered indices’ that
we shall introduce later. For, we shall have k, = — k', k, = k°.
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t

Fig. 1-17. The standard relation between a spin-frame o, rand a (restricted) Minkows-
kitetrad t, x,y, 2.

The geometry of inner product

We conclude this chapter by giving geometrical interpretations of each of
the three basic operations on spin-vectors. (Readers less interested in this
geometry may pass directly on to Chapter 2.) The first operation, namely
scalar multiplication, has already been dealt with in §1.4. Let us recapitu-
late the conclusion here. The spin-vector Ak is obtained from x by keeping
the flagpole direction fixed, multiplying the extent of the flagpole by the
factor A1 and rotating the flag plane in the positive sense through an
angle2arg A.

Next let us consider the inner product (since this turns out to be rather
simpler than addition). To begin with, the modulus of {k, ) is just 27+
times the spacelike interval between the extremeties of the flagpoles. For
if K is the flagpole of x and W that of @, we have, using coordinates as in
§1.2,

K- W|
={(K°+ K- (W + WH{(K° - K> — (W° — W3)}
—{(K'+iK}) - (W +iW3H}{(K' —iK?) — (W' —iw?)}
= 2(k°k° — 0°@)(k'k! — 0 @) — 2k — W) (K'K® — ')
= = 2x%0' — k'0) (k0" — k'w’) = =2|{x, 0}|% (1.6.25)

It remains to interpret arg{k, ®}. This is most easily done in terms of
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Fig. 1-18. Stereographic projection, from S* to the Argand plane, of the point pairs
representing two spin-vectors.

the sphere S*. Let the point P of S* and the tangent vector L to S* at P
represent +x as in §1.4. Similarly, let Q and M represent +w. Choose
P =P(g), Q' = Q'(c)on S* with

1 1 —
L=1im-PP, M=1lim-QQ (1.6.26)
e~0 & e~0¢€
as in (1.4.9). Let P, Py, Q,,Q,,L,, M, be the respective projections of
P,P',Q,Q', L,M in the Argand plane (¢f. Fig. 1-18). Representing vectors
in the Argand plane by complex numbers, we have:

0 0

POy e — =, (1.6.27)
o' «!
L,= 1im11?0_13;)«»;1 .y (1.6.28)
e=+0 & \/§(K1)2 ’

1=
M, =lim-Q,0, <

e—08& \/E(wl)Z

{K, 0} =3B~ oy~ ) (1.6.30)

and therefore 2arg {x, } is minus the sum of the angles that L, and M,
make with P_OE;. Since stereographic projection is conformal, these
angles are the same as the corresponding angles measured on the sphere
S* (although the sign of each angle is reversed since the projection
reverses the orientation of the surface). Now the straight line P,Q,
(oriented in the direction P,Q,) is the projection of the oriented circle
¢= NPQ (N being the north pole of S¥). Thus, 2arg{x, o} (mod 27) is
the sum of the two angles (measured in the positive sense) which L and M

=7 (1.6.29)

Hence


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.002
https://www.cambridge.org/core

1.6 Geometry of spinor operations 61

Fig. 1-19. Any circie on S™ through P and Q makes the same sum-of-angles with
Land M.

make with ¢, respectively. This defines arg {k, ®} geometrically up to the
possible addition of #. Hence we have + {x,®} defined geometrically.
From the invariance of {k, @} it is clear that N must actually be irrelevant
to this construction. Indeed, it follows at once, by elementary geometry
(¢f. Fig. 1-19), that the sum of these angles is the same whichever oriented
circle ¢ we choose on S*, through the two points P, Q.

To obtain the correct sign for {x, w}, we must think of L and M as
spinorial objects rather than simply as tangent vectors to S*. Now, imagine
L moved continuously along ¢, following the orientation from P to Q
and always keeping the same angle with ¢. When L arrives at Q we expand
(or contract) L until its length is the same as that of M, then we rotate L
and M equally in opposite directions (tangentially to S*) until they coin-
cide. The angle (measured in the positive sense) that the now coincident
L and M make with c is the required value of arg {k, w}. The point of this
construction is that whereas there are two possible directions at Q along
which the vectors (and so the corresponding flags) finally coincide, only
one of these is a coincidence between the spinorial objects represented by
L and M (so that the corresponding spin-vectors coincide). It is this
coincidence that we must choose. Hence we have defined {, o}, including
its sign, geometrically.

It follows from the continuity of this construction that the resulting
value of arg {k, w} (mod 2x) is independent of the choice of ¢ through P
and Q. The same angle also results if instead of moving L forwards from
P to Q, we move M back (against the orientation of ¢) from Q to P and
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then rotate L and M at P. But if we move L from Q to P along ¢ in the
direction of the orientation of ¢ then we get the opposite sign for the value
of the inner product. (This is because taking M all the way around ¢ once,
from P back to P, would result in a sign change for the spinorial object,
this being one complete rotation of the object.) Since this is an interchange
of the roles of P and Q and L and M, we have shown {k, 0} = —{w, &},
as required also. Finally, the fact that we have chosen the correct sign for
{k.®} in the above construction follows if we examine the special case
{o,1}=1.

It is perhaps a little unsatisfactory that the geometrical definition of
{k, w} should have been carried out in such a hybrid fashion, the modulus
having been defined in terms of four-geometry and the argument in terms
of S*. It is of interest, therefore, that the modulus can also be simply
interpreted in terms of S* as follows:

PQ

'{K,w}l=W

where | L| denote the Euclidean length (= (— || L|)?) of L. To see this, we
observe, first, that this is simply (1.6.25) in the case when both flagpole
tips lie on S*, so |L|=1=|M| For the general case, we simply scale
up the flagpoles (recalling (1.6.17)) from the special case above, by the
respective factors |L|™* and |M|™* (cf. (1.4.16)). Note that the modulus
of (1.6.30) is the limiting case of (1.6.31), when S* becomes a plane.

As an alternative, let us interpret arg{x, @} in terms of 4-geometry.
Let ¢ denote the spacelike 2-plane through O which is the orthogonal

(1.6.31)

m+ 2 arg{x , w}(mod 2m)

Fig. 1-20. An interpretation of arg {k, @} in terms of 4-geometry.
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complement of the timelike 2-plane spanned by the two flagpoles. Let
U and V¥ be the unit vectors along the intersections of ¢ with the respective
flag planes of ¥ and @ (Fig. 1-20). Then the angle between U and V,
measured in the appropriate sense, turns out to be n+ 2arg{x, o}
(mod 2n). To obtain the sense in which this angle is to be measured and
also to obtain the sign of {x, @}, consider a spatial rotation (the direction
of the fixed time-axis ¢ being chosen along the sum of the flagpoles) about
the line p, in 6, which bisects the angle between U and V. If this rotation is
built up continuously to =, then, depending on the sense in which the
rotation takes place, x is rotated into @ or into —w. (For, U goes to ¥ and
the flagpoles go one into the other.) Choose the sense so that k goes to w.
That this rotation be in the positive sense about p defines an orientation
for p. The angle that U makes with the positive direction of p (measured
in the sense induced by a positive rotation of the flag plane of x about
its flagpole) is then precisely arg{x, o} — (n/2)(mod 2n).

In order to see the validity of the above prescription, we consider a
Minkowski frame with time axis ¢+ and associated Riemann sphere S™.
The points P and Q represented the flagpoles are now antipodes on the
sphere; the vectors U and V are just positive multiplies of L and M trans-
ferred to the centre. The result follows by simple geometry.

The geometry of addition

A geometrical interpretation for the sum of two spin-vectors is actually
implicit in that of the inner product. For, the relation

K+w=rt (1.6.32)

is evidently equivalent to the relation
{k,p} + {0, p} =1{1,p} (1.6.33)

holding for all peS". Similarly we could treat any linear combination in
place of the simple sum in (1.6.32). Since & is two-dimensional, (1.6.33)
needs to hold only for two non-proportional choices of p. We can take
these to be w and k themselves (assuming x and o are not proportional —
otherwise (1.6.32) reduces essentially to scalar multiplication). Thus (1.6.32)
isequivalent to

{.o} ={Kk 0} = — {1k} (1.6.34)

Taking the modulus of (1.6.34) we see, from the interpretation of inner
product, that the spatial intervals between the tips of the flagpoles of o,
x and @ + x must all be equal. That is to say, the tips of the flagpoles are
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the vertices of an equilateral triangle in space-time. As for the flag planes,
taking the argument of (1.6.34), we get

2arg{r, 0} =2arg{x, o} =2arg{r,k} = 4, (1.6.35)

say. Consider the representation in terms of S*. Let P, Q, R be points on
S* corresponding to the respective flagpole directions of x, @, T and let
L, M, N be the tangent vectors to S* at P, Q, R, respectively, which comp-
lete the representation of the flags defined by x,w,t. By our earlier
construction of 2 arg{x, w} on S*, the angles that NV and M make with
the oriented circle ¢ through P, Q and R, must sum to A. The same is true
by (1.6.35) for L and M, and for NV and L. Hence, the angles which each of
L,M and N make with ¢ must all be equal, being, in fact, either {1 or
11+ = (mod 2r), according to the choice of orientation of ¢. Thus, in
space—time terms, the flag planes of x, ® and x + @ must be equally
inclined to the circumcircle of the equilateral triangle formed by the
flagpole tips (and hence to the triangle itself).

The fact that this configuration of flags is completely symmetrical in
k, @ and x + o should not be surprising. For, the flags themselves do not
define the signs of the spin-vectors, so the flag configurationfork + o =t
is the same as for the symmetrical expression k¥ +  + t = 0. Furthermore,
both these relations are indistinguishable from « — @ = +7 if we look
at the flags only. Thus, if the flags of k and of @ are given, the above

all angles
marked
are 4\

Fig. 1-21. Construction for the sum of two spin-vectors in terms of §*. (Refer to
(1.6.36) and (1.6.37).)
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characterization for the flag of x + @ will not fix it uniquely, since it
cannot distinguish it from the flag of xk — w. However, these two flags are
the only possibilities allowed by the construction, as we shall see in a
moment.

Let us return to the representation on S* (Fig. 1-21). We assume P, Q, L
and M are given, and try to construct R and N. We first construct the
circle ¢ as the unique directed circle on S*, through P and Q, such that
L and M each make an angle 31 with ¢ (¢f. (1.6.35)). To locate R on ¢,
we make use of (1.6.31) and apply it to (1.6.34):

{7} PR | QR _PR|M|
{r,w}| 2[L|}|N[}[2[NJ}|M|* " QR |L|*
By a well-known theorem, the locus of points in Euclidean 3-space, for
which the ratio of the distances to two fixed points is constant, is a sphere.
Thus, (1.6.36) implies that R lies on a certain sphere defined by P, Q, L and
M. This sphere meets* ¢ in two points R, R'. Since P and Q are separated
by the sphere, it follows that R and R’ separate P and Q on ¢ (harmonically,
in fact). Now one of R, R’ will correspond to ¥ + o (say R) and the other
will correspond to k¥ — @ (say R’). In order to be able to pick out which of
the intersection points is R and which is R’, we need to envisage L, M and
N as spinorial objects rather than just as tangent vectors to S¥. Let us
move L continuously from P to Q along an arc of ¢, keeping the angle
which it makes with ¢ a constant (=11). When L has been brought to Q
it is expanded by the factor |M|/| L|, so that L and M coincide as vectors.
If they then also coincide as spinorial objects, R lies between the original
L and M on the arc of ¢ under consideration and R’ lies on the remaining
portion of ¢. If they do not then coincide as spinorial objects, it is R’ that
lies between the original L and M on ¢, and R lies on the remaining portion
of c.

Having located R on §*, we can define | N | by

(1.6.36)

{7, 0}
{x 0}
while the direction of NV is fixed such that N makes an angle 44 with c.
Finally, as a spinorial object, Vis defined so that: if it is moved continuous-
ly along ¢, keeping its angle with ¢ a constant, until it first encounters P
or Q; and if it is then expanded until it coincides, as a vector, with either

V] =

%_Q +
|| —PQ|L| : (1.6.37)

* The intersection of the sphere with S* is, of course, a circle. Indeed, (1.6.36) shows
that.
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\

XK+

Fig. 1-22. Two spin-vectors and their sum, represented in the Argand plane with
respect to a special frame which brings out the symmetry (1.6.38).

L or M (as the case may be); then this coincidence must also be a coin-
cidence of the spinorial objects. (See Fig. 1-21).

There are two special Minkowski frames which are convenient for
visualizing the above situation. Since we can choose any three points of
S* to occupy any three (distinct) pre-assigned positions (cf. §1.3) by a
suitable choice of frame, let us choose P, Q and R to be equally spaced
around the equator of S*. Then P, Q and R are the vertices of an equi-
lateral triangle. The vectors L, M and N are now of equal length (and are
inclined equally to the circle PQR). It is clear from the symmetry that a
rotation through 27/3 about an axis perpendicular to PQR will send the
configuration into itself. It will also have the effect:

K— —0, 0K+, K+ o—K (1.6.38)

(or the inverse of this), by virtue of the above description of the signs of
the spinorial objects (Fig. 1-22). The transformation (1.6.38) is readily
seen to be obtainable as the result of a (unique) spin transformation.
In fact, we may use this to establish the correctness of the above prescrip-
tion for the signs.

Alternatively, we may choose our t-axis so that the four points P, R’,
0, R are equally spaced around the equator of $*, forming the vertices of
a square. That is, we pre-assign P, Q and R; then by symmetry R’ takes up
the position diametrically opposite to R, since PR = QR, whence | L| = |M|,
so that PR’ = QR’. Now a rotation through n/4 about an axis perpendi-
cular to PQR achieves (see Fig. 1-23)

1 1
BNV f f

which is again obtainable by a unique spin transformation. The factor

K—0)— —o,o——(0+K),—(0+ K)—K,
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o d(xrae)

P
K

(K - o)

Fig. 1-23. Representation in the Argand plane with respect to a frame bringing out
the symmetry (1.6.39).

1/o/2 arises because now |N| = 1|L|. (That is, the t-value of the flagpole
for x + @ is just twice that for x.)

Now that we have obtained geometrical descriptions of all the three
basic spinor operations, the way is opened for a completely synthetic
geometrical definition of the basic algebra of spin-vectors. All that would
remain to be done is a geometrical verification of the basic properties
(1.6.8)—(1.6.19). We do not propose to spell this out here, and merely leave
it as an exercise for the interested reader. Some of the properties are
trivially verified, but others are rather tedious if tackled directly. It is
perhaps worth mentioning that (1.6.19) is almost immediate from the
above constructions for inner product and for addition. This property is
of help in verifying some of the others.
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2
Abstract indices and spinor algebra

2.1 Motivation for abstract index approach

In Chapter 1 we introduced the concept of a spin-vector. We saw that a
spin-vector is to be pictured essentially as a null flag in Minkowski vector
space, but with the additional property that under rotation through 2z
about any axis it is returned, not to its original state, but to another
spin-vector associated with the same null flag, called the negative of the
original spin-vector. Spin-vectors form a two-dimensional complex vector
space, called spin-space, on which a skew-symmetric inner product is also
defined. All operations have explicit geometrical, Lorentz invariant
interpretations, in space—time terms.

Later in this chapter (in §2.5) we shall develop the algebra of spinors.
The essential idea is that spinors may be constructed, starting from the
basic concept of spin-space, analogously to the way that tensors are built
up starting from the concept of a vector space. It will emerge, moreover
(in §3.1), that the world-tensor algebra of space—time is contained in the
spinor algebra. Thus spin-space is, in a sense, even more basic than world-
vector space. [t is, therefore, conceptually very valuable that spin-space has
a clear-cut geometrical space—time interpretation. For this removes much
of the abstractness which has tended to cloud the spinor concept. It shows,
furthermore, that while we shall describe spinors and spinor operations
in this (and subsequent) chapters in a largely algebraic way, nevertheless
each such object and operation will have an essential geometrical content
in space—time terms.

However, our algebraic development will by no means rest on these
geometrical interpretations. Our treatment can be made to be logically
independent of the geometrical background suggested in Chapter 1. We
shall describe the structures we are interested in by using algebraic
formulations. This would actually enable us to turn the logical sequence
around the other way. We could define the space—time geometry in terms
of the algebraic structure that we shall erect — which should seem fairly
simple and natural once the main idea is grasped. Thus, ultimately we may
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tend to regard the algebraic rules defining the spinor system as more
primitive than the (somewhat complicated) explicit geometrical construc-
tions of Chapter 1. Even the concept of a spinorial object will be effectively
incorporated by our algebraic approach. Thus it will not be necessary to
base a rigorous development of spinor algebra on the geometry and
topology described in Chapter 1. In general, we shall find that the value of
the geometrical constructs will be primarily conceptual, whereas the
algebraic method will be indispensable for detailed manipulations.

The spinor algebra that we shall build up will involve generalizations in
two different directions from the concept of spin-space that we developed
in §L.5. In the first place, it will be convenient to consider not just spin-
vectors at a single point in space—time,* but spin-vector fields. This
generalization is analogous to that which takes us from the concept of a
vector at one point to the concept of a vector field. World vectors at a
single point in a space—time are subject to the operations of addition,
scalar multiplication and inner product. Such vectors form a Minkowski
vector space, called the tangent space at the point, over the division ring**
of scalars at that point. Vector fields are subject to just the same operations.
For example, to add two vector fields, we simply add the two vectors at
each point to obtain the resultant vector field. In scalar multiplication
a vector field is multiplied by a scalar field, the value of the scalar field at
each point multiplying the vector at that point. The familiar laws (1.1.1)
for a vector space still hold for vector and scalar fields. The only new
feature which arises here is that the scalar fields do not form a division
ring, but only a commutative ring with unit. (For example, if h and k are
two infinitely differentiable scalar fields, it may be that h is non-zero only
in a region throughout which k vanishes. Then hk = O but neither 4 nor k
need be zero, so divisors of zero exist. In any case, it is clear that h™!
cannot exist if h vanishes at any point.) Because of this feature, vector
fields are not said to form a vector space, but a system called, instead, a
module, over the ring of scalar fields (MacLane and Birkhoff 1967, Herstein
1964).

In the same way, we generalize the concept of spin-space, which is a
two-dimensional vector space over the divison ring of complex numbers,
to the concept of the module of spin-vector fields. The scalars must here be

* The precise meaning of the term ‘space—time’ will not concern at here, but cf. §§1.5,
32,4.1.

** It is unfortunate that two quite distinct meanings for the word ‘field’ come into conflict
here. For this reason we are using the term ‘division ring’ for the algebraic notion of
‘field’. Our division rings will all be commutative.
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suitably smooth complex scalar fields. A spin-vector field defines a null
flag at each point of the space—time. A null flag at a point is a structure in
the tangent space at that point, this tangent space being the Minkowski
vector space of world vectors at the point. In addition, there must be
suitable smoothness in the way that the null flags vary from point to point,
and there will also be the topological requirements arising from the global
compatibility of the concept of spinorial object. All this will be implicit
in the axioms for the precise system that we shall set up. In essence, then,
our first generalization involves passage from a vector space over a
division ring to a module over a ring.

The second generalization involves passage from ‘univalent’ objects
(spin-vectors) to ‘polyvalent’ objects (spinors). This will be analogous to
the way in which the concept of a tensor is built up from that of an ordinary
vector. The construction is essentially the same whether we start with
(spin-) vectors at one point or with (spin-) vector fields. In general, there-
fore, we shall not be too explicit about which type of system we are working
with. We shall be able to develop this second generalization to a consider-
able extent before worrying about the details of the first generalization.

Classical tensor algebra

Let us motivate our discussion by recalling the basic operations of classical
tensor algebra. The latter deals with arrays

Ay, (2.1.1)
where each of the indices a,...,y, p,...,t takes values from 1, 2,...,n (the
dimension of the space under consideration being n). To fix ideas we may
imagine these to be arrays of real (or complex) numbers. Alternatively,
they could be, say, arrays of functions of n variables. However, as we shall
elaborate shortly, we should not really think of the array (2.1.1) actually
as a tensor, but merely as a set of tensor components. Furthermore, tensors
in general need not be globally describable in this way.

The permitted operations are as follows. Given two such arrays A5 7
and By Y, where the two sets of upper indices are equal in number and
the two sets of lower indices are also equal in number, then we can add
corresponding elements to obtain the sum:

Ag i+ By =G (2.1.2)
Given any two such arrays (with no restriction now on numbers of indices)
Ag ,DQ;;;{, we can multiply each element of one array with each separate
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element of the other to obtain the (outer) product array:

A3 IDY R =E3 by, (2.1.3)

Given any array F ;j'j},f with at least one upper index and at least one lower
index, we can form the contraction:

Fy-n =Gyl (2.1.4)

Here the summation convention is being employed for the repeated index
A so each element of the resulting array is a sum of n terms of the original
array. Finally, given an array 431, with p upper and q lower indices,
we can form plq! (generally) different arrays from it, by simply relabelling
the upper indices and the lower indices in their various possible orders.
For example, given the array A""” we can form arrays such as

B = A8, Ko = AYP, (2.1.5)

pT >

The elements of these arrays are, of course, precisely the same as the ele-

ments of the original array, but they are arranged in different orders.
We may ask what is the special significance of these four particular

operations. The answer is that they commute with the transformation

law for tensor compounents. Thus, if we consider a replacement of each

array by a new one according to the scheme:

A;'.;'}HA;',:‘:V 150 T¢ TV (2.1.6)
(summation convention!), where the matrices ty and T§ are made up of

elements of the same type as those appearing in (2.1.1) (e.g., real numbers),
and are inverses of one another,

tg Tg =8 (=Tjgh), (2.1.7)
then we can verify that each of the equations (2.1.2)—(2.1.5) is preserved
unchanged.

In the particular case when there is just a single upper index, we may
regard the replacement (2.1.6),

Ve Ve, (2.1.8)

as reassigning components to a vector ¥ under a change of basis*. In
the same way, we may regard the replacement (2.1.6) as reassigning com-
ponents to a tensor under the change of basis which effects (2.1.8). But
what exactly is this abstract object we have called a ‘tensor’? There are
in fact several different ways of defining a tensor. These will emerge in
our subsequent discussion. But in the present context, the most immediate

* The notation in (2.1.8) is slightly at variance with our general conventions for a

‘passive’ transformation (cf. (1.1.25)), but this should not cause confusion.
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definition of a tensor 4, once we have the concept of a vector V, is simply
that 4 is a rule which assigns to every choice of basis for our space of vectors
an array of components (2.1.1), this rule being such that whenever one
basis is replaced by another, the resulting array is replaced according
to the scheme (2.1.6); here T§is defined by (2.1.7) and t§ is such that (2.1.8)
gives the change of vector components under this basis change*. The
consistency of the definition follows from the group properties of the
t% matrices. Thus, if ££,7% and 8 are the transformation matrices corres-
ponding, respectively, to a replacement of a first basis by a second; to
a replacement of the second basis by a third; and finally, to a replacement
of the first basis by the third, then we have £7} =71.If T8, T# and T! are
the corresponding inverse matrices, then T} T® = T?. This ensures that
if a basis change is made in two stages, the resulting array of components
will be the same as if the basis change is made directly. The significance,
now, of the fact that the transformation law for tensor components com-
mutes with the operations of addition, multiplication, contraction and
index permutation as applied to arrays, is that it implies that these opera-
tions may be applied to the tensors themselves, not merely to the com-
ponents.

A tensor A is said to have valence [}1’] if there are p upper indices and
g lower indices in (2.1.1). The upper indices are called contravariant and
the lower indices are called covariant (The total number p + g of indices
is sometimes called the rank of 4. We prefer the term total valence.)
Each tensor of valence [(1)] is naturally associated with a unique vector,
namely the one whose components are identical (in any basis) with those
of the tensor. If it were not for the logical circularity that would result
because of our particular tensor definition, we could actually identify
tensors of valence [}] as vectors. (One trouble that arises with this tensor
definition is that a basis is already a set of vectors!) Let us call a tensor of
valence [}] a contravariant vector. A tensor of valence [?] is also a kind
vector. Let us call it a covariant vector or covector.** For any valence

This stated definition is adequate only if the space of vectors possesses a (finite) basis.
This will actually be the case in the situations of interest to us here, although not
obviously so in the case of globally defined fields. However, the present definition is
provisional in any case, serving mainly to motivate the subsequent discussion.

The intuitive geometrical picture of a (contravariant) vector field on a manifold is a
field of ‘arrows’ on the manifold (which we may think of as pointing from each point
to some neighboring point, defining a ‘flow’ on the manifold). A covector field, on the
other hand, defines a field of oriented hyperplane elements, each of which is assigned
a kind of ‘strength’. In the case of the gradient of a scalar, the hyperplane elements
are tangent to the level hypersurfaces of the scalar, the ‘strength’ measuring its rate
of increase.

* %k
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[Z], there is a special tensor 0 whose components are zero in any basis.
Also there is a special tensor 6 of valence [} ] whose components, in any
basis, constitute the ‘Kronecker delta’

_frifa=8p
52—{0 fatp’ (2.1.9

A tensor of valence [J] is called a scalar.

Coordinate-free tensor algebra

The definition of a tensor that we gave above is reasonably satisfactory
from the logical point of view (although there are some contexts in which
such a definition cannot be used). However, conceptually it lays rather
too much emphasis on bases and components. It leaves us with the im-
pression that the tensor concept is closely bound up with the concept of a
vector basis (or of a coordinate system). It tends also to suggest that
detailed calculations in terms of tensors will normally require bases to be
introduced, so that the calculations can be performed in terms of the tensor
components. But these impressions are false. The modern algebraic defini-
tion of a tensor (in its various guises) avoids any reference to bases or
coordinate systems. (In fact, the tensor concept has relevance also in
situations in which bases or coordinate systems need not exist in the
ordinary sense.) The emphasis in this book will be very much on such an
algebraic, coordinate-free, development. For, particularly in the case of
spinor analysis, we feel that there has been a tendency to read too much
significance into the apparent need for coordinate bases.

Asregards detailed tensorial calculations, on the other hand, the modern
algebraic approach to tensors, in the form in which it has been normally
given, has certain distinct disadvantages. The reason lies essentially in
the notation. When calculations are carried out using tensor components,
the classical tensor index notation, together with the Einstein summation
convention, is the foundation of a very powerful and versatile technique,
a technique whose utility rests in large measure on the possibility of treat-
ing the individual indices separately. But in the usual abstract algebraic
approach there are no indices, and consequently much of this versatility
is lost. In fact, it is often the case with this more abstract approach that,
when a detailed computation becomes necessary, one reverts briefly to
the description in terms of components, and re-interprets the equations
as relating abstract tensors only at the end of the computation.

To be more explicit about the difficulties confronting the abstract
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approach, let us consider how we might operate algebraically with tensors
A, B, C, ... directly, while attempting to dispense with any form of index
notation. The first of our operations, namely addition, presents no
difficulty. If 4 and B are two tensors of equal valence [ 7], then we can form
the sum:

A+B=C, (2.1.10)

also of valence [?], the components being related by (2.1.2). For each [7],
we have an Abelian group structure defined by addition, namely (all tensors
in the next four lines having the same valence [?]):

A+B=B+ A4; (2.1.11)
A+B+C=A4+B+0O); (2.1.12)
there exists 0 such that 0 + 4 = A4; (2.1.13)

for each A4 there exists — 4 suchthat 4 +(—4)=0. (2.1.14)

Similarly, outer multiplication presents no real problem. If A has valence
[?] and D has valence [] then we form the product

AD=E (2.1.15)

of valence [27 7], the components being related according to (2.1.3). Outer
multiplication assigns a (non-commutative) semigroup structure to the
entire system of tensors:

(4B)C = A(BC). (2.1.16)

(We have AB #+ BA in general, since, although the sets of components of
ABand of BA are the same, they are arranged in different orders.) Multipli-
cation is distributive over addition:

AB+C)=AB + AC, (2.1.17)
(B+ C)A =BA + CA, (2.1.18)

where B and C have the same valence.

The contraction operation whose component form is defined by (2.1.4)
again presents no real problem. If F has valence [? | ], then, denoting the
contraction operation by €, we have (¢f. (2.1.4))

¢F = G, (2.1.19)

which is a tensor of valence [?]. Contraction is related to addition and
multiplication by the two rules

%4+ B)=%A + €B, (2.1.20)
%(EF) = E%F, (2.1.21)
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where 4 and B have the same valence and where the valence of F is positive
in both upper and lower positions.

On the other hand, the apparently innocuous but essential fourth opera-
tion of index permutation presents in this approach a very serious problem.
We need the operation in order to express symmetries of tensors; we need
a special case of it in order to express the relation between AB and BA;
having defined but the one contraction operation ¥, we also need it, in
conjunction with €, in order to form the general contractions (in which
indices other than just the final ones are contracted over). It is possible
to devise special index-free notations to cope with certain simple tensorial
relations of this kind, but for generality, transparency, and flexibility,
such notations compare very unfavourably with the original tensor index
notation when expressions of any complexity occur. (The only alternative
to the tensor index notation which retains all these virtues seems to be
some form of diagrammatic notation: ¢f. Penrose 1971, Cvitanovi¢ 1976;
cf. also ' Hooft and Veltman 1973. Some suggestions along these lines are
outlined in the Appendix. Unfortunately, such notations present severe
difficulties for the printer and would appear to be appropriate mainly for
private calculations.)

Once we have resigned ourselves to this fact, it becomes clearer how
we must proceed. The tensor index notation should be retained. However,
this does not imply abandonment of our ideal of a completely basis-
independent approach. The advantages enjoyed by the abstract algebraic
and by the tensor component methods are not mutually exclusive. In
the approach that we shall adopt in the next section, the full flexibility
of the index notation will be retained, together with complete frame-
independence from the outset. The key to this formalism will lie in the
recognition that an index letter need not represent one of a set of integers
(e.g. 1,2, ..., n) over which it is to range. One may, rather, regard a tensor
index simply as a label whose sole purpose is to keep track of the type of
tensor under discussion and of the particular operations to which the
tensor is being subjected. The calculations may be performed using indexed
quantities exactly as in classical tensor algebra. But now the meanings
of the symbols will be quite different. Each indexed symbol will describe
an entire tensor, no coordinate system or basis frame being implicitly
or explicitly involved. Exactly how this is achieved will be described in
the next section.
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2.2 The abstract-index formalism for tensor algebra

A symbol V¥ say, will be taken to mean, not an n-tuple of components
(V1, V2, ..., V") but a single element of some abstract vector space or
module. It may, indeed, sometimes be convenient to choose a basis frame
and represent the vector ¥*in this basis. But then a different type of index
letter has to be employed: Bold face upright index letters serve for this
purpose. Thus, V* will stand for the set of components (V!, ..., V").
Bold face upright indices will thus be used in the conventional way, but
in general we avoid their use as much as possible. The presence of a bold
face index in an expression will signify two things. In the first place, it
indicates that a (possibly arbitrary) basis frame is implicitly involved in
the expression, in addition to all the tensors or scalars which appear
explicitly. Secondly, such indices will be subject to the summation con-
vention (¢f. (1.1.4)). As applied to light face italic indices, the summation
convention in the usual sense would be meaningless. However, contraction
(as well as the other tensor operations) will be defined on abstract tensors.
We shall define basis-free operations in such a way that it will be possible
to mirror exactly the familiar rules for the manipulation of tensor compo-
nents.

There is, however, one awkward feature that makes its appearance at the
outset, and to which one must become accustomed. In the classical tensor
notation, expressions such as V*V® or V*U® — VBU* are frequently con-
sidered. If we are to mirror this notation with abstract indices, i.e. V*V?#
and V*U# — V#U* then we need an object V¥, in addition to V*#, both of
which stand for the same vector V. Clearly, V* and V¥ must be different
objects. For if V* = V# and U* = U” were valid equations, then we should
be led to V*Uf — VPU*= V*U? — V*UP =0. Furthermore, V*=V?*
would mirror the invalid classical expression V*= V8. Thus any vector
¥ must have associated with it an infinite collection of distinct copies
Ve Ve VY, L, V%, ..., V*, ... (since arbitrarily long expressions must
be allowable). The entire module €° to which V belongs must therefore
possess infinitely many completely separate copies of itself. These we shall
denote by &% S, &7, ..., &%, ..., 3%, ... The modules will be canonical-
ly isomorphic to one another and to &, with ¥e & corresponding to
V*e@® and to V e’ etc. Thus, aV + bU = W iff* aV* + bU* = W* iff
aV® + bU? = WP, etc., where a, b are elements of &, the ring of scalars.

It will, no doubt, seem rather unnatural to need infinitely many se-
parate mathematical objects to represent what is really a single entity.

* We use the term ‘iff” in its usual mathematical sense of ‘if and dnly if’, or ‘<.
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Nevertheless, one must get used to it. But there is a slightly different way
of viewing the situation which may seem a little less unnatural. The set
of abstract labels

L={0,B,7, ..., 0,05, By 0. (2.2.1)

has an organizational significance only. Its one necessary property is to
be infinite. The vectors (or vector fields) with which we are concerned
constitute the module &°. The elements of the various sets &% &F, ...,
&%, ... are simply the elements of &' x &, with &%, for example, being
S x {&,}. Thatis to say, V= is simply a pair (V, £,) with Ve S and £, £.
Each abstract index such as ¢, is therefore just a kind of organizational
marker used to ‘store’ the vector ¥ in the ‘compartment ¢,’.

Axiomatic development

Let us now be rather formal about the rules our system has to satisfy.
By setting up axioms we shall be able to avoid tying ourselves down to
any one particular interpretation. The generality provided will be ample
for application to the particular systems that we shall need, and its should
also suffice in other contexts.

In the first place, the axioms for the set & of scalars state that it is a
commutative ring with unit. That is to say, there exist operations of
addition and multiplication on &, satisfying the following

(2.2.2) AXIOMS:

) a+b=b+a
G)a+b+c)=@+b)+c
(iii) ab = ba
(iv) albc) = (ab)c
(v) ab+c)=ab+ac
foralla, b, ceS and
(vi) there is a zero element 0€ S such that 0 + a = a for all ae S
(vii) there is a unit element 1€ S such that la = a for all ac S
(viii} for each a€© there exists an element — ac$, the additive inverse
of a, such that a+ (—a)=0.

In general, we shall not have multiplicative inverses. (For example, as
we have remarked earlier, scalar fields on a manifold can have divisors
of zero.) If a scalar does have a multiplicative inverse, then this is unique.
The additive inverse is always unique, as are the zero and unit elements.
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We now require an infinite labelling set .. We shall denote the elements
of & as in (2.2.1). Select an element « from . Then the system &* is
to be an ©-module; that is to say, an operation of addition is defined on &*
and an operation of scalar multiplication is defined from & x &* to
&°, satisfying the following axioms

(2.2.3) axioms
(i) U+ Ve=V*4+U*
(i) U*+(V*+ WH=(U*+ V*) + W*
(ili) a(U* + V*) = aU*+ aV*
(iv) (@ +b)U* = aU* + bU*
(v) (ab)U* = a(bU?)
(vi) 1U*=U"
(vii) OU* =0V~

for all aq,be @ and all U% V% W*e&* The unique zero vector OV~ is
written 0* or, more frequently, simply 0. Each V*e&* has an additive
inverse (—1)V% since V4 (=DV* =0+ (=1)V*=0V*=0. As is
conventional, we write — V* for (— 1)V* and U* — V* for U* + (— 1)V~
(In fact, axiom (i) is a consequence of (ii)-(vii). To prove this, expand
(1 +1) (U*+ V*), once using (iii} and once using (iv), equate the two
expressions and cancel the extra U* and V?, using the existence of additive
inverses. In a similar way, in (2.2.2) (i) is also a consequence of the remaining
axioms(2.2.2).)

Now select another label fe.#. Define & to be canonically isomorphic
to &% so Uf + V# and aV?* correspond respectively to U* + V* and to
aV?* where Ufe S corresponds to U*e @% and Ve & to V*e &* Thus
the same rules (2.2.3) hold for & as for &* (except that ff replaces « through-
out). For 7,9,...,¢,,...€e %, we similarly define &7, & ...,S%, ....
In any valid equation in which the label a appears (but not ) we may
replace « by f throughout and a new valid equation results. The same
holds for any other pair of elements of . The elements of each of the
sets @, &F, ..., &%, ... will be called tensors of valence [;]. The elements
of S are tensors of valence [2].

To define tensors of valence [?], we take the duals (strictly, S-duals)
of the modules &%, &, ... . The dual S, of & is defined as the collection
of all -linear mappings of ” into &. That is to say, each element Q €S,
is a map Q, : &*— & such that

QU+ V)= Q (U + Q (V) (2.24)

Q. (aV*) = aQ (V"), (2.2.5)
for all U%, V*e @* and all ae &. Thus, two elements O_, R_e&_ are equal
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by definition if, for each element V* of €% Q (V*) and R (V*) are the same
element of ©. We shall normally omit the parentheses and write Q (V*)
simply as Q_V*. We shall also sometimes write this V*Q_ . This operation
is called scalar product.

We define addition of pairs of elements of € , and multiplication of
elements of ©_by elements of &, as follows:

(Q, +RY)V*=Q V*+ R V* (2.2.6)

(@Q V> =al@,V?. 2.2.7)

Thus, for example, (2.2.6) means that Q_ + R_ is defined as that element of

S, whose effect on each V*e ©* is as given by the right-hand side of (2.2.6).

Under these operations, &, is an &-module, i.e. the seven axioms (2.2.3)

are satisfied by elements of S_(as is not hard to verify). The zero element
of € , written 0, or simply 0, is defined by 0_V* = 0 for all V*e &*.

In an exactly similar way, we define 6ﬂ as the dual of &4, &_ as the
dual of €7, etc. Owing to the canonical isomorphism between &% &4, ... it
follows that & , 613, ... are also canonically isomorphic to one another.
Thus the element Q €S, corresponds to elements Q,€S,, Q.
@y, s Q€ (5%, ..., where, for any V%,

QY =QVP=QV = =0 V= 228)

(Note that as yet we cannot write expressions such as Q,V* because the
elements of ©_ do not operate on those of &) As before, in any valid
equation in which just one index label appears, we may replace this label
throughout by any other and a new valid equation results.

A natural question to ask at this stage is whether the relation between
@* and &_ is symmetrical. That is to say, is &* effectively the dual of
@, ? It is clear from (2.2.6) and (2.2.7) that any element V*€ & does define
an S-linear map from &, to &, given by V¥Q,):=Q V* However,
it is not clear that all S-linear maps from &, to € can arise in this way.
Nor is it clear that knowledge of the map will fix ¥* uniquely (or, equiva-
lently, that W*e @ and W*Q_ =0 for all ¢ e S implies W* = 0). In fact,
if ©* is a general module over a general commutative ring S with unit,
then neither of these desiderata need be true*. However, the modules

* For example, choose S to be the C* functions on a manifold, but choose for S* the
C° (contravariant) vector fields. Then the dual, S,, of & contains only the zero
element, for there are no other covector fields which when operating on an arbitrary
C° vector field always yield a C* scalar field. Thus Q,V* = Q,U%(=0) for all U?,
V*e@*, Q.€$,, even when U* # V* On the other hand, if © is the ring of constants
on the manifold and &* the C*® contravariant vector fields, then &, contains various
distributional forms (of compact support), and its dual turns out to be much larger
than &%
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that we are concerned with here all have the property that &7 is in fact
naturally isomorphic to (and therefore identifiable with) the dual of &,.
Such a module is called reflexive. Later, when we allow ourselves to
suppose the existence of a finite basis for &%, the reflexive nature of the
module €* will be a consequence. However, for the moment we shall
simply assume that S is reflexive. In fact, we shall shortly have to assume
a stronger restriction on &*—that it be rotally reflexive (a concept we
shall define presently). This again will be a consequence of the existence
of a finite basis. It is possible that the type of notation we are introducing
here is really useful only in the case of totally reflexive modules.

Tensors

We next define tensors of general valence [#]. In fact, we shall give two
different definitions giving rise to two different concepts of a tensor. It
is the condition that these two different tensor concepts coincide that
fixes ©* as being totally reflexive. In §2.3 we shall show the equivalence
of these definitions to that given in (2.1.6) when a finite basis is assumed to
exist.

The first coordinate-free definition of a tensor is the multilinear map
definition (type I tensor). This is perhaps the most natural extension of
what has gone before. Choose any two disjoint finite subsets of the labelling
set &, say {a, B,...,6} and {4, ..., v}, of respective cardinality p and gq.
Then we define a tensor A%-,* (of valence [#]) as an S-multilinear map:

AP0 x S, x - x G, x B x - x B> 3. (2.2.9)

This means that to each selection Q €@ , Rﬂeeﬂ, s Tee,, U'e
&4, ..., W@, the type I tensor A% assigns a scalar

AP0, Ry, T, U L WYEG, (2.2.10)

this function being separately S-linear in each variable, i.e.,
AL AaQ,, ) =adP Q.. ) AT aW) = adP AL W)
(2.2.11)
for all ae € and
1 2 1 2

APAQ +Q,, )= A%HQ,, )+ AFQ,, ), (22.12)
with corresponding properties holding for each other of the variables
R;, ... W' We siall write (2.2.10) simply as

AP PQR, . T UM WYeC. (2.2.13)

-V

The set of all such tensors 4% we denote by S%#°. Note that this defini-

v
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tion coincides, in the case of &, with the one already given, and trivially
coincides, in the case of S, with the definition of a scalar. In the case of
&%, the definition gives us back, in effect, the original module &, by virtue
of the assumed reflexiveness.

We now give the second coordinate-free definition of a tensor (type 11
tensor). Again select any two disjoint finite subsets of &, say {a, 8, ...,5}
and {4, ...,v}, not both empty. Consider all formal expressions which are
finite (commutative associative) sums of formal (commutative associative)
products of elements, one from each of &% &F ... ,&°,&,...,S .
We can write such an expression

Mo i i
BY2=% G*H...J’L,...N,. (2.2.14)
i=1
However, not all such formal expressions are to be regarded as distinct
even if formally distinct. The criterion for equivalence of two such expres-
sions is that it be possible to convert one into the other by means of
relations of the form

(XE+YHCP...EE=XC?...E*+ Y°C* ...E° (2.2.15)
and
(gX9)Y"C?...E*= XY qY"C*...E', (2.2.16)

where the commutative and associative nature of sums and products
may, of course, also be made use of. The formal expressions (2.2.14), under
this equivalence relation, are the type Il tensors.*

Any type II tensor defines a type I tensor by giving a multilinear map
asfollows:

B 2Q.R, ... T, U ... W=} (G°Q)H’R))...(J’T)(L,U") ... (N W"),
i=1 (2.2.17)
the right-hand side of which clearly belongs to & (the sums and products
being now the ordinary operations (2.2.2) defined on & and the bracketed
factors being the scalar products (2.2.8)). This clearly defines an &-
multilinear map. It is also clear from (2.2.4)—(2.2.7) that any two such ex-
pressions, which are equivalent by virtue of (2.2.15) or (2.2.16) or the
commutative and associative nature of the sums and products, will give
rise to the same multilinear map. Thus it is clear that to any type 1l tensor
there corresponds a unique type I tensor.
¥ This definition may seem formal and non-intuitive. However, apart from certain
differences arising from our use of an abstract labelling system (which allows our

tensor products to be formally commutative), this is essentially the modern ‘tensor
product’ definition of a tensor, which can be applied to a completely general module.
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Itis not clear, on the other hand, whether all type I tensors are obtainable
in this way, nor is it clear whether any two type I1 tensors which are distinct
(inequivalent under (2.2.15) and (2.2.16)) will necessarily give rise to
distinct type I tensors. Indeed, neither of these desiderata holds true for
a general (reflexive) module €. However, we shall henceforth assume that
&* is totally reflexive. This means that every type I tensor does arise in
this way from a type II tensor and, secondly, that it arises in this way from
exactly one type 1l tensor. To put this another way, our assumption that
&*1is totally reflexive means that the two types of tensor are equivalent. We
shall see later that a sufficient (but by no means necessary) condition for
total reflexiveness is the existence of a finite basis for S*.

It may be remarked that reflexiveness is a part of total reflexiveness.
The elements of ‘S%, if regarded as type I tensors, would actually belong
not directly to the original module &%, but to the dual of &,. On the other
hand, the elements of the original module &* are directly type Il tensors.
Thus, for these two types of tensors to agree, S* must be reflexive.

The criterion of equivalence between formal expressions (2.2.14) that
was adopted for type II tensors is a little awkward to handle directly,
especially if we wish to prove that two type Il expressions are not equiva-
lent. The assumed total reflexiveness of S* now gives us an alternative and
simple criterion for the equivalence between expressions (2.2.14). This
is that two such expressions are equivalent if and only if for each Q€
S,, ReC,, ..., TeC,, U'e@* ... ,W'e@", the two corresponding
right-hand sides of (2.2.17) are equal.

Tensor operations

We now come to the tensor operations of addition, outer multiplication,

<230

index substitution and contraction. Addition is a map: &% x &3
6‘;:‘3,, for each pair of disjoint subsets («, ..., 0) and (4, ..., v) of &, where
the sum A%% + B%% can be defined in an obvious way using either of
our definitions of a tensor. If we use the type I definition, the sum is just
that multilinear map: &, x --- x &' — &, whose value is the sum of those
defined by 4 and by B If we use the type Il definition, we simply
express each of A and B in the form (2.2.14) and formally add the two
formal sums. It is clear that these definitions are equivalent to one another,
that the sum is the same as the one already defined in the cases &, &%, & _,
and that

-
v

A+ By = By + AT (22.13)
A+ (B + O3 = (A3 + By + Oy (2.2.19)
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Outer multiplication is a map: &% x &7 —> &% for each
quadruple of disjoint subsets (o, .. ) (A (8, T (D .. ) of
. The product A%- ‘5D , can again be deﬁned in an obvious way using
either definition of a tensor If we use the type I definition, we can define
the product to be that multilinear map: &, x --- x ¥ — & whose value
is the product of those defined by A - and by D .(The reason for requiring
the index sets to be disjoint in the case of outer multlpllcatlon and identical
in the case of addition is, in this context, that otherwise we do not get a
multilinear map.) If we use the type II definition of a tensor, then to define
the product we simply multiply out the corresponding formal sums (2.2.14)
formally, using the distributive law. It is clear from (2.2.17) that these
definitions are equivalent to one another. Also, the relations

Aa'mD _DP Aa (2220)
Ay (DG ES) = (Ai...Dizi:)Eézzz, (2221)

and
(A5 + ByD = A5 Dy + By Dy 222)

follow readily using either definition.*

It may be remarked that the notation used in the formal sum of formal
products (2.2.14) is consistent with the above. That is to say, we may regard
(2.2.14) as a sum of outer products. This again follows at once using either
definition.

A particular case of outer multiplication occurs when one of the factors
is a scalar. Then we obtain an operation of scalar multiplication on each
set €32, This, together with the operation of addition, gives each 32
the structure of an S-module (cf. (2.2.3)); for, the required properties
additional to (2.2.18)—(2.2.22), namely

145 = A5 (2.2.23)
and
043 =087, (22.24)
are obvious. We denote 04%° by 07° or, more usually, simply by 0.
Note that

[ Y: IO OB L dove . A%
AF 05 =05 AT+ 0T = A5 (2.2.25)
The fact that outer multiplication is commutative in the sense (2.2.20) is a particularly
pleasant feature of the abstract index approach to tensor algebra. In the standard
algebraic ‘index-free’ formalism, tensor products are non-commutative: A® D #

D ® A; the relation between the two expressions A®D and D® A being rather
difficult to express In our notation, the non-commutation of tensor products reads:
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In the cases of &, &% and &, scalar multiplication agrees with that
already given.

Index substitution is a map: &% — IR defined on each & and
induced simply by some permutatlon of the labelling set £ (som,...,tand

, 6 must be equal in number, and ¢, ..., ¥ and 4, ..., v must also be
equal in number but {«, ..., 5,4, ..., v} and {r, ..., 7, ¢, ..., ¥} need not
be disjoint). By itself this operation is quite trivial. Any equation will
simply have an equally valid analogue obtained by relabelling the indices.
Clearly any index substitution commutes with addition and with outer
multiplication.

In the particular case when the «, ..., are permuted among themselves,
and similarly A,...,v are permuted among themselves, we get a map
%% — &%-2 which is referred to as an index permutation.* Applying it
in conjuncuon with the operation of addition, we can define symmetry
operations. For example, given A4,;€ €,; we can define another element
B,; = A;,€S,;- Then the symmetric and anti-symmetric parts of 4,4 are,
respectively, }(A,; + Ap,) and A,z — A;,). Thus, when combined with
addition, for example, index substitution ceases to be trivial.

(f,)-C ontraction is a map: 6;::’35 — ©%4, defined for each pair of disjoint
subsets {a,...,0}, {4,...,v} of &, the two elements &, n of & belonging to
neither subset. We must use the type II definition** of a tensor. Let

A== S e GOHEL,... NP e@i5 (2.2.26)

A.ovnt
i=t

Then we define the (fl)-contraction of A~ by

A% = Z (PHYD ... GL, ... N, e S, (22.27)

i=1

If we absorb the scalar Il’(lLlI ‘into one of the other vectors in the product,
then we have an expression of the required form (2.2.14). It clearly does not
matter which vector, because of (2.2.16). It remains to be verified that any

* We do not need to permute the indices on the symbol &% since this set is invariant
under index permutation. It is the pair of unordered sets {a,...,5}, {4,...,v} which
fixes ©%-%. On the other hand, for each tensor symbotl A’ ‘ , the ordermg of the
indices is significant. Thus &%-%* = @22 but A% + A“’ in general.

** The reason we cannot use the multllmear map deﬁnmon dlrectly in order to define
contraction is that it would give us a contraction concept also in systems (not totally
reflexive) in which such a concept does not exist. For example, if &* were an infinite-
dimensional vector space over a division ring &, then a ‘Kronecker delta’ ¢ would
exist as a bilinear map (2.2.41). However, no contraction 8% could exist since we would
need d2 = oo, the dimension of the space.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.003
https://www.cambridge.org/core

2.2 Abstract-index formalism 85

two expressions (2.2.26) which are equivalent under (2.2.15) and (2.2.16)
will give rise to equivalent® expressions (2.2.27). In fact it is readily seen
that this is the case by referring back to (2.2.15) and (2.2.16) and using the
linearity of the scalar product where required.

There is no significance in the fact that the contracted indices of A: have
been written as its final upper and lower indices. The contraction operation
applies equally well whichever upper and lower index are selected. (We
could for example, define B}5) = 435 then B, = A5 1% Also, by
(2.2.8), the ‘dummy’ index { in (2.2.27) could equally well have been any
other element of .# (for example # or £) which does not appear among
o ...,0,4,...,v. Thus

AT =A% = (2.2.28)

A.vE
It is, furthermore, clear from the definition that the order in which two
successive contractions are performed is immaterial. Thus we can un-
ambiguously write A} 7% for the ())-contraction of A} 7% or for the
()-contraction of A5 207, It is also immediate from the definition that

(;)-contraction commutes with addition:
AL = B9 4 C% implies A%% = BL% 4 C%;(2.2.29)

A..vg A...vg A...vp AL AV ALl
and, in the appropriate sense, with multiplication:

Afopet = B0 Chie implies A5 = By iCh i, (2.2.30)

A.ve. Al LYl
of which scalar multiplication is a special case:
et __ Tl . . el ot
A =bCh - implies Af - = bClh 0. (2.2.31)

Also (5)-c0ntraction commutes with any index substitution not involving
¢ or n. Finally, it is clear that any index substitution applied to two indices
which are subsequently contracted will not affect the result of the
contraction.

Observe that these tensor operations allow us to build up tensor expres-
sions, with indices, which are exactly analogous to the expressions of
classical tensor algebra, but now the indexed symbols stand for actual
tensors instead of for sets of components of a tensor, no basis frame or
other coordinate system being involved. We can tell to which set - a
tensor belongs by simply examining its indices. As in the classical tensor
notation, repeated indices are paired off, one upper and one lower. The

* Strictly speaking we should also have explicitly checked this for the other tensor
operations, whenever the type II definition of tensor was employed. However, there
we always had the type [ definition to fall back on. In each case the verification that
equivalence under (2.2.15) and (2.2.16) is preserved is quite trivial and does not require
total reflexiveness.
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indices which remain unpaired then serve to define the type of the tensor,
i.e. the set & to which it belongs. For this reason we shall frequently omit
indicating the particular & to which a given tensor belongs, the indices
themselves adequately serving this purpose.

It should, however, be pointed out that there are certain expressions
which it is legitimate to write using the present notation, but which do not
correspond to normally employed classical tensor expressions. The
simplest of these would be an expression of the form U%Q,V?); this is the
product of U* with the scalar Q, V* The use of parentheses is of course
necessary since

UHQ,V*) # (U*Q)V*, (2.2.32)

but the notation is consistent (as it would also be on the classical interpreta-
tion) as long as the parentheses are retained. However, to avoid possible
confusion we shall normally rewrite such expressions in a form more in
keeping with the classical usage. Thus (2.2.32) can be rewritten

U*Q, VP + UPQ, V™, (2.2.33)

which is more economical in any case. An expression such as (Q,V%)?,
on the other hand, is more economical then QaV“QﬂVﬂ and is perfectly
legitimate.

An outer multiplication followed by a contraction (or contractions)
across the two elements involved is sometimes thought of as a single
operation called contracted (or inner) product or, sometimes, transvection.
(This last term is normally used when a verb is required : ‘transvect through
by ...".) Thus we have a product (outer or inner) defined between any two
tensors, provided only that the two sets of upper indices have no letter in
common and the two sets of lower indices have no letter in common. For
example, if A)%5€ G;gﬂ and Bi'y’e &2 the product is a contracted product,

A%sBY, an element of &5 . Contracted product is clearly commutative
and distributive over addition. One has to be careful about the associative
law, however, when considering contracted products of three or more
tensors. If no index letter appears more than twice (once as an upper and
once as a lower index), then no trouble arises and the product is associative.
Otherwise an ambiguity arises, of the type encountered in (2.2.32). For

example,
(AFas BI)CT # (B C) (2.234)

v
in general. We can (and normally would) avoid the use of parentheses by
replacing the two ys inside the parentheses (on both sides of the equation)
by some other letter, say (, as in (2.2.33).
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It should be remarked that the notation employed in (2.2.13), for the
multilinear map defined by a tensor, is consistent with this notation for
contracted products. This is readily seen if we refer to (2.2.17): the outer
product of B> with Q_, ..., W¥ may be performed first, if desired, and the
contraction afterwards. Thus, the multilinear map defined by a tensor is a
special case of a repeated contracted product.

Some useful properties of a totally reflexive ©°

The condition that &* is totally reflexive has a number of important and
pleasant consequences. In the first place we have:

(2.2.35) PROPOSITION ;

The dual of the S-module S5 may be identified with S}, the required
scalar product being contracted product.

Proof: It is clear that any element Qiz::;e Gﬁzr; defines an S-linear map
from &3-7 to &. (For, Q3 (U  + Vi) =0, Ui+ Q- Vi~ and
Qr(@Vsy=a(Ql- Vi), by (2.2.22), (2.2.29), (2.2.30), (2.2.21), (2.2.20).
What has to be shown is that every S-linear map from €57 to & is
obtainable in this way by means of an element of &%) which is unique.
For this we invoke (2.2.14) for the elements of €57, i.e., we express these
elements as sums of outer products of vectors. Any S-linear map from
&% to & is thus defined in terms of its effect on those elements of S57
which happen to be outer products of vectors. This effect must, indeed,
be an S-multilinear map from &*x -+ x &' x €, x --- x &, to &. Sucha
multilinear map is achieved by a unique tensor Q%7€ &}, so the result
is established.

It is often useful, when stating general propositions about tensors, to be
able to ‘clump together’ a set of indices and write them as a single composite
index. We shall use script letters to denote a general such clumping. We
allow both upper and lower indices to be clumped together as a single
composite index, if desired. For example, we might wish to clump together
the upper index p and the two lower indices ¢ and 5 as a single upper
composite index .o/. We write this .o/ = p0*n*, where an asterisk indicates
that the index so marked is to be in the opposite position from .o/. Then
we can denote an element Q% , say, of &¢,, by Q¥ = 0, (The staggering
of indices now becomes necessary for notational consistency; see W:-
below.) An element U, of €% can then be written U, = U,”. More
generally, W,**" _ is the element W, *** % of @24*%". Contractions may also
be performed between composite indices. Thus, W ¥ Q< stands for
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w e Qe 1f B is another composite index defined by 2 = a*Auv, then
we can write this W# 0. We shall normally avoid the use of composite
indices in which a repetition of a constituent index is not explicit. For
example, a symbol R*” would denote an element R%,, of &, but the
contraction is hidden in the notation. Thus, if a number of composite or
ordinary indices appear in one expression, then it will be assumed (in the
absence of any explicit statement or convention to the contrary) that the
only repetitions of indices which occur are those which appear explicitly.

In Proposition (2.2.35) we can set .o/ = «... pA* ... v¥. Then the statement
asserts that the dual of % may be identified with G, for any composite
index .«/. The following three propositions all generalize this result.

(2.2.36) PROPOSITION

The set of all S-bilinear maps from S¥ x S to S may be identified with
S 4@, the maps being achieved by means of contracted product.

Proof : The proof is similar to that of (2.2.35). Clearly any element
P,4€$ 4 effects such an S-bilinear map, the result being P me dy®

for each X%e 6‘”’ and Y%eG® (Note that PM(X“' XV‘Z")YQa
PJMX Y®+ P QX“’” Y?and P 4(aX?)Y® = aP 5, X“Y?%;and similarly
for Y%) To show that every such &-bilinear map arises this way from a
unique P4, we can express X and Y# as sums of outer products of
vectors. The bilinear map is uniquely defined by its effect on such outer
products of vectors, this effect being an S-multilinear map of the vectors.
Thus P4 is uniquely determined as a type I tensor.

(2.2.37) PROPOSITION

The set of all S-linear maps from S to S* may be identified with &7,
where the maps are achieved by means of contracted product.

Proof: Clearly any Q% , effects an S-linear map from &% to &, the
image of X being 0¥ ,X“. Conversely suppose we have an S-linear
map from & to &¥. Denote the image of X under this map by U*.
Then, for Z,eS,, the map which sends the pair (X<, Z,) to U¥*Z,,
is S-bilinear from &% x S, to &. Thus, by (2.2.36) (with Z = *) we
have a unique element Q¥ ,e&% with Q¥ _X“Z,=U*Z, for all
Z,€S,,50 Q¥ ,X¥ and U* represent the same element of the dual of
S,. Thus Q¥ ,X“ = U* as required, this map characterizing Q¥
uniquely.

The following proposition incorporates (2.2.35), (2.2.36) and (2.2.37) as
special cases:
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(2.2.38) PROPOSITION

The set of all S-multilinear maps from &% x &% x --- x S to S* may be
identified with ©% 4, where the maps are achieved by means of contracted
product.

Proof : This is just a repeated application of (2.2.37). If we fix B%,...,D?,
we are concerned with &-linear maps from & to &*, which, by (2.2.37),
are effectively the elements of &% . Allowing B%, ... ,D? now to vary, we
see that an S-multilinear map from ¥ x G2 x --- % to & is equivalent
to an S-multilinear map from &% x --- x &? to ©%. Repeating this
argument with .of replaced successively by 4, ...,2 we obtain the result.

There is one aspect of (2.2.38) which it is worth spelling out. Since no two
distinct elements of &%, , can give the same map, we have:

if A%y oW?..Z? =B*, ,W*..Z? for all W?e@*,...,Z%¢&?,
then A%y 5=B%y o (2.2.39)

More particularly still:
if A%y oW ...Z7=0 foral W¥e @, ...,2%€3?, then A, ,=0.
(2.2.40)
A tensor of especial utility is the Kronecker delta 64 (cf. (2.1.9)). This may
be defined abstractly in numerous different ways. For example, the map
from &* x &, to © which assigns the scalar product X*Z, to the pair
(X*, Zy) is clearly ©-bilinear and is therefore achieved by some tensor,
which we denote by 64. Thus, 6f is formally defined by
#XZ,=X"Z,. (2.2.41)
Alternatively, we can define 55 to be that element of Sf which effects a map
from &5 to © by assigning the scalar Y? to each Yje &}, ie,
Bys=1v. (2.2.42)

(This must be the same 6¢ since (2.2.41) is a special case of (2.2.42).) Yet
again, the map from &, to &, which gives the canonical isomorphism
between these sets is trivially S-linear and is therefore achieved by a
tensor — again 64:

hz,=2,. (2.2.43)
(That this is the same 6% is obvious since (2.2.43) yields (2.2.41) again.) Or,
we could use the dual version of (2.2.43). The tensor & effects the map from
S* to & which gives the canonical isomorphism:

X = XP. (2.2.44)
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Of course, the same tensor 64 effects many other S-linear maps in
consequence of these; for example, the maps 6;“ - @Y S s S,
S; — & expressed by:

SBULY = U, 5BV = VA SEW, o = W, (2.2.45)

(These follow at once from (2.2.42)—(2.2.44) since we can transvect by an
arbitrary Q « and then cancel it again as in (2.2.39))

Embedding of one tensor system in another

There is an aspect of the use of composite indices which will have some
considerable significance for us later. We have seen that composite indices
can be manipulated in just the same way as the original index labels o, §, . ...
(The necessity for staggering composite indices which involve reverse
position labels a*, f*,... can easily be circumvented by use of suitable
conventions, e.g. we could consider all upper indices as occurring first and
all lower ones afterwards.) In fact, given any tensor algebra of the type
considered, we can construct a new tensor algebra (‘embedded’ in the given
one) whose labelling set ., consists of suitably clumped subsets of .%.
For example, we could set &/ = afy*, o, =aofoyo* 1 = B7:1% -,
and use &, = (o, o, o ,...) as our new labelling set. We then consider
the tensor system* built up from € and & in a way exactly analogous to
the way in which our original system was built up from & and &* For
example, by (2.2.35), the dual of ¥ is S,. It is not hard to see that the
type I and type 11 definitions of a tensor each lead to higher valence tensors
which are the elements of the sets S5i % (¢f. (2.2.38) in particular). The
system is thus totally reflexive, and is 1ndeéd embedded in the original one.
The tensor operations of the new system are just those of the original
system which can be consistently written using the allowed composite
indices only. (These remarks do not, of course, depend on the particular
choice .&/ = affy* made above.)

If we were to consider different types of clumpings simultaneously (for
example .o = af*, B = yde, o 5 = oo f§, By = 7008, --.-) then we should
be led to consider tensor systems of a slightly more general type in which
more than one labelling set appears. (In the example considered, we have

=L Ay, A, ...)and Ly = (B, B,,%,,...).) The rules for a tensor
system with more than one labelling set are essentially the same as for a
system with just one labelling set. The only difference arises from the fact

* In more conventional terminology (¢f. Herstein 1964 MacLane and Birkhoff 1967).
these are the tensors on the S-module & ®; & ®, S* in abstract-index form.
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that index substitutions are only allowed between members of the same
labelling set. The two labelling sets are to have no members in common,
so contractions between indices of two different types cannot be performed.

A tensor system with more than one labelling set would naturally arise
if we were to consider, initially, several different S-modules simultaneous-
ly (the ring of scalars & being the same in each case). We could denote
the initial modules by &% &%, &*,... and define labelling sets
L =p..,a,..), L =F,...,2,...), etc. The definitions of the
general sets S would be as before. Since we suppose no canonical iso-
morphism between &* and &, nor between &* and &, etc., then, as
remarked above, we have no operation of index substitution between
indices possessing different numbers of primes. Apart from this new
feature, the development of the tensor algebra proceeds exactly as before.
The importance of such systems to us here lies in the fact that the spinor
algebra that we introduce in §2.5-and which we consider for the
remainder of this book — is, in fact, a system of this kind. The spinor system
is built up from two modules &4 and &4 which are not related to each
other ‘algebraically’, but rather by a (‘non-algebraic’) relation of complex
conjunction.

2.3 Bases

In this section we consider the consequences of introducing a basis into
&% Throughout §2 we refrained from using bases in any way. This we did
partly to emphasize the fact that our development of tensor algebra is
completely coordinate-free (despite the use of indices). But in addition it
gives us considerably more generality (at least, in a direct fashion) than
would have been obtainable had we had to assume the existence of a
finite basis. For there are many totally reflexive modules for which bases
do not exist.
A finite basis for ©* is a set of elements 05, 6%, ..., 62€ S such that any
V*e &* has a unique expansion
VE=V165 + V285 + - + V. (2.3.1)
The scalars V!, ..., V"€ are called the components of V* in this basis. If
&* possesses a finite basis, then any other basis for ©* must have the same
number n of elements. This is a consequence of the fact that the existence
of an n-element basis for S* implies that &, , contains a non-zero anti-
symmetrical element, whereas S,, , ., (k > 0) contains only the zero anti-
symmetrical element. (We use only the type I definition of &..., so total
reflexiveness need not be assumed.) This serves to define n independently
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of the basis.* To prove this property, suppose 4,, . ., is anti-symmetrical.
(This means that 4 changes sign whenever an index permutation is
applied which interchanges just two of the as (see §3.3).) Then

A X®X% =0 (2.32)

for any X°, since interchange of the dummy labels «;, «; changes the sign.
Consider the multilinear map given by

A R ... W*+x (k> 0). (2.3.3)

Expanding each of R*, ... ,W* **in terms of the basis (2.3.1), and multiply-
ing out, we see that each term contains at least one repeated basis element,
and so vanishes by (2.3.2). Thus 4... = 0. On the other hand, we can define
a non-zero anti-symmetrical element ¢ €Q,, ,, (an alternating tensor)

A ln+k

by the property o
ut..w!
Cayoag Ut W= | 0 0 | (2.3.4)
ur..w"

where U',...,U" are the components of U* in the basis 6, ...,52 etc.
This clearly gives an anti-symmetrical multilinear map as required. Also
&40, F 0, since if U*=067,...,W*=§;, the result of the map is the unit
scalar. The integer n we call the dimension of the ©-module &°

If &*is the set of tangent vectors at a single point in a manifold, then &*
is a finite-dimensional vector space (the tangent space at that point) and a
basis exists. However, when & refers to smooth vector fields on an
n-dimensional manifold, a basis will often not exist. For, a basis now means
a set of n vector fields which are linearly independent at each point of the
manifold. In the simple example of an ordinary spherical 2-surface ($2)
it is clearly impossible to arrange this. By the well-known fixed-point
theorem, each of the two vector fields on the surface would have to vanish
at some point, so the two vectors would become linearly dependent there.
An n-manifold which does possess n vector fields which are linearly
independent at each point, is called parallelizable. Thus the module of
tangent vector fields has a basis if and only if the manifold is parallelizable.
As was indicated at the end of §1.5, the 3-sphere (S°) is (perhaps rather
surprisingly) parallelizable,** but the 4-sphere (S*) is not. (In fact, every

* In fact, if we allow n = oo for the case when anti-symmetrical elements of arbitrarily
large valence [_Z] exist, then this property defines n for any module, independently
of the existence of a basis. We may regard n as the dimension of &, in the general case.

** We recall that the points of S* may be represented by unit quaternions ¢, and that
the various right rotations, given by ¢+—¢b for the various fixed choices of unit
quaternion b, will carry a frame at some given point g, of $° uniquely and continuous-
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orientable 3-manifold turns out to be parallelizable, but many orientable
4-manifolds are not.) By (1.5.6), all space—times which globally possess the
type of spinor structure that we require here and which are also non-
compact (a reasonable requirement, physically, since compact space-times
contain closed timelike curves) are parallelizable (Geroch 1968). Thus, if
& denotes the module of vector fields on a space—time, we may regard
it as physically reasonable to assume that S° possesses a basis (here n = 4).*
Moreover, applying to the module of spin-vector fields on a space-time
the same reasoning (¢f. (1.5.6)), one finds also that a spinor basis
globally exists (here n = 2). Thus, the global existence of a basis, in the
situations of interest to us here, may be assumed as a reasonable physical
requirement.

Even if we are interested in manifolds which are not parallelizable, the
discussion of bases will be relevant, since it can always be applied locally
(e.g., in a coordinate patch). Of course one would have to be careful about
drawing conclusions of a global nature from such arguments. In §2.4 we
shall show that whether or not the manifold is parallelizable (but provided
it is paracompact — which is a normal assumption, redundant in the case
of space—times: ¢f. Kelley 1955, Geroch 1968) the module of C*® vector
fields over the C® scalar fields is still totally reflexive.

Components in a basis

Let us suppose, then, that a basis 8%, ...,5% exists for S*. We can use bold
face letters to stand for 1, 2,...,n in the conventional way, and adopt
the summation convention for such indices. Thus, the basis elements may
be collectively denoted by 67 (55€ &%) and the relation (2.3.1) for the ex-
pression of a vector V* in terms of its components V* (€S) in this basis
can be written

Ve =g, (2.3.5)

ly into frames at all the various other points of $3. (If g,+—r, this is uniquely achieved
by the right rotation for which b = ¢, 'r.) The same argument applies to S”, where
Cayley numbers are used in place of the quaternions. A proof that S” is parallelizable
only if n=1,3,7 is given by Eckmann (1968), p. 522. It should be noted that the
existence of a global basis for vector fields is a much weaker requirement than the
existence of a global coordinate system (¢f. 4.1.33). This is evident from the parallel-
izability of S* (and §7).

* We cannot, on the other hand, reasonably assume the existence of a global holonomic
basis, that is, one arising naturally from a coordinate system in such a way that the
basis vectors (0/0x*) point along the coordinate lines. However, we may set against this
disadvantage the fact that our basis may be chosen to be orthonormal everywhere,
with one vector timelike and future-pointing throughout (¢f. also p. 199).
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(No special relation is implied between the index symbols « and « here.
We could equally well have written (2.3.5) as V* = V"(S‘l’,'.)
We now associate with the basis 8% for &* its dual 6}, 62,...,05€S,. By

definition, &7 is that map from &* to € which assigns to a vector V* its
ath component V* in the basis 47,...,0%:

BVE=Ve. (2.3.6)
Owing to the uniqueness and linearity of the expansion (2.3.1), the equation
(2.3.6) does indeed define a linear map (for each o =1, 2, ... ,n) from &*
to S and so gives us a well-defined element of &, . By letting V* be each of
9%, ...,0% in turn, we obtain

03 0% = 0§, (2.3.7)
where 83 is the (n x n)-matrix of elements of & consisting of the unit scalar
if o= P and the zero scalar otherwise (Kronecker delta symbol).

We next show that the n elements 6% of S, form a basis for S,. We must
establish that any element Q, of &, has a unique expansion as a linear
combination of the 62. Given Q,, define

0, =(Q,3p)5%. (23.8)
Then, for each V?,
0,V =Quof b V*= Q04 38 (V*53)

= Q088 Vo= QuolV* (2.3.9)

=0,V =01~
Since 0, and Q, give the same scalar when acting on an arbitrary element
of &% we have §, = Q,. Thus (2.3.8) establishes that Q, can be expanded as
a linear combination of the 6%,

Q.= Q40%, (2.3.10)
where

Qp = 064, (2.3.11)
To show that this expansion is unique, suppose that Q, can be expressed
in a form (2.3.10) where @y is not necessarily given by (2.3.11). Taking the
scalar product of (2.3.10) with 63 and using (2.3.7) we get Q 0% = Qg0802 =
Q‘,ég = Q,, which is (2.3.11) again, establishing the required uniqueness.
Note that the components of Q, in the dual basis are obtained by taking
scalar products with the elements of the original basis. This is analogous to
the fact that the components of ¥* in the original basis were obtained by
taking scalar products with the elements of the dual basis. Note, further,
that

Q.V*=Q,V*:=0,V" (2.3.12)
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by (2.3.5) and (2.3.11), so that the scalar product has the familiar form when
written in terms of components.

So far in this section we have not used total reflexivity, i.e., the equiva-
lence of type I and type II tensors. We now introduce components for
general tensors and, as a corollary, show that total reflexivity holds when-
ever there is a basis.

If 4% 7 is a general type I tensor, we can apply this multilinear map to
the basis elements to define its components:

Ay = A50% - 0%65 0y, (2.3.13)
generalizing (2.3.6) and (2.3.11). Calling such an array A% -3 a type I11 tensor
with respect to the basis J} (provisionally —a more complete definition
is given in §2.4), we see that, given a basis J;, the formula (2.3.13) defines
amap (I — III) which assigns a unique type 111 tensor to each type I tensor.

Moreover, from any such array 45 we can form a type II tensor as the
sum of outer products

At = A3 070005 8%, (2.3.14)

generalizing (2.3.5) and (2.3.10). Thus we have a map (III — [I) which
assigns a unique type II tensor to each type III tensor. Finally, we already
have a standard scheme (2.2.17)—irrespective of total reflexivity or the
existence of bases — which assigns a unique type I tensor to each type II
tensor. Let this be the map (Il — I). To establish the equivalence of all
three types of tensor (and thus total reflexivity), we shall verify that all
three of the cyclic compositions of these maps,

[-MI-1l-1 H-II-1-1I, lH->I1-I1-1

give the identity. To verify the first of these, we start with the type I
tensor A5} and apply (2.3.13), (2.3.14) and (2.2.17) successively, the final
multilinear map in (2.2.17) being on Q,,...S,, U*, ... W"; thus we obtain

[(Af';v' 0%...000... 630]Qa0 W
=A%,05...0,Q,... W’
=A*.0,... W, (2.3.15)

by (2.3.11), (2.3.6), and then (2.3.10), (2.3.5). To verify that the second cyclic
composition gives the identity, we start with the array A%, and apply
(2.3.14), then (2.2.17) followed by ‘2.3.13). In fact, to follow (2.2.17) by
(2.3.13), we simply substitute the basis elements 6%,--- 4, for the elements
Q,,...,W" on which the multilinear r«ap acts, to obtain

(A% 05 -+ 0V)05° - by, (2.3.16)
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which is the original array 4%°;-, by (2.3.7). Finally, to verify that the third
cyclic composition gives the identity, we start with a type 1l tensor and
apply (2.2.17) followed by (2.3.13) (as above) and then (2.3.14):

N . .
[(Zﬁ“...N\,)é:...éJ]é&‘” 8
i=1

N i
- (z Fe§ N, 5"°>5:...5:]5;n...5:0
=1

N i
Y F ,]5’0 5,
N
=Y F (2.3.17)

by (2.3.10), (2.3.5), then (2.3.7), then (2.3.10), (2.3.5) again. Thus total re-

flexivity is established, when a basis exists: the general tensor of valence

[2] (of either type I or II) is in 1-1 correspondence with its array of n?*4

components (type I1I) by the mutually inverse relations (2.3.13), (2.3.14).
Note that the n?*9 tensors

0%...076}...87 (2.3.18)

forms a basis for 47, since any element of &7 has a unique expression,
via (2.3.14), as a linear combination of the tensors (2.3.18). Consequently,
the S-module %7 has dimension n?*4. The particular basis (2.3.18) for
S%7is said to be induced by the basis 57 for S

If we define the tensor 6/ & by

88 =5f58, (2.3.19)
then (2.3.10), (2.3.11), (2.3.5), (2.3.6) give
0,=0,8%, V=V (2.3.20)

By referring back to (2.2.43) and (2.2.44) we see that either of these relations
establishes the 6° defined by (2.3.19) as being actually the same as that
defined in (2.2.41)—(2.2.44) in a basis-independent manner. Reverting, then,
to this original basis-free definition of 6%, we can assert that equations
(2.3.19) and (2.3.7) are together necessary and sufficient for 62 to be a basis
for &* (with dual basis 8%). For, equation (2.3.19) (together with (2.3.20))
shows that ¥* is a linear combinaticn of the 6%, while (2.3.7) establishes
these components as uniquely given by (2.3.6). (The formal similarity
between (2.3.7) and (2.3.19) should not mislead us: (2.3.7) condenses n?
scalar equations whereas (2.3.19) is a single tensor equation. Although the
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various quantities 6,62, 6% ,58 behave formally very similarly, they are
conceptually very different from each other.) It is worth remarking that a
way of obtaining (2.3.14) is to use the relation

Azl = AT0T05E ST Fho | 50 (2.3.21)

Ao...vo “@g * vo A

(which is a repeated application of (2.3.20)), and to substitute (2.3.19) for
each occurrence of a é.

Let us relate the type III tensors we have been considering here to those
discussedin §2.1. The notion of a tensor used in §2.1 depended on behaviour
under change of basis. Suppose, then, that we have two bases for &%,
namely 6%,...,6% and 0%,...6%. The dual basis to J5 is & and satisfies
6% 8§ = 8}, where J is again an ordinary Kronecker delta symbol. In our
notation, when components are taken with respect to 4 and 6%, the
component indices must bear a circumflex but the kernel symbol remains
unchanged. Thus, V* = V%5 etc. This applies also if we take the compo-
nents of the basis elements of one basis with respect to the other. In this way
we get two (n x n)-matrices of scalars, defined by

0% =0%688, 8 =626%. (2.3.22)
The quantities 53 and 6% correspond, respectively to the r§ and T which
appear in (2.1.6)—(2.1.8). (The use of Kronecker symbols here should not
confuse us: such symbols stand for an actual Kronecker delta only when
the two bold face indices are both of the same kind.) The matrices 63 and.
6% are in fact inverses of one another (63 6§ = .05 0 = 0§), as is readily
seen. For any vector V2 the components V'* with respect to 6§ are related
to those, V*, with respect to 87, by

Ve = Va5t = Vegrst = Ve s, (2.3.23)
which may be compared with (2.1.8). In the same way the components with

respect to 83 of a general tensor A5 Y may be related to those with respect
to &2 by
A} 3= A3SE. 636 0Y. (2.3.24)
(To obtain this, we simply ‘plug’ the basis elements 67, 5% into (2.3.14).)
This is just the tensor component transformation law (2.1.6). Thus, when-
ever a basis exists, the definition of a tensor given in §2.1 does agree with
those used here. (Note that although the interpretation is again different,
{2.3.24) formally resembles (2.3.13), (2.3.14) and (2.3.21). In each case, the
delta symbol just substitutes one index for another.)
When expressed in terms of components, the four operations of addition,
outer multiplication, index substitution and contraction have exactly the
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same appearance as when expressed directly in terms of the abstract
tensors, except that all the indices are bold face. Thus, in the basis §7, the
components of A7 + B} ? are A} Y + B3 1. the components of A5
Dj:, are Ay Dp-y: the components of A7* . are A”*,: and the
components of A5 % are A} #:. All these facts are immediate conse-
quences of the definitions and agree with the operations of §2.1. Thus, the
entire algebra of abstract tensors is identical with the algebra of arrays of
tensor components; the only difference, at this stage, lies in the conceptual
interpretation of the quantities involved. It might be felt that a difference
of conceptual interpretation alone would hardly justify the use of two
alternative alphabets for the indices. However, we shall see in Chapter 4
that when differentiation is involved the parallelism breaks down and the
two types of indices behave quite differently. What are purely conceptual
differences in the case of tensor algebra lead naturally to essential formal
differences within tensor or spinor calculus.

2.4 The total reflexivity of S on a manifold

When a finite basis exists for €, its total reflexivity has been established
in §2.3. But, as we have seen, bases need not exist for vector fields on a
manifold (e.g. on S$2). Since the total reflexivity of & is an important
general property, we shall devote the present section to giving an argument
for it that applies to any (Hausdorff, paracompact) manifold .# on which
(i) the differentiability conditions on the scalars ©-assumed to be fields
of complex numbers - are sufficiently non-restrictive (say C°, C!,...,or
C™, but not C®) to allow ‘partitions of unity’ (see (2.4.4) below); and on
which (ii) € has bases locally. (The reader who is happy to assume on
physical grounds that a basis exists, may prefer to pass on to §2.5.)

The arguments in this chapter so far have been algebraic, in the sense
of being concerned only with the algebra of the tensors generated from the
module &. No properties of the ‘point set’ .# on which € may be defined,
not even the very existence of such a point set, have been assumed. In
Chapter 4, where differential operations are discussed, we must examine
A more closely. But here we are concerned only with the two above-
mentioned ‘manifold’ properties of .#, which will allow us to establish the
total reflexivity of & in the spirit of this chapter, namely algebraically.

To give an algebraic definition of ‘tensors defined locally’ on .#, we
need the notion of tensors restricted to some (open) subset of .#, a ‘neigh-
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bourhood’ of the point of interest.* Consider any element fe &, and the
open set & < ./ of points of .# for which f # 0. Define an f~equivalence
relation between tensors thus:

T =W (24.1)

a..
A

i
iff

fTER=rwiss (24.2)
for the equality of tensor fields when ‘restricted to &°. Note that without
loss of generality we can assume f real non-negative, since (2.4.2) holds
if and only if (2.4.2) multiplied by falso holds.

Now let the symbol &5 7(f) denote the set of f-equivalence classes
(2.4.1). One easily verifies that, with the natural definition of sums and
products, S(f) is a commutative ring with identity (i.e., the product of
the fequivalence class of ae S with that of be S is that of ab; if a=¢
and b=d, we have fab = fcb = ¢fb = cfd = fcd, whence ab = cd; etc.)
Furthermore, &% f) is a module over &(f), as is again easily verified. **

The only new property of the S-module &’ that we shall require (and
for which we stipulated the properties (i) and (ii) in the first paragraph)
is this:

(2.4.3) PROPERTY : o 1 i
There exists a finite set of non-negative elements u, u, ... ,ue S such that

Wtu+otu=1, (2.4.4)

and such that there exists a basis for each module 6“(&), i=0,1,...,m).

Let us first see why this would hold for any (Hausdorff, paracompact)
manifold .# on which the scalars € and the (vector or spinor) fields & are,
say, C*. For each i, the region where & # 0 is an open set %, = .#, and by
(2.4.4) we see that these sets cover . :

Uy QU O ... VU, = M. (2.4.5)

Conversely, if any finite covering of .# by open sets %, ... ,%,, exists,
such that each %, can be defined by the non-vanishing of a non-negative

* The procedure being adopted here is discussed more fully in §4.1. Logically, this

section should be presented after §4.1, but since total reflexivity is so important
to the algebraic theory of tensors, there is good motivational reason for presenting
our derivation at this stage.

*x It should be pointed out, however, that (if & # # # .#) the module &(f) will not
be the same as the module of complex-valued C* scalar fields on &, considered as a
submanifold of .#, but will be a submodule of it. This is because the latter module
includes also scalar fields that do not extend smoothly into .#. A similar remark
applies to S51(f).
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real ve &, then (2.4.4) follows. For defining

V =040+ 40, (2.4.6)

we have V > 0 everywhere on .#;so V ~! exists, and we can satisfy (2.4.4)
by setting

u="V 'u (2.4.7)
Such a system of us on .# is called a partition of unity.

To find a suitable cover (2.4.5) for .#, consider the following construc-
tion. Choose a triangulation of .# which is sufficiently fine so that the star
of each vertex (i.e. the union of all n-simplexes through that vertex) has
the property that a basis exists for fields restricted to its interior. Now
choose a smoothly bounded open neighbourhood of each vertex (e.g. a
coordinate ball), small enough so that all these neighbourhoods are
disjoint and each lies within the star of the vertex in question. If & contains
the C~ fields, the existence of ‘bump functions’ (¢f. (4.1.5)) implies that each
chosen neighbourhood can be defined by the non-vanishing of a non-
negatlve function f. Obviously we can add these functions, gettmg, say,
v and then define the union %, of all these neighbourhoods by D #0,
with § > 0. A basis will exist for 6" restricted to each nexghbourhood in
turn. Taking all these bases together, we get a basis for @’(v).

The portions of the edges of the triangulation not lying in %, form a
disconnected system of closed segments which can be covered by an open
set % ,, where again % | is a union of disconnected open sets (with smooth
boundaries), each covering an edge segment and lying within the star of
that edge (i.e. the union of n-51mplexes through the edge) Again we can
arrange that %, is defined as b # 0 for some function 6 >0, and a basis
will exist for 6"‘(0)

The portions of the faces (2-simplexes) not contained in %, %, will
be disconnected and, as before, we can cover them by a system of disjoint
open sets whose union constltutes% As before, we can arrange that %,
is defined as # # 0, with 5> 0, and a basis will exist for 6“(0) The portlons
of the 3-simplexes not in %, %, %, will again be disconnected, and
the process continues until the n-simplexes are covered. By the preceding
argument, (2.4.3) is therefore established (with m = n, the dimension of .#),
since clearly &%(v) = G*(u), by (2.4.7).

By use of (2.4.3) we can now prove the total reflexivity of & essentially
along the lines of §2.3, where the existence of a basis for &* was assumed.
For this purpose we shall first give a more complete definition of type I11
tensors (cf. (2.3.13)) which is in essence the ‘classical’ definition. Consider
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each 6’(&) and denote its basis and dual basis by the equivalence classes of
i i
o and 07, 2.4.8)
respectively. (In terms of .#, these would be the basis and dual basis inside
,, but arbitrary outside %;.) We have
1488 5% = sk (24.9)
(There is no summation over i.) For each valence [?], consider the arrays
31e S, (2.4.10)

(where a,...,y are p in number and A,...,v are q in number) whose -
equivalence classes define arbitrary sets of n?*? elements of S(u). Also
consider the corresponding type II tensors

,ilij;j{= /4‘;1(‘3:5'35'}6': (2.4.11)
(¢f (2.3.14)), elements of 6;::3(&). For each j in place of i we can consider
arrays like (2.4.10) and tensors like (2.4.11). In order that the two arrays

(2.4.10) be compatible, we require that the classical tensor transformation
law (2.3.24) hold in the ‘overlap region’:

uh Az = b dgooge By Bla G, (24.12)
where
i,
53 =06%58 (,j=0,1,...,m) (24.13)

(Owing to the presence of n + 1 simultaneous coordinate systems, the
normal notational convention for component indices in different systems
is temporarily suspended here.) The compatibility condition (2.4.12)
ensures that the corresponding tensors (2.4.11) agree on the overlap
region:

Ul A% -7 = iy Aoy (2.4.14)
(cf: (2.4.11), (2.4.9)). A type III tensor consists of one array (2.4.10) of n?*4¢
elements from each of 6(3), ...,&(w), where the arrays are related to one
another according to (2.4.12).

To show the equivalence of the three types of tensor (given the bases),
we again find three maps (I1+—1), (I+— III), (III 1), as in §2.3, the first
assigning a unique type I tensor to each type 1I tensor, etc., and then we
show that each of the three cyclic compositions of these maps gives the
identity. The maps that serve our present purpose are closely related to
those of §2.3. Map (II—1) is actually the same, namely that given by
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(2.2.17). To define the map (I +— I1I) we need only specify — for each () -
the components of a multilinear map /ij:j in the standard way (cf.
(2.3.13))

AT = A58 51505, (2.4.15)
the u-equivalence class being independent (by the multilinearity) of the
particular representative (2.4.8) of the basis and dual basis for 6“(&). (This
can be seen by multiplying (2.4.15) through by u and shifting # to each
basis element in turn.) Clearly the compatibility condition (2.4.12) holds
(by (24.9)), and so we have a unique type III tensor. Next we define
(III+1I). As in (2.4.11), let each array Al"{'jjl define a corresponding map
/ij:::z, and set

Ap1=bAz T4 BA (24.16)
Since each (2.4.11) is a linear sum of outer products, so is (2.4.16), and a
type II tensor is thereby defined. All three required maps have now been
specified.

The fact that I+— Il II+— I gives the identity on the set of type I tensors
is obtained essentially as in (2.3.15), except that now a sum Z;":Otil("')
appears in the initial expression. For each i we expand Q, ,...,W™ in

terms of their components Q,, ..., W" in the respective bases for Gao(&), s
&°(u), noting that

40, = 10,52 yields 10%0, = uQ,, (2.4.17)

and

AW = Wt yields  U0SWE = awe. (2.4.18)
Using (2.4.4) at the last step, we get the same final expression as in (2.3.15),
which was to be shown. Similarly, the chain of maps Il —1— 111
leads to the identity on type II tensors by an argument which is essentially
that of (2.3.17) except for the incorporation of a sum Z;"zoa’;(...). We use
(2.4.17), (2.4.18), (2.4.9), and finally (2.4.4), to obtain our result.

The equivalence between type I and type II tensors —and hence the
total reflexivity of & ~is now established. Nevertheless it is of interest
to show that the chain III—II— I+ III also gives the identity on III,
for that shows that the ‘classical’ type 111 definition of tensors is equivalent
to the other two. In fact, the ‘classical’ tensor transformation law (2.4.12)
has not even been essentially used as yet. Without it, the map I11+— 11 still
gives us a type II tensor, but one which is a weighted sum of the now
different type III tensors on each ‘overlap region’. The chain
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III—II+—I—1III would lead us back to this weighted sum instead of
giving the identity on type III. But if (2.4.12) is assumed, this chain also
gives the identity, because, for each i,

fi(ZU“.;.; 5:...51)(%:,0 L& = Ay
]

by (2.4.12), (2.4.13), and (2.4.4). The complete equivalence of the three
types of tensors is thus established.

2.5 Spinor algebra

To construct spinor algebra we shall employ the theory of the preceding
sections, applying it to the case of a basic module & consisting of C*
spin-vector fields on a space—time manifold. We shall also be interested
in the case when & "consists of the spin-vectors at one point in the space-
time, so that & becomes the spin-space at that point. In this second case,
the ring of scalars & is the division ring of complex numbers. In the first
case it is the ring of C® complex scalar fields.

We recall that there are three basic algebraic operations that can be
performed on spin-vectors. These are scalar multiplication (1.6.1), (1.6.4),
addition (1.6.2), (1.6.5) and an anti-symmetrical inner product (1.6.3), (1.6.6).
These operations can be performed between spin-vectors at any one point
(so that the spin-vectors refer to the same Minkowski vector space, namely
the tangent space at that point), and then the properties (1.6.8)—(1.6.19)
hold. (These properties assert, in particular that spin-space is a complex
two-dimensional vector space.) We may extend these operations so that
they apply to spin-vector fields on the space—time, simply by applying
them to the spin-vectors at each point separately. The properties (1.6.8)—
(1.6.19) will then remain true for spin-vector fields. Now, properties
(1.6.8)—(1.6.15) assert that & "is a module over the complex scalars . Thus,
introducing a labelling system

¥=(4,B,C,....,Z,A,,B,,...,A,,...) (2.5.1)

A,
we can apply the theory of §2.2 and obtain canonically isomorphic copies
of & denoted by &4, &58,...,&4 ... Each spin-vector (field) ke S~ will
have images ke &4, kBe S5, ... As before, we can define the duals of
these S-modules: S, S,,..., & dos and consequently, general sets
like @42, ..., &5, ...,k interms of multilinear maps (or, equivalent-
ly, as equivalence classes of formal sums of outer products.) The module
G&* is totally reflexive, by the arguments of §2.4. The elements of the

general sets &Lk are called spinors. These are not the most general
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spinors however. We shall define general spinors shortly. But before doing
so, it will be worthwhile for us to examine properties of these particular
spinors first.

The g-spinors

Properties (1.6.16)—(1.6.18) establish the inner product as an (anti-
symmetrical) S-bilinear map from & x & to S, so there must be a unique
element ¢,,€ S, ; such that

{x, 0} =¢ k0% = — {0, K} (2.5.2)
for all k, we G, where ¢, is anti-symmetrical:

= —¢ (2.5.3)
The quantity ¢, is an essential part of the spinor algebra. It plays a role
somewhat analogous to that played by the metric tensor in Cartesian (or
Riemannian) tensor theory, but there are important differences arising
from its anti-symmetry.

To begin with, we note that ¢, , establishes a canonical mapping (actually
an isomorphism) between the modules &4, S8, ... and the dual modules

S,, Sy,

BA~®

KBk, =K'e,,. (2.5.4)

(To put this another way, the element of the dual of & "which corresponds
to x is {k, }.) The same kernel symbol will be used for an element of S,
and for its corresponding element in S4. Thus (by analogy with classical
Riemannian tensor analysis) we may regard ¢, as lowering the index’ of
k*in (2.5.4). The fact that (2.5.4) is an isomorphism, and not merely some
module homomorphism which is not one-to-one, follows from the compo-
nent form (1.6.6) of the inner product:

{k, 0} = °0! — k'w® (2.5.5)

(using a coordinate system for spin-vectors at each point, as in Chapter 1);
so we have, by (2.5.2) and (2.5.4),

{k, 0} = Kk z0f = Kz0® = k0 + Kk ©", (2.5.6)
where the components* k), k, of , are related to those of x® by
Ko= —k', Kk, =« (257

the one-to-one nature of which is evident. Thus, the inverse map from

* We recall that our spinor component indices range over 0, 1 (or ', 1" as later required)
rather than 1, 2. This is visually consistent with our use of o, ¢ for a basis.
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&, to &* which assigns x* to x, must exist (and be S-linear), and there
must be an element e8¢ S4B (¢f. (2.2.37)) which effects it:

Kt =Bk, (2.5.8)

The fact that (2.5.4) and (2.5.8) are inverses of each other may be expressed
in the equations

=62 (2.5.9)

4 c

CB_ 5C _AB
ap =04 €76,

(where we map &4 - Sp— SC and S, St S, respectively), the
symbols 6$ and 62 expressing the canonical isomorphisms between S*
and €, and between &, and S, respectively (cf. (2.2.43),(2.2.44)).
However we shall not, henceforth, use the symbol 62, preferring instead
to write this ¢ ,B(or — &% ):

B=gB=—¢",. (2.5.10)

In fact, we regard the first term in (2.5.9) as ¢“% acting on ¢, to ‘raise’
its second index, and similarly for the third term, in accordance with the
raising and lowering conventions (2.5.4) and (2.5.8). We may regard ¢ ®
either as ¢, with its second index raised (first equation (2.5.9)) or as
48 with its first index lowered (second equation (2.5.9)). Combining these
two interpretations of ¢,7, we see that ¢*8 is ¢, , with both indices raised,
as the notation suggests. The anti-symmetry

g8 = — B4 (2.5.11)

is one consequence of this. The relation ¢ ,® = — ¢® , is also an expression of
the anti-symmetry of ¢ ,, and ¢*®. It emphasizes, in addition, the necessity
to stagger spinor indices. Each lower index must have a position to which
it can be unambiguously raised, and each upper index a position to which
it can be unambiguously lowered.

Collecting together our various relations, we have

CB

8= —¢ B

C o BC _ o CB_ . C_ _C
gE =g = —gp & =g, = —¢ (2.5.12)

& A A’

AB

and
Ve gt =%y, YO P =yt (2.5.13)

Because of the anti-symmetry of the es, we must exercise care, when raising
and lowering indices, to see that the correct index of ¢ is contracted. Thus

WA = 8AB'//%B - ,p‘éBEBA (2.5.14)
and
W%B — ‘//“843 - SBAl/’(gA' (2.5.15)
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We can relate (2.5.14), (2.5.15) to (2.5.13) by means of the spinor ‘see-saw’:
X A = A (2.5.16)

The minus sign is again a consequence of the anti-symmetry of &. One

way of remembering the arrangement of signs involved in (2.5.14) and

(2.5.15) is simply to remember the signs in (2.5.10) and use the ‘see-saw’.
As in (2.5.6), the inner product can be written:

{0} =k 0= — ko, (2.5.17)
The final relation (1.6.19) is now
K 0+ o k8 + 1 k0P =0. (2.5.18)

Another way of expressing this is

(656" + €c84" + 0487 0B =0, (2.5.19)
for all k, w, 7; hence (¢f. (2.2.40))
€46t Epct " e b0 = 0. (2.5.20)

Equivalently, lowering D, we have the important identity
€ ,58cp T Epctap T Ecafsp =0 (2.5.21)
Alternatively, we can raise the C in (2.5.20) to obtain

€, ep” — 6,5, " =€, (2.5.22)
This implies that

Poan~ Papa = Pac tas (2.5.23)
(transvecting (2.5.22) with ¢,.). Thus if ¢, ,, is skew in 4, B (¢, ., =
— ¢,p,) then

Doan=3Pac - (2.5.24)

(This relation evidently applies also when A4, B are non-adjacent indices;
for example, if ¥, , 5 is skew in A, B, we can define ¢ 4o 5=V, 0p¢
and apply (2.5.24).) Note, as a particular case of (2.5.24), that all anti-
symmetrical elements of &, are proportional to ¢,,. Note that we can
raise the indices 4, B in (2.5.23) and (2.5.24) to obtain alternative versions
of these results. Note also that (g)-contraction of (2.5.20) yields

A_d= gt . (2.5.25)

(Because of (2.5.10), this is an expression of the two-dimensionality of spin-
space.)

€4

Complex conjugation

The spinor algebra that we have set up so far is self-contained but it is
inadequate for physics. We wish to have the algebra of world-vectors and
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world-tensors incorporated in our spinor algebra. This is not possible as
things stand. The essential reason for this can be seen in the expression
(1.2.15) for world-vector components in terms of spin-vector components:
the complex conjugates of the spin-vector components are necessarily
involved. Thus, to incorporate world-vectors, our spinor algebra must
include an operation of complex conjugation. We must be able to apply
this operation to any element of S4. However, the result cannot be just
another element of &4. For if it were, we should have a property of reality
for elements of 4. Some elements of 4 would be real and others purely
imaginary (e.g., a spin-vector plus or minus its complex conjugate).
The different elements of &4 would then cease to be on an equal footing
and the Lorentz covariance of the algebraic operations would thereby
be lost. (We saw in §1.4 that any two spin-vectors at a point could be
transformed one into the other by a Lorentz transformation.) Thus,
the complex conjugate of an element ke S4 must be an entity of a new
type. Let us denote the operation of complex conjugation by a bar and
write

kl=rVec? (2.5.26)
for the complex conjugate* of k. The label A" may be regarded as the
complex conjugate of the label 4. We have, therefore, in addition to the
labelling set . of (2.5.1), another labelling set .’ consisting of the conjugat-
es of the labels belonging to &,

L =(4,B,C,....Z, Ay, B,, ..., A, ...). (2.5.27)

The set 1 is regarded as the complex conjugate of the set &4. The
operations of addition and scalar multiplication in &4 are defined by the
requirement

Ak 4 pot = < I/ + got = 4 (2.5.28)

where A, ue S and 4, j1are the complex conjugates of 4, 1 in the usual sense.
It is easy to verify (¢f (2.2.3)) that &4 is then also an S-module (since
the algebra of complex scalars is sent into itself by the operation of complex
conjugation); and &4 is anti-isomorphic with G4, the anti-isomorphism
being expressed by (2.5.28). As in (2.5.26), the inverse map from &4 to
&4 is also denoted by a bar over the entire symbol ; thus we have

T =14, Ik + po? = Te? + aot. (2.5.29)

* In the original notation of Infeld and van der Waerden (1933), this would be written x*.
The use of a prime rather than a dot has been made for typographical reasons. The
use of a bar over the kernel symbol is for notational consistency with what follows.
Although it is true that the symbols can tend to get a bit cluttered, the gain in notation-
al consistency and clarity more than compensates for this.
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We now use both G-modules G4 and &4 to generate our spinor system
in the manner indicated at the end of §2.2. Thus, in addition to &-modules
S8 ¢, ..., &%, ...,8%: ... each canonically isomorphic to &4, we
shall have G-modules &%, &, ... &%,..., &%, ... each canonically
isomorphic to @4 and canonically anti-isomorphic to 4. For each Xe &
the complex conjugate of V¥e&* is VX' e &Y, that is to say complex
conjugation appropriately commutes with index substitution. Each set
&X' will have a dual S-module &,,. The canonical anti-isomorphism
between S* and &* induces a canonical anti-isomorphism between
&, and S, in which 7, corresponds to 7, = 7,,, defined by

X =1 K%, (2.5.30)

the bar on the right denoting ordinary complex conjugation of scalars.
We then have

Aty + pBy =y, + @By, Ty =Ty (2.5.31)
(by (2.1.28) and (2.1.29)) as the expression of this anti-isomorphism.

The general spinor x, yu w20 R, of valence [? 9], is defined
asan G-multilinear map from S, x - x S, x Sp, X -+ x Sp, x St x -
x BN x @V x ... x & to &, or, equivalently, in terms of equivalence
classes of formal sums of formal products. The arguments of §2.4 can be
adapted, with only minor notational complications, to establish that total
reflexivity holds not just starting from the module &4, but also starting
from both modules &4, 34 together. The subsets {4, ..., D}, {L,...,N;
of & and {P,...,R'},{U,..., W'} of & (of respective cardinalities
p. 1, q, s) are all disjoint. (The sets ¥ and ¥’ are, of course, disjoint from
each other in any case.) There is no objection to the same letter appearing
in both primed and unprimed versions. For example, ¥, ,.% is an allow-
able spinor (and no contractionisinvolved). The set of spinorsy, . #~F
is denoted by S; 1.

Asin §2.2, four operations are defined, namely addition, outer multiplica-
tion, index substitution and contraction. But now we have a new operation,
namely complex conjugation, which is induced by the anti-isomorphism
between &4 and &*. To define the complex conjugate of a spinor
X v T, using the multilinear map definition, we take the complex
conjugate of the result of the map, and replace each of S,,...,&Y,... by
its complex conjugate S, ..., &Y, .... This clearly defines an element

by) A..P.. P...A'... e
v.v. €&, 7. as a multilinear map

T o AP =1 o AR R, (25.32)

the long bar on the right denoting ordinary complex conjugation of scalars.
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Let us summarize the various spinor operations and their basic pro-
perties. Addition assigns an abelian group structure to each spinor set
S, (with &/ =A4..D .. .G*...J*..., say). Outer multiplication is a
map from &, x S, to &, for each pair of spinor sets &, S, where
& and # involve no common index label (regarding 4, 4, B, B, ... as
all distinct but 4 and A*, or B’ and B'*, etc. as dual labels). It is commuta-
tive, associative and distributive over addition. A particular case of it,
arising when one of the spinor sets is S, is scalar multiplication. This,
together with addition, assigns an &-module structure to each spinor
set ©_,. Index substitution is induced whenever separate permutations
are applied to the two labelling sets . and .#’. Thus we can substitute
one set of unprimed labels for another set of unprimed labels, and we can
substitute one set of primed labels for another set of primed labels, but
we cannot substitute primed labels for unprimed ones or unprimed labels
for primed ones. The validity of any equation is unaffected if an index
substitution is performed throughout the equation. The operation of
(¥)-contraction maps each set S¥ , to &, («/ being any composite index
label not involving X or Y). The (})-contraction of, say, ¥, * is written
Y oty .F or ¥ % where Z is any unprimed label not involved in
/. The (§)-contraction of ¥ _,*+¢,,* is ¥ X+ ¢~ and that of
XaV¥ oy’ 18 14® 5" (Le., contraction commutes with addition and, in the
appropriate way, with outer multiplication). The (¥)-contraction of 8, "*
is the same as the ()-contraction of 6, ,"¥ and is written 6_,,"* (con-
tractions commute with other contractions). The (})-contraction of ¢/ , ,*
is the same as the result of the index substitution &/ — &/, applied to

wx s the (J)-contraction of ¥, * is the same as the (J)-contraction of
] .MVU (i.e., contraction appropriately commutes with index substitution).
There is also an operation of (}.)-contraction satisfying corresponding
laws. Furthermore the (}))-contraction of £_,.,** is the same as the
(})-contraction of & _,.,**, both being written &_,.,** or &_,.. %7, etc.
Finally, complex conjugation is a map from each &, to the corresponding
set &, ,whereif & =A4...D'...G*...J* .. ,then/'=A"...D...G'* ...
J*.... The complex conjugate n_, of n_, is written 7., and for scalars
this is the standard complex conjugacy relation. When applied twice, the
original spinor is recovered: ﬁ =1, (involutory property). We have
Ny +C, =M, +L M 4s="1,7%s; also, N is the result of the index
substitution &’ — o/ applied to 7], ; finally, ¥ ,,* =¥ _,.,.* (i.e, complex
conjugation commutes with addition, outer multiplication and, ap-
propriately, with index substitution and contraction).

Since index substitutions which interchange primed and unprimed
indices are not permitted, there is no meaning to be attached to the relative
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order between primed and unprimed indices on a spinor symbol. It is
sometimes useful to exploit this fact and allow primed and unprimed
indices to be moved across each other, without changing the meaning
of the symbol. This applies whether the indices are in upper or lower
positions. We can allow indices directly above one another, therefore,
provided one is primed and the other unprimed. For example,
YA Q= YA = Yt O = A Al (2.5.33)
The element ¢,,€ & ,, has its complex conjugate £,,€3S ... It is
conventional to omit the bar and write this simply ¢,.,.. (We need not
regard this as violating our notational conventions. The symbol &,
still correctly stands for £,,. We simply introduce a new symbol ¢ ,.,. — as
we are always entitled to do, provided no ambiguity results—which also
stands for ;) The isomorphism between &4 and S, which ¢, achieves,
now induces, via the operation of complex conjugation, an isomorphism
between &4 and S, achieved by ¢,.,.. In effect, this means that ¢ ..,
together with its inverse ¢*®(=&*® = ¢1B) can be used for lowering
and raising primed indices. The formulae are identical with those of
(2.5.8)—(2.5.16), except that the relevant indices are primed. Thus, in
particular,

Ep 4 Epop, 4 =—¢"F, (2.5.34)
et =2, e =22, (2.5.35)
XA = eAB S = — oA (2.5.36)
By = ey = — g A, (2:5.37)
and (the ‘see-saw’ property)
b S (2.5.38)

Furthermore, the complex conjugates of (2.5.18)—(2.5.25) all hold, giving
corresponding versions with primed indices.

The rule for deciding whether or not a symbol x - with indices is an
allowable spinor symbol is the same as when only one initial module is
involved, that is, the upper indices must be distinct (where, as we stressed
before, A, A', B, B/, ... are all distinct labels) and the lower indices must
be distinct. The symbol y - then represents an element of that spinor set
& whose arrays of upper and lower indices are those of y -, but with
any duplicated (contracted) upper and lower indices omitted.

Spinor Bases

In (1.6.22) the concept of a spin-frame was introduced. This is a pair of
spin-vectors o, : normalized so that {o,:} = 1. By (2.5.17), we can now write
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this =1 (2.5.39)

or equivalently

rof=—1 (2.5.40)
By the anti-symmetry of inner product we also have
0,0'=0=1," (2.5.41)

Let ke S4. We saw in (1.6.24) that as a consequence of the identity
(1.6.19) (i.e. of (2.5.18)) the normalization (2.5.39) implies
kA =% + x4, (2.5.42)
where
KO= —1,k% Kk'=o0,k" (2.5.43)
In fact, any k%, k'€ & for which (2.5.42) holds, must be given by (2.5.43),
as follows from (2.5.39)—(2.5.41) upon transvection of (2.5.42) by o, and 1.
The existence and uniqueness of (2.5.42) thus establishes 0%, 1 as consti-
tuting a basis for &4. The normalization condition (2.5.39) is, in itself,
sufficient for this, as we have just seen. If we employ the results on parallel-
izability mentioned in §2.3 above (and c¢f. (1.5.6)) (assuming non-
compactness for the space—time) then we may take it that a spin-
frame field exists globally, so that o, 4 =1 can indeed be satisfied
for some o4, 11eS4. Of course if we are concerned with spinors at
just one point, or with spinors in some sufficiently small open subset of
the space—time, then it is clear that we may assume that a spin-frame
exists.* It is only when we consider the topological structure of the
space—time as a whole that the global existence of a spin-frame can come
into question.
It is often convenient (as in §2.3) to use a collective symbol ¢, for a
basis for S4. (The use of ‘¢’ rather than ‘6’ is in accordance with (2.5.10).)
Then we can set

gt=o04 et=1" (2.544)
The components of ¢, with respect to this basis are
0 x
Eap = € ptaeg” = ( _, 0> (2.5.45)
where
x=¢,50"" =0 " (2.5.46)

Thus a condition equivalent to the normalization (2.5.39) for a spin-frame

* However, as we shall see in §§4.14, 4.15, spin-frames with prescribed geometrical
properties may exist locally, but fail to exist globally.
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is that the components ¢, 5 of ¢, ; should constitute the normal Levi-Civita

symbol. It is clear that any basis can be readily converted to a spin-frame

if we leave &, unchanged, but replace &, by y~'¢,#. The more general

spinor basis for which y need not be unity is referred to here as a dyad.
The dual basis ¢ * must satisfy

1 0
EAAEAB = 8AB = (0 1) (2.5.47)

(so ¢,® is actually a Kronecker delta 63). The components ¢*® of ¢*® have
to satisfy eA® gcy = e.* (of (2.5.12)); so, for a general dyad,

0 -1

¢A® — ( L ) (2.5.48)
-y 10

Comparing (2.5.47) with (2.5.39)—(2.5.41) we see that if the basis is a spin-

frame, then
= — e l=o0,. (2.5.49)

In the general case,
el=—-y"Y, ¢t=yx"1o,. (2.5.50)

A - A’
This agrees with (2.5.43) for the components k* = k¢ ,* of ¥ in a spin-
frame. The components

Ko =K,0% K =K (2.5.51)
of k , in the spin-frame are then related to those of k4 by (2.5.7), 1.e.
ko= —k', Kk, =«" (2.5.52)
Note that for a spin-frame
Eoa T 0,4 = — &40, E AT UT T Ey (2.5.53)
QA== A0 A A Al

AB _ ,AB_. A, B — A, B . B__ . A, B
Also, the formulae &% =¢""¢,"ep" e, =¢€,56, 65,6, =¢,7¢,° can

be expressed in the form

AB _ A,B _ A B
- H

. _ . B _ B _ B
& o — 110", gp=0,0,— 1,0, & =0, —1,00 (2.554)

in a spin-frame o*, 1*;and in any basis:

'8 =y TN oMP —10P) eap =" N0 25— 1,0p),84% = X7 (041" — 140). (2559)
The only condition on o4, 1*e &4 that they constitute a basis for &4

(not necessarily as spin-frame) is that they be linearly independent at each

point, i.e., that at no point is one a multiple of the other. Another way of

putting this is that the y = 0, of (2.5.46) should vanish nowhere (i.e., x

exists). For, if 0%, i* do constitute a basis, then the components of ¢,


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.003
https://www.cambridge.org/core

2.5 Spinor algebra 113

cannot all vanish at any point (since the spinor ¢,; vanishes nowhere),
80 (2.5.45) gives y # 0 at every point. Conversely, it is clear from (2.5.41)
that y = o1 must vanish at any point at which one of 04, 1 is a multiple
of the other. We may state a closely related result as follows:

(2.5.56) PROPOSITION

The condition «,* = 0 at a point is necessary and sufficient for o, B, to be
scalar multiples of each other at that point *

This tells us that at any point at which a* # 0 # 4, the scalar o "
vanishes iff the flagpole directions of «* and 4 coincide.

Given a basis ¢, for &4, it is most natural to choose as a basis for &*
the complex conjugates of the elements ¢,* — and, indeed, this is what we
shall always do. Let us suppose that ¢, is a spin-frame and that o* and
14 are given by (2.5.44). Then we can write

A A _ A __ . A Ae_sA" _ A __ . A
0"=0" =0"=¢)", 1"=1"=1"=¢, (2.5.57)
where, as in the case of ¢, earlier, we have chosen to introduce new
symbols 0 and 1 so as to avoid the proliferation of bars. (Occasionally

it is expedient to omit indices when writing certain expressions. Then such
bars must be reinstated.) The dual basis ¢ , A’ is related to ¢,,* by

A B =g ¥ (2.5.58)

ey Ve,

and we have

e, =—1,, ¢, =0,. (2.5.59)

Note that (since a spin-frame is assumed),

0 1 o , (10
%,=<_10>=¢”,%P=<01> (2.5.60)

o,V =1= o*. (2.5.61)

—1
A A’
Given any spinor x&:% ", we obtain its components by transvecting
with the basis elements (which need not be normalized):

and

A..D..._ A.D., A D G’ K .
Xe' k. =X K. €4 ---Ep ---€c -8k .- (2.562)
* This is an example of a result which is awkward to state using merely properties of

the module &4 of spin-vector fields and not mentioning points. For if a* vanishes
in one region and B4 vanishes in a separate one, but a f4 =0 everywhere, then
neither a4 nor g4 is a multiple of the other by an element of &. The spinor Aa* + pp4
vanishes, on the other hand, for some A, ue &, with 4 # 0 # u; but this is not sufficient
to imply « 84 =0, since there may be a region throughout which 4 and g both
vanish.
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We recover the spinor from its components by using the formula

AL Do _ LALD A D’ G’ K
XG . K. = AG K EA . Epl B g .. (2.5.63)

As with tensors in general, addition, outer multiplication, index substitu-
tion and contraction of spinors all commute with the operation of taking
components. The operation of complex conjugation also commutes with
that of taking components, i.e.,
16K = KoK (2.5.64)
(recall that the basis for €4 is chosen to be the complex conjugate of the
basis for &4), where the bar on the left side means that the complex
conjugation is applied to each scalar of the array, while the bar on the
right side means that the complex conjugation operation is applied to the
spinor itself before the components are evaluated. Inspection of (2.5.64)
shows that in spinor component equations involving a conjugation bar
over an entire symbol (and only in these) it is necessary to make the
convention that A = A, B = B/, etc., numerically. It is therefore important
to avoid the use of both A and A’, or of both B and B, etc., under a conjuga-
tion bar. Because of (2.5.64), however, it is generally possible to avoid
symbols with conjugation bars over the indices.*
The components of any spinor which possesses only lower indices may
be obtained by ‘plugging in’ 0%, 14, 0%, 1* for each numerical index O,
1,0, 1’, respectively, so this can be remembered easily. For example,

Yorivo =Yasepr 0 P15 0" (2.5.65)
For a spinor possessing some upper indices, we can remember
il (2.5.66)
[

in the case of a spin frame, and then use (2.5.65).
Finally, let us examine how spinor components transform under
change of basis (¢f. (2.3.22)~(2.3.24).) Let ¢,” and ¢,“ be two bases for

S*. Let ¢,* and ¢,* be the respective dual bases and let ¢,*, ¢,4 and

* For example, we have u? = '8 = 484 and 4% = 344 = 34’ But to write u** =
_AA . . . . o1’ —01’ . 3 | ’ .
#™* is misleading, since, for example, 1°' # i®"": s0 we write u®® = 7P, from which,

for example, we correctly obtain u®'" = '?’,
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et e A?" be the respective complex conjugates of these. Define matrices
A_, 4, A A__, A, A
gt =¢e,%," " =g, (2.5.67)
and
A_, A, A A _ . A, A
gt =g, e, gt =g e (2.5.68)

Then the matrices ¢, and ¢;* are inverses of one another while ¢, »" and
¢; A" are the respective complex conjugate matrices of these two. Now
transvect (2.5.63) with the appropriate basis ¢;*, dual basis ¢ ,* or complex
conjugate of these. We thus obtain

AL = D Ay e g (2.5.69)

Equation (2.5.69) gives the transformation law for spinor components
under transformation from one general basis to another. We are normally
only interested in the case when the bases are both spin-frames. Then the
matrices ¢,, and ¢;; are the same, being the Levi—Civita symbol in each
case (i.e. (2.5.45) with y = 1), and we have

1=¢4; = £,585"e;" = det(e;*), (2.5.70)
showing that the complex matrix & AA is unimodular. It is thus a spin-matrix

and, therefore, so also are ¢, %, ¢;.* and ¢,.*". Then (2.5.69) gives what is
the familiar form of transformation law for spinor components.
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3
Spinors and world-tensors

3.1 World-tensors as spinors

In this section we show how world-tensors and, in particular, world-
vectors may be regarded as special cases of spinors. The algebra of world-
tensors thus emerges as being embedded in the spinor algebra of §2.5.
This embedding of one kind of tensor algebra in another is a particular
example of the procedure described at the end of §2.2. Accordingly, the
index labels of the embedded system are composite indices, consisting of
certain groups of labels of the original system clumped together. In the
particular case of this procedure that will concern us here, the world-
tensor labels will be clumped pairs of spinor labels, one of which is un-
primed and the other primed. The essential reason for this can be seen in
the formulae (1.2.15) and (1.2.23) which express world-vector compo-
nents in terms of spin-vector components. The world-vector components
are bilinear in the spin-vector components and in the complex conjugate
spin-vector components.
Let us define a world-tensor labelling set

A ={ab,c,...,z,ay,b,,...,a,,...} (3.1.1)
from the spinor labelling sets ., &’ (see (2.5.1), (2.5.27)), where
a=AAb=BB,c=CC,...,z=27",a,= AyAy,...,a, = A A}, ...

(3.1.2)

Then, for example, we can label the spinor of (2.5.33) variously as:
l/IAAlBB»Q - l/,‘;I;FQ — l//abQ — l//A’AbQ - waBQB/' (313)
We do not here adopt the convention (which was normal in the general
case of composite indices) that composite indices should not implicitly
involve single indices occurring elsewhere in an expression. This is because
here the clumping scheme (3.1.2) has been made quite definite, so no

ambiguity can arise. For example, each of the following equivalent
contracted expressions is equally allowable:

A R ) (3.14)

116
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and again,
AA B =y, B _ l//AA B_ l/,aBb _ _l//aBBB“ (3.1.5)
Certain spinors can be labelled entirely with elements taken from ¢":
Xamdp..,r =P ke =X ke 3.1.6)
These belong to the spinor sets S, &% &b, . S 6”‘_{0, ..., where
S = =6 ,6,=¢C¢,,.. 6"“°~ 6??‘{’90 .... Spinor

sets of this kind play a special role because they are sent to themselves by
the operation of complex conjugation. We shall refer to an element x“""‘p“_r
of such a set as a complex world-tensor. Thus the complex conjugate of

such a spinor,

ad A4 DD’ “A'A..D'D
g =X pp.RR = X P'P..R'R

=AA'...DD’ Za...d

=X P RR =K pe (3.1.7)
is another spinor of the same type. Certain complex world-tensors will
actually be invariant under complex conjugation and these will be called

real world-tensors or, simply, world-tensors. (This terminology will be
justified shortly.) A real world-tensor thus satisfies

Xa‘..dpmr — ia...dpmr. (318)
We denote the subsets of &, &°, .. Gx,...,@’p:::f,...,which consist
of real world-tensors, by I, 39, ... ,l v, o4 respectively.* (The

p...r >’
set T is the ring of real scalar fields on the space—time — or the division

ring of real numbers, in case we are concerned with spinors at a single
point.) The system (I, 3, 3?2, . -, &5, ...) is the tensor system generated,
in the manner of §2.2, from the I module % Each T is then a T-module
and the whole system is closed under the tensor operatlons of addition,
outer multiplication, index substitution and contraction. The elements of
T%(or I°, etc.) are called (real) world-vectors.

If we define the particular real world-tensors

Gup = €4ptap (3.1.9a)

gl=¢ "% (3.1.9b)

gt = eABeAF (3.1.9¢)

then, from the properties (2.5.3), (2.5.9), (2.5.11), (2.5.25), (2.5.34), we have
Gab = Ipa> 9° = 9", 909" = 9" G 9™ = 4. (3.1.10)

* In conventional terminology (cf. footnote on p. 90) the complex world-tensors here

arise as the tensors on the S-module & ®¢ & and the real world tensors as those on the
T-module of its Hermitian elements. We are allowed to say ‘real’ here, rather than
‘Hermitian’, because abstract-index tensor product is commutative.
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118 3. Spinors and world-tensors

From (2.5.13) and (2.5.35) we have
2= 159515 = *%9,", (3.1.11)

and so g,° plays the role of a Kronecker delta symbol. (We prefer g,° to
3% here for notational consistency with g, and because it avoids a possible
confusion when basis frames are introduced.) Furthermore, from (2.5.14),
(2.5.15), (2.5.36), (2.5.37) we have

2= %9 1% = 1% (3.1.12)

so that g, and g play roles formally identical to those of the metric
tensor and its inverse in lowering and raising world-tensor indices. In
fact, we shall presently identify the above g,, and g** with the metric
tensor and its inverse.

In the usual approach to the description of space—time .# (as in
Chapter 1), the world-vectors and world-tensors are given first. The metric
is introduced as a specific world-tensor defining the ‘geometry’ of .4,
and only thereafter is the spinor concept defined. Moreover, certain global
topological requirements need to hold for .# (¢f. §1.5) in order that this
spinor concept be globally consistent. The spinors can then be interpreted
(as in Chapter I) in terms of somewhat complicated space—time geometry,
except that there remains an overall sign ambiguity for the interpretation.
But we may ask ourselves whether Nature is really so complicated, since
spinor fields are a part of Nature as described by contemporary physical
theory.

The complication seems to be largely due to the tensorial approach.
If, as we shall tend to do in this book, one regards the spin-vectors as
more basic than the world-vectors—as, perhaps, something more primitive
than the space—time structure itself, from which that particular structure
can be deduced — then these complications largely evaporate. Thus, if we
start from spinors, we have no sign ambiguity (since the signs are part of
the given structure, not something that has to be derived). The resulting
space—time is automatically time- and space-oriented and has spin-
structure (which properties may be regarded as highly desirable in view
of various experimental facts; ¢f. remarks at the end of §1.5). Even the
dimension and signature of space—time are ‘consequences’ of our parti-
cular spinor formalism. The spinor algebra has in itself a certain simplicity.
The complications always seem to arise when we try to interpret the spinor
operations in space—time terms. We shall see good examples of this in
§3.4.
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Spin-frames and their related tetrads

At this stage we shall not be much concerned with the differential or
global properties of the system (spinor derivatives are left to Chapter 4).
Our present concern is the local algebraic structure implied by the
existence of the spinor system. To see explicitly how the ‘world-vectors’
arising here are consistent (‘isomorphic’) with the usual ones arising in
relativity theory, we introduce a spin-frame 04,11 with the standard
normalization

og%=1. (3.1.13)
Next we define a null tetrad* of world-vectors I, n®, m*, m® by
s = o0, n® =144
m® = oM, wm* = 1o?. (3.1.14)
These are all null vectors with respect to our g,, metric:
Pl =nn,=m'm,=m'm, = 0. (3.1.15)

(For example, m*m, = (0"1*)(0 ;1) = 0”0 4*1,. =0, (cf. (2.5.41).) Further-
more,

Fn,=1, m'm,= —1 (3.1.16)

(for example, m'm,=(0"1")(1,0,)= (0" )"0, )=(—1)x ()=~ 1),
while the other scalar products vanish:

I*'m, = i, = nm, = ni_ = 0. (3.1.17)

Evidently I and »n* are real,
=T n =i, (3.1.18)
and m® and m® are complex conjugates.
The null tetrad I, n®, m®, m* constitutes a basis, over S, for &7 the

dual basis being n,, [, —m,, —m, . This follows from (3.1.15)—(3.1.17), the
relation

g =nl+1n"—mmb—mm (3.1.19)
(which is a direct consequence of (2.5.55)), and (3.1.9) (¢f. (2.3.19) et seq.).
This basis for & is the one induced by the basis 0*, 1 for &4 (cf. (2.3.18)).

To obtain a basis (over T) for I from o* and 14, we need real world
vectors. Thus m® and m” have to be split into real and imaginary parts. It is

* This is a standard (and very useful) concept in Minkowski geometry. See, for example,
Sachs (1961), Newman and Penrose (1962), Trautman (1965), p. 57. Kramer, Stephani,
MacCallum and Herlt (1980).
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120 3. Spinors and world-tensors
convenient also to form linear combinations of I* and »n®, and write

1 1 , ,
1= —(I + n%) = —(o0? +14171)

V2 V2

1 1 . .
x® = —(m® + ) = —(o1* + 1%0?) (3.1.20)
NG 2
i i
ya — _(ma _ "-za) — _(OAlA _ lAOA )
7 NG

1
= —(t° + z%) = 00"
NG
nt = L(t“ - =4
5 (3.1.21)
me = 71:()(“ _ iya) — OAlA’
V2
1 . A A
m® = %(x“ +1yY) =1%

From (3.1.15)-(3.1.17) and (3.1.19) we have the orthogonality relations
t'x, =t'y, =1z, = x" =y'z, =2'x,=0 (3.1.22)
and the normalizations
tt,=1,x%%, =)y, =z, =~ 1. (3.1.23)
Furthermore, (3.1.19) gives us
g =t —x x> —y b —zz". (3.1.24)

These relations imply that ¢%, x°, y*, z do, indeed, constitute a basis, over
3, for ¢, with dual basis ¢,, —x,, —y,, —z,. In fact, (3.1.22) and (3.1.23)
are identical with the conditions (1.1.7) and (1.1.8) for a Minkowski tetrad.*

* Note that the Minkowski tetrad (or, equivalently, the null tetrad) defines the spin
frame 0”4, 1* locally up to an overall sign. For I and n” define the two flagpoles;
knowledge of m” reduces the freedom to (0,4, 1) €' (0, 1) (8 real); the normalization
0414 =1 then fixes 0 to be a multiple of 7.
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Let us set
go' =1, 9,.°=x% g¢g,"=)y, gi*=2* (3.1.25)

and dually,

9=ty 9= —Xu 9.75= Ve 9= —Za (3.1.26)

Then the components of gab,g“" and g,’ in the basis g,* and dual basis
g} are*, by (3.1.22), (3.1.23),

1 /1
Gap = =g, glt= | (3.1.27)

-1 1

At each point we therefore have a standard representation of I¢ as a
Minkowski vector space referred to a Minkowski tetrad.

Note that we can define the concepts of time- and space-orientation
for T* by the specification that the Minkowski tetrad (3.1.20) be deemed
to be restricted (¢f. §1.1). (We shall adopt a slightly different and more
‘invariant’ approach in §3.2.) We saw at the end of §2.5 that changing the
spin-frame 04, 1* to another one, at a point, is the result of a spin trans-
formation and is continuous with the identity. This shows that the result-
ing tetrads (3.1.20) are all continuous with one another — indeed, related
at each point by the corresponding restricted Lorentz transformation — so
the resulting orientations for I are intrinsic and not dependent upon the
choice of 04, 11.

Let K*e¥* Then in terms of the above basis we have
K*=K?%g,°= K% + K'x* + K*y* + K’z (3.1.28)
where
K°=K,K'= -K°,, K*= —K%,, K’= —K%,. (3.1.29)
Now K* = K4%'e &4, so we can also refer K to the spinor basis ¢, =

ot e A=01:

1 =
K= KAA'SAAEA,A’
= K% 0%* + K° oM* + K% 4o + K' i (3.1.30)
=K°F+ K''n* + K°'m® + K'O'ni.

* Note that the signature of the metric comes out automatically as (+, —, —, —). If it
had been desired to obtain the signature (—, +, +, + ) for the space -time metric, then
the definition g, = —¢€,,¢,., would have to have been used. This would have lead
to difficulties with the spinor index raising and lowering conventions.
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So, comparing this with (3.1.28) and using (3.1.20), we get, upon equating
coefficients of /?, ..., m*:
1 (K°+K* K'+iK? K% KOV
— . = , ) (3.1.31)
\/E K1—1K2 KO_K3 KIO Kll
The Lorentz group action on I can be invoked to transform any given
future-null vector into any other. Thus, if K* happens to be future-null,

then like [° (or n®) above (¢f. (3.1.14)) it is the product of some spinor, say
k4, with its complex conjugate, so K* has the form

K= kig?. (3.1.32)
From this, if we set
&=k n=x', (3.1.33)
we find
K% = EE KOV = &7, K'O" =& K''" = nij, (3.1.34)
so equation (3.1.31) becomes
L(sz ‘Y*iy):(z)(é 1 (3.1.35)
J2\X =iy T-Z n
where we have put
T=KX=K'Y=K?Z=K". (3.1.36)

Equation (3.1.35) is precisely the same as (1.2.23), which formed the corner-
stone of the discussion in Chapter 1. This shows that if we start with .#
and its metric g, , and if .# satisfies the global conditions that allow us to
construct spinors as we did in Chapter 1, then the g , resulting from the
algebra of those spinors via Equations (3.1.9) is the same as the original
metric g, .

Infeld—van der Waerden symbols

Note that we have allowed ourselves to use a basis for © which is not the
one induced by our basis for &4 (¢f. (2.3.18)). It is often convenient to
exploit this freedom. One such occasion arises when we employ an explicit
real coordinate system (x’) for .#. Then the coordinate basis d/0x°, ...,
0/dx* is often a convenient one to adopt for the module of tangent vector
fields to .#, i.e. for the module T° In general, such a basis will have no
close relation to any basis for &4. So it is useful to allow simultaneous
consideration of bases for T (or &% and for €4, which are completely
unrelated to one another.
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Let &,%, ¢,* be a basis and dual basis for S* and let g, g,* be an un-
related basis and dual basis for % Then any world-tensor y, */ can
be expressed in terms of components with respect to g, or, reading it as
Yaa ce””FF, in terms of components with respect to &,”. The relation-
ship between the two sets of components is expressed by means of the
Infeld—van der Waerden symbols, defined by

gaAA‘ = gaaBAAEA/A"
a

gan=8", g, (3.1.37)
Note that a contraction is taking place between a and AA’, whereas there
is no contraction between a and AA'. Thus, each equation (3.1.37) re-
presents 16 scalar equations. (It should be stressed that, according to our
conventions, contractions are implied only between (i) identical indices of
all kinds (e.g. B,%, B,*, D,.*, E /*, E,*) and (ii) an abstract composite index
and one of its implicit constituents (e.g., F,G*, F,G*H*).) We may view
the Infeld—van der Waerden symbols as being simply the ‘Kronecker
delta’ tensor g,° with each index referred to a different kind of basis.
From (3.1.37) we obtain the formulae

Xamcd“.f — XAA'MCC'DD,MFF/gaAA'mgccc,gDD’d L. gFF’f (3138)

and
DD'.. FF’ d..f

Xaa'..cc =Yoo TOan " Gec Y g (3.139)
which are really just special cases of (2.3.24).
Since we have chosen g,€T* this basis is real and we have
9, 0% =g,%,Me,B =g, (3.1.40)
which is to say that each of the matrices g,*%, ... ,g,*® is Hermitian. (Note
that, in accordance with the convention enunciated after equation (2.5.64),
we avoid the use of AA’ together under the conjugation bar in equation
(3.1.40) and assume A =A’, B=B’, numerically) Similarly, each of
gap s -+ gag " 1s Hermitian. This implies that if y, **/ is any real world
tensor, then the spinor (dyad) components* must form an array which is
Hermitian in the sense

DS'...FU _
Xap . .cr' = Xpa'..rC’

sp’...UF (3.1.41)

The equation for ‘reality’ of a spinor, y — =y -, is in general mean-
ingless, since its two members belong to non-comparable spinor modules

* In the literature a distinction is often made between spinor components and dyad

components (Newman & Penrose 1962). Because of the use of abstract labels for actual
spinors, no such distinction is necessary here.
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(e.g.,51 and S*). However, for spinors of valence-type [? ] this equation
becomes meaningful, and indeed important. Recall that, by definition,

XCD,.“AB’... — X_C'D“,A,Bm;
so if

T (3.1.42)
then we have

Top. B =dep, AP (3.1.43)

There is a certain conflict between two terminologies which suggest
themselves for a spinor satisfying the evidently equivalent conditions
(3.1.41) (with real ¢,%), (3.1.42), and (3.1.43). While (3.1.41) and (3.1.42)
suggest that y., “®- be called ‘Hermitian’, (3.1.43) and the already
adopted terminology for world tensors suggest ‘real’. Here we adopt what
seems to be the logical compromise and say that y., “% is indeed
Hermitian, while the term ‘real’ is reserved for the corresponding elements
Yoo 4 of the self-conjugate sets S22~ = &%, which satisfy (3.1.7), i.e,,

Yoo M =tee M (3.1.44)
Thus ‘real’ really means ‘equal to its complex conjugate’.

The basic equation satisfied by the Infeld—van der Waerden symbols
is the component version of the fundamental relation (3.1.9a), that is,

Gab = Eantanda Gy s (3.145)
or, equivalently,
apIan-"Ten" = Eantarn - (3.1.46)
The equivalence of (3.1.45) with (3.1.46) is established via the relations
MU= 9. g9 =6, (3.1.47)

An alternative equation which is often used in place of (3.1.45), owing to
its connection with the anticommutator ‘Clifford algebra’ equation for
Dirac y-matrices,* is

9. 08" + 9y A Gan™ = — 85 0y (3.1.48)

This follows from (3.1.45), for if we add (3.1.45) to the same equation with
a and b interchanged, we get an expression anti-symmetrical in A, B, trans-

* We may express (3.1.48) as the (2 x 2) matrix equation G,G¥ + G,G?* = — gl

where the asterisk denotes Hermitian conjugation. If we set y,=2*<g* (?'),
we obtain a solution of the (4 x 4)Dirac matrix equation 7,7, + 757 = — 24,51, . See
footnote on p.221 and the Appendix to Vol. 2 for more detail.
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vected with &,,. Multiplying through by ¢® and using (2.5.22), we can
move the unprimed ¢ to the other side of the equation. This gives (3.1.48).
Conversely, starting from (3.1.48), if we transvect through by %s"A, we
re-obtain (3.1.45).

If we use the standard Minkowski tetrad %, x° y* z° related to the
spin-frame 04, 1 by (3.1.20), then denoting g,* by (3.1.25) and g, by (3.1.26)
we get

. 1/1 0 1 /0 1
AR _ _ 0, AB'_ - 1
9o ﬁ(o 1> Ian> 9 \/5<1 0) Iam
. 1 0 i , 1 (1 0)
AB' _ 2 AB 3
g - . =_g »,g = = )
2 ﬁ(—l o) w93 T A 0 1) T (5 149)

as is readily seen by comparing (3.1.31) with K®g A®" = KA. The matrices
(3.1.49) are, apart from the factor 2%, the familiar Pauli spin-matrices and
the unit matrix.

It is sometimes convenient to use a basis g,* for ©° not all of whose
elements are real. This situation could arise in the case of a coordinate
basis if complex coordinates for .# are used. Another example arises with
anull tetrad g,* = I, g,* = n®, g,* = m*, g, = m*; here we find

, 1 0 ) 00
goAB:<O 0>=gAB'O’ 91AB=<0 1>=gAB’1’

. (0 1 AR
ngB:<O 0>=g“,2, g3AB=<1 0>=g“?. (3.1.50)

Since the vectors g,* are now not all real, the fact that the matrices
g, %, ....,g,*® are not all Hermitian is to be expected. In the general case,
with a complex basis g, for 7, all the equations (3.1.37)—(3.1.48) hold as

before, except the Hermiticity condition (3.1.40).

3.2 Null flags and complex null vectors

Thus far, whenever we have desired to interpret a spinor (or spinor opera-
tion) in space—time terms, we have had to rely on the detailed geometrical
discussion of Chapter 1. On the other hand, we may prefer just to accept
the abstract existence of spinors, which form an algebra as described in
§2.5, and among which the real spinors (in the sense of §3.1) are identified
as world-tensors. It is of some interest that the geometric null-flag interpre-
tation of a spin-vector in terms of such world-tensors can then be obtained
very rapidly using the spinor algebra. The main procedure is a particular
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example of the general method, to be given in §3.4, of interpreting spinors
in terms of world-tensors.

For simplicity let us assume, in what follows, that the sets & refer
to spinors at a single point Pe.# only, so ©=C and &4 is a two-
dimensional vector space. Let

kie &4, (3.2.1)
Then the most obvious world-tensor we can construct from k“ alone is the
world-vector
K= xtic?. (3.2.2)
The reality of K* is obvious; so also is the fact that K°is null, since
KK, =k%%4k &, = |k x4]* =0.
In fact, every real null world-vector has either the form (3.2.2) or else*
the form
K®= — k1%, (3.2.4)
This follows from the fact that a complex world-vector x* is null, in the
sense**
1%, =0, (3.2.5)
if and only if it has the form
y° = kAL, (3.2.6)
For, accepting (3.2.6), we have k&4 = E4g4" if y° is real. Transvecting
with &, gives (£, k*)é* =0, so, by (2.5.56), &* must be a multiple of x*
(unless k* = 0). Thus we have y* = gx*k* where g must be real. If ¢ > 0,
we absorb g ? into x4 and get (3.2.2). If g < 0 we absorb ( — g)? and corres-
pondingly get (3.2.4). (If g = 0 we get both.)
Conversely, we observe that (3.2.5) has the spinor form
€565 X 1PF =0, 3.2.7)

the left-hand side of which is just twice the determinant of ¥**" (in com-
ponents: 2x°% y!'" — 2y°V¥1%). The vanishing of this determinant asserts
that the rank of y**' is less than 2, that is, y** is an outer product (3.2.6)
of two spin-vectors. (In any one spin-frame, this is clearly true for the
components. Therefore it is true independently of the spin-frame.)

* A complication that arises if we try to apply the discussion to spinor fields is that,
for a given null vector field K% in some regions of space—time (3.2.2) might hold and in
others (3.2.4), so that neither could be assumed to hold globally. (For this K* would
have to vanish in some regions.)

*x There is another possible sense, ¢f. (3.2.25) below.
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Next, we observe that the existence of the spinor system gives us an
absolute distinction between the two null half-cones at the point P of
interest. For, we can define the future-pointing and past-pointing null
vectors to be those for which, respectively, (3.2.2) and (3.2.4) hold (x* # 0).
It is clear from this that the scaiar product of two future-pointing null
vectors or of two past-pointing null vectors must be positive (or zero, if
they are proportional) and that the scalar product of two null vectors of
different kinds must be negative (or zero, if proportional), as required
(¢f. §1.1). (This choice is consistent with the 7 of (3.1.20) being future-
pointing.) Thus when we pass to spinor fields on .#, the global requirement
(1.5.1) (that .# be time-orientable) must hold.

Equation (3.2.2) tells us that any non-zero spin-vector defines a unique
future-pointing null vector, which we call its flagpole. However, many
distinct spin-vectors have the same flagpole since the K* defined by (3.2.2)
allows the freedom

KA s el (3.2.8)

To obtain a more complete tensorial realization of k* than that afforded
by (3.2.2), we can form the ‘square’ kx® of k. Then, to get as many primed
indices as unprimed ones, we multiply by ¢4 this gives us a complex
world-tensor. To obtain a real world-tensor we can add the complex
conjugate:

Pt = ARBAE o g ABAGE (3.2.9
Then we have
P® = Pt = _ pt, (3.2.10)
Furthermore, P* is ‘simple’, i.e., of the form
P = K[ — [°K®, (3.2.11)
where L’ is any vector* of the form
L* = k474 4 g (3.2.12)
for which
ko =1 (3.2.13)

To establish (3.2.11), we observe that since x ,, 4 constitute a spin-frame,
we have, from (2.5.54),

e1B = xA¢B — 74k5, (3.2.14)

Then (3.2.11) follows upon substitution of (3.2.14) into (3.2.9).

* This I° is not quite the same as the L of §1.4, but it is serves a similar purpose. We can
relate the discussion here to that of §1.4 by putting 2$(OR/OP)L for L°.
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Fig. 3-1. The null flag representing k*, and its relation to K* and I*.

The vector L' is real, spacelike of length \/5, and orthogonal to K*:

rr=r rr,=-2 K°L,=0. (3.2.15)
It is defined by P*® up to the addition of a real multiple of K°: under
14+ axt (3.2.16)
(the transformations of t4 which leave (3.2.13) invariant) we have
P> I +(a+ 2)K° (3.2.17)

The positive multiples of these vectors L° lie on a (two-dimensional)
half-plane through the origin in the Minkowski vector space T° which
(since L? is orthogonal to the null vector K®) is tangent to the null cone in
I° along the line consisting of multiples of K* (see Fig. 3-1). This half-
plane is the flag plane of x*. (Agreement of this construction with that of
§1.4is easy to verify.)
The phase transformation (3.2.8) can be seen to correspond to a rotation
through 26 of the flag plane about the flagpole. For, setting
M = ik1Ft — ittt (3.2.18)
we see that
L7cos 20 + M“sin 20 = (e“x)(e'%T*) + (e " r¥)(e "%*). (3.2.19)
Thus, under (3.2.8) (which must be accompanied by t4+—¢~ %14 to preserve
(3.2.13)), the vector L? is rotated, in the (L%, M®)-plane, through an angle
26, to become the vector of (3.2.19). Note also that under x4+ kx“ (with
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k™14, k > 0) the flagpole gets multiplied by k? but the flag plane is
unchanged.

It is of some interest to observe that this gives a direct way of obtaining
the conformal structure of the space & * of future null directions at the
origin in I* Any spin-vector k* defines a point K of & * (the direction of
the flagpole) and also a tangent direction L to &#* at K (the direction of
the flag plane). If we have two tangent directions L and L’ at the same point
K of &%, these will be given, respectively, by k4 and by ek for some 6.
We now obtain the angle between L and L’ as 260. Having an invariant
concept of angle on & * we therefore have an invariantly defined conformal
structure for . (Of course the constructions of Chapter 1 also achieve
this, but here the conformal structure arises directly from the interpreta-
tion of spin-vectors.)

In fact, this conformal structure also gives an invariantly defined
orientation for &*, and consequently for .#. For we can define the notion
of right-handedness on & * by simply specifying that ‘right-handed’ is
the sense in which the flag plane of e« rotates as 0 increases (cf. remarks
before (1.5.2)). (This is consistent with the x?, y*, z¢ of (3.1.20) being right-
handed.) Again we observe that passage to a spinor field implies a global
restriction on .4, namely that, in addition to being time-orientable, it
must be space-orientable. As a topological manifold, therefore, .# must
be (space—time) orientable (cf. (1.5.2)).

We observe that each of (3.2.2) and (3.2.9) is invariant under

kA — kA, (3.2.20)
If this is achieved continuously via e*x" as 0 varies from 0 to =, the flag
plane executes one complete revolution through 27 and returns to its
original state, so k* is indeed a spinorial object (cf. §1.5). Thus the passage
to spinor fields requires also that .4 have spin-structure (¢f. (1.5.3)).
Our algebraic approach, therefore, when we apply it to spinor fields (as

we shall in Chapter 4), requires .# to have spinor structure (cf. end of §1.5).

Properties of complex null vectors

Let us now return to the representation (3.2.6) of a general non-zero
complex null vector in terms of a pair of spin-vectors. We observe, first,
that given y“, the decomposition ¥* = k&4’ is unique up to

KAk, EVi AT IEY, (3.2.21)
For,if k*&4" = v then transvection by p , gives u ,k* = 0, so by (2.5.56)
k4 and p* must be proportional. Similarly, ¢*" and v must be propor-
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tional. Note that this implies that a complex null vector y* defines an
ordered pair of real null directions (not necessarily distinct), i.e., two points
of S*, namely those given by the flagpoles of x* and &', respectively. The
complex conjugate y* of ¥* defines the same pair of null directions (points
of $*) but in the reverse order (3* = £4k*). The two null directions coincide
if and only if y* is a complex multiple of a real vector. Conversely, this
ordered pair of real null directions defines, quite generally, the complex
vector x° up to a proportionality.

A number of properties of complex null vectors can be read off easily
from (3.2.6). For example, if two complex null vectors y*, ¢ are orthogonal,

XY =0, (3.2.22)

this means that y* and ¥ have simultaneously the form yx*= k4&4,
Y = k' or simultaneously the form y* = k4&4, y* = t4E4, It follows
that if x° y* ¢* are three complex null vectors which are orthogonal to
one another, then they must be linearly dependent. For, they must
simultaneously all have either the forms
Xa — KAéA” lpa — KA?]A/, ¢a — KACA’ (3223)

or the complex conjugates of these forms. Assume, without loss of genera-
lity, that it is (3.2.23) which holds. Owing to the two-dimensionality of
spin-space, there must be a linear relation A&4 + un* + v{* =0 with
not all of 4, u, v zero. Thus, by (3.2.23), Ay* + uy® + v¢* = 0.

Suppose, on the other hand, that the complex null vectors ¥* and ¢*
are each orthogonal to the complex null vector x* but not to one another.
Then these vectors must have the forms

=k, Y=gt ¢t = ot (3.2.24)

or the complex conjugates of these forms. It follows that there is a unique
complex null vector 8* which is orthogonal to each of ¥ and ¢°, and for
which 0 x* = ¢ y*°. For, assuming without loss of generality that it is
(3.2.24) which holds, we can set 6* = — w*y", the uniqueness of which is
easily established.

The linear set of complex null vectors of the form x* = «1&4, where x4
is held fixed and ¢4 is allowed to vary, gives a way of representing the
spin-vector k* (up to proportionality) in complex terms. In some contexts
(for example, in parts of twistor theory, cf. §§6.2, 7.3, 7.4, 9.3) it isimportant
to give descriptions in terms of complex quantities not involving the notion
of reality or of complex conjugation. In such contexts, the association
of a spin-vector with a linear set of complex null vectors becomes much
more significant than its association with a single (real) null vector,


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.004
https://www.cambridge.org/core

3.2 Null flags and complex null vectors 131

namely its flagpole, since the latter description requires the notion of
complex conjugation. On the other hand, the complex null bivector
k4kBe?'® could be of significance in these contexts. We do not propose
to pursue this matter further here, except for one point: its relation to the
structure of the complexified 2-sphere.

We have seen above that each complex null direction can be represented
by an ordered pair of points on the sphere S* — topologically a 2-sphere
§2. If we wish to attach no significance to the notion of reality, then (since
the coincidence of the two points signifies reality of the null direction)
we should really consider each of the two points to lie on a separate sphere
§2. Thus, the space of complex null directions at a point has the structure of
a topological product S? x S2. The points of the first $? are the spin-
vectors k* up to proportionality and the points of the second S? are the
conjugate spin-vectors &4 up to proportionality, giving the required null
directions as those defined by y* = k*¢". Since the real null directions at
a point constitute a conformal sphere &, we may regard the complex
null directions as constituting a complexified sphere. From the above, we
see that this complexified sphere has a structure S? x S?. When a point
of one of the $%s is held fixed and the other is allowed to vary, we get,
up to proportionality, one of the above linear sets (associated with k4
or with £%) on the complexified sphere calied a generator. Thus, the com-
plexified sphere is ruled by two systems of such generators.* This sort
of description in fact forms the basis of the general geometrical n-dimen-
sional discussion of spinors. But we shall not go into this here.

Hermitian-null vectors

Let us end this section by briefly examining the other type of complex
‘null’ vector, namely a complex vector y“ satisfying

75, =0. (3.2.25)
Choose any real 0 and write
y* = U +iV9), (3.2.26)
where U® and V* are real. Substituting (3.2.26) into (3.2.25) we get
v Ui+ v yt=0. (3.2.27)

Thus, either both U? and V“are null, or one is spacelike and the other time-

* This fact ceases to be surprising when we recall that when complexified, no distinction
exists between a sphere and a hyperboloid. A hyperboloid of one sheet is well-known
to be generated by two systems of straight lines.
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like. Suppose U* is timelike for 8§ = 0. Then U* for § = n/2 (being the same
as V* for 0 = 0) must be spacelike. Since U® varies continuously with 6,
it follows that U® must be null for some 6 between 0 and 7n/2. Thus V¢
is also null for this same value of 8. By choosing the appropriate one of
0,0 + n/2, 0+ m, or 6+ 3n/2, we can arrange that both U® and V*° are
null and future-pointing in the representation (3.2.26). This representation
of y* is then unique except when U? or V* vanishes or when both are null
and proportional. In this latter case, we can regain uniqueness (assuming
y* # 0) by replacing (3.2.26) by

¥ =eU", (3.2.28)

where U? is null, real and future-pointing. The spinor representation of
a y“, which is null in the sense (3.2.25) (with y* # 0) is then

P = e¥at@ +ipAfY), o 40 (3.2.29)
or
= e“atat (3.2.30)

in the above two cases, respectively.

3.3 Symmetry operations

Two operations of great value in tensor and spinor algebra are symmetriza-
tion and anti-symmetrization. But it turns out that owing to the two-
dimensionality of spin-space, the latter operation almost disappears for
spinor algebra. It will be useful, however, first to discuss these two opera-
tions briefly for more general tensor systems. The only condition on the
module & that we shall need, at first, in addition to the assumed total
reflexivity — which latter is not used before (3.3.22)—is that € contains a
subring isomorphic with the rationals. After (3.3.23) we specialize to the
case where a (normally two-dimensional) basis exists.

We adopt the conventional notation that round and square brackets
surrounding a collection of indices denote, respectively, symmetrization
and anti-symmetrization (sometimes called skew-symmetrization) over
the indices enclosed. Thus we have

1
Kop@apo = 5_!(%%139 + Xppao) (3.3.1)

1
w‘@(aﬁ)')g = §(¢9103'9 + l//?}’ﬁayﬂ + w@ﬁya.‘l + l//f%"’ayﬂ_? + l//?)yaﬂg + d/?}’yﬂz?)’
(3.3.2)
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etc., and
1
Xg[dﬂ]ﬁ’ = Z(Xﬁl’a/}ﬁ - X@pdg)a (333)

lp.,@[aﬂy]ﬂ = g(‘/jﬂaﬁyﬁ - 'I’Mayg + w@ﬂya.‘l - 'p,%;vm + '/’9«,«1/39 -¥ ?-,Bw)»
(3.3.4)
etc., and similarly for upper indices.

Occasionally, when it is required to omit certain indices in a symmetriza-
tion or anti-symmetrization, a vertical bar will be used at both ends of the
group of indices to be omitted from the (anti-)symmetry operation. (Indices
in reverse position do not require vertical bars, however.) For example:

=1
¢a(ﬂ)|l|u) - 2(¢apy1” + ¢auy;_ﬂ)a (335)
Qlabndul — %(Qaﬂvlu — Q*Bran 4 gAByex _ Qabyuk 4 gubyad guﬁvla). (3.3.6)
We may even write
QB m — i(gaﬂvlu + QuBvie _ gepiye _ guﬂiva), (3.3.7)

etc.

A number of properties of these two symmetry operations follow im-
mediately from the definitions. Among these are the following:

If symmetrization is applied to a number of indices, and if subsequently
another symmetrization is applied to the same (and possibly additional)
indices, then the first symmetrization can be ignored. For example if
Canuy = Ny then &0 =1, This could be written 5
The same result applies to anti-symmetrizations. Thus

atayy — Nagauwy®

(3.3.8)

Xﬁ’(a...(v...e)‘..n).? = X?(a..‘y...t..‘n).’?
and

Xﬂ[a...[y...s]...n].@ X@’[a yeen}2° (339)

If symmetrization is applied to a number of indices, and if subsequently

an anti-symmetrization is applied to two or more of those indices (and

possibly additional indices) then the resulting expression vanishes. For

example, if £,,, =1,,,, then ¢, . =0. The same remark applies with

the roles of symmetrization and anti-symmetrization reversed. Thus,
assuming that y, ... , ¢ are more than two in number,

=0 (3.3.10)

It is not true in general that symmetry operations commute with each
other. However, two such operations obviously do commute if they act
on totally different indices. For example, we can form unambiguous
expressions like ¥ But expressions like ¥ are not per-

ot rnrme =0 Ao ipc.m2

(@B)yylApv]” a(By{D)uv)
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missible, since it would not be clear whether the symmetry or anti-sym-
metry operation is to be performed first. The same holds for upper indices,
of course. As in (3.3.5), the symmetry operators apply to upper and lower
indices independently, for example:

glaaﬁlu)v = i(@alﬁl‘y _ gﬂlaﬂv + anﬂzy _ gﬂualv). (3'3‘1 1)
We shall also have occasion to apply (anti-) symmetry operators to
composite indices. For example,

Lett® B Bs — %(xﬂg&p‘%z@:; —Awzm ) (33.12
This notation will only be allowed, however, when the indices within the
bracket are of the same valence. Identity of valence is indicated, symboli-
cally, by using the same kernel letter for the indices. If, for example,
o =a and # = By*, then (3.3.12) reads:

Ximimnms = %Xaﬁxylﬂzyzﬂsys - %Xaﬂzyzﬂlwﬁsm' (3313)

A tensor (or spinor) is said to be [anti-] symmetric in a collection of

(possibly composite) indices if it is unchanged when the operation of
[anti-] symmetrization is applied to the relevant indices. Thus, if

Liow = X,,.()‘...v)“.and lp}.v = (//...[1..‘\:]‘..’

then we say that y , = and ¢ , | are, respectively, symmetric and
anti-symmetric in 4 ... v. Note that, from the above remarks, the result
of any [anti-] symmetrization is automatically [anti-] symmetric. For
example, ¢ 7 is symmetric in 4, u,v and anti-symmetric in f,7. A
tensor is symmetric in a group of indices if and only if it is unaltered when
any pair of indices in the group is interchanged. Similarly, it is anti-sym-
metric in a group of indices if and only if its sign is reversed whenever
any pair of indices in the groupisinterchanged.

A convenient notation for the subspace of an &, consisting of those
elements with some specific symmetry, is to employ the same arrangement
of round and square brackets to the symbol & itself as would yield the
desired symmetry when applied to elements of &. In particular, the
spaces of symmetric and antisymmetric elements of S, _ are denoted,

respectively, by S(amw and 6[1”4” and, for example, we have

a B B\B [aBUB1B2) ; a B BBy _ [« Bl (B18B2)
L0 eSS W 2l = TP 33.14)

If a tensor is [anti-] symmetric in two overlapping groups of indices,
then it is [anti- | symmetric in the combination of the two groups together.
Thus

if vty = K@yt = Koo (),
RN Y e = Xty (3.3.15)
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and

if l//...a,..y,..s... = l//...[a...y]...e... = w...a...[y...e]... (3316)
theny

This follows from the fact that any permutation can be represented as a
product of transpositions only of adjacent indices. Furthermore, if a tensor
is symmetric in a group of indices which overlaps another group of indices
in which it is anti-symmetric, then the tensor vanishes. To see this, it is
sufficient to consider a tensor & which is symmetric in 4, 4 and skew
in g4, v. We have

Y = l//...[a...y..‘e]... :

o Apv

Cotir = Catuar = ~Catina = ~Eatvur = Sorvin = Catae = ~ Caryr 3317
The tensor is thus equal its negative and so must vanish.
If an [anti-] symmetric group of indices on a tensor is contracted with
another group of indices, then the second group of indices may be [anti- |
symmetrized without changing the result of the contraction:

bt =y 0D (3.3.18)

Xd(ﬂ..‘r)pmt = Xat(p...t) Pt
and

X&/[p...qpmt = Xd[p...r][pmt] = X&/p...r[pmt]' (3.3.19)
These results are easily proved by expanding one of the [anti- | symmetries
in the middle term according to (3.3.1)—(3.3.4) and then relabelling the
dummy indices. By invoking the [anti- ] symmetry of the remaining indices
we can make every term of the sum the same. For a group of N indices,
there are N ! terms, which is compensated for by the N!in the denominator
of (3.3.1)-(3.3.4). One implication of the above result is that if a pair of
symmetric indices is contracted with a pair of anti-symmetric indices, then
the result must be zero. Thus

lpﬁ().p)llul = 0 = l/’ﬂ[lu](ln)~ (3320)

Note that for any X*e &% the tensor X°*X?... X° is symmetric in
o, B, ..., 0. Hence

bop X XP X =, (XXP X (3.321)
This shows that the ‘if” part of the following result holds:

(3.3.22) PROPOSITION

D orap. s X°XP . X° =0 for all X°eS* iff ¢ 0.

(@0
To demonstrate the ‘only if” part, set
X*=Y"+ AZ"
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Then, assuming «, f3, ..., é are N in number, we get
‘f’mﬁ...aXaXﬂ X = ¢y/(ati...5)yayﬁ LY Nid’ﬂ(aﬂ...a)zayﬂ LY
+/1N¢Maﬂmé)Z“Z” A

If the left-hand side is to vanish for all X% then each coefficient of A"
must vanish on the right. (This requires no more than we have assumed
for the ring &, namely that it contains a subring isomorphic to the ra-
tionals. For, if we choose A=0,1,..., N in turn, we find that N +1
linearly independent combinations of the coefficients on the right vanish.
Taking rational linear combinations, we see that each coefficient must
individually vanish) In particular, ¢, 5Z*Y?...Y? must vanish.
Since it vanishes for all Z% ¢,5. 5 Y"... Y*=0. Since this must vanish
for all Y* we can repeat the argument and finally obtain ¢, 5 =0,
as required. It is clear that (3.3.22) also holds with a, §, ..., d replaced by
composite indices all of the same valence.
Also, it follows from (3.3.22) that

the function ¢ (X)=¢ . X" ... X’ serves to define the
tensor ¢ ., 5 uniquely (3.3.23)

since the difference between any two such functions vanishes identically
iff the difference between their corresponding symmetrized tensors
vanishes.

Results specific to spinors and world-tensors

All resnults so far apply no matter what the dimension of &* But because
spin-space is only two-dimensional, there are special simplifications which
occur in the case of the spinor system that we have introduced. These
simplifications arise from the following fact: any spinor which is anti-
symmetric in three or more of its indices (either primed or unprimed)
must vanish. This means that for any 0, 0r ¢ 5,5 We have

0 0. (3.3.24)

(Clearly there is no loss of generality in considering only three indices,
because of (3.3.9).) To see that (3.3.24) must hold, we can consider com-
ponents in any spin-frame, noting that of three numerical spinor indices
two at least must be equal. Alternatively, the result is seen to be a parti-
cular case of one given earlier, ¢f. after (2.3.1).

Note that the particular case of (3.3.24)

A[POR] 0, ¢.W’[P’Q’R’] =

0 (3.3.25)

ElaBCcip =
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leads us back to the identity (2.5.21) considered earlier. In fact (3.3.24) is
a consequence of (2.5.21) and its complex conjugate. To see this we may
apply the equivalent relation (2.5.24) to 0 4IPOR] in two ways, first employ-
ing the anti-symmetry in QR, and secondly the anti-symmetry in PQ.
In this way we obtain

0 19 Te =19 ST (3.3.26)

M[PQR] 2 M[PST] QR 2V A[RST] PQ
Upon transvection with 2, the relation 6 W,Sﬂesr = ( follows, whence,
by (3.3.26),0.,po 5, = Oasrequired.

For n-dimensional tensors, an n-element basis 2 for S* being assumed,
there is an identity corresponding to (3.3.24), namely

=0. (3.3.27)

Xd[agax..‘an]

There is also a relation corresponding to (2.5.24). For this, define tensors
€ and &** whose components in the given basis are

ay.q, =" *=1or —1or0, (3.3.28)

according as a,,...,0, is an even, an odd, or not a permutation of 1,...,n
(This agrees with (2.3.4).) The quantities (3.3.28) are called Levi—Civita
symvols. We have

nlolgr . ot =grmg (3.3.29)

by comparison of components on the two sides. Hence, if ¢, is skew
ina,,...,a we have

1
Vertrpn = Vataru0%, - 050 = <;,Wg,almzns"”“‘“")aﬂ"“ﬂn. (3.3.30)

This shows that (as in (2.5.24)) any set of n anti-symmetric indices can be
‘split off” as an ¢-tensor.

This applies in the particular case of €, , (i.e. when ./ is vacuous),
showing that all totally anti-symmetric elements of €, _ are propor-
tional to one another. (The same applies to &**.) In the general case
there is no reason to single out any one of these. the selection of &,
being arbitrarily dependent on the particular choice of basis J7 for &
However, for spinors, the existence of an inner product serves to single out
a particular ¢, (the corresponding bases for which (3.3.28) holds being
the spin-frames). Also, the existence of both a world-tensor metric ¢, and
an orientation serve to select particular anti-symmetric elements e, €
T, and eI called alternating tensors, for special consideration.
However, in keeping with our general mode of procedure, which is to
construct the world-tensor concepts using the spinor formalism, we shall

prefer, in the first instance, to give a definition of ¢, , in terms of ¢,
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namely
€ pea =18 (EppE o Ep . —1E 4pERCE 4 CER D - (3.3.31)

This e, , is a real tensor since complex conjugation interchanges the two
terms on the right and replaces i by —i. It is skew in q, b since

€paca = 1epcCappptac — ¥pplactpctap = ~ Capa (3.332)

and it is similarly skew in ¢, d. Finally consider an interchange of b and c.
We have, using the ¢-identity (2.5.21) and its complex conjugate,

€apca T €aca = 1€ 4cEpp — E4pEcp)e s ptpc — 18 4pEpclE g0 bpp — EamEc)

=0. (3.3.33)

= U 4pepc)eap by — 164pEpc(€qpEpc)

Being thus skew in each of the overlapping pairs ab, bc and cd, it follows

that e, , is totally skew in a, b, ¢, d:

(3.3.34)

The world-tensor ¢*** is obtained from e, , in the normal way, i.e., raising
its indices with g*. Since this corresponds to raising the spinor indices, we
have

€abed = Clabedy”

abed _ ;. AC . BD A'D’

e = 1¢A4C¢BD, EB'C‘ __3aAD BC A'C’

1g4DgBCAC g B'D", (3.3.35)

Using (2.5.12) and (2.5.25) we obtain, from (3.3.31), (3.3.35)

e, = —24 (3.3.36)

abcd

Let us now introduce a restricted Minkowski tetrad g% = 1%, g,* = x*,
g," =" g," =z This will be related (locally at least) to a spin-frame
£, = 0%, &, = 1" according to (3.1.20). We obtain

0
— a. b c_d
€123 = Capeal X'V Z
_ 1 _ A A AN
= — &, cEpplanrc — Eaptpctaciyplloio” + 1717

(018 + 1BoP) (01 — 1€6S)(0P0? — 1P1P')

=-4-1-1-1-1)=1 (3.3.37)
Raising the indices (using (3.1.27)) we get
e0123 = — 1. (3.3.38)
Thus
Cabed = 24g[a°g,,1g02gd]3 = —241,%,y.24 (3.3.39)
and
etl= —244 g bg g NN = — 24 faxPy Y (3.3.40)

Once we have (3.3.36), the computation (3.3.37) is necessary only for
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determining the sign of e, , ,, since the relation (3.3.36) may be expressed
as
_ 24 — eabmepqrsgapgbqgcrgds
=(eg,,,) 24 det (g*) = — 24 (¢, ,,)*. (3.341)

The positive sign of e, ,, depends essentially on the fact that ¢*, x*, y*, z*
is a proper tetrad. Had we chosen an improper tetrad we would have had

€123 < 0. For a proper Minkowski tetrad, it is e,,.q and —e***® which are
the Levi—Civita symbols, while for an improper tetrad it is —e,, , and
eabcd'
From (3.3.29) we get
eabcdepqrS =-24 ga[pgbqgcrgds]- (3342)

Successively contracting one upper with a lower index (or verifying directly
by means of components) we obtain

pgrd __ lp, 4,7

€apcd€ - 6 9.9 9.

" = —4glPg,? (3.3.43)
pbed _ P

€apcd® - 6 9,

and (3.3.36). The tensor

¢d _ ;. C. D D’ C ;. D C [0 D’
e, =16, eg78,." g 1e,egte " gp (3.3.44)

will play an important role in the next section. Note the relation
e, e 1= —4glrg9, (3.3.45)

which follows either from (3.3.43), or directly from (3.3.44). Note also, for
an arbitrary tensor H ,,

e “H

_ cc'pp’
ab 1ca = €44BB H

copp = WH jpgq = Hpyp)  (3.3.46)

Reduction to symmetric spinors

To close this section we shall demonstrate the important fact that, in a
certain sense, any spinor can be expressed in terms of a collection of spinors
each of which is totally symmetric in all unprimed indices and totally
symmetric in all primed indices.

Let us start by illustrating the procedure in the case of a general spinor
¢ ,p of valence [ J]. We have

¢ 5= ¢(AB) + ¢[AB] (3.347)
=0+ 4 4,
where

0,5= ¢(AB) and A = %qﬁcc, (3.3.48)
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hy (2.5.23). The spinor 0, is clearly symmetric and so is / (trivially, since
it has no indices). The information contained in ¢ ,, is shared between
these two symmetric spinors. (In terms of components, there are four
independent quantities ¢,,. This information splits into the three in-
dependent quantities 6,, = ¢, 0,, =0,, = o, + 010, 0,, = ¢,, and
the one scalar 2 =3(¢,, — ¢,,).)

We turn now to the general case. Let us use the symbol ~ between two
spinors if their difference is a sum of terms each of which is an outer product
of e-spinors with spinors of lower valence than the original ones. Clearly ~
is an equivalence relation. We wish, first, to show that

¢:’2AB..,F ~ ¢J(AB‘..F) (3.3.49)
holds for each ¢, ,, .. We have

¢:2(AB...F) = ;(d).@A(BC...F) + ¢:ZB(AC...F) + ¢!ZC(ABD...F) ++ d),?F(AB...E) ),
(3.3.50)

where A4, B, ... F are r in number, so that there are r terms on the right.
Consider the difference between the first and any other one of these terms,

eg.,

¢.2A(BCD...F) - ¢.?C(ABD...F) == 8AC¢:JX(BXD‘..F)’ (3.5.51)
by (2.5.23). Substituting from similar equations for all terms after the first
on the right in (3.3.50), we find,

¢.°?(AB.“F) ~ d):?A(BC.A.F)’ (3.3.52)
Repeating the argument we get

¢)!2(AB..‘F) ~ ¢:2A(B...F} ~ ¢:?AB(C...F) ~o ¢!)AB...D(EF) ~Goap.r (3.3.53)
which establishes (3.3.49).

Clearly the result corresponding to (3.3.49) when 4, B, ... ,F are replaced
by primed indices is also true. Thus, applying the argument once for the
unprimed indices and again for the primed ones, we see that any spinor
X4.rp. s differs from its symmetric part x,, p . s bY @ sum of outer
products of es with spinors of lower valence. A similar remark applies to
these spinors of lower valence, and so on. Thus we have the

(3.3.54) PROPOSITION

Any spinor ¥, pp. s is the sum of the symmetric spinor ¥, p p. s, and

of outer products of ¢s with symmetric spinors of lower valence.

(We call a spinor symmetric if, written with lower or upper indices only,
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it is symmetric in all its unprimed indices, and also symmetric in all its
primed indices.)
Let us illustrate this with two examples. We have

— -1 D — 1 D — 1 b
XABC—X(ABC) 38ABX (DC) 38AC)C (DB) ZSBCXA D (3355)

and
0

1 C 1
(ABy(4'B) 2% Y cap) 28

c 1 C C
6 A’B'O(AB) o Tatagtant o

(3.3.56)

If we have a spinor with upper as well as lower indices, clearly we can

simply lower all its indices and then proceed as above. We note in this

connection the form that a symmetric spinor takes when some of its
indices are raised:

ABA'B' AB

(3.3.57) PROPOSITION

Thespinor ¥, oo sy woe g 1S symmetric iff WY WS, is symmetric in

each of its four index sets,

v..wpe.S =¢(U'..‘W’)(P...S)
A..D F..H' (A...Dy (F'...H')>

and every contraction over a pair of indices vanishes, for which it is sufficient
that

v.wXx.s _ X...WP.S _

XB..DF .. .} _0’ A...D X'..H _0
The reason for this is to be found in (2.5.23): the vanishing of a contraction,
when the upper index is lowered, asserts the vanishing of a skew part, i.e.,
symmetry in the two relevant indices.

Irreducibility

Symmetric spinors (at a point) are important in that they are irreducible
under the spin group SL(2,C). Although we shall not concern ourselves
in any great detail with questions of the irreducibility of tensors, spinors,
etc.,, a few general remarks will not be out of place here. Suppose we wish
to represent a group ¥ by linear transformations of a vector space B,
which is then called the representation space. If 8 can be expressed as a
direct sum

V=8B B,

where B # 0, B, # 0, in such a way that the transformations representing
% send the elements of B, into themselves (no matter where the elements
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of B, go), then the representation is said to be reducible; otherwise it is
irreducible. (The elements of the representation space B are also said to
be [ir]reducible under ¥ if the representation of ¢ on B has this property.)
If B can be expressed as a finite (or infinite) sum

B=8,@.. OB,

and the transformations act irreducibly on each 8, separately, then the
representation is said to be completely reducible.

Here we are concerned with the group of restricted Lorentz transforma-
tions 07, (1, 3) and its twofold covering, the spin group SL(2, C). For these
groups it can be shown (¢f. Naimark 1964) that any finite-dimensional
representation (i.e., one on a finite-dimensional vector space B) is com-
pletely reducible and that every irreducible representation can be realized
as (i.e., is linearly isomorphic to) the transformations acting on a symme-
tric spinor (at a point*), induced by a spin transformation & ,—t 5¢,.
Symmetric spinors are therefore irreducible under these groups. If
is a symmetric spinor, the transformations are of the form

d)A...CD'...F’

Ao CoT Dy T Fo
Dacp ol D copo

ie.,

¢,q¢ = T.;ydod).qlo
where o/ =A...F, o/ ,=A,...F,. Now consider the matrices of the
components of T_°, in effect

t(A“O...tC,CO’ ?(D,‘Di’ AL
but with a suitable elimination of multiplicities: e.g., t ,“°t, * ¢, . can
be reduced to

Too 2To0  Too| (oo

Toi 2Tor  Toi| (%

™ 2Th Tof \e.,
and, in general, identical rows and columns in the ¢- and T-matrices can
be omitted and the remaining columns in the T-matrix multiplied by the
number of occurrences of the ¢ terms on which they act (11,21, 31, 2131,
etc.). Then the T-matrices give the irreducible matrix representations of
these groups. Thus, any finite-dimensional representation of 0’ (1, 3) or
SL(2,C) has a representation space which is a direct sum of spaces of
symmetric spinors (at a point). The expressions of spinors in terms of

* By contrast, for the representations of the Poincaré group, symmetry conditions on

spinors at a point are insufficient. The representation space of the Poincaré group
consists of fields satisfying various field equations, e.g., Maxwell’s equations.
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symmetric spinors that we obtained earlier in this section (¢/f. (3.3.55))
are, in fact, examples of splitting a space up into its irreducible parts
(since each of the parts transforms into itself under spin transformations).
However, this is not the only, nor the most general, way to form a direct
sum. One can also string together, formally, spinors with different index
structures, e.g., as is done in the case of Dirac spinors or twistors (cf.
Appendix vol. 2 and §6.1) where the pair y ,, x . is considered as a single
4-component object ¥,, and we can write ¥, =y, @y 4.

Another way of expressing the irreducibility of symmetric spinors at a
point is to say that they are, in a certain sense, saturated with symmetries:
if any further symmetry relations are imposed, then either we lose no
information, or we get zero. This is perhaps a little clearer in the case of
tensors. Evidently any totally symmetric or totally anti-symmetric tensor
1s irreducible, and ‘saturated’ in this sense. But so also is a tensor with
Riemann-tensor symmetries (cf. (4.3.53)—(4.3.56)):

Ripea = R[ab] fed) L Ra[bcd] =0
For example, the further symmetrization
Ryapye =+ Sabea

‘loses no information’ since

%Sa[bc]d =R paa-
But R0 = Rupeq =0 etc. This instances Young tableau symmetry.

[In the theory of Young tableaux (Young 1900, see also Weyl 1931)*
irreducible tensors are constructed (and classified) by first imposing
symmetries on certain groups of indices and then ‘saturating’ the resulting
tensor with anti-symmetries. All further (anti-) symmetry operations either
lose no information or yield zero. As an example of Young-tableau

symmetry, let us write, for the partition (4, 3, 1) of 8,
Fali yoelnd F eyng
poa
8

and define

= =F
S«Bvéainﬂ Savns Eyno
B6a (BOa)
é é_'

The meaning of the last symbol is that we symmetrize over the indices
eyn{, BOua first, and then anti-symmetrize over 89, y0, na. (We write the

* For typographical reasons this footnote on Young tableaux is being put in the text. It

ends after five paragraphs, on p. 146, when spinors are taken up again.
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symmetrized index groups in order of their lengths.) S, ,is now ‘complete-
ly saturated’ with symmetries, and irreducible. For example, the Riemann
tensor has precisely the following Young-tableau symmetry (though this
is not trivially obvious):

%Raﬂvé = R(aT“y)'

(8.4
However, tableaux do not supply a unique realization of all irreducible
symmetries. For example, the tensor P, = Qm+le,},m+a)2Qmi
(where w = e%™3) has the ‘symmetry’ P ;=P and is irreducible;
so also is the tensor MM]M] M s but neither tensor has tableau
symmetry: nevertheless P, has tableau symmetry «f,y and from it
P, itself can be recovered (%Pm =Py, t 0Py + sz(yam ), SO we say
it is ‘equivalent’ to a tableau. In the same sense the second tensor is
equivalent to a tableau with symmetry «f, y, 9, in an obvious notation. Any
irreducible tensor is equivalent, in this sense to a tensor with Young

tableau symmetry.

We can give elegantly (Frame et al 1954, Littlewood 1950) the number
of independent components of any object with Young-tableau symmetry
{(or equivalent). Make two tables of squares, in the shape of the symmetriz-

ed index groups - for example, for S, . thus:

n n+1|n+2 n+3] 61413 IJ
n—1{n n+1 41211
n—2 L1

In the first table write n down the main diagonal (the number of dimensions
of the vector space ), n — 1, n — 2, etc,, in successive diagonals below,
and n+ 1, n + 2, etc., in successive diagonals above the main diagonal.
In the second table write in each square the number of squares to the
right, plus the number of squares below, plus one. Form the product of all
the numbers in the first table, and of all the numbers in the second. and
divide the former by the latter: this gives the required number of compo-
nents. In the case of R, ; it gives, almost instantaneously, 75n(n® — 1).

It may be noted that Young tableaux can be equally well formed by
Jirst anti-symmetrizing the columns of indices, and then symmetrizing the
rows. With these two alternative conventions, identical looking tableaux
are not equal, but they are ‘equivalent’. Thus for applying the above-
mentioned meth~d of determining the number of independent compo-
nents, the convention is immaterial.

These two alternative types of irreducible tensor find convenient
interpretations as the ‘coefficients’ of two different kinds of ‘form’.
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Consider, first, a tensor with Young-tableau symmetry of the latter kind,
so that it is symmetric rather than skew in its relevant groups of indices.
For example, such a tensor T,, ;. , would be obtained by re-applying
the ‘horizontal’ symmetries in the definition of S, above:

T

aybstnd = Step))”
gwa)

(Following this by another application of the vertical antisymmetries
would yield a non-zero multiple of S again.) Because of (3.3.23), the
information contained in T'_is the same as that contained in the polyno-
mial function (or ‘form’)
T(X% Y% Z%) = T,p,50,e X X' X" X YPYOYZY.
Now using (3.3.21), we can rewrite this as
T(X* Y Z) =S g0 X X' X" X YPY?Y?Z2
= SuprocnaP P QP QRS = (P, 0, R)
the second form following from the antisymmetry of S , with
Py — X[ayﬁzv], Qaﬁ = xl= yB], R* = X*.

The function S of ‘simple’ skew tensors (cf. (3.5.30) below) of this (hierarchi-
cal) type gives us the alternative polynomial form referred to above.
The fact that the function T can be re-expressed in terms of these skew
products can be stated as the functional relation
T(X* Y5 Z9=T(X% Y+ AX% 2% + uX*+vY?®)
(for all 4, p, v), or as the differential equations

oT oT oT
o — X* _ 4
oy 0 A 0. ¥

X =0,

0z
where the partial derivative expressions have (if necessary) an obvious
abstract-index meaning. Applying (3.3.22), we see that these differential
equations are equivalent to the condition that if any of the horizontal
symmetries in the right-hand expression

T T

apyéetne — 1 eyn

poa

8
is extended to include one more index lower down in the tableau, then the
resulting tensor vanishes (e.g., T opirssme = 0). This condition is (necessary
and) sufficient for a tensor T, ,—symmetric in its relevant groups of
indices (i.e., the horizontal symmetries being given)—to have Young-
tableau symmetry. (Thus it expresses the existence of the ‘hidden’ vertical
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anti-symmetries.) A corresponding statement also holds for § , with
‘symmetry’ and ‘anti-symmetry’ suitably interchanged. ]

One of the virtues of 2-spinor theory is that, by the earlier discussion of
this section, only symmetries need be considered and not anti-symmetries,
and so the theory of Young tableaux is not needed.

When one speaks simply of irreducibility of a tensor without reference
to a specific group, then the group in question is understood to be the
group of all linear transformations, GL(n, C). But if the relevant group is
some subgroup of GL(n,C), further reductions of the tensor may be
possible. For the Lorentz group, the metric tensor g,, and its inverse g*
are invariant objects, and ‘generalized symmetries’ are possible in which
these objects are employed in order to ‘reduce’ a tensor into smaller parts
that cannot be obtained by imposing ordinary symmetries. An important
example is afforded by the reduction of the Riemann tensor into its three
parts (the Weyl tensor C,, ,, the Ricci scalar R, and the trace-free Ricci
tensor R,, —+g.,R —¢f. §84.6, 4.8), irreducible under the Lorentz group;
these parts arise from requiring, in addition to symmetries in the ordinary
sense, certain ‘trace’ conditions, such as g*C,, , = 0. If the Lorentz group
is specialized still further to the restricted Lorentz group, then further
invariant objects arise, namely e, , and e““d. These generalized symme-
tries can get extremely complicated. The translation to spinor form
therefore effects a considerable simplification.

The reduction of the Riemann tensor in spinor terms is treated in §4.6.
Here we briefly consider a much simpler problem, namely the direct tensor
translation of a symmetric spinor with an equal number of unprimed and
primed indices:

¢ab.‘.f = ¢ABA..FA’B’...F’

= ®up. ryas..F) (3.3.58)

Evidently ¢, . is symmetric in its tensor indices, and trace-free:
Pap...t = Piab...s (3.3.59)
s =0 (3.3.60)

Conversely, (3.3.59) implies
8AB¢AA’BB'L‘...[ = gABd)BB'AA’c‘..f (3361)
- 8AB¢AB’BA’C...]’
and so the left member of (3.3.61) is skew in A'B’. But, by (3.3.60), its further

transvection with ¢*® must vanish; hence it is zero, showing that
D rap. p 18 symmetric in AB. Similarly it is symmetric in BC, etc.,
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and also in A'B’ etc.; hence it is totally symmetric. This shows that the
conditions (3.3.59), (3.3.60) on the tensor are completely equivalent to the
symmetry (and thus irreducibility) of the spinor. Note also that this
argument makes it easy to count the number of independent complex
components of a complex tensor ¢, 7> subject to (3.3.59) and (3.3.60).*
Itis (r + 1)* when @, , has r tensor indices, since ¢, . . clearly has
that many independent components. (A...F may contain no zero, one
zero, etc., up to r zeros; and so it can take r + 1 ‘values’; similarly for
A’ ... F') This result is not so easily obtained without the spinor translation.
Moreover, we have by the same argument

(3.3.62) PROPOSITION:

If 4 cp g is symmetric of valence [22], then it has (p + 1) (q + 1) indepen-
dent (complex) components.

3.4 Tensor representation of spinor operations

It follows from the way we have constructed the world-tensor algebra that
every operation carried out with tensors may be reinterpreted as a spinor
operation. The only difference in these interpretations is the purely formal
one of replacing each tensor index by a pair of spinor indices. Thus,
manipulations of tensors are merely special cases of manipulations of
spinors, in which only certain types of spinors and only certain spinor
operations are considered, namely those in which the indices may be
consistently clumped together in pairs throughout the whole procedure,
one primed and one unprimed index being involved in each clumping.
From this viewpoint, the spinor algebra is considerably richer than the
ordinary tensor algebra owing to the presence of numerous spinor opera-
tions which do not appear to have a direct tensor analogue, such as, for
example, contraction over a single pair of spinor indices or the interchange
of a single pair of spinor indices. In this section we shall show that these
apparently new operations, introduced with the spinor formalism, do in
fact have tensor analogues. Every algebraic spinor operation and every
algebraic spinor equation may be written as an operation on, or equation
of, tensors, though sometimes with sign ambiguities. Thus we may view
the advantage of the spinor formalism as not so much that new operations
are available, but rather that certain operations are suggested by the

* This number is clearly the same as the number of independent real components of a
real tensor subject to the same linear restrictions.
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spinor formalism which, because of their extremely complicated appear-
ance when written in terms of tensors, are not readily suggested by the
tensor formalism. It is perhaps significant that some of these tensorially
apparently ‘unnatural’ operations are in fact often useful in physical
applications. A further significant point is that the translation of a linear
spinor equation is often a non-linear tensor equation.

Trace reversals

Before entering into the general discussion, it will be useful to study some
special cases first. Consider an arbitrary symmetric (possibly complex)
world-tensor of valence [9]:

T,=T,, (34.1)
In spinor form, (3.4.1) becomes
T ane = Topan- (3.4.2)

which we can rewrite as

TABA'B’ = %(TABA’B’ + TABB’A') + %( TBAB’A’ - TABB’A’)' (343)
The first parenthesis is symmetric in 4’, B’ and, because of (3.4.2), also
symmetric in 4, B, while the second is skew in A, B, and, by (3.4.2), also

in A’, B". By a double application of (2.5.23) to the second parenthesis we
therefore get .

T=T, 488 = Sapap T Eafap T (3.4.4)
where
Sapap = T(AB)(A’B') =Tupap = TAB(A’B’) (3.45)
and
T= iTCC,CC' = iTC". (3.4.6)

(The decomposition (3.4.4) is a particular case of that considered at the
end of §3.3, ¢f. (3.3.56).) We may rewrite (3.4.4) as

T,=S,+9,7 (3.4.7)
The tensor T, is real if and only if both 7 and S, are real. The tensor S,
is clearly symmetric, and trace-free:
5=0 (3.4.8)
(by symmetry in A, B or in A, B'). We call S, the trace-free part of T .
From (3.4.7) and (3.4.6) we have, in fact,

S,,=T,—3T%,,. (3.49)

4
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We can go one step further and apply the operation of trace reversal
toT,:

Ty=T,—3T 9, (3.4.10)
We then have
Te=-Tf (3.4.11)
and, in spinor form,
T, T BB = Sapan ~ Eaptap T (34.12)
By comparison with (3.4.4) we see that
T =37 9= Tupan = Tpasw = Tugpa (34.13)

so the trace reversal operation applied to T, is effected in the spinor
formalism simply by interchanging the constituent spinor indices 4 and
B, or alternatively by interchanging A" and B'.

Dualization

Let us now consider an arbitrary anti-symmetric (possibly complex)
world-tensor of valence [J]-sometimes called a bivector

F,=—F,, (3.4.14)

ab
In spinor form,

(3.4.15)

A48~ T Uppaa

which allows us to write
Fupap = %(FABA'B' - FABB’A’) + %(FABB'A’ — Fpapa) (3.4.16)
By (2.5.23) we then get

F,=F (3.4.17)

AA'BB = ¢AB£A'B' + EABl'DA'B"
where*

¢AB = ¢(AB) = %FABC’C,’ Vyp = '/’(A’B» = 1FCCA ‘B (3.4.18)
We note that ¢, and ¢ ., are both symmetric on account of (3.4.15).
Notice that if ¢, and y ,.,. are chosen arbitrarily (but symmetric) then

the resulting F , according to (3.4.17) will necessarily be skew in a, b. From
(3.4.17) we find

Fop= FA’B’AB = (ﬁA’B'gAB + ‘SA'B"pAB’ (3.4.19)

* In the literature, a quantlty S, (= uB)W]) is often employed, for which ¢AB
S F and ¥, = =5, p"'F,,. With our conventions, this quantity can be written

S5 = 36,55, P67, as is readily seen.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.004
https://www.cambridge.org/core

150 3. Spinors and world-tensors

and thus the operation F,, — F, corresponds to interchanging ¥ ,.,. with
¢ .5 Hence if F,, is real, we have § ,.,, = ¢ ., and

Fo=0pt0p T a5Pap- (3.4.20)
Conversely this form ensures the reality of F ;. Thus we see that there
exists a one-to-one correspondence, via (3.4.18) (1) and (3.4.20), between
real bivectors F , and symmetric spinors ¢ ,,. An important example of
this is the field tensor of the Maxwell field (c¢f. §5.1). (In terms of compo-
nents: the information of the six real quantities F,, F,, Fy;, F,, F,;,
F,, is given by the three complex quantities ¢, ¢,,, ¢,,- See (5.1.59)
and (5.1.62) for the explicit formulae.)

The dual *F , of a (not necessarily real) bivector F , is defined by

*F =1e, F=1e “F . (3.4.21)
Thus, applying (3.3.44) to (3.4.17), we get
*Fab = *FABA‘B' == id)ABgA’B’ + iaABl/IA’B’ (34.22)
and
*Fapay = appa = ~Fpinp (3.4.23)

We observe that dualization is effected in the spinor formalism simply by
an interchange of a pair of spinor indices followed by multiplication by + i.
From these formulae (and also from (3.3.45)) it is evident that the dual of
the dual is minus the original:

**F,=—F,. (3.4.24)

It is, of course, possible to ‘dualize’ on any two skew indices even if they
form only a part of all the indices of a tensor. For example,if G, , = G
We may define *G,, , by

{ablst *
*Goor = 500G iy (3.4.25)

A useful lemma in this connection is the following (note that .o/ has become
cAB):

*G[abc]ga =0=*G",5=0. (3.4.26)
To prove this, we note first that (cf. (3.3.43))
G[“bC]@ = g[apgbqgcr] qur% = %eabcd epqrd qur@
== %eabcd*Gpdp@ (3427)
and also
*Gabf.@ = %eabcachIQB = %eadeG[jcd]ga- (3.4.28)

It is also possible to define operations of dualizing on one or three indices.
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Suppose J,, is arbitrary and K, , is skew in abc; then we define

" abess = €ape' o (3.4.29)
Kog = 6. " Kpea (3.4.30)
It is now easy to prove, by the above methods, that
Moo = " Kapen = Kue (3.4.31)
and (with .o/ becoming d¥¢, and # becoming d2)
" abedre = 4€abea”) ff% s Kiapearg = T K ffél' (3432

Using (3.3.31) we obtain the following respective spinor forms for (3.4.29)
and (3.4.30)

Uabw = i‘SACSB'C'JBA’.Q/ —1 8Bc‘SA'C'JAB'Jz« (34.33)

and .
Kp= oK pps ™ (3.4.34)

3 AB'BA* B
Returning to F, . if

(i)*F, = —iF,, or (i)*F , = iF,,, (3.4.35)

ab’
we say in case (i) that F , is anti-self-dual, and in case (i1) that F , is self-dual.
By (3.4.23), these conditions are equivalent to

OF pop=Fpyan=—Fappa )V F pop=—Fpiip=Fpp,,
(3.4.36)
respectively. We may write these succinctly as
WDF pyp = F g4y ) F g pp = Fiagas) (3.4.37)

A non-zero self-dual or anti-self-dual bivector is necessarily complex.
Clearly the complex conjugate of a self-dual bivector is anti-self-dual and
vice versa. If F,, is an arbitrary complex bivector, then

TF = HF, +i*F ) =0 46, p (3.4.38)
is anti-self-dual, and
YF = 5(F = 1¥F ) =€,,0 p (3.4.39)
is self-dual.* Consequently every bivector F, is (uniquely) the sum of an
anti-self-dual and a self-dual bivector:
F,="F,+ F,: (3.4.40)
moreover, if F, is real, these parts are complex conjugates of each other.

* The reason for choosing the terminology thus and not the other way around is that
a right-handed photon is described by a (positive frequency) complex Maxwell field
*F,, which is self-dual, and a left-handed one by an anti-self-dual field "F , .
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Alternative necessary and sufficient conditions for F, to be (i) anti-
self-dual, (ii) self-dual are (i) ¥ ;.5 =0, (ii) ¢ ,, = 0, respectively; that is to
say,

(D) F =@ peap> () Fop=24pY 45 (3.441)
A duality rotation F,,—9F , is defined by the equation
OF ,:=F,cos0+*F sin="F,e *+"F_ e’ (3442
By (3.4.38) and (3.4.39) we get
OF —e 0 o +els W, .. (3.4.43)

Thus, in the general case, the operation F,,— ®F , corresponds to ¢ ;i
e %P and e e t0 TF > "F e %and T F - TF e,
If F,, is real, F,—®F, corresponds simply to ¢ ,,—e ¢, (ie. to
“F, > "F,e""). We observe that *F, is a particular case of ©F ,, with
0=mn/2

There are many properties of (anti-) self-dual bivectors which can be
easily read off in the spinor formalism, not all of which can be so readily
obtained using tensors. If ~F , is any anti-self-dual bivector and * G, is
any self-dual bivector, then, for example,

“F,'G*=0 (3.4.44)
and

“F})*G, =*G}'F,,. (3.4.45)

Equation (3.4.44) is easy to verify either by tensor or by spinor methods,
but (3.4.45) is much easier using spinors. Each side of the equation is
obviously simply

DV ac (3.4.46)

where “F = ¢ ¢, and TG, = ¢,y ,p. It is also obvious that the
quantity (3.4.46) completely determines the following quantity, and is in
turn determined by it:

_Fab+ch = ¢ABVC'D'8A'B’8CD' (3.4.47)
To pass from (3.4.46) to (3.4.47) we need only multiply by —e, ...
(= — g,,) and then interchange B with C and A’ with D’. Thus from the
contracted product (3.4.45) we can pass to the outer product (3.4.47) and
thence to the two tensors ~“F,,, * G, separately, up to proportionality.
In purely tensor terms, however, these spinor index permutations are by
no means obvious operations. A general method for performing these

spinor operations tensorially will be given shortly. For this particular
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problem, one can tensorially employ Robinson’s ‘unscrambler’ defined
by

i i
D o™= {g[apgb]r + Eeabpr}{g[crgd]q - Eecdrq}- (3.4.43)
It is straightforward to show, using spinor methods, that
“Fu Gy=Dy""F "G, (3449

An example related to (3.4.45) is the equivalence of the various expressions
for the electromagnetic energy — momentum tensor (see (5.2.3)) which
again is much easier to establish using spinors than tensors.

General translation procedure

4

We have seen above that for a symmetric tensor T, interchange of the
spinor indices A4, B effects a trace reversal. On the other hand, for a skew
tensor F,, interchange of 4, B effects the (seemingly unrelated) operation
of i times dualization. For a general tensor H,, of valence [] these two
operations must be combined. For, since

H, g = Hyy + Hyy, (3.4.50)
we have
Hpgup =H g +i*Hpy (3.4.51)
and
H,gpy =Hg, —1*H . (3.4.52)
Writing these operations out explicitly, we get
Hy op=3H,+H, —HSq, +ie,, H (3.4.53)
and
H,pp, =¥H,+H, —H',—i eabcdHCd)' (3.4.54)

The complexity of these tensor expressions is remarkable, considering that
they represent the very simplest of spinor operations, namely the inter-
change of two index labels.
For future reference we mention also the formulae
_ 1 C 1 (e
}I[ab] - H[AB](A’B’) + H(AB)[A’B’] - 28ABHC (A’B") + ;{"A'B'H(AB)C' (3455)
= = 1 cc
H_, =H + Hpap) = Houpyas) T #€asasHee (3.4.56)
We can re-express (3.4.53) and (3.4.54) in terms of a certain tensor operator
as follows. Set

(ab) (4B)(4'B’)

ed_,D,C, C, D
U, =¢,"¢¢e, &g

=19,9,"+ 9.9, — 9,9 +ie,™) (3.4.57)
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Then
Hy, .p=U,“H and H = U, “H,. (3.4.58)
Note that
U*,=U," (3.4.59)
and
Uy, =Ug" = U," (3.4.60)

Thus, for example, we can write
HBAA’B’ — UcdabHCd’ H
etc. Using this operation repeatedly we can express any spinor index
permutation (applied to some world-tensor) in completely tensorial
terms. This is because any permutation can be expressed as a product of
transpositions. For example, consider the tensor @, , = @, ppccpp - 10

find a tensor expression for Q... npc 4 W€ may proceed by breaking
down the index permutation as follows:

=U,“H,, (3.4.61)

ABB' A" —

QABCDA'B’C’D' = QBACDA'B’C’D’ = QCABDA’B‘C'D’ = QCABDD’B’C'A'

(3.4.62)
Thus
arby Ub(bZCIUadHZdI (3463)

It is clear that there will often be many ways of achieving a particular
spinor index permutation as a product of transpositions, so there will be
many equivalent expressions like (3.4.63). In the tensor formalism the
equivalence of these expressions may be very far from obvious. To take
a simple example, since interchanging a pair of unprimed spinor indices
always commutes with interchanging a pair of primed indices, we must
have

Qcappppca = Qalbl(’ldl Uazbz

v, 0 “=0,U," (3.4.64)
This is because upon transvection with an arbitrary tensor R, .. each side
of the equation yields R [t is no simple matter to verify (3.4.64)
directly.

If an index permutation involving only unprimed spinor indices is
broken down into transpositions in different ways, then again we get a
relation satisfied by U, For example, the permutation 4ABC — CAB
may be obtained via ABC - BAC - CAB or ABC - ACB— CAB or
ABC — CBA — CAB. This gives us

Uacfoxbde = Uabdx chef = cheanxdf' (3465)

BA'AC'CB"
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It is readily seen that, with (3.4.60), either one of these equalities is actually
equivalent to (3.4.64). In fact, if we include the relation

U,“U. . =g59,’, (3.4.66)

which expresses the fact that AB+— BA— AB results in the identity index
permutation, then all identities in U, which are obtainable in this way*
are reducible to those that we have already found. We shall not demons-
trate this fact in detail here. It is merely a question of showing that every
breakdown of a spinor index permutation into a product of transpositions
can be converted into any other by means solely of transformations of the
type which we have considered above.

We now turn to the question of the representation of a general spinor
1., in world-tensor terms. Let us first suppose that, for convenience, all
indices have been lowered. (This clearly involves no loss or gain in the
information contained in x,.) If x, = x, p 5 has the same number of
primed as unprimed indices, then at most an index substitution is required
to obtain a complex world-tensor equivalent to x . If desired, this complex
world-tensor may be described in terms of two real world tensors, namely
its real and imaginary parts. Of course, there will always be many different
index substitutions which can be used to yield a complex world-tensor,
eg.,

X4BcD'EF Y Xapcawes OF Xapcpcas OF Xpsppep,  (3:4.67)
but, by the above discussion, all such world-tensors are equivalent to
one another via purely tensorial operations. Thus it is immaterial, from
the point of view of the general discussion, which tensor equivalent is
selected. In practice, the choice need be governed only by considerations
of convenience.

Next, let us suppose that y , =y, ., . has an even total number of
indices, although the numbers of primed and unprimed indices may be
different. We call such a spinor an even spinor. In this case we take the
outer product of y , with a sufficient number of e-spinors to make the total
number of primed and unprimed indices equal. (This clearly involves no
loss or gain of information.) The situation is then reduced to the one con-
sidered above, and a complex world-tensor (or pair of real world tensors)
results which can be used to describe the spinor . Again, several different
complex world-tensors may arise in this way, but all are tensorially
equivalent to one another, so any one may be selected. This applies even
if more than the necessary number of e-spinors have been used. For the

* There are other identities satisfied by U, however. For example, U, + U, =
4,59, expresses the e-identity (2.5.22).
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extra g-spinors may, by spinor index substitution, be collected into pairs
epoep-g-- Such a pair is just g, in tensorial terms, which, appearing in
an outer product, neither adds nor subtracts information.

Finally, suppose that y , = x, ., , isanodd spinor,i.., it has an odd
total number of indices. There can now be no complete tensor analogue
since x , is a spinorial object. (We recall that any outer product of an odd
number of spin-vectors or conjugate spin-vectors at a point must change
sign under a continuous active rotation through 2 at the point, since each
factor does; the spinor y_, is a sum of such outer products and so shares
this behaviour.) Thus we can only hope to represent y, tensoriaily up
to an overall sign. Accepting this, however, we can apply the above dis-
cussion to the even spinor x_, 1, , which defines x , up to sign. We may
note that the procedure of §3.2 for representing a spin-vector is essentially
an application of this method. Starting from the spin-vector x,, we
‘square’ it to obtain the even spinor x k. Multiplication by ¢,.,. gives
us the complex world-tensor x ke ,.p., in accordance with the above
prescription. For purposes of geometrical realization we take (twice)
the real part to obtain P,, = Kk k& ,.5 + &,k Ky, Which is just (3.2.9)
with indices lowered. It is not necessary to consider also the imaginary
part of k ,xe .. since this is simply (one-half) the dual *P,, of P_,. The
geometrical interpretation of —*P,, adds nothing to that of P,, since it
represents a null flag with the same flagpole as that of x, but with flag
plane rotated (positively) through 7/2 (i.e. giving the flag plane of €"™/*x ,).
The complex bivector kg6, .. itself is just the anti-self-dual* part
“P,ofP,.

We next consider how the various spinor operations can be interpreted
in purely tensorial terms. We have already considered spinor index
permutations above, and general spinor index substitutions effectively
add nothing to these. The operation of complex conjugation presents
no problem: the tensor equivalent of the complex conjugate of a spinor
is the complex conjugate of the tensor equivalent of the spinor. Also,
multiplication of an even [ odd] spinor by a scalar corresponds to multipli-
cation of the tensor equivalent by the same scalar [square of the scalar .

The operation of outer multiplication of spinors translates, in effect,
to outer multiplication of the corresponding tensors. That this is not quite
so simple as it sounds can perhaps best be clarified by examples. Suppose,

* Eachof P, ,*P, and ~ P, is null in a sense which will be described in §3.5 (cf. (3.5.28)),
so the complex bivector ~P,, is an anti-self-dual null bivector — a property which
serves to characterize it as having the form k i ge ,. ;.. There is thus a close association

B"A'B’
between such bivectors and spin-vectors.
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first, that we have two even spinors ¥ ,, and ¢ ..., . We represent them
by complex world-tensors P, =V ,p6.5, Q0. = P upctpe NOW by
our earlier prescription, the outer product ¥ ,,¢ ;.. might be represent-
ed by R, =V ;P ,pc- Clearly R, is not the outer product of P,
with Q. . However, by means of a spinor index permutation applied to
the tensor P, Q ., (ie., by transvecting with a succession of U -s) we
can reduce it to the form ¥ , ;¢ ,.p.c-€peep r Which is just R In this
sense, R, and P,,Q_,, are tensorially equivalent.

As a second example, consider the outer product of the even spinor
¥ ,p With an odd spinor, say £,. We have P, as above and let X, =
&,&4e,p- A tensor representing the outer product ¥ ,,¢. would be
W gE W ey pc e - This is quadratic in ¥ ,, and quadratic in
¢,, whereas the outer product P, X , is linear in ¥ ,, and quadratic in
¢ .- Thus these two quantities cannot be regarded as ‘tensorially equivalent’
in the above sense. On the other hand we can choose the tensor P, P_ X, -
to represent the spinor outer product.

As a third example, let £, and X, be as above and choose a second
odd spinor, say 1, ,.p., With Y, . =1 ,.pMpc.pecp- The outer product of
tensors X, Y, ., is quadratic both in &, and 7., so it is not ‘tensorially
equivalent, in the above sense to the tensor representing the spinor outer
product ¢ 7., since this is an even spinor and should not be squared in
the construction of its tensor equivalent. However, if £, and 7., are
each known only up to sign and nothing is known about their relative
signs, then the even spinor ¢ 7., will itself be known only up to sign.
In this case we could only hope to obtain a tensor equivalent of ¢ 1.,
up to sign. So a tensor equivalent of its square (¢ 11, ..z )(E M) — Which
is tensorially equivalent to X, Y, -—is the best that can be done.

A slightly different situation arises if we have a number of odd spinors
whose relative signs are known. Then it is not sufficient that tensor equiva-
lents of each of their squares be known. In addition, one must have tensor
equivalents of outer products of different odd spinors. To some extent the
problem considered in the preceding paragraph then becomes vacuous. It
should however, be pointed out in this context that if £, #,,, 7, 7,, and
14 Ce are all known then sois £, {, (since n, 1, &, C,is known.)

Next we come to the operation of spinor addition. If both spinors to
be added are even spinors, then it is clear from linearity (assuming their
tensor equivalents are both formed in the same way) that the tensor
equivalent of their sum is the sum of their tensor equivalents. On the other
hand, things are not nearly so simple in the case of odd spinors. Suppose

abcgde .
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¢ ,and n_, are odd spinors, and consider how we might express the relation
Cuthy =%, (3.4.68)

in terms of the squaresof ¢ ,,n_,and { . If ¢, 5 and { , are known only
up to sign, the four relations

Eoxn, £{,=0 (3.4.69)

(where the signs are independent) cannot be distinguished from one
another. Now consider the outer product of these four relations,
symmetrized over-their composite indices:

(f(d, T, + Cw.)(éwz + Ny, — gﬂz)(éd:; —He, T Cd)
X (€d4) ~ Mgy — Cm)) =0 (3.4.70)

By (3.5.15) this can vanish only if one of the factors vanishes at each point.
(There is a slight problem since different factors might vanish at different
points, but we shall ignore this problem here.) Expanding (3.4.70), we get

Cat St TN Ma NN+ €8s = 280w, Sl oy

— 20 Met Gt ety ~ 2 Lt € vy = O (3.4.71)
which is clearly expressible in terms of outer squares of £, n_, and {,.
The tensor equivalent of (3.4.68), in the case of odd spinors, may thus be
thought of as (3.4.71) translated into a tensor form, the tensor translations
of §, &My Ny, and £, ( being substituted into the expression.

If, on the other hand, the relative signs of £, and 1, are known, tensor
translations of éd; Cuys N, N, and ém Naty being assumed known, then
the situation is much simpler since (3.4.68) can just be squared and translat-
ed directly.

Finally we come to the operation of contraction. By (2.5.23), a spinor
contraction is simply an anti-symmetrization with Je,, split off. Thus,
having interpreted spinor index permutation and addition (subtraction) in
tensorial terms, spinor contraction is effectively also incorporated into the
tensor formalism. However, it is just a little easier to express spinor
contraction directly using the tensor Uab‘d defined in (3.4.57). Since
U, =¢,,6%Pe,“e,”, we have

Doxa 5Eas= PocalUa™s- (3.4.72)

We have now shown that, apart from the slight difficulties arising
because of the sign ambiguity for odd spinors, every spinor and spinor
operation has a tensor analogue. However, in the process we have also
demonstrated the extreme complication that can sometimes arise in so
translating even the simplest of spinor operations. In practice, when


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.004
https://www.cambridge.org/core

3.5 Tensors and spinors at a point 159

searching for a tensor equivalent for some spinor relation, it sometimes
turns out that owing to this complication, it is easier to obtain the required
tensor relation by inspection rather than by the general theory. But no
hard and fast rule can be laid down about this. The tensor translations
frequently just are very complicated. Extra difficulties arise when deri-
vatives of spinors are to be translated. This case will be discussed at the
end of §4.4.

3.5 Simple propositions about tensors and spinors at a point

In this section we consider a number of miscellaneous results which are
valid for spinors (or tensors) at a single point. That is to say, these results
can fail for spinor fields (although, in practice, it might be only rather
exceptional spinor fields for which they would fail). Our restriction to a
single point is expressed in the assumption that we make for the purposes
of this section: € is the division ring of complex numbers. (The results up
to and including (3.5.17) will actually apply if € is any commutative
division ring without characteristic and, when suitably formulated, except
for (3.5.15), if © has any characteristic other than two.)

(3.5.1) PROPOSITION
Ify, ¢, =0 then either ¥ , =0or ¢, =0.

Proof. Since S is now a division ring, ((“y_,) (n”$ ;) = Oimplies E¥y , =0
or n”¢,, = 0. This holds for all /e &, n*e S, so the result follows.

(3.5.2) PROPOSITION

If vy, b,=x,0,%0, then ¥ ,=xyx,, ¢,=xr""0, for some non-zero
KES.

Proof: Since ¢, +0, we can choose &% so that i:=¢ % 0. We
have y_¢ &% =y 0,87, so ¥, =ky, where k =27'0,&% Clearly
k#0since Y, #0. Now 0= o, —yx,0,=x,Kd,—0,, but y 0,

sO0 ¢, =rx""'0,by(3.51)
(3.5.3) PROPOSITION

Y yaPes = Xyoben F O then ¥ =, By po=74Pgs Aoyo = %yPg>
0,4 =7VeBgfor somea , Ba. v, Py

Proof : Since ¢, # 0, we can choose £* and 5 so that 1: = £p%¢,,, #0.
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We have ¥, g4 = (1, ,17)(E 0, 4), so setting «, =4~ 'y ,n? and B =
E0yp, We get Y o = a B, Similarly ¢, = u,v, for some p,, v,. Thus
XyiPsa = VoleBy and so, by (3.5.2), x4 = Ko v, and O, =k~ 'u By
for some ke &. Put p, =«v, and y, = k', and the result follows.

It is worth pointing out various special cases of (3.5.3). For example,
D =B, 1 5=V pand ¢, =0,,, then (3.5.3) gives us

Vsa,96s, =V un,0¢q, 70 impliesY 5 =0_B,, 0,,="7,B,for some

%y Bas Ve (3.5.4)
More particularly,

ll/dx@lwdz.@z = l//dn 592'//&12.931 # 0 lmplles wd@ = adﬁ@ fO?‘ some &, BQ

(3.5.5)

Again, if the composite index & is vacuous, we get:

Y ya®e = X 90¢ F 0implies ¥ 5= 1,5, 03 = (50, fOr some (4.
(3.5.6)

For, since p,, is now a scalar (and non-zero), we can set {,=p~ 1B, in
(3.5.3). As an even more special case we can allow # to be vacuous also.
This gives (3.5.2) again. If we specializeto &/ = #,¢ , =y and ¢ =0_in
(3.5.2) we obtain a special case of (3.5.4):

Vi Doy, =0 impliesy , = K@, for somexeS, or ¢ ,=0. (3.5.7)

(3.5.8) PROPOSITION

The following three conditions on 1 ,,° are equivalent :
(i) A,,5°¢, has the form p {, for each &,€ €,
v " (9 :2 ) —_
(11) '}M][?l l/1!424’21.9?2] »=0, 2 y
(iii) A, ,° has either the form a_$,° or the form 6% .

Proof: Note that (ii) can be written out as

:-”21 - _@2 9 1 " I 2 Jl 9
Agw Pas )“MZQZJ Amgalz - j’d;%zz )ia/zga‘]z -
- idﬂl'@‘idl@zﬂz =0. (3.5.9)
Now assume that (i) holds. Then we have
i €0, A my 60 = Pt 2Pt (3.5.10)
which is symmetric in 4, #,. Thus
iﬂlmlgl'{wnaz]gzégléfzz =0. (3.5.11)

This holds for all {,€&,, so by (3.3.23) we obtain relation (ii). Conversely
suppose (ii) holds. Then (3.5.11) holds for any &,e&,. This is a relation
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of the form given in (3.5.3) where ¥ _,=1_,7C,=¢ =2 0=
0,6 = o, ¥ =#), whence (i) follows. Thus (i) and (ii) are equivalent.
It is obvious that (iii) implies (i). Now suppose (i) holds with )._ﬁmi’ég =
P 0 2y, e =0l Since (i) also holds, we may transvect (3.5.9) with
5,1, to obtain

(P Oty = PtyO g Wi, — E oy 1y ) =0. (3.5.12)

By (3.5.1), one or the other of these factors must vanish. If it is the first
factor, then the part of

Aﬁl@lg‘ég‘zﬁ%@zngl (3.5.13)

skew in ./, .o/, must vanish; if it is the second factor, then the part skew
in #,, #, must vanish. Given &,, the 5,s for which each of these holds
must form a linear space. Since the union of these linear spaces is the whole
of &,, one or other of them must be the whole of ,: so (3.5.13) is skew
in o/, o, for all n,e&, or else it is skew in #,, B, for all n,e&S,. The
same holds for ¢,. Thus, either

)'mzaxg‘;wza&zgz (3.5.14)

is symmetric in ./, .o, or else it is symmetric in #,, #,. The required
form (iit) then follows from (3.5.4).

{3.5.15) PROPOSITION
B € _ 0 . . B _ ¢
P qb“,r”“_d”s) = 0 implies either ‘/’wl...‘wﬂ =0or qﬁwlmm) =0.

Proof: The result follows from (3.3.22) and (3.5.1) as applied to the ex-

pression wﬂ,...;ﬂ,x fd; é&/r ¢,d,+ ,.HMHS%’S):M” v C-Mr*A.

The results of this section obtained so far hold for systems of any
dimension. There are, however, some special results which depend
essentially on the two-dimensionality of spin-space. For example, because
by (2.5.23) a spinor contraction is equivalent to an anti-symmetrization,

we have by (3.5.4):
IfY 50 # 0, theny 0,5 =0 implies  ,p =0, g, 0,5 = 7,85
for some B. (3.5.16)

More particularly (since if % is vacuous we canset y , =y~ 'a_, in (3.5.16)),
we have:

If Ay #0, then Y,z A% =0 implies ¥ 4 = 3 ,Ap for some y, (3.5.17)

More particularly still, we obtain (2.5.56) when <, also, is vacuous.
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Principal null directions

In addition to depending on the two-dimensionality of spin-space, the
following result uses the fact that the division ring € of complex numbers
is algebraically closed.

(3.5.18) PROPOSITION

If$up 1= sy * 0, then
bup.L= a(AﬂB Ay

for some o, B,,...,A,€S,. Furthermore, this decomposition is unique up
to proportionality or reordering of the factors.

Proof: Choose a spin-frame o, " suchthat 0 £ ¢, |, =¢,, 8. "
(This is clearly possible, by (3.3.22).) Let £*e &4 have components 9= 1,

&' =z Then, if ¢, , has n indices,

Gap. 1818 =gy ot m2d i, o+ "Dy,
= (00g + zat,)(By + 2B)) ... (A, + z4)), (3.5.19)

by the ‘fundamental theorem of algebra’, the n factors being unique up to
proportionality or reorderings. Regarding«, , 8, , ... ,4, as the components
of spinors o, B, ..., A,, we get (o, + zor,) = o, &* = o , &4, etc., 5O

¢AB...L§A éB o éL = (aAéA) (:BBéB) oo (/lLéL) (3520)
Thus

{d)ABmL——oc(ABB.../lL)}éAéB...£L=0, (3.521)
for any &4 which is normalized so that £° = 1. But owing to the homo-
geneity of (3.5.21) in ¢4, it is clear that this normalization is irrelevant,
$0(3.5.21) holds for all 4. The result then follows from (3.3.22).

The expression of a totally symmetric spinor ¢, | # 0as a symmetrized
product of one-index spinors a ,, ..., 4, is called its canonical decomposi-
tion. Any spinor a , ..., 4, arising in this way is called a principal spinor.
Any non-zero multiple of a principal spinor is again a principal spinor.
The flagpole directions corresponding to the various principal spinors
are called principal null directions (PND), and the corresponding null
vectors are called principal null vectors. Each PND is thus described by
a proportionality class of principal spinors. The symmetric n-index
spinor ¢, ,(# 0) uniquely defines the unordered set of n PNDs where,
however, multiplicities may occur among these directions. We say that
a principal spinor or PND is k-fold if it arises from a term of multiplicity
k in the factorization (3.5.19), and thus occurs k times (up to proportiona-
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lity) in the canonical decomposition. The sum of multiplicities of the
PND is always equal to n.

Any non-zero symmetric spinor ¢, , is itself determined up to a com-
plex factor by its PNDs. Such a spinor ¢  will exist for any preassigned
set of principal null directions with preassigned multiplicities. Note that
symmetric n-index spinors have n + 1 complex (i.e., 2n + 2 real) degrees
of freedom, since there are n+ 1 independent components ¢,, .,
®.o.05->Py, - This is consistent with the fact that each PND can
be specified by one complex number (e.g., £1/£°), giving n complex para-
meters for all the null directions, and there is one final complex parameter
which determines the overall multiplier for ¢, .

We observe from (3.5.20) that if £4 # 0, then

¢ p 1EAEEEE=0 (3.5.22)
if and only if &4 is a principal spinor (cf. (2.5.56)). We can say more in the
case of a multiple PND. Suppose «, is a k-fold principal spinor:

@ aB..DE..L = X40p - OplE - .- ALy (3.5.23)

so that a, occurs k times on the right, none of the spinors#,, ..., 4, being
proportional to «,. Then expanding the symmetrization in (3.5.23) and

transvecting with the product o ... oL of n — k as, we get
E L _
P p.pE. L& U =K A, (3.5.24)
where

o= ) 9 #0. (332

If, on the other hand, we transvect (3.5.23) with n — k + 1 as it is clear that
the expression vanishes. Thus:

(3.5.26) PROPOSITION

A necessary and sufficient condition that & , # 0 be a k-fold principal spinor
of the non-vanishing symmetric spinor ¢ ,p , is that

d)A...GH...LﬁH v éL

should vanish if n — k + 1 &s are transvected with ¢, , but not if only n — k
&s are transvected with ¢, .

As a corollary we have:
(3.5.27) PROPOSITION

IfE 40,05 ;= {:...GV and

E4. 8P pp. =0
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then there exists a Y% . such that
H — 4o
¢%.coE..c = (A...CéDéE éc)-

The proof is immediate from (3.5.26) if we choose a basis and replace
H# with numerical indices.

We shall say of a symmetric spinor that it is null if all its PNDs coincide.
The following is a criterion for nullity.

(3.5.28) PROPOSITION
The symmetric spinor ¢ ,, , is null if and only if

¢ 4p.. 0410 =0.

The necessity of this condition is immediate. To establish its sufficiency,
choose a spinor 1, such that

fA = ¢ABO,..L0’,’BOML0 3& 0.
Then the condition yields

¢AB.‘.L5A =0,
which, by (3.5.27), implies that there exists a scalar y such that
Ga L=V Sy

as required.
Note that in the case of a two-index symmetric spinor ¢, =« By
we have, by direct calculation,

0.450"% = — Ho B, (3.5.29)
so that evidently an alternative criterion for nullity is the vanishing of
® 459"

In some situations it is useful to talk about PNDs or principal spinors
of ¢, , even when ¢, , =0. The convention will be that then every
non-zero £, must be regarded as a principal spinor of ¢, , and every null
direction as a PND. (So, strictly speaking, a zero spinor is, in this sense,
not null.)

It may be remarked that no simple analogue of (3.5.18) — which allows
us to classify spinors ¢ according to the multiplicities of their PNDs -
exists for symmetric spinors with both primed and unprimed indices.
A classification scheme for such spinors will be given in §8.7.
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Simplicity of skew tensors

We end this section with a result on anti-symmetric tensors in an arbi-
trary n-dimensional vector space &%, which bears a similarity to some of
the above results on symmetric objects.

(3.5.30) PROPOSITION
IfF is skew in all its p indices, then

F F =0°Fa3...p=a b, ...r

[aB...p" olt...00 [a”p

ap...p

ol

for some aa,bﬂ, sty

(An F_which is such a skew product of vectors is called simple.) The
necessity of the above condition for simplicity is immediate: expand the
second F_in terms of a_,b,, ..., and then each term in the sum must
vanish because q;,...r,a,=0, etc. To establish the sufficiency of the
condition, note first that it can be re-written as

F, F, .,=pF,, F (3.5.31)

a{p...p” aJr..0"
For we need only expand the anti-symmetrization in the condition and
separate the terms according to which F_ possesses the index o. Transvect-
ing (3.5.31) with 4°y® annihilates the left-hand side and shows that the
(p — 1)-index tensor

af...p

u’F
satisfies the same condition as F__itself. Now we shall assume that the
condition in (3.5.30) implies simplicity for (p — 1)-index tensors (which
is evidently the case when p — 1 = 1) and deduce that it then also implies
simplicity for p-index tensors. Thus, by hypothesis, whenever u’ # 0,

udFo'ﬂ...p = bm R
for some bﬂ, N Now choose 4” and G such that
wi= udGrmwFar...w # 0’
and transvect (3.5.31) with u°G*“. This yields
F

of...p

gy = Abp T
as required, where

So the proposition is established by induction.
One easily sees that the condition in (3.5.30) is equivalent to

*Fé..‘paFme — 0, (3532)
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where *F- (which has n — p indices if F_has p) is defined analogously to
(3.4.30), (3.4.21) by

1
*Fé...a - 86"'0‘1"'7}:‘, " (3533)
) ]

(An ‘alternating tensor’ & in n dimensions has n indices, is non-zero, and
skew ¢f. (2.3.4).) Since (3.5.32) is symmetrical in *F~and F_ (apart from the
manifestly immaterial positions of the indices), we have the following

(3.5.34) PROPOSITION
F, . is simple if and only if its dual *F*~ is simple.

.

The above results (3.5.30)—(3.5.34) hold in n dimensions and for skew
tensors with any number of indices ( < n). But we shall have occasion to
be especially interested in bivectors F, in four dimensions, and then there

are several additional criteria for simplicity. In fact, we have

(3.5.35) PROPOSITION

In four dimensions the bivector F , is simple if and only if any of the following
conditions holds:

() F,,F

(bl ) =

0, (ii) F*F®=0, (iii) det(F,,)=0.

Proof : One easily sees that
F[ach]d = F[achd] = AN pea (3.5.36)

for some scalar g and an alternating tensor n . The first of these identities,
in conjunction with (3.5.30), establishes (i). Condition (ii) results on trans-
vecting the second identity in (3.5.36) with ¢, provided #,, " # 0.
But that can be verified directly by going to a particular frame. The last
condition, (iii), results from the well-known theorem stating that the deter-
minant of a skew matrix is a perfect square, and, in fact, in our specific
case,

det(F,,) = 1 (F,, *F®)*. (3.5.37)
So (iti) is equivalent to (ii), and the proposition is established.

We may point out that Proposition (3.5.30) would be false if taken to
refer to tensor fields rather than to tensors at a point. A remarkably simple
counter-example supporting this assertion is provided by the bivector
whose components in ordinary Euclidean space, referred to Cartesian
coordinates x, y, z, are given by

0 z -y
Fab: -z 0
y —x 0
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This is the dual of the position vector r* = (x, y, z) and thus pointwise
simple, by (3.5.34), since r* is trivially simple. But by (3.5.32) r’F,, = 0.
So F,, = UV, would imply r*U,=r*V, =0, ie, U, and V, would be
normal to r*. Then on each sphere of constant radius U, and V, would both
constitute nowhere-vanishing tangent vector fields. But for topological
reasons we know that such fields do not exist (‘fixed point’ theorem).
This shows that the result would be false even in an arbitrarily small
neighbourhood of the origin.

It should be borne in mind that all other numbered results of this section
would also fail, in some analogous way, for fields rather than for tensors
or spinors at one point.

3.6 Lorentz transformations

As an application of some of the results of the preceding section, we shall
here investigate the structure of Lorentz transformations. This constitutes
a somewhat different approach from that of §§1.2 and 1.3. There will be
some overlap in the results, but this should be helpful in establishing a
link between the two points of view.

We give, among other things, a direct proof of the key result (1.2.27)
of §1.2 that to every restricted Lorentz transformation L) :V*—W®
there correspond exactly two spin transformations + T B:{4— +nP
and vice versa. But our discussion goes further than this, in that we treat
improper Lorentz transformations as well as proper ones. (As in §3.5,
we are concerned with spinors and tensors at a single point only. Thus,
& and T are the division rings of complex and real numbers, respectively.)

Our notation allows us to express the above active transformations in
the form

LMV =Wb, TBeA=pt (3.6.1)
Note that we require L "e T’ and T ,Be . The required relation between

these transformations is that they give the same result when applied to
each Ve T* the effect of the spin transformation being

T BT, B VA4 = whe (36.2)

Thus if the elements L” and T ,°T,* are to give the same map from I*
to I® we require

Lt=TFTF. (3.6.3)

What we must show, therefore, is that if La” is a restricted Lorentz trans-

formation then L’ always ‘splits’ according to (3.6.3), where T % is a
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spin transformation defined uniquely up to sign; and conversely that
if T,2 is a spin transformation then the L,® defined by (3.6.3) is always
a restricted Lorentz transformation. The component version of (3.6.3),
relative to the standard choice of frames, is (1.2.26),

The condition for L ” to be a Lorentz transformation is that it be real and
leave the metric invariant:

LP=L} (3.6.4)

9 =L, L, g, (3.6.5)

It is restricted if and only if it belongs to the same continuous family
as does the identity g °.

[A linear transformation between vector spaces &% Sf may always be

expressed in the form P2X*= Y’ so the map P/:&*— &* is given by

contracted product (¢f. (2.2.37)). This map induces a linear transformation

-1 -1 -1
P%:S,— &, where P/ P} =37 = P ‘P’ and, hence, a linear transforma-
=1 -1
tion P;...P} P4 ... Py @57 @) If A 7B, we have P ..
-1 -1
PiP4 ... PLAMT =B equlvalently P: ... PA% V—P"’ P?pr...fp'

¥ip.t ¥ p..t
Thus, 4 is invariant under PLiff P} ... PYA%-7 = P? . Pf’A*ml”,,.]
The condition that T ,® be a spin-transformation is that it should have

unit determinant. This can be stated in the form

e5=T,T - (3.6.6)
For, the right-hand side is skew in 4, B and is therefore, by (2.5.23),
proportional to ¢,,, the factor of proportionality being

LT ST Pe pet® = det(T ). (3.6.7)

Alternatively, we may simply examine (3.6.6) in component form (cf.
(2.5.70)). Condition (3.6.6) states that the e-spinor is invariant under
spin transformations.

Now, suppose we are given a spm transformation T, and L
defined according to (3.6.3). Clearly L " is then real and

G = Eagtap =TT T C TP =LLj% (3.6.8)

SO La” is a Lorentz transformation. Moreover, La is restricted because
TAB is continuous with the identity spin transformation* & AB; whence
L.’ is continuous with ¢ ¢, * = g ?, the identity Lorentz transformation.
Alternatively, the fact that L ” as given by (3.6.3) is restricted will be a

consequence of the discussion to follow.

CD c'D cd?

* See remark (iii) after equation (1.2.26).
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Suppose, conversely, that L is a Lorentz transformation. Since it
preserves the metric, it must send null vectors into null vectors; indeed,
it sends complex null vectors into complex null vectors. (For, by (3.6.5),
G Xx? = (L x")NL,x")g,, whether x* is real or complex.) By (3.2.6) any
complex null vector x* has the form k&4’ Thus

L, BBRAEA = (BB’ (3.6.9)

With any choice of k4 and ¢4 such an equation holds, so we can apply
(3.5.8) to obtain L, ®* k" in one or other of the forms
L, PPxt=084% or (Bu,F. (3.6.10)
This must hold for all x*. Indeed, the same one of relations (3.6.10) must
hold for all k. Otherwise, by continuity, for some non-zero value of
k* both forms would hold simultaneously, so by (3.5.6) we should have
L, Px*=p (P*®, whence L,,P%(k*p?)=0, violating the non-
singularity of the transformation L ” : that Lorentz transformations cannot
be singular follows from (3.6.5) alone (¢f. (3.6.19) below). Applying (3.5.8)
again to (3.6.10) we see that L , , ¥ must necessarily have one of the follow-
ing four forms
(i) o, BY7, @) 0828, (i) ¢, %u,”, (v) By, B (3.611)
However, we must reject (i) because L, ,*®(f,¢/,) =0, and (iv) because
L, . ”2((glp) =0: in each case L,” would be singular.
Tais leaves us with (ii) and (iii). The reality (3.64) of L, gives, res-
pectively,

AA’

TBOE = 0875 iB§.E=¢ Bur. (3.6.12)

A ATA

Thus, by (3.5.2),

2B =afs 05 =28 1,5=po B0, =p""u, . (3613)
whence a and f must be real. Absorbing the factor |a|'/? into the definition
of 08 and | B|/?into the definition of ¢ ,® we get, according as a is positive
or negative in case (ii), or as f is positive or negative in case (iii), four
different possibilities:

L, 5 =+050 ", (3.6.14)
L, 5 =+¢p25 P (3.6.15)

Substituting into (3.6.5). we find that det(65)(=36%5.02e*“e,,) and
det(¢ B)(=1¢ Po Pe e, ) both have unit modulus. If we normalize these
determinants to unity:

det(02)=1, det(¢,B)=1 (3.6.16)
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(absorbing the phase factor into 62, or ¢ ,P), we obtain 6%, uniquely up to
sign in each case (3.6.14), and ¢ ,® uniquely up to sign in each case (3.6.15).

By transvecting each of (3.6.14), (3.6.15) with a future-pointing null
vector k4k4" we see that the result is future-pointing if and only if the
positive sign is chosen in each of (3.6.14), (3.6.15) (see (3.2.2), (3.2.4)).
Thus, the orthochronous Lorentz transformations are those of the form
(3.6.14) and (3.6.15) in which the positive sign holds. Those for which the
negative sign holds involve a reversal of time-sense. To see which of (3.6.14),
(3.6.15) are proper, we may examine the effect of L,” on the alternating
tensor e, ,. (A Minkowski tetrad is proper or improper according as
el x"yzis + 1 0or —1, ¢f. (3.3.37); thus e, , defines the orientation of
the Minkowski vector space.) We have

€pea = T LLLLje,, = * det(L %e (3.6.17)
the positive sign holding if and only if Lt is proper. Substituting (3.6.14)

and (3.6.15) into (3.6.17) and using (3.3.31) and the equivalent form
epp =0,05 8cn, e45=0, 05, (3.6.18)
of (3.6.16), we obtain directly the fact that it is (3.6.15) (with either sign)
which is proper and (3.6.14) (with either sign) which is improper. Thus the
restricted Lorentz transformations are those of the form (3.6.15) with
positive sign. Setting T,% = ¢ 2, the required form (3.6.3) is obtained.
Alternatively we may see this from the fact that the transformations
(3.6.14) cannot be continuous with the identity Lorentz transformation
¢,%¢,®. For, any continuous path of L, ,.®¥'s beginning with (3.6.14) and
ending at ¢ ,%¢ ', would at some point have to have simultaneously the
forms (3.6.14) and (3.6.15). By (3.5.3), L,,”® would then be an outer
product of four one-index spinors and hence singular. The restricted
L_’s, being those continuous with the identity, and the negatives of the
restricted L s, form the class of proper L ’s. These must therefore be the
L,’s of the class (3.6.15).
We can examine some of the structure of Lorentz transformations in
the light of the spinor representations that we have found. We remark,
first, that by raising the index b and lowering d in (3.6.5) we obtain L ‘L’ =

abcd?

-1
g,> which tells us that the inverse L > of L is given by

-1
Lr=D. (3.6.19)
Applying the same procedure to (3.6.18) we get
0508 =—¢,.%, ¢, P .=—¢p (3.6.20)

which tells us that the inverses of the maps 6%,:&* > &% and ¢ *: &4 >
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S8 are given by

1 , -1
04 =—04 ¢ A= — ¢ (3.6.21)

B

Improper transformations

Let us examine the improper Lorentz transformations first. These are given
by (3.6.14), so each one is characterized by a quantity Oﬁ' subject to (3.6.16);
that is to say, by a complex world-vector 8* = 644 of length \/5:

6°, =2 (3.6.22)

(since (3.6.16) gives 26240, ,. = 1). The relation between 6 and the Lorentz
transformation La” is given in spinor terms by (3.6.14):

L,=+0,0 (3.6.23)

BA'TAB"

Since the right-hand side is + Oagb with 4 and B interchanged we can use
the theory of §3.4 to obtain a purely tensor form of this reiation:

L,=+68,U," (3.6.24)

ab °
where U_,“ is defined in (3.4.57). Writing (3.6.24) out in full we therefore
get
i
00 +—e,, 00 (3.6.25)

+L . =00 5 abed

Tl = Y% b)__ZLgab
as the general expression for an improper Lorentz transformation, 6°
being subject only to (3.6.22). The positive sign in (3.6.25) corresponds
to L, orthochronous.

Of particular interest are those improper Lorentz transformations which
are involutory (i.e., equal to their own inverses) since these correspond to
space—time reflections in lines or hyperplanes. By (3.6.19), the condition

-1
for LY=L} is
L,=L,, (3.6.20)
$0 (3.6.23) tells us that L ? is involutory if and only if 8, is proportional
to 6. Because of the normalization (3.6.22), this implies one of the follow-
ing:

(i) 0, is real and timelike

(i) i0, is real and spacelike.
Then (3.6.25) becomes

(3.627)

tL,=2V,V,—4g,VYV,. (3.6.28)

where the real unit vector V* is 27% 6* in case (i) and 127} 6 in case (11).
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Again, the orthochronous transformations take the positive sign in
(3.6.28). When V* is timelike, L,” is a ‘space-reflection in a point’ if ortho-
chronous, i.e., more correctly, a reflection in a timelike line. If not ortho-
chronous, it is a reflection in the orthogonal spacelike hyperplane. When
v is spacelike, L " is a ‘space-reflection in a plane’ if orthochronous, i.e.,
more correctly, a reflection in a timelike hyperplane. If not orthochronous,
it is a reflection in the orthogonal spacelike line. It may be pointed out that
the two choices + V* both give the same L ,. This is because the sign in
the spinor transformation n® = 68¢4 is not defined simply by the effect
of La’J on vectors. However, in the timelike case, there is an invariant dis-
tinction between V¢ and — V¥, since one is future-pointing and other
past-pointing.

Proper transformations

We now come to the propc~ Lorentz transformations. These are given
by (3.6.15):

L,=%¢,0.p (3.6.29)
where ¢ ,? is a spin-transformation, i.e., by (3.6.18), subject to
¢ 8 =2. (3.6.30)
Expressing ¢ ,, in terms of its symmetric and skew parts we get
® 5= UE p TV 45 (3.6.31)
where
Vag=VYpa (3.6.32)
Substituting (3.6.31)into (3.6.30) we get
pr—vi=1, (3.6.33)
where
vii= — Ly yAB (3.6.34)

Thus, apart from an ambiguity of sign in the definition of u (absent only if
v = i), the spin transformation ¢ ,® is uniquely defined by an arbitrary
symmetric spinor ¥ .

If we substitute (3.6.31) into (3.6.29), we obtain a decomposition of
L,, as follows:

2Ly =PGayt Fopt+ Ty (3.6.35)

where p, F , and T,, are real, with T, trace-free symmetric and F , skew,
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given by

P=uFop= i e + 10 ptap Ty =V V0 p  (3.636)
The tensor F, bears the same relation to (2r)~ ! pT,, as does an electro-
magnetic field tensor to its energy tensor (cf. (5.2.4)). This fact is actually
sufficient to ensure the form of (3.6.36), which in turn implies that L,
as given by (3.6.35), is proportional to a proper Lorentz transformation.
If, in addition, det(L ") =1 (equivalent to the normalization (3.6.33)),
then L ” is a proper Lorentz transformation, orthochronous if the positive
sign is taken in (3.6.35) and p > 0.
According to (3.5.18) we can express ¥ ,, as a symmetrized product of
one-index spinors, say

Y, =%Bp+ B g, (3.6.37)

so by (3.6.34) we can take
v=a,p (3.6.38)
We have a ,f, —a B, =ve,,, so provided v#0 we get, from (3.6.31),

Iz It

¢AB=<1+;)aAﬁB+<1—;>BAaB. (3.6.39)
If v=0,a, and B, are proportional and we can take §, = 1(u,, whence
@5 =645+ Lo 0p. (3.6.40)

Notice that in each case (3.6.39), (3.6.40), a, is an eigenspinor of ¢ * in
the sense that ¢ P« is a multiple of a , :

¢ Bog = (u+ v, {3.6.41)

the corresponding eigenvalue being u+ v (=1 in case (3.6.40)). In case
(3.6.39) B, is also an eigenspinor of ¢ AB, with eigenvalue y — v. In case
(3.6.40), «, is (up to proportionality) the only eigenspinor of ¢ J-in
other words, the two eigendirections of ¢ ,® become coincident. The
PNDs of y ,, are thus seen to be the same as the eigendirections of ¢ 4°.

As an alternative argument, not assuming the canonical decomposition
of Y ,5, one can see quite rapidly that, given «,, the spinor ¢, can be
expressed in one or other of the forms (3.6.39), (3.6.40). For, ¢ ABocB =a,
implies (¢ B — & By, =0; so, by (3.5.17), ¢ B — &e P =y o for some
74 If v, is proportional to «, we are led to case (3.6.40). Otherwise, we
expand ¢,® in terms of a, and y, and obtain the form (3.6.39), with y
proportional to f8,.

The significance of the eigenspinors of a spin-transformation lies in the
fact that their flagpole directions are the invariant null directions of the
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corresponding Lorentz transformation. We have, from (3.6.29) and (3.6.41)

LAU, =|u+v|*U,, (3.6.42)
where the null vector U is given by
U,:=a,,. {3.6.43)

When the two invariant null directions are distinct, we can choose a spin-
frame whose flagpole directions are the invariant null directions, e.g.,

0, ==V B, (3.6.44)

l,=a A

A A?
Then the matrix of the spin-transformation (3.6.39) takes the following

form (where, by (3.6.33), u —v=(u +v)™):

g [(HHV 0 >
b, -< 0 i) (3.6.45)

Comparison with (1.2.31) and (1.2.37) shows that this is a ‘rotation about
the z-axis through ¥ if 4 + v = ¢¥/? with y real; it is a ‘boost in the z-
direction with velocity v if y+v=(1 —v)"%1 +v)* with v real; and
it is a ‘four-screw about the z-axis’ in the general case (cf. (1.3.4)).

When the two invariant null directions coincide we get a null rotation.
We can then choose our spin-frame so that

li=a (3.6.46)
with o, arbitrary. Then the matrix of the spin-transformation (3.6.40)

takes the form

A?

B__ 1 ‘C>
b —<O ) (3.6.47)

(If desired, we could scale 1, = o, so that — { = 1.) Comparison with (1.3.7)
confirms that this is a ‘null rotation about the z-axis’. Note that the
eigenvalue of ¢,® is unity. Thus any null rotation preserves both the
flagpole and the flag plane of any spinor whose flagpole direction is that
of the invariant null direction.

The involutory proper Lorentz transformations also have some special
interest since these represent reflections in space—time 2-planes. The in-
volutory condition L, = L, (cf. (3.6.26)) when applied to (3.6.35) tells
us that F_, =0, whence either ¥ ,, =0 or p=0. The case y,, =0 is
uninteresting since ¢ ,® then reduces to + ¢, Thus the general involutory
proper Lorentz transformation has the form

+LY=T)=y 2 5, (3.6.48)

where, as remarked earlier (and as we shall see in detail later, cf. §5.2),
the trace-free symmetric tensor 7, has the form of an electromagnetic
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energy tensor. The choice of the plus sign in (3.6.48) ensures that L.’ is
orthochronous, in which case it is a ‘space reflection in a line’, i.e., more
correctly, a reflection in a space—time timelike 2-plane. If not orthochron-
ous, L " is a reflection in a spacelike 2-plane. The timelike 2-plane concern-
ed is the plane spanned by the two invariant null directions (i.e., by the
flagpoles of a! and B4) and the other is the orthogonal complement of
this.

Since pu=0, (3.6.33) gives v = — 1. Thus, by (3.6.34), det (y ;) =
1 = det (y ,®). Note that, as in (3.6.20), this implies

Y, WP =¢b (3.6.49)
It is sometimes convenient to use a symmetric spinor such as ¥, to
represent a 2-plane element. If this 2-plane element is not null (i.e., v#0
in (3.6.34), so that the flagpole directions of «* and B* are distinct) then
it is often useful to use the normalization (3.6.49), or else

Y W= —e b (3.6.50)

In a similar way, we may use a Hermitian spinor 0 (= GAB,) to denote a
line element or the orthogonal complement hyperplane element, and to
normalize according to

0,005 = +¢ . (3.6.51)

The local geometry at a point can be conveniently discussed using quanti-
ties such as ¥ B, 6% since their ‘matrix products’ represent geometrically
simple operations, namely successions of reflections about lines, planes,
etc. The above normalizations imply that the ‘matrix square’ of each basic
quantity is plus or minus the identity ¢ P ore .*"

Infinitesimal transformations

We shall close this section with a brief discussion of infinitesimal spin-
transformations and their associated Lorentz transformations. The fact
that infinitesimal Lorentz transformations are essentially skew two-index
tensors is well-known. We may derive this fact as follows. Let La”(l) be a
one-parameter family of Lorentz transformations depending smoothly on
the parameter 4, such that A = 0 gives the identity transformation:

LAO) =gt (3.6.52)

The infinitesimal Lorentz transformation S, corresponding to this family
is

S b= [iLabm] . (3.6.53)
di o
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Applying (3.6.52) and (3.6.53) to the A-derivative of the relation (3.6.5)

g = LAANLAN)g,,- (3.6.54)
we obtain
0= Sa"gbdg‘_d + gu"Sb"gcd. (3.6.55)
That is to say,
S =—Sp (3.6.56)

To reconstruct a finite Lorentz transformation out of an infinitesimal
one, we use ‘exponentiation’. Define, quite generally,

1
exp(PA):=6+Pf+—P)PFf+-. (3.6.57)
. J 21 v
Then if ’
Pa”’Qv" = Qa"Pf, (3.6.58)
it follows that
exp (P,7) exp (Qy”) =exp(P/ + Q') (3.6.59)
formally.* Now, given any skew S ,, we can define
L= exp(S}), (3.6.60)

which gives
LSg.,L," = cxp(S,)g,,xp(S,%)
= exp(S,)exp(S° ).,
=exp(S,)exp(— S,
=exp(S,” — S,
=0, Gop = Gup- (3.6.61)
Thus, L,? is a Lorentz transformation.
In a similar way, we can define infinitesimal spin transformations o AB.

in terms of a smooth one-parameter family of spin transformations ¢ ,%4)
for which

¢, 0 =¢,° (3.6.62)
by
o b= i¢ B2) (3.6.63)
N da 4 i=0 o
Differentiating the relation
5= ¢AC(/1)¢BD(/1)BCD. (3.6.64)
* It can, in fact, be shown without difficuity that (3.6.57) always converges, and that

(3.6.59) is always valid, whenever (3.6.59) holds (¢f. Hochschild 1965).
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(cf (3.6.6)), we obtain

__C, D C. D
O0=0,"¢g ¢, t2, 0, 80,

= GAB - O-BA’ (3665)
so o 5 is symmetric. If, conversely, for any symmetric ¢ ,, we set
¢ B:=exp(o,P), (3.6.66)
we get
¢ “ecp®s” = exp(a ey explo,”)
=exp(o ,“)exp(— o e,
= €Xp (UAC)eXP( - O.CE)SEB
=g, e, =6,y (3.6.67)

(Thesecondline usese,0,70,26," = 6,76,% — 0,0) = 6 (— 0,,)(— 6% )=

(—ogp)(— a"Q)( —02)=(-of,)(— a"Q)( —062.)e;p.) Thus, ¢ B is a spin
transformation.
To obtain the relation between infinitesimal spin transformations and
infinitesimal Lorentz transformations consider the A-derivative of
L,(A)= ¢AB(,1)$A,B,(A). (3.6.68)
We get
S, =0 gtip T €404~ (3.6.69)
(Cf. (3.4.20).) Conversely, suppose S,, and ¢ ,, are related by (3.6.69), or,
equivalently,

St=0b,"%+¢50,% (3.6.70)

Since the two terms on the right ‘commute’, we get, on taking exponentials
and using (3.6.59),

L=¢59, " (3.6.71)

as required, where L ? is given by (3.6.60) and ¢, by (3.6.66).
Let us exhibit ¢ explicitly in terms of ¢, ;. Put

pti=1c,,0%% (3.6.72)
Then
050" =P 40 (3.6.73)
so
P 'o Bp lo, )= —e,C (3.6.74)

(assuming, for the moment, that p # 0). The expression p~'

formally like 7', so we get

o ,® behaves

expup~ o B)y=¢Pcospu+p o Bsinp (3.6.75)
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Setting
A=pup~ 1, (3.6.76)
we obtain
exp(lo By=¢,Pcos pA+a Bp~'sinpi.
=:¢ BA). (3.6.77)
say. If we replace p~ ! sin pA by its limit as p — 0, namely by 4, then we can
use (3.6.77) also in the case p =0:
exp(io By=¢ B +0,B1i=¢ 5A). (3.6.78)
And we have
=0 P1)=¢cosp+a,Pp 'sinp. (3.6.79)

(Note that both cos p and p~! sin p are even functions and so do not
depend on the sign of p in (3.6.72).) The corresponding Lorentz transforma-
tion L,* can then be constructed as in (3.6.35), where into (3.6.36) we
substitute  ,, = o ,,p~ ' sin p and p = cos p. The case p = 0 (i.e., (3.6.78))
corresponds to null rotations (cf. (3.6.40), (3.6.47)).


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.004
https://www.cambridge.org/core

4
Differentiation and curvature

4.1 Manifolds

In Chapters 2 and 3 we have not been much concerned with the details
of the module & of spin-vector fields. Although in §3.1 it was necessary
to tie in the spin-vector module with the concept of a world-vector, the
essential property of world-vectors — that they belong to tangent spaces
of the space—time manifold .# — was never used.

In fact, the discussion so far would also apply to situations which are in
essence very different from the one contemplated here. We may illustrate
this difference by an example taken from elementary particle theory,
namely ‘isotopic spin-space’. This is a space which, as its name suggests,
bears some (superficial) resemblance to spin-space. The states of actual
spin of a nucleon may be expressed as complex-linear combinations of
two states, say ‘spin-up’ and ‘spin-down’. In a similar way, the states of
isotopic spin of a nucleon are complex-linear combinations of two states,
namely ‘proton’ and ‘neutron’. But although formally similar, there is
a crucial difference between these two situations. This lies in the fact
that the directions in spin-space have to do with actual directions in space
(-time) i.e., with the relations between a point and its neighbours, whereas
the directions in isotopic spin-space have no such association.

It is also possible to produce mathematical examples where the elements
of the basic module do have an association with the relation between points
and their neighbours, but it is the wrong association. Consider a manifold
of four real dimensions which is a two-complex-dimensional ‘surface’.
The tangent space at each point has two complex dimensions and can be
given a structure identical to that of spin-space. However this situation is
very different from the one that we shall be concerned with here. The
association between spin-space and directions in the manifold has to
be achieved via the intermediary stage of the world-vector space. As
we shall see presently, this has the formal implication that the operation
of differentiation has two, rather than one, spinor indices.

But how are we to express this relation between space—time points and
their neighbours? To do this, we must make the concept of a tangent

179
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180 4. Differentiation and curvature

vector, or field of tangent vectors, precise. The method we follow is to
define vectors as directional derivatives (cf. (1.4.1)) on the manifold, these
derivatives acting on scalar fields. Thus, the vector ‘points’ in the direction
of the manifold in which the derivative is measuring the rate of change of
a scalar. These directional derivatives are characterized completely by
their formal properties as maps of the system of scalar fields — which system
actually contains all the information necessary to define the manifold
structure of .4 and the system of tangent vectors to .#.

Since scalar fields play such a basic role in this method of development -
and since even coordinate systems may be thought of simply as sets of
scalar fields — it will be appropriate to state the axioms defining a manifold
entirely in terms of properties of the system of scalar fields. For the sake
of generality, we shall give the discussion of this section in a form applic-
able to any n-dimensional (Hausdorff, paracompact, connected) manifold.
This will not involve us in any extra complication. Only in §4.4 shall we
specialize to the case when .# is a space—time. The discussion of the
present section will be primarily carried out in terms of real C® scalar
fields. We use the letter I (as before) to denote the system of such fields.
The system & of complex C* scalar fields can then be defined in terms
of T(as TP 1T).

We consider .# as an abstract set of points whose structure is defined
by a non-empty set T, each element feT (called a scalar) being a map

fiM >R (4.1.1)

The particular choice of the set T which is made will serve to characterize
the structure of .# completely as a differentiable manifold, once we have
given sufficient axioms for I. The differentiable structure for .# that
results will then be such that each element of I is, in fact, a C* scalar field.
The axiom system we use is derived from that of Chevalley (1946); ¢f. also
Nomizu (1956). It is completely equivalent to the more usual definition
of a manifold given, for example, in Lang (1972), Kobayashi and Nomizu
(1963), Hawking and Ellis (1973) and Hicks (1965).
For the first axiom we take:

(4.1.2) axiom

Iffi.f2,-...f,€T and if F: R">R is any C* real-valued function of r
real variables, then F(f,.f,.....f )(considered as a function on M, ie.,
F(fys..., fYPY=F(f(P),..., f{P)), Pe#) is also an element of ¥.

We note, in particular, that since any constant is a C® function, any
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map (4.1.1) which assigns the same real number k to each point of .#,
i.e., a constant map, will be an element of T. Without danger of ambiguity,
we denote this element of T also by the letter k. The subset of T consisting
of all constant maps will be denoted by K. Clearly K is a ring isomorphic
to R. Since the operations of addition and multiplication are both C®
maps: R? - R, we have, by axiom (4.1.2), operations of addition and
multiplication acting on the set I, defined by

(f +9)(P):= f(P) + g(P) (4.1.3)
(f9)(P):= f(P)g(P)
for all Pe.#. This gives T the structure of a commutative ring* with unit
(cf- (2.1.22)), with 0, 1e ] = T. It is evident that T is also a vector space
over K. Taken together, these properties define I as a commutative algebra
over K.

To state the next two axioms we need a concept of a neighbourhood
of a point Pe .#. We define a T-neighbourhood of P to be the set of points
of .# at which f + 0, for some feI with f(P) # 0. (Recall that this was
our procedure in §2.4.) Clearly the intersection of two I-neighbourhoods
is again a I-neighbourhood since if % 1is defined by f+ 0 and ¥~ by
g # 0, then % n ¥ is defined by fg + 0.

The topology we assign to .# is the one generated by the I-neigh-
bourhoods. That is to say, a subset of .# will be called open iff it is a
union of ¥-neighbourhoods.** We can show that, with respect to this
topology,

each element of T is a continuous function on M, 4.1.4)

1.e., that the inverse image of an open interval of R under each element of
T isan open setin .#. For proof of (4.1.4), let the open intervalbea < x < b
(where a < b) and define the C* ‘bump function’

0 if x<a or b<x
Bas)= ( L ) if a<x<b
exp o y— if a<x

The inverse image of the interval a < x < b under any map fe¥ is the
open set defined by 0+ B, ,(f)eT, and this establishes our assertion.
The next axiom asserts the ‘local’ character of the restriction on a real-

4.1.5)

It turns out that, given only the ring structure of I and not the set .#. then .# can in
fact be completely and uniquely reconstructed.

** In actual fact, once we have imposed all the axioms and restrictions, it will follow that
any open set is a T-neighbourhood. However. we shall not require this fact here.
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valued function on .# in order that it should belong to I. (We expect
‘C*’to be one such local restriction.)

(4.1.6) AxioMm

If g: M — R, and if for each Pe.# there exists a T-neighbourhood ¥ of
P and an element feX which agrees with g in %, then geX.

Note that we can restate this axiom as follows: If g :.# — R and if for
each Pe.# there exist h,feT with h(P)+# 0, where hf = hg, then geI.

Finally, we need an axiom which asserts the ‘locally n-dimensional
Euclidean’ character of .#. Here, n is a given fixed integer.

(4.1.7) aAxiom

For each Pe# there exists a T-neighbourhood % of P and n elements
x', ..., x"eT such that (i) given any two points of U, at least one of the
X" has a different value at the two points, and (ii) each element f€X may be

expressed, in U, as a C™* function of x*, ..., x".

The scalars x!, x2, ... , x" which occur in (4.1.7) are called local coordinat-
es about P. The set % is called a local coordinate neighbourhood and the
pair (%, x') a local coordinate system. (This terminology, according to
which coordinates are referred to as particular examples of scalar fields,
is somewhat at variance with the classical usage. However, it is perfectly
logical within the framework of the modern development, in which vectors,
tensors, scalars, etc. are not defined in the classical way in terms of co-
ordinate changes.) Property (i) in (4.1.7) ensures that the values of the
coordinates x* do in fact serve to label the points in % —in a continuous
way, by (4.1.4)— with distinct points being assigned distinct coordinate
labels. Property (ii) of (4.1.7) (together with (4.1.2) with r = n) ensures that
x* is a non-singular coordinate system* for % since the elements of I,
when restricted to %, are precisely those which are given as C* functions
of the coordinates x* If a second coordinate system x* were introduced
which covered another T-neighbourhood # in accordance with (4.1.7),
then in the overlap region % N4 each system of coordinates would have

* It should be pointed out, however, that nor all local coordinates are suitable for use in
axiom (4.1.7). Consider, for example, the plane in the usual coordinates r, §. Here, we
have a coordinate patch on the plane for r > 0, 0 < 6 < 2n. However, the coordinate ¢
cannot be extended to a C* (or even C°) function over all of .#,whence ¢ X and these
particular local coordinates are not among those described in Axiom (4.1.7). Nor,
indeed, is even the (r, 6) patch r >0 < @ < n. For the function r = (x? + y*)!/? is not
extendible as a C*® scalar at the origin, so r¢¥.
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to be describable as C* functions of the other. This provides the link
between the present approach to manifold structure and the more usual
one in terms of overlapping coordinate charts.

In fact it is not difficult to prove the equivalence of these definitions.
The axioms given here are sufficient to establish that the local coordinate
systems (%, x*) of (4.1.7) comprise a covering of .# by coordinate patches
which, as a consequence of Axioms (4.1.2), (4.1.6) and (4.1.7), satisfy all
the conditions normally required. Conversely, given a Hausdorff manifold
A according to the more standard definition, we can define the set T
to consist of just those real-valued functions on .# which, in each coordi-
nate patch, may be expressed as a C* function of the coordinates. Then
T satisfies the three axioms (4.1.2), (4.1.6), (4.1.7), so .# is a manifold
by the present definition.

Our definition of a topology for .#, together with (4.1.6) is sufficient
to imply that

M is a Hausdorff topological space.

This means that for any pair of distinct points P, Re.#, a pair of disjoint
T-neighbourhoods can be found, each containing one of the points.
To establish this we need only find some function heT which takes
distinct values p and r at P and R, respectively. For, choosingg =3|p — r|,
we can define T-neighbourhoods of P, R by B,_, .. (), B,_, ., (WeZ,
respectively, to obtain the required disjoint T-neighbourhoods. To see
that h exists we refer to (4.1.7). Either R belongs to % or it does not. If
R belongs to %, then we can use for h a coordinate x* which differs at
R from its value at P. If R does not belong to %, then we can use for h
a function which defines % by being non-zero on % and zero outside #%.

It is normal to assume, for a manifold, that its topology has a countable
basis (an assumption equivalent here to paracompactness — Kelley 1955,
Engelking 1968). We can state this in the form of

(4.1.8) axioM

There is a countable collection of I-neighbourhoods such that every I-
neighbourhood can be expressed as a union of members of the collection.

In fact, once a metric (or a connection) has been introduced into the
manifold, this assumption becomes redundant (Engelking 1968). However,
for present purposes it will be well to make it. This has the implication that
the manifold .# is of the ‘ordinary’ kind, to which the discussion of §2.4
(leading to the total reflexivity of the system &’) can be applied. Another
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way of stating (4.1.8) is: .# can be covered by a countable collection of
coordinate neighbourhoods.
Another usual assumption in the case of a space—time manifold is

(4.1.9) Axiom

M is connected

This means that .# is not the union of two non-empty disjoint open sets.
In terms of T we may express this condition as follows: if f, ge¥ and if
fg =0, then f{P) =0 = g(P) for some Pe.#. It will be convenient to make
this assumption here also. Having made these restrictions on the topology
of .#, we shall henceforth simply use the term neighbourhood for what
we previously called a T-neighbourhood.

Vector fields

We are now in a position to introduce the concept of a (contravariant)
vector field V (or field of tangent vectors) on .#. We define ¥ as a map

V:I-I (4.1.10)

with the following three properties
(i) Mk)=0 if ke
i) \f+g)=NH+WNg if fgeT (4.1.11)
(i) V(fg) =g +g1f) if fgel
Such a map is called a derivation on T, where I is regarded as an algebra
over K. The set of all such derivations will be denoted by T". Contact with
our previous definition of " will be made presently.
Now suppose we have a map W:3T — T with the property that in any
local coordinate system (%, x*), the effect of W may be expressed in the
form*

0
wif)y=we f (4.1.12)
0x
where
W, W2, ..., Wel. (4.1.13)
* The meaning of the symbol 3/dx* here should be clear. Even though f is, strictly

speaking, a function of a point P of the manifold .#, rather than being explicitly a
function of variables x!, x?,...,x", the point P can itself be regarded as a function of
x!,...,x" by virtue of the coordinatization of 4. By axiom (4.1.7) (i), f may be then
regarded as a C* function of x',...,x"
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Then W clearly satisfies all three relations (4.1.11) and so is a derivation.
We can write (4.1.12) as

G
ox*’
where the operators are understood to act on scalar fields. [n another local
coordinate system (%, y*), we shall have

W=we 4.1.14)

. 0

W=w*—. 4.1.15
5 @.L.15)
If % and % overlap, then in the intersection region % N % we must have

i 0 5]

wh =W*—. 1
3 Fae 4.1.16)
Thus,
5 oy 5 O™

Wb =we , We=wh —F- 4117
ox* dy ( )

Regarding W®*and W ®as the components of W in the x* and y* coordinate
systems, respectively, we arrive at the standard classical definition of a
contravariant vector. Thus, any classical contravariant vector corresponds
uniquely to a map W:¥ - T which, when referred to any local coordinate
system, can be expressed linearly in terms of the partial derivative opera-
tors with respect to the coordinates. Furthermore, any such map is an
example of a derivation on I. The following result (4.1.18) establishes the
converse. We shall then have complete equivalence between the concepts
of a derivation on I, of a linear differential operator on I (or directional
derivative), and of a classical contravariant vector.

(4.1.18) PROPOSITION

If Ve, then in any local coordinate system (%, x*), V has the form V =
V*0/0x® for some V!, ..., V"eZ.

Proof : We observe first that if we can establish that at each point of
9, V has the form V*9/0x* then it necessarily follows that V*eX. For
we shall have, in %,
V“—V"é“—V"éci—V “)eT 4.1.19)
= p=VoF= (x*)eq, 1.

since the coordinates x* are themseives C* scalars (x*€ ). Now choose a
particular point X e %, with coordinates X!, ..., X". Let 2 be the coordi-
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nate n-disc (x' — X')® 4+ - + (x" — X")? < p? where p is chosen small
enough that 2 < %. Choose any point Pe 2, with coordinates x’, ..., x".
Then the points with coordinates X*+ tx* —tX*(0<t < 1) are also in
2. Let fbe any member of T. We have

fixh o xM= (XL . XY+

1
d
+j d—lf(X1 +ex! =X L X4 X" -t Xt
0

1
= f(X%, ..., X" +(x“—X“)J [AX 4 axt =X, L)de
¢ (4.1.20)
where

0

- ox*
Thus, we have an expression of the form -
fixh L x = (XL X+ (X — XY, (XY, (4.1.22)

where, at X,

fx1 o xT) fixt, ..o x"). (4.1.21)

g (X", ...,m:[g] . (4.1.23)
xﬂ:xﬂ

ax*

Applying V to (4.1.22), where X is kept fixed but where the coordinates
x* define the variable point P at which V¥ is to be evaluated, we obtain

) =0+ V(x*)g, +(x* — X*)V(g,), (4.1.24)
using (4.1.11). Now specialize to the point P = X. We find
0
Vify=ve { (4.1.25)
Ox

at the point X, using (4.1.23) and defining V* = V(X®). This same formula
holds for each feT and for each X %, thus establishing the result.

One immediate consequence of (4.1.18) is the following property of a
derivation V-

oh
IfR:R" >R is C* and f,,..., f,€X, then V(h(fy,.... £)) =Y —

¥ Vi)

(4.1.26)

The properties (4.1.11) are all special cases of (4.1.26). Thus, (4.1.26) is
equivalent to (4.1.11). Furthermore, setting f, = x' we immediately regain
(4.1.18).

The concept of a derivation on I provides an elegant algebraic
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characterization of a tangent vector field on .#. We shall also need the
concept of a tangent vector at a single point Pe.#. To obtain such a
concept, we can set up an equivalence relation between derivations, in
which Uis equivalent to ¥ if and only if U{ ) and W(f), when evaluated at P,
give the same real number, for each f 3. This equivalence class, denoted
by ¥V[P] - or, often, simply by ¥ at P—is called the tangent vector at P
belonging to the vector field ¥. We have:

ULP1=V[P] iff {US)}(P)={M(f)}(P) forall feX.  (4.127)
In terms of local coordinates about P, we have U[P]=V[P] iff U*
Offox™ = V*0f /ox* at P for every fe T, ie., U*(P)= V*P). Thus the values
of the n components of ¥ at P, namely V*(P), may be regarded as the
components of V in the coordinates x*. Since these are just n real numbers,
the tangent vectors at P form a vector space, over R, of dimension n,
called the tangent space to .# at P. This space will be denoted by I'[P].
Sometimes the notation ¥ may be used for this vector space, rather than
for the set of tangent vector fields. This will be either when it has been
explicitly stated that we are working at one point only — or else when it is
immaterial whether vectors at one point or vector fields are being consider-
ed. Under the same circumstances, T may be used to stand for T[P] = R.

An alternative definition of a tangent vector at a point Q which is
sometimes-used, is as a map W[P]: T - R satisfying (4.1.11), with the
additional property that if f, ge T are such that they are identical through-
out some neighbourhood of @, then W[Q](f) = W[Q](g). The equivalence
of this definition to the one given above can be obtained by repeating the
argument for (4.1.18), but where X is now fixed at the point Q.

We may also define the concept of a vector field on a (suitably non-
pathological) subset ¥ of .#. As with the case of a single point, we can set
up an equivalence relation between derivations, U being equivalent to
V if and only if U(f) = W(f) at each point of &, for any feX. We denote
this equivalence class by Ul #] (= V[ #]) and refer to it as the part of the
vector field U which lies on &. We denote by T" [ #] the set of vector fields
lying on &, and by T[#] the scalar fields restricted to # (i.e., lying on’ ¥).

Given any two derivations U, VeX we can define their sum by

U+ N(f)y=Uf)+ Vf)forall feX. (4.1.28)

Clearly U+ Ve’ Also, we can define the multiplication of a derivation
UeT by a scalar heX according to

hU)f) = hUS) for all feX. (4.1.29)

Again it is clear that hUeZ'. It is easy to see that, in terms of some co-
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ordinate system, the ath component of U+ ¥V is U* + V* and that of
hU is hU*® Furthermore, it is evident that, under the operations (4.1.28)
and (4.1.29), I forms a module over I. Similar remarks apply to T'[P],
I[P] and to T[], I[F]. The arguments of §2.4 establish that T is
totally reflexive.

Real and complex tensors

We are now in a position to apply the theory of §2.2. We introduce a
labelling set & = {a, B, ..., «,, ... } and produce canonically isomorphic
copies T4, 3¥,... of T. Then we introduce duals T,,%;,... and, finally,
the sets T%7. A similar construction applies if we start with I'[P]
leading to I 7[P], or with T[] leading to T3 I[¥].

We can also construct complex tensors as members of sets S} (or
&2[P] or &2)[#]) where each element C} e &}V is an expression of
the form

G =A By (4.1.30)
with A3-7, B}-7eX}-?, the new quantity i, which is introduced, being a

Av?

constant scalar subject to
iZ= -1 4.1.31)

The elements of S are maps h:.# —» C where h=f +ig (f,geT) gives
hP)= f(P)+ ig(P). The ring structure of & is defined by (f +1ig)+
(p+ig=(f +p)+ilg+4q)(f+ig)p +iq) = (fp —gq) +i(fq + gp)(p,q€
T). The elements of &' are maps Z: S —» & with Z=U+iWU, Vel
giving Z(f +1ig) = Z(f)+iZ(g) = U(f) — V(g) + iUg) + i V(f). These sa-
tisfy the derivation properties (4.1.11) as applied to complex scalars
f +1ig. The set € is a module over &. It is not hard to see that the general
@57, defined from these as in §2.2, gives simply the elements (4.1.30).
Throughout this section we shall tend to work with the sets T rather
than &. It should be clear, however, that the discussion will apply
equally well to complex tensors as to real ones.

The extra structure that we now have which was not present in the
general discussion of §2.2 is the interpretation of elements of T (or of
&) as derivations on the algebra of scalars. We may regard this as giving
the link between the elements of the basic module and ‘the relationship
between a point and its neighbours’ that was mentioned at the beginning
of this section. This extra structure leads us to certain concepts of differenti-
ation, such as the ‘gradient of a scalar’, ‘Lie derivative’, ‘exterior derivative’
and some others. The first of these we discuss in a moment, but for the
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others we shall wait until §4.2, after the concept of a connection has been
introduced. This will enable us to obtain a more comprehensive viewpoint.

Gradient of a scalar

Given a scalar f €3I, we define its gradient df, sometimes called its differ-
ential, to be an element df of the dual I'* of T defined by

df(Vy.= v(f) (4.1.32)

The fact that this is a linear map from 3" to I is a consequence of (4.1.28)
and (4.1.29): we have df (g¥V ) =(gV ) ) =gV () = gdf V), and df (U + V)
=U+V)(NH=U)+V(f)=df(U)+df V).

The connection between this modern concept of differential and the
classical notion of an ‘infinitesimally small element’ is not particularly
intuitive, but it is related to the transformation properties of ‘dx*’ under
change of coordinate system. Choose a local coordinate system (%, x*).
Then (¢f. (4.1.12), (4.1.18)) the quantities

0 5,
Tl e 4.1.33)
constitute a basis for T [#]. The dual basis elements are the differentials
dx!, ..., dx" (4.1.34)
of the coordinates x!, ..., x", since
dx“<L>=—a—(x“)= . (4.1.35)
oxP ] oxb s
by (4.1.32). Under change to new coordinates y* we have
3]
8—3(2“_:2_){"_6—%’ (4.1.36)
s0, to preserve (4.1.35), we require
ayt = L axe, (4.137)

which is a formally valid expression for classical differentials.

To justify the terminology ‘gradient’ for df, let us find its components
in the x* system. Since df is an element of T *[%], these components may
be found by taking scalar products with the basis for IT%]; the required

components are
df< d ) o (4.1.38)

ax* ) T ox*
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by (4.1.32). Thus, the concept of ‘differential’ as described here does coin-
cide with the classical notion of ‘gradient’. The expression for dfin terms
of its components now becomes

of
ox™*

df =-2—dx®, (4.1.39)

which is another version of the formally valid classical expression (4.1.37).

Since we wish to make use of the abstract index notation here, the
‘differential’ notation for covariant vectors is not entirely suitable. Let us
employ the symbol V_ to denote the gradient operation on scalars. Then
V_f is the element of T, which is the canonical image of df in T'*. Since
V* is to be the canonical image of ¥ in I% we can re-express (4.1.32) as
Vev, f = V(f) That is to say,

V=Vvv, 4.1.40)
the operators acting on scalars. The notation (4.1.40) agrees with one
often used for a directional derivative.

We saw in (4.1.38) that the components of df in the x* coordinate

system are df/0x". So these are the components V, f of V_f, and we may
write

0
vV, = , 1
s =3 4.1.41)
provided the operators act on scalars.
From (4.1.11) we finally get
Vik=0, ie, dk=0 (4.1.42)

if ke® and
V(f+9)=V.f+V,g ie, d(f+g)=df+dg, (4.143)

V{9 =fV.g+4gV,f, ie, d(fg)=fdg+gdf, (4.1.44)
if £,ge®.

4.2 Covariant derivative

We have seen in (4.1.32) that the concept of a gradient of a scalar can be
given a unique invariant meaning dependent only on the differentiable
structure of the manifold .# (and, in fact, only on the algebraic structure
of T). On the other hand there is no such unique invariant concept as the
gradient of a vector V*e3I* or, indeed, of a tensor of any valence other
than [J]. But it is possible to impose an additional structure on .#, which
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is a ‘gradient’ operation on vectors, and which uniquely extends from
vectors to all tensor fields on .#. That structure is called a connection
and the operation that defines it is called covariant derivative. As mentioned
in §4.1, there are certain operations involving differentiation (Lie deri-
vative, exterior derivative, etc.) which do not require this additional
structure of a connection on .#. Nevertheless it will be useful to discuss
these operations, too, in terms of covariant derivative, rather than give an
independent treatment of each.
A covariant derivative operator V_can be defined as a map

vV -3 (4.2.1)
subject to the two* conditions:
V(UP+Vh =V U +V VE (4.2.2)
for all U?, V#e3¥, and
V(U= fV U+ UV [ 4.2.3)

for all UfeZ¥, feX, where V_f is the ordinary gradient of f defined in
§4.1 (see 4.1.32), (4.1.40)). The elements VaUVeZZ,VésU“eitga, etc., are
defined from VaU" by index substitution. The possibility of making such
index substitutions is always available to us on any formula.
We can extend the definition of V, uniquely to apply to covariant
vectors, giving a map
Vg, ~ T, 4.2.4)
where VaA,, effects the T-linear map from T* to T (¢f. (2.2.37)) defined
by
(VaAB)V" = Va(AﬁV”) — AﬁVaV’*. 4.2.5)
The fact that this is indeed T-linear follows from (4.1.43) and (4.2.2) and
from (4.1.44) and (4.2.3). Note that this definition of V_4 s is forced upon us
if we require the derivative of 4, V# to satisfy the Leibniz law.
We have
VA, +By)=V A4,+V,B, (4.2.6)
and
VA= fV, A, + AV, f, 4.2.7)
by (4.2.5), (4.1.43), (4.1.44).
* I[n standard modern treatments (¢f. Hawking and Ellis 1973) covariant derivative is

defined by three, rather than two requirements. The use of abstract indices enables us
to achieve a somewhat greater economy here.
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Next consider a general tensor T3 . If we require the Leibniz law to
hold for the derivative of T A, ... C,U* ... W” we are led to the relation

VT4, QUL W=V (T4, . QUM W)~
- T V,A) ... CUM WY — .
—TiA, - QU (VW)
(4.2.8)

This defines V T3} as a map (which is easily checked to be T-multi-
linear) from T x --- xT" to I , (¢f. (2.2.38)). Thus any operator V,
satisfying (4.2.1), (4.2.2), (4.2.3) extends uniquely to

Vp S 1;:::3‘, (4.2.9)
by the one requirement that V, acting on a contracted product of the type
T3 7A, ... CyU’1 ... W should satisfy a Leibniz law. (We can also check
thatin the case of V,: T* — I7, we get back to the original definition.)

By applying the definition (4.2.8) to the two sides of each of the follow-

ing two equations, we readily verify that:
VAT, +S)=V T, +V,S, (4.2.10)
and
VAT R)=T,V Ry+ R VT, (4.2.11)
It is also clear that
V, commutes with any index substitution not involving p. (4.2.12)

To see that V| commutes also with contraction (not involving p) we can
first build up T as a sum of outer products of vectors (see (2.2.14)) and
then apply linearity (4.2.10) and the Leibniz law (4.2.11) to each of
V,T:% and V(T ). Since, by (4.2.11) and (4.2.5), we get a Leibniz

expansion both for V XD, and for V AX°D,), it follows that the (9)-
contraction of the former is equal to the latter. The ({)-contraction of

0V, T )=V, T (4.2.13)

The properties (4.1.40), (4.2.10), (4.2.11) and (4.2.13) are often used to
axiomatize the covariant derivative.

Torsion and curvature

So far, the rules that we have obtained for V  are all formally identical
with the corresponding rules for the ‘coordinate gradient operator’
0/0x*. However, one essential new feature arises here, namely the fact
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that the V, operators need not commute with one another. To investigate

this, set
Aal,3 = VaVﬂ - VﬂVa = ZVIaVﬂ]. 4.2.14)

We first observe that
AfAy+By)=A A4, +A B, (4.2.15)

by (4.2.10), and that
AfAgCe)=AgA ,Co+ CoA A, (4.2.16)

by (4.2.11) since the ‘cross-terms’ (V,45)(V,C,) and (V,C (V,A,5) each
cancel out.

Now consider A, f for any scalar f. If X*/ is any element of T* we have,
by (4.1.42), (4.2.15), (4.2.16)

XA k=0, (4.2.17)
XA (f +9)=XPAf + XA g, (4.2.18)
XA fg) = f X“PA .9 + XA, (4.2.19)

for each ke R, f, ged. Thus, by (4.1.11), X' “”Aaﬂ is a derivation, whence, by
(4.1.40),

X “”AaB =YV, (4.2.20)
for some unique Y?e3I?, where the operators act on scalars. The map from
I* to T which assigns Y” to X* in (4.2.20) is obviously T-linear. (If
(4.2.20) holds and Z"”Aaﬁ =WV, then (X S Z“")Aaﬂ =(Y"+ W)V ,
(pX““’)AMi =(pY")V,.) Thus, by (2.2.37), this map is achieved by a tensor
T, ﬂyeizﬁ, called the torsion tensor:

Y'= X"‘“Taﬁy. 4.2.21)
Substituting into (4.2.20) we get X"“f’Am/i = X“”’TM]VVy (on scalars). This
holds for all X*#e3I*, so

A/ =TgV.f 4.2.22)
for all feZ. Notice that by the anti-symmetry of A, (¢f. (4.2.14)), the
torsion tensor also has this anti-symmetry:

T, =-T,/ (4.2.23)
If T,,” = 0, the operator V  is called torsion-free.

Next consider the action of Aaﬁ on a vector. When torsion is present, it
is actually rather simpler to work in terms of the operator (Cyrillic ‘D)

‘ A,=4,,— TV, (4.2.29)
since

n,f=0 (4.2.25)
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forall feX, sotherelation (4.2.16)

B (AyCe) = Agh,,Co+ C A A, (4.2.26)
(cf. (4.2.11)) reduces to
B (fAg)=f1,,A, 4.2.27)
when C, is the scalar . By (4.2.15) and (4.2.10) we also have
B(Ag+Bg)=1R,4,+ 1B, (4.2.28)

By specializing (4.2.27) and (4.2.28) to elements of I’ (i.e., 2 = y*), we
see that the map 2, : T" — I, defined by

Vien Ve (4.2.29)

is T-linear. It is therefore achieved by a tensor R ; *eX?; , called the
curvature tensor®:
n,Vi=:R, V" (4.2.30)

apy
Writing this out in full, we have

V.V, —V,V,~ T,V )V’ =R, V. 4.2.31)

Y
By (4.2.25) we have ﬂap(AéV")=0. From this and (4.2.26) we get
ViR A = — A, Ve This in turn, with (4.2.30) substituted into it, gives
—_ 3
~eA,=—R,g 4, 4.2.32)
To obtain the effect of A, on a general tensor H5 7, we may expand

Av?

HY% - as a sum of outer product of vectors (cf. (2.2.14)) and use the ‘Leibniz

rule’ (4.2.26), for &_;, on each term to obtain the (generalized) Ricci identity:
(VaVB - VBVa - Taﬂyvy)Hﬁ: = ﬂaﬂHgf» = RuﬂpopH‘;?....\;r +
o Ry HEE0 = R,y HES = o = Ry HE™ | (42.33)

Observe that, owing to the anti-symmetry of n,,(cf, (42.23), (4.2.24)),
we have
R °= —RM". (4.2.34)
We obtain a further (Bianchi) ‘symmetry’ condition on Raﬂy" if we apply
(4.2.32) to the case A,=V f. For simplicity, let us compute this explicitly
only in the torsion-free case. We have, in that case,

afy

2V,V, V. f= RV, f: (4.2.35)
anti-symmetrizing in a, f§, y and using (3.3.9) we get
1 ) — —
~ 2Ry VoS = ViV Vo S =V, Y,V S
_ _1 & —
=V, VY, f =1, T, V,f =0, (4.2.36)
* Unfortunately there is no general agreement on the sign and index arrangement of

this tensor, and almost all possible variations can be found in the literature.
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since we assumed vanishing torsion. But at any one point the V,f are
arbitrary, so at every point we have

Rwy}" =0. (4.2.37)
Taking account of (4.2.34), this reads
s E o _
R, +Rp, +R,,=0. (4.2.38)

If the torsion is not assumed to vanish, the computation proceeds along
the same lines but is more elaborate. The result is:

[
Rog’ + VT g + Tig" Ty’ = 0. (4.2.39)

Next, expand V VﬂVy]V" (as in (4.2.36)) in two different ways, using
once the anti-symmetry in o, B, once the anti-symmetry in §,y. In the
first case we apply (4.2.33) to VYV" and in the second case we use the deriva-
tive of (4.2.31). As above, we shall only do this explicitly in the torsion-

free case. We have, in that case,

2V, V.V V°=R

4 p_
fle” 1" 7 Vv]V R

A% (4.2.40)

[xBlo| (2871

and

v V[ﬁVvHVé (Rﬁv]p f)= [ﬂvlpltsV v+ VpV[aRﬂv]p ) (4.2.41)

Substracting these two expansions and using (4.2.37) we get Bianchi’s
identity:

ViRg,,” =0 (4.2.42)
If the torsion does not vanish the computation is similar but more com-

plicated. (See Appendix, Fig. A-9) The result is:
ViRsn' + T R ?=0. (4.2.43)

[« Byle y1ép

An alternative method of deriving (4.2.39) and (4.2.43) will be given shortly.
(cf- (4.2.52) et seq.)

Change of derivative operator

Suppose, now, that we have a second covariant derivative operator
V,: T » Tf which also satisfies (4.2.2) and (4.2.3). Consider the difference
between this and V. The map

V,-v):I¥->3 (4.2.44)

satisfies (V, — V) (Uf + V) = (V_— V)U? + (V_— V)V by (4.2.2); also
V,— V) (fUP) =f(V,— VU by (4.2.3) and by the fact that the operators
must agree on scalars:

Vri=Vf (4.2.45)
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(see (4.1.40)). The map (4.2.44) is therefore T-linear and so by (2.2.37) we
have
(Va—V)U":Q Uy (4.2.46)
for some Qay” eif ,- Conversely, given an arbitrary Q,, # and a covariant
derivative operator V_, any V_ defined by (4.2.46) will also be a covariant
derivative operator.
Since (V, — V,)(4,U%) = 0, by (4.2.45), we have, by (4.2.5).

V,—V)4,=-0Q,,4. (4.2.47)
Now any tensor Hj? is a sum of outer products of vectors, so it follows
from the Leibniz rule and linearity that

V,—V)H: 7 =Q °H®+.-+Q 7THE

pao PYo

"Q,,;loHa T — Q) O (4.2.48)

Ap...v
Let T and R " be the torsion and curvature tensors, respectively,
deﬁned by V. We have

TV, =TV =29, r=29.V,f
= 2V[ﬂrvti]f - 2Q[aﬂ]yv-,rf (4.2.49)
= {Taﬂy - 2Q[aﬂ]y}vyf
whence
Ty =T, — 0, +0pnie, T, =T, =20, (4250

The calculation for R_, ° proceeds along similar lines by consideration of

apy
2V V V but is somewhat more complicated. The result is
R =Ry, prva + ZV[aQﬂlvé + 2Q[alp|6QB]v (4'2'51)
A partncular case of spec1a1 interest is given by Q. =1iT w5 for Q.57

now anti-symmetric and it follows from (4.2.50) that V is torsion- free
Thus we have a canonical prescription* for constructmg a torsion-free
\% , from any covariant derivative operator V. In this case we have

Ry =Ry +V Ty = 3T, 0Ty = 3T,,°T, % (4.2.52)
This formula may be used to obtain an alternative derivation of (4.2.39)
and (4.2.43). We just substitute ﬁm‘s (and V ,) into the simpler formulae
(4.2.37) and (4.2.42) which hold for the torsion-free case. The results are
(4.2.39) and (4.2.43), respectively.

Until now we have said nothing about the existence of a covariant

derivative operator on a given manifold .#. It is in fact a theorem
* In the presence of a metric, however, there is a different ‘canonical’ prescription which
may be preferred, namely passing to the unique torsion-free operator satisfying (4.3.46)

(¢f. also §4.7)
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(¢f. Kobayashi and Nomizu 1963) that a connection exists globally on any
manifold which, as here, has a countable basis for its topology. Once one
connection has been found, many others may be derived from it by use of
arbitrary elements Q 7€}, in the manner described above. We shall not
require any deep existence theorems here, however, since the existence of a
physical metric will shortly be assumed, and a metric (of any signature)
has associated with it a uniquely defined torsion-free connection (cf.
(4.3.47) below).

Coordinate derivative

It is sometimes convenient to introduce ‘arbitrary’ connections — which
need have no special relation to any preassigned structure on .# — for the
purposes of facilitating calculations. As we shall see in a moment, many
such connections exist locally. A useful example is a connection arising
from the concept of ‘coordinate derivative’ in some coordinate system.
There are two ways of arriving at the concept of coordinate derivative
within the present framework. The more straightforward of these is simply
to express all tensor quantities in terms of their components with respect
to a coordinate system, and then to consider the collection of partial
derivatives of these components with respect to the coordinates x*. The
result is a set of scalar fields, or, equivalently, a set of functions of the x*.
This is what one normally requires when explicit calculations are involved.
The alternative point of view is to take this collection of scalar fields and
to reconstruct tensor quantities from them, the scalar fields being regarded
as the components of the tensors in the given coordinate system. Thus,
~ according to this second point of view, the coordinate derivative provides
a means of passing from tensors to tensors; in short, it provides us with a
connection on the manifold .#. This connection is coordinate-dependent,
however, in the sense that a different coordinate system would provide us
with a different connection. (We work locally until the end of §4.2.)

Let us examine this in more detail. Consider a local coordinate system
(%, x*). When we take components of a tensor with respect to this coordi-
nate system, we employ the coordinate basis for T (sometimes called a
‘natural’ basis) given in (4.1.33):

0

0

é

The dual basis (4.1.34) is
8l =dx!, ... 6" =dx" (4.2.54)
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The canonical images in ¥*and inT ,of §, €T and % T *respectively, are
0% and 7. Thus, using the notation V, for d (cf. (4.1.40)) we can re-express

(4.2.54) as
8% =V, x°*. (4.2.55)

Then we may regard &2 as being defined from 8% by the equation 6% g = 0§ .
The components of a tensor H} " in this coordinate system are then

H: =H5L65...0%688 ... 8, (4.2.56)
by (2.3.13). The partial derivatives with respect to x® are
6 [

The set of scalars (4.2.57) gives the first notion of coordinate derivative
discussed above. To obtain the second notion we reconstruct a tensor,
whose components are (4.2.57), by means of the standard procedure
(2.3.14). This defines a tensor, which we write

P T Ap”

8
8 Hoo = <&;H'{l’.’}.>5$5:---5§’5§---5‘L (4.2.58)

The operator ¢, defines a map from X7 to T3 which clearly satisfies
all the properties required of a covariant derivative operator. But it is an
operator of no intrinsic interest in general, since the definition of 0, is tied
to the particular* coordinate system x*.

On the other hand, 0, may sometimes be introduced as a convenience,
since it has especially simple properties. These arise from the fact that
partial derivatives 8/¢ x* commute: 8%/0x® dx® = 6%/0x® dx*. Thus we have

0,0,= 08,0, (4.2.59)

so the torsion and curvature defined by J, both vanish. (In fact, it can be
shown (¢f. Dodson and Poston 1977) that any covariant derivative operator
for which the curvature and torsion both vanish must locally be of the
above form for some coordinates x*.)

The significance of d, lies in its particularly simple expression in terms
of components in the x*-system. Let us now examine the somewhat less
simple expression of a given covariant derivative operator V_in terms of
components. For increased generality, we shall consider a basis 67 for ¥?,
and dual basis 64,63, which need not be naturally obtainable from a
coordinate system by means of (4.2.53)—(4.2.55). A basis which is so

* It may be observed, however, that any other coordinates y* which are related to
x" by constant linear expressions (i.., so that 8y*/0xF are constants) give rise to the
same operator J,
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obtainable from some coordinate system is sometimes called holonomic,
and in the contrary case, non-holonomic.* Thus we shall include non-
holonomic bases into our discussion. Many more manifolds admit globally
defined non-holonomic bases than admit globally defined holonomic ones.
(An example is 3, see footnotes on pp. 92, 93)
We shall need the components of the covariant derivatives of the basis
elements. Define the connection symbols** by
[": =04V, 0§, (4.2.60)
where V, stands for 2V,. Since 6} are just constants 0 and 1, we have
0="V,5} =V,(6%6f)=0%V, 6§ + 6§V, 6%. Thus we also have
T =—0§V,0% (4.2.61)
Now, consider the components (V,V#)558% of the covariant derivative
V,V?# of the vector V¥, We have
(V, V5258 =68V, (65 V)
=o%olV, VY + 117 A (4.2.62)
=V, V¥ + VI
by (4.2.60). Similarly, for the components (V,A,)02§ of V,4, we have
(VaA,,)égég =0V, (0%4,) = Of oYV, Ay + A, 0§V, 0% (4.2.63)
=VG.AB —A’l—mf,
by (4.2.61). For the components of the covariant derivative of a general
tensor H; ' we have
(V,HS:0)886% ... 0% 6% ...6)
=850V, (32, ... 8% H3olo)
=V Hy L + HY oy D + - + HY oL,
—H 2 T — = HYd T (4.2.64)
In the particular case when 6] is a coordinate basis (with V,x* = 5%), the
operator V, may be written as 0/0x®, in accordance with (4.1.41), since it
acts on scalars. In this case the part of I',;* which is skew ina, B defines the
torsion components since
2l =203 V0% =203 0,V,V,x7
=2080f Vi Vyx? = 828§ T,V X"
= Tga" (4.2.65)

The (local) condition for a basis 8, to be holonomic is [8, &, ]=0,[ ]being the Lie
bracket operation of (4.3.2), {4.3.26) below. It may be remarked that a derivative
operator 0p can also be defined for a non-holonomic basis using (4.2.58), (4.2.56);
this ¢ A has torsion but no curvature.

We are using a non-standard ordering of the indices on I' «p" -this being more compati-
ble with our other conventions (notably the use of V rather than a semicolon)

**
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Thus I,4" is symmetric in o, B if the torsion vanishes. On the other hand,
if 6% is not assumed to be a coordinate basis — that is to say, in the general
non-holonomic case - there is no fixed relation between I'(.4}' and the
torsion. Indeed, in the general case, there is no way of determining the
torsion tensor from knowledge of the scalar fields I',," alone. One needs
additional information such as the expression of these quantities in terms
of some coordinate scalars x*.

Let us assume, for the moment, that V ) is torsion-free but that the
I,g’ are quite general (non-holonomic). We may compute the curvature
tensor components from the following formula
R FP=06%V,V,-V,V,)¢ (4.2.66)

P
(¢f- (4.2.31)). We have
iR .2 = 6;’6;’5',’,V[,,V,]5f
=06767 5% V[p{étal 54‘ Lt
= Vi Tapa®+ Tiopa Tord — iy T 4.2.67)
If torsion is present, it is clear from (4.2.31) that the modification of this
formula which is required is the inclusion of an additional term

— 3T, T8 (4.2.68)
on the right. If, on the other hand, torsion is absent and also the basis is

specialized to a coordinate basis (4.2.53), then we get the familiar classical
formula

pow

[ [
kst T,

]
ot =S —SH A LDP TN (42.69)

There is another way of obtaining these formulae in the case of a
holonomic (coordinate) basis. This is to employ (4.2.51) and take V = 6P,
as defined in (4.2.58). Comparison of (4.2.62) with the component version
of (4.2.46) yields

O’ = — T (4.2.70)

We have R,M“ =0, so taking components of (4.2.51) and substituting
(4.2.70) we obtain the required formula for R.,® (whether or not the
torsion vanishes). Similarly the expression (4.2.65) for T,4? in terms of the
skew part of I',4? in a coordinate basis may be obtained by taking compo-
nents of (4.2.50), where T4 =0.

It is sometimes notationally convenient to express formulae involving
coordinate derivatives in their abstract-index versions, involving (3p (ie.,
to employ the second way of viewing the coordinate derivative that was
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mentioned above). The reason is that when taking components of a
covariant derivative one must display the basis ds explicitly, whereas these
basis s may be eliminated in the abstract-index versions of the same
formulae. Thus, for example, the fundamental equation (4.2.62) in a
coordinate basis,

VALY E+ 40 PN 4.2.71)
may be re-expressed in terms of abstract indices as
VVi=0V’+V'T, P 4.2.72)
where the tensor I, # is defined by
rt= I, 616%6f =61V,48¢. 4.2.73)

Of course, like J , the tensor Fay” is dependent on the particular choice
of coordinate system x*. Nevertheless it is a tensor (in the same sense that

3 is a scalar). In fact, with Vp =0d,,wehave I, f = —Q 7 (cf (4270)),
and (4.2.72) becomes simply a case of (4.2.46).

It is perhaps worth stressing that, whereas in our approach coordinates
like x? and tensor components like A, ,, are scalars (in the sense of being
elements of I), in the classical approach they are not: classically, scalars
are invariants under coordinate transformations. For example, in the
classical notation the components of V 4, are normally written A,
but we cannot treat an individual component 4, of 4 g as a scalar ¢ and
substitute ¢ for Ay in A, to obtain ¢ = 0¢/dx* for A, . Covariant
derivative is not an operation on individual components but on the tensor
as a whole. To that extent the notation A, , is illogical and can lead to
computational errors if one is careless. (On the other hand, the notation

Ay , for coordinate derivative is perfectly logical: ‘a’ acts on individual
components.) The point of view and notation adopted in this book avoids
these ambiguities. If we write V,4, we do in fact mean 0A,/0x* (in a
coordinate basis). The component with a =2, B =3 in the classical ex-
pression 4, , would here have to be written 5”\7 A, which differs from
V,A, by the expression — A,V ,65= — AT, " The abstract index B
cannot, of course, be given a numerical value.

4,3 Connection-independent derivatives

One of the advantages of having a connection on a manifold is that it
makes differentiation a completely systematic procedure. Those opera-
tions which can be specified independently of any particular connection,
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on the other hand, constitute a sort of special ‘menagerie’. Nevertheless,
some of these operations are particularly important ones. We shall first
give a list of several known connection-independent operations and discuss
the more important of these in a little detail afterwards.

Each of the following expressions (4.3.1)—(4.3.6) (and also (4.3.45)
below) is independent of the choice of torsion-free covariant derivative
operator V

Ve s (4.3.1)
U“VaV‘* - V“VaU”; (4.3.2)
EHG = VIV T = HY OV, V= —HPV, VY
+HL YV VP 4+ HY L V P (4.3.3)
(a1...ap - 1 Ep...0p+g-1) __ (a1...ag -1 Ug...0p+g-1
pA* V. B qB’ . )
ian;.“ap — A(al...ap) and Bal...aq = B(al...aq); (434)
ay...dp -1 Ap...0p +q -1 _ [ayg...aq-1 Qy...Ap+ 4 -1}
pA"[ VPB l+( 1)PigBel* VpA 1
ianl...aP - A[al...ap] and Ba,...aq — B[al...aq]; (435)
(VPAiyalmap)B‘/;lmﬁq] - (VPBgﬂl-uﬂq Agl-u“‘pl
+PAu, 0,V Bhi 5~ 9Bliss 5.V 5. A a1
AL = Ay and By, =Bl . (436)

The verification of the invariance of each of these expressions under change
of the torsion-free operator V is a simple and straightforward application
of the above discussion. Taking the difference between each expression
and the corresponding one involving V , We get, using (4.2.48), a sum of
terms involving Q,,” which vanishes in each case, by virtue of the symmetry

0. = Q). 4.3.7)
this symmetry expressing the fact that the torsion tensors of V_ and Vd
are identical (both being zero), see (4.2.50).

The expressions (4.3.1)—(4.3.6) have the virtue that they have particularly
simple representations in terms of components. We may use the ¢ , opera-
tor arising from any coordinate system in place of V,. Then when we take
components with respect to these coordinates, the operators simply
translate into 0/0x".

Exterior calculus

Let us examine (4.3.1) in detail. We have
Voo = Viode = QA+ 0,4, ;=0 (438)

{p" a...7] [p* a...7]
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since each term vanishes by (4.3.7). The connection-independent operation
(4.3.1) is the basis of a self-contained calculus, namely Cartan’s exterior
calculus of differential forms. This is concerned with anti-symmetrical
covariant tensors. The operations are simple enough for indices not to
be necessary or (in most instances) even helpful.

We can obtain agreement between Cartan’s notation and ours if we
employ a device for suppressing indices such as the following. Select
a particular infinite subclass of index labels, say

Lislysly, .o 4.3.9)

as the indices which may be suppressed. Here we shall allow ourselves
only to suppress lower indices and they must occur in their natural order
starting with ¢, and continuing successively. If we are to remain strictly
within the exterior calculus, then we should operate entirely with tensors
whose only index labels are an anti-symmetrical set of lower indices
Iy,13,---.,1, Such a tensor will be called a p-form and we write*

A=A, (4.3.10)

The 0-forms are simply scalars and the 1-forms are just covectors. By
(3.3.30) every n-form is a scalar multiple of ¢, ; by (3.3.27) every p-form
with p > nis zero.
One sometimes considers tensor-valued p-forms and then a notation
such as
H *7":=H xed (4.3.11)

AoV 1112...0pA.. v
is useful, where H - is anti-symmetrical in¢,1,, ..., 1, Strictly speaking,
however, this takes us outside the exterior calculus.

Differential forms are subject to three operations, namely addition,
exterior product and exterior derivative. We allow a p-form and a g-form
to be added only if p = ¢. (In some versions of the exterior calculus, formal
sums are also permitted when p # g. See also Appendix, Vol. 2)) The sum

of two p-forms A and B is another p-form defined by
A+B:=4 ,+B, .

1g...2

4.3.12)

The exterior product of a p-form 4 with a g-form Cisa (p + g)-formA4 A C
defined by

Jap”

AnAC:= A Corye (4.3.13)

The exterior derivative of a p-form A4 is a (p + 1)-form dA4 defined, for
torsion-free Vp ,by

d4:=V, A (4.3.14)

t2.0.4p+1]°

* The possibly more familiar ‘dx’ notation is introduced in (4.3.19), (4.3.22) below.
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this being independent of the choice of V , as we have seen. Observe that
if p = 0, this notation agrees with that of the gradient of a scalar defined in
(4.1.32). When the operators act on scalars we may in fact write d = V.
The following relations hold between differential forms. (Whenever a
sum is written it is assumed that the forms involved have the same valence.)
i)A+B=B+ A4

(i) (4+B)+C=4+(B+0O

(iii) ANB+CO)=AAB+AAC

(iv) AAB=(—-1B A Aif Aisa p-form and Bis a g-form

V) AABAC=AABAO

(vi) d4 + B)=d4 +dB

(vii) d(A A B)y=(dA)AB+(— 14 AdBif A is a p-form
(viii) d(dA4)=0 4.3.15)
The verification of each of these expressions is a simple consequence of
the definitions (4.2.12)-(4.2.14). For example, to verify (v), we have

=A B C ,=AArBAC) (4.3.16)

To verify (viii)) we choose a particular V p»> Say 5, ,» Whose curvature and

torsion both vanish. (This may only be possible locally, but that is suf-
ficient.) We have

=8,0,4_,=0 (43.17)

dd4)=0,0, A4 ;=074 .

since 0,0, = 0. This result is sometimes known as the Poincaré lemma,
and sometimes as the converse of the Poincaré lemma (the deeper result
being that locally dX = 0 implies X = d4 for some A, cf. (6.5.27)). Exterior
derivative generalizes the notion of ‘curl’. The well-known formulae
of vector analysis div curl ¥ = 0 and curl grad ¢ =0 may be viewed as
particular cases of Poincaré’s lemma.

In a coordinate basis we can write

A=A, =A, 0.0
=4, o0 0, (4.3.18)

the components A, , forming an anti-symmetrical array. Since we can
write

oF =V, x®=dx" (4.3.19)
the expression (4.3.18) can be written in differential form notation as
A= Aq“mapdx‘”l A A dxr. (4.3.20)
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(Logically there should perhaps be a ‘A’ between the A and the first
dx, but scalar multiplication, although a special case of exterior product,
is normally written without the ‘ A”))

We should remark that, in the literature, a slightly different convention
1s frequently employed, in that the quantities

Qgy...apt = Dl4q,.. 0y (4.3.21)

rather than our 4,  are used to denote the components of a p-form.
This is simpler only if the summation convention is not employed, the
expression (4.3.20) being then written

A=Y a, , dx® A Adx® (4.3.22)

a; <...<ap

The definition we use here, together with the square bracket notation for
anti-symmetrization, serves to avoid some of the awkward factors that
appear when the notation (4.3.22) is adopted. Here, exterior product
and exterior derivative have the respective component forms

0
Ahl...c.ch.p+1...c.p+q] and a_x[l.lAﬂ.z...up+1] (43'23)

One of the most important applications of differential forms occurs in
the fundamental theorem of exterior calculus.* If 2 is an oriented p-dimen-
sional surface in an oriented .#, we define the integral of the p-form A
over Z to be

J A= J Ay o, dX* A o Adx® = f a, dx' A-oAdx?
2 k4 2

=p!j A dxt A A dx"=p!J‘<...<fAlmpdxl)...)dx"
»

(4.3.24)

whenever 2 is such that it can be defined by x?*! = ... = x" = 0 in some
coordinate system. Otherwise we split 2 into pieces where such coordinat-
es exist for each piece, and add the integrals for the separate pieces. The
result is independent of the particular choice of coordinates. The funda-
mental theorem of exterior calculus states that

J dd = § A, (4.3.25)
2 o2

where 2 is a compact (p + 1)-surface with boundary 62.

* Various versions of this result go under the names of Ostrogradski, Gauss, Green,
Kelvin, Stokes, Cartan and probably others. Our adopted terminology was suggested
to us by N.M.J. Woodhouse.
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Lie brackets and Lie derivatives

We now come to (4.3.2), the second connection-independent operation in
our list. This is the Lie bracket and is the common special case of all the
remaining operations (4.3.3)—(4.3.6) in the list. We can arrive at this opera-
tion in a more basic way as follows. Let U and V be derivations on the
algebra . The the map W : T — I defined by the commutator

W=[UV]=UV-V-U, (4.3.26)
ie., by

W)= UW[)) — VU S)), (4.3.27)
is also a derivation. (Relations (i) and (ii) of (4.1.11) are obviously satisfied.
The verification of (4.1.11) (iii) is a straightforward calculation.) Let V,

be any covariant derivative operator. We shall find W* in terms of U*®
and V* We have

W”fo= U“VG(V”VBf) - V"Vﬁ(U“Vaf)
= V"U“VaVﬂ f+ U"'(VaV”)Vﬂ f
~ U VPNV, f — VAV UV, f
=(UV V- VeV U’ + U“VVTW”)VBf. (4.3.28)
Thus
WE=UV Ve - VeV Uf + U“VVTW”, (4.3.29)
which reduces to (4.3.2) when V_ is torsion-free (and, incidentally, shows
how (4.3.2) must be modified when it is not).
The Lie bracket satisfies a number of familiar relations common to all
commutators, namely
(UV]=-[r.U], [UV+X]=[UV]+[UX],
[U,[V.X]]+[V.[X. U]]+[X.[U ¥V]]=0, (4.3.30)
the last being referred to as the Jacobi identity. The Lie bracket plays a

frequent role in modern differential geometry. This often arises from the
fact that the commutator of directional covariant derivatives

V=XV, (4.3.31)
X
(not necessarily acting on scalars) involves a Lie bracket. Essentially
repeating the calculation (4.3.28), we have, in fact, (¢f. (4.2.24))
VW-VV=V +‘X°’Y”ﬂaﬂ, 4.3.32)
XYy YXx {X,Y]
and so, by (4.2.31),

(VW —VV— V)Z’=R_, ’X°Y’Z". (4.3.33)
XY YX (XY
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The third connection-independent operation in our list is (4.3.3), the
Lie derivative of the tensor H' - with respect to the vector V. This opera-
tion may be generated as follows. We define

£X:=[¥,X] (4.3.34)
| 4

as the Lie derivative of a contravariant vector X with respect to V. The
Lie derivative of a scalar f'shall simply be its directional derivative defined
by V:

5f:= ) =V*V,J. 4.3.35)

The Lie derivative of a covariant vector is then defined from (4.3.34),
(4.3.35) by the requirement that the Leibniz rule apply to the Lie deriva-
tive of 4, X*:
£A, X =ALX" + X£A, (4.3.36)
v V 14
This implies
£A, = VeV A, + ABVaV”, (4.3.37)
14

where we assume V to be torsion-free. For a general tensor HY%, if we
demand that the Leibniz rule shall apply to the Lie derivative of H}*?
X*... Z'A,...Cor alternatively, if we expand H% 7 as a sum of outer
products of vectors and demand linearity and that the Leibniz rule shall
apply to each term, then we are uniquely led to the expression (4.3.3)
as the definition of the Lie derivative i£/2Hj{'.'."?v of the tensor H5 7, where

V, is torsion-free. It is easily verified that the commutator of two Lie

derivatives satisfies
££—f££= £ . (4.3.38)

uy vu [,y
The geometrical meaning of the Lie derivative of H% 7 is that it re-
presents the infinitesimal ‘dragging’ of the tensor H along the integral
curves of ¥ in 4. To represent a finite ‘dragging’ of H - along these
curves to parameter value u, we form the expression exp(u §)H§::j. For

details, see Hawking and Ellis (1973), Choquet-Bruhat, DeWitt—Morette
and Dillard—Bleick (1977)

The final three connection-independent operations (4.3.4)—(4.3.6)
do not have the same importance that the first three have. We shall
say no more about them here except to point out a certain particular case
of (4.3.6):

ARV AL — AV Ay + AV AL — AV AL (4.3.39)
This expression has significance in the theory of complex manifolds.
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Riemannian geometry

Let us now consider the implications of introducing a metric into 4.
A metric is a symmetric tensor of valence [7], denoted by g,,, which is
non-singular in the sense that another tensor g* exists such that

9%g,, =03 (4.3.40)

We have

9 =9 g,=0;, (4.3.41)

Let V* be an arbitrary contravariant vector and let V be a torsion-free
operator. Then the Lie derivative of g, with respect to V* is

VoV, gy + 9ay VgV + g5V, V" (4.3.42)

Furthermore, twice the exterior derivative of Vg, is

V (Vi) — VV%,)

=VV9,+9,Y.V - V'V, —a,V,V* (4.3.43)
Adding these two connection-independent expressions together,
29,V Vi + V95, + V. 9., — V,9,,) (4.3.44)
and transvecting with 1g%°, we get
VYo + V397 (Vg + V. 9,5 — Ved,) (4.3.45)

which must therefore also be connection-independent. Now suppose
Vp, in addition to being torsion-free, satisfies

V9., =0. (4.3.46)

Then the connection-independence of (4.3.45) tells us that V , is unique,
since (4.3.45) is equal to the same expression with J replacing V

Vye=aov°+ V“‘{%g”"({ia!gl,y + 0.9, — aﬂg”)}, (4.3.47)

where 0, is any torsion-free operator —in particular where 0, is the ‘co-

ordinate derivative’ operator associated with some local coordinates x*

When written in terms of components, (4.3.47) is the familiar classical
expression for covariant derivative in terms of Christoffel symbols.

Conversely, we can show that a torsion-free V| exists satisfying (4.3.46).

We define v.ve (locally) by (4.3.47). Then we have an expression of the
form (4.2.46) wuc.2 9, =V _and

Q,°=~- i ﬁ"(@g{gﬂy +0.,9,5 — 049,,)- 4.3.48)
Thus, by (4.2.48), (4.3.40), (4.3.41),
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Vpgali = apgaﬁ + Qpa)ygyti + Qﬂﬂygay

= apgaﬂ + 2Qp(aygﬁ)v (4.3.49)
= 0,95 = 095 T 0,9y — p90r)
= (.

This torsion-free operator V ,» uniquely defined by g,;, we shall call the
Christoffel covariant derivative operator. (The existence was proved
locally, but local existence, together with uniqueness, implies global
existence.)

The metric may be used for raising and lowering indices in the standard
manner (¢f. §3.1) (i, g,, establishes a canonical isomorphism between
T*and T)). Since g, is ‘covariantly constant’, V g, = 0, the operation of
raising or lowering an index will commute with V_. That is,

VpHda = Kp.leo- ﬁ VpHda = Kpda- (4350)
Finally, let us examine the curvature defined by the Christoffel V. We

can lower the final index of R,;° to obtain the Riemann (—Christoffel)
tensor

Rops=Rop, 025 (4.3.51)

(Owing to the arrangement of indices that we have chosen, we have
arrived at a Riemann tensor of a sign which differs from that used in much
of the literature, although both signs are commonly adopted. The sign
chosen here agrees with the one which has usually been employed in
connection with spinor decompositions.)

Applying a commutator of derivatives to g ; we obtain, by (4.3.46),
{(4.2.33) and the vanishing of torsion,

0 = AaBgyé == Raﬁyagaé - Raﬂéagw

- 2Raﬂ(yé) (4352)
showing that R ;. ; is skew in y, 6. By (4.2.34), R  ; is also skew in a, B, so
R, g6 = Rigypo- (4.3.53)
Also, by (4.2.38),
R“ﬂ}"s + Rﬁyaé + Ryaﬂé = O (4354)
These properties imply
2R 515 = Ropys + Rpusy
== RB)’aé - Ryaﬁé - Raapy - R&ﬁay (4355)
== Rvﬁﬁd - Rﬂéva - Ray&ﬁ - Réayﬂ
= Ryypu + Rysup = 2R 50
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so R, ; also possesses the ‘interchange symmetry’
Ros =R s (4.3.56)

(Note that the full relation (4.3.53) is not used in the derivation of (4.3.56),
the symmetry R ; , = R,,;, being all that is required.) By virtue of the
symmetries (4.3.53) and (4.3.54) (and hence (4.3.56)) the total number of
independent components Ryg,; at each point turns out to be -5 n*(n* — 1).
(See p. 144 above.)

The tensor
R,=R,, 4.3.57)
is called the Ricci tensor. By (4.3.56) (and the symmetry of the metric),
R,=Rg,. 4.3.58)

The Ricci tensor has in(n + 1) independent components R, at each point.
The scalar curvature is given by

R:= Raa = Raﬂaﬂ. (4359)
Rewriting the Bianchi identity (4.2.42),

V“RBWM’ + VﬂRyapc + VyRappo- = 0’ (4360)
and transvecting with g* g*?, we obtain the important relation
VAR, — 3Rg,,) = 0. (4.3.61)

In four-dimensional space—time this forms the mathematical basis for
Einstein’s field equations.

4.4 Differentiation of spinors

We shall now specialize the discussion given in §34.1, 2, 3 to the case of
a four-dimensional space-time* .# and shall extend the concept of
covariant derivative so that it applies to spinors. We shall find that in

It is common ‘modern’ practice to denote a space—time not by a single symbol, such
as .# here, but by a pair, such as (#, g) or (.#, g,,,), where .# is the manifold and g (or
g,y its metric. While this may have some rationale in areas of pure mathematics
for which the specific choice of metric is of importance secondary to that of the mani-
fold itself, this is less true for physical space—time, where one hardly ever wishes to
consider metrics (or at least conformal metrics) other than the physical one. It should
be pointed out that our use of notation such as ‘Pe #’, while actually an abuse of
notation - since if 4 = (4, g), then ‘Pe 4’ strictly means ‘P = .# or P=g it
is no more so than the common notation ‘Pe.#’, where .4, is the manifold. For
a manifold is not a point-set either, being itself a collection of sets, mappings, etc.
denoting the topology and/or differentiable structure, so ‘Pe.#, would mean,
strictly, not that P is a point of the manifold, but is one of these entire structures
instead!
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fact the Christoffel derivative of §4.3 extends in a canonical way to spinor
fields. This should, perhaps, come as no surprise since spinors can be
defined in a clear geometrical way in terms of tensorial objects (up to a
sign —but that ambiguity should cause no difficulty for differential
properties).

Our point of view, however, i1s ultimately to regard the spinors as more
primitive than world-tensors. In §3.1 we laid down the way in which
world-tensors are to be regarded as special cases of spinors. To complete
that association, we must also make the identification of world-vectors
with tangent vectors to the space—time manifold .#. Thus world-vector
fields must, in effect, be identified with derivations on the algebra I of C*
real scalar fields on .#. There is danger of a logical circularity here, since
the world-vector fields are to be constructed in two different ways. We
shall avoid any actual logical inconsistency by taking the space ¥ of
world vector fields U, V, ... to be the space of derivations on the algebra

I, while each space I° I,... containing elements U¢, V..., or U?,
V®, ..., is to be identified as 44 TB% ... respectively, in accordance with
§3.1.

We recall from §3.1 that there are two logically distinct ways of
approaching (and regarding) the spinor algebra on .#, the constructive
and the axiomatic. The constructive approach is that which we followed in
Chapter L. The four-dimensional space-time manifold .# is taken as given,
withits(+ — — —) signature, C® metric, and with the three global proper-
ties of time-orientability (1.5.1), orientability (1.5.2), and existence of spin-
structure (1.5.3). Then spin-vectors can be defined in terms of geometry
(up to an unimportant overall sign for the whole of G* if .# is simply-
connected, while if .# is not simply-connected, the definition of spin-
vectors may contain global ambiguities which require a number of
discrete choices to be made, ¢f. §1.5). In this approach we need a concept
of ‘C™ for a spin-vector field, in order to characterize the elements of the
basic module &*. This is a local characterization and it can be given in
various equivalent ways. For example, in a simply-connected neighbour-
hood of each given point of .# we can set up a C* system of restricted
orthonormal tetrads of tangent vectors and describe a spin-vector x*
with respect to these in terms of standard components x°, k! as in Chapter
1; then the requirement is that x°, k' be C* throughout each such neigh-
bourhood, i.e., that they be local complex scalar fields. Equivalently, in
each such neighbourhood we can use the spin frame o, 1 defined by the
tetrad field (with signs fixed by continuity) and decree these to be C*®, so
that x4 = k%" + k'1* is C* in that neighbourhood whenever x° and
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k! are C*. The C*™ concept is obviously independent of the particular
choice of orthonormal tetrad, so it serves to characterize the geometrical
entities that constitute 4. Having thus defined &4, which is now clearly
a module over the ring of C* complex scalar fields &, and totally reflexive
by §2.4, we build up &;< as in §2.5. The elements of T defined to be
the real elements of &41, are clearly in 1-1 canonical correspondence
with the tangent vectors I, because locally we have set up a canonical
association of the tangent vector tetrad with the spin-frame.

Alternatively we can choose the axiomatic approach. Here we simply
postulate the algebraic requirements for the spinor system. The space—
time structure, €.g., metric, signature, topolological requirements, are then
thought of as derived properties. One may regard the constructive ap-
proach as justifying the axioms chosen for the spinor system, since they
are satisfied for any space—time in which the constructive approach works.
On the other hand, the existence of the spinor algebra might be regarded
as providing a ‘deeper’ reason for the particular space—time structure that
arises. It is this axiomatic approach that we shall be essentially following
here. Thus, we postulate the existence of a spinor algebra of the type set
up in §2.5, and then demand that its systems ¥ and T*= T4 be iso-
morphic, respectively with the scalar fields I, and their derivations I,
on a manifold .# defined according to the axioms of §4.1.

The required isomorphism between I and I* = I44 states that every
derivation UeX corresponds to a unique element U44 = U%3I*® and
vice versa. (Having asserted this canonical isomorphism, we can, without
risk of confusion, refer to U4, V¥, ... also as world-vector fields on .#.)
We use the symbol V, (or, equivalently, V, ,.) to denote this isomorphism,
ie, V_effects U U, this being written

uv,=U. (44.1)
These are operators acting on real scalars, so U’V _is a map (derivation)
from I to I. We can extend the range of this operator to the complex
scalars © = T @13, giving a map from € to S, by
UV, (f+ig):= Uf)+iUg) = : U(f +ig); f, ge T. (4.4.2)
Furthermore, we can define
(U +iV)V h:= Uh) +iVh): he S. (4.4.3)
For any given he © we therefore have a map from &° to &, defined by
We— W _h (with W*e &) which is evidently &-linear; hence, for he €,
we have an element
V hed,. (4.4.4)
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Itis clear from (4.4.2) and (4.4.3) that W*V_h = W°V _h, hence
Vh=Vh (4.4.5)
In particular, if heT then V heX . From the derivation properties we
must also have
Vk=0,V(g+h=Vg+VhV, (gh)=gVh+hVg  (44.6)
where ke R@ iR and g, he S.
We next wish to extend the definition of V, so that it applies to any

spinor. We shall follow closely the development given in §4.2. A spinor
covariant derivative operator will be defined by a map

V,: @88 (4.4.7)

satisfying
V(EE+n®) =V, 8+ VP, (4.4.8)
V(&%) = VL2 + &PV, 1, (4.4.9)

for each &2, nPe @GP, feS; the definition of V_f being as given above.
Wecan, of course, write V . for V_ and apply index substitutions to define,
eg, Vy.x, EQo0 = VnéQO, etc. This possibility will always be assumed.
(However, we must be careful to bear in mind that Vaé" is not an index
substitution of VaéB but its (ﬁ)—contraction, namely V A,é‘; see remarks
after (3.1.37)). _

We extend V_ to give a map from S, to &, ., defined by the require-
ment that the derivative of a contracted product aBg“" should satisfy a
Leibniz law:

(V,a,)E8 =V (0,88 — a, V E5. (4.4.10)
The left-hand side of this equation defines V _«, as a map (easily seen to

be S-linear, by (4.4.6), (4.4.8), (4.4.9) from S8 to S, ,.). We readily verify,
from (4.4.6), that

Vi, +Bp)=V,a,+V.f, 4.4.11)
and
V(fag) =V, + oV, f (4.4.12)
hold for each ay, f,e S, feS. We define the action of V_ on &F and on
&, — giving maps from &% to S& and from &, to €, ,. .., respectively —
by means of complex conjugation:
ViE =V Vw,=Vd, (4.4.13)
Then it is clear from (4.4.5) and the complex conjugate of (4.4.10) that a
Leibniz law applies also to contracted products w, &% Clearly, moreover,
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the linearity and Leibniz properties corresponding to (4.4.8), (4.4.9),
(4.4.11), (4.4.12) must also hold for V (¥ and V w,., by virtue of (4.4.13).

We are now in a position to define V_ as applied to a general spinor
xg g% As in (4.2.8), we simply demand that a Leibniz law shall
apply to contracted products of the form yx, .*S8% .. ¢"n,... 0g;

then
(Vg g 758, o0 =V (1 o T5B° .. 0g)
g VB oy — =y TR (V,05) (44.14)

defines V,y, .f~%¥ as effecting an &-multilinear map from

SEx-xBF xG,x-xB, to & Thus for each spinor set
&bV, defines a map

A4

B...F"?*
V. &ph = Clinr (4.4.15)
As in (4.2.10)—(4.2.13), we have the properties
Vi Wo+txa)=V s+ Vg, (4.4.16)
VWb =0,V b, + V¥, (4.4.17)

Also,
V, commutes with any index substitution not involving A or A'. (4.4.18)

Furthermore, V, commutes with contraction (not involving 4 or 4'):
8PQ(V,,W 0 P) — Va'//...P ...... P...’

Eprl(Va‘// o ...P'...)=Va.// . o (4.4.19)

In addition, because of the definitions (4.4.13), it follows that V, commutes
with the operation of complex conjugation:

Vi,=V0,). (4.4.20)
(Formally, this means that V_ is a real operator: V,=V,)

In the particular case of real world-vectors U®= UB¥eZP, the
operator V, defines a tensor covariant derivative U’V U®, satisfying
VU + V)=V U +V VV (fU")=fV,U'+ U, f in accordance
with (4.2.2), (4.2.3). The extension of this V, to real world-tensors clearly
agrees with that given above since the rules (4.2.10)—(4.2.13) (which define
it uniquely) are all satisfied by virtue of (4.4.16)—(4.4.20).

Uniqueness

Let us investigate the question of the uniqueness of a spinor covariant
derivative operator subject to these rules. Let V, and Va be two such opera-
tors and consider the map

Y, -v)ctscE . (4.4.21)
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Then (as in (4.2.44)) this map is S-linear because of (4.4.8), (4.4.9) and the
fact that when acting on scalars the operators Va and V, must agree:

V.f=V.rf. (4.4.22)
Thus there is an element © , ,,,°€ €%, . such that
V. =V, E+0,,,° (4.4.23)
Since (Va - Va)(ozsé") =0 by (4.4.22), we have, by (4.4.23),
Voiog =V 00— 0O, . (4.4.24)
Taking complex conjugates of (4.4.23), (4.4.24) we get
Vo l&=v,,0+6,,.°5. (4.4.25)
Vi0p=V,,0,-0,.,. 0. (4.4.26)

Hence, for a general spinor
V P..§ _ \Y

P..S' _ X P.S _ .
44XB..F © 48 Xx.F

X’ P..§ P X...§
=0, Up T Oy Ay
+0 515 5% (4.4.27)
Now consider the special case when y _ is a world-vector U®. We get
(Vn — Va)UBB’ _ @acBUCB' + @aC’B’ UBC’
= B, B B, Byyrcc
=(0, e +0,.%e U

=0, 1U, (4.4.28)

A4 XB...F

where the quantity
0. =0,," .5 +0 .5 (4.4.29)

AA'C TC’

agrees with that defined in (4.2.46). By (4.2.50), the difference between

the torsion tensors Tab‘, T,¢, defined by Vﬂ and V_, respectively (where

(V,v, -V, V)f =T,V f, and similarly for Va), is given by

T, - T, =0,°-0.5 (4.4.30)
with @ ,“asin (4.4.29).
Consider, next, the derivative of ¢ , ;. We have
(Va = V)epe= =0 ,05°80c = © 10 8p
= =0, ,5ct O, ich (4.4.31)

If we demand of our operators V_, Va that the spinor ¢, be covariantly
constant,
Viepe=0 4.4.32)

Vs =0, (4.4.33)
then ®, ., must be symmetric in B, C:

© ., ic=® ucn (4.4.34)
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Since we have
(4.4.35)

Qe =@ gunctpc + G"314;1'19'0"':130
by (4.4.29), the anti-symmetry

Q= (4.4.36)
follows from (4.4.34). (This anti-symmetry is more directly a consequence
of 0= (va - Va)gbc = Qabdgdc - Qacdgbd == Qabc - Qacb’ which follows
from (4.4.32), (4.4.33) because g, = £5.£5.c.) If V, is torsion-free and if
£ . is covariantly constant with respect to both V, and V _, then the torsion
T, ofV, isgiven by

Tabc = Qabc - Qbac

=0 pctpc + ®AA’B’C’8BC —Oppactac —

O, ..c... (4437

BB'A’'C'”AC"

This has significance for the Einstein—Cartan—Sciama—Kibble theory
as discussed in §4.7.

We are now in a position to show that uniqueness of V, follows from the
two requirements that ¢,, be covariantly constant (4.4.32), and that the
torsion T, should vanish:

VVif =V V.f forall fe®. (4.4.38)

For, the latter implies (assuming the same for Va) that Q , is symmetric
in a, b (cf. (4.4.30)) whereas the former implies that it is skew in b, ¢ (cf.
(4.4.36)). Thus, by (3.3.17), Q_,. = 0. Taking the part of (4.4.35) which is
symmetric in B, C and using (4.4.34), we obtain the uniqueness condition
0, +pc = 0,asrequired.

It is of some interest, in view of our concern in the next chapter with
charged fields and with conformal transformations, to examine the
nature of the non-uniqueness of V, when merely the vanishing-torsion
condition (4.4.38) is assumed, and not the covariant constancy of ¢_,.
If V, and V, are both torsion-free (or, indeed, if their torsions are
equal), we have, by (4.4.29) and the symmetry @, = Q,  implied by
(4.4.30),

abc

pc© 4 anc + E8c®uume =4 Oppac + £4Oppac- (4439)

Symmetrizing over A4, B, C and transvecting with ¢2'¢" we obtain
® 1. anc = 0- (4.4.40)

Applying (3.3.49), we obtain the result that @ has the form

A'ABC
© 4 u5c = Aaafoc T Bagfac T Vactan (44.41)

By use of the identity (2.5.20) we can re-express the final term as v, 6., +
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v ,.g€4c» 50 We have a relation of the form
G)A’ABC = AA'ASBC +Y aBbac: (4.4.42)

Now if we symmetrize (4.4.39) over 4, C and over 4',C’ we get, upon
substitution of (4.4.42),

— e Marators — xR anatorn =05 (4.4.43)
which, by use of (3.5.15), or else by transvection with ¢%€¢C, yields
Aps+tA, =0 (4.4.44)

So the vector A is pure imaginary, say A, = ill,, where I1, is real. Simi-
larly, symmetrizing (4.4.39) over A, C and over B', C' we get, when (4.4.42)
is substituted,

- SB(CTA)(B’SC‘)A' = — &g YA)(B'SC')A’ > (4.4.45)
and by an argument similar to the above we find
Y,,—-Y, =0, (4.4.46)
i.e., the vector Y _ is real. Collecting these relations together we have
O, 5 =11, 6,5 +Y ;e S MY eT,. (4.4.47)

This is the complete solution to the problem, for substituting (4.4.47)
back into (4.4.39) we find that that relation is identically satisfied. We shall
see in (5.6.14) that a quantity Y _ arises in connection with the change in
covariant derivative under conformal rescalings. The quantity Il  had,
in the early literature, been associated with an electromagnetic vector
potential (see Infeld and van der Waerden 1933). Our approach in §5.1
will be somewhat different, however.

Construction from the Christoffel derivative

Let us assume, henceforth, that V_ is torsion-free, (4.4.38), and that ¢,
is covariantly constant under V,, (4.4.32). Then V_is unique. Further-
more the operation of raising or lowering an index will commute with
V.. Thatis,
VXog=Vaas Ml Vts" =¥,5" (4.4.48)
Of course, we have to show that an operator V, exists with these pro-
perties. The existence of such a V, may be inferred in various ways,
(e.g. by means of the somewhat complicated explicit formulae of §4.5).
One way is to use the results of §§4.2,4.3 (¢f. (4.3.45)) to establish the
existence of a (Christoffel) operator V_ whose action on real world-tensors
is defined, which satisfies (4.2.10)-(4.2.13), whose torsion vanishes and

for which the metric g, =¢ e, is covariantly constant: V g, =0.
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Then we have to extend the domain of definition to include spinors.
To do this, we must first extend V_ so that it applies to complex world
vectors. This is easily achieved if we define
V(H,+iG,)=VH,+iV G,;H,, G,eT,. (4.4.49)
The composite index £ must (at this stage) involve equal numbers of
primed and unprimed indices both in lower and in upper position, but
need not be restricted further than this. (For example, V_H . 5¢ may be
defined from V H S by index substitution.)

Now, consider the following expression:
oy V(EPBP) — BV (EPaP) — EPV (ap B¥). (4.4.50)
This is well-defined since V_ acts only on complex world-vectors or
scalars. Furthermore, it is readily verified that (4.4.50) is S-linear both in
oP and in BP. (These verifications just use (4.2.2), (4.2.3)) Thus, for
each (%, (4.4.50) defines an G-bilinear map from G x & to &5
achieved by means of contracted product with an element 6 2, .eSE_ .
(where 6,2, .. depends on ¢5), (4.4.50) being given by 6,5, ..a® B Notice
that (4.4.50) is anti-symmetrical under interchange of «® with g% This
means that 6 2, . is skew in B'C’, so it has the form 62, . =¢ Be, .
where ¢ ? is a function of ¢&. Write V £%:= 1¢ P then (4.4.50) is equal to
2V By, BB (4.4.51)
We want to verify that the map V,:S%— &P defined by &8V ¢8
satisfies V (£ + %)=V 8+ V y#® and V (fE8) = fV ¢8 + EBV, f. These
properties follow at once by substitution of ¢& + #® and f¢B, for &5, in
(4.4.50). Thus V_ defines a spinor covariant derivative operator.
We next check that V ¢ . = 0. We have
(V,25)E0° = V (650E80C) — 650880 1€ — e,V EB. (4.4.52)
We can multiply this by 2, .a® B and use
26,08 BV N = ey 0BV (BT + &5, BV (1C2B) — 0V (et BC)
(4.4.53)
(which is just (4.4.51) equated to (4.4.50)), and the corresponding equation
for 2,05 BV _EB. We must also use the relations
”CﬁC’Vn(éBaB') + éBaB'Va(rlCﬁC’) — Va(',,CﬂC’ éBaB')
=naf'V (EPB) + EBFCV (nuF) (4.4.54)
and
Va(éB”CSBCaB B¢ Egc) — Epctp e V€PN a BC)
=P BV (egetp ) (4.4.55)
= EByCoP BC'Va g,.=0.
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In this way, (4.4.52) yields
(V5002 =0 (4.4.56)

for all €5, #€, whence V ¢, = 0 as required. It follows, as in (4.3.50), that
the spinor covariant derivative V, commutes with the operation of raising
and lowering spinor indices. Hence, the expression (4.4.50) with V replaced
by Vn throughout, must also be equal to (4.4.51). Taking the difference
between these two versions of (4.4.50) we obtain

o (V, = V)(EPB®) — BV, — V)(EPF) = 0.
That is, since each of Va, V_ is a tensor covariant derivative operator when
acting on &b,
aB’QaCC’BB,éCﬁC' = BB'Qacc'BB'éCO‘C/’

where Q,” is as in (4.2.46). Hence Q,.cpp is symmetric in C, B Since
Q.. is real (each of Va, V, maps real world-tensors to real world-tensors), it
follows that Q_ ..., is also symmetric in C, B. Hence Q, , is symmetric in
¢,b. But g, (= eg.8,.) is covariantly constant with respect to each of
V..V, (since V ¢,... = V e . = 0). Thus, by (4.4.36), Q,,, is also skew in ¢, b,
so @, = 0. This establishes the identity of Va and V, when the operators
act on tensors (and, incidentally, shows that the torsion of Va must vanish).
We can therefore write V= Va when the operators act on any spinor,
and the desired (unique) spinor derivative operator, satisfying the condi-
tions laid down after (4.4.48), is thereby obtained.

Tensor translation of spinor differential equations

We complete this section by returning to the discussion given at the end of
§3.4 concerning the translation of algebraic spinor operations into tensor
form. We are now in a position to extend that discussion to the translation
of derivatives of spinors, and so of spinor differential equations. (The
converse problem — translating tensor derivatives and differential equa-
tions into spinor form — is of course straightforward.) We shall show that,
in principle, every spinor differential equation has an equivalent tensor
form (which, however, may be quite complicated), apart from certain
intrinsic sign ambiguities. Also, since the tensor equations often involve
squares of the corresponding spinors, it may happen in non-simply-
connected regions of space~time that global solutions exist to the tensor
equation while no consistent sign can be assigned to the solution of the
spinor equation. So the tensor and spinor equations may be equivalent
locally but not globally.
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Spinor differential equations arise most naturally in quantum theory,
where it is presumed—from the theory of group representations and
from the requirements of Lorentz invariance and linear superposition of
states — that the basic equations for (free) particles are linear spinor laws.
On translation, these usually become non-linear tensor laws. Thus the
attempt to regard the tensor laws, and the tensors occurring in them,
as fundamental, would negate the whole standard linear character and
formalism of quantum theory. With this disclaimer, the possibility of
translating spinor into tensor differential equations is nevertheless a
significant theoretical result.

Before discussing the general translation question, we shall deal with
two specific and important examples-the Dirac-Weyl neutrino*
equation and the Dirac electron equation. For this purpose it will be
useful to establish two preliminary lemmas for an arbitrary spinor ¢,.
The first is the identity

Vp(¢A¢B) + 3AB¢ch¢C =2¢ 4V p¢B’ (4.4.57)
which is established at once by expanding the first term on the left side,

and replacing the second** by — 2V ¢,,¢p. The second lemma is this:
if F, is the anti-self-dual null bivector corresponding to ¢ ,,

Fo,=¢,05 5, (4.4.58)
and M, is an auxiliary vector defined by
M, = ¢AV,,¢A~ (4.4.59)
then
FuV,Fl=FM, (4.4.60)

The proof again devolves upon the Leibniz expansion of the derivative:
LHS = ¢A¢88A’B’Vp(¢C¢B)SC'B(
= ¢A¢C£A,C,¢BVP¢B = RHS.
Now the Dirac~Weyl equation (Dirac 1928, Weyl 1929, Dirac 1982) is

VAA,qu =0. (4.4.61)

To translate it to tensor form, we first introduce another auxiliary vector,
R, = ¢AVBA,¢B, (4.4.62)

* We use the term ‘neutrino’ consistently here for a massless (uncharged) spin-} particle,

which is thus taken to satisfy the Dirac~Weyl equation. This is not intended to
prejudice the issue of whether or not physical neutrinos actually possess mass.

** Here, and at certain other places in these volumes, we make use of a convention that
a differential operator (e.g. denoted V, d, 3, ...) acts only on the symbol (or bracketed
expression) which immediately follows it — unless this also is a differential operator.
Thus VAB would mean (VA)B and not V(4B). VVAB would mean (V(VA))B etc.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.005
https://www.cambridge.org/core

4.4 Differentiation of spinors 221

whose vanishing will correspond to the Dirac—Weyl equation, except
possibly in regions where ¢ , = 0 (but those we can bridge by continuity
provided ¢ , is assumed smooth). Next, in (4.4.57) we raise B, replace p by
b (thus contracting over B), and multiply by ¢,% ; the resulting equation
is purely tensorial:

V,Ft+M, =2R,. (4.4.63)

The Dirac—Weyl equation, being equivalent to R, = 0, is therefore equi-
valent to the tensor equation

V,Fi+ M, =0. (4.4.64)

But this still contains the auxiliary vector M. It is precisely for its elimi-
nation that we established our second lemma. Thus, multiplying (4.4.64)
by F, and referring to (4.4.60), we finally obtain

F,VF4+FVF=0. (4.4.65)(a)

And, of course, the form of (4.4.58) implies the following additional
conditions on F, (namely, that it be skew, anti-self-dual, and null):

Fop=—Fy, F,=i*F,, F,F®=0. (4.4.65)(b)

The set of equations (4.4.65)(a) and (b) is the tensor equivalent of the
Dirac—Weyl equation. Its structure is evidently much more complicated
than that of the original spinor equation; in particular, it is non-linear.
Dirac’s equation can be written in the form of two coupled 2-component
spinor equations* (Dirac 1928, van der Waerden 1929, Infeld and van

* It is, of course, more usual to write the Dirac equation in terms of four-component
spinors. The detailed relation between Dirac 4-spinors and the 2-spinors that we use
exclusively in this volume will be given as part of the general discussion of spinors
in n dimensions that we give in the Appendix to Vol. 2. The reader who has familiarity
with 4-spinors may, however, make direct contact with our notation by taking note
that it is the pair of 2-spinors (¢ ,, ¥ ,.) that constitutes a single Dirac 4-spinor ¥. The
two members of this pair are obtained by operating on W by $(I + fys) and 3(I — iy ),
respectively, where ¥5=%Y0y,7273, in a standard orthonormal frame, the Dirac
matrices V,...,¥3,}s being given by

0 £p 60 -ie, 2 0 ]
B B= /2 PA"P b= 4 s
(‘Yp)a ypa \/—[ gP'A,spB 0 ] (Ys)u I: 0 .lSArB
with x = A@ A, = B® B'. One directly verifies that the Clifford-Dirac equation
TtV = =2, L6 ¥, 0" + 70 Ve = — 20,40,

is satisfied (compare footnote on p. 124). An advantage of the 2-spinor description is
that the y-matrices disappear completely — and complicated y-matrix identities simply
evaporate!
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der Waerden 1933):

A =
Vada= iy } (4.4.66)

Vixy =né,,
where p is a real constant (u = 2~ tmp1 ). Replacing A4 by B in the first of
equations (4.4.66), and multiplying by ¢ ,, we see that that equation is
equivalent to

SV %= —pud 1, (4.4.67)

(except possibly in regions where ¢ , = 0). The left member of (4.4.67) we
now recognize as the R of (4.4.62). So if we define another vector

Co=Puxa (4.4.68)

and refer to (4.4.63), we see that (4.4.67)-and with it (4.4.66)(1)—is
equivalent to

V,Fr+ M, =-2uC,. (4.4.69)
In a completely analogous way, (4.4.66) (2) can be shown to be equivalent to
V,Gl+N,=-2uC, (4.4.70)

where G, and N, are related to j, as are F,, and M, to ¢ ,. By use of
(4.4.60) and its 7 ,-analogue we can finally eliminate the auxiliary vectors
M,, N, from these equations to obtain the (complicated, coupled, non-
linear) tensor differential equations equivalent to Dirac’s equation:

F adeF cd + Fathde = —2” Fach

G, V,G*'+G,V.G'=-2G,C, 4.4.71)
These, of course, must still be augmented by two sets of algebraic restric-
tions: (4.4.65)(b) and its analogue for G,,. The bivectors F_, and G, are

algebraically independent of each other, but C_ is a ‘secondary’ vector
determined by F , and G,, up to sign. In fact,

¢ Xy Pty = b, AcAptcn
ie.,

CC,=FSG,. 4.4.72)

Our argument is adapted from Whittaker (1937) whose final result,

however, is the somewhat unnatural combination of (4.4.69) and the
complex conjugate of (4.4.70) into a single equation, their sum.

We next briefly consider the general case. Derivatives of even spinors

(even number of indices) present no new difficulties (¢f. end of §3.4).

Contracted derivatives of one-index spinors can be dealt with along the
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lines of our treatment of the Dirac—Weyl equation. The possibility of
translating spinor differential equations involving derivatives of odd
spinors generally, rests on the following identity:

21TV $90 = IV (§2h73) + $7IV ($71¢7) — §TV ($71572).
(4.4.73)

To translate a first-order differential spinor equation, we therefore multi-
ply the equation by all the appropriate odd spinors a sufficient number of
times. Then (4.4.73) implies that we can express the differentiated odd
spinors in terms of their differentiated tensor equivalents. The translation
into tensor form can then be completed by the technique described at the
end of §34.

Second-order differential equations can be dealt with by generalizing
(4.4.73). For example,

204GV, V8% = 97V V(7% + 72V, V (6719
— IV, (BT = 269V 9 67
- 2¢dzv(p¢ﬂlvq)¢d3 + 2¢dav(p¢ﬂlvq),¢ﬂz’

4.4.74)
and so on for higher orders.

4.5 Differentiation of spinor components

In §4.4 we obtained the operation of spinor covariant derivative in an
abstract frame-independent fashion. In this section we investigate the
effect of that operation on the spinor components. The resulting explicit
expressions can, if desired, be used to provide an alternative proof of
existence of V_ acting on spinors, with the desired properties (4.4.7)—
(4.4.20). Henceforth (except in §4.7) V, is always torsion-free.

Let &, = (0", 1) be a spinor dyad (not necessarily normalized), with
dual ¢4, and let ¢,,*" and its dual ¢,,*" be the complex conjugate spinor
basis and dual basis. Let x*e &* have components k* = k*¢ * and write

A A —
e, ¢,V .=V ..
Then the components of V, , k® are

A8 ,A’

8AA

EBBVAA’KB = 8BBVAA’(KC8CB)

=82,V K€+ k%Y, 6B

=V, - K0 (4.5.1)
where

Taact = e Vantc! = —ec*Vane®, (45.2)
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since ¢ Pe A = ¢ P, the Kronecker delta, so that V ¢.® = 0. Note that
Tane (= Taac®) = e,  Vantc® = —ec 'V 8,.% (4.5.3)
If we specialize ¢, to a spin-frame, i.e., normalize 0 ;i* = 1, 50 that

p 01
EBC = EBAsc = _ 1 0 s (45.4)
then we have the symmetry
Yaxsc = Vaa-cs> 4.5.5)
since
0=V,, ¢ =V, aleg” AC)
=2,cVants” — &4Vant"c = Yarsc ~ Vancn-

(Remember that spinor indices may be raised or lowered without regard
to preceding V-operations.) In this case the quantities y,,.5c constitute
12 independent complex numbers at each point. They have been called
spin-coefficients and find many applications in practical calculations.
(¢f. Newman and Penrose 1962, Newman and Unti 1962, Papapetrou
1974, Campbell and Wainwright 1977, Carmeli 1977, Chandrasekhar
1979, Kramer, Stephani, MacCallum and Herlt 1980).

When the normalization (4.5.4) is not maintained, the symmetry (4.5.5)
fails and we have 16 independent complex numbers y,,.5€ at each point.
There are situations in which it is useful to admit this additional flexibility,
and since the resulting formulae are hardly more complicated in this case,
we shall, for the most part, present our equations in this more general form.
The y’s are still called ‘spin-coefficients’. Setting

x=o0,", {4.5.6)
we have, as in (2.5.45),
0
tpc = Epatc” =< X) 4.5.7)
-3 0
in place of (4.5.4), the dual basis to (0%, i*) being ¢,°= — " '1,,¢,' =

¥ lo » as in (2.5.50). Repeating the calculation (4.5.5) with (4.5.7) in place
of (4.5.4) we get
YaaBc ~ Vaace = Yaafac = fpcl Vs (4.5.8)
ie.,
Yano1 — Tanio = VaaXs 4.5.9)
Equivalently,

Taaw® = 20V u (4.5.10)
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It is important to note that whereas with spin-frame indices (i.e., when
x = 1) the operation of raising and lowering commutes with differentia-
tion, this is not so for spinor components in the general case (y # constant),
for we have, for example,

Yaa .~ = VAA/¢...M'"°'/’...M"' = VAA'¢...M'" + ¢...M"'X_1VAA'X,
'//AA'...Ml'" = VAA'¢...M""°'/’AA'...M"" =V m = X" IVAA’X_'
(4.5.11)

Now, starting with a covariant spin-vector u, we find the components of
V 4ty to be
e e e’V g ulty = Vo lig — BV aan” (4.5.12)
by a computation analogous to that of (4.5.1). For primed spin-vectors
$*' (. we find the corresponding relations

e, 16, ep BV P =V, % + 0T, (4.5.13)
EAASA'AIEB'B’VAA'CB’ =Vaals — CC’)_)AA'B’C (4.5.14)
by taking conjugates in (4.5.1) and (4.5.12). And for a general spinor
H. k. We have
gt oS VW = VR YRR s
+o A T T T VR A
o BBy Ko (4.5.15)

This can be verified directly by taking components of the expansion of

Bo...Ep... B H
VaaWnl il tay - & o)
Expressions for individual spin-coefficients

In explicit calculations it is often convenient to assign single letters to
each of the 16 quantities y, A,BC. A standard notation (slightly modified)
is given in the following table :

BC 0 1 0 1
AA 0 0 1 1
c_

Yaam =
00 € -k | =T y
10 o o | =o' | B (4.5.16)
o1 B -0 | —p | &
1 y -1 | -k | ¢
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(The choice of signs for x, ..., 1, though perhaps unfortunate, conforms
to what has by now become standard notation.) The significance of the
use of the ‘primed’ symbols is that under the replacement

o4, 1Y—i04, 04+ — 11, 1> — io? (4.5.17)
(which preserves the relation o i = y) the primed and unprimed quanti-
ties get interchanged. With a prime denoting the above operation, two
primes in succession leave the spin-coefficients unchanged but change the
dyad into its negative. Evidently the prime operation commutes with
complex conjugation, so that, for example, 1’ can stand for both ()’ and
(1). The prime also commutes with addition and multiplication. For
future use we note (cf. (4.5.19) below)

(1) = n®, (m®y =m®, (m®) =m®, (n°) = I. (4.5.18)
Explicitly, in terms of the basis spinors 04, 1, we get from (4.5.16) and
(4.5.2) the first expressions, (4.5.21), for the spin coefficients in the display
below; the second expressions, (4.5.22), in terms of the (unnormalized)
null tetrad

I* = 0%, m* = o?, m® = 1ho?, n® =111, (4.5.19)

as in (3.1.14) but with
In, = yi= —mm, (4.5.20)

can be checked directly by substituting for [ etc., in terms of o* and 4,
and using (4.5.24) and (4.5.25). Note that in the spin-coefficient formalism
the role of the ‘vector’ covariant derivative operator is played by the four
‘scalar’ operators V,,. (the so-called intrinsic derivatives in the tetrad
directions), for which special symbols are used as defined in (4.5.23) below.
(The symbol A has frequently been used for D’.)

’ ’ — 1 A A | A
K ¢ vy 1 =y x |o"Do, | "Do, o*Di, 1“Dr1,
1 ’ A A _AAS _JAS
p a 040, | 1"0'0, 0441, o',
! ! A A A _ A
o p o p 040, | 100, | —o%, %61,
’ ‘ Ay ARy Arny __ Ay
Ty € K o°D'o, | "D'o, | —0°D'1, D1,
(4.5.21)

=y 'i"'x |mDl, XnDl,+m D, +iDy)  $(°Dn,+mDm,+zDy)  rDn,
mel, ML+ mew, + 7)) AOn, + meem, + &) modn,
msl,  YnSl,+ mm, + 38y L(lon, + m*om, + 76y mén,

meDl, YnD'l,+m D', + D'y) 1(°D'n,+ *D'm,+ D'y #D'n,

(4.5.22)
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where *

D:=V,,.=0%"V,, =V, =D
o= Von' =0V, . =m'V =&
5=V, = onA'VAA — WV =3
=V, =AY, =0V, =D, (4.5.23)

The relations which verify (4.5.22) are the following, obtained by applying
the Leibniz rule to Vg l, = Vgp(0i0?), etc.:

mVypl =70V, p0,(= —I'Vym)
mVpen, =i AVl (= —nVym)
n*Vggl, + m*Vggin, + (Vg =2§1"Vpp0,
'V g, + m*Vggm, + 7V ypx = 2¥0*Vppi, (4.5.24)
and
Vgt =1'Vgp0, — 0"V ypt,. (4.5.25)

Note that, since the tetrad [*, m®, m®, n® determines only the modulus of y (cf.
(4.5.20)), the tetrad by itself does not completely define «, §, y and ¢, unless
x is taken to be real, say.

Some useful formulae, effectively equivalent to (4.5.21) and their complex
conjugates, are the following:

Do* = g0 — kit DlA = y’z" —~ 1’04
80t = a0t — pit =Bt — oo’
80" = po* — o1t St =o't* — p'o?
D'o? = yo* — 14 Dit=¢1! — Ko (4.5.26)
and
Do* = g0t — Y DY =51t — 7 o?
50"' =do —pt' 6t =Fit — o
80 = fot — it SV =q 1t — plo?
Dot =504 —t¥ D =g — oY, (4.5.27)

We recall that for the quantities used here (spin-coefficients and directional
derivatives) the bar and prime commute. From (3.1.14), (4.5.26) and

* Consistently with our earlier notation (4.1.14), we could write I, m, m, nfor D, 5,6, D',

respectively, when they act on scalars. However, we shall reserve this notation for the
corresponding 1-forms used in §4.13 below.
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(4.5.27) we now obtain
D=+l —km*—xkm®, Dm’=(c+7y)m" —711°—«kn®
ol =B+ a)* — pm* — om®, Om*=(B+ f)m* —G'I°—on”
I =(a+ Pt —6m* — pm®, m®=(a+&)m* —p'l* — pn°
DP=(@+lt—-—tm*—wn®, Dm’*=(y+&m* -k~

Dt =(y +&m* —tl*—kn®, Dn°=('+7m —1tm’—7Tm’.

oM = (o + &y — p'l° — pn°,  on° = (o + fn* — p'm® — am°

Om' = (B + Pym* — o'lF —én°, n"=(B + &M —o'm* — p'm’

Dt =( +m* —k'l’—1in®, Dn®=(E+&Mm —'m' —&'m* (4.5.28)
Note that some of these formulae may be derived from others by employ-
ing (4.5.18). A short-hand notation for (4.5.26)—(4.5.28) will be given in
§4.12 (equations (4.12.28) et seq.).

In most practical applications of spin-coefficients the spinor basis is
normalized (x = 1), and then the expressions (4.5.22) simplify slightly,
anda= —f,e= —9,f= —a/,y = — ¢ by the symmetry (4.5.5). It has been
customary, also, to employ the symbols =, 4, u, v for —7', — o', — p/, — ¥/,
respectively. So we have, in this case,

BC| 00| 10 or 01 13
AA’
YaaBc =
00’ K |e=—y | n= -1
10 p la=—F | A= -0
or c B u=—p
0y T b v=—k (4.5.29)

It is possible to obtain a geometrical picture of the meaning of most of
the (normalized) spin-coefficients in suitable circumstances, in terms of the
congruence of curves to which the flagpoles of 0# and 1* are tangent. But
this will be left to Chapter 7 (¢f. §7.1).

Relations to Infeld—van der Waerden and Christoffel symbols

We may wish to express quantities in terms of derivatives V_ referred to
an arbitrary tensor basis g,°. (If, in particular, that basis is the coordinate
basis, we have V_ = d/0x® when acting on scalars.) Then we simply trans-
late V,,. into V, using the Infeld-van der Waerden symbols g**" (cf.
(3.1.37)):

V, =g, (4.5.30)
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If we define quantities y_,¢ by

Yans = Yann s (4.5.31)
then we obtain, from (4.5.1),
9,%5 V k5 =V i® + k%, B (4.5.32)

for the components of V_x®, where a refers to the tensor basis and B to
the dyad. Similarly, from (4.5.12), we get

9.°¢8"V oty = V iy — UcTes” (4.5.33)
for the corresponding components of V .
In the case of a general spinor, i.e., for the components of V y/f£" re-
lative to the tensor basis and the dyad we have, from (4.5.15),

Ve R x VaBo. '/f?....i"...v.no +

- w:},’.'fli“...yan - '/’H X7 g (4.5.34)

When a quantity possesses both spinor and tensor indices, e.g., 6;°, we

may wish to obtain the components of its covariant derivative V 0.°,

where a and ¢ are to be referred to the tensor basis and B to the dyad.
in this case we have (with (4.2.60))

9,°9.56g"V 0,5 =V 05, — 0,7,5° + 0T ,.°. 4.5.35)
as follows from taking components of the expansion of V _(6,,°¢,%g.°).
Observe that we could alternatively obtain (4.5.35) by treating 6,°
as 0,°C and using (4.5.34), finally translating back to tensor components
by using Infeld-van der Waerden symbols (3.1.37). Instead of one term in
I we would then find two terms in y and 7, and the derivative would be
V,0,°¢ which differs from V_6,° by a term involving derivatives of
g.c¢. Hence there must be a relation between y, I, and the derivatives of
g.5¢ . This can also be seen as follows: we have

l—cb‘ = ga’chba = gaachbAA
=9,V {9, e, %)
= gaagAAEA‘AIchbAA’ + gangbAA'(SA'A'VcSAA + EAAchA'A‘)

=0ua VM + g e e B A (6, V e, + 6,1V e, ). (4.536)

Consequently, after changing some dummies on the right, we get

gnBBlgAA'chba = gAA'chgbBB' + SA'B'ycAB + 8AB?cA’BI‘ (4.5.37)
and contraction over A’, B’ and use of (4.5.10) yields the required rela-
tion:

B_lr BA’

Yeam = 3lean — "1Vl =30, Vgt (4.5.38)
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In the (usual) case of a normalized spin-frame, the term in j will, of
course, vanish. For the rest of this section, we assume this to be the case.

If we also assume that a coordinate basis is chosen as our tensor basis, we
have, by (4.2.70) and (4.3.48),

Fcab = % gbd(Vagc A R I § (4.5.39)
i.e., the I'’s are the usual Christoffel symbols, and
Vi9ea= Va(chD,ngD’) = 2[Vag(cpn’]gd)nn' (4.5.40)

(since we may raise and lower dyad indices under the operator V, whenever
x =1, ¢f (4.5.11).) Thus we can now express the spin-coefficients in terms
of the Infeld~van der Waerden symbols and their coordinate derivatives.
Explicitly, substituting (4.5.40) into (4.5.39) yields

L =30""0pp Vu9a"" + dapn Vs
+ gaDD’chdDD, + ngD’chnDD,
~9uop Va9 —IeopVada " ) (4.5.41)
Converting a, b into AA’, BB, contracting over A’, B, and substituting
this into (4.5.38) with B lowered, gives (when y = 1)

Yea = 198" Ueoo Varda + Vedarn — Vadean — 9 anbenVada )
+ Vbt — 19"Vl (4.5.42)
whence finally (for normalized spin-frame and coordinate tensor basis),

Yecas = 398" ‘Vaadace + Vecaan — 9°cc Vadean — 9 aaVaace)

+19°cc Vardeas™ — 20" Vecdas™- (4.5.43)
(A similar formula may be obtained involving derivatives of the infeld—
van der Waerden symbols with their tensor index up.) This shows how a
knowledge of the g,®®, as functions of the coordinates x*, may be used to
calculate the spin-coefficients explicitly as functions of the x*. An alter-
native method to this end (as well as other techniques useful in certain
practical computations) will be given in §4.13, where differential forms are
discussed.

Observe that if the 16 quantities g,®® are given arbitrarily as functions
of the coordinates (equivalent to the choice of 16 real quantities owing
to Hermiticity), then this serves to specify the metric components (via
Gop =924 9,2 ¢, g¢,p) as well as the normalized null tetrad (with
components [, =g.% m =g n =g,'")-ie, in effect, the spin-
frame. The covariant derivative of spinors (or tensors) can now be comput-
ed explicitly in terms of components (spin-frame, or tetrad, or some of
each). The uniqueness of y, , .g¢ as given by equation (4.5.43) is an illustra-
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tion of the fact, demonstrated in the last section, that the covariant deriva-
tive operator V acting on any spinor is uniquely defined by the require-
ments that ¢, be covariantly constant and the torsion vanish. Note that
these properties also determined the (Christoffel) form (4.5.39) of the
I's and the symmetry (4.5.5) of the 7, ,.p¢ (¢f. Bergmann 1957).

4.6 The curvature spinors

We saw in §4.2 how the concept of covariant differentiation of tensors
leads to the definition of the curvature tensor Rabc". Thus we expect to
obtain a spinor analogue of Rabc" which arises from the concept of covariant
differentiation within the spinor formalism. While it is possible to develop
the theory of spinor curvature entirely within the spinor formalism, this
route turns out to be complicated. We shall follow the easier procedure of
taking R , ¢ and its algebraic and differential properties over from tensor
theory, and deriving the properties of the spinor curvature from it.
We begin by breaking down the spinor

R = Rabcd

into simpler parts, namely spinors which are totally symmetric in all
primed and in all unprimed indices. This will be an illustration of the facts
outlined in §3.3 (equations (3.3.47) et seq). However, we shall adopt a
more direct procedure than the one used there, which has the additional
advantage of yielding a useful intermediate stage of the reduction.

The fact that R, , is skew in ab enables us to employ the decomposition
(3.4.17) to obtain

AA'BB’'CC'DD’

LR , X’ lR

abed 2

R

AX'B  «d AB X4’ Bcd AB
The anti-symmetry in cd then gives
Rovea = Xapcptanton + Pupentanton
+ (I)A’B'CDBABsC'D' + XA’B'C‘D'SABSCD” (461)
where
1 Y — 1 Y
XABCD 4RAX ‘B CY'D > d)ABC/D' RAX ‘B YC' D (462)

The spinors (4.6.2) are called curvature spinors. Their complex conjugates
occur in (4.6.1) because of the reality of R, ,—cf. (3.4.20). We have the

following obvious symmetries (cf. (3.4.18)) from the anti-symmetries of
R

abed °

X X 0

ABCD = “*(4B)(CD)’ ABC'D T (I)(AB)(C'D')' (4.6.3)
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The interchange symmetry R R _, . is evidently equivalent to
X pep =X ) =@, 00 (4.6.4)

The second of these equations implies that @, ... corresponds to a real
tensor @, while (4.6.3) (2) implies that @,, is symmetric and trace-free:

abed = Redab

ABCD CDAB’ ABC'D’

D55 =Py =Dy = Doy, 0,°=0. (4.6.5)
Note also that the symmetries (4.6.3) (4.6.4) on X , ., imply
X y50) =0 {4.6.6)

To translate the cyclic identity satisfied by R, , into spinor form it is
useful first to discuss its various ‘duals’. By dualizing on one or both of the
skew index pairs of R, , we can form the following three tensors, whose
spinor forms we also exhibit (cf. (3.4.23)):

* =1, M =1
R* e = 2€ed" Roppy = 1R,y cpne
* =1, P4 =1
R pea = 2€as" Rpgea = 1R yppaceop
*xpx 1, pq, rs = _
R abed = 4€ap €cd qurs RAB’BA'CD’DC’ . (467)

Clearly all three duals share the anti-symmetries of R, , (R ., = R4y 0
In addition, we can easily verify that *R}, , possesses the interchange
symmetry

*R*abcd = *R*cdab
and satisfies the cyclic identity (4.6.8)
*R* ety = 0 (4.6.9)
while
*R s = R* 4us- (4.6.10)

For future reference, we collect (4.6.1) and the corresponding formulae
resulting from (4.6.7) into the following scheme, where X, ®, ®, X represent
(temporarily) the terms on the right side of (4.6.1):

R,u=X+®+0+X
R*,.,= —iX+i® —id +iX 46.11)
*R,,=—1X—i®+i® +iX

abcd
*R¥,,=—X+0+d-X
We define duality rotations of the Riemann tensor analogously to

(3.4.42):
R(G)
®R

R
R

cos @+ R*, sin§,
ane (4.6.12)

cos +*R, ,sin .

abed = Naped

abed = abed
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Analogously to (3.4.43) we get, from (4.6.11),
Rw)abcd — e-iﬂx + eiOq) + e—io(“l') + eio)’(
OR pea =€ X 4+ 700 + %D + £9X. (4.6.13)
We are now ready to translate the last symmetry of the Riemann tensor,
R0 = 0 or, equivalently, R, , = 0, into spinors. The necessary calcula-

tion can be simplified if we observe, from (3.4.26), that the equation
R = 0 is equivalent to

albed]
R*, =0 (4.6.14)
and that R, ., = 0 is equivalent to
*R* =0 (4.6.15)

Incidentally, one can now see that *R , , satisfies the cyclic identity
*R, 0 = 0 only under special circumstances: the necessary and sufficient
condition is **R®, =0, ie, —R®, =0, ie., the vanishing of the Ricci
tensor. The same remark applies to R* , ,. On the other hand, *R*
always satisfies the cyclic identity since *R**?*, = — *R®, =0.

To obtain the spinor form of the cyclic identity, we apply (4.6.14) to
(4.6.11); if use is made of the already established symmetries of ® ;...
this shows that (4.6.14) is equivalent to

abcd

X gctso =X n" ctac (4.6.16)
Raising C and ' and contracting with 4 and A’ we obtain
A=A, 4.6.17)
where (for later convenience inserting a factor 1/6)
A=1X "8 (4.6.18)
Now (¢f. (2.5.24))
X gt = 3Ae 0. (4.6.19)

since the symmetry (4.64) implies that X ,.® is skew in AC. Hence

condition (4.6.17) can be seen to imply (4.6.16) and is therefore equivalent
to the cyclic identity of the Riemann tensor, once the other symmetries
of X ,pcpand @ . ... are established. (Note that, in terms of components,
the cyclic identity is just one algebraic condition, namely R,,,,, + R, +
R,03 = 0; it is therefore not surprising that it reduces to only one real
condition in spinor form.) We have now found the spinor equivalents of
all the symmetries of R , ,: (4.6.3), (4.6.4) and (4.6.17).

We next compute the Ricci tensor R, = R, in spinor form. From
(4.6.1) we get

Ry, =6Ae, 58,5 — 20,5 5 (4.6.20)
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which may also be written in the form

R,=6Ag, —20,. (4.6.21)
Hence, for the scalar curvature R = R * we find, using (4.6.5),
R =24A, (4.6.22)
and for the trace-free Ricci tensor
R,—iRg,=-20,.,.=—-20,. (4.6.23)

For obvious reasons ®,,. . is sometimes called the Ricci spinor. The
Einstein tensor G, (the trace-reversed Ricci tensor - see (3.4.10)) is given
by

G, = Rab =R, —3R9, =R, pypa (4.6.24)
= —0Ae pe,p — 20 p,p
or
G, = —6Ag, —20,. {4.6.25)
We note that
*R*,'=G,. (4.6.26)
which follows from (4.6.11) since the passage from R, , to *R* , , is

equivalent to X+ — X, which in turn implies A+— — A, and so, by (4.6.20)
and (4.6.24), R ,— G, .

Einstein’s equations

We take space-time to be governed by Einstein’s field equations, which, for
empty space, take the form
R,=0. (4.6.27)

By splitting (4.6.20) into its symmetric and skew parts in AB equation
(4.6.27) is seen to be equivalent to

®,=0,,.,.=0 A=0 (4.6.28)
If a cosmological term is included in the field equations, so that
Rab = Agab

in empty space, 4 being called the cosmological constant, then we have
equivalently, in spinor form,

®,=0, =0 A=Li (4.6.29)

ab
In the general case, when sources are present, the field equations with
cosmological term are

G+ gy = —8myT,, (4.6.30)
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where the speed of light is (as always!) unity, y is Newton’s constant
of gravitation, and T, is the energy—momentum tensor of the sources.
This translates into

@, +(3A~1lyg, =4myT,,, (4.6.31)
ie.,
@, =41UT,, —5T9,), A=3imyT+ LA (4.6.32)

The vanishing of A, as in (4.6.28), implies (cf. (4.6.19)) that X ., is
symmetric in B and D; since it is also symmetric in AB and CD, it must
then be symmetric in all its indices. It is a remarkable fact that with the
apparently arbitrary dimension four and signature +——— of our
space—time, where Einstein’s field equations R, =0 for vacuum are
satisfied the curvature can be fully characterized by such a simple and
physically natural object as a totally symmetric four-index spinor. We
shall see in Chapter 8 how this leads to a very simple algebraic classification
scheme for curvature. (If the signature had been + + — —, for example,
the classification would have been far more complicated, since two real
symmetric four-index spinors would be required to describe the curvature;
the reality itself would be a complication, since algebra over the complex
field is much simpler.)

From (4.6.11) we observe, incidentally, that whenever ®,,..,. =0 (as
when R, = 0), then

*R* R *R R* . .4 (4.6.33)
and so, because of (4.6.10), *R_, , and R*_ . possess the interchange
symmetry of R, ,. They possess the full symmetries of R, , (ie., the
cyclic symmetry as well) if, in addition, A = 0; for then R, = 0.

In the general case (A #+ 0) we can isolate the totally symmetric part of
X ,scp as follows (bearing in mind the symmetries (4.6.3), (4.6.4) and the
relation (2.5.24)):

abed . Rapea> abed =

-

XABCD = —ZIZ(XABCD + XACDB + XADBC) + é(XABCD - XACBD) + %(XABCD - xADCB)
=X apcpy T $epcXap'p + 3ep X 4pc
Thus, using (4.6.19),
X apcp = W apcp + Mec8p + € 4pEpc), (4.6.34)

where

\PABCD:= X(ABCD) = XA(BCD)' (4635)
The spinor ¥ .., plays a very important role in the theory. We call it the
gravitational spinor since it represents the local degrees of freedom of the
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free gravitational field: it is the part of R, , that survives in the absence of
matter (if A =0). For reasons to be discussed in §4.8 it is also called the
Weyl conformal spinor.

The three spinors ¥ ;., ®,5cp» A together determine R, ,. With
e p they constitute the set of totally symmetric spinors into which
.bea MAY be decomposed according to the scheme of (3.3.47) et. seq.
Substitution of (4.6.34) into (4.6.1) immediately shows that R, , equals
an expression similar to (4.6.1) with ¥ ., taking the place of X ,,.,,
plus a multiple of A, namely

¥
R

Ae cEpp T+ €4pEpc)Eq pbcp T its complex conjugate.  (4.6.36)
Expanding the multiplier of the parenthesis by use of the ¢-identity

€ Eg — & =0(cf (2.5.21))

488 T E4p
makes this into

Ale cepp + €4pEpc) g 8pp — €4 pp ) + its complex conjugate
ie.,

B'C’ A'C BD

2A(E 4 c85p 485D ~ EantactapEnc) (4.6.37)
Thus we have
Ryea =" spcptantor T Vascneasion
+ Q@ peptap CD+(T>ABCD aBécp
+ 2A(€ 48508 4 6pp — EaptactapEpc) (4.6.38)

By a somewhat different manipulation we can convert the term (4.6.36)
into the alternative forms

(4.6.39)

2A (e 4ctppt apten T Eastcntaniec)
or

2A(e (4.6.40)

which, however, unlike (4.6.37), do not obviously exhibit the symmetries
Of Rabcd *

Let us now introduce the following tensors (cf. (3.4.38), (3.4.39)), of
which the first, fourth and fifth are real, and all of which evidently share all
the symmetries of R

A C B D’ EABsCD + 6A’B’{‘:C’D‘EAD'(SBC)’

abed*

Covea’= Y upcntantor + Yapcntaston (4.6.41)
—Cabcd Y scptanton (4.6.42)
Covea =P 45cptaston (4.6.43)
Eppei’=Pupcptaptep T (DA ‘B'cpCaBécp (4.6.44)
Dabed *= Eactpotactan ~ Eapbactantyc = Wabap (4645
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Then the reduction (4.6.38) of R
equivalent to

beq INto irreducible parts (see §3.3) is

Ripes = Cabea T Eavea + 20 e (4.6.46)
over the real field, or
Rusea = " Capea + * Capea + Eaea + 2Mgapea 4.6.47)

over the complex field.

In the language of representation theory, “C..., *C...,E...,and g...
belong to representation spaces for the D(2,0), D(0,2), D(1,1), D(0,0)
irreducible representations of the Lorentz group (strictly, SL(2,C));
these numbers are half the numbers of symmetric spinor indices (cf. §3.3).

4,7 Spinor formulation of the Einstein—Cartan—
Sciama—Kibble theory

We shall briefly digress at this point to examine a modification of
Einstein’s theory due, independently, to Einstein—Cartan and, more
explicitly to Sciama and Kibble (Cartan 1923, 1924, 1925, Kibble 1961,
Sciama 1962, Trautman 1972, 1973; for a general review see Hehl, von der
Heyde, Kerlick and Nester 1976), in which the torsion tensor, rather than
assumed to be zero, is equated with a certain tensor expression arising
from the spin density of matter. We do not enter into the question of the
physical reasonableness of this theory, or, indeed, of whether the theory
has physical implications different from Einstein’s; we merely look at its
spinor formulation.

in the ECSK theory —in contrast to the unified field theories — space—
time has a real symmetric metric g, of the usual type, so that our 2-spinor
formalism can be employed. The difference from general relativity lies in
the nature of the operator V, that is used. The condition of covariant
constancy of the metric,

v,9, =0, 4.7.1)

is retained, but there is, in general, a non-zero torsion tensor T, for which
(cf (4.2.22))

vV, -V V)p=T,V. ¢ 4.7.2)
The torsion of space-time is now related to the spin density S, of its
matter content by the equation

T, = —8ny(S,° + g[aCSb]d“), (4.7.3)
with S, satisfying

S ¢=—_8§ ¢ (4.7.4)

ab ba’
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and v, as before, denoting Newton’s constant of gravitation. From (4.7.3)
we derive

T,}=4nys >, (4.7.5)
so we can reverse (4.7.3):
Ty + 29, Ty = — 8nyS,,° (4.7.6)
This equation supplements the Einstein field equation
R, —19,R= —8mE, 4.7.7)

(where, to avoid confusion with T, we now use E , for the energy—
momentum tensor), in which, however, R, is now a (generally) non-
symmetric Ricci tensor* (and R = R_°), defined as

R,=R,;° 4.7.8)

ach *
while the curvature tensor Rabc" is defined by V_ according to (4.2.32). The
symmetry relation

Ripea = Rigpyiea 4.7.9)
still holds, by (4.7.1) and the arguments given in §4.2, but now
4 _ - d e d
Ripy' = = ViaToy" = Tia' Ty (4.7.10)

and so the interchange symmetry R, , = R _,,, also fails — which explains
the lack of symmetry in R ,. Note that this implies that the energy—
momentum tensor E is also non-symmetric, ¢f. (4.7.7). From (4.7.10) we
can deduce the spin ‘conservation law’:

VcSabc - Tdcdsabc = Eba - Eab. (471 ])

To represent the spin density spinorially, we take advantage of (4.7.4)
and introduce the spinor

cC._ 1 ACC
Oup = ESAA'B
_ cc
=05 - 4.7.12)
so that
S, =0, e,p+6,5¢,, (4.7.13)

[n terms of this spinor, the torsion has the somewhat unremarkable
expression

Tope = —4m0{0 spcctan = Tcapatoc + Opcaptac
5 —F 5 !
+ 6 i pcctan = Ocanaloct Opcagbac (4.7.14)
* Owing to the conventions adopted in this book, the ordering of indices in R, is the

reverse of those in the main references cited above.
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However, equivalent information is contained in the tensor Q ¢ which
can be used, according to (4.2.46), to translate back from V_ to the standard
Christoffel derivative operator Va:

V,.ur=v,U"+ 9, tUs, (4.7.15)
where Va still satisfies (4.7.1) but has vanishing torsion. As in (4.4.37), we
have

T, =20 (4.7.16)
by (4.2.50) or (4.4.30). Furthermore, as in (4.4.36), equation (4.7.1) and its
tilde version give

Qabc = Qacb‘ (4'717)

The last two equations determine Q , uniquely as

abc

Qv = Tapy — iT,.. 4.7.18)
Unfortunately the translation of (4.7.11) into Va terms, using Q . , still
does not give simply a divergence of S ,° by itself.

In the spinor formalism the role of Q , is played by the quantity
©, 5 (cf (44.23)), whose symmetry ®,, ., =0 .., follows from
the covariant constancy of ¢, & g — as we have seen in (4.4.32)-(4.4.34) -
and which is given by

Qabc = ®AA’BC88'C’ + ®AA'B'C’88C’ (4719)
as we have seen in (4.4.35). Substituting (4.7.14) and (4.7.19) into (4.7.18),
we obtain, after some manipulation, the strikingly simple relation

®AA'BC = SRVGA(CB)A' (4.7.20)

abc?

AB’®

This may also be obtained more directly from (4.4.37). Having (4.7.20),
we can relate the standard Riemann—Christoffel tensor ﬁab( 4> the standard
(symmetric) Ricci tensor R, etc., to the present R, ,, R, etc., by means
of (4.2.51). Note also that (4.7.20) can be inverted to

1

O pppr = ——
ABCC 87'['}}

Spinors may also be used to good effect in the study of the more general
type of curvature tensor R, , that arises here. The skew part R, of the
Ricci tensor may be represented as in (3.4.20) by a spinor X, =X 5.,
the remaining information in R , , being expressible in terms of a suitably
defined ‘Weyl spinor’ ¥ ,p., = ¥, 5cpand two complex quantities @ ;.5 =
® 48)4'8yand A. When T, = 0,thespinor Z , s vanishes and the othersreduce
to the standard quantities of §4.6. We do not pursue the matter further here,

but ¢f. Penrose (1983).

(®Ocupec — 30ccan) 4.7.21)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.005
https://www.cambridge.org/core

240 4. Differentiation and curvature

4.8 The Weyl tensor and the Bel-Robinson tensor

The tensor C,,, of (4.6.41) is called the Weyl conformal tensor (and so
¥ ,5cp 15 often called the Weyl conformal spinor). It comprises the con-
formally invariant part of the curvature tensor. (We shall see in (6.8.5) that
Cabc" is invariant under conformal rescalings; in (6.9.23) we shall show
that its vanishing is actually necessary and sufficient for space—time to be
patchwise conformally flat.) In space—time restricted by the Einstein field
equations (without cosmological term) R, , reduces to C,, , in vacuum.
Notice that the ‘Ricci tensor’ formed from C ,  vanishes:

abed
abed

Co'=0. (4.8.1)

From this and the fact that C,, , shares the symmetries of R, ,, and
differs from R, , by terms involving the Ricci tensor and the scalar
curvature (cf. (4.6.41), (4.6.38)), one derives the expression

Cabm = Rabc‘i - 2R[a[cgb]d] + %Rg[acgb]d' (482)

(The form of the terms on the right side is determined by the symmetries,
while the coefficients — 2, % follow from C, db“ =0.%)
Note that, because of (4.6.33),

*C c* (4.8.3)
Let *C,, ., and ~C, , be the self-dual and anti-self-dual parts of C,, ,,

respectively (¢f. (3.4.35),(4.6.42), (4.6.43)). By (4.8.3) we need not distinguish
between left and right self-duals or anti-self-duals.) Then

C *C.o4+°C, )" 4.8.4)

abed abed

abed . abed

abed
and

*+Cnbcd =i +Cabtd9 *_Cabcd = —i ..Cabcd' (4.8.5)

One of the great simplifications that the spinor formalism achieves in
relativity theory is that it describes the very important but somewhat
complicated quantity C,, , by such a simple object as a totally symmetric
spinor (namely ¥ ,.)). As we mentioned above, this leads, for example, to
a very transparent curvature classification scheme. In Chapter 8 we shall
analyse the structure of C,, , in considerable detail. For the moment we
shall note only a few of its algebraic properties and relate it to a tensor
known as the Bel-Robinson tensor. These examples may illustrate the
strength of the spinor method.

* In the n-dimensional case these coefficients are —4/(n — 2) and 2/(n — 1)(n — 2). The
corresponding Weyl tensor is also invariant under conformal rescalings. Provided
n 24 its vanishing is necessary and sufficient for conformal flatness.
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Consider any two tensors M, ;, N, having all the symmetries of
Cobed» 1€, being of the form (4.6.41) with ¥ 5., totally symmetric. Then
we have two relations that are analogous to (3.4.44) and (3.4.45):

"M PM*N, =0 (4.8.6)

cdpq
and

_Ml;pbq+Ncpdq ="NPIM, . 4.8.7)
The proof of (4.8.6) is immediate and identical to that of (3.4.44), while
the proof of (4.8.7) is similar to that of (3.4.45): for if we set

M *N =V, . . ¢

abed = Yarpcp€asten:
each side of the equation is simply

abed — Papcpbapcon

(4.8.8)

(As in the earlier case, a direct tensor proof of (4.8.7) is not trivial.) And
again, either of the contracted products in (4.8.7) determines the outer
product of these tensors and so determines each tensor separately up to a
factor. (These results are due to I. Robinson.)

By specializing (4.8.7) to the Weyl tensor we obtain the so-called

Bel-Robinson tensor T, , :
Tabcd - C p o~ C

An alternative expression for T’

HapcpYapop-

=*CrC ¥ .. (489)

cpdq cpdq ABCD A’'B’C'D

“beq D terms of real tensors is the following:

=1(C,79C 4, + *C,7,*C (4.8.10)

This can easily be verified by using C,,,= "C,,,+ C,.. *C
l( * Cabcd - Cabcd)

The symmetry properties of T, , are by no means apparent from the
tensor formula, but they follow directly from the spinor expression in
(4.8.9). Thus we see at once that T, , is totally symmetric and trace-free:

abcd CPd‘I)'

abed®  “abed

Tt = T(abcd)’ (4.8.11)

7°,.=0. (4.8.12)
Indeed, these two relations conversely imply that
TAA'BB’CC'DD ’T(ABCD)(A 'B'C'D’)

(see after (3.3.61)). The fact that T
(4.8.9) is equivalent to the relation

T, spcepp factorizes’ according to

TABCDA’B’C'C’TEFGHE'F'G’H' = TABCDE'F’G’H’ TEFGHA'B'C’D’ (4813)
{see (3.5.5)). Thus, applying the methods of §3.4, we can obtain a quadratic
tensor identity satisfied by T, .. The full tensor expression of this identity


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.005
https://www.cambridge.org/core

242 4. Differentiation and curvature

is complicated. However, a reduced expression which contains only
part of the information of (4.8.13) is the following:

T . TebSf =i Tabcdgej" (4.8.14)

abce 4~ abed
To prove this, we first observe that the left side must be proportional to
g,” since, using (2.5.24),

ABC _ 1 ABCD
Y opce V™ r =3 pept Cepo

the left side of this equation being obviously skew in EF (see-saw 4, B, ).
The multiplier then follows from contraction over E, F.

Another property of T, , is its invariance under duality rotations
of C,, , (see (4.6.12)):

() — * 1
CabcdH( )Cabcd - Cabcd cos 0 + Cabcd sin ¢

=e" 0" Chat+e? T Copu- (4.8.15)
This is equivalent to the replacement
‘PABCDHe _io\PABCD, (4.8. 1 6)

under which T, . is evidently invariant.

The spinor formalism also allows one immediately to recognize the
uniqueness of T,,., on the basis of suitable criteria. For example, it is (up to
proportionality) the only four-index tensor quadratic in C,, , which is
invariant under duality rotations of C_, ,. Again, up to proportionality,
it is the only trace-free totally symmetric tensor (of valence greater than
zero) which is quadraticin C , ,. One merely needs to examine the possible
spinor terms that could arise in order to see that (4.8.9) is the only possi-
bility.

The Bel-Robinson tensor has certain positive-definiteness properties
which, too, are direct consequences of the spinor form (4.8.9). These will
be discussed later (see (5.2.14), (5.2.15)).

4.9 Spinor form of commutators

Since the Riemann curvature tensor R, , appears when a commutator
of derivatives V_ is applied to vectors and tensors, we may expect that
the spinors which represent R, , appear when such commutators are
applied to spinors. This is indeed the case. Consider the decomposition
(3.4.20) applied to the commutator A, defined in (4.2.14):

Aab = ZV[aVb] = 8A'B'DAB + £ABDA'B’ > (49.1)
where

Oas = VeV s Ouw = Ve Vi ¥ (4.9.2)
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Note that [ ,.,. is the complex conjugate of [, in the sense that, for any
spinor x,,

DA’B’X% = DAB(E) = DABZ%’ (4.9.3)

(¢f. (4.4.20)). From (4.2.15) and (4.2.16) we have
DAB(X% + ¢<g) = DABXg + DAgd)(g (494)
O50eP2) = 050 15%e + %4594 (4.9.5)

and similarly for [J,.,.. To find the effect of (] ,, and [J ,.;. on a spinor,
say k1, we begin by forming the self-dual null bivector
kb = kA BeAE (4.9.6)
Then from the (torsion-free) Ricci identity (cf. (4.2.33)) we obtain
Akt = Rypek* + Ry, K.

(The non-reality of k** does not affect this.) Now we substitute (4.9.6) into
this relation and use (4.2.16) (which applies to spinors as well as to tensors),
and find

KCeCPA Kk + kPeCPA k=R
ie.,

cC',.E..D E'D’ bbb, C, .E.CE
g KKET + R TR KT T

2eCPKCA kP = — R
Replacing the Riemann tensor by its spinor form (4.6.1) and cancelling
2652 from each side gives

KCA KD = {e, . X @, C P KE.
Applying (3.5.15) (with r = s = 1) to the difference between the left and
right sides of this equation, and taking k€ # 0, we obtain
A kC = {e,pX piC +€,5P 0 5 1 IKE, (4.9.7)

which, on symmetrizing and skew-symmetrizing over 4B yields the equa-
tions

D'CC'( Ey D CDD o
ibE K+ R, K'K

€4,
ae T €P4apE

O, K -—XABE , O, K -—(I)ABE . (4.9.8)

The corresponding formulae for primed spin-vectors are obtained from
(49.7) and (4.9. 8) by taking complex conjugates and using (4.9.3) (and
replacing K¢ by t*° for generality):

Aabr = {SAB A’B’E’C, + EA’B'(I)ABE’CI}‘CE,’ (4.9.9)
O =@, 51, O,51 =X, 5.5 (4.9.10)

Lowering the index C (or C’), we also get
Oaskc = —Xupc Kpr Uapke= —Pppc ke, (4.9.11)

OaTc = _(I)ABC’E,TE" Oypte=— XA'B’C’E,TE’ (49.12)
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To derive the action of [J,, and [1],, on many-index spinors, e.g.,
6, 1., we expand 6,F . as a sum of outer products of spin-vectors and
use the properties (4.9.4), (4.9.5). Thus, typically,
060" p = OasEaBpy® o) = Z(Bpy® 0,0 52
+ aC'VE,(SF’DABBD + aCﬂDéF'DAByEl + aCﬁDVEyméF' b
which, when we substitute from the above formulae for [ BKC etc, gives
DABGCDE,F‘ = XABQCOQDE'F’ - XABD Q F
+ @5, 002, — @, Q0 F . (49.13)
This shows the pattern in the general case. Taking complex conjugates,
using (4.9.3) (and replacing <k, by ¢ | F,), we obtain the correspond-
ing formula

cC E _ CpQ E ¥ Q 4C E
DA'B’ D F XA’B'Q' ¢ D F XA’B’D’ Q' F

0,050 5% — @, 20 Fy. (49.14)

A'B'F D Q-

QOC E

We may substitute (4.6.34) into the above equations, obtaining, for
example, from (4.9.11),

Oage = =¥ 5"k — Ale kg + Egck ), (4.9.15)

from which the terms in ¥ ABCD and A can be singled out:
Ouskcy= —Yasc kb, (4.9.16)
O,k% = —3Axk,. 4.9.17)

Further relations may be found from these by taking complex conju-

gates.
Oustey= —Pape s Oept® = —3A1,. 4.9.18)
We can obtain expressions for the curvature spinors analogous to
(4.2.66), by substituting ecc for k. in (4.9.11):
X ()] 4.9.19)

the first of which can be decomposed into two parts (cf. (4.6.34),
(4.6.35)):

_ c _ c
agep = epcldagte > Pupep = epcllapéc

¥ i5ep = Encisbe,> A =58,c0%e" (4.9.20)

The spinor formulae of this section are considerably more involved

than the corresponding tensor formulae from which they are derived.

Nevertheless one not infrequently encounters the particular combination

of V, operators which occurs in [,z and 0,5 In these circumstances

the above formulae can be particularly useful. Some applications will be
given in §5.11; ¢f. also (5.8.1) and numerous applications in Vol. 2.
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4.10 Spinor form of the Bianchi identity

Recall that there was a consistency relation to be satisfied between the
curvature and the covariant derivative operator, namely the Bianchi
identity (4.2.42). Let us determine the spinor form of this. By reference
to (3.4.26) it is seen that the Binachi identity

V[aRbc]de =0 (4.10.1)
is equivalent to

V*R s = 0. (4.10.2)
When we substitute from (4.6.11) into this, it becomes
—iecp Ve X ipep —18cp Ve @ upep T 1805 Vs Popan +i6cpVs X wpcn =0
and by separating this last equation into parts which are, respectively,
skew and symmetric in C'D’, we find it to be equivalent to

vax =V4&o 4.10.3)

ABCD B “CDA'B’

and its complex conjugate. Relation (4.10.3) is thus the spinor form of the
Bianchi identity.

It may be asked whether (4.10.3) can be derived directly as a consistency
relation for the commutators of §4.9, analogously to our derivation of
(4.2.42). In fact, it can. First observe the identity:

SA(BSDC){‘ZD,A,EB’C, _ EDASBCSA’(B’SD,C’)

— 4B Cg  (WeBIC 4 ¢ UePCed By € = 0. 4.10.9)

This may be proved by using the ¢-identity (2.5.20) which implies:
1By O = gABg € 4 L ALBC, (4.10.5)
Forming the contracted product of (4.10.4) with
Va Ve Veck®
and using (4.9.2) and (4.9.8), we get
k(5 Xspc" — Vo Pppc) =0,

from which (4.10.3) again follows, k€ being arbitrary.
We can re-express (4.10.3) in terms of ¥ and A by use of (4.6.34):

ABCD
VEY 5 = ViDepin — 265cVppA- (4.10.6)

It is sometimes useful to split this relation into two irreducible parts,
symmetric and skew in BC respectively. Note that it is symmetric in CD
already. We get

ChA'B’

VAW VA (4.10.7)

—_yu4
ABCD ~— "(B TCD)A'B’
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and, contracting the skew part,
VCA'd)CDA,B, + 3V, ,A=0. (4.10.8)

This last relation is the spinor form of the important result that the
Einstein tensor is divergence-free: VG, = 0, as can be seen from (4.6.24).

When the Einstein vacuum field equations hold (with or without the
A-term —¢f. (4.6.29)), we have ® ;... =0, A = +4 and so the first Bianchi
equation (4.10.7) becomes

VALY =0, (4.10.9)

This ‘field equation’, together with Einstein’s field equations in the proper
sense,

1] =0, A=A (4.10.10)
governs the propagation of curvature in vacuum. In particular, (4.10.9),
which includes information from (4.10.10), is in a certain sense analogous
to an actual field equation. It has significance as being formally identical
with the wave equation for a massless (zero rest-mass) spin 2 particle
(in our case, the ‘graviton’) and as such it will be discussed at greater length
in §5.7. One simple consequence of it may be noted here, however. It is
that the Bel-Robinson tensor (4.8.9) is divergence-free:

VT, =0. (4.10.11)

abed
In the non-vacuum case, when any energy-momentum tensor T, acts
as a source for the gravitational field according to the Einstein field equa-
tion (4.6.31), then (4.10.7) becomes
1% 4 =4myV ey (4.10.12)

A

(B TkDpr”
showing that the derivative of T,, may be regarded as a source for the
gravitational spinor field ¥

ABC'D’

ABCD

ABCD"

4,11 Curvature spinors and spin-coefficients

In this section we return to the component description introduced in
§4.5 and show how the components of the curvature spinors may be
related to the spin-coefficients ygcaa-, and to the intrinsic derivatives
V..~ We first calculate the commutator of intrinsic derivatives. For this
we use some of our earlier results on Lie brackets. Recall (¢f. (4.3.26),
{4.3.29), with the torsion equal to zero), that, for a scalar f,

[UV]f= {urv, ve — V”VpUq}qu. (4.11.1)
Now consider the expression
[Vag» Voo 1S = [SAPSB'PIV,,’ 8cQ£D'QIVq]f’
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Replacing U” and V4 in (4.11.1) by ¢,"s5 * and £.%;, 2, respectively, we
obtain

[Vis Voo 1S = {V ulec2ep %) — VCD/(sAQan,Q')}Vq f. (4.11).2)
Expanding the factor { } by use of the Leibniz rule, referring to (4.5.2),
and incorporating V_, we derive

[VAB > Vapr ]f (Yamc v o VCD'AQVQB' + ?AB'D'Q,VBQ’ - ?CD’B’Q,VAQ’)f .
4.11.3)

Now, by reference to (4.3.32) and (4.2.24) (in the absence of torsion) it is
seen that our previous equation (4.9.7), when transvected with X°Y?,
is equivalent to

(VW —VV— V) =XY"e, o X g + 6P ps 1KE. (411.4)

XY YX [XY] ABTA'BE
In this equation, choose
_ A A b __ B B’ F _ F
Xt=¢,%g", Y =¢¢°, K =¢,
and then transvect with ¢F. The first term on the left becomes
Q. F
&' VaeVen i =& Vaplepe tq )
F Q F
=VYe T Yok Vano

and the second term is the same but with AB and CD’ interchanged.

Since V «F is essentially defined as the operator in (4.11.3) acting on
[X,Y]

k¥ instead of f, we can use the same calculation as that which give us
(4.11.3) for the third term on the left of (4.11.4); but now the operators act
on sEF , and so each intrinsic derivative (with the new factor z—:FF) gives a
7 g »and we get

yAB’CQyQD'EF - VCD'AQVQB'EF + ?AB’D’QI'yCQ’EF - ?CD’B’QIVAQ’EF
for this term. On the right of (4.11.4) we substitute (4.6.34) and go over to

dyad components. Collecting all these terms together and rearranging
them, we finally obtain

v

asVepe — Ve Vase' = VABE Vcpo — VCD'EQVAB'QF + VAB'CQVQD'EF

- VCD'AQVQB'EF + )-)AB’D’Q/VCQ'EF - '}-)CD’B'Q,'VAQ‘EF

+ SB’D’SFQ‘PACEQ + egpEartc + 4 e

+ 6, g opp - (4.11.5)
This expression can also be obtained directly from (4.9.7), by going over
to components throughout, and applying (4.5.1) etc. where required.
The calculation is essentially similar to the one given above, though
slightly longer.
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The relations (4.11.3) and (4.11.5) are the fundamental equations of
the spin-coefficient formalism. They have a complicated appearance, but
look somewhat simpler when specific components are picked out. We
shall use the standard notation of (4.5.16) and (4.5.23) for the spin-coeffi-
cients and intrinsic derivative operators, and, in addition, special symbols
for the dyad components of the Weyl and Ricci spinors, W 5, and

D o p > according to the following scheme:

‘Po:=X_li‘Poooo, "P1:=X_1XLP0001’ ‘PZ:ZX_IZ\POOU’
Vo= 0¥, Yar=x 7% (4.11.6)
IT:= x7A 4.11.7)
Doo = P00 Poy = Poggi Pop 1= Pogy
Dy =00 D=y Ppyi=Dg

D,0:=D1100 Py i=0 D,,:=0 4.11.8)

These quantities can also be expressed in terms of the null tetrad, by
references to (4.6.41), (4.6.20), (4.5.20), and (4.11.7):

110'1” 1117177

‘PO =y~ li_ ICadelamblcmd’ \Pl =y IZ_ Icadelamblcnd

lPZ =y li_ ICabcdlamb"_lcnd, ‘I’3 =y 1Z— ICadelanbn—;lcnd

¥, ="' C Nt (4.11.9)
Dyo = — 3R’ Oy = — IR, I'm’ Dy, = — ;Rm'm’
D, = — 1R, I @, =—1R,In"+ 31 @ ,=— IR m'n’
®,, = —JRm" @, = — IR, mn’ ®,, = —JR,n"n".(4.11.10)

In terms of these quantities, the commutator relations (4.11.3) now be-
come, explicitly,
DD—DD' =@ +9)D—( +7)D —(t =T + (¢’ — ©)d
D—-Dé=(B+a&+7T)D+xD —0d —(e+7 + p)d
0D —Dé=kD+(x+B +d)D =8 —(E+7y+p)
00—380"=(p'—p)D—(p—p)D" — (& + )0 +(x+ ). (4.11.11)
And similarly, the equations (4.11.5) become
Dp—0k=p>+06—Kt— &t + 2u+ f— B) + ple + &) + D, (a)
Dp —ok'=p?+0d—K1"-k@t+20+F - +p+&)+ D, (a)
Do—dxk=0p+p+7 -y +2)—k(r+T +ad—o +20)+ ¥, (b)
Do’ -6k =0d(p+p +7~y+2) kT +T+& —a+2f)+¥, &)
Dt—Dxk=pr—T)+o@—1)+1f +¢)
—ki+2y—€&)+ ¥, + @, (c)
Dt —-Dk'=p (' —D+6 (T —1)+7T(F+¢)
K +2y -9+ ¥, +0,, (c)
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op—d'a=1(p—p)+K(p' — p)+ pl&+ p)
—o(@ + 20— f)—-¥, + D,

5,p,"'50-,=T’(p’—p’)+Kl(i’_p)+p,(&’+ﬂ,)
—o'@+20-p—-¥,+0,,

dt—Do=—po—dap+t?+kic +1f+F)
—o2y—e+8)+ 0,

0t —Do'= —pa’' —6p' + v + k' +1'(B + B)
-0y —e+8+D,,

Dp—dt1=pp'+too' —1T—xx'+py+7) —tla+a)— ¥, -2l

Dp' =t =pp+060 — 1T — k&' + p'(y +7)— U@ + &)~ ¥, - 20
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(d)

(d)

(e)

(e)
f)

f)
DBp—dy=1p —Ko—Re+ad + B’ +&+y) -y +oa +1)-®,,
(9)
D -0y =tvp—ko' —ke +d6+B(p+E+7y)
~yYB+a+1)-®,, 9)
de—~Da=1p—ko'+Ky—B6—alp+E+7Y)
+ef+a+1)-d,, (h)
0 ~Dod =19 —K'o+KY - & —L(p+F+N+eB +od' +1)—- D,
h
DB —de=x(p'—y)—o(t' —)+ f(p+¥) —e(T +a) + ¥, ((3
Dp —d0e=K(p—7y)—d—a)+f@P +7)—e@+d)+ ¥, (@)
y~Doa=r(p+e)—c(T+Pf—ad +P+yT+a)
+yp -+ ¥, )
0 —Dd =x(p'+&)—o(U+ f)—d(p+7)+y(E + )
+yB—ed + ¥, ()
Dy—De=xx' —1t' — ' — D) —oT —0) —y+7)
+/y' +7)+ ¥, + @, -1 (k)
Dy —De=xx'—1t' — Bz —T)—T—1)— G +7)
+yY+PN+¥,+ @, - 11 (k)
OB —da=pp —o0c —ad+ pa + o(f — &)+ (P — p)
+ep -p)+Y, -0 —1I 1))
of —8'a' =pp' — o6’ —od'd + fa+ o (f —a)+y(p —p)
+elp—p)+¥,-@, -1 ")
(4.11.12)

Note that equations (4.11.12) go in pairs, such that in each pair one is
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related to the other by the ‘priming’ operation described after (4.5.16).
It is necessary, however, to take into account also the following index
correspondences, which result at once from the definitions (4.11.6) and
4.11.8):

¥, 004, 13,202
@, 02 1ol (4.11.13)

Equations (4.11.12) simplify somewhat when the dyad is normalized so
that y =1, with the consequent identifications a = — f,e= — 7, (cf.
(4.5.29)); in that case, in particular, the pairs (h), (h') and (j), (j) become
identical with the pairs (g"), (g) and (i), (i) respectively, and (k) and (})
become identical with their primed versions. So the set reduces from
twelve prime-related pairs to eight such pairs plus two self-prime related
equations.

The equations (4.11.11) and (4.11.12) are most useful when several
of the spin-coefficients vanish (e.g., owing to possible symmetries of a
specific problem.) For then they often simplify considerably. However,
in §4.12 a somewhat different approach is given which leads to simplifi-
cations without specializations having to be made. Expressions for the
Bianchi identities and Maxwell equations in spin-coefficient form have
also found much useful application in the literature. These we shall defer
until the end of §4.12 so that the simplifications which result from the
compacted formalism of that section can be taken into account.

4.12 Compacted spin-coefficient formalism

In §§4.5 and 4.11 we introduced the formalism of spin-coefficients. The
advantages of the use of spin-coefficients are partly those which arise also
with any tetrad or component formalism, namely that one operates entirely
with scalar quantities, scalars being easily manipulated and able to take
on numerical values or the form of explicit functions where necessary.
But, in addition, there is the special advantage when spin-coefficients are
used that they are all complex. Thus each spin-coefficient carries the
information of two real numbers and a considerable economy of notation
is thereby achieved. One needs only 12 such quantities rather than the
24 equivalent real quantities which would be needed if a conventional
orthonormal tetrad were used, or the 40 independent coefficients of the
Christoffel symbols which play a corresponding role when a conventional
coordinate approach is used. Of course, explicit formalisms such as these
are at their most advantageous when the basis frames which are introduced
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can be tied to the geometry or physics in a natural way. If a timelike vector
field occurs naturally in a problem (e.g., as tangents to fluid flow lines)
then it is often advantageous to choose this as a tetrad vector and employ a
tetrad formalism. In the same way, if one or more null vectors occur
naturally (as is often the case in radiation problems) then that null vector
may, with advantage, be used as a tetrad vector. In such situations one
may also go further and use that null vector as the flagpole of one of the
dyad spinors of a spin-coefficient formalism.

It will be seen, however, that in all these situations there may be much
freedom left in the choice of basis frame. It is not often that the problem
defines a complete basis in a suitably natural way. Usually some freedom
remains in the choice of basis. This has the effect that many of the quanti-
ties involved in the calculation do not have direct geometrical or physical
meaning. Instead they are of the nature of ‘gauge quantities’ whose values
transform in certain ways as the basis frame is varied in accordance with
the freedom that remains. As a general rule, the presence of too many
such ‘gauge quantities’ may detract considerably from the value of a
formalism — especially if the gauge transformation behaviour is compli-
cated. It is one of the virtues of a covariant approach that such complicated
gauge behaviour is avoided completely, and so the geometrical or physical
content of a formula is likely to be much more immediately apparent. In
explicit problems, a fully covariant approach may not always be con-
venient. But likewise, it may not be convenient to fix the basis system
completely, and sometimes a partially covariant formalism can be adopted.

In the case of spin-coefficients, there are two types of ‘gauge freedom’
which are likely to be encountered. In the first place one may be concerned
with a problem in which one null direction only is singled out in a natural
way. This is the situation, in particular, when the geometry in relation to
a null hypersurface* (or wave front) is being studied. The dyad spinor
o* may be chosen to be in this null direction, but the direction of the re-
maining dyad spinor :* may be completely free. It is possible to develop
a partially covariant formalism for such a situation (Penrose 1972a) but
it seems that a high price must be paid in complication if the formalism is
to be made generally applicable. We shall not give a complete discussion
of this situation here, although certain quantities with the required co-
variance will be described later (¢f. §7.1 and (5.12.12)) The second type
of gauge freedom frequently encountered with spin-coefficient problems
occurs when two null directions are singled out but there is no further

* A hypersurface whose normal vector is null, ¢f. §7.1; also §5.12.
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information which naturally fixes the flag planes or extents of the flag
poles of the corresponding dyad spinors. This situation arises, for example,
when the geometry of a spacelike 2-surface is being studied (¢f. §4.14).
There are two null directions orthogonal to the surface at each point of
the surface and it is convenient to choose the flagpoles of o and i* point-
ing in these directions. There are, of course, many other situations where
two null directions are naturally singled out at each point. The compacted
spin-coefficient method that we shall describe is ideally suited to the study
of such situations (Geroch, Held and Penrose 1973; ¢f. also Stewart and
Walker 1974, Stewart 1979, Held and Voorhees 1974, Fordy 1977, Held
1974, 1975). But in addition, the formalism is sufficiently close to the
original spin-coefficient approach that it may, if desired, be used in place
of the original formalism, the various formulae encountered being regard-
ed as shorthand expressions for ordinary spin-coefficient formulae.
Indeed, the compacted expressions are, for the most part, considerably
simpler than their full spin-coefficient counterparts, but sufficiently close
to them that a translation back is a simple matter. For this reason we do
not always give the spin-coefficient expressions in full but rely on the
compacted expression to convey the information required.

Weighted scalars

We suppose that two future-pointing null directions are assigned at each
point of the space—time .#. Let o and 1* be a pair of spinor fields on .#,
whose flagpole directions are the given null directions at each point.
As in (4.5.6), we set

ot =1y (4.12.1)

Now the most general change of dyad which leaves these two null direc-
tions invariant is

oo, 1wl 4.12.2)

where 4 and p are arbitrary (nowhere vanishing) complex scalar fields.
Under (4.12.2) we have

Y A 4.12.3)

If the usual normalization condition y =1 is adopted, then to preserve
this we require the restriction

p=2"1 @.12.4)

For greater flexibility in applications we shall not generally adopt (4.12.4),
but rather allow 4 and u to be independent quantities. The specialization
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to (4.12.4) and y =1 is easily made if required. In terms of the null tetrad
I =016%, m"=o0%", m*=1%", n"=1"1", 4.12.5)
the transformation (4.12.2) effects
P Alle, m*—igm®, w® - plm®, n®pand (4.12.6)

and note that I'n, = yj = ~ m"m,_.
Adopting, for the moment, y = I and (4.12.4), we can put
A2 =Rel® =p~2
R and 0 being real, and re-express (4.12.6) as the boost
F—RF, n"—R™ 'n* 4.12.7)
combined with the spatial rotation
m®—eifme, (4.12.8)
Thus we have a two-dimensional ‘gauge’ freedom at each point, namely
the 2-parameter subgroup of the Lorentz group at each point which
preserves the two null directions defined by I* and n“. This ‘gauge group’
at each point is seen to be—from (4.12.2) and (4.12.4)—just the multipli-
cative group of complex numbers A. In the more general case, where
(4.12.4) is not adopted, the gauge group is seen to be the product of two
such multiplicative groups.
Our formalism will deal with scalars (and also sometimes tensors or

spinors) n associated with the (not necessarily normalized) dyad o4, 1,
that undergo transformations

n— A2 it (4.12.9)
whenever the dyad o4, 14 is transformed according to (4.12.2). Such a
quantity will be called a (weighted) quantity of type {r’,r;t,t}. In the
special case (4.12.4) only the two numbers

p=r-—r, gq=t—t (4.12.10)

are defined, and we may say that n has type {p,q}, or equivalently, a
spin-weight %(p — q) and a boost-weight %(p + ¢). The terms spin-weight and
boost-weight may also be used in the general case when (4.12.4) is dropped.
We shall sometimes refer ton asa {r,r; ', t}-scalar or a {p, q}-scalar.
More precisely* we should think of a weighted scalar n as a function

* Those versed in the language of vector bundles (¢f. §5.4) will recognize a {r',r; ¢, t}-
scalar as being a (smooth) cross-section of a certain complex line bundle over .#.
This bundle can be expressed as #," @ B, ® %, " ® %', where B, and %, are the
bundles of spin-vectors whose flagpoles point along /* and n”, respectively, and 4,
and &, are their complex conjugates. (For example, if ¢ has type { — 1,0;0, 0}, then
Zo” is a cross-section of @, being an ordinary ‘weightless’ spin-vector field.)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.005
https://www.cambridge.org/core

254 4. Differentiation and curvature

which assigns a complex scalar field 5(o*, i) to each pair of spinor fields
0”4, 14, for which the null directions defined by 0* and by 1* are given. To
be a weighted quantity, the function n must be of a very special type,
namely one which satisfies (4.12.9) when the dyad is changed according
to (4.12.2), i.e.,
n(Ao®, ) = 2" 21 @lo?, 1*).

Note that we may regard o, 0%, 1* and ' themselves as spinors of type
{1,0;0,0}, {0,0;1,0}, {0,1;0,0}, and {0,0;0,1}, respectively, and
I, m®, m*, n® as vectors of type {1,0;1,0}, {1,0;0,1}, {0,1;1,0}, and
{0,1;0, 1}, respectively.

The spin-coefficients may now be divided into two classes according
to whether or not they are weighted quantities. In fact, the spin-coefficients
in the first and last columns of (4.5.21), namely «, p, 0,1, k', o', 6, 7" are
such quantities whereas those in the middle two columns, namely ¢, a, £, 7,
¢,d, p, 7, are not. Let us illustrate this with two examples:

o (Ao )~ (Ao (m?) (A0BWV , ,(lop) = A2u~ 'jao, (4.12.11)
but

B (Ao gur')” HAo*) () (wiP)V , (Aop) = A + EOA.  (4.12.12)
The types of the weighted spin-coefficients are as follows:
k:{2, —1;1,0}, ¢:{2,-1;0,1}, p:{1,0;1,0}, 7:{1,0;0,1}
K:{-1,2;0,1}, ¢:{-1,2;1,0}, p':{0,1;0,1}, 7':{0,1;1,0},
4.12.13)
and we note that
x is a {1,1;0,0}-scalar (4.12.14)

With any spinor field or tensor field on the space—time there is asso-
ciated a set of scalars (‘components’) of various types {r',r;t’,t} which
define the spinor or tensor. These are obtained by transvecting the spinor
with various combinations of 0%, 14, 0?11, or the tensor with various
combinations of I*, m*, m® n°. Any tensor field may be interpreted as a
spinor field, if desired, but we get precisely the same set of scalars which-
ever way we do it because of the definition (4.12.5) of the null tetrad in
terms of the dyad.

Evidently the product of a {#',r; ¢, t}-scalar with a {v, v; ', u}-scalar
isaf{r+v,r+uv;t'+u,t+u}-scalar. On the other hand, sums are allow-
ed only when the summands have the same type; the type of the sum is the

same as the type of each summand.
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Weighted derivative operators d and p

We next wish to introduce derivative operators into the formalism.
Unfortunately the operators (4.5.23) of the spin-coefficient formalism are
not suitable for this purpose, for, when applied to a scalar of non-zero
type, they do not in general produce a weighted scalar. We therefore
modify the derivative operators (4.5.23) by the inclusion of terms involving
spin-coefficients. Moreover, it is precisely those spin-coefficients which
are not weighted (g, o, 8, y; ¢, o, B/, y') that get included with the derivative
operators (which also are not weighted) to form weighted objects, and in
this way they get withdrawn from free circulation in our present formalism.
For a scalar (or tensor, or spinor) n of type {r', r; t', t} we define*

pn=([D—re—ry—te—tym,

Mm=0—rp—ra —ta—tfm,

= —ra—rf —t'f—ta'm,

pn=(D' —ry—re —t5—t&)y.
These combinations have been so chosen that, under (4.12.2), the terms
involving derivatives of A and u cancel exactly :

Pﬂ'—ﬁ.’w 1;1’+1urﬂtpn’
6?]’—>/1r +llt t+16'7
énHl'It +1 r+1—t6’,’
p‘n = /lr'zt 'ur+1 Tt + 1]9 1.

Note from these formulae that the operators have the following types:

p:{1,0;1,0}, 8:{1,0;0,1}, &:{0,1;1,0}, p':{0,1;0,1}. (4.12.17)

(To say that a differential operator has type {v',v;u’,u} is to say that
when it acts on a scalar —or spinor, or tensor —of type {r,r;t,t} it
produces a quantity of type {r' +v,r+v;t +u',t + u}.) In the special
case y=1wehavee= —y anda= —ff/, so w1thp—-r —rand g=t —t,
as in (4.12.10), we can then write

pn=(D+py +q7m pn=(D" —py—qin,
=@ —pB+aPm, On=(+pp —qfm  (412.18)
From the definitions (4.12.15) one can easily verify that the operators

p, 0,8, p’" are additive, and, when applied to products, satisfy the Leibniz
rule.

(4.12.15)

(4.12.16)

* The symbol p is pronounced ‘thorn’ and 8 is pronounced ‘eth’; p and 8 are the phonetic
symbols for the unvoiced and voiced ‘th’, respectively.
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An alternative way to define these operators is in terms of the zero-
weight vector operator (acting on a quantity of type {r’, r; ', t})

O, =V, + 1PV, 1y =PV, 0p+ 10°V 1 — 1PV 0,)
(4.12.19)
by
P=0y, P=0,, 0=0,. =0, (4.12.20)
Note that
O, =|x|"4Lp +np—md —md). (4.12.21)
It can be verified at once from (4.12.19) that
0,,x=0 (4.12.22)
whence
px=0, 0y=0, &x=0, py=0. (4.12.23)

The basic weighted objects with which we shall work are the eight
spin-coefficients x, g, p, 1; k', &', p’, 7', the quantity g, and the four differen-
tial operators p, 0, p’, 8. In addition, there are the operations of complex
conjugation and of priming (¢f. (4.5.17)) which both convert weighted
quantities into weighted quantities. The prime operation is involutory
up to sign: if # has type {r’, r; t’, t}, then

My =(=1y"*"""""". (4.12.24)

(For all scalar quantities explicitly defined in this section, ¥ +¢ —r —t
is in fact even, so this sign will play no role for scalars here.) Use of the
prime not only halves the number of Greek letters needed for the spin-
coefficients, but also effectively halves the number of equations, as we
already had occasion to note in (4.11.12).

We can combine the above elements with the tetrad components of
various tensor fields (e.g., the electromagnetic field tensor or the Riemann
tensor), and with the dyad components of various spinor fields to obtain
a self-contained calculus. The types of the several spinor components of
the Riemann tensor are (cf. (4.11.6), (4.11.7), (4.11.8)).

Yo 3—rr—111), {LLLL, @ :2—rr2—t1). (41225

Moreover, the various components

— A D G’ K’
Crt éA‘..D...G'.‘.K‘...\O_\:;\I_‘;'_;e_\;;;LV"_; (4.12.26)
r r t 1
of a symmetric spinor ¢, . of valence {.9,,% } have respective types

{r',r;t’,t}. The corresponding components of the derivatives of &, .
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are then

(0% ... D¢, . =bE 1, ey,
FURE, oy HHTE )
(0% ... 1% )0, . =0, el TPy,
FUPE 4y L, 4.1227)
(0% . K L)E, o =0E+rpl ety
SR A SO o 7 X S
(1. tK LD, o =PE e K,
tlfir,ﬁ 1t tﬁ’ér,t— 1-

These relations may be rapidly derived from the useful formulae

pot= —wit, pirt=—704 pot=—k?, pi*=—To"
dot= —ort, d'=—pot o' =- g, ot = —do? (4.12.28)
dot= —pit, 8'=—d'04, 0o*'=-¢" & =—-po*
pot= -1l piri=—«ot, pot=-—ut, pit=—ko"

which themselves may be directly obtained from (4.5.26), (4.5.27), and
{4.12.15). Note that the use of p, 8, &, p’ instead of D, 3, &, D', respectively,
has the effect of eliminating from the right-hand sides of equations (4.5.26)
and (4.5.27) precisely those terms (namely all the first terms) that are not
weighted. Similarly, it is easily verified by use of (4.12.28) that the p, 9, &', p'-
form of equations (4.5.28) differs from the D, d, &', D’-form precisely by the
disappearance of all unweighted (bracketed) terms on the right-hand
sides.

Complex conjugation changes a quantity or operation of type
{r',r;t,t} into one of type* {f, f; 7', r}. Consistently with this remark, and
in order to have the desirable relations

pn = pf, on =357, (4.12.29)
we define (cf. (4.12.15), (4.12.18))
p=p, P=p, 6=0, &=0. (4.12.30)

The prime operation changes a quantity or operation of type
{r',r;¢,t} into one of type {r,r'; t, ¢'}. Note that

(pny =p'n', (P'n) =pn’, (On) =87, (dn)=0on. (41231)

* For normal applications, r,r, ", will be integers, so that 7 =r’, etc. However, the

formalism still works (taking y =1 and p=r' —r,q=1t —1t)if p and q are any pair
of complex numbers for which p — g is an integer. See, for example, Naimark (1964).
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Compacted equations

Let us now rewrite the spin-coefficient equations (4.11.12) in terms of the
operators (4.11.15). The effect is to eliminate those spin-coefficients,
namely ¢, o, 8,7, &, o, 5/, ¥, which are not weighted quantities, since terms
containing them just collect together to form the new derivative operators.
From (4.11.12) (a), (b), (c), (d), (e), (/) we get, respectively,

pp— 0Kk =p*+066—Kt— 1Tk + Dy, (a)
po—-dk=(p+po—(t+ )k +¥, (b)
pr—pr=(-p+E-T)o+¥, +0, ()
dop—do=(p—pr+(@ —pk—¥, +®, ()
0t —po=—po—dp+1>+kk +P,, (e)
Pp—0t1=pp' +00 —tt—kx' =¥, 211 (f) (412.32)
Applying the prime operation to each of these six equations, we obtain
six more equations, equivalent to equations (4.11.12) (&), (b'), (¢'), (d'), (€'),
(f’). The remaining equations in (4.11.12) concern derivatives of spin-
coefficients which are not weighted quantities. They cannot, therefore, be
written explicitly in our present formalism as equations like (4.12.32).
Instead, they play their role as part of the commutator equations for the
differential operators p, p’, 8, and &'. These commutators, when applied
toan {r,r;t,t}-scalar y (withp=r—r,q=1t —1t) are
PP —pp=C—-1P+ @ -7TR —pkx' —tt' + ¥, + @, — 1)

—q(/kR -7 +P, + @, — ) (4.12.33)
pd —dp=p0+06d —Tp—xkp —plp'k —t'c+ ¥,
— g6k — pT + ®@,,) (4.12.34)
00 —dd=(p'—pp+(p—pPp +plpp —00' +¥,-®, —1TI)
—q(pp — 66+, —®,, — 1), (4.12.35)

together with the remaining commutator equations obtained by applying
the prime operation, complex conjugation, and both, to (4.12.34). Note
that the type of n enters explicitly on the right-hand side. We must be
careful, when applying primes and bars to these equations, to remember
that #',#, and 7 have types which are not quite those of . Under the
prime operation, {r,r;t,t} becomes {r,¥ ;t,t'}, so p becomes —p and
q becomes —g; under conjugation, {r,r;t,t} becomes {t,t;r,r}-
assuming r’ etc. to be real — so p becomes g and g becomes p ; under com-
bined bar and prime operations, {r,r;t,t} becomes {t,t';r,r'}, so p
becomes —qg and g becomes — p.
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The commutator equations are the one instance where the compacted
formalism yields more complicated formulae than the original spin-
coefficient formalism. This seems to be the price paid for the very consider-
able formal simplification obtained for the other equations. But we must
bear in mind that these commutators are actually combining information
which comes from two different places in the spin-coefficient formalism.
There is, moreover, a gain as regards geometric content of the com-
mutators with the present formalism. The extra terms which arise when p
or g is non-zero may sometimes be interpreted as curvature quantities
connected with submanifolds in the space—time. We shall see this explicitly,
for equation (4.12.35), in (4.14.20) below.

The full Bianchi identity (4.10.6) is somewhat complicated when written
out in the original spin-coefficient formalism. It is considerably simpler in
the compacted formalism and we give it only in this version. The
translation to original spin-coefficients is then straightforward. We can
obtain the full set of required equations rapidly by taking components of
(4.10.6) and using (4.12.27). This yields the equations

p¥, — 0¥y — pDq; + 0Dy,
= — 1Y, +4p¥, — 3V,
+T®y, — 2p®,, — 260, + 2kP , + KD
p¥, =¥, — 8Dy, + p'Dy, + 2pI1
=0V, -2, + 3p¥, — 2«k¥;
+ Py — 21D, — 21D, + 20D, + 7D, (4.12.37)
p¥; —o'Y, — p®,, + 0®,, — 20’11
=20"Y, - 3tY, + 2p¥; — k¥,
=200, + 200, + 7D, - 2pD,, +KOD,,, (4.12.38)
p¥,— 0¥, - 0D, +p'Dy,
=+ 30'¥Y, —47'V; + p¥,
—2K'®yy + 20, + p'D,, - 270, +6D,, (4.12.39)

(4.12.36)

02°

Pq)n + p/d)oo - 6‘1)10 - 6'(1)01 + 3]91_1
=(p" + p )Py + 2p + p)O,; — (' + 27)Dy,
~ (2t + W, — RO, — kD,, + 6D, + 7D, (4.12.40)

p®,, + p' Dy, — D, — 8D, + 331

=(p'+ 200y, +(2p + PP, — (7' + DDy,
=2t + )P, — K®yq — kD,, + 0®@,, + 5D, (4.12.41)
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together with their primed versions. The last two equations, (4.12.40) and
(4.12.41), are in fact the equivalent of the contracted Bianchi equations
(4.10.8). (More generally, equations similar to (4.12.40) and (4.12.41)
express the ‘conservation’ equation on an arbitrary symmetric two-
index tensor.)

In space—times governed by Einstein’s vacuum field equations, IT and
all @s in equations (4.12.32)—(4.12.35) vanish; conversely, these equations
with vanishing IT and ®s characterize vacuum solutions of Einstein’s field
equations and can be used as a method of finding such solutions. The
Bianchi identities (4.12.36)—(4.12.39) simplify considerably in this case,
and nothing at all remains of (4.12.40) and (4.12.41). Equations (4.12.36)-
{4.12.39) are now (with IT = 0 and @, = 0) a particular case (4.10.9) of the
zero rest-mass field equation (cf. (5.7.2) below) :

VAAI¢AB...L =0, (4‘12-42)
with¢, , = ¢(A...L)- For, putting

.=, o, =1 ", {n—rr;0,0}, (r=0,...,n, (4.1243)

n—r r

we obtain, by (4.12.27),

pp,—0¢,_,=(r—No'¢p,_,—rt'd,_ +(n—r+1)pd,

—(n—rxe,,,, (r=1,..,n), (4.12.44)
together with their primed versions. (The factor ¥~ '3 in the definition
(4.11.6) of the ¥, makes no difference here, because of (4.12.23).) As we
shall see in §5.1, Maxwell’s free-space equations are also a special case of
(4.12.42) and can therefore be written in the form (4.12.44) with n= 2.
Of some interest also is the compacted spin-coefficient form of the (con-
formally invariant) wave equation ([J+ R/6)¢ =0 (c¢f. §6.8), which is
obtained from

O:=V,V'=2p'p — 88— p’p— pp’ + 73+ 13" on {0, 0; 0, 0}-scalars
(4.12.45)
and of the twistor equation (¢f. §6.1) V“40® =0 (with 0®= —w",,
o' =w),):
kw® = pw', 00’ = dw',dw’ = d'w', P’ =K',
pw® + pw® =d 0! + Tw!, 30’ + 10’ =p'o' + p'w. (4.12.46)
Finally, we remark on the existence of an additional symmetry possessed

by the spin-coefficient formalism which was noticed first by Sachs (1962)
Consider the asterisk (*) operation

ot 0t 1o oV kit M o — o7, 4.12.47)
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so that
(0%)* = o4, 1)y =1, (o) =17, (M) = — o (4.12.48)
and
4y = m®, (m*)* = — I, (m*)* =n",(n°)* = — w° (4.12.49)
This operation preserves x and x:
*=1n =1 (4.12.50)
and, consequently, the tetrad ‘orthogonality’ relations (4.5.20). Clearly

the asterisk operation does not commute with complex conjugation. How-
ever, we do have (for real p and g)

() = (=1, )*=(=1n*), n*=(— P 97)* 4.1251)
where 7 is a scalar of type {p, q}. For an n of type {r',r; ¢, t}, n* is of type
{r,r;t,t'}.

From (4.521), (4.12.20), (4.11.6), (4.11.7), and (4.11.8), respectively,
we obtain

K*=0, ¢*=—k p*=1, *=-p, K*=-0,
0_1*=Kl, ,0’*=—T/, t/*__.pr’
R*=—¢§, 6*=—FK, p*=%, t*=p, K*=g,
Fr=R, pr*=—1, T*=—p, (4.12.52)
* __ * _ _ kA %y
pr=0, "=-h P % o =P, (4.12.53)
o =¥, ¥, =¥, ¥, =Y,
Yyr=",, ¥,*=Y,
‘PO*=‘P4, ‘T‘l*_=—‘P3, ‘P_Z*=‘T’2, (4.12.54)
l;’3*="‘P1’ ?4*=To’
Dy* =0y,, Qp*=—0,, Dy, =y, =0,
¢ F=-0,, ©,*=0,, O,*=0,,, (41255
D, *=-0,, 0,*=0,, I*=I

Under the Sachs asterisk operation, the equations in our list (4.12.32)
are permuted among themselves; so are those of the lists (4.12.36)-
(4.12.39) and (4.12.40)—(4.12.41); and so also are the commutator equations
(4.12.33)—(4.12.35). The Sachs operation, together with the prime opera-
tion, can be used to simplify the generation of equations; alternatively,
it can provide a useful check on the correctness of equations obtained by
other means.
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4,13 Cartan’s method

At the end of §4.5 we gave a method for computing the Christoffel symbols,
spin-coefficients, etc., from the Infeld-van der Waerden symbols g A%,
and in §4.11 and §4.12 we showed how the spin-coefficients could be used
to calculate the curvature. But the formula (4.5.43) for calculating the
spin-coefficients in terms of the g **', though explicit, is somewhat
inelegant and often complicated to use in practice. An alternative method
that is sometimes useful (Newman and Penrose 1962) is to employ the
commutator equations (4.11.3) or (4.11.11) for the intrinsic derivatives,
as applied to the various metric-tensor components. That method relates
the spin-coefficients to the metric-tensor component derivatives and it
works well when the coordinates are aligned in some helpful way relative
to a suitably positioned system of null tetrads. We shall here describe
yet another method, which relates spinor techniques to Cartan’s powerful
calculus of differential forms and moving frames. There are often computa-
tional advantages in using such methods, in addition to their conceptual
elegance.

We recall that in §4.3 we showed how the differential form calculus
could be subsumed within the abstract index approach to tensors, pro-
vided that a suitable notational device for suppressing indices was adopted.
Thus the abstract labels i ,i,,i,,... (in this specific order and with
i,=11,,i,=LI,, etc) may be canonically assigned to differential
forms, but suppressed whenever the standard Cartan notation for forms
is used. Thus a (complex) p-form ¢ on .# is a completely anti-symmetric
tensor

¢=¢il“_ipe€~[ilmip] 4.13.1)
(Clearly ¢ =0 if p 25.) We also use this notation for tensor- or, more
generally, spinor-valued p-forms (cf. (4.3.11)). In fact, from now on, when
we speak about a p-form we shall mean a spinor-valued p-form unless
otherwise stated. The suppressed skew indices i ,...,i , are always
considered as attached first to the kernel symbol, all other tensor or
spinor indices being written to the right of i, ..., i, whenever these are
not suppressed. Thus,

b= ¢i1...ipA.‘.F'KML,€ G[IE;::{};]A‘,,F' (4.13.2)

is a typical p-form. We shall often lump all indices other than the is into
a collective index o or & etc.; the first equation in (4.13.2) could be written
as ¢7 = b, ip“” . The standard ‘wedge’ (exterior product) notation is
used also for spinor-valued forms, with the following significance:

¢ AO7=¢. IO a (4.13.3)

ip+lovipsgl ?
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and we clearly have, if ¢ is a p-form and 6% is a g-form,

o7 A 0% =(— 1)P0% A $p~. (4.13.4)
Exterior covariant differentiation (‘d-differentiation’) is defined as follows:
de¥ = V[ild’iz...i,,”ld’ (4.13.5)

and it yields a (p + 1)-form when applied to a p-form. Note that ‘d’ (like
the wedge) has a special relation to the index labels i, ..., i, which does
not apply to the other labels. Note also that, in contrast to its action on
ordinary (scalar-valued) p-forms (4.3.14), this operation in general is
not independent of the connection, as is obvious, for example, in the case
p =0. If ¢ is a p-form, we have, as in (4.3.15) (vii),

d(¢” A 0%) = (dd) A 0% + (— 1)P¢¥ A d6*. 4.13.6)

Recalling (4.3.19), (4.3.20), we note that if local coordinates x°, ..., x*
are introduced, the various (dual) basis forms can be written

dx*=g,* dx*Adx"=g,"%, "
dx* A dx® A dx® =g, g, %9, 5,
dx® A dx! Adx? A dx® =g, %, 9, %9, (4.13.7)
so that
¢7 =y, 5, dx" A A dab, (4.13.8)

where the components on the is are taken in the coordinate basis.

Repeated d-differentiation does not generally yield zero (as in the case
of scalar-valued forms); we have, for example, for a vector-valued p-form
Ve,

d2ye = V[ V. V. ¢=1p ey . P
iy @2 i3...ip+2) 27 Migialb 7 |ia.edp 2]
—Q AV =P A Q) (4.139)

by (4.2.33) and (4.2.37), where we have adopted the conventional notation*
for the curvature 2-form

Qb=1R (4.13.10)

2 ijiza
From (4.13.10) and the constancy of the e¢s we derive (as in §4.9), for a
spin-vector valued p-form &4,
dZéA — [“ ,zé
where the 2-form Q, is defined by
Q=10 Ac, 4.13.12)

BC’

=§P A Q7 (4.13.11)

is.. lp+2]

However, we adopt unconventional ‘staggering’, for compatibility with the rest of
our notation.
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Clearly we have

Q =Q "+ Qe (4.13.13)
and

Q4=0, ie,Q,,=Q,,. 4.13.14)
The equations (4.13.9) and (4.13.11) can be generalized in the standard
way to forms of higher spinor valence, e.g.,

A2t =0 A - A — Y A Q°  (413.15)
We recall the dualizing operations (3.4.21), (3.4.29), (3.4.30), and define
the following duals for p-forms:

2%(0-form): Oy“ =e, . .. x“(4-form)
y?(-form): ' =e, i “(3-form)
¢0“(2-form): *¢¥ =1le  Fo k“’(Z-form)

09(3-form): * 67 =le, 0, ¥(1-form)

6
p?@-form): P = Lemy = “(0-form) (4.13.16)

Note that twice repeated dualization of a p-form leads back to the original
form times a factor (— 1)P*' (cf. (3.4.24), (3.4.31), (4.6.11)). Now, by

jkim

(4.6.2) and (4.6.34),
Q +1 Q IlllexleB
=t AW ap + A6 485+ 6 580, (413.17)
and
R~ 1" =2, P48 (4.13.18)

Hence the various spinor curvatures are simply related to the Q

Suppose, next, that some tensor basis g, is set up, which is not neces-
sarily the coordinate basis used in (4.13.7). The dual basis ga" constitutes
a system of l-forms; to avoid possible confusion we conform to the
standard notation

0* = g9:,° (4.13.19)
for these 1-forms. Their d-derivatives are
do* = V[l’lgiz]a =~ l-I)cng[inhgizlc =7 1_\bcaob A 00’ (41320)

with I,.* given by (4.2.60). The @s anti-commute, by (4.13.6), and so
the equation

dée* +T',° ® A0°=0 4.13.21)
serves to define the quantities I', ,* The following notation for the con-
nection 1-forms,

ol:=T, =Tt (4.13.22)
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is standard (again, apart from the staggering—c¢f. footnote on p. 263),
and so we may re-express (4.13.20) as

de* = 6" A ,*. 4.13.23)
From V g, = 0 we derive
Vagbc =T + r

Hence if we assume some fixed normalization for the tensor basis (4.13.19),
ie, g,, = constant, so that

or (4.13.24)

e e —_
ab gec ac ghe - a(be)

dg,, =0, (4.13.25)
then we obtain
Fape=—Tacp- (4.13.26)

(This is Cartan’s ‘moving frame’ condition, or, equivalently, the condition
for the I's to be Ricci rotation coefficients. Compare also (4.4.36) and
(4.5.5)) In this case we can use (4.13.21) to solve for the T, since, by
virtue of (4.13.26),

r, =r..-I,. -—TI 4.13.27)

abe {ab]c {bc]a [ac)b "’

In practical computations it is often simpler not to plug the solutions
of (4.13.21) into (4.13.27), but rather to guess or otherwise obtain a set
of I',,. which simultaneously satisfy (4.13.21) and (4.13.26). We shall
see the spin-coefficient counterpart of this in a moment. To compute

curvature, notice first that
dg,'=V,9,"=T,,°
=’ (4.13.28)
and that, by (4.13.9) (with p = 0) and (4.13.6),

Qaé = gabea = dzgab = dwaa = d(wabgba)

=g,'do.* - o A dg* (4.13.29)
Thus the curvature 2-form components can be calculated from
Q=dof -0’0 (4.13.30)

(which can be related directly to (4.2.67), the non-standard sign in (4.13.30)
arising because of our non-standard staggering.)

Relation to spin-coefficients

Next we shall consider the relation of the Cartan calculus to spin-
coefficients. The tensor basis g,* will now be regarded as that arising from
adyad ¢ ,*, which we assume for simplicity to be normalized (x = 1). Thus,
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in the above, from (4.13.19) onwards, we can replace each tetrad index
a, b, etc., by a corresponding pair of dyad indices AA’, BB', etc. Accordingly
we have basis 1-forms

0AA = gilAA’

, 4.13.31)
which we shall label

0 =n 0V=—-m 09=-m 0'V=1 (4.13.32)
(for consistency with the standard null tetrad notation). The systematic
use of dyad indices throughout now frees the symbols a, b, ... for use as
coordinate indices if desired. Then (4.13.31) can be re-expressed in the
form (with coordinate tensor basis)

0AY = g AN dx? (4.13.33)

which shows that the components of 644 are just the Infeld-van der
Waerden symbols (¢f. (3.1.37)).

Now the metric ds® = g, dx*dx®, in ‘old-fashioned’ coordinate differ-
entials, can be re-expressed, using (3.1.45), in terms of the Infeld-van
der Waerden symbols:

ds® =¢,4¢, 5.9, 9,%% dx*dx®
= 2g,°”dx*)(g," " dx?) — 2(g,°" dx*)(g,' ¥dx") (4.13.34)
which, by reference to (4.13.32), can be written as
ds? = 2In — 2mm, (4.13.35)

where In stands for [, n,, etc, and ds” for g, ;.
To calculate the spin-coefficients y, , 4, We can look for a (necessarily

unique) solution of (4.13.20) in dyad index form,
dO** + Tgp oo™ 0% A 0°C =0. (4.13.36)

For, from (4.5.37), specialized to the case when the tensor basis arises from
the dyad and when consequently g,®® = constant, we have

Topcc™ = vapc*ec” + Vnc ect (4.13.37)
and from (4.5.5) we have

YeB-ac = VBBCA> (4.13.38)

which implies that I, has the required anti-symmetry (4.13.26). We can
re-express (4.13.36), (4.13.37) in the form*

0 , A } , ,

amg,ﬂ“ = — (ans S + 7aan S 809 N 0" (413.39)

* We remind the reader that a numerical index pair AA’ is not to be equated with a.
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which, with (4.13.38), is the equation whose solution (for the y’s) is to be
‘guessed’, or systematically found by use of (4.13.27) or (4.5.43).
Alternatively, if we write

0g€ = Vi,sc =y.am 0, (4.13.40)
so that
0 € = 0%, ¢ + @5 % 5,5, (4.13.41)
and
0, =0, (4.13.42)
we can re-express (4.13.36) in the form
dOAA = —(wg* A 0%A + g A A 0A®). (4.13.43)

Taking components in this equation, we obtain
dil=—-{IampB +a +D+1Irmo +1t+p)
+IAnm—y —F)+mAmp—p)—m A ng—m A ng}
dm={Irm(—¢ —5—p)—IrmG +1Anmit—1)
+tmam(—od -G +man(p+y +&+mnng;
dn=—{Uamc' +Iam +1Ianny+y)+mnamp —p)
+man(—o—t—B+man(—a—17—f))} (4.13.44)

as the equations to be solved (necessarily uniquely) for the required spin-
coefficients. Note that, since we have assumed the normalization y = 1,
the spin-coefficients in fact satisfy ' = — o,y = — ¢, ¢f. (4.5.29). Note also
that the first and last of equations (4.13.44) are transforms of each other
under the prime operation (¢f. (4.5.18)), and that the middle equation
transforms into itself under the combined bar and prime operation.

To summarize our last method: if we are given a metric g,,dx*dx®, we
first express it in the form (4.13.35)— which, of course, can always be done
in a variety of ways, some more, some less convenient; then we express
d/, dm, dn as linear combinations of I A m, I A m, etc., and, by comparing
coefficients with (4.13.44), we find the spin-coefficients. Once the spin-
coefficients are known, the curvature spinors can be calculated from
(4.13.30), (4.13.17), and (4.13.18), if desired, although at this stage it is
probably more economical to use (4.11.12) or (4.12.32).

4.14 Applications to 2-surfaces

The compacted spin-coefficient formalism introduced in §4.12 is parti-
cularly useful in the study of spacelike 2-surfaces. One reason for this is that
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3> spatial projection
(negative normal of Ja

tV . ) (positiv; normal
o to §%)

a spacelike 3-volume containing 8%

Fig. 4-1. The geometrical relation between the spin-frame and the oriented surface
element 6.

any spacelike 2-surface element . at a point uniquely defines two null
directions at that point, namely those orthogonal to 6.%, whereas 0%
does not single out any particular null vectors along these null directions.
Also, the assignment of an orientation to this element (assuming the usual
space and time orientations of .# as given) is equivalent to providing an
ordering of these two null directions. We take the flagpole directions of
o and of 14, in that order, to correspond to the oriented element §.%,
such that, in the standard correspondence of Chapter 3 ((3.1.20), (3.1.21)),
6% corresponds to the local (X, Y*)-plane* with the usual orientation.
Thus the spatial projection of [ (with respect to the time-axis direction
I* + n*) provides a positive 3-space normal direction to 6% (namely that
of Z% i.e., of I — n%), while the spatial projection of n® provides a negative
3-space normal direction (namely that of — Z° i.e., of n* — I?). (See Fig.
4-1). A normalization of (0%, 1) to a spin-frame plays no role in this. The
‘gauge’ transformation o4+ o4, >t clearly leaves the oriented
element 0.4 invariant (though it affects the choice of spatial projection).
But application of the prime operation (cf. after (4.5.17)) reverses the orienta-
tion of 8%.

In fact, one may also apply the compacted spin-coefficient formalism
equally to the study of timelike 2-surfaces. Any timelike 2-surface element
0.%* defines two null directions in an even more obvious way, namely
those two null directions in which it cuts the null cone. Here 6.%* is the
plane spanned by I* and n®, while in the previous case 6% was the ortho-

* For later convenience we here write X Y¢ Z° T“ for the x% )", z% t* of (3.1.20).


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.005
https://www.cambridge.org/core

4.14 Applications to 2-surfaces 269

gonal complement of this plane, i.e., the (real) plane spanned by m® and
m®. We shall not give a detailed discussion of the timelike case, since most
useful applications seem to involve only spacelike 2-surfaces. However, it
is straightforward to obtain the relevant local formulae for the timelike
case from the corresponding spacelike ones, since the Sachs *-operation
(¢f (4.12.47)—-(4.12.55)) can be applied, interchanging (I n®) with
+ (m®, —m®). Only certain global results for spacelike 2-surfaces (e.g., such
as we shall see arising in the study of spherical harmonics) have no
analogue for timelike 2-surfaces. As a simple example, a timelike 2-surface
cannot have S2-topology. (The existence of a uniquely defined null-
direction pair at each point implies that the topology of any compact
timelike 2-surface must be that of a torus or, if non-oriented, that of a
Klein bottle.)

One of the special advantages of the compacted form of the spin-
coefficient formalism over the original one is, indeed, that it applies
globally to an arbitrary spacelike 2-surface &, whatever its topology. If
we were to use the original formalism of §4.11, then we should have to
select a particular tangent direction at each point of &, corresponding to
Re(m?) = 271 X* (which, with 6%, would then also fix Im(m®) = — 273 Y9).
if & had S*-topology, for example, this could not be done continuously
over the whole of & and there would arise some ‘singular’ places at which
the description breaks down. (This, of course, is a difficulty inherent in any
moving-frame or coordinate description and is not specific to the spin-
coefficient method.)

In the compacted formalism, no actual choice of m®-vectors need be
made and so this difficulty does not arise. The point is, perhaps, a slightly
delicate one. For it might be argued that although the compacted forma-
lism is invariant with respect to phase change in the m®-vectors, neverthe-
less some choice has to be made, and since each choice has to break down
somewhere on % the problem has not been avoided. But this objection is
inappropriate. One may envisage covering & with open sets in each of
which a smooth choice of m“-vectors is made. Since the formalism is
invariant under the transformations which take place in the overlap
regions, it will not even ‘notice’ that such transformations have taken
place. This idea can be made mathematically more precise in the language
of fibre bundles (¢f. §5.4 below), but we need not elaborate on it here. Of
course, when it comes to making explicit coordinate representations of the
m®-vectors, such choices must actually be made, subject to the topological
structure of &. But such explicit descriptions are not really part of the
‘pure’ compacted formalism since they break the stated invariance require-


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.005
https://www.cambridge.org/core

270 4. Differentiation and curvature

ments.* We shall see in the next section (in relation to spherical harmonics)
how the explicit descriptions may only hold locally, while the general
formalism applies globally.

Of particular significance, in the context of spacelike 2-surfaces, is the
commutator (4.12.35):

30 —dd=(p'—pp+(p—pPp +plpp—0o0'+¥, -0 —1I)
—qpp — 66+, - @, — 1) (4.14.1)

acting on a (scalar) quantity of type {r',r; ¢, t}, wherep=1r'—r,q=1t'—t
(cf. after (4.12.9)). To apply this formula we need to envisage that the dyad
(0?4, 1) is extended to the space—time in some neighbourhood of % and
is not just defined on & —or rather, in view of the above remarks, that the
family of 2-surface elements 6.% is extended to a field of such surface
elements in a neighbourhood of &. But notice that only the operators d and
d" occur on the left side of (4.14.1), these being the derivatives that act
entirely within %. By virtue of this, (4.14.1) applies to quantities defined
only at the points of & and its effect will actually be independent of the
way in which (04, 1), or the §#-field, is extended outside &. But the
operators p and p’ appearing on the right side of (4.14.1) do not act within
& and their effects do depend on the extensions outside . Indeed, since
p and p’ act in independent directions (whose span meets 6. only in zero),
it follows that their coefficients p' — p’ and p — p must independently
vanish. Thus we have:

(4.14.2) PROPOSITION

If the null vectors I* and n® are orthogonal to a spacelike 2-surface &, then
p and p’ are both real at &.

(In Chapter 7 (cf. (7.1.48), (7.1.58), (7.1.60)) we shall see the geometrical
significance of this result and effectively reobtain it in a more geometrical
way.) Applying the Sachs *-operation to the above argument we also
incidentally obtain:

(4.14.3) PROPOSITION

If the null vectors I* and n° are tangent to a timelike 2-surface *, then
T=1at £*.

* In fibre-bundle terminology, the selection of an explicit choice of m®-vectors corres-
ponds to finding a (local) cross-section of a bundle, whereas the global applicability
of the formalism as a whole corresponds only to choosing the bundle itself, together
with its bundle connection.
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Intrinsic quantities on &

In order to explain the significance of the other terms on the right side of
(4.14.1), we show first that when acting on quantities of zero boost weight,
so that

p=—4 (4.14.4)
the operators 8 and &' provide, in effect, the two components of covariant
derivative within &#. For simplicity we shall assume in this work, until
explicitly stated otherwise, that (0%, 1) is a spin-frame, i.e., that

x=1 (4.14.5)
Then the tensor
St=—mm®—mm, (4.14.6)
which satisfies
Sa”Sb‘ =85°= §a“ =5, 4.14.7)
Stmy=m, S m, =m, (4.14.8)
and
Sa”lb = Sa”nb =0, 4.14.9)

acts as a projection operator into the space tangent to & at each point of
&, while S, acts as the negative definite metric tensor intrinsic to &. If
V' is any vector at a point of &, then

vesp? (4.14.10)

is its projection into &, being equal to V*if and only if V“ is tangent to &.
If V* is tangent to &, its covariant derivative in % is given by the projec-
tion of V,V?into %, i.e., by
Sao“Sb”OVb0 Vee=:AV¢ 4.14.11)
(in fact, this may be verified directly by referring to the defining properties
for covariant derivative: (4.2.2) and (4.2.3), vanishing torsion and (4.3.46),
as applied to tangent vectors to .%).
The components of (4.14.11) with respect to m* and m® are
movVe, move, md Ve, mdVe, 4.14.12)
taking V' to have type {p,q} = {0,0}, and noting from (4.12.15) that then
0 =290 and 0'=0". In each case we can commute the m, or m, with the &
or &' in (4.14.12), because from (4.12.28) we obtain
om, = —on, — &'l ,0m,= —pn,—p'l, 4.14.13)
and their complex conjugates, while
nVe=0=1Vv", 4.14.14)
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since V'“is tangential to . The components (4.14.12) of A, V“ are therefore,
respectively,

on, o, d'n, o'y, (4.14.15)
where the type + {1, — 1} quantities 5 and # are defined by
n="Vm, n="Vm, (4.14.16)

(For real V¢ 1 =1.)
In a similar way we can express the components of the A, derivative of any
tensorial quantity in & of type {0, 0},

T ld...f’
which must be tangential to &% :
T, &= S,°...8.%°8,°%..8 fTa0 LOdO ~fo, 4.14.17)
as , ,
oMy, 0n,,...,0N,, 0N, (4.14.18)

where 7, ...,n, are the various components of T, */ with respect to
m® and m“. Note that the type of each of ), ... .1, has the form {p, — p} for
various values of p ranging from minus to plus the total valence of T-"
This establishes the statement containing (4.14.4). (Cf. also Goldberg et al
1967.)
Taking 5 as in (4.14.16), so that p = — g = 1, and applying (4.14.1) to it,
we obtain
0 — 3= — (K + K, (4.14.19)
where
K=0go'-¥,—pp'+®,, +A 4.14.20)

(Since now y = 1, [T = A.) In fact, (4.14.19) tells us that:

(4.14.21) PROPOSITION

K + K is the Gaussian curvature of &

This follows from
(80" — 8'd)n = d(m M A V) — &' (m m A V*)
=mmPm(AA, — A AV, (4.14.22)
the commutator on the right yielding the 2-space curvature, by (4.2.30):
(AA, —AA)V=k(S,,S*—S. SV, (4.14.23)
where k is the Gaussian curvature of &. Substituting (4.14.23) into (4.14.22)

we obtain k = K + K, as required for (4.14.21). (It is easily checked in the
case of a unit sphere that indeed K + K = 1, ¢f. (4.15.14) below.)

cdb
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We see that the operators & and &', as applied to quantities of zero
boost-weight (i.e., of type {p, — p}) on &, provide a neat way of handling
the intrinsic geometry of &. Indices can be avoided altogether, the tensorial
character of the quantities involved being encoded in the various spin-
weights

s=p—g)=p 4.14.24)
that arise. In fact, this calculus is effectively the analogue for 2-surfaces
of the 2-component spinor calculus for space—times that we have been
developing. As described in the Appendix to Vol. 2, the ‘reduced spinors’
for a 2n-dimensional space are 2"~ !-component objects. Here n = 1, and
so we have one-component objects. An ‘unprimed’ 1-component spinor

1 1

for & is thus a spin-weighted scalar of type {7, —}} (ie, s =), while a

‘primed” one-component spinor for & is a scalar of type { — 1,1} (ie,
s= —%). Higher valence tensors (i.e., higher spin-weights) arise when
products of these basic ‘spinors’ are taken. (In Chapter 6 and in §§9.3, 9.4,
in connection with twistor theory, we shall see that the case of four-
component ‘reduced spinors’ for a six-dimensional space (n = 3) also has

importance to us.)

Holomorphic coordinates

The operators 0 and & also have significance in relation to complex
analysis. Suppose that & is a local holomorphic coordinate for ¥ ; that is, ¢
is a complex coordinate defined in some open set ¥’ in & such that at any
point Q€ ¥’ a rotation of the 1-form d¢, at Q, through a right angle in the
positive sense in the tangent space at Q, yields —id&. Another way of

Fig. 4-2. A holomorphic coordinate £ on .%.
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putting this (see Fig. 4-2) is that the lines Re = constant meet the lines
Im¢& = constant orthogonally such that at any point the spacing between
each of these two families of lines is the same and the Imé-increasing
direction is a positive rotation of the Reé-increasing direction. The most
familiar holomorphic coordinate is £ = x + iy for the Argand plane, and it
is also a familiar result from conformal mapping theory that any holo-
morphic function of this ¢ is itself a holomorphic coordinate for the plane.
The complex conjugate of the {-coordinate of (1.2.6) is a holomorphic
coordinate, in this sense, for the Riemann sphere S * if we orient the sphere
so that its normal points outwards, while { is holomorphic if the normal
points inwards (cf. Figure 1-3). The reverse holds for the ‘celestial sphere’
S~ of §1.2.

The definition of a holomorphic coordinate for & asserts, in effect, that
d¢ is a complex multiple of the differential form m,, (restricted to ¥) at
each point of &' since, by (3.1.21). 2¥m, = X , +1Y,and a rotation through
a right angle in the positive sense then yields Y +i(— X )= — iZ%rﬁa,
Now, the index form of d¢ (in the surface #)is A ¢, and to assert that this
is a multiple of m, amounts to the condition m*A ¢ =0, so we have,*
taking ¢ to be a complex coordinate of type {0, 0}, and using the term
anti-holomorphic coordinate for the complex conjugate of a holomorphic
coordinate:

(4.14.25) PROPOSITION
¢ is a holomorphic [ anti-holomorphic] coordinate for & iff ¢ = 0 [d& =0].

Note that reversing the orientation of & interchanges holomorphic and
anti-holomorphic coordinates. Note also, as an immediate corollary of
(4.14.25), that

(4.14.26) PROPOSITION

Any holomorphic function of a holomorphic [ anti-holomorphic] coordinate
on & is again a holomorphic [ anti-holomorphic] coordinate on & .

Yet another way of stating that £ is a holomorphic coordinate is to
assert that, with coordinates &, & for %, the operator 8, when acting on
type {0, 0} scalars, is a multiple of 9/0¢:

d= Pa% (on type {0, 0} scalars), 4.14.27)

* The operators & and &', when applied to {0, 0}-scalars, are examples of the 4 and 3
operators that occur in complex manifold theory (¢f. Wells 1973).
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where P is of type {1, — 1}. The operator (4.14.27) is, of course, simply
6 =V,,.. Writing m and m for the 1-forms m, and m, , respectively, we
have (linear maps of vectors)

_ 0 = 0
mo)=0, md)=—1, d£<5—§—>=l, d§<a—€)=0, (4.14.28)
whence, on &, ’
m=—P 'd{, m=— P 'd¢ (4.14.29)

Recall that S, is the induced metric tensor on . We can use the standard
‘differential’ notation ds® for this metric; then using juxtaposition of
differentials to denote symmetric tensor products of forms, (4.14.6) can be

rewritten

B 2d¢édE

ds® = — 2mm = = —25§dEdE, (4.14.30)

by (4.14.29), where we have introduced the scalar S defined by (cf. (4.14.27))
S t=P=95¢ 4.14.31)

Note that S is of type { — 1, 1}. Also P and S are both ‘holomorphic’ in

the sense that
dP=0, aS=0. (4.14.32)

These equations are consequences of (4.14.31), which implies
OP=00l=00¢,=0,
since the commutator (4.14.1) vanishes. Hence also
dS=0P '=—-P2P=0.
However, we shall see from (4.15.116) below that particular representations
of P and S need not ‘look’ holomorphic in the ordinary sense.
We may use P (or S) to convert any {s, — s}-scalar # to a {0, 0}-scalar,

and then use (4.14.32) and the conjugate of (4.14.27) to obtain an expression
for &'n:

_ 0
on = PPSEE_(P_S’?)' 4.14.33)
Applying this to 77 and taking complex conjugates yields
__ 0 -
on = PP‘S£(P‘n). (4.14.34)

The expressions (4.14.33) and (4.14.34) are useful in explicit representations,
as we shall see shortly.*

* See also Newman and Pentose (1966), where the definitions differ with respect
to various conventions, ¢f. below after (4.15.107).
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We note in passing that (4.14.31) (2) and (4.14.34), when substituted into
(4.14.19), provide us, after a short calculation, with an expression for the
Gaussian curvature of & :

K+K= PP@E log(PP). (4.14.35)
Observe that this formula involves only the modulus of P. But this is not
surprising since P, being spin-weighted (but not boost-weighted) can have
its argument (but not its modulus) altered by a rescaling o*+— lo%, 11—
A~ YA In explicit representations, however, it is usually convenient to
fix the choice of m® to be that which makes P positive. Writing 2im® =
X®—1Y*% we achieve this if

X* points along Im(&) = constant, Re(£) increasing

} (4.14.36)

Y? points along Re(&) = constant, Im(&) increasing.
This leads to slight simplifications of (4.14.33)—(4.14.35), but it takes us

outside the ‘strict’ compacted spin-coefficient formalism, since m® is now
fixed by the choice of &.

Extrinsic quantities

So far, we have only interpreted the real part of K in (4.14.20). The imagi-
nary part of K will show up in (4.14.1) only when p # — ¢, i.e., when the
quantity on which (4.14.1) acts has a non-zero boost-weight. Such quanti-
ties are not, in the ordinary sense, entirely intrinsic to .. To investigate
this case we can repeat the foregoing discussion, applying (4.14.1) to
quantities

n,=v4i, n,=Vhn, 4.14.37)
instead of (4.14.16). In order that n, and #, should not both vanish, V*
must have components perpendicular to &; and we may as well take

V' in the plane spanned by [ and n“, so that it is determined by n, (type
{1,1}) and n, (type {—1, —1}). In place of (4.14.11) we can consider

§,.58,%V, Vo, (4.14.38)
where
gab = gab —_ Sab = lanb + nalb (41439)

is the projection operator orthogonal to S, i.e., perpendicular to .
Now V2§’ =1V" and the (non-vanishing) null tetrad components of
(4.14.38) turn out to be

on,,on,,0n,,d7n, (4.14.40)
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in place of (4.14.15). The resuiting formula analogous to (4.14.22) differs
from (4.14.22) only in that m_ is replaced by [, or n_ and that the A operators
now refer to the operation in (4.14.38), according to which vectors per-
pendicular to & are transported about %, while previously it had been
vectors tangent to & that were so transported. In place of the — (K + K)
appearing on the right side of (4.14.19) we now have —(K — K) in the case
of#, and + (K — K) in the case of .

Thus the imaginary part of K is an extrinsic curvature quantity concerned
with the transport, about &, of vectors perpendicular to . Recall that
the Gaussian curvature can be thought of as a measure of the resultant
rotation of the tangent space as it is carried by parallel transport around
a small loop in . Analogously, we now have a resultant boost of the
normal space as it is carried around the same small loop. While the real
part of 2K is a measure of the former, the imaginary part is a measure of
the latter. We refer to K as the complex curvature of &.

We note in passing that K can be expressed as a sum of two parts,

o0’ —¥, and @, +A—pp, (4.14.41)

2

the first of which turns out to have simple conformal scaling properties
(cf- (5.6.28) and (6.8.4), Vol. 2) and the second of which is real. One con-
sequence of this curious fact is that the extrinsic part (i.., the imaginary
part) of the complex curvature is essentially conformally invariant (see
§5.6 for definitions). But we shall not pursue this matter further here.

In connection with the above results on curvature, we recall the Gauss—
Bonnet theorem which states that if % is a closed surface of genus* g,
the integral with respect to surface area of the Gaussian curvature of
S is 4n(1 — g). So in the present case we have

§ (K + R)& = 4n(1 —g), (4.14.42)
&

& being the element of surface area (a 2-form on %). In fact, because of
our interpretation for K — K, it also follows that

f (K — R)& = 0. (4.14.43)
&

The reason is that the space of boosts [*—rl® n®+>r~'n r >0, is a topo-
logically trivial 1-parameter group. The integral i§(K — K)¥ over a

* Recall that the genus of a closed (oriented) 2-surface is, roughly speaking, its number
of ‘handles’. Thus, for a sphere S* we have g = 0, while for a torus g = 1, and for the
surface of a standard pretzel g = 3.
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bounded portion of & provides a measure of the total boost achieved
as the boundary of this portion is traversed. When the boundary shrinks
to zero this total boost must also shrink to zero—in contrast to what
happens in the case of a rotation, when one may end up with a non-trivial
total rotation through some multiple of 2x. Combining (4.14.42) with
(4.14.43) we obtain

f{; K% =2n(l —g). (4.14.44)
&

In view of the remarks made about the quantities (4.14.41), we can also
derive the result that

§; (o0’ —¥,)¥ isreal (4.14.45)
&

in addition to being (as follows in detail from the discussion of §5.6)
a conformally invariant number associated with any closed spacelike 2-
surface embedded in a space-time. The significance of this result in
relation to the Bondi—Sachs mass will be discussed in §9.9.

Relations to exterior calculus

We next show how the exterior calculus (¢f. §4.3) on & neatly fits in
with the present 2-surface formalism. Let

a=o,dx"=q (4.14.46)

be a 1-form in .#, where we are concerned only with its restriction to
&. This means we are concerned only with the two components

o =0am* and a,, =oam (4.14.47)
of respective types {1, — 1} and {— 1, 1}. If a is real, then all the relevant
information is contained in the one type-{1, — 1} scalar quantity

o=y, (4.14.48)

(not to be confused with the spin-coefficient a in (4.5.16)!), since a,,
is then its complex conjugate. The condition that a (real or complex) be
the exterior derivative

o

a=dv (4.14.49)
of a (type-{0, 0} ) scalar quantity v can be written as
%oy =0V, 0o =0'v, (4.14.50)

or, if v and « are real, simply as
o =0v. (4.14.51)
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Now suppose # is a 2-form

B=8,,dx* Andx’= B..i, (4.14.52)
(B,, = — B,,)- Our concern is only with its restriction to &, and thus with
the single (type-{0, 0} ) component
3B:= By, 10 = — Broor = Bmm’. (4.14.53)
Note that f is real whenever § is real. Indeed, by (3.1.20), we have
B =2B,X°Y". (4.14.54)
The condition that B be the exterior derivative
p=da (4.14.55)
of some 1-form a is
B = Vi (4.14.56)

To get the restriction of this to & we take components with respect to
m® and m®:

1B=2Bg110 =005 —0'tlgys (4.14.57)
by (4.14.13), the terms involving p and p’ cancelling because of (4.14.2).
For real a this takes the form

B =2Im(d'a). (4.14.58)

Note that if & =dv (with v of type {0,0}), we can substitute (4.14.50)
into (4.14.57) which yields § = da =0, as expected (¢f. (4.3.15) (viii)), the
0 and &' operators commuting by (4.14.1).

The fundamental theorem of exterior calculus (4.3.25) can be applied

at two levels on &. First:
J da = § a, (4.14.59)
r or

where I' is a compact domain on &, with boundary oI'; and second:

R
J dv = w(R) — v(Q), (4.14.60)
Q

the integral on the left being taken over any curve y (in the domain of
definition of v) connecting the points Q and R. For the latter case we can
introduce a holomorphic coordinate ¢ in the neighbourhood of y and
rewrite the integral as

v= = ==
o) o \0¢ o¢

R
R -
= f (Savde + So'vdd), (4.14.61)
Q
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where we have used (4.14.27) and (4.14.31). In particular, if v is holo-
morphic (0'v = 0), (4.14.60) becomes

R
j Sevdé = v(R) — v(Q). (4.14.62)
Q

From (4.14.61) we see, on taking Q = R, that

jﬁ (Sovdé + So'vdE) =0 (4.14.63)
Y
for a closed contour y, whence, in particular,

§ Sovd¢ = 0 if v is holomorphic. (4.14.64)

¥
The 2-dimensional integral on the left side of (4.14.59) can be re-express-
ed in terms of the surface area element . We begin by noting that

&P = (— X,dx%) A (- Y,dx?)

=L(m+m),\L2(m—m)

7z 2

=imAm, (4.14.65)
where m=m, =m dx® as before. So if § is as in (4.14.52), (4.14.53), we

have
f B= J B,,dx* A dx®
r r

= J B, (4.14.66)
r

where we used the fact that, by (4.14.6),
restricted to & : dx* = §,°dx" = — m*m — m"m. (4.14.67)
Alternatively, (4.14.66) can be directly obtained by use of (4.14.54). Sub-
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stituting (4.14.57) in (4.14.59), we get

f (id'ay,. — 100, o ) = § a
r or
= § (tg,.Sd¢ +a, . 5dE), (4.14.68)
or

where ¢ is a holomorphic coordinate in some neighbourhood of 4I". Since
the components a,,. and «, ;. are independent, we have

J i6’oz5f=§ aSdé (4.14.69)
r or

for any type-{1, — 1} scalar o on &.
As a particular case of (4.14.69) (and its complex conjugate), we note that
if ¥ is a closed surface,

§ 0o =0, § 06F =0 (4.14.70)
¥

&£
(a being of type {1, —1} and & of type { — 1, 1}), from which we derive the
following useful formulae for integration by parts:

§; Wnd = — jg nd'y &,
R £

f}: wonL = —§ o5, (4.14.71)
e &

where the types of y,n add up to {1, — 1} and those of ¥,7 add up to
{—1,1}.

On a null hypersurface

Spacelike 2-surfaces can also play a role in relation to the fundamental
theorem of exterior calculus in the next higher dimension, namely

J dﬁ=§ B. (4.14.72)
z 0z

where B is a 2-form and X a compact 3-surface with a spacelike boundary
OZ. In some of the most interesting applications of (4.14.72), ¥ is a portion
of a null hypersurface, that is, of a 3-surface 4" whose normals n* are null
vectors. We shall investigate such hypersurfaces in more detail in Vol. 2
(887.1,7.2; ¢f. also §5.11, §5.12 below). Here we merely note that the
tangent vectors to 4", being the vectors orthogonal to n“, must include
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Fig. 4-3. Suitable arrangement of spin-frames on a null hypersurface .47, for appli-
cations of (4.14.72).

n® itself, and, furthermore, that any 2-surface element in 4", being ortho-
gonal to the null vector n, must necessarily be spacelike unless it contains
the direction n* itself, in which case it is null. The situation we envisage
is like that depicted in Fig. 4-3, where 0Z consists of two closed spacelike
2-surfaces & and &' :

0T= — . (4.14.73)

We select the spin-frame (04, 14) — or, rather, the equivalence class (0%, 1) ~
(o4, A~ "1")—so that the flagpole of i* points along the normal to 4"
(and so is tangent to .4"), as has been implicitly assumed in the choice of
the letter ‘n’ for this normal; also so that m®, m® span the tangent spaces of
& and ¥’ at OZ, the choice of the m®, m®-planes in the interior of Z being
arbitrary except that they must form a smooth family (tangent to .A4")
fitting smoothly on to the given choices at the boundary surfaces ¥ and &".
The most direct way of achieving this is to require these planes to be
tangent to a family of spacelike 2-surfaces on 4" which vary smoothly
from & to &, but a more general choice is also allowed here in which the
interior plane elements 6% need not be locally ‘integrable’ to 2-surfaces
(i.e., need not constitute a foliation).

Of course we could equally well have chosen o4 instead of i to have
its flagpole normal (i.e., tangent) to A4". Our selection is made only for
consistency with later notation (¢f. §5.12 and §9.10). By applying the prime
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operation to the various formulae was shall develop ((4.14.74) — (4.14.94))
we can obtain the corresponding formulae pertaining to this alternative
choice - though we must bear in mind that this will also entail some sign
changes because & and %’ have their natural orientations reversed (cf.
(4.14.73)).

The relevant commutators are now those involving 4, 8" and p/, these
being the operations acting tangentially to .#". Thus we have (4.14.1)
together with (¢f.(4.12.34))

p'8—0p' =p'04+608 —1p —Kp+plox’ —p't+®,)
+q(pr’ — 16’ + P,) 4.14.74)
and its complex conjugate. Note that we cannot now infer that p=p
(since this is the condition that the 6 % elements be integrable to 2-surfaces)
though we do still have
p=p (4.14.75)
by the vanishing of the coefficient of p in (4.14.1). The same reasoning
applied to (4.14.74) yields
K' =0, (4.14.76)

which (as we shall see in §7.1) is the condition for the integral curves of
n® to be geodesics. These integral curves are referred to as the generators
of A"

The relevant components of § in (4.14.72) are now

1
BorivsBrony» and Eﬁ:ﬁorw" (4.14.77)

while any 3-form

P =7,.dx Adx®? A dx =7y (4.14.78)

i1i2i3
(Vape = Viabey» When restricted to .47, involves only the component
i

7= Yoriort (4.14.79)

The equation
y=dp (4.14.80)
restricted to 4" turns out to be, after a short calculation,
orno1rr =0~ T)'BIO’II’ — (' - f)BOI’ll’ +(p' - 20" )Boy 1o (41481
We also note that the equation
p=da (4.14.82)
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restricted to .4~ generalizes (4.14.57), the component «, . of the 1-form
a being now also involved:

2Bo1r10r =00t10 =8y + (P — platyy.
21011 =06"2g — (p' — ploayo + (8" — Doty
2B =0 — (P —p)y,. +(0 -1, (4.14.83)

(and it may be directly checked that substituting (4.14.83) into (4.14.81)
yields zero, in accordance with d? = 0).

A version of the fundamental theorem of exterior calculus appropriate
to Fig. 4-3 is obtained by substituting (4.14.81), (4.14.83) into (4.14.72).
But a more useful and simple-looking expression can also be obtained
by first splitting # into its anti-self-dual and self-dual parts (cf. (3.4.17)):

ﬁ= :ﬂhlzsl‘xl‘z + elljzﬁ]“fza
Basr =0 Bros =0 (4.14.84)
and then setting

pai=2iB g% iy = —2iB 5" (4.14.85)
Restricting attention to u, and g, does not lose relevant information
because the freedom in §,, and B g (given p and ji ) consists merely
in the addition of multiples of 7 ;15 and of 1,1, respectively, which corres-
ponds to the addition to B of components which vanish in A4". In fact,
we have
i

1
“iyy Boray =z, (4.14.86)

i N
ﬁ01'10'=§(#0+#0')’ Bl()'“': _2 7

so (4.14.81) gives (with (4.14.79))

Y= =20t + o) — O — D, — (O — DA, (4.1487)

In order to apply (4.14.72) we need to interpret 3-surface integrals on

% in terms of the quantities we have been considering. For this, we need

also to choose a parameter u (smoothly) on each generator of 4", which
we take to be scaled in relation to n* according to

nVu=U (F0). {4.14.88)

In specific representations of the null tetrad (and relaxing the strict
compacted formalism) we could choose U = 1, but here we simply take
Utobea{—1, — 1} scalar. From (4.14.88) we see that du (= V, u) differs
from Ul by terms in m and i only, so we obtain for the (null) ‘volume’
element of A4~ a type- {1, 1} 3-form:

N=imamal=U"1'SL Adu. (4.14.89)
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Consequently, by (4.14.79),

J}’=ij‘19’/\du=J‘y/V. (4.14.90)
% z z
If we now substitute (4.14.80), (4.14.66) in (4.14.90), (4.14.72), and (4.14.73),
we obtain
fy%=§ ﬁy—§ B, (4.14.91)
) &’ &

where y is as in (4.14.87) (and is { — 1, — 1}), with the us as in (4.14.86).
We can separate this expression into one for u, and another for 4,
which are complex conjugates of one another if g is real. Writing the
p-equation out, we finally obtain, in terms of the {0,0}-scalar y, and the
{ —2,0}-scalar p,,

J (' =20y — @ —Du, } A= § HoS — f Hod . (4.14.92)
z S’ 4

and the corresponding complex conjugate equation for 4 .. Note that if,
in particular,

P —20)y=0 -1y, (4.14.93)
then we have the ‘conservation law’
§ U = § U (4.14.94)
& s

These relations will have considerable importance for us later (cf. §§5.12,
9.9).

4.15 Spin-weighted spherical harmonics

As a significant application of the foregoing theory of spacelike 2-surfaces,
we examine the case when the surface % is an ordinary 2-sphere in
Minkowski space M; and we show how the theory of (spin-weighted)
spherical harmonics may be developed using these results. We take
(04, 14) to be normalized to a spin-frame throughout (c¢f. (4.14.5)). Let
the point OeM be the centre of the sphere & and let T be the future-
timelike unit vector (taken constant throughout M) which is orthogonal
to the spacelike 3-plane containing . Let Q be a typical point on &
and x“ its position vector 56 Now % will be the intersection of a future
light cone .#, with vertex L, and a past light cone 4", with vertex N. (See
Fig. 4-4.) Since 6. at Q is orthogonal to the generators of % and of A,
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Fig. 4-4. An ordinary spacelike sphere &% in Minkowski space arises as the inter-
section of two light cones ¥ and A". (Geometry for (4.15.2).)

our spin-frame (0%, 1) is determined by
(LOY = vl°, (JV)“ = un’, (4.15.1)

where visof type { — 1, — 1} and u of type {1, 1}. Taking the sphere to have
radius R, we deduce, from

— —> — —_— —>
0Q=0N+NQ=0L+LQ,
the relations
x*=RT*—un"= — RT* + vl
= RTAY — ' = — RT4Y + polo?, (4.15.2)
since the timelike distances LO and ON must both be equal to the radius
R. From (4.15.2) we have

un’vl, = (RT* — x*)(RT,+ x,) = R’ + R?,

when
e uv = 2R?. 4.15.3)

Since x“T, = 0, transvecting equation (4.15.2) with T, gives

R R
u= s, V= A
A, A A A
T, T, 0%

(4.15.4)

while transvecting it with o, gives

TA%0 1 =0. (4.15.5)
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Consequently
A __ u TAA’
o' = "R 1., (4.15.6)
and similarly
= %TAA’OA,. (4.15.7)

Using 0* as ‘coordinates’ for &

Consider, now, a {0,0} quantity f, (where 2 is a ‘clumped’ index) on
&. We can adopt a new viewpoint and regard f, as a function* of the
complex conjugate spinors o4, 04" (as redundant ‘coordinates’ on %)
and use the chain rule to obtain, from (4.15.2), (4.15.4), (4.15.7), (2.5.54)
as applied to f,:

0 0x* 3  dvoPo®)
ot dotdx® ot
=0(1,0% + DV, =vo,V (4.15.8)

A7 10"

2
v BB ,
V,= < -z T 005 0P0® + ve Po® )Vb

(Partial derivatives with respect to abstract-indexed quantities have the
obvious meaning here (¢f. p. 145): one can always consider components in a
constant spin-frame (6*, %) — such as we shall introduce at the end of this
section — and then convert back to abstract indices.)

If, instead, f, is a {p, q} quantity, with p and g both non-positive integers,
then

is a {0,0} quantity and we can apply (4.15.8) to it. Writing the V, . in
(4.15.8) as & and using (4.12.28), we thus obtain

D G H x s
o?...0%" ... =
do

— D G H' K’ ’ D F,G) . H’ K 3
=v0"...0%" ...0" 0,0f, +vppo'” ...0" 170" ...0%0,f,

(D F, G H K
—po'?...07¢,0" ..o f,

= nD G, (H J' . K')
+ vagqo®...0%" ... 0" 1" f,.

Substituting ¢,% = 0,9 —1,0% (¢j. \7.5.54)) into this equation, we find

* This is consistent with a standard co- vention that f(¢) represents a holomorphic

function of the complex variable ¢, whereas f(¢, ) represents a general function of ¢,
i.., a function of Re(¢) and Im(&).
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that it implies
p=—v"l =0, (4.15.9)
and then reduces to

52_,{ =00, —pi,. (4.15.10)

as applied to f,. For consistency with the Leibniz rule for 3" we now easily
establish that (4.15.10) applies to any {p, q} quantity on & for arbitrary
integral p,q-and, indeed, fractional p, g. (Integral or half-integral p, q
will normally be assumed unless otherwise stated.) The complex con-
jugate of (4.15.10) is
0
o = 0.0 = dl (4.15.11)
Any {p, q} quantity on & can be expressed either as a function of 0*, 0
or as a function of 1, ', the relation between the two being obtained from
(4.15.6), (4.15.7) with (4.15.4). So, repeating the above argument with

1,14 in place of 0, o', we can obtain
o =u"t, ¢ =0 (4.15.12)
and
d 5
a7="',46“l’0m W=uzA,6—qu. (4.15.13)

We may check these relations against (4.14.20), (4.14.21), noting that
the 4-space curvature terms ¥, ® |, A all vanish, and obtain
K=—pp'=u"'v"!=3R7? (4.15.14)
(by (4.15.3)), so that the Gaussian curvature K + K of % is R 2, as indeed
it should be for an ordinary sphere of radius R.
Each of the relations (4.15.10), (4.15.11), (4.15.13) can be split into its two
components, yielding

1, o 1,0
6ZBIAW T u AﬁlA
—iT“o 9 9 ,ﬂ (4.15.15)
R~ Mde* R Yot
1,0 1, 0
V=T T
1 o 1 d
== ao"'b_o_’i ET“IAW, (4.15.16)
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and
0 0
A—: = — A___
o0 F "o
G 5,
0 = 4.15.17
o 5=4 i ( )

In particular, note that the operators in (4.15.17) are Euler homogeneity
operators. It follows that :

If [, has type {p, q}, then when expressed in terms

of o*, o?' it is homogeneous of respective degrees

p, g, and when expressed in terms of 14,14 it is

homogeneous of respective degrees —p, —q. (4.15.18)

Conformal motions of &

There is a significant way of re-interpreting type-{p, q} functions on &,
when expressed in this way. Since the spinor o# may be regarded as a
(signed) null flag at L, f, may be regarded as, in effect, a function of this
null flag. The flagpole (namely /) determines a point on the cone .. When
thinking of f, as a function of 0#, 0*" we need think only in terms of the
cone . and ignore A" completely. The sphere & itself now becomes an
abstract sphere which is the space of generators of .#. Recall that in §1.2
we viewed the Riemann sphere in this way. Such a viewpoint is useful
when we are interested in conformal transformations of &. For these
now arise when an active Lorentz transformation is applied to M, the
point L being held fixed. If this is a rotation (with respect to the time-
axis T¥) then the vertex N of 4 is also fixed; but in general N will move.
The cone .Z (but not A") is mapped to itself, so when % is viewed as the
space of generators of %, it also is mapped to itself. The Lorentz trans-
formations about L thus provide conformal maps of & to itself.
According to this viewpoint, the significance of the number

w=1(p+q) (4.15.19)

is that it provides a conformal weight for f (where for simplicity we now
assume that f is a weighted scalar). Recall that in §1.4 (Fig. 1-11, p. 38) we
were able to assign different metrics to the abstract conformal sphere, each
compatible with its given conformal structure, simply by taking different
cross-sections & of the cone . (Now see Fig. 4-5.) When & lies in a space-
like hyperplane, the metric assigned is that of a metric sphere, but other-
wise a more general metric. Consider a particular generator of . and sup-
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.S;’ (in (-description)

T
(in o-description)

Fig. 4-5. A conformal rescaling of the metric of & is achieved by moving % along
the generators of . (or alternatively 4") to &.

pose & meets it at a point whose position vector from L is Q. Suppose . is
then moved so that the position vector becomes kQ“k > 0). The induced
metric tensor of the cross-section will correspondingly scale up by the
factor k2, on that generator, i.e. the linear scale goes up by k. The spinor
o* scales up by k?, so if (0, 0%) has homogeneity degrees p,q, then
f scales up by k**®*9_ This justifies the terminology for (4.15.19) (com-
pare §5.6). Note that the conformal weight w and the spin-weight
s=1p—qg)(¢f after (4.12.10)) together determine the type {p,q} (and
vice versa):

p=w+s,gq=w—s; s=ip—q,w=1ip+4q). (41520

Alternatively, if we view f as a function of 1*, ', then % is interpreted,
instead, as the space of generators of 4" and the conformal motions of
& arise as a result of applying Lorentz transformations about N (which
leave 4" invariant). The argument is just as before, and we now find that
the conformal weight of f is

w = —1p+q). (4.15.21)
Consequently we have

p=—w+s, g=-—-w —s. (4.15.22)

To understand this discrepancy with (4.15.19), (4.15.20), we note that the
metrics on the abstract conformal sphere are now given by cross sections
of A" and that the correspondence between generators of ¥ and generators
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of 4" that is given when Q moves about % involves an antipodal map. (See
Fig. 4-5; generators of ¥ may be compared with generators of 4" by the
translation of M taking L to N.) Thus when a Lorentz transformation
is applied to M (say about O, for symmetry’s sake) it induces a different
action on & regarded as the space of generators of 4", from that on &
regarded as the space of generators of £, because of the intercession of
this antipodal map. (Though % and .4 are each moved by this action,
the abstract spaces of their generator directions are each mapped to them-
selves.)

It should be noted that conformal weight is in general quite a separate
concept from the p and g weights here discussed, as will be more fully
explained in §5.6. However, in the present work s and w can be used for an
alternative type-description and instead of type-{p, g} quantities we may
speak of type-[s, w] quantities — where we use the o-description only, so

b= -9p+9]=[sw]={w+sw—s). (41523

Let us return to the expressions (4.15.15) and (4.15.16) for & and &'.
We note that in the lower line of each are expressions involving only
o*,0" [only *,1*]. If we use these expressions we can stay within the
o*, 0" [or 1*,1""] description and regard the operators as applying within
the space of generators of ¥ [or #"]. However, owing to the explicit
appearance of the vector T°, the operators 0 and &' are not generally
conformally invariant on .

But it turns out that for each spin-weight s there is a particular conformal
weight w for which a given power of d or of & is effectively conformally
invariant (Newman and Penrose 1966, Eastwood and Tod 1982). We
use the 0#, o*" description and suppose that f has type {p, q} with p =0.
Then

_f (4.15.24)

has type {0, q}, so application of the Euler homogeneity operator 09/d0*
yields zero (¢f. (4.15.17)):

N o
V004 d0® 3P f’ ~

Since the expression { ... } is symmetric in AB ... D, it follows from (3.5.27)
that

0 0
A3 aODf=0AoB...ODg (4.15.25)

p+1

5
0o
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for some scalar g, and evidently g is of type { —p — 2, q}. Transvecting this
last equation repeatedly with R™'T% . (and noting that this commutes
with 8/00%), we obtain, using also (4.15.16) and (4.15.7),

dPTIf =Py, (4.15.26)

In the original literature (Newman and Penrose 1966), this formula (or
4.15.30) appears without the ‘v, which is, however, necessary here for
the strict applicability of the compacted formalism. (If we scale o? so
that v=1, then ¥ = &)

At this point it is worth while to list various elementary relations that
hold between the quantities we have defined. They are direct consequences
of (4.12.28), (4.15.9), (4.15.4),(4.15.6), and (4.15.7):

A _ A _ L — 1,4 A__ _ .. —1.4 A
804 =0, do —v, 17,0 = —u f’ » 01 0’} 4.15.27)
dot=v 1" 00" =0,01"=0,8"1"" = —u” o
du=000=00u=00v=0 (4.15.28)
and, from (4.14.1),
(38’ — &'8)f = —sR™*f, (4.15.29)

where fis any {p, g}-scalar and s = }(p — q).
By (4.15.28) (4) we can rewrite (4.15.26) as

g=@d)F*'f. (4.15.30)

Note that (4.15.25) makes no mention of 14, 1%, or T°. The relation between
S (type {p,q})and g (type { — p — g — 2, q} expressed by (4.15.30) is there-
fore Lorentz invariant. As a particular case of (4.15.26) we have that
dP*1f =0 is a Lorentz invariant equation, as is, similarly, 37 f=0 (cf.
(4.15.32) below). \

Since (restricted) Lorentz transformations (centred at L) can be
identified with the (orientation preserving) conformal motions of %,
this Lorentz invariance may be reinterpreted as a conformal invariance
of the operation in (4.15.30). It is not, however, quite the general local
conformal invariance that we shall discuss at length in §5.6. For that,
arbitrary rescaling of the metric would be allowed, corresponding, here,
to the passage from % to an arbitrary cross-section # of £, whose induced
metric need not be intrinsically that of a sphere. The formula (4.15.30)
would not in general hold (except if p = 0) for the &-operator intrinsic to
& (ie. defined with respect to an n®vector locally orthogonal to %).
For the particular cases for which & is intrinsically metrically a sphere,
however, namely those cases where % is the intersection of £ with a
spacelike hyperplane (cf. Fig. 1-11), then (4.15.30) does hold in this sense.
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For we need only apply a Lorentz transformation which sends the normal
to that hyperplane into the T°-direction and the argument for invariance
is as given above.

Assuming, now, that g =0 (with p unrestricted), we can apply the
complex conjugate of the above argument to obtain the existence of a
{p, —q—2}-scalar h satisfying

0 0

q+1
and
h= ()" f. (4.15.32)
If both p =0 and g =0, then we can apply (4.15.30) to h, which yields
j=(d"¥*h (4.15.33)

for some { —p — 2, — q — 2}-scalar j. Similarly, we can apply (4.15.32) to
g and find, for the same j,

Jj=Ws)lg, (4.15.34)
as follows at once, if we revert to the forms (4.15.25) and (4.15.31), by the
commutativity of 8/00 and 6/60". This means that

Ity rrif=grtigetiy (4.15.35)
(It is somewhat more involved to obtain this directly from (4.15.29).)
Indeed, since we can change the type of f from {p + k,q + k} to {p, q} by
multiplying it by a power of v, it is only the value of the difference p — g in
(4.15.35) which is relevant. So we can derive the apparently more general
form (Newman and Penrose 1966)
3°0f = a"°8%, (4.15.36)
for any a, b such that b — a = 2s, s being the spin-weight of 1.
We can also parallel the argument leading to (4.15.26) etc. using the
11,14 description. If F is of type {p, q} with p <0 we find

i, 0
=aapF =11y G (4.15.37)
-p+1
and
G =(ud) P*1F, (4.15.38)
with G of type { —p — 2, q}. Similarly, if ¢ <0 we find
0 5,
9 (4.15.39)

G =1 ... H

~g+1
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and
H=d) 1"'F, (4.15.40)

with H of type {p, — g — 2}. That these are exactly the same results as
before is readily seen if we re-express p and g in terms of the spin- and
conformal weights s and w of (4.15.20). We see that (4.15.32) involves
O0¥7s*! acting on a quantity of spin-weight s and conformal weight
w2 —s, while from (4.15.22) we find that (4.15.38) involves 3" ~**!
acting on a quantity of spin-weight s and conformal weight w' = —s.
The replacement of v in (4.15.32) by u in (4.15.38) is connected to the facts
that the conformal scalings act differently under Lorentz transformations,
as previously noted, and that w is replaced by w'. The correspondence
between (4.15.30) and (4.15.40) is precisely similar.
Of particular note are the homogeneous polynomials

S =S4 b H\__VJ \,Y__,H, (4.15.41)

the 0*, 0" description being now reverted to, where S is constant and,
without loss of generality, symmetric. We shall sometimes use the notation
S, in M, for the subsystem (vector space over C =S = & ¢f. after (4.1.2))
of elements of S, which are constant throughout M. Adopting, also, the
bracket notation of (3.3.14), we can now write the condition on f as

€S 4.15.42)

fAu.DH'.,,H' (A...DXE'...H")’
o e

14 q
Clearly f hastype {p, q},i. [s,w] =[2(p — 9), 2(p + ) ]. Under restricted
Lorentz transformations about L (i.e., proper under conformal motions
of &), these polynomials transform into one another according to a
(p + 1)(g + 1)-dimensional complex representation. Such representations,
of course, are the symmetric (‘irreducible’) spinors of §3.5, now playing a
new role.*

Rotations of &

Let us now restrict the transformations in question to rotations about
T* (leaving L, N, and T* invariant). Take f to be given by (4.15.41); we
find that the (p + 1)(¢ + 1)-dimensional space splits up into a direct sum

* In fact the general representation theory of the Lorentz group can be expressed in

terms of weighted scalar functions f of type {p, g} = [s,w], where 2s=p —q is an
integer but w is arbitrary complex. The finite-dimensional irreducible representations
occur when f is a polynomial as in (4.15.41). Unitary representations (necessarily
infinite-dimensional) occur when w + 1 is purely imaginary, or when s =0and —2 <
w < 0. (¢f. Naimark 1964, Carmeli 1977). (See also footnote on p. 301)
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of spaces each of which is invariant, and whose dimensions are
lp—aql+L|p—q|+3|p—q|+5 ....p+q—Lp+q+1 (41543)

This can be seen as follows. First we write 0" in terms of :* according to
the complex conjugate of (4.15.6),

LU
ot = ET: A, (4.15.44)
and substitute it into (4.15.41). Since T* (and therefore also u, ¢f. (4.15.4))
is invariant under rotations, this is an invariant procedure. Keeping the
dependence on u explicit, so as to preserve strict invariance under spin-
frame rescaling, we arrive at an expression of the form

f=ult, pg got...0%F. % (4.15.45)
with .
La..oE.#ES U e (4.15.46)
14 q

Since t, , is not totally symmetric, it can be reduced, following the
procedure of §3.3, into a number of pieces each of which is totally sym-
metric but with varying numbers of indices:

t A8 (4.15.47)

t AB(C...D G..H)y’

t

A
(A...DE...Hy’ "A(B...D F..H)’

and so on, until one or the other of the two original groups of indices is
exhausted. These are symmetric unprimed spinors with, respectively,
p+qp+q—2,p+q—4,...,|p—q| indices, so that they have, respec-
tively,p+q+ L p+qg—1,p+q—3,....|p— q| + 1 independent compo-

nents. Denoting the various totally symmetric spinors in (4.15.47) by
0 1 2

tA‘..DE.HH’ tB...DF...H’ t
E..H

respectively, we find that the original ¢, (writing the second set
of indices raised, for notational convenience) can be expressed as a linear

combination of

0 1
E..H (E
tA...D 4 8(A t

c..nG..H» €<

F..H)
, &

5b EeFie poMetc.  (4.15.48)
Substituting that into (4.15.45) we obtain f as the corresponding linear

combination of terms

(A

¢ 0 DE H
— 44 A
f u tA...DE‘..Ho .07 r,
! 7l B D.F H
f=ulty pp go® .. 071 L0
2 2
— e C D.G H
S=ult. o 407 .. 0% it ete, (4.15.49)
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the e-terms disappearing, since £ ,,0*1* = 1. In fact, it turns out that
0 1 (p—Nglg—1) 2
P P 7

v+a T2prd-Dpra-2)
(p—4gl+ D mnga
(1 + max(p, q))

min(p,q) (p+q—2r+ 1)!p!q!f'
r=0 p—rig—nirip+qg—r+ 1!

wo ()0)7
N min(p,q) r/\r . (4.15.50)

N Eo (p+q—r+1)

r

The }’s of (4.15.49) can be translated back to the original form (4.15.41)
(i.e., in terms of o4, o), if desired, by use of (4.15.7). They provide the
irreducible pieces of f under rotations that were referred to earlier. And
they span invariant subspaces of spin-weighted functions on & of respec-
tive dimensions p+q+1,p+qg—1p+q—3,....|p—q|+1, as was
asserted in (4.15.43).

In order to determine whether any given function of this form, say

h=uh, pp go...0%F% iF, (4.15.51)

actually belongs to one of these subspaces, we need a property that
characterizes the possibility of writing (4.15.51) with h, . totally
symmetric: .

h €S (4.15.52)

Let the number of indices of i, ,, be 2j, where j is integral or half-integral,
so the indices A...D of (4.15.51) are j + s in number and the indices
E...H are j — s in number. Note that j is integral if and only if s is, and
that

A...DE...H (A...Hy

—j<s <.
Now consider the action of 8 on (4.15.51). From (4.15.27), (4.15.28) we
obtain
- (:i_ -1 A D _E,F H
dh=—(—sW" 'h, ppr go'... 0% " (4.15.53)
JHs+1 j—s—1

If we apply &’ to this equation, and use (4.15.27), (4.15.28), and (4.15.3),
we find

33h= —(j+s+1)(j—siR"2h. (4.15.54)
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Thus h is an eigenfunction of the operator 8'd with eigenvalue
~(+s+D(—-93R2=[ss+ D—j(j+ DJAR 2. (4.1555
From (4.15.29) it follows that h is also an eigenfunction of 80':
3h=—(G—s+ D+ 5IR h, (4.15.56)
now with eigenvalue
—(—s+D{+93R*=[s(s—D—ji+ DIIR"2 (4.1557)
These eigenvalues characterize both s and j since we get s directly
from the commutator (4.15.29), whereupon fj + 1) is fixed by (4.15.55),
and this determines j since j 2 0. For each spin-weight s we refer to the
eigenfunctions (4.15.49) of 8’0 as spin-weighted spherical harmonics.*
Our discussion here has been confined to polynomial expressions (4.15.41).
But it can be shown (though this is beyond the scope of the present work)
that any (continuous) spin-weighted function on ¥ can be expressed as
an (infinite) sum of such polynomials, so that the spin-weighted spherical
harmonics as defined here constitute, in fact, a complete system. (For
the case s = 0, see Courant and Hilbert 1965; completeness for the cases
s # 0 can be readily deduced from that for s =0.)

Linear equations in 0

From (4.15.53) we see that if s is any spin-weighted spherical harmonic
with j = s, then 8k = 0. In fact, the converse is also true:

(4.15.58) PROPOSITION

If fis any smooth {p,q}-function on &, then 8f =0 [or 8'f = 0] throughout
& iff f is a spin-weighted spherical harmonic with j=s [or j= —s]

(=30 —9).

Proof': If we assume completeness of the polynomial harmonics (4.15.49),
the proof is immediate from (4.15.53). But we can also show directly
that any solution of 8f = 0 must be polynomial in this sense by appealing
to results in complex analysis. Consider the function f, = u™7f which has
g=0 By (4.15.17), 0*0f,/00* =0. Assume df =0. Then by (4.15.15)
we also have 1*0f,/00* =0 and so df /00" =0. Consequently f, is
holomorphic in 0. It is also homogeneous of degree 2s( = p) and global

* In the literature (Newman and Penrose 1966, Goldberg et al. 1967) this term is usually
reserved for the functions that arise after a further reduction with respect to a parti-
cular basis in V has been made, ¢f. (4.15.93).
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on .%. But the only global homogeneous holomorphic functions on
C? are polynomials (¢f. Gunning 1966). From this it follows that f is a
polynomial and therefore f has the required form
f=ulf, ;0*...0°

The argument for the case 0'f = 0 follows from the above by complex
conjugation.

As a corollary to (4.15.58) (since there are no spin-weighted spherical
harmonics for negative j) we deduce

(4.15.59) PROPOSITION
Iff, defined on &, has negative [ positive] spin-weight then 3f = 0 [or 8f = 0]
implies f = 0.

In the study of spin-weighted spherical harmonics it is useful to contem-
plate the following array:

j=0 1
5 2 2
1 ) 3 3 3 3,
3 4 4 4 4
2 5 5 5 5 5
2 6 6 6 6 6 6
s=.. -3 -2 -2-1 -t 0 4 1 & 2 2

> .
{4.15.60)
The numbers in this triangular array (which extends indefinitely
downwards) represent the complex dimensions of the various spaces
of spin-weighted spherical harmonics, as discussed in (4.15.43) et seq.
Each of these spaces is characterized by its values of s and j, as shown.
The dimension zero is assigned wherever a blank space appears in the
array. The operator d carries us a step of one s-unit to the right and &'
one s-unit to the left. (From our earlier discussion, the j-value is not
affected by 0 or &'.) Whenever such a step carries us off the array, the
result of the operator d or o' i1s zero. Note that the dimension rémains
constant whenever it does not drop to, or increase from, zero.

Within the array itself, the operators 6 and o’ are invertible, since by
(4.15.54) and (4.15.56), each of 9, & acts as a multiple of the inverse of the
other. But at the right-hand sloping edge the effect of d is to annihilate one
of the spaces, and similarly for & at the left-hand sloping edge.

Just to the left of the left-hand edge, the & operator moves us from a zero
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to a finite dimension. These are the circumstances where the equations

of =g (4.15.61)
are not soluble. For example, if g has spin-weight s = — 1, and possesses a
j= % part, then there is no f satisfying (4.15.61). For think of g as occupying
points in the s= — 1 column, with a non-zero contribution at 2. The
function f would have to lie in the s = — 5 column and could only occupy
points 4, 6, ... . The operation d cannot manufacture a non-zero j = 5 part
so as to produce the 2°. But if g is such that its j = { part vanishes, then
(4.15.61) is soluble. In fact it is uniquely soluble because, as is clear from
(4.15.60), 8 does not annihilate any non-zeros = — % quantity.

The situation for (4.15.61) is just the reverse when, say, s=3. In this
case a glance at (4.15.60) shows that (4.15.61) is always soluble. For ¢
then lies in the s =% column, with dimension numbers 4,6, ..., and all
these numbers are also available in the s = J column. But now there is a
2-dimensional space annihilated by 3, so that the solutions of (4.15.61) are
non-unique, the non-uniqueness being precisely in the 2-dimensional
Jj =1 space.

We remark — though we shall not make use of it —that & possesses a
unique generalized inverse d', satisfying

dd'd =9, 08'85" =o'
and

30t = 33%, 80 = 8'd
(¢f- Moore 1920, Penrose 1955, Nashed 1976, Exton, Newman and
Penrose 1969). The action of ' is that of the (unique) inverse of d on those
spin-weighted spherical harmonic spaces for which an inverse exists
(i.e., for all spaces in (4.15.60) except those represented by the left-hand
sloping column); and it is zero otherwise (i.e., on that sloping column).
Similarly we can define 8", and we find

ot = o
(in the usual sense thatgf = 57) By use of &', the general solution of
(4.15.61) can be written as
f=08"g+ (1 —0ato),
where h is arbitrary (but of the appropriate spin-weight), the condition for
solubility being (1 — dd")g = 0.

Conformal behaviour of harmonics

The array (4.15.60) is useful also in the study of the conformal properties
of type-{p, ¢} quantities on .#. First, suppose that the conformal weight
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w = 3{p + q) satisfies

w=]s|, (4.15.62)

i.e., that w has one of the values
Isl, |[s| + L[s| +2, ..., (4.15.63)

where we are adopting the 0%, 0" description, with Lorentz transforma-
tions taken about L. Then the homogeneities p, g are both non-negative
and we have finite-dimensional spaces of polynomials (4.15.41) invariant
under conformal motions of . These spaces reduce, as we have seen,
into subspaces (the spin-weighted spherical harmonic subspaces) which
are invariant under rotations, but which under non-trivial conformal
motions get mixed with one another. [n the array (4.15.60), let us fix our
attention on the point (s, j), where j = w, and consider the set of points of
the s-column above and including that point. Under conformal motions
of &, the spaces represented by these points get mixed with one another,
but do not spread to the points below. We note, incidentally, that the
unique powers of ¢ and of &' which have conformal invariance properties
(namely 8”~°*! and 8™* ! - ¢f. (4.15.30), (4.15.33)) annihilate precisely
the spaces represented by the points under consideration. A space re-
presented by any other point of this s-column makes contributions along
the entire column under a general conformal motion of .#. The special
property of those particular weights w that occur as the allowable j-values
for a given s is that they provide the finite-dimentional representations of
the restricted Lorentz group for spin-weight s, namely the descriptions in
terms of ¥ of symmetric spinors of valence [;’ ;)] with 2s =p — ¢.

There is no other Lorentz-invariant subspace of the entire space of
[s, w]-functions on & for these choices of w. There is, however, a dual
situation for which w takes one of the values

—|s|=2,=1s] =3, —|s| -4, ..., (4.15.64)

corresponding to (4.15.63) term for term (i.e., with w replaced by — w — 2).
Here we find that the points just considered in (4.15.60) are precisely
the ones representing spin-weighted spherical harmonic spaces that do
not get contributions added to them when a general conformal motion of ¥
is applied. Thus, in particular, it is conformally invariant to say that all
the parts of f vanish which belong to the spaces represented by these
points (with w asin (4.15.64)). These fs are those having the form

[ =@ """ g for some[w + 1,s — 1]-quantityg,  (4.15.65)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.005
https://www.cambridge.org/core

4.15 Spin-weighted spherical harmonics 301

or, equivalently, those having the form
f=@d) " g for some [ —w—1, —s— 1]-quantity g, (4.15.66)

as is evident from the table (4.15.60). As we noted in (4.15.30) et seq.,
the operations in (4.15.65) and (4.15.66) are conformally invariant. This
establishes our assertion that fs of this form will transform among them-
selves under conformal motions of &.*

The duality that is involved here arises from the fact that there is a
conformally invariant Hermitian scalar product between [s, w]-scalars
f and [s, —w — 2]-scalars h on & (or, equivalently, between [s, w] and
[ —s, —w—2}-scalars, if we prefer not to incorporate the complex
conjugation in the definition and, instead, define a holomorphic rather
than, as here, a Hermitian scalar product), namely

(h, f>:=—l—§ hf¥ (4.15.67)
2n J

where & is the surface-area 2-form for & (cf. Fig. 4-5). Taking & = i A m
to be the surface-area 2-form for & (as in (4.14.65)) we have
P =02 (4.15.68)
(using the o-description; in the i-description we would adopt &' = u~ 2%
in (4.15.67)).
Note that on ¥ we have
L =im A m=imdx* A mdx®
=i1,0,d(0%0") A 041,d(v0P0®)
=1iv?0,do* A 0ydo®
whence
& =io,do* A oydo® (4.15.69)

(showing explicitly that & does not depend on i or v). Since & scales as
a [0, 2]-quantity, the integrand in (4.15.67), and therefore the integral
itself, is conformally invariant. Note that the conformal weights (4.15.63)
and (4.15.64) are dual in the sense that when paired they yield a conformally
invariant scalar product.

Suppose now that f(with w from the list (4.15.64)) has the form (4.15.65).

* In fact, [s, w]-scalars of this form provide an infinite-dimensional irreducible re-
presentation of the restricted Lorentz group (cf. footnote on p. 294). If w is not related
to s in either of these ways (indeed, w may be complex), then the entire space of s, w]-
scalars provides an irreducible infinite-dimensional representation of the restricted
Lorentz group (¢f. Naimark 1964, Gel’fand, Graev and Vilenkin 1966, pp. 141, 156).
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Then
1 [
— s—w—1
hfy=or ffh(va) 95
1
— _ 6s—w—lE
o §g( v0) &
=<k, g0,
with

k=(=0y """,

where we have repeatedly used the formula (4.14.71)(2) for integration
by parts. Now k = Oifand only if h belongs to the subspace of [s, —w — 2]-
scalars annihilated by (v3')*~" !, this being one of the finite-dimensional
spaces which are spanned by the spin-weighted spherical harmonic
spaces discussed earlier, and which transform among themselves under
conformal motions of &. Thus any such h is orthogonal to f. But since
g can be chosen arbitrarily in this argument, we see that the above fs
are precisely the [s,w]-scalars orthogonal to all such [s, —w —2]-
scalars h. The conformal invariance of the f-space is therefore implied
by that of the h-space (with k = 0) and vice versa.

Orthogonality of harmonics

The scalar product (4.15.67) also has importance when we are concerned
only with rotationally and not conformally invariant properties of <.
Then the ‘conformal’ weights of h and f are irrelevant and we can revert
to our original viewpoint according to which quantities are defined at
points of & (rather than %) with respect to local spin-frames 04, 1. The
total boost-weight of the integrand must be zero and the spin-weights of
fand g must be equal. Taking f to have type {p, q} and h to have type
{—q, — p} we define

1
{hf>= R fﬁfy. (4.15.70)

The expressions (4.15.70) and (4.15.67) are consistent with one another,
being both special cases of

1 v \?
<h,f>=4nR2§h'f<;> K% (4.15.71)

where h and f are such that the product hf has type {c, ¢} (¢f. (4.15.3)).
It is easily seen that the scalar product (4.15.71) (when the weights are
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such that it is meaningful) has the following standard properties:

Chofy=<f.hy (4.15.72)
{fif>>0 unless f=0 (4.15.73)
ChAf > =A<hf > =Oh f) (4.15.74)
Chf+g>=<hf>+<hg> (4.15.75)
Chaky fy=Chf>+ Lk fD (4.15.76)
<(hof > =—<dh,f) (4.15.77)
(h,8fy=—<dh, [ (4.15.78)

Moreover, we have the following

(4.15.79) PROPOSITION

If f and h are spin-weighted spherical harmonics of equal spin-weight
s corresponding to different j-values, then {h, f > =0.

Proof : This is essentially a standard property of eigenfunctions of opera-
tors. If we write j,j for the respective j-values of fh, we have, applying
(4.15.54) and (4.15.55) twice, (4.15.77) and (4.15.78),

~ 2R?
B = isr -5+ 01 "°

- 2R° CoBh, [
s+ D —-ji+ D] ’
_ [+ D—f+1D]
“Le+D-+ D1
whence <(h, f>=0if j+].
We next evaluate {h, f > explicitly when k and f are, respectively, type-
{—gq,— p} and type-{p,q} spin-weighted spherical harmonics with the
same j-values. We can write

of >

f=Wif, oo ot ol K (4.15.80)
jts j—s
h=W=Ph, .. 0t . .0l X, (4.15.81)

jts j—s
withf, ., h, (€ S(A._.K), where for the sake of symmetry we have introduc-

ed the {1, 1}-quantity

W:\/?: u —<L>—l (4.15.82)
- \wa) 15.
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(Note that W =1 would correspond to the standard scaling for which
T°=2"%(l*+n%).) Taking the conjugate of (4.15.81), and using (4.15.44)
and the conjugate of (4.15.7), we get

h=w™H, . . 1%0". 0¥, (4.15.83)
jts j—s
where
H, (=(-1y*2h, . T4i..TE. 4.15.84)
With these expressions we now obtain
(- ¥ Eo...Ko f Ao...D 4 D E K
<h’f>=TR2 H, pfo-fofdo-Bo . dPog ..o 0, ...op1".. . 1"F.

(4.15.85)

Since H ~ and f - are both constant, they can be brought outside the
integral, which can then be evaluated using the following

(4.15.86) LEMMA

v 4nR?
04 0g 1t NF = ——¢,
R r+1
r

r

(4 K)

"81(0 .

We can check this component by component using the formulae (4.15.96)
and (4.15.123) to be given below, and simple explicit integration. How-
ever, the lemma can also be obtained directly, effectively without calcula-
tion, by observing that the LHS is invariant under rotations of the sphere
&, whence the RHS must be so also; it must therefore be constructible
from T,, alone by spinor operations (and numerical constants). The
elimination of the primed indices on T, ,. leads, via

T, T2 =1¢® (4.15.87)

A
(T, being a unit timelike vector), to the elimination of T, altogether, leaving
us with a term proportional to the RHS of (4.15.86) as the only possibility.
Finally the numerical coefficient is obtained by taking traces of both sides,
observing that

§ & = 4nR? (4.15.88)
and that the idempotence
(4 K A K) _ A K
g 0 e S, Yg D=, Y
entails that the trace ¢,"...¢, % is equal to the rank of ¢, “...¢, %),
0 Q

i.e., to the dimension of $“-+®_ which is r + 1. (This is using the familiar
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property of an idempotent matrix that its rank is equal to its trace.)
Substituting (4.15.86) into (4.15.85) yields

— 1)
<mf>=gr:1HAmwwﬁ“wmﬂx (4.15.89)

If we expand the symmetrization and note that the symmetries of H,

and of f,  entailthat H . =% =0=f . % we finally obtain the
desired explicit formula for the product:

(= Y75( + 9)( — 9)! A.K
(hfy = LI ey,
25— 9!

2j+ 1! Ak

T T, . (41590)

Orthonormal basis for spin-weighted functions

The orthogonality property (4.15.79) can be carried further, and a complete
orthonormal basis for spin-weighted scalar functions on % can be obtain-
ed. These are the functions Yim defined in the literature (Newman and
Penrose 1966, Goldberg et al. 1967). We shall here refer to them as the
basic spin-weighted spherical harmonics. They depend, however, on
an (arbitrary) choice of basis for $4. Let us take this constant basis to
be a spin-frame ¢4, = (6%, i), for which

1 , ,
Ta=ﬁ(0"x40"‘4 + MM ), (41591)
so that
1 1
T = —, Té'=0 TiV=0, TH=— (41592
V2 2
and define
Z(j’m)A...FG..,K:é(A"'éFiG"‘iK)‘ (4.15.93)
S~ N~
Jj—m jtm

Then for each fixed j and varying m (with —j <m <}, and j + m both

being integers) the quantities (4.15.93) clearly span S , x- Moreover,
they are orthogonal (but not orthonormal) in the sense that
S . . U-—mli+m)!
7 a k —_

The components of (4.15.93) in the original (non-constant) spin-frame
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4 may be computed by directly expanding the symmetrization, which
yields the {s, — s}-quantity

A...CD...KO
jt+s j—s jts j=s

(]' +m)l(] _ m)y(] + S)'(] _ S)!drﬁj_m_r'))j+s_r6r+m_s
CHrG—m—nlj+s—rlr+m—s)!
(4.15.95)

where the summation extends over integer values of r in the range
max(0,s —m) <r < min(j — m, j + s), and where

- A4
(: g) (s18) = (f: ?”;A>~ (4.15.96)

A

N

Zj,m = W_SZU’ m)o\;i) L1 = W_SZU, m) S S LI L

£l

= W—SZ

r

The matrix in (4.15.96) must be both unimodular and, if W = 1, also unitary
because it represents a (passive) spin-transformation which, when
W = 1, is a pure spatial rotation of one spin-frame into another (cf. (1.2.29)).
The expressions (4.15.95) are, apart from a normalization factor, the basic
spin-weighted spherical harmonics To obtain the normalization

s;m

factor, observe that, by (4.15.90) and (4.15.94),

. 2+ =9 5= . .
<st.m’ SZj,m> = (21 + 1)' Z(.]9 m)AKT TkZ(J: m)A...K

_U+910 =9 +m!(—m)!
2j+ DI2!
Thus we obtain the {s, — s}-quantity

- j+m @2j+1)!ep!
= (=1 SZ!"'"\/47t(i+s)!(i—s)!(i+m)!(i—m)!’ (4.15.98)

(where the factor (— 1)/*™(@dn)~ /2 is inserted to give agreement with the
standard literature;* ¢f. Schiff 1955) which obeys the orthonormality
conditions (for each s):

A Yy s YD = 0y Omm (4.15.99)
Although the Y, —are the standard basic spin-weighted spherical

harmonics, for practlcal purposes the Z; nare often easier to use.
From the symmetry of the expresswns (4.15.95) and (4.15.97) there

(4.15.97)

* Although Goldberg et al. (1967) differ by a sign for odd m.
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follows the curious reciprocity relation :*
Lim -mlj_and Y, (1"

-m~j,—s st jm

under Wy, (4.15.100)

-m j -s

in addition to the relations of more obvious significance :

Z; Wi Z _ and Y, —iTHY under(y ﬂ)n—u(y 5)

s“j,-m st jm s _,- 5 o ﬂ
(4.15.101)
and
. a B\ . [WB o/W
Zim—i_Z;  and Y, —i* _stunder<y 6>H1<W6 oW b
(4.15.102)

these being the result of the prime operation applied to the spin-frames
(6%, and (0", 1), respectively. Moreover, since

g=Ws, WE=—y, (4.15.103)

which is a consequence of the unitarity (rescaled to incorporate W) and
unimodularity of (4.15.96), we have from (4.15.95) that
Z

s j,m=(

—1tZ and Y. =(—1"t Y. . (4.15.104)

s Jy—m s Jm =S J,—m

We note, also, the effects of 0 and &’ on these quantities, which are
readily obtained from (4.15.95) by application of (4.15.27), (4.15.28) (where
d and & annihilate the constant 6, i4):

a _ j—s , Jj+s
st’m— R\/, s+l Jm,ést’m= R—\/i S_IZM, (4.15.105)

whence
i+s+ 1) —s9)\'"
oy = _(YUFrstbizs Y
sT j,m 2R2 s+17 jm
P 1 . 1/2
5y =<w> v
s jm 2R2 s—1°7 jm

(4.15.106)

There are some discrepancies of convention between the definition of 8
as given here and as given originally by Newman and Penrose (1966).

Spin-weighted spherical harmonics also play a role in the representation theory of
O(4), since they can be interpreted as scalar spherical harmonics on S°. (Goldberg
et al. 1967). In that context the symmetry between s and —m has a clearer geometrical
meaning.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.005
https://www.cambridge.org/core

308 4. Differentiation and curvature

To come closest to agreement with the original definition we can take

R= —1: , (4.15.107)
V2

the apparently more natural choice of & as a unit sphere leading to a
discrepancy by a factor of \/ 2. There is also a sign difference which
apparently comes about because the metric of % is here negative-definite
(being that induced by the ambient space—time) whereas that of Newman
and Penrose (1966) was taken to be positive-definite. Finally, the natural
relation between spin-frame and orientation of & that we have adopted
here (¢f. beginning of §4.14), together with the fact that our {-coordinate
(cf. (1.2.10), (1.2.13)) is anti-holomorphic and therefore naturally assigns
a negative orientation to %, leads to an apparent interchange of 8 and &’
with respect to (. In effect, the spin-weights arising here are
actually (geometrically) the negatives of the spin-weights of Newman and
Penrose (1966). As it turns out, this is quite fortunate because (¢f. §39.7-9.9)
the spin-weight concept then agrees with the physical concept of helicity
of outgoing radiation, rather than with its negative.

Explicit coordinate descriptions

We end this section by giving coordinate descriptions for d and | Y, Two
specifications are involved. One is the choice of coordinates for &, and
the other is an explicit selection of a spin-frame (0o*, ) at each point of &
so that the scaling freedom of the strict compacted spin-coefficient form-
alism is finally eliminated. It is convenient to couple these two choices
to one another, and also to take the coordinates on .% to be related in
some canonical way to the fixed spin-frame (64,7%). If we assume that
(64, i) is related to the usual Minkowski coordinates (t, x, y, z) for M in
the standard way (cf. Chapters 1 and 3), the origin (0,0, 0, 0) being the
centre O of &, then

1 [t+ +1
(xAB) = —_< Zox y). (4.15.108)
\/2 x—iy t—z
We have N at (R,0,0,0) and L at (— R, 0,0, 0), so & has equation
x24+y>+z2=R?% =0. (4.15.109)

We consider two different coordinate systems for &, the spherical polar
(0, ¢) system, for which

x=Rsinfcos¢d, y=Rsinfsing, z=Rcosf, (4.15.110)
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and in terms of which the metric of & is given by

ds? = — R?*(d#? +sin? 0d¢?), (4.15.111)
and the complex ({, {) system, for which (cf. (1.2.8))
—iRC-T REE—1
_RE+H o _ZiRC—O - _REZD 50
C+1 {(C+1 (Z+1
with (¢f. (1.2.10))
. 6
C=e"”cot5, (4.15.113)
in terms of which the metric takes the form
4R*d{dl
ds?= - ———— 4.15.114)
((l+17 (

Let us consider the complex system first. As we remarked above (and
see also §1.2), { is an anti-holomorphic coordinate for & (with its standard
orientation), and so we can take

=T, (4.15.115)

with & as in §4.14. Then (4.14.31) gives P = 3{. The m®-vectors are deter-
mined as in (4.14.36) by requiring P > 0. Comparing the metric form
(4.14.30) with (4.15.114), we obtain

(41
p=t"" (4.15.116)

R\/§ ’
which we can substitute into (4.14.33) to obtain the explicit representations
for the actions of 8,8’ on an # of type {s —s}:

on = l+1 -((ee + 1)°n),

R\/2 aC
1

R\/2
The determination of the m®-vectors is illustrated in Fig. 4-6 which shows
the flag plane of o* (i.e., the direction of Re(m")) pointing along Im({) =
constant, Re({) increasing. Reference to Fig. 4-6 and the detailed geo-
metrical constructions of Chapter I (for flag planes, as in §1.4, spinor
scalar products, etc.) lead us to

(“ ﬂ)——i—<_1 f) (4.15.118)
vy 8) JT+1\ (1 o

o'n = €l+1 1” (Cf+1) *n)- (4.15.117)
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flag direction of o4
= direction of Re m*®

Im ¢ = const.

->
<

Ji

k\'

stereographic projection of &

from its north pole to the Argand

(x, y)plane ,
Fig. 4-6. The arrangement of spin-frames and m-vectors for the complex stereo-
graphic coordinates ({, 0).

{(up to an arbitrary choice of overall sign), where we have fixed the real
scaling of 04, 1! (i.e., the extents of I°, n°) by taking

W=1, ie, u=v=R2. (4.15.119)

Substituting into (4.15.95) and (4.15.98), we can now obtain Z; and
Y  explicitly.
Finally, we consider the spherical polar system, for which we can take

)
¢ =logtan +i¢ (4.15.120)

(i.e., ¢ = —log{). Comparison of (4.14.30) with (4.15.111), where again

flag direction
of o4 = direction
of Re ma

- '©

steroegraphic projection of & from
its north pole to the Argand (x, y)-plane

Fig. 4-7. The arrangement of spin-frames and m-vectors for the spherical polar
coordinates (6, ¢).
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we adopt (4.14.36) so that P > 0, gives, after a short calculation,

2
:R\s/i1_19' (4.15.121)
And this, when substituted into (4.14.33), yields, for an # of type {s, — s},
on = Lsins l9<i — v.i—i>((sin_s o))
R \/5 00 sin 6 d¢

1 & i 0
on=——sin0{ =+ V(sin"O)p).  (415.122
TR A <60+sin06¢>((sm . )

The determination of the m®-vectors is now illustrated by Fig. 4-7, which
shows the flag plane of o* (i.e., the direction of Re(m")) pointing down-

wards along the meridians ¢ = constant. For «, ... , 0 we now obtain, up
to sign,
. 6 . 6
8 e 25in— e 92 cosi
o
= ) 6 . 6 . 4.15.123
<y 5) — ¢i¢/? cos 5 e/ sin 5 ( :

Again we can fix the extents of /%, n® by taking W =1 as in (4.15.119).
Substituting into (4.15.95) and (4.15.98), we can then obtain Ljm and
.Y, . explicitly in the 9, ¢) system. When s = 0 this yields the standard

(Legendre) spherical harmonics as a special case.
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Fields in space—time

5.1 The electromagnetic field and its derivative operator

There are many analogies between the gravitational and electromagnetic
fields. One of these is brought out particularly strikingly in the spinor
formalism, where each of these fields is represented by a symmetric
spinor: ¢, in the electromagnetic case (cf. (3.4.20)) and ¥ ., in the
gravitational case (¢f. (4.6.41)). As we shall see shortly, the ‘source-free
field equations’ (where, in the gravitation case, we mean (4.10.9) and not
Einstein’s vacuum equations (4.10.10)) are also basically identical in the
two cases. The analogy goes even further, in that each field quantity can
be obtained from a commutator of derivatives. In the gravitational case
these are just the covariant derivatives (¢f. (4.2.30) with (4.2.24), (4.9.15),
(4.9.16)). In order to obtain the electromagnetic field in such a way, one
must modify the concept of covariant derivative. In flat-space quantum
theory this is normally done by adding a muitiple of the electromagnetic
potential four-vector ® to the usual flat-space derivative, which we
denote temporarily by 0_, the multiple being ( — i) times the charge e of
the field on which the derivative acts. Thus the action of the new covariant
derivative

V,:=3,—ie®, (5.1.1)

depends on that charge, and so it becomes necessary to specify the charge
of each field of the system.

In quantum theory a charged particle is described by a wave function
which is such a charged field. (For example, the Dirac field of an electron
is a pair of charged spin-vectors each having the same charge; ¢f. (4.4.66)
and Corson 1953). The coupling of these charged fields to any Maxwell
field present is accomplished by replacing the operator ¢, in their field
equations by the operator (5.1.1).

It is now easily seen how the Maxwell field F ,, which is the curl of
the potential @, arises from the commutator V V, acting on a field
6 of charge e:

iV[aVHO“ =e9‘”6[a(1)b] =1e0”F, (5.1.2)

Since we wish to allow electromagnetic and gravitational fields to

312
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co-exist, we must make provisions for our operators to act in curved
space—time. This is easily achieved by letting the ¢, of (5.1.1) become the
usual (‘elementary’) covariant derivative operator (whereupon extra
curvature terms appear on the right-hand side of (5.1.2), ¢f. (5.1.34)
below).

The expression (5.1.1) involves the potential explicitly, however,
and that we shall mainly want to avoid, since the value of the potential
at any point has no physical significance. This is analogous to the fact
that the connection symbols I' ¢ have no direct physical significance
in gravitational theory. Similarly, as in the case of the elementary covariant
derivative which can be introduced by modifying the coordinate derivative
0/0x* with I'-terms, and then largely discarding d/0x® as non-intrinsic;
so alsc in the case of charged fields, the covariant derivative @, upon
charged fields can serve as a taking off point but in the development of
the theory it is largely ignored as ‘gauge’-dependent, and thus physically
meaningless. In both cases the physically significant thing that these
quantities determine is an operator, which we denote universally by V_.
Our aim, as in the development of the elementary covariant derivative,
is to construct a calculus in which all the objects have physical or geo-
metrical meaning. In this chapter, then, we shall study the properties of
the general operator V_ from a formal algebraic point of view just as we
did in §4.2 for the purely gravitational case. In this way the use of the
electromagnetic potentials and of d, can be avoided. (But, like the I's
and 0/0x® they can be brought in, when desired, as a convenience.)
The properties of V_ as defined by certain axioms will determine the
properties of the tensor F,, in equation (5.1.2) (modified for curved
space), just as the properties of the elementary covariant derivative
determine the properties of the curvature tensor (¢f. (4.2.31)). These
properties of F , will allow it to be identified with the Maxwell field
tensor.

Charged fields

In order to accomplish the programme outlined above we must make a
generalization of the modules ¥ (of C*-smooth spinor fields) defined
in Chapter 2, to which the discussion has so far been restricted. It is
necessary for each charge value to have a separate version of each spinor
module ¥, the derivative V_ acting differently on each version. We thus
introduce the charged modules

Ag,'_'_", (5.1.3)
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314 5. Fields in space—time

(for each charge e) of charged C*-smooth spinor fields. The original
system of §2.5 will correspond to the absence of charge, e = 0. The charge
e of a field could in principle be taken to be any real (or possibly complex)
number, but for various reasons we shall restrict ¢ to be an integer-
multiple of some fixed non-zero real number ¢, the elementary charge.
Thus e takes the values 0, + ¢, + 2¢, + 3¢, ... .

An important point in our argument will be that the elements of
é, for example, when e # 0, do not take on numerical values at the points
P of .#. Rather, each é[P] is an abstract one-dimensional additive
complex vector space, with zero element, of course, but no canonically
determined unit element. Also there is no canonically determined cor-

respondence between the é[P] at two different points. (However, a
C*-smooth correspondence between neighbouring & [P] is provided

[4
by any element of &) Nevertheless, just as a 4-vector can be described by
four numerical scalars when an arbitrary basis is specified, so the elements

of é [P], for example, can be described by single numerical scalars when an
arbitrary ‘gauge’ is specified (as we shall explain later).

Certain other properties of uncharged fields have no meaningful
equivalent for charged fields. For example, the condition that a charged
scalar or tensor field be real (at a point) would require the difference
between it and its complex conjugate to vanish. But the conjugate has
minus the charge of the original field and cannot be subtracted from it
according to the rules of the algebra that we shall give in a moment.
Somewhat similarly, a charged spin-vector k* with non-zero charge
cannot be represented in the usual way by a nuli flag. For again the relevant
expression (3.2.9) would require two quantities of opposite charge to be
added.

As for the algebraic properties of the é”, we require that the operations
of addition, outer multiplication, contraction, index substitution and
complex conjugation apply to the elements of the systems (5.1.3) as
before, subject to the general algebraic rules laid down in §2.5, but with
the following additional stipulations:

(5.1.4) Two charged spinors may be added if and only if their charges are
equal; the sum has the same charge as the constituents.

(5.1.5) Outer products of charged spinors may be formed whatever their
charges are; the charge of the product is the sum of the charges of
the constituents.

(5.1.6) Contractions may be performed on charged spinors and do not affect
the value of the charge.
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(5.1.7) Index substitutions may be applied to charged spinors and do not
affect the value of the charge.

(5.1.8) Complex conjugation may be applied to a charged spinor; it reverses
the sign of the charge.*

The reasons for these additional axioms become clear when we examine
the effect of (5.1.1) (with 0, as the elementary covariant derivative) on sums,
products, etc., and require that the generalized V, should satisfy the
usual additivity and Leibniz properties (4.4.16), (4.4.17). Additionally
we require of V_ to preserve the charge of the spinor on which it acts,
i.e., to provide maps

V&7 & (5.1.9)
for each charge e and for each composite index 7, and to commute with
index substitution, contraction, and complex conjugation, as in (4.4.18)—
(4.4.20). In fact, such a V_is uniquely and consistently defined from its

action on uncharged fields (which, by the axioms, must be the elementary
covariant derivative) as soon as the action

V,:6-8, (5.1.10)

has been specified. For if ae é, y¥e S (with & nowhere zero, n integral)
then, by the Leibniz and additivity properties, we have**

Ve ="V (" ")+ ny¥a” 'V« (5.1.11)

where «™"y“ has charge zero and so, by hypothesis, its derivative is
known, as well as that of a. The axioms to be satisfied by (5.1.10) are
simply

V+p=V,a+V5B,

V. (ha)=AiV,0+aV, ), (2 BeS, icS). (5.1.12)

We stress that since ¢, 45, ¢, are defined as belonging to uncharged
AB A

modules, V, acting on them is simply the elementary covariant derivative
and so gives zero.***

* If complex charges are considered, the complex conjugated field has minus the
complex conjugated charge.

** Ifae & and is nowhere zero, o~ ' stands for the unique element of ¢ such that the outer
product oo~ !, which belongs to & by (5.1.5),is 1, and « ™" is defined as (« " ')". It may
be remarked that the existence of a globally non-vanishing charged scalar is equivalent
to the non-existence of ‘holes’ in the space—time of non-zero effective magnetic charge
(Wu and Yang 1976). This is normally a ‘physically reasonable’ requirement; in any
case the discussion of this section can be carried out ‘patchwise’ using a collection of
different as whose non-zero regions together cover 4.

*#**  One could envisage a modified system in which ¢, possessed a charge 2k and ¢*% a
charge — 2k. But this would not make the system more general. For by a redefinition of
charge, namely by adding k times [number of: (upper unprimed) — (upper primed)
+ (lower primed) — (lower unprimed) indices], we can reduce the charge on ¢4 to zero,
while still satisfying all the rules.
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Electromagnetic potential

Let us now see how we can recover a potential ®_ and operator 0, from
a knowledge of V_. Analogously to choosing a coordinate basis, we here
choose an arbitrary nowhere vanishing ae &. Then we can define a
potential

O =i(ca)” 'V, o, (5.1.13)
which is evidently uncharged, since V_ preserves charge. We define a

corresponding differential operator ¢, by its action on a spinor ¥ of
charge e = ne.

oW =a"V (™ "), (5.1.14)
so that, by (5.1.11),
V¥ =0, —ie® )y (5.1.15)

(¢f. (5.1.1)). We can see from the last equation (by putting e = 0) that
d, operates on y¥ as does V, on an uncharged spinor ¥, namely as the
elementary covariant derivative. The operator ¢, plays a part analogous
to that of the coordinate derivative in the standard theory. It satisfies
the usual additivity and Leibniz properties. In flat space—time, even in
the presence of electromagnetic field, we have

0,0,=0,0,. (5.1.16)
This follows at once from the remark after (5.1.15); or from (5.1.14) and
the fact that the V, in that expresston acts on uncharged fields, so that
the Vs commute. (Cf. (4.2.59).) In curved space—time, 0, 0,. involves curva-

ta b1
ture but no electromagnetic part.
If « is specialized so that

ai=1, aeS, (5.1.17)

then we refer to o as a gauge. (If (5.1.17) does not initially hold, then it
can be achieved by the replacement ar o(ad) *: ad is always a positive
uncharged scalar field provided a is nowhere vanishing, so (xa) % is
defined.) For any gauge « we have

0=V (ad)=aV a+aV,a ie, & 'Va=—a 'V,a,

a

whence ®_ is real:
D =0 . (5.1.18)

a a

Also, for any gauge a, the operator ¢, is real, in the sense
oy =04, (5.1.19)
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as follows from the definition (5.1.14), the property (5.1.8), the relation
&@=o""',and the reality of V :

oY ="V (a7 "Y¥)=a""V ("y¥) =0,y
The gauge o serves to map any charged field (of charge e = ng) into
an uncharged one according to*

W o (5.1.20)

so that, for example, numerical components with respect to some basis
frame may then be taken. (Recall that charged scalars do not have canoni-
cal numerical values.) Thus to specify components for charged fields, both
the basis and the gauge are required. It is easily verified that the action of
0, goes over into the action of V_under the map (5.1.20).

If the gauge a is replaced by a new one «/, then the corresponding
uncharged field that y* is mapped to, in (5.1.20), undergoes a gauge
transformation:

a Yl o T = e (oY), (5.1.21)
where the real uncharged scalar 0 is defined (possibly only locally) by
e = aja, (5.1.22)

and correspondingly we have

i

i . ‘
Q- =—V o =—e"V (e ")
e et

1
@ +-V,0, (5.1.23)

€

and

o0, — eV, Y. (5.1.24)

Observe that (5.1.23) has the usual form of a gauge transformation in
electromagnetic theory.

It may be remarked that in both the electromagnetic and gravitational
cases we have ‘gauge transformations of the second kind’. These are the
transformations of the gauge which do not change the associated operator
¢,. In the electromagnetic case they are clearly given by oo’ =e™ Y«
where 6 is real and constant (although dropping the reality requirement
would affect only the normalization (5.1.17) of « and none of the succeeding
equations). In the gravitational case they are given by the linear inhomo-
geneous transformations x"|—+Ab"xb + B®, where A4,* and B* are real

€
* Such an isomorphism « : ¥ & is referred to as a trivialization.
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and constant with det (4,*) # 0. For some purposes one might require
A,? to be a (restricted) Lorentz matrix. Then a choice of ‘gauge’ x* (i.e., of
coordinates) would correspond to a mapping of the space—time .# to
Minkowski space, whose symmetries would be respected by the gauge
freedom. This, in effect, is the procedure involved in the ‘Lorentz covariant’
formulations of general relativity.

The Maxwell field tensor

Next we examine the commutator

A,=V,V, -V V = 2V[a Vb]. (5.1.25)
Assume that there is no torsion, i.e., for an uncharged scalar ye S,
A,y=0 (ye ). (5.1.26)

Suppose 0 + aeé, l//Eé, where e = ng, and where o vanishes nowhere.
Then there is a ye € such that

ya = . (5.1.27)

From the axioms, as in (4.2.15), (4.2.16), it follows that A, satisfies
additivity and the Leibniz law, and so A ,o" = na"~ ' A, a, for any integer
n. Thus, by (5.1.26) and (5.1.27),

mya" A =AY,

Le.,
myo~ IAaba =A,V. (5.1.28)
If we set
i
F, = aAab o, (5.1.29)
then we have
A =eF . (5.1.30)

The equation (5.1.30) shows that, unlike (5.1.13), (5.1.29) is independent
of the particular « that is chosen. We call F,, the Maxwell or electro-
magnetic field tensor* (associated with V).

If y#e S is an arbitrary charged spinor, we have

In a non-simply-connected space-time region it is possible to have F_, =0 every-
where, yet V, to be non-trivial in the sense that no charged scalar a exists with V a = 0;
equivalently, every choice of potential may necessarily be non-zero somewhere
(cf. Aharonov and Bohm 1959).
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(5.1.31) PROPOSITION

A W* differs from the result of a commutator acting on an uncharged Y
simply by the additional term — ieF ,y*.

This fact can also be expressed by the equation

A W™ =200, 4 —ieF ¥, (5.1.32)

in which the first term on the right is actually covarlant though 0, by
itself is gauge-dependent. For proof, note that if y“e 6“‘” then by the
Leibniz rule,
(7" T) = —na”" T TA o+ o0 TTA Y
whence
AW = oA (0" ) — ieF . (5.1.33)

Since o~ "y is uncharged, A, (¢~ ") is just the elementary covariant
derivative commutator. Reference to (4.2.33) or (4.9.1) and (4.9.13) now
bears out our assertion. For example (cf. (4.2.32)),

A, = —R, W, —ieF . (5.1.34)
Next we examine some properties of F_, . In the first place, from (5.1.29),

it is evidently skew:
F,=—-F, (5.1.35)

and, smce Vv, preserves charge, F,, is uncharged Furthermore, since
Je S whenever ye S (e real), we have by (5.1.30),

ablp = leFab‘ﬁ’
the complex conjugate of which (using Va =V,), together with (5.1.30),
yields
Fab = Fub’
ie., F , is real. Finally, by a process analeogous to that (cf. (4.2.40)) leading
to the Bianchi identity, we have, for Yy €S,
VYoV =V Vi Vo = — %iev[a(F seV)
= — JieyV Fy—3ieF, V0.
But also (¢f. (5.1.34))
ViVoVa¥ = Vi .V V¥ = %R[abc]dvdl// — jieF @VaV -
Subtracting these two expressions and using (4.2.37), we get, after division
by iey,

YV Fyy =0. (5.1.36)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.006
https://www.cambridge.org/core

320 5. Fields in space—time

For an alternative derivation of this equation, let us for the moment
consider a particular gauge « and examine the relation between ®, and
F . Forming the curl of @,

V, Dy = — (i/62?) (V) (V, ) + (/620 Y, V, 0 = IF,,
(cf. (5.1.13), (5.1.29)), we see that
F,=V.® -V, (5.137)

Equation (5.1.36) now follows at once from (5.1.37), being an example of
the relation d* = 0 of the exterior calculus (cf. (4.3.15) (viii)).

Equation (5.1.37) is, of course, the same as the usual relation between
field tensor and potential vector in Maxwell’s theory. It implies that if
F,, = 0 then (locally at least) @, can be expressed as a gradient: ®, =V,
where y is real and uncharged. (This is not so in the general case, even
though, at first sight, it may seem that (5.1.13) would give ®_ in this form;
but there is no allowed scalar ‘log o’ for charged «, whose V_ could yield
a” 'V, o) If two distinct potentials ® and @ satisfy (5.1.37), then
Vi@, — @) =0 and so @, — @, is (locally at least) a gradient: @, — ®, =
e ‘VaB with 6 real and uncharged. Thus, by (5.1.23) and (5.1.22), there
exists (locally) a gauge o yielding any given potential satisfying (5.1.37).

Equation (5.1.36) is the first ‘half’ of Maxwell’s equations. If we define
the charge-current vector J* (in Gaussian units) by

V F® =4nJ°, (5.1.38)
this gives the other half. (These two equations are the basis of classical
Maxwell electromagnetic theory.) Note that J* has charge zero. (This is
not as paradoxical as it may perhaps seem, since J* is a ‘current’ and

involves charged fields and their complex conjugates bilinearly, cf.
equation (5.10.16) below.)

The electromagnetic spinor

Since F, is real and skew, it has a decomposition of the form (¢f. (3.4.20))

Fab =Quptyp T SAB(I)A’B” (5.1.39)
where ¢, is the electromagnetic spinor and
Pap= Pap = %FABC'C, (5.1.40)

As previously described in §3.4, the tensors " F , = ¢ ¢, and *F , =
¢,pP 4 p are, respectively, the anti-self-dual and self-dual parts of the
Maxwell field. Analogously to the way in which the curvature spinors
occur in the expansion of the operators [],,, [1,, (c¢f. (4.9.13)), the
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electromagnetic spinor occurs additionally when charged fields are
involved (even scalar charged fields). For example, if a,be@ (cf. (4.9.1),

OV =36" %AW = —Jiee"PF = —ieg ¥, (5.1.41)
and, similarly,

O, gt = —ie@ gt (5.1.42)

When y*#e & then —ie@ g™ [or —ieq . pr™] gets added to the appro-
priate uncharged expansion of [ , ¢ [or (0 ., ]. For, by transvecting
(5.1.33) with 1¢*®', we immediately obtain

O ¥ =" 00" ") —iep ¥, (5.1.43)

and this bears out our assertion. (To get the corresponding result for
[d,.p¥*, we simply transvect (5.1.33) with 1¢#8) For example, we have

OV’ =X, 5V —ie@ " (5.1.44)
OV’ =0, 50 —led . ¥°. (5.1.45)

The spinor form of (5.1.37) is
=V, (A(Dg), (5.1.46)

as is readily seen from (5.1.39). Alternatxvely this can be obtained directly
from (5.1.13) using (5.1.41).

A gauge condition often imposed on ®, (normally in flat space-time)
is the Lorenz* gauge condition:

Vip, = 0. (5.1.47)
This is equivalent, via (5.1.13), to the following condition on the gauge a:
aVeV o = (Via)(V a). (5.1.48)

With this condition, (5.1.46) simplifies to
=V, 05, (5.1.49)

since the part skew in AB on the right now vanishes.
The charge-current vector (5.1.38) in spinor form is given by

VABpA | VAB G = dp A4, (5.1.50)

However, (5.1.36) is equivalent to V, *F % =0 (cf. (3.4.26)), and so, since
*F = — Bt 1 g4 BGAE (of (3.4.22)), to

VABpA = VAB G (5.1.51)

The complete Maxwell equations (5.1.50) and (5.1.51) can now be com-

* This is L. Lorenz (1867) — not H.A. Lorentz! (See Whittaker 1910).
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bined into the single equation

V4B = 2nJ4Y (5.1.52)
together with the fact that J is real :
JA4 = JaA, (5.1.53)
The divergence equation
VJi=0 (5.1.54)

is a consequence of (5.1.52) or (5.1.38), the curvature terms cancelling
out. For example, from (5.1.52) we get (cf. (4.9.2), (4.9.13), (4.6.19))

2V, 0=V Vi o' = [ 50"
= XABQA(pQB + XABQB(pAQ
=3A(epy0?® + 6,09 =0.

(Alternatively, this result can be simply derived by use of differential
forms.Forif F:=F, ;,, J:=J, ,then(5.1.38) and (5.1.54) take the respective

i1iz®

forms d*F=%n'J and d'J=0, the latter being a consequence of the
former because d? = 0. See (5.9.5)-(5.9.13) and (4.3.17) for details.) Com-
bining (5.1.46) with (5.1.52) gives
VAVEAQE = 2 g4, (5.1.55)
If the Lorenz gauge condition is adopted in the form (5.1.49), then we
can express (5.1.55) as follows :
2nJ 44 = VAVEEQL
= VQEVOEQL + VIEVEIERS,
=0OYCD4 + 1MV, VEE D
= — QM O + 3AQ 1+ 1V Vi
(¢f (4.9.14) and (4.6.19)) and thus (¢f. (4.6.21))
4nJe = V,VP0° + R* @*. (5.1.56)

(It so happens that this particular relation could be somewhat more easily
derived in a tensorial way.)
Note that when J° =0, (5.1.52) can be written

VAt =0 (5.1.57)

which is therefore the spinor version of the complete source-free Maxwell
equations V,F,, =0, V,F* =0. The similarity between (5.1.57) and the
spinor form (4.10.3) of the Bianchi identities (when specialized to vacuum)
is striking. In fact, (5.1.57) is the spin-1 version of the massless free field
equations (5.7.2) which will be considered in §5.7.
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Relation to electric and magnetic 3-vectors

We shall end this section with some elementary formulae for Maxwell’s
theory in spinor form. When we refer the field tensor F , to a standard
Minkowski tetrad %, x%, )%, z%, its components are related by definition to
the components of the electric and magnetic 3-vector fields E and B as
follows:

F = 0 E E E

ab 1 2 3
~E, 0 -B, B,
~E, B, 0 -B, (5.1.58)
—E, -B, B, 0

In terms of the standard spin-frame associated with the Minkowski tetrad
under consideration, and using the tensor—spinor translation scheme

(3.1.38), (3.1.39), (3.1.49), we then find, form (5.1.40),
Poo =3(F3, + Fo, —iF,;, —iF,,) =3(C, —iC,)
Po1 =3(—Foy —iF ;)= —3C,
@, =3F, —F,, +iF,,—iF )= —=4C, +iC,), (5.159)
where
C=E—-iB. (5.1.60)
Conversely, if we write (cf. (4.12.43))

Po=Poo> Py = Poy> P2 = Pyy»
(!_)0:@0'0” (ﬁl:q—)o‘l” ¢2=¢1’1'7 (5'1'61)
we find, from (5.1.39),
Fo=3|0 (0o=0,+0,-6,) (o, +ip,—ig,—i¢,) (-20,-2¢,)
(@t o, =0 +9,) 0 Qig =2ig) (—0,—0,~¢,—9,)
(—igy —ip, +ify +i¢,)  (=2ip, +2ip) O (g, —ip, —ip, + i)
(2(/’1 +2¢[) ((p0+q)z+¢o+¢3) (_1(/72"'](00 +l¢3_]¢0) 0
(5.1.62)
Complex fields F, satisfying Maxwell’s source-free equations play a role
as wave functions of single photons. For this and other reasons it is of

interest briefly to include this more general case in our discussion. Instead
of (5.1.39) and (5.1.40) we then have

Fop=0uptap +e4sPap- (5.1.63)

and
Pap= %FABC’C/’ Pyp = %FCCA'B” (5.1.64)
where ¢, @ ,.,. are now independent spinor fields. Formula (5.1.62) with
the definitions (5.1.61) still holds, but now ¢ replaces @ throughout;(5.1.59)
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holds without change; and a corresponding formula for @ is obtained by
replacing i by —iin(5.1.59) and in (5.1.60).
The dual (cf. (3.4.21)) *F,, of (5.1.58) is easily seen to be

0 -B, -B, —B,
B 0 —E E

* —- 1 3 2

Fop= B, E, 0 -E, (5.1.65)
B, -E, E 0

Now there are two important scalar invariants associated with any electro-
magnetic field F ,, namely

P=3F, F®= —1*F *F® Q=1F,*F", (5.1.66)

27 ab

which are perhaps better known in the forms
P=B?>—E? (Q=2EB, (5.1.67)

obtainable at once from the definitions (5.1.66) and (5.1.58), (5.1.65). In
spinor form we have, by use of (3.4.38) and (2.5.9),

Ki=¢,0"*=1"F,"F*=1F “F*=P+iQ. (5.1.68)

— 2% ab
In the case of a real field F_,, P and Q are manifestly real, and so they
constitute the real and imaginary parts of the one spinor invariant, K. If,
on the other hand, F,, is complex, we define, in analogy with (5.1.68),

Ki=¢,, "% =1F *F*=P-iQ (5.1.69)
(note K = K if the field is real), so that
P=(K+K)/2, 0=(K-K)/2i. (5.1.70)

If P=Q =0 the field is null, i.e., the PNDs of ¢, (and also those of
@ .. are coincident. This follows at once from (3.5.29).

If Q =0 and P # 0, we say — in the case of a real field — that the field is
either purely electric or purely magnetic according as P <0 or P> 0,
respectively. The reason for this terminology is that in these cases one
can find a Lorentz transformation (in fact, infinitely many) which ‘trans-
forms away’ the magnetic or the electric field, as the case may be. It is
merely necessary, for example, to apply a boost with velocity E~%(E x B)
in the first case, and one with velocity B~ 2(E x B) in the second case. We
shall see later (in §8.5) that in these cases, when one of the fields E or B
has been transformed away, the two PNDs of ¢, point in opposite
directions on the Riemann sphere.

We may also note that Q@ = 0 is the necessary and sufficient condition
for the tensor F , to be simple (cf.(3.5.30)and (3.5.35)).
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Further remarks on the structure of the electromagnetic field will be
found at the end of §8.5.

5.2 Einstein—-Maxwell equations in spinor form

We next consider the spinor form of the combined Einstein—Maxwell
‘electrovac’ equations, i.e., the field equations of general relativity with
the energy tensor of the electromagnetic field as the only source term.
First we must find the spinor equivalent of the energy tensor of the electro-
magnetic field. This is a real symmetric tensor T,, which is quadratic in
the electromagnetic field tensor F , and satisfies

VeT, =0 (5.2.1)

when the source-free Maxwell equations hold. There is one obvious
expression in the spinor formalism which has this property, namely

T,=ko,;0,p, (5.2.2)
where k is a real and, in fact, necessarily positive constant (because of the
positive-definiteness requirements that we shall examine shortly). The
tensor defined in (5.2.2) is real, symmetric, quadratic in ¢ ,, and therefore
in F,, and it satisfies (5.2.1) by virtue of (5.1.57). Recall that the Bel-
Robinson tensor (4.8.9) satisfies a similar equation (viz (4.10.11)) for a
similar reason (viz (4.10.9)).

The standard tensor expressions for the Maxwell energy tensor are

1
Tab = E(%gachdFCd - Fachc)

1
= — g (FuFyf + *F *Fy). (5.2.3)

Substitution of (5.1.39) into either of these expressions does indeed yield
(5.2.2) with k = (2r)~ ' :
1
Tab - —2_71.
Note that the second expression in (5.2.3) is very similar to the tensor
expression (4.8.10) of the Bel-Robinson tensor in terms of the Weyl
tensor. Again, T, is invariant under duality rotations of the electro-
magnetic field (3.4.42), for these correspond to ¢ z—e @ ,5. This in-
variance is rather less immediate from the tensor expressions (5.2.3). Also
T, is trace-free:

? 5P g (5.2.4)

Te=0, (5.2.5)
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as follows at once from (5.2.4). Both duality rotation invariance and
tracefreeness are also properties of the Bel-Robinson tensor, ¢f. (4.8.16)
and (4.8.12). Of course, the electromagnetic energy tensor T,, was dis-
covered long before the Bel-Robinson tensor T, ,. By tensor methods
T,,., Was hard to find, as an analogue of T, . Only in terms of spinors is the
one as simple as the other.

Substituting (5.2.4) into Einstein’s equations in the form (4.6.32), and

bearing in mind that now T % = 0, we get
Dpap =290 5P 4ps A=5A (5.2.6)
which, together with the Maxwell source-free equation (5.1.57), provide

the spinor form of the Einstein—Maxwell equations (and usually we take
A = 0). On the other hand, substituting (5.2.4) into (4.10.12) gives

Vi ¥ spcp = 2VV(AB, [(pCD)(ﬁA’B‘]
= 2y[¢A'B’V(:;(pCD) + (p(cnvg;‘/_’A's']'
Now the second term on the right vanishes because of (5.1.57); and, by an
easy argument (cf. (5.7.16) below), one shows the symmetrization in the

first term on the right to be superfluous. So the Bianchi identity
becomes

V¥ apep =290 48 V5 @cp- (527
In passing, we remark that the following modification of the Bel-

Robinson tensor for the Einstein—Maxwell equations, though not totally
symmetric, has zero divergence:

Topea = "PABCD\PA'B'C'D' = 29Vep®usVpcPap
+ 6VVD(A'|(P(ABVC)D'¢|B'C') — AQ4BEc)pParBEcDs
Ebcd = ’I}abc)d’ Taacd = 0’ Vd?:zbcd = 0

Positivity properties of Maxwell’s energy tensor

The tensor T, possesses an important positive-definiteness property.
Observe that for any pair of spinors u, v4 with corresponding null vectors

Ma — #A'aA’ Na — vA\—)A'
we have

T, MN® = % 10,0t VP2 >0, (5.2.8)

a

i.e, this inequality applies to any two future-null vectors. Since any future-
causal vector is a sum of future-null vectors, we derive by such expansion
and use of (5.2.8) the following:
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(5.2.9) PROPOSITION
For every pair of future-causal vectors U®, V*,

T, UV® 0.

This can be expressed slightly differently, in the form :

(5.2.10) PROPOSITION
For each future-causal vector V*,

VATPT, Ve=0, VT, V>0.

For (5.2.9) says that the vector V*T.> has non-negative scalar product with
all future-causal vectors; it is therefore itself causal (c¢f. (5.2.10) (1)),
and, indeed, future-causal when ¥* is (¢f. (5.2.10) (2)). Condition (5.2.9)
or (5.2.10) is sometimes referred to as the dominant energy condition.
If V¢ is the 4-velocity vector of an observer, then T* V? is his Poynting
‘4-vector’, having component form: (energy, Poynting 3-vector). Thus
(5.2.9) states that the velocity of energy flow, as described by the Poynting
vector, does not exceed the velocity of light.

Note that the following weakened form of the above energy condition:

Vvt =0 (5.2.11)
(sometimes: weak energy condition) states that the energy density measured
by an observer (T,,) must be a non-negative-definite function of his 4-

velocity V*(which he measures as g,°). It is of some interest to examine
the locus

T, VV®=0. (5.2.12)

First take V“ to be the null vector N® = v*¥4" # 0. Then (5.2.8) tells us that
T, N°NP vanishes if and only if
¢ V=0,

and this occurs (¢f. (3.5.22)) when the flagpole of v* points in one of the
two (possibly coincident) principal null directions of the field ¢, , (taking
¢, 7 0). In fact these are the only causal vectors V* for which (5.2.12)
holds. For if V¢ is timelike, say future-timelike, we can select any future-
null direction M“ which is not a principal null direction of ¢,,, and
express V“ as a sum of a multiple of M and another null vector. Sub-
stituting into (5.2.12) and expanding, we get a sum of non-negative terms
(by (5.2.9)), at least one of which (namely TabM“M”) is strictly positive.
Thus we conclude:
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(5.2.13) PROPOSITION
TabV"Vb =0,VV, 20,V #£0iff V° is a principal null vector of ¢ ,.

Similar results hold for the Bel-Robinson tensor. We have, in fact,

(5.2.14) PROPOSITION
T,,.s5°UCV W = 0 for all future-causal vectors S°, U*, V°, W*,

and also

(5.2.15) PROPOSITION
T VVVVEI=0, VOV, 20, V*+0 iff V* is a principal null vector of

lPABCD .

The reasoning is just the same as for the electromagnetic case above.
The principal null directions of ¥ .5, will later be seen to play a key role in
the classification scheme for Weyl tensors (see Chapter 8).

In §4.8 (cf. (4.8.13)) we remarked that the Bel-Robinson tensor satisfies
a quadratic identity (in addition to being symmetric and trace-free) al-
though the complete tensor expression for this was not found explicitly.
In the electromagnetic case we have

T T, T

ABA'B’* CDC’'D’ = ABC'D'TCDA'B' (5216)
as an immediate consequence of (5.2.4). The tensor form of this equation
is well known in Maxwell’s theory. We can obtain it from (5.2.16) by
repeated use of (2.5.23):

T, T, =T, T, (5.2.17)

C

5.3 The Rainich conditions

As we have seen in the preceding section, the Maxwell energy tensor
T, is real, symmetric, and possesses the following

(5.3.1) PROPERTIES
(i) T'=0
(i) T, T,ocg,,

(iii) T,,U*V® 20 for every pair of future-causal vectors U*, V*.

They are all automatic consequences of the spinor form T, =k ;@ ,.p.
(¢f. (5.2.2)) with @ ;= ¢ ,p and k real and positive. Now, conversely,
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for each real symmetric tensor T, satisfying (5.3.1) at any one point, there
exists such a spinor form at that point, and there exist real skew solutions
F,, of equation (5.2.3); moreover, all of these solutions are obtained
from each other by duality rotations (¢f. (3.4.42)). This result was first
established by Rainich (1925) and equations (5.3.1) are therefore called the
Rainich conditions. Later the result was rediscovered by Misner and
Wheeler (1957) and made the basis of their ‘geometrodynamics’. Of
course, in order to qualify as an electromagnetic field tensor, F , must
satisfy Maxwell’s equations, and thus certain further (differential) restric-
tions must be imposed on T, in order for it to be the energy tensor of a
Maxwell field. These conditions (for non-null fields) were also first worked
out by Rainich and rediscovered by Misner and Wheeler. There seems
little doubt that this theory is most simply discussed by means of the
spinor calculus, as was effectively done by Witten (1962); our development
below follows somewhat different lines from his.

Suppose a real symmetric tensor T, is given which satisfies the condi-
tions (5.3.1). Referring back to (3.4.4)-(3.4.6) we see that, because of
(5.3.)(),

Typan = Tupyasy (5.3.2)

Equation (5.3.1) (it) in spinor form is

Taane T co Ceactyc
This, by use of (2.5.23), yields
TAA’{g,TlD)],z.‘C’ < SACgA’C"sBD‘gB,D,s
whence
AB TDIC) _
T:A[EB Tmflc) '=0. (5.3.3)

Using the symmetry (5.3.2) tointerchange A, B positions and C, D positions,
and relabelling the indices: 4 B, C~ D, we have

TANB TDIIC) — (), (534

(48 * D)C]
Adding this equation to (5.3.3) and expanding the lower symmetry opera-
tions, we find
T;j,'””' T,’,f]'”m =0, (5.3.5)
where we have written .o/ = AB and % = CD. Once again using the sym-
metry (5.3.2), and relabelling indices, we find from (5.3.5) that

T{;NB'TD'HC'] =0. (5.3.6)

%]

Adding this to (5.3.5) we find, by complete analogy with the process that
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lead to (5.3.5) itself,

TISTE =0, (5.3.7)
where o/’ = A'B’, %" = C'D’. Thisis equivalent to
T iTee=TyeTey (5.3.8)

Now we choose an arbitrary non-zero spinor X* and multiply (5.3.8) by
X*%X¥ | thus obtaining (in regions where T . X“X* + 0)

%
T,., =(T%,X%X“’”)‘I'EQ/%,X%'TQ(,%X%, (5.3.9)

which, because of the reality of T, is of the required form
TABA'B‘ = k‘pAB(»bA'B' (5.3.10)

at each point,* with k a real scalar (c¢f. (3.5.5).) The last of the Rainich
conditions, (5.3.1)(iii), implies that any such k, as defined by (5.3.10) and
(5.3.9), is in fact positive. We can therefore normalize ¢ ,5 so that k = 1/2x,
as in (5.2.4). The F,, as defined in (5.1.39) automatically satisfies (5.2.3),
and the existence of a solution of (5.2.3) at each point is therefore esta-
blished. Evidently this solution is not unique, since ¢, ,—e “¢, ,
(0 real) leaves (5.2.4) unchanged and corresponds to a duality rotation
F,—OF  (cf (3.442), (3.4.43)). On the other hand, this is clearly all the
freedom allowed by (5.3.10) at each point (¢f. (3.5.2). So the algebraic part
of the Rainich theory is established.

Before proceeding to the differential part of the theory we shall discuss
what Misner and Wheeler call the complexion of the field. As we have seen,
all field tensors F , in a class with common energy tensor T, differ from
each other by a duality rotation at each point. In each such class there
are, except where K = 0 (null field), exactly two fields, differing only in
sign, which are ‘purely electric’, i.e., which have invariants P <0,0 =0
(cf. after (5.1.70)). For let F, be any field in the class, with corresponding
spinor ¢, and invariant K=: —e” *?K  where K, is real and positive.
Then P,, = + ~?F , have spinors ¢“¢ ., and each has invariant ¢*’K =
— K, and is consequently purely electric, as reference to (5.1.68) shows.
Evidently F , = +®P_,. The angle 0 defined up to the addition of an
integer multiple of =, is said to be the complexion of F, ; these are the
angles through which + P have to be duality-rotated in order to coincide
with F,. The complexion becomes indeterminate only where the field is
null. Now, a ‘generic’ field F , becomes null on some 2-surface (since
K =0 corresponds to two real equations in a four-dimensional space).

* There is no guarantee, at this stage, that ¢, can be chosen to be everywhere
continuous.
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Thus a ‘generic’ T,,, subject to (5.3.1), will also satisfy 7., T*“=0 on a
2-surface, on which the complexion therefore becomes indeterminate.
It may then happen that the region of space—time from which this surface
has been removed is not simply-connected: a 2-surface has just the right
dimension to be linked by a curve in four dimensions. By choosing a
suitable closed path around this 2-surface it might be possible to take
P, continuously into —P_,, so that a constant global choice of sign for
the field P, might be impossible. This difficulty arises even before we
consider the particular Rainich field equations. So we now assume, in
order to proceed further, that we are concerned only with a region of
space—time in which the sign of P, can be chosen continuously. Moreover,
we assume that P, can be chosen to be smooth — which again does not
quite follow from the assumption that T, is smooth, if there are regions
where T, vanishes.

Differential Rainich condition

Now suppose that, in accordance with these assumptions, we are given
an energy tensor T, satisfying the Rainich conditions (5.3.1). Then at
each point of our region of interest we have a smooth purely electric
tensor P, having T, for its energy tensor. We then ask the question:
is it possible to find a tensor F,, =°P,, for some variable real 6, which
satisfies Maxwell’s equations, and which therefore represents a Maxwell
field having energy tensor T, ? If x , . is the symmetric spinor correspond-
ing to P,,, with y =1y, .v*# <0, then e ", will correspond to F,,.
Applying Maxwell’s equations (5.1.57) to this spinor, we get

VAA'(e_iGXAB) — e—iOVAA/XAB _ iefiHXABVAAl() =0.

Cancelling the exponential factor, multiplying by ., and using (2.5.23),
we next get

ZBCVAA/XAB — iV, 0=0, (5.3.11)
which yields, after some relabelling of indices,
1 BC
VAA,(?:i—XXABVCA,X =8, (5.3.12)

S , 4 being a spinor defined by this equation. Since 0 is real, S, . is a real
vector. Our problem now reduces to finding the tensor equivalent of
S , . and solving (5.3.12) for 6.

We shall proceed synthetically. Differentiating (5.2.4) with y ,, in place
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of ¢ ., contracting once and writing k = 1/2r, we get one term on the
right-hand side essentially like S, ., :

Vo T4 = 748V "B + kg *BY 7% . (5.3.13)

Pursuing this synthesis, we multiply (5.3.13) by (5.2.4) with y for ¢ and the
index A replaced by D, and find

TDA’BB’VAC'TAA‘BB, = 2kzZZDBVAC’XAB + kngDAiA’B'VAC’ZA'B’
=2ik* %Sy + K2 AV ot (5.3.14)
where we have used the reality of y. We can eliminate the last term in

(5.3.14) by taking complex conjugates, relabelling some indices, and
subtracting the resulting equation from (5.3.14); in this way we get

4k?12S e = Tp gV ae TP = Ty Vi o T4

DA'BB’ " AC’ AC'BB’ " DA’
=ie, . pc' ¢ TBB,P,,,VQQ,TAA'BB', (5.3.15)
where for the last line we refer to (3.3.46): the effect of the dualizer is
precisely to form a difference of two terms which differ from each other
by an interchange of the index pairs 4C" and DA’ as in the line above.

Using the value
4k2 2 _ 'TabTab

obtained from (5.1.68) and (5.2.2), we can now translate (5.3.15) into
tensor form (making obvious changes in the indices):
PaT, V, T
= Cac ZAFLE (5.3.16)

4 T Ta
A differential condition on T, is now obtained by the substitution of
(5.3.16) into the integrability condition for equation (5.3.12):

v,s,— V.S, =0, (5.3.17)
which holds since 8 is a scalar. If the condition is satisfied, 0 is determined
by (5.3.12) and (5.3.16) to within an additive constant.

A discussion of the implications of Maxwell’s equations in regions
containing loci on which the field is null (or zero), or which are not
simply-connected, is beyond our present scope. Note, however, that the
algebraic part of the theory applies equally to non-null and null fields.

5.4 Vector Bundles

A viewpoint we have tended to emphasize in this book is one which
regards the kind of algebra satisfied by various types of field as basic
(abstract index algebra and formal rules for V) and the geometric inter-
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Fig. 5-1. The graph of a function.

pretation of these objects and operations as secondary. It is often useful,
on the other hand, to picture things also in a geometrical way and, in fact,
for the basic spinors themselves we took such a geometrical viewpoint in
Chapter 1. There we considered, but did not concentrate much on, the
concept of vector-bundles (cf. § 1.5), which is a useful one when passing from
a local to a global description. Since a rather complete local geometrical
picture of the basic spin-vectors can be given, the bundle description can, to
some extent, be there avoided. But in the case of the charged fields of
electromagnetic theory — and even more in the case of the ‘multi-charged’
fields of Yang—Mills theory to be discussed presently —the geometric
content of the theory is hard to grasp except in the context of vector
bundles. Accordingly we give a brief introduction of this concept here.
Let us begin with a very simple idea, that of the graph of a function.
Consider a real-valued function of a single real variable f : R— R. Usually
the graph of fis plotted, as in Fig. 5-1, by drawing a horizontal x-axis and a
vertical y-axis, and marking the locus y = f(x). Suppose, however, that
we are concerned with ‘functions’ of a different kind, whose ‘values’ are
not simply numbers, and are not necessarily comparable for different
values of the argument x. A familiar example of such a function is provided
by a tangent-vector-valued function on a manifold, i.e., by a vector field.
Thus, in place of the x-axis in Fig. 5-1, which was a copy of R, we envisage
some manifold .#, called the base space (which, for definiteness, we could
picture to be, for example, a sphere S?). In place of the y-axis we need
something to represent the tangent space at a typical point of .#. But
since the tangent spaces at any two different points of .# are not generally
in canonical correspondence with one another, they must be thought of
not as identical but only as isomorphic spaces, called fibres, one for each
point of .#. The fibre corresponding to a point Pe.# is called the fibre
above P. Instead of the simple product space R x R carrying the graph
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fibre above P

cross-section

represents ——, !

vector field

T(H4)

|
i
Per
/ 7 .
Fig. 5-2. The tangent bundle of .#, and one of its cross-sections representing a
vector field on 4.

of the function f :R— R, we now have a more complicated space, called,
in this example, the tangent bundle T(.#) of the manifold .#. A vector
field on .# can be represented as a kind of graph known as a (smooth)
cross-section of the bundle T(.#). (See Fig. 5-2.)

The tangent bundle is only one very important example of a vector
bundle, in which the fibres happen to be the tangent spaces at the various
points of .# (and, of course, the bundle concept refers also to base spaces
other than the space-times we consider). Tensor or spinor bundles are
other examples; here the cross-sections are the elements of T, or of
&7, for some fixed «, i.e., all the tensor and spinor fields we have been
discussing so far: their properties could, in fact, have been developed in
bundle terms. Other types of vector bundles over .# can be constructed
by choosing, for fibres, copies of any real or complex finite-dimensional
vector spaces (which may be quite independent of the tangent space to
A or its associated spin-spaces —for example, the isotopic spin space
discussed at the beginning of Chapter 4, or the “colour spaces” that are
frequently considered in contemporary particle physics). The spaces at
different points are to be all isomorphic to one another, and with an im-
portant stipulation: loosely speaking, these vector spaces must ‘join
smoothly’ together (so that it makes sense to speak of ‘smooth’ cross-
sections). Thus, although we don’t need to know which elementsin different
fibres correspond, we must know which elements in neighbouring fibres
‘differ by little’. In fact, each point of .# must belong to an open neighbour-
hood % < .# such that the portion of the bundle above # is smoothly
equivalent to a product space, although the entire bundie may not be
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equivalent to a product space. For an example of such a non-trivial bundle,
see Fig. 5-3 below.

Definition of a vector bundle

The aim of our procedure will be to provide an abstract tensor algebra
suitable for working within a bundle. This will entail the introduction of
bundle indices (denoted by capital Greek letters) to supplement the
ordinary space-time (and spinor) indices. For this, we shall need to
construct a system 2 [or ©®] whose elements describe (C ) cross-sections
of the bundle. Our definition will be given initially in terms of coordinate
descriptions which hold locally on .# and for this, bold upright capital
Greek letters will be used according to our conventions of Chapter 2.
The procedure will then lead directly to the global and coordinate-free
abstract-index system. (A closely related approach has recently been
proposed by Ashtekar, Horowitz and Magnon-Ashtekar 1982.)

We need a more formal definition of a vector bundle (¢f. Bott and
Mather 1968). Given a (Hausdorff, paracompact, C*) manifold .#, a
real [complex] k-vector bundle over ./ is a manifold 4, together with a
C*® map

I1:% - .# (5.4.1)
(to be thought of as the projection which collapses each fibre to the point
of .# ‘below’ it), such that

I1~'(P) is a real [or complex ] vector space of (5.42)
dimension k, for each Pe.# . o

Furthermore, defining a cross-section 4 of I1~ }(%), for any open % < .#,
to be a C* map

-1 \@), (5.4.3)

such that IT- 4 is the identity on %, we require that there is a covering of
4 by a family of open sets {%,}, .# = | )4, such that

for each U, there is a basis 50 = 6ll, .ilik of (5.4.4)
cross-sections of T1~ ")) -

i
in terms of which the general cross-section 4 of II" (%)) is uniquely
expressible as (with no sum over i)

i=1%,, (5.4.5)

where ,il" = ,Ill, e /il"el(%i) [ or &(#,)]. Addition of two cross-sections
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and multiplication of cross-sections by scalar fields are defined in the
obvious way with respect to the linear structure on the fibres. The condi-
tion (5.4.4) says that, in the appropriate sense, 4 is locally a product space
(focally in .#, that is).

Any (global) cross-section 4 of # will have the property that its restric-
tion to any open % < .# is a cross-section of IT~ 1(%). However, if (J #
% + #, there may be cross-sections of I17}(%) that are not restrictions
of cross-sections of #, namely those which, because of bad differentiability
properties at the boundary of I1~ *(%), are not extendable beyond this
boundary. We require the module of extendable cross-sections above %.
Assume that % is given by f# 0 for some f€@. Then, as in §4.1, the
required extendable cross-sections can be represented as equivalence
classes of cross-sections of # such that i ~ ¢ whenever fA= fu. If %
is an open set in .# and %’ is a ‘slightly smaller’ open set for which %'
(the closure of %' in .#) < %, then the restriction to %' of any cross-
section above % is also the restriction to %’ of some global cross-section
(since such a global cross-section can fall smoothly to zero between %’

and % and then remain zero outside %). In particular, the basis (lSd, above
U, in (5.4.4), restricts to a basis 5,’, over a ‘slightly smaller’ %;, where each
5’1 s s 5; extends to a global cross-section. Any covering {#,} of .# can,
in this way, be made ‘slighly smaller’ to give a covering {#;} of .# with
U< U,.

By the argument given in §2.4, we can show that a finite covering
{2} of 4 exists and a partition of unity ueI withu >0 and h "= 1,
where u # 0 defines %,, and where the basis 6 may now be assumed to
be extendable to global cross-sections. Thus 1f A 1s any (global) cross-
section of 4, we have elements 1% [or &] (components of 4 in the
basis ¢l$¢) for which

i il

uh = ul 5
Hence, summing,

A=Y ui%,,. (5.4.6)

The argument of §2.4 shows that the cross-sections of 4 form a totally
reflexive module over T [or ]. We now use capital Greek letters @, ¥,...,
as abstract labels for these cross-sections, and denote the module and its
isomorphic copies by I%,I¥,... [or ©® &¥,...]. Then the relation (5.4.5)
can be re-expressed as

22 =1%52e3® [or G%] (54.7)
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in cases where there is a global basis &% for the cross-sections. Otherwise,
by (5.4.6),

1 =Y u1053. (54.8)

The module I? [or &%) of cross-sections of # serves to characterize
2 as a bundle over .# completely up to isomorphism: for, by definition,
two bundles over .# are considered isomorphic if and only if their modules
of cross-sections are isomorphic, as modules over T [or &].

We note that A® (with an abstract index) simply denotes an entire cross-
section and does not need to be expressed in terms of patches. This
illustrates again one of the advantages of the abstract-index notation:
calculations with abstract indices automatically have global significance.

Explicit construction of bundles

To construct a vector bundle # over .#, explicitly, consider the covering
of .4 by open sets %, ,%,, ... , over each of which the bundle is a simple
product %, x R* [or %, x C*], the various basis cross-sections (5.4.4) being

. x (1,0, ...,0), %, x(0,1,0,...,0), ..., % x (0, ...,0, 1).

Since every point of .4 lies in at least one of the #,, every point of #
lies in at least one %, x R* [or %; x C*]. But some points of .# may
lie in two or more of the %, and then explicit transformations are needed
to specify the patching. Thus, if Pe#, n%;,, the pairs (P, j))eolli x R*
[or #; x C¥1,(P, y)e ; x R*[or %; x C¥] will represent the same point of 2
if and only if

y=L(P)) (no sum) (5.4.9)
where, for each i,j and for each P,
L(P)eGLK,R) [or GL(k, C)], (5.4.10)

the matrix Ili(P) varying C*-smoothly with P, and GL denoting the group
of non-singular k x k matrices. For consistency, this entails that

L) =(L @), (5.4.11)
and that throughout each %; n%; N, we have
ij jk ik
L(P)L(P)=L(P) (no sum). (5.4.12)

A family of matrices (5.4.10) satisfying (5.4.11) and (5.4.12) serves to define
the bundle.
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In practice, it may be convenient to combine the piecing together of the
fibres with the piecing together of the manifold itself. Then the various
%, are given as coordinate patches for .#, the coordinates for xe %, being

X =xl . xreR, (54.13)
and coordinate transformations are specified on each # ~%;. The Ls
are C* functions of these coordinates, and (5.4.9), (5.4.11), (5.4.12) are
replaced, respectively, by

y= ﬂ(.ch“)i, (5.4.14)
L) = (e (54.15)

ij j ik x ik K
L(x%)L(x*) =L(x* (no sum). (5.4.16)

The possible non-triviality of the vector bundle concept (as opposed
to the simple concept of a global product space) arises because the fibres
possess symmetries (i.€., non-trivial automorphisms). This is clear for the
tangent spaces to points of $2, for example, since these spaces can be rotat-
ed into themselves. But even when the fibres are one-dimensional (and
real) such symmetries can arise. For example, take each fibre to be a one-
dimensional real vector space 7", with no additional structure. Then
the only canonical element of ¥""is the zero element; all other elements of
¥ "are on an equal footing. The automorphisms of ¥~ "are given by select-
ing any non-zero element re R and mapping ¥ " into itself according to
y—rp, where ye?”". As a simple example of how this can lead to a non-
trivial vector bundle, we shall consider the M&bius band (see Fig. 5-3).
Here the base space .# is the circle S! and the fibres ¥~ are one-dimen-
sional real vector spaces. We can take two coordinate patches %, %, for

1

y =sin 1'2’5

x

-1 0 w 1

y = cos l';i
-1 ¥ T 1) 2

S
coordinate patches

.

Fig. 5-3. The M&bius band as a one-dimensional vector bundle over S'.

a smooth cross-section
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S' with coordinate )lce( —1,1)for %, and coorflinazte >2<e( -1,1 folr U, ;
in the overlap %, NnU(=Zu W) we havex=x-11if —1<x<0,

0< %<1 (region #)and x=x+1if0<x <1, —1<x <0 (region #°).
As fibre coordinate we take ye R and specify
12 -1 in&

B %’ 1 in#

Since & and ¥ are disjoint, 1L2 is clearly C®. Observe that the Mobius
vector bundle is topologically distinct from the product space S' x R:
the orientation of the fibre reverses its direction as we pass once around
the circle S'. It is necessary to invoke an automorphism of ¥ "that involves
multiplication by a negative number, and thus it is essential that the fibres
not be canonical copies of R, which does not permit such an automorphism.
Another way to illustrate the difference of the Mobius vector bundle from
the cylinder S' x R as a bundle over S! is to consider that for topological
reasons every cross-section of the Mobius bundle must vanish somewhere
(i.e., must intersect the zero cross-section), whereas this is clearly not the
case for the cylinder bundle.

We could envisage another way of deforming the bundle S! x R. To
construct the Mobius bundle we invoked the symmetry yr— — y of the
vector space ¥ . Let us see how we could invoke a symmetry such as
y2y. Suppose we construct a bundle over S! and coordinatize it exactly
as in the Mobius case, but now we put

12 {1 in&

L= .

2 in#.

Then, as we pass once around S!, there is a resultant stretching of ¥
by a factor 2 (or shrinking, if we go the other way). However, if we apply
the criteria for equivalence of bundles that we have adopted, we find that
our ‘stretch band’ does not differ from S' x R. For we can find a family
of non-zero C® cross-sections,

1 2_ 4

y=a2¥, y=a2t*
(that gradually take up the factor 2 as S! is traversed), and this family
can be mapped to the constant cross-sections y = a of the cylinder bundle
S' xR

Sometimes, however, it is natural and significant to impose a further
structure on a vector bundle 4, according to which the above stretch
band would, in fact, differ from the cylinder S! x R. This is a structure
that supplies a means of characterizing certain cross-sections as locally
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constant (or ‘horizontal’). For the case of the cylinder S! x R, many
locally constant cross-sections exist globally. But in the case of the stretch
band, if the cross-section maintains its local constancy, we find an incom-
patibility by a factor of 2 when we go once around S!; only the zero cross-
section is locally constant everywhere.

Bundle connections

To formalize the concept of local constancy of a cross-section, we must
define a ‘connection’ on the bundle %. Now, a gradient operator V,
acting on scalar functions on .# always exists (by the definition of a mani-
fold). In the same way that this operator can be extended to apply to tan-
gent vectors (and tensors and spinors) yielding a ‘manifold connection’,
so0 also can it be extended to apply to other types of bundle cross-sections
(and their tensors), yielding a ‘bundle connection’. If both these extensions
have been defined, the operator can also act on objects with mixed tensor-,
spinor-, and cross-section abstract indices. Now consider a curve y on
J# with tangent-vector field X. If a connection V  exists on .#, a tangent-
vector field Z is constant (parallelly propagated) along y if it is annihilated
by the operator V X“V_. And, in the same way, a bundle cross-section
A is locally constant if it is annihilated by y Normally V , operating on
the cross-sections of #, will be non-commutative (unless the base space
A is one-dimensional) and thus it will have curvature. Then the non-
integrability that is illustrated by the stretch band on a global level can
also occur at the infinitesimal level when a small loop in the base space is
traversed. In detail, given the gradient operator V_, a bundle connection
extends its domain to cross-sections by the requirements

V,:3%53° [or G®> &2, (54.17)
V(2 + 4y =V, A%+ V,u®, (54.18)
VA% =A%V, f + fVJ® feX [or S]. (54.19)

And this can be extended, in the usual way, to cross-section tensors, i.c.,
objects with several capital Greek indices. As before, V is defined as
X“V,. Then we can define & , by

VW-VV— V =Xt (5.4.20)

XY Yx [X,Y]

(¢f- (4.3.32)), since the LHS is bilinear in X and Y*“. This gives the bundle
curvature K ,,0°e X0, olor &%,.0] via

B AP =K, %2 (5.4.21)
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(¢f- (4.2.30)). If the torsion vanishes (as in the cases of most interest to us),
we also have

Hab = Aab = VaVb - VbVa’ (5422)
so that
Kao®2% =(V,V, — V, V)% (5.4.23)

Further properties of the bundle curvature, including its spinor description
will be given at the end of §5.5. Note that K,,,® reduces to Riemann’s
R,,.* if 4 is the tangent bundle and we use the Christoffel connection on it.

There is much more that can be said concerning the use of the abstract
index formalism in the context of vector bundles. We end this section by
making just a few relevant remarks. We note first that, as in the discussion
in §4.2, the change from one bundle connection V_ to another one Y7u is
described by an element Q,,%€3I2, [or ©%,] where

(V,— V)2 =0Q,,® (5.4.24)

and a formula similar to (4.2.51) for the change in bundle curvature holds.
The dependence of general expressions on the choice of bundle connection
may be investigated by use of (5.4.24) and its generalization analogous to
(4.2.48).

The bundle connection is also of relevance when we consider fields on
A itself (which it is sometimes important to do) even in the case of scalar
fields on 4. For suppose F is such a scalar field. Then F is a function not
only of Pe.# but of the fibre coordinate’ y*cI®[P] [or &®[P]]. The
exterior derivative (gradient) dF of F then involves two parts, namely

oF

5‘5 and V,F. (5.4.25)
The first involves holding P fixed and varying y®, this being an
unambiguous derivative within each vector-space fibre, while the second
involves ‘holding y® fixed’. The latter concept has an invariant meaning
only when a bundle connection is defined. If not, then there is no invariant
splitting of dF into two parts like (5.4.25) (although the first by itself is
always invariant). Similar, but more complicated, remarks apply to
higher derivatives. Note that if F is analytic about the zero section of 4,
then we can express it as

1
F=f+f.,,y"’+2—'fmy"’y"+
where

F€X, f6€Tg, foa€T 00y
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[or &,8,,...], so F can be represented in terms of the infinite collection
of bundle tensors (f; f, foo,---)- Then we find that the two terms (5.4.25)
are represented by (fg, fop,---) and (V, £V, fs,...) respectively.

5.5 Yang-Mills Fields

Having discussed the basic properties of vector bundles, we are now in a
position to make a certain generalization of the theory of the electro-
magnetic field as developed in §5.1. The electromagnetic field is the
simplest type of a gauge field, namely the one corresponding to the group
U(1), since the gauge transformations (5.1.21) are achieved by multipli-
cation by complex scalar fields of unit modulus, i.e., by fields of elements
of the Lie group U(1). It is possible to construct analogous theories for
other Lie groups: the resulting analogues of the Maxwell field are referred
to as Yang—Mills fields (Yang and Mills 1954). They are thought to have
relevance to elementary particle interactions.

We shall show in this section how the abstract-index formalism adapts
naturally to the treatment of Yang—Mills fields. While our expressions
will sometimes have a more cumbersome appearance than is usual in
conventional approaches, our purposes is not to replace these, but merely
to show how Yang—Mills fields fall into the general abstract-index scheme.
This has a conceptual value, and also a computational one in certain
contexts (¢f. also Ashtekar, Horowitz and Magnon-Ashtekar 1983).

Mathematically, the theory of Yang—M ills fields is intimately bound up
with the concept of a vector bundle and of a connection in such a bundle.
The charged scalar fields (elements of €) of electromagnetic theory can be
regarded as cross-sections of a vector bundle whose fibres are complex
one-dimensional vector spaces (a complex line bundle), and then the
connection V_ of (5.1.9) is the corresponding bundle connection. The
generalization to Yang—Mills fields consists in allowing the fibres to
become general abstract vector spaces ¥ (again with no special relation
to the tangent spaces of .# or their associated spin-spaces); the cross-
sections of the resulting bundle # are the Yang—Mills-charged space—
time-scalar (i.e. space—time-index-free) fields; and the elements of a
specified continuous symmetry group of ¥~ provide the gauge trans-
formations.

We use capital Greek abstract-index labels for the elements of the
vector spaces ¥ =¥ ®x~7¥=x~. . and also for the modules &%=
S¥ ~ ... of cross-sections of #. If ¥"" is n-dimensional, then an element
A% of &% can be described locally in terms of n scalar component fields
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Al, ..., "€ S, but not in any canonical way. Thus, to assign components
A® (locally)toa YM (Yang—Mills)-charged field we require some arbitrari-
ly but smoothly chosen YM basis for ¥"" at each point of .#, giving,
though perhaps only locally, a basis of YM-charged fields, 65 = (6%, ...,89),
so that 1®= 1%33. The modules S,,S,,..., 852, ... are defined from
&% in the standard way, and spinor (and tensor) indices can also be includ-
ed to form modules % = S%-44--F., where now the script letters <7, 4, ...
may include all these types of indices.

Structure of ¥"°; Yang—Mills connection

The vector space ¥"° may be either real, in which case the component
fields A® of A® would normally be chosen real, or else complex. In the real
case, the appropriate notation T rather than &% should be used for the
module of YM-charged fields A%, because it is a T-module (having real
scalar fields as coefficients) and not an S-module (which has complex
scalar fields as coefficients). However, even in the real case the correspond-
ing complexification S® = I? @iT? can be defined, which is an S-module,
and the components 1% of 1?cS?® are elements of &. For convenience,
one might also sometimes introduce a complex basis §3eS?® even if
¥ is real, in which case the components 1® would be complex even for
A%eX® This is similar to the situation that arises when a null tetrad
I\, m",m°, n*e S* is used for describing elements of T° the space of real
tangent vectors.

The tensor algebra (..., 37,...) or (...,&9,..)) satisfies the rules of §5.4
and Chapter 2. Thus sums, products, contractions, and index permutations
may be formed in the usual manner, and, in the case of %, an operation
of complex conjugation may be introduced which sends &% into an anti-
isomorphic system &% with a new index label @’. For the case of a real
space ¥~* complex conjugation applies to the complexification (..., S9,..)
of the real tensor system, but here we have @' = &, the real tensors being
those invariant under complex conjugation. (This is analogous to the Latin
indices of space—time tensors being unchanged under complex conjugation,
whereas spinor indices get primed — or unprimed.)

The space ¥ in general has some additional structure imposed on
it, characterized by a certain Lie group ¢ which acts as the linear trans-
formation group on ¥ preserving that structure. Thus, for example,
7" might be a three-dimensional real vector space and ¥ the orthogonal
group O(3) acting on ¥"" in the standard way. In this case there will be an
element gg, €T 4y Which is positive definite (gge VVY > 0 if ¥ #0) and
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symmetric (gipy, = 0) and which is invariant under . Conversely, ¢ is
characterized by its leaving g, invariant and being the largest linear
group on ¥~ with this property. Similarly ¥ = SO(3) would be character-
ized by the invariance of the pair of elements g,u€Top;Copo€Towar
where ggyp is as before and 0 # egyg = €igpo)- As another example, the
scale transformations can be incorporated into % together with all the
elements of O(3) if we specify that it is merely the product gg,.g*?eTan
that is invariant, with g*? the inverse of ggy (i.€., gppg?® = 55). One may
also impose Hermitian-type structures on ¥~ in the case when ¥~ is an
complex vector space. Thus, for example, the group ¥ = U(n) arises if a

positive definite Hermitian bilinear form hg,, VOU® (>0 if U® = V® #0,
hpy = harg) ON ¥'® x ¥ (where ¥°® is the complex conjugate of ¥"9) is
specified as invariant or, equivalently, an invariant isomorphism
U%1>hyo U® is specified between ¥® and the dual ¥, of
¥°®. If the latter view is adopted, it may be convenient to identify ¥%
with ¥°, and hence dispense with the primed indices altogether (as we
shall do in Vol.2, in a somewhat different context, with twistors, cf.
Chapter 6, especially §6.9).

In the particular case of electromagnetism, ¥ = U(l) and ¥~ is one-
dimensional complex-Hermitian. Here the abstract index notation is not
worthwhile to adopt. Every €54 is one-dimensional, its elements being
all symmetric so that index permutation yields nothing new. Contraction
loses no information, so &%-94 is canonically equivalent to S%:-2, etc.
(since any element of the former can be contracted over 4 and Y without
loss of information), and so any such module is canonically equivalent to
one of the systems & (charge zero) &¥1-*~ (charge ne), or S, (charge
-ng). Finally, because of the Hermitian structure on ¥ ,S¥ may be
identified with &,, so that complex conjugation merely reverses the
sign of the charge and yields nothing new. The various &3}, are thus
all canonically equivalent to one another for each given charge value
ne (with n=number of upper unprimed minus lower unprimed minus
upper primed plus lower primed indices), and inequivalent for different
charge values. The general ©¥, possessing spinor indices as well, is now
obtained by taking products with the above ‘charged scalars’ yielding a
charged tensor algebra of the type considered in §5.1.

Thus far, for a general ¥ and ¥, we have merely set up the appropriate
abstract tensor algebra for YM-charged fields. The Yang—Mills field itself
can be expressed in terms of (or ‘as’) a bundle connection on %, defined
as in (5.4.17)—(5.4.19). That connection can then be extended to the general

YM-charged module & following the same piocedure as that given in
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§84.2, 4.4,5.1, with, in the case of complex ¥,
v Ai¥=v ¥ (5.5.1)

In addition to satisfying (5.4.17)(5.4.19), however, we require V, to
preserve — under the parallel transport of bundle vectors A® that it defines —
the structure of the fibres ¥” that is characterized by the group %. One
way of doing this, when ¥ is specified as the largest group that leaves
invariant a set of ‘canonical’ elements of the modules %%/ (e.g., the
doy and egyq, OF hyy., considered earlier), is simply to demand that these
elements be annihilated by V,. Alternatively, we may state this additional
condition on V, directly in terms of the group ¥, and this may seem more
natural than referring to (elements of ) higher valence modules S5-%.. For
this purpose we use the concept of a gauge and of a gauge transformation
on I¥ [or E¥].

Suppose ¥ is given as an explicit group of matrices q acting on R" {or
C™], where n is the real [complex] dimension of ¥ " The structure of
¥ can be expressed as a family of linear maps from ¥** to R" [or C*],
each pair of which is related precisely by an element q of 4. Each such
linear map may be thought of as an allowable coordinate system for
¥"", and is defined by a particular choice of standard basis for ¥"". Using
the abstract index notation, we denote such a standard basis by

ayt =(,%,...,0,9)er ¥, (5.5.2)
and the transformation from this basis to another, «g*, is given by
ag’ =q¢ op®, matrix (q¢¥)e%. (5.5.3)

(We use ay* rather than the 6y used earlier, to emphasize that a standard
basis is chosen now, and to bring out the fact that this procedure general-
izes the introduction of the charged scalar « for the electromagnetic field.)
The collection of standard bases (5.5.2), related to one another by (5.5.3),
provides another way of characterizing the structure imposed on ¥ by %.
We now consider fields of these standard bases, i.e., sets of n linearly
independent cross-sections of #. The statements (5.5.2) and (5.5.3) still
hold at each point, but now
ag? €T¥ [or C¥], q47€T [or &] (5.54)
for each ¥,W =1,2,...,n. Such a set of fields ay? is called a gauge for
T¥ [or ©¥] and the matrix of fields gg* provides a gauge transformation.
A gauge always exists locally but for topological reasons may fail to exist
globally. A global gauge provides what in mathematical language is called
a trivialization of the bundle 4.
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Now V,_ will preserve the structure of ¥ if under parallel transport
an allowable basis is carried into an allowable basis. So let us consider
some aspects of parallel transport that we shall need here and later. Let y
be a smooth curve in .# and have tangent vector  corresponding to a
smooth parameter u on y (which is to say that ¢t* is scaled so that *V, u = 1).
A (tensor, spinor YM-charged) field A% is said to be parallelly transported
along y if it is annihilated by the operator 1*V . We denote by exp(vt“V,)
the operation which, when applied to a field A defined along y, yields a
new field

77 = exp(vt’V )i (5.5.5)

also defined along y, such that 1 at the point P (say with parameter u,)
is obtained from A at the point Q (with parameter u, + v) by parallelly
transporting it back along y from Q to P. This operation is well defined
at all points of y for which points still exist on the curve when the para-
meter is increased by v. It also applies to fields on .4 if y belongs to a
smooth congruence of curves with smoothly varying parametrization.
As we shall see later, when .4, y, t°, and A are analytic, and |v| is suffi-
ciently small, (5.5.5) can be written as the notation suggests (cf. (5.11.6)):

=AY+ o'V 7+ %tava(t”VM”) + o (5.5.6)

where ‘ =" is to be interpreted in terms of parallel transport along y. But
in the present context only the first two terms are needed, in effect, and
analyticity need not be assumed.

In light of the above discussion, V, preserves the structure of 7" if, by
reference to (5.5.3) and (5.5.5),

exp v’V oy " = gy 2(v)og” (5.5.7)

for some matrix (q,,®) in % which tends smoothly to the identity matrix
as v — 0. Dividing (5.5.6) by v and going to the limit ¢+ — 0 (and therefore
using only the first-order terms in v), we obtain

1V, 2" = py®og”. (5.5.8)
where

d
Py = [dquf’(u)] (559)

The matrix (pwe) belongs not to the group ¥ but to its Lie algebra <,
from which the elements of % (close enough to the identity) can be recon-
structed by exponentiation Defining o,¥eS, (¥ =1,...,n) as the
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dual of ag?,
ap¥og® =08, ay¥o,® =059, (5.5.10
we obtain the required condition on V, in the form
matrix(te,® V,ay¥) e o/ (5.5.11)

for each t* and oy*.

Yang—Mills potential and metric

The Yang—Mills potentials can now be introduced (in close analogy with
(5.1.13)) as

D,¢® = i0, @ V ¥ (5.5.12)

The factor i is incorporated here as a convenience when dealing (as one
frequently does) with a group ¢ of unitary (or pseudo-unitary) matrices.
For then (I)a\,,e turns out to be Hermitian in the sense

®.°0=d," (5.5.13)

Here we are adopting the convention that when complex conjugation is
applied to a lower numerical index W, it is moved to the upper position,
and vice versa, e.g.,

CZ2 ¢ 4
Qg =0

L Y=y, gt =3, (5.5.14)
so that the unitary condition on g;* becomes
3®rdq” =0y (5.5.15)

Multiplying (5.5.3) by its complex conjugate and contracting over ¥,
we obtain the result that the quantity

L=y ta¥ =YY (5.5.16)
is independent of the choice of standard basis. Essentially the same

argument applies to (5.5.7) shows that h*¥ goes to itself under finite
parallel transport. Hence

h‘I"I’

VAT =0, (5.5.17)
which, when applied to the defining relation (5.5.16), yields
a, VG + aM 'V 0, Y =0. (5.5.18)

Transvecting with oy.0,® and using (5.5.12), we obtain the relation
(5.5.13) as required.
We can, in fact, use h¥¥" the Yang-Mills Hermitian metric - and its
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inverse hyy. = ay¥d,.¢ to eliminate all occurrences of primed YM
indices, in the case of a group ¥ of unitary matrices. For example, if we
substitute
Aot 28 = Ao h®h 4, (5.5.19

we obtain an essentially equivalent YM-charged field. In adopting this
convention, we must remember that unitary YM index positions may
be reversed rather than primed under complex conjugation (compare also
the notation of twistor theory in Vol. 2).

The gauge quantities ay® and a, ¥ (together with their complex con-
jugates, if needed) provide a means of assigning components to any
YM-charged field; e.g., the components of 1% are

Lot = Ag¥ugluy Y. (5.5.20)

The same procedure can also be applied to any YM-charged spinor field,
giving its set of component spinor fields, in exact analogy to the procedure
(5.1.11) in the electromagnetic case. When a spinor (or tensor) basis is
defined as well (quite independently of the «s), the components of these
spinor fields can then also be taken, so that finally everything can be
expressed in terms of scalars.

If component fields are taken with respect to two different gauges,
then these will be related by a YM gauge transformation; for example,

ho¥olg¥ =g qg®rY,, (5.5.21)

as follows from (5.5.3) and the two corresponding versions of (5.5.20),
where the matrix of rs (€%) is the inverse of the matrix of gs.

Given the gauge ay*, we can define a differential operator 6, which

commutes with itself in flat space-time (or in curved space—time when
acting on YM-charged scalars) by analogy with (5.1.14). For example,

0,49 = 0p2ay¥V, Ag* (5.5.22)

(in the unitary case), where .« contains no YM indices. An expression
analogous to (5.1.15) can also be written down, but this involves the
perhaps unnatural combination of a (gauge-dependent) potential with
(gauge-independent) abstract YM indices. So we prefer to write the
corresponding fully gauge-dependent expression, possessing numerical
YM indices only. We have, for example (with < free of YM indices),

Vg™ ™ =V [l ag%y"), (5.5.23)

and expanding the right side, and transvecting the whole equation with
ag®uy” in order to take component fields. we find from (5.5.12)

aesaWW(VaAOWd) . /1 L 4 + 1(D A yi ‘l‘d iq)aA\l‘ ;‘«GA&‘{- (5524)
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Note that under the gauge transformation (5.5.21), the potential (5.5.12)
undergoes the transformation

D, 0B o8 = @ ,0r gy +iry®V, q5", (5.5.25)

which, together with (5.5.21), preserves the form of (5.5.24).

Yang—-Mills field tensor

Let us now assume the torsion vanishes (or else we can use 1, for A ,)
and consider the commutator A ,. We have

Agp” = A 1®ug*) =24° Via Vb]“ow

= ~2ip® V[a(q)b]e\v“vw)
= —ip® Fue”, (5.5.26)
where
Fae® 1= 20020 F (V00" — 1 @, ¥, 0pe") (5.5.27)

is the Yang—Mills field tensor (we have adopted the obviously allowable
convention that YM indices and space—time indices can be moved across
one another). Its component fields are given by
1F o = V[a(Dble“' —i (I)A"’[ad)b]e". (5.5.28)
If we transvect this equation with an arbitrary u“®, each term on the
right becomes a matrix belonging to the Lie algebra .o/. This follows
from (5.5.11), (5.5.12), and the fact that the quadratic term is just a com-
mutator of .« elements. Thus, the same holds true for the Yang—Mills
field tensor components on the left.
It follows from the form of (5.5.26) that F,, ¢ is independent of the
gauge oy®. Its component fields, therefore, are subject to the standard

gauge transformations
Foet—F ¥ =F o re¥ds®. (5.5.29)
Note that, in contrast to the electromagnetic case, the Yang—Mills field

tensor is YM-charged. Equation (5.5.26) yields also

APy = 1BoF e, (5.5.30)
and, for example,

Aab)’wgd = Rabcd))Y‘ec +iF ab‘I’AyAOd —iF abAey‘PAd' (5.5.31)

We have
Fuef = —Fpe, (5.5.32)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.006
https://www.cambridge.org/core

350 5. Fields in space—time

and, when ¥ consists of unitary matrices,
Faey :=Fug' hyy
=F e (5.5.33)
Furthermore, the relation
ViFoge' =0 (5.5.39)

follows from (5.5.26) (similarly to (5.1.36)).

As in the Maxwell case, therefore, the first ‘half’ of the field equations
is an automatic consequence of the formalism. The second ‘half’ of the
Yang—Mills (‘source-free’) equations is

V°F 46F =0, (5.5.35)
and, as in the Maxwell case, this has to be imposed. We can also consider a
RHS to (5.5.35), constituting a Yang—Mills current.

Spinor treatment

The spinor expressions for the Yang-Mills field follow directly. We
have

Foe' =0upe” tan + ealane > (5.5.36)
where

(DABOW = ‘/»’(A)&:)@l1P = %F ABC'C'OW

XA’B'OW = X(A’B’)O‘P = %F CCA'B’8W9 (5.5.37)

In the unitary case (5.5.33) we have

Fovow = P apoytan +E4sPanves (5:5.38)
where
Paow = Pape’ Myp:- (5.5.39)
Generally, with (0,5, [J,5 as in (4.9.13), we have
Oust® = —ip°0ape”> Oaptt’ = =it ape’
Oushe =i 4pe®, Ousde =idetane® (5.5.40)

where, in the usual way, the effect of each of these operators on a multi-
indexed object is the sum of the effects on each index separately.
The spinor form of (5.5.28) is the pair of equations

v _ A ¥ n P A A
? 4Be —VA'(Ad)B)o —i®, A'(Aq)B)e >
v _ A ¥ _ 3 ¥ A
14Be —VA(A'(I)B,)o —-i®, A(A,(I)B,)OA, (5.5.41)

which are complex conjugates of each other in the unitary case (cf.
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(5.1.46)). The spinor form of (5.5.35) is (¢f. (5.1.51))
Vi 0use® =Vixane" (5.5.42)

which is a consequence of (5.5.41). The independent Yang—Mills field
equation (5.5.35) is (cf. (5.1.50))

Vi 9ape' +Vixane® =0, (5.5.43)
and (5.5.42) and (5.5.43) are together equivalent to
Vo =0=V3rtape (5.5.44)

these equations being complex conjugates of one another in the unitary
case (5.5.33).

In the unitary case we can define a Yang—Mills energy tensor in analogy
to the electromagnetic energy tensor (5.2.4),

1 _
T, = m (PABO‘P(/)A'B’G'P’ (5.5.45)

which possesses the usual properties required of a source term in Finstein’s
field equations,

T

ab

= Tab’ T,

(ab] —

0, (5.5.46)

and, as follows from (5.5.44) and x,pe’ = Q5" o
ver,=0 (5.5.47)
It also satisfies the trace-free condition characteristic of a massless
field:
T =0. (5.5.48)
A class of Yang—Mills fields of some special interest, particularly in
view of certain interrelations with twistor theory (see Vol. 2, end of

§6.10), is that of self~dual and anti-self~dual fields. The self-dual part of
the Yang—Mills field is

"Fape’ =apdame” (5.5.49)
and the anti-self-dual part is
“Fue' = 0ape tan- (5.5.50)

(These fields are self-dual or anti-self-dual in the usual sense, ie.,
on the space—time indices only) A self-dual Yang—Mills field is one for
which ¢ ge* =0, while for an anti-self-dual one, y,.5e® =0. Note that
the Yang-Mills field equation (5.5.43), or equivalently (5.5.35), is an
automatic consequence of (5.5.42), or equivalently of (5.5.34), in the case
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of a self-dual or anti-self-dual field. This fact has significance for Ward’s
construction of such fields, as wili be described in §6.10.

5.6 Conformal rescalings

In the geometric description of spin-vectors in Chapter 1 much use was
made of the null cone structure of the space—time manifold .#. The role
of the metric itself — which gives rise to that structure — was not quite so
fundamental. In fact, it is possible to have spinors when only a conformal
structure is assumed for .#, i.e., when significance is ascribed only to the
equivalence class of metrics which can be obtained from a given metric
d,, by a conformal rescaling

Gop 0. =%, (5.6.1)

Here Q is any scalar field (Qe3T) which is everywhere positive (Q > 0).
Note that no transformation of points is involved. The information con-
tained in the conformal structure is precisely the null cone structure.
(Evidently two conformally equivalent metrics share their null directions;
conversely, two metrics of Minkowskian signature which share their
real null directions must be conformal. See, for example, Rindler 1982,
equations (6.4)—(6.8)) From a basic physical point of view the null cone
structure may be regarded as more primitive than the metric scaling. For
example, for the discussion of the basic concept of causality between points,
it is fully sufficient. In the present section we examine the conformal
structure in detail.

In Chapter 1 we gave the geometrical interpretation of a spin-vector
k* at a point Pe.# (up to sign) as a null flag. Its construction involves
the geometry of the null cone (in the tangent space to .#) at P. A conformal
metric is, in fact, necessary in order for spinors to be defined. But the
entire construction is independent of the actual scaling afforded by the
particular metric g,,. This scaling enters, instead, into the canonical
relation between & and its dual &, i.e., into the (skew) inner product
structure on & given by €,p- We recall that in §1.6 (¢f. (1.6.25) et seq.)
the inner product {x,t} = k7%, between two spin-vectors was defined
purely geometrically, in terms of the geometry of the null cone. The
argument of this inner product was defined purely in terms of conformal
geometry (angles, stereographic projections, etc.), whereas the modulus
of the inner product required the concept of length. Thus, arg{, } should
be invariant under conformal rescalings (5.6.1), whereas |{x, r}| could be
expected to change. Thus, if we wish to retain our geometric interpreta-
tions, ¢ ,, could be altered under a conformal rescaling, but only to the
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extent of being multiplied by a real number.* In order to preserve (3.1.9):
& ,.n, we therefore choose to accompany (5.6.1) by

e =08, (5.6.2)

9ap = €aplan>

£4p

The only alternative to this choice, viz £,5 = — Q¢ 5 is not continuous
with the identity scaling and is therefore rejected.

In the usual component (i.e. spin-frame) descriptions one has ¢,z =
0,1, — 1, 0, and this cannot be scaled as in (5.6.2), whereas (5.6.2) is natural
in the abstract index approach. It has the added advantage of making many
conformal transformation formulae simpler than they would otherwise be.
Thus abstract indices lead one naturally in a direction which is not the
one suggested by the component approach, and some definite advantages
are thereby gained. The choice (5.6.2) still leaves us freedom when it
comes to introducing spinor components. We consider three particular
possibilities. Suppose we have a dyad o4, 1* normalized with respect to
€, 1€, 0% . = 1(cf.(2.5.39)), i.e, we have a spin-frame. Then the com-
ponents of ¢, in this dyad are the standard ¢,;, =0, 1, — 1, 0. If we apply a
conformal rescaling, and take 6% = o*, I* = 1, these vectors will cease to
be normalized with respect to the new £, ;. In fact we shall have 0*1%¢ ,, = Q
so that £,53 =0,Q, — Q, 0. (It will always be understood that hatted quanti-
ties have their components taken with respect to the hatted basis) In
this case the dyad 64, i is no longer a spin-frame. We have 6, = — £,50° =
— Qe ,50® = Qo,, and similarly 7, = Qi so for this basis #8 =0, Q, — Q,
0. A second possibility is to define a new dyad 6% =Q o4, =Q 1.
This is normalized and ¢,, =1, s0 &,; =¢,,; it also gives 6, = Qro,,
1,=Q%,, whence £°' =1 also, and &*® = ¢*®. However, it is often more
convenient to make a third and asymmetrical choice: 6*=Q 'o?,
1 =" This implies 6, =0, and i, = Qu,. Again we get a normalized
dyad, so that £,5; = ¢,, and é*® = ¢*®. This choice often turns out to be
useful when there is a preferred field o, (or 1), as, for example, in the
discussion of conformal infinity given in Vol. 2, particularly §9.7 (and
Penrose 1968).

The ‘Kronecker delta’ quantities g, °, ¢ %, ¢,.* must remain unchanged:

A

—eB £ =¢", (5.6.3)

Ab __ b A B
9o =9a> &4

since they effect index substitutions between the various sets &, or,

* However, with a slight shift in our interpretations we can be led to consider a modifica-
tion of (5.6.2) in which Q is complex and the Q> of (5.6.1) is replaced by QQ. This
naturally gives rise to a torsion in .#, as discussed in Penrose (1983); ¢f also footnote
on p. 356.
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alternatively, since they satisfy such relations as gabgb" =g (cf. (3.1L.11),
(2.5.13)). It follows that we must also have

éAB —_ Q~ IGAB, éA'B’ — Q— lgA’B' (564)

because of the complex conjugate and inverse relations these quantities
have with £, ;. Similarly we need

G = Qg (5.6.5)

One consequence of the above set of formulae is that the important
operations of raising or lowering a tensor or spinor index do not commute
with conformal rescaling. It must therefore be made ciear, when an index
is raised or lowered, which g or ¢ is being employed. Our convention will
be that any hatted kernel symbol must have its indices shifted with § or &,
while unhatted kernel symbols have their indices shifted with g or ¢.

Eop =R, 5,

Conformal densities

As we have observed above, a spin-vector k¥ has a definite geometric
interpretation (flag and flagpole) which is quite independent of any
rescaling. A spin-covector w, also has a define geometric interpretation,
which, however, is less direct. (See, e.g., the second footnote on p. 72 for
the geometric interpretation of the flagpole W = w @, of w,.) Given
only a conformal structure, @, cannot be interpreted via its associated
spin-vector w*, since that is determined only up to a factor. The basic
intrinsic way to regard w , is simply as the mapping k*+—w k" for spin-
vectors k4.

Suppose we have a spin-vector k* which we regard as geometrically
determined, and therefore unaffected by rescaling:

K= K4, (5.6.6)
Then for its associated spin-covector we have
K, =&, KP=Qep kP =Qx,. (5.6.7)

Hence x, is a conformal density of weight 1, i.e, a quantity that gets
multiplied by Q! under a rescaling (5.6.1).
Conversely, suppose we have an intrinsically fixed spin-covector w ,,
so that
h,=w,. (5.6.8)
Then
& =E8h, = Qe = Q7 1o, (5.6.9)

and this is a conformal density of weight — 1.
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More generally, it is convenient to work with conformal densities of
arbitrary weight. We say that 0 is a conformal density of weight k if it is
to change under a rescaling (5.6.1) to

8 = Q. (5.6.10)

We may think of a conformal density as a function not only of a point on
the manifold .# but of the particular g, chosen.* Normally k is an integer,
or possibly a half-integer. Observe that g, ¢,,, &,.5 &', ¢*®, g have
respective conformal weights 2,1,1, — 1, — 1, — 2. Consequently, whenever
a spinor index is raised on 0 its conformal weight is reduced by unity,
and whenever a spinor index is lowered its weight is increased by unity
(cf. €, and &*®). Similarly, when a tensor index is raised, the weight is
reduced by 2, and when a tensor index is lowered, the weight is increased

by 2.

The associated change in V,

We shall be concerned to a considerable extent in this section with
questions of conformal invariance. A system of fields and field equations,
etc., will be said to be conformally invariant if it is possible to attach
conformal weights to all field quantities occurring in the system, in such a
way that the field equations remain true after conformal rescaling.** For
this, we must first examine the conformal behaviour of the covariant
derivative operator V . Since g, and ¢,, are altered under conformal
rescaling, their covariant constancy before rescaling imposes a different
condition on V_ after rescaling. Thus we need two different operators
V, and @a where

Ve, =0 Vi =0 (5.6.11)
a”’BC a BC

We assume that the torsion vanishes in each case. By the results of §4.4, we
find (¢f. (4.4.22), (4.4.23))

V.f=V/f VE=VE+0,85 (5.6.12)

* Thus we may, if we choose to, think of a conformal density as a field defined not on .#
itself but on the 5-dimensional manifold which is a bundle over .#, the fibres being
the one-dimensional spaces of possible choices of conformal scale at each point.
A conformal density is a field defined on this bundle which varies up each fibre ac-
cording to (5.6.10).

A flat-space theory which is Poincaré invariant and aiso conformally invariant in this
sense, will be invariant under the 15-parameter conformal group. This is because the
Poincaré motions of Minkowski space become conformal motions according to any
other conformally rescaled flat metric. Conformal motions obtainable in this way
are sufficient to generate the full conformal group. This will be discussed fully in Vol. 2
(¢f. §9.2). But the type of conformal invariance described above is really more general
than this, since it applies to curved space-times also.

*%
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where (cf. (4.4.47))

0, =il £, + Y, 5e,5, I, Y, €T, (5.6.13)
Now, from (5.6.11) and (4.4.27), we have

0=V25,.=V. (Qep)

= V,(Qeyc) — ©,,°Qe, — 0, Qe

= £5c(V,Q - QO °)

= £5-(V,Q —20QI1, — QY ),
whence

Q7 'VQ=Y, +2ll,.
But since Qis real IT, =0 and so
Y,=Q7'VQ=V logQ. (5.6.14)

With these values of IT,, Y, substituted first into (5.6.13) and then into
(4.4.27), we have,* for a generic spinor y, 5%

LFLL
Y, P..S ... _ P..S"... P..S"... P..S"...
VAA’XB...F’... - VAA’XB...F’... - Y)3,4')@1.‘.1?'... -t Y,«11?'7(134../1'... -
e Yok pr v e  Ypapip i+ (5615
P..S ...

We observe the important fact that if the spinor x, . is charged, the
entire above argument goes through unchanged, and the formulae hold
without modification. Moreover, if x5 3 has additional Yang—Mills
indices this does not affect the validity of (5.6.15), no extra terms arising
from the presence of these indices.

It may be remarked that if it is desired merely to verify the above for-
mulae rather than derive them, then the theory used to obtain (5.6.12) in
(4.4.47) may be partially circumvented. One merely needs to verify that
O, =Y;,¢,” with (56.14) leads to (5.6.11) and that the torsion of
Va is zero with this definition.

We note in passing that (5.6.15) holds also in Weyl geometry (Weyl 1923)
but with X merely restricted to be real, not necessarily a gradient. In
Weyl geometry there is a well-defined conformal structure (hence spinors),
but no preferred metric. There is a covariant derivative operator V_, but
it need annihilate no metric. The operator V  defines parallel transport

in the usual way, and so it allows comparisons of length to be made

* If we admit the possibility of a complex Q, as mentioned in the footnote on p. 353,
we find that rather than allowing IT, # 0 it is more natural to introduce a torsion
X, — Y e, where Y, is given by (5.6.14) - or to add this to a pre-existing torsion —
and modify (5.6.15) by using T in place of Y in each term where Y possesses an index

A(rather than A’). (See Penrose 1983.)
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at different points. But this comparison is path-dependent, i.e., non-
integrable. On introducing an arbitrary metric g, consistent with the
conformal structure, one finds that the associated Christoffel derivative
operator V, is related to the Weyl derivative V, by (5.6.15). Such a Y is
‘arbitrary’, in the sense that for given g ,, any choice of Y €3I _ yields a
corresponding unique Weyl connection V.

As a particular case of (5.6.15) we can derive the conformal behaviour of
the covariant derivative of tensors. Consider first the case of a covector
V,:

VVe=VauVep =V Vap = Vo Vip = Vg Vaa
=VV,-YV,-YV +g,Y Ve, (5.6.16)

where we simply applied (3.4.13) to the last two terms in the first row.
To discuss the general case, we define the tensor

0., =279, —9,Y" (5.6.17)
Then (5.6.16) can be stated

V.V,=VV,—Q,V, (5.6.18)
from which we get (cf. (4.2.46),(4.2.47))

V,U'=V U"+Q, U, (5.6.19)

and, generally (cf. (4.2.48)),
ﬁaH l}'}, =V H I}'; +0 abobH ’;(3:_-;;‘4. e 4 Qadod Hl}..,..jlo_._ ...
= QufHY 8y — o = QulHY G (5.6.20)

Again, these formulae hold for charged fields as well as for uncharged
fields. We observe that the tensorial form (5.6.20) of the V_ transformation
is rather more complicated than the spinorial form (5.6.15), in that each
Q-term really stands for three terms, via (5.6.17). This contributes to the
fact that proofs of conformal invariance tend to be easier in spinor than
in tensor formalism.

Our simple derivation of the change in curvature under conformal
rescaling finds a natural place in §6.8, Vol. 2, so we delay our detailed
derivations until then and give, here, only the basic formulae

(BABA’B' =D ~Vaulep+ YaaVos
Q?A=A +1VY, +17°T,
¥ iscp = Yasen

(cf. (6.8.24), (6.8.25), (6.8.4)). Note, from the last relation, that ‘¥ ., is
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conformally invariant. Moreover, we shall see in §6.9 that ¥, ., =0
is necessary and sufficient for .# to be (patchwise) conformally flat.

Behaviour of spin-coefficients under rescaling

We next give some formulae that relate conformal transformations to
spin-coefficients. First we give the transformations of the spin-coefficients
(4.5.21) under the general rescaling of the dyad:

6,=Q"%%,, 1,=Q""", (5.6.21)
which implies
0t =Qood, M=Qvud, F=Qrotmitly (5.6.22)
It will be convenient to write
w=1ogQ (5.6.23)
so that, by (5.6.14),
Do=Y,, d0=Yy., do=Y,,, Do=Y,. (5.6.24)

Then we find directly, by applying (5.6.15) to the definitions (4.5.21),
and writing Q"™ "1 =%,

K & 7 T

pap &

¢ B a 5=

t § & & (5.6.25)

Qrot Wi [icE? [¢ + (w, + IDO]E (¥ + w,Dw)Z )

(p—DW)Z a+wdw B +w, +Hhoow oL !
> B+ w, + Yoo o +w,dw (p —Dw)z™!
T —dw (y + woD'w)z ™! [e+(w, + )D'@]E"" xk'Z7?2

The following four particular cases of (5.6.21) are of special interest:
(i) 6,=0,,1,=1,;6"=Q o, M=Q" 1" j=Q7 1y,
(i) 6,=Qo,,1,=Q, ;6" =0 1"=1";1=Qy,
(iii) 6, =Q%,, i, =Qi1,;61=Q to!i"=Q i1 1=y,

(iv) 6,=0,,1,=Qu ;0" =Q o 1"=14; 7=y, (5.6.26)
and it will be worth while to exhibit (5.6.25) as it applies to each of these

cases in turn:
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1): Q7% x| Kk P y—Dw |1 -dw
p—Do|a—d0w |§ g
4 B 2 —dw | p—Dw
t—éw |y—Dw|¢ K'
(ii): K e+ Dw |y T —dw
p—Dw| « p+dw | o
o p+ow |« p—Duw
t—o0w |y &+ Dw K
(ii): Q7' x| Kk ¢+1iDw |y —iDw [ —dw
p—Duw| a-w | f+30w |0
I B+ibw | o =0 |p—Dw
1—6w | y—iDo | & +1iDw |« (5.6.27)
(iv): Q 3k 0% Q~ 2y Q Y1 — dw)
QY p—Dw) | Q Ha—¥Fw) |Q Y +0w)| o
Q 2% Qg Q 'y p— Do
Q (t—6dw) [ y—Dw g+ Dw QK’

The simplicity of cases (i) and (ii) is somewhat deceptive, since the nor-
malization y = 1 cannot be preserved (i.e., the rescalings cannot be applied
to spin-frames). In cases (iii) and (iv) we can set y = § =1 and then the
two middle columns of spin-coefficients become negatives of each other
(cf. (4.5.29)). Note that the ‘obvious’ choice (iii) preserving this normaliza-
tion leads to somewhat more complicated formulae than the asymmetric
choice (iv). The latter is the more interesting choice, being useful, for
example, in the asymptotic analysis of the gravitational and other massless
fields (cf. §9 7) We may also remark that the reverse-scaled case (iv)':
i,=1,,0%"=0" can easily be read off from (5.6.27) (iv) by simply priming
all unprimed quantities and removing the prime from all primed ones
(taking ¥ = 3, Q' =Q, o' = w).

Note from (5.6.25) that whichever scaling is taken,
K, 0, k', ¢ are all conformal densities,

(of respective weights 3wy — wy, 2wy, 3w, —wg, 2w;)  (5.6.28)
and also
T — 1T’ and the imaginary parts of p, p', &,€,7, 7
are all conformal densities (of respective weights
Wo + Wy, 2w, 2wy, 2w, 2wy, 2w,, 2w, ), (5.6.29)

while for certain scalings, some selections of ¢, a, f,7,¢, o, f,7 can be
made to be such.
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Conformally invariant ‘eth’ and ‘thorn’

We end this section by showing how the compacted spin-coefficient
formalism of §4.12 can be further developed so that its operations become
conformally invariant. Recall that under a (‘gauge’) change of dyad
4.12.2):

0,20, 0% dot; 1 o, 1 e it (5.6.30)
a scalar quantity n of type {r',r;¢,t} changes as follows (by definition,
of. (4.12.9)):
= AT X iy, (5.6.31)
Now suppose that # also has a conformal weight w so that, under a con-
formal dyad rescaling (5.6.21), # changes as follows:
fi=Q". (5.6.32)
(Note that this commutes with (5.6.31).) Then we shall define new compact-
ed b and 0 operators, to act on such doubly weighted scalars, by
Pe=b+[w—rw,+ D) —rw, —t(w,+ 1) —tw, ]p
py=p +[w—rw,—rw, +1)—tw,—tw, + 1)]p’
B, =0+ [w—r(wy+1)—rw, —t'w,—tlw, + 1) ]z
0, =0+ [w— Fwo—rw, + 1) —t'(wy, + 1) —tw |t (5.6.33)
It may be directly verified that the result of these operations is as follows:
I oA w+ 2w
]7@’7 = P@'I =Qvt? Optgr’
) A w+ 2w,/
Pg’n = ]Dg?] =Qv*? P@"
a;}l - 8:5’? — Qw+wo+w16<€’1
I =85 = Qrrotwigy, (5.6.34)
so that p_, b, 9,0, are conformally weighted operators of respective
weights 2w, 2w, , w, + w,, w, + w, (in the sense defined, mutatis mutandis,
after (4.12.17)). But they are also ‘gauge’ weighted operators of the same
types (4.12.17) as b, p’, 0, &', respectively.

Note that as defined, p, and pg are not real, in general, nor are 3,
and &, complex conjugates of one another*, in contradistinction to (4.12.30).
Had we wished, we could have worked with the real operators X(p, + p,),
1(p, + p,) and with the complex conjugate pair (3, + J,), 3(8, + 0¢).
This would have been slightly more complicated, but essentially equiva-
* A case can be made, however, for defining operators p, = b,,d, =&/, which act

on quantities which have generalized conformal weights described by two numbers,

where a complex Q is adopted and these numbers provide the powers to which each
of Qand Qis raised under rescaling (see footnotes on pp. 353, 356).
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lent, since the differences p, — py,, 9, — 9, etc., are simply expressible
in terms of the conformally weighted quantities p — g and t— 7 (cf.
(5.6.29)), which are ‘allowable’ elements of the present calculus. It is the
non-conformally-weighted quantities such as p + g and = + 7', and indeed
p and 7 individually, that must be ‘withdrawn from circulation’ (¢f. just
before(4.12.15)).

As we saw in (5.6.22), y has conformal weight w, +w, + 1, so that, by
(5.6.33)and (4.12.23),

Pgx =Pex =00 =01 =0. (5.6.35)
When the normalization y is unchanged (e.g. when o4, * is a spin-frame

before and after rescaling), we have w, + w, + 1 =0. Then, withp=r"—r
and g =t' — t,asin (4.12.10), the expressions (5.6.33) simplify to

p%’ =p+ [W + (P + q)w1]p’ P:g = P, + [W - (P + Q)WO]P',
O, =0+ [w+pw, —gwylt, 8,=0+[w—pw,+qw,]7.
(5.6.36)
Using these operators we can simplify the appearance of various con-
formally invariant equations written in (compacted) spin-coefficient form.
We note, for future reference, that the massless free-field equations, which
have been given in compacted spin-coefficient form in (4.12.44) — and
which we discuss in more detail in the following section — can be written
(withr=1,...,n)

p‘é’¢r - 6%’ -1 (r - l)ald)r—Z - (n - r)K¢r+ 1°
8,0, = P, =r—x'¢,_, —(n—rjog,, . (5.6.37)

and that the twistor equation (cf. (4.12.46)) becomes
0,00 =0'w', 8,0 =00
Py’ =rw!, p,o'=rKn,
0,0’ =p o', pw’=0,w" (5.6.38)

For these equations we take ¢, , and w* to have conformal weights
—1 and 0, respectively. The resulting values of w possessed by the various
components ¢_, o* depend upon the choice of w® and w' in (5.6.21), but
this makes no difference in the definitions (5.6.33) since the coefficients
in the correction terms exactly compensate for changes in w® and w'.

We note, furthermore, that the exterior derivative equation y=dp of
(4.14.80), taking the 3-form y and the 2-form g both to have conformal
weight zero, as stated in (4.14.81), can be written in the form

3’))01'10'11' :6’€B10’11' _6:6 o1ty + l):€ﬂ01’10" (5639)
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and that (4.14.92) becomes

ff {Plotty — Dpt, } N = f oS —~ § oS- (5.6.40)
z & & .

Further uses of these operators will be found in §§5.12,9.8,9.9.

'5.7 Massless fields

We now examine an important class of spinor equations which turn
out to be conformally invariant: the massless free- field equations for
arbitrary spin 1n, where n is a positive integer. Let ¢ ,, , have n indices
and be symmetric:

(t)AB...L = d)(AB...L)‘ (5.7.1)
The massless free-field equation for spin 1n is then taken to be
VA4 e =0 (5.7.2)
The complex conjugate form of this equation (n indices)
VA4, =0, 0, . = 0 45 1 (5.7.3)

also describes a massless free field of spin 1n. When these fields are to
represent wave functions in M, it is usual to impose a positive-frequency
requirement to the effect that in their Fourier decomposition, only terms
in e~'7<** occur for which p, is future-pointing, x* being the position
vector (cf. also §6.10). Then the solutions of (5.7.2) represent left-handed
massless particles (helicity —3nh) and the solutions of (5.7.3), right-handed
massless particles (helicity + 2nh). (See Dirac 1936a, Fierz & Pauli 1939,
Fierz 1940, Penrose 1965, Penrose & MacCallum 1972)

Recall that the Bianchi identity has this form in empty space, with
W ,scp taking the place of ¢ (cf. (4.10.9)). It is thus a ‘curved-space spin-2
field equation’, and its close relation to Einstein’s field equations has
already been noted (see remark after (4.10.10)). Similarly, the source-free
Maxwell equations (5.1.57) have this form with ¢, taking the place of
¢ _(spin 1). The Dirac—Weyl equation for the neutrino (cf. (4.4.61)) also
falls into this category with ¢ = v (spin }), namely

vAdy, =0.

Spin 2: gravitational perturbations

The equation (5.7.2) in the case of spin 2 also has interest in Ml (¢f. Fierz &
Pauli 1939), as the spinor version of the ‘gauge invariant’ form of the weak
field limit of Einstein’s vacuum equations (i.e. linearized Einstein theory,
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sometimes called the ‘fast approximation’). We envisage a smooth 1-
parameter family of space—times, satisfying Einstein’s vacuum equations,
such that the member with parameter u =0 is M. For each fixed value
of u we have a spinor field ¥ , gc, on the manifold, satisfying V44'¥ ., = 0.
Since this field tends smoothly to zero as u—0, we would expect that
u" "W ,pcp has a well-defined limit ¢ 5, as u—0, ie., in the Minkowski
space u =0, and that it there satisfies the flat-space version of (5.7.2).
Indeed, this procedure can be carried through, although it is more usual
to describe linearized Einstein theory terms of a real symmetric tensor
(‘potential’) field h,, €T, , in M, which represents the first-order deviation
from flatness of the metric (g,,(u) = g,, + uh,, + Ou?), where g, = g,,(0)
is, by supposition, the flat-space metric). The computation of the curvature
(to first order in u) yields the following result:

K ppea = im @™ 'Ry ) = 2V, Vi h gy (5.7.4)
u—0

where V_is the flat-space derivative operator and so possesses the com-
mutative property.

Obviously K, , has the Riemann tensor symmetries
Kabcd = K[cd][ab]’ K[abc]d = 0» (5.7.5)
and the Einstein equations (4.6.30) become
Ko —39,.Kp = — 8myE,, (5.7.6)

where E,, is the linearized theory’s version of the energy-momentum

tensor T, . In the absence of sources K, , satisfies
K,b=0, . (5.7.7)
so it coincides with the first-order Weyl tensor lim(u™ 'C,, (u)), and can
be expressed in the form (cf. (4.6.41))
Koped = Pupcotanton T Pancptaston: (5.7.8)

where ¢ ,pcp = lim(u™ "W 5, (w) and is totally symmetric. Evidently

K, satisfies the Bianchi identity
ViKpeae =0 (5.7.9)
which, in the case (5.7.7), is equivalent (cf. (4.10.9)) to
VA pep = 0. (5.7.10)

Thus if ¢, is regarded as a massless field, its field equation (5.7.10)
corresponds to the Bianchi identity of K, ,, while its symmetry is ex-
pressed by the symmetries (5.7.5), (5.7.7)— which involve the Einstein
field equations. Physically, ¢ .., is more significant than h_,. For h
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is subject to ‘gauge transformations’ which leave the physical situation
unchanged. These are induced by the ‘infinitesimal coordinate transfor-
mations’ and have the form

h—h, —2V ¢, for some (. (5.7.11)

However, K , , is invariant, and so, consequently, is ¢ ,.... We may
think of (5.7.10) as the gauge invariant equation for the weak vacuum
gravitational field. The tensor version of this, together with the symmetry
of @ ,pcp-isall of (5.7.5),(5.7.7)and (5.7.9).

In fact (5.7.9), or in the absence of sources (5.7.10), is sufficient for the
K ;.4 of (5.7.8) to be derivable locally from some symmetric h,, as in
(5.7.4). Moreover, for the empty regions outside sources, the sufficiency
of (5.7.10) holds globally if and only if a certain set of 10 integrals vanishes.
{See Sachs and Bergmann 1958, Trautman 1962 and §6.4.)

Whether sources are present or not, we always have

_I_K 8A'B‘ C'D’

¢ABCD = 47 (ABCD)A’'B'C'D’ € >
which becomes, via (5.7.4),
¢ABCD = %V({:Vg,hcnm'ﬂ' > (57.12)

giving the relation between b, and ¢ , ;... When sources are present, with
weak-field energy—momentum tensor E,,, the generalization of (5.7.10)
is (¢f. (4.10.12))
VAYD vpen = 4nyV(‘§ECD)B,A’. (5.7.13)
The field equation satisfied by &, can be written
— 16myE,, = [k, — 2V, Vh, +9,VVh,,
= DhAB’BA’ - VAB’VCDIhCA’BD’ - VBA'VCD,h
where [J =V _V* and
ﬁab =hyy = 9uh =hypge =h
(¢f- (3.4.13); and it reduces to
Ok, = — 16myE,,
when the ‘de Donder gauge condition’
Veh, =0, ie. V4%h, =0
holds. With this gauge condition we can, in the absence of sources, drop

the symmetry brackets around the indices in (5.7.12) (because symmetry

in AD and in BC follow from V[‘;hq 4 pp = 0, while symmetry in 4B follows,

in vacuum, from [Jh,, = 0) and, in the presence of sources, we can write

— 1gC'yD’ 4 p
@ apcp = 3Va Vi Bed — 3778 480 pE "

CB'AD’

BA'AB’
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As we shall see in a moment the conformal invariance of this weak field
gravitational theory in the absence of sources (namely (5.7.10)) is quite
transparent in terms of ¢ ,,.,. But it is by no means easy to see in terms
ofh,,.

An important generalization of the flat-space formula (5.7.4) is obtained
if we consider perturbations away from some given non-flat space—time
M, where we suppose, for simplicity, that both .# and the perturbation
satisfy Einstein’s vacuum equations. Then we have a fixed non-zero
¥ ,pcp for the background and some variable ¢ ., representing the
perturbation. However, ¢ ,,.,, is not now ‘gauge invariant’, in the sense
that if the h,, from which it is obtained undergoes (5.7.11), then ¢ .,
changes, in general. Roughly speaking, the reason for this is that there is
an uncertainty about which point of .# corresponds to which point of
the perturbed space. Since ¢ ,,., represents a difference between the
perturbed curvature and ¥ .., this uncertainty will affect the resulting
value of ¢, ., whenever ¥, ;. #0. Furthermore, the massless free
field equation (5.7.10) does not in general hold. To describe the perturba-
tion we need to involve the potential quantity i, explicitly. The (vacuum)
field equations are now

V,Veh, —V Vb~V Vh +VVh" (5.7.14)

b ca
with h, subject to the gauge freedom (5.7.11), and in place of (5.7.12)
and (5.7.10), respectively, we have

¢ABCD ;V&VB hCD)A'B' + ihpplpABCD (5715)
and
VAA ¢ABCD lhRSA B’ V \_P
Under (5.7.11), ¢ .5, transforms as
¢ABCDH¢ABCD - éEE VE (A\PBCD)E 2‘PE(ABCV7D)E’6EEI'

(These relations are adapted from Curtis 1975.)

VB hRSA _ 1 VRB h SA .

RSCD ~ RS(BC RS(BC

Conformal invariance

To establish the conformal invariance of (5.7.2), it is convenient first to
re-express that equation in a form that will also later be found useful.
The equation is equivalent to (cf. (2.5.24))

Viru®Pap.L= VM’(M¢A)B...L
and, consequently (cf. (3.3.15)), to

VM'M(l)AB...L = VM'(M¢AB..‘L)' (5716)
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Now choose ¢ ,,, , to be a conformal density of weight — 1:

$ap 1= by p (5.7.17)
Then, by (5.6.15),

QvM’M(ﬁAB...L = QVM'M(Q_ ld)AB...L)

=Vrs®usor = Yum®Pap.o = Ve a®us— " — YurPupm (57.18)
where we have used the particular case r = — 1 of the useful relation
Qv =rY,, (5.7.19)

which follows at once from (5.6.14). Now the RHS of (5.7.18) beyond the
first term is automatically symmetric in MAB ... L. Consequently the
LHS is symmetric in MAB ... L if and only if (5.7.16) holds. But this
means that equation (5.7.16) is conformally invariant. For future reference
we note another form of this statement which now also follows at once
(on transvecting (5.7.18) with &¢4M):

@AA,d;AB...L =Q" 3VAA’¢AB...L' (5.7.20)

5.8 Consistency conditions

There is an algebraic consistency condition for equation (5.7.2) in curved
space (Buchdahl 1958, 1962, Plebanski 1965) if n>2, and another for
charged fields ¢ in the presence of electromagnetism if n > 1 (Fierz and
Pauli 1939). To obtain these relations we apply the operator V2, to (5.7.2),
assuming that ¢ .5 ; has charge e; then, by use of (5.1.44),

0= Vﬁ’VAA,d)ABC...L = VfgvA)Ald)ABC...L

= DABd)ABC...L
= - ie(PABd)ABc...L - XABMA Pmsc...L — XABMB Pamc..L
- XABMC bapm..L— " — XABML & apc..m (58.1)

The first two terms involving X vanish since X4®™), =0 (cf. (4.6.6)).
Since also, by (4.6.35), X“B™ . =W4BM _ the above calculation yields,
for n=2,

(n— 2)¢ABM(C...K "PL)ABM = —iep*® spc. 1. (582

This constitutes an algebraic condition which relates the field to the

conformal curvature ¥, gz, if n>2 and to the electromagnetic field
¢, pife#0andn> 1.

These algebraic conditions render the field equation (5.7.2) unsatis-

factory for those situations where the conditions are non-vacuous.

Let us enumerate some possibilities. First, if space—time is Minkowskian,
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and the electromagnetic field or the charge of ¢, , vanishes, then the
field equation (5.7.2) is satisfactory, in the sense that there is as much
freedom in its solutions as there is freedom in finding complex solutions
of the wave equation (or real solutions of Maxwell’s source-free equations).
This follows from the work of §§5.10, 5.11. Secondly, suppose that the
space—time is curved but (locally) conformally Minkowskian, ie., that
a conformal rescaling can be found (locally) which reduces the metric
to that of M. Then again (still assuming e ,, = 0), equation (5.7.2) is
satisfactory since, because of its conformal invariance, the solution
procedure can be reduced to finding the solution in M. (In fact, ¥ 5
vanishes in conformally Minkowskian space, so that (5.8.2) becomes
vacuous if its RHS vanishes.) Thirdly, suppose that the space—time
is not conformally flat, but still e ,, =0. The Weyl conformal spinor
now turns out to be non-zero (¢f. (6.9.23)) and so the consistency condition
(5.8.2) must be contended with. In the cases n = 1, 2 (neutrino and Maxwell
fields) there is again no restriction and the fields turn out to have the same
freedom (apart from possible global problems) as they have in M. However,
for n> 2 the condition (5.8.2) is very restrictive. For example, Bell and
Szekeres (1972) show, among other things, that in a vacuum space-time
which is ‘algebraically general’ (i.e. with distinct gravitational PND, cf.
after (3.5.21), and §§7.3, 8.1) there can be at most two linearly independent
solutions of (5.7.2) for n = 4, and in general the only solutions are multiples
of ¥ pcp-

This is the situation when we are looking for solutions of (5.7.2) on a
given space—time .#. Of course, the situation is quite different for Einstein’s
(full) vacuum equations. If we take ¢ in (5.7.2) to be the Weyl spinor
¥ 48cp, then the restriction (5.8.2) becomes

ABM __
\PABM(C‘PD) =0,

and this is vacuous, being automatically satisfied by any totally symmetric
W ,scp; for if see-saws are applied to the three contractions, the expression
on the left is seen to equal minus itself.

The consistency relations (5.8.2) in the presence of charge e and electro-
magnetic field ¢, are less interesting, simply because charged massless
fields do not occur in nature. Difficulty would be encountered with the
electromagnetic interaction when the spin of the field is greater than 4
(n> 1). However, the same situation (existence of algebraic restrictions)
also arises with massive charged fields (Fierz and Pauli 1939). Moreover
similar difficulties occur, in the presence of gravitation (curvature), when
the spin is greater than 1(n > 2) (Buchdahl 1958).
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Energy-—momentum tensors

In the massless case, there appears to be a relation between the above-
mentioned difficulties and problems with the construction of a meaningful
(symmetric, divergence-free) energy-momentum tensor such as T,
in the gravitational case, or of a charge-current vector such as J_ in the
electromagnetic case (these being needed for the RHS of the relevant
field equation). We have already seen in (5.2.4) how to construct T,
when the source is a spin-1 zero rest-mass field. For the Dirac—Weyl
case of spin 1 one has

T, = k(v V =1V, Vg, 4Vp) (5.8.3)

while for the massive (Dirac) spin 1 field (4.4.66), the energy—momentum
tensor is

(4" BA’ B

ik
T, = 1?(¢Avb$44' - ‘ﬁfvbd)A + ¢BVa$B' B $B'V"¢B

= XaVola + 1aVola = 1Vakp + 15 ViZp)
k being a real constant. (It should be borne in mind that these fields are not
classical fields. This is true of all half-odd-integer-spin fields, since the
exclusion principle applies to such fields ¢f. Bjorken and Drell 1964. Thus
the expression (5.8.3) should really be applied in the context of quantum
field theory. The lack of positive definiteness for T, V*V'®, with V* timelike,
is related to this.)

These tensors are obviously symmetric and, in the case of (5.8.3), trace-
free, T,” =0, because (5.7.16) implies its symmetry in AB and A'B". The
vanishing divergence condition V*T , = 0 also holds, although the verifica-
tion of this fact in curved space—time is not quite immediate. It depends
on the cancellation of the curvature terms arising from the commutation
of derivatives. The result for (5.8.3) may be established from the following
identity, which will also be needed in Vol. 2:

Vj'VB'(AéB) VB BV: é ;VA BVA 5 (584)
+ 3A£A‘B’€B q)ABA'B’éA'

(This follows from (4.9.7), by using the identity (2.5.23) in the form 54, =
5454 —Sz",) When ¢, =v, the two differentiated terms on the right
vanish and the symmetrization around AB on the left may be omitted.
When V¢ is applied to (5.8.3) a term involving (5.8.4) appears, which cancels
with the conjugate term. The result then follows easily.

The case of spin 0 deserves certain special considerations which are
best delayed until Vol. 2, §6.8. Here we simply state two alternatives for
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the energy—momentum tensor, namely

T,= %kVAB’d)VBA’d)
for the equation (J¢ = 0 (¢ real) and
Tab = ék{sz(A‘d)VB')B(ﬁ - ¢VA(A’VB’)B¢ + d)l(I)ABA'B'}
for the real conformally invariant equation (LJ+ $R)¢ =0 (¢f (6.8.30)-
(6.8.37)). (See Newman and Penrose 1968.)

However, for spins 3/2, 2, ..., there is no expression for T, which has
the required properties of symmetry and vanishing divergence, and which
depends quadratically on the local field quantity ¢, . This is not hard
to see by examining the various possible terms quadratic or bilinear in
¢, ,and ¢, . and their derivatives. In effect, ¢, , has an excess of
indices which, as it turns out, cannot be removed by contraction. Taking
derivatives of ¢, | does not help this difficulty. What one would need
to do, essentially, is to integrate ¢, , in order to construct T,,. Indeed,
expressions for T, constructed from potentials for ¢, ; do exist. But
these are not satisfactory for general relativity because the local values
of T, — not merely the integrated total energy — are needed in an essential
way in Einstein’s field equations. These local values would be ‘gauge-
dependent’ quantities if potentials are used, and thus not physically
meaningful. In the case of gravity itself, no local energy—-momentum tensor
occurs. But it is not needed, since gravity does not contribute to the right-
hand side of Einstein’s equations. Gravitational energy emerges, instead,
as a non-local quantity (¢f. §3§9.9,9.10).

Although of limited physical interest, in the case of zero rest-mass
fields, it is worth noting that for such fields it becomes impossible to define
a locally meaningful charge-current vector (on the pattern of (5.10.16),
(5.10.21)) at just the same spin value at which difficulties with the consistency
relations (5.8.2) are encountered. If the neutrino field were charged, its
charge-current vector would be proportional to v,V .. But for higher spin,
local (‘gauge invariant’) expressions are not possible.

Consistent higher spin systems

Under certain circumstances, consistent massless field equations can
be given for higher-spin fields in interaction with gravitational or electro-
magnetic fields. However, these higher-spin fields can no longer be des-
cribed simply by a gauge invariant spinor subject to some field equations
like (5.7.2). For example, we have seen how to construct spin 2 fields on a
background space-time .# which satisfies Einstein’s vacuum equations,
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by considering perturbations of the space—time metric which still satisfy
the vacuum equations. Thus, in place of the gauge invariant field quantity
¢ 4pcp> We describe the field by habe‘l(ab), subject to (5.7.14) as field
equation, where two such quantities h_, are considered to be equivalent
if and only if they are related by a transformation of the form (5.7.11);
then we define ¢ ;. by (5.7.15). But if we consider this to be the description
of a spin-2 massless field on a given vacuum space-time background,
we still have the difficulty that a gauge invariant local energy-momentum
tensor does not appear to exist.

The situation is perhaps a little more satisfactory for the case of a
spin-3/2 massless field. One of the byproducts of supersymmetry theory
(¢f. Freedman, van Nieuwenhuizen and Ferrara 1976, Deser and Zumino
1976) is a coupled system of equations for a spin-3/2 massless field and
the gravitational field. The spin-3/2 field can be given by a potential
€S 4pc
(which, however, is normally described, in effect, by the ‘Majorana

4-spinor-tensor’ (x ,, ¥ 4.,)» the symmetry condition on y, ... being more
complicatedly expressed than here) subject to

VA Y e =0.

In M this would imply that the ‘field’
— v¢

b apc = VaXscc
satisfies the massless field equation (5.7.2), but in curved space—time there
are correction terms involving y .. and the curvature. The energy—
momentum tensor is, modulo a divergence, proportional to

¢ABCX_A’B’C - XABC, $A'B'C'

plus quartic terms in x... due to a torsion (c¢f. §4.2), proportional to

Xapc

Kan® w8 — 188 T wra-

(Full supergravity has gauge transformations involving the gravita-
tional and spin-3/2 fields: the metric is altered by a term proportional to
YapaCy + Eallpyap and the spin-3/2 field by V,.&,, where the ‘spin-1'
gauge field satisfies V4.&, =0. The spin-3/2 field also possesses certain
anti-commutativity properties, and these are needed for the consistency
of the above equations. The form of the equation on y, g that we
have given arises when the gauge transformations are restricted so that
the symmetry in 4B is maintained. See also Aichelburg and Urbantke
1981))

Other particular systems of consistent equations seem also to be
possible (¢f. Dowker and Dowker 1966, Buchdah! 1962, 1982).
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5.9 Conformal invariance of various field quantities

We recall that the energy tensors of the Maxwell and Dirac-Weyl fields
are trace-free. That, as might be expected, is a property closely related to
conformal invariance. Consider, generally, a trace-free symmetric tensor

T,=Tps8 =T p s
whose divergence vanishes:
ver, =0. (5.9.1)

Because of the quadratic nature of T, in the field quantities, we might
expect T, to be a conformal density of weight —2:

T,=Q7°T,. (59.2)

With this hypothesis, (5.9.1) is indeed a conformally invariant equation.
For, by (5.6.15),
QT = Q>VY(Q°T,,)
=V'T, - 2Y°T, - Y T, o
- YBAITAAA’B’ - YAA’TABA,B' - YAB' TABA’A‘

=0-2YT, + YT, —0 + Y*T,, —0=0.

A similar (but slightly shorter) calculation shows that the vanishing
divergence condition on a charge-current vector, V°J =0, is also con-
formally invariant if

-

J =, (59.3)

This may be inferred alternatively from other considerations. For example,
in a coordinate basis there is the classical expression (¢f. Schrodinger
1950)

G,
0x?

where g = det(g,,). Keeping the coordinates fixed when applying a rescal-
ing (5.6.1), we have § = Q®g, so that { ... } has conformal weight zero if
J* has conformal weight —4 (which agrees with (5.9.3)). The whole
expression is therefore a conformal density (of weight — 4), showing that
its vanishing is a conformally invariant property.

There is also a coordinate-independent way of proving the same thing.
Observe that J* has a dual 3-form

W=ty = o (5.9.5)

iyiais = Ciyiziza

using the notation of (3.4.29) and (4.3.10), specialized to 4 dimensions

V= (—g) —{(—g)"J, (5.9.4)
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as in §4.13 (Latin indices!). Thus,
diJ= V[“*J. = -V, JY

taisia] = (5.9.6)
using (4.3.14) and (3.4.32). This shows that the exterior derivative of
tJ is, in effect, simply the divergence of J°. Since, by (3.3.31),

Coped =% (5.9.7)
we have, by reference to (5.9.3) and (5.9.5), 'J="'J. Hence, d'J=d"J,
since exterior derivative does not depend on the choice of covariant

derivative. Thus

iyiaisig?

V J =Q %V Je
as before.

The expressions VT, and V°J are part of a more general system of
conformally invariant expressions that will be considered in Vol. 2 (see
(6.7.33)).

Next we establish the conformal invariance of Maxwell’s equations.
This can be done in many ways. The source-free equations are (cf. (5.1.52))
VA% ,, =0, and we have already seen (cf. (5.7.17)) that these are con-
formally invariant if

G =070, ie, ¢B=07p"5, (5.9.8)

whence, via (5.1.39),

F,=F,, F*=Q 4F® (599
When a source term is included, the equations are (cf. (5.1.52))
VAYp 5 =2nJ3 (5.9.10)

By (5.7.20) and (5.9.3) we see that each side is a conformal density of weight
— 3, and invariance is established.

We may also infer the conformal invariance of Maxwell’s equations
by using the formalism of §5.1. The definition of F , via (5.1.13)and (5.1.37)
is unaffected by conformal rescaling, and this is consistent with (5.9.9).
Thus the first half of Maxwell’s equations, (5.1.36), is evidently unaffected
by conformal rescaling. In the proof of the second half of Maxwell’s
equations, (5.1.38), the formalism has nothing to add and we are thrown
back essentially on our previous argument. We note that the choice of
conformal weight for F , which naturally arises in the formalism of
charged fields is the same as that required for conformal invariance of
the Maxwell equations. But this is not a foregone conclusion, since the
invariance of Maxwell’s equations does not necessarily imply that the
link of F, to the charged fields must be invariant. In the case of (linearized)
gravitation the corresponding uniformity does not hold.
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We can also use differential forms to re-express Maxwell’s equations,
and so to re-establish their conformal invariance. If we set

®:=0, F=F  ,*F=*F, (5.9.11)

then, by (4.3.14) and (5.1.37),
dd) = V[il(Diz] = %Filiz = %F’
whence
F=2do. (5.9.12)
By successive use of (4.3.14), (3.4.27), (5.1.38), (5.9.5), we find
4n . 4n
d*F =V *F i = 3¢ VP = 3 Cuizisad = Y

The Maxwell equation (5.1.38) is thus seen to be equivalent to the second
of the following formulae:

dF =0, d*F =4?" tJ, (5.9.13)

while the first is directly equivalent to the Maxwell equation (5.1.36).
As we have seen, (5.1.13) suggests ® = ®, whence, from (5.9.12), F=F
and consequently *F = *F; then, taking 'J = 'J (which corresponds to
(5.9.3)), the above equations (5.9.13) (and also (5.9.12)) are all equations
between terms of zero weight, and are thus conformally invariant. (Note
that, despite the appearance of (5.9.13), Maxwell’s equations are not
completely metric-independent, since the relation between F and *F re-
quires a conformal metric.)
It is interesting to observe that the Lorenz gauge condition,

Ve, =0
(¢f- (5.1.47), having the same form as (5.1.54) (which is a consequence
of Maxwell’s equations), is conformally invariant if ®, (like J ) is assigned
a weight — 2. But this is not the weight which makes (5.1.37) conformally

invariant. Hence we must regard Maxwell’s theory with the Lorenz gauge
as not being a conformally invariant theory.

5.10 Exact sets of fields

In this section we shall show how to set up a general framework for
the discussion of sets of interacting fields in flat or curved background
space—times, or in general relativity itself. The gravitational field is then
described by the spinor ¥ 5, which, for the purposes of the general
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discussion, can be treated on a similar footing to the other fields under
consideration. The key concept will be that of an exact set of interacting
fields (Penrose 1963, 1966b). Once one has an exact set, one is ensured that
the fields will propagate correctly through space—time; in the case of
general relativity, they propagate correctly and simultaneously generate
the structure of the space—time. The appropriate form of initial value
problem, as discussed in various aspects in §§5.11, 5.12, is based on
characteristic (i.e., null) initial hypersurfaces. For an exact set, the initial
data will be complete and irredundant (without constraints) so that the
counting of degrees of freedom becomes a simple matter. The simplifi-
cations and unifications that are obtained are a direct result of the con-
sistent use of two-component spinors. A corresponding tensor treatment
would, on the other hand, be exceedingly complicated.

Let us consider a system of fields

A AT 51 RTINS (5.10.1)
where each spinor is symmetric in all its unprimed indices and symmetric
in all its primed indices. Either, or both, sets of indices may be vacuous.
{The reason for writing all the primed indices here in contravariant form
and the unprimed ones in covariant form is simply notational convenience
for what follows.) We have seen in §3.3. that any spinor can be represented
in terms of &s and spinors which, like (5.10.1), are symmetric. Any finite
set of interacting locally Lorentz covariant (finite component) fields can
therefore be represented as a set (5.10.1).

Suppose the fields (5.10.1) are subject to a set of covariant differential
equations involving the operator V . Then (5.10.1) will be called an
exact set of fields if, at each point P, the following two conditions are
satisfied:

(a) all the symmetrized derivatives

e VY LVEYEY WY VT L (510)

AH) ? MZXa.E) >
(including the ‘zero times’ differentiated fields (5.10.1)) are independent
(i.e. they can take independently arbitrary* values at P) and
(b) all the unsymmetrized derivatives

w zZ’ P U v’ z ., pP..T
VYL VEYEU Y YR R T (5.10.3)
* We are ignoring such questions as limits on the growth rates of the quantities in the

list (5.10.2) (or (5.10.3)). In effect, ‘arbitrary’ is to mean that members of any finite
subset of (5.10.2) can be chosen arbitrarily. Our considerations are here essentially
algebraic, and a more complete discussion would require the appropriate notion of
Sobelov space.
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are determined, at P, by the values of the symmetrized derivatives (5.10.2)
at P, by virtue of the differential relations satisfied by the fields.

In effect, when we refer to the spinors (5.10.2) as being independent,
we mean that there are no algebraic (spinorial) relations connecting them
and their complex conjugates. Likewise, the spinors (5.10.3) are to be
determined from the spinors (5.10.2) and their complex conjugates by
algebraic (spinorial) relations.

An exact set (5.10.1) will be called invariant if the expressions for (5.10.3)
in terms of (5.10.2) are the same whichever point P is chosen and are
locally Lorentz covariant (i.e. (5.10.3) are expressed as definite spinorial
combinations of & and the spinors (5.10.2) involving no extraneous
quantities other than scalar constants).

Free masskess fields

As a simple example of an invariant exact set, consider a massless free
field of spin 1n > 0 in M. Such a field is represented by a single symmetric
spinor ¢ ,, ,,and (cf.(5.7.2))is governed by the field equation

VA4$ s L =0. (5.10.4)

We saw in (5.7.16) that this equation is equivalent to the symmetry condi-
tion Vi ¢, , =V é, ;- Next consider VY'Vi'¢, . The operators
VN, VM here comute, so that we have symmetry in NA...L as well as
in MA...L. Thus Vi Vif'¢, | =V{Vi{'d, . Symmetry in N'M’ then
also follows from the commuting of the operators. Repeating the argument
with higher derivatives, we get, generally,

VMIVN ... Vg' b, L= V%VI’:’ ...Vg')¢AmL). (5.10.5)
Thus, condition (b) for exactness is (trivially) satisfied, as is the condition
for invariance. Since (5.10.4) is linear and derivatives commute, all
algebraic relations satisfied by the derivatives (5.10.5) at P must be linear.
Such relations would necessarily emerge as linear operations on the
indices of (5.10.5) because of the invariance of (5.10.4). But (5.10.5) expresses
complete symmetry, so no further relations can in fact emerge. Thus
condition (a) for exactness is also satisfied, so that ¢,, , forms, by
itself, an invariant exact set.

This example covers the Maxwell field (n = 2), the Dirac—Weyl neutrino
field (n = 1) and the linearized Einstein gravitational field (n =4) in M
(¢f. §5.7). The case n = 0 is also essentially the same, but in place of (5.10.4)
we must have the second-order wave (D’Alembert) equation in M

O¢:=VA4V, .¢=0. (5.10.6)
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We can restate this equation as
VAVE ¢ =0, (5.10.7)

(4" 8]
the symmetry in A'B’ being a consequence (because the derivatives
commute) of that imposed on AB. Thus V4'V} ¢ is symmetric in AB
and A'B': V{'Vy ¢ = V{4'V}) $. Then, by the same argument as above,
VAVE.. Vi o= V:j vy ... VE) (5.10.8)
and ¢ forms an invariant exact set.
A further (rather trivial) generalization of the massless field equation

is the following. Let 05."'.‘5' be symmetric and subject to the simultaneous
conditions in M

yAL QP S 0, V eS8 =, (5.10.9)

AB...E PP A...E
Then arguments similar to the above show that

T V' gP'..S _ g(T’ V' pP...S")

VF VH OA...E - V(F VH GA...E) ’
and 0 forms an invariant exact set. This gives us nothing essentially
new, however, because we have VI 0525 = VE 9T 2.5 which expresses

a vanishing curl, implying (at least locally) that 6 has the form

008 =ViigE
By the symmetry of -, - also satisfies (5.10.9). Repeating the argument,
until one or the other set of indices is exhausted, we see that

(5.10.10) PROPOSITION

If (5.109) holds, then 673 e@f 3 is an rth derivative of some
massless free field.

Electromagnetic sources

Consider now a Maxwell field with sources. In place of (5.10.4) (with
n = 2) we have (¢f. (5.9.10))
VA p=20J4 (5.10.11)

where J . =J 44 Tepresents the given charge—current vector subject
to the divergence condition

vAYJ, . =0. (5.10.12)
Instead of (5.10.5) we now get

4n
c _oC ’
Ve s =VicOup — TSC(A‘I;)’

(5.10.13)
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D oD 4n Do
Vg Vg Pap= Vfg Vg )‘PAB) - ?scpﬁc P V(EAJ B)E
(5.10.14)

St _ o , T o ,
+ _3' V§€ {3D)(AJ Iiz)))} ) V}ﬁ {SB)(CJ g)) 3

and so on for higher derivatives: the unsymmetrized rth derivative of
¢ 4 differs from the symmetrized rth derivative by an expression linear
in the (r — 1)th derivative of J4. This, and the consequent fact that ¢,
forms an exact set, follows by the same argument as in the source-free
case, except for the essential modification entailed when we replace
(5.10.4) by (5.10.11); i.e., when a pair of indices is interchanged, a term
involving J4 may be introduced.

However, it is clear that ¢, by itself does not form an invariant exact
set here, since the extraneous quantity J4 appears in (5.10.13), (5.10.14).
On the other hand, we may admit J4 as a variable field; but then ¢,
and J4 together do not, as things stand, form an exact set. For (5.10.12)
restricts only the part of V4 J5" which is skew both in 4'B" and AB. The
part which is symmetric in AB and skew in A'B', for example, will remain
undetermined. Further conditions would have to be imposed on J4' to
give an exact set. This could be done in many ways, but of most interest
are the cases when J4 is given by the charge—current vector of a physical
field (or fields), say a Dirac field or a Schrédinger—Klein—Gordon field.

Consider, first, the Dirac case. In the two-component spinor form
(4.4.66), the Dirac field is represented as a pair of spinors y ,, x*" subject

to
VA =g, Vet = —uy,, (5.10.15)

where u = m/h\/ 2, m being the mass and # Planck’s constant divided
by 2zn. In the absence of electromagnetism we can assume that the Vs
commute. It is then not hard to verify that  , and y*" together form an
exact set. Moreover, if we introduce electromagnetism via (5.1.1), each
of Y ., x* having the same charge e, and define the Dirac charge current
vector by

. q - -
Jj =§;(¢Azﬁ” +xAxA ) (5.10.16)

where ¢ is a simple positive numerical multiple of e, whose exact value
depends on one’s conventions for normalizing the Dirac wave function
(e.g. one natural choice would yield ¢ = 2ze), then

VAY @ p = qW g0 + 15 x™), (5.10.17)

and 4, x* and ¢, together form an invariant exact set. This may be
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demonstrated in essentially the same way as for the first case, except that
the interchanging of derivatives may give rise to extra terms involving
¢ 5 7 (cf. (5.1.43)). For example,
Vg"//A=V([g'/’A)_%IISBAf’, (5.10.18)
VaViy, = V:g A W, = %ieqﬁ”’c’smcdxm +
+iee” “{3¥z0., - Poc¥at t+
+12 e ep W, + 2ue, Ve P A (5.10.19)

The case of a Schrédinger—Klein—Gordon field 0 is similar, but now
in place of (5.10.15), (5.10.17) we have (cf. (5.10.6))

(O + 2u2)0 = 0, (5.10.20)
the charge current vector being proportional to i0V 8 — ifV 6, so
VAL = qOVAD — BV D). (5.10.21)

Again, 6, ¢ ., form an invariant exact set.

There is an alternative method of dealing with charged fields which
involves introducing the electromagnetic potential ®4 explicitly and
treating it as a new field. In this approach, V4 stands for the operator
denoted by ¢4 in (5.1.1) and in (5.1.14), i.e, it acts on charged fields as
though they were uncharged, and commutes with itself. The electro-
magnetic interaction is expressed through V4 —ie®4. Thus ®4 occurs
explicitly in (5.10.15) and in (5.10.20) as a new field, with V4 replaced by
Vj’ - ietl)j'. In order to get an exact set we must impose a restriction on
&4, such as the Lorenz condition: V4, ®4 = 0. Then (by (5.1.49)) we have
¢,5=V,.P5 . We also have ®,, =¥, (¢f (5.1.18)), whence ¢*'* =
— VAY®E Using these equations, it is not hard to show that ¢, x*,
© 5 P4 ,and 0, ¢ ,,, @4 each form an invariant exact set.

This alternative approach is perhaps conceptually a little simpler
than the one using (5.10.15) and the consequent non-commutativity of
the Vs, and it is useful in some contexts. However, it is more in keeping
with the philosophy being adopted here not to introduce gauge dependent
quantities, such as @, explicitly into the formalism. In the case of electro-
magnetism the gauge independent approach in fact involves somewhat
simpler formulae (e.g., (5.10.19)) than does the approach explicitly involv-
ing ®,. Moreover the theories which operate in curved space—time
can apparently be treated according to the present formalism only by
virtue of the existence of a gauge-independent (i.e., coordinate-
independent) method.

Consider, first, the case of a set of fields in a given Riemannian back-

ground space-time. The curvature quantities ‘¥ P and A

ABCD’> T ABC'D’
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(see §4.6) and their derivatives are then given at each event O. These
quantities enter into the commutation relations for the Vs (¢f. (4.9.7),
(4.6.34)). Certain flat space—time exact sets can be transcribed for curved
space-time by simply adding the appropriate terms (cf. (4.9.13), (4.9.14))
to deal with interchanges of indices of Vs, this resulting in an exact set.
For example, in the case of a Maxwell field, in place of (5.10.5) we have

Vglvg,(pAB = Viglvg"‘/’m + 8C,D,(%WDABX('0CX
- %\PC(AB X(Pn)x + 3A3€(D(PAB)) - %EC(D(DA xeo Ppyx>
(5.10.22)

etc. and ¢, gives an exact set. It is clearly not an invariant exact set,
however. Only in the case of de Sitter (or Minkowski) space (A = given
const., ¥ pcp =0, ®47 = 0) does an invariant exact set in fact arise. The
Maxwell-Dirac equations can also be transcribed in the same way for
curved space-time and an exact set is obtained. On the other hand, the
zero rest-mass equation (5.7.2) for n 2 3 does not, as it stands, lead to an
exact set for ¢, , for a given space—time which is not conformally flat,
because of the consistency relation (5.8.2), which shows that the ¢, ,

are not independent unless ¥, .., = 0.

Gravitation

For general relativity proper, the situation is somewhat different. Here,
curvature quantities are to be considered as field variables. The degrees
of freedom of the gravitational field are to be described by the conformal
spinor ¥ ;.. The quantities @47 and A are defined directly in terms
of the remaining fields — and possibly a cosmological constant A — through
their energy—-momentum tensor T, (cf. (4.6.30)):

AnyT gy =P +(BA —3N)e (5.10.23)
In particular, the Einstein— Maxwell equations (with cosmological constant
A) are given by (cf. (5.2.6)):
iy =200,,0"7, A=
and the Bianchi identity becomes (cf. (5.2.7)):
VAYY een = — 2907% Vegocp. (5.10.25)

We shall see shortly that, together with Maxwell’s source-free equations
(5.1.57) and the commutator equations ((4.9.13), (4.9.14)), the relations
(5.10.24) and (5.10.25) lead to the invariant-exact-set conditions holding
for ¥ ,p-p, @ ,5- There are also many other sources for the gravitational
field which, with ¥ constitute an invariant exact set.

ABA'B aBéa'B

A (5.10.24)

ABCD?
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Let us first examine the Einstein empty-space equations (with or without
cosmological term). We shall show that they imply that ¥ .., alone
constitutes an invariant exact set. The relevant equations are the vacuum
Bianchi identity (¢f. (4.10.9)):

VAYY pop=0 or VI, . =0, (5.10.26)
and the Ricci identities generated by
Aab KC = 8A'B’ ‘PABECKE —%lsAle K(ABB)C (5.10.27)
(cf. (4.9.7) with (4.6.29) and (4.6.34)), and its conjugate,
A1 =W, 5 ST —FAE T 88, (5.10.28)

These we can write in form

A
e oS _ B
Eps {Vﬁ Vfﬂ + Vfl Ve Yoy =295 ap" —3lKGER, + Kp€gal

eps {VR VS + VRV 1P =0 (5.10.29)
e {VEVY +VEVR Kk, =0
SGH{Vg'Vs VS VR }T \IIR S'P o {TR S’ P’ + ,L.S‘ 8R’P’ }
(5.10.30)
Now consider the spinors
¥ iscp> Ve Yapens Vi VEY socps o (5.10.31)

The various derivatives of (5.10.26) must all hold identically also.
Hence the algebraic relations on the spinors (5.10.31) arising from (5.10.26)
are

SHA(VP VR Vfi ABCD

)=0 (5.10.32)
This expresses a condition on (namely, the vanishing of) the part of
Vi ...V4¥ pcp Which is skew in H, 4 and says nothing about the part

symmetric in H, A. Moreover the relations (5.10.29) connect

eps (VB .. VEVS _ VEW pen) + ps (VR VRV VYWY pop)
scp> While (5.10.30) connect

eCH(VE .VEVE VYWY oep) + €8 (VE VEVE VY'Y
with lower derivatives of ¥ .. These express conditions only on parts
of Vi ...V}'¥ ., Which are skew in a pair of primed indices or in a
pair of unprimed indices. Thus the algebraic relations arising from
(5.10.26), (5.10.29) and (5.10.30) connecting the spinors (5.10.31) and their

complex conjugates are all concerned with parts of Vi ..VY'¥, ..
which are skew in at least one pair of indices. They imply no conditions

with lower derivatives of ¥

ABCD)
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on the parts totally symmetric in all primed indices and in all unprimed
indices. (It might, perhaps, be thought that other relations could be
obtained by expanding skew parts of Vi ...V}'¥ . in two different
ways. However, these all lead back to (5.10.32) which is the only consistency
condition implied) Hence the spinors

L 4 ¥ =Vi ¥ v

ABCD’ ABCDE (E © ABCD)’

= Vg’Vg)\PABCD), e
(5.10.33)

and their complex conjugates are all algebraically independent and can
therefore be specified arbitrarily (ignoring convergence questions; cf.
footnote on p. 374) at any one point P.

It remains to be shown, conversely, that all the spinors (5.10.31) can
be obtained algebraically from the spinors (5.10.33) and their complex
conjugates. An induction argument will be used. We wish to express
Vi . VYW pep in terms of ¥, 0 P and lower order derivatives
of ¥, since it may be supposed as the inductive hypothesis that all
these lower derivatives have already been expressed algebraically in
terms of symmetrized derivatives ¥, .”® and their complex conjugat-
es. Now, if we add together all the spinors obtained from V} ... Vi’ ¥ ..o
by permuting P, ..., V’ in all possible ways and 4, B, C, D, E, ..., K in
all possible ways, we get a multiple of ¥, "' Thus, if it can be
shown that each of the spinors obtained by such permutations differs
from V] ..V'¥, .., by expressions involving only lower derivatives
of ¥, the result will be proved. The spinor V} ... V¥, . will then
be seen to differ from ¥,, 7" by a spinor built up from lower deri-
vatives of ¥ ;..

Any two spinors obtained by such a permutation of indices from

Vi ..VYY
will be called equivalent (denoted by ~ ) if they differ from each other
by expressions built up from lower order derivatives of ¥ .. This is

clearly an equivalence relation. It is required to show that all such spinors
are, in fact, equivalent to one another. Now since

Vi V& —VEVE = 1X AV + VMV
+ aWy ST{Vg‘ VZ 4+ VIZVE)
(see (4.9.1)), we have, applying (5.10.29) and (5.10.30),
LVEVE LY e~ VEVE LW
Hence any permutation of the V’:, symbols gives rise to an equivalent
spinor. (Any permutation can be expressed as a product of transpositions

P
ABCDEF

ABCD

1
2

ABCD"
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382 5. Fields in space—time

of adjacent elements.) That is, any permutation of P, ..., ¥’ can be
applied to V} ... V}' ¥, ., provided that the same permutation is applied
to E, ..., K and an equivalent spinor is obtained. It remains to show that
E,...,K, A, B, C, D can be permuted independently and an equivalent
spinor is still obtained. The symmetry of ¥ ,5.p implies that A, B, C, D
can be permuted without change. Furthermore, from (5.10.32), K and 4
can be interchanged in V& ...VY W ,pcp. Also,

LVELLVEY LV LVEY
~.VE VY \SAR YA 4
so that A can be interchanged with any other unprimed index and an

equivalent spinor is obtained. It follows that any pair of unprimed indices
can be interchanged since

LV VLY
~. VY LVE LW

ABcD ™~ ABCD

yBcp ™~ ot YBCD?®

ViV Wy
VX VE

s« ¥ 4peD

~
ABCD

-~
WBCD

Hence all the spinors are equivalent and the result is proved.

Einstein—Maxwell case

The case when an electromagnetic field is present in the space can be
treated by an extension of the method for empty space described above.
The spinors
: P'..R _ (P R’)
‘YABCDE“G _-Vﬂi“'VG k4

are defined as before and spinors ¢ .5, ¢
defined similarly by

ABCD)
> @apcn’ & - areintroduced,
P..R _ (P R’)

¢ABCWE _-VK'”'VE
By the same kind of argument as before, it follows that ¢ ., ¢ .7, ...,

Y pen ¥ ABCDEP ', ... and their complex conjugates are all algebraically
independent. Instead of (5.10.26) we have

Pap

€4Vl Q=0 and —eVEY L =2y5" 5 V8 @pc
from (5.1.57) and (5.2.7) (in suitable units). The first of these states the
symmetry of

V. VR,
in E, A, while the second expresses the part of
V... VEW

skew in G, 4 in terms of derivatives of ¢, of at most the same order.
They imply no condition on the symmetrized derivatives of ¢,, or

ABCD
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¥ ,scp- Nor do the equivalents of (5.10.29) and (5.10.30), which differ from
them only in that the second relation (5.10.29) is replaced by

s (Ve Vi +VE Ve 117 =4y oo, ¢ ¢
(see (5.2.6)) and the first relation (5.10.30) by

FH{VEVS + VEVE Kk, =4y" S ¢ k5.
The argument to show that the unsymmetrized derivatives can be express-
ed algebraically in terms of the symmetrized derivatives and their complex
conjugates is exactly analogous to that for the pure gravitational case.
The derivative V& ...VX ¢, differs from ¢ ,. F® by expressions
constructed from lower order derivatives of ¢, and ¥ ., while
VP ..VEY o differs from ¥, . F® by expressions constructed
from derivatives of ¢ 45 of the same order or lower, and from lower order
derivatives of W,,.,. Thus, we can construct VZ ¢,,, Vi¥, ..,
VEVS @5 VEVEY ops ..., in that order, from the symmetrized
derivatives. This completes our proof.

Further examples

Other examples of exact sets are the Yang—Mills ‘free’ fields subject to
(5.5.40) and (5.5.44) (for various different groups), and Yang—Mills fields
with suitable sources. These fall essentially under the heading of exact
sets as defined at the beginning of this section provided that the Yang—
Mills indices are treated as abstract and do not partake of any of the
symmetrizations in (5.10.2). If a Yang—Mills basis and Yang-Mills
potentials are introduced, then further ‘gauge conditions’ are needed in
order that an exact set may be obtained. The situation is analogous to that
of the electromagnetic field, where an extra gauge condition such as the
Lorenz gauge is needed in order that the potentials should propagate, if a
non-invariant approach is adopted.

Finally, some sets of fields which, by themselves, do not constitute
exact sets, can be completed to exact sets by including certain contracted
derivatives of the fields as additional fields. A rather trivial example is the
Fock-Feynman—Gell-Mann equation for a spin-{ particle in M (Fock
1937, Feynman and Gell-Mann 1958). The field is described by a single
two-component spinor ¥ ,, and governed, in the presence of an electro-
magnetic field, by the field equation

(O +2u%)y = —2iep P (5.10.34)
By itself (if ¢ ,, = 0), or with ¢ ,,,, ¥, does not form an exact set. But, if we
AB AB A
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384 5. Fields in space—time

include y* =p 'VAYY (u= m/h\/z) as an additional field, we are
back with the Dirac equation (5.10.15) since by (5.1.43)

= —uV, =V, VP =0, 0% + 36,5V, VAYP
= ie(pABwB - %D Ya
so ¥, x* (and @ ,,) provide an exact set.

Somewhat similar is the case of a Dirac (-Fierz) free particle (Dirac
19364, Fierz 1938) of spin ;n > 1, in M — which is essentially equivalent to
the Rarita—Schwinger (1941) equation and generalizes that of Duffin—
Kemmer, etc. (see Corson 1953). Suppose electromagnetism and other
interactions to be absent. The field is described by a pair of symmetric
spinorsy9 -, xb -7 ofrespective valences [, 9, 51,[5 P¢']subject tofield
equations

VAP’!pQ’...T’ = #xg’Q;)T', V PQ..T _ _ 'u!//QT (51035)

AB..D 4p X p AB..D
Here, as before, hu\/i is the mass, the spin of the field being
in=1(p +q+1). Note that the symmetry of each of ¥, x, together
with (5.10.35) implies that the ‘subsidiary conditions’

Vouds =0 VExp% T =0 (5.10.36)
both hold. Also we have, as above,
@O +2°We 5 =0, (O+ 255 =0, (5.10.37)

(Som= hp\/i is indeed the mass). In fact, as with the Fock—Feynman—
Gell-Mann equation above, we may consider just ¥, say, and use
(5.10.35) (1) to define x . This will, provided (5.10.36) (1) holds, give x -
the correct symmetries, (5.10.35) (2) now being a consequence of (5.10.37)
(1).

The two fields Y97, yF'I" do not form an exact set (nor does ¥
alone). However, we can easily complete the system to an exact set by
introducing n — 1 new spinors, each being symmetric with » indices but
with differing numbers of primed and unprimed indices: in their natural
order these n + 1 spinors form a linear sequence of spinors each of which
is obtainable from its immediate neighbours by a differentiation contract-
ed on one index. Together, these spinors form an invariant exact set.
For example, if n =2 we have the invariant exact set Y 45, v , 4% with

VAYY = bxg s VA xG = uE*®,
Var &% = — BV ol = — (5.10.38)

However, if electromagnetism (with n 2 2) or gravity (with n = 3) are to
be incorporated, the situation becomes more complicated because of the
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Fierz—Pauli (1939) and Buchdahl (1958) consistency relations which we
encountered in the zero-rest-mass case (cf. (5.8.2)). As it stands, (5.10.35)
is inconsistent with (5.1.43) (when n = 2) and with (4.9.13) (when n = 3).
The modifications that have been considered by various authors to
remove these inconsistencies are beyond the scope of this book, and the
interested reader is referred to the literature cited here and in §5.8.

5.11 Initial data on a light cone

In the preceding section the most important of the explicitly known
physical fields, gravitation included, were exhibited in the form of exact
sets. Interactions between fields found expression either through ‘field
equations’ such as (5.10.15), (5.10.17), (5.10.25), or through ‘commutator
equations’ for the Vs (¢f (5.1.44), (5.1.45)). (Note that in this formalism,
the Bianchi identity counts as a ‘field equation’!) The entire formalism
is best expressed in terms of field quantities rather than gauge dependent
potentials. Thus, the electromagnetic potential ®, need never appear
explicitly, nor is there any place for the explicit appearance of gravitational
potentials (i.e. expressions for g,, in terms of a coordinate basis). In the
present section this “geometrical attitude” is exploited further. Assuming
analyticity of all the quantities involved, if all the derivatives (5.10.3) are
known at one event O, then, by means of power series (i.e., “Taylor’s
theorem’) we can ‘step’ from event to event, thus calculating the fields
(5.10.1) and their derivatives (5.10.3) at every other event in the space—time.
This gives a method of exploring the space-time in a way which is, in
principle, completely coordinate-free. However, it is not generally a very
practical method, although it is possible that developments in formal
technique might lead to a more manageable procedure.

On the other hand, the method does lead to one important deduction
concerning the nature of the exact-set condition, and it is this which
we shall present here. Roughly speaking, it turns out that in the same way
that the derivatives (5.10.3) enable us to ‘walk’ about the space—time, it is
the symmetrized derivatives (5.10.2) which enable us to ‘walk’ up the light
cone of the event O with that component of each field which is associated
with the null direction in the cone (Penrose 1963). In consequence,
condition (a) for exactness will tell us that, for each field, this component
can be specified as an essentially arbitrary function of the light cone of O,
while condition (b) tells us that knowledge of this function defines the
fields everywhere* throughout space—time. We thus have a form of initial

* Strictly speaking, this need apply only in some open neighbourhood of O, as it is
possible for ambiguities and consistency problems to arise globally.
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value problem for which the data can be specified in an arbitrary (i.c.
‘constraint-free’) way on a light cone. The argument is presented here
only in the simplest situation, where it is assumed that everything is
analytic. The results should have a much wider domain of applicability
than this, but proofs become much more difficult when analyticity is
dropped. There are important questions concerning domains of
dependence, coherence relations, stability, etc., which cannot be treated by
arguments of the kind presented here. A full discussion would take us
much too far afield from our immediate purposes, but the comparatively
simple (analytic) argument presented here should be adequate to illustrate
the importance of the exact-set concept.

The ‘Taylor series’ on #

We assume, then, that the space—time .# is an analytic manifold with
analytic metric g,,. The operator V, must also be analytic (i.e., yield an
analytic field whenever applied to an analytic field). Of course, if V,
is just the ordinary Christoffel derivative, this fact follows automatically
from the analyticity of g,,. Here we envisage that an electromagnetic
field may also be present and incorporated into the definition of V_ as
applied to charged fields. In effect, the analyticity requirement on V_ states
that the electromagnetic (as well as gravitational) field must be analytic.
We do not envisage any interaction other than gravitational or electro-
magnetic incorporated into the definition of the V, operator (although the
inclusion of Yang-Mills fields would not greatly complicate the
discussion). For simplicity we shall also exclude the possibility of torsion.
The presence of torsion would indirectly affect the definitions of the
geodesics in .# and we prefer not to consider this complication here.

Let y be a smooth curve in .# and let t* be a tangent vector defined at
each pointof y. Suppose for some 6,

t*vV, 6 =0 (5.11.1)

at each point of y. Then we say that 6 is constant along y (with respect to
V,) and write

[6:1 =01, (5.112)
for 6 evaluated at any two points P, Q along y. Unless the commutators
of the Vs vanish, the notion of equality defined by (5.11.2) generally
depends on the choice of curve y which connects the points in
question. (If y is a closed curve originating and terminating at the same
point P( = Q), then (5.11.2) would not generally imply that the original
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and final fields at P are equal in the ordinary sense. For an infinitesimal
loop, the discrepancy comes directly from the V commutator term.)
If ¢° itself can be chosen constant along y, i.e.,

'V, 1" =0, (5.11.3)

then y is a geodesic in .# . Let v be a real parameter on such a geodesic 7y,
scaled so that

V=1 (5.11.4)

(Then v will be an affine parameter on y; t* and v are ‘uncharged’.) Fix a
point Oe.# and let y be some geodesic through O, with parameter value
v=0 at 0. To represent a point X on .# relative to O, define a vector
x* at O by
x* =t (5.11.5)

where v is the parameter value at X. (It follows at once from (5.11.3) and
(5.11.4) that (5.11.5) is independent of the scaling of ¢*. If t*+ k¢, then k
must be constant along y to preserve (5.11.3), whence v+ k™ '0.) Thus we
may say that x” gives the position vector* of X relative to O. As y varies
among all geodesics through O, the components x* of x* with respect to
some fixed basis at O give, in fact, a system of normal coordinates with
origin O. That is to say, the direction of x* is that of the geodesic y from O
to X and the length (or ‘extent’ if x* is null) of x* is the same as that of y
from O to X. (This follows directly from (5.11.3), (5.11.4), (5.11.5).)

Let ¥ be analytic at O; then for X not too far from O on the geodesic y
we have

[T 2 0T+ IV Do + 5 VYD + -

= [exp(x“V ¥*], (5.11.6)

To see this (compare Synge 1960), we note that if v’ is the parameter

assigned to a variable point X’ between O and X on y, the quantity

(v—0v)*
1!

(v — )2t

+ 5 VYo + - (5.11.7)

exp((v — V)V W =y + Ve +

defined at X’ is constant along y by (5.11.1), (5.11.3), (5.11.4) (v being

* This applies unambiguously provided that X is sufficiently ‘close’ to 0. Otherwise,
because geodesics can refocus and cross over, there may be more than one ‘position
vector’ at O for a point X (or, sometimes, none at all).
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constant and v” satisfying t°V v’ = 1). The convergence and appropriate
uniformity of (5.11.7), for X near enough to O, is implicit in the analyticity
of the quantities involved but we shall not discuss such matters in detail
here. When v' = 0 and v" = v, we get, respectively, the right- and left-hand
sides of (5.11.6).

‘The ‘Taylor series’ on N

Relation (5.11.6) tells us how knowledge of all the unsymmetrized
derivatives (5.10.3) of a set of fields at O can be employed in the determina-
tion of the fields at all other points (not too far from O in the first instance,
but ‘distant’ points can be reached using several steps). Now suppose that

Yy =yl =V (5.11.8)
and let us examine the role of the symmetrized derivatives (5.10.2). Consider
the points X which lie on the light cone 4" of O. Then y will be a null
geodesic and ¢* a null vector, which is thus of the form

1 = EAEY (5.11.9)
(choosing t° as future-pointing). For a specific null geodesic y we select &4
to be constant (and uncharged) along y. Now multiply (5.11.6) by

EALR - EBELE,, -+ & (where, because of the constancy of ¢* along v,
we can unambiguously write the &s outside the brackets):

AL LSS, = 4 EEEP, é—s,[t//i:‘s']o

it Tl L GBIV

2 - - - -
+§~!5"... EEEFESE, | ELELE VIR~ .. (5.11.10)

Because of the symmetry of &4 ... EHE,, ... EV, , it is really the symmetrized
derivatives [V ...V Y5 8], that are relevant here (cf. (3.3.23)). Know-
ledge of all these symmetrized derivatives at O will determine the quantity

=84 EEE LB, e oy (5.11.11)
along any null geodesic through O and, therefore, at each point of 4"

The complex number y will be called the null-datum for the field
at the point X of 4. If we make a definite choice of ¢4 for each null
direction at O, (say by choosing £° = 1 at O — which excludes only the
generator £ = 0), we may regard y as a scalar function defined on the light
cone of 0, this function being determined by the symmetrized derivatives
of Y at O though, more correctly, ¥ is a weighted function, as in §4.12,
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as we shall see shortly. Conversely, the values of iy on A determine these
symmetrized derivatives. For the light cone 4~ may be parametrized by
the real number v (v =0 giving the vertex) and by the complex ratio
E=¢E1/E° at O, ie., by the complex number ¢ = &1, if we choose &%= 1.
The coefficient of (— v)" in (5.11.10) is

EA LR LEHE, B LB VE L VYRS, (5.11.12)

which, for each value of &, will therefore be determined by . But the
behaviour of (5.11.12) under é4+— Aé4 is also known, namely it gets
multiplied by A?*"9*". Hence (5.11.12) will be determined by ¥ as a
function of &4, .. But {4 and &, are algebraically independent. Therefore
(5.11.12), being a polynomial in &% &% &, & ., will determine its co-
efficients [V ... Vy'y% 5], uniquely.

The significance of the concept of an exact set should now be apparent.
Condition (b) for exactness for a set of fields ¥, ..., x* ensures that the
values of their null-data y, ..., x, on the light cone A", determine the fields
throughout the space—time .#. Condition (a) for exactness ensures that the
various null data can be chosen freely on .4, that is, there are no con-
straints. For any exact set, therefore, the null-data are a complete irredun-

dant set of initial data on any light cone.

Counting degrees of freedom

We are now in a position to count the number of degrees of freedom for
the fields. For this we invoke what appears to be a general principle in
the initial value problem, namely that on a characteristic (i.e., a null)
initial hypersurface just one-half as many real numbers per point of the
hypersurface are required as would be required in the case of a spacelike
hypersurface (¢f. d’Adhémar 1905, Riesz 1949, Hadamard 1952, Duff
1956). In the present case we are concerned with initial data on 4#”"which
(not too far from O, at least, and excluding O itself) will be a smooth null
hypersurface. Thus, we expect the number of real numbers per point that
we require for data on .4 shall be just one-half the number required for an
ordinary spacelike hypersurface. We shall have just one complex number
(i.e., two real numbers) per point of A", for each of the fields (5.10.1) belong-
ing to the exact set. This will hold unless the field is specified as being
Hermitian (in which case it must have an equal number of primed and
unprimed indices). For a Hermitian field the null-datum must be real.
Thus, the number of ‘degrees of freedom’ for the fields, being defined as
one-half the number of real variables required for an initial spacelike
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390 3. Fields in space—time

hypersurface, is twice the number of non-Hermitian fields occurring in
(5.10.1) plus the number of Hermitian fields.

Let us just briefly check with some known results. For the case of
Maxwell’s free-space equations, in a given background space—time, we
have just one field ¢, so the number of degrees of freedom is two. (In
the usual ‘spacelike’ formalism, this is one-half the number obtained from:
six degrees of freedom for E and B minus two for the constraints div E = 0,
divB=0.) In the case of a Dirac field we have two spinors V¥, ¥4 in
(5.10.1). Thus we have four degrees of freedom. (In the usual formalism
one thinks of these as given by the four complex components of a
single Dirac 4-spinor, that is eight real numbers per point of a spacelike
hypersurface.) For a real scalar (Schrodinger—Klein—Gordon or D’Alem-
bert) field we have one ‘Hermitian’ field, and thus just one degree of
freedom. (In the usual formalism, the initial data are the field together
with its time derivative: two numbers per point) For the Dirac—Fierz
higher spin fields (5.10.35), we require a total of n + 1 non-Hermitian
spinors (¢f. (5.10.38)) in order to get an exact set, so there are n + 1 degrees
of freedom. (In the usual formalism this comes about in a different way
(cf- Corson 1953, p. 121). Finally, in the case of general relativity, we see
at once that there are just two degrees of freedom for the gravitational
field, since this is defined by the single non-Hermitian spinor ¥ ...
(In the usual formalism the result is the same, but is not nearly so directly
obtained, there being many redundant variables and constraints to be
taken into account (¢f. Bruhat 1962, Arnowitt, Deser and Misner1962).

Regularity at O

We do not enter into any of the difficult questions concerned, say, with
removing the condition of analyticity, or of replacing the light cone A4~
by a more general characteristic (i.e. null) hypersurface. We should expect,
for example, the null-data on the future half (4" *) of 4" to define the fields
inside A" (at least, not too far from 0). But such questions cannot be
directly answered using only the sorts of methods we have been considering
here. In §5.12 we shall provide some specific formulae which go some
way towards answering such technical questions for certain fields. The
only general question of detail we examine here concerns the nature of
the null-data at the vertex O of .#". Since O is a singular point of A4, it
is not immediately clear what kind of smoothness conditions the null-data
should satisfy there.

In this connection, the dependence of ¥ on ¢ at a general point of A
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should be kept in mind. For under

Edo (84 (5.11.13)
we have

Y APIYY, (5.11.14)

i.e. in the terminology of §4.12, ¥ is a {p, q}-scalar, where we choose a
spin-frame at each point of A" with

ot = ¢4, (5.11.15)

(At any point X of ] &4 is, of course, defined up to proportionality as it
corresponds to the tangent to the generator of .4 through X)) Recall that
the integer or half-odd-integer

s=——" (5.11.16)

is the spin-weight of .

Now, let us consider a {p, q}-scalar ¥ defined on .4, but without
reference to the whole space—time .#. We may take for the definition of
analvticity for i, simply that a series of the form

Wlx= ¥ &4 &5, . Eoxtix L xmmyEes L (51117)
n=0

should exist giving v on /] convergent in some neighbourhood of O—
for x* a null vector defined at O : x* = vE4E4 — the ¥, being constants
defined at 0. The &4, ..., £E are p in number and the $p v-nCg areqin
number, making Y a {p, g}-scalar as required. Clearly the s defined by
(5.11.11), (5.11.10) will, in this sense, be analytic. (Since ¥ is a scalar, the
relevance of the ‘y’ in (5.11.17) is only to charged fields. But we can ignore
it in any case if we choose the electromagnetic potential to be analytic ~
again in the sense of (5.11.17).)

Let us consider the nature of the regularity of ¥ at the vertex O, implied
by (5.11.17). For this, we identify the tangent space at O with the M of
§4.15 and think of the origin O as the point L. Setting o = ¢4, as in
(5.11.15), 50 x* = vo“o?’, t* = I, we see that the nth term in the sum (5.11.17)
is precisely of the form (4.15.41). So from the discussion concerning
(4.15.43)—(4.15.57) we see that (with respect to an arbitrarily chosen time-
axis T¢ at O) this nth term (coefficient of v") is a linear combination of
spin-weighted spherical harmonics for spin-weight s and

j=|slIs|+L|s|+2,....,n+Xp+9) (5.11.18)

Let us examine the significance of this in the case p = ¢ = 0. Then the
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function ¥ has a power series expansion for which the coefficient of v"
involves ordinary spherical harmonics only of orders O, 1,...,n. This
may be compared with the behaviour of an analytic function of x, y, z in
an ordinary Euclidean 3-space, re-expressed in terms of, say, ordinary
spherical polar coordinates r, 8, ¢. In this case, the coefficient of r” would
involve spherical harmonics only of orders n, n—2, n—4,...,1 (n odd)
or n,n — 2, ...,0 (n even). Thus there is, roughly speaking, ‘twice as much
information’ in the analytic {0, 0}-scalar function y on 4" as there would
be for an ordinary analytic scalar function on Euclidean 3-space. This may
be regarded as one ‘explanation’ of the halving of the number of initial
data functions on the null hypersurface 4" as compared with what
would be needed for a spacelike hypersurface, since each function on A"
‘counts for twice as much’. This is, however, very far from a complete
explanation.

It is worth while to point out a curious property of the zeros of the null
datum ¥, on .4, in the case s # 0. In the generic case there will be m lines
of such zeros entering the vertex O, where

lp—gl<m<p+gq (5.11.19)

This follows partly from topological considerations and partly from the
discussion to be given in §8.8.

Geometry of N

In the case of gravitation, the null-datum ¥ has a special significance.
We shall only indicate this here. A more complete discussion would
depend on the geometry that will be introduced in Chapter 7. Choose a
complex null vector m?, orthogonal to I, whose real part (spacelike and of
length 2~ %) spans, with [, the null-flag plane of é&4 = o0 at each point of
A". With the usual null-tetrad notation (3.1.14), we have [*=¢*. The
tetrad vector [* thus points in the null direction in A" (and is normal to .4")
and the real and imaginary parts of m® are tangent to .4 in spacelike
directions, these three vectors spanning the tangent spaces to .A4". The
remaining tetrad vector n® points out of A4". Then we can write (cf. (4.11.6),
4.11.9)):

W= gAEBeeery L =Y, = Pmhim?C, (5.11.20)

bed *

The discussion of §7.2 tells us that ¥ measures the ‘purely astigmatic’ part
of the geodetic deviation (¢f. Pirani & Schild 1961, Sachs 1961, Penrose
1966a) of the null geodesics in 4. If a matter tensor T, is present, we can
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put
b= éAéBEA,EBIq)ABA'B' I _;_Rablalb

= 4nyT, P, (5.11.21)

by (5.10.23) and (4.6.25). Then ® similarly measures the ‘anastigmatic’
part of this geodetic deviation. For the matter fields we have been con-
sidering here, it turns out that ® is determined directly by the null-data of
these matter fields (possibly involving a derivative in the [ direction).
In particular, for the Einstein—Maxwell equations, we have ® = 2yp@,
by (5.10.24), where ¢ is the Maxwell null-datum. Thus, we see that, in
general relativity, the geometry of 4" is itself directly determined by the
null-data of all the various fields involved.

In the special case of the Einstein vacuum equations we can go further.
The intrinsic geometry of 4" is then essentially equivalent to the null-
datum V. (There is, however, a certain subtlety involved here in that the
intrinsic metric of 4" has vanishing determinant, but this is not serious;
¢f. Penrose 1972a.) Thus, we can say that for a vacuum space—time .#
(which is analytic) the geometry of # is(locally) determined by the intrinsic
geometry of the light cone of any one event in 4.

The characteristic initial value problem for general relativity has also
been studied for the case of a pair of intersecting null hypersurfaces 4",
A, (Sachs 1962b, ¢f. also Darmois 1927). In line with our present ap-
proach, where the gravitational data on 4" is given by the null-datum
¥ (rather than the shear g, ¢f. §§7.1, 7.2, or the inner metric) we would
need to specify ¥ on each of 4" and 4", . But also certain data on A" N
A", would be needed, which can take the form of p, o', 6, ¢’ (where the
flagpoles of o4, 1* point along the generators of 4", 4", respectively)
and, in addition to just the inner metric of 4", n 4", the complex
curvature quantity K that was introduced in (4.14.20). The matter will not
be pursued further here.

5.12 Explicit field integrals

There are certain integral expressions that may be used for determining
fields explicitly in terms of null-data, the (null) initial data hypersurface
A" being not necessarily a null cone. The prototype of these expressions
is the Kirchhoff-d’Adhemar integral formula for massless scalar (i.e.,
d’Alembert) fields in Minkowski space-time M. This formula has a
natural generalization to massless fields of arbitrary spin. In the present
section we derive this general formula, first for M, and then show how it
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applies to conformally flat space—time. Finally we indicate how repeated
application of the formula leads to a corresponding expression for certain
exact sets of interacting fields in M, notably the (classical) Maxwell-Dirac
system.

The generalized Kirchhoff —d’ Adhémar formula

Let P be a point of M and suppose that the light cone % of P is such that
its intersection with 4" provides a smooth cross-section & of € (see
Fig. 5-4) - either in the past or future of P. Let Q be a typical point of
&, and consider spinors ¢4 and n at Q having flagpoles pointing along
generators of 4" and %, respectively, so they are orthogonal to ¥ at Q.
Let & be the (2-form) element of surface area of & at Q (¢f. (4.14.65)).
Also let these spinors be normalized:

n&t=1 (5.12.1)
If we write
_——) .
(QP) = rmi*, (5.12.2)

then the real number r is a measure of the extent of QP, and it is positive
or negative according as Q lies on the past or future cone of P.
Now suppose ¢, , is a massless free field of spin 1n > 0:

b, ;= ¢(A...L)’ VAA"PAB...L =0, (5.12.3)
Loy

Fig. 5-4. The generalized Kirchhoff-d’Adhémar formula (5.12.6) expresses the
massless field at P as an integral over the intersection &, of € with 4", in terms of the
null-datum on A"
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or of spin zero:
(d+:R)P=0 (5.12.4)

(the factor ZR = 4A being of relevance when we consider curved space—
time), in some neighborhood & of the join of & to P (i.e. of the region swept
out by the null segments QP). The null-datumfor ¢, , on A", atQ,is

b=, .. & (5.12.5)

We shall show that this, together with its derivative in the null direction in
A at &, determines the field at P by the explicit formula (Penrose 1963)

i
b s 1(P)= 5 i’“”” o, P—“;f &, (5.12.6)

where p, is the conformally invariant modified form (5.6.33) of the
compacted spin-coefficient operator p of (4.12.15), and the spin frame
(04, 1) is defined by

o= = —nt (5.12.7)

We take o*, 1 to have conformal weights — 1, 0, respectively (which is the
case (5.6.26)(iv) — although alternative scalings would do just as well).
Since ¢ is a {n,0}-scalar of conformal weight —n — 1 (¢f.(5.7.17)), we have

Pe=pb—(m+1)p=D—ne—(n+1)p (5.12.8)
when acting on ¢, where
D=V (5.12.9)

The condition for the generators of 47to be geodesics can be stated as
D¢, =¢€, (5.12.10)

(see (5.11.3); and also (7.1.8)). We shall see in §7.1 that null hypersurfaces
are always generated by null geodesics. Here we simply adopt this fact as
part of our assumptions about the nature of the hypersurface .47 Thus,

K:=EADE, =0 (5.12.11)

whence (compare(7.1.16),(7.1.17))
FATEVE, = plyy EEPVE, =0, (5.12.12)
Though ¢ happens not to be directly involved in (5.12.6), it enters into the

generalizations (5.12.50), (5.12.54) below. We shall also see later, from
(7.1.58)(7.1.61), that null hypersurfaces also satisfy

p=p, (5.12.13)
though this fact has already been established, in effect, in (4.14.2).
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Fig. 5-5. The fundamental theorem of exterior calculus can be invoked to show that
the integral over & is equal to that over &',

Proof of the formula

With these preliminaries we are ready to prove (5.12.6). Our proof proceeds
in two stages. First we show that for any two smooth cross-sections &
and &’ of € (see Fig. 5-5), for which (5.12.3) or (5.12.4) holds in some
neighbourhood A, in M, of the portion % of ¢ bounded by ¥ and ¥, the
integral (5.12.6) over & is equal to that over &'. (We remark that any
smooth cross-section &’ of € arises as the intersection of ¥ with a null
hypersurface 4" For 4 is simply swept out by the null geodesics (‘rays’),
other than generators of 4, meeting &%’ orthogonally (¢f. §§4.14, 7.1))
The second stage consists in showing that (5.12.6) holds in the limit when
&’ shrinks down to an infinitesimal sphere at P. That then establishes
(5.12.6) generally (¢f. Newman and Penrose, 1968).

To prove the first part, we use the version (4.14.92) - (4.14.94) of the
fundamental theorem of exterior calculus described at the end of §4.14,
which uses spin- (and boost-) weighted scalars. For this we must first
put (5.12.6) into a weighted scalar form, and so we choose w*e $4 arbitrari-
ly (¢f. (4.15.42)) and define the {— 1,0}-scalar.

w=o0',=-w',=a’ (5.12.14)

in terms of which (5.12.6) can be written as

1
ool o, = Z‘[§ o' P (5.12.15)
@

To apply (4.14.93), (4.14.94), which we actually use in complex conjugate
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form, we also need a {0, — 2}-scalar y,., which together with the {0,0}-
scalar

By =@"r " 'p (5.12.16)
satisfies (4.14.93) (in conjugate form):
A=0( —2p )y — (@ — Dy =0 6.12.17)

Here u, and u,. provide the two components of a {0, — 1}-spinor p,..
It turns out that (5.12.17) can be satisfied by taking

By =@ (0 —(n+ 1)ytd + noo,), (5.12.18)

where ¢, = ¢, ,,in accordance with the standard notation of (4.12.43)
(which also allows ¢ =d¢dy= ¢y and ¢, =¢ 0. o) To see this, we
express the field equation (5.12.3) as the family of equations (4.12.44) and
their primed versions, (4.12.44). Here (taking n> 1) we need only the
first two of equations (4.12.44) and only the last one of equations (4.12.44Y,
these being, respectively,

B:=pp, — 8¢, +1¢,—npd, =0,
Ci=pg,— 8¢, +2U, — (1~ pd, =0,
E:=0¢, —Pp'¢d,+pd,+n— 1o, —ntp, =0, (512.19)
where we have used k = 0 from (5.12.11) and also
o =k"=0, (5.12.20)

which holds because € is a light cone in M (c¢f. (4.14.76), (4.15.12)). Ana-
logously to (5.12.13) we have

p=p (5.12.21)
and, indeed, from (4.15.12) we get

o =-. (5.12.22)

{Comparison of (4.15.2) with (5.12.2) shows that u =r.) From (5.12.22),
(4.12.32)(a") and (4.12.32)(d) (with ' = ¢’ = ®,, = ®,, = ¥, =0) it follows
at once that p'r 1 =p'r 1, ie,

pr=—p'r (5.12.23)
and
3r=0, (5.12.24)

r being a {— 1, —1}-scalar. Also (4.12.28) gives p'1*= —k'0* =0 and
1" = — ¢g'0* = 0, whence, by (5.12.14),

Po=0=5w. (5.12.25)
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We can now verify (5.12.17) by considering the combination
O "rA-@—-nt—T)B—(n—1)6C+(p—np—p)E, (512.26)

and showing that it vanishes identically in the given circumstances.
This is established by a somewhat lengthy but straightforward calculation,
which uses the compacted spin-coefficient equations (4.12.32) (@), (b), (c),
@), (f"), together with the commutator equations (4.12.35) and (4.12.33) as
applied to @, (type {n,0}), and (4.12.34) as applied to ¢, (type {n — 2,0}),
and takes into account the equations (5.12.20), (5.12.21), (5.12.23), (5.12.24),
(5.12.25),and

¥Y,=¥ =¥,=0 (5.12.27)

From the vanishing of (5.12.26), and from B=C = E =0, we deduce
A =0, as required. (The cases n =0, 1 are similar —and simpler.) Thus,
the integral in (5.12.15) is independent of the particular cross-section
& of 6, as required.

Now consider a cross-section & ; which is obtained as the intersection
of ¢ with a spacelike hyperplane that passes almost, but not quite, through
the point P (either to the past or future of P). Let ¥, have radius |4|
(and take 6 >0 or <0 according as &, lies just to the past or just to the
future of P). Then (¢f. §4.15; in particular (4.15.3), (4.15.9), (4.15.12))
we find

prl=pp = -1572, (5.12.28)

so |p| and |p’| each diverge as O(|6]| ') when 6 — 0. Since the field ¢, ,
is smooth at P, and since the area of #, is O(6?), the contributions from
the terms D¢ and — ne¢ to p ¢ (cf. (5.12.8)) both disappear in the limit,
and we are left with the term — (n + 1)p¢. So the integral (5.12.6) becomes

ot a)’“% ("2:;21);1,, L Eeg P (5.12.29)
Inthelimit, ¢, , cancome outside the integral, taking for its value that at
P. We then apply Lemma (4.15.86) with R=¢ (and with (5.12.7)),
to obtain the required agreement with (5.12.15). The factor o”... w"
may be removed from both sides, w* being arbitrary (cf. (3.3.23)). Thus
formula (5.12.6) is established.

Conformally flat A

The foregoing discussion applies almost without change when M is
replaced by a conformally flat space—time .#. We may suppose that by
a suitable choice of conformal factor Q the metric in the neighbourhood
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of € can be rescaled to that in a corresponding neighbourhood of a light
cone in M. We must, however, be careful about the interpretation of the
parameter r. The critical equations are (5.12.23) and (5.12.24). The inter-
pretation of (5.12.23) is that r is a so-called luminosity parameter on €
(Bondi, van der Burg and Metzner 1962, Sachs 1962a). We cannot in general
maintain (5.12.22), but that equation was, in fact, not required for showing
that (5.12.26) vanishes (except as a convenience in deriving (5.12.23) in
M). The conformal rescaling behaviour of r is given by*

F=QPQ 'r, (5.12.30)

where Q(P) is the conformal factor at P (and where Q = €}Q), according
to the standard notation of §5.6). The reason that the conformal scale at
P enters into the scaling behaviour of r is that the relation (5.12.23) does
not, by itself, determine the actual value of , but fixes r only up to an overall
scale factor for each separate generator of €. The scale factor is determined
by the requirement that, for Q near P, the position vector of Q relative to
P is —ri*i*'. This scales as a distance, and since /*" has been chosen
invariant under conformal rescaling, r must also scale as a distance at
P, ie., as (P). The second factor Q! gives compatibility with (5.12.23)
and (5.6.27)(iv), where we have adopted (5.6.26)(iv) (¢f. after (5.12.7)).
The scaling for  is

@ =Quw, (5.12.31)

and this is compatible with the preservation of (5.12.25). In fact, we can
replace " in (5.12.15) by a more general { — n, 0}-scalar I" (of conformal
weight n), subject to

pyT=0=38,T; ie,pT=0, 3T =0. (5.12.32)

This would be the result of taking linear combinations of expressions
(5.12.15) with different w*s. By the discussion of §4.15, in the case when
& is a metric sphere, such I's will be spin-weighted spherical harmonics
with j= —s= %n (see Proposition (4.15.58)). In the general case, such
I's provide a suitable generalization of spin-weighted spherical harmonics
for &. In all cases, for the limitingly small spheres #;, these I's will
approach the standard spin-weighted spherical harmonics for & ;.

This provides one approach to assigning a meaning to the integrals
(5.12.6), name.y through (5.12.15), or (5.12.15) generalized by the replace-
ment of " by I subject to (5.12.32). The difficulty in using (5.12.6) directly

* The apparent discrepancy between (5.12.30) and the more symmetrical-looking form

r=Q(P)Qr given in Newman and Penrose (1968) is due to the difference in scaling
conventions for .
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is that it involves integrating a spinor quantity over & when no natural
parallelism over & has been provided. An alternative procedure for cir-
cumventing this problem is to refer the entire integration to the point
P. This is unambiguous because of the invariance properties of the inte-
grand in (5.12.6), both under the spin- and boost-weight rescaling

na—A"in,, EmALy, (5.12.33)
and under conformal rescaling, with
n—=M. S8y, (5.12.34)

since, in the latter case, (5.12.30) holds, ¥+—Q*% and p,¢o—Q " 3p ¢
by (5.6.34). (If desired, we can scale 7, to be parallelly propagated along
the generators of € and refer quantities at Q to P by parallel propagation.)
The integration can then be carried out in the tangent space at P, and (by
(5.12.30)) the result is a conformal density of weight — 1.

We remark that although ®,, = ®,, =0 was used in the derivation
of (5.12.23) and (5.12.24) from (5.12.22), the validity of (5.12.6) does not
depend on the vanishing of these or any other Ricci spinor components.
We merely need assume that (5.12.23), (5.12.24) hold, which does not re-
quire (5.12.22). On the other hand, the vanishing of the Weyl spinor
components (5.12.27) is necessary for the argument. Moreover, as a con-
sequence of (5.12.23) and (5.12.24), the remaining Weyl spinor components
¥, and ‘¥, must also vanish, so in fact we need

¥ =0 (5.12.35)

ABCD

on %. Curiously, however, the condition (5.12.13) was not needed for
establishing (5.12.17) in the region of € between ¥ and %’ (though it is
implicitly involved at & and %').

The conformal invariance of ¥ ., has been referred to in §5.6 (and
will be established in §6.8). It is of some interest to note that not only is the
conformally invariant operator p, (of (5.6.33)) used in (5.12.6) (and
(5.12.16)), but the related conformally invariant operator 9, is effectively
used in (5.12.18), which can be written

Uy, =0"r 10,4 +nod,). (5.12.36)
This shows that u,. is a conformal density of weight —'1 (since w,r, ¢, 0
and ¢, are conformal densities of respective weights 1, — 1, —n— 1, =2,

and —n) in addition to pu, being a conformal density of weight —2.
Thus we can wiiie (5.12.17) in the conformally invariant form

A= Py —Bippy. =0, (5.12.37)

which shows A4 to be a conformal density of weight — 2 (cf. also the remark
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at the end of Section 5.6). The conformal invariance of 4. and p,. can also
be seen if we write

Ppp = — @"r " May, (5.12.38)
where (with A4, ..., L being n in number)

a, =& éLéM(quMuf‘f’A...L -+ Do, ,V.E,) (51239
since the particular combination (5.12.39) of conformal densities ¢, |
and ¢, of respective weights — 1 and 0 is easily seen, from (5.6.15), to be

a conformal density of weight —n — 2 (in addition to scaling as a, —
A" 2q under & ,—AiE,).*

Relevance to a spacelike data hypersurface

It will have been noticed that in the preceding discussion the hypersurface
4 has played a rather small role. In fact, it has served just one essential
purpose: namely, to define the particular cross-section & of €. Once this
cross-section is chosen, the flagpole direction of the spinor &4 is fixed as
the unique null normal direction to & not lying in 4. This direction serves
not only to single out the particular component of the field ¢, ,,on &,
which is used (in the case of non-zero spin) as the null datum ¢, but it also
specifies the direction in which the derivative p is to act, and the conver-
gence of these null directions provides the spin-coefficient p. Thus, the
formula (5.12.6) can also be applied when suitable data are given on a
spacelike (or even a timelike) hypersurface 5. Indeed, the original Kirch-
hoff (1882) expression for the scalar (D’Alembert) field ¢ was given for
a spacelike S on which the field together with its normal derivative are
specified. The integral expression requires both this normal derivative
and a tangential derivative of ¢ within the surface, these two combining
to give, in effect, D¢ in the direction of the ¢4-flagpole. In terms of the
normal to 5, this flagpole direction is such that, when taken together
with that of #4, it spans a 2-plane containing the normal.

This applies also in D’Adhemar’s (1905) expression using a null hyper-
surface .#, but now the ¢#-flagpole points in the direction of the normal —
which is also tangential to .4, so no additional ‘normal derivative’ is
needed. Moreover, when the point P is moved, keeping Q fixed and Q_13
null (see Fig. 5-6), the £4-flagpole direction changes in the case of #, but

* The 1-form «,dx* has some significance as the space-time translation of a certain
twistor 1-form arising in relation to an inversion formula for the twistor integrals
(6.10.1), due to Bramson, Penrose and Sparling (¢f. Penrose 1975, p. 314).


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048.006
https://www.cambridge.org/core

402 5. Fields in space—time

Fig. 5-6. For a spacelike initial hypersurface the relevant data component in (5.12.6)
varies as P moves, whereas this is not so for a null initial hypersurface.

not in the case of .4 Thus the D’Adhémar form of the integral (essentially
(5.12.6) with n =0) has a considerably greater economy than that of
Kirchhoff. For higher spin (Penrose 1963) the economy is even more
pronounced, since in the case of A4"we need only one (complex) component
of the field, and avoid all constraints (spin > 1).

Background fields

The generalized Kirchoff-d’Adhémar formula (5.12.6) can also be used
in circumstances slightly different from the ones that we have been con-
sidering. For example, we may suppose that .# is flat or conformally flat
and that, as suffices in the first part of the proof given above, the field
equation (5.12.3) or (5.12.4) holds only in some neighbourhood A of the
portion % of ¥ which connects two cross-sections . and % of € (as in
Fig. 5-5). We may, for example, envisage a situation in which a world-tube
of sources for ¢, , threads through the region € (cf. Fig. 5-7). The integral
(5.12.6) can still be evaluated meaningfully, yielding, say, a spinor ¢, , at
the point P. In general  , , will not be equal to ¢, , at P. Indeed, if P lay
on the world-line of a point source, ¢, , would not even be defined. But
¥, will be independent of the section ¥ of € to the extent that ¥ can
be moved continuously over any region of ¥ which does not intersect the
sources (or other places where ¢, , is not defined). We regard ¢, , as
the background field at P with the contribution from the sources surround-
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Fig. 5-7. For surface surrounding a world-tube of sources, the generalized Kirchhoff—
d’Adhemar formula yields a background field at P.

ed by & subtracted out. Depending on whether % lies on the past or
future light cone of P we say that ¥, , is, respectively, the retarded or
advanced background field at P.

This gives a very useful procedure, for example in classical electro-
dynamics when applying the Lorentz force law to a point charge. Some
concept of background field is required for this, since the full field diverges
to infinity at the charge itself. In the normal Dirac (1939) procedure one
employs a background field which amounts to taking one-half the
advanced plus one-half the retarded background fields at the point
charge. However, in the standard literature this is computed by a ‘renorma-
lization’ procedure whereby an infinite field quantity is subtracted from
the full (divergent) field at the point in question. The method we have
just described achieves the same result (Unruh 1976) but in a much more
direct way, no infinite quantities appearing at any stage of the calculation.

There is another somewhat more bizarre application of these ideas in
which the point P itself does not exist (or may become, in a sense, singular
for the space—time). When .# is asymptotically flat (but not normally
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conformally flat), the generalized Kirchhoff-d’Adhémar formula may
actually be applied when ¥ is entirely at infinity. One then obtains the
the so-called Newman—Penrose constants for a massless field of spin
1. These will be discussed briefly in §9.10.

Fields generated by arbitrary null-data

In order to justify the term ‘background field’ we shall verify that the
field constructed according to (5.12.6), with arbitrary null-datum ¢ on a
null initial hypersurface .#" indeed satisfies the relevant field equations
(5.12.3) or (5.12.4), as the point P varies. This will establish that the advanc-
ed and retarded background fields (where they are defined) are both
automatically massless free fields.

In fact, our discussion of the validity of (5.12.6) is not really complete
without such a demonstration. What we have established is a consistency
relation that must hold for any massless free field. But we have not yet
demonstrated that, for an arbitrary null-datum, (5.12.6) always yields
such a field. There is a difficulty in this if we require the field we construct
to be smoothly defined at the initial null hypersurface 4" itself. For the
generalized Kirchhoff-d’Adhémar formula degenerates at such points,
where the 2-surface & collapses to one generator segment of A", terminat-
ed by P at one end and by a singularity of .4~ at the other (see Fig. 5-8).
Unless we are careful about the consistency conditions which hold at
certain of these singular points of 4" (and, moreover, for n =2 2 we shall
generally require extra field components at singular ‘crossover’ points*

singularity
of ¥/,

Fig. 5-8. When P approaches 4", & degenerates to a segment of a generator of A",

* The generalization of (5.12.6) that is required to handle such crossover points (e.g.,

when A" degenerates into two intersecting null hypersurfaces) is discussed in Penrose
(1963)
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of A"), we may obtain a field ¢, , which is not smooth along .#". Recall,
from the discussion at the end of §5.11, that in the particular case when
A" is a light cone the null-datum has to have a certain characteristic
behaviour at the vertex in order that the field be analytic. If the null-datum
does not have this general type of behaviour, then the field computed
according to (5.12.6) will have singularities along .4/ though not elsewhere
in the region inside A"

The question of the regularity of the field at .4 is beyond the scope of
the present book. Here we merely show that the field suitably away from
(i.e., ‘inside’) A" indeed satisfies (5.12.3) or (5.12.4). We carry out the argu-
ment explicitly for M. The result for conformally flat .# may then be
derived by conformal rescaling. Let O be an arbitrary fixed origin in
M and let x* be the position vector of P relative to O. For convenience,
choose &4 to be constant along each generator v of 4", and associate with
it an affine (i.e., linear) parameter v. (See Fig. 5-9.) Thus if H is the point
on v at which v =0 and @ a typical point on v with parameter v, then

(HQ)* = pEAEA" (5.12.40)
Taking h° to be the position vector of H we have (cf. Fig. 5.9)
x* = h® + oEAEY + g4, (5.12.41)

(where n* may be considered to be constant along QP). If we keep the
generator v fixed and vary P, then v,r, and n* are functions of x* (¢4
being constant). So differentiation of (5.12.41) with respect to x? yields

A aﬁA, ~A a"A

. -, 0v , or
ggleg M =& par + nt pa + At + i —. (5.1242)

ox® ox®

Fig. 5-9. The geometry for the relation (5.12.41).
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We transvect this with n 77 . to obtain

ov _
a_xb = nB”B" (51243)
and with ¢ & . to obtain
or
pah Etp s (5.12.44)
since £ ,n* = — 1 implies
a A
\Q{% -0 (5.12.45)
Further, if we transvect (5.12.42) with AE + and use (5.12.45), we find
ot )
Pl ;;1358,5", (5.12.46)
Note, from (5.12.43), that any quantity y defined along v satisfies
o _
F niig DY (5.12.47)

(cf-(5.12.9), (5.12.10); we now have ¢ = 0 since ¢# has been chosen constant
along v). Hence, using (4.11.12) (a), we obtain

0 0
@{PW} = @{D¢ —(n+ Dpo}
=gy (D% — (n+ 1)pDep — (n + 1)(p* + 6)p}  (5.12.48)

Also (as most easily follows if we use the interpretation of p as ‘convergence’
givenin §7.1), we have

0 _ _
557 =ix DS = 20057, S . (5.12.49)

Thus, applying 8/0x™ to the expression (5.12.6) (and bearing in mind that
for a quantity defined at P this operator becomes simply V ), we get, using
(5.12.44) and (5.12.46)—(5.12.49),

Vit b4 i(P)
B 1
Y P

1 :
- %nm 168 {Dd — (n + D} ]9’ (5.12.50)

1 .
[;'7,1 "Lr’MﬁM {D2¢ - (n + 3)/) D¢ + (n + 1)(.02 - 0'0'_)(]5}
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(in M). The right-hand side of this equation is manifestly symmetric in
A, ..., L, M, showing that (5.12.3) is indeed satisfied when n > 0. For the
case n =0, (5.12.50) must be differentiated one more time, and then we
find that (5.12.4) is satisfied.

This completes the argument showing that (5.12.6) always yields a
massless free field in M, the null-datum being chosen arbitrarily on 4",
provided that P lies in a region for which é meets 4" transversely in a
smooth closed surface (necessarily topologically S2, in fact). This applies,
specifically, to the advanced and retarded background fields just discussed.
Note that because of the appearance of a derivative term in (5.12.6) and
(5.12.8), there may be a loss of one degree of differentiability in passing
from the null-datum to the field. But if ¢ and 4" are C* then so will the
resulting field be (in the interior region referred to). Even when the datum
(or A7) is insufficiently smooth to produce a smooth field, the equation
(5.12.3) or (5.12.4) will still be satisfied in the appropriate distributional
sense (cf. Friedlander 1975).

The above argument was actually given in a little more detail than
absolutely necessary, since the precise form of (5.12.48) was not needed
in order to obtain the required symmetry of (5.12.50). However, the
expression (5.12.50) is of interest in its own right, as it gives a direct integral
expression for the derivative of a massless free field. In fact, the field

O =V ba s (5.12.51)
forms by itself an exact set, the field equations being
Vs =0, VMVO =0 (5.12.52)

(¢f. (5.10.10)), and we may regard (5.12.50) as providing the analogue of
(5.12.6) for the field Hﬁf " .- However, we note that the null-datum is now

0 =D¢, (5.12.53)

whereas ¢ appears undifferentiated in (5.12.50). Thus to obtain 6%
entirely from its null-datum we need to integrate 0 along generators of
A first, before we can apply (5.12.50). This means, in effect, that the field
0%\, does not satisfy Huygens principle, at least not in so strong a sense
as does ¢, ,. The manifestation of Huygens’ principle exhibited by
(5.12.6) is that ¢, ; is determined entirely by the null-datum (and its
derivative) at points on the light cone of the field point, whereas 6%
depends, to some extent, upon its null-datum at points lying within this
cone.

For completeness, we also give the generalization of (5.12.50) for the
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kth derivative of (5.12.6) in M :

— 1 I(n + k) k!
VY (P)=
¢A L ) M fy (n +])‘ k ])'] 'rk ]+1'7(A ”Rés éU)

K n+j k- j

LANES é’”{D’“¢ (n+2j+1)pD'¢ + jn + j)(p* — 06)D' " 1$}F

R

Distributional fields

An alternative procedure for establishing that (5.12.6) always yields a
massless free field can also be given, providing somewhat different in-
sights. We may regard the function p,¢ on 4" as built up linearly from
Dirac d-function contributions. Each such é-function in p,¢, having
support at a single point R of 4", yields, by (5.12.6), a distributional field
with support on the light cone of R. (Clearly (5.12.6) yields a field which is
non-zero only when RP is nuil.) If we verify that this distributional field
satisfies the massless free-field equation, then, by linearity, we have an
argument showing that (5.12.6) in general satisfies this equation. These
distributional solutions of (5.12.3), or (5.12.4), can also be employed as
part of a technique which supplies analogues of (5.12.6) for various coupled
systems of interacting fields. To end the present section we outline these
various ideas, though we make no attempt whatever at completeness or
rigour. (See Friedlander 1975 for distributions on a manifold.)

We first need a few properties of some distributional fields. Define
the ‘step-function’ scalar A, by

+1 if x* isfuture-timelike
Ax)=<—1 if x* is past-timelike (5.12.55)
0 if x* isspacelike.

We can also define A, =3 [or —1] on the future [past] light cone of O
(with A, =0 at 0), if desired, but this plays no role here. Observe that
A, is invariant under orthochronous Lorentz transformations. It follows

that the gradient of A, must point in the direction of x, i.e., that
VA, =x,A,
(with V= 0/0x?), for some distribution A, . In fact the support of A,

is entirely the light cone of the origin, A, being a é-function on this cone
whose strength varies inversely as the extent of x°. From the standard J-
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function relation ud(u) = 0 we then derive
0=x%A, =xV,A

A, (5.12.57)
a fact that also follows from the observation that the ‘step’ 0 to 1, or — 1
to 0, is constant along any generator of the light cone, showing that the
operator x°V_ indeed annihilates A along this cone.

From the Lorentz invariance argument we similarly derive
VA =xA (5.12.58)
for some A, whose support is also the light cone, but which involves a

derivative d-function along the cone. Continuing, we obtain successive
distributions A,, A, ... defined by

2°

V‘,Aj=xaAjJrl (j=0,1,2,...). (5.12.59)
It is sometimes useful also to define the C*~! scalar
1
= o %xax")"A0 k=1,2,...), (5.12.60)

and then (5.12.59) is satisfied for all integral j.
We can now establish the following:

(5.12.61) PROPOSITION

XD, = =28, (=, -2 -1012..).

Proof: For j <0 the proof is immediate from (5.12.60). For j 20 we
operate on the relation in (5.12.61) with V,, substitute (5.12.59), and then
divide out by x,. The result is the same relation as before, but with j
replaced by j + 1. Since the case j = 0 has been obtained earlier in (5.12.57),
(5.12.61) follows by induction.
As a particular consequence of (5.12.61) we can derive

OA, =0, (5.12.62)

for
OA, =VVA =Vi(xA)=4A, 4+ xx A, =4 —-4)A, =0.

The following result generalizes (5.12.61) in the cases j =1, 2:

(5.12.63) PROPOSITION

Leto,B,, v, be continuous; then
W o« A +BA=0ifB,=0and VB =x,a_, along x"x, =0;
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(i) a A +B A +y A, =0iffy, =0V, =ixpB_ and
ViV, =xVB + 19,.8., — x,x o, along x°x, = 0.

Proof: We can drop the clumped index..«Z, which is merely a ‘passenger’.
From aA, + BA, =0 we obtain, on multiplication by x x* and use of
(5.12.61), —2BA, =0, so f=0 on the cone. Differentiating fA, =0
we get AV, B+ x,pA, =0, so (V,f— x,0)A, =0, whence V,f = x,a on
the cone. Similarly, from aA, 4+ A, + yA, = 0 we obtain, on multiplica-
tion by x,x* and use of (5.12.61), A, +2yA, =0, so, by (5.12.63) (i),
y=0and V,y = 1x,f on the cone. Differentiating (V,y — 1x,)A, =0 we
get

VoV — 39,8 — 3%,V BA, +(x.V,y — 3x,x,BA, =0.
Differentiating A, +2yA, =0 and using «A, + A, + A, =0 we get
(Xch'y - %xbxcﬂ)AZ = (xbxca - %xcvbﬁ)Al ’

whence

(V,Vy = 39,8 — x,V B+ x,x 1A, =0,
and the required final relation follows. It is not hard to reverse these
arguments to obtain the converse relations.
We have seen in (5.12.62) that A, satisfies the (d’Alembert) wave equa-
tion. We can also produce a corresponding solution of the massless free-
field equations for each spin Jn, namely

Ne---MA, (5.12.64)

where, for some straight null line v through the origin, #* has flagpole
direction along light cones with vertices Q on v (see Fig. 5-10); n* is
normalized against &* by n é* =1 (as in (5.12.1)), where & is a constant
spinor with flagpole along v; n* is undefined on v and on the null hyper-
plane P through v. The position vector x* of a general point P has the
form OQ + QP ie.,

x4 = pEAEY + . (5.12.65)

This is (5.12.41) with #* = 0, and all the relations (5.12.43)—(5.12.47) hold
just as before. Also we have v = 0 on the light cone of O, so

vA =0. (5.12.66)
Moreover,
x,x* = 2rv, (5.12.67)
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/
s

Fig. 5-10. The geometry for (5.12.64) and (5.12.65).

which, when substituted into (5.12.61), gives us
vAj+1=~—J;AJ. (=, =1,0,1,2,...), (5.12.68)
whence, by (5.12.59) and (5.12.65), for all integral j,
_ i,
VA =miaA,, — ;éAéA,Aj. (5.12.69)

Note that we are here ignoring the region r =0, i.e., the line v — or, more
correctly, the entire null hyperplane #.* Differentiating (5.12.64), and
using (5.12.46) and (5.12.69), we now find

_ (n+1) z
VMM'(”A "LAl) =M. "L"M”M'Az - f"u r’L‘fM)éM’AI >

(5.12.70)

Some subtleties arise if we wish the equations also to hold on 2. In the first place (in
connection with the Grgin phenomenon of §9.4) it turns out that #* must be defined
to jump by a factor of i as 2 is crossed. Secondly, even so, there will be a source along
the line v itself, unless this is cancelled, e.g., by a further suitable collection of fields
like (5.12.64), but based on other points of v. These questions become a little clearer
in the context of §§9.2 and 9.4, but take us beyond the scope of the present volumes.
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so the massless free-field equations hold outside 2. A similar argument
shows that

P A (5.12.71)

for each integral j, also satisfies the massless free-field equations outside 2.

We recall that the ‘strength’ of the d-function A, falls off as r~'. Thus
we may think of the generalized Kirchhoff-d’Adhémar integral formula
(5.12.6) as demonstrating that the field ¢, , is linearly composed of
contributions each of which has support only on the light cone of some
point R of 4". Each such contribution has the form of (5.12.64), but with
origin displaced to the point R, with generator v through R, and multiplied
by the null-datum expression p,¢ at R. As R varies over .4 and these
various contributions are added together, the entire field ¢, , is produced.
Thus, our demonstration that (5.12.64) is a massless free field provides
an alternative demonstration of the fact that (5.12.6) always yields such
afield. (In fact, this argument bears considerable similarities to our original
proof.)

The Dirac field

This point of view is useful for an analogpus treatment of certain exact
sets of interacting fields. We shall find that, for these fields, we can express
each field linearly in terms of contributions like (5.12.64), but not neces-
sarily centered on points of A". Roughly speaking, the various individual
contributions can scatter off one another to produce new such con-
tributions originating in the region interior to .#". We may think of the
total interacting field as composed of pieces in which fields propagate
for a while along null straight lines as massless free fields, but scatter
repeatedly at points in this interior region. The novel feature that arises
in our approach is the propagation entirely along null lines between
scatterings. This is achieved by breaking down the system of fields into
pieces for which the integral (5.12.6) can be used, which is then applied to
situations where 4" is replaced by pieces of light cones that are the sup-
ports of various contributions like (5.12.64) from which the field has
scattered.

To understand how these ideas arise, let us begin with a very simple
example. We consider the free Dirac equation in the form (¢f. (5.10.15))

VAV, =ux,, Vire=umb,, (5.12.72)
where g = 27 Y2k~ 1y, and treat it as describing a pair of interacting fields
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¥ ,and yx .. First, we replace the system (5.12.72) by the infinite collection

9 o 1 t 2 2 .
of fields ¥ ., x ., W 4o X4> W 4» Xy s --- » SUbject to

0 0
VAy, =0, Viy, =0, (5.12.73)

and

i i-1 i i—1
Viba=u iy oo Vixe=nv, (=12, (51274
This infinite collection constitutes an exact set, and (assuming conver-
gence) a solution to the original Dirac system (5.12.72) is recovered
whenever we put

%=Z%,M=ZL. (5.12.75)
i=0

i=0
In fact, if we have a suitable initial null hypersurface 4" - say the future
light cone of a point O, for convenience — then we can take for the respective
null-data of our collection of fields the special situation
1 1 2 2 3 0 0
O=yYy=y=y=yx=¢Y=..; ¥y=¥Y,x=1, (5.12.76)
where Y and x are given null-data for the Dirac pair ¥ ,,x,., and then
(5.12.75) gives the required solution of (5.12.72) for these given null-

data.
Let us apply our proposed technique to solving (5.12.73), (5.12.74)

.0 0
for such data. Since ¥, and x,, are massless free fields, we can use the

V]
methods adopted earlier: ¥ , and ; o at some point P, to the future of O,
can be obtained from their null-data v, y directly by use of (5.12.6) (and
its complex conjugate). The values of the null-data quantities p_ v, p,x

0 o
at a particular point R, of 4" enter through contributions to ¥, %,
with support on the future light cone of R,. Each of these individual

contributions may be used to generate contributions to J/ . )1( ,»and so on.
Consider the case where p_y is a é-function on #"at the point R, with
x = 0. We get, by our previous discussion,

V=0 A ), 2,=0, (5.12.77)
where here and from now on we adopt the notation A (k) for A; with the
origin displaced to the point R,. The next step is to solve the equation
(5.12.74) for %, namely

1
VA e = 1 A (). (5.12.78)
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Since the null-datum for )1( .+ 1s zero, we require a solution of (5.12.78)
which vanishes on .4” (except at R, or to the future of R, on the generator
through R,). By (5.12.44) and (5.12.69), such a solution is

1 -

Ao = —pr~'E L AL, (5.12.79)
In fact, it is not hard to see that the solution of (5.12.74) for all the remain-
ing fields is given by

2j (= 1yu% 2j+1
‘;A=—‘j!‘_’7‘4A1_J-(1), W A=O
25 2j+1 (_1)]+1H21+1 - )
Xy =0, xo= . rrtE A () (j=0,1,2,..0)

J? (5.12.80)

(¢f. (5.12.44), (5.12.46), (5.12.69)). Substituting (5.12.80) into (5.12.75)
and using (5.12.60), with (5.12.41), we obtain an explicit expression for
the Dirac field resulting from a é-function in p ¥ at the point R, in terms
of Bessel functions. Similarly we can obtain the explicit Bessel-function
form of the Dirac field resulting from a J-function in p,y at the point
R, . These two expressions may be convoluted with p ¥ and p,y, over
A7, to yield the entire Dirac field with the given null-data.

However, that is not really the purpose of the present discussion.
The idea here is to use the future light cone of R, as an initial data hyper-

surface for ;1( 4 (and then to repeat the process for |/2/ A,; 4--+). The null-
datum for )1( o on this light cone is

Lot =urt, (5.12.81)
by (5.12.79). (Since we are concerned with the field )1( o to the future of
this cone, we can take A (1) = 1) The ‘p,’ operator that is relevant here
is
] N 2

or

since, as in (4.15.9), we have —r~! for the corresponding ‘p’. Applying
(5.12.82) to (5.12.81), we get

(5.12.82)

ur=? (5.12.83)

for the resulting p, )1(’. Thus, by use of (5.12.6), we can express )1( 4> at
some point P to the future of R, as an integral of (5.12.83) over the inter-
section of the past light cone of P with the future hght cone of R, . Let
R, be a typical point on this intersection. Then R R, and R Pas well as
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Fig. 5-11. The geometry for (5.12.84) and (5.12.86). (First ‘mass scattering’ for the
Dirac field.)

O—R’l are future-null vectors (see Fig. 5-11.), so we can write
(OR, ) =q&*e*, (KRR, =m*r*, (R;P)=si174.

(5.12.84)
For later convenience we here drop the normalization (5.12.1) and write
;',A éA = z1 ) CA”A = 22 . (51285)

On fitting these various facts together, and denoting the 2-surface element
at R, by &,, we now have

1 1 1 u
Lo P)= 13 e EA,r—ZZyng./,(Rl) Adgn ¥y,
(5.12.86)

where the z-factors have been appropriately inserted so that the integrand
is invariant under rescalings of ¢4, n* and (“, and where the integration
is taken over the 5-dimensional space ", of all null zig-zags, of the kind
we have been considering, that join O and P (0, P fixed, and OP future-
timelike).

It is convenient to rewrite (5.12.86) in terms of the differential forms

¥ d
H, =—TL and 6,=-—nrZ, (5.12.87)
qrz,z, s
N, =—ASL, anc A ,= — (5.12.88)
q rSZ,Z,

the 3-forms €, and 4", being, respectively, invariant volume forms on
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the past light cone of P and the future light cone of O (Synge 1957, p. 7
¢f. also Synge 1955), and ", being an appropriate invariant 2-form on
the space of pairs of null directions (or of single 2-plane elements) at R;.
Note that

qEAEY 4 At + s{ATA = constant, (5.12.89)

soif we hold £ and {* fixed (allowing R, to move along a fixed ray through
0, and R, to move along a fixed ray through P), we obtain, on differentiat-
ing (5.12.89) and transvecting through by #,7 .,

z,z,dg= —z,z,ds (5.12.90)
from which it follows that
H,NCy= N AKX, =X, (5.12.91)

1
(It is sufficient to keep &4 and {“ fixed in the derivation of (5.12.91) because
the allowed motions of R, and R, are those generated by fixed 4 A
together with others whose differentials have vanishing wedge products
with %" and ,.) We can now rewrite (5.12.86) as

1 _ K Yl
Xy (P)= i xlz“—zlﬁz , (5.12.92)
where
1o
Y(1):=gqp, ¥ =——(q°¥) (atR,) (5.12.93)
q0q

L .
The whole process can now be repeated: we represent y . linearly in
terms of d-function contributions involving A (2), with P now to the
future of R,, and we use the future cone of R, as an initial data hyper-

2
surface for . The result is

s J WG

Y, (P)= & (5.12.94)

.z;z1r1222r2323’
where the 8-form
H = H NANC,AC, =N A, ANC =N AN, A X
(5.12.95)
is a natural volume element for the space of null zig-zags
"R,:=0,R,R..R,,R =P,
X, in general being the 2-form (corresponding to ", and X", defined

earlier) which gives an invariant volume element on the space of pairs
of null directions at P,,and 4", | and €, _, being the respective invariant
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0=R,

Fig. 5-12. The geometry for (5.12.96) and (5.12.94). (Second ‘mass scattering’ for the
Dirac field.)

volume element 3-forms for the future and past light cones of P,. Also
we write

(R~RL+J“=:nJ+léAéA' (5.12.96)

1

(see Fig. 5-12), and

5=¢, A, (5.12.97)

The general pattern should be clear. Substituting into (5.12.75), we
get, for the final field ¥ ,, the sum of two infinite series, the first involving
the null-datum ¥ and being over the spaces of null zig-zags with an even
number of segments, and the second involving the null-datum y and
being over the spaces of null zig-zags with an odd number of segments.
The result for x,. is similar, but the other way about. All this is clearly
not intended as a practical procedure, but the result is perhaps suggestive
(particularly with respect to the twistor formalism that will be introduced
in Vol. 2, Chapter 6, since there descriptions in terms of null lines will
have a particular role to play). (Compare Feynman and Hibbs 1965)

Maxwell-Dirac equations

We end this discussion by briefly indicating a corresponding treatment
of the Maxwell-Dirac system. The equations to be satisfied (using the
Lorenz gauge) are (with ¢ ,, = ¢, ,, and constant real g, e, where we can
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normalize so that g = 2ne; ¢f. after (5.10.16)):
VB p=2meW ¥, +1,%) (=VEG,.) (5.12.98)
VO =0, V,,0p=0,p (5.12.99)

(VA —ie@A)W, = pux,, (VE —ie®@)z, = uy,.

(5.12.100)
As before, we rewrite this finite exact set as an infinite one which can
be solved by successive applications of (5.12.6). In this, we do not separate
®, from ¢, and consider a ‘complexified’ version of (5.12.99), in which
@ , p is replaced by an independent quantity ¢ ,.,., and which is to hold

for each order. (The reason for this complexification is that, at higher order,
the reality of the right-hand side of (5.12.98) is lost, ¢f. (5.12.112) below.)

0 4] 0 1 1
Thus we shall have triples (¢ 5, .. 5 ), (0,5 ®,, & .5 )s ... , related
ateach stage by the complexified version of (5.12.99). The various potentials
0
D,
0 1 .
null-data @, @, ... vanish.
.9 0
To begin with, we have the ‘zeroth order’ fields Q%AB (With@ ,.p.= @ 5 )
0
'/ ;(E - satisfying the massless free-field equations
0 0 ,0
Vi,;=0, VAy, =0 Viy =0, (5.12.101)
together with a real potential @ (= ®,) satisfying

1
®_, ... are fixed in terms of the fields by the requirement that all their

0 0
Vi Pi=0,, (5.12.102)
(Although the ‘zeroth order’ potential is real, we shall see that this cannot
be maintained in our procedure for the ‘higher order’ potentials.) The
solutions of (5.12.101) from null-data are given by (5.12.6), as before,
and to proceed to a second stage it is again useful to think of the fields
given by (5.12.6) as linearly composed of é-function contributions centred

. . 0
on the points of the future light cone 4" of 0. In the case of ¢ ,, we have
the contribution

4]
2,7 A (De(1) (5.12.103)

(withn ¢4 =2z ,and ((/;(1) =g 20(q> p)/0gat R ,in analogy with (5.12.93)),

centered at the point R, €.4". And we obtain the solution
TG Gy o)+ 2 G GDIA(D (5.12.104

of (5.12.102), for the corresponding contribution to the potential @,

(with vanishing null-datum on .4").
In contrast to what happens in the case of the free Dirac field discussed
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earlier, the ‘higher order’ fields in the Maxwell-Dirac case do not emerge
in any very natural linear order, and would more appropriately be labelled
by ‘trees’ rather than by integers. But since we aim only to give an indica-
tion here, and not a fully detailed treatment, we shall not so label them.
The numbers appearing above the field symbols will therefore have no
significance and refer only to the order in which we choose to consider
these fields.
At the next stage, in place of (5.12.100), we have the equations

1 0 1 0
VA, =ux,, Vix.=ny, (5.12.105)
and
2 0 0 , .0,
VA, =ie®@ Y, VAy, =ie®4y,. (5.12.106)

We have already seen how to deal with (5.12.105). To solve the first of
0o
equations (5.12.106), we express q(; ,p and ¥, in terms of é-function con-
tributions like (5.12.103) and like
0
z; VAL (QW(2), (5.12.107)

respectively, where for the notation see Fig. 5-13, and where z, = (, 04,
(We do not require R, to lie on .4"; so the solutions will still apply when

2
¥, is replaced by a higher order field.) Appropriately transvecting
(5.12.104) with (5.12.107), we obtain the required right-hand side of

2
(5.12.106)(1). A solution of that equation can then be found withy, in
the form

UL, A, (A, (1) + VA (A (1). (5.12.108)

@) @)

Fig. 5-13. The geometry for (5.12.107) and (5.12.108). (Scattering of the Dirac field
by the Maxwell field: (a) phase shift, (b) scattering.)
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The first term of (5.12.108) gives, in effect, a ‘phase shift’ in the field pro-
pagating from R, as it crosses into the region of potential generated from
R,, and corresponds to Fig. 5-13a; the second term gives the true scatter-
ing, and corresponds to Fig. 5-13b. We obtain the null-datum for the
V, of this scattering term on an initial hypersurface that consists of the
portions of the light cones of R, and R, which lie to the future of the
intersection of these cones. The null-datum on this portion of R,’s cone
vanishes, so the null-datum on this portion of R,’s cone yields the field
at P via (5.12.6). The configurations to be integrated over are those shown
in Fig. 5-13b. The calculations are simple enough, but will be omitted
here.

We must also examine the equations arising from (5.12.98). These have

the form

5 4 2 3 iy B 3 2 3 B >
Vi Pap=2me b, =V 0,5 and Vi, =2ney, x,=Vif,p.

(5.12.109)

2 3
Let us consider the first of these, and let us regard ¥, and y, as composed
of é-function contributions based on points R, and R,, respectively,

not necessarily on .4". Then we obtain a source term in (5.12.109)(1) of
the form

(23 'n,8,2)(E 1, A,3)) (5.12.110)

multiplied by the appropriate null-datum quantitiesnﬁ(Z),ul%B). Taking
z,=n,84 z,=0,0% z,=n,4 (5.12.111)
with 04, {4, &4, 1 as in Fig. 5-14, we find, for a source term (5.12.110),
a solution q4o . Of the form
2ne

A (DA, (3). 5.12.112
raziz,z, 1(24,03) ( )

Fig. 5-14. The geometry for (5.12.110) and (5.12.112). (Production of Maxwell field
from Dirac current.)
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. .4 . i .
This form shows that the field ¢ , ; at P arises from contributions associated
with the configurations indicated in Fig. 5-14.

4 4
Since (5.12.110) is not real, ¢ ,.,.( # ¢ ,.5) is given, correspondingly,
by

AZA, 2, A, (A, (3). (5.12.113)
Y24242,23
In place of (5.12.99) we have
4 . 4 4 4
VO =0 VL=, (5.12.114)

with right-hand sides given by (5.12.112) and (5.12.113), respectively, from
which we find, for &_,

2me

- L Af(QAL3). (5.12.115)
(rystae —T3s5T26)24242,25 45420 o)

Our notation here is similar to that used before, and we have
5 1 a AFTA > hya D P \a AzA > pya
(R4R5) =r45C C =(R6P)a (R4R6) =r46r] '7 =(R5P),
(5.12.116)
5 P e AT > h e AzA
(RyR )P =r,04T%, (R,R )\ =r,enfi (5.12.117)
(see Fig. 5-15), the six points R,, ..., R, and P (at which the potential is
being evaluated, lying in one 2-plane.

In verifying that (5.12.115), (5.12.112), and (5.12.113) together satisfy
(5.12.114) (and also that (5.12.112), (5.12.110) and (5.12.113) together
satisfy (5.12.109)(1)), it is useful to note that as P varies and R, and R,
(and &4, 0“) remain constant, the vector R R, — R.R LR, is constant whlle
R_R + R P and R, R + R P differ from the posmon vector (of P)

P

Fig. 5-15. The geometry for (5.12.115)—(5.12.117). (Production of Maxwell potential
from Dirac current.)
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by a constant. Substituting (5.12.116) and (5.12.117), and differentiating,
we obtain the various required relations. In particular, we find that

Tyul3424Z, and K:=r, 2.¢& (4 —r,, 2,80, 4% (5.12.118)

24°27 A4
remain constant. The potential (5.12.115), in the field-free region consisting
of the common future of the cones of R, and R, , turns out to be the gradient
of the complex scalar

2 2 2 3
2 tog 22 ) comstant - 2 1og (222 ). 512119

Finally, we need to see how the potential (5.12.115) effects the scattering
of the two parts of the Dirac field. The procedure is the same as that used

for the potential (5.12.104). For |/71A we substitute into (5.12.106)(1) an
expression like (5.12.108), but with R, replaced by R, (and R, by, say,
R;), the two terms now involving the triple products A, (7)A,(2)A,(3)
and A (7)A,(2)A,(3), respectively. The right-hand side is given by
(5.12.115) (with R, and R, as given) transvected with an expression like
(5.12.107) (with R, replaced by R.), and represents the previous-order
Y, field emanating from R.. As before, the first term gives merely a
‘phase shift’ and is represented in terms of a diagram like Fig. 5-16(a)
(or like Fig. 5-16(a) with R, and R interchanged). The scattering is given by
the second term and is represented by Fig. 5-16(b) (or Fig. 5-16(b) with R,
and R; interchanged).

To evaluate the complete Maxwell-Dirac field, we sum an infinite
number of terms, each of which is an integral over a finite-dimensional

(@) (b)

Fig. 5-16. Geometry for scattering of Dirac field by Dirac current, with intermediary
Maxwell potential: (a) phase shift, (b) scattering.
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compact space representing forked null zig-zags starting at null-data
points on .#"and terminating at P, which are obtained by appropriately
combining the configurations that we have been considering. Each
integral is necessarily finite, but the terms increase in complexity as the
series extends. We do not discuss the full details of these expressions, nor
do we touch upon the question of convergence of the series. These are
matters that would repay further investigation.

One of the topics introduced in Vol. 2 is the machinery of twistor theory.
We shall see, in particular, that twistors provide a direct and elegant
representation of null straight lines in M, and the transcription of the
formulae of this section into twistor terms would seem to present an
interesting and perhaps significant exercise. It would be interesting also
to develop our procedure (with or without twistors) into a full description
of quantum electrodynamics (¢f. Bjorken and Drell 1964).

The diagrams arising here are in many ways analogous to Feynman
diagrams. But there is the unusual feature that here we are concerned
only with null space~time separations, even for massive fields. The view
that null separations are more fundamental than spacelike or timelike
ones goes hand-in-hand with a philosophy that we have tended to promote
in this book, either directly or indirectly, that 2-spinors are to be regarded
as more fundamental than vectors or tensors in the description of space—
time structure.
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Appendix
Diagrammatic notation

One problem confronting anyone who works extensively with tensors,
spinors or similar structures is that of notation. Formulae tend to become
encumbered with numerous small indices. Furthermore, each actual
letter used in an expression has no importance in itself, only the corres-
pondence between letters in different places having significance. Of course
this feature of notation is also present for many other types of expression
in mathematics, for example in the integral

L(x)= j y !logydy

1

‘y’ is a dummy letter and also, with regard to the equation as a whole,
the letter ‘x’ has no particular significance. However, in complicated
tensor expressions, a large number of such ‘meaningless’ letters may have
to be used. This is particularly true of many of the rough calculations which
quite properly never find their way into print. The indices tend to be small
and consequently may be only barely distinguishable from one another.
The all-important associations between the different positions of a letter
in an expression may be hard to discern without a careful search.

One kind of way around this notational problem has been often suggest-
ed. This involves inventing special index-free notations for particular
operations (e.g., certain contracted or anti-symmetrized products) and
then attempting to express every other operation of interest in terms of
these. The well-known three-dimensional vector algebra involving scalar
and vector products is one example. The Grassmann (or Cartan) calculus
of skew forms is another (¢f. §84.3, 4.13). The scope of such notations for
tensors (or spinors) generally, however, appears to be somewhat limited
and the transparency of the basic rules of tensor (spinor) algebra may well
be lost. Another notation (Penrose 1971, Cvitanovi¢ 1976, Cvitanovic and
Kennedy 1982) which uses explicit diagrams, is described here. This
avoids the use of indices as such, but retains this transparency of the
basic rules of operation. The notation has been found very useful in
practice as it greatly simplifies the appearance of complicated tensor or

424
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ag
D38 ann> ¢’ qum»ﬁ, 52 anny [, X AN é, Y, annd T
po

D5y 4, ~3D8 A2, =53 XP 3, y, "D @ -3 % = T\T

Fig. A-1. Diagrammatic representation of a tensor equation.

spinor equations, the various interrelations expressed being discernable
at a glance. Unfortunately the notation seems to be of value mainly for
private calculations because it cannot be printed in the normal way.

We first describe the general scheme for representing tensor formulae
according to this notation. Some specific suggestions for spinors are made
afterwards, though many variations can be made to suit specific needs.
The basic idea lies in the representation of a contraction not by a pair of
identical letters in different parts of an expression, but by a line connecting
the relevant points in the tensor symbols. Each term now becomes a
diagram.

In order to keep the appearance of these diagrams as simple as possible,
products of tensors or spinors may be represented not merely by the
horizontal juxtaposition of symbols but also by vertical or oblique
juxtapositions. (The commutative and associative laws of multiplication
ensures the consistency of this.) Uncontracted indices are represented by
lines with free ends; upper (contravariant) indices may be represented by
lines terminating at the top of the diagram (‘arms’) and lower (covariant)
indices by lines terminating at the bottom (‘legs’). Index permutation is
represented by crossing over of lines. Addition (or subtraction) is generally
represented in the normal way with a “+’ (or ‘—’) sign between diagrams.
To see which index-line end-points correspond to one another in a sum,
we imagine the diagrams for the different terms to be superimposed upon
one another. An example is given in Fig. A-1.

A characteristic feature of the notation is the way in which Kronecker
deltas and expressions built up from Kronecker deltas are to be represent-
ed. A single line (generally more or less vertical) which is unattached to any
other tensor or spinor symbol represents a Kronecker delta. The laws

xSB . Sa — ash — Rb
368 =5%, A=A, B=B
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Phizge =831 851 5% 550 831 850 ~nd >< ’ M ’
518 = 08, 88 O 85 88: 8% annd> M '

Pt Qi = 85, 85 85 85 85 63 > % = W l ‘ .

Fig. A-2. Permutation operators as products of Kronecker deltas.

are implicit in this notation, since to express the left-hand side in each
case one need only extend an already existent line. Permutation operators
now find a natural representation in terms of crossed lines (‘Aitken’s
diagrams’, Aitken 1958). To find the product of two permutations it is
only necessary to place one diagram above the other, join the correspond-
ing adjacent end-points and straighten out the lines. See Fig. A-2. This
represents a product such as

ou ay £1 Br  _ s ar
Bot) ©77 T Bpimy va T T vam Yap(1) Yaper)

where p and g are permutations of 1,2, ...,r with gp their product. A
permutation is even or odd according as the number of crossing points
(assumed to be simple intersections) is even or odd.

Symmetrization and anti-symmetrization operators are now sums
and differences of such expressions. It is convenient to have special symbols
to denote these operators, so that they can be used in products without
our having to write out the sum explicitly. A set of r vertical lines with a
horizontal wavy line through them then denotes the sum of all the per-
mutation symbols with the same end-points (Fig. A-3). This is r! x the

+ +

84 ... 8% PR 5% ... &% e
% %] anees M S 5| s
PR By = . aeee

5‘?.’.....5%” Ny’ 53(....5"3"[ e~

o, P
1

RSO ICHIED D SN RS SIS
=X - XN X - K-

Fig. A-3. Symmetrizers and anti-symmetrizers.

It
[t}
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-, -4, T

» ]

A~
q
symmetric part ofﬁ: ﬁ% skew part of ﬁ: _ﬁg
IS S IRE AL
p
2
: M 1 A

M =l - - ool :
sg=n~ms (= 1. GM“("”’)M G'lH'("_p)M, HQ%

Fig. A-4. Some properties of the symmetrizer and anti-symmetrizer tensors.

[raaeen
|

symmetrization operator. Similarly, if the wavy line is replaced by a hori-
zontal straight line, the symbol now represents r! x the anti-symmetriza-
tion operator. This is the sum of all the positive permutations minus the
sum of the negatiye permutations and the tensor obtained is the ‘general-
ized Kronecker delta’

C RPN /3

B1...br

To represent the symmetric part of a set of r indices, therefore, we draw
a wavy line across the relevant index-lines and divide the expression by r!
Correspondingly, for the anti-symmetric part of a tensor we draw a
straight line. (If preferred, the factor (r!)” ! could be incorporated into the
definitions of these symbols. The form chosen here has some computa-
tional advantages for the detailed expansion of diagrams into their
constituent parts.) Some simple identities are given in Fig. A-4 which are
of considerable help when diagrams are manipulated. The dimension of
the space is n. Sometimes it is convenient to express symmetries or anti-
symmetries in groups of indices (see p. 134). In this case the horizontal
wavy line or straight line is drawn only between the groups without the
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A= =K ARIE - - K
HHE = I3 AT

TR-IL ISR TSsL- TRT 18-t
CORER S B8 & AR <R ¢ 0 A7

Fig. A-5. Clumped symmetrizers and anti-symmetrizers; some simple properties.

_—— o, Y
ol Tt
THH, |H| A »)!

P ——P TN
Fig. A-6. Alternating tensor and properties.

line continuing across the lines within a group (see Fig. A-5). A con-
venient notation for the alternating tensors, which brings out their relation-
ship with the generalized Kronecker deltas, is a horizontal line at which
the n vertical index lines originate (Fig. A-6). in the covariant case the
vertical lines point downwards and in the contravariant case, upwards.
When a (symmetric, non-degenerate) metric tensor g,, is present it is
convenient to represent this by a single ‘hoop’ as in Fig. A-7. This is the
Kronecker delta line ‘bent over’, and the tensor g*! may correspondingly

mﬂ W,U
d-0-h-d, 8- g

Fig. A-7. The metric tensor.
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Covariant derivative:

Va Tﬁ.‘{ve A
Leibniz law:
Z(PﬁvUp=U§' Vapﬁv+quvaU; R
Torsion:
A Vﬂ - Vﬂ V.= Ty V‘r f aansd
Ricci identity:
(ZWGV,” —Taﬂ‘y V)Va R V AAArY

afy -

Symmetries:

Lie derivative:

£
é

Bianchi symmetry:
Riapn’+ Via Toy)® + Tiag® Tyt =0 2> - =0.

Bianchi identity:

VieRoyio "+ Tiag® Ryjsp® = 0 >

Fig. A-8. The ‘loop’ notation for (covariant) derivative; curvature, torsion.
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be represented by the same symbol inverted. The relation g,,g"" = 6] then
is expressed symply as the ‘straightening out’ of the Kronecker delta line.
The presence of g, effectively converts the tensor system into a ‘Cartesian’
one, in which the distinction between covariant and contravariant indi-
ces need not be maintained. It is then not necessary to distinguish between
‘arms’ and ‘legs’ in the diagrams. The index-lines can emerge in any
direction and, indeed, it is not necessary to have the internal lines drawn
generally in a vertical direction either. When no metric is present, on the
other hand, it is helpful to have the lines drawn generally vertically so as to
maintain the covariant/contravariant distinction. An alternative proce-
dure is to mark the lines with arrows, but this is somewhat more time-
consuming to draw.

A convenient notation for (covariant) derivative is to encircle all tensors
to be differentiated by means of a loop —to which is attached a line
directed downwards away from the loop indicating the derivative index.
This is illustrated in Fig. A-8, diagrammatic notations for the torsion and
curvature tensors being also suggested. In Fig. A-9, by way of illustration
of the compactness of this notation a direct proof of the Bianchi identities,
when torsion is present, is given. In Fig. A-10 various properties of the

@ Pl
&

te:
=" m , etc
equal
expressions
K / differ by
derivative
commutator

Subtract and use Bianchi symmetry and Ricci identity to obtain

T

Fig. A-9. Proof, by diagrams, of the Bianchi identity with torsion.
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AN o= Y]
A QAR R

—tableau symmetry: 1= =
=0 , .
il

Fig. A-10. The Riemann tensor and its basic properties.

Riemann tensor are illustrated which hold in standard (pseudo-) Rieman-
nian geometry (including the tableau property mentioned on p. 144).
For spinors various notations are possible which clearly distinguish
the unprimed from the primed indices, such as having the corresponding
index-lines at two different angles to the vertical (Fig. A-11), or else using
two colours. In practice this is often unnecessary and it is frequently
adequate to use the same type of index-line for both types of index, where
generally unprimed indices would be grouped at the left of each term and
primed indices at the right. World-tensor indices can always be represented
as pairs of spinor index-lines. A convenient notation for complex conjuga-
tion is simply reflection in the vertical. This entails that the ordering on
the page of the index lines representing AB ... D must be opposite to
that of A’B’ ... D’ in the representation of a spinor ¢ ,, , .., . (since,
for example, this spinor might be a real world-tensor ¢, , whose descrip-
tion, according to the above convention with regard to complex conjuga-
tion, would have to be left-right reflection-symmetric). For consistency we

NgobgsVas o /b /D’ /R, .
M, pd, p4, L A A &

s , s e
XasBg Vg 4\’ O\, \' ..

MopA, L A a A )

Fig. A-11. Spin-vectors; duals, complex conjugates.
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£AB gA'B

4
€apsExp /) R .
A B
“Np B4 =M =gAB N, Mg =, =gy, \B -V.—.[=# -4=/“=/L
A\l .

Ay eBA =} =pAB Ag,

Mgy =R, =€n',4'7*;h~’ _“ =X = A , % -4\ = J\ .

ABC E'D’
If ¢ gpcper s ﬂ , then GABCD'E' anrcy
CBA D'E’
AB B'A'
Gop > /) (\ geb R .
BA A'B "’ 2N
minus sign
(\)=\/\=\='>(]=‘0<= = = - if odd number| |
of crossings
B ee o ¥
A ’ (e g

4

-identity: = = \%
dendey M =NA+/N =V VN
Fig. A-12. The e-spinors and their basic properties. Note the ordering of index

labels. As in the last block of diagrams, the sloping of lines need not be strictly adhered

to if no confusion thereby arises. (The e-identity may be used to convert expressions
to a basis in which all lines are uncrossed).

s

V4 Ay mnn @ Via oy R mans etc.
’

Fig. A-13. Spinor covariant derivative.
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XABCDWﬁ, Pascp > ﬁ . Yasoo ™ ﬁ(= ’% ﬁ
6 - & M-+, - *&.
oFf =, = ok -n A

Rapea > 7577 Y k(i( + /rﬁr\“ + ﬁnih

DCBA A'BCD'

= ﬁt\l\-i- M’ﬁ + nﬁ + ﬁ\r\+2/\ {/M/X\_A\/(\g

Fig. A-14. The spinor curvature quantities.

adopt the convention that the ordering of the end-points of the ‘unprimed
arms’ and of the ‘primed legs’ is the same as that of the index letters in the
ordinary spinor expression that is being represented, whereas for the
‘primed arms’ and ‘unprimed legs’ it is the opposite order. (cf. Fig. A-12.)
The notation described in Fig. A-6 for alternating symbols generally can
be used for the e-spinors, but a more convenient notation is given in Fig.
A-12 which has the advantage of compactness, and the somewhat awk-
ward spinor sign rules for raising and lowering indices can be made more

memorable.

Spinor Ricci identities:

B -
8- T

Bianchi identity: @
%‘é a % , ie., @

Fig. A-15. Spinor Ricci and Bianchi identities.
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X
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110
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Rotate diagrams

Zas=(wA,my); Wy > |/ "A'w.,’f =, through 90°
z . z z l/

'aa = &eaﬂ‘y& "6 r]

laf = feadrs | ~ans L

to restore

w w w .
W =\ ,u1); Ay "any M conventions
w = O ) 4 l\ \L =, of previous
spinor notation

of of

—— Anny ————

2 , aw"‘““*cg, M=-17=-r, u-w-u.
Fig. A-16. A diagrammatic notation for twistor theory.

In Fig. A-13 the notation for spinor covariant derivatives is indicated
and in Fig. A-14 suggestions for the spinors representing the curvature are
given. The Ricci and Bianchi identities are depicted in Fig. A-15.

In special circumstances it may prove convenient to depart from the
above rules — which are intended only a guide. For example, with the
twistor theory that we introduce in Vol. 2, complex conjugation inter-
changes upper and lower indices, so complex conjugation is then con-
veniently represented by reflection in a horizontal plane. When spinor
and twistor indices are both present then it is accordingly sometimes
convenient for the spinor index lines to be drawn horizontally rather than
vertically. Some suggestions are given in Fig. A-16.
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Hermitian scalar product on sphere 301
Herstein, L.N. 69, (90)

Hibbs, A.R. 417

Hicks, N.J. 180

Hilbert, D. 297

Hitchin, N. 51

Hochschild, G. (176)
holomorphic (15), (25), (287), 298
holomorphic coordinate for 2-surface 273-
holonomic basis (93), 199
homotopy type (46)

Hoppes, D. (4)

Horowitz, G.T. 335, 342
Hudson, R. (4)

Huygens’ principle 407

index permutation 71, 75, 84
index substitution 84
indices
bold-face upright (numerical)2—, 76, 93—
capital Greek (bundle) 335
composite (clumped) 87—, 134
light-face sloping (abstract) 76—, 93—
lowering and raising of 104—, 118, 209,
225
moving of, across each other 110
staggering of 87, 105
suppression of 203, 262
Infeld, L. 221
Infeld-van der Waerden symbols 123,
228-, 262, 266
infinitesimal transformation 175-, 364
initial value problem, initial data 374, 385—
explicit integrals for, in M 393
on intersecting null hypersurfaces 393
on light cone (null data) 385-
on spacelike hypersurface 389, 401, 402
inner product 2
of spin-vector 56—, 59—, 104, 137
of tensors 86
intrinsic derivative 226
see also directional derivative
irreducibility 141—
isotopic spin-space 179, 334

Jacobi identity 206

K°-decay (4), 56
Kelley, J.L. 93, 183
Kelvin, Lord 205
Kennedy, A.D. 424
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Kerlick, G.D. 237
Kibble, T.W.B. 237
Kirchhoff, G. 401
Kirchhoff-d’Adhémar formula
(generalized) 394-
in conformally space—time 398-
defining background fields 402-
derivatives of 406, 408
proof of 396—
satisfaction of field equations 405—
use with spacelike data 401, 402
Klein, A.G. (47)
Klein—Gordon equation (field) 378
degrees of freedom for 390
Kobayashi, S. 180, 197
Kramer, D. 119, 224
Kronecker delta
abstract 89, 118, 123, 353
diagram for 425
mixed 93—
numerical 73, 94, 97, 112

labelling set 77, 78, 116
Lang, S. 180
Lee, T.D. (4)
left-handed massless particles 362
Leibniz law 191-, 214, 255
in diagrams 429
Levi—Civita connection: see covariant
derivative, Christoffel
Levi-Civita symbol 112, 113, 115, 137, 139
Lichnerowicz, A. 52
Lie algebra 346
Lie bracket (199), 202, 206, 246, 247
Lie derivative 202, 207, 208
diagram for 429
geometrical meaning of 207
Lie group 343
light cone 285-, 385, 388
geometry of 392, 393
initial data on 385-, 388, 394—
invariant volume 3-form on 415, 416
see also null cone
linearized Einstein field 362—, 375
line bundle (253), 344, 355
see also vector bundle
local coordinates 182
loop notation for (covariant) derivative
429
loops in SO(3), classes I and II of 41—
Lorentz, H.A. (321)
Lorentz force 403
Lorentz group 5, 6
representations of 141, 146, 237, (294),
300, (301)
see also rotations of 2-sphere
Lorentz norm 3

Subject and author index

Lorentz transformations 5—, 167-
improper 167, 171, 172
infinitesimal 175-
involutory (reflections) 171-
kinds of 27, 170
proper 172-
and spin transformations 14, 121, 167-
Lorentzian metric
Lorenz, L. (321)
Lorenz gauge 321, 322, 373, 378, 383, 417
luminosity parameter 399

MacCallum, M.A H. 119, 224, 362
Macfarlane, A.J. 272, (297), 305, (306), (307)
Mac Lane, S. 69, (90)
Magnon-Ashtekar, A. 335, 342
Majorana 4-spinor-tensor 370
manifold 48, 179-
analytic 346, 386
connected, Hausdorff, paracompact 48,
98, 180, 183, 184, 335
covering of 99
see also space—time manifold
massless (free-) field equations 246, 322,
362, 394
derivatives of 375, 376
giving exact set 375
initial data for 388, 395
in spin-coefficient form 260
conformally invariant 361
massless particles 362
see also massless field equations
Mather, J. 335
Maxwell equations 319—
conformal invariance of 372, 373
degrees of freedom for 390
with differential forms 322, 373
Einstein—Maxwell equations 379
first half 319
free space 260, 319, 362, 367, 375
Maxwell-Dirac equations 379, 417-
second half 320
in spinor form 322, 376
Maxwell field 150, (151), 318
see also electromagnetic field
Maxwell theory 312, 333
as Yang-Mills theory 344
metric 266, 275
see also metric tensor
metric tensor 208, 266
diagram for 428
as spinor 117-
Metzner, AWK. 399
Mills, R. 342
Milnor, J. 52
Minkowski space—time 5-, 285-, 318,
(355), 366, 375, 393—
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Minkowski tetrads 3—
global 55
orthochronous 4
proper and improper 2
restricted 4, 58, 120
and spin-frames 58, (59), 120
Minkowski vector space 1-, 48
orientation (space—time orientation) 2
space-orientation 4, 121
time-orientation 4, 121
Misner, C.W. 329, 330, 390
Mobius band 338, 339
module 69, 70, 76—
axioms for 78
dimension of 92
dual 78, 79
reflexive 80
&-module 78
totally reflexive 80
Moore, E.H. 299
multilinear map 80

Naimark, N.A. (257), (294), (301)
Nashed, M.Z. 299
neighbourhood 99, 184
T-neighbourhood 181-
Nester, J.M. 237
neutrino (220)
see also Dirac—Weyl equation
neutron (47), 179
Newman, E.T. 119, 224, 262, 272, 275, 291,
292, 293, (297), 299, 305, (306), (307),
307, 308, (399)
Newman-Penrose (NP)
constants 404
formalism 223-, 246—
Newman, M.H.A. (43)
Nomizu, K. 180, 197
normal coordinates 387
nucleon 179
null cone 8-, 352, 388
conformal structure of cross-section of
38
see also light cone
null datum 388-, 395
null-flag bundle 48
null flags 32—, 128
and orthonormal frames in R* 53
PP’ description of, on ¥ * 34—
and spin-vectors 39—, 352
null hypersurface (251), 281
conservation law on 285
fundamental theorem of exterior calculus
on 281—
generator of 283
geometry of 392, 393
initial data on 374, 385—, 388, 393-
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invariant volume 3-form for light cone
415, 416

volume element 3-form 284
null rotation 28, (29), 174, 178
null symmetric spinor 164, 324
null tetrad 119, 125
null two-planes 37

angle between 38
null vector: see world-vector, null
null zig-zag 415-
numerical indices 2, 76

Oehme, R. (4)

Opat, G.I. 47)

orientation
of Minkowski vector space 2, 4, 121
of #* [, 8", 571129, 274, 308
of space—time manifold 49, 129
of tetrads 2

orthochronous Minkowski tetrad 4

Ostrogradski (205)

Overhauser, A.W. (47)

Papapetrou, A. 224
paracompact 48, 98
parallelizability 92, 93
partition of unity 98, 100, 336
Pauli, W. 362, 366, 367, 385
Pauli spin matrices 125
Penrose, R. 26, 51, 55, 75, 119, 224, 239,
251, 252, 262, 275, 291, 292, 293,
(297), 299, 305, 307, 308, 353, (353),
362, 374, 385, 392, 395, (399), (401),
402, (404)
photon 323
left- and right-handed (151)
Pirani, F.A.E. 392
Planck’s constant 377
Plebanski, J. 366
PND 162-
see also principal null direction
Poincaré group 6, (355)
Poincaré lemma [converse of] 204
Poincaré transformation 5, 6, 7, 8
position vector 5, 362, 387, 405
positive frequency 362
Poston, T. 198
potential
electromagnetic 312, 316, 320, 373, 378
Yang-Mills 347-
Poynting vector 327
prime operation 226—, 250, 256—, 268
principal null direction (PND) 162, 173,
367
k-fold 162, 163
of Maxwell field 328
principal null vector 162, 328
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principal spinor 162—
product
contracted (inner) 86, 88, 89
exterior 203, 262~
inner (scalar) 2
of spin-vectors 56—, 59-, 104
outer (tensor) 71, 74, 83
scalar multiplication 1, 56, 83
projection operator 271
proper [improper] tetrad 2
proton 179

quantum mechanics viii, (47), 220

quaternions 21—, (45), 52, 55, (92), (93)
conjugate of 22

norm of 22

Rainich, G.Y. 329
Rainich conditions 328-,
differential 331, 332
rank 72
rapidity 20, 27, 32
Rarita, W. 384
Rarita-Schwinger equation 384
Rauch, H. (47)
reducibility 141-
reduction to symmetric spinors 139—
of curvature 236
reflexive 80
see also total reflexivity
restricted Lorentz group 5
representations of 141—
restricted Lorentz transformation 5, 17,
167~
restricted Minkowski tetrad 4
restricted Poincaré group 6
representations of (141)
Ricci identity 194
diagram for 429
spinor form of 243, 244
with charged fields 320-, 366
diagram for 433
Ricci rotation coefficients 265
Ricci spinor 231-, 234
diagram for 433
dyad components of 248
weight types of 256
Ricci tensor 146, 210, 239
non-symmetric 238
trace-free 146
Riemann sphere 10—, 11, 24—, 274, 289
Riemann (—Christoffel) tensor 146, 209,
231, 239, 341
and curvature 2-form 263
diagram for 431
Riemannian connection: see covariant
derivative, Christoffet

Riesz, M. 389
right-handed massless particles 362
Rindler, W. 24, 352
Robinson, G. de B. (144)
Robinson 1. 24, (31), 153, 241
Robinson—Bel tensor 240-
see also Bel-Robinson tensor
Rohrlich, F. 272, (297), 305, (306), (307)
rotations of 2-sphere 18—, 294—
irreducible functions under 296~
completeness of 297

Sachs, R.K. 199, 260, 364, 392, 393, 399
Sachs (asterisk-) operation 260, 261, 269,
270
scalar curvature 210, 233
scalar fields 180
scalar multiplication 1, 56, 83
scalar product 1
between module and its dual 79
numerical expression for 94, 95
see also product
scalars 73
complex 188
ring of 76, 77
scattering 419-
Schiff, L.1. 306
Schild, A. 392
Schrodinger, E. 371
Schrodinger-Klein-Gordon field
(equation) 378
degrees of freedom for 390
Schwinger, J. 384
Sciama, D.W. 237
see-saw 106, 110
self-dual 151, 351
signature
Lorentzian 2, 24, (121), 235
positive-definite 24
simple skew tensors (145), 165—
simply-connected 41
non-simply-connected region of space—
time 219, 318, 331
skew symmetry: see anti-symmetry
sky mapping 9, 30
spacelike hypersurface, initial data on 389,
401, 402
spacelike 2-surface 252, 267~
orientation of 268
surface element 2-form for 280, 301, 394
spacelike world-vector 3
space-orientation of V 4
space-time manifold 48—, 103, 210-
Minkowskian 5
space-orientation of 129
space time orientation of 49, 129
spin structure on 49-, 129
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time-orientation of 49, 129
Sparling, G.A.J. (401)
speed of light 235
spherical harmonics: see spin-weighted
spherical harmonics
spin
of a massive particle 384
of a massless particle 362
spin-coefficient Bianchi identity (compacted
form) 259
spin-coefficient commutator equations 247,
248
in compacted form 258
spin-coefficient equations 247-
in compacted form 258
spin-coefficients 223—, 246—, 254-
conformal rescalings of 358, 359
relation to Cartan’s moving frames 265—
spin density 237-
spin-frame 58, 110, 119—, 224, 228 353
conformal rescaling of 358
and Minkowski tetrad 58, (59), 120
spin group 16
representations of 141-, 237
spin matrix 15—, 115
spin-space 56
spin structure 49—, 129
ambiguity of 51—
obstructions to 50—
spin transformation 15—, 58, 167-
infinitesimal 176—
positive-definite Hermitian 20
unitary 18—
spin-vector bundle (48), 50—
spin-vectors 32, 39—, 47, 126—, 352
components of 56—, 58, 112
diagrams for 431
fields of 69, 70, 103—
operations on: see spinor operations
spin-weight 253, 273, 290-, 391
spin-weighted spherical harmonics 297,
391, 392, 399
basis (;Y;,,) for 305
conformal behaviour of 300-
coordinate descriptions of 308—
orthogonality of 302
reciprocity relations for 307
scalar product of 305
table of dimensions of 298
spinor basis 110—, 223
conformal rescaling of 358
global existence of 93, 111
normalized: see spin-frame
spinor operations
algebraic 56—
complex conjugation 107-
on fields 103-

453

on general spinor 108—
geometry of 59—
inner product 59—, 137, 352
scalar multiplication 39, 40, 59, 128,
129
sum 63
spinor structure 48—, 54, 129
in non-compact space—times 55
spinorial object 41—, 46,
in nature (46)
1-spinors 273
2-spinors vii, 70, 103—, 108—, 423
components of 113-
curvature spinors 231-
diagrams for 431
e-spinors 104-
covariant constancy of 215
covariant non-constancy of 216, 217
diagrams for 432
identity in 106, 136
4-spinors (Dirac spinors) vii, 143, (221),
370, 377
splitting off skew indices 106, 137
squared interval §
Staruszkiewicz, A. (32)
Stashefl, J.D. 52
Stephani, H. 119, 224
stereographic coordinate (complex) 11, (12),
33—, 274, 309, 310
stereographic projection 10-, 25, 60
Stewart, J.M. 252
Stieffel-Whitney classes 51, 52
Stokes’ theorem (205)
stretch band 339, 340
Sudarshan, E.C.G. 272, (297), 305, (306),
(307)
summation convention 2, 71—, 76
supersymmetry (supergravity) 370
surface: see null hypersurface, spacelike
hypersurface, spacelike 2-surface
surface area 2-form 280, 301
Susskind, L. (46)
symmetric spinors 139-
canonical decomposition of 162
constant 294
derivatives of, in compacted formalism
257
null 164
number of components of 147
reduction of arbitrary spinor to 139
reduction of curvature to 236
symmetric tensors 134—
trace-free 146, 147, 240
trace-free part of 148
trace-reversed 149
symmetrization 132
diagram for 426—
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symmetry operations 84, 132—
diagrams for 426-

Synge, J.L. 28, 387, 416

Szekeres, P. 367

tangent space 179
at a point 187
tangent vectors 179
bundle of 333
field of 184
at a point 187
Taylor (Gregory) series (covariant) 386—
tensor translation of spinor algebra 147-
of contraction 158
of even spinor 155
of odd spinor 156
of outer product 156, 157
of spinor-index permutation 153—
of sum 157, 158
tensor translation of spinor differential
equations 219—
of Dirac-Weyl equation 220, 221
of Dirac equation 222
tensors vii, 70—
abstract algebraic view of 73—
[anti-] symmetric: see [anti-] symmetric
tensors
classical algebra of 70—
classical transformations of 71, 97, 101
components of 70—
definitions of
as formal-sum (type II) 81—, 95—
as multilinear-map (type I) 80—, 95—
as rule (type III) 72, 95—, 100~
invariant under a linear transformation
168
operations on
contraction 71, 74, 84, 85
diagrams for 425-
index [substitution] permutation 71,
75, 84
outer product 71, 74, 83
sum 70, 74, 82
real and complex 188
restricted to open set 98—
Terrell, J. 26
tetrad 1-
improper, proper 2
Minkowski 3—, 58, 120
null 119, 125
orientation of 2
t’ Hooft, G. 75
thorn (p) 255-
conformally invariant (p,) 360
Thrall, R.M. (144)
three-sphere
left [right] translations of 55, (92), (93)

Subject and author index

parallelizability (92), (93)
time-orientable space—time 49
time-orientation of V 4
timelike 2-surface 268-

see also spacelike 2-surface
timelike world-vector 3
Tod, K.P. 291
torsion-free 193, 200, 202, 216, 223,

355, 386
torsion tensor 193, 200, 215, 216, 237,
(353), (356), 370

diagram for 429, 430
total reflexivity 80—, 82

from existence of basis 95—

on a manifold 98—, 183, 188
trace-reversal 149
transformation laws of components

for spinors 115

for tensors 71, 97, 101
transvection 86
Trautman, A. 119, 237, 364
trivialization (317), 345
Turlay, R. (4)
twistor equation 260

in spin-coefficient form 260

conformal 361
twistors (viii), 130, 143, 273, 348, (401), 423

diagrams for 434

types of weighted quantity 253—, 289—

unimodular matrix 15, 115
universal covering space 45—
Unruh, W.G. 403

unscrambler (Robinson’s) 153, 241
Unti, TW.J. 224

Urbantke, HK. 370

valence 72, 78
van der Burg, M.G.J. 399
van der Waerden, B.L. vii, (107), 221
vector bundle 48—, (253), 269, 332-
base space of 333
complex line bundle (253)
unitary 344
connection on 340
change of 341
cross-section of (270), 334, 335
local basis for 335
curvature of 340, 341
explicit construction of 337-
fibre of 333
Hermitian structure on 344
Lie group structure on 343, 344
fields on 341, 342
null-flag [spin-vector] bundle 48—
tangent bundle 333-
vector field 69, 184—,
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components of 185
vector space 1
spin-space as 58
vectors, contravariant and covariant 72
Veltman, M. 75
Vilenkin, N. Ya. (301)
von der Heyde, P. 237
Voorhees, B.H. 252

Wainwright, J. 224
Walker, M. 252
Ward, R.S. 352
wave equation 260, 374
conformally invariant 260, 395
degrees of freedom for 390
energy tensor for 369
initial data for 390, 401
in spin-coefficient form 260
weak energy condition 327
weak-field limit of Einstein equations 362,
375
weak interactions, non-invariance under
space-reflections (4), 56
wedge (exterior) product 203—, 262—
weighted quantity 253—
type of 253-
Wells, R.O. Junior 274
Werner, S.A. (47)
Weyl, H. 42, (143), 220, 356
Weyl geometry 356, 357
Weyl neutrino equation 220—
see Dirac—Weyl equation
Weyl (conformal) spinor 236, 239, 240—,
366, 367, 373
dyad components of 248
weight types of 256
Weyl (conformal) tensor 146, 236, 240~
[anti-] self-dual parts of 236, 237, 240-
Wheeler, J.A. 329, 330
Whittaker, E.T. 222, (321)
Wilfing, A. (47)
Witten, L. 55, 329
Woodhouse, N.M.J. 205
world-tensor, as spinor 116—

455

complex and real 117, 124
world-tensor calculus vii
world-vector 1—, 116—

causal, spacelike, timelike 3

complex, and improper Lorentz

transformations 171

complex null 126, 129

future-and past-pointing 4, 127

Hermitian-null 131, 132

null 3, 126
Wu, CS. (4)

Wu, T.T. (4), (315)

Yang, C.N. (4), (315), 342
Yang-Mills (YM) theory 333, 342-
bundle connection in 344—
current for 350
energy tensor in 351
exact sets with 383, 386
field equations in 350
spinor form of 351
field tensor in 349
[anti-] self-dual 351
spinor form of 350, 351
gauge in 345
gauge transformations in 345, 348
Hermitian metric in 347
potentials for 347
change under gauge transformations
349
YM-charged fields 333, 342, 356
Young, A. (143)
Young tableau 143, (143-)
number of independent components
(144)
tensor diagram for 431

Zeilinger, A. (47)

zero rest-mass field equations 362
see also massless field equations

zero spin-vector 47

zero tensor 73

Zumino, B. 370


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048
https://www.cambridge.org/core



https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511564048
https://www.cambridge.org/core

Index of symbols

Symbols are listed in order of appearence in text; page numbers in italics denote main references;
page numbers in parentheses refer to footnotes; a dash indicates continuation for more than two

pages.

R 1, 180-

Vi1-

& 1-

a, A, a, I (bold upright indices: numerical)
2-, 76, 335~

uhs

M, 5-, 285, 393-

PQ = vec(P Q5

R* 5, 52—

S, F,8%, 8 8-, 24, 26, 33, 60—
{ (complex stereographic coordinate) 10—,
33—, 274, 309, 310
K 14,32
SL(2, C) 16—, 45—, 141, 237
A* (conjugate transpose) 16
w (Doppler factor) 20, 27
¢ =log w (rapidity) 27
PP 34
S0(3) 41—, 344
=, (first homotopy group) 44
T, §075) (universal covering space) 45—
SUQ), 0.(1, 3) 45-
x (spin-vector) 47
0 (zero spin-vector, tensor) 47, 73
M 48-, 98—, 180, 210-
C> 48
FF Fp, Fp 48—
S04) 52
§° 55,92
& 56, 76—
C 56, 294
{x, @} 56—, 104, 352
0,158
[21, [29] 72, 108
5313
a, A, a, I (lightface sloping indices:
abstract) 76—, 335—
& (labelling set) 77, 103

S5 80
82 89, 90, 425
o* (reversed-position index) 90
o, B,... (composite indices) 90
S5 90
£’ 91,107
al ¢n92
8%, 6% 93,94
AR, A% 95
58, 8297
;)99
(@} 99, 335
S5 103, 212-
4 €15, £,8 104, 105, 432
K =&Y 107
GL...u 108
04,04 1,11 111
= 004 111, 224, 252, 254
Eaps 4% 111,223,432
X (world-tensor labelling set) 116
a=AA etc. 116
&5t a4 117
T 117, 180
Gab> gabv gab 1177 208
I, m*, m®, n® 119, 226, 253
gab: g.") g‘b) g.a, ga. 121
9", 944" (Infeld—van der Waerden
symbols) 123, 266

Kot Xoodeos Koo 132-

Caeas €4 137, 138
@ (direct sum) 141, 142, 180, 212, 343
o 8 0

are 60 > 6 ®
287, 341
GL(n, C) 146
T, (trace-reversed tensor) 149, 364
*F .y, *Gopuy 150, 264

— (abstract indices!) (145),

457
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e 151, 264, 371

'K, 151, 264

“Fo, *F., 151,320

®F,, 152

U, 153

exp(...) 176, 177, 207, 346, 387

£ 181

B, 4(x) 181, 183

“, x') 182

V(f) 184

T 184

9/0x* (on a manifold) (184), 189

V[P1, V¥], T[P], L&), T[] 187

I310P) €50 188

d 189, 203, 263~

dx* 189

V, 190-, 192, 312-, 340, 429

A, 193-, 242

T,s’ 193-, 237, 429

2,4 193-, 340

R,p,° 194, 209, 231, 429

Q.5 196, 215, 341

0, 198, 348

I, 199

[U, V] (199), 206, 246, 247

V,A4, 201

5 202, 207

A=A,

p-form 203--

A A C 203-, 262-

{24 205

U- ¥ (composition) 206

¥ 206

Q,p° 215-, 355

T, 217, 356

Yaacts Yaane (spin-coefficients) 223~

p, 0, K, T,...,& (spin-coefficients) 225—, 248,
249, 254—, 270, 358, 359

.y 226-

D, 4, D, & 227

Ropes = Ryuwecop 231

X isco» Papcp 231, 357, 433

*d ()%, O, ()9 232

A 233-, 357

v (Newton’s constant) 235

¥ pcp 235-, 312, 357, 433

Cisoas * Capeas--- 236,237

s Dlas 242-, 320-, 350

¥, ¥,,... 248

Dy, Dy,... 248

203

Index of symbols

11248

{rr t,t} (type) 253

{pq} (type): p=r —r,q=1¢ —1 253

[s, w] (type): s = 3(p — q), w=3(p + g) 253,
273, 289-, 291-

p, 8, p, &' 255-, 270—, 308-

[ 260, 364, 409

(--.)* (Sachs operation) 260, 261

Qr QB 263

0" 264, 265

,’ 264, 265

I, m, m, n 266, 267

ds? 266, 275

0F, & 268-

A, 271-

K (complex curvature of 2-surface) 272,
277

& (area 2-form) 280, 301, 394

A" (null hypersurface) 281, 388

0 (boundary) 282

A" (null volume 3-form) 284

A (invariant volume 3-form of light cone)
415

1), f£ 8 (287)

S... 294, 396

{hy f) 301~

sYjms sZjm 305—

@48 312, 320

@, 312-, 316

F,, (Maxwell field) 312, 318-

&, &:[P] 313

¢ (elementary charge) 314, 344

K (complex Maxwell scalar) 324, 330

3% S%336, 343

¥ (fibre) 338-

K ,p2% 340, 341

&',... (conjugated bundie index) 343

ay ¥ 345

qe ¥ 345

qv®, py® 346

b,4® 347

dap» & (conformally rescaled) 352-

Q 352-

W, Wy, w (conformal weights) 358, 360

be, Og, P, 8y 360, 395

x° {position vector) 362, 387, 405

hy 363

u=2"*h""m 377, 384, 412

A, (distributional field) 408
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