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Preface

A student of theoretical physics who wishes to follow recent trends in
current research is liable to be confronted with a bewildering amalgam
of ideas from physics and mathematics. In particular, much of the
terminology permeating developments in the theories of matter and
gravitation is borrowed from classical differential geometry. In many of
these theories spinors play a prominent role. A further notable develop-
ment is the introduction of spaces with ‘exotic’ topologies and geo-
metries in formulating the basic laws of Nature. Consequently the
student finds it necessary to possess a broad knowledge of mathematical
techniques that encompasses such generalities as well as the computa-
tional skills necessary to use this information.

In this book we have attempted to provide a concise but self-
contained introduction to the basic properties of differential geometry
and spinors accommodating some of the needs mentioned above. We
feel that physicists learn most rapidly by seeing new concepts spelled out
in some detail. We have attempted a blend of mathematics and
theoretical physics which we hope will assist in the assimilation of new
ideas and give readers a feeling that they are closer to the ‘nuts and
bolts’ of the subject material. In writing any introduction to a subject as
broad as this we have had to face the problem of what prerequisites we
expect our readers to possess. Fundamental to any appreciation of
tensor methods is a firm familiarity with linear algebra. Thus our book
begins with algebraic notions. We have tried to encapsulate the neces-
sary concepts used in Chapters 1 and 2 into Appendix A. This should
provide a reservoir of compact information for those who may find some
foreign vocabulary in these early chapters. Our emphasis here is on real
vector spaces and their complexifications. We feel that this approach
makes closest contact with what most physicists actually use when
working with the complexified Clifford algebra of spacetime. We intro-
duce a spinor as an element carrying an irreducible representation of
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some Clifford algebra. This emphasis on the Clifford algebras rather
than the spin groups is slightly different from that commonly adopted by
most working physicists. However, the spin groups are most easily
defined as sitting in the Clifford algebra, and thus we may induce
representations of these groups from those of the algebras. No doubt
some readers will be surprised at the classical tone that dominates our
description of spinors. We offer little apology. As a mathematical entity
the notion of a spinor requires no quantum theoretical overtones.
Although we would have liked to develop further the basic role played
by spinors in quantum field theory we feel that their role in physical
models need not intrude into their basic relation to geometry. More-
over, a proper appreciation of this relation is essential in relativistic
quantum field theory.

The introduction to differential manifolds (Chapter 4) is fairly
elementary and presupposes only a basic knowledge of the calculus of
many variables. We have interrupted its development with a chapter on
physical applications before formally introducing the idea of a linear
connection. This chapter illustrates the importance of Lorentzian
geometry in relativistic physics, and is motivated by a discussion of
electromagnetism. Chapter 7 is devoted to the field theory of gravitation
and its sources in which many of the mathematical tools introduced
carlier are put to use. The two main themes of Clifford algebras and
differentiable manifolds are drawn together in the final chapters on
Clifford forms and spinor fields. Here readers will find physical applica-
tions involving spinors on manifolds and are introduced to some recent
developments that relate geometrical properties of a space to the
existence of spinor fields with particular properties. Earnest readers are
invited to test their expertise by working out some of the illustrative
examples that have been inserted at strategic points in the text.

In the course of writing this book we have benefited from dialogues
with many colleagues. In particular, we wish to thank Graeme Segal, R
Al-Saad, J Brooke, C T J Dodson, E Kahler, K McCrimmond, and D
Towers for helpful comments on various aspects of our enterprise. We
are also grateful for correspondence with A Crumeyrolle, K McKenzie
and D Plyman on aspects of Clifford algebras. The production of our
manuscript was greatly assisted with the aid of TgXnical facilities
generously provided by A B Clegg and P M Lee. We also thank G
Hughes for all the time and effort he spent teaching us to drive the
Vax-editor and its peripherals. Finally, we are happy to acknowledge
the support provided by the University of Lancaster Research Fund.

I M Benn
R W Tucker



Tensor Algebra

This first chapter will provide a foundation for the two initially separate
directions the book will take; algebra and geometry. In Appendix A we
have gathered together a number of ideas relating to the study of vector
spaces and algebras. These notions will be used freely within the first
two chapters. The reader who is initially confronted with foreign
vocabulary or new concepts should consult this Appendix for definitions
where a concise development of rudimentary ideas is also to be found.

The first section of this chapter introduces the tensor algebra of an
arbitrary vector space. In Chapter 2 this will be the starting point for
our construction of the Clifford algebra, which will be defined as a
quotient of the tensor algebra. In Chapter 4 and subsequent chapters
when beginning geometry we will be interested in the tangent space
(and the cotangent space) of a manifold. We will then be able to apply
the material of this chapter immediately to that vector space. In fact it
will be the cotangent space that is taken for the arbitrary vector space
V. Anticipating this we have (identifying the second dual space of V
with itself) written elements of V as acting on V*, rather than the other
way around.

Particularly important on manifolds are the totally antisymmetric
tensor fields; the differential forms. In §1.2 we introduce the exterior
forms on an arbitrary vector space. These will also play a prominent
role in our treatment of the Clifford algebra. To facilitate a comparison
with the Clifford algebra we re-introduce the exterior algebra in §1.3 as
a quotient of the tensor algebra.

Only in §1.4 does a metric enter. (Our meaning of a metric is given in
Appendix A.) This allows us to introduce the Hodge map which is a key
ingredient of the calculus of differential forms on (pseudo-) Riemannian
manifolds.

We have delayed introducing the mixed tensor algebra until §1.5.
Here contact is made with the classical definition of a tensor in terms of
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transformation properties of components. Index conventions will be
established that allow the traditional ‘raising and lowering’ of indices.

1.1 The Tensor Algebra

If V is any vector space over some field F then the set of F-valued
linear maps on V forms a vector space; the dual space, V*. If, as we
now assume, V is finite dimensional then there is a natural way to
regard elements of V as linear maps on V*. That is, if xe V and X e V*
such that X acts on x to produce the scalar X(x) then we can
equivalently think of this as defining an action of x on X, x(X) = X(x).
In the following it will be convenient to adopt this seemingly perverse
view of regarding V as the space of linear mappings on V*. Just as the
F-valued linear maps on V* form a vector space so do the multilinear
maps on ordered sets of elements from V*. The F-valued multilinear
maps on V* X V* x ...x V* (r times) are called tensors of degree r.
The notion of multilinearity is an obvious extension of the notion of a
linear map; for any fixed choice of r — 1 elements of V* the map is
linear in the remaining variable. Multilinearity ensures that a tensor of
degree r is completely specified by its action on all ordered sets of basis
vectors for V*, thus if V (and hence V*) is n-dimensional then the
tensors of degreet r form an n’-dimensional vector space, T,(V).

We may associate a set of r elements from V with a tensor of degree
r.Forx'eV,i=1,...,rand X;eV*, i=1,..., r we define

('®x’® ... ®x) Xy, Xqy .. X)) = XX DxHX,) .. xT(X,).

In particular, if {¢‘} is a basis for V then the set of all n" elements
{e'®e=® ... ®e™}, where the indices take all values from 1 to n,
forms a basis for T,(V). The vector space T,(V) is called the tensor
product of V r times

T(V)=V®V... ®V=Q'V.

More generally, the tensor product defines a mapping between tensors
of different degrees

R:T,(V)X T,(V)—> T, ,,(V) (1.1.1)
a, b — a®b

where

+ Formerly called rank.
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@®BY X1, X oo s Xy Xy o gy o Xy )
= a(Xl .. .,X,)b(X,+l, ey Xr+3).

We may take the (external) direct sum of the vector spaces T,(V) for
all r to form an infinite-dimensional vector space. The direct sum of
such a vector space with a one-dimensional space spanned by an identity
element forms an associative (but not commutative) algebra under the
tensor product, the tensor algebra T(V). The subspace spanned by the
identity is written as Ty(V), and since this is just another copy of the
field F with an identical rule for multiplication on tensors we shall not
distinguish between these two spaces. The tensor algebra is generated by
V and the identity element; any element can be written as a sum of
tensor products of elements from V and the identity. Those tensors that
are simply a product of vectors from V are called decomposable. By
construction we have the direct sum vector space decomposition

(V) = 2 ®T,(V).

The tensor product is such that the tensor algebra is a Z-graded algebra;
elements in 7(V) that are sums of products of p elements from V being
homogeneous of degree p. The zero element (which is homogeneous for
every degree) is the only term that is homogeneous for negative degree.
The grading naturally gives rise to an involutary automorphism n
defined on homogeneous elements byt

na = (—1)deq, (1.1.2)
This is certainly an automorphism since if 2 and b are homogeneous
n(a®b) = (—1)%e*®q®p
= (—1)desa + deeb @ p (since the algebra is graded)
= (—1)%e(—1)%eba @b
and so
n(a®b) = na®nb. (1.1.3)

To say that n is involutary means that > = 1, which indeed follows
from (1.1.2). The homomorphism Z — Z, induces a coarser Z,-
gradation in T(V). The Z,-homogeneous subspaces consist of the sum
of all Z-homogeneous subspaces of even (odd) degree. Thus the
Z ) -homogeneous subspaces are eigenspaces for the automorphism 7
with eigenvalues plus (minus) one. Elements of these spaces will be
called even or odd, respectively.

+ The notation a” is also employed.
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The tensor algebra is isomorphic to its opposite algebrat and admits
an involutary anti-automorphism, or simply an involution, § defined on
homogeneous elements by

*!1®x?... ®xP)s = xP® ... ®x*®x!. (1.1.4)

It is straightforward to see that this really is an anti-automorphism,
namely (a®b)¢ = b*®a* such that & = 1.

If X is in V* then the interior derivative with respect to X is denoted
1x. It is defined to be a linear transformation that is an anti-derivation
with respect to the automorphism 7, that is

ix(a®b) = i4a®b + na®iyb. (1.1.5)

If xeV then iyx = X(x), whilst for A in the subspace spanned by the
identity iyA =0, and so the interior derivative is a homogeneous linear
mapping on T(V) (with respect to the Z-gradation) of degree —1. These
properties completely characterise the interior derivative. Since iy is an
anti-derivative with respect to the involution 7, with iyn = —mny, it
follows that iyiy +iyiy is a derivation on T(V). For xe V or the
subspace spanned by the identity (iyiy + iyiy)x = 0, and since T(V) is
generated by this space

(ixiy + iyiy)a =0 for all a e T(V). (1.1.6)

In particular iyiy = 0.

1.2 The Exterior Algebra of Antisymmetric Tensors

A tensor is a multilinear mapping on an ordered set of vectors, the
ordering being in general important. Many important tensors have
symmetries, however, the result of the evaluation on a set of vectors
being invariant under the interchange of certain pairs of vectors. To
formalise this we introduce the interchange permutation ;, which
rearranges the set of numbers {1, 2, . . ., p} such that 7, (i) =iif i #j
or k, my(j) = k and 7, (k) = j. Then a degree-p tensor T is symmetric
(antisymmetric) in the j,k entries if

T(Xﬂ/k“)’Xﬂ;k(z)’ e ey X”,k([’)) = +(_)T(X1,X2, ey Xp).:f

A tensor that is symmetric (antisymmetric) under all such inter-
changes is called totally symmetric (totally antisymmetric). The totally
antisymmetric tensors are particularly important. The subspace of totally

t See Appendix A.
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antisymmetric tensors in T,(V) is denoted by A,(V), the elements of
this space being called exterior p-forms, or simply p-forms. The total
antisymmetry ensures that a p-form is determined by its evaluation on
all distinct combinations of p vectors from a basis for V*. So if V is
n-dimensional and
7]
p

denotes the number of distinct combinations of p objects chosen from n
then

dimA, = (;)

In particular, the only p-forms for p>n are zero, and dimA, = 1. In
analogy with the case of the tensor algebra it will be convenient to
identify the field F with a space Ay(V).

Given an arbitrary element ae T,(V), we define a new tensor
ALT ae T,(V) by

ALT a(X, X5, ..., X,)
1
= ;gg(a)a(Xg(”,Xa(z), PN Xo(p)) VX, € V* (121)

where the sum is over all permutations o, (o) being +1 if this
permutation is even (i.e. an even number of pair interchanges rear-
ranges the elements 1, 2, . . ., p into the order o(1), a(2), . . ., o(p)) or
—1 if the permutation is odd (an odd number of such interchanges).
From the definition of #¥£Ja we see that it is totally antisymmetric and
that ALT(ALTa) = 4LTa. Hence ALT is a projection operator,
ALT T, (V)=A,(V). Although &:T (V) x T,(V)— T, ,(V), the map
® will not map A, (V) X A,(V) into A, (V). Thus we devise a new
composition map in terms of ® and A£J that does have this property.
It is called the exterior productt and is denoted by a A placed between
the elements of A,(V) and A,(V)

A AV) X A(V) — A (V)
a,b—>aprb=dLT(a®b). (1.2.2)

t The reader is cautioned that there are other conventions for the definition of
the exterior product. Other conventions involve a numerical factor which
depends on the degrees of 4 and b. The reader should convince himself that
such numerical factors cannot be arbitrarily inserted with impunity! (Why not?)
The convention we have adopted is convenient for regarding the exterior algebra
as a quotient of the tensor algebra modulo the kernel of #£J, as we shall do in
the next section.
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It follows from this definition that

(a/\b)(Xl, XZ* s Xs’ Xs+1’ BN Xs-H)

25(0)(a®b)(Xa(1), LR Xa(s-H))

T (540!

= G Dels, a(X;, oo X)Xy - Xi)
where the sum is over all partitions of (1, 2, ..., s+f) into (ji, 3, - - -,
js)and (ky, k,, .. ., k,), and &(s, ¢) is the sign of the permutation

(1,2, oy 5+ — (o Jos e os for Kus K ooy K.

The exterior product has a well defined symmetry under the interchange
of factors such as a and b above. To see this we introduce a
permutation v,

v
(1,2, ..., s+, .. ,s+0) —> (t+1, .. ., t+5, 1,2, .., 1),

We write any permutation ¢ as ¢ = tv, giving &(o) = &(v)&(1). Inserting
this in the above gives

(N 0. CTD. CHINIRD. (D, (RTTND, (I

Z g(o)a(Xo(l)’ MRS ] Xa(s))b(Xa(sH)’ CERRERY Xa(s+!))

N (s+1)!
E\v
= (55'[))' zg(r)a(Xr(Hl)’ AERE] Xr(r+x))b(X1(1)’ RS ] Xt(r))

=eW)(baa)Xy, ..., X
A trivial combinatorial calculation gives &(v) = (—1)¥, and so we have
for any s-form a and t-form b
apab=(-1)"bAa. (1.2.3)

The exterior algebra A(V) is formed by the direct vector space sum of
all the spaces of p-forms

A(V) = é@AP(V)

with multiplication given by the exterior product. The exterior product
is defined on non-homogeneous elements by extending ALT to be
distributive over addition, ensuring that the exterior product is. Unlike
the tensor algebra this algebra is finite dimensional: we have

dimA(V) = 3 (;) =2n. (1.2.4)

p=0
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The exterior algebra is, in fact, associative. This will be seen to follow
from the observation that if ALIm =0 then ALT(a®m) =
ALT(m®a) =0, V ae T(V), as will now be established.

Let C, be the group of all permutations of k objects. Then the
subgroup of C;,, that only permutes the first s objects is obviously
isomorphic to C,, and we shall identify it as such. Let H be a set that
contains one and only one element from each left coset of C,,, relative
to C,. So for each o0e€eC,,, o=ht, 1eC; and heH, with
e(o) = e(1)e(h), and then

ALT(M®a)( X1, . . ., Xos,)

> e(h) X (D) (m®a) X oy - - s Xoin)-

(S+[)! heH 1€ Cg

For some fixed & let X,,;) = Y, then X,y = Xjry = Y ), and thus

Z e(r)(m®a)(XU(1), vty Xa(s+l))
1€ Cs
=2 &D(m®a)(Yoay. - - - - - - + Yesrn)
e Cg
= Z g(t)m(Yr(l)’ cy Yr(s))a(YsH’ LIRS Y:+t)'
teCs
= ALTm(Y,, . .., Y)a(Yerys . Yero).

So indeed ALT(M®a) =0 if ALTFm = 0. Similarly, it follows that
ALT (a®@m) = 0.

Since, as we have remarked, {27 is a projection operator, if we set
(1 — ALT)a®b) = m then a®@b = ALT(a®b) + m, with
ALTm = 0. From the definition of the exterior product we have

(apnb)ac = ALT (ALT (a®b) ®c)
= ALT (a®b®c — m®c)
since @ is associative
= ALT (a®b®c)
from the above result, which may be used once more to give
(aab)ac =ALT (a®ALT (b®c))
=a A (b A C).

The exterior algebra inherits a Z-gradation from the tensor algebra.
The zero element is the only homogeneous element of degree greater
than n in the exterior algebra. Since #¥J is a homogeneous mapping
of degree zero on the tensor algebra it follows that n is also an
automorphism of the exterior algebra, that is
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n(a A b) = na A nb. (1.2.5)

Similarly exterior forms are called even or odd according to their
Z,-gradation in the tensor algebra. The involution & commutes with
ALT and so it is also an involution of A(V). Taking the definition of
AXLT and rearranging the permutations gives the following simple
expression for & acting on a p-form o,

0t = (-1)lPw. (1.2.6)

where [ ] denotes the integer part.

The interior derivative iy has already been defined on tensors, and so
it is defined the same way on exterior forms. In fact this is where it will
mainly be utilised. We need to show that the resuit of iy on an exterior
form is another exterior form, of one lower degree, and that the
anti-derivation property (1.1.5) goes over to the exterior algebra with ®
replaced by A . It will be sufficient to consider decomposable tensors. If

T=x'®x*® ... Qx"

then
iy T=x"(X)x?®@ ... QxP — x2(X)x'®x* ... Qx°
+ 33X ' ®x2Qx4 ... ®x
..+ (DX '@ L L Qxr
that is

(ixNX2 .. X)) =2 eMNT Xy, - - - Xupy) (1227

v

where v is any of the p permutations such that

L2,..,rn...p)— 2,3, ...,r=1,1,r,...,p).
Substituting ALT T into (1.2.7) gives
(ixdLTTY(X,, ..., X,) = pALIT(X,, ..., X,). (1.2.8)

From the definition we have
(ALTix T)(X,, . .., X,)

x(X)
= (p—ll)' zs(r)(x2® PPN ®x”)(X,(2), ey Xt(p))

x2(Xy)
- (p—ll)' De@DEION® ... OX) Xy, - - > Xip)
—1)r-lxr (X
Pt % Se@(E'® ... ®xr (X,

o Kopy) where 7€ C,_;
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1

= (p—l)' 2028(0)(x1® s ®xp)(Xa(l)a ey Xa(p)) for o e Cp
__P

= 5o GEIDX, - X)

and thus

(ALTiy, THX,, - . ., X,) = (pALTIT)(X,, . . ., X,).  (1.2.9)

So (2.8) and (2.9) give ixfALT = ALTiy. Thus ix:A, > A,_,, and
ix(apb)=i13,A4LT(a®b) = ALT (ixa®b + na®ib) and hence

ix(a/\ b) = ixa A b+ T’a/\ixb. (1210)

If weA,(V) then $¥Tw = w and ALTiyw =iyw, so (1.2.9) re-
duces to

(ix,@)(Xps - - » X,) = pa( Xy, . .. X,). (1.2.11)

Just as the space formed by V together with the identity generates 7(V)
under the product &, it generates A(V) with the product , . Thus any
element of A(V) can be written as a sum of decomposable forms, these
being the ones consisting of products of elements from V. If {e‘} is any
basis for the n-dimensional V then the (}) p-forms e s e2 5 .. . A € for
i <i;<...<i, (p=1) form a basis for A (V). It is often convenient
to label such p-forms by an ordered multi-index,

Iz(il,iz,...,ip)Withil<i2<...<ip

with each index i; varying from 1 to n. So if w is an arbitrary p-form

w= 2, Wig, i, €TAETA ... pE"
i1<i<. . .<ip

= 2 w,e’

where w; = w,;, . ; €F are the components of w in this basis. Care
must be exercised when using the summation convention (see Appendix
A) with ordered multi-indices. Since this convention operates with
unconstrained summations one may equivalently write

1 : . :

W= Ewi,iz...ipe“/\elzl\ 4
it being understood that the components are totally antisymmetric in the
indices. o
If {f'} is a new basis for V related to {e} by f'= M,
{M';} € Gl(n, F)t, then we can induce a corresponding change in the

t The group of n X n invertible matrices with elements from F, see Appen-
dix A.
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components of a p-form. Since the space of n-forms is one-dimensional
the n-forms formed by the products of the two bases must be related by
a multiple of F. In fact it follows from the antisymmetry that

fUAfP A Aft =detMe! pe? 5... pe” (1.2.12)

where detM is the determinant of the matrix {M';} that relates the
bases. Any n-form Q can be used to classify frames {X;} for V*. These
frames fall into two classes according to the sign of Q(X, X,, . .., X,).
Frames in different classes are said to be of opposite orientation. The
Gl(n, F) related frames {e'} and {f‘} are of the same orientation if and
only if det M is positive. This is consistent since the determinant of a
product of two matrices is positive if the determinant of each factor is
positive.

1.3 The Exterior Algebra as a Quotient of the Tensor Algebra

We have introduced the exterior algebra as the set of totally anti-
symmetric tensors with the product A constructed out of ® and ALT.
This algebra is isomorphic to a quotient of the tensor algebra; indeed
the definition in terms of the quotient offers certain advantages. In the
next chapter we will define the Clifford algebra as a quotient of the
tensor algebra, and it is useful to see the exterior algebra introduced in
a parallel way. We will use bold-face type to denote the quotient
algebra and its product, the use of the same symbols anticipating its
isomorphism with the exterior algebra of antisymmetric tensors already
defined.

Let I be the ideal in T(V) consisting of sums of terms of the form
a@x®x®b where x € V and a, b are arbitrary elements of T(V). Then
we define the exterior algebra A(V) by

A(V) = T(V)/L (1.3.1)

Elements in A(V) are equivalence classes of elements in T(V), where
the equivalence relation is defined by @ ~ b if a = b + ¢ for some cel.
The equivalence class that contains a is denoted [a]. The vector space
structure of A(V) is defined by

[a] + A[b] = [a + Ab] a, beT(V), Ae F (1.3.2)
and the multiplication which is denoted by A is given by

[a] A[6] = [a®b]. (1.3.3)
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The ideal I is a Z-gradedt subspace of T(V) and so A(V) inherits a
natural Z-gradation given by deg[a] = dega. The automorphism 7 and
the involution & preserve the ideal I and they thus extend in an obvious
way to A(V) by

nla] = [na] (13.4)
[a]* = [af]. o
Similarly interior multiplication preserves I and so we may define
1y [a] = [ixa]. (1.3.5)

If x, yeV then
2x®y = x®y — y®x) + (x + Y)O(x + y) — x®x — yQy
hence
x®y =x,y + H(x + »)®(x +y) — x®x — y®y}. (1.3.6)

The A denotes the antisymmetrised tensor product as defined in (1.2.2).
The term in brackets is in I and so x®y~xy. That is,
[ Aly] = x®y] = [x A 1.

More generally, it follows that the ideal I is just the kernel of A¥J,
and so [a] = [4LTa]. We have already seen, in proving that 4 is
associative, that this kernel is an ideal. To see that it is in fact I we will
prove that

XOw~x A0 forxeV, we A(V). (1.3.7)
The recursive application of this result gives
x'®x2®. .. @xP ~ ALT (x'@x*®. . . ®xP) = x' A x? 5. .. A X,

We will prove (1.3.7) by induction on the degree of w. It is certainly
true when w is a 1-form; we assume it is true for w of degree less than
p. It is sufficient to consider the case of @ decomposable. The definition
of o involves the permutation of the arguments in the evaluation, but
this is obviously equivalent to permuting the factors in the product.
Thus from the definition of o, we have

1
LAY = i) > e(0)yORy N ... ®y®

where o permutes the set (0, 1, 2, ..., p). We will characterise each
permutation according to the first number in the reordered set. With
one interchange we swap the elements 0 and r, and with r — 1 further

0

1

Yyoay

t Grading is discussed in Appendix A.
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interchanges bring the 0 to the second position. So if v, is the
permutation such that
Vr
©01,...r,..,p)—(r,0,1,...,7,...,p)
where 7 denotes that r is missing from this sequence, then

e(v,) = (—=1)". We can now write any permutation ¢ as ¢ = t,v, for
some r, where T, permutes the set with » removed, then

YOAY oo AP

1
= > 1)y @y IR . .. ®ye)
(P+1)’ o
(O +1)' E( 1)y ® Es(r WO ... ®y D@yt
. ®y)

=D (y"@(y‘A CAYP)

P
+ 2 ()Y ®GOA .- AYT A AY)]
r=1

Substituting x for y? gives

1 u R
x/\y12“.p — (p+1) (x®y12“.p + 2: (_l)ryr®(x/\yl,‘. 7 p)
where y2--P=y! ,y2, ... Ay”, and again the hat means that a

term is missing. )
Now y"®@(xay' 7 P)~y ®x®y! -~ 7 - P since (1.3.7) is
assumed true for (p—1)-forms

~ —x®y' @yl Tp since x®y + y®x ~ 0
~=x® Ayl TP) from (1.3.7) again,
—~ (_l)rx®y12.“p

where the sign comes from moving y’ through r—1 terms.

SO x Ay'A ... AY? ~x®y!2-- 7 Thus if (1.3.7) holds for w of
degree less than p it is also true when w is a p-form. This completes the
proof.

Thus every equivalence class of A(V) is represented by an element of
A(V), and the product of the classes under A is the class of the product
of the representatives under , . Thus A(V) is indeed isomorphic to
A(V). In practice it is more convenient to work with representatives,
the antisymmetric tensors, rather than with their equivalence classes.
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1.4 The Hodge Map

When the vector space V has a (non-degenerate) metric g then the
Hodge dual, or * map, may be defined on exterior forms. Since

)= ,)

we have dimA,(V) = dimA,_,(V), and thus these two vector spaces
are isomorphic. We may use the metric g to set up a standard
isomorphism between these spaces: the Hodge map, denoted by =.
(Although one can define a Hodge map for a non-symmetric non-
degenerate metric, we shall take g to be symmetric as well as non-
degenerate.)

If V has a metric then one can use a g-orthonormal frame {e'} to
construct a standard n-form w,

w=celpelp ... pe". (1.4.1)

Since the determinant of the matrix relating orthonormal frames is plus
or minus one, depending on the relative orientations, we see from
(1.2.12) that there are two possibilities for @, differing by a sign. The
members of a g-orthonormal frame for V are sometimes called n-beins
in the physics literature, generalising the familiar triad of orthonormal
vectors in Euclidean three space. Some authors, however, associate this
term with the r? elements {N';} € Gl(n, F) that relate an orthonormal
frame to an arbitrary one {f'},

ei = Nllf]
If the components of g in the frame {e'} are n¥, where n = 0if i #j
and for each value of i, n = +1, and the components in the frame {f'}
are g7, then
i = N'y N/igho.
Hence det (n7) = det(g7¥)(det N)*.

The components of the metric on the dual space form the inverse
matrices, n;n* = 6f and g{ g*® = 8. (For further details see Appen-
dix A.) So if r = det(n;) = %1 then, since det(m ') = (det m)~! for all
matrices m,

det(g) = t(det N)*.
But w = (det N)f* Af> A ... Af", so if we write the sign of det N as

_ detN
KN = Tdet N




14 TENSOR ALGEBRA

then
o = py{tdet(@)} P AfP A - A S (1.4.2)

If the frames {e'} and {f'} are related by a Gl(n, F) transformation
that preserves the orientation, then uy = 1.

A metric on V naturally gives rise to a metric on A(V). We start by
defining a metric g, on the space of p-forms, A,(V), for any p > 1.
Since g, is defined to be bilinear it is sufficient to specify its action on
decomposable p-forms. If A =a'ra’s ... aa? and B = A B A

. A PP then

g,(A, B) = det{g(a’, B/)}. (1.4.3)

It is convenient to define g, to simply multiply the two O-forms.
Having defined a metric on the homogeneous subspaces we define a
metric G on A(V) by requiring it to be diagonal in the homogeneous
subspaces. That is, if ®, ¥ € A(V) with, for example, ®, denoting the
projection of @ into the subspace of degree p, then

G, W) = %gp(cbp, w,). (1.4.4)

As we have remarked the spaces of p-forms and (n — p)-forms are of
the same dimension, and we are now in a position to establish a
standard isomorphism between them. The Hodge map, *, is a linear
map from the space of p-forms to the space of (n — p)-forms:

*: AP(V) — A,,_p(V)
a+—> *q
where *a is given implicitly by
ba*a=g,(b, a)w V be A, (V). (1.4.5)

The standard n-form  is defined as in (1.4.1). The definition may be
completed by defining the map on a O-form, *1 = @. This is called the
volume n-form. Linearity extends the definition to inhomogeneous
elements of the exterior algebra. Thus the definition of the Hodge map
depends not only on the metric but on a choice of orientation. The
non-degeneracy of g (and hence of g,) ensures that such a definition
does indeed determine the * map. It immediately follows from the
symmetry of g (and hence of g,) that

apn*hb = b a*a Va, beA,(V). (1.4.6)

A useful calculus can be set up relating the * map to the interior
product. We may use the metric g to establish an isomorphism (denoted
by a tilde) between V and V*. If x € V then the metric dual, %, is in V*;
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given by
y(&) = glx, y) Vye V.
It then follows from the definition of * that
(D Ax)=17*P xeV, deA(V). (1.4.7)

This formula can be applied recursively to a decomposable p-form to
produce
*(xl,\xz,\ /\Xp)zi}‘pi}’p"l...ij‘.’l*l. (148)

It is convenient to display the action of * on exterior products of basis
vectors. Suppose that {¢'} and {X,} are dual bases, with e'(X;) = &';.
We will often use the shorthand

iX! i/.
The metric dual, &, of e is g°X, = X“ and we write iy = i°.
Equation (1.4.8) takes the following simple form for the product of p
basis vectors

*(el/\ez/\ Ce ,\e") = l’pip-l . .il*l.

From this it can be seen that the dual of a product of p orthonormal
1-forms is the product of their complement in the basis. Duals of the
orthonormal basis forms can be expressed in terms of the Levi—Civita
antisymmetric e-symbol. This is defined such that

€ i =19 +1(=1)if (i}, i,, ..., i,) is an even (odd) permutation
of the standard sequence (1, 2, 3, .. ., n). (1.4.9)

With the summation convention the volume n-form can be written in
the orthonormal frame {e'} as

1 . .
x] = _’; Ei|f2-~ in eh A 6'3/\ e . ,\6"'. (1.4.10)

If the components of the metric in this orthonormal frame are n7 we
have

1
(n=p)!

I

celria L A

*(ei' ,\eil,\ . /\ei”) = pfp-l---ln

where
ghix . lpi,,+1 = nlwnlﬂ: . nl,,/p Ejlf: et i
It is sometimes necessary to rearrange expressions such as

et A *(eb' ,\ebl,\ RS eb").
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This may be accomplished by using (1.4.8), for example
e? A *(eP nef) = e A ixe? = —i(e" A xe) + gxe®
= —gWicx] + gxeb (since e® A *eb = g=1)
= —gWbxe 4 geixed.
and similarly

e A *(eb A e A ed) — gab*(ec A ed) _ gac*(eb A ed) + gad*(eb A ec).

1.5 The Mixed Tensor Algebra

Just as the tensor product ®’V is the space of multilinear mappings on
V*X V*x ... XV* (r times), the tensor product of V* with itself,
®TV*, is the space of multilinear mappings on VXV X ... XV (r
times). More generally we have the vector space of multilinear mappings
on

V*X V¥X ... X V* X VXxVx...xV,

—_——

¥ times s times

the space ®"V® V*. This space is called the space of mixed tensors of
covariant degree r and contravariant degree s, 7,°(V). (The assignment
of the terms covariant and contravariant is a matter of convention. The
way we have indexed our bases accords with the classical component
conventions.) Tensors in T,°(V) will be referred to as being of type
(r, 5). It will be seen that we have defined tensors to be multilinear
maps on sets of vectors ordered such that those from V* occur first; that
is, our space of tensors is formed by tensor products of V with itself
followed by products with V*. One might envisage a more general
definition that formed the tensor product of the spaces V and V* in no
definite order. However, such tensor product spaces are naturally
isomorphic to the canonically ordered product. For example, the
ordered pairs V x V* are certainly distinct from V* X V, the bilinear
mappings on these spaces being V*®V and V®V* respectively. How-
ever, we may define a map ¢ by

Q:V*QV — VR V*
T+— T
where

(T X, w) = T(w, X) VXe V¥, we V.
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It is easy to see that ¢ defines an isomorphism between V*&®V and
V®V*. Further it is natural {or canonical), depending on no choice of
bases for these spaces. Similarly, any tensor product containing V r
times and V* s times is naturally isomorphic to the canonically ordered
®V®*V*. We shall not distinguish between these naturally isomorphic
spaces, and shall always form tensor products with the factors from V
collected at the left. Thus we adopt the convention that tensors will be
evaluated on a set ordered with elements from V* occurring first.

If {e'} is a basis for V, with {X,} a dual basis for V*, such that
e'(X;) = 6';, then a basis for T,°(V) is provided by the n"**) elements

{®e"® ... V" ®X; ®X;,® ... VX, ).
If T is any element of 7,°(V) then
T=T )Fe®e"® ... Qe"®X;® ... BX;

where the summation convention is employed. If {e'’} is a different
basis for V, with dual basis {X’;}, then if ¢’ = M'e/ and X’; = N,/ X;
it follows from e'(X’;) = 6/; that

MikNjk = 6ij.
So if the transformation coefficients are arranged into matrices M and
N, the transpose of N is the inverse of M. If the components of T in
the basis labelled with a prime are
T s
i .

P 3

then
o , . i
Tk =T(X, Xy, oo, XL e e'))
= J fs P P TG -4
Mh .M N, ... N, Th o p

q

This is the classical expression for the change in the components of a
tensor induced by a change of basis. The contravariant components,
placed as superscripts, transform contragradiently to the covariant
components, placed as subscripts.

We may classify the symmetry of a mixed tensor according to the
behaviour under permutations of the vectors from V, and those from
V*: of course it makes no sense to talk of a symmetry that mixes these
spaces.

Since dual bases transform contragradiently we can define a contrac-
tion map that reduces both the contravariant and the covariant degrees
by one:

Ci: TH(V)—> TiZ1 (V)
T—— C\T
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Ith entry
CIT . =T X . i
T, s, eets,) Gy Xiy ooy, e, ey, 00l))
kth entry (1.5.1)

where {e'} is dual to {X,}.

Since the dual frames transform contragradiently the linearity of T
ensures that the definition of C! is basis independent. If, in some basis,
T has the components

T‘jl <o s
1.t
then the components of C4T are

Tiv-- - ey - s
[ TRt N TS e

where the ‘dummy’ index m is summed over. For the special case of
Te TY(V) the contraction C} maps T to the field F. In this case the
contraction map is sometimes called the trace of T, Tr T.

When V has a metric there is a canonical isomorphism ~, between V
and V*. Similarly we can use a metric on V to define a mapping
between tensors of different contravariant and covariant degrees. For
example, given a tensor Te T5(V) we can define an Se T3*}(V) as
follows:

. 1
S(X., ... X,_;e', ..., e, e
=T(Xy, .., Xee, &, Xy .o L X el oo el et L et
In a similar way we could associate with T a tensor in T3;}(V) or

more generally a tensor in T4(V) with p + g =r +s. We give an
example. Given T e T5(V) we define S € T)(V) by

S(W, Y, 0)=T(W, @, Y) VW,YeV* weV. (15.2)
If {e‘} and {x;} are dual bases for V and V* respectively such that
T =Tie®QX, S = S5ie®e/®X,

then writing W, Y and  in this basis gives
WYw,Sk= WY w,g%g, T,

Since this must hold for all W, Y and w

Sk = gikg, T?. (1.5.3)

Such expressions can be simplified by adopting a convention for
raising and lowering indices with the components of the metric, similar
to the case for vectors. However, such a procedure would be ambiguous
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with the tensor components arranged in the way we have them: it not
being clear, for example, where the upper index should be lowered to.
To enable a raising and lowering convention to be employed, from now
on we will order the upper indices relative to the lower ones. We can
always specify a tensor with the indices in a canonical order; the lower
indices occurring first. Components can then be raised and lowered with
the components of the metric, maintaining the ordering. Thus one
obtains an array of components not in canonical order, some super-
scripts occurring before subscripts. If we return to the example we were
considering, only this time stagger the components in the canonical
order,

T = T,jkei®ej®Xk S = S,‘jkei® €j®Xk
then the relationship (1.5.2) between § and T relates the components by

Sijk = qugpjTiqp'

This can now be compactly written as
S,‘jk = Tikj. (1.5.4)

There are a couple of points relating to this index convention that are
worth emphasising. The first is that a raising and lowering convention
need not be adopted at all: in which case there is no need to order the
upper indices relative to the lower ones. No inconsistencies would arise,
only relationships between tensors such as (1.5.2) would have the untidy
component form of (1.5.3). The second point concerns the ordering of
the basis. We have decided to work always with tensors formed with
products from V to the left. Nevertheless relationships such as (1.5.4)
involve components that are not indexed in the canonical order. As we
earlier remarked one could work with the larger class of tensors in
which the factors from V and V* occur in no definite order. In this case
one might adopt the convention that the basis is attached in the order in
which the components occur; an element from V going with a subscript
for example. Such a tensor would, however, as we have pointed out, be
naturally isomorphic to a tensor with the same components but with a
canonically ordered basis. Thus the adopted ordering of the basis is in
no real sense a restriction, and in particular we have the freedom to
employ the raising and lowering conventions that introduce the non-
canonically ordered components.

Sometimes we may speak, for example, of a degree two tensor being
symmetric and trace free. Such imprecise statements should be under-
stood to mean that T is a symmetric tensor in T9(V), and that S € T{(V)
is traceless, where

S(X, w) = T(X, @) VXeV* weV.
Equivalently, T(X’, X,) = 0, where X' = g'X;.
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2

Clifford Algebras and Spinors

In this chapter we present an account of Clifford algebras and spinors.
Taken with Appendix A it is fairly self-contained. Whereas in some
places we have explicitly referred to Appendix A we have often tacitly
assumed knowledge of something that is to be found there. Thus a
reader confronted with concepts or terminology that are unfamiliar
should consult Appendix A where (we hope) further details may be
found.

The Clifford algebra is constructed so as to facilitate a study of
orthogonal transformations. It leads to a systematic way of introducing
the spin groups (the covering groups of the orthogonal groups and
various subgroups) for arbitrary dimensions and signature. The irreduc-
ible representations of the Clifford algebra give rise to irreducible
representations of the spin groups: spinors. If the real vector space V
with bilinear form g is an orthogonal space then we wish to imbed V
and a copy of the real numbers as vector subspaces in the real
associative algebra C(V, g) in such a way that x? = g(x, x), VxeV.
The square of x denotes its product with itself in this algebra, and the
right-hand side is a real number which lies in the vector subspace of the
algebra spanned by the identity. If S is any invertible element of the
algebra and x’ = SxS~! then obviously x'2 = g(x, x). So if x’ is in V
we have an orthogonal transformation. Those elements § such that x’ is
in V form a group, the Clifford group. Obviously elements of the
Clifford group which differ by a multiple of the centre will produce the
same orthogonal transformation, so that the mapping from the Clifford
group to the orthogonal group is many-to-one. By suitably normalising
elements of the Clifford group we obtain a subgroup such that the
mapping into the orthogonal group is two-to-one, and we have a double
covering of the orthogonal group. Being able to write an orthogonal
transformation in terms of simultaneous multiplication from both sides
by an element of the Clifford group we are led to consider those
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transformations obtained by multiplying from one side only; the spin
transformations.

The Clifford algebra can be constructed as a quotient of the tensor
algebra. This is in close parallel with §1.3, where we considered the
exterior algebra as a quotient of the tensor algebra. Rather than
regarding elements of the Clifford algebra as equivalence classes in the
tensor algebra it is more convenient to work with representatives of
these classes. We show how we can choose these representatives to be
the exterior forms, the Clifford product being given in terms of the
exterior and interior products. In §2.2 we determine the structure of the
real Clifford algebras. These algebras are Z,-graded+, and we give the
structure of the even subalgebra in §2.3. In §2.4 we introduce the
Clifford group and show the relation of it and its subgroups to the
orthogonal group and its subgroups. After examining the irreducible
representations of the Clifford algebra and group, spinors, we move on
to spin-invariant products. At this point some readers will probably feel
the furthest removed from what they feel they want to know, and from
relevance to physics. However, such readers should be assured that this
section will enable them to determine all the spin-invariant products in
whichever dimension is currently in fashion, and, for example, whether
the charge conjugation matrix (defined in either of two ways) is
symmetric or antisymmetric. The reader with a trusting disposition may
be content to learn how to interpret the tables that summarise the
results. In §2.7 we consider the complexified Clifford algebras. Anyone
familiar with the y-matrices, which are usually assumed to be complex,
may wonder why we have postponed the complex case for so long.
However, aithough the y-matrices are usually assumed to be complex,
conjugate-linear operations, such as the Dirac adjoint, are considered as
well as complex-linear ones. Thus an underlying real structure is singled
out and so one way or another we need the results of the real case. The
account we have given is logically complete at the end of §2.7. It makes
no reference, however, to such things as Dirac spinors and charge
conjugation with which most physicists are familiar. Whilst not being
intended as a dictionary, §2.8 makes contact with the y-matrices and
physics vocabulary. We also mention the ‘two-component spinor formal-
ism’ for Lorentzian spinors.

Having outlined what we shall do, it is in order to state what is
omitted. There are two main restrictions we have imposed: we only
consider algebras over the real or complex field and we assume the
bilinear form is non-degenerate. The important topic of pure spinors has
been given a chapter of its own.

t Grading is discussed in Appendix A.



THE CLIFFORD ALGEBRA 23

2.1 The Clifford Algebra

We assume now that the vector space V has an F-valued non-
degenerate symmetric bilinear form, or metric, g. Let J be the ideal of
T(V) consisting of sums of terms of the form a®{x®x — g(x, x)}®b,
a, be T(V), xe V. Then the Clifford algebra associated with V is C(V,
g) defined by

C(V, g) = T(V)IJ. (2.1.1)

The product will be denoted  , satisfying [a] v [b] = [a®b]. The
ideal J is not a Z-graded subspace and so C(V, g) does not inherit a
Z-gradation. However, x®&x — g(x, x) is homogeneous with respect to
the induced Z,-gradation of T(V) making J a Z,-graded subspace. Thus
C(V, g) inherits a Z,-gradation. The ideal J is preserved by n, § and iy
and so all of these naturally induce operations (denoted by the same
symbol) in C(V, g). If x, y € V then

x®y = x5y +gx, y) + :{(x + )®(x +y) —glx +y,x +y)
- x®x + glx, x) — y®y + gy, »)}-
The term in brackets is in J and so
x®y ~x Ay + glx, y). (2.1.2)
More generally for w a p-form and x € V we have
xQw ~ x A+ i;w. (2.1.3)

Here X € V* is the metric dual of x, defined by X(y) = g(x,y),
VyeV. For w a 1-form (2.1.3) reduces to (2.1.2). We may prove its
general validity by induction. This will be closely analogous to the proof
of (1.3.7). Suppose that (2.1.3) is true for w of degree less than or equal
to p — 1, then it will be true for all p-forms if it holds for w the product
of p orthogonal 1-forms. As we showed in the proof of (1.3.7) it follows
from the definition of the exterior product that if x, y', i=1, ..., p
are in V then

1
XAY A - AYF

=1(p+1) [x®y!--7 + i(—l)’y’@(x,\yl-“ 4 "'P)) (2.1.4)

where y! 7 -7 = ylayZa ... AY AV A ... AYy?. Since
(2.1.3) is assumed true for w of degree p—1 or less
y’®(x,\y1" ?...p)~yr®(x®y1...?...p_i;yl...?,..p).

Use of (2.1.2) gives
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yr®(x/\yl.,.7...p)
~2g(yr,x)yl...7...p _x®yr®yl...?...p _yr®lxyl?p

Since the y' are assumed orthogonal we may use (2.1.3) for w a (p—1)
or (p—2)-form to show that

y’®(x/\yl"';"'p)
~2g(yr,x)y1...?...p _x®(yr/\yl...7.,.p)_yr/\i;yl...?...p'

We may pull the interior derivative to the front of the last term and use
yr/\ylu. F.o..p = (_1)r—1yl <P to prOdUCC
y’®(x,\y"" F ...p)

~g(y’,x)y“" F...p + (__1)rx®yl...p _ (_l)riiyl...p
SO

gl(_l)ryr®(x/\yl... 7 p)

P
— 2(_1)rg(yr, x)yl... F.o.o.p +px®y1...p _pijyl...p
r=1

~ px®y' P — (14p)igy! 7.

Returning to (2.1.4) shows that if (2.1.3) is true for w a g-form with
g < p — 1 then it is true for w a p-form. Thus (2.1.2) shows that indeed
(2.1.3) holds for all p-forms. Repeated use of (2.1.3) shows that an
arbitrary tensor product is equivalent to a sum of exterior forms, for
example

1@x2@x3 ~ x'®@{x? A x> + g(x?, x3)}
~xlax? ox? + glx?, xP)x® — g(x?}, x3)x? + g(x?, x*)xl.
In principle we could write down an explicit formula for the relation
between the class of a homogeneous tensor and classes of exterior
forms. However, it is generally sufficient to know that (2.1.3) deter-
mines such a relation and for practical purposes we shall be content with

(2.1.3) and the following other special case. If w is an arbitrary p-form
and x a 1-form then

O®x ~ x AW — ino. (2.1.9)

For w a 1-form this is certainly true since it reduces to (2.1.1). Again we
prove its general validity by induction. Suppose that (2.1.5) holds for w
of degree less than or equal to p, then

G A0)®x ~ (Y®w — i;0)®x by (2.1.3)
~y®(x Anw — i;nw) — X ANiz0 + im0 by (2.1.5).
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A second application of (2.1.3) gives
(Y A0)®x ~ y A (x Anw — i;nw) + ixnw — x Algnw — izine
+ X Alyno — iigne

where we have used niy = —iy7n. Dropping the terms that cancel and a
little rearranging gives

YAQ)®x ~x An(y aw) — iz0(y A ©)

and so if (2.1.5) holds for all w of degree less than or equal to p it also
holds for all (p+1)-forms. This completes the inductive proof of the
general validity of (2.1.5).

We have shown that the classes of a basis for the space of all exterior
forms provide a basis for C(V, g). There is thus a natural way of
introducing a product, ,, on the space of exterior forms that turns this
vector space into an algebra, C(V, g) say, where C(V, g) = C(V, g). If
a and o are exterior forms then the exterior form a v w is defined by

[a]y [0] = [a v ] (2.1.6)
Since [a] |, [w] = [¢®w] the equivalence in (2.1.3) gives for x a 1-form
Xyw=X,A0+ i0. 2.1.7)
Similarly (2.1.5) gives
Wy X =XAN0— 1,;N0. (2.1.8)

As we noted earlier, the associativity of the product together with
(2.1.7) completely determines , on arbitrary forms. Thus the vector
space of exterior forms together with the antisymmetrised tensor
product A is an exterior algebra, whereas the product , turns the same
vector space into a Clifford algebra. The products are related as in
(2.1.7).

By quotienting the tensor algebra in a particular way we have been
led to an algebra C(V, g) which satisfies the familiar relations

xvy+yvx=2g(x,y) Vx,yeV. (2.1.9)

It is because of this relation that the Clifford algebra is adapted to the
study of orthogonal transformations of V. We would like to know if
there are any other associative algebras, apart from the one we have
constructed, whose product satisfies the relation (2.1.9). Suppose that
C'(V, g) is an associative algebra with product » and that @ is a linear
mapping of V into a subspace of C'(V, g), V', which generates the
algebra, and that

P(x)a@(y) + @(y)ag(x) = 2g(x, y) Vx, yeV. (2.1.10)
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The right-hand side is understood to contain the identity in C'(V, g).
The mapping @ can be extended to a homomorphism ¢ from T(V) to
C'(V, g):

@:T(V) —> C'(V, g)

P(x®y) = @(x)a@(y). (2.1.11)

Since V' generates C'(V, g), ®[T(V)]=C'(V, g). It follows from
(2.1.10) and (2.1.11) that ®{x®x — g(x, x)} =0, and so ®(J) =0
where J is the ideal used to construct C(V, g). Thus if 7 is the mapping
of T(V) onto C(V, g) defined by 7a = [a] then ® = wom, where v is
some homomorphism from C(V, g) to C'(V, g). So the dimension of
C'(V, g) certainly cannot be greater than that of C(V, g), and if the
dimensions are the same then the algebras are isomorphic. Since the
kernel of v is an ideal of C(V, g) if the dimension of C'(V, g) is less
than that of C(V, g) it must be a (non-trivial) quotient of that algebra.
So the only possibility of a C'(V, g) which is not isomorphic to C(V, g)
arises if C(V, g) is not simple. Conversely, it readily follows that if
C(V, g) is not simple then any quotient satisfies the conditions assumed
for C'(V, g). Sometimes any algebra like C'(V, g) is called a Clifford
algebra, the algebra C(V, g) being termed the universal Clifford
algebra.

From now on, unless indicated otherwise, by Clifford algebra we shall
mean the algebra of the vector space of exterior forms with the product
given in (2.1.7), and shall reserve the notation C(V, g) for this algebra.
We shall also henceforth omit the symbol , , it being understood that
juxtapositioning of exterior forms denotes this product. Although the
Clifford algebra is not a Z-graded algebra the vector space of exterior
forms is a Z-graded vector space and it will be convenient to use the
decomposition into Z-homogeneous subspaces:

C(V,g) = %9’,, (C(V, g)) (2.1.12)

where n is the dimension of V and the projection operators &, project
out the homogeneous subspaces of p-forms. If A and B are
homogencous of degree p and g respectively then their Clifford product
will not in general be homogeneous; rather

AB = 9,,,(AB) + $p.g o(AB) + ... + F),_1(AB). (2.1.13)

This follows directly from (2.1.7) and (2.1.8). If @ and y are arbitrary
elements of the algebra then

Soloy) = 2 Fol@,¥,) (2.1.14)
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where @, = ¥,@ and (2.1.13) has been used. If g, denotes the metric
on p-forms induced from g, as introduced in the previous chapter, then
we may introduce a metric on inhomogeneous forms, G, by defining

G(p, ¥) = 2.8,(9,, v,) (2.1.15)

that is, G is diagonal in the homogeneous subspaces. This metric on
forms can be related to Clifford multiplication

G(p, ¥) = So(¢°y). (2.1.16)

From (2.1.14) the right-hand side is seen to be diagonal in the
homogeneous components of @ and 1 and so to verify (2.1.16) all we
need to check is that g,(@,, ¥,)= Sfo(q)f,wp). Since both sides are
linear in @, and v, it suffices to consider the case of @, and vy,
products of orthonormal 1-forms. If ¢, =a'a’... a”? and

Y, = b'b% . .. b” then from (2.1.7)
ffo((pg‘l[)p) = i&; C i;;' (blbz ... bP).
If the {a’} and {b‘} are subsets of an orthonormal basis then the

right-hand side is zero unless these sets are the same up to a relabelling.
Since

iz ...ig (a'a® ... a?) = g(a', a")g(a?, a?) ... g(a’, aP)

=gy(a'a® ... aP,a'a’® ... a)

we have verified (2.1.16).
One trivial result that is important for calculations is

Foley) = So(vp) (2.1.17)
as

Foloy) = 2 Fo(@,¥,) = 2 (18, (9, ¥,)

where [p/2] denotes the integer part of p/2, and the result follows from
the symmetry of 8p-

It will sometimes be useful to expand an arbitrary element of the
Clifford algebra in a G-orthonormal basis. If {e?} is a g-orthonormal
basis then {e“} is a G-orthonormal basis where the multi-index A takes
on all naturally ordered sequences of distinct indices. We use the
notation

612""’561/\62/\ Ae”:elez...ep.

If g(e?, e®) =75 and n, denotes the inverse matrix then we set
e, = nue’, giving e, an obvious meaning. Then Fy(e5e?) =6,2 where
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648 denotes the Kronecker function that takes the value zero, unless
the sequences A and B are the same in which case its value is one. If a
is any element of the Clifford algebra then we can expand in this basis

a =2 Polae,5)er. (2.1.18)

The Hodge dual of a form may also be related to Clifford multi-
plication. The definition of the Hodge dual, (1.4.5), of y,, *y,, is given
by @, A *Y, = g,(®,, Wp)*1 for all p-forms @,. Setting z = *1 (2.1.16)
enables this to be rewritten as @, o *y, = Lo(@5y,)z = Fo(@,¥;)z. It
immediately follows from (2.1.7) that &,(@,*y,) = @, A *wp and from
(2.1.13) that So(@,yE)z = S,(9,¥;). Thus F.(9,*y,) = ¥, (9,¥;2)
giving

Y = Yoz, (2.1.19)
Exercise 2.1
If {e*}, {X,} are any dual bases, e’(X,) = 6;, and a, B are any
exterior forms, derive the relations
1)le/2)
ayf= E ( )
)[p/z]

1 : . .
apf= 2 - (ix, - - - 1Xupr)”a)v(17,,, oo igB).

(WPix,, - - ix, @ A5 - i%H)

2.2 The Structure of the Real Clifford Algebras

In this section we take the field F to be the real numbers R. We shall
determine the structure of C(V, g) for all real symmetric non-
degenerate g. If g has a signature with p plus and ¢ minus signs, then
the structure of the Clifford algebra can only depend on p and q. We
shall anticipate this by setting C(V, g) = C, ,(B).

One thing we know about the Clifford algebras is their dimension.
Since we have identified the underlying vector space with the space of
exterior forms the dimension of C, , (R) is 2" where p + g = n. Given
a basis for V we can repeatedly use (2.1.7) to construct a multiplication
table for the Clifford algebras, and in this sense we know its structure
completely. What we would like to do is to relate the Clifford algebra to
other ‘standard’ algebras. In particular we have already seen that if
C, ,(B) is not simple then we can construct a smaller algebra that
satisfies the relation (2.1.9). Some low-dimensional examples will clarify
how (2.1.7) is used in practice. It will also transpire that we can relate
any Clifford algebra to a number of low-dimensional Clifford algebras.
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We will denote an orthonormal basis for V by {e‘, fi} fori=1, ...,
p.i=1,..., q where g(e’, e') = —g(f, f') = 1. It will be convenient
tOSCt2=€lA€2/\ .‘.ePAflA qu.

The two-dimensional algebra C, ;(B) has as basis {1, f} where
f? = —1. It is thus isomorphic to the algebra of complex numbers,

Co.1(R) = C(R). 2.2.1)

A basis for C; o(R) is {1, e}, and this algebra might not be so
immediately recognisable. If P, =i(1+e) and P, =1(1—¢) then
{P,, P,} is obviously a new basis. The multiplication table is given in
table 2.1. Thus P, and P, each span mutually orthogonal one-
dimensional subalgebras, each of which is isomorphic to the field R, so
that

C, o(R) ~ R®R. (2.2.2)
Table 2.1
P, P,
P, P, 0
P2 O PZ

Rather than simply determine the structure of C, ;(R) we shall take
this opportunity to demonstrate some general features of associative
algebras. A basis is {1, e, f, z} where z=e 5 f = ef since e and f are
orthogonal. The multiplication table is readily completed (see table 2.2).
(For example, ez = eef = f since e is of unit norm.)

Table 2.2
1 e f z
1 1 e f z
e e 1 z f
f f -z -1 e
z z -f —-e 1

It is straightforward to see that the identity spans the centre. An
immediate consequence of this is that C; ;(R) is not reducible. More
generally, all C, ,(R) have an identity. If the algebra were reducible
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then the identity would be the sum of the identities in the component
algebras. The identities of the component algebras must all lie in the
centre, so if an algebra with a unit element is reducible then the identity
can be written as a sum of pairwise orthogonal central idempotents.
Conversely if the centre of an algebra contains a set of mutually
orthogonal idempotents then the algebra is reducible. Thus either
C..:(R) has a radical or it is simple. The multiplication table enables the
two-dimensional Clifford algebras we have already encountered to be
recognised as subalgebras. Both {1, ¢} and {1, 2} span subalgebras
isomorphic to R®R, whereas the algebra spanned by {1, f} is isomor-
phic to C(R). We can use the pair of orthogonal idempotents in one of
the R®R subalgebras to write C;;(R) as a sum of two left ideals. For
example, if P, = 1(1+z), P, =;(1 - z) then C,(R)=C (B)P, +
C.,,(R)P;. Since fP, =eP, and zP, = P, a basis for the left ideal
C,i(R)P, is {P;, eP,}. Similarly a basis for C, ;(R)P, is {P,, eP,}. It
is instructive to look at the multiplication table for the algebra in this
basis (see table 2.3).

Table 2.3
Pl eP1 Pz ePZ
Pl P1 0 0 eP:)_
eP eP, 0 0 P,
PZ 0 eP1 PZ 0
ePZ 0 Pl ePZ 0

The left ideals C;;(R)P, and C,;(R)P, are both minimal; they
contain no smaller left ideals. So P, and P, are primitivet idempotents,
for if P, = P+ Q where P and Q are orthogonal idempotents then
Ci(R)P, =C(R)P + C,;(R)Q. The sum must be a direct vector
space sum. For suppose that bP = ¢Q for some b and c. Then since P
is idempotent bP = bPP, but bPP = cQP =0 since 0 and P are
orthogonal. Thus b =c¢ =0. So if P; were not primitive C ,(R)P,
would be a sum of two smaller left ideals. Could C,; ,(R) contain any
two-sided ideals? Suppose I is a two-sided ideal and that a €. We can
write a=a; +a, where a;€eC, (BR) P;, a,eC,,(R)P,. Now
C (R)a; is a left ideal which is contained in the left ideal C, (R)P,
since a; is. But this left ideal is minimal and so C,;(R)a; = CP;.
Thus if a; # 0 there is a b such that ba, = P, and so ba = P, + ba,

+ The notion of ‘primitive idempotents’ is discussed in (Al11)-(A19) of App-
endix A.
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and baP; = P,, which shows that P, must be in I since a is. Similarly,
there exists a ¢ such that caP, = eP,, which must be in I. But from the
multiplication table we see that right multiplying P, and eP, by eP,
generates the remainder of the basis for the whole algebra.

The situation is the same if we assume that a, # 0. Thus the only
ideals are the zero ideal and the algebra itself which is thus simple.
Wedderburn’s structure theorem, together with Frobenius’s theorem on
real division algebras, shows that the only simple four-dimensional
associative algebras over the reals are the total matrix algebra M,(R)
and the quaternions, H(R). The quaternion algebra is a division algebra
whose only idempotent is the identity and so we must have

C..1(B) = My(R). (2.2.3)

Of course we could have obtained this result directly, for if {e;}, i,
j =1, 2 is an ordinary matrix basis for M,(R) then a set of generators is
{e, f} where e¢ =€, + €;, f=e,, —e,. These generators anticom-
mute and satisfy e? = —f2 = 1.

A basis for Cy,(R) is {1, f!, f?, z} and the multiplication table is
given in table 2.4. This may be recognised as the multiplication table of
the standard basis for the quaternion algebra by relabelling f!' =i,
ff=j,z=k:

CO‘Z(]R) = H(R). (2.2.4)
Table 2.4
1 1 f? z
1 1 11 f? z
fl fl _1 z _fZ
I r ~z -1 f
z z f? —f1 -1

Co3(B) is generated by an orthonormal basis for V, {f', f2, f3}.
Since z = f1f%f3 it will commute with these generators, and hence must
lie in the centre. Furthermore, z?=1 and so P, =
11+ z), P,=1(1-2) are a pair of orthogonal idempotents in the
centre. Thus C,;(R) is reducible, Co3(R) = Cy;3(R)P,;@C(1(R)P,. A
basis for Co3(R) is {1, f'. f2, f3, f'f% fif3, f3f', z} and since
2Py =Py, fIf*P, = =[Py, f}f’P, = —f'P, ff'P, = —f*P, a basis
for Co3(R)P, is {P,, f'P, f*P,, f3P,}. The resulting multiplication
table is given in table 2.5. The identity in this algebra is P,. Again we
have the quaternion algebra with a standard basis {P,, f'P,, f*P,,
~f?P,}. The mapping 7 is an automorphism of Co3(R), but maps one
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component algebra into the other since nz = —z. It thus establishes an
isomorphism between these component algebras and so
Cy.3(R) = HR)® H(R). (2.2.5)
Table 2.5
P, fiP, P PP
P, Py 1P, f*P P,
IR flPl =P, —f*P, f2P1
P 2P P, ~-P, =P
f3P1 f3P1 —fZPl flPl -P,

It is unlikely that we will recognise the sixteen-dimensional algebra
Cy+(R) by writing out the multiplication table. An orthonormal basis for
V {f', f% f3, f*} generates the algebra. These generators mutually
anticommute and square to minus one. If we can find a new set of
generators that splits into two mutually commuting subsets then these
subsets will generate mutually commuting subalgebras. If the product of
the dimensions of these subalgebras is the dimension of C,4(R) then we
can express that algebra as the tensor product of these subalgebras.
Such a set is provided by {f', z, f3f3, f3f*}. The first two elements
certainly commute with the last two but we need to verify that they do
indeed generate the algebra. We do this by checking that we can
recover the original generators by forming sums of products of this new
set. In fact, flzf2f3 = f* flzf3f* = f2? and so flzf3f*f*f> = —f3 and,
indeed, we have a new set of generators. The generators {f!, z}
mutually anticommute satisfying z2 = —(f!)2 = 1. They therefore gener-
ate an algebra isomorphic to C, ;(R), that is M,(R). The anticommuting
pair {f2f3,f3f*} both square to minus one, and so they generate the
quaternion algebra. (In the standard basis we may choose {i, j} as
generators.) Both M,(R) and H(R) are four dimensional and so we
have

Cou(R) = HR) ®M,(R). (2.2.6)

Of course, in a similar way, we could have quickly identified the
structure of the algebras previously considered.

It has been anticipated that a knowledge of some low-dimensional
Clifford algebras will enable the structure of an arbitrary Clifford
algebra to be determined. In fact, given that we know the structure of
C,.,(R), C,o(R) and C,(R) for g =1, 2, 3, 4 the following determine
the structure of all the real Clifford algebras:

Cperg(®) = Cpu, (R) (22.7)
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Cpoirgn(B) =C, (R®C,,(R) (2.2.8)
C,. 4+a(R) = C, ,(R)®C,4(R). (2.2.9)

Before demonstrating the truth of the above assertion we have to prove
these relations. This will be done by choosing suitable generators. A set
of generators for C,,, ,(B) is provided by an orthonormal basis for V,
{ef, fi} for i=1, ..., p+1, j=1, ..., q. Alternatively, we could
generate the algebra with {ef*!, eP*le!, eP*1fi} =1, ..., p, j=1,

.., q. This follows since we can easily recover the original generators
from products of this set. The new generators are mutually anticommut-
ing and for i=1, ..., p, (ertle)2 = eptleiertlei =
—(er*1)2(e')? = —1, similarly (e?*'f/)2 = 1. So we have a set of mutual-
ly anticommuting generators, g + 1 of which square to plus one and p
of which square to minus one and so (2.2.7) indeed holds.

C,14+1(R) is generated by {er*!, e, fatl fi} for i=1, ..., p,
j=1, ..., q. A new set of generators are {er*l, fitl ep+lfa+lel
ePHIfarIfiy with i=1, ..., p, j=1, ..., q. (Although the notation
assumes p =1 and g =1 the argument obviously goes through with
p =0or g =0.) We have only to verify that the original generators are
recovered by products of the new set to be sure that they are indeed
generators. The first pair of mutually anticommuting generators com-
mute with the second mutually anticommuting pair. Fori=1,.. ., p

(ep+lfq+lei)2 — ep+1fq+leiep+lfq+lei = (ep+1)2fq+leifq+lei
— _(ep+1)2(f‘q+l)2(ei)2 — (ei)z =1.
Similarly (e?*!f¢*1f/)2 = —1. Thus the second pair of the set generate
C,. ;(B), whereas the first pair obviously generate C, ;(R). The product
of the dimensions of these mutually commuting subalgebras is indeed
the dimension of C,,, ,.(R) and we have proved (2.2.8).

The proof of (2.2.9) proceeds in the same spirit. An orthonormal
basis for V provides a set of mutually anticommuting generators for
C,. ;,+4(R). We partition the generators into two subsets, and form new
generators out of the first subset and the elements of the second subset
multiplied by the product of all the elements in the first set. If the first

set is of even dimension, we will then have two mutually commuting
subsets of generators. That is, we replace the generators

{e’, fI, fa+l, fav2 fa+3  fa+4) i=1,...,.p;j=1,...,¢q
with the set
{Zel, 2f), fa*1, far2 fa*3 fa+dy i=1,...,p;j=1,...,¢4
where 2 = fu*ifat2fa+3fa+s Then £fi*! = —fi*12 for example, and the

last four generators commute with the first p + ¢q. Since fe' = e¢'Z,
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2fi=fizfori=1,...,p,j=1,..., g and 2? =1 we have C, ,(R)
and C(,(R) as mutually commuting subalgebras. The dimensions of the
algebras are such that we have proved (2.2.9). Of course we could
equally well have shown that C ., ,(R) = C, ,(R)®C, o(BR).

The low-dimensional examples and periodicity relations we have given
have been judiciously chosen to enable the structure of an arbitrary
Clifford algebra to be determined. We show first how the structure of
C,,(B) can be determined assuming g > p. Repeated use of (2.2.8)
gives

C, ,B) =Cy,,(B)®C, ;(R® ... ®C, (B).

~

p terms
If we set ¢ —p = 44 + u with u < 4 then use of (2.2.9) shows that
Cp,q(]R) = Co‘#(]R) ® CO, 4(]R)® SR C0‘4(]F})®C1’ 1(]R)® - ®C1. I(B)

A terms p terms

Since we know the structure of all the C, ,(B) for u <4, we have
expressed C, ,(BR) as a tensor product of factors of known structure.
Now we do the same thing assuming that p < g; by (2.2.8)

C, ,B)=C,_, ((R)®C, (B)® o ®C, (R).

q terms
Now we use (2.2.7) for the first time:
Cp.q(]R) = Cl,p—q—l(B)®C1.1(]R) ... Cy1(B).

v

q terms

If p— g =1 or 2 then there is nothing left to do, and in the former
case we will need our knowledge of the structure of C; ((R). If not then
one more application of (2.2.8) gives

Cp,q(IR) = CO.p—q—Z(IB)®CI, 1(IB)® PR ®C1' 1(IR)

qg+1 terms
If weset p — g — 2 =4 + B, with § < 4 then (2.2.9) produces
C,. o(B) = Cq s(R)®C, ((B)® ... ®C, ((B)BC, |(R)® ... OC, (R)

« terms g+1 terms

Again we have expressed the algebra in terms of products of algebras
whose structures are known. So what are the possibilities for C, ,(R)?
Since C; (B) = M,(B) and M, (B)®M,(R) = M, (R), repeated tensor
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products of C, (R) are isomorphic to a total matrix algebra. We have
seen that C; 4(BR) = H(R)®M,(R), and since H(R)®H(R) = M,(R)
the tensor product of Cy 4(R) an even number of times is isomorphic to
a total matrix algebra, whereas an odd number of products produces the
product of the quaternions and a total matrix algebra. So any Clifford
algebra is either isomorphic to a total matrix algebra or isomorphic to
the tensor product of C, g(R), B < 4, with either a total matrix algebra,
or the tensor product of the quaternions and a total matrix algebra. In
the former case equations (2.2.1), (2.2.4) and (2.2.5) show that

C, ,(R) = A(R)®M,(R) (2.2.10)

where d = C, H or H®H, and r*dim«d = 27*9, Since C(R)®@ H(R) =
C(R)®M,(R), and as we have already noted H(R)® H(R) = M,(R) the
second case would lead to (2.2.10) with ¢ = C, R or B + R. So any
real Clifford algebra can be expressed as in (2.2.10) with & = R, C, H,
R®R or H®H. Since we know the dimension of the real Clifford
algebras their structure is characterised by the algebra «{. The possibili-
ties for ¢ show that the real Clifford algebras are either simple or
semi-simple, in the latter case being the direct sum of two isomorphic
simple components. Obviously the values of p and g determine «, in
fact from (2.2.8) it can be seen that & is determined by p — g. Two
applications of (2.2.9) give

C, g+s8(B) = C, . 4(R)®Cy 4(R) = C, ,(R)BC, «(R)®C, (R)
= C, ,(R)®HR)®MyBR)QH(R)QMA(R) (by (2.2.6))

thus C, ,.s(R) = M(R)®C, (R). So in fact s is determined by
p — q mod 8. The low-dimensional algebras given in equations (2.2.1) to
(2.2.6) provide examples of p — g mod8 being 7, 1, 0, 6, 5 and 4. So all
that is missing is p — ¢ mod8 equal to 2 and 3. From (2.2.7) we have
C; o(R) = C, 1(R) = M,(R) and C; o(R) = C, »(R), and so by (2.2.8),
C; o(R) =C, ,(R)®C, ,(R) = M,(R)®C(R). We now have the struc-
ture of all the Clifford algebras, namely C, ,(B) = {®M where o is
given in table 2.6. Some of this table is easy to understand and
remember. If p + g is even, then C, ,(BR) is central simple, whereas for
P + q odd the centre is spanned by the identity and z. If z2 = —1 then
the centre must be C, and this will be the case if p — ¢ mod8 is 3 or 7.
If z2=1 then the centre is isomorphic to R®R and the algebra is
reducible. It can be checked that z2 =1 for p — ¢ mod8 equal to 1 or
5. The involution & will induce an involution on the components of one
of the reducible algebras if and only if z¥f = 2. The only reducible
Clifford algebras occur when V has odd dimension and in that case
z¥ = —z% and so either £ or &n induce an involution on the simple
components.
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Table 2.6

dETAaD | &

T o
x o

Of paramount physical importance is the algebra C; ;(R). From
table 2.6 we see that C; ;(R) = M,(R) and so the algebra admits an
ordinary matrix basis {e;} with i, j=1, ..., 4. It is instructive to
construct such a basis. This construction provides a concrete example of
Wedderburn’s structure theorem for simple algebras. The identity is of
rank four and first we seek a set of four pairwise orthogonal primitive
idempotents. We seek an a4 and b which commute and square to one,
for then taking all sign choices the set {}(1 = a)i(1 = b)} consists of
pairwise orthogonal idempotents. For example, if {e*}, a =0, 1, 2, 3 is

an orthonormal coframe with (e°)? = —1 we choose a = e', b = ¢%2 and
set
P, =11+ e)(1 + %)
P,=11+ eH)(1 —
2= ) (2.2.11)

Py= 11— el + %)
Py=1(1 - eI — %)
where ¢%? = e? 5 2. These four primitives are all similar, for example
e’Py(e’)™! = P,
e'Pie’) =P, (2.2.12)
e3P (e"¥)! = P,.

Thus, €°P,C P,C; ,(R)P,, e’P,C P,C; (R)P, and €°P,C
P,C; (B)P, and we set

e, =P
621 = eO3P1

(2.2.13)
€3 = e3P1

€4y = eOP1.
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If the {e;} forj =1, ..., 4 are given by
e, = P,
e, = (e”)7'P,
e;; = (e)7'P;
e, =(e)7'P,

then ell C P1C3' l(B)P] and el!ell = Pl' If now e,! = e,»lelj then the
e; do indeed form an ordinary matrix basis. The resulting e, are
tabulated in table 2.7.

(2.2.14)

Table 2.7
€
l
Pl e03P2 e3P3 —e0P4
el3P, P, eVPy —e3P,
e3P, —e'pP, P, e3P,
eOP1 —e3P2 803P3 P4

Any element of C; (R) can be expanded in this basis. In particular,
the orthonormal 1-forms can be written as

el =D 7,8y (2.2.15)
()

where the arrays of components form a real representation (or Majo-
rana representation) of the familiar Dirac y-matrices. In principle we
can determine these components from the formula

Y = Zekieaejk
k
but it is here easier to proceed by inspection. From (2.2.11)

el=P1+P2‘P3_P4

so if the components y; are arranged as a matrix:

10 0 0
n_f01 0 o
@) =100 -1 o

00 0 -1

and again from (2.2.11)
802=P1+P3—P2—P4
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$O
e? = —e'P, — e'P; + e"'P, + €'P,
=€, —€x —e;x —ey
similarly
e’ = —e?P, — e’P; + €’P, + €?P,
= —e202P| — ¢2¢02P, _ ¢2¢02P, — ¢2002p,
= ¢'P, + P, + €°P, + ¢P,
=€y T €y —e;— ey

Thus we have

0 0 0 -1

W | 0 0 -1 0

(/i/‘)_ 0 —1 0 0

-1 0 0 0

0O 0 0 -1

ow |0 0 1 0
(}’i/‘) - O 1 O O -

1 0 0 0

Writing e = ¢3(P, + P, + Py + P,) gives

e’=e; —epte;—ey

and hence
0 0 1 0
@ =11 0 o o
0 -1 0 0

Since the algebra C, |(R) is central simple, the transposition can be
related to the involution & by an inner automorphism, namely

a’ = C la’C VaeC; (B) (2.2.16)

where C can be chosen such that C*¥= £C. The choice of a C in
(2.2.16) is determined up to a multiple of the centre, and so we have no
choice in the symmetry of C under & For the basis given in table 2.7 we
may take C = e'e2e?, and have C5¥ = —C. Since e, ¢? and ¢? commute
with C their components will form symmetric matrices (as we have
already seen). The components of C are related to the charge conjuga-
tion matrix: exactly how will be seen in §2.8.

In the above example of C; |(B) the Clifford algebra was isomorphic
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to a total matrix algebra, generated by a real set of Dirac y-matrices. As
a less familiar example we now consider C,,(R) = H®i,(R).
(Although many physicists will be used to working with y-matrices that
satisfy the anticommutation relations with a positive-definite metric such
matrices are always complex, generating the complexified Clifford
algebra. This complexified algebra will be discussed in §2.7.) As usual z
denotes the volume 4-form with here z2 = 1. Thus a pair of orthogonal
primitive idempotents is given by P, = }(1 + z), P, = }(1 — z). Since
P, = e' P e! we may choose a basis for M,(R) as follows:

erj —
‘L Pl €1P2
e'P, P,

{P,, e?*P,, e**P,, e?*P,} is a basis for P,C, o(R)P,. This is a
canonical basis for the quaternion algebra. Replacing P, with P, gives a
basis for P,C, o(R)P,. Thus, a quaternion subalgebra of C, (R) that
commutes with all the e is spanned by {1, e?, ¥, ¢?4}.

2.3 The Even Subalgebra

The Z,-gradation of the Clifford algebra ensures that elements of even
degree form a subalgebra, C, (R). That is, ae C, (R) if and only if
na = a. Since V generates the Clifford algebra the 2-forms must
generate the even subalgebra. However, a basis for 2-forms provides a
set of generators with redundant elements, that is, a subset will generate
the even subalgebra. If {e’, f/} fori=1, ..., p+1,j=1,..., q are
an orthonormal basis with (e')? = —(f/)?> = 1 then a set of generators,
with no redundant members, for C;,, (R) is {e#*'e’, eP*!f/} for i =1,
..o p,j=1,..., q. Since, for example, e?*lee?*lel = —e'el we see
that products of this set produce a basis for 2-forms and so the set
generates C,,, (R). It is not hard to see that there are no redundant
generators. These generators are mutually anticommuting with
(eP*le’)? = —1 and (e?*'f/)? =1 thus

Ciuio(B) = C, ,(R). (23.1)

So if C, ,(B)=«A®M, and C; (R)=BR®M, the algebra B is
obtained by relabelling table 2.6. Since dimC; (R) = }dimC, ,(R) it
follows that r'?dim% = 2"! (see table 2.8). Whereas more than one
value of p — ¢ mod8 can give rise to the same & or & no combination
of o and % is repeated in table 2.8.

An important example of the even subalgebra is provided by C; (R).
From table 2.8 we see that this algebra is isomorphic to the algebra of
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Table 2.8

p—q mod8 A B
0 R R®R
1 R®R R
2 R C
3 C H
4 H H®H
5 H®H H
6 H C
7 C R

complex matrices of order two. The centre of the algebra, which is
isomorphic to C, is spanned by {1, z} where, as usual, z = ele?e’e’.
The involution & leaves z invariant and so induces an involution on
C;(R) which is similar to transposition. That is, if {€,5}, @, =1,2 s
an ordinary matrix basis and the involution over C, ¢, is defined by

£48' = &g, then there is a ¢ € C3,(R) such that
a' = clac VaeCi(R) (2.3.2)

with ¢¥ = +c¢. The element c is determined up to a multiple of the
centre and so we can have only one of these signs. In fact it must be the
minus sign since elements are invariant under § if and only if they are in
the centre, so ¢ must be a 2-form. Thus, although similar, ¢ and &
cannot be equivalent since ¢® = —c. Equation (2.3.2) may be naturally
extended to define ¢ on the whole of C; ;(R).

If j is any odd regular element of C;,(R) then the involution $
defined by

a? = ja%j! VaeC; (R) (2.3.3)

will induce an involution in C3,(R). Since z# = —z this involution must
be similar to Hermitian conjugation in C3,(R). That is, if * is the
involution over R in Cj,(R) defined by &,5 = &4, then there is a
b € C5(R) such that

a* = b-la'b VaeCi(R) (2.3.4)

where b' = £b. Since b is only determined up to an element of the
centre, which is €, we can have either sign. This equation is naturally
extended to define " on C;;(R). Equations (2.3.2) to (2.3.4) show that
transposition and Hermitian conjugation in C;,(R) differ by an inner
automorphism of C;;(B). This automorphism is not an inner auto-
morphism of C3;(R). We have

a' = va'v! (2.3.9)
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where v = bjc. The inner automorphism of C; (R), a —» vav!, in-
duces the involutary outer automorphism # on Cj (R), where #
complex conjugates the matrix components in the basis {€,5}. It in fact
follows that we can find a unit-norm 1-form x such that

a* = xax VaeCi(R) and xc = cx (2.3.6)

for an appropriate choice of ¢ in (2.3.2). For we know that a* = vav ™!
for some odd v, and since #2 =1, v? lies in the centre of C3,(R).
Suppose that v =y + wz for the 1forms y and w. Then
vP=y + wi+ (yw —wy)z=y2+ w2+ 2(y aw)z. The first two
terms are O-forms, whilst the last is a 2-form, and so for w # 0 we must
have y = Aw, Le B. Thus v = (A — z)w, and since A — z is in the centre
of the even subalgebra a* = waw ™! for all even a. Now »? # 0 and so
w? # 0, so we have a* = xax~! where x = w/(|w?|)'?, giving x2 = £1.
Since £,5* = £,5, X must commute with the matrix basis, giving
i;€,5 = 0. Thus the £,5 must lie in the even subalgebra of the orthogon-
al complement to x, whereas C;,(R) = M,(R), C;o(R) = H and so we
must have x2=1. We can choose the ¢ of (2.3.2) to lie in the
subalgebra C;(R) and then xc = cx. We give an explicit example.

A basis for C3,(R) is {1, €, €92, €93, e!?, €23, 3!, 2z}, where we
use the previously introduced notation. In exactly the same way as we
constructed a matrix basis for C; ;(R), we can construct the matrix basis
given in table2.9 for Cj,(B) where Py =1i(1+¢€°) and P; =
3(1 — €%2). This matrix basis spans the even subalgebra associated with
the vector space spanned by {e, e?, e*}. We may choose the ¢ of
equation (2.3.2) to be e?3. The 1-form e! commutes with the matrix
basis and squares to one, and we may choose it to be the x of equation
(2.3.6). This element can be used together with the primitives in the
even subalgebra to form primitives in the full algebra. For example, if
P =3;01+x)P{, P,=31+x)P;, P;=i1-x)P; and P,=
3(1 — x)P; then we have a set of pairwise orthogonal primitives of
C; |(R). These are the primitives used to construct the matrix basis
given in table 2.7. Notice that the involution that corresponded to
transposition in that matrix basis induces Hermitian conjugation in the
basis for the even subalgebra given here.

Table 2.9

gaﬁ e

l

Pt e pP;
PLES :
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2.4 The Clifford Group

Those regular (that is, invertible) elements, s, such that
sxsleV VxeV (2.4.1)

form the Clifford group, I'. It is straightforward to see that they do
indeed form a group. The vector representation of I', x, maps I into the
group of automorphisms of the Clifford algebra:

x: I —> Aut C, ,(R)

s —> x(s) where x(s)x = sxs™!.  (2.4.2)
Since

28(x(s)x, x(s)y) = sxs7lsys™! + syslsxs ™! = 2g(x, y)

x clearly maps the Clifford group into the orthogonal group. If # is the
dimension of V then the range of x depends on ». If n is even then

xI) =0O(p, q) (2.4.3a)
whereas for n odd

x(T) = SO(p, q). (2.4.3b)

Let o be any orthogonal transformation on V. Then since V generates
the Clifford algebra, o extends uniquely to an automorphism of the
algebra, that is, we define o(xx, ... x;) =0ox,0x; ... ox,. If nis
even then the Clifford algebra is central simple and all automorphisms
are inner, so in this case y(I') = O(p, g). If n is odd then the centre is
spanned by {1, z}, the identity and the volume n-form. Clearly, any
orthogonal automorphism that does not leave the volume n-form
invariant cannot be inner. However, any automorphism that does leave
the centre invariant is inner. For if C, ,(R) is simple all automorphisms
over the centre are inner. If C, ,(R) is not simple then it is the sum of
two central simple components

Cp.q(B) = Cp,q(B)Pl®Cp. q(B)PZ

where {P,, P,} are orthogonal idempotents that span the centre. If o is
an orthogonal automorphism that leaves the centre invariant then it
induces an automorphism on the simple components, and this must be
an inner automorphism of the component algebras. That is, for any a,
o(aP;) = S;(aP;)S;" where §;S7' = P;, the identity in C, ,(R)P;, i = 1,
2. If §=85,+5, then $"'=87"+ 85!, for $§7'=5,8{'+ 5,55
since §,5;'= §,87'=0and P, + P, = 1. Now

oa = o(aP,) + o(aP,) = §,aP,S;' + 5,aP,53!
= (Sl + Sz)(apl + aPQ)(Sl + Sz = SaS_l.



THE CLIFFORD GROUP 43

We have shown that for n odd any orthogonal automorphism that leaves
the volume n-form invariant is inner, that is, x(I') = SO(p, ¢q).

Obviously the Clifford algebra does not transform irreducibly under
the vector representation of I', the Z-homogeneous subspaces being
preserved. In fact these spaces of p-forms carry irreducible representa-
tions.

It will be convenient to be able to express any element of the Clifford
group in a standard form. To do this we firstly show how any element of
the orthogonal group can be written in a standard form, as the product
of reflections. Let y be a non-null (non-isotropic) vector with g(y, y) =
a, a # 0. Then the reflection of x in the plane orthogonal to y is given
by

Sx =x—2a""g(x, y)y VxeV. (2.4.9)
If we write
g(x, y)
=220y 4
x p ytr
where r is orthogonal to y then
g(x, y)
S,x =r— v

so S, indeed corresponds to the usual notion of a reflection. It is readily
verified that reflections are orthogonal transformations, for

8(Syx, S,x) = g(x, x) + 4a7%g(x, y)’g(y, y) — 4a~'g(x, y)g(x, y)
= g(x, x).
The following theorem has already been anticipated.
Any orthogonal transformation of a finite-dimensional vector

space with non-degenerate bilinear form is expressible as the
product of a finite number of reflections. (2.4.5)

The truth of this statement will be proved by induction on the
dimension of the vector space V. Note firstly that any two vectors of the
same non-zero length can be related by at most two reflections. For if
g(x, x) = g(y, y) # 0 and x — y is not null then

28(x, x — y) (
gx —y, x —y)
_ 2[g(x, x) — g(x, y)] (

[8(x, x) + g(y, ¥) — 28(x. y)]
x —(x—y) if g(x, x) = g(y, y)

=y.

Sepx = x - - )

-y)
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If x — y is null then x + y cannot be since x and y are not. Then

2e(x, x +y)
gx +y, x+y)
and so §,5,,,x= -8,y =y. Suppose now that (2.4.5) is true for
n-dimensional orthogonal spaces and that V is of dimension n + 1. If y
is any non-null vector then its conjugate space (the space of all vectors
orthogonal to y) is an n-dimensional orthogonal space (since g is
non-degenerate). Furthermore, since y is non-null the restriction of the
non-degenerate g to its conjugate is also non-degenerate. If o is any
orthogonal transformation of V then, since it has the same length as y,
oy can be transformed into y by the product of at most two reflections.
That is, there exists a u which is a product of reflections such that
uoy = y. Since uo leaves y invariant it must transform the conjugate
space into itself, that is it is an orthogonal transformation on this
n-dimensional orthogonal space. By hypothesis then uo = v, where v is
a product of reflections and so ¢ = u~'v which is also a product of
reflections. For n = 1 relation (2.4.5) is obviously true and so we have
proved its general validity.

As a step towards writing an arbitrary element of the Clifford group
in a standard form we observe the following.

SeayX = X — (x+y)=-y

If xe Vand g(x, x) # 0 then x eI and y(x) = 1S§,. (2.4.6)

It is sufficient to show that y(x)y = =S8,y for y € V since V generates
the algebra. We have

x(x)y = xyx~! = {2g(x, y) — yx}x7t = —y + 2¢(x, y)x7!
and since x? = g(x, x) # 0 then
_ x - 2g(x, y)
x7 ' = and xyx ! = ~y + === x = —§ y.
5(x, %) ¢ Y (e x) ¢

Together (2.4.5) and (2.4.6) give a canonical form for any element of
the Clifford group.

If sel then s = Ax’ . .. x* where A is in the centre and the
x' are non-isotropic vectors in V. (2.4.7)

Suppose firstly that n is odd, and so if s eI, x(s) e SO(p, g). Since
detS, = —1 (as is readily seen in a basis consisting of x and vectors
from its orthogonal complement) it follows that y(x) can be written as
an even number of reflections. If then x(s) = S, ... S, with A even,
then y(s) = x(x! ... x"). The kernel of the vector representation is
obviously the centre and so (2.4.7) follows. If n is even then 5 = y(z)
where z is the volume n-form and S, = y(zx). Since zx is a product of
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n — 1 non-isotropic vectors it follows that for any s e T, x(s) = y(x! ...
x"), where h need not now be even, and so (2.4.7) again follows.

If n is even then the Clifford algebra is central simple and so in this
case eclements of the Clifford group are even or odd. If T*.is the
subgroup of I' consisting of all elements that are either even or odd,
then for n odd T'* is a non-trivial subgroup. When n is odd the vector
representation maps the Clifford group onto the special orthogonal
group and not the whole orthogonal group. The twisted vector repre-
sentation is introduced to map I'* onto O(p, ¢) for n odd as well as
even:

@:I'* — AutC, ,(B)

s —> @(s) where @(s)x = sxs ™! forxeV. (2.4.8)

Notice that (2.4.8) gives the action of ¢(s) on elements of V by Clifford
multiplication, and since V generates the algebra the action on the
whole algebra is defined:

o(I'*) = O(p, 9). (2.4.9)

If x is a regular element of V then xeI'* and for ye V ¢(x)y =
—x(x)y = S,y. Thus (2.4.9) foliows from (2.4.5).

If nis even then T* =T and if s7 = s then ¢@(s) = x(s). If s7"= —s5
then @(s)x = —sxs~1 = szxz7's~! = y(sz)x. The kernel of @ is the
multiplicative group of non-zero real numbers, R*. For if s"xs™! = x
VxeV and s is written in terms of even and odd parts as s = s, + 5_
we have s . x = xs, and xs_ + s_x =0 Vxe V. The condition on the
odd part of s is i;s_ = 0 for all x and so s_ = 0. Thus s is in the even
part of the centre which is R*. (Sometimes the Clifford group is defined
differently. It is defined to be the group G consisting of all regular s
such that s"xs ' e V, Vx e V. It follows that G = I'*.)

The even elements in the Clifford group form a subgroup I'*. In this
case the ‘twisted’ representation and the vector representation coincide
and we have

(") = SO(p, q). (2.4.10)

It follows from (2.4.7) that if n is even and s€ 't then s = Ax! . . . x*
where Ae R and & is even. From (2.4.6) then y(s) = (=1)*S, ... S&
which, since A is even, is an even number of reflections. Hence in this
case y(I'*) =SO(p, g). If n is odd then x(I'*)C SO(p, g). It again

follows from (2.4.7) that if s € I then x(s) = x(x' ... x*) for some x‘. If
h were odd then y(x' ... x") = x(zx' ... x") where z is the volume
n-form which, for n odd, lies in the centre. If & is odd then zx! ... x"

is even and in T't so y(I'*) = x(T) = SO(p, q).
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If seI'* and n is even then s is a product of an even number
of non-singular 1-forms whereas if n is odd, s can be written
as a product of non-singular (n — 1)-forms. (2.4.11)

The case of n even is taken care of by (2.4.7). For n odd we can write
s =Ax! ... x" with 4 in the centre. Since s is even if h is even then
Ae Band s = £A(x'z) . .. (x"z). By redefining x' the factor of £A can
be absorbed. If & were odd then A would be proportional to the volume
form, say s = uzx! ... x" with pe R. Once more, s = xu(zx!) ...
(zx") and we have proved (2.4.11).

The kernel of the ‘twisted’ representation (and the vector representa-
tion for n even) is R*. By suitably ‘normalising’ elements of I'* we
obtain a subgroup whose image under these representations is the same
as that of T'*, whereas the kernel is smaller. The norm homomorphism
A 1s a group homomorphism:

A:* — R*
s —> A(s) = sbs. (2.4.12)
If s is invertible then so is s% with (s%)7!' = (s71)% If se I' then

(sxs™)S=sxs"!Vxe V so (s 1)xs® = sxs™! or s¥sx = xs%s. Since V
generates the algebra s°s lies in the centre. If s is even or odd then s°s
is even, and so A does map I'* into R*. It is straightforward to see that
A(s182) = A(s1)A(s2)-

We denote the subgroup of I'* which consists of those elements whose
norm is plus or minus one by .I'*; the subgroup of unit norm elements
+I'*. We define .I'* and ,T'* similarly. The group .I'* is sometimes
called PIN(p, g), «'* called SPIN (p, ¢) and ,I'* called SPIN*(p, q).
If sel* then s/(JA(s))Y? € .T* and @{s/(|A(s)])"*} = @(s) and so
indeed the image of .I'* under @ is O(p, ¢g) and the kernel consists of
the multiplicative group formed by plus and minus one, which is
isomorphic to Z,. Similarly y(.I'*) = SO(p, g) with kernel Z,.

We can introduce a slightly different norm, u:

u:r+ — R*
s — u(s) = s¥s. (2.4.13)
Obviously p(s) = £Ai(s) depending on whether s is even or odd and so
the only new subgroup is the group of those s with u(s) = 1, *T'*.

The various subgroups of I'* that have been introduced can be
arranged as follows:

i— *:
Jr =1t — e i T (2.4.14)

f— It

In this last diagram (2.4.14) the appropriate mathematical symbol
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here for «— is «=7] and for — is ™. . Here ,I'*_=71,T* denotes
that ,I'* is a normal subgroup of .I'*. This is certainly the case, for if
oe ,J* and se .I'* then (sos !)"=s0s™' since s"= +s and
Msos™) =1 since A(s) = 1. If we look at all (four) quotients modulo
.I'" this gives all (seven) quotients obtainable from this diagram. For
example,

L/, T

I/,

Firstly consider ,I'*/,T'*. If there are no odd elements of unit norm
then obviously ,I'* = ,T'*, so assume that o is odd with A(¢g) = 1. If s_
is any odd element in .I'* then s_ = (s_o~')o, where s_o~! is even
with norm plus one so that s_ ~ ¢. Similarly if s, is any even element
s+ ~1 and so ,I'*/,I'" is the multiplicative group of plus and minus
one, isomorphic to Z,. The argument above applies in exactly the same
way to *I'*/,T'* and .['*/,T*.

In the general case .I'* will contain even elements with norms plus
and minus one, . y* and _y*, and odd elements with both norms, .y~
and _y~. It readily follows that .['*/,I'* has four elements [,y*],
[-v*], [+v"] and [_y"]. Each element is labelled by an ordered pair of
indices which take the values plus or minus one. The multiplication rule
is defined by multiplying the values of these indices pairwise, and so
I'=/,T* =2Z, X Z,. In various special cases this quotient group can
have less than four elements as will be made clear in the following.

The kernel of ¢ from I'* to O(p, g) is the group of plus and minus
one, Z,, which is contained in all the subgroups in (2.6.14), and so the
kernel of @ restricted to these subgroups is the same. Thus, for example

or+ _ Ir+z, _r*

() Tz, T
We have already determined the images of .I'* and .I'* under ¢, and
now turn to the unit-norm subgroups.

If x is a non-singular element of V then ¢(x) = S, and A(x) = g(x,
x). So the image of unit-norm elements of I'* under ¢ contains an even
number of reflections in planes orthogonal to negative length, ‘timelike’,
vectors. Such orthogonal transformations are said to be ‘orthochronous’;
the subgroup of orthochronous transformations being denoted
O'(p, q). For xe V, u(x) = —g(x, x) and so the unit y-norm elements
have images in the orthogonal group containing an even number of
reflections in planes orthogonal to positive length, spacelike, vectors.
Such orthogonal transformations will be called ‘parity preserving’ and
the subgroup denoted O*(p, ¢). If elements of SO(p, g) are orthochro-
nous then they must also be parity preserving and so the notation
SO*(p, ¢) is unambiguous. The following summarises the images of the
various subgroups under g:

L%/, Tt =
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®
% —0(p, q)

¢
J*—0"(p, q)

®

T=— 0% (p, q) (2.4.15)
®

LT —80(p, q)

@
T+ —>S0*(p, q).

If the dimension of V is even then the image of the Clifford group
under y is the same as under ¢. If g is even then the volume form is of
unit norm, A(z) = u(z) = 1. As has already been noted if s is an even
element of I' then y(s) = ¢(s), whereas if s is odd y(s) = @(sz). Since,
for g even, A(sz) = A(s) and u(sz) = u(s) the images of the subgroups
under y are the same as under @. If, however, g is odd then
A(sz) = —A(s) and u(sz) = —pu(s) and thus for s odd A(sz) = u(s) and
u(sz) = A(s). So in this case x(,I'*) = O*(p, ¢)and x(*T'*) = O T (p, q).

The groups O'(p, ¢q) and O*(p, ¢q) have been identified with
subgroups whose elements contain an even number of reflections in
timelike and spacelike planes respectively. (A timelike (spacelike) plane
is the conjugate of a timelike (spacelike) vector.) The nomenclature
reflects the fact that these groups preserve the timelike and spacelike
orientations of V in a way that will now be defined. Let V be written as
a direct sum of a p-dimensional positive-definite orthogonal space and a
g-dimensional negative-definite conjugate space, V =P®Q. If
o€ O(p, q) then we define a linear mapping on P:

m(o):P— P
x —> m(o)x = P(ox)

where P, 2 denote the projections onto the subspaces P and Q. This
mapping must be one-to-one, for if m(o)x = 0 then ox € Q and since ¢
is an orthogonal transformation x must be zero. Thus detm(o) # 0. If
det m(o) > 0 then o will be said to preserve the spatial orientation of V.
Of course for this definition to make sense it is necessary to verify that
this criterion does not depend on the particular orthogonal decomposi-
tion of V chosen. If x,, x, € P then

g(xy, m(o)x,) = g(x,, P(ox,)) = g(x,, 0x,) = g(oo~'xy, 0x;)
=g(07xy, x3) = g(P(07'xy), x3) = g(m{o Nxy, x3).

So if m(o)’ denotes the adjoint map, with respect to the induced
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positive-definite orthogonal metric on P, we have m(o)' = m(c™).
Since reflections are involutary the linear transformation associated with
a reflection is symmetric. It is thus diagonalisable with determinant the
product of the eigenvalues. If y is non-singular then y = u + v where u,
p are in P and Q respectively and

280r.y) . 28(x, u)

Sx=x— = for xe P
Y g y) gy, y)
m(S,)x = x — BEW
: gy, y)

There are p — 1 linearly independent vectors in P orthogonal to u
and these are obviously eigenvectors of m(S,) with eigenvalues one. A
basis of eigenvectors is completed by u, with

=1{1 - Z_g(u,—u) _ glv, v) — glu, u)
o (1 g(y. y) )” ( P
thus

detm(S,) = g(v, v) — g(u, u).

g8y, y)

The numerator is negative-definite and so reflections in timelike planes
preserve spatial orientation. Any orthogonal transformation is a product
of reflections and it will preserve a spatial orientation if it contains an
even number of reflections in spacelike planes. This criterion obviously
does not depend on any particular orthogonal decomposition of V. In
exactly the same way any orthogonal transformation induces a linear
transformation on the negative-definite space Q. If the determinant is
positive then the orthogonal transformation is called time-orientation
preserving, or orthochronous. Such transformations contain an even
number of reflections in timelike planes.

The orthogonal group has (in general) four disconnected pieces
containing 1, P, T and PT respectively. Here P(T) denote transforma-
tions which change the spacelike (timelike) orientation whilst perserving
the timelike (spacelike) orientation. The component containing the
identity is a subgroup as is the sum of that component with any other
component.

~ -
[50°(p.q) | E]. 0’(p 7 >~ :

~
--n---.-----n--------u---c-a-ocooa
. ~

..D..b..l:/.l'..

e~ S~ (2.4.16)
’ -~ ~
R S

~ 1
|
|
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The Clifford group is in fact a Lie group, and its Lie algebra can be
identified with a subspace of the Clifford algebra, the Lie bracket being
the Clifford commutator. The regular representation maps the Clifford
algebra into a total matrix algebra, thus the group of all regular
elements, C; ;(R), and hence the Clifford group and its subgroups are
all subgroups of some general linear group. The general linear group is
certainly a Lie group and the charts of this group induce charts on
C; ;(R) and T which give them a manifold structure. The exponential
map is defined on the Clifford algebra in the obvious way

® n

expa = 2, 1:” aeC, (BR). (2.4.17)

n=0

Since the Clifford algebra is isomorphic to a subalgebra of a total
matrix algebra where the exponential map can be defined, the limit
implicit in this definition does indeed exist. Since exp(—a) = (expa)™!
the exponential maps the Clifford algebra into the group of all invertible
elements, C; ,(R). Thus the vector space of the Clifford algebra with
the product of Clifford commutation can be identified with the Lie
algebra of C; (R). With this identification the vector representation of
C;,(B), x, is seen to map the group into the automorphism group of
the Lie algebra; this corresponds to the adjoint representation of
C; ,(B), Ad. Similarly if we define

ad:C, ,(R) — EndC, ,(R)
a—ada (2.4.18)

where (ad a)b = [a, b] with the bracket denoting a Clifford commu-
tator, [a, b] = ab —ba, then ad is the adjoint representation of the Lie
algebra of C;  (R).

The Clifford group is a Lie subgroup of the group of all invertible
elements and its Lie algebra must be a vector subspace of the Clifford
algebra. Suppose that m is in the Lie algebra of I, then

exp(Am)xexp(—Am) C V VxeV,VieR. (2.4.19)

The standard group theory result, Adexp (Am) = exp(adAim), shows
that this can hold for all A if and only if the Clifford commutator of m
with x is in V. This can be seen directly by defining, for fixed m and x,
the Clifford-algebra-valued function
f(}) = exp(Am)x exp(—Am).

We then have

df(A)/dA = exp (Am)[m, x]exp (—Am)
and more generally

d"f(A)/dA" = exp(im) (ad m)"xexp(—Am).
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By expanding f(4) in a Taylor series about A = 0 it can easily be seen
that f(A) e V VA if and only if

[m, x}e V.

If m is written in terms of even and odd parts, m = m, + m_, then,
from (2.3.7), for m to be in the Lie algebra of I’ we must have
xam_=20

(2.4.20)
iymy,eV VxeV.

If the dimension of V is even then the odd part of m must be zero,
whilst if the dimension is odd »m_ can be an n-form, which is then in the
centre. The even part of m has to be a sum of 0-forms and 2-forms.

The exponential of an even element will be even whilst the one-
parameter subgroup generated by the volume form for n odd will
consist of elements that are in general neither even nor odd. Thus the
Lie algebra of I'* consists of the jn(n — 1) 2-forms and the identity.
Since (expAm)® = expAm?* we must have m* = —m if m is in the Lie
algebra of ,I'*, similarly m® = —m if m is in the Lie algebra of *I'*.
Thus the Lie algebra of these groups is the commutator algebra of the
2-forms.

The exponential map sends the Lie algebra into that component of
the group which is connected to the identity. This connected component
is a subgroup, so products of exponentials are also connected to the
identity. Conversely, every element of that component of the group
which is connected to the identity can be written as a finite product of
exponentials. Since 2-forms are even under # and odd under & the
exponential maps the Lie algebra of ,I'* into ,I['*, and so this must
contain the component of ,I'* connected to the identity. We will now
demonstrate that, except for one exceptional case, ,I'* is a connected
group.

If se ,T* then s = ax'x? ... x*, with « € R* and the x' non-
singular elements of V. By suitably scaling @ we can obviously arrange
that x'2 = ¢’ = 1. Then the norm of s is given by A(s) = A(a)e! . ..
€% and so if se ,['* we must have an even number of negative-norm
vectors and « = 1. The negative-norm elements can be collected at
the left-hand side, for if € =1 and &*!'= -1 then we write
xixi*l = (xixi*lxi)xi = x'ix’*1  where (x'1)? = xix"*lxixix™*lxi = —1.
The overall factor of plus or minus one can be absorbed by redefining
x!and thus if se ,I'* s = olo? . .. o" where each o can be written

o= xy x,yeVwithx? =y2= %1, (2.4.21)

Thus every element of ,I'* will be connected to the identity if and only
if all such products of vectors are. If y = *x then 0 = £x? and so for
+I't to be connected —1 must be connected to +1. For an indefinite
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metric in two dimensions the Lie algebra of ,I'* is spanned by the
volume 2-form z, where z2=1. In this case exp(az)exp(Bz)=
exp[(a + B)z] Va,BeR, so if —1 were connected to +1 we would in
fact be able to write it as an exponential. However,
exp(0z) = cosh@ + zsinh @, and so exp(8z) # —1 for any 6. Thus in
this case ,I'* is not connected. Ruling out this exceptional case we
always have a pair of orthogonal vectors a, b with a* = b* = 1. So
(ab)? = —1 and since exp (mab) = —1 the identity is connected to minus
one by a one-parameter subgroup. We still need to show that a general
o is connected to the identity. We consider three cases.

Suppose firstly that x and y are linearly independent, spanning an
orthogonal plane with positive- or negative-definite metric. Then we
have an orthonormal basis {x, u} where x?>=u?=¢, &= %1. Since
y*=x> we can writt y=cosfx +sinfu, and xy=
£(cos 8 + sin Bexu) = eexp (e6xu). We have already shown that —1 is
connected to +1 and so xy is also connected to +1.

If x and y span a non-degenerate orthogonal plane with orthonormal
basis {x, u} with x> = —u? = ¢ then (xu)? = 1. Now we must have

y = cosh6x + sinhQu
and
xy = g(cosh @ + sinh O exu) = eexp (e6xu).

Again the fact that —1 is connected to the identity ensures that all such
products xy are.

If x and y span an isotropic plane then we let {x, u} denote a basis in
which u is an isotropic vector orthogonal to x. Then y = *=(x + 6u) and
xy = *&(1 + Oexu). Since xu is nilpotent we have xy = teexp (fexu)
and, since —1 is connected to +1, we have demonstrated that xy is
connected to the identity.

We have shown that ,I'* is a connected Lie group unless V is
two-dimensional with indefinite metric. Thus save for this exceptional
case .I'* is a connected double covering of that component of the
orthogonal group which is connected to the identity, and it follows from
the topology of the orthogonal group that ,I'* is simply connected.

In suitably low dimensions it is particularly easy to identify the spin
groups, due to the following:

If dimV < 5 thenif s” = +s5 and s¥ = *5 ! thense .T*. (2.4.22)

All we need to check is that if x e V then sxs~! C V for such an s. If
we set x' = sxs ! then x’"= —x" and x' = x" if xe V and s is even or
odd under both # and &. In five or fewer dimensions the only elements
that are both odd under # and even under & are linear combinations of



THE CLIFFORD GROUP 53

1-forms and S5-forms. So if n <5 the result follows immediately. If
n = 5 then the 5-form is in the centre of the algebra, so if x' =a + b
where a is a 1-form and b a 5-form then x'? = a? + b2 + 2ab. Now a?
and b? are both O-forms whereas ab is a 4-form. But since x? is a
o-form and x’ = sxs~! then x'? is a O-form and thus ab = 0, that is
either a=0 or b =0. However, a cannot be zero since an inner
automorphism cannot take an element that is not in the centre into the
centre, and so b = 0 and (2.4.22) follows.

Needless to say (2.4.22) does not go through in six dimensions. For

example, if {e’} i =1, ..., 6 is an orthonormal basis for a positive-
definite orthogonal space and s = (1/'V/2)(e? + €3%6), where ¢ = ele?
etc, then s” = s and s% = s 1. However, se's ™! = —e?%% and so s¢T.

The results of this section will now be illustrated by considering the
algebra C; ;(R). In this case I'* =T. An orthonormal basis for V is
{e?} a=0,1, 2,3 where —(e°)2 = (¢')2=1. Let P = ¢°, T = ¢'? then

Te’T ' = —e% Pe'P 1 = ¢ (2.4.23)
Te'T ' = ¢ PelP7l=—-¢ (=123

The norms of these elements are easily seen to be A(P) = —1, w(P) =1,
MT)=1 and u(T)= —1. So Pe *T whereas T € ,I'. Suppose now
that s, € .I such that s7=s,, A(s;) = —1. Then s, = (s, PT)(PT)™!
and (s,PT)" = s,PT, A(s;PT) =1 thus s; = ¢,(PT) where g,¢ T+,
Similarly if s, € . T such that s§ = —s,, A(s,) = 1, then s, = 0,T; and if
§3 € .I such that s7 = —s3, A(s;) = —1, then s3 = 03P, 0,,0; € T,
We know that the six 2-forms generate ,I'*, the Lie bracket being a
Clifford commutator. If we take a product of two spacelike 1-forms, for
example e'?, then (e'?)? = —1 and exp(fe'?) = cos 6 + sinf e'?. Such
elements thus generate rotations, and the Clifford commutators are seen
to give the familiar Lie algebra of the rotation group, [e'?, €?*] = 2¢B
etc. Elements such as e% generate ‘boosts’, with (e’)? =1 giving
exp (0e®) = cosh @ + sinh 6et. The commutator of two boosts gives a
rotation, for example [e”, e%] = 2e!2. The remaining structure con-
stants are determined by looking at the commutator of a boost with a
rotation, for example [e”, e'?] = 2¢%. The group .I'* can be recog-
nised as a matrix group by using (2.4.22). This result shows that ,I'* is
the group of unit-norm regular elements of C7,(R). In §2.3 it was shown
that the even subalgebra was isomorphic to the algebra of all complex
two by two matrices, and so .I'* must be the subgroup of GI(2, C)
consisting of unit-norm elements. Since we have already explicitly
Constructed a matrix basis for C3,(R) it can be directly verified that the
horm corresponds to the determinant. If {£,5} is the basis given in
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table 29 then 811‘S = 822, 812’: = "‘812, 8215 = _821 and 87_25 = 811. SO ]f

2
§ = 2 saﬁ eaﬁ
af=1

then
85 = (s152 — S;pSu & + €n) = det(s)1.

Thus in this four-dimensional Lorentzian case, ,I'* = SI(2, C), the
group of complex matrices of order two with unit determinant. The
group of matrices with determinants of plus or minus one is obviously
isomorphic to .I'*, .I'" = .SI(2, C). The PIN group, .I, is obviously
a subgroup of Gl(4, R). However, since we have identified .I'* as a
matrix group it is convenient to identify .I" as a product of this matrix
group with a discrete subgroup. We have already seen how any element
of .I" can be written as a product of an element of ,I'* with either 1,
P, T or PT. Since P?!=T?= —1 these elements do not form a
subgroup and so it is convenient to introduce a unit-norm 1-form, x say,
so that {1, x} form a subgroup, Q, isomorphic to Z,. If s is any
element of .I' then it can be uniquely written as s = ot, o€ .I'* and
t € Q. The multiplication of two elements s, and s, is given by

5182 = 041,028, = 011,098, 41, = 01 {x(t))o2} 1,1

Now x(¢,) acts on ,T'" as an outer automorphism and y(Q) = Q. We
can equivalently write elements of .I" as an ordered pair of an element
of .I'* and an element of Q with the multiplication defined by
(01, t)(o,, ;) = (0x(t))o,, t1t;). In this form .T is recognised as a
semidirect product of .I'* and a Z, group of automorphisms,
JI=,.T*OZ, We have shown that .I'* = ,SI(2, C) and the gener-
ator of the automorphism group, x, sends o to xox. As was discussed in
§2.1 we can always choose such an x, which complex conjugates the
matrix components and thus ,I'= .SI(2, C)®Z,, where the auto-
morphism group is generated by complex conjugation.

2.5 Spinors

From the irreducible representations of the Clifford algebra and its even
subalgebra we obtain irreducible representations of the Clifford group:
the spinor representations. It should be noted that minor variations exist
in the literature as to the precise nomenclature for these representa-
tions.

The regular representation maps the Clifford algebra into its endo-
morphism algebra; that is, into the algebra of linear transformations on
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the vector space structure of the Clifford algebra. This representation
will not be irreducible; certain vector subspaces will be preserved under
multiplication from the left, namely the left ideals. It is a truism to say
that the minimal left ideals transform irreducibly under the regular
representation. If the Clifford algebra is simple then the regular repre-
sentation induces a faithful representation on any minimal left ideal.
The mapping into the endomorphism algebra of any minimal left ideal
induced by the regular representation is called the spinor representation
of the simple Clifford algebra and the minimal left ideal is called the
space of spinors. The choice of a different minimal left ideal gives
another equivalent representation. When the Clifford algebra is not
simple it is the sum of two simple component algebras, and any minimal
left ideal must lie in one of these simple components. The regular
representation of a non-simple Clifford algebra induces a faithful repre-
sentation on the left ideal which is the sum of two minimal left ideals,
one lying in each simple component. The mapping into such an
endomorphism algebra induced by the regular representation will be
called the spinor representation of the non-simple Clifford algebra, and
such an ideal will be termed the spinor space. The minimal left ideals
will be termed semi-spinor spaces and the mapping that the regular
representation induces on a minimal left ideal will be called the
semi-spinor representation of the Clifford algebra. The kernel of such a
representation is obviously the simple component algebra that does not
contain the semi-spinor space. Thus the spinor representation of a
non-simple Clifford algebra is reducible, being the sum of two inequi-
valent semi-spinor representations. The spinor representation of the
Clifford algebra induces a representation of any subset by restricting to
left multiplication on the ideal by elements of that set. In particular it
induces a representation of the Clifford group.

Irreducible representations of the Clifford algebra induce
irreducible representations of the Clifford group. (2.5.1)

That is, the spinor representation of a simple Clifford algebra, or the
semi-spinor representation of a non-simple one, induces an irreducible
representation of the Clifford group. This will also be called the spinor
or semi-spinor representation. The proof of the statement follows
immediately from the observation that non-singular vectors generate the
Clifford group and the Clifford algebra. In fact the Clifford group could
be replaced with the subgroup .I'* and the statement would obviously
still be true.

If an irreducible representation of the Clifford algebra induces a
reducible representation of the even subalgebra then that induced
fepresentation is the sum of two irreducible ones. For suppose that [ is a
minimal left ideal of the Clifford algebra that splits into invariant
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subspaces under left multiplication by the even subalgebra. Let W be
such an invariant subspace of smallest dimension. Then if x is any odd
regular element let xW = X, giving dmX =dimW. If $=W + X,
where the sum is not necessarily direct, then § is preserved under
multiplication by the Clifford algebra. For

C,4(B) = C;,(B) + C,,(B)x
SO
C,,(RmW =C, (R)W + xC, (R)W C W + xW
and
C,,(BxW=cC,,(R)W.

Since SC1I and I is a minimal left ideal we must have S =1. If
WNX=Y then C; ,(R)YCY since W and hence X are preserved
under left multiplication by C, ,(R). But W is an invariant subspace of
minimal dimension and so either Y =0, and I is the sum of two
invariant subspaces, or Y = W = X = I and I transforms irreducibly.

Having shown that irreducible representations of the Clifford algebra
induce a representation of the even subalgebra that is either irreducible
or the sum of two irreducible representations, we would like to know in
which cases each possibility occurs. Suppose firstly that the even
subalgebra is reducible; this can only occur in even dimensions in which
case the Clifford algebra is simple. Then the spinor representation of the
Clifford.algebra induces a faithful representation of the even subalgebra,
that is, the kernel is zero. This must therefore be a reducible representa-
tion of the reducible subalgebra, being the sum of the two inequivalent
irreducible representations whose kernels are the different simple ideals.
The irreducible representations of a non-simple even subalgebra will
again be called semi-spinor representations of that algebra.

Suppose now that the Clifford algebra is reducible; this can only occur
in odd dimensions in which case the even subalgebra is simple. In this
case the semi-spinor representations induce irreducible representations
of the even subalgebra. For let I be a minimal left ideal (the semi-spinor
space) and z denote the volume form. Then if, for example, the kernel
of the semi-spinor representation is the simple ideal C, ,(R)(1 + z) the
semi-spinor space is an eigenspace of the volume form,
zg=-—@Veel. Since z is odd and regular we have C, ,(R)=
C,,(B)+C, (R)z and C, ,(B)=C,,(B)I. So I can have no in-
variant subspaces under multiplication by C, ,(R) since it is a minimal
left ideal of C, ,(R).

The irreducible representations of the Clifford algebra can induce a
reducible representation on the even subalgebra even when that algebra
is simple. The general criterion is given by the following.
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Irreducible representations of the Clifford algebra induce
reducible representations of the even subalgebra if and only if
primitives in the subalgebra are primitive in the full algebra. (2.5.2)

What we need to show is that the minimal left ideals of the full algebra
have twice the dimension of the minimal left ideals of the even
subalgebra if and only if primitives in the subalgebra are primitive in the
full algebra. Let P* be a primitive idempotent of C,,(R). Then
C,,(B)P* is a left ideal and C, (R)P* =C, (R)P* + xC, (R)P*
for any odd regular x. Since P* is primitive in C, (R) then C, (R)P*
is a minimal left ideal of the even subalgebra and so the dimension of
C,,(B)P* is twice that of the minimal left ideals of C, (R). So the
minimal left ideals of the full algebra are twice the dimension of those
of the subalgebra if and only if C,,(R)P* is a minimal left ideal, that
is, if and only if P* is primitive in C, ,(R). If a minimal left ideal of the
full algebra is projected out by a primitive of the subalgebra then the
C, ,(B)-irreducible subspaces are obviously the even and odd subspaces.

Just as the irreducible representations of the Clifford algebra gave
representations of the Clifford group the irreducible representations of
the even subalgebra induce representations of the even Clifford group
and in particular:

Irreducible representations of the even subalgebra induce
irreducible representations of ,I'*. (2.5.3)

Again this follows from the fact that ,I'* generates C, (R). First we
note that the Clifford algebra is generated by non-singular vectors of the
same norm. For if {e’, f/} with i=1, ..., p, j=1, ..., q is an
orthonormal basis, and if p # 0, then a new basis of unit-norm vectors
is {e’, V2e'! + f/}. Thus C; ,(R) is generated by products of unit-norm
vectors, and such products are in ,T'*.

The relationship between the irreducible representations of the Clif-
ford algebra and its even subalgebra is summarised in table 2.10. The
structure of C, (R) is determined by p — gmod8 where p + q = n.
The eight different cases have been grouped in pairs. For the first pair
the semi-spinor representation of the full algebra induces an irreducible
representation of the subalgebra; whereas for the second pair the
Clifford spinor representation induces an irreducible even Clifford
spinor representatton. For the third pair of algebras the spinor repre-
sentation splits into a pair of equivalent spinor representations of the
subalgebra, whereas in the final case the spinor representation is the
sum of two inequivalent semi-spinor representations of the subalgebra.

In table 2.10 we give the dimensions of the irreducible representations
of the Clifford algebra and its even subalgebra. We have used C — §/S
to denote that the irreducible representation of the Clifford algebra is a



Table 2.10 Dimensions of the irreducible representations of the Clifford algebra C and its even subalgebra C*+. §
denotes a spinor representation and S/S a semi-spinor representation.

(p —q) mod8
Dimension 5 1 3 2 6,7 4 0
2(2in/21) C - S/S cC-35 cC-35 cC-S5
cr -5 ct -5
2In/2] C - S/S cC-3S5 c+ -5 Cc+ - §/S cC-35
cr -8 ct -5

}(2Mm)) c+ - S/S
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semi-spinor representation, C* — S to denote the induced spinor repre-
sentation of the even subalgebra, and similarly for the other two cases.
The integer part of n/2 is denoted by [n/2]. This table is an immediate
consequence of table 2.8.

Since we are concerned with algebras over the real field the spinor
spaces are R-linear vector spaces, the dimensions of which are given in
table 2.10. As well as obviously being left C, ,(R) modules the spinor
spaces are also right sf-modules where & is the algebra given in
table 2.8. Whereas, in general, right multiplication will not preserve a
left ideal it will be preserved under right multiplication by elements of
. When the Clifford algebra is simple « is a division algebra, whereas
when the Clifford algebra is not simple { = D@%D where @ is a division
algebra. In this case the semi-spinor spaces are right @-modules. It is an
immediate consequence of associativity that left multiplication induces a
%-linear transformation on the minimal left ideals. Similarly the irre-
ducible representations of the even subalgebra may be regarded as
%-linear transformations where @ is one of the real division algebras R,
C or H. The dimensions of the spinor and the semi-spinor spaces
regarded as 2@-linear spaces can be found from tables 2.8 and 2.10 since
d(dimg) = dimg where @ is a d-dimensional R-algebra.

For those Clifford algebras whose centre is C the spinor space may be
regarded as a C-linear space by using the complex structure of right (or
left) multiplication by the volume form z. For example, we may define
multiplication by the imaginary unit by iy = ¥z, where ¥ lies in a
minimal left ideal. Alternatively, we could define iy = —yz. Although
we have already noted that all irreducible representations of a simple
algebra are equivalent, when representing a simple B-algebra on a
C-linear space the question of equivalence needs treating carefully. If p
and p' are representations of any simple R-algebra o, where
A(R) = C(R)®AM,,(R), on R-linear spaces V and V' then there is an
R-linear transformation S from V' to V such that p’'(a) = S'p(a)$ for
all a of &. If, however, V and V' are regarded as complex vector spaces
by defining iv = p(z)v Vv € V (where z generates the centre) then there
is a C-linear transformation S such that p’(a) = S~'p(a)$ Va if and
only if iv’ = p'(z)v’. Thus by defining p(z)v = iv and p'(z)v’ = —iv’ we
get two complex-inequivalent representations of a simple R-algebra.
This is easily understood in terms of the complexified algebra. Regarded
as a complex vector space V carries an irreducible representation of the
complexified algebra o€ = A®C. The representation p extends by
C-linearity to A€, p(ia)v = ip(a)v. Since CROC = COC, A is reduci-
ble and its irreducible representations have as kernel one of the simple
ideals, and the irreducible representations are equivalent if and only if
the kernels are the same. If p(z)v =iv then p(1 +iz) =0 and the
kernel of p is projected by the central idempotent 3(1 +iz). If,



60 CLIFFORD ALGEBRAS AND SPINORS

however, p’(z)v’ = —iv’ then 3(1 — iz) is in the kernel, thus p’ and p
are inequivalent representations of €.

When the spinor space is a right H-modulet then it can be regarded
as a complex vector space by choosing as complex structure any complex
subalgebra of the quaternions. If g € H such that g2 = —1 then we may
define multiplication by complex numbers on spinors by iy = ygq.
Again, regarded as complex vector spaces, these minimal left ideals
carry irreducible representations of the complexified algebra by extend-
ing the spinor representation by C-linearity. Since H®C = C®{, the
complexified algebra is simple and hence all irreducible representations
are equivalent. Thus in this case all irreducible representations of the
simple R-algebra on complex vector spaces are complex-equivalent. We
shall return to a discussion of the complexified Clifford algebras later.

The first example we give is of Cy,(R) = H(R). Here the spinor
space is the algebra itself. If {f', f2} is an orthonormal basis then {1,
f', f%, ff* = z} is a standard basis for the quaternions. We may choose
as complex structure right multiplication by z and define ia = az for
ae Cy,(R). Then {1, f'} is a basis for the corresponding complex vector
space. If p denotes the spinor representation then with respect to this
basis and choice of complex structure we have the matrices of the
transformations, p(a), as follows:

)= (20 arn=(9 7))

p(f?) = ( A 5) p(z) = (5 _?).
Had we instead chosen ia = —az then we would have the complex
conjugate matrices. These give a complex-equivalent representation; we
have p(a)* = p(f'a(f") ).

Regarded as a complex vector space, H carries an irreducible repre-
sentation of the complexified algebra H®C. If P, = }(1 * iz) then P.
are primitive idempotents in H®C and (H®C)P., are minimal left
ideals such that wu*z = Fiu* for all u*e(H®C)P.. Since
P_=(f"1P,f' then right multiplication by f! is a C-linear trans-
formation between the two left ideals which obviously commutes with
left multiplication and hence establishes the equivalence of these com-
plex representations.

The even subalgebra is isomorphic to C(R) and the spinor representa-
tion of Cy,(R) induces a reducible representation of Cg,(R), the even
and odd quaternions transforming irreducibly. These irreducible repre-

t The notion of an ‘H-module’ is to be found at the end of Appendix A where
the quaternion algebra, H, is also introduced.
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sentations of the simple algebra are equivalent: right multiplication by
any odd quaternion interchanges the even and odd subspaces and
commutes with left multiplication. However, right multiplication by z
induces a complex structure on the even and odd subspaces that enables
them to be regarded as complex one-dimensional vector spaces. These
are complex-inequivalent, right multiplying by any odd element not
being C-linear.

We next consider C; ((R) = M,(R). Here the four-dimensional spinor
representation induces an irreducible representation of the even sub-
algebra Cj,(BR) = C(R)®M,(B). We may choose as spinor space the
minimal left ideal whose basis is the first column in table 2.7. By
defining iy = zy for all spinors ¥ the spinor space may be regarded as
a complex vector space with left multiplication by the even subalgebra a
C-linear transformation. A basis for this complex vector space is {P,
e’P,}. With this basis and choice of complex structure the matrices of
these transformations for a basis for the even subalgebra are as follows:

p(1)=(}) ‘f) p(2) = ip(1)
oo = (3 Th] pe = inte

oy = 0 E) e = ipte)

—i

p(eh) = ( —6 ?) p(e?) = ip(e®h).
The matrix representations of the generators of the rotation group will
be recognised as the Pauli matrices (up to conventional factors of i).
Defining iy = —zy gives the complex conjugate representation which is
complex-inequivalent.

In this section we have naturally represented the Clifford algebra, and
hence the Clifford group, on its left ideals. We can also represent the
algebra on its right ideals. Associating each element of the algebra with
the linear transformation obtained by multiplying with that element
from the right gives a mapping into the endomorphism algebra, namely

R:C,,(B)—> EndC, ,(R)
a —> R(a), R(a)b = ba.

Since {R(a)R(b)}c = R(a){R(b)c} = cha = R(ba)c this correspond-
ence is not an algebraic isomorphism. Given an involution $ of the
Clifford algebra we can use this correspondence to define a representa-
tion p:
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p:C, ,(B)— EndC, ,(R)
a+—> p(a) = R(a%). (2.5.4)

Indeed we  have a  representation since pla)p(b) =
R(a*)R(b%) = R(b%a?) = R([ab}?) = p(ab). Obviously the minimal
right ideals transform irreducibly under this representation. Just as the
minimal left ideals may be regarded as right %-modules these minimal
right ideals can be regarded as left 9-modules.

A minimal right ideal is naturally identified with the space of
@-valued D-linear mappings on a minimal left ideal. For if ye C, ,(BR)P
and ® € PC,, ,(R) with P primitive then we may write

by — O(y) = Oy

with ®(y) € PC, ,(R)P = D. Obviously ®(yq) = ®(y)q for geP.
Similarly the Clifford algebra itself (or a simple component thereof) may
be identified with the space of %-valued linear transformations on the
Cartesian product of a minimal left ideal and a minimal right ideal. For
if ®e PC,,(R) and yeC,,(B)P then for any aeC, (B) we may
write

a(®, y) = Pay
giving
a(q®, y) = qa(®, y), a(®, yq) = a(P, y)q for g€ D.

If the minimal left ideal carries the spinor representation p and the
minimal right ideal carries the representation § then we may induce a
representation ¢ on the Clifford algebra (or a simple component) by
defining

w(s)(y®@) = [p()yll B ()] = syDs?.

If we choose § = & then s¥ = 57! for se ,I'* and the representation 7
and the vector representation y coincide on ,I'*. In this case the
representations p and § induce contragradient representations of I'*,
and since we have seen how the minimal right ideal can be identified
with the dual space of the left ideal we can construct a %9-valued
+I*-invariant product. This will be discussed in the following section.

2.6 Spin-Invariant Inner Products

Having identified the elements of certain minimal left ideals as spinors
we now examine spin-invariant products of two such elements. Since
Clifford multiplication from the left induces a linear transformation on



SPIN-INVARIANT PRODUCTS 63

the spinor space we may use a product on the spinor space to define an
involution on the Clifford algebra by sending every element to that
which induces the adjoint linear transformation. Such an involution will
be termed the adjoint involution. We shall construct a product of
spinors @ and ¥ which is the same as that of s and sy when se ,I'*.
The adjoint involution of such a product will be either & or &n.
Conversely, any product on the minimal left ideal with § or &n as
adjoint involution will be invariant under (at least) ,I'*. We shall first
consider an arbitrary simple R-algebra and show how any involution is
the adjoint of some product on the minimal left ideals. These products
fall into a finite number of distinct classes, and any two involutions are
equivalent (as defined in Appendix A) if and only if the associated
products are in the same class. The case of the direct sum of two
isomorphic simple algebras is treated similarly. Returning to the Clifford
algebras we shall determine into which class the products associated with
& and &n fall. Similarly, we can classify the products on the minimal left
ideals of the even subalgebra. As a corollary in up to five dimensions we
can use (2.4.22) to express ,['* as the invariance group of some
product.
Let  be simple over B and $ be some involution.

If P is any primitive idempotent then P¥ = JPJ~! for some
element J with J% = ¢J, e = £1. (2.6.1)

For if $§ leaves elements of the centre invariant and J denotes
transposition in a matrix basis in which P is diagonal then we are
assured (by (A23) of Appendix A) of a J with J# = £J such that
a? = J71a%J Va € d; in particular, P7 = P = J~'P#P. In the same way
if the centre is C with $ inducing complex conjugation the argument can
be repeated with Hermitian conjugation replacing transposition. If then
@€ AP then J '@ € Pst and we define

(,): AP X AP —> PsiP =@

o,y (g, y) =J '¢*y. (2.6.2)
If a is any element of o then
(@, ay) = (a*o, ) (2.6.3)

and ¢ is the adjoint involution of this product. The minimal left ideal
AP is a right @-module. If g €9 then

(@, vq) = (¢, ¥)q (2.6.4)

and the product is @-linear in the second entry. If we define
q' =J"q3J for q €D then j is readily seen to be an involution of @
such that
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(g9, ¥) = ¢(9, ¥). (2.6.5)
The involution j will reverse the order of terms in a product; in fact

(@, ) =T Yo, W) = I\ '@y = Jlypiel 18]
= el \yplp
and thus

(v, @) = &g, py. (2.6.6)

Such a product will be called @/-symmetric or @/-skew as € is plus or
minus one. We may use this product to define a mapping from the
minimal left ideal to its dual space. If L(#4 P, @) is the space of @-linear
maps from AP to % then we define

~: AP —> L(4P, D)

—~

pr—> P where @(y) = (¢, ¥). (2.6.7)

We shall refer to @ as the adjoint of ¢ with respect to ( , ). We
remarked in the previous section that (4P, @) is naturally identified
with a minimal right ideal; elements acting on the minimal left ideal by
the algebraic product. With this identification we have

g =J ¢l (2.6.8)

Having chosen some arbitrary minimal left ideal on which to define a
product we can obtain a product on any other minimal left ideal. If P
and P’ are primitives then the simplicity of & ensures an element § such
that P’ = SPS~'. Given the product of (2.6.2) we define

{,}: 4P X AP —> P'siP’' = @'
a, f— {a, B} = S(aS, BS)S1. (2.6.9)

We can write this as {a, 8} = J' ~'a*8 where J' 7! = §J~1§% and which
satisfies P’# =J'P'J'~!. An involution on &' equivalent to the involu-
tion j on @ is defined by p/' = S(S~!pS)/S~! for p e D'. It then follows
that {B, a} = e{a, B}/’ and {ap, B} = p''{a, B}.

The product we have constructed in (2.6.2) involves not only the
involution $ but also the element J as defined in (2.6.1). Obviously such
an element cannot be unique. Suppose that P% = J'PJ'"! with
J'$=¢J'. Then J'-WJP = PJ'"YJ and so J'"UP = PJ'"YJ =] say,
where A € 9. Since

M=J"18) = J- s -1¥PsJ] = g'J' 1P
then

M= g€’ (2.6.10)
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If (p, ¥)' =J' '¢?y then (¢, ¥)' = J' "] 1@y and since (@, Y)eD
we have

(o, ¥)' = A, ¥). (2.6.11)

When @ = R, then j must be the identity and so we must have ¢ = ¢’
and the products are related by a real multiple. The complex numbers
have two distinct involutions, the identity and complex conjugation.
When j is the former then the products are related by an arbitrary
complex multiple. When j is complex conjugation then ¢ is the adjoint
of a (pseudo-) Hermitian-symmetric product, determined up to a real
multiple, or equivalently the Hermitian-skew product which differs from
it by a multiple of the imaginary unit. The quaternions have two
inequivalent involutions, conjugation and reversion. Quaternion con-
jugation, denoted by a bar, is the only involution in its equivalence
class. In contrast there are distinct involutions equivalent to some
‘standard’ representative called reversion and denoted ~. Suppose that

(¥, @) = €@, Y)*. Then if (@, )’ = A(p, ¥) with A = A» then
(v, @) = eMlp, )" = eMMe, Y)}"A~1 = eA{(@, ¥)'} A7

Since A = A» then (as demonstrated in Appendix A) we can set A = uu*
for some p. Thus Ag”"A~! = p(u~'qu)*u~! and we see that if $ is the
adjoint of an H*-symmetric (or skew) product then it is also the adjoint
of an H’-symmetric (or skew-) product for any j equivalent to reversion.
If $ is the adjoint of a quaternion-conjugate-symmetric product then it
will also be the adjoint of the reversion-skew product obtained by
multiplying this product by any vector quaternion. The conjugate-skew
and reversion-symmetric products are likewise related.

The above considerations show how any involution is the adjoint of
some 9/-symmetric or @/-skew product. Certain of these products can
be further labelled by a signature. First we note that these products are
non-degenerate; for if (J'n¥)y = 0 Vy e AP then J-'n? = 0 since the
regular representation of a simple o induces a faithful representation on
any minimal left ideal. Consider now a non-degenerate @’/-symmetric
product on a right @-module. Then if the mapping from @ into the
j-symmetric quantities of %, g — ¢/q, is surjective then there is an
orthogonal basis of unit-norm elements. If this mapping is not surjective
but any j-symmetric quantity can be written as t¢/q, then there is an
orthogonal basis of elements normalised to plus or minus one. This is
just an obvious generalisation of the result guaranteeing an orthonormal
basis for a real symmetric product and can be proved by induction on
the dimension of the module. The two different cases are seen to arise
when normalising a non-zero-norm quantity. Suppose that (y, ) = 4,
then if the product is @/-symmetric A = A/, If we can write A = g/q for
some g € D then yq ! will have unit norm. The mapping g — ¢/q is not
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a surjection from 9 to the j-symmetric quantities when @ is R, C or H
with j the identity, complex and quaternion conjugation respectively.
Thus the RB-, C*- and H~-symmetric products are further characterised
by their signatures (the number of positive- and negative-norm elements
in an orthogonal basis). The smallest of these two numbers will be
called the index (or Witt index). The complex numbers have the
important property that any complex number can be written as a square.
Similarly any reversion-symmetric quaternion can be written as a square
of a reversion-symmetric quantity (as demonstrated in Appendix A).
Thus any C-symmetric or H*-symmetric product has an orthogonal basis
of unit-norm elements. An R-skew or C-skew product can be non-
degenerate only if the vector space is of even dimension, 2n say. In this
case there is a canonical basis {p;, q;} for i=1, ..., n with
@i ‘Ij) = 4.

Example 2.1

Take d = C,4(R) with $ = £. At the end of §2.2 we constructed a basis
for this algebra. Let P be what was there called P,, that is P =
1(1 + z). The division algebra Po{P = @ is isomorphic to the quatern-
ion algebra, with standard basis {P, e?P, e3P, ¢*P}. Since P* = P, in
this case the involution & induces an involution on %. This is quaternion
conjugation since, for example, (e®P)¢ = —e®P. An H ™ -symmetric
product on AP is given by

(@, ¥) = @Y.
An H-linearly independent basis for 4P is {P, e' P}. We have
(P,P)=P
(P, e'P) = PelP = 0
(e'P, e'P) = Pele!P = P.
So this basis is in fact orthonormal, the product being of index zero.

Thus far we have shown how any involution can be put into one and
only one class determined by the %/-symmetric or @/-skew product
(further labelled by an index where appropriate) for which it is the
adjoint involution. We may choose the representatives given in
table 2.11 for the classes of product. Where we have chosen, for
example, a C*-symmetric product we could have chosen a C*-skew one.
For the same reason we only further classify products by the index
rather than the signature. These classes of product define an equivalence
relation on the associated involutions. We have already termed involu-
tions $ and ¥ equivalent if there is an automorphism & such that
a* = ((a?)*)¥™) for all @ € . In fact it follows that with this notion of
equivalence:
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Two involutions are equivalent if and only if they are the
adjoints of equivalent products. (2.6.12)

Table 2.11

(1) R -symmetric, of index v

(2) R -skew (only in even dimensions)
(3) € -symmetric

(4) C -skew (only in even dimensions)
(5) C*-symmetric, of index v

(6) H--symmetric, of index v

(7) H*-symmetric

Here products are equivalent if they are both of the same one of
seven main types and, where appropriate, of the same index. If $ and ¥
are adjoints of equivalent products then we can introduce two @/-
symmetric or skew products, ( , ); and (, ), of (where appropriate) the
same signature, with $ and ¥ their respective adjoints. Both products
admit a canonical basis of the same type, and any change of basis may
be effected by left multiplication by a regular element. Since both
products are j-linear in the first variable, and linear in the second there
must be a regular o such that (¢, ¥); = (0@, oy) for all ¢ and ¥ in
the minimal left ideal, that is

J 'ty

K (o@)*oy = K~ '¢p*a% oy
K~Y(o%a)(c%0) 1¢*(c™o)y.
If we introduce an involution J defined by

a? = (o%0) 'a¥(c%0) Vaesd

then P7 = TPT! with T = (0%0)'K. We have J '¢y =T 197y,
that is

(@, v)y = (@, Y7 Vo, yesdP.

But (¢, ay), = (a*@, y); and (@, ay)r = (@, Y)r=("9, ¥),
giving ((a? — a?)@, y); = 0. Since this is true for all ye AP and the
product is non-degenerate (@*—a”)p=0Vepe AP and
a? =a" Vaesl. Recalling the definition of J we have
a? = g Y(gao~")*o, that is, $ and ¥ are equivalent. To prove the
converse we suppose that § = FHS ! for some automorphism ¥. Then
if
(,):AP X 4P —> PAP
is a product with ¥ as adjoint-involution we define

{,}:sAPY" x APY — PV g pY
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by {a, B} = (a”, B%)Y", then
{a, mB} = (¢, m?BH)?" = (mP*a?, )" = ([m™* " a]?, )"
= {m?a, B}.
Similarly if

e(a, P)* then {B, a} = (87, a¥)¥"
= e(a’, B = efa, BT = efa, )Y

where j = $k9~! is equivalent to k. Thus we have a product on {P¥"
with § as an adjoint-involution of the same type as the product on P,
which has X as adjoint-involution. As already noted a product on any
given minimal left ideal enables an equivalent product to be defined on
any other minimal left ideal. Thus if $ = XS ! then $ and K are
adjoint-involutions of equivalent products on any minimal left ideal.

Although for complex matrices not all automorphisms are inner a
corollary to the above is that if involutions are related by $ = FHF ™!
for any automorphism & then in fact there is an inner automorphism Z
such that § = ZHZ 1.

The result of (2.6.10), together with table 2.11, gives the number of
inequivalent involutions for a simple R-algebra. This is displayed in
table 2.12.

(8, @)

Table 2.12 The number of inequivalent involutions.

M, COM, H®M,
r even ir+2 ir+3 ir+2
r odd Hr+ 1) W(r+3) i(r +3)

Since not all Clifford algebras are simple we now consider involutions
of semi-simple algebras that have two simple components. Let
A =RBDE where B and € are simple with B =AP, € = A0 for
central idempotents P, Q with PO = QP =0and P+ Q=1 If ¥ is
an involution of &« then P¥*, Q% are central idempotents with
P¥Q¥%* = Q¥PX =0and P¥+ Q% =1. So o = AP*®AQ¥ and, since
the expression of a semi-simple algebra as a sum of simple ones is
unique up to ordering ((A17) of Appendix A) then either ¥ P* = & and
AQ* =4, or 4Q* =R and AP* = €. In the former case K induces
an involution on the simple algebras #B and € and may thus be classified
in the manner already treated. In the second case every element of & is
sent to €, and this can only arise when € is isomorphic to the opposite
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algebra of %W, € = A°P. There is in fact only one such involution, up to
equivalence.

If 4 is the sum of two simple algebras, with ¥ and $
involutions that do not preserve these simple components,
then ¥ and ¢ are equivalent. (2.6.13)

If 3 and $ are as described then $¥ is an automorphism of & that
induces automorphisms on the simple components B and €. We
introduce an automorphism ¥ of by defining

b? = p¥s Vbe®R
cf=c Vce@.

Then & is an automorphism of s such that for be B b%¥ = b¥, which
is in €, and so b¥¥" = p¥™" = p¥. Similarly for ce € ¢ = ¢ and
so ¥ = 97 = ¢#7% = % and we have established the equiva-
lence of $ and X.

When o = DROMDDROM where M is a total matrix algebra and the
division algebra satisfies % = %°P then any involution in the class not
preserving the simple components will be called a %-swap. (The real
division algebras R, C and H are isomorphic to their opposite algebras.)
Any such involution is the adjoint of a non-degenerate product on the
left ideal formed from the direct sum of two minimal left ideals from the
two different simple components. For let P be some primitive idem-
potent (necessarily in one simple component). If $ is some %-swap
involution then Q = P + P?% is a $-symmetric idempotent. We may
define

(,): AQ X AQ —> QAQ = DDD
a,ﬂ )—)(a/’ ﬂ):a/}ﬂ

Such a product is non-degenerate for if a?B = 0V g then choosing S to
lie in one simple component shows that the component of « in the other
must vanish, and hence & = 0. It immediately follows from (2.6.14) that

(o, mP) = (m?a, f) Vmed
B, @) = (a, B)?
(aq, B) = q¢*(a, B) VqeDD%D.

We can equally well introduce a product with different symmetry. If s is
any regular element lying in 9, ss~! = 1g, then let § =s — s%. This
$-skew element of D@7 has an inverse given by

Sl=yg71—(s71) SSt =557+ (s715)F = 1g + 1gs = L.

(2.6.14)
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We may now define
{,} 140 X 40 —> DD
@, B— {a, B} = S~ la?pB.
This product satisfies

{a, mB} = {m?a, B}
B, a} = =S a, B}?*S
{ag, B} = S7'q?S{a, B}.

We are now ready to return to Clifford algebras. Having established
how a given involution is the adjoint of a non-degenerate product on the
minimal left ideals the problem of finding products invariant under ,I'*
reduces to finding involutions $ such that s¥ =s !'Vse ,I't. Of
course £ and &n are such involutions (which may or may not be
equivalent), but before classifying the associated products we confirm
that these are the only such involutions (up to equivalence). It is
convenient to consider the cases of even and odd dimensions separately.

Suppose firstly that p + g = n is even, so that C, (R) is central
simple. Then if $ is any involution there exists some J such that
a? =Ja%) ' with J5 = 2J. If se ,T'* then s¥ = JstJ 1 = Js~1J~1; thus
s =s71if and only if Js"!=s"'J Vse , ['*. We know (from the
proof of (2.5.3)) that ,I'* generates the even subalgebra, and so
s* =s7! Vse ,I'* if and only if J commutes with all elements of the
even subalgebra. If J has this property then so will its even and odd
parts separately. But the volume n-form Z is even and it anticommutes
with all odd elements and so the odd part of J must vanish, hence J
must be in the centre of the even subalgebra. This centre is spanned by

{1, z}.
If Z¥ = —Z then, since J = %J, either JeR giving § = Eor J = Az
for Ae R and for any a, a? = za*z7! = a®".

If z5=z and z? = —1 then the centre of C}, (R) is C(R). If JeC
then, since C is algebraically closed, J = 0 = go° for some o€ C and
a¥ = go%a*0%'o7! = g(0 lao)*o ! showing that ¢ is equivalent to &.

If z8=2z and z2=1 then C; (R) is reducible and the centre is
spanned by the orthogonal idempotents {P,, P_} where P, =
(1 % 2). If J is regular then J = AP, + uP_ with A, u non-zero reals.
If 2 and u are both of the same sign then there is no loss of generality in
assuming them positive since multiplying J by an element of the centre
does not alter $. In this case we set

J=0*P, + v:P_ = (6P, + vP_)(oP, + vP_)*

and ¢ is equivalent to &. Similarly if A and p are of opposite sign then,
with no loss of generality, we assume =oglP, —v’P_. If
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k=o0P, + vP_ then
kzk* = (oP, + vP_)(P, — P_)(oP, + vP_)
= gP, —vV’P_=J.

Thus
a? = kzk%a5(k®) 'z 'k~ = kz(k 'ak)fz 'k = k(k'ak)1k !

and ¥ is equivalent to &n.

For the case in which z¥ = z we have seen that the requirement that
s? =57 1'Vse ,I'* only requires $ to be equivalent to either £ or &n. If,
however, p #0 then ,I'* contains an odd element and requiring
s =57'Vse ,I'* uniquely determines $ to be £ For if J =4+ uz
then the requirement that J commute with an odd element forces u to
vanish. Similarly, if ¢ # 0 then &7 is the unique involution such that
s¥=s5s"1Vse Tz,

We turn now to the case in which »n is odd, with {1, z} spanning the
centre of C, ,(R), and C, ,(R) central simple. Since z" = —z one of the
involutions § and &n will leave the centre invariant, the other will not. It
follows that if ¢ is any involution then either a? = Ja*J ™! with J5 = 1],
or @4 = Ja¥1J ! with J& = %],

Consider the former case. Then requiring s¥ =s~! Vs e ,I'* shows,
exactly as before, that J must commute with elements of the even
subalgebra. Then if J_ is the odd part of J we can write J_ = (J_z7!)z
and, since the odd element z commutes with everything, J_ will
commute with the even subalgebra if and only if J_z~! does. Since the
even subalgebra is central simple J_ must be proportional to z. It then
follows that J is in the centre of C, ,(R) and § = &.

In exactly the same way it follows that if s% =Js¥J/"! and
s =5 'Vse ,['* then § = &n.

We may summarise as follows:

if ,I*¢ ,T*thens?® =s5"'Vse [Tiff $ =&
if *T* ¢ ,I*thens? =s"' Vse*T*iff $ = &n.

If s =s7'Vse " then ¢ is equivalent to £ or &n; if n # 4
mod 4 then either $ = Eor $ = &n. (2.6.15)

The involutions & and &n induce the same involution on the even
subalgebra. This is the only such involution that inverts elements of
+I'*. For if $ is any involution of a central simple C,, (R) then
a* = JatJ! for some even J. Thus s¥ =s"'Vse ,['* only if $ is in
the centre, giving $ =& If C, (R) is not central simple then
a? = Ja%J~! with J even if $& leaves elements of the centre invariant,
or odd if $& induces a non-trivial automorphism on the centre. In the
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former case we have seen that only if $§=& is s =s"!'Vse .
There can be no involution with this property in the second category,
for there is no odd element that commutes with the even subalgebra
since this contains z which anticommutes with all odd elements.

We wish now to classify the involutions £ and &7 and the involution
they induce on the even subalgebra. This will be done for an arbitrary
Clifford algebra using the same isomorphisms that enabled its structure
to be determined. We use those isomorphisms for which & and &7 on the
factors of a tensor product induce & or &n on the product algebra. In
this way knowing the class of & and &n on the factors enables the class
of the involution on the product to be determined, and & and &5 on
arbitrary algebras can be classified by explicitly classifying these involu-
tions for a few low-dimensional algebras. First we consider involutions
of tensor products.

Let o =B ®M, where B is a simple algebra over R and M, is the
algebra of order n real matrices. Let $ be an involution on # that
induces involutions 9 on M, and X on %. We shall write this as
$=H®T. If B=D®M, and ¥ is D*-symmetric or skew then $ is
certainly either @*-symmetric or skew, the symmetry being determined
by that of X and 7, in a way to be determined. If Q is primitive in %
and R is primitive in A, then P = QR is primitive in «. If
Q% = KQK~! and R? = TRT~! then P? = JPJ™' with J = KT. Since
J*¥ = K*T7, J is symmetric if K and T are both symmetric or both
skew, and skew if K and T are of different symmetry. Thus if either %
is @*-symmetric with § R-skew, or ¥ is @*-skew with I R-skew, then
$ is @*-symmetric; otherwise it is @*-skew. We now investigate the
signature in the case in which ¢ is @*-symmetric. If ( , ); is the product
on AP associated with $ then for b;, b; € B and m,, mge M,

(bimy, bmg); = J 7 'm,2bIbmg = T 'K"'m,7b,%bm,
= T'm,"mgK~'b;*b,
since B and M, are mutually commuting subalgebras of «. So
(bimg, bjmﬂ)! = (mg, mﬁ)r(bn bj)K

where the products on the right-hand side are those on the subalgebras
associated with the involutions indicated. Thus if, for example, ( , )7 is
symmetric admitting an orthonormal basis with r vectors normalised to
plus one and s to minus one (of signature r, s) and ( , )x has a basis
with r' normalised to plus one and s’ to minus one then
(', )s has a basis of rr’' + ss’ positive-norm and rs’ + sr’ negative-norm
vectors. Similarly it follows that if (, ); is R-skew and ( , )¢ is D¥-skew
then ( , ); admits an orthonormal basis with as many positive- as
negative-norm basis vectors. We summarise the situation below. If ¢ is
an involution on ¥, where § = BYM,, with $ = HXT then:
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(i) if either ¥ is @D*-skew with I R-symmetric, or ¥ is
P*-symmetric with § R-skew, then $ is D*-skew;

(i) if ¥ 1s D*-skew and J is R-skew then $ is D*-symmetric,

of maximal index (if any);

(iii) if X is D*-symmetric, with signature r, s, and J is
R-symmetric, of signature r’, s’ then $ is @*-symmetric of

signature rr’ + ss’, rs’ + sr'. (2.6.16)

Having shown how to classify the involution on the tensor product of
a simple R-algebra with a matrix algebra in terms of involutions on the
factors, to classify the involutions on the product of two simple algebras
it only remains to consider involutions on products of the division
algebras. When one of these division algebras is R itself there is nothing
to do. For the product of two copies of the complex numbers we have

C(R) ® C(R)=C(R) ®(R)
identity ® identity = identity @ identity
identity ® conjugation = C-swap
conjugation ® conjugation = conjugation @ conjugation. (2.6.17)

We use the obvious notation for an involution on a reducible algebra
that induces involutions on the simple component algebras. The above
can be verified by choosing a specific basis. If {1, i}, {1, j} are standard
bases for the factors and P. = 3(1 % jj) then {P,,iP,} and {P_, iP_}
are bases for the simple components. Similarly

C(R) ® H(R)=C(R)®M,(R)
identity ® quaternion conjugation = C-skew
identity ® reversion = C-symmetric
complex conjugation ® quaternion conjugation
= C*-symmetric, zero index
complex conjugation & reversion = C*-symmetric, index one.  (2.6.18)

If {1, z} and {1, i, j, k} are standard bases for the factors then {e;} is
an ordinary matrix basis where e, = }(1 + zi), e, = (1 — zi),
e, = je“ = e22j and ep = —j922 = —euj. Finally,

HR) ® H(R) = M(R)
conjugation ® conjugation = R-symmetric, zero index
reversion ® reversion = R-symmetric, index two
conjugation ® reversion = R-skew. (2.6.19)

Again this can be verified by constructing a basis. It is sufficient to note
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that a primitive is given by P = {(1 + i)(1 + jJ) where {1, i, j, k} and
{1, I, J, K} are standard bases for the factors. A basis for the minimal
left ideal in M4(R) is {P, iP, jP, kP} and the index of the symmetric
products can be explicitly evaluated.

We are now in a position to classify all involutions on simple
R-algebras, or sums of two such algebras, that are obtained from
involutions on the factors of a tensor product. If A = AK€ and
$ = H®T then table 2.12 gives the class of the involution $ in terms of
the classes of X and . These classes are encoded into the types of
table 2.11, with the ® symbol denoting an involution on a direct sum of
algebras inducing involutions on the components, and the types (8), (9)
and (10) (see table 2.13) being @-swaps for @ = R, H and C. The class
of i determines the row of the table whilst ¥ determines the column,
the class of $ being given in the intersection. (The symmetry of the
table reflects the fact that A®B = BXA.) For example, (2.6.16) is
encoded into the first two rows and the first two columns, whilst the
diagonal block formed by the intersection of the third and fourth rows
and columns is given by (2.6.16) and (2.6.17). There are various blanks
in table 2.13, corresponding to those cases when the tensor product
of the factors would be a reducible algebra with more than two
components.

To use the above to classify the involutions & and &y on arbitrary
Clifford algebras we need to build up the Clifford algebras from tensor
products of smaller ones such that the standard involutions on the
factors induce § and &n on the product. In §2.2 the structure of an
arbitrary Clifford algebra was determined using the relations (2.2.7),
(2.2.8) and (2.2.9) together with a knowledge of certain low-dimensional
algebras. Examining the isomorphisms that established these relations
shows that the involutions & and &n of the left-hand side of (2.2.7) do
not induce either of the standard involutions on the factors. However,
equations (2.2.8) and (2.2.9) give a relation between the standard
involutions on the factors and the standard involutions on the product.
As was noted in §2.2 there is another relation similar to (2.2.9), and in
this case the standard involutions on the factors are related to those on
the product. The relations are given below.

Cp+1, q+1(lB) = Cp, q(]R) ®C1, 1(B)

E=En®E& (2.6.20)
&n= & ®&n

Cp,q+4(B)z Cp,q(B) ®C04(B)
E= § ®& (2.6.21)

En= &n ®&n



Table 2.13 The classification of involutions on tensor products induced from involutions of the factors. (See table 2.11 for the
classification scheme.)

Involutions on tensor products

1 2 3 4 5 6 7 8 9 10
1 i 2 3 4 5 6 7 8 9 10
2 2 i 4 3 5 7 6 8 9 10
3 3 4 3@ 3 4@ 4 10 4 3 10 10
4 4 3 4@ 4 3@3 10 3 4 10 10
5 5 5 10 10 5®5 5 5 10 10
6 6 7 4 3 5 1 2 9 8 10
7 7 6 3 4 5 2 1 9 8 10
8 8 8 10 10 10 9 9
9 9 9 10 10 10 8 8
10 10 10 10 10

(8) = R-swap, (9) = H-swap, (10) = C-swap.
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Cria. (B)=C, ,(R)®C, o(R)
E=E(®E (2.6.22)
&n=E&n® &n.

Here we have used the same symbol to denote involutions on different
algebras. For example, in (2.6.21) the £ on the left-hand side is the
standard involution on C,,.4(BR) whereas the same symbol on the
right-hand side denotes firstly the standard involution on C, ,(BR), and
then that on C,4(R).

Those low-dimensional algebras whose involutions must be classified
by inspection are given in table 2.14. The products on the left ideals
associated with the involutions are readily contructed for these algebras.
Some of these products are further labelled by an index; we have only
indicated the index where it is zero. This is justified by the following
theorem.

When the involution & on C, ,(R) is associated with a spinor
product labelled by an index then if g # 0 that index is
maximal, whilst for ¢ = 0 the index is zero. Similarly, any
index associated with &n is maximal unless p = 0 in which
case the index is zero. (2.6.23)

Table 2.14 Involution classes of some low-dimensional Clifford algebras.

3 &n
C1o(R) 1®1 8
C.o(R) 1(zero index) 2
Cio(R) 5(zero index) 4
C.o(R) 6(zero index) 6
Co.(R) 3 5
Coo(BR) 7 6
Cy3(R) 9 6® 6
Cy4(R) 6 6(zero index)
C..i(R) 1 2

Suppose that ( , ) is a product on some left ideal with & as adjoint
involution, and that {¢;} is an orthonormal basis with r positive-norm
and s negative-norm elements. If ¢ # 0 then there is a vector x with
x? = —1. Then {xg;} is a new orthonormal basis for the left ideal and
(xg;, xg;) = (x*xg;, €)= (x%;, €)= —(g, ¢). Thus this basis has r
negative- and s positive-norm elements and so if the signature is well
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defined we must have r = 5. So if g # 0 the index is maximal. That it is
in fact zero for ¢ = 0 can be verified by repeated use of (2.6.22),
together with table 2.14. The involution &n is treated in exactly the same
way.

We can now give the class of £ and &n for all C,  (R). First we note
that this class only depends on p mod 8 and ¢ mod 8: two applications of
(2.6.21) and (2.6.22) enable this to be inferred from table 2.13. We have
given the classes in table 2.15. To complete this table we use (2.6.21)
and (2.6.22) with table 2.14 to complete the first row and the first
column. Then the classes of £ and &7 are simultaneously entered in the
diagonals by using (2.6.20) with the multiplication of table 2.13. The
third entry for a given p and ¢ in table 2.15 gives the class of the
involution that § and &7 induce on the even subalgebra. (The case of
p = q =0 1is a degenerate case for which the class is 1.) Reference to
the derivation of (2.3.1) gives

C,.,R)=C, (R)
E=1£n.

Thus the class of the involution on the subalgebra is obtained from a
relabelling of the classification of &7.

When p + g <5 we can use the classification of the involution & on
the even subalgebra to obtain ,I'* as the group of automorphisms of
the associated product. This follows from (2.4.22). The automorphism
group of an R-skew product on an n-dimensional vector space is
denoted Sp(n, R), similarly Sp(n, C) is the automorphism group of a
C-skew product. For a C*-symmetric product with signature r, s the
automorphism group is U(r, s), whilst we use Sp(r, s, H) to denote the
automorphism group of an H~-symmetric product with this signature.
When s = 0 then we simply write U(r) and Sp(r, H). The products
associated with the %-swap have the general linear groups as auto-
morphism groups. For, taking the product of (2.6.14), a general
element of the automorphism group is § = s + s~ with s any regular
element of @®AM. We have arranged these spin groups in table 2.16.
From this table we have, for example, for C; (R) ,I'* = Sp(2, C)
whereas at the end of §2.4 we demonstrated that ,I'* = SL(2, C).
These groups are isomorphic; in fact we have

Sp(1, H) = SU(2)
Sp(2, R) = SL(2, R) (2.6.25)
Sp(2, C) = SL(2, C).

It can be seen that in two dimensions ,I'* is isomorphic to the
orthogonal group.

(2.6.24)



Table 2.15 Classes of involutions of the real Clifford algebras. For each p and g the classes of &, &n and the involution they induce
on the even subalgebra are given.

Classes of involution on the real Clifford algebras C, ,(R)

p

q 0 1 2 3 4 5 6 7

0 1 3 7 9 6 4 2 8
1 5 6 6@ 6 6 5 1 1® 1

1®1 1 5 6 6@ 6 6 5 1

1 1®1 1 5 6 6@ 6 6 5 1

8 2 4 6 9 7 3 1

1 8 2 4 6 9 7 3

2 1 8 2 4 6 9 7 3

2 2@ 2 2 5 7 7®7 7 5

5 2 2®2 2 5 7 7®7 7

3 5 2 2®2 2 5 7 7®7 7

4 2 8 1 3 7 9 6

6 4 2 8 1 3 7 9

4 6 4 2 8 1 3 7 9
6 5 1 1@ 1 1 5 6 6® 6

6@ 6 6 5 1 1®1 1 5 6

5 6@ 6 6 5 1 1@ 1 1 5 6

9 7 3 1 8 2 4 6

6 9 7 3 1 8 2 4




Table 2.15 (cont.)

Classes of involution on the real Clifford algebras C, ,(R)

p
q 0 1 2 3 4 5 6 7

6 6 9 7 3 1 8 2 4

7 7®7 7 5 2 2@2 2 5

5 7 7®7 7 5 2 2@ 2 2
7 5 7 7@ 7 7 5 2 2@2 2

3 7 9 6 4 2 8 1

1 3 7 9 6 4 2 8
(1) R-symmetric, of index v (3) C-symmetric (5) C*-symmetric, of index v (7) Ha-symmetric  (9) H-swap
(2) R-skew (only in even dimensions) (4) C-skew (only in even dimensions) (6) H -symmetric, of index v (8) R-swap (10) C-swap
Table 2.16
p

q 0 1 2 3 4 5

0 1 1 U(1) Sp(1,H) Sp(1,H) x Sp(l,H) Sp(2,H)
1 1 R* Sp(2,R) Sp(2,C) Sp(1,1,H)
2 u(1) Sp(2,R) Sp(2.R) x Sp(2,R) Sp(4,R)
3 Sp(1,H) Sp(2,C) Sp(4,R)
4 Sp(1,H) x Sp(1,H) Sp(1,1,H)
5 Sp(2,H)

Sp(1,H) = SU(2), Sp(2,R) = SI(2,R), Sp(2, C) = SI(2,C)
Jforal C, (R)withp + ¢ <35
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2.7 The Complexified Clifford Algebras

So far we have only considered real orthogonal spaces and their
associated real Clifford algebras. Much of the discussion could, how-
ever, be repeated with the real field replaced by an arbitrary field; in
particular the complex field. If W is a complex vector space with h a
complex valued, symmetric, non-degenerate C-bilinear form then the
Clifford algebra can be constructed as in §2.1. Since & is not charac-
terised by any signature the structure of the Clifford algebra can only
depend on n, and it will be denoted C,(C). The structure of the algebra
can be determined as in §2.2, only here the situation is even simpler.
We have

C,.,(C) = C,(C) ® C,(C) 2.7.1)
c,(C)=C®C 2.7.2)
C.(C) = M(C). (2.7.3)

These are the analogues of (2.2.8), (2.2.2) and (2.2.3) and they may be
proved in a similar way. They give the structure of all C ,(C).
If n is even then

C,(C) = M,(C) (2.7.4a)
whereas if » is odd
C,.(C) = My12(C). (2.7.4b)

The structure of the even subalgebra follows from the analogue of
(2.3.1), namely

Ci(C)=C,_(C). (2.7.5)
If n is even then
CHC) = My (C)DM 021 (C). (2.7.6a)
whereas if » is odd
C;(C) = Myn1e(C). (2.7.6b)

Rather than proceed with the study of the Clifford groups and their
relation to the complex orthogonal groups we shall show how the
complex Clifford algebras may be related to real orthogonal spaces.

If V is a real n-dimensional orthogonal space with bilinear form g
then V¢, the complexification of V, is an n- dimensional complex vector
space. The real bilinear form g may be extended by C-linearity to a
C-bilinear form on V¢, g€ If g is non-degenerate then so is g€. If VC
is regarded as a 2n-dimensional real vector space then V is canonically
identified with an n-dimensional subspace. The complex algebra
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C(V®, g% may be regarded as a 2"*!-dimensional real algebra. Thus
regarded C(V, g) is a subalgebra which certainly commutes with the
subalgebra generated by the identity over the complex field. So we have
the following isomorphism of real algebras

C(Ve, g% = C(V, g) ® C(R). 2.7.7)

For C(V, g)®C(R) we shall write C¢(V, g). We may define the
conjugate-linear operation of complex conjugation, *, on V. if ze V©
then z=x +iy for x, yeV and z* = x —iy. Complex conjugation
extends to an automorphism of C(VC, g®) regarded as a real algebra
(although not of course as a complex algebra). If the real subalgebra
consists of all elements equal to their complex conjugates then the real
subalgebra of C(VC, g%) is of course C(V, g). It is worth stressing that
for an arbitrary complex vector space there is no naturally defined
operation of complex conjugation. It is here well defined because the
complex vector space is obtained from the complexification of some
underlying real vector space. We have already shown that the complex
Clifford algebras are isomorphic to complex matrix algebras or sums of
two such algebras. The operation of complex conjugation, *, as defined
above will not, however, necessarily simply complex conjugate the
components of these matrices. The situation is clarified below.

Suppose that S(R) = C(R)®M,(B) has some involutory auto-
morphism, *, that induces a non-trivial automorphism on the centre. Let
% be the real subalgebra, that is a € & if and only if a = a*. Since any
a €3 can be written as a sum of real and imaginary parts it follows that
A = C®RB. So we have COB = COM,. For this to be true & must
certainly be simple, and since the only simple real algebras are iso-
morphic to 2®M with @ = R, C or H we must have either B = M, or
B=HROM,, By writing § = COM, for some particular matrix sub-
algebra M, we can define another involutory automorphism * that
leaves elements of M, invariant and conjugates elements of the centre.
If {e;} is an ordinary matrix basis for M, then {e%;} is another ordinary
matrix basis, for ," say. It follows from the uniqueness of the
Wedderburn decomposition ((A24) of Appendix A) that e%; = me m™!
for some m e A. So if

r
a = 2 a,-,-e,—,
i, j=1

then

that is

a* = ma*m™. (2.7.8)
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Since * and # are involutory (2.7.8) gives m*m = p where p is in the
centre. Now * and * induce the same automorphism on the centre,
giving (m*m)* = (m*m)* = m~Y(m*m)m. That is, mm* = m*m and p
is in fact real. The defining property of m, (2.7.8), only determines it up
to a multiple of the centre and so by a suitable scaling we can arrange
either m*m=1, or m*m=-1. (Equivalently m*m=1 or
m#*m = —1.) We summarise as follows: o = B®C with * an auto-
morphism that conjugates C and leaves & invariant, and o = M,QC
with # an automorphism that conjugates € and leaves M, invariant. The
two automorphisms are related by a* = ma*m~1. There are two possi-
bilities for %, either B = M, or B = HRM,; and two possibilities for
m, either mm™ = 1 or mm™ = —1. These possibilitics are in fact related.

If =C®B=C®AM, with * and * automorphisms that
conjugate the centre and leave % and M, respectively in-
variant, then a* = ma*m~! where we can choose either
mm*=10RB=M,, or mm*=-1RB=HOM,,. (2.7.9)

We now consider the proof. Since there are two and only two
mutually exclusive possibilities for %, and similarly for m, if we can
prove that mm*=1RB =M, then we must have
mm* = -1 R = HOM,,. Suppose firstly that B = M,. Then if {b;}
and {e;} are ordinary matrix bases for % and M, respectively then
e; = sb;s! for some s € of. If we write

a = 2 a,«ie,«/-
i
then
a* = Zai}(sb,-]-s“)* = Za?}s*b,-,-s*‘l
1.f i

= }:a,*-;s*s“e,-jss*‘l = s*sla*(s*s~ 1)L,
L
That is, we may choose m = s*s™! giving m* = m~!. Now the
converse: we introduce a C-conjugate-linear transformation on s by
defining a¢ = a*m = ma*. Thus ¢ preserves the columns of M,. If
m* =m~! then ¢ is involutory and for any aesd we write a =
3(a+ a°) + L(a — a°). In particular, the minimal left ideals of « that
are the columns of M, with entries in € can be decomposed into
eigenspaces of . Since the real dimension of a minimal left ideal of o is
2r these eigenspaces are r-dimensional. Let 9 be an element of one of
these eigenspaces. Then if a € ® ay is certainly in the minimal left
ideal of o and since (ay)® = a*y° = ayc it is in fact in the eigenspace.
Hence these cigenspaces carry representations of 9. That is, if
m* = m~! then irreducible representations of s induce reducible repre-
sentations of 9. But either B = M,, in which case its irreducible
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representations are r-dimensional, or B = H®M,, with 2r-dimensional
irreducible representations. Thus m* = m~! implies B = M,. The argu-
ment of the proof is summarised below.

m=s*s"'1>mm*=1
> 0
B =M,
& irreducible representations of &
induce reducible representations of
R.

Hence mm* =1 B = M,
and so mm* = -1 B = HOM,),.

The complexification of the real Clifford algebra associated with an
even-dimensional orthogonal space is isomorphic to the algebra of
complex matrices. Complex conjugation (that leaves the real Clifford
algebra invariant) is equivalent to the automorphism that conjugates the
components of these matrices when the real algebra is a total matrix
algebra: in this case complex conjugation will simply conjugate the
components in an appropriate basis. The algebra associated with the
complexification of an odd-dimensional real orthogonal space is a direct
sum of two matrix algebras. Complex conjugation is equivalent to the
automorphism that conjugates the components of these matrices if and
only if the real algebra is a sum of two total matrix algebras. When the
real algebra is the sum of two simple algebras whose Wedderburn
decomposition involves the quaternions then complex conjugation in-
duces an automorphism on the simple components of the complexified
algebra that is inequivalent to conjugating the matrix components.
When the real algebra is isomorphic to the algebra of complex matrices
then complex conjugation of the complexified algebra interchanges the
simple components.

The irreducible representations of the complex algebras will again be
called spinor representations, or semi-spinor representations when the
algebra is reducible, the spinor (or semi-spinor) spaces being identified
with minimal left ideals. These minimal left ideals are obviously of
complex dimension 2!"2 where [n/2] denotes the integer part of n/2.
When #n is even there is only one such representation, up to equiva-
lence, whereas if n is odd there are two inequivalent semi-spinor
representations.

Irreducible representations of C(V®, g€) induce representations of
C(V, g) which may or may not be reducible. The question of the
reducibility of these representations has to some extent been anticipated
in §2.5. It was shown there that when the division algebra occurring in
the Wedderburn decomposition of the real Clifford algebra (or a simple
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component of that algebra) was C or H the complex structure of right
multiplication by the generator of a complex subalgebra enabled the
spinor (or semi-spinor) space to be regarded as a complex vector space.
In this case irreducible representations of the real algebra can be
extended by C-linearity to representations of the complexified algebra.
Thus conversely, in these cases irreducible representations of the com-
plexified algebra induce irreducible representations of the real algebra.
When the real Clifford algebra is isomorphic to the algebra of real
matrices, or the sum of two such algebras, then its irreducible repre-
sentations are of real dimension 2!"2: that is, half that of the real
dimension of the irreducible representations of the complexified algebra.
Thus, in these cases, irreducible representations of the complexified
algebra induce reducible representations of the real algebra. The way in
which this reduction can be performed was given in the proof of (2.7.9).
The induced representations of the real even subalgebra may be treated
in exactly the same way. The irreducible representations of the even
subalgebra of the complexified algebra are of real dimension 2(2l("~17?]),
whilst the dimensions of those of the real even subalgebra are given in
table 2.10.

We turn now to classifying involutions of the complexified algebras.
The C-linear involutions & and &7 induce the standard involutions on the
real subalgebra, and these have already been classified. Thus we may
classify these involutions on the complexified algebra from a knowledge
of the involutions that they induce on the factors of a tensor product.
The involution induced on the factor C is of class 3, and so if we
multiply the entries in table 2.15 by 3, using the multiplication of
table 2.13, then we obtain the class of § and &n on the complexified
algebra, and that of the involution they induce on its even subalgebra.
(The classes are given in table 2.11.) Now these involutions are of
course involutions of the Clifford algebra associated with the complex
vector space V¢, and so they can only depend on the dimension of V
and not the signature of g. The classes depend on » mod8, and are
given in table 2.17. The involutions § and &7 commute with complex
conjugation, and so they may be composed with it to form involutions
&* and &n* which again induce the standard involutions on the real
subalgebra. These involutions are certainly not involutions of C(V¢, g©)
regarded as a complex algebra, but are real algebra involutions. The
classes can be obtained by multiplying the entries in table 2.15 by five
using the multiplication of table 2.13. Of course on the simple algebras
these involutions can only be of class 5, whilst in the reducible case they
either induce involutions of class 5 on the component algebras or
interchange those components. The classes depend on p mod2 and g
mod2, and are given in table 2.18. It follows from (2.6.23) that £* is the
adjoint of a zero index Hermitian-symmetric product if and only if
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g = 0; otherwise any index is maximal. Similarly &n* is the adjoint of a
zero index product if and only if p = 0, otherwise maximal.

Table 2.17 Classification of involutions of the complexified Clifford algebras.

p+gq=n g & EonC; (R)®C
1 33 10 3
2 3 4 10
3 10 4D4 4
4 4 4 4®4
5 44 10 4
6 4 3 10
7 10 303 3
8 3 3 303

Table 2.18 The classes of £* and &n* on C, ,(R) ® C
and & on C; (R) ® C.

14

q 0 1

0 5 10
5 5@5

505 5

1 5@5 5

10 5

5 10

2.8 The Confusion of Tongues

The theory of spinors was developed independently by physicists and
mathematicians, and this historical apartheid has continued. Of particu-
lar physical interest is the case of a four-dimensional real vector space
with a Lorentzian metric, and it was in this case that much of the
terminology and notation used by physicists originated. More recently
there has been much interest in physical theories set in a variety of
different dimensions and the nomenclature and terminology has been
extrapolated to these situations. Thus there is now a language, with
many dialects, for discussing spinors in physics which makes little
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contact with the expositions of the theory to be found in the mathe-
matics literature. Physicist readers may at this point vehemently declare
that it also makes little contact with the exposition given here. We will
now try to redress this situation.

The Dirac matrices, or y-matrices, are usually defined to be complex
square matrices of minimal order that satisfy

vyt + vyt = 29® (2.8.1)

where n is diagonal with p entries of plus one and g of minus one. If
p + q =n then the order of these marices is 2["?l with the bracket
denoting the integer part. These matrices are also usually assumed to
have certain Hermiticity properties, and we shall examine this shortly.
Here we note that the presence of such operations that are not C-linear
is sufficient to infer that the y-matrix algebra is not to be regarded as a
complex algebra. In fact from (2.7.4) we recognise that these matrices
generate an algebra isomorphic to that of the complexified Clifford
algebra or, in odd dimensions, a simple component of that algebra.

For the case of n even we have C{, = M(C). If {e} is a basis for

the real vector space that generates C, ,(R) then

n/2

et =2 Vi€

ij=1
where {e;} is some ordinary matrix basis for the complexified algebra.
The arrays of complex components, y{, with the usual rules of matrix
multiplication, will obviously satisfy (2.8.1). All matrix bases of the
complexified algebra are related by an inner automorphism, the change
of matrix basis giving a new set of matrix components for the {e?}; an
equivalent representation of the y-matrices.

The way in which a matrix basis can be constructed and the matrix
components of any element found is contained in the proof of the
Wedderburn structure theorem, (A23) of Appendix A. An explicit
example was given at the end of §2.2. We now further restrict ourselves
to the complexification of C,,(B), for p odd, and show how a
‘standard’ representation of the y-matrices can be given. (Although we
shall have no need of such representations this will hopefully strengthen
the link with the standard physics literature.) For p odd

CE.O = My-12(C) @ Mye-v2(C)

and thus C¢, is isomorphic to a total matrix aigebra with C,,(C) a
subalgebra isomorphic to the direct sum of two algebras of matrices of
half the order. In a suitable matrix basis, therefore, CS, is the
subalgebra of elements whose matrix components are block-diagonal;
the two simpie component algebras having matrix components in only
the upper or lower blocks, that is
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f=("i 0) i=1
y 0 T =1,...,p

with ¢’ and X/ matrices of order 2012,

From table 2.18 and the remark at the end of §2.7 it follows that the
involution & on C¢, is the adjoint involution of a zero-index C*-
symmetric product; that is, it is equivalent to Hermitian conjugation.
Thus we can arrange a basis in which & on CY, induces Hermitian
conjugation on the diagonal blocks (but not, of course, on the off-
diagonal blocks), and in such a basis ¢/ and X' are Hermitian. If
¥=4Ae! ... eP with A =1 or i such that 22=1, and P, = }(1 £ %),
then P, and P_ are the identities in the simple components of Cg,.
Since > =P, — P_thenif y=A4y'... y? then

-2 )

But ¢’ anticommutes with % and so y° can only have off-diagonal
components. Since also (%) = —1 we must have

0_( 0 T)
Y = -T-!' 0

0

¢

for some non-singular matrix T. Since ¢® anticommutes with all ¢ we
must in fact have £/ = — —T~'oT. If we now change basis so that the
components transform y* — S48 ~! with

s=i(' ‘?T) s-1=i(. 1 _',)
V2 1\ iT V2 T —iT
then we arrive at the following ‘standard’ representation of the y-
matrices:
1

y°=i((l) _?) i = (f "0). (2.8.2)
Here o/, and hence y/, are Hermitian whilst y° is manifestly anti-
Hermitian. The case of C¢, may be treated similarly. Since &n* is
equivalent to Hermitian conjugation in C§, we are lead to a ‘standard’
representation as above, but with the o' anti-Hermitian and the i
removed from y°. (In this case e denoting the one positive-norm
vector.)

To illustrate further the relation between the y-matrices and the more
abstract approach to Clifford algebras that we have pursued, we
examine C¢, in more detail. First we shall choose a matrix basis for a
simple component of C$, in which &* coincides with Hermitian conjuga-
tion giving the Hermitian {¢'}. We then have from (2.8.2) a standard
Tepresentation of the y-matrices and shall reverse the argument to
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construct the matrix basis in which these are the components of the
{e?}. The reducible algebra C§, is projected into simple components by
the mutually commuting pair of central idempotents P. =
W1 +ie'?). Since e'®P, = FiP,, giving e?P, = Fie’P., if we want
6'0? = io? then the {6’} must be the components of the {e'} in C$,P _.
To start the construction of the matrix basis we seek a pair of mutually
orthogonal idempotents that are invariant under the involution §*: these
will form the diagonals of a basis in which &* induces Hermitian
conjugation. We choose

ell = %(1 + 83)P‘

1 , (2.8.3)
en = 11— )P_.
and since e,, = e’e,,¢? we may complete the basis with
e,=ep e’ =e’ey
, (2.8.4)
e, = e’e; = eye’
where
eyt =ep.
If
2
eiP_ = E O'inﬁfaﬁ
a,B=1
then

2
O'IQB = Esme’sm,
A=1
For example,
_ 1 1
O p= E1€ &y t £€ En
= —igyePgy — igyePey
since e'2P_ = iP_
: 2 : 2
= 1£1€°Ey + 1€;,€° €y

where the e? has been absorbed into £, and £;,. From the definition
of £

0112 = i(fn + 822) = lP_

where, we recall, P_ is the identity in this simple algebra. In this way
we construct the following:

01=(_0i 6) 02=(? (1)) 03=(é _?) (2.8.5)

We may use these matrices in (2.8.2) to obtain a standard representa-
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tion of the y-matrices. At this point we reverse the reasoning and
construct the matrix basis corresponding to these components. From the
diagonal y° we construct a pair of (non-primitive) idempotents,

0 1
%(' + IYO) = 1 %(I - 1}’0) = 0
1 0

Putting (2.8.5) into (2.8.2) enables another pair of idempotent matrices
to be constructed

(1 +iyly?) = 0 -y =f 1
1 0

Primitives are obtained from the four products of these two pairs of
idempotents, for example

(1= i) = iy'y?) = 0

If then

4
e =»2 Y€y

i, j=1
we have
e, = 3(1 —ie?)i(1l — ie?)
e, = 1(1 —ie®)i(1 + ie'?)
ey = J(1 + ie®)i(1 — ie®?)
ey = 3(1 + ie%)i(1 + ie'?).

(2.8.6)

In exactly the same way we take products of the y-matrices to produce a
matrix of zeroes except for a 1 in the i, j entry, for all { and j. As may
readily be checked this leads to the conclusion that the remainder of the
matrix basis must be as shown in table 2.19.

In odd dimensions there are two inequivalent representations of the
y-matrices: these being the matrix components of the {e?} projected
into either of the simple component algebras. We now show how a
standard representation can be constructed for C§,, where now p is

even. In this case
Cf.x = M»:(C) @ szfl(C)
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whereas Cf, = M2(C). The involution &* is equivalent to Hermitian
conjugation on C¢,, whereas it swaps the components of CS,. We
choose a matrix basis {e;} for Cf, in which &* coincides with Hermitian
conjugation. If P, are the central idempotents that project CC, into
simple components, and e ;* = e;P., then the e;* form matrix bases
for these component algebras. The involution 1 is defined on CY, by the
requirement that it conjugate the complex factor and satisfy the follow-
ing properties on the generators of the real subalgebra: e = ¢, i =1,

.., p, e"" = —e® Thus t coincides with £&* on C, and so is indeed
Hermitian conjugation in the basis {e;}. If z = e! ... efe® then for
p=2 mod4, P, = (1 +tiz), whereas for p = Omod4, P, =
3(1 £ iz). Now certainly z' = —z%", and as we have remarked &* swaps
the simple components of C§,, that is P.%* = P;, thus P,"=P,. It
follows that, as the notation suggests, t+ induces Hermitian conjugation
in the simple component algebras in the bases that we have constructed,
{e;*}. In such bases e’P, are represented by Hermitian matrices,
whereas e’P. is represented by an antiHermitian matrix. In fact for
p=0mod4 e°P, = Fie! ... ePP., whereas for p=2mod4,
e’P,. = Fel ... eP,.

Table 2.19 A matrix basis for C§,.

e

e —eBe,, e‘e,; —ieley,
ede, en ieles —edey,
e‘ey —iele, e —eBey,
iele, —e’ey ePe,,; ey

The representation-independent operator trace, Tr, projects a matrix
algebra onto the subspace spanned by the identity. There is therefore a
relation between the projection of the Clifford algebra onto the space of
0-forms, ¥y, and the trace of the y-matrices. In even dimensions any
element can be expanded in a matrix basis

2n/2

a = za[jei}‘.
ij

Since the a; are (complex) 0-forms

2n/2

Fola) = Zaij‘?ﬂ(e i)
L/
and since products can be reversed under S, (2.1.17),

Fo(ey) = So(e e e;) = Fo(e,e,e;) = Fo(e;)d,;.
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The diagonals in the matrix basis are a set of pairwise orthogonal
primitive idempotents, and these are all similar. So

Fo(e;) = Fo(seys™")
for some s, thus
Fole;) = Foles).
By writing the identity as a sum of primitives
l=e;+en+...+e, with r = 212

we have Sy(e;) = 1/(27%). Thus

1
Fola) = oz 2’ ajj
that is,

Fola) = Tra. (2.8.7)

1
2n/2

In odd dimensions we let P, denote the central idempotents. If, for
example, {e;*} is a matrix basis for the simple algebra whose identity is
P then

P+=e11++...+e”+ r=2("_l)/2.

Since Po(P,) =1 we have Fy(e;*) = 1/[2Q" V)] giving So(aP,) =
{U[2Q“-D2)]} Tr(aP,). Thus

Fola) = W[Tr(cfd + Tr(aP.)}. (2.8.8)
In calculating cross sections in quantum theory one uses various trace
theorems for the y-matrices. The following illustrative properties of Sy
are equivalent to some of the most important. If {a, ..., a,} is a set
of 1-forms then $y(a,a, ... a,) =0 for n odd, and ¥y(a,a, ... a,)
=%y(a, ... aza,). These follow from the more general relations
W, =9, &,=S5,E The O-form component of a product of n
I-forms, with n even, can be related to that of products of n—2 terms,
from (2.1.7)

Folaiay .. a,) = Lolayalay ... a,) +iz(a; ... a,)}
= Foligazas ... a, — ajizasa, ... a, +...+
a,...a, \iza,}

glay, a))¥o(asa; ... a,) — gla;, as)¥olaraq . ..

a,) + ...+ gla,, a,)¥¢(azas . .. a,).
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In physics, elements of the vector space carrying an irreducible
representation of the complexified Clifford algebra are termed Dirac
spinors. Thus whilst in even dimensions this accords with what we have
simply called a spinor of the complexified Clifford algebra, in odd
dimensions a Dirac spinor is what we have called a semi-spinor. In n
dimensions Dirac spinors are obviously elements of a 2["?-dimensional
complex vector space which we will identify with some minimal left
ideal. If n is even the different minimal left ideals all carry equivalent
representations, whilst for n odd the two inequivalent representations
are carried by minimal left ideals lying in different simple component
algebras. Any minimal left ideal can be taken as the first column in
some matrix basis. If y € C,(C)P with P primitive then we may form a
matrix basis, {e;}, with e, = P, giving y = Z,p.e,. If ' = ¢S~ for
some invertible S then o’ lies in the first column of the matrix basis
{e};} where e} = Se;S~'. If we write y' = X,ype} then if §7' =
3, 458, we have y; = Z,5;'y;. Thus although a change of minimal
left ideal is effected by Clifford multiplication from the right, the
components in matrix bases for which the spinors form the first columns
are related by matrix multiplication from the left.

The Dirac adjoint spinor, ¥, is a ‘row’ spinor which enables spin-
invariant products to be defined. Thus  is the adjoint of ¥ with respect
to some spin-invariant product, it being an element of the dual space
carrying a contragradient representation. From table 2.18 we see that
unless p is odd and q is even the involution &n* is the adjoint involution
of a pseudo-Hermitian product. When p is odd with g even then &* is
the adjoint involution of such a product. We consider the former case
first. For some choice of matrix basis let + be the involution of
Hermitian conjugation. (In odd dimensions 1 induces Hermitian con-
jugation in the simple component algebras.) Then 1 is related to &n* as
follows,

as" = Aa’A™! VaeC§, (2.8.9)

with A" = A (equivalently A" = A). If ¢ and y are Dirac spinors,
lying in the first column in the matrix basis in which t is Hermitian
conjugation, then we may define a spin-invariant product

(@ Yoy = A7 @7y (2.8.10)

This product, which having &n* as its adjoint involution is invariant
under *I'*, is a special case of (2.6.2). As such it takes values in the
algebra of complex numbers whose identity is the primitive @ ;. We can
trivially obtain a product with values in the underlying complex field.

For if (¢, ¥)g = (¢, y)e,, then
(@, ¥) = Tr(@, Y)gr- (2.8.11)



THE CONFUSION OF TONGUES 93

The adjoint of y with respect to the product in (2.8.10) is the Dirac
adjoint, that is

V=AY = yiAL (2.8.12)

The defining relation for A, (2.8.9), involves Hermitian conjugation
which is defined in some matrix basis, {e;}. If {e}} is another matrix
basis with e = Se ;S then e;' = S~"e;S". Thus if §*'=S~! then
e; = e and the involution " also induces Hermitian conjugation in this
basis. So in fact the involution *, and hence the relation (2.8.9), involves
a class of bases the elements of which are related by unitary transforma-

tions. Suppose that we consider that class of matrix basis for C$, in

which e = —e0 e =¢', i =1, ..., p. Equation (2.8.9) is equivalent
to e" = —A7'e’A, and so in such a basis we may choose A ! = ief.
This gives the familiar relation

Y =iy'e’. (2.8.13)

(The factor of i is absent in the case of C{,.) It is this relation (in
component form) that is usually taken as the definition of the Dirac
adjoint. It is the choice of A~!=ie® that arbitrarily restricts the
representations of the y-matrices to be related by unitary transforma-
tions. There is no need for this restriction. The notable exception to this
restrictive definition of the Dirac adjoint is the book by Jauch and
Rohrlich [4].

In the above we excluded the case in which p is odd and g is even. In
this case it is &*, rather than &n*, that is the adjoint involution of a
pseudo-Hermitian product. Unless p is even and ¢ is odd in analogy
with (2.8.9) we may define

a® = Ba'B™! VaeCt, (2.8.14)
with B¥ = B' = B. Instead of (2.8.12) we define
¥ =Byt (2.8.15)

Here the Dirac adjoint is defined with respect to a ,I'*-invariant
product.

A Dirac spinor and its adjoint are used to form the so-called bilinear
covariants. If ¢ and v are Dirac spinors then, as explained at the end of
§2.5, the spinor representation gives rise to a representation 7. We
define

w(s)(@y) = s@(sy).

When, for example, the Dirac adjoint is defined as in (2.8.12) then
©(s)(@y) = s(ey)s*". Thus for se *I'* the representation T coincides
with the vector representation, that is

ws) (oY) = s(py)s™.
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When q is odd the image of *I'* under the vector representation is the
timelike-orientation-preserving subgroup of the orthogonal group; whilst
for g even it is the spacelike-orientation-preserving subgroup. As
pointed out in §2.4, the p-forms transform irreducibly under the vector
representation of the Clifford group. Using (2.1.18) we expand gy as a
sum of p-forms,

Py = ; So(@ye,S)e?

= ; Fo(peqp)e (by (2.1.17)).

This gives the p-form components in terms of the product (2.8.10), or
(2.8.11),

Py = ; (v, ea*@)Fo(e1y)e?. (2.8.16)
For the particular case of C$; we have
4% o(yy) = Tr(yy)
491(yy) = Tr(ye'y)e,
4% (yy) = ;Tr(Pe” y)ey, (2.8.17)
4F3(yy) = Tr(ye‘zy)ez
A% 4(yy) = ~Tr(yzy)z.

The components of these homogeneous forms are the familiar scalar,
vector, tensor, pseudo-vector and pseudo-scalar. As was noted above,
the spinor representation on v induces the representation t on these
bilinears. In particular, the spinor representation of *I'* induces the
vector representation on the bilinears, the image of *I'* under the
vector representation being the group of orthochronous orthogonal
transformations. It is the behaviour under the parity transformation
that, for example, distinguishes between the scalar and the pseudoscalar.
The vector representation of the elements of the Clifford group which
change time orientation cannot be induced on these bilinears from the
spinor representation. The Wigner time-reversal operator on spinors is
not a representation of the Clifford group, neither does it induce on
these bilinears the transformations one would expect from the nomen-
clature of ‘vector’. It is, however, a symmetry of the Maxwell-Dirac
equations, as will be discussed in §10.3. In the physics literature the
action of the spinor representation of that element of the Clifford group
whose vector representation gives time reversal is called the Racah time
reversal on spinors. It is not a symmetry of the Maxwell-Dirac equa-
tions, which accounts for its infrequent mention these days.
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The Dirac adjoint is associated with the pseudo-Hermitian product for
which &n* or &x, is the adjoint involution. We also have the spin-
invariant products for which the C-linear involutions &n and & are the
adjoints. From table 2.19 we see that unless n = 1 mod 8 or 5 mod 8 the
involution &1 induces an involution on the simple components of the
reducible Clifford algebras. If ¥ denotes transposition in some matrix
basis then, excepting the dimensions mentioned, we have

a® = Ca?C! VaeCt, (2.8.18)

with C5 = C7= +C. The symmetry of C determines the symmetry of
the complex bilinear product defined by

(@, P)gy = Clp"y. (2.8.19)

Here @ and y are Dirac spinors lying in the first column of the matrix
basis in which J is the transposition. The symmetry of this product, for
which &7 is the adjoint involution, is given in table 2.1, The defining
property of C, (2.8.18), is equivalent to

e?? =—C-le*C

the matrix components of which are usually taken as the definition of
the charge conjugation matrix. If ¥ is the adjoint of 3 with respect to
the product in (2.8.19) then

P = Clyf = 97CL (2.8.20)

This adjoint spinor is often called the Majorana conjugate.

Except for n =3 mod8 or 7 mod8 the involution & induces an
involution on the simple components of the reducible Clifford algebras.
We may define

at = Da’D™! VaeCf, (2.8.21)
with D¥ = D7 = +D. This gives
e’? = D leD.

The symmetry of the product defined by
(@, ¥)e = D7 '¢y (2.8.22)

is given in table 2.18. We shall also use ¥ to denote the adjoint with
respect to this product, specifying the relevant product whenever con-
fusion is likely.

In §2.7 we were careful to distinguish the automorphism *, referred to
as complex conjugation, from the automorphism #*. Complex conjuga-
tion leaves invariant the real subalgebra generated by the real orthogon-
al space with signature p, ¢, whilst # is defined to complex conjugate
the matrix components in some matrix basis. Thus the definition of #
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depends on the choice of some matrix basis. In (2.7.9) we showed that,
excepting the case in which the real subalgebra is isomorphic to the
algebra of complex matrices, these two automorphisms are related by
a* = ma*m~! Va. When the real subalgebra is a real matrix algebra, or
a sum of two such algebras, we may choose mm* = 1. When the real
subalgebra is the tensor product of a matrix algebra with the quater-
nions, or a sum of two such algebras, we may choose mm* = —1. The
real subalgebra is isomorphic to the algebra of complex matrices when
p — q =3 or Tmod8. In this case complex conjugation of the complex-
ified algebra swaps the simple components. Save for this exceptional
case we use this relation between the two automorphisms to define the
charge conjugate spinor 3¢

Yo = Yrm. (2.8.23)

This can be rewritten in terms of the Dirac adjoint and the charge
conjugation matrix. Unless n = 1 or 5 mod8, or p is odd with g even,
we may uvse (2.8.9) and (2.8.18) to produce

(aEn‘)En = (A-l)ﬁnCafﬁc—lAﬁn‘
Since complex conjugation commutes with the involution &z and
1T = Jt = # we have
=ma*m-! with m = A~1*C (2.8.29)

a*

where we have used A" = A. We know that we can scale m such that
mm* = x1, which can be accomplished by choosing C suitably. With m
given by (2.8.24) equation (2.8.23) becomes

¥ = Cyo. (2.8.25)

In exactly the same way, except for the case of n = 3 or 7 mod8 or p
even with g odd, (2.8.23) can be written as

ye = Dy (2.8.26)

where now  is given by (2.8.15). The only cases in which we can use
neither (2.8.25) nor (2.8.26) are for p + ¢ = 3 or 7 mod 8 with g even,
or p+g=1or5 mod8 with ¢ odd. These cases can only occur for
p — q =3 or 7 mod8, which is the case we excluded from the definition
of the charge conjugate spinor.

When the Dirac spinors carry a reducible representation of the real
subalgebra, elements of the irreducible subspaces are called Majorana
spinors. As was pointed out in §2.7 this ocurs when the real subalgebra
is a real matrix algebra, or a sum of two such algebras, and this occurs
when p—-q=0, 1, 2 mod8, as is seen from table 2.8. In these
dimensions reference to §2.7 shows how the space of Dirac spinors can
be decomposed into eigenspaces of the charge conjugation operator.
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Thus a Majorana spinor is an eigenspinor of the charge conjugation
operation

Y = Fy°. (2.8.27)

This can be written in terms of the Dirac and Majorana conjugates by
using (2.8.25) or (2.8.26).

In an even number of dimensions the irreducible representations of
the complex Clifford algebra induce a reducible representation of the
even subalgebra; the spinor representation splitting into two inequi-
valent semi-spinor representations of the even subalgebra. The central
idempotents that project the even subalgebra into simple components
are P. = 3(1x ¥), where either ¥ =z or ¥ =iz ensuring 2?2 =1, z
denoting the volume n-form. If vy is a Dirac spinor then it may be
decomposed into subspaces that transform irreducibly under the even
subalgebra,

Y=y, + Yo where ¥, = P,y. (2.8.28)

The semi-spinors . are called Weyl spinors, or chiral spinors. The
Weyl spinors can carry a reducible representation of the real even
subalgebra. From table 2.10 this is seen to occur when p — ¢ = 0 mod 8.
In this case the real even subalgebra is the direct sum of two real matrix
algebras, having the real central idempotents P, = (1 £ z). The ‘Ma-
jorana condition’ (2.8.27), can be consistently imposed together with the
‘Weyl condition’, (2.8.28), to decompose a Dirac spinor into subspaces
transforming irreducibly under the real even subalgebra. The resulting
spinors are called Majorana—Weyl spinors.

In an odd number of dimensions irreducible representation of the
complexified Clifford algebra induce irreducible representations of the
even subalgebra. These can induce a reducible representation of
the real, even subalgebra. Obviously this is the case for p — g =1
mod8 where, as we have noted, Dirac spinors carry a reducible
representation of the whole real subalgebra. From table 2.10 we see that
for p — g = 7 mod8 Dirac spinors carry irreducible representations of
the real subalgebra and the even subalgebra. However they carry a
reducible representation of the real even subalgebra. For p — g =7
mod 8

C, ,(R) = COM-n2(R)
and
C;4(B) = Myen(R)
where p + g = n. We may thus choose a matrix basis for the Clifford
algebra in which the automorphism 7 simply complex conjugates the

components. The complexified algebra C§, is reducible, with 7 inter-
changing the simple components. Complex conjugation, *, also swaps
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the component algebras. The automorphism n* will certainly preserve
the simple components, and in a suitable basis we see from (2.6.17) that
it coincides with #, the operation that complex conjugates the matrix
components. A Dirac spinor y can be decomposed into spinors trans-
forming irreducibly under the real even subalgebra

V=1, + Y with p. = ;(y = 97). (2.8.29)

(Such spinors have attracted no special terminology in the physics
literature.)

Of importance in many calculations, especially those involving super-
symmetric theories, is the Fierz rearrangement formula. This allows
products of bilinears to be rewritten in terms of different bilinears.
Many similar results can be given, we illustrate the basic result below.
Let «, B, ¥, @ be Dirac spinors lying in some minimal left ideal
projected by the primitive P. If M and N are arbitrary elements of the
Clifford algebra then

aMPByYNe = aS (MPByNe ,5)etp (by 2.1.18)
= &e?@So(MByNe °).
The terms in the brackets can be reordered using (2.1.13), and since
® = @P
aMpByNe = ae’ @S (yPNe,*MPB)P.
Now the term in brackets is in PCS P, which is isomorphic to the

algebra of complex numbers with P as identity. That is, PXP = AP for A
a complex O-form, giving

So(PXP) = ASy(P)
and
So(PXP)P = So(P)PXP
)
aMByNe = aed pyNe ., MBS (P).
In terms of the product in (2.8.11) we have
(@, MB)(y. Np) P = (a, e@)(w, Ne,MB)So(P)P
whose 0-form component is the basic Fierz formula

(o, MB)(y, Np) = (a, e*@)(y, Ne,*MB)So(P).  (2.8.30)

(The factor of Sy(P) arises from our normalisation of the ed))
The approach to spinors that we have pursued is essentially algebraic.
From the Clifford algebra we can define the spin groups, and from the
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representations of the algebra we induce representations of these
groups. One can, however, start from a knowledge of the covering
group of the connected component of the orthogonal group and intro-
duce its irreducible representations as spinors. Representations of the
component of the orthogonal group connected to the identity can then
be found from the tensor product of these spinor representations. For
the case of four dimensions, and Lorentzian signature, such an approach
has developed its own rather specialised notation and conventions. That
is the Infeld-van der Waerden formalism, or ‘two-component spinor
formalism’. Given that the double covering of SO*(3, 1) is SL(2, C)
one introduces ‘two-component spinors’ as carrying irreducible repre-
sentations of SL(2, C). The complex conjugate representations of this
group are inequivalent, and a special notation is used to distinguish
them. If u is a vector carrying an SL(2, C) representation such that the
components of u transform with a matrix m then, say, the components
of u are labelled by a Greek superscript. If the vector v transforms with
the complex conjugate matrix then the components of v are labelled by
a Greek superscript with a dot above it. (It is perhaps significant that
such a notation was introduced before the advent of frequent photo-
copying!) The vector spaces carrying these representations both admit
SL(2, C)-invariant symplectic products, and the adjoint of u, say, with
respect to such a product has its components with respect to a dual basis
written as subscripts. A similar situation holds for v. Thus indices are
‘lowered’ with the symplectic matrix, which can be taken to have plus
one in the top right-hand entry. Because of the antisymmetry of this
matrix a convention must be adopted as to which side the matrix is
multiplied from to lower an index. The tensor product of these two
representations, with themselves and each other, gives a representation
of SO*(3, 1). Thus SO*(3, 1) irreducible representations are identified
with certain expressions written with two Greek indices, either with or
without dots, up and down, or a mixture. Of course, starting with
SL(2, C) irreducible representations only produces SO*(3, 1) repre-
sentations, not O(3, 1) representations. One can extend the representa-
tions of SL(2, C) to include other transformations so that the tensor
representation extends to a representation of O(3, 1). However, such
extensions are not unique and there is certainly no universal convention
for complex phase factors. Without being exhaustive we shall show the
relation between the ‘two-component formalism’ and the algebraic
approach.

We shall consider the Clifford algebra associated with a four-
dimensional Lorentzian space. Starting with the real even subalgebra we
shall construct a basis for the complexified Clifford algebra. We saw in
§2.3 that C3,(R) = C®M, and that if {€,5} is a matrix basis there exists
a 2-form c relating transposition, ¢, to the involution &

af = calc™!
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and a 1-form x that squares to one and commutes with the £,5 and c.
Thus ¢ must have real components and, since it is certainly anti-
symmetric, we can choose it such that its components form the standard
symplectic matrix, that is

€=, Copap (2.8.31)
a. B

where the matrix of components c g is

Cop = ( _(1) (1)) (2.8.32)

The even subalgebra of the complexified algebra is the direct sum of
two algebras of complex order-two matrices.

CSC.T = Mz(c) @ MH(C).

If P, =1(1%iz), with z the volume 4-form, then {g,P.} and
{e,5P_} are bases for the simple component algebras. The complexified
Clifford algebra is isomorphic to the algebra of order-four complex
matrices, and so we can choose a matrix basis in which the even
subalgebra is block diagonal. In such a basis any odd element must have
off-diagonal components. If, as usual, we identify the space of Dirac
spinors with the minimal left ideal formed by the first column then the
upper two components and the lower two components will transform
irreducibly under the even subalgebra. These are the even and odd parts
of the spinor, forming the two inequivalent Weyl spinors. In this
language one refers to a Dirac spinor as a bispinor, as it carrys a
reducible representation of SL(2, C). We can use the element x to form
the off-diagonal elements in a matrix basis for CY,, {e;}. We can
schematically display the basis we have constructed as follows:

€,5P, xe,8P_

il vorp. e ) (2.8.33)

It can be checked that this is indeed an ordinary matrix basis. In this
basis the diagonal blocks are related by complex conjugation, as are the
off-diagonal blocks. If I denotes transposition in this basis then

(Eaﬂpt)ﬁ = €8, P
But from the defining property of ¢, (2.3.2),
Eﬂapt =Cc”

= c7lg 4P c (since c is even)

Similarly (xe,sP.)7 = x&5,Px
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and
x€, Pz = xc g 55cP
= ¢ lxeiPsc (since x commutes with ¢)
= ¢ 1Pgghxc (since xP, = Pzx)
= ¢ (xg 4P )5
and so

a® = ca’c™! VaeCs,. (2.8.34)
If ¢ is a Dirac spinor we can write ¥ in terms of its even and odd

parts as ¥ = u + v. If we introduce the notation

£a1P+ = ba
(2.8.35)
x£a1P+ = bt'x
then u = u®b,, v = vb,, u® v*eC. This accords with the conven-
tional labelling since u and v carry complex conjugate representations of
the real even subalgebra, and hence .I'* which is isomorphic to
SL(2, C). The first row in the matrix basis is naturally identified with
the dual space of the first column. If we define

£laP+ = Ba
xt‘laP_ = Bd

then B*bg = 85e,,P., B*by; =0, Bb; = 6‘;‘38”P+, Bbs; =0. We
may define the Majorana conjugate of ¥ as

Y = yIc! (2.8.37)

(2.8.36)

(this is a special case of 8.21), then
¥ =ucl +vic! = uB% ! + vB%!.
We now introduce
B, = Bec!
B, =B%""

giving, by (2.8.31), B, = ¢;!B¥ and B, = c;/B¥. We can write the
Majorana conjugate as

(2.8.38)

Y =u’B, + v°B, = u,B* + v ;B?

where, for example, u, = uﬂcga‘. That is, indices are lowered with the
components of the symplectic matrix. If @ is another Dirac spinor
written in even and odd parts as ¢ = w + y then

Vo = (uw® + vy P
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Thus this product on the Dirac spinors induces the SL(2, C)-invariant
symplectic products on the Weyl spinors. So far we have relabelled the
first row and the first column of our matrix basis to facilitate a
correspondence with the two-component formalism. Any element of the
matrix basis can be written as a product of the first column by the first
row, e, = e;@,;, and so we can apply this relabelling to the whole basis

£aﬁP+C_1 = baBﬁ

£.4P_c ' =b,B;
° ar (2.8.39)

xeaﬁP+c‘1 = deﬁ

xg,5P_c' =b,Bp.
The products on the right-hand side with no dots or two dots are
even, whilst the terms with mixed indices are odd. Under complex
conjugation a dotted index is replaced with an undotted one, and vice

versa. These terms also have simple properties under the involution &,
for example

(b,Bp) = —c 1P,
= —c g 58P 7!
= —gp, P,c”!
= —-bsB,.
Similarly we obtain for the full set

(baBﬁ)s = _bﬁBa

(b,B ;) = —b;B,.
(de,’:)g _ —b,zBd (2.8.40)
(b,Bp)f = —bsB,.
If then # is any real odd form
n=n%b,Bg+ n¥b,By
nt = —n*bB, — nb;B,.
So if n is a 1-form, even under & n® = —u " That is, the components

can be arranged as an anti-Hermitian matrix (with different conventions
the matrix of components is Hermitian). In particular the basis 1-forms,
e?, can be expanded in the matrix basis as

e’ = 0°¢b,B; + 0°%%b,B,.
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The anti-Hermitian matrices, 0%, give the correspondence between a
«vector’ and a ‘rank-two spinor’ (or a ‘valence two spinor’). Similarly a
real 3-form has components that form a Hermitian matrix. If m is real
and even then

m = m*b,Bg+ m*¥'b;B;.

Requiring that m be odd under & is equivalent to it being a 2-form.
From (2.8.40) it follows that this gives m® = mf*. Obviously the
components of a O-form or 4-form must form an anti-symmetric matrix,
but we still need to disentangle the two. We have

Efo(baB/s) = gO(Bliba)
= yo(Bﬁc"ba)
= Fo(e1pc" e P )
= Fo(cpatn Py).

For the primitive £,, P, we have $y(e,,P,) = 1, giving
Fo(0,By) = jcp
also

Fa0 Bp) = —Fo(e1pc 7 € P 1 2)2

and since P,z = —iP, it follows that ¥4(b,B ) = }icz z. If the inverse
matrix is introduced such that cf*c¢~!,, = 6#, then, if m*f is anti-
symmetric, m*® = Ac* for some complex A. It then immediately follows
that Fo(m) = 2Re A whilst ¥,(m) = —~2ImAz.

In this section we have established contact with the most usual
notations and nomenclature used for spinors in physics. There is,
however, yet one more impediment to multilingual fluency. For many
applications in physics one works with ‘anticommuting’ spinors. That is,
whenever the order of two spinor fields is reversed a minus sign is
introduced. One rationale is that the components of the spinors take
values in the odd part of some exterior algebra. Certain other fields are
assigned values in the even part of this algebra; bilinears in the spinors
being even, for example. In practice the rationale seems unimportant as
the rules are easy to understand. The consequences are, for example,
that certain expressions which are antisymmetric in ‘commuting’ spinors
become symmetric in ‘anticommuting’ spinors. Thus although many of
the results presented in this chapter are changed (for example the
properties of the spin-invariant inner products) they are easily adapted
to accommodate ‘anticommuting’ spinors.



Exercise 2.2 Abstract from tables 2.8, 2.15, 2.17 and 2.18 the information in the following tables. In part (a): C2
gives real dimension of irreducible algebra representation; C3 gives real-valued spin-invariant product associated with
g, C4 gives real-valued spin-invariant product associated with &n. In part (b): C2 gives complex dimension of
irreducible algebra representation, C3 gives complex-valued spin-invariant product associated with & C4 gives
complex-valued spin-invariant product associated with &n; CS gives complex-valued spin-invariant product associated
with &*, C6 gives complex-valued spin-invariant product associated with &n*.

(a)

Clifford algebra

C2

3

C4

Cu(B) = M6(R)
Cii(B) = M(R) © My(B)
Cyo(B) = M (B)
Cio(R) = M(B) D M(R)
Cy4(B) = Mm(B)
Cia(B) = My(R) ® My(R)

16 (Majorana spinors)
8 (Majorana—Weyl spinors)
16 (Majorana spinors)
8 (Majorana—Weyl spinors)
16 (Majorana spinors)
8 (Majorana—Weyl spinors)

sym(index 8)
sym(index 4)
sym(index 0)
sym(index 0)
sym(index 8)
sym(index 0)

sym(index 8)
sym(index 8)

sym(index 0)

Gy, (R) = M5(R) 32 (Majorana spinors) sym(index 16) skew
CJ,(BR) = M;(BR) @ M (R) 16 (Majorana—Weyl spinors) swap
C.(R) = Mx(R) 2 (Majorana spinors) sym(index 1) skew
Lh=B®R 1 (Majorana—Weyl spinors) swap
(b)
Clifford algebra c3 Ca Cs C6
C§(B) = M;4(C) 16 (Dirac spinors) sym sym Hermitian sym (index 0) Hermitian sym (index 8)
CSi(R) = Mg(C) ® M(C) 8 (Weyl spinors) sym Hermitian sym (index 0)
C¢\(R) = Mz(C) 32 (Dirac spinors) sym skew Hermitian sym (index 16) Hermitian sym (index 16)
C§i(B) = Ms(C) OM4(C) 16 (Weyl spinors) swap swap
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3

Pure Spinors and Triality

This chapter contains some further properties of Clifford algebras and
spinors. They may be regarded as more advanced material and the
presentation will be adapted accordingly. Some readers may prefer to
defer a study of these topics until later: they are not essential pre-
requisites for understanding the bulk of the material that follows,
although we shall briefly make reference to certain properties of pure
spinors in the last chapter.

3.1 Pure Spinors

In certain cases spinors may have a rather direct geometrical interpreta-
tion. As was observed by Cartan [5] certain spinors of C(V, g) may be
correlated with maximal totally isotropic subspaces of V: these spinors
being called pure. (An isotropic subspace of V is one on which g
induces the zero bilinear form.) The account of pure spinors that we
shall give follows that given in Chevalley [6]. We shall only consider the
case in which V is even-dimensional. It turns out that in four (and six)
dimensions all complex Weyl spinors are pure. For the physically
interesting Lorentzian case this gives a correlation between Weyl spinors
(or Majorana spinors) and null planes. In the positive-definite case
maximal isotropic subspaces, and hence pure spinors, can be put into
correspondence with complex structures. In more than six dimensions
not all spinors are pure. The possibility of constraining spinors to be
pure in physical theories formulated in higher dimensions has been
investigated ([7], {8]).

Let V be an F-linear space with dimzV = 2r, and g an F-valued
F-bilinear form with maximal index. (Here F will be either R or C.) We
can express V in terms of maximal (r-dimensional) totally isotropic
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subspaces M and N as V = M @ N. A Witt basis for V is formed from
the isotropic bases {x'} for M and {y‘} for N such that

xiyl + yixi = 84, 3.1.1)
Since g is of maximal index the Clifford algebra is a total matrix algebra
C(V, g) = My(F) (3.1.2)

whilst the structure of the even subalgebra is given by
C*(V, g) = My-(F) @ My-(F). (3.1.3

Let ¥ be the 2r-form with %% =1 so that the idempotents P. =
11 £ %) reduce C*(V, g) to simple ideals. In terms of a Witt basis for
V we may choose

Z =[x x4 y2] ... (2 y7] (3.1.9)

the brackets denoting Clifford commutators.

Let z,, be the r-form product of some basis for M. Since M is totally
isotropic its Clifford algebra is just its exterior algebra A(M) and so the
r-form product of a different basis will differ from z, by the deter-
minant of the general linear transformation relating the bases. Given the
Witt decomposition V = M @ N we can express any element of C(V, g)
in terms of products of the x' and the y‘. Using the relations (3.1.1) the
elements of M can be positioned at the right-hand side of any terms so
that we see that C(V, g)zy = C(N, g)zy = A(N)zy. Thus the left ideal
C(V, g)zy has the dimension of the exterior algebra of N, 2", and is
hence a minimal left ideal. We may take this minimal left ideal as the
space of spinors. If e C(V, g)zy then v = Bz, for B e A(N). Thus
ZY = B"%z,. We have

Zzy = [x4 pU[x% 2] . X, y et a2 xT
= [x1, ylxi[x?, y2x2 ... [x, y']x’
and from (3.1.1)
[xi, yilxi = xiyixi = (1 — yix)xi = xi

SO Zzy = 2zy. Thus ¥y = B"zy and the even and odd (under 7)
subspaces of C(V, g)zy form the semi-spinor spaces of the even
subalgebra. Just as a maximal totally isotropic subspace can be used to
define a minimal left ideal it can also be used to define a minimal right
ideal. Since the Clifford algebra is a total matrix algebra the intersection
of a minimal left ideal with a minimal right ideal is a 1-dimensional
F-linear space. (For if P and P’ are primitive idempotents with
P’ = SPS~! then P'C(V, g)P = SPC(V, g)P and PC(V, g)P = AP for
A€ F.) So if we use a maximal totally isotropic subspace M to define
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our space of spinors any other maximal totally isotropic subspace T can
be used to define a minimal right ideal and hence a one-dimensional
subspace of the spinor space.

If M, T are maximal totally isotropic subspaces then any
element of z;C(V, g)zy, is a representative spinor for T (with
respect to M). A spinor that represents some 7 is called
pure. (3.1.5)

An immediate consequence of this definition is the following:
If T = x(s).M for s €T then a representative for Tis u = szp,.  (3.1.6)

The space of representative spinors for M is spanned by z,,, so if u is a
representative for M then xu = 0Vxe M. If now u is any element of
C(V, g)zy then u = Bz, for some Be A(N). For any y' e N we can
write B = y'B, + B, with B, and B, in the exterior algebra of the
subspace of N spanned by the remaining y. So x'u = B,u and x'u = 0
only if B lies in the exterior algebra of the (r — 1)-dimensional subspace
of N spanned by the remaining y. Thus u is a representative for M if
and only if xu = 0 Vx e M. Because of (3.1.6) this can be couched more
generally.

A spinor u is a representative for T if and only if xu = 0Vx e T.(3.1.7)

Given the totally isotropic M there is no unique N such that
V=M®®@N. If T is a maximal totally isotropic subspace with
dim(7 N M) = h then we can always choose a Witt basis such that {x'}
is a basis for M and {x!, ..., x", y**!, . .., y"} is a basis for 7. Starting
with a basis {x!, ..., x*} for TN M the Witt basis can be completed
by a Gram-Schmidt type of construction. If we adapt the Witt basis in
this way to the isotropic subspaces M and T then a representative for T
is u=y"! .. y"z). It will often be useful to have this canonical form
for a pure spinor.

In even dimensions all elements of the Clifford group are either even
or odd. Thus, by (3.1.6), all pure spinors are either even or odd. This
property of the representative spinors can be used to classify the
maximal totally isotropic subspaces as either even or odd.

If T,, T, are maximal totally isotropic subspaces then T, and
T, are both even or odd if and only if
dim(7; N T;) = r mod?2. (3.1.8)

There is some s € I" such that y(s).7, = M. If u,, u, are representatives
for T, and 7, then zp= su, and if u = su, then u is a representative
for T = x(s).T,. Since s is either even or odd then u« and z, behave the
same under n if and only if u, and wu, do. Moreover,
TNM=x(s).(T, N T,) so it is sufficient to prove that representatives
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for T and M are both even or odd if dim(7T N M) = rmod 2. If we
adapt a Witt basis to 7 and M then a representative u for T has the
canonical form u = y**1 .. yz, where dim(T N M) = h. So u and
zy are both even or odd if r — A =0 mod2, that is 2 = r mod 2.

In general not all spinors will be pure; whereas we can always choose
a basis of pure spinors, linear combinations of pure spinors will not in
general be pure. The following gives the conditions for the sum of two
pure spinors to be pure.

If u,, u; represent T, and T, then a necessary and sufficient
condition for u; + u, to be pure is that dim(7, N T,) = r or
r — 2. If this is the case then non-trivial linear combinations
of u, and u, represent all T suchthat TN T, =T, N T,. (3.1.9)

As in the proof of (3.1.8) it is sufficient to consider representatives for
T and M. We adapt a Witt basis to these subspaces. A non-trivial linear
combination of representatives for these subspaces will be pure if u is,
where

u=2Azy + y" .o yzy reF. (3.1.10)
Now x'u =0if and only if i = 1, . . ., h and =_,.,,Ax'u = 0 if and only
it A, =0Vj=h+1,...r, soif uis pure, representing 7" say, then
T"'NM=Tn M. If this is the case then we can choose a Witt basis
{(x,y"yi=1,..., rwith {x', ..., x* y"*V .. y"'} a basis for T'.

In this basis representatives for T’ will take the canonical form, so if u
is pure

Azpy + ¥y oy = wyhtY Ly zy (3.1.11)

for some u e F. By repeatedly using (3.1.1) the Clifford products in y#*!
... ¥z can be written in terms of exterior products, y"*! ... y'z,,
having homogeneous (h, h+2, ..., 2r—h)-form components. Similarly
yhrv . y"'zy, will have homogeneous components of the same
degrees. Equating h-form components in (3.1.11) gives

u=1 (3.1.12)
If 7 + 2 # r then this can be used to equate (h+2)-forms in (3.1.11):
XU xR A L+ Y A )

Loooxh(hV ax®* b+ o o+ y" Ax7). (3.1.13)

=X

The {y’} can be written as linear combinations of the basis {x/, y'}.
Since {x/, y'} is also a Witt basis we have

yi/ — yi + 2 Miij + Ni i=h+ 1, s F (3114)

j=h+1
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where MY = —M/ and N‘ is a linear combination of {x', ... x"}.
Inserting (3.1.14) in (3.1.13) gives MYy =0 Vi, j=h+1, ..., r and
hence {x!, ..., x® y**¥' ..., y"} is just a new basis for T; that is,

T' = T. So the only non-trivial case is & + 2 = r. In this case (3.1.11) is
seen to be satisfied by

yr—ll — yr—] + Axr + Nrfl yr' — yr _ AX'_I + Nr‘

Here A is seen to parametrise all 7' with 7" N M = T N M. Although
in general, as we have stated, not all spinors are pure, in sufficiently low
dimensions the above result can be used to show that all semi-spinors
are pure.

If r = 3 then all semi-spinors are pure. (3.1.15)

In general we can always choose a set of pure spinors as a basis for
the spinor space. Any semi-spinor will be a linear combination of pure
spinors that are all even or odd. From (3.1.8) we know that if u,, u, are
two such pure spinors representing T, and T, then dim(T, N T,) =
r mod 2, whereas from (3.1.9) linear combinations of u,; and u, will be
pure if dim(7, N T,) = r or r — 2. Thus if r < 3 linear combinations of
any two even or odd pure spinors are pure and hence all semi-spinors
are pure.

Through (3.1.7) a pure spinor is related to the maximal isotropic
subspace that it represents. However, given a semi-spinor this does not
give a very practical way of determining whether or not it is pure. Given
a spin-invariant inner product then the tensor product of a spinor with
its adjoint can be identified with an element of the Clifford algebra.
Necessary and sufficient conditions for a spinor to be pure can be given
in terms of these tensors on the space of spinors (or ‘spinor bilinears’).
These conditions give a practical way of determining whether any given
spinor is pure or not, and, in the case in which it is, recovering the
associated maximal totally isotropic subspace.

Let (,) be an F-valued, symmetric or skew, product on spinors with
& as adjoint involution. Let & be the spinor adjoint to u with respect to
this product.

If u,, u, represent T, and T, then T, N T, # < if and only
lf (ul, uz) = 0 (31.16)

Suppose firstly that there is some x in T; N T,. Then there is some y
such that xy + yx = 1 and

(ur, ug) = (uy, (xy + yx)uy) = (w1, xyu,)
since x € T,. Since the spinor product has & as adjoint involution then
(uy, xyu,) = (xu,, yu,) and this is zero if xeT,. So T\ N T, *
implies that (u,, u,) = 0. To prove the converse we let M and N be any
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two maximal isotropic subspaces such that V = M @ N. Then a spinor
basis, each element of which is pure, is given by {y/z,} with I a
mult1 index. Now we have already shown that (z,, y'z;) =0 unless
y! = zy, and since the spinor product is non-degenerate we must have
(zm znvzZm) #0. But zyzy is a spinor representing N which was any
maximal totally isotropic subspace not intersecting with M. So if u,; and
u, represent T, and T, then (u,, u,) can only be zero if T, N T, # &.

If v = +(—)v then for u any spinor ¥,,_,(ud)
+(=)—1)"F,(ub) Z for all p. (3.1.17)

~

Since 32 =1
S p(ub) = Sy (ub) 2% = S (ub3) % = &, (u(Z50)) %

as the adjoint spinor is defined with respect to a product with & as the
adjoint involution. Since ¥ is a 2r-form %% = (—1)"% and ¥,,_,(ud) =
(-n'e, (u(zv))z and the result follows. If v = Bz, for B € A(N) then
fv=B"zy and (-1)"Zv =0 So if v"=xv then &,,_,(ud)
= +(—)¥ ,(ud) £.

If u, u, represent T; and T, with dim(7, N T,) = h then
Fplusiiy) =0 if p<h or p>2r— h, whilst ¥,(uyii;) =
27,01, (3.1.18)

If s €T then &F,(su,stiy) = A(s)s¥ ,(u,ii;)s ' so without loss of general-
ity we can assume that u, represents M with u, representing some T
with dim(TNM) = h. In an adapted Witt basis we need to consider y”*!
. ¥"zyZ y. In the proof of (3.1.16) we showed that (2, y/zy,) =0
unless y/ = zy. Now zyzyzy = t2z, so we can always normalise the
spinor product such that (z, zyZay)Zy = ZmZazy- The definition of
Uil 1s that u,ii o = uy(uy, v), S0 2y 2y 2y = (Zp, ¥'2p)zs. This is
zero unless y/ = zy and for the normalisation just mentioned
(Zy, ZnZy)2Zy = Zy2Znzy. But zyuy'zy,, =0 unless y! =zy and so
(zuZpy)y'zp = zyy'zy for all multi-indices I and so zyZy, = zy.
Hence y#*! . .. y’'zp %, = y"*1 ... y'z,. The form of lowest degree in
y**1 .. y’z, is proportional to x! ... x”, which is just the product of
a basis for TN M. Since all pure spinors are semi-spinors it follows
from (3.1.17) that there is no non-vanishing p-form for p > 2r — h.

A semi-spinor u is pure if and only if #,(uf) =0  Vp#r. (3.1.19)

From (3.1.18) we see that if u is pure then certainly &,(uir) =0
Vp #r, so what we need to do is to show that this condition on a
semi-spinor is sufficient for it to be pure. Any spinor u can be written as
u= Bz, where BeA(N). There is some sel such that
Su = (14 b))z, where be A(N) and Fo(b) = 0. If u is a semi-spinor
then so is su and hence b must be an even element of A(N). Suppose
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that ¥,(b) # 0, then exp(—,(b)) e I' N A(N). Now the Clifford algebra
of N is just its exterior algebra and so

Faolexp(=F2(b))b] = Fylexp(=2(b)]F2(b) + F1exp(—F2(b))]Fo(b)

= ¥,(b)
since $y(b) = 0. Thus exp(—=%,(b))su = (1 + b')z, where b’ € A*(N)
with #(b') = ¥,(b") = 0. Suppose that the non-vanishing homogeneous
component of b’ of lowest degree is an A-form. In an appropriate basis
we assume that
exp(—F,(b))su = (L + Ayly? ... y" + .. )zy

where the extra terms are of degree h or higher. Multiplying by y’y"!

.. y**1 will annihilate these other terms so if

h+1

v=x" o xTy Ly exp(—F4(b))su

then
v=_>0+Aly> . y)zy. (3.1.20)

Now we come to the point of this construction. If u is any spinor and
sel then &, (susit)=A(s)s¥,(ui)s~' and &,(uit)=0 Vp#r
S F,(susti) =0 Vp#r. If ais any element of V then audii = auiia.
By (2.1.7) and (2.1.8) auiia= g(a, a)(uii)" — 2a A iz(uit)" and
S (auan) = (—1)7g(a, a)¥ ,(uil) — 2(=1)Pa 51,5 ,(uid). So if ¥ ,(ud) =
0Vp #rthen &¥,(audii) = 0 Vp #r Vae V. Thus if the semi-spinor u
that we started with satisfies & ,(uii) = 0 Vp # r then the v we have
constructed in (3.1.20) also satisfies these conditions. We will now show
that this can only hold if A = 0; that is exp(—%,(b))su = z, and hence
u is pure. Now v is the sum of two pure spinors and, as we have already
noted, a pure spinor will satisfy the conditions of the theorem. So if u
satisfies these conditions then

A 2O Yz + ¥ yizyE ) =0 Vp #r.
As we noted in the proof of (3.1.18) z,Z3 = z, and so
¥ L9 R L LSV SVIE S 3% L L AR L7

We now rearrange these terms, remembering that h is even:

b oyt oyt vz, = (YY) L () + (DY) L

(yrxm)yxhtt oL xn

Now xiy! =14 x" Ay’ whereas y'x' =1 — x' Ay’. So if h/2 is even
there will be a non-vanishing O-form in { }, whereas if /2 is odd there

will be a non-vanishing 2-form. Thus in the first case the total expres-
sion has a non-vanishing (r — h)-form, whilst in the second the
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(r — h + 2)-form component is non-zero. Since & > 2 then in both cases
there is a non-vanishing p-form with p <r, so

F(uity =0Vp #r > F,wh)=0Vp#+r>1=0.

As we have already noted this shows that u is pure.

Eight dimensions are interesting as the lowest number of dimensions
in which not all semi-spinors are pure. If dimgV =8 with F=R or C
and g is of maximal index, then from tables 2.15 and 2.17 we see that
(,) induces a symmetric product on the semi-spinors. Hence
(u, e4u) = (equt, u) = (u, e,°u) and ¥ (uii) = 0 if [3p] is odd. If u is a
semi-spinor then uil = ¥u(Zu) = ¥uii % = Yuii ¥ in eight dimensions,
and so uil = (uii)". So if u is any semi-spinor then uii =X ,_o, ¥ ,(uil).
The 0-forms and 8-forms are related by (3.1.17) so in eight dimensions a
semi-spinor u is pure if and only if Fy(ui) = 0, that is, (u, u) = 0.

In this section we have taken the space of spinors to be a particular
minimal left ideal of the Clifford algebra. This is convenient, enabling a
basis of spinors to be constructed so as to facilitate the various algebraic
proofs. However, it is not essential. Indeed all we really need is that the
spinor space carry an irreducible representation of the Clifford algebra.
Then (3.1.7) can be taken as the definition of a pure spinor, the stated
results for pure spinors then following from this. Of course in general it
would make no sense to talk about the behaviour of a spinor under the
involution 7, but all references to ‘even’ and ‘odd’ spinors can be
interpreted as referring to their behaviour under multiplication by
(1) Z.

For a real (pseudo-) orthogonal space whose metric has maximal
index the pure spinors of the real Clifford algebra have a direct
geometrical interpretation. For the remaining real Clifford algebras we
cannot apply the above theory of pure spinors directly. However, if V is
any real even-dimensional orthogonal space we may correlate the pure
spinors of CC(V, g) with maximal totally isotropic subspaces of VC. In
certain cases these maximal totally isotropic subspaces of V¢ can be
interpreted in terms of structures on the real vector space V.

Of particular physical interest is the case in which V is a four-
dimensional Lorentzian vector space (g has signature (p, 9)=(3, 1)).
Then if M is a maximal totally isotropic subspace of V¢ we have
dimcM = 2. Suppose that u and v are respectively even and odd
semi-spinors of C¢(V, g) representing T, and T,. Then because of
(3.1.15) they are both pure. From (3.1.8) we see that dim¢(T, N T5,)
must be odd (for r is here even, namely two). Hence dimc(7, N T;) =
L. If z is the volume 4-form of V then ¥ =iz. So if superscript ¢
denotes the conjugate-linear charge conjugation operation (here involu-
tory) and u is even then u°® is odd. The intersection of the maximal
totally isotropic subspaces of VC represented by u and u® is one
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dimensional, containing n say. Thus au = nu® = 0. But nu = 0 implies
that n*u¢ = 0, and similarly nu® = 0 implies that n*u = 0. So »* lies in
the one-dimensional intersection of the subspaces represented by u and
u° and n* = An for some Ae C. Since complex conjugation is involu-
tory, A must satisfy AA* =1, that is Ae U(1). There is some ue€ U(1)
such that A = u?, and if x = un it follows that x* = x. Thus x is a real
null vector such that

x(u + u) =0. (3.1.21)

This real null vector is determined up to multiplication by a real
number.

Suppose that u represents T which has a basis {x, w}. Now
x(wu) = —wxu® =0 since xu=0: and certainly w(wu®) =0 since
w? =0. Thus wu® and u both represent T. Since the space of repre-
sentative spinors for T is one dimensional there is some A € C such that
wu® = Au. We cannot have A = 0 since w does not lie in the subspace
represented by u¢. So if w = A~'w then

wu® = u. (3.1.22)

The charge conjugate of this is w*u = u®. So ww*u = wu® = u, and
since w € T we have (ww* + w*w)u = u, and thus

ww* + w*w = 1. (3.1.23)
From the (complex) null 1-form w we can construct a unit 1-form a:
a=w+ o (3.1.24)
We have because of (3.1.22)
a(u + u) = u + uc. (3.1.25)

The real unit 1-form a is determined up to the addition of an arbitrary
multiple of the null 1-form x. So equivalently we have extracted from
the complex semi-spinor u a real null 1-form x and a real decomposable
2-form F

F=xaa (3.1.26)

both determined up to a real multiple. If ¥ =u + u® then y is a
Majorana spinor and because of (3.1.21) and (3.1.25) we can equivalent-
ly think of the real forms x and F as being determined by .

The theorems (3.1.18) and (3.1.19) enable the real forms x and F to
be expressed in terms of u, u® and their adjoint spinors. There is a
freedom to scale the spinor product (, ) whose adjoint is £ by a complex
number. In the Lorentzian case we can always choose a spinor basis
such that charge conjugation simply conjugates the spinor components.
Thus we can require that the spinor product satisfies
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(uy, ug)* = (U, u;°) (3.1.27)

this leaving only a real scaling freedom. Taking a spinor product which
satisfied (3.1.27) we turn to (3.1.18). The intersection of the subspaces
represented by u and u® is spanned by the real 1-form x. So (3.1.18)
tells us that &,(iuii€) is a complex multiple of x. The factor of i is
inserted to ensure that this 1-form is in fact real. For

Fi(luii®) = Po(iuiie,)e® = (u®, ie u)e®

and
F(iui)* = —(u,ieuc)e? (by (3.1.27))
= —(ie,u, ue” (since & is the adjoint)
= (u¢,ie u)e’ (since the product is skew)
= & (iud®).
and thus
& (uic) = x (3.1.28)

where x is, of course, only determined up to a real multiple. Let {x, w}
be a basis for T, represented by u, where w is the complex 1-form
satisfying (3.1.22). Then w is determined up to the addition of a
multiple of x. From (3.1.18) we know that iuii is a compiex multiple of
xw, say iuil = 2exp(if) xw for an appropriately scaled x. So if G =
s(iuli — iuc@ic) then G = exp(if)xw + exp(—if)xw* and G(w + w*) =
cosOx + 2isinfx o w o w*. This G will be nothing other than the F of
(3.1.26) if in fact 6 = 0. We have

2G(w + o*) = iu[(w + w*)u] — (o + 0*)u] = Wi —
since wu = 0 and wu® = u. But if &, B, @, ¥ are any spinors then
(o, (p9)*B) = ((P¥)ex.B) = (. )@, B) = — (. ¥)(@. B)

~(a, ()P

and so (@)é = —y@. Thus 2G(w + w*) = iuii® + (iuii°)® and since
izu = u then

17 €

(uae)" = —zuli‘z = —zu(zu®) = —izu(izu)® = —ui®.

and so uii® = ¥ (uii¢) + ¥;(uiic). Since 3-forms change sign under & we
have G(w + w*) = ¥,(iuii€) = x by (3.1.28). That is, the F of (3.1.26)
can be written as

F = Re(iui). (3.1.29)

From (3.1.21) and (3.1.25) we see that x and F can equivaiently be
thought of as being associated with the Majorana spinor ¥ = u + u°.
We can also express x and F in terms of y and its adjoint. Since
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u = izu we have
W(zy) = (—iubd + iuca®) + i(ui® + (uiic)®)

where, since (¢)f = —yg@, the first term is odd under £ whilst the
second is even. Comparison with (3.1.28) and (3.1.29) shows that

11 (y(zy)) = x (3.1.30)
—3%2(y(zy)) = F. (3.1.31)

If u' is related to u by
u' = exp(if)u (3.1.32)

then, from (3.1.28), we see that u’ determines the same null direction as
u. If u’ determines the 2-form F’ then

F' = Re(cos20iuii — sin26 uii).
and since u = izu

F' = Re(cos20iuii — sin20 ziuil)
= c0s20F — sin20:zF
= exp(—26z)F.

Since zF = — * F we see that the 2-form determined by u’ is related to
that determined by u by a duality rotation.

We have established the relationship between a complex Lorentzian
semi-spinor and the null direction x and 2-form F by using the
previously established results on pure spinors. This correspondence
between Weyl spinors and ‘null flags’ has been emphasised by Penrose
and Rindler [9].

We now consider the case of V a real even dimensional orthogonal
space with the metric g positive-definite. A complex structure on V is a

1-1 tensor (or linear transformation) J satisfying J> = —1. This complex
structure is compatible with g if
g(a, b) = g(Ja, Jb) VabeV (3.1.33)

that is, J is an isometry of V. We will show that any such J is in
one-to-one correspondence with a maximal totally isotropic subspace of
VC. Hence the one-dimensional space of pure spinors of the complex-
ified Clifford algebra is in one-to-one correspondence with a complex
structure on Vi.

Suppose firstly that we have such a J. Then by complex linearity J
defines a tensor on VC. Define M C V€ by

tWe thank G Segal for pointing this out to us.
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xeM iff Jx = ix (3.1.34)

and y € M* iff y* € M. Then V€ = M ® M*. If J satisfies (3.1.33) then
g(x', x?) =g(Ux', Jx?*), and for x',x’e M we have g(x', x?)=0.
Hence M is a maximal totally isotropic subspace of V€. Conversely now
suppose that we have a maximal totally isotropic subspace M. We can
define J on elements of M by (3.1.34). Requiring Jx* = (Jx)* defines J
unambiguously on the whole of V¢ and, by restriction, on V. Such a J

certainly satisfies J2 = —1. For any a € V€ we can write a = a* + a~
with a* € M and a~ € M*. Then g(a, b) = g(a*, b") + g(a™, b*) and
it follows that if Ja* = ia™ and Ja~ = —ia~ then J satisfies (3.1.33).

This correspondence between pure spinors and complex structures will
be used in Chapter 10.

3.2 Triality

Let V be an F-linear space with an F-bilinear symmetric metric g. If S
is the space of spinors of C(V, g) then we may define a spin-invariant
product on S. In certain cases (for F =R or C) there is an F-bilinear
symmetric product on S, 4 say. We can then ask ‘when is
C(V, g) = C(S, h)?". These algebras will be isomorphic when dimgV =
dim S and the index of g is the same as that of A. If $=S*® §~,
with $* and S~ semi-spinor spaces carrying inequivalent irreducible
representations of C*(V, g), with h inducing a product on the semi-
spinor spaces, then we can also ask the question ‘when is
C(V,g) =C(S*, h) =C(S, h)?". Again this will be when dim;V =
dim ;S* with the index of g the same as that of the metric induced by A
on $*. We now examine the possibility of this latter situation occurring.
If dimzV = n then n must be even if C*(V, g) is to be reducible with S
splitting into semi-spinor spaces. Then dim S = 2"? and for dimgS* to
be equal to dimfV we need 2"? = 2n, which requires n = 8. If F=C
then we see from table 2.17 that the situation we are looking for does
occur in eight dimensions, with 4 being the spin-invariant spinor metric
associated with the involution & For F = R the situation depends on the
signature of g. For given p and q the third entry in table 2.15 classifies
the spin-invariant product associated with &, A say, on the irreducible
representation spaces of the even subalgebra. If this entry is 1 @ 1 then
the even subalgebra has two semi-spinor representations, with an
R-bilinear symmetric product on each. Such entries occur for
(p, 9) = (8,0), (0,8) or (4,4). From (2.6.23) we see that in all these
Cases the index of % is the same as that of g. Actually a little care is
needed in reaching this conclusion for the case of C,,(R). We know
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that 4 on § has maximal index, but we could have 4 inducing a
positive-definite product on $* and a negative-definite one on $-.
However, if xe V with x2 =1, then for ve §~ there is a ue S* such
that v = xu. Then h(v, v) = h(xu, xu) = h(u, x*u), since the adjoint
involution of 4 is &, and the indices of the metrics induced by 4 on S*
and S~ are the same. In the following V will either be a complex
eight-dimensional vector space or a real eight-dimensional vector space
with g having signature (8, 0), (0, 8) or (4, 4).

By taking the direct sum of the vector spaces V and § we form a
24-dimensional vector space E:

E=V®S*t®s . 3.2.1)

If elements @, of E are decomposed into these subspaces as
®; = x; + u; + v; then a bilinear form B is defined on E by

B(®y, ®;) = g(x1, x2) + h(uy, uy) + h(vy, v2) - (3.2.2)

(We shall frequently decompose an element ® as above, the symbols x,
u and v being reserved for the components of ® in the subspaces V, §*
and §°.)

We can introduce a totally symmetric (3, 0) tensor 7 on E in terms of
the inner product 4. We define

T(®y, @y, ©3) = h(uy, x,03) + h(uy, x30;) + h(uz x,03)
+ h(uz, X3ul) + h(u3, xll]z) + h(u3, X2UI). (323)
Each term on the right-hand side is linear in each ®;, thus T is indeed

multilinear. By construction 7T is totally symmetric. We can use the
bilinear B and trilinear T to define a bilinear map o:

:EXE—E such that T(®,, @, ®;) = B(®, o ,, ©;) (3.2.4)

The non-degeneracy of B ensures that o is indeed well defined. Its
bilinearity follows from the trilinearity of 7. Since T is totally symmetric
Dyo®, = P,0P,. If &, and P, are both in the same subspace, either
V, §% or §7, then T(®,, ®,, ¥;)=0 from (3.2.3) and hence
Q,o®,=0.ForxeV,ueS* and ve S~ we have
B(xou,v) = T(x, u,v) = h(u, xv) = h(xu, v) = B(xu, v)

and so

Xou=xu (3.2.5)
similarly

Xov = Xv. (3.2.6)
If & is the adjoint of u with respect to 4 then

B(uov,x)=T(u, v, x) = hixu, v) = flv

= Fo(dxv) = Fo(xvit) = Lo(x¥ (vit)) = B(x,¥,(vid))
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)
uop =Y (vi). 3.2.7)
The product © is not associative, for example we have
xo(xou)y=1xoxu=x*u=g(x x)u (3.2.8)
whereas x o x = 0. The norm of the spinor x o u is related to the norms
of x and u by
h(x,ou, x,0u) = g(xy, x2)h(u, u). (3.2.9)

This follows from (3.2.5), (3.2.6) and the fact that the adjoint of 4 is &.
The 24-dimensional vector space £ forms a non-associative algebra s
under the o product.

The spinor representation of the Clifford group, p on $*, and the
vector representation y on V naturally induce a reducible representation
Y on E by

Y(s).(x + u + v) = x(s).x + p(s).u + p(s).v. (3.2.10)

Whereas g in invariant under y(s) Vs eI, & is only invariant under p(s)
for se . I" and so

B(®,, ®,,) = B(Y(s).P,, Y(5).P>) Vse, . (3.2.11)
It readily follows that in addition
(D), ©,, ®3) = T(Y(s).P|, Y(s5).D;, Y(5).D;3) Yse ,I'. (3.2.12)

From these last two relations we can infer from (3.2.4) that
Y(5) (D, o ;) = (Y(5).D}) » (Y(5). D) Vse I (3.2.13)

that is, Y(s) is in the automorphism group of the non-associative algebra
4. Conversely it follows that if o is any automorphism of { that
transforms V and § into themselves then o = Y(s) for some se I
(The starting point of the argument is that for ye S then 0.y = sy for
some regular element s of the Clifford algebra.)

The orthogonal space V under consideration has been carefully
selected to ensure that V, $* and S~ are all isometric. The existence of
an isometry that cyclicly permutes these three orthogonal spaces can be
taken as being Cartan’s ‘principle of triality’. Such an isometric map will
be constructed out of a mapping that interchanges two of these three
spaces. Let uye S* be some unit-norm semi-spinor, k(ug, 4y) = 1. Then
a linear transformation (u,) from V to S~ is defined by

T(Ug).x = X o Uy. (3.2.14)

It immediately follows from (3.2.9) that 7(u,) is in fact an orthogonal
transformation from V to S~. The linear transformation t(u,) is
uniquely extended to an automorphism of period two on V @ S~: that
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is, if ve S~ such that v = t(uy).x for some unique x then we define
7(ug).v = x. Finally we define ©(u,) on S* by

(ug).u = 2h(u, uy)uy — u. (3.2.15)
That is, t(w,) acts on §* by sending « to minus its reflection in the
plane orthogonal to uy. Thus ©(u,) is an orthogonal transformation of
S+, and hence of E. In addition, ©(u,) leaves T invariant. Note first
that since the image under (i) of any of the three subspaces, V, §* or
S-, lies in only one subspace we need only consider T acting on
elements lying in distinct subspaces. If v = 7(uy).a for some a then

t(uy).ot(ug).x = axuy = 2g(a, x)uy — xau,
= 2h(t(ug).a, ug).x)ug — xv

since t(ug) is an isometry from V to §~ and so
t(ug).ot(ug).x = 2h(v, xug)ug — xv = 2h(xv, ug)ug — xv = (t(ug).x)o.

Since

T(t(uo). Dy, T(ug). Dy, T(ug).@3) = T(W(ug).uy, Wug).va, Wg).x3) + . ..
it follows from (3.2.3) that

T(t(g). Dy, W(ug). @y, 1(ug).®;) = T(®,, Oy, @3).  (3.2.16)

Whereas 1(u,) is an orthogonal transformation of E that inter-
changes V and S~, Y(s) is an orthogonal transformation of E that
interchanges S* and S~. If xge V is a unit vector, g(xy, xo) = 1, then
xg€ ,I' and Y(xy) is of period two, Y(x¢)?> =1. Out of these two
involutory transformations of E we construct an orthogonal transforma-
tion of period three. The triality map Z(xq, u,) is defined by

E(Xo, uo) = Y(Xo)f(uo). (32.17)
To see that Z(xg, u,) is of period three we want to show that
(o) Y (x0)T(ug) = Y(x0)t(10)Y(x0). (3.2.18)

For example, if x € V then
T(ug)Y(xo)t(ug).x

(o) Y(x).(xug) = t(ueg).(xox1)

2h(xgxug, ugleg — xgXg

= 2h(x ° Uy, Xg° uo)uo — XgXlUg
2g(x, xodug — Xoxu (by (3.2.9))

XXl .

On the other hand
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Y(x) (o) Y(xo).x = Y(xo)T(uo)-(xoxxo) = Y(xg).(xoxxoUg) = XXoUy.

The validity of (3.2.18) can be similarly demonstrated on elements from
the other two subspaces. Given (3.2.18) we have

E(xos U0)® = (Y(xo)w(uo) Y (x))(x(u0) Y (x0) (1)) = (Y(x0)w(0)Y(xo))?
and since both Y(x,) and t(u,) are of period two
Z(xg, Ug)® = L. (3.2.19)

Because Y(x,) and ©(u,) both have these properties separately we have

B(®,, ®,) = B(E(xy, ug). D, Z(xg, ty).@,) (3.2.20)
and
T(D,, D,, P3) = T(E(xq, uy)- P, Z(xg, ug).P,, E(xy, ug).P3). (3.2.21)
The three subspaces of E are permuted under Z(x, u) as follows:
E(xg, Up).VC ST Z(xg, Up).S*TC S SE(xg, ug).S- C V. (3.2.22)

We have focused on a V such that C(V, g) = C(S*, h) =C(5~, h).
The map E(xg, up) isometrically permutes these three spaces. Any
isometry between two orthogonal spaces uniquely extends to an iso-
morphism between their Clifford algebras. Let N be the isomorphism
obtained from ZE(x, u,):

N:C(V,g)—> C(S*, h) —> C(S~, h) —> C(V, g). (3.2.23)

Because S* @ S is the spinor space of C(V, g) the map N enables any
two of the three spaces V, §* and S~ to be taken as the spinor space of
the Clifford algebra of the third! For example, S~ @ V can be taken as
the spinor space of C(S*, h). Let o denote the Clifford product of
C(S*,h). Thenfor xe V and ye §

N(xy) = N(x) o N(y).
Thatis, if ueS* and ¢ €S’ =S~ @ V then
uoy = N(NTu)(Nly')). (3.2.24)

Under this multiplication by u the spaces S~ and V are interchanged;
these being the semi-spinor spaces of C*(S*, h).

Exercise 3.1

Show that if V is a complex vector space then C(V, g) = C(S, h) if
dim¢V = 2, 4. In the real case what signatures can g have? (Remember
that the spinor inner product could be associated with either & or &7.)
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4

Manifolds

Like many concepts in mathematics that of a manifold is based on
intuitive ideas which require some sophistication to make precise.
Perhaps the simplest example of a manifold is Euclidean three-space. Of
necessity at this stage we must refrain from defining Euclidean space,
but shall nevertheless assume that the reader has some intuitive ideas
about this model description of our perceived three-dimensional world.
(The term Euclidean space is not synonymous with Euclidean vector
space. A Euclidean vector space is a real vector space with a positive-
definite symmetric metric.) At an early age we all learnt how a
Cartesian coordinate system can be introduced to put points in Eucli-
dean space into correspondence with an ordered triple of real numbers,
an element of R*. However, it is important that we distinguish Eucli-
dean three space from R3. Euclidean space has no preferred coordinate
system. Indeed we need not of course even be restricted to Cartesian
coordinates. Despite our emphasis on the distinction between Euclidean
three-space and R3 it is nonetheless in B3 that the familiar calculus of
differentiation and integration is introduced. Through the introduction
of a coordinate system one may then apply this calculus to Euclidean
space. It is the correspondence of Euclidean space to R", through the
introduction of a coordinate system, that generalises to provide the
definition of a manifold. This is defined, in a sense that will be made
Precise, to be locally like B”. Because we can define differentiation and
integration on R" we can extend these notions to a manifold.

Unlike Euclidean space, for an arbitrary manifold we cannot choose
some origin to put all points on the manifold into a unique correspond-
énce with points in B”. For example, we could take the two-dimensional
outer surface of a hollow rubber ball. Whilst any cap of the ball could
be put into one-to-one correspondence with points in a plane (by cutting
the section out and flattening it), we cannot do this with the whole
surface. (If we simply squashed the ball then two points on the surface
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would be mapped to the same point on the plane.) The fact that the
surface is locally like R? is sufficient to establish a differential calculus
on the surface. This does not require a knowledge of embedding in
three-space.

The intuitive examples of the Euclidean plane and the two-sphere
convey ideas of more structure than that of an arbitrary manifold.
Although locally any manifold resembles, in some sense, R” this does
not imply the existence of any metric or distance function on the
manifold. Rather the resemblance relates to topology, this being an
abstraction of the concept of ‘nearness’ from that given by distance.

We start by defining a topological space. By making precise the idea
of being ‘locally like B"" we arrive at the definition of a topological
manifold. After reviewing differentiation on R" we show how a system
of coordinates on a topological manifold enables differentiation to be
defined, giving a differentiable manifold. From its introduction in R”
the concept of a tangent vector will undergo a metamorphosis, the
imago emerging in a form appropriate to the environment of an
arbitrary differentiable manifold. This leads naturally to vector fields,
and hence tensor fields. After introducing the computationally powerful
exterior and Lie derivatives we define integration on manifolds. Similar
to the case of differentiation, the definition reduces integration on
manifolds to integration on R”. Only at the end of the chapter do we
consider metric tensor fields. We are then equipped to apply our heavy
artillery to the example of Euclidean three-space. This is done in
Appendix B. Actually there is still an important facet of Euclidean
space that will not be discussed until the following chapter, that of
parallelism.

4.1 Topological Manifolds

The usual definition of continuity of a function f: U — W where U and
W are subsets of B relies on the notion of ‘nearness’ of different
elements of R. Such ‘nearness’ is measured by a proximity function
d:R x R— R with the properties: d(x, y) =d(y, x), d(x, y) =0 if
and only if x =y, d(x, z) =d(x, y) +d(y, z). (Note x, yecR) A
natural proximity function for the real line that has these properties is
the absolute value or modulus map, (x, y) — |x — y| and f is said to be
continuous at x € R if one can find a positive 6 € R for any positive &
belonging to R such that if d(x, y) < 6 then d(f(x), f(y)) < &. Thus one
probes the neighbourhood of the image of f induced by a neighbour-
hood about x in the domain of f. The first generalisation of this idea to
arbitrary sets consists of defining a new set called the neighbourhood
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nbh(x, 6) C S if xeS. This is the set of elements y € § such that
d(x, y) < 9, that is a set of all points that are within a ‘distance’ ¢ from
x as measured by some proximity function d. One often refers to d as a
distance or metric function, although since we do not assume here that
the set has any vector space structure it is logically distinct from the
metric g defined earlier on vector spaces. Indeed what we have called a
metric on a vector space would not in general define a distance function
for a metric space. Here there is no requirement that d should be linear
in either of its arguments. With this caveat in mind one refers to the
pair (S, d) as a metric space. The defining properties of the proximity
function d of course remind one of the properties of distances between
points in Euclidean space (for example, the triangle inequality) and
indeed it is worth noting that if R” is given a vector space structure one
can choose d(x, y) = [g(x —y, x —y)]'> provided g is the positive-
definite Euclidean metric. If one does use the Euclidean metric to
define d then the set nbh(x, &) in Euclidean R"” looks like an open ball
(open because of the imequality d(x, y) <9, Vyenbh(x, 8). The
triangle inequality property of d ensures that all points y € nbh(x, 0)
have some neighbourhoods that are contained in nbh(x, &). In general
the proximity function on R" need not coincide with the metric on R”
regarded as a vector space.

A boundary element x of a set S’ contained in the set S with distance
function d is an element such that nbh(x, d), for some positive d € R,
contains both elements in §’' and elements not in S’'. The set of all
boundary points of S’ is called the boundary of S'. In particular if
§’ = nbh(x, 6) C S then S’ does not contain its boundary and is called
an open set in (S, d). If any boundary points are not in the set then it is
an open set. If all boundary points are in the set it is closed.

In general it is possible to find different distance functions that
determine the same class of continuous functions. A valuable genera-
lisation then is to concentrate on the open sets themselves as the
primitive notions and reformulate ‘nearness’ directly in terms of them
rather than in terms of any particular proximity function. The immediate
usefulness of open sets is a reformulation of the definition of a
continuous function f: U — W. f is continuous at p € U if and only if,
for any neighbourhood W' containing f(p) there is a neighbourhood U’
containing p whose image f(U’) CW’. Such a notion of continuity relies
on the open set structure of the spaces related by f and not on a
particular choice of proximity function used in specifying these open
sets. Consequently one attempts to bypass any mention of a proximity
function and establish a more general definition of open sets on any
space. The declaration of which subsets of a space are to be considered
as open is called a definition of its topology provided such a family of
subsets satisfy the following axioms.
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(i) The whole space and the empty set belong to the family.

(ii) The intersection of any finite number from the family belong to
the family.

(iii) The union of any number of sets from the family belong to the
family.

With these definitions we now refer to any open set containing a point p
in a topological space as a neighbourhood Nbh(p) and the definition of
continuity of a function between topological spaces is now independent
of any choice of proximity function; it has been replaced by the choice
of open sets. The definition of boundary points of a set and the
boundary generalises simply to arbitrary topologies by replacing
nbh(p, &) by Nbh(p). A space with a topology defined on it is called a
topological space. If a map between topological spaces is continuous
with a continuous inverse then it is called a homeomorphism.
One further property defines the topology as being Hausdorff:

(iv) Disjoint neighbourhoods can be defined about distinct elements
of the space.

That is, one may find open sets whose intersection is the empty set.

If a space has a proximity function d then we may if we wish define
Nbh(p) = abh(p, &) and the space is said to have a meiric ropology
(which is always Hausdorff). One of the commonest metric topologies is
associated with B” and d(x, y) = |x — y|, x, y e B”. With the above
d(x, y) on B” the open sets may be visualised as all possible open
hypercubes in R”.

It is useful to have such examples of a natural metric topology in RB”
since they can be used to induce topologies on subsets of B”. The
induced topology on a subset § of a topological space § is the collection
of all sets formed by the intersection of § with all open sets of S. These
are then declared to be open in § (they need not be open in S) and 3 is
called a ropological subspace of S. Subsets of Euclidean B> provide
some of the simplest visualisable models of topological spaces. Thus the
sphere §? is the subset of R? defined by |x| = 1, x € B® with a topology
induced from the metric topology of R3. It is topologically equivalent
(homeomorphic) to the ellipsoid (a?x? + b%y? + ¢?z2 =1, a, b, ceR)
with the topology induced from that of R?; that is one can establish a
homeomorphism between them. Neither is homeomorphic to the 2-
torus, S!' x S'. However all these examiples (and indeed any two-
surface) have points with neighbourhoods homeomorphic to the open
disc {x| |x| <1, x e BR?}. Such spaces are said to be locally homeomor-
phic. The fact that they need not be homeomorphic is sometimes
phrased by saying that they have different global topologies.

If one exploits the vector space structure of R® one can project any
sufficiently small region of a two-surface onto a suitable two-plane in R®
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to obtain a neighbourhood in R? and a bijective map with a continuous
inverse. This suggests the definition of an n-dimensional topological
manifold. An n-dimensional topological manifold is a Hausdorf topolo-
gical space, with a countable basis for its topology, that is locally
homeomorphic to an open set of B”. A collection of open sets is a basis
for a topology if every neighbourhood can be expressed as the union of
members in the basis.

The elements of a topological manifold are often referred to as points.
It is clear from the examples above that one cannot in general find a
homeomorphism from the whole topological space to an open set of R”.
The above definition of a topological manifold is sufficiently general that
not all topological two-manifolds are subsets of R>.

4.2 Derivatives of Functions R™ — R"

Our discussion of continuity culminated in the definition of a topological
manifold as being locally homeomorphic to R". This local correspond-
ence with R” can be used to establish a criterion for differentiability of
maps on manifolds. We first briefly review the differentiation of
vector-valued functions on R™.

If fis a function from B™ to R” then the derivative of f at p e R"™ in
the direction of V € R™ is given by

Dy f(p) = lim flp + h‘;) - f(p))

(4.2.1)

where h e R. (Other commonly used notations for Dy f(p) are df(p)V,
df,(V) and f',V.) Whereas the discussion of the continuity of f only
involved the topology of R™ and R", the right-hand side of this
equation manifestly uses the vector space structure of these spaces. If all
the directional derivatives of f exist at p then f is said to be differen-
tiable at p. In this case Df(p) is a linear transformation from R™ to R".
Df(p): V> Dyf(p), determining the linear part of an approximation
to f in the vicinity of p. The function f sends the point p to f(p): if the
point p starts to move in the direction of V then f(p) will correspon-
dingly start to move in the direction D f(p) (refer to figure 4.1).

Intuitively we think of the derivative of f as sending an ‘arrow’ in B™,
with its tail at p and tip at p + V, to an ‘arrow’ in BR”, with f(p) as tail
and f(p) + Dyf(p) as tip. We may formalise this by defining the
tangent space to R™ at p, T,R™, to be the set of pairs (p, V) for all
VeR™. These pairs (tangent vectors) form a vector space, isomorphic
to R™, with the rule
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Mp, V) + u(p, U) = (p, AV + unl) A,ueR.  (4.2.2)
We may now define the derivative of f at p, or tangent map, f,,:
f*p : TpIRm = Tf(p)]Bn
(p, V) = (f(p), Duf(p))- (4.2.3)

Since Df(p) is a linear transformation on R™ it follows that f,, is a
linear map on T,R™. The tangent space of R™ at p is just a subspace of
the direct sum of R™ with itself, and so there is a natural way of adding
tangent vectors lying in different tangent spaces. This feature will not
carry over to the following section where we generalise to the concept of
a tangent space to a manifold. Since in general the manifold itself will
have no vector space structure, there will be no natural way of adding
vectors from tangent spaces associated with different points on the
manifold.

Fep {F1p).0, F1p))
on—"""__

R IR"
]

flp)+Dy,Ffip)

Figure 4.1 The tangent map of f:R” — R".

If {e;} and {e;} are the natural bases for R”™ and R” then the
component functions of f, f': R"+—Ri =1, ..., n, are given by

fp) = ;f"(P)e?. (4.2.4)

The directional derivatives of these component functions along the basis
vectors for R™ are called the partial derivatives, and a special notation
is customary:

D, fi(p) = (3f 13xi)(p). (4.2.5)
For any V e R™
Dyf(p) = 2, Dvf'(plei = 2 2 VID, fi(p)e;

by the linearity of Df'(p). Thus the matrix of the linear transformation
Df(p) is formed by the partial derivatives. The n X m matrix
[(8f'/ax/)(p)], with i labelling the rows, is called the Jacobian and we
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have
Dyf(p) = 22 [(3fi13x!)(p)]Ve;. (4.2.6)

The partial derivatives may be regarded as real functions of the point
p and hence higher partial derivatives may be formed. A map between
subsets of R™ and R” for which all partial derivatives up to order k
exist and are continuous is said to be a C¥ map. A homeomorphism that
is a C* map with a C* inverse is called a C* diffeomorphism. We shall
be primarily concerned with C* maps, which will be called smooth.

Example 4.1
Let f:R?—Rp=(x!, x?) fip) = ((x")?, x'x?+ 1, x?). Taking
V = (v!, v?) in (4.2.1) gives

2x! x? 0)

Dyf(p) = Qu'x!, x'v? + x%0', v?) = (v', v?) ( 0 ! 1

where the entries in the matrix are recognised as the partial derivatives
of the function f.

4.3 Differentiable Manifolds

With the notion of smooth maps between B™ and R”" established we
proceed now to define a differentiable manifold. A topological manifold
is locally homeomorphic to R”. By setting up a system of charts that
map neighbourhoods of the manifold onto neighbourhoods of R* we can
use the differential structure on R” to define the differential structure
on topological manifolds.

In order to motivate the definition of a differentiable manifold let us
first discuss the problem of coordinating a patch of a topological
manifold by returning to the example of S? as a subset of R®. Suppose
this subset is constructed from thin perspex and the boundary of a
region is marked out by painting a closed curve on the perspex surface.
Furthermore paint a fishnet of curves within and on this boundary so
that distinct curves in the net intersect only once and each intersects the
boundary image once also. Imagine a light is shone through this net of
curves and examine the image shadow on any two-plane placed conve-
niently to collect the shadow. If each intersection in the net of painted
curves casts a unique shadow on the two-plane then the neighbourhood
chosen on the sphere yields a proper coordinate patch with respect to
the projection scheme. Each intersection can be uniquely labelled by
labelling all the curvilinear line shadows uniquely. If a lens of suitable
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material is placed between the image and perspex patch one can even
arrange that the shadow lines appear orthogonal with respect to the
induced Euclidean metric on the two-plane. Such a projection system
establishes a homeomorphism from the open set U of $? containing the
net onto the open set of R? formed by the shadow. To each point p e U
we assign two real coordinates ¢(p) = (¢'(p), ¢*(p)) € R>. The set of
images labelled ¢/(p) = constant (j = 1, 2) are sometimes called coor-
dinate lines (or planes in general). There are many ways of establishing
such an optical arrangement and equally many ways of painting lines on
§? yielding alternative coordinate systems. Thus there is no unique way
of assigning coordinate labels to points in U. We choose a projection
system such that ¢ is a homeomorphism for then and only then will a
sequence of points in the topological manifold with a limiting point (in
the manifold topology) map into a sequence of coordinates with a
corresponding limit.

To completely coordinate a topological manifold we shall in general
need several overlapping patches, as the example of a sphere shows. We
are then prompted to examine the relations between the different
coordinates assigned to points in the region of overlap.

Returning to the general case of an n-dimensional topological man-
ifold M we recall that by definition each point of M has a neighbour-
hood U, homeomorphic to an open set of R”. If we label one such
homeomorphism ¢, : U, — ¢,(U,) then the pair (U,, ¢,) is called a
coordinate chart for U, (with the chart domain U,). The image ¢,(p)
for p € U, assigns to the point p the n real coordinates (¢i(p), ¢i(p),

.., @y(p)). For each chart labelled by a the real-valued function
¢,: U, >R, (j=1, ..., n)is called the jth coordinate function and is
projected from ¢, by the j-projection map #/

m:R" — R, @,(p) —> 7 ° ¢,(p) = ¢i(p) (4.3.1)

for all p e U,. When we work in a prescribed chart we often drop the
chart label ‘a’ on ¢/, and a common notation for the set of n numbers
{@(p)} is {¥(p)).

One of the most important hurdles to overcome when first working
with general coordinates is to resist the instinct to infer any metric or
distance properties of the manifold from the use of the symbol x/.
Whereas the coordinates {x/(p)} of p are elements of R”, regarded as a
Euclidean vector space, the metric on R” need not define any metric or
distance function on the manifold. For example, x! and x? could be the
‘usual’ polar coordinates 6, ¢ for a neighbourhood of the two-sphere.
Although the Euclidean metric is used on (6(p), ¢(p)) to differentiate
functions on the sphere this is not necessarily related to any metric on
the sphere, certainly not to the standard metric.

A collection of charts (U,, ¢,)a =1, 2, ... becomes an atlas for M
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provided the union of all the U, is M itself. Two charts (U,, ¢,) and
(Us, @) such that U, N U, # @ give rise to a homeomorphism between
neighbourhoods of R". If U,NU,=U, then we define (see
figure 4.2)

Y @a(Us) — @(Ug). (4.3.2)

hab =E@p° (P;

/ N\ 0,(U,)

v (U))

a'"a hab= P00 lpj
< o
BalUy) 2 9ellas)

Figure 4.2 The chart maps for U, N U, C M.

Then @,(p) = h, © @,(p) expresses the n coordinates @,(p) of p in
the ‘b’ chart in terms of n continuous functions k!, of the coordinates
@.(p) of p in the ‘a’ chart, that is a coordinate transformation expresses
the coordinates of p in one chart in terms of the coordinates of the
same point in another overlapping chart. If as is often done we write

"= g@.(p) and y' = @y(p) then x' = AL, (y', ¥, .., y"i=1,..., n
Similarly A is a homeomorphism from ¢,(U,,) to ¢,(U,;) and gives
the inverse mapping between the coordinates. The maps [h,,] between
all overlapping members of the atlas are called the chart transform-
ations. If all these maps are differentiable the atlas is said to be
differentiable. It is this new property that turns a topological manifold
into a differentiable one. Since h, is the identity map and
hy. o hgy = h, then h} = h;, and so the inverse chart transformations
are differentiable; hence they are diffeomorphisms on R”. New charts
(U, @) can be added to the atlas [(U,, @,)] provided g° ;' and
@, o @' are differentiable for all a, in which case (U, ¢) is compatible
with the atlas. If every member of one atlas is compatible with every
member of another atlas then the two atiases are compatible. A
differentiable structure on a topological manifoid is specified by giving a
differentiable atlas from the class of all compatible differentiable atlases
for M. If a topological manifold can be provided with two differentiable
atlases that are incompatible then the topological manifold is said to
admit two different differentiable structures. An n-dimensional C~
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manifold (or smooth manifold) is defined as an n-dimensional topologic-
al manifold together with a C*~ differentiable structure.

As an example of how the topological space R (the real line) can be
assigned different C™ structures consider the atlas with single chart
(B, @) with ¢:R— R, x —» x. Consider another atlas for B with chart
(B, B) where 8:R — B, x — x3. Then (@ B7!)(x) = x'*® which is not
differentiable at x = 0. Hence (R, ¢) and (R, ) are not compatible and
each atlas defines a different C* structure on the same underlying
topological manifold. In what follows we shall always assume that our
manifolds have been given a particular differentiable structure.

If the manifold admits a covering by charts such that each h,, is
orientation preserving (that is the determinant of the Jacobian of the
map (h,)- is everywhere of the same sign for all a, b) then the
manifold is said to admit an orientation. Every oriented differential
manifold admits two orientations corresponding to the two signs of the
Jacobian determinant. The ribbon with one twist (Mébius band) is an
example of a two-dimensional differential manifold that is non-
orientable. If it is regarded as being a subset of Euclidean three-
dimensional space one notices that it is not possible to assign unambi-
guously a smooth field of everywhere normal unit vectors to such a
surface.

Having used the differentiability of functions on R” to establish the
notion of a smooth manifold we can now similarly define differentiable
maps between smooth manifolds. A map f from a smooth manifold M,
to a smooth manifold M, is said to be differentiable at p € M, if, for
some charts (U, ¢;) for M, and (U,, ¢@,) for M,, the map @, fo @;!
is differentiable at @,(p). Since a change of chart is a differentiable
operation the differentiability of f does not depend on the chart used to
represent it. A homeomorphism between smooth manifolds is a diffeo-
morphism if both it and its inverse are differentiable. A map f such that

p2 = fpy) pr€EMy, peM,

may be represented in local coordinates by writing

P2(p2) = @20 f(p1) = @aofo @i o @i(p1) = far o @i(p1)

where
fa=@ofoqr.
If we write x'(p,) = @3(p2) = 7'(¢a(p,)) i =1, . . ., n, for the coordin-
ates of p, in (U,, @,) and y/(p,) = ¢i(p)) =7 (e(p))j=1,.... m,
for the coordinates of p, in (U, ¢,), then
x(pa) = fu(y'(p). Y2(p1) - ¥ (PV)) (4.3.3)

If we take M, to be B and write M, = M then f is usually called
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simply a function on M. If f is defined on an open set W of M
f: W — R, then in a local chart (U, g) it defines a function

fe:@(UN W)— R (4.3.4)
by the rule f, = fo ¢!, that is
f(p) = (fo > 0)(p)

= fo(@'(P). @*(p), - . -, #"(P)) VpeW.
We define ¢* by the rule

(@*fe) = foo @ (4.3.5)

Writing f = f,° ¢ = ©*f,, the map f, is said to be pulled back from
pUNW)to UN W.

This notion generalises to any diffeomorphism 1y between the mani-
folds M and N. For f: N — R we define

v'f:M—R p = W )(p) = flv(p)) (4.3.6)

and say that the real-valued function f on N has been pulled back to the
real-valued function y*f on M (see figure 4.3). It follows immediately
that under a composition of diffeomorphisms:

(@e)* =9* oo™ (4.3.7)

Figure 4.3 The pull-back map.

Suppose f is a smooth map from a manifold M to a manifold N. If
dim(f.(T,M)) = r then f is said to have rank r at p € M. The tangent
map f,, is said to be injective at p if r = dim M (dim M < dim N). If
r=dim N then f,, is said to be surjective. The mapping f for which f,,
1s injective for all p € M is called an immersion and M is an immersed
submanifold of N. When the immersion f is injective it is referred to as
an imbedding and M is an (imbedded) submanifold of N. Unless
specified otherwise by submanifold we shall mean an imbedded subman-
ifold. In this case coordinate systems for N exist around f(p) endowing
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f(M) with a smooth manifold structure.

As an example consider the map f: S' — R? where the image point
traverses the figure 0 once without stopping. Then f is an injective
immersion since both f and f. are injective, and f(S') is a one-
dimensional imbedded submanifold of RZ2. If the map uniformly
traverses the image set more than once it becomes an immersion, with f
no longer injective. Similarly if the image f(S') is the figure 8 traversed
uniformly once the map is an immersion, since although again f. is
injective f is not. The map f:[-1, 1]—> R, x+> x?, is neither an
immersion nor an imbedding since although f is injective the map f,
fails to be injective at x = 0.

4.4 Parametrised Curves

Having defined real-valued functions on a manifold we now examine the
generalisation of the directional derivative. We cannot simply apply the
definition (4.2.1) since there is no vector space structure to enable
points on a manifold to be added. By suitably defining curves on a
manifold we can define differentiation of functions in the direction of a
curve. Just as differentiation of maps between manifolds is defined by
using the chart maps the derivative of a function along a curve will be
defined by using a parametrisation of the curve; the derivative being
defined for a real function of a real variable.

A parametrised curve C on a manifold M is a map from an open
interval / C R to M. If p is any point on the image of C and (U, ¢) is a
chart for the neighbourhood of p then C may be specified in this
neighbourhood by # real-valued functions

Tip[C(1)] = ¢' o C(2) rel (4.4.1)

Thus denoting ¢’ o« C by C' we write in a local chart the representation
of C

x(p) = Ci(r). (4.4.2)

Different parametrised curves can have the same image on M. If A
maps the open interval J C R into / C R then C’ : J+— M is said to be
a reparametrisation of C: I - M if C' = Co h (see figure 4.4). Where-
as reparametrised curves have the same image, if we think of the
parameter as a time, a change of parameter affects the rate at which
that image evolves.
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J

Figure 4.4 Different parametrised curves with the same image.

If fis a smooth function defined in the neighbourhood of py, = C(t(),
with C smooth at #,, then the derivative of f along C at pg, V¢ (f) is
defined to be

Vilf) = — (f C)(t0) (4.4.3)

(The reason for adopting the notation VS (f) will be clear later.) Since
feo Cis a map from I to R, smooth at ¢y, the derivative in (4.4.3) needs
no further explanation. If (U, ¢) is a chart for a neighbourhood of
po = C(t) then the chart map @ can be used to express VS (f) in terms
of the directional derivative of f, = fo ¢~'. We may write fo C as the
composition of maps from / to R” and R” to R:

foC=(foq)e(poO).

The chain rule of differentiation then gives

4 (e Ot = NN S @

If ¥ is the vector in R” with components dC'(tO)/dr then (4.4.4)
expresses the derivative of f along C as the directional derivative of f,

Vo) = Daf (@ po)).- (4.4.5)

Since this relation holds for all functions f we have a correspondence
between the curve C, with image containing p,, and the tangent vector
to R", (@(pg), V). A curve Cl with C(4g) = py will be called
equivalent to C at p, if VS(f) = VS(f) for all functions f. Thus, for
some choice of chart map, equivalent curves at p, correspond to the
same tangent vector in T4, B". By taking all curves passing through pg
we obtain a one-to-one correspondence between equivalence classes of
curves and vectors in T, R” (see figure 4.5).
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Figure 4.5 This diagram illustrates the relation between real func-
tions on M and curves.

4.5 Tangent Vectors

In view of the previous section we could define a tangent vector to the
manifold M at the point p, to be an equivalence class of curves passing
through pg. Such a class of curves defines a direction at the point p,
and enables functions to be differentiated. Further, for any chart map
we can put this class of curves into correspondence with a tangent vector
in R”, this having been previously defined. It is most convenient {and
usual) to adopt an equivalent definition of tangent vectors, modelled on
the abstraction of differentiating along a curve. A tangent vector at p,
will be defined to be a certain mapping from real-valued functions,
defined in the neighbourhood of p,. Such a mapping is given by any
curve passing through p,, namely the mapping to the derivative of the
function along the curve. For this reason we used the notation V¢ (f) to
denote the derivative of f along C at p,:with the definition that we
shall give Vgn will be identified with a tangent vector, the tangent to the
curve C at p,, whose action on f is given by (4.4.3). Similarly the
definition of the tangent vector to R”, based on the intuitive idea of a
directed line segment, is equivalent to the more abstract definition of
being a derivation into R on functions. Given the tangent vector
(p, V)e T,R" we may take the directional derivative of the function f
along V at p. In the following the reader should check that the
properties we require of a tangent vector are satisfied by the derivative
of a function along a curve. Later in this chapter we shall show, as is
intuitively clear, that every tangent vector has a curve tangent to it.
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The notion of a tangent vector at a point p on a manifold is a local
one. Therefore it is convenient to classify together all maps in the
neighbourhood of some point with similar properties. So we take the set
of differentiable maps defined on some neighbourhood of p € M and say
that two maps in this set are equivalent if their restrictions to a common
neighbourhood agree. Maps satisfying this property belong to an equiva-
lence class which is denoted [fy, ] and is called a (differentiable) germ of
a map from M to N at p. The collection of all such equivalence classes
is called the collection of germs of C* maps at p. Clearly elements in
[fu,] yield the same image for p.

For example consider the germs of C* maps C: R — N at . These
‘path’ germs yield the images of curves in N that all pass through C(¢)
with the same velocity. Such curves were called equivalent in the
previous section, and we expect the general notion of a tangent vector
to be related to a germ [Cg] rather than to be related to a particular
curve in this class.

If f:M— N and g: N— P are any representatives of the germs
[fum,] and [gy,] then the composition [gy,] < [fy,] is the germ obtained
by composing representatives : namely geo f. Similarly we define the
pull-back of germs in terms of any representitives

[f1"[e] = (gl = [g ° ] (4.5.1)

It is convenient not to distinguish notationally between [f]* and f* since
no confusion need arise in practise.

We denote by #(M) the set of real-valued smooth functions on the
manifold M. The elements of (M) form a ring with (f+ g)(p)
= f(p) + g(p) and (fg)(p) = f(p)g(p). By identifying the constant
functions with the real numbers the ring ¥(M) may be regarded as a
real vector space, and hence an algebra. A derivation into R on
[F(M),] is a linear map X : [%(M),] — R that obeys the Leibnitz rule

X(fif2) = X(fofAp) + fi(p)X(f). (4.5.2)

Since linear combinations of derivations are derivations they form a
vector space over R at p. If we set f; = f, = 1, the identity map, then
(4.5.2) implies X(1) =0 and hence, by linearity, X annihilates any
element of BR. The vector space of derivations of the above germs at
p € M is defined as the tangent space T,M of the smooth manifold at p.
We introduced earlier the pull-back map f* associated with the
diffeomorphism f: M — N, p+>q = f(p). The tangent map at p
associated with f is denoted f,, and is defined in terms of f* by

fop: T,M —> T,N X —> f,X = Xf*. (4.5.3)

Thus (see figure 4.6) f,,X is a derivation on elements g€ [F(N)y))
obtained by pulling back g with f* and then acting with X, that is
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(f+pX)(8) = X(f*(8)) = X(g = f). (4.5.4)

From this point on we shall also apply the definition of a tangent vector
being a derivation into B on functions, to tangent vectors to R™. We
must therefore show the equivalence with the previous definition of a
tangent vector being an ordered pair of elements from B™. Let X = (p,
V)e T,R™. If h is a real-valued function on R™ then we define X to
map A to R by taking the directional derivative, that is

X(h) = Dyh(p).

With this rule the tangent vector X is a derivation on functions in the
neighbourhood of p. It also ensures the consistency of the definition of
the tangent map given in (4.5.3) with the earlier definition (4.2.3), as
will be explicitly demonstrated in a moment.

Figure 4.6 The tangent map f,, : T,M — T,N.

We now construct a local basis for 7,M in terms of a local chart germ
at p, [p,] : M — R", that assigns the point p € M to the origin in R".
As wusual let x¥, v=1, ..., n denote the coordinate maps
@' Uy — R. Then ¢* is a map from function germs in R” to function
germs in M and ., maps tangent vectors from T,M to T,R". Of all
the derivations on real-valued functions on R" we denote by X, e T ,R",
the partial derivative:

X,:[F(R")] — R [f] > [(fRx")®)].  (4.5.5)

Suppose a*X, = 0 for some n real numbers a”, then since (X ,(x*))(0)
= §%, acting on x* gives a* = 0. Thus the X, are linearly independent
and the n tangent vectors {X,} form a local basis for the n-dimensional
vector space ToR”.

We may express any tangent vector Xe7T,M in terms of
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@, X € ToR". If f€ F(M) then by writing f = ¢*f, we have
X(f) = X(¢*fo) = (@, X)f o (4.5.6)

In a natural basis associated with the chart (Uy, @)
@, X = 2, a"(3/3xY), (4.5.7)
v=1
where it is to be understood that the derivative acts at x* = 0, this gives

X(f) = [(éa”(a/ax")) q,] (p), ..., x*(p)). (4.5.8)

Often for computations, real-valued maps f on M are specified locally
in terms of their local representatives f, = fo @' on R” and the details
of the chart @ are suppressed. However it may be important when
dealing with global properties of manifolds to remember the distinction
between f and f, since for a general manifold it is not possible to find
an atlas consisting of a single chart. Just as the charts are often
suppressed when discussing real-valued maps, in a similar way the
representative o fo @~! of a map between manifolds is often written
with the charts ¥ and @ omitted. In the following we shall denote such a
map by f. We may specify any X € T,M by giving @.,X, as in (4.5.7).
It is common not to distinguish ¢,,X from X, identifying (3/0x") with a
tangent vector to M. Having pointed out the distinction we shall
nevertheless employ this abuse of notation in the following sections.

Consider the expression for the tangent map f., where f is a
representative of a germ at p from some n-dimensional manifold M to
some m-dimensional manifold N. Suppose (x!, ..., x") are local chart
functions that assign to p € M the origin of R” and (y!, ..., y™) are
local chart functions that assign to f(p) € N the origin of R™. Thus f
may be specified in terms of the m real-valued functions (f*, ..., f™)
and we represent it by the map

f: UR") — R™,

(xY, . x> (= LX), L Yy = e, L, x).
We recall that {X,} = {(3/3x")} is a basis for ToR” in this chart. If g is
any element of [F(R™),] then

(-0(3/3x")g = (3/3x")(f*g) = (3/3x")(g = )
= 2,(38/3y")(0)(3f*/3x")(0)
p=1
or more simply

Feo(d/3xY) = f} (3f*(0)/3x ) (3/3y™). (4.5.9)

n=1
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The action of f,, on an arbitrary vector in ToR" now follows directly
since fy is linear:

Fro(a(313x)) = af,o(3/3x”) = a*(3f*/3x")(0)(3/3y*). (4.5.10)

The Jacobian matrix gives a representation of the linear map between
T',M and Ty,)N.

Equation (4.5.10) expresses the chain rule of differentiation and
establishes the equivalence of definitions (4.2.3) and (4.5.3) for the
tangent map on T,R". If Ae T(R" is regarded as an ordered pair,
A= (0, a) with a =X}_,a%e, in the natural basis for R" then A is
equivalent to the derivation a*(3/3x")|,. The effect of f.o on this
derivation is given in (4.5.10). The derivation on the right-hand side of
(4.5.10) is equivalent to the ordered pair (f(0), a*(3f*/3x")(0)e}) where
{e,} is the natural basis for R™. From (4.2.6) we recognise this as (f(0),
D, f(0)). which is the form of f,,A given in (4.2.3).

Figure 4.7 summarises the relationship between ¢ and f and the maps
that they induce. Let us next observe that if ¢ : U, (B") — U,(R")

xt— x'H = p(xt, LX) (4.5.11)
we may infer from the above that
Pio(3/3x7) = (Sy*/3x7)(0)(3/ax'+). (4.5.12)

The tangent vector X at p € Uy, that was represented in the chart (U,,
@) by ., X = a¥(3/0x”), will have a different representation in the
chart (Uy, ¢ @), since

(’P ° qD)*pX = ’P*o ° QD*pX = w*o(av(a/axv))
a*(3y/3x*)(0)(3/3x'?)  (from (4.5.12))

= a'P(3/0x'°P)
where a’'? = (3y*/3x")(0)a”.
r‘olp!an fﬂ(p) r(\vof)[p)lRm
Y Yatip)
TpM Ep Tflp)N
wip) (Yof )i p)= (Foy) p)
n Ll m
IR ? IR
/‘P/ /W/
P flp)
M Pe N

Figure 4.7 Relations between ¢ and f and the maps they induce.
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This representation of the same tangent vector Xe T,M at p in a
different chart should be distinguished from the tangent vector
fipX € TjpyM. The latter is induced from a differentiable germ
f:M— M at p: the former from a change of coordinates in the
neighbourhood of pe M. The relation between the natural (or chart-
induced) components {a'?} of X in the basis {(3/3x'?)} at p to the
natural components {a"} of X in the basis {(3/3x")} of a different chart
about p, may be recognised as a Gl(n, R) basis-induced transformation.
(Recall coordinate transformations are invertible.) Historically this was
one of the characterisations of a ‘contravariant’ vector. It prescribed
how the components of a vector were to be related to a change of
coordinates.

In the previous section we motivated the definition of a tangent vector
by considering differentiation along a curve. Having now defined
tangent vectors we can return and define the tangent vector to a curve.
If C:1— M is a smooth curve with C(¢;) = p, then the tangent vector
to C at py is

Ve = C,,(3/31) (4.5.13)
so for fe F(M)
Vol £) = (Cs,,(3130))(f) = (8/31)(f = C)(t0).

Thus the tangent vector to C at p, maps functions to their derivative
along the curve at p,, as was anticipated by the choice of notation in
(4.4.3)

(C.),(B/3t) = (RC131))(t,)(3/3x) € T, M. (4.5.14)
As an illustration consider C : (0,1) — R? given by
C!(t) = asinbt
C%(t) = acos bt a, beR.
If {(3/3x1), (3/3x?)} is a natural basis for T, R* then
C..(3/31) = (BCa1)(1,)(3/3x").
From the above we bhave
(B/31)Ci(1,) = Cl(ty) = abcos bty = bC(t,)
(8C231)(ty) = C?(ty) = —absinbty = —bC(1y).

4.6 Vector Fields

So far tangent vectors have been associated with points on the manifold.
By smoothly assigning a tangent vector to each point we define a vector
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field. Thus a vector field maps functions to functions. In fact this is a
convenient starting point for the definition of a vector field, it being a
consequence that a vector field assigns a tangent vector to each point.

A vector field X on a manifold M is a derivation on the algebra of
smooth functions

X: F(M) —> F(M)
X(Af + ug) = 2X(f) + uX(g) A, ueR; f, g e F(M)
X(fg) = X(f)g + [ X(g)- (4.6.1)

(In the previous section we used capital letters to denote tangent
vectors;, in the following capital letters will be used for vector fields.
Tangent vectors will henceforth be labelled by the point with which they
are associated.) Whereas tangent vectors are derivations into R, vector
fields are derivations that map the algebra of smooth functions into
itself. A vector field X is called smooth if, for every smooth fe F(M),
X(f) is smooth. The set of smooth vector fields on M will be denoted
T'(M). Given an X € T'(M) we may define a vector X, € T,M, for any
peM, by

(Xf)(p) = X,f. (4.6.2)

It 1s clear from the derivation properties of X and X, that this does
indeed define a tangent vector. Since vector fields map functions to
functions we may define a product in an obvious way. For X,
YeT'(M)
XY :F (M) — F(M)
f— X(Y(f). (4.6.3)

This composed mapping will not, however, be a vector field. It will not
satisfy the Leibnitz property (4.6.1) required of a derivation. In fact

(XY)(fg) = (XY)(f)g + f(XY)(g) + X(f)Y(g) + Y(/)X(g).

From this it is clear that we can obtain a new vector field from the
commutator of two vector fields

[X, Y] = XY - YX. (4.6.4)

Being the commutator of an associative product this bracket operation
on vector fields is antisymmetric and satisfies the Jacobi identity

(X, Y], Z] + [[Y, Z], X] + [[Z, X], Y] = 0. (4.6.5)

Smooth vector fields form a module (see Appendix A) over F(M), and
hence a vector space over R identified with the constant functions. The
commutator then turns the vector fields into an (infinite-dimensional)
Lie algebra. The commutator is also called the Lie bracket.
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If f:M— N is a smooth map between manifolds then, for any
peM, the tangent map f,, sends T,M to Ty, N. If X and Y are
smooth vector fields on M and N respectively, with X, and Y, given by
(4.6.2), such that

then X and Y are said to be f-related. We will often simply write
Y = f.X. This notation does not imply that any smooth map f: M —> N
enables a smooth vector field on M to be mapped to one on N. If f is
not one to one, with f(p)= f(q) say, then for an arbitrary X,
fepX # fu o, X. If fis not onto then smooth vector fields on N that are
frelated to X e T'(M) can differ outside the image of f. An important
example is that of a smooth curve C : [ — M. Different smooth vector
fields on M can be tangent to all the points on the image of C. For the
special case in which f is a diffeomorphism for every X e T!(M) there is
a unique Y e T'(N) such that

Y = f.X.

As we noted in the previous section it is common not to distinguish
X, e T,M from its coordinate representation ¢.,X. Thus if (U, @) is a
chart for the neighbourhood of p, with coordinate functions {x'}, one
identifies {(3/3x')|,} with a basis for T,M. If X e T'(M) then in the
neighbourhood of p we can express X as X = X/(3/9x'), where
X' e F(M) are not distinguished from their representations in this chart.
The elements (3/3x') form a basis for T}(U), the F-module of smooth
vector fields on U. They form the natural local basis or local coordinate
basis. Since the ring of smooth functions is not a division ring there is
no reason why the #-module T'(M) should have a basis, and in general
it will not have. This is because for a general manifold there are no
vector fields that do not vanish somewhere. (The two-sphere, for
example, is such a manifold.)

4.7 The Tangent Bundle

One way of formalising the way a vector field on an n-dimensional
manifold M assigns a tangent vector to each point is to construct a new
2n-dimensional manifold TM by collecting together all the tangent
spaces T,M from all points of M:

™ = U T,M. (4.7.1)
p

An element of TM is a tangent vector X, labelled by the point p and
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its components in some basis for 7,M. Moreover the construction of
TM must satisfy certain smoothness criteria with respect to these
assignments. If a tangent vector X, € T,M is represented in a local chart
(Uy. @u), with coordinate maps (x'), by ., X, = y/3/dx’ then we
define (x'(p), y/(p)) € R*" as the coordinates of a point in TM. That is,
the chart (U, @u) for M induces a chart (Ury,, @) for TM by

(@ )(X,) = (x'(p), y'(p))

where @y(p) = x'(p)e; and (pu)«, X, = y'(p)(a/3x") }(qJM)(p)ﬁ {e;} being
the natural basis for R”. As we have remarked earlier a tangent vector
to R" is equivalent to an element of R*": the derivative in the direction
V at p being equivalent to (p, V). Thus @y assigns to X, the element
of R*" equivalent to (@)« ,X, € Ty, B
Since M is a differentiable manifold it is possible to give a topology

and differentiable manifold structure to TM. If (Uzy, @1y) is a local
chart for TM, induced by (Uy, @u), then the map specifying a change
of coordinates in TM: (¢ 7y)2 ° (@74); : B** — R?", is given in terms of
the map specifying a change of coordinates on M

()2 ° (¢n)1: R" —> R x'(p) — x"!(p).
The tangent map is

@)z 2 (P ) 12@uip) - TounmB" = Tig,(mR”

y*o/axk —— y¥((@x'{/3x*))3/ox"

(where we are using summation convention) so that

(@2 = (@m) (', ¥)g) = (x"(p), y*(p)(0x"'/3x*)(p)). (4.7.2)
These maps define (see figure 4.8) a diffeomorphism (@ 14) 5 of

(@) ((Um) 1 N (Uzn)2)

onto

(@) 20(Uzn)y N (Ugn)2)-

Figure 4.8
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From its construction Uy, is diffeomorphic to U, X R*, but globally
TM need not be a product manifold. A product manifold M X N is
formed from ordered pairs of elements from the manifolds M and N. If
{(U,» @)} and {(V,, @)} are atlases for M and N respectively then an
atlas for M X N is defined by the collection of charts

@y X ‘Wb: Ua X Vb B ]RdimM+dimN (p’ q) = ((pa(p), ‘Wb(q))

Such a collection of maps satisfies the criteria for being an atlas. The

local product structure of TM allows the definition of a natural
projection map

n:™ —M, X, —>p (4.7.3)

which identifies the point on M to which the tangent vector in TM is
attached. It is convenient to picture Uy, with its local product structure
exposed, as a space over U, (see figure 4.9). All the tangent vectors at
p are drawn as the space T,M associated by the projection II to a point
p of M. The local coordinate representative of Il is usually given the
same name, IT: R — R", (x', y') = x'. (The inverse image set T,M is
sometimes denoted I17!(p) and Uy denoted I17!(U, ) although this
notation should not be confused with the notion of an inverse map!).

TP_M
Urm : IR
:, Prm :r
®(p.X) P ?(x,y)
i )
: Y
Yn
Uy Y IR"
p X

Figure 4.9 The local product structure of the tangent bundle.

The existence of a projection map makes TM into a fibred space, the
elements related to p by Il being the fibre over p. The manifold TM
together with I1 is called the tangent bundle of M. We have here an
example of a fibre bundle. Although in all fibre bundles the fibre spaces
are fused together by giving the bundle the structure of a product
manifold locally, bundles with different global topologies can be con-
structed by relating fibres in  overlapping neighbourhoods
(Urm)i N (Ugy), in different ways. This is like the difference between a
cylindrical ribbon with a twist and one without a twist. In both cases the
twist can be eliminated from any neighbourhood but is an essential
characteristic distinguishing one ribbon from the other.
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A smooth section of TM is a C” map
o:M— TM (4.7.9)

such that IToo = (id)y. Thus o(p)e T,M for all pe M. It may be
represented in local charts (Ury, @1a0),(Un, ®ar) by

a(x) = (x%, y' = 0'(x)) (4.7.5)

where the {0’} are real functions on Ug- (see figure 4.10). Thus o
smoothly assigns a tangent vector to each point p € M. We may identify
a smooth section o with a smooth vector field X by

(Xf)(p) = o(p)f Ve FM). (4.7.6)

In this way every smooth vector field on M is equivalent to a smooth
section of TM. If TTM is the space of smooth sections of TM we will
henceforth use the above to identify T'(M) with TTM.

Urm

. Py (x,y) ,

[

UM R WM IR"
p

xQ

Figure 4.10 A local section and its representation.

4.8 Differential 1-Forms

The smooth vector fields on M form a module over the commutative
ring of smooth functions, and hence inherit a vector space structure over
R identified with the constant functions. We shall frequently need to
distinguish maps that are linear with respect to the module structure
from those that are only linear with respect to this vector space
structure. Thus we refer to maps as being F(M)-linear (or more simply
F-linear) or R-linear. A 1-form field (or 1-form on M) is an element of
the module dual to T!(M); that is, an %F-valued %-linear map on vector
fields. A 1-form is smooth if it maps smooth vectors to smooth
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functions. A smooth 1-form on M will also be called a differential
1-form. The space of smooth 1-forms on M is denoted T,;(M). If
X e T'(M) assigns X, e T,M to the point p then for we T\(M) we
define w, by

((X))(p) = w,(X,). (4.8.1)

Clearly w, is a linear map from T,M to R, that is, an element of the
dual space T*,M. Elements of T°,M are called co-vectors or 1-forms
at p. Thus w smoothly assigns an element of T%,M to every point p of
M. In analogy to the construction of TM we may collect together all the
cotangent spaces and form a new space

"M = UT,M (4.8.2)

Like TM the space T*M inherits a manifold structure from that of M,
with a natural projection from T*M to M. With this structure 7*M
becomes the cotangent bundle. We may identify a smooth 1-form on M
with a smooth section of T*M. So if I'T*M is the space of smooth
sections we have a natural equivalence between elements of 'T*M and
T,(M).

For every fe #(M) we may associate an element dfe T (M) by the
rule

X(f) = (df )(X) VXeT'(M). (4.8.3)
That is, df e I'T*M assigns (df), € T°, M to the point p with
X,(f) = (df),(X,). (4.8.4)

The element (df), which maps T,M to R is related to f,, which maps
I''M to Ts,R:in fact they are naturally isomorphic. If g is a
real-valued function on R, A > g(4), then from (4.5.4)

(f*po)(g) = Xp(g o f).
By the chain rule

d
X,(8 > 1) = X,() 55 (f(p).
Thus f.,X, € Ty,,R is equivalent to the ordered pair

(f(p), X,f) = (f(p), (df),(X,)).

The existence and linearity of f,, ensures that (4.8.3) really does define
a 1-form. Despite this natural isomorphism we shall distinguish the maps
(df), and f.,. _

If x' 1s one of the coordinate functions and (3/3x/) is a vector from
the natural local basis then (4.8.3) gives

dxi(3/3x') = (3x'/oxi) = 6. (4.8.5)
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Thus {dx'} is a local basis for T,;(M) naturally dual to the basis
{(3/3x’)}. In some coordinate neighbourhood, for any fe #(M), df can
be expanded in a local basis df = df(3/3x)dx', giving the classical
expression

df = (3f/6x')dx’ (4.8.6)

from (4.8.3). It is worth emphasising that in this expression the dx' are
not ‘infinitesimal increments of the coordinates’ but linear mappings on
the tangent vectors. By evaluating this expression on a vector tangent to
some curve we obtain the derivative of f along the curve: in this way df
encodes the way in which the value of f changes as the point in M
begins to move. The components of a 1-form with respect to the natural
basis {dx'}, associated with the chart (U, ¢), are used to coordinate
the bundle T*M. If a e T|(M) with & = o, dx*, o, € F(M), then a is
associated with the smooth section p

pM—T'M
represented in a local chart by

x#(p) — (x*(p), a,(p)).

If f: M—> N is a smooth map then we have already defined the
pull-back map f* that takes a smooth function g on N to a smooth
function f*g on M, f*g = go f. Thus f*g is evaluated at p by using f to
send p from M to N where it is evaluated with g. In the same spirit we
can define the pull-back of a 1-form w on N to a l-form ffw on M. If
X, e T,M we define

(f*w)p X, = 0 (fipX,). (4.8.7)
We need to check that for a smooth assignment of X, to T,M and a
smooth w on N this rule assigns (f*w), smoothly to 7% M. This can be
seen from the local coordinate expression for (4.8.7). Firstly we note
that for g e #(M)
(f*(g(U))po = (gw)f(P)(f*po)
= (8 - U P)ogp(fepXp) = (O P)(f ©), X,
thus

fr(gw) = (fe)(f* ). (4.8.8)

If{x'}i=1,...,mand {y’} j=1, ..., n are local coordinates for M
and N such that the coordinate representation of f is given by
vy = f(x"), then if X = X'(3/3x")

fepX, = X' (p)@f1x")(p)(8/8y)| )
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and for dx’ € T%,)N
dx/(f.,X,) = X'(p)(3f'/ax")(p) = (3f//3x")(p) dx'(X,).
It follows from (4.8.8) that if v = w; dx/
ffo = (w; o f)(3f//3x") dx’ (4.8.9)
and the smoothness of f and the component functions @; ensure that
f*w is smooth.

If we T, M then we can use any chart for the neighbourhood of p to
represent w, using the natural local basis. Given two different charts we
can compare the representations of w by using the pull-back of the map
that relates the charts. Suppose (Uy, @) is a chart for the neighbour-
hood of p with @(Uy) = U,. Given a diffeomorphism vy : U,(R") —
U,(R") we have a new chart (U, yo p). If y is specified by

v U(R") — Uy(R")
XH—— x'H = y(x!, .. x"
then we have the inverse map
vy~ Uy(B") — U\(R")
x'H s xt = TR, L X)),
In §4.5 we showed that if X € T,M is represented in the (Uy, @) chart
by
(p*pX = XV(a/axV)lw(p)
then the representative in (U, ¥o @) is

(¥ o @), X = X" (@yH/3x")(@(p))(313x" )| (ypyp)-

When representing a 1-form we have to remember that the pull-back

map acts in the opposite direction to the map itself. Since chart maps

are invertible w e T%M is represented in (U, @) by @} o, with

(P;d,’;‘w = Wy dxvlw(p)

say. In the chart (Uy, weog@) the representation of © is
(Y ° @) ) @, Where

(Y ° D)o @ = Yimn Yoim @ = Yianp@ydx”
@,y "Rx")((y » @)(p)) dx"*| gy )

= @, dx"*| (yugip)

from (4.8.9). Thus whereas the components of the tangent vector X are
transformed with the Jacobian matrix representing 1, the components of
the 1-form w transform with the inverse matrix since
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(By#/3x*)(By~12/ax"¥) = .

That is, the components of w transform contragradiently to those of X,
The behaviour of the change in the components of w induced by
changing the coordinate basis is the historical characterisation of a
covariant vector (see figure 4.11).

Figure 4.11 Different representations of a covariant vector field on U,,.

4.9 Tensor Fields

In Chapter 1 we introduced the tensor algebra associated with an
arbitrary vector space. We may now apply this to the particular case
when that vector space is the cotangent space at any point of a
manifold. Thus elements of T;(7T% M) are called tensor fields at p of
covariant degree r and contravariant degree s.

It is purely for convenience that we have selected the cotangent space
rather than the tangent space, the notation of Chapter 1 having been
chosen such that taking the arbitrary vector space V to be T\,M gives the
conventional labelling for mixed tensors. It is for this reason that it was
convenient in Chapter 1 to think of elements of V as acting on V* rather
than the other way around. Clearly we have T(T,\M) = T{(T,M).

Whereas the cotangent space at any point is a real vector space the set
of 1-form fields forms an #F-module. In the same way as we constructed
the tensor product of vector spaces we may construct the tensor product
of the F-module of 1-form fields with itself and the dual module of
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smooth vector fields. Elements of the tensor product module, T}(M),
are called tensor fields of covariant degree r and contravariant degree s.
we identify To(M) with %(M). Thus an element of T5(M) smoothly
assigns an element of T3(7% M) to each point p in M. As for the case of
vector and 1-form fields this way of regarding tensor fields is formalised
in terms of a fibre bundle, the bundle of mixed tensors T°M. Thus
M = U, T(T*% M), with a coordinate system induced from that of M.
The natural projection of the bundle maps each tensor field to the point
in M at which it is attached. Smooth sections can be defined in an
obvious way, allowing the identification of the set of smooth tensor
fields T5(M) with the space of smooth sections I'T: M.

If (U, @) is a chart for some neighbourhood of M, with chart maps
{x'}, then {(3/3x")} and {dx‘} are bases for T'(U) and T(U) respec-
tively. Thus locally any tensor field T € T;(M) can be written as

T=T,, /v Jdx'® dx"

ity .,

® ... ® dd ® (3/3x7) ® (3/dx7) ® . ..
® (3/3xF). (4.9.1)

This is just a formula from §1.5 rewritten with dx" replacing e and
(3/3x") replacing X;. The summation convention is employed. The
indices are staggered in anticipation of the introduction of a metric
tensor field when we shall use the raising and lowering conventions
introduced in Chapter 1. Whereas one can always use a local coordinate
basis in which to expand tensor fields such a basis is not always the most
convenient. In particular, when we have a metric tensor it is often useful
to employ a suitably adapted basis.

The submodule of T3(M) formed by all totally antisymmetric covar-
iant tensor fields forms the exterior algebra of differential forms, A(M),
under the exterior product of (1.2.2). We shall identify Ay(M) with
F(M). Thus a smooth differential form is associated with a smooth
section of the exterior bundle AM = U, A(T’,M). Whereas an element
of the exterior algebra of an arbitrary vector space is called an exterior
form, the term differential form is reserved for an element of the
F-module A(M). If Be TA,M, section of the bundle of exterior r-forms
we may use a local coordinate basis to write

B= 2 Buw. a(dx®)A(dx®) o . A@dx*)  (49.2)

Hrspzs. .

€quivalently

B =~ B (") A (AX5) a . a (d24)

where the summation convention is used. These formulae are trans-
cribed from §1.2 with the substitution of dx# for e*.
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Given a smooth map f between two manifolds the induced maps on
the tangent and cotangent spaces can, to some extent, be extended to
tensor fields. If f: M — N then we extend the map f., to an R-linear
map on contravariant tensors at p

fop: TH(THM) — T5(T%,,N)
X ®X,®...®X,
— [, X, ® f,X, ® ... ® fi,X, X, eT,M. (49.3)

As for the case of vector fields we cannot in general use this map to
obtain a smooth tensor field on N from one on M. We have, of course,
the obvious generalisation to f-related contravariant tensor fields. The
smooth map f does, however, give rise to a map f* which enables
smooth 1-form fields on N to be pulled back to smooth 1-forms on M.
This pull-back map may be extended to an R-linear map on smooth
covariant tensors on N

[ T(N)—> T,(M)
W ®PR®... Qv —
ffo'® far®...Q flor w' e T((N). (4.9.4)

For such a definition to make sense it is important that we have (4.8.8),
that is

fgw) = (f8)(ffw) geF(N), we T((N).
ForBe T,(N)and {X;} e T,Mi=1, ..., r we have
(f*ﬁ)p(Xl’ XZ’ RIS Xr) = Bf(p)(f*le’ f*pXZ’ SRS f*pXr)'

In general the smooth map f: M — N does not induce a map on
smooth contravariant tensor fields on M; nor on mixed tensor fields, the
maps f,., and f’, acting in opposite directions. For the special case of a
diffeomorphism, however, there is an induced map on smooth vector
fields as was noted in §4.6, and the problem of the maps acting in
different directions is readily overcome since diffeomorphisms are in-
vertible. If ¢ : M — N is a diffeomorphism then we define ¢ by

@: T(M) — T(N)

PR’ ®... ® VX, ®...0 X))
= ' ®p T ® ... ® ¢ M0 O p.X, ® ... Q pX,
w e T, (M), X;e TM). (4.9.5)

Again we require (4.8.8) for consistency. Equivalently
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'B® .. . O ®X ®...0 X ) (Y, Yy, ...,
Y,al, .. . &)

:a)l®w2®...®w'®X1®...
® X (oY, @ WYy, .., @7V Y,, gral, L g*ad). (4.9.6)

Example 4.2
For the smooth map

¢:R*— R? p—> @(p)
(a, b) — (¢'(p), @*(p)) = (acost + bsint, bcost — asint)
with ¢ a constant, the inverse is given by
¢~':R? — R? p—>¢7(p)
(a, b) — (g7 HU(p), (¢ H)2%(p)) = (acost — bsint, beost + asin ).

For a vector field Y, @Y = ¢, Y. Taking Y = x(3/3x) + xy(3/3y), with
x and y the standard coordinates on R?, gives

Py Y, = X3 (p){ (@' /3x)(p)(3/3x) | 4p) + (B¢*/3x)()(3/3Y)| 41y}
+ x(p)y(p){(39'13y)(p)(3/3x)| 45y + (39*/3y)(P)(3/3Y)| gp}
(@Y) o) =
(xrcost + xysin£)(p)(3/3x)|y,y + (xycost — xZsint)(p)(@/3y) )
We may use ¢! to express the coordinates of p in terms of those of
#(p), giving
(@Y)gip) = (x2c0s1 = xysin (@ p))(3/32)] g

+ (xycost — y2sin 1)(@( p))(/3y)| pip)-
S0

@Y = (x?cost — xysin £)(3/3x) + (xycost — y?sint)(3/3y).

We consider now a 1-form a = x2dx + xydy
(@) o) = (P = 97",
= x*(p) {(3(@™) RN P(p))dx| o) + (3(@ ") 13YN@(P))dY[ )}

+ () ()@ ) ax)(@(p))dxl gy + (3(@™)3y)(@(P))dyl g, }
= {x*(p)cost + (xy)(p)sint}dx|y,

+ {(xy)(p)cost — x*(p)sin t}dyle,

= (x%cost — xysint)(¢(p))dx|,,) + (xycost — y?sin NPy o)
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as in the previous example, so
Pa = (x*cost — xysint)dx + (xycost — y?sinr)dy.
We have
(§a)(@Y)(p)
= (x%cost — xysint)?(p) + (xycost — yZsin£)?(p)
= {(xcost — ysint)* + (xcost — ysin£)?(y cost + xsin¢)?}(p)
= (x* + x2y2) (@7 (p)) = (a(Y))(@™'(p))
= (a(Y) e @7 ")(P)
$O

(9a)(§Y) = P(a(Y)).

4.10 Exterior Derivatives

In §4.8 we associated with every fe (M) an element df e T'T*M. Thus
we have an operator mapping functions to 1-forms. We may extend this
operator to an R-linear map on 'AM:

d:TAM —TA, M (4.10.1)

with the properties:
df(X) = Xf XelTAM, feFM (4.10.2a)
dlaaf) =da s+ (-1)fapdp aecTA M, BeTAM (4.10.2b)
dd =d*=0. (4.10.2¢)

The operator d is called the exterior derivative. Its existence and
uniqueness are most easily demonstrated using a local chart and the
properties of the exterior algebra. In any coordinate neighbourhood of
M an element of TAM can be expressed in a local natural basis. Since d
is R-linear it is sufficient to consider its effect on an element of the form

w=gdxtn... Adx¥ geEF(M).
From properties (4.10.2b) and (4.10.2¢)
do = dg/\dxi',\. . ./\dxi*

with dg given by property (4.10.2a). So for the assumed form of w we
have the unique form for dw. The defining properties of d enable dw to
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be evaluated on a set of vector fields, for any we TAM. We consider
first a 1-form, it being sufficient to assume

w=gdx x, geF(M)
thus
do(X;, X)) = (dg A dx)(X,, X))
1{dg(X)dx(X,) — dg(Xp)dx(X,)}
from the definition of the exterior product. From property (4.10.2a)
2 do(X,, X,) = X,(g) dx(X;) — X5(g) dx(X})
= X,(g dx(X3)) — gX1(dx(X3)) — Xo(g dx(X))) + gXa(dx(X)))
= X (0(X3)) — Xa(o(X))) + g[X2, Xi](x)
Using this property once again in the last term gives
2 do(X,, X)) = Xi(o(X)— Xo(w(Xy)) — o([X, X))
It follows that for any e e T'A\M
(da)(X, Y) = (172){X(a(Y)) — Y(a(X)) — a([X, Y])}. (4.10.3)
Similarly if @ e TA,M
(da)(X, Y, Z) = (11B3){X(a(Y, Z)) + Y(a(Z, X)) + Z(x(X, Y))
- aX, Y], 2) - oY, Z], X) - a([Z, X}, V)}
VX, Y, Zel'TM. (4.10.4)

For the general case of a e TA,M

1 < . N
(da)(Xo, Xy, ooy X)) = =g DX (@Ko, -, Ky ooy X))
j=0
1 . . .
+ > (—litka((X, X, ], Xoy oo Xy, Xy o X))
r+ 1 Osj< k=sr !
V Xy, Xy,..., X, eT'TM (4.10.5)

where X ; means omit this term from the argument list.

An important property of d is that it commutes with the pull-back
map f*: 'AN — 'AM induced from a diffeomorphism f: M — N. First
observe that if g € #(M), X e 'TM, then

(f*dg)(X) = dg(f«X) = (f:X)(g) (by 4.10.24)
= X(f*g)
= d(fg)(X) (using property (4.10.2a) again)

giving
frdg = d(f*g) (4.10.6)
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Now consider

d{f*(gdx’ Adx 5. .. Adx¥)}

= d{f*(gdx") Af*(dx?) A .. . A f*(dx*)}

= d{f*(gdx") Ad(f*x2) o ... Ad(f*x*)} from above

= d(f(gdx")) Ad(fX5) A .. Ad(f*x%) asd? =0

= d((f*e(frdx)) A f(dx* A . . . A dxt)

= d(f* g) af*dx A f*(dxZ AL .. A dx) as d(f*dx’) = dd(f*x’) = 0
= frdg afrdx A fH(dxP AL AdxH)

= f*d(gdx adx? o ... A dx¥).

It follows since d and f* are R-linear maps that

£1d = df* (4.10.7)

on arbitrary elements of TAM.

4.11 One-Parameter Diffeomorphisms and Integral Curves

In many situations in theoretical physics one is concerned with situations
that can be described in terms of ‘flows on a manifold’. This technical
term is borrowed from what is perhaps the simplest case to visualise, the
laminar flow of a fluid around a smooth surface. The motion of a fluid
around a vortex is another familiar example of a flow. If each element
of the medium experiencing such a flow is followed in time it traces out
the image of a curve. Hence for a smooth flow one can establish a
correspondence between local fluid flow and a local vector field. The
notion of a flow in time is naturally associated with a bijective mapping.
the flow taking a neighbourhood U(p) of a point p on a manifold M to
a neighbourhood U(p’) in some fixed interval of time. For some fixed
interval ¢ we describe such an evolution by

@.: U(p) —> U(p"). (4.11.1)

For a chosen U(p) we have a diffeomorphism for rel,, where
I, CR is an open interval about 0. To describe what happens in an
arbitrary time interval we define ¢ in terms of ¢, by

P:WC(IxM)—M,(p)—> ¢, p)=@(p) (411.2)

where, for each tel, @, is a local diffeomorphism from some
U(p) C M to U(p') C M. Conversely, for every U(p) C M there is an
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1, C I such that @, is a diffeomorphism from U(p) to U(p’) for tel,.
Motivated by the example of fluid flows, in which the configuration of
fluid elements at any time can be obtained from the successive compo-
sition of evolution maps, we demand that

@, ° @y, = Pras Vi, t,elsuchthatt; + t, el
and that
po(p)=p VpeM. (4.11.3)

In particular, @;! = @_,. Families of diffeomorphisms of this type are
called local one-parameter diffeomorphisms on M. A one-parameter
family of local diffeomorphisms gives rise to a vector field on M. For
every p € M the map @ defines a curve @(p) starting at p

wp):ly — M (4.11.4)

t— @p).

To say that the curve starts at p means that @o(p) = p. Using the
definition (4.5.13) we have a tangent vector defined at every point of
the image of the curve. By taking the set of all such curves we define a
tangent vector at each point of M. Since different curves have image
points in common it is necessary to check that this rule gives an
unambiguous assignment of tangent vectors. Suppose that ¢, (p) =
@,(p') for some (¢, p) and (13, p'), then

PAP) = Pu-iy+i(P) = (@i ° @ )P') by (4.11.3)
= @5(@u(P)) = ©i_i(@,(P))
= ((plﬂa ° (pzo)(p) = (p!—t¢'1+ln(p)

by (4.11.3) again. Thus if the curves ¢(p’) and ¢(p) have image points
in common then ¢(p’) is a reparametrisation of @(p). The parametrisa-
tions merely differ by the addition of a constant and so ¢(p’).,
= @(P).-y+1y and the tangent vectors agree where the image points
coincide. Hence the one-parameter family of local diffeomorphisms
defines a tangent vector at each point of M; the smoothness of ¢,
ensures that the assignment of tangent vectors is smooth and we have a
smooth vector field. For the example of a fluid flow this vector field is
everywhere tangential to the flow lines.

In the above we showed how a one-parameter family of local
diffeomorphisms defined a set of curves, enabling a vector field to be
introduced that was everywhere tangential to these curves. We now
show how the argument can be reversed. If X is a vector field on M
then a curve C: I — M, t — p(1), is called an integral curve of X if X
is C-related to (3/01). That is, if C is specified by C:t > x* = AL(1),
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giving C,(3/31) = A#(1)(3/3x*)| . and in local coordinates X = f*(3/
dx#), then C is an integral curve of X if

Aty = frAND), ..., A1) (4.11.5)

for p=1, ..., n. It follows from the theory of ordinary differential
equations that solutions to (4.11.5) always exist, being uniquely deter-
mined by the initial conditions x#(p) = A#(0). The smoothness of the f#
ensures that such solutions are not only smooth functions of ¢, for 7 in
some interval / C R, but are also smooth functions of the initial point
x*(p), for p in some neighbourhood U C M. Thus if C:/— M and
C’ . I' > M are integral curves of X starting at p we must have I' C [
say, with C equal to C’ on the restriction to /'. By taking the largest
such interval we have a uniquely determined maximal integral curve of
X starting at p.

Example 4.3

Suppose X = x(0/3y) — y(d/ox)e'TR?. Let C:I—->R? t—
(AY(r), A%(+)) be an integral curve of X that starts at the point (a,
b)e R%. Solving A' = —A2, A? = A! subject to this condition gives:
Al(f) = acost — bsint, A*(t) = bcost + asint. Here we may take
I =R, the maximal integral curve mapping the whole real line into the
circle, the curve being periodic with period 27.

A vector field whose maximal integral curves starting at p are defined
on all of R, for every p e M, is called complete. In general this will not
be the case, the domain of the maximal integral curves depending on
which point they start at. Introducing a suggestive notation we denote
by @(p) the maximal integral curve of X e I'TM starting at p

o(p):l, — M t— @.(p).
If tye 1, with @, (p) = g then setting
h:J,— 1, t—— 1t + ¢,

gives a curve ¥(q) = @(p) o h. The images of y(q) and @(p) coincide,
as do their tangent vectors since the reparametrisation merely involves
the addition of a constant. Thus y(q) is certainly an integral curve of X,
starting at q. If I, =(a, b) then J, = (a—t;,, b—t;) and since
a<0<b we have —tyel,, giving y_,(q) =p. If yY(q) were not
maximal, with J, C I, then reversing the argument would contradict 7,
being the maximal domain of integral curves starting at p. So maximal
integral curves with image points in common are all related by repara-
metrisations that translate the domain of definition along the real line. It
then follows that if ¢, is defined by

@.:p—> @.p) Vp with tel,
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then ¢, is an invertible map satisfying (4.11.3). Above each point p e M
we erect the fibre /, and denote the space formed by all the fibres by
W.If I, C1Vpthen WC (I X M), and ¢ is defined by

g:W— M, (1, p) —> ¢.(p).

Each ¢, is an invertible map on some domain contained in M.
Furthermore these maps are smooth, the solutions to the differential
equations for an integral curve being smooth functions of the starting
point. It follows that every smooth vector field X on M generates a
one-parameter family of local diffeomorphisms: each point of M being
mapped along an integral curve of X. In local coordinates the trans-
formation p — @,(p) is represented by

x*(p) —> ¢*(t, x'(p), - . ., x"(p)) u=1,...,n
where
@0, x'(p), . . ., x"(p)) = x*(p)
and
@H(1y + 1, Xx!(p), . . ., x"(p)) = @*{ty, @'(t;, x'(p), - . ., x"(p)),

(pz(tl’ xl(p)’ ceey X"(p)),, C
@"(ty, x(p), . . ., x"(p))}. (4.11.6)

We may use the smoothness of the functions ¢* in the variable ¢ to
obtain a linear approximation of ¢* for small ¢

@'(t, x'(p), . . ., x"(p)) = @0, x'(p), . . ., x"(p))
+ t@*(0, x'(p), .. ., x"(p)) + ... (4.11.7)

where ¢* denotes the derivative with respect to . Since @(p) is an
integral curve of X, starting at p, if in local coordinates X = f*(3/3x")
we have

@0, x'(p), .. ., x"(p)) = x*(p)

and

@0, x'(p), . . ., x"(p)) = f(p). (4.11.8)
Thus for ¢ sufficiently small (4.11.6) may be approximated by

x4(p) — xMp) +tfH(p) + .. .. (4.11.9)
Example 4.4

If x coordinates R then a smooth vector field on R is X = x2(3/3x). If
@(t, p) is the maximal integral curve starting at p we require
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@(t, p)= @1, p)’

@0, p)= p.
The solution is ¢(¢t, p)=p/(1 —tp). If p>0 we must have
t e(—»,p7Y),if p=0, te(—c, o) whilst for p <0, re(p!, ©). The
domain W = U I, is the region of R* bounded by hyperbolae in the
bottom-left and upper-right quadrants. This is shown in figure 4.12. We
can verify that indeed @, ¢, = @, 1/,

pA—tp) P

1—6p/(1—tp) 1-(+1)p
We have shown in figure 4.12 the effect of one of the local diffeo-
morphisms ¢,.

@.(@,p) = = @ren(P)-

>
’

\

Figure 4.12 This diagram illustrates the effect of a local diffeomorphism g,.
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If we modify the above example by restricting X to the manifold M
consisting of the open interval (1, «), then the maximal integral curve
starting at p has domain I, = (p~' — 1, p7'). So in this case @, is
defined somewhere if te(—1, 1). The domain W' = U, I}, VpeM is
shown in figure 4.12.

w\/;(\p\/;(p))

[f(p)

Figure 4.13 The geometrical interpretation of the commutator [X, Y] of
the vector fields X and Y.

Exercise 4.1

Let X and Y be vector fields with ¢(p) and y(p) the respective integral
curves starting at p, and @, and , the associated local diffeomorphisms
(see figure 4.13). For ¢ sufficiently small and positive a one-parameter
family of local diffeomorphisms is given by C,=y_y,°c@_y, Y+,
° @+, with C(p): t— C,(p) a smooth curve starting at p. If Co(p) is
the tangent vector to C(p) at the point p show that Co(p) = [X, Y],.
Hint: For feF(M)fop, = f+ tXf+ t}2X*f + O(t’),  where
X = X(Xf).

4.12 Lie Derivatives

In §4.4 we motivated the concept of a tangent vector by introducing
differentiation of functions along a curve. Having arrived at the defini-
tion by which a vector field is a derivation on the algebra of smooth
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functions we showed in that section how the action of any vector field
on a function is the derivative of that function along a curve; namely the
integral curve of the vector field. That is, if ¢ is an integral curve of X,
starting at p

XNP) = < (Fodp)O)  VieHM)
= lim ! {f(@p)) - f(P)}. @121)

Since X is a smooth vector field then associated with the curve ¢(p)
starting at p, is the local diffeomorphism ¢, on the neighbourhood of p.
It is instructive to rewrite the above in terms of the pull-back ¢%

(Xf)(p) = lim 7! {(¢"f)(p) — f(p)}- (4.12.2)

This form of the derivative, X on f, suggest a generalisation to a
derivative on an arbitrary tensor field Te T;M. We may use the map
@_,, associated with the vector field X, to map T, back to the point
p where it can be compared with 7,. If the limit as ¢ tends to zero of
the difference between the two tensors divided by the parameter ¢
exists, it is called the Lie derivative at p of T with respect to X, denoted

by (£xT)(p) (see figure 4.14)
(ExT)(p) = lim 7 {(P-D)p = T,} VpeM. (4123)

Figure 4.14 This diagram illustrates the vectors used in the definition of
the Lie derivative of a vector field Y with respect to the vector field X
(tangent to some integral curve).
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The definition of §_, is given in (4.9.5). In the particular case of
feF (M)

Q_f =@ *f=¢f
and we have

Pyf = Xf V fe F(M). (4.12.4)

It follows from (4.9.5) that £y is a derivation on the algebra of tensor
fields

Ex(SOT=LySOT +S® LT (4.12.5)
in particular if fe F(M)
Lx(fT) = (X)T + fL4T. (4.12.6)
From (4.9.6) we may deduce that £, commutes with contractions:
Lx(T(ay, .. o, Xy, oo, X)) = (ExDlay, .. a,, Xy, .., X))
+ kﬁ:l T(ay, ..., Exap, ..., ¢, Xi,..., X)
+§:1T(al’ e @, X, e, X, L, X)), (4.12.7)

Applying the general definition of a Lie derivative to a vector field Y
gives

@xN(p) = lim 1 (@Y, = Y, ), (4128
For any fe F(M)
(ExV)ef = i @)Y g = Y,
= lim ! Yy = Vo).
Now from (4.12.2)

¢if = f + tXf + O(?)

hence
(ExY),f = lli_f).l}t_l {Y oplf — tXf + O(t)] = Y, f}

= Y, (Xf) + lim 17 {Y g0 = V)
= =Y, (Xf) + lim ¢7" {(Y)(@:(p)) — (Y)(p)}-

Since Yfe F(M) we see from (4.12.1) that the last term is X,(Yf),
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therefore
(LxY)uf= X,(YF) = Y, (Xf)
(ZxV)f)(p)= (X(Yf) — Y(Xf)(p) Vp
or
£xY=[X,Y] (4.12.9)

where [X, Y] = XY — YZ is the commutator of the two vector fields.
From this example we note that £y # f£y where fe F(M). We say
that £ is not %F-lincar in X. This reflects the fact that the Lie
derivative along a curve depends on the parametrisation of the curve
and not just on its image. When using a coordinate basis to evaluate &£ y
on tensor fields with contravariant components it is useful to note from
(4.12.9) that

L 550 (3/0x7) = [(3/3x'), (3/3xT)] = 0.

The properties of £y that we have established are sufficient to deter-
mine it completely; it being the unique type-preserving derivation on
tensor fields that satisfies (4.12.5), (4.12.6), (4.12.7) and (4.12.9). A
consequence of these uniqueness properties is

(Zx, Lyv] = Lix vy (4.12.10)

The commutator of two derviations that commute with contractions is
a derivation that commutes with contractions. Certainly both sides of
(4.12.10) agree when evaluated on a function, so. we need only confirm
that they agree when evaluated on an arbitrary vector field. This follows
from the Jacobi identity (4.6.6). Whereas the established properties of
the Lie derivative completely specify it, these being used in any practical
calculation, the definition (4.12.3) conveys the geometrical significance:
£xT =0 if and only if the tensor field T is invariant under the local
diffeomorphisms generated by X.

Example 4.5

We shall evaluate ¥,Y for X, YeI'TR? given by X = x(3/3y) —
y(3/3x), Y = x*(3/3x) + xy(d/3y). First we shall apply the definition
(4.12.8) directly. In the first example of §4.11 we found the integral
curves of X starting at p = (a, b). This gives the diffeomorphism ¢,

(a, b) — @,(a, b) = (acost — bsint, bcost + asint).

We have already computed ¢_.Y, in example 4.2 (the map ¢ there
being called ¢_, here). So (4.12.8) becomes
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LyY = li_rg.?t‘l [(x2cost — xysint — x?)(3/3x)

+ (xycost — y?sint — xy)(3/3y)]
= li_r}g t71(cost — 1)[x2(3/3x) + xy(3/3y)]

= lim t~Tsin t{xy(3/3x) + y?*(3/3x)]

= —xy(3/3x) — y*(3/dy).
We now evaluate £xY more practically, using the derived properties of
Lx
LxY = X(x?)(3/3x) + x2Lx(3/3x) + X(xy)(3/y) + xy¥ x(3/3y)
= X(x))(3/0x) — X’LapnX + X(xy)(@/3y) — xy&L 3 X
= X(x?)(3/3x) — x*(3/3y) + X(xy)(3/3y) + xy(d/3x)
since £ (35, (3/0y) = 0
= —xy(3/3x) — y*(3/3y).
Since the Lie derivative is a derivation on the tensor algebra it is also
a derivation on the exterior algebra of differential forms. There are a
number of useful properties of the Lie derivative acting on differential

forms. First, since the exterior derivative on forms commutes with ¢*
for any smooth map ¢, it follows that

This is a very useful property for calculations involving Lie derivations
of covariant tensor fields expressed in a natural coordinate basis. In
Chapter 1 we gave the definition of the interior operator on exterior
forms with respect to a vector from the dual space. The interior
operator iy on a differential form @, with respect to a vector field X, is
naturally defined to satisfy

(ix(l))p = ixp(l.)p.

Thus the graded derivation iy is %-linear in X. Since £y commutes with
contractions it follows that

[Lx,iv] = 1x p)- (4.12.12)

When acting on differential forms the Lie derivative can be expressed in
terms of the exterior and interior derivatives

Py =diy +iyd VXelTM. (4.12.13)

The equality of these expressions is most readily seen by noting that
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both are derivations on the exterior algebra, commuting with d and
agreeing on functions. For if fe (M)
dix + iy d)f = ix df = df(X) = Xf = Lxf.
If ae’'A,M and e 'AM then
(diy + iy d)(@af) = dlixa aB + (=1)Pa Aix f]
+ix[da A B + (—1)Pa A df]
=diyaaf+ (1) liyaadB + ()P dapiyf + aAdigf
+iyda A + (1) da iy + (—1)Piya A dP
+ a Alyxdp
=(diy +iyd)aaf+ ar(diy +ixd)s.

It is straightforward to see that (diy +iyd) commutes with d since
d? = 0. The existence of a local coordinate basis for M ensures that the
above properties are sufficient to establish (4.12.13).

Example 4.6

For X e'TR? and « e 'T*R? we shall evaluate &£ ya, first from the
definition then, as will always be done in practice, from the established
properties of L. We take X = x(3/3y) — y(3/3x), a = x? dx + xy dy.
As was noted in the previous example we may use earlier examples to
proceed from the definition

Ly

= li_rg t7! [(x?cost — xysint — x?)dx + (xycost — y?sint — xy)dy|
t

= —xy dx — y? dy.
alternatively,
Lya = X(x3)dx + x*Exdx + X(xy) dy + xy&L xdy
X(xHdx + x* d(Xx) + X(xy)dy + xyd(Xy)
—2xy dx + x2d(—y) + (x* — y?) dy + xy d(x)

—xy dx — y%dy.

For the vector field Y of the previous example
(Exa)(Y) = —x’y — xy?
a(£yY) = —x3y — xy3

whereas

a(Y) = x* + x%y2
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These are indeed related by
Lx(a(Y)) = (Lxa)(Y) + a(LxY).

4.13 Integration On Manifolds

The differential forms derive a certain prominence amongst the tensor
fields on a manifold from the fact that they give rise to a theory of
integration, generalising the Riemann integral in R". We recall that such
integrals may be defined as the limit attained by a Riemann sum of
terms, each consisting of a measure associated with some (usually
cubical) subdivision of a domain multiplied by the value taken by the
function to be integrated at some point within each cell of the
subdivision. We shall assume that the reader is familiar with the
methods of evaluating multiple integrals in R” by means of iterated
integrals. The classical notation for a Riemann integral suggests a
natural definition for the integral of an r-form on R" over an oriented
domain. With such a definition a mapping from R’ to an n-dimensional
manifold M enables an r-form on M to be integrated: we use the map
to pull it back to B” where the integration is defined. Properly
formulated the above idea gives the theory of integration of differential
forms over oriented chains.

Let [0, 1]” be the set of points p € R’ that satisfy 0 < o*(p) <1,
k=1, ..., rin any natural chart {o*} for R". Thus [0, 1]" is the unit
cube in R’. Introduce Q' for the natural ‘volume’ r-form do! A do? A
... ado” which serves to orient [0, 1]”. An oriented r-cube on an
n-dimensional manifold M is the pair (C", Q") where C’ is a C* map
C’: [0, 1]" - M. (To say that C" is C™ on the closed set means that
there is a C* map €’ between open sets containing the domain and
image of C” such that C” is obtained from 4’ by restriction.) In a local
chart (U, x) we may represent the map C": pe|[0, 1] — g e M by its
components, (Al, ..., A")

x'(q) = A(c!(p), ..., o’(p)) i=1,...,n (4131)

Every oriented r-cube gives rise to 2r oriented (r — 1)-cubes called its

oriented (r — 1)-faces. Each face is defined by restricting the map C” to

points p for which o/(p) = &, where ¢=0, 1. Denoting the (r — 1)-

faces by C{7 : [0, 1]""! - M we have then

CiN6 (P, - -y 077U (p), (), .. ., 07(p)

= C'(a'(p). ..., 077 (p), & 0" (p), . . ., 0"(p))

i=1,...,re=0,1 (4.13.2)
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Each (r — 1)-face may be given a unique orientation Q[/7", induced
from the orientation of C":
Q(,;l) = (—‘1)E+1 i(a/ao/)Q, ] = 1, e, P E= O, 1 (4133)

from which it follows that the faces labelled by £ = 0, 1 have opposite
induced orientations. An oriented 1-cube has two oppositely oriented
O-faces (its end points or vertices) each of which is assigned an
orientation + or —. We may recursively define k-faces of C’, for
k=r—2,r—3,...,0; these being the k-cubes obtained by similarly
restricting the (k + 1)-cubes. The 27 O-faces (or vertices) of C’ are the
0-cubes obtained by restricting the map C’ with all o/(p) equal to zero
or one. For b; e R the finite sum Z;b;C’, that maps some set {C], Q/}
of oriented r-cubes into M, is called an oriented r-chain (with real
coefficients).

The oriented r-cube (C", Q") has a boundary (r — 1)-chain denoted
by 3(C7, Q") which is defined as

3(C, Q) =2 > (Cih Q.- (4.13.4)
i=]1 e=0,1

The boundary operator 3 extends naturally to all r-chains:
#zmw;qﬂ=2qanm.
/ /

It follows directly from the definition of C’~% that 33 = 0 since the
(r — 2)-faces cancel pairwise.

From an r-form «, defined on the image of C", we can use the map
C’ to ‘pull back’ a to [0, 1]’. The r-form (C")*a has the representation
hdoh ado'2 p ... oAdo®, he%F(R’). The orientation Q" of C" is now
used to define €, = =1 by

Q" =¢,do ado" 5. .. ado".

We define the integral of C"*a over [0, 1]" in terms of the Riemann
integral of h

J C*a = e,J h do’ ... do".
0.1y 0.1y

This may be evaluated as the iterated integral

1 1 1
5’,,’ - U (J h(c!, 02, ..., 0") da’)da2
0 o \Jo

We may now define the integral of an r-form on M over an oriented
r-cube

...do’.

La=hwwwm (4.13.5)

This definition is extended to include 0-forms by defining the integral
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of a 0-form over a O-cube to be the difference between the values of the
O-form taken at the two end points. If ¢ : [0, 1]" — [0, 1]" is a smooth
reparametrisation that preserves orientations and C'” = C" o ¢ then

Jer = fe
c (Co)

= Joy (€ ora= | o(ca

.1y

= f C*a = C*a
gl0.1) (0.1

since the last equality follows from a change of variable 0 — ¢’ = ¢(0)
in the iterated integral. Hence

Jeror= oo

and we say that the oriented r-cubes C” and C'’ are equivalent. The

integral of & over the r-chain C = X;b,C} is defined to be

fc'a - ;bf fc;a'

The culmination of this treatment of r-form integration over oriented
r-chains is the elegant generalisation of Stokes’s theorem afforded by
this formalism. For any smooth r — 1 form g defined in the range of the
r-chain C(r = 1) we have

fcdﬁ =8 (4.13.6)

The definitions are such that this follows immediately from the result in
R’. First we observe that (4.13.6) will hold for an arbitrary chain if it is
true for any r-cube; then we use definition (4.13.5) to relate the
integrals to Riemann integrals. Since C*d = dC* the proof of (4.13.6)
reduces to that of Stokes’s theorem in R’. Since the Riemann integral
can be written as a repeated integral the proof finally rests on the
fundamental theorem of calculus; the integral of a real function is the
anti-derivative.

An immediate consequence of Stokes’s theorem is the generalisation
of the rule for ‘integration by parts’ to exterior products of forms on a
manifold. If e TA,M, Be TA ;M then

dlaaf) =daaB+ (-1) ardb
Consequently for some (r + g + 1)-chain C
|Ld@ap = [ dwnp+ -1y [ anap= [ anp @137)

by Stokes’s theorem. If 3C = 0 or @ A § =0 on 3C we have the simple
result
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fcdaAﬁ = (_1)r+1 .[C(YA dﬁ (4.138)

Example 4.7
We consider the chain C:

C:[0,1)*—R?
(1, 0) — (sin 7T cos 270, sin 7T sin 2770, COS 7).

If (r, 6, @) are the standard polar coordinates for R? then this map
sends (7,0) to the point on the unit sphere with polar coordinates (1, 77,
2m0). The spherical polar coordinates (8, ¢) do not cover the sphere,
there are coordinate singularities at 6 =0, 7 and @ =0, 27 (see
figure 4.15). Thus the C* chain C is a diffeomorphism from the interior
of its domain onto its image, whilst the boundary of the cube is mapped
onto the points at which the coordinates are singular. We will integrate
the 2-form @ = r3sin @ d6 o dg over C. Note first that o is smooth on
the whole of R®. This can be seen by changing to Cartesian coordinates
that cover all of R3, giving w = x dy Adz + y dz odx + z dx o dy. We
have C*d6 = ndz, C*dg = 2ndo giving C*w = 27?%sin (71)d7 A do and

1/l
Cro = 2772f (f sin (m)dr)da = 47.
0.1 0

0

[

Figure 4.15 The two-sphere as a two-chain.



INTEGRATION ON MANIFOLDS 171

In the above example it is tempting to say that we have integrated
‘over the surface of the unit sphere’, although we can so far attach no
meaning to this statement, our integrals of forms being over chains.
However, a class of chains (a member of which was considered in the
example above) can be put into correspondence with subsets of an
oriented manifold N, such that we can unambiguously refer to integra-
tion over the subset. An oriented r-cube C7 is said to parametrise a
region § of an oriented r-dimensional manifold N if C"([0,1]") = §, C*
is a diffeomorphism on the interior of its domain and the orientation of
the cube is compatible with that of the image. That is, if {(3/207)} is an
oriented basis for the cube then {C.,(3/30¢)} is positively oriented with
respect to the orientation of N for all points p for which C,, is a
non-singular linear transformation. (These conditions are met in the
above example with N the 2-sphere with orienting 2-form w.) We can
certainly parametrise a region S with more than one r-cube, the crucial
result being that if @ is an r-form on N which is parametrised by both
Crand C' " then [~ = [crw. It is therefore meaningful to define

Jo= Jeo

where C” parametrises S. Although we shall not prove the above we
observe that it is certainly reasonable. On the interior of their domains
C" and C'’ are invertible, and hence (C")™'o C'" is an orientation-
preserving diffeomorphism between the interiors of the domains. We
have already shown that integrals are invariant under changes of chain
that are related by orientation-preserving diffeomorphisms, and so to
prove the above result it is necessary to show (as one would expect) that
the boundary does not contribute to the integral. (Such an argument
shows that parametrising cubes can be a little more general than defined
here.)

An r-chain C = Z,C", parametrises a region § if the image of C is S,
each (7, parametrises its image and the images of the interiors of the
cubes are non-intersecting. Again one can show that the integrals of any
smooth r-form over any two parametrising chains are equal. The proof
that one can parametrise certain regions (for example, compact mani-
folds and compact manifolds with boundary) is not simple and we refer
the interested reader to the literature.

4.14 Metric Tensor Fields

A metric tensor field g on manifold M is a section of a second-rank
tensor bundle over M. Restricted to a point p € M it provides a metric
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tensor on the space T,M. If g is a symmetric positive-definite non-
degenerate metric tensor field the manifold is said to be a Riemannian
manifold. If g i1s a symmetric but indefinite non-degenerate metric
tensor field the manifold is said to be a pseudo-Riemannian or (semi-
Riemannian) one. For the special case of signature (p, 1) a pseudo-
Riemannian manifold is called Lorentzian.

Let us develop the description of a (pseudo-) Riemannian metric in a
local chart (Uy, @u). If {dx*} is a local basis for 1 forms for T%M we
may write the tensor field g as

g = gundx* ® dx” (4.14.1)

where the n(n + 1)/2 real-valued functions g,, = g(3/3x*, 3/9x") satisfy
8w =8w (W, v=1,..., n). A g-orthonormal basis {X,} of T,M is one
that satisfies

g( X, Xp)y =1, = £1 a,b=1 ... n (4.14.2)

An ordered basis of local vector fields defines a local frame on M and
an ordered basis of 1-forms a local co-frame. The components 7., of g
in a g-orthonormal co-frame are real constants and we may write

g = Nape* ® eb
where {e?} e T*M is a g-orthonormal co-frame satisfying
e(X,) = 6 Va,b=1,..., n. (4.14.3)

Fields of frames are sometimes called moving frames. As described in
Appendix A the metric tensor enables T,M and T,M to be related. If
ae'T*M then & e I'TM is defined by

¢(&, X) = a(X) VXelTM. (4.14.4)

The contravariant (pseudo-Riemannian) metric g* is a tensor field on M
that when restricted to a point p € M provides a metric on the vector
space T°,M, defined by

g*(a, B) = g(&, P) Va,BelT*M. (4.14.5)
In a local chart we may write
g* = g"alox* ® 3/ax¥ = X, ® X,
where g™ = g* € ¥(M) and
88w = 0,
nNpe = 0.
The Gl(n, R) elements e relating natural and g-orthonormal co-frame
fields,
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e’ = eydx* (4.14.6)

are now functions on M. Some authors refer to the co-frame {e®} as an
n-bein, others reserve the term n-beins for the n? functions ej € ¥(M).
It should be noticed that, unlike the natural co-basis, in general de“ # 0,
a=1,..., n.

If the 1-form w is written locally as @ = w,dx* = w,e® then the
metric  dual is @ = w*3/ox* = w'X,, where o*=gtw, and
w' = n%w,. Similarly, if locally X = &*3/3x* = E°X,, then
X =§,dx# = Ee" where E, = g,,&" and &, = 1,,E" (see Appendix A).
The index notation is doing double duty here, the Greek and Roman
alphabets indicating that the components are with respect to a natural
and orthonormal basis respectively. The symbols w* = w(dx*) and
o’ = w(e’) obviously represent different functions on M. Thus it is
potentially hazardous when working with components to give ¢ and a a
numerical value. Clearly a safer (but rarely used) procedure would be to
write unambiguously

w = w(@Rx*)dx* = w(X,)e*
X = dx¥(X)3/ax* = e(X)X,.

We discussed in Chapter 1 how to use a metric on co-vectors to
construct a metric on p-forms. That procedure can now be generalised
to construct a metric on differential forms. If M is an n-dimensional
orientable manifold with a fixed atlas, specifying a positive orientation
say, then one may smoothly assign an orientation to T,M for all pe M.
Equivalently, if (U,, @,) and (U,, @,) are any overlapping charts in this
atlas, with coordinate functions {x#} are {y*} respectively, then the
real-valued function f on U, N U,, defined by dx! Adx? ... dx" =
fdy' Ady? A ... ady", is everywhere positive since f is just the
Jacobian of the transition map between charts. Thus we are assured of a
non-vanishing n-form on any orientable differential manifold. If such a
manifold admits a (pseudo-)Riemannian metric tensor field then a
canonical choice of orienting n-form is z = e! xe* A ... Ae" where
{e’} is a g-orthonormal moving co-frame. We may now extend the
construction of the Hodge map given earlier to M with *1 = z. This
enables the domain of the Hodge map to be generalised to sections of
AM.

If ¢o:M+— N is a smooth diffeomorphism between (pseudo)-
Riemannian manifolds M and N such that the metric tensor fields g, on
M and gy on N are related by

gm = @ 8N

then @ is said to be a smooth isometry. As a special case if M = N
then ¢ is a smooth isometry of M. If {g;} is a set of such maps on M
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then they form the isometry group of M under composition. The set of
vector fields {K,} that generate these isometries are known as Killing
vectors. Because the commutator of Lie derivatives 1s the Lie derivative
with respect to a commutator of vector fields, in the neighbourhood of
any point in M the Killing vector fields form a Lie algebra under the
commutator; [K;, K;] = ¢;*K, where {c;*} are the structure constants
in this basis. The isometry group defines a Killing symmetry of the
{pseudo)-Riemannian structure on M; the metric tensor field satisfying

BCBKg:O

for any vector field K in the algebra of Killing vectors. In general a
(pseudo)-Riemannian manifold will admit no isometries, and hence
possess no Killing vectors. Furthermore, there is a maximum number,
In(n + 1), of Killing fields that can exist for any metric on M.

Example 4.8: Euclidean Manifolds
The topological space whose points consist of the n-tuples in R” may be
given a manifold structure by adopting an atlas consisting of the identity
chart that assigns a unique element of R” to each point. On any open
sets U, V on this manifold one may adopt ‘local curvilinear coordin-
ates’, ¢y : U~ R", ¢y : V — R" provided @ © @' is smooth and 1: 1
with a non-zero Jacobian on U N V. This manifold has a natural
Riemannian structure. In a global chart {x’, R"} the metric tensor field
takes the form g=2Z2,.; = ,dx'®dx’. The manifold R" with this
Riemannian structure is a model for an n-dimensional Euclidean man-
ifold. Any n-dimensional Riemannian manifold isometric to this one
under a (smooth) diffeomorphism provides a model for the space of
Euclid. Such manifolds admit in(n — 1) rotational isometries (the integ-
ral curves of the Killing vectors lying on an (n — 1)-sphere) together
with n translational isometries (with the Killing vectors having open
integral curves). The group of these isometries is known as the Poincaré
group of n-dimensional Euclidean space.

Some of the ideas in this chapter are illustrated in Appendix B where
the familiar vector calculus of three-dimensional Euclidean space is
reformulated.
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Applications in Physics

5.1 Galilean Spacetimes

Since the time of Aristotle the evolution of the language for physics has
to a large extent been governed by the choice of an appropriate event
space. One may formulate the Galilean relativistic description of physics
in terms of a four-dimensional fibre bundle in which each fibre is a
Euclidean three-space and the projection is onto a one-dimensional
oriented Euclidean time manifold. Events in this Galilean bundle are
assigned a standard time point by this projection and the one-
dimensional Euclidean metric on the base may be used to measure time
differences between such events. Such elapsed times are unambiguous
up to an arbitrary scaling corresponding to a choice of time units. If the
time difference is zero the events are considered to be simultaneous and
it is then possible to use the standard Euclidean metric on the
corresponding fibre to define their spatial separation.

A family of curves, members of which intersect each fibre only once
such that each point of every fibre lies on one and only one curve
foliates the bundie.

Any two non-simultaneous events that lie on the same curve can be
regarded as having the same spatial position with respect to this family.
Each such family defines a coordinate system. The Galilean bundle is
provided with a preferred class of families of curves; the trajectories of
freely falling particles moving with uniform Newtonian velocities. They
define the class of inertial reference systems. This dynamical structure
endows the bundle with a preferred parallelism. We shall return to its
mathematical formulation when we encounter the Newtonian connec-
tion. {The bundie may be given alternative parallelisms, for example,
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one might single out those reference frames in which particles have a
uniform velocity when falling freely in some Newtonian gravitational
field.)

In addition to the maximal set of six Euclidean Killing vectors on each
fibre and the time translation symmetry, the existence of the preferred
class of inertial frames endows the Galilean bundle with another
three-parameter symmetry group corresponding to the transformation
between inertial frames that differ by a uniform Newtonian three-
velocity. The complete 10-parameter Galilean group is the relativistic
group for Galilean physics (see figure 5.1).

T

P

R%

©

tip)

Hip)

Figure 5.1 The Galilean bundle with a Euclidean three-space
assigned an arbitrary time coordinate by projection.

The existence of the above structure for Galilean relativistic spacetime
is a basic tenet of Newtonian dynamics. Physical descriptions prior to
the introduction of a ‘Lorentzian relativistic’ structure for spacetime
implicitily assume such a time-preferred fibre pattern for the spacetime
manifold.

Two clocks at rest in a Galilean inertial system may assign different
time parameters and even run at different rates relative to each other.
However, it is a fundamental postulate of Galilean relativistic physics
that the behaviour of all good clocks is independent of their relative
state of motion. (By a good clock one means a clock that is robust and
whose behaviour in external fields of force can in principle be compen-
sated for.) It is further assumed that all good clocks may in principle be
synchronised in an inertial system and used to calibrate the evolution
rates of all physical processes. In Newtonian physics observers may also
be equipped with measuring rods as well as clocks synchronisable with a
hypothetical universal time. Rigid rods are used to construct rigid pieces
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of apparatus such as standard metres, telescopes, oscilloscopes etc and
the Newtonian description of phenomena relies fundamentally on such a
framework.

However if, as Einstein did, one builds a world picture based on a
spacetime geometry with a Lorentzian-signatured metric structure such
‘commonsense’ operations as length and time measurement cannot be
taken as primitive concepts. Thus a more appropriate notion of a clock
is required and one must relinquish measuring processes based on
extended rigid structures since they are strictly undefined as primitive
operations. With any new set of measurement definitions associated with
classical observers in a refined spacetime picture we must expect to be
able to recover in some approximation the valuable global Newtonian
spacetime notions. Einsteinian relativity has sharpened the notion of a
good clock and made redundant the concept of a preferred time
projection. Physical clocks that approximate the ideal clocks of a
non-Galilean description measure the elapsed time between events in R*
as a function of their relative motions, and it is only for clocks moving
with uniform relative Newtonian velocities, small compared with the
Newtonian velocity of light, that the notion of elapsed time between
events can be divorced from the relative state of motion of the
measuring clocks. Such a reformulation is often referred to as a
relativistic description. In the following we are motivated towards one
particular relativistic formulation: that inherent in a reformulation of
Maxwell’s equations on a four-dimensional manifold possessing a
Lorentzian metric structure and a Poincaré isometry group.

We shall follow the historical path that led Einstein to this elegant
(and physically more accurate) world structure by examining one of the
most successful of all physical theories: classical electrodynamics.

5.2. Maxwell’s Equations and Minkowski Spacetime

Physical theories are usually formulated in terms of quantities with
physical dimensions. The assignment of a physical dimension to a
quantity often follows from its operational definition in terms of some
measuring process, a coherent choice of units often facilitating the
expression of a physical law. Our mathematical introduction of tensor
fields is based upon an underlying manifold where chart coordinates and
components of all tensors may be regarded as physically dimensionless
numbers. However, in order to compare such a tensor field description
with a physical theory written in terms of dimensioned quantities one
must effect a transformation. If a physical theory is formulated in terms
of tensors over the real field one may restore all physical dimensions
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appropriately as follows. The dimensionless tensor field equations de-
scribing the theory are initially expressed in a local chart with dimen-
sionless spacetime event coordinate maps, say (¢, x!, x2, x3). Chart
transformations are then performed to some standard coordinates with
assigned physical dimensions. If necessary, new tensors with physical
dimensions can be defined by scaling dimensionless ones by some
constant parameter with appropriate dimensions. The numerical values
chosen for such dimensioned parameters establish the choice of units for
the system. If one wants to work with coordinates having the standard
dimensions of time and length, say (z, x!, x?, x®), one may introduce
three standard dimensioned units such as ¢, a standard speed, % a
standard unit of action and a reference mass m,. The restoration of
physical units follows from the simple chart transformations

t = (mgc?lh)t
xk = (mgc/h)x* k=1,2,3. (5.2.1)

A dimensionless tensor field will have components with dimensions
when referred to a basis induced from a local chart with dimensioned
coordinates.

It is a fundamental property of matter that it can exert a long-range
influence on other matter by both the effect of its mass (the gravitation-
al interaction) and its electrical charge (the electromagnetic interaction).
The latter is a property that comes in two opposite varieties or polarities
that are responsible for the ‘attractive’ and ‘repulsive’ forces of elec-
trostatic interaction. (No analogous ‘repulsive’ long-range Newtonian
gravitational interaction between matter has been observed.) After the
pioneering efforts of Faraday and Maxwell the electromagnetic interac-
tion between matter is described in terms of an intermediary physical
field. This field was originally conceived to consist of a pair of vector
fields (E, B) on Euclidean R3 parametrised by a universal time ¢. If we
denote by the (time-dependent) function p: R* — R the electrical charge
density in Cm~3 and by j the (time-dependent) vector field on R?
describing the charge crossing normally a unit area (the current density
in A m~?) then, in mMks dimensioned units, (mass in kilogrammes (kg),
time in seconds, length in metres (m)) the electric E and magnetic B
vector fields satisfy Maxwell’s equations:

divE = p/gg curlE = —oB/3t
1 3E

divB =0 cutlB = pyj + ——— (5.2.2)
c* ot

We are assuming that the sources (p, j) exist in a free space or ‘vacuum’
environment. If E = E,(3/3x')e 'TR? then by (3E/3t) one means
(3E ,/3t)(3/3x") where, in the chart (x', x?, x*) for R?, the Euclidean
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metric tensor field has the representation § = X;_,dx‘®dx’. The con-
stants &, o and ¢ = (gyug) " ensure that the equations are dimen-
sionally coherent. They are assigned dimensions as follows

B [ML] _[TQ?
(o] = 02 [20] = ML3
The functions ( E;, B;):R*— B, each depending on the time para-
meter ¢, will be called the mks Cartesian components of the electric and
magnetic field respectively. The Cartesian components of the electric
field have dimensions [ML/T?Q], with mks units of N C~!, whilst those
of the magnetic field have dimensions [M/TQ] with Mks units of Teslas
(or Wb m™2).

The structure of this system of coupled partial differential equations
permits one to construct a remarkable synthesis between the fields
(E, B). This may be achieved by reformulating the system in terms of a
pair of tensor equations on the event manifold R* endowed with a
particular metric structure. Instead of associating the Cartesian compo-
nents of E, B with vector fields on R?, they are used to construct a
2-form F on R*. Using a local chart (¢, x!, x?, x*) we define

E=B +diAE (5.2.3)

where

o)

B = B,dx? Adx’ + Bydx’ Adx! + Badx! Adx?

E = E;dx' + E,dx? + E3dx’.

In a similar way we unify the components of the current and charge
density to construct the 3-form $:

$ = cupJ adt + (plegg)dx! Adx? A dx’ (52.4)
where

Jo= jidx? adx? + jodx? Adx! + jidx! Adx’

The {j;} are the components of the vector current j. The choice of
dimensioned coefficients ensures that $ and F have the same dimen-
sions, namely [A/Q]. Note that, for any form f, df and f have the same
physical dimensions: the exterior derivative does not change the physical
dimensions of the form on which it acts.

The metric tensor field adopted on R* is given in this chart by

g=—c’dt®dr + §. (5.2.5)

Hence (cdt, dx*) is an orthonormal co-frame with respect to this g. In
terms of the Hodge map * associated with this Lorentzian-signatured
metric Maxwell’s equations may be expressed elegantly as the exterior
equations
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d« F= ¢ (5.2.6)

dF = 0. (5.2.7)

One further and desirable simplification can be made: the set can be
written entirely in terms of dimensionless tensors. First it is trivial to
define dimensionless forms F and j by scaling each with any convenient
parameters having the dimensions [A#/Q]. We choose to write

F = (eo/h)E
J = (ee/)§

where e 1s the elementary charge on the electron. In general, equations
involving the Hodge map make reference to a specific metric. The
equations (5.2.6) and (5.2.7), however, remain unchanged if we replace
g by 2Ag where A is any positive-definite real-valued function on R*.
This follows since F is a 2-form in four dimensions. It is convenient for
us to exploit this freedom here to rescale g by any constant with the
dimensions of [L]* and use a dimensionless metric tensor field g =
L~2g. We shall denote the Hodge map associated with g as simply * and
rewrite the Maxwell equations:

d«F = j (5.2.8)
dF = 0. (5.2.9)

One is of course free to use either dimensioned or dimensionless
coordinates in extracting component equations from this set. We have
spelt out in detail the straightforward manner in which one can make
contact with the conventional mks dimensioned field and source compo-
nents. Henceforth we shall work with dimensionless coordinates and
tensors. It is worth stressing that although we have built up these
equations from the traditional Cartesian-oriented approach the equa-
tions are now fully tensorial on the four-dimensiunal manifold with
metric tensor g. We have extricated ourselves from a particular chart
including a particular time map. This is a major achievement and may
be regarded as the cornerstone development in Einstein's ‘relativistic’
world view.

A metric such as g that has a signature with one minus sign is called
Lorentzian. A four-dimensional manifold with Lorentzian metric will be
called a spacetime. Tangent vectors in a Lorentzian spacetime may be
classified into spacelike (positive-norm), timelike (negative-norm) or
null (zero-norm) vectors. The tangent space is said to possess a light
cone structure conferred on it by such a metric. Furthermore, timelike
tangent vectors may be classified into future-pointing and past-pointing.
If X, is assigned a future-pointing role then —X , is defined to be past

P P
pointing at p. If this assignment can be made unambiguously over the



182 APPLICATIONS IN PHYSICS

whole manifold then the spacetime is said to be time orientable. It
would be rather difficult to interpret physical phenomena on a manifold
that was not time orientable.

The spacetime modelled on B* with metric as in (5.2.5) is called
Minkowski spacetime. Thus Minkowski spacetime admits a chart with
coordinates (¢, x!, x2, x3) in which the metric tensor field is given by

3
g = —dt®dr + Y dx'®@dx'. (5.2.10)
i=1
We observe that the vector field (3/3f) has a negative norm whilst
(3/3x") has a positive norm for i = 1, 2,3
g((3/3r), (3/3n)) = -1

, _ (5.2.11)
g(d/dx!, d/ax") =1 (no sum).

Minkowski space M possesses a 10-parameter group of isometries. In
a chart in which the metric is given by (5.2.10) these isometries are
generated by the following Killing vector fields

T, = (3/31), T, = (3/3x¥) k=1,2,3
K; = x!(3/3x?) — x?(3/3x")
K, = x3(3/3x') — x'(3/3x?) (5.2.12)
K, = x*(3/3x3) — x*(3/3x?)

B, = 1(3/0x*) + x*(3/3r) k=1,2,3

The isometry group of Minkowski space is called the Poincaré group.
The vectors T,, u=0,1, 2, 3, generate translations; the integral curves
being open lines. The K;, i =1, 2, 3 generate rotations; the integral
curves lying on the surface of a sphere. The B,, k =1, 2, 3, generate
boosts, the integral curves being open, forming hyperbolae.

Exercise 5.1
Verify that if X is any of the vector fields in (5.2.12) then

$Xg = (.

The structure of Maxwell’s equations motivated the introduction of
Minkowski space. In fact the form of Maxwell's equations arrived at,
(5.2.8) and (5.2.9), is immediately valid in any Lorentzian spacetime
(one not necessarily having the large number of isometries present for
Minkowski space). Such a generalisation is the essence of Einstein’s
incorporation of arbitrary gravitational interactions into the underlying
geometry of spacetime.
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5.3 Observer Curves

The classical physical interpretation of the components of a tensor field
on spacetime is associated with the notion of an observer curve. To
introduce the notion of local observer time into the spacetime manifold
M we exploit the lightcone structure of the Lorentzian metric. A curve
C whose image passes through p e M is said to be timelike at p if its
tangent vector is timelike there. Next consider the physical interpreta-
tion of the parametrisation of C: [0, 1] - M. If (¢, x*) are local chart
maps for M we represent C parametrically by the equations
t(p) = C%1), x*(p) = C*(r) and we restrict ourselves to monotonic
functions of 7 that make C a future timelike curve:

g(C.3,, Ci3,) < 0. (5.3.1)
The length of C is defined to be the real number

1
§ = J;]g(c*a,, C.3,)|"dr. (5.3.2)

Under a change of parametrisation t+—> 7'(r) mapping [0, 1]— [0, 1]
with (37/37) > 0V 1 then C,.3,— (3,7')(Cid,) and dr— (37/37')d7’,
so we see that the integral is invariant under such a reparametrisation.
A parameter T is said to provide a proper-time parametrisation for C if

g(C.3,, C.3,) = —1. (5.3.3)

An ideal observer is defined to be a proper-time parametrised
future-pointing timelike curve on spacetime. The observer image is
represented as a history or world line on the manifold. Elapsed time
between events on the world line, as measured by such an observer
curve, is determined by the difference between the affine parameter
assigned to each event. It is a fundamental assumption that there exist
standard clocks that operationally determine such an affine parametrisa-
tion along their histories. For such curves (5.3.2) implies that the time
between events linked by an observer curve is equal to the length of
world line linking them; it is measured by a standard clock accompany-
ing the ideal observer. This time measure is often called the proper time
measured by C. It does appear that many natural processes (for
example, decaying particles) can be used as standard clocks registering
proper time. Once one is convinced of the existence of microscopic
natural clocks for proper time, macroscopic clocks (assemblies of micro-
scopic clocks) can then be synchronised using light signals, or any other
physical mechanism that supports a formulation in terms of a locally
Lorentzian geometry. Once this definition of a good clock is adopted it
becomes evident that there is no unique proper time interval between
two events that can be joined by a family of timelike observer curves.
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Each curve will in general measure a different time interval since each
curve has a different arc length.

A timelike vector field V is called a world velocity (or four-velocity)
vector field if g(V, V) = —1. As an example consider the vector field

3
V= k(a, + EUfax,) (5.3.4)

j=1
in a local chart (¢, x/) in which the Minkowski metric g takes the form
(5.2.10). The field is labelled by real constants k, v', v?, v*. V is a
velocity vector if

k=[1-("Y - (v2)? — (v} (5.3.5)

What observer curve C has a tangent vector that coincides with V at
each p on its image? For this we require

3
Cid.l, = (3t/31)3,[, + 2 (3x//371)3,, = V|,

i=1
that is ((31/31), (3x//31)) = k(1, v/). These equations fix the paramet-
risation of C up to an additive constant for 7. For C labelled by the
triplet v = (v!, v%, v*) e R* a family of observer curves through the
origih of the (¢, x¥) chart has the representation 1(p) = kt,
x/(p) = kvt or x/(p) =v’t, j=1,2,3. For arbitrary constant v the
vector field V is a Killing field. We define a stationary observer to be a
proper-time parametrised integral curve of a timelike Killing vector.
Thus the vector field V, with arbitrary constant o, yields a three-
parameter family of stationary observers in Minkowski space.

Any global Minkowski space chart in which the metric takes the form
(5.2.10) is often referred to as an inertial chart. The chart maps define a
global co-frame of exact 1-forms. The vector field V defines a congru-
ence of ideal observers, each ideal observer being an integral curve of
V. One often sees the phrase ‘an inertial frame’ or ‘an inertial system’
in this context. Care will be exercised in not adopting this phrase too
readily: we have not assigned a frame of vectors along any observer
curve so cannot at this stage, strictly speaking, make reference to an
observer’s inertial frame. However, the frame {93,, 3.} associated with
the inertial chart is an example of an inertial frame along the integral
curves of 3,. We shall return to the general definition of observer
frames after we have introduced the concept of vector transport.

The equation of the world line of a stationary observer in an inertial
chart suggests that the triplet v be identified with the components of a
Newtonian velocity three-vector. However, we would prefer to identify
such a notion in the context of a general observer, not necessarily a
stationary one. Since we now contemplate arbitrary observers we
concentrate on T,M rather than the whole history of the arbitrary



OBSERVER CURVES 185

observer world line. A point peM together with a future-pointing
timelike vector with norm —1 will be called an instantaneous observer
at p.

Let C be such an instantaneous observer associated with the general
observer C and let A be any timelike future-pointing 1-chain (not
necessarily another observer) with tangent vector A at p. We wish to
define the Newtonian velocity of A observed by C at p. Since
A, Ce T,M we have a unique orthogonal decomposition

L=P+¢€C (5.3.6)

where €eR and g(P,C)=0. This latter condition implies
€ = —g(L, C) since g(C, C) = —1, hence

i=P— gl O)C. (5.3.7)

The Newronian velocity of A observed by C at p is now defined with
respect to this orthogonal decomposition as v = P/€, or

v =-Plg(i, O) (5.3.8)

showing that v depends on both 1 and C. The vector P is spacelike and
is said to lie in an instantaneous three-space of C at p. This is defined as
the orthogonal complement of C in T,M.

We next consider the case of a null 1-chain I" observed by C. The
condition g(I', T') = 0 inserted into I' = P — g(I', C)C gives, with the aid
of g(P, P) = g(I', P),

I' = %(C - N) (5.3.9)

where € = —g(I", C) and N = (g(T', C)/g(T’, P))P. ¢ is called the energy
that C observes for I at p whilst N is the spatial direction observed for
I'. Note that N is spacelike with g(N, N) = 1. It is a fundamental result
that there exist propagating solutions to Maxwell's equations corres-
ponding to the phenomenon of electromagnetic waves. Such waves
propagate in vacuo without dispersion and have null vector fields
associated with them. Thus null curves may model the flow of electro-
magnetic radiation, or photons.

The images of timelike future-pointing curves are models for either
massive point particles or the streamlines of mass—energy flows. A point
particle of mass m is modelled by a future-pointing curve p with
g(p, p) = —m?. Then p =P + €C implies g(P, P) + m*> = €%, P = ¢*
therefore implies

g(P,P) = €g(v, v) =¢* — m>. (5.3.10)
Hence € and P may be expressed in terms of v as

m

€ = ml/z (5.3.11)
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p= —2% (5.3.12)

[1 - g(v, U)]“z .
Clearly if m# 0, g(v,v) =1 — (m/€)> < 1: that is, massive particles
are observed to have bounded Newtonian velocities.

If, for example, C =3,|, and 4 = #/(1)3 4|, + #(z)3,|, in an inertial
Minkowski chart then g(C,4)=—-r and A=P + 1(1)3,|, gives
P = %/(7)3,. Hence in this chart v = (#/(7)/1(1))3 4|, is the Newtonian
velocity of 4 observed by C at p.

If the projection onto the instantaneous three-space orthogonal to C
at p is effected by the projection operator Il,:T,M— (C);,
I, =(1-{ C(C))~'C® C)p, then the Newtonian length of any space-
like vector V e T,M observed by C is defined as (g(I1,V, I1,V))"2 If
W is a second spacelike vector in T,M then the Newrtonian angle
between V and W observed by C is given by

g, v, I1,w)
[g(M1,V, T, V)g(I1,W, I1,W)] 2

The presence of the projector I, in these formulae, defined by the
observer curve, means that the Newtonian length and angles specified in
this way depend on the observer as well as on the vectors being
observed. For the general future-pointing vector A =P + ¢C we see
that V has Newtonian length (g(v, v))"? = [g(P, P)]Y3/€. If 1 is null,
g(P, P) = €? and hence all null vectors are always observed to have unit
length Newtonian velocitics. We have already noted that g(v, ) <1 if
v is the Newtonian velocity of a particle with m # 0. If g(v, v) < 1 we
may expand {4.3.11), (4.3.12) using the binomial expansion

€=m+ img(v,v) + ... (5.3.14)
P=mo+ ... (5.3.15)

cosf = (5.3.13)

These formulae reinforce our identification of the instantaneous energy
and three-momentum for a point particle. We see that the Newtonian
kinetic energy of such a particle differs from the relativistic energy ¢ by
the constant m. This difference between Newtonian and Einsteinian
relativistic kinematics has had a profound effect in the subsequent
development of relativistic physics.

The images of different observer curves may be related by a diffeo-
morphism of spacetime: in particular a diffeomorphism from the
isometry group. We here consider a ‘boost’ diffeomorphism from the
Poincaré group. We first compute part of an integral curve of the ‘boost’
vector field

X =x'3, + 13, (5.3.16)

passing through a point p, with coordinates
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(1(po), X (po), x*(Po), x*(po))

in an inertial chart. We shall take py to lie outside the ‘light cone of
(0,0, 0, 0)°, defined as the set L of points p satisfying

X ((p)? - (i(p))? = 0.

j=1
This ensures that at py X is timelike. For definiteness we shall assume
t(po) >0, x/(py) > 0j=1,2,3. The integral curve is given parametri-
cally as #(p)=A%7), x/(p)=A(r) j=1,2,3, where the functions
A%[0, ©) > R, u=0,1, 2, 3 satisfy

dAl/dT = A0, dA%/dz = A}
dA?/dr = 0, dA%/dTr = 0.
Thus the curve is given by the solution
A7) = AY(0)cosh T + A°(0)sinh T
A7) = A%0)cosht + A!(0)sinh T
A (1) = A(0)
A3() = 1%(0).

Eliminating 7 between A!(7) and A°(7) gives part of a hyperbola through
Do and p

(5.3.17)

(A1) — (A%)? = (A1(0))* — (A%(0))>. (5.3.18)

If we relabel the functions A* with coordinate names (with p, specified
by T = 0), equations (5.3.17) may be rewritten as

x1(po) + vt(py)

x'(p) = 1 = o2 (5.3.19)
+ 1
{(p) = ’———(p‘(’)l . l;j)f,f”) (5.3.20)

where cosh T = 1/(1 — v?)'2 and sinht = v/(1 — v?)? > 0. These famil-
iar equations relate the point p, to the point p labelled by the
parameter v = tanh 7 along the boost orbit (5.3.18).

For a fixed v we have a diffeomorphism, generated by X, that may be
used to relate two observer fields. Define the map

o, M—> M,p—>p’
((p’) = (t(p) + vx'(p)I(1 — v?})1?
x'(p’) = (x'(p) + ve(p))/(1 — v?)"
x¥(p') = x(p) k=123
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then
((pv)*:81’p — (al + Uax)[p’/(l - UZ)UZ'

Thus the fixed parameter v can be identified as the Newtonian velocity
of (¢,).3,,» as measured by 3,[, for all p’. Note that for all 7,
v=tanht<1. It is of interest to note that since two successive
diffeomorphisms of the above type parametrised by 7, and 7, respec-
tively produce a diffeomorphism parametrised by 7, + 17,:

Cr° P, = QPyto,
we obtain as Newtonian velocity parameter v, corresponding to 7, + 1,
v, = tanh (1, + ;)
tanh 7, + tanhrt, v, + v
1 + tanh 7, tanh 1, T+ UqU;

For all v, v, <1, vy;; = vy <1, that is successive ‘boost’ transform-
ations applied to observer curves can never give rise to observer curves
with a Newtonian velocity in excess of 1 relative to all observers.

5.4 Electromagnetism

In §5.2 we used the structure of Maxwell’s equations to motivate the
introduction of a four-dimensional Lorentzian spacetime. We here
examine some further properties of these equations.

If o is a p-form on U, U C M, satisfying the equation da = 0 it is
said to be closed on U. Then there exist some region W C U for which
o =dp, for B a (p — 1)-form on W. The p-form « is then said to be
exact on W. It is an important result that the global topology of U
determines whether or not all closed forms are exact on U. For our
local discussion, however, we can assert that the Maxwell equation
dF = 0 implies that in some neighbourhood of every point on M there
exists a 1-form A such that F = dA. Clearly given such an A there
exists an equivalence class satisfying the same condition. Two members
of this class differ by an exact 1-form dA where A € #(U). The freedom
to choose a l-form potential from such a class is known as local
electromagnetic gauge invariance. Two potentials in this class are said to
be co-homologous. In a local Minkowski chart (¢, x¥) we may write

3
A =D A dx* + @dt

k=1

and hence relate the real-valued functions A,, @ to some electro-
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dynamic ‘vector’ and ‘scalar’ potentials. Introducing a local potential A4
means that (5.2.9) is satisfied identically and the other equation (5.2.8)
becomes

dxdA = j. (5.4.1)

The above equation may be written in terms of the Laplace-Beltrami
operator. To define this we need to introduce the co-derivative. On a
general n-dimensional (pseudo-) Riemannian manifold we define the
co-derivative

5:TA,M—>TA, M
by
= =~ldu, (5.4.2)

(Recall from (1.1.2) that if ¢ is a p-form ng = @" = (—1)?¢.) Since on
p-forms

Kk = (—1)17(" 'P)[

- detg (543)
| det g|

= n

it follows immediately that 8 has the property 66 = 0, in common with
d. The signs in the definition of the co-derivative are chosen to ensure
that it is the adjoint operator to the exterior derivative, with respect to a
certain inner product on differential forms on a compact Riemannian
manifold. If M is a compact Riemannian manifold (M = 0) then a
symmetric product on p-forms is defined by

(a, B) = fMa A*B @, feTA,M. (5.4.4)

An ‘integration by parts’ gives, with Stokes’s theorem and the compact-
ness of M,

(@, dy) = (69, ¥) pelAM, yelA, _ M.

That is, 8 is the adjoint of d with respect to this product. The
Laplace-Beltrami operator A is defined by

A = —(dd + 5d). (5.4.5)

Note that since d(8) increases (decreases) the degree of a form by one
the Laplace-Beltrami operator preserves the degree of a form. With our
conventions the Laplace-Beltrami operator has negative eigenvalues on
a compact Riemannian manifold. In terms of the product of (5.4.4):

(¢, Ap) = — (@, dég) — (@, dd@)
— (09, 6¢) — (dg, dg).
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The positivity of the Riemannian metric ensures that the right-hand side
is negative-definite, thus so are any eigenvalues.
The equation (5.4.1) can be written in terms of A as

(A + d&)A = — ). (5.4.6)

It is possible to select a representative potential from the class of
co-homologous 1-forms such that 4 = 0. Such a choice is called
selecting a Lorentz gauge. In this gauge the potential satisfies a
Helmholtz wave equation: AA = —xj. (Note that the potential is not
uniquely fixed by the Lorentz gauge condition. If A is changed to
A'=A +di, Ae F(M), then 8A' = &dA = 0 also if A is chosen to be
harmonic, that is satisfy AA = 0.)

Let us examine some solutions to Maxwell’s equations in a region of
Minkowski spacetime free of sources. Suppose we seek a solution to
(5.4.1) of the form A = fdr, fe F(M) using a polar chart (¢, r, 9, @) in
which

g = —dt®dr + dr®dr + r’do®do + r’sin’6de®de.

We shall look for a static ‘spherically symmetric’ solution satisfying the
symmetry condition £, F = 0 where the timelike Killing vector is

K, = (3/3r)
and the rotational Killing vectors take the form
K, =sin@dy + cotbcos @,
K, = —cos@dy + cotHsin @, (5.4.7)
K; =2

This can be achieved if the function f involves only the coordinate map
r. A convenient orthonormal co-frame is {d¢, dr, rd6, rsin8de}. Then
dA =3,fdradt=23,fel ne’, so if *l=elp e?pre®pre’ then
*dA = (9,)fe’ A e? = (3,)fr*sinOdp A d6. Thus d*dA = 3,(3,fr?)dr A
sin 8de A d6. This is zero if f = k/r for some constant k. The solution
A = kdt/r yields the electric 2-form F=dA = —(k/r?*)dr o dt. This is
the Coulomb solution. The frame-dependent electric field 1-form
E =iyF = (kir?)dr gives the electric field vector E = (k/r?)3,, the
integral curves of which give the familiar radial Coulomb pattern
associated with a stationary charge in this frame.

For a general F we define [*F as the electric charge Q contained in
the interior of the sphere which is the image of C. (If the charge is
non-zero then this $2 cannot be the boundary of a source-free region!)
(Restoring dimensioned variables,

jsziﬁ = (&o/19) UZQ

@
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determines a charge Q in Coulombs.) A class of 2-chains will determine
the same electric charge. We define an equivalence relation on 2-chains
as follows:

C,=0C, iff C, = C, + 3%, where X is any source-free region.

Equivalent chains are said to be homologous. Since in source-free
regions *F is closed, Stokes’s theorem ensures that the charge Q only
depends on the class of chain chosen. As an example, we take C to be
the 2-chain in Minkowski spacetime whose image is the sphere
¢t = constant, » = constant. Then for the Coulomb solution

fC*F = kf sin0d A do

—2kf sin68dé d(p—47rk

Since a Lie derivative with respect to a Klllmg vector K commutes
with the Hodge map, £* = *£, and all Lie derivatives commute with
d, we may deduce that if F satisfies the Maxwell equations with source
3-form j then ¥ F satisfies them with the source £j. The existence of
an underlying isometry group of spacetime is often used implicitly in
constructing new solutions of Maxwell’s equations from simpler ones. If
we recall the definition of the Lie derivative, and compare it with the
elementary textbook calculation used to construct the electric dipole
solution as a limit of two equal and opposite Coulomb solutions, we
indeed expect the following potential to provide a source-free solution
1

k X
A = ( )‘EE(B/BX) dt %(Eg(a/axl)r)dt = - K d:.

73

The vector field (3/3x!) represents a Minkowski space Killing vector in
an inertial chart. Since the Lie derivative commutes with d,

F= ”$@h{ kmwdd

is the field of a static electric dipole with moment u. In general for
positive integers p, g, r a ‘p, q, r’-type electric multipole solution fol-
lows from Poincaré covariance as

= {ZL ) {&Lenn) H{L s} { dr,\dt}

Ljk=1,2,3.

There is one further symmetry of Maxwell’s equations that deserves
mentioning. A spacetime is said to admit local conformal isometries,
generated by a vector field C, if the metric g is such that

£c8 = A8 (5.4.8)
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for some scale function A.. For any n-dimensional space (n even) it
then follows that if F e TTA,,M then

L (+F) = (L F). (5.4.9)

Hence in a spacetime (n = 4) with a metric g, if such a C exists and the
Maxwell 2-form F solves Maxwell’s equations with source j then £ F
will be a solution, in the same metric, with source ¥ /. In particular if
j =0 the source-free Maxwell equations exhibit a local conformal
covariance in spaces admitting conformal isometries. Clearly, as a
special case, all Killing vectors generate such symmetries, corresponding
to the zero scale function. It turns out that in Minkowski space there are
five further vector fields which are given in an inertial chart, with their
scale functions, below

D = x#(3/3x*) Ap =2
K, = g(D, D)(@/ox*) — 2x,D Ak, = —4x, (5.4.10)
u=1230.

These vector fields along with the 10 Killing vectors generating the
Poincaré group, generate the 15-parameter local conformal group of
Minkowski space. The source-free Maxwell equations are said to be
conformally covariant in Minkowski space. Such a symmetry will gen-
eralise to any space with a metric admitting local conformal isometries
and the vector C in (5.4.8) is referred to as a conformal Killing vector
of the metric g. The local conformal symmetry may generalise to a
global symmetry if the topology of the spacetime manifold can
accommodate a complete conformal Killing vector field.

In §5.2 our introduction to Minkowski spacetime was motivated by
the elegant reformulation of Maxwell’s equations into a four-
dimensional form. We now reverse the argument and show how these
four-dimensional electromagnetic fields can be broken down into electric
and magnetic fields in the instantaneous three-space of an arbitrary
observer. Given any velocity vector field V, whose integral curves
coincide with a set of observer curves, we use the Minkowski metric to
define the associated dual 1-form V' and write any F uniquely as

F=E A,V +B (5.4.11)

where B is a 2-form satisfying i,B =0 and E a l-form satisfying
ivE = 0. (Note: 3/3r = —dr.) One refers to B € TA;M as the magnetic
2-form associated with V and F, and E e’A;M as the associated
electric 1-form. The electric field observed by this class of observers is

E=i,F. (5.4.12)

The magnetic vector field observed by this class can be related to F as
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follows. We use the velocity vector to define a metric § on the
instantaneous three spaces

g=-V®V + 3. (5.4.13)
We may factor the volume four-form as
1 = V A *1. (5.4.14)

Any p-form o can be ‘3 + 1 decomposed’ with respect to the velocity
vector V.

w=a+ VAP (5.4.15)
with iy = 1y = 0. If # is the Hodge map associated with g then
xw=—(Ra) A V - %p. (5.4.16)
Applying this result to (5.4.11) gives
xF=—(%B)A V + *E. (5.4.17)

Butiy(*E) =0so0iy*F = —%B. We define the vector field B = B as
the magnetic field associated with V; hence in terms of F

B = —i,+F. (5.4.18)

If {Y,} is a frame on the instantaneous three-space, orthonormal with
respect to g, then the electric and magnetic field components in such a
basis are given in terms of F as

E(Y,) = (WF)(Y,) = 2F(V, Y,)
(¥B)(Y,) = —(iy*F)(Y,) = =2¢F(V, Y,).
As an example consider the Coulomb solution:
F=2dr,dt
,2
rr=x?+y?+z?

with observer curves tangent to V = (3/3t) and W = y((3/3¢) +
v(3/3x1)), y = (1 — v?) V2. With respect to V:

= —L(arer) B=0.
P
On the other hand, since rdr = x'dx! + x2dx? + x3dx3, W observes
— 1
E = —Zl’((a/ar) + i(a/az))
r r
B = ls””(xz(a/aﬁ) - x3(a/ax2))
r

instead of E and B at p.
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It is worth stressing that aithough observers in Minkowski space
experiencing arbitrary motion do not have world lines that can be
naturally associated with the Poincaré group (their world lines are not
integral curves of Killing vectors) the local definition of electric and
magnetic fields for such observers follows as before since only a local
frame and its dual are of relevance.

During the historical development of classical electromagnetism it
became apparent that a number of related properties could be assimi-
lated into a single idea once the spacetime description of Maxwell’s
theory was recognised. These properties became particularly succinct in
terms of a second-rank tensor known as the Maxwell stress tensor.
Historically the components of this tensor, with respect to a basis with
physical dimensions, were associated with the properties of mechanical
systems. This was a consequence of the role played by such components
in equations which coupled together the behaviour of fields and matter.
We shall discuss such equations later. At this point we shall be content
with introducing this tensor in the guise of a 3-form associated with
every Maxwell field and arbitrary vector field, and proving that such a
3-form associated with a conformal Killing vector is closed in source-free
regions.

Define for any vector field V and Maxwell solution F the 3-form

tv = YiyF A *F — iy*F 5 F}. (5.4.19)

Applying the exterior derivative and using Maxwell’s equations for F
produces

dry = H{diyF A *F — iyF oj — diy*F 5 F}. (5.4.20)
Recall the identity £y = diy +iyd V X: hence
diyF = £, F (5.4.21)

as dF = 0. Similarly di,*F = £, *F — iyj. Inserting this in (5.4.20) gives
dry = HE FA*F — Ey*FAF — 1 FAj+iyAF}. (5.4.22)

If C is a conformal Killing vector then L *FAF = s FAF =
Fa*x¥F=%.F » *F. Hence specialising to the case of a conformal
Killing vector

drc = —3icF A + sici A F.
Since ic(jAF) =ig A F—JjaicF and, being a S-form, j A F is zero we
have
dte = —icF A ). (5.4.23)

For each conformal Killing vector these equations describe a ‘local
conservation equation’ in a source free region (j = 0). The identification
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of a closed 3-form § with a local conservation law is appropriate in an
arbitrary spacetime. For consider a region described by some 4-chain U
whose boundary may be written

U=3,+3,+1I (5.4.24)

with the image of each X; a spacelike hypersurface (each tangent vector
to X, being spacelike). For $ closed

faug = fUd} =0 (5.4.25)

by Stokes’s theorem, thus

L,y = f‘z? - fn?- (5.4.26)

In cases where U may be chosen so that [;$ = 0 one recognises that
the flux of $ through X, equals the flux of $ through X, (see figure
5.2).

Figure 5.2 This diagram illustrates the equation 3U = X, + X, + I1.

Suppose that we have a field system describing a simply connected
source-free region U of Minkowski space. If T is the proper time of
some inertial observer passing through this region then in an adapted
chart {r, p!, p?, p*} we take Z; to lie in the hypersurface 7(p) = c;, for
some constant ¢;. If the electromagnetic field vanishes at large spatial
distances from the observer then we may take Il to complete the
boundary of U such that the electromagnetic field vanishes on I1. Thus
in this case the flux of $ through the instantaneous three-space is time
independent. If we write § in terms of a 2-form current $ and an
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associated 3-form density p, § = § Adr+ p with i(a,a,)§ =0 and
1a5mp = 0, then clearly 2*$ = p and

fg - f 5. (5.4.27)

It is tempting to reinterpret the conservation of $-flux associated with
U in terms of a local flow of current } and an associated variation of
density p. Certainly the 3-form equation d$ = 0 implies a local contin-
uity equation. In the above chart we may write d when acting on § as
d=d + dr £, Where d is the exterior derivative associated with
the instantaneous three-space. Hence (as d p = 0)

d9 — Lnnp = 0. (5.4.28)
If we express § and p in a basis adapted to X:
$ = $.dp> A dp® + $,dp> A dp' + F3dp! A dp?
p = pdp' A dp* A dp?

(5.4.28) is equivalent to
3

> (3%,/3p7) — (3p/3T) = 0. (5.4.29)
j=1
The interpretation of this local continuity equation must, however, be
treated with caution. If $ is a closed 3-form on U then so is
3" =% + dX where X is any smooth 2-form. If ¥ is chosen such that
J5s¥ = 0 then $ and $' both have the same flux through %, although $’
will redistribute the local density.

Returning to (5.4.23) we see that there are 15 closed 3-forms, one for
each of the 15 conformal generators of the Minkowski space conformal
group. It is instructive to examine the currents associated with some of
these Killing vectors. If V is a timelike Killing vector field generating
time translations along its open integral curve then, using (5.4.12) and
(5.4.18) to define E and B with respect to such a field, we easily find:

v=—EAB AV +(EA®E + B A *B). (5.4.30)

The physically dimensioned components of the vector obtained by
taking the metric dual of the 2-form E A B with respect to § was
identified by Poynting as the local field energy transmitted ‘normally’
across unit area per second (that is the local field energy current).
Similarly the g-dual of the 3-form {(E A #E + B A #B) may, after
restoring physical dimensions, be interpreted as a local field energy
density. Since, for example E A?E = g(E, E)*1, the signature of g
ensures that this density is positive-definite. This interpretation has
persisted although with the caveats above we would prefer to identify
the oriented integral [:7,, in a source-free region of spacetime, as the
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field energy associated with the spacelike 3-chain £ and [iydt, as a
power flux across an oriented spacelike 2-chain S?.

Suppose we consider a spacelike Killing vector field X generating
spacelike translations along open integral curves and decompose Ty
according to

Ty =px AV + Gy (5.4.31)

with iyy = iy%y = 0. The Maxwell stress 2-form uy may be used to
identify mechanical Newtonian forces produced by a ‘flow’ of a Newto-
nian field momentum density 3-form %y. In an analogous manner one
may construct torque forms (angular momentum currents) using a
Killing vector field that generates rotations along closed integral curves.

As promised we now relate the stress 3-forms to an associated
second-rank tensor. Given any local frame {X,}a¢=20,1,2,3 in
spacetime, with natural dual co-frame {e’}, we may obtain 16 real
functions T,, defined by *ty, = Ty or T,, = (*1x)(X,). These may
be used to define a second-rank tensor

T = T,e*®e? (5.4.32)
which is referred to as the stress tensor.

Exercise 5.2
Show that if Ty Ae, =Ty, n€, then T, = T, the stress tensor
is symmetric. Show that if Ty A e* = 0 then T,* = 0: the stress tensor is
traceless.

These properties are satisfied for the Maxwell stress tensor as follows
directly from the definition. We shall meet these properties again at a
later stage in the context of a Clifford representation for this tensor.

Exercise 5.3
If F=1F,e" A e’ show that

Ty = =18 FF.y — FuFy.

Exercise 5.4

Use the three angular momentum 3-forms 7, to evaluate the torque on
an electric dipole in a uniform static electric field. (Hint: calculate the
total electromagnetic 2-form and use this in (5.4.19) where the Killing
currents are computed with the aid of the rotational Killing vectors.)
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6

Connections

The differentiable structure on a manifold enabled us to define two
important differential operators; the exterior and Lie derivatives.
Whereas the former acted only on antisymmetric tensor fields (differen-
tial forms) the latter acted on any tensor field. However, whilst reducing
to the directional derivative on functions the Lie derivative is not a
suitable generalisation to a ‘directional derivative on tensors’. This is
because the Lie derivative of a tensor at p, along a curve C, does not
just depend on the tangent to the curve at p but on the behaviour of
tangent vectors in the vicinity of p. This feature of the Lie derivative is
reflected in the fact that £, T is not %-linear in the vector field X.

Another differential operator, a tensor covariant derivative, will now
be introduced. The introduction of this new structure is equivalent to
choosing a parallelism for the manifold. The general notion of parallel-
ism is easy to grasp. It is only necessary to recognise that in general
there is no preordained way to map a vector at one point on a mani-
fold to a new vector at another point. Defining a parallelism on a
manifold requires specifying a rule that will provide a means of
comparing vectors at different points by transporting one to the other
along some prescribed path connecting the points. Whereas the parallel
transport map will depend on the path chosen to connect the points we
do not want it to depend on how the path is traversed. (Parallel
transport depends on the route taken but not on how bumpy the ride!)
Although this feature of path dependence of parailel transport does not
accord with the intuitive Euclidean concept it is an essential feature,
characterising the curvarure of the manifold. Given a paralielism we can
define a covariant derivative by comparing a vector with its parallel
translate and taking a suitable limit. Conversely, by introducing a new
rule for differentiating vectors, and establishing a linear connection, we
can define a vector field to be parallel along a curve if its derivative with
respect to the tangent vector is zero.
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6.1 Linear Connections

A linear connection on a manifold M isamap V:I'TM XTTM - TTM
that satisfies the following, Vf,ge ¥(M), VX, Y, Ze'TM:

Vs ovZ = fVyZ + gVyZ (6.1.1)
Vi (fY + g2) = X()Y + V.Y + X(g)Z + gVxZ. (6.1.2)

Thus Vy is a linear mapping on vector fields which is also F-linear in X:
it is called covariant differentiation with respect to X.

From these properties it follows that we can specify V by giving the
components of the vector Vy X, in any convenient basis {X,}:

VX,,Xb = FabeC. (6.13)

The n® functions T',,¢, where n = dim M, are known as the connection
components, or connection coefficients in this basis. These coefficients
can be used to define a set of 1-forms, the connection 1-forms,

we, = T ;%" (6.1.4)

where {e?} is the co-frame dual to {X,}. Thus we can write (6.1.3)
equivalently as

Vi Xy = 05 (X)X, (6.1.5)
If {Y,} is a new basis, related to {X,} by a general linear transform-
ation Y, = A,°X,, then
VYaYb = AapVXp(Achc)
= ALALST, X, + AFX,(A)X,.

If the inverse transformation is given by A~! 4,5 = 8., then the
connection coefficients I’ ,,” in the basis {Y,} are given by

w = APAST AT + ALK (4947 (6.16)
Equivalently the connection 1-forms in this basis are given by
W = ApTw AT+ AT dA Y (6.1.7)

The ‘inhomogeneous’ term in this transformation represents a departure
from the transformation of the components of a tensor, reflecting the
fact that the map X, Y — VY is not F-linear in Y.

As anticipated the covariant derivative of a vector field with respect
to X, evaluated at the point p, depends only on the value of X at p.
For if V is any vector field and {X,} is a basis in the neighbourhood of
p then (VyZ)|, = V(p)(VxZ)|,. So if V wvanishes at p then



LINEAR CONNECTIONS 201

(VyZ)|, =0V Z. Thus if X and Y are vector fields such that X|, = Y|,
then (VyZ)|, = (VyZ)|, VZ. Hence for any X,e T,M we have a
covariant derivative in the direction of X p,'V x, : TTM — T ,M.

Let C be a curve with tangent vector C. Then if Y is a vector field
we may covariantly differentiate Y in the direction of the tangent vector
at any point C(f) on the curve. An assignment of a vector Y, to every
TeyM is a (smooth) vector field along C if the map t+— Y f is a
smooth function of ¢ Vfe F(M). Thus if C is a smooth curve VY is a
smooth vector field along C. As will be seen below VY only depends
on the value of Y along C, and so in fact any vector field along C can
be covaniantly differentiated with respect to the tangent vector to
produce another vector field along C. (Some authors denote V.Y by
DY/dt where ¢ parametrises C.)

A vector field Y along a curve C is said to be parallel along C if it
satisfies the equations

VeY = 0. (6.1.8)
If we expand Y =1Y9; in a local coordinate chart in which
x'(p) = C/(t) represents C, j =1, ..., n then C = C.(3/3t) = Ck(#)(3/

ox¥).  Hence V&(Y/(3/dx))) = (CY)3/3x') + Y/V+(3/dx/). But
CY/ = [C.(3/31)]Y = C*(1)(3Y//ax*) = d(Y/>C)/dt and  V(3/3x)
= CH(N)V pay(3/3x)) = CK(n)I',™(3/3x™). Thus (6.1.8) gives the fol-
lowing differential equations for the components Y/oC of Y on C:

%(Y'"oC) + (YieC)C*()(T 4,C) = 0. (6.1.9)

For given functions C*(¢) and connection components I';"(C(1)) these
equations are known to have a unique solution Y”(C(r)) specified by
the choice of initial components Y”(C(0)). (It is because these equa-
tions only depend on the components of Y along C that a vector field
along C can be differentiated.) Because of the above uniqueness result a
parallelism is established by the linear connection V. If Y, is any
vector in T¢pM and Y is the unique vector field along C such that
VY = 0 then Y, is called the parallel translate of Y, along C.

Let Y be any smooth vector field along C with Y. # 0, and f the
smooth function such that (feC)(r) = t. For ¢ sufficiently small Z is a
smooth vector field on C

Z=Y+ 2 LW
n=1 .

where (V&)2Y = Ve(VeY) ete. We have
SN | SENTTY (o ey

(6.1.10)

VeZ = VY —2

n=1 n!
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MDY SNy

2 n! n!
o wm D)"Y SNV Y
=2 (m + Dm! > ! =0

So Z is parallel along C with Zq) = Y ¢y, thus Z,, must be the
parallel translate of Y, to C(¢). Note that any vector field Y satisfying
Y@y = A can be taken in (6.1.10) to evaluate the parallel transport of
A € TpyM along C (see figure 6.1).

T10Y[(01=Y[m‘fV('HEH'I"

Yoo

Figure 6.1 The parallel translation of Y along the curve C.

A vector field Y is said to be parallel, or covariantly constant, (with
respect to V) if it satisfies the equation VyY = 0 V X. This implies that
Y is parallel along all curves and thus the parallel transport map is
independent of the path along which such a Y is transported.

Exercise 6.1

A connection on a two-dimensional manifold is specified in a local chart
with coordinate maps (x!, x2) by I'};;! = —x! and I'»? = —x? with all
other connection components zero in this chart. Prove that for a, be R
the vector field

Y = aexp[(x")?/2)(3/3x") + bexp[—(x1)?/2)(3/3x?)
is parallel along the curve

C:[0, 1] — (x'(p) = sint, x*(p) = cost).

A linear connection enables us to define a ‘straight line’, generalising
one of the intuitive properties of straight lines in Euclidean space. A
curve C is an autoparallel (of V) if its tangent vector field is parallel
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along C. Such curves are given as solutions to the equation
VeC =0. (6.1.11)

(Autoparallels are more frequently called geodesics although we prefer
to reserve this terminology for the autoparallels of a pseudo-Riemannian
connection which will be discussed later. Students everywhere will be
relieved to know that if by ‘straight line’ we mean autoparallel, then at
least for the Riemannian connection ‘straight lines’ are (in a certain
sense) the shortest curves connecting two points!) If an autoparallel C is
given parametrically in a local chart by x/(p) = C/(¢) then the C/ must
satisfy the system of differential equations

LEm 4 ([0ymeO)CHHT = 0

or
Cm + (Tm=C)CkCI = 0. (6.1.12)

It is important to note that the solution of (6.1.12) is a parametrised
curve. Although a general reparametrisation of the solution will not
change the image set on M of the reparametrised C, the corresponding
map will not in general satisfy (6.1.12) and will not therefore be an
autoparallel. If C is an autoparallel, with parameter ¢, then the
reparametrised curve Coh is also an autoparallel if and only if
h=at+b for a,beR. For an arbitrary curve C we define the
acceleration to be the vector field V~C on C. (Thus the acceleration

Each autoparallel is fixed uniquely by specifying (C’/, /) for some
initial z. That is, for every X, € T,M there is a unique maximal
autoparallel starting at p in the direction of X,. Let yx be this
autoparallel. The exponential mapping at p, Exp,, maps a subset of
T',M into M:Exp X, = yx (1). Clearly Exp, is defined on those X, for
which yx is defined on [0, 1]. Since for A€ R y,x (1) = yx, (A1), if Exp,
is defined on X, then it is also defined on AX, for A€ [0, 1]. It in fact
follows from the nature of the differential equations (6.1.12) that for
every p € M there is a neighbourhood of the origin in T,M, N, such
that the exponential mapping is a diffeomorphism onto a neighbourhood
of p, N,. If such an N, is star shaped then it is called a normal
neighbourhood. (To say that N, is star shaped means that if v € N, then
AveNy VAel0,1].) A normal neighbourhood of p is the image of a
normal neighbourhood in 7,M under the exponential mapping. For
every q in a normal neighbourhood of p, N,, there is one and only one
Q € T,M such that ¢ = Exp,Q. Thus if {X,} is any basis for 7,M with
Q =37_,0'X; the mapping g—{Q’} provides a coordinate system for
N, (see figure 6.2). Such coordinates are called normal coordinates at p.
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Figure 6.2 This diagram illustrates the exponential map and normal coordin-
ates.

Exercise 6.2
If T;* are the connection coefficients with respect to a normal co-
ordinate basis at p show that

Fi,‘k(P) + F/ik(P) = 0.
Hint: Show that 7.(¢) = v’ where v = v'X.

6.2 Examples and Newtonian Force

To gain some insight into covariant derivatives we turn to R”. This
manifold has an absolute parallelism: the parallel-transport map is path
independent. If {x'} are standard coordinates and X, = Z,c'3,[, then
the parallel translate of X, at g is X, = Z,c'3,],. Thus in such a
standard chart the connection is defined by V;3; = 0. Such a connection
is referred to as the standard connection on R”.

It is of interest to compute the standard connection for R? in a polar
chart (r, 8) related to the standard one by

rcos@ 0<r<ow

(6.2.1)

5

x= = rsin@ 0< 6 =27
This induces a coordinate frame transformation:
3, = (xYr)3, + (x%/r)3, (6.2.2)
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and
9g = —x29, + x'3,. (6.2.3)
Since 3, and 9, are parallel we have
V5.(3,) = [3,(x'/1)]3; + [8,(x*/1)]3, =
V5,(36) = —[0,(x»)]3; + [3,(x")]o, = (1/r)3
Vs(36) = —13,
V., (3,) = (1/r)3,.

Writing V; (35) as I',4"d, + TI',4%, etc we may read off the components
of the connection in the polar chart; Ty, ®=T,%= (1/r), Tg’ = —r
with all others zero.

If a curve C is given in the natural chart as x/(p) = C/(¢r) then
VeC = %/(1)3;. Let us evaluate the acceleration of the curve
C : [0, 1] — R? given in the above polar chart by

(ro O)1) = p(1), (8 CO)(1) = B()

for smooth real functions p and @ of t. The tangent vector to C may be
written

(6.2.4)

C=C.,=p3, + 03,

hence
Vel = pd, + ©3, + pVd, + OV:0,.
But
Ved, = pV,9, + OV,.9, = (O/p)3d,
and

Vedg = pV,094 + OV,.3,
= (p/p)3y — POQ,.
Hence the natural R? acceleration of C is
VeC = (p — p©)3, + (pO + 2p0)(1/p)d. (6.2.5)
With respect to the standard Euclidean metric on R?
g = 0,®3, + 3,03, = 3,83, + (1/r)3,®3, (6.2.6)

and identifying the parameter ¢ with Newtonian time, we recognise the
orthonormal components of this acceleration in the polar frame as the
radial and transverse components of Newtonian acceleration of a par-
ticle moving in two dimensions under the influence of some Newtonian
force.



206 CONNECTIONS

Exercise 6.3

Use the standard connection in R? to compute the orthonormal compo-
nents of the Newtonian acceleration of the curve C: [0, 1]— R? given
by (r o C)(1) = R(1), (8 o C)(1) = O(1), (¢ o C)t) = &(r) where the
maps (r, 6, @) are standard polar coordinates in R*.

The above examples in BR? and R® suggest that the Newtonian
postulates describing the motion of a single point particle in space be
rephrased in terms of the ‘natural’ connection as follows.

(1) A free particle is one that moves along the trajectory described by
an autoparallel of the natural connection in Euclidean space, para-
metrised by universal time.

(2) A point particle of inertial mass m moving in a non-autoparallel

curve C, parametrised by Newtonian time, experiences a force % on C
given by

F = Ve(mO). (6.2.7)

In many problems in physics ¥ arises as a restriction to C of a vector
field on R’ determined from some field theory. If ¥ is prescribed,
(6.2.7) may be used to determine a Newtonian trajectory. As an
example, for motion of a particle under the gravitational force produced
by a static spherically symmetric distribution of matter (with total
gravitational mass M), we may use the Newtonian potential & = GM/r
in a polar chart, where G is the Newtonian gravitational constant, to
obtain

F = —md®d = (GMm/r?)3,. (6.2.8)

For a particle with electric charge g the Newtonian Lorentz force is
% =q{E +i:B}. In standard coordinates {x'}, E = E,dx’ and
B = B,dx?> Adx3 + B,dx? o dx' + B;dx' Adx? are l-and 2-forms re-
spectively on R?, parametrised by Newtonian universal time. The metric
duals are taken with respect to the Euclidean metric. Solutions of
(6.2.7) for particle trajectories subject to these force laws give an
excellent description of the behaviour of matter in gravitational and
electromagnetic fields provided the motion never approaches Newtonian
speeds comparable with 103 ms~!.

6.3 Covariant Differentiation of Tensors

We have introduced the covariant derivative Vy as a map on vector
fields. To extend the definition to its action on smooth 1-forms
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pel’'A M we define Vyf by
(VxBUY) = —B(VxY) + X(B(Y)) X, YeI'TM. (6.3.1)
If fe F(M) it follows from this that
Vx(fB) = fVxB + (Xf)B. (6.3.2)

If {X,}, {€®} are dual bases it follows from e®(X,) = &% that if w?®, are
defined by (6.1.5) then

Vye = —wh(X,)e. (6.3.3)
If for fe F(M)
Vxf = X(f) (6.3.4)
we note that (6.3.1) is equivalent to adopting the rule
Vx(B(Y)) = (VxB)Y) + B(VxY). (6.3.5)

The covariant derivative is said to commute with contractions. Having
defined the covariant derivative of 1-forms and vector fields we can
extend the definition to arbitrary tensors by adopting this property of
commuting with contractions

V. TT"M —T'T'M

VxT(X,, ..., X,, e', ..., ¢)
=—-TVyX,,..., X, e, ...,¢e)— ...
- T(Xy, ..., X, e, ..., Vye)
+ Vo (T(X,, ..., X,, e, ..., ¢€)). (6.3.6)
Such a covariant derivative satisfies the Leibnitz property
VATOW) = V,TOW + TRV W (6.3.7)

for all tensor fields T and W. That is, Vy becomes a type-preserving
derivation on the algebra of tensor fields. If a mixed tensor has
components 7% -~%,  , in any basis it is conventional to denote the
components of Vy T in the same basis by T¢- %, .. For any
T eI'T3M the tensor field VT e I'T? | ;M defined by

VTYX, X1, .. X els oo €)= (VDXL .. X ey ., e)
VX, X,eTTM, e cTT*M (6.3.8)

is called the covariant differential of T. Thus starting with a rule that
defines a transport of vector fields along curves we have extended the
covariant derivative to an operator on general tensor fields.



208 CONNECTIONS

6.4 Curvature and Torsion Tensors of V

Whereas the lack of F-linearity in the map X, Y — VY prevents V
itself from being identified with a tensor it may be used to construct two
important tensors. First observe that for any function fe F(M):

Vx(fY) = (XH)Y + fVyY
and
Ex(fY) = [X, fY] = (XY + f[X, Y]
VX, Yel'TM.
It follows that if we define
T(X,Y)=V,Y -V, X - [X, Y] (6.4.1)

then T(X, fY) = fT(X, Y). Since T(X, Y) = —T(Y, X) by construction
then T(X, Y) is F-linear in both arguments. Consequently associated
with T is a type (2, 1) tensor field T known as the torsion tensor of V:

TX, Y, ) = B(T(X, Y)). (6.4.2)
Associated with any local basis is a set of torsion 2-forms T*
T(X, Y) = {e(T(X, Y)). (6.4.3)
The torsion tensor can be written in terms of these 2-forms as
T=2T"®X,. (6.4.4)

If {e?} is any co-frame, in which the connection 1-forms are {®?%,}, then
the torsion 2-forms are given by

T° = de® + w? A e’. (6.4.5)

This is called the first structure equation. It may be proved by contract-
ing on a pair of arbitrary vectors. Using (4.10.3) have

2(de® + 0% A e®)(X, Y)
= X(e*(Y)) — Y(e'(X)) — e*([X, Y]) + 0%(X)e’(Y) — w',(Y)e’(X)
= X(e°(Y)) — Vxet(Y) — Y(e(X)) + Vye(X) — e*([X, Y])
by (6.3.3). The right-hand side may be simplified by using (6.3.1),
producing
(de” + @ A )X, Y) = ;e/(T(X, Y))

when (6.4.1) is used. Thus (6.4.5) follows from the definition (6.4.3).
The second important tensor constructed from V involves two covar-
iant differentiations. Again we note from the fundamental properties of
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V that for any tensor field U
ViVpU = ViV, U + (Xf)VyU
VaVxU = fV, VU VX, YeI'TM.
If we define
R(X, )U=VV,U—-V,V,U -V, yyU (6.4.6)

VU, X, Y, then again we have %¥-linearity and antisymmetry in X, Y.
Furthermore, for any smooth function f on M

R(X, Y)(fU) = fR(X, Y)U (6.4.7)
and
R(X Y)f=0. (6.4.8)
Since Vy is a tensor derivation R(X, Y)=[Vy, Vy] =V yy is a
type-preserving derivation on the algebra of tensor fields
R(X, Y)(U®W) = R(X, Y)UBW + UGR(X, Y)W (6.4.9)

for all X' Y, U and W. This derivation is called the curvature operator of
V. The curvature operator may be used to define the (3, 1) curvature
tensor R of V:

R(X, Y, Z, B) = BR(X, Y)Z). (6.4.10)

Since R(X, Y) = —R(Y, X) we may introduce a set of curvature
2-forms R4, by

R = 2RI ®e®X,. (6.4.11)
In terms of the connection forms @“, with respect to any co-frame {e°}:
Rab = da)”b + a)”c A Cl)cb. (6412)

This is the second structure equation. For verification we contract on an
arbitrary pair of vectors:

2(dw?, + 0% A 0)(X, Y)
= X(0*(Y)) = Y(0(X)) — 0% (X, Y]) + 0 (X)w(Y)
— 0" (Y)op(X)
X(e(VyX,)) — Y(e*(VxX,)) — e“(V[x, Y]Xb) - Vye! (X, )e(VyX,)
+ Vye' (X )e (Vi X,)
X(e“(VyX,)) — Y(e(VX,)) — e*(Vix v X5) — Ve (VyXy)
+ Vet (ViX,)
e(R(X, Y)X,)
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= R(X, Y, X,, ¢%)
= 2R (X, Y).

By contracting the (3, 1) curvature tensor we obtain a (2, 0) tensor:
the Ricci tensor. That is,

Ric(X, Y) = R(X,, X, Y, e°) (6.4.13)

where the arbitrary bases {X,} and {e”} are dual. For a general
connection ‘Ric’ has no particular symmetry properties.

It is sometimes more convenient to work with the set of Ricci I1-forms
{P,}, elements of which are defined by

Pb = anRab (64.14)
hence
P, = Ric(X,, X,)eb. (6.4.15)

Because of their %-linearity the torsion and curvature operators can
be evaluated on tangent vectors: they do not require vector fields. By
suitably extending a pair of tangent vectors to vector fields we can
construct figures out of segments of integral curves, giving a character-
isation of the torsion and curvature operators.

Let N, be a normal neighbourhood of p with X,, Y, e T,M. Each
g€N, lies on one and only one (up to a linear reparametrisation)
geodesic radiating from p. We define X, e T,M by X, = 7,,X, where
T, Is the parallel translation map along the autoparallel This assign-
ment of a tangent vector to every g € N, is smooth: we denote the
resulting vector field by X. We similarly extend Y, to a vector field Y.
We have constructed X such that VZX O VZ,eT,M, thus
T(Y, X)|, =[X, Y],. From exercise 4.1 at the end of §4 11 we see that
T(Y,, X,) is the tangent at p to the curve formed from the integral
curves of X and Y (see figure 6.3).

In considering the curvature we extend X, and Y, differently: this
time to commuting vector fields X and Y. We could, for example,
choose normal coordinates {x'} with

3 3
— =X and =Y
axlip F axZlp i
with
3
X = and Y=—-.
Ax! dx?

If (p) and y(p) are the integral curves of X and Y respectively,
starting at p, then we form the quadrilateral shown in figure 6.4.
We denote the parallel translation map from 7,M to T ,M, along the
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T(Y,.X,)

Figure 6.3 Geometrical interpretation of the torsion tensor.

TrqTa0Ze

r={y;09,)p)

Tse TrgTap 2

To0Zp

TpsTsr TrgTap Zp

Figure 6.4 Geometrical interpretation of the curvature tensor.

curve shown, by 7,,. If Z, is any vector in T,M then we calculate the
parallel translate around the figure by using (6.1.10), dropping terms of
order greater than £°:

(Z = tVyZ + 212V 27}, + O(F)
={Z — (VxZ + VyZ) + 22V Z + V2 Z + 2V, Vi Z)},
+ O(#3).
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Proceeding around the loop we compare 7,7,,7,,7,,Z, With Z,:

L T T TrgTanly, — 2
lim-t=rt " = ((Vy, V4]2), = R(Y,, X,)Z,.

since [X, Y] = 0. This expression shows that the curvature measures the
path dependence of parallel translation.

6.5 Bianchi Identities

Because of the way in which the torsion and curvature tensors are
constructed out of V certain combinations of their covariant derivatives
can be written back in terms of these two tensors. The resulting
identities are called Bianchi identities.

The (1, 1) tensor field (VxR)(Y, Z) is defined by (VyR)(Y, Z)(W, B)
= (VxR)Y, Z, W, B). For any X, Y, Z e I'TM consider the vector

Y = {(VxR)(Y, Z) + (VyR)(Z, X) + (VZR)(X, Y)}(V)
=9 {VLR)(Y, Z2)}(V).
Here ¥y y , denotes the cyclic sum of X, Y, Z. Now (V4R)(Y,
Z)y=Vy(R(Y, Z)) — R(VyY, Z) — R(Y, VyZ), so we may write
Y =X$Z{Axyz — Bxyz}H(V)

where

Axyz(V) = VX(R(Y, Z))(V) = Vx(R(Y, Z)(V)) — R(Y, Z)(V,V)

Byyz(V) = (R(VxY, Z) + R(Y, VxZ))(V).
We may express A yyz in terms of the curvature operator

Axyz(V) = Vx(R(Y, Z)(V)) — R(Y, Z)(V4V)
= [VX~ [Vy. Vz] - V[Y‘ z]]v-
For any operators P, Q, R we have the (Jacobi) identity
4 [PIO.R]]=0

P.O.R
hence
A,.%ZAXYZ(V) = },Ef.z[vx' V[Y. z]]v-
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Writing out Byy; in terms of V

Bxyz(V)
=(VeyVz =V Vo y - Ve 20+ VyVoz = Vo 2Vy — Viv.e,z)V,
Xfﬁszyz(V)

=X_9Y)'Z(Vvyzvx = VxVe,z - Vie,z x) + VxVe,y = Vo, Vx + Viey, x])V

=% (Viv.2 Vxl = Vi 2150 + [Vovv. 20 Vil = Vi, 20, V-

XYz

Using the Jacobi identity again gives
I Bxrz(V) = =4 {[Vx. Vv 2] - R(T(X, Y), 2)}V.

Thus
Y = —X%Z{R(T(X, Y), Z)}V

and since this is valid for arbitrary V:
JAVKR)(Y, Z) + R(T(X, Y), Z)} = 0 (6.5.1)

VX, Y, ZeI'TM. This is known as Bianchi's second identiry.

In a similar way we obtain an identity by covariantly differentiating
the defining relation for the torsion tensor. We leave it as an exercise to
prove Bianchi’s first identity:

S ARX Y)(Z) - T(T(X, Y), Z) = (VY. Z)} = 0. (65.2)

Because of the inherent antisymmetry of the exterior product these
identities assume an elegant expression in terms of the torsion and
curvature 2-forms. If we exteriorly differentiate the second structure
equation and replace dw®. by R*. — w° A w*, then the second Bianchi
identity is expressed as

dR®, + 0" AR, — R p @ = 0. (6.5.3)

Similarly by applying d to the first structure equation and expressing
dw?, back in terms of R? and de’ back in terms of T? gives the first
Bianchi identity as

d7° + w"b A Tb = Rab A eb. (654)
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6.6 Metric-Compatible Connections

The introduction of a connection on a manifold does not require any
metric properties, and so far we have assumed none. However, when
introducing a connection on a pseudo-Riemannian manifold we can
impose relations between the connection and the pseudo-Riemannian
structure. Parallel translation gives a map between the tangent spaces of
any two points connected by some curve. On a pseudo-Riemannian
manifold it is natural to require that this parallel-translation map be an
isometry between the two tangent spaces. That is, parallel translation
preserves the lengths of all vectors. A connection such that parallel
translation has this property is called metric compatible.

Suppose that Y is a vector field parallel along the curve C. If V is
metric compatible then the length of Y will be constant along C, that is
C(g(Y, Y)) = 0. Since for fe F(M) C(f) = V¢f, and V commutes with
contractions

C(g(Y, Y)) = Velg(Y, V)
=Veg(Y, V) + 28(VeY, ).
If Y is parallel along C then the second term is zero. Requiring that the
length of all parallel vectors along C be constant gives Vg = 0. For a

metric-compatible connection this holds for all C, so V is metric
compatible if and only if

Vg = 0. (6.6.1)
If {X;} is any local basis then covariantly differentiating the functions
g; = 8(X, X;) gives
X(gy) = Vxg(X,, X)) + gl (X)X, X)) + g(X,, o*(X)X,)
= Vyg(X,, X)) + 0f(X)gy + 0 (X)gu.

If {X;} is orthonormal then the functions g; are constant. So in an
orthonormat frame the connection forms of a metric-compatible connec-
tion satisfy the antisymmetry condition

where w;; = g ;.

Since the Hodge dual is defined by the metric it follows that covariant
differentiation with respect to a metric-compatible connection commutes
with this operation. First observe that the volume n-form is parallel

Vy*l =0 vV X. (6.6.3)

If {€*} is an orthonormal co-frame such that *1 =el e? A ... A €"
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then VX*l = —a)l,,(X)e“,\ez,\ N At PP (—1)"61 A - A
w",(X)e?. Now @', (X)e? pne*n ... pe"= w'(X)elpe? A ... se"
and so (6.6.3) follows from (6.6.2). It can now be seen from the
definition (1.4.5) that if V is metric compatible

Vr ==V, vV X. (6.6.4)

A metric-compatible connection is completely characterised by its
torsion tensor. That is, the connection coefficients can be determined in
terms of the metric and torsion tensors. For a metric-compatible V we
have Vy(g(V, W)) = g(VyV, W) + g(V, VW) for any vector fields U,
V and W. By cyclically permuting U, V and W we obtain three such
expressions. Adding the first two and subtracting the third gives

Ug(V, W) + V(g(W, U)) — W(g(U, V))
= g(VyV, W) + g(V, VyW) + g(VyW, U) + g(W, V, V)
— g(VwU, V) — g(U, Vy V).
The definition of the torsion operator enables this to be rewritten as
28(VyV, W) = Ulg(V, W)) + V(g(W, U)) — W(g(U, V))
—g(U, [V, W]) + g(V, [W, U]) + g(W, [U, V])

—g(U, T(V, W)) + g(V, T(W, U)) + g(W, T(U, V)).
(6.6.5)

If {X,} is an arbitrary basis then the structure functions C,,° of the
basis are given by

[Xa! Xb] = CabCXc- (666)

If three different basis vectors are inserted in (6.6.5) then we can solve
for the connection coefficients:

1-.abp = % CP{Xa(gbc) + Xb(gca) - Xc(gab) - Cbcdgad
+ Ccadgbd + Cabdgcd - T(Xbr Xcv Xa) + T(Xf’ Xa’ Yb)
+ T(X,, Xy, X.)} (6.6.7)

Here g% is the inverse matrix to g, §,8% = ). If {e?} is the dual
basis then X, = e, = g,»e®. There are two classes of bases in which this
expression for the connection coefficients simplifies: in a coordinate
basis the structure functions are zero, whilst in an orthonormal basis the
metric components are constant. For the case of an orthonormal basis
the above expression for the connection coefficients enables the connec-
tion 1-forms to be given as

Zwa,, = ediXuiXb(ded - Td) + iXb(de,, — Ta) - iXa(deb b Tb) (668)
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This formula is of great computational utility.
From now on we will only consider metric-compatible connections.

6.7 The Covariant Exterior Derivative

It is often convenient to work with sets of differential forms indexed
with respect to some basis. The torsion and curvature forms provide an
example. The Bianchi identities for these forms, (6.5.3) and (6.5.4),
involve an exterior derivative plus ‘correction terms’ involving the
connection 1-forms. Such combinations of terms can be efficiently
encoded into a ‘covariant exterior derivative’.

Given a mixed tensor that is totally antisymmetric in some subset of r
vectors we can associate a set of r-forms with any basis {X;} with dual
{e’}. Suppose that S is such a tensor of type (r + ¢, p). We define a set

of r-forms §"--%; . by

Sil"'i"jl__.jq(Xl, e ey Xr) = S(Xl, .y X,., X, .. . X', eil, ey ei").

h? lq

(6.7.1)

We define the covariant exterior derivative D of the S % , in
terms of a connection V by
(r + 1)DS" %, (Xg, - .0 X))
= z(_l)}VX/S(X(], e ey Xj’ ey X,, le, e ey qu, eil, ey ei/’)

j=0

— > (CLYTES(T(X, Xi), Xow oo 0 XKoo K o

Osj<ks=r

X, Xj, -0 X, eh, ..., ev). (6.7.2)

The ‘hat’ above a symbol indicates that that term is omitted from the
sequence. T is the torsion operator of V. It follows from the above
rather cumbersome expression that

DSt s

/1-~~jq
AQh . i T A i iood
ds "]]”qu‘i'w‘x/\s‘ Pj]..‘}q+...+(l)"lj/\s ’h_”}q
PN I A s Wi
Oy A ST = b ASh (6.7.3)

This can be verified by using (4.10.5). For the special case in which
p = q =0 the covariant exterior derivative reduces to the ordinary
exterior derivative. We can then infer from (6.7.2) that

el /\an = d - 7T /\ixn. (674)
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(Alternatively this important relation can be verified on 0-and 1-forms;
its general validity then following from the fact that both expressions are
graded derivations.)
Repeated application of (6.7.3) gives the following Bianchi identity
for D,
DzSi,...ipjlmjq — Ri,[_‘ ASI'S...i,,jI”
= Rij A8y,

— Rb A S (6.7.5)

S s

+ ...+ R ASh

-fq Il--<fq

It follows from (6.7.1) that under a change of basis the set of forms
S"l"“ﬂ,],,,,q transform according to the classical tensor transformation
rules. The F-linearity in the arguments of the right-hand side of (6.7.2)
ensures that the DS"- %, transform like the S" %, under a
change of basis. If S’ and 77 are sets of r-forms and s-forms respective-
ly, labelled by the multi-indices / and J then, as may be seen from

(6.7.3),
D(S' AT') = DS' AT + (-1)'S' A\DT’. (6.7.6)

The interior derivative with respect to a set of basis vectors maps a set
of p-forms indexed with ¢ indices into a set of (p — 1)-forms indexed
with (¢ + 1) indices. The anticommutator of this operator with D gives
a useful relation. If

Ly, = Diy, + ixD (6.7.7)

then Ly maps a set of p-forms into a set of p-forms indexed by the
extra index a. It acts as a derivation on exterior products

LX"(SI A Tj) = LXHSI A Tj + SI A LXaTj. (678)

First we consider a set of 1-forms, A" %,
(6.7.4) gives

_.j,- For A any 1-form

andA = VXEA - ebiXaVX,,A + iX,,TbiXbA‘

Using this in (6.7.3) gives
iXuDAil s

L
=Vy Al b= elixg Ve Ayt iy TP ANy
o+ ixnwi,‘_’Ai,... ?,i,...i,,jlqu _ wi,i'anAil... 7, i,...i,,hqu
S P Ay @i ANy

Now if A is any 1-form

VyA = VyiyAe — ixAw,(X,)er
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SO
ix VA =VyixA — 0 (X,)ixA
and
eliyVyA = diy A ~ 0ix A (by (6.7.4) again)

SO
iXﬂDAi‘ L i,,jI o,

- VXMA,',.“,',]_]_W _ diXaAilu.i,,jl.“I_q + wcaiX[Aip.‘i‘,jl i

+ iX,,TbiX,,Ai‘ L. i"j, e + iXaa)i’,-'Ai‘ o Ty i”j, oy

— [ 0 gy .
w’l,lXaA ¥ pjlu.jq LR

i3 [T/
q+a)’j)1XaA' P

i T
Jrowdsiee g

— 3 Joo Afu -
1x,0" A ’

Jooe Fedee -

Recognising the right-hand side as containing Diy A“---%; . enables
) ) s )

this to be written as

LyxAn-by
— (VXH + iXaTb A iX,,)Ai‘ N ipjl e + wi’[,(Xa)Ail P B ipj] .
T @ (XA
We have obtained this expression for the A%, .j, I-forms; but L,
Vx, and iy T® 5 iy, are all derivations on exterior products of multi-
indexed p-forms so it is consequently valid on arbitrary p-forms:

Lxsi|4.<ip_

g
— (VX,, + iX,,Tb /\iX,,)Si] ...i‘,j] oy + a)’?,-,(Xa)S"‘ R I i"j, i
C= @ (X)L [ (6.7.9)
If §4-b ;= S(et, ..., e% X, ..., X)) then this can be written as
LXaSil o ipil - *jq
= VS, ..., e Xy oo X)) +ix TP Alg ST 5, . (6.7.10)

For the special case of ¢, any %-valued p-form, this reduces to

ixdg + Diyg = Vi@ +iyT" Aiy,@. (6.7.11)

The definition (6.7.2) can be applied to 0-forms where there is the
simplification that the torsion terms do not enter. Since g,, = g(X,, X,)
we have Dg,,(X) = Vxg(X,, X,). Thus for a metric-compatible connec-
tion

Dg.s = 0. (6.7.12)
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It follows that if indices labelling a set of forms are raised or lowered
with the components of the metric then this operation commutes with
the covariant exterior derivative. If the volume n-form is expanded as

sl=(n")"leg e A ... A€ then g, =nb1(X;, ..., X;). So
for a metric-compatible connection
Dg;, .., =0. (6.7.13)

As anticipated the Bianchi identities (6.5.3) and (6.5.4) can now be
written as

DR?, = 0 (6.7.14)
DT? = Rab /\eb. (6715)

In an orthonormal basis the connection 1-forms of a metric-
compatible connection are antisymmetric: they satisfy (6.6.2). It follows
that the curvature 2-forms satisfy an analogous relation. Moreover,
because of the tensorial nature of the transformation of the curvature
2-forms under a change of basis this antisymmetry is maintained in an
arbitrary basis. Using this antisymmetry the second Bianchi identity
(6.7.15) can be contracted to obtain various other identities. We leave it
as an exercise to prove the following contracted Bianchi identities:

9’ ixpixin’D Ta= 2(iXuinRpr - iXpiX,Raq) (6716)
p.q.ra

ixpixinnDTaz iqup - ixqu (6717)
lxlxlxDTﬂea+9)lxlxDTr= 29’]er (6718)

P Xq Ay pgr P4 gr 4P
anDTﬂz Pb /\eb. (6719)

6.8 The Curvature Scalar and Einstein Tensor

The existence of a metric tensor enables ‘type-changing’ of the (3, 1)
curvature tensor to various other fourth-rank tensors. We will normally
denote all such tensors by the same symbol, making it clear in the
context in which it appears exactly which tensor is meant. Similarly the
Ricci tensor can be related to a (1, 1) tensor which can then be
contracted to a scalar. That is, the curvature scalar R is given by

R = Rie(X,, X (6.8.1)
where as usual X¢ = g?X,. In terms of the Ricci 1-forms P,,
g:l = iX“Pa' (6.8‘2)



220 CONNECTIONS

In n-dimensions the Einstein (n — 1)-forms G, are defined by
G, = Ry aly*e®. (6.8.3)
These may be related to the Ricci forms; we have
G. = Ry nixiyp*e’ = Ry, pliyiy re
= ix(Rpg nix*e?) — Py piy e
= ix(Rop Alxeiy*1) — Py piy *et
= ipf{ix(Rap nix*1) — Py aiyx*1l} — P, aiy*e”.
Now R, Aix*1 =0, since it is an (n + 1)-form, so
G. = — Rre, + Py Niyiyx*l — P, piy*e’ = — Rre, — 2P 5 *e,,
and
P p e, = ixPle, 5 *e,
= ipP'{—ix(e, r*e.) + gycre,}
= ipP'{~gp*e. + gue,}
= —iy Pi*e. + iy Pixe,.
The contracted Bianchi identity (6.7.17) gives the antisymmetric part
of the Ricci tensor in terms of the torsion, so

Pa/\*ea( = - %*ec + iXuPC*ea + iX"iX(iX,,DTb*ea

— Rre, + *P. + *iygiy, DT?
thus
G, = Ree, — 2%P. — 2*iyiy DT®
or
*1G, = Re, — 2P, — 2ixiy,DTP. (6.8.4)

The set of Einstein forms are equivalent to a (2, 0) tensor. The
Einstein tensor G is defined by

G =+"1G.®e°. (6.8.5)

The antisymmetric part of the Einstein tensor is determined by the
torsion. Using (6.7.17) once again gives

ix,*'G, —ix*"'G, = —2iy,iyiyDT". (6.8.6)

The covariant exterior derivative of the Einstein forms can also be
related to the torsion. Writing G¢= R, A *e® we have
DG = DR, A *e% + R,, » D*e®. The first term is zero by the first
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Bianchi identity. In n-dimensions we can expand the Hodge dual as

xplity = — bl is L. e'nl L by by kehizs,
¢ (n - 3)' € Ae N A X"v Xis Xu €
Now iy, ...ixdy, *e"?" is proportional to *1 contracted on n vectors,
thus its covariant exterior derivative is zero, so
irisi 1 i i i i i i
D*e]2'3=—(T"/\eS/\.../\e"_e‘/\TS/\.../\e"
(n = 3)!
—1\1 — 45l in )3 1v [ ¥eiti2s
T (D) e A L ATy, i ix xe
= —7"4 A e"‘ A - A e”'lx . e lx *elllzl:‘,'
(n — 4! tn s :
= Tis p *ehith |
thus
DG =Ry A TP A *e"bcp. (6.8.7)

Equivalently this relation can be written in terms of the (2, 0) Einstein
tensor. The divergence of G, V.G, is a 1-form defined by

(V.G)(Y) = V4. G(X°, Y) (6.8.8)

thus

V.G = (ix* 1VyG, = 0,(X,)ix*"1G,)er

=*1e* AVy,G, — 0, A G )eP.
We may now use (6.7.4) to give
V.G =+"U(DG, — T piy,Gp)er
and (6.8.7) then gives
V.G = —+ YT piyRop n*e®,)er. (6.8.9)

6.9 The Pseudo-Riemannian Connection

Since a metric-compatible connection is completely characterised by its
torsion tensor it follows that there is a unique torsion-free metric-
compatible connection for any pseudo-Riemannian structure. This con-
nection is called the pseudo-Riemannian connection. It is also sometimes
associated with the names of Levi-Civita and Christoffel. From (6.6.7)
we see that in a coordinate basis the condition of zero torsion is
expressed as a symmetry of the connection coefficients, I',,7 =T ,,7.
For this reason a torsion-free connection is often called ‘symmetric’. The
connection coefficients of the pseudo-Riemannian connection expressed
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in a coordinate basis are often called the Christoffel symbols. For actual
computations it is often most efficient to use an orthonormal basis. In
such a basis there are, by (6.6.2), jn(n — 1) independent 1-forms or
;n*(n — 1) independent connection coefficients. For a coordinate basis
the zero-torsion condition cuts down the number of connection coeffi-
cients to in?(n + 1). Thus in an orthonormal basis there are n? fewer
connection coefficients.

Because of the Bianchi identities the curvature tensor of a torsion-free
connection has extra symmetries. Equation (6.7.16) reduces to an
expression of the ‘pairwise interchange’ symmetry of the Riemann
tensor. Equation (6.7.17) shows that for zero torsion the Ricci tensor is
symmetric. For zero torsion the Einstein tensor is symmetric, by (6.8.6),
and divergenceless by (6.8.9).

We can use (6.7.4) to write the exterior derivative in terms of any
torsion-free connection. Since any metric-compatible connection satisfies
(6.6.4) we obtain a useful relation between the pseudo-Riemannian
connection and the co-derivative § which was introduced in (5.4.2). If ¢
is a differential p-form then 1xVy @ is certainly a (p — 1)-form.
Introducing the Hodge map and its inverse:

iX“VX,,(P = iXa**_IVXu(p= ixﬂ*VXa*_I(p by (664)
=x(Vy*"'pre) (by (1.4.7))

(e AV "'o)

where 7 is defined in (1.1.2). We now use (6.7.4):

ixVy@ = *dp o
The inverse of the Hodge map is given in (5.4.3). By considering the
cases of even and odd dimensions separately it can be seen that this can
be rewritten as i yV x ¢ = —*~!d*ng, that is

ixVy o= —0¢. (6.9.1)

From now on, unless we specify to the contrary, we shall restrict
ourselves to the pseudo-Riemannian connection. For most of what
follows it will be essential that the connection is metric compatible,
whereas in most places torsion merely contributes extra terms.

Exercise 6.4
An Einstein space is one for which Ric = cg for some constant ¢. Show
that if, in three or more dimensions, Ric = fg for f e (M) then:

(i) f = Rin

(n-2)
n

(ii) G, = Rre,

(iii) d% = 0.
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Example 6.1

Let g be the metric tensor of a four-dimensional spacetime:
g=—e'®e’ + 3;_e*®e*. In a local chart with coordinates (z(p),
r(p), 6(p), ¢(p)) a class of spherically symmetric metrics may be
parametrised by functions H,, H;, H, of r(p) and a function A of t(p),
by choosing a local orthonormal co-frame as

e’ = Hdt

el = ¢*H dr

e? = e*H,dO

e’ = e*H,sinOde.

As an example of using (6.6.8) verify that the connection 1-forms w,,
of the pseudo-Riemannian connection are given in this basis by table
6.1. Hence construct table 6.2 for Vy e® where X, is a dual orthonormal
frame: e®(X,) = &°.

6.10 Sectional Curvature

A two-dimensional subspace S of T,M will be called a tangent plane to
M at p. If {X, Y} is any basis for S and

then Q(X, Y) =0 if and only if g induces a degenerate metric on §.

Such a tangent plane is called degenerate. If § is any non-degenerate

tangent plane at p then the sectional curvature of M at p, along the

plane section §, is K(S):

gR(X, V)X, Y)
AX Y)

Thus the sectional curvature at p is a real function of the tangent planes

at p.

Exercise 6.5

Verify that the definition of K(S) is independent of the basis chosen.

K(S) =

(6.10.2)

For the case in which M is Riemannian the sectional curvature
generalises the intuitive notions of curvature of two-dimensional sur-
faces. If Ny is a normal neighbourhood of the origin in T,M then
Exp,(No N §) is a two-dimensional Riemannian submanifold of M. Let
@(r) be an open ball of radius r centred about the origin in Ny N S,
with r sufficiently small that Exp, is a diffeomorphism onto B(r), an
open ball centred about p. Let s(r) be the area of #(r) and A(r) be



Table 6.1 The torsion-free orthonormal connection forms w,, = —w,, for the metric of example 6.1.

b 0 1 2 3
a
0 0 —(H{/HoH\)e " — (A/H,)e! —(MH,)e? —(AMHy)e
1 0 —(H5/H, H)e " e? —(H3/H Hy)e e}
2 0 —(cot B/H,)e"%e?
3 0

A= dA/de, H, = dH, dr.

Table 6.2 Associated table of Levi-Cevita connection coefficients specified by Vy e® in the dual bases satisfying e*(X,) = 0,.

el e! e2 s
Vi —(Hi/HoH,)ee! —(Hj/HoH )e *e? 0 0
Vi, —(A/Hg)e! — (A Hp)e® 0 0
Vi, ~(MH,)e? (H3/H Hy)e-'e? — (M Hy)e" 0
—(H3/H Hy)e %e!
Vi, _(/i/HU)‘?3 (H3/H H))e e’ (cot O/H;)e 1e? —(i/Hn)e“ — (H3/H H5)e e

—(cot O/H,)ee?

A= disde, H, = dH,/dr



SECTIONAL CURVATURE 225

the area of B(r). Thus #(r) is determined by the Euclidean geometry of
T,M whilst A(r) is determined by the Riemannian geometry of
Exp,(Ny N S). The sectional curvature is determined by a comparison
of these two areas:

K(S) = lim 12 A - Al (6.10.3)

70 r2(r)
The proof of these assertions can be found in, for example, Helgason
(1978).

Exercise 6.6

Take M to be the two-sphere with the standard metric induced from R?
(see figure 6.5). Calculate the sectional curvature using (6.10.2). Verify
that (6.10.3) gives the same result. (Note that B(r) is a spherical cap
with geodesic radius r (figure 6.5).)

N

Figure 6.5

A manifold is said to have constant curvature if its sectional curvature is
constant.

Exercise 6.7
Show that M has constant curvature c if and only if

R = ce®. (6.10.4)

6.11 The Conformal Tensor

Two metric tensor fields g and g such that § = exp(2A)g for some
function A are said to be conformally related. Whereas a conformal
rescaling of the metric will change the curvature it is possible to
construct a tensor out of the Riemann tensor that is invariant under
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such scalmgs Let {e“} be a g-orthonormal co-frame, with dual {X,},
and {¢®} a g-orthonormal co-frame, with dual {X,}, where

e = exp(A)e” X, = exp(—A)X,. (6.11.1)

If V is the pseudo-Riemannian connection of £ with connection forms
@7, with respect to {¢%} then from (6.6.8)

(T3) = Wa + Xp(R)e? — X, (R)e,. (6.11.2)
Similarly the curvature forms R, of ¢ in the {€®} basis are
(Rp) = R + Vydine, — Vydine, + X,(A)e, A dh
- X,(ANey adr — X (AX(A)egyy. (6.11.3)

We have used DX, (2) = Vx dA, which follows from (6.7.11). Contract-
ing with X7 gives the Ricci forms and curvature scalar of V :

exp(M)P, = P, + (2 - mVy,di + (n — 2)X,(A)dA
+ 2 - )X ()X Ae, — ix,Vxdie, (6.11.4)

expQAR = R — 2(n — DipVxdi + (1 = n)(n — 2)X(A)X(A).
(6.11.5)
The conformal 2-forms C,, are defined (in more than two dimen-

sions) in terms of the curvature 2-forms and their contractions by

1 1
_2(Pa/\eb_Pb/\ea)+ (n = 2)(n = 1)

Cop = Ryp — Re, A€y

(6.11.6)
These 2-forms have the important property of ‘being invariant under

conformal scalings of the metric. That is, if Cab are the conformal
2-forms of g with respect to {e%} then

Car = Cap. (6.11.7)
If the (3, 1) conformal tensor (or Weyl tensor) C is defined by
C=20®e"®X, (6.11.8)
then equivalently
C=c. (6.11.9)

From their definition the conformal 2-forms C, are manifestly
antisymmetric under interchange of 2 and b. They also satisfy (for zero
torsion) analogous identities to those for the curvature 2-forms, namely

Cab/\eb =0 (61110)
iXaiXthq = iXPinCab' (6-1111)
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In addition there is the identity
iX"Cab = 0. (6.1112)

A manifold is conformally flat if its metric is conformally related to a
flat one. Certainly the conformal tensor must vanish for a conformally
flat space. In fact in more than three dimensions a manifold is
conformally flat if and only if its conformal tensor is zero (Eisenhart
1949).

6.12 Some Curvature Relations in Low Dimensions

In two dimensions there is only one independent curvature form, which
must be proportional to the volume form. We have

Ry = 1Reg. (6.12.1)

Since there is only one tangent plane we write the sectional curvature
simply as K. This is related to the curvature scalar by

K =l (6.12.2)

The conformal 2-forms are not defined in two dimensions. However, all
two-dimensional manifolds are conformally flat (Eisenhart 1949). It is
often useful to exploit this by adopting coordinates in which the metric
is parametrised by the scale function that relates it to a flat metric.

We can use the metric to relate the (3, 1) curvature tensor to a (4, 0)
tensor, R = 2R,,®e®. Both factors in the tensor product are 2-forms,
and it is often convenient to have a notation for the tensor obtained by
taking the Hodge dual of either factor. We write

*R = 2*R,, Qe (6.12.3)
and
R* = 2R, ®=e® (6.12.4)
In three dimensions the dual of a 2-form is a 1-form, so
R« = 2R, ®e niy*e™ = 2R iy *e* Qe .

The first factor now involves the Einstein forms, which were given in
(6.8.3). So if

G =2G. Qe (6.12.5)
we have R+ = 4, or

R = @+ (6.12.6)
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Now
Gl = —Giyix* e ®e® = (—Rre, + 2+P)iyiy* e Qe
by (6.8.4). To simplify the first term write
ixiy,* 'ee, = iyiyix,* e, =ixlixix* '1ae) + 3igiy*"'1
=ix{iy(ix,* "Tae) —ix*7'1ga} + 3¢ ey,
=lixiy(ecn*ley) —ixix* 7'l + 357 ey,
« —1

= Grxdy,* 711+ 2x7ley, = x7ley,.

In exactly the same way we obtain
Piyiy*tec =iy P.*x7e, " —iyP.*"'e," + R*"le,,.
Using the symmetry of the Ricci tensor, (6.7.17), gives
Piyiy*'ec=x"1 e, AP, — e, AP, + Rey,).
so we have
Gx ' =2(iRey, + Poney, — Py pe)®e®.
Thus (6.12.6) shows that in three dimensions
Ry = iRey, + Poaey — Py ae,. (6.12.7)

The first immediate consequence is that the conformal 2-forms are
identically zero in three dimensions. It also follows that in three
dimensions any Einstein space is necessarily of constant curvature.

Exercise 6.8

(1) Use the conformal scalings of (6.11.2)—(6.11.5) to show that if in »
dimensions Y, =DP, — [2(n ~ 1)]"'dR e, then Y,= exp(—A)
X [Y, + (n = 2)X°(A)Ch,].

(ii) Show that Y, e, — Y, re, = (2 —n)DC,, and Y, o e = 0.

In three dimensions C,, = 0 and so in this case the tensor Y ,®e” is
conformally invariant. Thus the vanishing of Y, ® e* is a necessary
condition for conformal flatness: in fact it is also a sufficient condition
(Eisenhart 1949). In three dimensions the (2, 0) tensor SEY = *Y,®e¢*
is conformally covariant, symmetric and traceless, by (ii).

(iii) Show that in three dimensions DY, = 0.

In four dimensions there are useful identities involving the ‘left and
right’ duals of the curvature tensor. Setting

RtE%(Ri*_IR*) (6128)
we have

R™ = (Pp /\eq - Pq /\ep - %gtepq)@)epq (6129)
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and
R* = C + {Re,, Qe (6.12.10)

where C =2C,,®eP?. These relations can be verified in exactly the
same way as their three-dimensional analogues.

6.13 Killing’s Equation

In §4.14 we introduced Killing vectors, these being vector fields that
generate local isometries on a pseudo-Riemannian manifold. Because
the pseudo-Riemannian connection is determined by the metric structure
there are several useful relations between Killing vectors and this
connection. Indeed, Killing vectors are often characterised by being
solutions of Killing’s equation, which is a differential equation for a
vector field involving the pseudo-Riemannian connection.

It is convenient at this point to introduce the operator

Ay =%y - Vy VXelTM. (6.13.1)

It immediately follows that Ay is a derivation on tensor fields that
commutes with contractions, also satisfying A,f=0 Vfe%*(M). In
particular

Ax(g(Y, Z)) = 0= (Axg)(Y, Z) + g(AxY, Z) + g(Y, AxZ).
For V metric compatible A yg = £ yg so the above becomes
g(AxY, Z) + g(Y, AxZ) = —(£xg)(Y, 2).

Since for any vector field Y we have AyY =[X, Y] - VY, if V is
torsion free then A yY = —V X, hence

g(VyX, Z) + g(VzX, Y) = (£xg)Y, Z). (6.13.2)

If X is the 1-form related by the metric to X then it is often convenient
to rewrite the above in the equivalent form

i,Vy X +iyV,X = (Le)Y, 2). (6.13.3)
If K is a Killing vector then (6.13.2) becomes Killing’s equation:
g(VyK, Z) + g(V,K, YY) =0 VY, ZeTTM. (6.13.4)

The relation (6.13.3) is often useful in applications. Subsequently we
shall need a related result for the 2-form d X. If V and Y are arbitrary
vector fields then by (6.7.4)
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VudY = Vet a\Vx YV + e AV V¥
= — eY(VyX,)e? AV ¥ + e AV, Vy ¥
= — e’ AV, Y + e AV, Vi Y
= e A(VyVy, = Vi)Y
e ARV, X))+ Ve Vy +Viy xy — Vo) Y
= e’ A(R(V, X,) + V3 Vy — Vg )Y since V is torsion-free,

= e AR(V, X,)Y +dV, Y — e AV, , Y. (6.13.5)
Now
iydY =iye'Vy ¥V — e AixVy ¥
=VyY — e a(ixVy +ixVy)V + V¥
so that

ViV =liyd? + le? A (iyVy, Y + iy Vi Y).
Using (6.13.3) we have
VY =liydY + 18,8(X, X,)e“ (6.13.6)
This gives
e AVy, Y = le Aiv,(ﬂvd? +3:8v8(Vy,V, Xp)e®
=1e" A (Vx(iydY) —iyVydY) + 1£,8(Vx V, X,)e®
=1diydY + lig(e" AVydY) — 1V, dY
+:2v8(Vy,V, Xy)e®
= 1di,dY — 1V, dY + 1Lyg(VyV, X,)e® (6.13.7)
since d? = 0. Using (6.13.6) once again
dV, Y = 1di,d¥Y + 1d(£vg(V, X,)e?)
= 1di,dY + 1V Pyg(V, X,)e? + 1Lvg(Vy,V, X,)e?. (6.13.8)
Returning now to (6.13.5) with (6.13.7) and (6.13.8) produces
VudY =2e“ AR(V, X,)Y + Vi Eyg(V, X,)et.
This can be expressed in terms of the curvature 2-forms as
VydY = 2Y*VPR,, + Vi Lyg(V, X,)e™ (6.13.9)

where Y* = ¢?(Y) etc. Operating on this with the interior product gives
an expression with the Ricci forms:

ixVydY = —2YP, + Vy Lyg(X, X,)e* — Vi, Lyvg(X% X,)eb
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or, by (6.9.1)
8dY = 2Y°P, — Vx £yg(X, X,)e* + Vy Lyg(X4, X)et.  (6.13.10)

Obviously such expressions are particularly useful for vectors that
generate symmetries.

Exercise 6.9
A vector field K is called a conformal Killing vecror if &£ yg = 2Ag for
some function A. Show that K satisfies

(i) 6K = nA (6.13.11)
(ii) 6d K = 2K°P, + 2(n — 1)dA. (6.13.12)

Exercise 6.10
For some calculations one needs to be able to commute a Lie derivative
past a covariant derivative. If

Dx(Y)=[ZLy, Vx] = Viy x (6.13.13)

show that
(i) Dx(Y) is a tensor derivation that commutes with contractions
(i) Dyx(Y) = fDx(Y) for fe (M)
(i) Dx(Y)fS = fD4x(Y)S for any tensor field §
(iv) Dx(Y)Z = D (Y)X (since V is torsion-free)
If Dy (Y)X, = M, “(Y)X, show that
M,P(Y) = 187 (Vx,Lyg(X., X)) — VxLyg(X,, X,)

+ Vi, £yvg(X, X0)) (6.13.14)

Hint: starting from Dy (Y)(g(X,, X.)) =0 follow the procedure for
solving for the connection coefficients given in §6.6.
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Gravitation

7.1 Lorentzian Connections

As we noted in §6.2 the space R" has a natural connection. This is
defined such that a natural coordinate basis is parallel. We have already
seen how Newtonian dynamics may be described with the natural
connection on R3. In Chapter 5 Minkowski spacetime was modelled on
R*, the natural coordinate basis being declared orthonormal with
respect to a Lorentzian metric. Such a field of global orthonormal
frames is parallel with respect to the natural R* connection, and thus we
may now recognise the class of inertial frames as consisting of all frames
that are parallel with respect to this connection. More generally on any
spacetime we may use the unique torsion-free metric-compatible connec-
tion (the Lorentzian connection) to evaluate the acceleration of curves.
If a particle of mass u is modelled on a unit timelike curve C then the
acceleration V~C may be attributed to a four-force F: % = V¢ (uC).

For example, if C describes a particle of electric charge ¢ moving in a
background electromagnetic field described by the 2-form F then the
force is given by the Lorentz rule % = gicF. Hence C may be
determined by solving the equation

Ve(uC) = gicF. (7.1.1)

(Since the particle may radiate an electromagnetic field this equation
should be coupled with the Maxwell field equations (the particle
produces a source of electric current) to determine F properly.) It is
instructive to compare a Minkowski four-dimensional description with
our earlier Newtonian formulation. We may express F in terms of
electric and magnetic fields observed by an inertial observer 9,,
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F=E ndr+ B. Similarly we express the trajectory four-velocity € in
terms of the Newtonian velocity v*, k =1, 2, 3, with respect to the
same inertial observer, as C = (3, + v*3,), where y~! = (1 — v¥p,)'2.
It is straightforward to calculate

Veul) = Cluy)d, + Cluyv*)a, (7.1.2)

and .
icF = —yEvi3, — YE'3; + yvli, B. (7.1.3)
We have written E = E;dx/ and used i-dt = y, dr=-93, dv = 9;. If
we write iy B = —¢,/mB3,, (where &, is totally antisymmetric k,

m=1, 2, 3 and €53 = 1) then in an inertial chart for Minkowski
spacetime (7.1.1) becomes

C(V)/Um) = _qY(Em + ngklmBl)
Cluy) = —qVE,0™.
Since C = C,3,, C(t) = dt/dt = y relates the inertial time variable ¢ to
the proper time 7 at points on the curve. Similarly C(x*) = dx*/dv

= yo* = (dt/dt)v*, hence v* = (dx*/dr). Setting p* = uyvk, € = puy
gives the equations in the form

d
E(pm) = _q(Em + ngklmB[)

d 4

—¢é = —qEv'.

ds qL;

We see that the Newtonian equations of motion are recovered for
v¥v, <« 1. For many practical calculations it is, however, often easier to
use (7.1.1) directly without passing to an inertial chart.

Example 7.1

Use the transformation from the inertial Minkowski coordinates (¢, x, y,
z) to the coordinates (&, n, y', z'). t = Esinhn, x = Ecoshn, y' =y,
z' = z to express the Minkowski metric tensor in the form

g = —E2dn®dn + dERIE + dy' ®@dy’ + dz’®dz’

on a patch defined by 0<§&, n, y’, 2’ <. Verify that the only
non-vanishing connection components in this chart are given by
V5,9, = (1/8)3, = V5 3; and V;3n = §3;. Show that C=93,, GeR,
solves (7.1.1) for a constant electric field expressed in the inertial chart
as F=Eqdx Adt if = —qgEy/m. Hence derive the hyperbolic orbit
(E=9", n=%1, y =0, z2 =0) and show that this asymptotes to a
light cone. Note % is the norm of the constant four-acceleration of the
particle:

g(VeC, VeC) = 42
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7.2 Fermi-Walker Transport

If C is any geodesic of an arbitrary spacetime (V+C = 0) then if g(X,
C) = 0 at any point on the curve then X remains orthogonal to C at all
points if VX = 0. But if the acceleration field A- = V~C along C is
not zero then this property is lost. However, on any given C we may
usefully define a new connection V in terms of V and the metric tensor
field g. Acting on any vector field X restricted to C

VeX =VeX + g(C, X)Ac — g(Ac, X)C. (7.2.1)

This connection is called a Fermi-Walker or F-connection on C. lts
construction manifestly depends on the parametrised curve C itself. An
immediate consequence of the definition is that

Cg(X, V) = g(X, VYY) + g(V X, V) VX, Yon C(72.2)

so V is compatible with the metric tensor g. If C is an observer curve
(g(C, €)= —1) then g(A¢. €) =0 and hence V ~C = 0: so a velocity
vector is also F-parallel. For any vector field Y on C, C(g(Y, C))
=g(V¢eY, €), so if Y is F-parallel (VY =0) then the metric
projection of Y on C (or the angle between Y and C) is preserved
along C. In particular a g-orthonormal frame {X,} at one point of C,
with a timelike basis vector X, = C, will remain orthonormal with
X, = C at all points along C if parallel transported with respect to the
Fermi-Walker connection. Such an F-parallel frame is said to be
non-rotating along C and gives one a way of determining whether any
spacelike vector undergoes spatial rotation along C: spatial rotation
being measured by the components with respect to the F-parallel basis
on C.

It is generally believed that in spacetime an F-parallel spacelike vector
S satisfying the orthogonality condition g(S, €) =0 along a timelike
curve C models the behaviour of an ideal gyroscope (one that experi-
ences no non-gravitational torques) on C. Three such mutually ortho-
gonal gyroscopes (g(S, ;) =86;) together with C then define a
non-rotating frame along C. It is interesting to note that this concept of
frame rotation is determined by the metric properties of spacetime. The
relation of these properties to gravitational fields is explored in the next
few sections.

7.3 The Einstein Field Equations

The theory of Newtonian gravitation provides an excellent description
for a large class of natural phenomena. The gravitational interaction
between macroscopic distributions of matter is defined in terms of
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a Newtonian force derivable most simply from a real scalar field on
Newtonian spacetime. As originally formulated, no account is taken of
the propagation velocity of this interaction. It is regarded as an
instantaneous or static interaction. When Einstein introduced the special
theory of relativity the notion of simultaneity became observer depen-
dent. The recognition that Maxwell’'s equations of electromagnetism
could be formulated as a set of tensor equations on a four-dimensional
spacetime encouraged Einstein to reformulate all the basic laws of
classical physics in terms of spacetime tensor fields.

According to Einstein the Lorentzian metric of spacetime should also
be governed by partial differential equations so that the geometry itself
has a dynamical status along with the fields of matter. The idea that the
matter and geometry of a spacetime form a mutually sustaining dyna-
mical system found fruition in the general theory of relativity proposed
by Einstein in 1916. Despite its title this theory proposes that there is an
absolute spacetime arena in which the classical events of physics take
place. This needs qualifying as follows. If g is any spacetime metric
tensor field satisfying Einstein’s equations on a manifold M then for
¢: M— @M a diffeomorphism, ¢*g will solve the diffeomorphic image
of Einstein’s equations on ¢M. Any such manifold isometric to M under
a diffeomorphism is regarded as describing the same physical phe-
nomena. The choice of field equations was partly inspired by the need
to recover Newton’s laws of gravity in the limit in which propagation
effects could be neglected and partly by the aesthetic desire to maintain
a tensorial description of spacetime events in which the coordinates of
such events were to be relegated to the labelling conventions adopted by
different observers. The field equations involve the curvature tensor of
the Lorentzian connection and tensors constructed out of various matter
fields describing the sources of the gravitational field. There are many
ways to formulate these field equations. In the early literature one finds
the tensor components of the field equations written out in some local
chart from the manifold atlas. There is some virtue in writing out the
local equations in full tensorial form since as we shall show this often
facilitates their solution and simplifies their presentation. One should,
however, note that each local solution of the coupled system of field
equations may in general be extended to the whole manifold in different
ways. If the global properties of the spacetime manifold are constrained
then the class of solutions that can be defined globally will be similarly
constrained.

Whereas in principle all the physical consequences of such a theory
should follow from the Einstein equations for gravity together with the
field equations for the matter tensors, an often used approximation
models macroscopic ‘test” particles that interact solely with gravitation
by geodesic world lines.

Let us first write Einstein's equations in terms of exterior forms on
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some neighbourhood of the spacetime manifold M. If {G_.} are the
Einstein 3-forms associated with the Lorentzian connection, given in
(6.8.3), then Einstein’s equations for g are

kG, + 1.(g, ®) =0 c=0,1,2,3 (7.3.1)

where {z.(g, ®)} is a set of stress 3-forms determined in this co-frame
by some choice of matter fields, denoted generically here by @, and k is
some (positive) coupling constant. (The notation indicates that T,
depends on g and @ rather than being contracted on these fields.) We
shall supplement these equations with a set of matter field equations
denoted collectively by

2(g, D) = 0. (7.3.2)

We cannot choose the stress forms arbitrarily, since for zero torsion
(6.8.6) and (6.8.7) reduce to

DG, = 0 (7.3.3)
and
Ga A€y = Gb A €q- (734)

The matter stress forms defined with respect to {e“} determine the
stress energy tensor field

F =+ 17, Qe (7.3.5)

Any matter model for Einstein’s equations must therefore give rise to a
symmetric second-rank stress tensor § = J ,,e‘®e® that is divergence-
less: V. =0. In many cases given a matter model there is a well
defined procedure for generating such a stress tensor. Indeed the most
economical way to summarise the whole coupled system is in terms
of an action functional whose extremal equations generate the full set of
field equations including the consistent stress forms. Although it is
straightforward to set up a heuristic scheme for applying a variational
calculus to obtain all the field equations it would take us too far afield
to set up a decent formalism for this purpose. (The precise formulation
of a variational scheme involving spinors requires particular care.) We
shall be content in this chapter to give some examples of matter models
in exterior form together with their associated stresses. Such matter
models have featured prominently in many theoretical discussions of
gravitational interactions with fields.

Exercise 7.1
Show, by contracting (4.8.4) and using (7.3.1), that in n dimensions
Einstein’s equations can be written as

|
1y T,

2kP. = x"'1. — 5



THE EINSTEIN FIELD EQUATIONS 237

The conditions that the stress tensor be symmetric and divergenceless
are required for it to be equated to the Einstein tensor of a metric-
compatible torsion-tree connection. In addition further ‘energy’ condi-
tions are usually required to hold in order for the stress tensor to be
physically reasonable. The weak energy condition is that J(V, V) =0
for all timelike V. This condition is motivated by assuming that
an observer whose curve is tangent to V would interpret J(V, V) as an
energy density. The dominant energy condition is similarly motivated.
This can be phrased as requiring that j, be a future-pointing
non-spacelike vector for all future-pointing timelike V, where
Jv = —*ty for Ty = 7,e%(V). Alternatively one can impose conditions
on the stress tensor by requiring that the corresponding (via Einstein’s
equations) Einstein tensor has certain properties, resulting in gravity
being, in some sense, attractive. The condition on the stress tensor such
that Ric(V, V) =0 for all timelike V is called the strong energy
condition. Details of these energy conditions can be found in Hawking
and Ellis.

7.4 Conservation Laws

In Newtonian dynamics the total energy and momentum of a system
may be defined to be certain dynamical variables that remain fixed as
the system evolves. Such constants of the motion have their origin in the
existence of certain symmetries of the equations of motion. Similarly in
the dynamics of continuous media the vanishing divergence of the
Newtonian energy-momentum tensor affords a succinct description of
the equations of motion, and the associated constants of motion may be
obtained by integrating densities constructed from the components of
such a tensor. On a curved manifold, however, caution is required in
correlating conservation laws to the existence of a divergenceless stress
tensor. In general it is necessary for the spacetime metric to admit some
kind of symmetry in order to construct conserved quantities.

Let J be a symmetric (2, 0) tensor whose metric related (0, 2) tensor
has components J° in some orthonormal frame {X,}. For any vector
field V we have £,g(X,, X;) + g(£vX,, X,) + g(X,, £vX,) = 0 since
£y[g(X,, X,)] =0 for any orthonormal frame {X,}. Hence since
gab = Jba and V is torsion free:

‘ng(Xay Xb)gab*l
= —28(EyX,, X,)T 1 = =2g(Vy X, — Vx V, X,)Tb*1
= —{8(VvX,, Xp) + g(X,, Vi X,)}T*1 + 2g(Vy V, X,)T 1.
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Now g(VyX,, X,) + g(X,, VyX,) = O since V{g(X,, X;)} = 0 and so
18X, Xp)TP*1l = g(Vy V, X,)T 1
= Vi {g(V, X,)T®)x1 — g(V, Vy X, )T @1 — g(V, X,)Vy Tb*1,
Now for any (#n — 1)-form J we may write
dJ = e \VxJ =Vy(e?AJ) — Vye' A J.
So introducing j¢ = e AJ we have dJ = Vy j* — (Vye?)(X,)j’. Thus
we have
3 ve( X, Xp)T b1
= Vi {8(V, X;)T =1} — (Vy,e)(X,)g(V, X )T P*1
+(Vye)(Xy)g(V, X, )T +1
~ gV, Vx X, )T 1 — g(V, X,)Vx Tb*1
= d{V,T%xe,} — {2 (Vy Xp)V. T + g(V, Vy Xp)T + V,Vy T®}*1
= d{V?T e} — {V3ue?(X,)Tpe + Vxe® T, + XU(T )eb }(V)*1.
We may write this in terms of the (1 — 1)-form J, = V®J ,+e’ as
HEvR) (Xa Xp)T+1 = dJy — (V-T)(V)*1. (7.4.1)

From this relation we conclude that if the spacetime admits a
conformal Killing vector field C, £ g = 24g, then

AT 1 = A — (V-T)(C)*1.

Hence a closed (n — 1)-form may be constructed out of a divergenceless
traceless stress tensor in a spacetime with conformal isometries. If the
vector field K is Killing (£xg = 0) then irrespective of the trace of I

dJK = O‘

If Py, (P;) are Killing vector fields on four-dimensional spacetime
generating open timelike (spacelike) integral curves then the integrals of
the corresponding 3-forms over a spacelike 3-chain Z define the energy
(momentum) contributed by J to . Similarly if J; are three Killing
vector fields that generate the closed integral curves corresponding to
the orbits of the rotation group SO(3) then the corresponding integrals
may be taken as defining the angular momentum in Z.

There is a useful analogy between solutions of Einstein’s equations,
coupled to matter, admitting symmetries and solutions to Maxwell’s
equations coupled to charged matter. The closed 3-forms constructed
out of the stress tensor and the Killing vector are the analogues of the
closed electromagnetic current 3-form. Maxwell’s equations have the
important property that one may define the total charge contained in a
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compact region by the integral of the 2-form =F, which is closed in any
source-free region, over any closed 2-chain. (Electric charge may be
defined by a de-Rham period.) Einstein’s equations give rise to analo-
gous 2-forms that are closed in source-free regions of spacetimes with
symmetries. Einstein’s equations imply that when the stress tensor
vanishes the spacetime is Ricci flat. So if the spacetime admits a Killing
vector K then, from (4.13.12) the 2-form *dK is closed. In such
spacetimes we shall refer to *dK as a Komar form, the component
expression having been introduced into general relativity by Komar [11].

7.5 Some Matter Fields

The Einstein—Klein—-Gordon system
The massive real scalar field g € TAGM 1is taken to satisfy
d«dp = u’+@ + U'(p)*1 (7.5.1)

where u is some real parameter and U is a polynomial in ¢. The stress
forms in the local frame {X,} are given by

7, = 5(i,dp A *dp + dp Ai, *de) — Gu’e? + U)re, (7.5.2)

where i, =i1x. The stress associated with a constant U is sometimes
attributed to a ‘cosmological term’.

As we have remarked, in order to be consistently equated to the
Einstein tensor, the stress forms should satisfy Dz, = 0. Taking the
expression in (7.5.2) gives

D7, = ;(Diy,dp A *de + ix dp A d*dp — dp A Diy, *dg)
- (W@ + U')de A *e,. (7.5.3)
Now we may use (6.7.11) (for zero torsion):
D7, = }(Vydp A *dp + ix,dp Ad*de — dp A Vi *dp + do A1y, d*dg)
— iy dp(u’e + U')*1.
Since 'V is metric-compatible dpAVy*dp= dps*Vyde=
Vx.dp A *dp and so the terms involving V cancel. Since dg A iy d*dg =

—iy (dp Ad*dp) + iy dp A d*dp, and de A dxde is a S5-form in four
dimensions

D1, = X,(¢)(d+dp — @ — U’+1).
Thus whenever the field equations (7.5.1) hold Dz, = 0.
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Exercise 7.2
Show that F(X,, Xy)*1 = 1y A €" and that for (7.5.2)

18 , )
tyne’ = 52 (X(@) + 4l + U<l

a=0

that is, for a suitable potential U the weak energy condition is satisfied.

The Einstein-Proca system
The ‘massive’ real 1-form field A is taken to satisfy
d+dA = —p2+A (7.5.4)
with u some real non-zero constant. The associated stress forms are
T, = }(i,dA A *dA — i,#dA A dA) + 'p2(i,A A *A + A Ai,*A). (7.5.5)

It may be noted that an integrability condition follows by applying *d to
(7.5.4):

SA = 0. (7.5.6)

The Einstein-Maxwell system

For the electromagnetic field 2-form F we have the curved space
Maxwell equations

d«F =20 (7.5.7)
dF =20 (7.5.8)

with associated stresses
T, = 1(L,F A*F = i,*F A F). (7.5.9)

The Einstein Yang—Mills system

Let A = A,T' be a Lie-algebra-valued 1-form, A,eTA;M and {T'} a
basis for some Lie algebra, with Lie bracket [T?, T7]. The Yang-Mills
field strength is the Lie-algebra-valued 2-form F = dA + }[A, A] = F;T'
where the bracket between a Lie-algebra-valued p-form H and a
Lie-algebra-valued g-form B is

[H,Bl = H ABJIT'. 'l = HAB — (-1)”"B A\ H

and dA = dA,T'. 1t is useful to define an exterior covariant derivative
on the Lie-algebra-valued p-forms H:

DH = dH + [A, H). (7.5.10)
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From the definition of F we have the Bianchi identity

DF = 0. (7.5.11)
The field equation analagous to (7.5.7) is

D*F = 0. (7.5.12)

The system is coupled to Einsteinian gravity with the stress forms

T, = 23(F; A*F; = 1,5F; A F). (7.5.13)

The Einstein-Maxwell-charged scalar system

In this case an electrically charged complex scalar field ¢ couples to
both gravity and electromagnetism. The Maxwell equations now have
electric current sources j[g, P]:

d*F=j (7.5.14)
dF =10 (7.5.15)
where the current 3-form is
j = Im(d*2D*) (7.5.16)
and the U(1) exterior covariant derivative is defined by
DO = dd + iAD

in terms of the 1-form A satisfying F=dA. Under the maps
Ar—> A — dA, ®— e*® for A any real function on M, @P—e*PP. All
electrically charged tensors and their U(1) covariant derivatives belong
to some representation of the group U(1). The Maxwell stress forms are
now supplemented by

g A, D] = [Re(i, DD p *BDD* + DD 4 i,*DD*)

— (WP + U(|@[)~e,. (7.5.17)
The U(1) covariant field equation for @ is
D*DPP = u*+P + U'd~1 (7.5.18)

with U’ = dU/d|®|2.

Exercise 7.3

Show that the total stress tensor, the sum of those in (7.5.9) and
(7.5.17), satisfies Dt, = 0 when the coupled Maxwell-Klein-Gordon
equations, (7.5.14), (7.5.16) and (7.5.18), are satisifed.
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Ideal-fluid stress

In astrophysical problems one often models massive fluids on a timelike
vector field. If V is a local vector field with g(V, V) = —1 each integral
curve is considered to describe the world line of a massive fluid element.
If the fluid has mass density specified by the O-form p, the 3-form mass
current is

j=psV (7.5.19)
and the mass in a spacelike 3-surface £ is [j. If the number of particles

in the fluid remains constant then dj = 0. We examine the symmetric
tensor field

T =pV®V. (7.5.20)
Since
Vi, T = (X.p)VOV + pV, VOV + pV®V, V
then

(Vi T)e, ) = (X)VV + p(V V(€)Y + pVeVy V.

The symmetric tensor field J has divergence
V.5 = V(p)V + pV.VV + pV,V
but (V. (pV))(e*) = V(p) + pV.V, hence

V.5 =V.(pV)V + pV,V = =8(pV)V + pV ,V
= ~(xdj)V + pV,V.

Thus for & to be divergenceless the acceleration of V must be
proportional to V. But if V is timelike with constant norm its accelera-
tion is orthogonal to itself. So the divergence of J is zero if and only if
dj = 0 and V is a geodesic vector field, V,V = 0.

Electrically charged fluid stress

Suppose that each integral curve of V models the world line of an
electrically charged fluid element. Let the charge density p, of the fluid
be (e/m)p. Thus each world line may be taken to correspond to a point
particle with electric charge e and mass m. The gravitational field
equations are the Maxwell-Einstein equations where the Maxwell equa-
tions have as 3-form current source

J. = *(p, V). (7.5.21)

The symmetric stress tensor for the system of electromagnetic fields and
fluid is
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where Ty is the Maxwell stress tensor. If d*F = J, then from (7.5.9)
Dty, = FaixJ,. Since J enjoys similar properties to the Einstein
tensor %, an argument analagous to that leading to (4.8.9) shows that
V.9 = »"'Dr.e?. So for any X, V.J (X)) = *"!(F Aix/,). Repeatedly
using (1.4.7) with ** = —n:
FpixJ. = Fpixy*sJ, = FA*(*J, A X)

= (S AX)A*F=*Fa+J A X.
so that
“(FArJ n X) = ix*(+Fp*].)

*(F aixe)

ixig**F = —ixig F
and

VT my(X) = ixiy F =iy F(X).
Thus V.J ) = i, F = (ep/m)iyF, by (7.5.21), so

77 = LOF + oV, V = (+dj)V. (7.5.22)
m

As we noted before, if V_is of constant norm then its acceleration is
orthogonal to itself, and i, F(V) = iyiyF = 0. Thus by equating to zero
the components of V.9 parallel and orthogonal to V we see that J is
divergenceless if and only if the particle number is conserved,

dji=0
and

v,V = - F. (1.5.23)
m

We recognise this as the Lorentz force law equation for charged world
lines.

7.6 The Reissner—Nordstrom Solution

In principle one can take an assumed form of metric and matter fields,
parametrised by a set of functions, and compute the Einstein and stress
tensors to obtain equations for the unknown functions. The resulting
equations will be non-linear coupled partial differential equations. If the
assumed form of solution is not appropriately parametrised then these
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differential equations will not admit a solution, whilst usually a very
general form of trial solution merely results in intractable equations.
Thus, in practice, such a ‘brute force’ approach is somewhat limited in
obtaining physically interesting solutions to Einstein’s equations: the
generation of such solutions being a specialised pursuit.

The imposition of symmetries on the fields is one obvious way of
restricting the number of free parameters. We here consider a static
spherically symmetric metric. A metric is stationary if it admits a
timelike Killing vector. If, in addition, this Killing vector is orthogonal
to a family of spacelike hypersurfaces then the metric is called static.
We consider a metric tensor that can be written in a local polar
spacetime chart (1, r, 0, @) as

g = —Hy(r)’dt®dr + H,(r)*dr®dr + r’d0®d6 + r*sin 26depRdg.
(7.6.1)

The chart is specified by {0 8<m, 0< ¢ <27, 0 <1< o} and r is
bounded to keep H, and H, real. This metric is invariant under an
SO(3) group of transformations generated by the rotational Killing
vectors given in (5.4.7). It is also static since £z, = 0 and (3/31) is
orthogonal to the hypersurfaces with ¢ = constant. As we pointed out in
Chapter 6 it is convenient to choose an orthonormal co-frame in which
to compute the connection forms. Choosing the local co-frame:

{e° = Hydt, e' = H,dr, e* = rd6, e* = rsin6dg}

one computes the non-vanishing connection forms

— _ Hy' 0

Wy Wy = HoHle
_ _ I
Wp = —Wy = —rHle
_ - 1 3
W3 = —W3 = _rHle

cotf .

Wy = —W3 = — €.

r

(The co-frames here are a special case of those used to compute the
connection forms given in table 6.1.) The curvature forms now follow
from the definition (6.4.12):

13,
R23 = L(1 - )8_3

r’ H;
H)\ 1
Ra =g ) TR
1 0 1
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1 1Y
Ra = ——|—1 13
A rH,(Hl)e

Hy
Ry = 2 0
rHiH,
1 11
R, = — —_ 12
12 rHl(Hl) ¢
H!
R03 = 70 603.
rH{H,

Taking *1 = ¢"2 the Einstein forms are calculated:

GV = —2R|2/\‘(33 - 2R23/\€1 — 2Ry /\ez

2 (1) 1 1 ]
=2l—|—] — =+ ——|e™
rHl Hl r: rzH%

H|
2(2 R — ,)eOB
rH:H, r* rH?

Q
I

G? = =2J(r)e"

G* = 2J(r)e'?
where
Hy\' 1 H, 1 (1 )
J(r =( ) +— + —] .
(r) H,] HH, rHH, rH\H,

The vaccuum equations G* = 0 are now all satisfied by

1 M\)I/Z
Hy=—=|1+ -
*7 H, (

for some constant u. This solution has the property that for large r the
metric looks like the metric of Minkowski spacetime.

To illustrate the effect of the electromagnetic field on the geometry of
spacetime consider a spherically symmetric static Einstein—-Maxwell
system. In the above chart we choose a gauge in which A = f(r)d,
ensuring that £ F =0 for F=dA and K; any Killing vector of the
spherically symmetric static metric. The Maxwell 2-form is
F=L(r)e' ne* where L(r)=f/(HyH,). Integrating the differential
equations d*F = 0 gives Lr? = g for some constant q. From (7.5.9) the
Maxwell stress forms follow simply

,
= _i_emz’

2 2 2
094 s p 9 o 0 9 Lo
2rt 2rt

4 wr :—4‘6 )
2r 2r
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The presence of the stress modifies the equations above to
2 ( 1 ) 1 1 ] q*
K—\|—] - =+ +-—=0
rH[ H[ r2 "21-1:1Z 4r4
H{ 1 1 2
e

rHiH, r* r’H? 4r
qZ
Kk/(ry ——=0.
(r) 4rt
These equations are all satisfied by

1 ( u qZ )1/2
Hy=—=|1+—+— 7.6.2
0 H, r 4kr? ( )

The electromagnetic 2-form field is F = (q/r*)e! o €e’, so we may
interpret this solution as the gravitational field of a spherically sym-
metric static electrically charged source. It is known as the Reissner-
Nordstrém solution.

In the above solution we have two arbitrary constants ¢ and g. The
latter we have identified with a source of electric charge. The former
may be identified with a Newtonian gravitational mass. However,
classical gravitation is observed to give rise always to an attractive
interaction between macroscopic masses. This feature implies that p
should be chosen to be a negative constant. The examples below are
intended to convince the reader of this identification.

Exercise 7.4
Consider the geodesic motion of an uncharged test particle in a
spacetime metric described by the local orthonormal co-frame

{e = Fdx®, ek = F~'dx* k=1,2,3}

with F a function of the three spatial coordinates. Show that the
geodesic

C:1— M, 1—> (x°1), x*(1))
is determined by
£+ 2x°F-'C(F) =0
£+ [(x9)2F + &5, F)3,F = 2'F~'\C(F) = 0.

For C timelike choose a proper-time parametrisation to replace these
with

g(C, C)=-1
X'+ 0 F + 2F W (X3, — X' %/9)F = 0.
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If now |x‘] << 1 and F? = 1 — h with h <« 1 then these approximate to
X'i = %a,h
By comparing with Newton’s law of motion for a slowly moving

particle in a Newtonian gravitational potential ®, make the weak field
identification

® = —h/2.

Exercise 7.5
In the above metric (7.6.1), set ¢ =0 and make the coordinate
transformation

T
=R-S 4=
r 2 " 16R
to write it in the isotropic form
4R + #)2
= - dr
g ( iR =4 dt®

4
+ (1 - %) (dR®dR + R?d6®d6 + R?sin *6dp®de).

In a region where p << 4R this is of the type considered in exercise 7.4,
(change from standard R® polar to R* Cartesian coordinates.)

Recall that for a point source of Newtonian gravity due to a mass M,
the potential ® = —GM/r where G is the Newtonian gravitational
coupling constant. Hence from 4 = GM/r identify the constant in the
Schwarzschild solution; y = —2GM.

Exercise 7.6

In the metric in exercise 7.4 above verify that for h «<1,
G = —2(3,3%n)e! A e’ A €*. For an ideal fluid of density p show that
0 =pe' re? A€’ in the frame {X,} in which its velocity V = X,.
Hence use the Newtonian Poisson equation VZp = 47 Gp to relate our
to the Newtonian coupling G by

_ 1
= lenG

Exercise 7.7
Use the result of exercise 7.1 to rewrite Einstein’s equations in the form

P, — leR = 8nG*Ir..
In the absence of the electromagnetic field (¢ = 0) the Reissner-

Nordstrom metric reduces to the Schwarzschild metric. That is, we have
a vacuum spacetime with metric
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-1
)dt®dt + (1 _2M ) dr®dr + r*(d0®d0

r

g=_(1_2M

;
+ sin?60dp®de) (7.6.3)

where the coordinate r is restricted to be greater than 2M. Some
properties of this spacetime can be understood by looking at the
behaviour of local light cones in this chart, where for fixed (r, ) we
have a standard 2-sphere. The tangent vector p(d/3t) + q(3/3r) has
norm squared (1 — 2M/r)~'q*> — (1 — 2M/r)p? and is therefore timelike
if

2M

r

-
P

The local directions determined by all such tangent vectors lie in the
local light cones attached to each point on the 2-sphere at (r, ¢). These
light cones appear to close as the coordinate r approaches 2M. Thus any
incoming timelike or null curve will asymptote to r =2M in the
(r, t) chart. On the other hand, if one calculates the scalar curvature
near r = 2M it appears well behaved, suggesting that the Schwarzchild
coordinates may cover only part of some Lorentzian manifold. If we
introduce the Eddington—Finkelstein coordinates (7, r’, 6, @) where
T=t+r+2Mlog(r —2M) and r’ = r then it is straightforward to
compute dT in terms of dr and dr and write the above metric in these
coordinates as

!

g= —(1 _ M )dT®dT + dT®dr’ + dr'®dT + r'*(de®de
r

+ sin 260 dp®@de). (7.6.4)

The region of spacetime covered by re (2M, =) te(—%, ®©) is now
covered by r' and T ranging over the same values. There now appears
no reason to restrict ' to be less than 2M. Thus we may regard the
original coordinates as describing only part of a Lorentzian manifold,
the whole of which is covered by the new coordinates with T > 0.
Looking now in the (¢, T) plane at the forward light cones for
r' <2M, in which lie the future directed timelike curves, a dramatic
result is evident. No future-directed timelike (or null) curve from
r' < 2M ever reaches the region of spacetime with r’ > 2M: all such
curves are eventually focused to r' = 0. Thus there exists a horizon at
r' =2M, no causal information of any kind being received by an
observer outside the horizon from points within. Furthermore, all
incoming timelike curves that enter the horizon eventually (in a finite
proper time) strike the line ' = 0 where the curvature tensor becomes
unbounded. Such events do not belong to a Lorentzian manifold and
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prohibit any further extensions of the spacetime.

For a spherically symmetric star of mass M and radius parameter
r > M the Schwarzschild metric describes the unique spacetime in the
vacuum exterior to the star. The spacetime inside the star will depend
on its matter stresses. A star unfortunate enough to evolve to a radius
parameter less than 2M is predicted to find all its atoms on doomed
world lines and undergoes catastrophic gravitational collapse. (For an
object whose Newtonian mass is n times the mass of the sun this radius
is about 3n km.) One of the most celebrated theorems in the theory of
gravitation asserts that under a number of reasonable assumptions such
a phenomenon is not restricted to the idealised spherically symmetric
metric discussed here. The physics of the collapse of matter to a singular
state is one of the great challenges of contemporary research.

Further details of the Schwarzschild geometry can be found in, for
example, Hawking and Ellis [12] and Misner, Thorne and Wheeler [13].
These books give a more complete account of the possible extensions to
the exterior Schwarzschild solution.

7.7 Gravitation with Torsion

Einstein’s theory of gravitation is written in terms of a metric-
compatible torsion-free connection. There have been many attempts to
generalise these equations. One direction is to maintain their form but
to relax the requirement that the connection has zero torsion. One must
then supplement them with further equations that determine the torsion
tensor. They may be regarded as geometrical descriptions of interactions
that depend on tensor (and spinor) fields other than the metric. One
may also contemplate gravitational theories in which the metric compati-
bility of the connection is relaxed although such approaches have
attracted little attention so far. Needless to say the adoption of a
particular connection for the geometrical description of physical phe-
nomena depends on the physics of the situation. Sometimes (as in the
case of theories with supergravity) a connection with a torsion deter-
mined by a spinor field equation provides an elegant formulation of a
theory. Rewriting the theory in terms of the Levi-Civita connection is
always possible, but possibly at a cost of algebraic complexity.

As a simple example of a model written in terms of a metric-
compatible connection with torsion, consider a self-interacting real scalar
field & coupled to gravity according to the field equations [14]

1a?G® = —1a] + Aat*e® (7.7.1)
cd*da? = 2Aa’*1 (7.7.2)
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da
Te =% \ — 7.7.
€" A o ( 7 3)
with
7% = lce(i®da A *da + da A i°*da). (7.7.4)

The non-vanishing real parameters A and ¢ are coupling constants. (For
A =0 this model is equivalent to a theory of gravitation proposed by
Brans and Dicke RefF [15].) The equation (7.7.3) involving the torsion
may be solved for the connection forms (6.6.8):

1,da i,da
Wy = Qab + T e, — o € (775)

in terms of the torsion-free connection forms Q.. It is an interesting
exercise to rewrite the above system of equations in terms of the
Einstein forms associated with the torsion-free connection. In such a
reformulation the torsional effects due to the scalar field coupling to
gravity may be interpreted as an additional contribution to the stress
forms. In addition ¢ becomes replaced by ¢ — 6.
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3

Clifford Calculus on Manifolds

The first three chapters of this book are purely algebraic. They deal
with tensor, exterior and Clifford algebras of an arbitrary vector space.
In the following chapters when dealing with manifolds, and applications
in physics, we have assimilated the material of Chapter 1 by taking that
vector space to be the cotangent space. We shall now similarly incorpo-
rate Chapter 2.

In Chapter 2 we identified the Clifford algebra with the vector space
of exterior forms with the product given in (2.1.7). Hence on a
pseudo-Riemannian manifold M we have the structure of a Clifford
algebra on each fibre of the exterior bundle. The exterior bundle
equipped with this multiplication in the fibres will be called the Clifford
bundle C(M). The situation is that we have a vector bundle with two
different rules for turning it into an algebra bundie; so we shall freely
interchange the terms Clifford bundle and exterior bundle (for a
pseudo-Riemannian manifold) depending on which aspect we wish to
emphasise. Similarly we may sometimes refer to ‘Clifford forms’ to
emphasise that we are thinking of the differential forms as elements of a
Clifford rather than exterior algebra.

Just as one can develop an efficient exterior calculus of differential
forms with the exterior derivative (and more generally the covariant
exterior derivative) and Hodge dual, one can efficiently calculate using
the covariant derivative V and Clifford multiplication (equation (2.1.19)
relating the Hodge dual to Clifford multiplication). Unlike the exterior
algebra the Clifford algebra is not Z-graded. So Clifford multiplication
of differential forms will naturally involve us with inhomogeneous
differential forms; that is, sums of differential forms of different
degrees. Certain equations involving forms of differing degrees can be
conveniently expressed in terms of Clifford products.

The utility of being able to Clifford muitiply differential forms really
becomes apparent when we come to spinor fields (these carrying
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representations of the Clifford—as opposed to exterior—algebra). Ap
inspection of many calculations involving spinors in theoretical physics
reveals that often the components of a vector (or co-vector) are
saturated with a set of y-matrices that generate a Clifford algebra.
(Indeed there is even a special notation for such objects!) It js
conceptually, as well as notationally, simpler to work directly with the
Clifford algebra of differential forms.

In this chapter we shall frequently use the notation, and results, of
Chapter 2. In particular we shall juxtapose differential forms to denote
their Clifford product.

8.1 Covariant Differentiation of Clifford Products

If @ is an arbitrary inhomogeneous differential form and A an arbitrary
1-form on a pseudo-Riemannian manifold M then (2.1.7) gives

AD=A D +izP.

If V is the pseudo-Riemannian connection then Vy(iz®P)=
i, i® +14Vx®P, since Vy commutes with contractions, and
VxA = VA since V is metric compatible. Hence

Vi(AD) = V,AD + AV, D (8.1.1)

and it follows that Vy is a derivation on Clifford products. (This does
not require zero torsion.) Adding and subtracting equations (2.1.7) and
(2.1.8) gives us relations that permit A , ¢ and i ;P to be expressed in
terms of Clifford products:

AD + @A =24 A O (8.1.2)
AD — 4 = 24D . (8.1.3)

For {e?} a local orthonormal co-frame we denote e 5 e® by e“. Then
(8.1.3) gives

[e?, e?] = 2(n%eb — nebec) (8.1.4)

where the left-hand side is a Clifford commutator and n* are the
orthonormal components of the metric. So if we use the connection
1-forms to introduce the 2-form

Ox = tw,(X)eb = {Vye pe, (8.1.5)
we can write (6.3.3) as
Vyed = [oy, €] . (8.1.6)

If we introduce an orthonormal multibasis {e’} for TAM then, since an
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exterior product of mutually orthogonal 1-forms is the same as a
Clifford product

Vel =]oy, e']. (8.1.7)
If we expand an arbitrary differential form as ® = ® ¢! then
Vi@ = (X®,)e' + [0y, @] . (8.1.8)

If S is any invertible element of the Clifford algebra and E¢ = Se*S !
then it follows from (8.1.6) that Vy FE? =[Xy, E°] with Z, =
SoxS71+ V4SS~ If se .I'* then {e* = se’s~'} is another orthonor-
mal frame. If o'y denotes the expression in (8.1.5) computed with the
connection forms in this new basis then

Oy = soxs™1 4+ Vyss™h. (8.1.9)

Certainly the two sides of this expression can only differ by an element
of the centre. Since oy is a 2-form and s € .T'* then soys~! is a 2-form
and we need only check that Vyss™! is a 2-form. For s€ .I'* we can

write s = x!'x2 ... x" where the x' are 1-forms such that (x)? = *1,
then
Vyss U= (Vex'x? . x" + x'WVWyx? . . xb + ...
+ xto o XTIV [T ()T ()T
= V'™ + XV ex2(x?) 7))t + L.
+ xt TV e T x L

Since (x%)? is a constant V yx’ anticommutes with x' and hence with
(x)7h=x(x)? So Vyx'(x)7' = J(Vux'(x)7 = (X)) =
Vx! A (x)7L. It follows that V yss 7! is a 2-form.

If {e’} is an orthonormal multibasis for TAM then differentiating
(8.1.7) expresses the curvature operator as R(X, Y)e! = [R yy, €] for

Ryy = Vxoy — Vyoy — [0y, 0y] — O v] - (8.1.10)
Since the curvature operator is %-linear then for any ® e T'AM
R(X, Y)® = [R xy, D] . (8.1.11)

It can be verified that R yy is unchanged if 0y —— SoxS™! + VS§5!
for any invertible S. The forms R yy are certainly related to the
curvature 2-forms R,; we now establish the exact relationship.
Differentiating (8.1.5) and using (8.1.7) gives Vyoy = 1 X(@,.(Y))e*
+ [0 x, 0y], and hence

97{,\’Y = i{X(wa(Y)) - Y(wbc(X)) - wbc([Xr Y])}ebc + [UX’ UY] .

Referring to (4.10.3) we can simplify the first three terms: Ry =
ldw, (X, Y)e™ + [ox, oy]. To recognise the last term we will use the
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following useful relation:
[e%, e] = 2pbdes — 2n*de® + 2pbeesd — 2p*cebd.  (8.1.12)
We can use this and the antisymmetry of the connection forms, to write
[0, 0y] = H(@ap (X)@(¥) — W (Y0P (X))e
= 3(@pa A 0% )(X, Y)eb.
So we have
Ryy = 1Rp(X, Y)eP = —liyiyR,e® . (8.1.13)
This can be rewritten, using the ‘pairwise symmetric’ Bianchi identity for
zero torsion (6.7.16), as
Ryy = ;e°(X)e? ()R, . (8.1.14)

Exercise 8.1
Use (2.1.7) and (2.1.8) to show that (for zero torsion):

Re,eb = pe (8.1.15)
Pt = @ (8.1.16)
Re? = R. (8.1.17)

8.2 The operator d

Many equation$ in physics can be elegantly formulated in terms of the
exterior derivative d and the co-derivative 6. In Chapter 6 we showed
how these operators could be expressed in terms of the pseudo-
Riemannian connection. We now define an operator d on TAM by

d=eVy . (8.2.1)
Thus from (6.7.4) and (6.9.1) we have
d=d-6 (8.2.2)

with & defined in (5.4.2). The operator d is sometimes called the Hodge
de-Rham operator. Unlike d and & separately, d is not a homogeneous
operator on differential forms; whereas d increases the degree of a form
by one, & decreases the degree by one. The square of d is homogeneous
for since d and & are nilpotent

2 = A (8.2.3)

where A is the Laplace-Beltrami operator of (5.4.5).
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We can trivially rewrite the pair of Maxwell equations
d*F=J,dF=0as

dF = (8.2.4)

where j = —+~1J. As an example of manipulating Clifford expressions
we now re-express the Maxwell stress tensor in terms of Clifford
products and evaluate its divergence. The stress tensor is related to the
stress forms by I =*"17, ® e = =" 17,(X,)e? @ e*. For a four-
dimensional Lorentzian spacetime ** = —#, and the stress tensor com-
ponents are J,, =i, * t,. From (7.5.9)

21, = i,FA*F —i,*F A F .

First we use (8.1.2) to exchange the exterior products for Clifford
products:

4t, = i ,F*F + *Fi,F — i,*FF — Fi,~F.

Now we use (8.1.3)
8t, = (e,F — Fe,)*F + *F(e,F — Fe,) — (e,*F — *Fe,)F
— F(e,xF — *Fe,) .

Finally we use (2.1.19) to write the Hodge dual in terms of the volume
4-form z:

— 1
T, = s Fe Fz .

We have used F* = —F since F is a 2-form and z® = ®7z. Once again
we use (8.1.3) to obtain the stress tensor components
T e = 3(Fe,Fe, + e,Fe,F) . (8.2.5)

When covariantly differentiating the stress tensor the derivatives of the
co-frames in the above components will cancel the derivatives of the
tensor basis, hence

(V-J), = i(Vx Fe,Fe + Fe,VyFe* + eVyFe,F + eFe,VxF).

We want to use the Maxwell equations (8.2.4) to simplify this, but the
terms Vy F and e¢ do not all occur in the right order to write them as d.
The above expression is certainly a O-form, so by applying the
homogeneous projector (cf (2.1.12)) ¥, we do nothing. Under this
projector, factors in the Clifford product can be cyclically permuted
(2.1.17). (We cannot, of course, then remove the projector.) So we
have

(V-T), = 1Fo(dFe,F + Vy FeFe,) .

Since F¥ = —F, then Vx Fe* = —(dF)5. We can insert this in the above
and then use P, @ = P, dF to obtain (V-TJ), = ¥(dFe,F). We can now
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use the Maxwell equations (8.2.4):
V-T = Fo(Fjey)e” = S(Fj)

using (2.1.18). Since j is a lform and F is a 2-form then
Fj = j A F — i:F and so finally

Vg = —i;F . (8.2.6)

(We earlier obtained this result in the discussion of the electrically
charged fluid stress in Chapter 7.) We have somewhat laboured the
above calculation in order to illustrate some of the techniques that are
useful in practice and to show how one can always interchange any
exterior expression for a Clifford one and vice versa.

8.3 The Kahler Equation

In 1928 Darwin [16] was experimenting with tensor equations in order to
understand the properties of electrons. He eventually made contact with
Dirac’s spinor wave equation (to be discussed later) but considered his
method uneconomical. Apparently Landau and Ivanenko [17] had simi-
lar intentions around the same time. These were perhaps precursors of
the equation introduced in 1961 by Kahler [18] for a complex in-
homogeneous differential form ® on a pseudo-Riemannian manifold:

dd = ud — iAD . (8.3.1)

The term involving A describes the electromagnetic coupling to the
Maxwell field F=dA. He was apparently motivated to develop a
‘calculus of infinitesimals’ in which relations of the form dx* A dx#* =0
and dx#ydx*+ dx" dx* =2g* could co-exist on a pseudo-
Riemannian manifold. Kahler recovered Dirac’s solution describing the
wave mechanics of a relativistic electron of mass g in a hydrogen atom
when he analysed (8.3.1) in flat Minkowski spacetime.

It was a desire to find a first-order equation, such that the compo-
nents satisfied the second-order Klein—-Gordon equation, that motivated
Dirac to formulate his celebrated equation in 1928 [19]. Because of
(8.2.3), and since the Laplace-Beltrami operator is homogeneous, the
p-form components &,(®) of an arbitrary solution to (8.3.1), in
the absence of an electromagnetic field, satisfy

AS, (@) = u2S,(®) . (8.3.2)

However, an arbitrary complex differential form on spacetime has
sixteen complex components; whereas a spinor of the complexified
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Clifford algebra has four complex components. Thus an arbitrary
solution to (8.3.1) has more components than a solution to Dirac’s
equation. To understand the Kahler equation better, and its relationship
to the Dirac equation, we examine the possibility of solutions lying in
minimal left ideals—these carrying irreducible representations of the
Clifford algebra. A set of four pairwise-orthogonal primitive idem-
potents may be used to project an arbitrary element of the Clifford
algebra into minimal left ideals. In flat Minkowski space we can always
choose inertial coordinates {x?} in which e = dx% a =0, 1, 2, 3 consti-
tute an orthonormal basis. We can construct a set of globally defined
primitive idempotents {P;} out of this parallel co-frame. The resulting
idempotents will also be parallel, VyP, =0 VXeI'TM. Thus if
@; = ®P; then @; is in a minimal left ideal. If & satisfies (8.3.1) then
multiplying (8.3.1) on the right by P; gives

¢q)i = ‘uqol — ]A(pl l = 1, 2, 3, 4 (832)

since P; is parallel. Thus Kahler’s equation decouples into four equiva-
lent equations for elements lying in minimal left ideals. (If Kahler’s
equation was written in exterior form then the coupled equations for the
homogeneous p-forms would not be very transparent.)

A general solution of the Kahler equation has more degrees of
freedom than a solution to the Dirac equation. This raises the question
of the significance of (8.3.1) for the description of those particles in
Nature (such as the electron—positron field) that are conventionally
described by the Dirac equation. If one uses a spacetime 3+1 decom-
position to perform a non-relativistic reduction then one obtains from
(8.3.1) four copies of the Pauli-Schrodinger equation [20]. The wave
mechanics of a particle described by such a system is indistinguishable
from a non-relativistic description of an electron in an external electro-
magnetic field except in one respect: all single-particle (quantum) states
have an extra fourfold degeneracy. For example, if a beam of such
hypothetical particles was passed through an inhomogeneous static
magnetic field (a Stern—Gerlach experiment) it would be split into two
components. This is what happens with electrons on atoms in a real
experiment. Furthermore, no electromagnetic field could be devised that
would split the degeneracy of each beam. However, a (powerful)
inhomogeneous gravitational field would in general break the degenera-
¢y, producing four distinct beams in the field. Electrons described by the
Dirac equation are not predicted to behave in this way. Although such
an experiment has never been done with real electrons, our under-
standing of the periodic table of the elements is based on the Pauli
principle for electrons with two internal states rather than four. Without
a major reformulation of this principle it is difficult to reconcile our
current understanding of the quantum mechanics of electrons with the
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four copies of the Pauli-Schrédinger equation obtained from (8.3.1). In
an arbitrary curved spacetime (gravitational field) the Kahler equation
will not decouple into four minimal left ideas (there will not be globally
defined parallel primitives). Although the experimental significance of
this is far from clear the fact that the degeneracy of the Minkowski
space system can be broken would seem to lead to interpretational
problems for the quantum theory.

Exercise 8.2
Define in the usual Minkowski spacetime polar chart (¢ r, 6, @) the
local 1-forms

S¢ = riokd(rFY (8, @) = kYR(6, @) + rdYY
k=0,1,2... ~k=ms<k

in terms of standard spherical harmonics satisfying d>(r*Y}) = 0. Verify
that
1-k
dsp = 1= 8

and that for any inhomogeneous differential form R independent of d¢:

drS7

, 1-
A(RST) = (¢:R L rel =k dr)s': .

r
Verify that a solution of Kahler’s equation with a Coulomb 1-form
potential A = (e/r)dr in this spacetime may be written

k
W= ¥ R0 9T
e=r k m= -k
where R, = {fi(r) + gi(r)dr}S} and T(¢) = exp (iwt)(1 + iedr) and
for each ¢, k the O-forms f and g satisfy the ordinary differential
equations:

_ 2
r B - g =0
(1+k) e?

g+ —f—(0+ wf=0.
r r
Exercise 8.3
The 1-form harmonics S may also be used to analyse Maxwell’s
equations dF = 0. First observe that the 1-forms a5, = Z{(Ar)S7 obey
d’a = —A%a and the 2-forms S, = Zi(Ar)drSy7 obey d28= -1,
where Z¢, label the independent Bessel solutions of the equation

o'(r) + %p'(r) + (/12 _ r— ))p(r) =0 A#0.
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Writing F = Edtr + B with E = iwE and B = iwB write the harmonic
component Maxwell equations as the complex pair:
dE = —iwB
dB = —iwE

and seek solutions of the form E = p,(r)S7 for some O-forms p,.
Hence construct the multipole expansions:

E'= S (AL )eplion) B = -dE
£.k.m
Bl = X 9, (BB )exp(iw®t) Ell = idB”
&k.m
where
m = Zi{wr)$1drSy w#0
Bim = Zi{wr)drST w#0

*1 = e!2 and A%, B%, are any complex constants.

Exercise 8.4
The stress tensor for the Einstein—Kahler coupled system (with A=0) is

T = (Fo(@%e,Vy Dee, + De,Vy Pece,)e @ et .
Verify that
V-T =0.

Hint. Since the co-frames with contracted indices will not contribute to
the divergence concentrate on the terms

4(V'T)b = &PO(VXaq)&"e“VX((DeCeb + @EneaVX"VX(¢eceb
+ OMeaVy DV yece, + DHeye,Vy Vy Pece”
+ ©51e, Vy ®Vy ee?).

Note #o(Vx @e,Vy Pece?) = 0 since Fo(¥5) =W for any W. Using
(8.3.1) and its iterate, A® = u>®, the above terms cancel with the aid
of the relations

dPS= —(dD)¥

SDi= (60)
d@r= —(d®)"
Sb= —(6®)"

Vy®et= —(dP + 6D)".

The last relation follows from (8.1.3).
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8.4 The Duffin~-Kemmer-Petiau Equations

After the success of the Dirac equation in describing the electron there
were attempts made to find first-order equations suitable for describing
integer spin particles. The Duffin-Kemmer-Petiau equations are an
example [21].

The Kahler equation is not unique in being a first-order equation for
an inhomogeneous differential form which iterates to the Laplace-
Beltrami equation. For example, consider

do, — 60_ = ud (8.4.1)

where @, = {(1 £ n)®. This corresponds to the Duffin~-Kemmer—Petiau
equation. Writing this in terms of Clifford products,

e’V ® + Vy ®e? = 2ud

we see that the second term prevents the decoupling of the equation
into minimal left ideals in Minkowski space. Since d and 6 map even
(odd) forms to odd (even) ones (8.4.1) is equivalent to

do, = ud_
Ob_ = —ud, .

As a consequence 0P, = 0 and d®_ = 0 so any solution to (8.4.1) will
also satisfy the Kahler equation for &.
In the massless case (8.4.1) exhibits the generalised gauge symmetry

D, — P, +dy_
b_—D_+ 6y,

and describes what in the physics literature are often called antisym-
metric tensor gauge fields.
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Spinor Fields

In §2.5 spinors (or semi-spinors) were defined as carrying irreducible
representations of the Clifford algebra. Any such irreducible representa-
tion is equivalent to that carried by a minimal left ideal of the Clifford
algebra. We thus took any minimal left ideal as the space of spinors.
The Clifford bundle of a pseudo-Riemannian manifold M has as fibre at
p, the Clifford algebra of the cotangent space of M at p. Any minimal
left ideal of this fibre algebra carries the spinor representation. If we
could smoothly assign a minimal left ideal of the fibre algebra to each p
in M then we would have a bundle over M with each fibre carrying an
irreducible representation of the corresponding fibre of the Clifford
bundle. Such a bundle of spinor spaces would be a sub-bundle of the
Clifford bundle. For such a bundle to exist the topology of M would
have to be severely restricted. Requiring the bundle of spinor spaces to
be contained in the Clifford bundle is unduly restrictive. Therefore,
rather than requiring that the spinor spaces be minimal left ideals of the
Clifford algebra, we only require that they carry a representation
equivalent to that carried by any minimal left ideal.

Locally any bundle of spinor spaces will be isomorphic to a sub-
bundle of the Clifford bundle, with fibres being minimal left ideals of
the Clifford algebra. As we shall show, if any bundle of spinor spaces
exists we can always form a bundle by patching together the minimal
left ideals of the Clifford algebra in such a way that locally a spinor field
may be represented by a differential form lying in a minimal left ideal of
the Clifford algebra.

9.1 Spinor Bundles

We assume first that the pseudo-Riemannian manifold M is even
dimensional so that the real Clifford algebra is central simple. Thus
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C(T%M,g) = M,(R) ® D(R), where M,(R) is the algebra of all order-r
real matrices and the real central division algebra D must be either the
real numbers R or the quaternions H. Any minimal left ideal of
C(T*M.,g) carries the spinor representation. Thus minimal left ideals
are r-dimensional right D-modules, Clifford multiplication inducing a
D-linear transformation. As we noted above we are not now going to
require that our spinor spaces be identified with any minimal left ideal,
only that they carry an equivalent representation. Thus our spinor
spaces will be right D-linear spaces such that Clifford multiplication is
D-linear. Let $(M) be a bundle over M such that for each pe M the
fibre above p is a right D-linear space carrying an irreducible repre-
sentation of C(7%M,g). Any such bundle will be called a (real) spinor
bundle, sections being called spinor fields. If any spinor bundle exists
then M is called a spin manifold. A discussion of the topological
restrictions on M in order for it to be a spin manifold are beyond the
scope of this book. However, the reason that there is some restriction
will become apparent later. Whereas M may have no spinor bundle, it
may also have many. These can be split into equivalence classes. Two
spinor bundles $(M) and $'(M) are equivalent if and only if there is a
diffeomorphism relating them such that fibres of $(M) above p are
mapped into fibres of $'(M) above p with the diffeomorphism commut-
ing with Clifford multiplication. An equivalence class of spinor bundles
constitutes a spinor structure for C(M). (This definition of spinor
structure is equivalent to the more usual one to be found in, for
example, Milnor [22].)

Let us assume that M is a spin manifold with $(M) a spinor bundle.
Fibres of the Clifford bundle are isomorphic to the algebra of D-valued
matrices. If {e%®)} is a local orthonormal co-frame defined on the open
neighbourhood U, of M then an isomorphism between C(T% M,g) and
D-valued matrices may be given at each pe U, in terms of the
generators {e“®|,} and the constant matrices {y°} satisfying

yiyb + ybyt = 2gabq, (9.1.1)

For a given choice of D-valued y-matrices we may correlate a local
orthonormal co-frame with a local basis of sections of $(M). On U,
there is a local basis for spinor fields {b;®} such that

ea(a)bgd) — b;l’)yﬁ‘ (912)

(Note that we juxtapose symbols to denote the Clifford action of
sections of C(M) on sections of $(M).) (Thus the basis {b{*} trans-
forms under Clifford multiplication just like the ‘first column’ of a
matrix basis for the Clifford algebra.) Notice that (9.1.2) does not
uniquely determine the spinor basis. If {b{*’} also satisfies (9.1.2) then
f@ is a non-zero function on U, such that
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bie = flpio, (9.1.3)

On U, = U,U Ug there must be some local section of C(M), s
such  that b¥ = sbp  But ePpP = pWys = sPp @y =
sBarigalalp(m) §o ealBlgBapie) = gBrigal@pi® and

e®B) = g(Ba)pata)g(Ba)”’ (9.1.4)

Thus certainly s is in the Clifford group [. If the spinor bases are
changed as in (9.1.3) then s = fB)gFa)f@™ It turns out that we can,
in fact, always choose the local bases in (9.1.2) such that the Clifford
elements s relating them on overlaps are in .I[. (It is a standard
result that any I’ bundle is reducible to a . bundle since I'/.T = R",
see for example Kobayashi and Nomizu [23].) On triple overlaps
U,UUgU U, = U,, the Clifford elements relating spinor bases satis-
fy the coherence condition

s@BgBn = glan (9.1.5)

If M is both space and time orientable then we may choose local
orthonormal co-frames related on overlaps by an element of SO*(p,q).
Then if $(M) is a spinor bundle we may choose local spinor frames, as
above, related on overlaps by an element of ,I'*. It is important to
know that such local bases exist; we shall call them standard spinor
frames. (Strictly speaking our definition of a spinor bundle is equivalent
to the usual one only in the orientable case. Without orientability our
definition is equivalent to what would usually be called a pinor struc-
ture.)

If M is any pseudo-Riemannian manifold then we can choose local
orthonormal frames, related on overlaps by an orthogonal transform-
ation, A¥) say. We can choose an s ¢ .T such that y(s¥) = A,
On triple overlaps we must have s@s6 = +5(  In general, we
cannot choose the {s“#} so as to eliminate all the minus signs in these
relations. We can do this if and only if M is a spin manifold.

In the case in which D = H we have required the spin bundle to have
a night H-linear structure. Thus spinor fields can be multiplied by
quaternions. This condition could be relaxed. We know that each spinor
space is a right H-linear space, so locally any spinor bundle must have
this structure. But we could consider the more general case in which
spinor fields can be multiplied by sections of a non-trivial quaternion
bundle, this multiplication commuting with the Clifford action. The
existence of a spinor bundle without the H-linear structure is equivalent
to the weaker condition of having a generalised spinor structure [24].

So far we have only considered bundles of real spinors for the case in
which M is even dimensional. If M is odd dimensional with signature
such that the Clifford algebra is reducible then the central idempotents
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(1 £ z), with z the volume n-form, decompose the Clifford algebra
into simple ideals. So if M is orientable the Clifford bundle splits into
two bundles of simple algebras. In this case we can define spinor
bundles exactly as above and show that there are standard spinor frames
related on overlaps by an element of ,I'*. When the Clifford algebra is
isomorphic to the algebra of complex matrices then certainly any bundle
carrying an irreducible representation of the Clifford bundle has local
bases related on overlaps by elements of the Clifford group. But in this
case we cannot argue that they can be chosen in ,I'" (assuming
orientability); rather they will be elements of ,I'* multiplied by uni-
modular complex functions. The existence of such a bundle is equivalent
to having a Spin€ structure, this being a weaker condition than having a
Spin structure. The case of the complexified Clifford bundle is like that
just discussed. If we assume orientability then the existence of a bundle
carrying an irreducible representation is equivalent to having a Spin€
structure.

In the following we shall assume that M is a spin manifold. Unless we
specifically say otherwise we shall mean by spinor bundle a bundle
carrying an irreducible representation of the Clifford bundle, or its
complexification, such that we have standard spinor frames related on
overlaps by an element of ,I'*. For the case of odd dimensions, or the
complexified case, this is a stronger requirement than that the bundle
simply carry an irreducible representation of the Clifford bundle.

9.2 Inner Products on Spinor Fields

In Chapter 2 we took the space of spinors to be any minimal left ideal
of the Clifford algebra, projected by some primitive idempotent P. In
§2.6 we constructed spin-invariant products on the space of spinors with
values in the division algebra PC(V,g)P = D. We now want to define
spin-invariant products on spinor fields with values in D. Although we
shall use the same notation as in §2.6 now our spinors need not lie in
any minimal left ideal of the Clifford algebra, and the product will take
values in D which is the ‘standard’ algebra isomorphic to PC(V,g)P for
any primitive P.

If we had an inner product defined on sections of the spinor bundle
then we could use this product to establish local canonical bases
(orthonormal, symplectic etc.). On overlaps these canonical bases would
be related by transformations in the invariance group of the product.
Conversely we can use a set of local bases related on overlaps by an
element of ,I'* to define a I *-invariant product on spimor fields. For
the sake of definiteness we assume that the (real or complexified)
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Clifford algebra is isomorphic to the algebra of all (real or complex)
matrices, with the involution & similar to transposition. In this case for
matrices as in (9.1.1) there is a matrix C, symmetric or skew, such that

CyTC-' = —y°. (9.2.1)

If {b{®} is a standard spinor frame, satisfying (9.1.2), then a bilinear
product on local spinor fields is specified by defining

(b, b = Cil (9.2.2)

The product has been labelled with the subscript () since in principle
we have a different product for each U,. We want to show that on U 4
the products ( , )« and (, )¢ coincide, for then we have a well defined
product on spinor fields. First we show that these local products are spin
invariant. For any such local product then (suppressing the («)-
labelling)

(b, e°b;) = (b, byyy) = Cilvi = (C7ly"); = —(y*TC™Y;
by (9.2.1), so
(b, eabj) = _‘yaiiCI:jl = —VZ,'C/:I'I = —vu(bw bj) = —(e*b,, bj)'

Thus for any spinor fields and m e TC(M) (¢, my) ) = (M@, P) 4
and hence these local products are spin invariant, having &n as adjoint
involution. On U,; the standard spinor frames are related by
b = sBap® for sPx) e ,T*. So on U,g

(bgli)’ b;ﬁ))(a) = (s(ﬁ&)bﬁa), s(ﬁa)b;&))(a) = (S(ﬁa)‘”s(ﬁtr)bga)’ b;a))(a)
— {a) @ — ) )
= (b, b{) @) = (b, bP) 4.

Thus for any local spinor fields (@, V) = (¢, ¥) . Hence we have a
well defined product on spinor fields and so omit the neighbourhood
labelling.

We demonstrated the existence of a spin-invariant product on spinor
fields by constructing one using a special basis. That construction does
not, in fact, specify a unique product. For given local orthonormal
co-frames and y-matrices the standard local spinor frames are not
unique. If the local orthonormal co-frames are related by A then the
st e T+ such that y(s@®) = AP is determined up to a sign. So if
{b!*"} is also a standard spinor frame with b® = f@p!® for a local
function f® then on overlaps we must have f¥) = £f@_So a non-zero
function f is defined on M by fly = (sgnf@)f®, with ¢ = £,
So if (b{*’, b)) = (b, b{*), then for any spinor fields f*(p, ¥)' =
(@, ¥). It is easily seen that the choices of orthonormal co-frames,
y-matrices and matrix C cannot affect the spinor product by more than
a conformal scaling. Thus this prescription determines a class of confor-
mally related spin-invariant products.
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Although in the above we assumed for definiteness that &n was similar
to transposition in a total matrix algebra, the above construction
obviously goes through similarly in general. We may analogously con-
struct spin-invariant products with adjoint involution & or, for the
complexified algebras, & or &n*.

If, for M even dimensional, $(M) is a bundle of spinors carrying an
irreducible representation of the complexified Clifford bundle then we
may define charge conjugation on spinor fields. Once again, although
we know that we can do this locally, we have to check that we can do it
globally. We therefore give the definition locally using a standard spinor
frame and make sure that it is consistent on overlaps. From (2.7.9) we
know that there is a matrix m such that

y** = m~'ym, withm* = £m "L (9.2.3)

On U, the operator c(«) is defined by
P = (bY@ = b m ™. (9.2.4)
If #(a) is the local operation on spinor fields that complex conjugates

the components in the b{* basis then we use the same symbol to denote
the automorphism of the complexified Clifford algebra defined by

(ap)*®) = g*@yp*@) (9.2.5)

Thus if ab!® = b{®a; then a*®b!” = b{¥g,;*. (Care is needed with the
notation. By a;* we mean the complex conjugate of the components of
a, whereas a*,,- are the components of the Clifford element a*. The
difference between these is the difference between * and #(«).) If m@®
is the local Clifford form such that m@b{ = b!®m; then it follows
from (9.2.3) that

at*@ = @7 g% (@) (9.2.6)
SO
(aw)[(a) - (bga)ajiwi)c(n) — bia)’nkl_al_i*wis — m(d)b}tr)aji*wn
= m@g#H@p@yi" = m(a)a#(a)m(a)”w"(“) = g*ycle),

If we expand y as y=bPy then y® = bPm,y™* but y =
sBOp Myl 5o

wc(a) — S(ﬁa)*b}a)mﬁwi‘ — bsﬁ)mﬁwi*

since 5" = 5B for s®¥¥ e I'*. Hence the operations ¢(«) and c(B)
agree on U,z and we have a well defined operation of charge conjuga-
tion, denoted ¢. If M is odd dimensional the complexified Clifford
algebra is semi-simple. In this case either * or n* is a conjugate-linear
involuntary automorphism of the simple component algebras. In the
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latter case we can define charge conjugation using n* instead of *.

In even dimensions we have spin-invariant products on the real spinor
bundle with adjoint involutions § and &n. The automorphism 7 is inner
with a" = zaz ! for z the volume form. Using a subscript to label the
product by its adjoint involution we have

(W» (p);‘n = (’w’ Z‘P)g- (927)
In the complexified case we have similarly
(¥, @) = (¥, @) (9.2.8)
and
(w’ (p)ign* = (WC, Z(P)g . (929)

For a semi-simpie real Clifford algebra there is a product on the
semi-spinors associated with either § or &n. When the real Clifford
algebra is isomorphic to complex matrices then either & or &n is
associated with a complex bilinear product, the other being associated
with a conjugate-linear product; the products being related by ‘charge
conjugation’ defined using 7. For the bundle of complex semi-spinors in
odd dimensions then either & or &n is associated with a complex bilinear
product; either &* or &n* being associated with a conjugate-linear one.
The products are related by ‘charge conjugation’ defined with either *
or n*.

9.3 Covariant Differentiation of Spinor Fields

In a similar way to that used to show the existence of a spin-invariant
product we can define covariant differentiation of spinor fields using a
standard spinor frame. We will first follow this most direct approach.
We may then observe that the spinor covariant derivative has certain
properties. In fact these properties completely determine this covariant
derivative as we will then show. For most purposes it is sufficient to
know that a unique covariant derivative having these properties exists. It
is customary to use the symbol V to denote covariant differentiation of
spinor fields as well as of tensor fields; the meaning depending on what
it acts on. We prefer to use a separate symbol S to denote covariant
differentiation of spinor fields. Although we shall only reaily be con-
cerned with the pseudo-Riemannian connection on M it should be
apparent that the discussion here is equally applicable in the case of
non-zero torsion.

If {e“®} is a local orthonormal co-frame then, from (8.1.5) and
(8.1.6), we have Vyeo® = [0'9,e?®] where 0 = loi®(X)e*@. We
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can use this local orthonormal co-frame to define a standard spinor
frame satisfying (8.1.2). We can introduce a covariant derivative S of
local spinor fields by defining

SOb@ = b, (9.3.1)
If 9@ is an arbitrary local spinor field then S% is defined by
Syl = SP(bYy) = SPby' + bV X (y). (9.3.2)

The components ' are D-valued functions and the above requires that
we know how to differentiate these. Quaternionic or complex-valued
functions are differentiated as ordered quadruples or pairs of real
functions; that is, the algebra D has a parallel basis. Of course, we will
want to show that if vy is a local spinor field defined on U, then
S@y = SPyp. We will then have a well defined covariant derivative on
arbitrary sections of the spinor bundle and can drop the label («). First
we show that a consequence of the definition (9.3.1) is that the local
spinor covariant derivatives obey a ‘Leibnitz’ rule. If A is an arbitrary
1-form on M with ¥*) a local spinor field then

SPAYD) = SP(Aeb V') = SP(ADLDyiy')
= X(A)bPyiw' + A, 09bPviv' + AbPyiX(v)
= X(A)ey'® + oPAY® + AbE X (y)
= VAP + Aoy + AbWX(y')
by (8.1.8), so
SP(AY) = VAP + ASPy.

Since this is true for all local y® and the 1-forms generate the Clifford
algebra we have

SO(ayp®) = Vyayp® + aS@y@ (9.3.3)

for any Clifford form a. If now v is any spinor field then on U, we
have

SPy = SPOYY) = oy + bV X ().
But on U, we have b = s¥2p® for s e ,T *, so
S¥w = SPGBy
= VysBOp @yl 4 sBg@p ey + s(ﬁ“)bf“)X(w")
= VXs(ﬁﬂ’)s(ﬁﬂ’)i‘w —+ s(ﬂ”)o&}')s(ﬁaylw + bEﬁ)X(wl)

Hence from (8.1.9) we sce that Sy = S¥y and we have a covariant
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derivative Sy defined on arbitrary spinor fields such that Syy® =
Si\f})w(ﬂ)_

We have shown the existence of this spinor covariant derivative by
specifying it in standard local spinor frames. These standard spinor
frames were also used to introduce a spin-invariant product. Suppose
that (, ) is any such D-valued product with (b{®, b®) = C;' for some
constant matrix C. Then if y and @ are arbitrary spinor fields with
y=b"y onU,

(qu}’ (p) + (q}’ SX(p) ) .

= (oY + bPX(Y), @) + (v, 0¥ + bV X(¢)).
Since o' is a real 2-form o = —0p for any $ that is the adjoint
involution of a spin-invariant product. Hence

(Sxv. @) + (¥, Sxp) = (b1 X(y"), ) + (v, bI¥X(¢))
= (X(w)Y Ci'e" + (v') Ci'X(¢")
where the product is D’-linear in the first variable. Since
(X(9")) = X((y')’) and the matrix C ! is constant
(SX“,U, (p) + (wv SX(p) = X(w7 (p) . (934)

Thus, in this sense, the spinor covariant derivative is compatible with
any spin-invariant product for which the standard spinor frames are a
‘canonical’ basis. In particular, for the complexified case, Sy is compati-
ble with both a complex bilinear and a Hermitian product, related as in
(9.2.8). Thus the covariant derivative commutes with charge con-
jugation,

Sx¥* = (Sxw)". (9.3.5)
This follows directly from (9.2.4) since the matrix m is constant.

Having defined a covariant derivative in a particular basis we have
observed the properties (9.3.3), (9.3.4) and (9.3.5). We will now show
how any covariant derivative satisfying these axioms is unique. Obvi-
ously Sy should map spinor fields to spinor fields. We shall require
F-linearity in X

S = fSx (9.3.6)
the ‘Leibnitz’ rule
Sx(ay) = Vyay + aSyy VaelC(M), VyeT$(M) (9.3.7)
and compatibility with some spin-invariant product

(Sx¥. @) + (v, Sx@) = X(v, ¢). (9.3.8)
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Given an § that satisfies these axioms, is it unique? Suppose that S
also satisfied the axioms above. Then if Ly = §'y — Sy we have

Ly:T$(M)— T'$(M) (9.3.9)

Ly = fLy (9.3.10)

Lx(ay) = aLyy (9.3.11)

(@, Lxy) + (Lxg, ) = 0. (9.3.12)

Equation (9.3.11) says that Ly commutes with Clifford multiplication,
so L yy = ypy for some D-valued function py. Putting this in (9.3.12)
gives

(@, yox) + (pox, ) = 0.

If the product is D’-linear in the first variable then, since py € D.

(@, Y)px + Pile, ¥) = 0. (9.3.13)

The D-linearity in vy ensures that ¢, ¥ — (@, ¥) maps [$(M) x [$(M)
onto D, so we can choose ¢ and v such that (¢, y) = 1. This shows
that p) = —py, and if this is substituted into (9.3.13) then we see that
px must be in the centre of D. If D is one of the central algebras R or
H then we must have py = 0. Similarly if D = C with j the identity
involution. However, for the remaining case of D = C and j complex
conjugation then py can be any imaginary function. Since the mapping
X — py 1s required to be F-linear (by (9.3.6)) then if Sy satisfies
(9.3.6)-(9.3.8) then so does Sy, with

Sy = Syy + IAX)Y (9.3.14)

for any real l-form A. Thus if the spinors carry an irreducible
representation of a (real or complexified) Clifford algebra that is
isomorphic to complex matrices then requiring compatibility with a
pseudo-Hermitian spinor product leaves the freedom to add an arbitrary
U(1) term to the covariant derivative. We can remove this arbitrariness
by also requiring (9.3.5) to hold. This is equivalent to requiring that the
covariant derivative also be compatible with a complex bilinear product.
Because the different spin-invariant products are related as in (9.2.7)
and (9.2.8) then the spinor covariant derivative is simultaneously com-
patible with all.

Exercise 9.1
Show that if Sy satisfies (9.3.5)-(9.3.8) then there are standard spinor
frames such that Syb(® = @b,

In §2.6 we used a D-valued spin-invariant product to map a spinor
into the D-linear dual space. We will use the definition and notation of
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(2.6.7) for spinor fields. When our spinor space was a minimal left ideal
of the Clifford algebra then the D-linear dual space is naturally
identified with a minimal right ideal, and for a spinor @ and dual spinor
Y we have @ in the Clifford algebra. Although the notation of simply
]uxtaposmg the spinors is a slight liberty when the spinor fields are not
in the Clifford algebra we still have a mapping taking a spinor and a
dual spinor to the Clifford algebra; ¢,y —> @y where

(e9)p = 9(Pp) = @(¥.p) Vpel$(M). (9.3.15)

If the adjoint spinor 1 is defined with respect to a product with which
Sx is compatible then we have the useful relation

Vi(py) = Sxop + ¢Sxy. (9.3.16)

This follows by differentiating (9.3.15); using the Leibnitz property on
the left-hand side and the metric compatibility on the right-hand side.
The curvature operator of S is defined in the obvious way,

S(X,Y) = {Sx,Sy] - SIX»Y]' (9317)

There is always a local basis in which Syb, = oxb;,, and hence
S(X,Y)b; = Ryyb; where Ry is defined in (8.1.10). Since the curva-
ture operator is F-linear then for any spinor field

S(X, Y)Y = Ryyy. (9.3.18)

Using (8.1.13) and (for zero torsion) (8.1.14) we can write this in terms
of the curvature 2-forms giving

S(X,Y)y = —liyiyRue®y (9.3.19)
or
S(X,Y)y = Le?(X)et(Y)R . (9.3.20)

9.4 Lie Derivatives of Spinor Fields

Because the Clifford product involves the metric then unless the vector
field V is Killing the Lie derivative £, will not be a derivation on
Clifford products. It follows immediately that there can be no ‘Lie
derivative’ on spinor fields such that the obvious analogue of the
‘Leibnitz’ rule (9.3.7) holds for arbitrary vectors. Although one could
call any operator a ‘Lie derivative on spinor fields’ the utility of such a
definition depends on the consequent properties. So we can anticipate
that any definition of a Lie derivative on spinor fields will really only be
useful for Killing vectors. We shall notationally distinguish the Lie
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derivative operator on spinor fields from that on tensor fields by using
the symbol £ .

We shall first parallel the initial treatment of the spinor covariant
derivative by using a standard spinor frame. We shall show that for a
Killing vector the Lie derivative of an orthonormal co-frame can be
written as a Clifford commutator. Thus defining the Lie derivative of
the associated spinor frame to be mulplication by the element that
enters into that commutator ensures the ‘Leibnitz’ property. In (6.13.1)
we introduced the operator Ay =%, — V, satisfying Ay(fo) = fAve
for any function f and differential form ¢. Since A, is a derivation on
the exterior algebra we have

Av(p:Avea/\iX“(p V(PGFAM

We can use (8.1.2) and (8.1.3) to write the interior and exterior
products in terms of Clifford products, producing

Avp = j[Ave pe,, @] + SixAve'p — 3(Ave’@le, + e, T A pe%).

The Clifford commutator is a Clifford derivation. The 2-form A ye¢ A ¢,
can be written in terms of the exterior derivative of V. Since A,
commutes with contractions and Af = 0 for fe F(M), if {e*} and {X,}
are dual bases and A,X, = m,’X, for some matrix m,® then
Ayve’ = —m,be?. Then Aye“ e, = —m,%’ xe, = m,le, r e?, using
the antisymmetry of the exterior product, so Aye® pe, = AT)?,,Ae"-
Now Ay X, =[V,X,] - VyX,, so if V is torsion free A X, = -V, V,
thus
Avet ne, = e \VyV =e" \Vy V =dV (by (4.7.4)).

The remaining terms in the expression for Ay in general prevent it from
being a Clifford derivation. If written in terms of the matrix m,” then
only the symmetric part enters:

liyAve'ep — [(Ave'@le, + e,@"Aye")
= —lmog + L + mu)(gren + ergeh)

using the wusual index-lowering convention. Since g(AyX,, X,) = mg
and A, commutes with contractions

Myp + My, = _AVg(Xu: Xb)
The metric compatibility of V enables us to write Ayg = £ g and
Avp = [1dV,g] + 1£,8(X,, X)¢
— 1 Ev8(X,, Xp)(ebgle + e*gpe?). (9.4.1)

Thus, as expected, Ay. and hence £, is a Clifford derivation if and
only if V is a Killing vector.
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If K is a Killing vector then the above simplifies to

Pxep =V + [1dK. ¢] . (9.4.2)
So if {e?} is an orthonormal co-frame we have, from (8.1.6)
Fret =[og + MK, €] (9.4.3)

where o = jixw,e??. Under Lie transport along the flow of an
isometry an orthonormal frame undergoes an orthogonal transformation.
The Lie derivative gives the infinitesimal transformation, representing
the Lie algebra of the orthogonal group on the frame. Analogous to the
way in which we introduced the covariant derivative we can define the
Lie derivative on the associated standard spinor frame to be given by
left multiplication by the element that appears in this commutator: that
is

Lyb, = (0g + 1dK)b,.

If w=0b and £y = b,K(p) + Lgb;y' then, recalling the defini-
tion of the covariant derivative, we have

Lo = Sgy + dKy. (9.4.4)

Such a definition can (and will) be taken for the Lie derivative on
spinors with respect to an arbitrary vector, but only in the case of
Killing vectors is there a clear geometrical interpretation with ¥ having
useful properties.
When K is a Killing vector then, like Sg, £ satisfies a ‘Leibnitz’
property:
Erlay) = Lay + a¥gy. (9.4.5)

This follows from (9.4.2) and (9.3.7). If % is the spinor adjoint to 1,
with respect to any spin-invariant product, then for K Killing

Lx(pP) = Lxop + ¢E . (9.4.6)

If the Lie derivative is written using (9.4.2) then this follows from the
analogous property of Sy, (9.3.16).

Equations (6.13.13) and (6.13.14) give the commutator of a Lie
derivative with a covariant derivative. We now obtain the analogous
expression for the spinor operators. This will be useful for examining
the covariances of spinor equations in the next chapter. Straight from
the definition we have

[£x.Sv] — Sy = S(K,V) = 1VydK.

The curvature of S is given in (9.3.20), and V,dK can be expressed as
in (6.13.9) to give

[gK,Sv] - S[K,V] = —%VX"gKg(V,Xa)eb". (947)
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For the special case of K a conformal Killing vector with
Lig = 2)g AeF(M) (9.4.8)
the above simplifies to
[£x.5v] — Sy = —1dAA V. (9.4.9)

We can use the commutator of the Lie derivative with a covariant
derivative to evaluate the commutator of two Lie derivatives,

[£x. Evlv — L1x Y
= [Lx Syly — Sy + i2x(dYy) — 1dYLyy — 1d[X, Y]y
From (9.4.1)
Lx(dYy) —dVLyyp = £xd Yy — [Lxg(X, X)dYy
+ 1P g(X,, Xp)(etdYe? + e?dYel)y
and since

etdYe® + esd Vet = 2gdY — 2(e? AipdY + €? NixdY)
then

12 ,8(X,, X,)(etdY e + e?dYe?)

= {2x8(Xo X)AY — (Exg(X, Xp)et Aipd Y.
It follows from the definition of ¥ that

PyY = £ + Lya(Y, X,)e.
Since the Lie and exterior derivatives on differential forms commute
£xdY = d[XY] + d(£xg(Y, X,)e*)
= d[X,Y] + Vy Lyg(V,X,)e" + £4g(V4, YV, X,)et
thus _ s
Ly(d¥y) —dY&yy — dX, Y]y
= Vy,Lxg(Y, X )e"y + Ex8(Vy,Y, X, ey
— 1P g (X X,p)e nixdY.

Returning now to the commutator of the Lie derivatives we use (9.4.7)
to obtain

[£x, £y] -~ g[x, Y] = %gxg(VXbY» Xa)eb" - éEBXg(Xm X,)et /\iX”d?-

The right-hand side may be simplified so as to exhibit explicitly the
antisymmetry in X and Y:

e AipdY = AV Y — iy ch?f«’"c
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SO
22x8(Vy,Y, X,)et — Lxg(X,, Xp)e’ AlpdY
= —2x8( X, Xp)ixe Vi Yo —Lyg(X,, X,)ig Vi Ve
Use of Killing’s equation, (6.13.3), produces the final result
[£x, £y] — $xy = — s x8( X, Xp)Eyg(X%, X )e*. (9.4.10)
If either X or Y is conformal Killing then the right-hand side vanishes.

Exercise 9.2
Show that if {K;} is an algebra of Killing vectors in flat space then

Hint: write out the commutator of two spinorial Lie derivatives in terms
of the curvature of S.

9.5 Representing Spinor Fields with Differential Forms

When M is even dimensional we can take as spinor bundle any bundle
carrying an irreducible representation of the real Clifford bundle C(M).
For the special case in which M is topologically R" with a flat
pseudo-Riemannian metric then we have a spinor sub-bundle of the
Clifford bundle. Let {é%} be a global parallel orthonormal co-frame.
Then for some choice of constant y-matrices there is a global matrix
basis {e;} for Clifford forms such that é‘ = yje;. Elements of this
matrix basis can be written as Clifford polynomials of the paraliel
co-frames with constant coefficients, and so are parallel. Then $(M) is a
spinor sub-bundle of C(M) if the fibres of $(M) are the minimal left
ideals spanned by {e;}. Sections of $(M) (spinor fields) are in-
homogeneous differential forms. The pseudo-Riemannian connection V
induces a connection on $(M). In fact this is easily seen to be the
spinor covariant derivative, generally denoted S, for this particular
spinor bundle. We can of course always choose non-parallel co-frames,
say e® = sé% ! for se ,I'*, with Vye® = [0y, e°] for oy = Vyss~!. The
corresponding standard spinor basis is {b, = se;;} satisfying
Vxbi = oxb;.

If T denotes the involution of transposition in the matrix basis {e;}
and C is the Clifford element such that a® = Ca’C~! then a spin-
invariant product on sections of $(M) is given by

(@, ¥) = Fo(C'e™y). 9.5.1)
Notice that the 0-form projector ¥, gives a product with values in the
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real numbers rather than the isomorphic algebra with e,; as identity.
For the special spinor bundle here this product accords with the general
prescription of §9.2.

Although for this particular spinor bundle the connections S and V
coincide there is still a need to distinguish £, from £,. For K a Killing
vector these are seen, using (9.4.2), to be related by

Lry = Ly + pdK. (9.5.2)

The Lie derivative £ does not induce an operator on the sub-bundle
$(M): it does not preserve the minimal left ideals. The addition of the
second term ensures that £y e [$(M) for all Y e T$(M).

In the above we showed how in flat space we had a spinor sub-bundle
of the Clifford bundle. This is a very special situation. In general a
manifold can admit a spinor structure without the Clifford bundle having
a spinor sub-bundle. The following exercise illustrates this point.

Exercise 9.3

(i) Let / be any minimal left ideal of C,,(R). Show that there is a
unique vector a such that ya = y, Ve l. Hint: Take an orthonormal
frame {e',e?} and construct a matrix basis using P. = }(1 £ e'). Then
if Iy = C,o(R)P, then [ = I,S for some invertible S. Expand S in the
previously constructed matrix basis and explicitly construct the a such
that P, Sa = P,S.

(i1) Argue that the real Clifford bundle of a two-dimensional sphere
does not contain a spinor sub-bundle of minimal left ideals (since there
is no non-vanishing vector field on a sphere). The sphere does,
however, admit a spinor structure.

We have emphasised that we cannot in general find a spinor sub-
bundle of the Clifford bundle, and thus cannot in general identify spinor
fields with certain differential forms. However, we can if we wish always
do this locally. For each open neighbourhood U, of M we can choose a
local basis for the Clifford algebra {e{'Q{"}. The local matrix frame
{e{®} commutes with the basis {Q{"} for the division algebra. On U,
there is a local Clifford form $# such that e’ = S¥®e()(S¥®)~1 and
QP = §60Q(SB0Y)=1 If [ is the minimal left ideal spanned by the
first column of e{” and D is the ‘standard’ division algebra with basis
{g} then I*®) is a right D-module with the rule e!'q, = eV Q{*. If we
can choose the S coherently, that is S©ASB) = §@1 on U, then
we can define an equivalence relation between [(®) and I¥ on U 4 to
form a spinor bundle. Thus the S©® can be chosen coherently if and
only if M is a spin manifold. If this is the case then for (e [\ and
MelP  p,qe U,z we define the equivalence relation by

¢!
Y ~ @l iff p = g and g = PI(SBI)-1 (9.5.3)
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The resulting equivalence classes of differential forms form a bundle.
On U, we may represent a section of this bundle by a differential form
lying in the minimal left ideal /(®), on Uz we may choose a representa-
tive form in 9, these being related on U,s by the above relation. If a
is an arbitrary Clifford form and ¢ € D then for ¢®¥ ~ y® we have
apPq ~ ay'@q so, indeed, this bundle is a spinor bundle, carrying an
irreducible representation of the Clifford bundle with a D-linear struc-
ture. Although sections of this bundle are not differential forms, but
rather equivalence classes of local differential forms, we may represent
local sections with any differential form in the class. However, the
connection V does not induce a connection on this bundle (in general).
The pseudo-Riemannian connection will not preserve the minimal left
ideals /¥, and we need to distinguish between it and the spinor
connection S.

Although it can be convenient to represent a spinor field locally by a
differential form this can never be more than a matter of taste. Given
that the spinor bundle carries an irreducible representation of the
Clifford bundle we can define spin-invariant products, covariant differ-
entiation etc, and the properties of these do not depend on how we
choose to represent spinor fields.
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10

Spinor Field Equations

10.1 The Dirac Operator

The Dirac operator gets its name from its appearance in Dirac’s wave
equation for the electron. It is now usual to extrapolate the nomen-
clature from this spacetime setting to mean by Dirac operator any
operator of the form of that occurring in Dirac’s wave equation. There
is no clear concensus on how far this extrapolation is to go. We shall use
the terminology as follows: if Sy denotes covariant differentiation with
respect to X of sections of a bundle carrying an irreducible represent-
ation of the (real or complexified) Clifford bundle then the Dirac
operator on sections is §= e°Sy. The co-frame {e*} is dual to the
arbitrary tangent frame {X,}. Sometimes mathematicians use the
terminology more liberally to mean by Dirac operator any operator of
the above form where Sy is any covariant derivative on sections of a
bundle carrying any representation of the Clifford bundle. We will
mostly be concerned with the Dirac operator on sections of a spinor
bundle with the covariant derivative Sy of §9.3.
The Dirac equation for a complex spinor field y is

By = py (10.1.1)

where p is a complex constant. The nature of the manifold may restrict
the eigenvalue u to certain real or imaginary values. In other cases we
may only be interested in real or imaginary eigenvalues for physical
reasons. If S is the standard spinor covariant derivative of §9.3.1 and
A is a U(1) connection 1-form then a U(1)-covariant spinor derivative is
given by

SPy = SPy + giA(X)y (10.1.2)

where ¢ is the ‘charge’ coupling constant. The original equation of
Dirac involved such a U(1)-charged covariant derivative
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Exercise 10.1
Show that 7 (X, Y)y = SO(X, Y)y + iqixiyFy where F = dA.

In even dimensions the spinor representation of the complexified
Clifford algebra induces a reducible representation of the even sub-
algebra. If ¥ is proportional to the volume form with %2 =1 then a
complex spinor vy is reduced into ‘Weyl’ spinors y* carrying irreducible

representations of the even subalgebra by
p* =31 = Hy. (10.1.3)

The projectors 3(1 £ %) anticommute with members of the co-frame
{e?} and are parallel. So if y satisfies a massless (u = 0) Dirac equation
then so do the Weyl spinors ¥ ~. Such massless equations for the Weyl
spinors are known in physics as Weyl equations.

Spinors of the real Clifford algebras can also be subjected to the
Dirac equation (10.1.1) (with u real). For signature (p, g) satisfying
p—q=0,2 mod8 the real Clifford algebra is a total real matrix
algebra and the spinors are known in physics as Majorana spinors. In
this case the Dirac equation may be known as a Majorana—Dirac
equation. (Although the eigenvalue y in (10.1.1) can be taken to be any
real constant such an equation can not be obtained from a variational
principle. Without recourse to ‘anticommuting’ parameters a variational
principle will only give a Majorana—Dirac equation with zero eigen-
value.)

As we remarked at the beginning of §9.5, for the special case of a flat
parallelisable manifold the Clifford bundle contains a spinor sub-bundle
of minimal left ideals. The pseudo-Riemannian connection V induces the
spinor covariant derivative on this sub-bundle. Thus in this case the
operator d, restricted to sections of this spinor sub-bundle, is a Dirac
operator on spinor fields.

One of Dirac’s requirements for his equation for the electron was that
the components of the field should satisfy a Klein—~Gordon equation. As
we have just noted above the operator d, which squares to the
Laplace-Beltrami operator, induces a Dirac operator on spinor fields in
flat space. So this Dirac operator squares to the Laplace-Beltrami
operator, acting on differential forms in the spinor sub-bundle. More
generally, the square of the Dirac operator is known as the spinor
Laplacian. We have

(B9 = €Sy, (e*Sx, )
= debSy p + i(e%" + e%e?)Sy Sx, v + (€%’ — ePe?)Sx Sy,
=de’Syy + SxSxy + 1e®[Sx., Sx]¥
= de'Sxy y + Sy Sxy + 1e®S(X,, Xp)¥ + 1e™S(x, x,¥-
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Now [X,, X,] =ixiyde‘X ., and so
%e“bS[Xm Xh]w = _dt’cSX{w.
gives
By = ixVxetSy ¥ + Sy Sxtp + 1e”S(X,, X,)y.

Using (9.3.20) the curvature operator of S can be written in terms of
the curvature 2-forms to give

168 (X Xp)¥ = iR, ey

From (8.1.17) we have, for zero torsion, R, e’ = —%R, the curvature
scalar, and so

B2y = (Sx + ix,Vye) Sy, v — iRY. (10.1.4)

Exercise 10.2
Analogously express the Laplace-Beltrami operator as

¢2(I) = (VX" + iX,,VX”ea)VX,,q) - %g}t(b - ‘%Rcd(I)ECd.

10.2 Covariances of the Dirac Equation and Conserved Currents

Generally we expect equations formulated on pseudo-Riemannian mani-
folds to have a covariance corresponding to any isometries. For exam-
ple, in 85.4 we showed how the Lie derivative with respect to a Killing
vector maps solutions to Maxwell’s equations into new solutions. In the
same way we may use the Lie derivative on spinors to obtain new
solutions to the Dirac equation in spaces with isometries.
For a vector field K we have
Lib = (Vie® + J[dK, e?])Sx, + e2% Sy,

If now K is a conformal Killing vector, with £ g = 24g, then for A any
l-form £xA = VgA + {[dK, A] + AA. This follows from (9.4.1) and
the observation that for X, a p-form

e, Xpe’ = (n — 2p)X; (10.2.1)
SO

£yf= Le’Sy, — A5+ e*L Sy
= Fye'Sy — A+ $Lx + 'Sk x) — ie’(dAne,)
by (4.4.9). Since £ (e?(X,)) = 0 then Lye“Sy, + €Sk x,) = 0, and
e(dAne,) = e p(dh ne,) + i%(dR ne,) = X,(A)e® — ndA = (1 — n)da
so [£x., 8] = —A8 — (1 — n)dA. Since S(Ay) = dAy + ASy this may be
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written as
[£4 + 3(n — 1)A, 5] = —A8. (10.2.2)

If K is a Killing vector (A =0) then ¥, commutes with the Dirac
operator and if v satisfies the Dirac equation (10.1.1) then so does
£ xy. For the massless case (u = 0) we also have a covariance for K a
conformal Killing vector: if §y = 0 then $[£ 4 + }(n — D)A]y = 0.

Out of any two solutions to the Dirac equation we may construct a
closed (n — 1)-form. For definiteness we take (,) to be a Hermitian-
symmetric product on complex spinors with §n* as adjoint involution.
Then Re(,) is a real-valued symmetric product. If we express an
(n — 1)-form $ as $ = j,e“z, with z the volume n-form, then

d} = eb A VXhanaz) = eb A (VijaeaZ + jaVXbea(Xc)eCz)'

Now e? A (e92) = eb Niyz = —iy(e® p z) + g%z = g%z, 50
d$ = (Vxi, + 10 Vx,e%,)z. (10.2.3)
Taking
3 = Re(y, e, p)e’z (10.2.4)
gives

d$ = Re(Sx,y, e“g)z + Re(y, $9)z = —Re($y, @)z + Re(y, §¢)z

where the covariant derivative Sy is compatible with the spinor product.
(This covariant derivative could contain a U(1) coupling.) Thus if
Sy = uy, for u real, and similarly for ¢, then d$ = 0. In this way we
obtain a conserved current (a closed (n — 1)-form) from any pair of
solutions to the field equations. (Had we taken a spinor product with &*
as adjoint involution then the form $ would be closed for spinors
satisfying the Dirac equation for an imaginary eigenvalue.) If ¥ is the
adjoint to y with respect to the Hermitian-symmetric product then
(. e.p)e? = Fo(ye,ple’ = Fo(pye,)e’ = Fi(py). So the (n—1)-
form in (10.2.4) can be written as

$ = Re¥(py)z = *Re¥ (py). (10.2.5)
In particular, taking ¢ = iy in (10.2.4) gives the U(1) current
$ = (y, ie,yp)e’z. (10.2.6)

This current would provide a source for the equation (such as Maxwell’s
equation) for any U(1) field entering into the spinor covariant deriva-
tive.

We now only consider the Dirac equation without a U(1) coupling.
The presence of isometries, generated by a Killing vector K, ensures
that if y is a solution to the field equations then so is ¥ y. We thus
have the associated closed currents
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$x = Re(y, e, Lxy)ez. (10.2.7)

10.3 The Dirac Equation in Spacetime

In Chapter 5 Maxwell’s theory of Electromagnetism was formulated in a
Lorentzian spacetime. Together with relativistic mechanics this theory
provides a good description of phenomena involving the electromagnetic
interactions of charged matter. However, new phenomena sometimes
occur (for example, when the energies involved in the interactions
exceed certain critical values) that cannot be understood in terms of this
theory. For instance, a faint green beam of light continues to liberate
electrons from the surface of certain metals even when its intensity is
reduced. Or, a strong magnetic field can be used to create pairs of
particles. Furthermore, the very stability of atomic matter is not readily
comprehensible in terms of a classical theory that predicts radiation
from accelerating charged particles. For these and other reasons quan-
tum mechanics was devised. Originally it provided an explanation of
non-relativistic phenomena in domains in which classical mechanics was
inadequate. The many-body version of this approach (in which the
behaviour of a fixed but indefinite number of particles is accommo-
dated) gave rise to a new formalism known as field quantisation. These
methods were successfully extended to Maxwell’s theory, in which the
role of the classical field was replaced by some operator in an infinite-
dimensional projective space of photon states. Historically it soon
became clear that the classification of elementary particle types in
Nature was intimately connected with the dynamical equations involving
the respective field operators. Fields were clasified as bosons or fer-
mions according to the observed behaviour of the respective many-body
states. This classification was correlated according to whether they
carried a representation of the rotation group SO(3) or its covering
group SU(2).

It was Dirac’s famous equation for the electron—positron field that
gave the impetus to the development of relativistic field quantisation
and remains a cornerstone in the development of quantum field theory.
As a single-particle theory (that is, where particle and antiparticle
creation can be ignored to a first approximation) this equation gave a
more accurate account of certain atomic spectra and the behaviour of
electron beams in weak electromagnetic fields. Ingenious methods have
since been invented to include the quantised radiation field in the
theory. Some of the refined predictions of quantum electrodynamics
provide examples of the most successful predictions in theoretical
physics.
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Although it is beyond the scope of this book to enter into the realms
of the quantum field theory of electrons and positrons it may be noted
that such a formalism does require as an important ingredient a basis of
solutions to the Dirac equation. These are put into correspondence with
a basis of states used in the construction of the quantum theory. In
Minkowski space a basis of such free-particle states may be labelled by
the eigenvalues of a set of Lie derivatives with respect to a set of
commuting Killing vectors.

In recent years field theories on non-flat spaces have become in-
creasingly relevant. We mention three examples. In order to study the
behaviour of electrons in a superconducting toroid one must look at
spinor fields on a space with a non-trivial topology. Phenomena assoc-
iated with different types of boundary conditions on the electron field
arise and may provide a geometrical interpretation of low-temperature
electron states. Secondly, spinor fields on a dynamical string can be
formulated in terms of a Dirac equation on a two-dimensional surface.
Some believe that such a picture may underlie a viable model for all the
basic forces in Nature. Finally we mention that in 1976 great excitement
was generated by the construction of certain theories in which spin-3
fields were coupled to gravity in a manner that gave rise to new
symmetries. Such supersymmetries were expected to ameliorate certain
difficulties that arose when attempts were made to extend to gravitation
the methods used to make successful quantum electrodynamical predic-
tions. It is now thought that such effective-field theories are
phenomenological remnants of a more general theory in which spinor
fields in higher dimensions play a crucial role.

In any phenomenological description of spinor fields and gravitation
there is one aspect that deserves comment here. Although it is possible
to construct a symmetric divergenceless stress tensor for a spinor field
(this is given in the next section) it does not manifestly satisfy the
positive-energy conditions mentioned in Chapter 7. This is analagous to
the indefinite sign of the energy of a Dirac field in flat spacetime and is
a reflection of the existence of antiparticle states in that case. This is
one reason why a quantum interpretation is mandatory in order to give
a cogent interpretation to Dirac’s theory. In an arbitrary gravitational
field, however, there is no natural way to define positive- and negative-
energy states and the simple interpretational scheme used to interpret
the quantum field theory in a flat space evaporates. It may be of course
that the energy conditions are excessively restrictive when applied to
spinor fields coupled to gravity, or that in a more fundamental theory of
gravitation involving many fields no relevance should be attached to the
stress properties of a single field. Although the resolution of this
dilemma must await a more coherent synthesis of quantum field theory
and geometry it is unlikely that the formulation and properties of spinor
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field equations on a manifold will cease to be important.
The Dirac equation for a complex spinor (a Dirac spinor with unit
charge) y on spacetime is

Sy + 1Ay = my (10.3.1)

where we have explicitly exhibited the U(1l) interaction with the
electromagnetic 1-form potential A. The real eigenvalue m will be
interpreted as a mass. The spinor field provides an electromagnetic
current 1-form j,

j=%(Gyy) (10.3.2)

where v is the spinor adjoint of y with respect to the pseudo-Hermitian
product whose adjoint involution is §n*. The Maxwell 2-form F = dA
satisfies

OF = j (10.3.3)

with 6 the co-derivative of (5.4.2).

The electromagnetic current 1-form j is future-pointing and timelike
for any spinor y. The argument that this is so is algebraic. We first
consider the charge density p = (v, ie’y). If we took the spinor adjoint
as in (2.8.13) then the positivity of p would follow immediately. The fact
that the spinor adjoint can be cast in this form follows ultimately from
the positivity of the metric on the three-dimensional spacelike sub-
spaces. It is instructive to argue the positivity of p directly from
properties of the various spinor products. Let {e“} be a local orthonor-
mal co-frame and % = ie'?® such that 22 =1. Let u, be a spinor such
that Zu, = eu,, with € = £1. Then u, carries a semi-spinor representa-
tion of the subalgebra generated by {e!,e?, e’}. Let (,)s: be the
pseudo-Hermitian product associated with &+ then

(uev ue')&* = (82u£’ us’)f:‘* = e(ue’ EF*ug,)S* = gg'(us’ ue')$*~
If a four-dimensional spinor y is decomposed as ¢ = u, + u_ then

(wﬂ IP)S* = (u+’ u+)';’* + (u—, u,)g*.

We know from §2.7 that & is the adjoint of a zero-index product on the
semi-spinors of the three-dimensional subalgebra, whereas the product
on four-dimensional spinors is of maximal index. Let us suppose that the
product on four-dimensional spinors induces a positive-definite product
on u, and a negative-definite product on u_. For three-dimensional
semi-spinors we have

(e ie®u,) = e(u,, 129 eu,) = e(u,, 1e'Zu,) = e'(u,, ie'u,).

So the charge density p is diagonal in the three-dimensional semi-
spinors:

p=(u,, ieu.) + (u_,ieu_).
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Now

(ug, ie%u,) = e(u,,ie%ie'>u,) = e(u,, zu,).
The volume 4-form z relates the products associated with §n* and &* so
that we have (u,, ie®u,) = &(u,, u,)s and

P=(uy,up)e — (U_, u_)e. (10.3.4)
Thus p is positive-definite or zero since the first product is positive-
definite and the second negative-definite.

To show that the charge density is positive-definite above we split the
four-dimensional spinor into semi-spinors of the three-dimensional sub-
algebra. This argument implies that g(j, V) is less than or equal to zero
for all future pointing timelike vectors V and consequently that j must
be a forward-pointing timelike or null vector field. It is instructive to
rederive this result using the often useful Fierz rearrangement techni-
que. To this end we will this time split the spinor into two semi-spinors
of the even subalgebra. Let 9* = }(1 £ iz)y, that is izy* = ty*, then

(ye, ay®) = ee’(izy*, aizy®) = €€’ (Y*, zazy®) = — e&' (Y5, amyp*).
So the components of j are diagonal in y* and y~:
Jo=(ytietyt) + (yo,efyT) = ji + L (10.3.5)
The norm of j, is given by
—Ji = (S, e YNWL, e YT) = Py P eyt
Using (10.2.1)

3

e“pryte, = 20(4 - 2p)(—1)?Y (Y y©).
Now ”

(Y ye) = izy yriz = —izyrizy’ = —y y°
and so only odd p enter into the sum. We have

h F3(Y Ye) = Sy Priz)iz = —F (Pizgoliz = —e¥ (p* Po)iz
thus

—2YF WY VY — 269 (Y Y O)izyt = —4P S (Y Py
—4F (Y P e )y e Yt = —A(YF, e )Y e"y?) = 4%
So j, and j_ are both null and, since p = 0, future pointing. Since the

sum of two future-pointing null vectors lies in or on the forward light
cone the current j is future pointing, timelike or null.

~J:

Exercise 10.3
Consider the l-form of (10.3.2) on an arbitrary even-dimensional
Lorentzian manifold (not necessarily four dimensional). Show that the
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density p is always positive semidefinite but that the argument for j
being timelike or null only holds in 2, 4, 6 and 10 dimensions.

We now consider the covariances of the Maxwell-Dirac equations
under the isometry group of Minkowski space—the Poincaré group. We
noted in §10.2 the covariance of the free (A = 0) Dirac equation under
Lie derivatives with respect to Killing vectors. To analyse the covar-
iances of the coupled Maxwell-Dirac system it is convenient to work
with the finite diffeomorphisms rather than the Lie derivatives. This will
also allow a discussion of the discrete orientation-changing transforma-
tions.

Let {x“} be global inertial coordinates for Minkowski space, such that
{dx*} is a global orthonormal co-frame. We can label the diffeo-
morphisms forming the Lorentz isometry group by a parallel element of
the Clifford group. The diffeomorphism n(s) : M — M is such that

a*(s)dx® = sdxas L. (10.3.6)

If a is an arbitrary differential form then a = a,dx! with the multi-index
I labelling a parallel basis for the exterior (or Clifford) algebra. Then

a*(s)a = (a; o n(s))sdxls™! (10.3.7)

the components of the pulled-back form being composed with the
diffeomorphism whilst the change in the basis is effected by Clifford
multiplication. This suggests how we can induce an action of the
diffeomorphism on a spinor field. Let {b;} be a standard parallel spinor
frame associated with the co-frame {dx“?}. Then if y = ¢'b;, we can
define

a(s)-y = (Yo n(s))sh,. (10.3.8)

Since dx'b, =Tjb; for I'; constants, it follows from (10.3.7) that
(10.3.8) satisfies

a(s)-(ay) = (x*(s)a)(a(s) y) VaelC(M). (10.3.9)
If X is an arbitrary vector field we also have
a(s) Syy = Sﬂ;-:(s)x(ﬂ(s)-w). (10.3.10)

This follows from (10.3.8) since Vys =0 and X(¢)o x(s) =
(1) X)(y' o m(s)). Since n(s) is an isometry, the pullback of the
Clifford product of two forms is the product of the pulled-back forms. If
{e*} and {X,} are dual bases then so are {x*(s)e?} and {m,!(s)X,},
thus

a(s)-$ = §-n(s). (10.3.11)

It immediately follows that if ¢ and A satisfy (10.3.1) then so do x(s) -y
and sx*(s)A for m(s) any Lorentz transformation. The pullback map
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commutes with the exterior derivative and, in the case of an orientation-
preserving isometry, with the Hodge map and hence the co-derivative §.
The pullback with an orientation-reversing isometry picks up a minus
sign in moving past a Hodge dual, but since 8 involves two duals (or no
choice of orientation) the pullback still commutes with it. So if F and j
satisfy (10.3.3) then so do 7*(s)F and 7*(s)j. But j is a functional of the
spinor field y—to symbolise this we will here write j(y) for the 1-form
determined by (10.3.2). Is it the case that j(z(s)-y) = a*(s)j(y)?
Equation (10.3.2) involves the spinor adjoint with respect to a product
whose invariance group does not contain the whole Clifford group, but
only *T'. (This is the subgroup defined with the norm u, so s = 5! for
se€ *I'.) The image under the vector representation of *I' is the
orthochronous Lorentz group. So if Te *I' is such that y(T) is a
reflection changing the time orientation, then n(7)-y and 7*(T)A will
not satisfy the coupled Maxwell-Dirac equations given that y and A do.

We know that Lorentz transformations of the cotangent space extend
to inner automorphisms of the real Clifford algebra and hence, by
complex linearity, to inner automorphisms of the complexified algebra.
These inner automorphisms will commute with complex conjugation,
and so composing them with complex conjugation gives an outer
automorphism of the complexified algebra. A spin transformation on
each of a pair of spinors induces an inner automorphism on the Clifford
elements formed with a spinor adjoint with respect to a spin-invariant
product. That is, s@sy = x(s)-(¢v) if (and only if) s is in the invariance
group of the spinor product used to define . As we will see, if instead
s is in the real subalgebra such that (s, sy) = (¢, y)* for a product on
complex spinors then sgsy = x(s)- (q)w)*

For the four-dimensional Lorentzian case that we are considering the
space of complex spinors is the complexification of the real spinor space.
The skew-symmetric product on real spinors with adjoint involution &n
is extended by complex bilinearity to a product on complex spinors,
(,)g- In an appropriate basis, charge conjugation simply complex
conjugates the spinor components and we have

(9, ¥)g = (@, V)%, (10.3.12)

If we now define

(@. v) = (ig°, ¥)g, (10.3.13)
then (, ) certainly has En* as adjoint involution. The factor of i ensures
that the product is Hermitian symmetric:

@ v) = (9" ¥Vy = -(e. 9% = @5iQ% = (Y59 =
(¥, @)*.

Since charge conjugation is involutory and the complex bilinear product
in (10.3.13) is skew symmetric we have
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(¢, ¥) = (. ¥)* (10.3.14)
If y is the adjoint of y with respect to ( , ) then for any three spinors

(Pu)'p = (@¥)p) = (W, P)IP)* = (W, p)*¢° = (¥, p)*°
= —(y, p)o*
by (10.3.14). So (¢9)*p = —(¢° ¥ )p and
(Py)* = —@yc. (10.3.15)

Consider now the element T € *T" with y(T) a time-orientation-changing
reflection. Then T51* = T5" = — T, so0

Te Ty = ~Te y T = T(gy) T"'
by (10.3.15). We now define

Ty =na(T).y (10.3.16)
and then have

T.05 p = a(T)(ey)*. (10.3.17)

The operation J is known as Wigner time reversal on spinors. It
obviously satisfies

T (ay) = »*(Ta*(T.y). (10.3.18)

We now examine the covariances of the Maxwell-Dirac system under
this operation. If A and v satisfy (10.3.1) then so do —x*(T)A and
J-y. It follows from (10.3.17) that j(T-y) = —a*(T)j(y) and hence
—-1*(T)A and -y also satisfy (10.3.3). (Notice that whereas —7*(T)A
and 7(T)-y satisfy (10.3.3) they do not satisfy (10.3.1).)

Plane-wave solutions play an important part in the physical interpre-
tation of the free (A = 0) Dirac equation, and to these we now turn. If
b is a parallel spinor then we look for a solution to (10.3.1), for A =0,
of the form y = exp(if)b for f some real function. Then §y = idfy and
we require idfy = my. It follows that the I-form df must be timelike,
with

(df)? = —m?. (10.3.19)
We can write the algebraic condition on b as
3(1 + idf/m)b = b. (10.3.20)

If s is a unit spacelike l-form orthogonal to df and z is the volume
4-form then (zs)? = —sz?s=s>=1 and zsdf = —zdfs = dfzs. So
(1 + zs) is an idempotent orthogonal to (1 + idf/m) so that (1 +
idf/fm)i(1 + zs) is primitive. With ¢ and o taking the values *1 a
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complete set of pairwise orthogonal primitive idempotents is given by
{P,, =11 + édfim)i(1 — ozs)}. (10.3.21)

We can choose a basis of spinors such that each is an eigenspinor of one
of these primitive idempotents. An inertial observer would use inertial
coordinates {1, x, y, z} to interpret df(3/3t) as an energy and df(3/3x)
as a component of momentum along the x-axis.

If we assume that df and s are parallel then we can choose inertial
coordinates {t, x, y, z} such that f = mt and s = dx. Then we can label
plane-wave solutions by ¢ and o,

Y,.e = exp(iemt)b ., (10.3.22)
where b,, = P,,b,, for
P, = ;(1 + iedf)i(1 + odydzdr) (10.3.23)

and we have' chosen z = dxdydzd:t. If we choose some parallel b,
then we can build up the rest of the spinor basis by taking Clifford
products. For example, we have dxP,, = P_,_,dx and dyP,, = P__dy
and hence dxdyP,, = P,_,dxdy. So we may choose the basis as

b,,,b__=dxb,,,b_,=dyb,, b, =dxdyb,,}. (10.3.24)

If (,) has &n* as adjoint then we may use the algebraic properties of
this basis to work out the non-vanishing products, we have

(bw’ be'o’) = (Peabeo’ Pe'a'be’o') = (beo: Peasn*Pe'a'bs'o’)
= (beav P—sape’a’be’a’) = 6—55’600'(b£av be'o')'

Thus the only non-zero independent products are (b,,,b_,) and

(b,_,b__). If we choose the basis as in (10.3.24) then these are related
for

(b,_,b__)=(dxdyb,,,dxb,,)=(b,,,dyb,,) =(b,,,b_,).
So by suitably scaling b, we have
(byy,b_)y=(b,_,b__)=1 (10.3.25)

Thus the two-dimensional subspaces with fixed € are isotropic, whilst
those with fixed o are unitary subspaces of maximal index.

The &-label of y,, specifies the eigenvalue of the spinor Lie derivative
in the 3/3r direction,

ga/aﬂl’w = ifmw:;o' (10326)

Similarly ¢ may be used to label the eigenvalue of the Lie derivative
with respect to the vector y3/3z — z3/3y that generates rotations about
the x-axis, we have
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g(yalaz —:a/ay)%a = %d(ya/az - Za/ay)‘peo
= ldydzy,, = lidydzdridry,, = liedydzdry,,
g(ya/az - za/ay)Weo = %isoweo- (10327)

The eigenvalues of *1i lead to the physical interpretation of an intrinsic
spin of a half for the electron. More generally, the functional depen-
dence of the components will contribute an orbital angular momentum,
the eigenvalue of the Lie derivative being interpreted as the total
angular momentum.

10.4 The Stress Tensor

Although we have not done so the Dirac equation can be obtained from
a variational principle. This ensures the existence of a symmetric stress
tensor which is divergenceless when the field equations hold. We here
simply present such a tensor and explicitly demonstrate (not so simply)
that its divergence is zero for solutions to the Dirac equation.

For definiteness we take (,) to be a Hermitian-symmetric spinor
product with §n* as adjoint involution, then Re(, ) is real valued and
symmetric. Let

T = Re(y, e,Syy) + Re(y, e,Sy ). (10.4.1)
If S is compatible with the spinor product then
XT ) = Re(Sxy, €,5xy) + Re(y, Ve, Sy, y)
+ Re(y, €,5xSx,¥) + Re(Spy, €,5x y)
+ Re(y, Ve, Sy y) + Re(y, e,8 xSy v).(10.4.2)
Changing the order of the covariant derivatives
e.SxSx, W = €,S(X°, Xp)y + e, Sy, Sxp + €S x, ¥
= e S(X, X))y + Sy Sy — Vye'Syy
+ e (Vi X, — VyX)e‘Syy
if V is torsion free. Now
e (VyX,)e" = —Vye(X,)et = =Vyee

and e“(Vy X,) = —Vye'(X,). From (9.3.20) e“S(X,, X,)y = 1R, Y,
and for zero torsion this can be written in terms of the Ricci forms,
e'S(X,, Xp)y = 1Py, s0
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eaSX"SX,,w = €aS(Xa, Xb)'(/} + beﬁw - Vxnec(Xb)e“SX(w. (1043)
From (10.1.4) we have

SXMSqu = ,gzw - anec(Xa)Sx(w + %%w (1044)

We can rewrite Vye, as (Vye,)(X.)e¢ = e(VyXe, =

—Vxe(X%)e., and similarly Ve, = Vye, (X )e¢ = —€,(VuX, e =
-V xe‘(X,)e,, collecting terms,
XT ) = Re(Sxy, e,5x,9) + Re(Sxvp, €,5x,9)
— Ve (X)Re(y, eSSy, ) — Vx e (X)Re(y, e,Sx y)
— Ve (X,)Re(y, e*Sx y) — Ve (X,)Re(y, eSx1p)
+ iRe(y, Pyy) + Re(y, Sy, Sy)
+ Re(y, e,82y) + Re(y, e, Ry). (10.4.5)
IfT =T ,e* @ e’ then
Vi, (X Xp) = Xo(T%) + Ve (X)T o + Vy,e(Xp)T 7
= Re(Sxy, €,Sx,¥) + Re(Sxy, e.Sx,v)
+ Re(y, Sy, 5y) + Re(y, e,52y)
+ iRe(y, Pyy) + jRe(y, e, Ry).

Since the spinor product is symmetric with &p* as adjoint then
Re(p, Ay) = —Re(y, Ag) for A any real 1-form and

Vi F(X4 X,) = —Re($y, Sy, ¢) + Re(y, Sy, 5y) + Re(y, e, 879).

It follows that V. = 0 if $y = my with m real.

The above is seen to go through unaltered for real spinors with a
spinor product whose adjoint involution is &;. Had we taken a real-
valued skew-symmetric spinor product on complex spinors with &* as
adjcint then J would be divergenceless for $y = imy. For real spinors
and a skew-symmetric product with & as adjoint the stress tensor would
be divergenceless if Sy = 0.

Exercise 10.4
Show that the Maxwell-Dirac stress tensor is divergenceless when the
coupled equations are satisfied.

For the stress tensor of (10.4.1) the trace is given by
T ,% = 2Re(y, §y). When the Dirac equation is satisfied we have

T, = 2m(y, y). (10.4.6)
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Certainly for m zero the trace is zero. In general the spinor product will
be pseudo-Hermitian and so for m # 0 the trace can still vanish.

We have already noted in §7.4 that we can construct a closed
(n — 1)-form from the stress tensor and a Killing vector, namely
Jx = F Kbz where T, are the components of the stress tensor 7,
given by (10.4.1), which is divergenceless when the field equations
Sy = my are imposed. In §10.2 we obtained by inspection a closed
(n — 1)-form $, for each Killing vector K. These two forms, J and
3 k. in fact differ by an exact form modulo the field equations, as we
now demonstrate. We are going to have to recognise the exterior
dertvative of an (n — 2)-form when we see one, so first we note that if
H = H_ ez then

dH = 2{X"(Hy,) — Vx e (X*)H,, — Ve, (X)VHy je'z = (dH),ez.
(10.4.7)

A fairly tedious calculation produces
Re(ll’, I?SX,,‘/’) = %Re(ll’» eadkw) - é(dH)a + Re(w’ eaSKw)

— iRe(y. e, K $y) + iRe(y, Ke, Sy) (10.4.8)

where H,, = Re(y, e, Ke, ) — Re(y, e,, Ky). As well as frequently
using the defining anticommutation relation of the Clifford algebra the
calculation uses the fact that since the spinor product has §n* as adjoint
then Re(y, Ay) =0 for A any real l-form. Thus for example
Re(y, e, Keby) = —Re(y, e’ Ke,y), as is necessary for H,, = —H,,.
(Although it is tedious we recommend that the reader verify (10.4.8), as
it does help develop the calculational proficiency that unfortunately is
sometimes required.) It follows from (10.4.8) that

Re(y. e,Sx¥) + Re(y. KSyx v)

= 2Re(y. e, % xy) — 3(dH), + Re(y, (K A e,)$9).
If we use the field equations, Sy = my, then

Re(y. (K A e,)$9) = mRe(y, (K ne,)y) = 0

since a real 2-form changes sign under &n*, the adjoint involution of the
spinor product. Thus Jx = 2%, modulo an exact form, modulo the field
equations.

Exercise 10.5
Repeat the analysis with a skew product whose adjoint is &+ with field
equations $y = imuy.
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Example 10.1 Gravitational and Neutrino Waves
Consider a spacetime in which the metric takes the form

g=2(du ® do + dv ® du — 2Hdu ® du + dz ® dz* + dz* ® dz)

in coordinates (i, v, x', x?) with z = x!' + ix? and H a real function of
u, z and z*. It is here most convenient to adopt a null basis. We choose
the null co-frame {n°} a=1,2,3,4 where n' =du, n*=dv -~ Hdu,
n?=dz, n* =dz* and the duals are X, = 8/3u + H3/3v, X, = 3/3dv,
X;=23/3z, X, =93/3z*. The non-vanishing components of the metric
are g =gy =gu=gp =2, or g =g =g¥=g" =1 Since the
components of the metric are constant in this basis we can evaluate the
connection forms by (6.6.8), the non-vanishing ones being

wy = —w;3 = 2H n' wy = —wy = 2H -n'.
The only non-zero Ricci form is P, = 2H,-,n'.

We now adapt a spinor frame to this null co-frame. Let b; be a
spinor such that n'b, = n’b, = 0. We then form the spinor frame

{b;,b,=n’b;,b; =nr*b,, b, =n’n*b,}.

(We can represent the spinor b by the differential form n'n?, this lying

in a minimal left ideal of the complexified Clifford algebra. The other
spinors {b,} are then seen to complete the basis for the minimal left
ideal.) If {X,} is the frame dual to {n“} then, for oy defined in (8.1.5),
we have oy, = (H,n* + H_-n*)n! with all other oy. zero. It follows
that the spinors b; and b; are parallel. Hence if 4, and A, are arbitrary
complex functions of u and y = h,(u)b, + h-(u)b; then $y = 0. To
obtain Einstein’s equations we now need to evaluate the spinor stress
tensor. If (,) i1s the Hermitian-symmetric spinor product with &§n* as
adjoint then we can use the algebraic properties of the spinor frame to
evaluate the products. For example,

(b;.b3) = (b,. n4b1) = (n*b,;.b))* = (b, n3b1)* =0

since n*b, = 0. Also b, = n°b, and so n'b, = n'n’b, = (1- n?n\)b,
= b, and hence (b,.b,) = (n'b,, n'b,) = —(b,. n'n'b,) = 0. In this
way we can show that the non-vanishing products are specified by the
imaginary components (b, b-) = (b;, b;). By suitably normalising b,
we have

(b;.b;) =(bs,by) =1
The only non-zero component of the stress tensor of (10.4.1) is then

T, = 4Re(ih* h) + ih*%hY).
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Since for zero mass the spinor stress tensor is traceless we can write the
Einstein equations as 2xP. = *!1,, and so the coupled system reduces
to the equation

kH ., = Re(ih k| + ih%h3).

10.5 Tensor Spinors

Starting with the spinor representation of the spin group we can build
up higher-dimensionsal irreducible representations by forming tensor
products. That is, tensor products of the spinor space and its dual space
carry representations of the spin group, this space of tensors being
decomposable into irreducible representation spaces. The covariant
derivative on spinor fields induces a covariant derivative on these spin
tensors and one can consider various field equations. We have already
noted that elements of the Clifford algebra can be identified with (1, 1)
tensors on the space of spinors. Certain higher-dimensional half-integral
irreducible representations of the spin group can be found by taking the
tensor product of tensors on the vector space V with the spinor space of
C(V, g). Such objects can be thought of as spinor-valued tensors.

As an example we consider a spinor-valued 1-form ¥ on spacetime.
Then we can write this in any co-frame {e?} as

Y=y, ® e (10.5.1)

where each y, is a spinor. We can think of W as a mapping from vector
to spinor fields:

W(X) = y,e"(X) VXelTM . (10.5.2)

Equivalently if {b,} is any standard spinor frame with ¥, = ¥ib, then
we can write W as

Y =b, ® y (10.5.3)

with the 1-forms 3’ given by ' = y'e?. These spinors could carry
irreducible representations of the complexified Clifford algebra, its even
subalgebra or real subalgebra (Dirac, Weyl or Majorana spinors). Let us
suppose that the v, are Weyl spinors, satisfying izy, = y,. Then the
iy, carry irreducible representations of the spin group SI(2, C). A
l-form is a tensor on the space of spinors, Clifford multiplication
interchanging the semi-spinor spaces (since a 1-form anticommutes with
the volume 4-form). So we may regard a spinor-valued 1-form as a
degree-three tensor on the spinor space. If ¥ and v are any two Weyl
spinors, lying in the same semi-spinor space as the vy,, then we define
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W(u, v) = (u, y,)e‘v. (10.5.4)

The brackets on the left-hand side signify that W is evaluated on u and
v, whereas the brackets on the right-hand side are the spinor product of
u and vy, where the product has & as adjoint involution. (The skew-
symmetric complex bilinear product on Dirac spinors induces a non-
degenerate product on each of the two spaces of Weyl spinors. If
u = izu then the spinor product (u, y,) will only involve (1 + iz)y,.)
It turns out [9] that irreducible SI(2, C) representations are carried by
spin tensors that are totally symmetric in the covariant and contravariant
arguments separately. It i1s therefore interesting to examine the condi-
tion on W such that (10.5.4) defines a mapping symmetric in « and v. In
order to do this we will need the following:

(u, V)w — (w, 0)u = 4(u, wr (10.5.5)

for u, v and w any three Weyl spinors. To see this let a be another
Weyl spinor and consider the expression (u, v)(w, «). Using 7 to
denote the adjoint spinor we can write this as Wowa. Now we can
expand v# as in (2.1.18) to give

(u, v)(w, a) = TS (vwed)eta = Fy(Weiv) Teta
= (w, e5v)(u, eta).
Now for u and v Weyl spinors and a any Clifford form
(v, au) = (izv, aizu) = (v, zaz 'u) = (v, a’u)
so (v, au) = 0 for a odd. In addition

(v, au) = (av, u) = —(u, a-v)

so for a = —a(a* = a) then (v, au) is symmetric (skew) in # and v. So
(u, v)(w, @) — (u, w)(v, @) = (w, e50)(4, e?a) — (W < D)

and the first bracket on the right-hand side will only contain those e
that are even under 1 and under & These are the O-forms and the
4-forms, thus

(u, 0)(w, a) — (u, w)(v, @) = 2(w, v)(u, @) — 2(w, zv)(4, za).

Since v and « satisfy zvo = —iv and za = —ia the terms on the
right-hand side add up. We can use the skew symmetry of the product
to rewrite the left-hand side, producing

(w, u)(v, a) = (v, u)(w, @) = 4(w, v)(u, «).
Since this is true for all & and the spinor product is non-degenerate

(w, w)o — (v, W)w = Hw, v)u.
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This is just (10.5.5) with the spinors cyclically permuted. We can now
use (10.5.5) and (10.5.4) to see that

W(u, v) — Y(v, u) = 4(u, v)e‘y,.

Thus the spinor-valued 1-form is an irreducible spin tensor if it is
‘traceless’:

ey, = 0. (10.5.6)

Exercise 10.6

Use the correspondence between 1-forms and (1, 1) spin tensors given at
the end of §2.8 to label the components of a spinor-valued 1-form with
one ‘dotted’ and two ‘undotted’ indices. Show that the ‘tracelessness’
condition is equivalent to symmetry in the two like indices.

The spinor covariant derivative Sy and the covariant derivative Vy
can be extended by the Leibniz rule to a covariant derivative, also
denoted Sy, on spinor-valued 1-forms. In the obvious way

SyW =Sxy, ®e* + y, ® Vye . (10.5.7)

(If any confusion is likely between the covariant derivative on spinor-
valued 1-forms and that on spinors we can write the former as S3%.) A
representation of the Clifford algebra on spinor-valued 1-forms can be
defined by

a¥ = (ayp,) ® e’ (10.5.8)
so that we have a Dirac-like equation
SY = my. (10.5.9)

The pair of equations (10.5.6) and (10.5.9) are the Rarita—Schwinger
equations for spin 3/2 [25].

Exercise 10.7
Show that (10.5.6) and (10.5.9) imply the ‘Lorenz’ condition
(SxW)(X*)=0.

In Minkowski space we can pick a paralle]l co-frame such that (10.5.9)
reduces to four Dirac equations. We can then find plane-wave solutions
as in §10.3. If {b .} is the spinor basis of (10.3.24) then we have Dirac
solutions as in (10.3.22) with the sign of the frequency correlated with
the & labelling the basis spinors. By tensoring on four independent
l-forms to the two basis spinors with (say) € = +1 we can form eight
linearly independent spinor-valued 1-forms. We can choose four of these
satisfying the tracelessness condition (10.5.6). The eight spinor-valued
1-forms can be chosen as eigenstates of the Lie derivatives with respect
to vectors generating time translations and rotations about the x-axis.
The 1-form basis can be chosen to have eigenvalues of {i, —i, 0, 0}
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under the Lie derivative with respect to the rotation, whereas the spinor
basis has eigenvalues {}i, —ii}. The four traceless spinor-valued 1-forms
are then seen to have eigenvalues {3i, 3i, —ii, —3i}. For the basis of

(10.3.24) )
dxb,,=b_, ., idtb,, = b, dyb,, = ob__,, dzb,, = ich _,,(10.5.10)
so a basis for positive-frequency solutions to (10.5.6) and (10.5.9) is
{b,, ® (dz —idy),b,_ ® (dz — idy) — 2ib,, ® dx,

b,, ® (dz +idy) - 2ib,_ ® dx,b,_ &® (dz +idy)}. (10.5.11)

These are eigenstates of £,55, _ ,35,, arranged in decreasing order of
eigenvalues.

A spinor-valued 1-form features in the theory of supergravity [8]. This
theory involves a connection with torsion. As we remarked in §9.3 the
definition of the spinor covariant derivative Sy in terms of the metric-
compatible connection V does not rely on V being torsion-free. So in
this case we could still adopt (10.5.7) as the definition of a covariant
derivative on spinor-valued 1-forms. The field equation for the spinor-
valued 1-form in supergravity, however, is most readily expressed in
terms of another connection. If {T%} are the torsion 2-forms of the

connection V then a covariant derivative on differential forms is defined
by

Vi =Vy+ LigToniyg. (10.5.12)

From (6.7.4) we see that V is just such that
e" A Vy =d (10.5.13)

If Sy is the spinor covariant derivative associated with V then a
covariant derivative S y on spinor-valued p-forms is defined by

S\le = SXwI ® el + 'lp[ ® ﬁxel (105.14)

where e/ is a p-form basis. For W a spinor-valued p-form we may adopt
the convention that for a any g-form

a,\lP = I,UI ® a,\el. (10515)

The spinor covariant exterior derivative D maps spinor-valued p-forms to
spinor-valued (p + 1)-forms:

DY =e" S, W. (10.5.16)

If {b,} is a standard spinor frame associated with some orthonormal
co-frame then we may expand W as W = b; ® y’ where the ' are a set
of p-forms. Then we can equivalently write the spinor covariant exterior
derivative as
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DW =b; ® dy + lerib, ® w,, » Y. (10.5.17)

The Hodge dual of a spinor-valued p-form is defined in the obvious
way, in analogy to (10.5.15). If N is a Clifford-valued g-form,
N = n? ® e, for n* arbitrary Clifford forms and e, a basis for g-forms
then we choose to define

NW = nty, ® e4 p el (10.5.18)
Having adopted these conventions we consider the equation
exDW = 0 (10.5.19)

for a spinor-valued 1-form W where e = ¢* @ e,. This equation is one
of the field equations occurring in the theory of supergravity. Although
it is usually known as the Rarita—Schwinger equation this equation is not
obtained by simply putting m to zero in equations (10.5.6) and (10.5.9).
The relationship between these equations is contained in the following
exercise.

Exercise 10.8
(1) Show that if ¥ is a spinor-valued 1-form then

+(exDW) = Sy (e y) ® e — JW.

Hint: you will need *(e A *e%) = gbe® — g*e’.
(ii) Show that if @ is a spinor field then

e*D?p = e’S(X,, X,)p @ *e°.

Hence show that if the Ricci and torsion forms are zero (10.5.19) has
the ‘gauge’ symmetry ¥ — W + De.

Exercise 10.9
Consider the following equation for a spinor y on spacetime:

Sxy — 1X$p =0 VXelTM.

Note that this is equivalent to equating to zero a ‘traceless’ spinor-
valued 1-form made from the covariant derivatives of 1. Since X and §
both anticommute with the volume 4-form this equation decouples into
two equations for Weyl spinors.

(i) If K is a conformal Killing vector with £ g = 2Ag show that if ¢
satisfies the above equation then so does ¥xy — jAy. This can be
shown in the same way as for the analogous (but different!) result for
the massless Dirac equation.

(i1) By differentiating the equation obtain the integrability condition

Ry, — 3(eSx, — ebSX,,)&/’ = 0.
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Clifford multiply to obtain the contracted conditions

Py + le Sy -+ Syfy=0

and
Ry + 3829 = 0.
Hence obtain the integrability condition
Cuy = 0.

(Note that P, n e, — P, n e, = e,P, — €,P, for zero torsion.)

(iii) If v = u + df v, for some function f and parallel Weyl spinors u
and v, show that i solves the above equation if V ydf = X. Hence show
that this equation has a ‘twistor’ [9] solution with f = jn,x°x®, where
{x?} are inertial coordinates for Minkowski space.

Exercise 10.10
When is a spinor a twistor?

10.6 The Lichnerowicz Theorem

We anticipated in §10.1 that the eigenvalues of the Dirac operator will
depend on the properties of the manifold. Whereas the spacetime Dirac
equation involves a real ‘mass’ eigenvalue we will see below that the
Dirac operator on a compact Riemannian manifold has only imaginary
eigenvalues. The Lichnerowicz theorem [26], as we will now demons-
trate, shows that if the curvature scalar is positive semidefinite then
there are no zero eigenvalues.

Let M be a compact Riemannian manifold. From §2.6 we know that
5* is the adjoint of a zero index Hermitian-symmetric product on Dirac
spinors, (,). By integrating over M we introduce another Hermitian
product

(v. @) = JM(w, ¢)z

where z is the volume n-form of M. The Dirac operator is anti-self-
adjoint with respect to this product. To see this we need to recognise an
exact form when we see one. To this end we write an (n — 1)-form J as
J=j.ez and, for V torsion free, dJ = (Vyj, +ixVye',)z by
(10.2.3). Since { , ) has & as adjoint involution with e*" = e,

(., By) = (e“p, Sx.y)
= [ Taleg ) — Vaet (Xt p. v) — (S, W)=
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Now Vye'(X,) = —e*(Vy X,) = —ix,Vwe,, and so we may recognise
an exact form in the integrand. By Stokes’s theorem the integral of an
exact form over a compact manifold is zero, thus

(@. 3y) = — (o, v). (10.6.1)

Since it is anti-self-adjoint with respect to a Hermitian product the Dirac
operator on a compact Riemannian manifold has imaginary eigenvalues.
As a special case of the above we have

(By. By) = — (v, v).

Since (, ) is a (zero-index) Hermitian product the left-hand side is
positive-semidefinite. Thus §y = 0 < Sy = 0. Using (10.1.4) to expand
the spinor Laplacian gives

By, Sy) = —((Sx +ixVie)Sxy, ) + Ry, ¥).
Since

((Sx, + LeSne)Sey. v) = [ (VeSxw. v) = Sev. )

+ixVye(Sxy, )z
= —(Sxv, Sxy)

we have

(B, Sy) = (Sxey, Sx,v) + (. Ry). (10.6.2)

If =0 then all three terms are positive-semidefinite. If %R >0
then there are no zero eigenvalues of the Dirac operator: if ® = 0 then
Sy=0Syy=0VX.

When R is constant, such as for the standard metric on a sphere,
then we obtain a lower bound for the eigenvalues of the Dirac operator.
If $w = imy, with m real, then

(m? = JR) (y, v) = (Sxy, Sy y)
and so
m> > 1R,

The above arguments can be repeated with real spinors. From table
2.15 we see that the involution & of the real Clifford algebra is the
adjoint involution of a zero-index product; the product being either
R-symmetric, C*-symmetric or H-symmetric.

10.7 Killing Spinors

Because of the importance of a knowledge of the geodesics on a
manifold an interesting problem in general relativity is the determination
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of first integrals associated with the geodesic equations. Such integrals
may be identified with constants of the motion along geodesic curves.
Killing symmetries play an important role in the search for such
integrals. It was in this context that the notion of a Killing spinor
naturally emerged [27]. Since then the same notion has been redisco-
vered in the context of finding classical solutions to matter field
equations in background geometries [28]. In particular, Killing spinors
arise in the study of the residual supersymmetries exhibited by certain
solutions to supergravity models. As we shall see the existence of such
spinor fields imposes interesting constraints on the geometry of a
manifold.

A spinor field on some n-dimensional spin manifold M which, for
some complex constant A, satisfies

Syy =AXy (10.7.1)

for all vector fields X, is said to be a Killing spinor. The name arises
from the fact that such spinor fields can be used to construct conformal
Killing vectors. An immediate consequence of (10.7.1) is that a Killing
spinor is an eigenspinor of the Dirac operator, $y = niy. We have
already noted in the section above that on a compact Riemannian
manifold, A must be pure imaginary. Excluding the case in which the
signature of the metric on M is (p, ¢) with p even and g odd then there
is an Hermitian symmetric product on complex spinor (or semi-spinor)
fields with & as adjoint involution. Let i be the adjoint spinor with
respect to this product. Then a real 1-form K is given by

K =9%(yy). (10.7.2)
We can expand this in a basis {e“} as

E = 3)()(w{n;ea)e” = yﬂ(aeuw)ea = (¢« euw)eu

SO
K* = (y, e p)e” = (e, 9, w)e” = (y. e, p)e*
and K is indeed real. By differentiating (10.7.2)
VK = 9(Sxy v + ySx9) = $.0Xp Y + yiXy)
= (p. e AXY) + (AXy, e, y))e’
= ((y. Ae, Xy) + (. A" Xe,p))e

= 2Re(W)(y. y) X + 2ilm(A)(y. (e, o X)W)e*
SO
(VxK)(Y) + (Vy K)(X) = 4Re(W)(y, )8(X, Y).

Using Killing's equation, (6.13.3), we have
L g = 4Re(A)(y, ¢¥)g. (10.7.3)
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If we took a Hermitian-symmetric product { , ) with £n* as adjoint
(the signature does not have p odd and g even) then if 9 is the adjoint
with respect to this product then

K = ¢,(yy) (10.7.4)
is a real 1-form. This satisfies

Prg = —4Im(A)(y. ¥)g. (10.7.5)

Exercise 10.11
Show that if y is a Killing spinor and K some Killing vector field then
£ gy is also a Killing spinor with the same eigenvalue A.

The existence of Killing spinors on a Riemannian (as opposed to a
pseudo-Riemannian) manifold necessitates interesting integrability con-
ditions. We first note that the set of first-order differential equations for
the components of v given by (10.7.1) implies that if the spinor vanishes
at some point p € M then it must vanish at all points that are arcwise
connected to p [29, 30]. By differentiating (10.7.1) we may obtain an
integrability condition involving the curvature. A straightforward cal-
culation, using the zero torsion of V, gives

S(X, Y)y = —-AX, Y]y VX, Yel'TM.
This can be written in terms of the curvature 2-forms, using (10.3.20), as
1€ (X)e? (V)R y = —Ae“(X)e"(Y)le, es]y
or
Ry = —4A e, . (10.7.6)
Clifford multiplying by e? produces the Ricci forms on the left-hand
side:
P,y = —4A*(n — De,y.
Now if A is a real 1-form such that Ay = 0 then certainly A’y = 0.

But A% = g(A, A) and so for a positive-definite metric we must have
A = 0 for ¥ non-zero. Thus the above integrability condition is that

P, = —42%(n — 1)e, (10.7.7)

and the manifold must be an Einstein space with curvature scalar given
by

R = —4n(n — 1)A% (10.7.8)
So A must be either real or pure imaginary. We can use (10.7.7) and
(10.7.8) to rewrite (10.7.6) in terms of the conformal 2-forms. Sub-

stituting (10.7.7) and (10.7.8) into the definition (6.11.6) gives C,, =
R, + 4A%e,, and hence (10.7.6) becomes
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Cooyp = 0. (10.7.9)

To go further we must make another assumption about M. A
Riemannian manifold is locally symmetric if its curvature tensor is
parallel. If M is locally symmetric then the conformal tensor is parallel
and the conformal 2-forms satisfy

VxCop = Cpo (X)) + C,o0°(X) VXel'TM. (10.7.10)
Differentiating (10.7.9) and using (10.7.1) and (10.7.10) gives
{Cpbwpa(Xr) + Capwpb(Xr)}w + Acaheﬂlf =0.

The first two terms vanish by (10.7.9). and so for A # 0 we have
Cpe.p = 0. From (10.7.9) we have e¢.C,, 3 = 0 and so subtracting these
gives 1.C 9 = 0 and hence

Cp =0 (10.7.11)

Together (10.7.7), (10.7.8) and (10.7.11) show that R, = —4A%e,,, that
is, M has a constant sectional curvature of —4A°. Hence the only locally
symmetric Riemannian manifolds such that (10.7.1) has a solution for
A # 0 are the standard sphere, in which case A is imaginary, or a
hyperbolic space with A real, or a quotient of these spaces by a discrete

group.

10.8 Parallel Spinors

A spinor field vy is parallel if
Syy =0 VXel'TM. (10.8.1)

Thus a parallel spinor is a special case (A = 0) of a Killing spinor. Not
surprisingly M must be tightly constrained if it is to admit a parallel
spinor. A discussion of parallel spinors necessitates a brief mention of
Kahler manifolds. A tensor field JeI'TiM is an almost complex
structure on M if

J2X = JU(X) = —X VXelTM. (10.8.2)

A Riemannian manifold (M, g) with an almost complex structure J
that is an isometry,

g(JX, JY) =g(X,Y) VX YeI'TM (10.8.3)
and is parallel

V=0 VXelTM (10.8.4)



304 SPINOR FIELD EQUATIONS

is called a Kahler manifold. A theorem due to Hitchin [31] states that a
compact even-dimensional Riemannian spin manifold admitting a para-
llel spinor is a Kahler manifold. For the special case of four dimensions
a direct proof requiring orientability, but not compactness, can be found
in [29]. It is possible to prove rather easily a result about parallel pure
spinors on even-dimensional Riemannian manifolds.

An even-dimensional Riemannian spin manifold admitting
a parallel (complex) pure spinor is a Ricci-flat Kahler man-
ifold. (10.8.5)

The Ricci flatness is just a special case of (10.7.7). Pure spinors were
introduced in Chapter 3. Recall from there that pure spinors are Weyl
spinors (they carry a semi-spinor representation of the complexified
even subalgebra). At each point p of M a non-vanishing pure spinor v,
determines a maximal isotropic subspace ¥, of the complexified cotan-
gent space by

xy, =0 for x e T*M¢ iff xe §;. (10.8.6)

We have T*M® = ¢  ® §, where x*€ $, if and only if xe §;. So a
non-vanishing pure spinor field assigns a maximal isotropic subspace to
the complexified cotangent space of every point. Let $* and $~ be the
spaces of complex differential 1-forms such that x e $* if and only if
x|pe};. Given the subspaces $* and $~, determined by the pure
spinor, we can define an almost complex structure J by

Jx = ix Vxegt
(10.8.7)
Jy = —iy Vye§~.

(Note that we here think of J as an endomorphism of the cotangent
(rather than the tangent) space.) Since it has eigenvalues i then J is
certainly an almost complex structure, and since complex conjugation
interchanges $* and ¢~ it is a real tensor field. Since J preserves the
isotropic subspaces $* and $~, then to check that J is an isometry we
need only consider the metric evaluated on an element of $* and of
$ . Let xe$" and y € §~ then g(Jx, Jy) = g(ix. —iy) = g(x, y) and so
J satisfies (10.8.3). Since w is parallel then the subspace $* (and hence
$7) is preserved under covariant differentiation. For if xy = 0 and v is
parallel then Vyxyp =0 and hence VyxeF* Vxe$*, VXelTM.
Since covariant differentiation commutes with complex conjugation then
it also preserves § . Now if xe $™ we have Jx =ix and hence
(VxJ)x +J(Vxx) =iVyx. Since Vyxe $* we have Vy/x =0 and
VxJx* =0, hence V,/ = 0. Thus we have established (10.8.5).

We can use the metric to construct a 2-form out of an almost complex
structure satisfying (10.8.3). If J =J,%¢“ ® X, then the usual index-
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lowering rule gives J,, = g(JX,, X,). If J satisfies (10.8.3) then
8UX, Xp) = —g(UX, T X)) = —g(X,, JXp) = —g(JX,, X,)
and J, = —J,,. The 2-form

Q= 1J,e? (10.8.8)
is called the Kahler 2-form. If x is any 1-form then
Jx = —i;Q = ¥,(Qx). (10.8.9)

We showed above that an even-dimensional Riemannian manifold
admitting a parallel pure spinor is a Kahler manifold. In this case the
Kahler 2-form can be constructed out of the spinor. If ¥ denotes the
adjoint spinor with respect to the Hermitian spinor product whose
adjoint involution is £&* then a real 2-form F is given by

F = S,(iyy). (10.8.10)

For any 1-form x

F1(Fx) = 9\ {ipyx — SolipP)x) = Soliypre,)et - Foliyy)x

and
Faliyyxe,) = g(x, e, )Foliyy) + 1Sy y(xe, — e,x))
Yo(iy yxe,) = glx, )iy y) — 3Fo(iyye,x)
= g(x, e)S(iyP) — 1Fo(ixyye,).

If now v is a pure spinor and x € $*, as determined by (10.8.6), then
the last term in the above vanishes. Thus for x € $*

$1(Fx) = Lo(ipy)x = i(y, Y)x.

Since (y, y) > 0 for ¥ # 0 the Kahler 2-form Q related to the almost
complex structure J of (10.8.7) is given by

o - 2lvd)
(v, v)
By only considering parallel pure spinors we have been able to use a
basically algebraic argument to see directly that M must be a Kahler
manifold. If M is even dimensional and orientable, with dim M < 6 then
if M admits a parallel spinor then it admits a parallel pure spinor. If M
is orientable with y parallel then the Weyl spinors (1 £ %)y are also
parallel where Z is proportional to the volume form on M such that
7?2 = 1. But for dim M =< 6 all Weyl spinors are pure and hence M is a
Kahler manifold. Notice that we need to assume orientability but not
compactness.
In the above we have studied some of the conditions that are

(10.8.11)
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necessary for the existence of parallel pure spinor fields. The existence
of compact Ricci flat manifolds was first demonstrated by Yau [32]
following a famous conjecture by Calabi. When the very stringent
necessary conditions for a parallel spinor are met one can sometimes
appeal to the powerful Atiyah-Singer index theorem [33] to show that a
parallel spinor does in fact exist. This theorem relates the differing
numbers of ‘left- and right-handed” Weyl solutions of the massless Dirac
equation on a compact Riemannian manifold to a topological nvariant,
By the Lichnerowicz theorem we know that for a Ricci-flat compact
Riemannian manifold the only such solutions are parallel spinors. Thus
if the topological invariant is such that the difference between the
number of left- and right-handed solutions is non-zero then there must
exist parallel spinors.

Exercise 10.12

Show that the almost complex structure on a Kahler manifold can be
used to define a sub-bundle of minimal left ideals of the complexified
Clifford bundle. Hence a Kahler manifold is a Spin¢ manifold. Show
that the Riemannian connection induces a connection on this sub-
bundle, and hence the Kahler equation can be restricted to a minimal
left ideal.

The importance of spinor fields in classical differential geometry has
rarely been doubted. That they play an important role in many theories
in physics is an act of faith shared by many physicists. In recent times a
great deal of theoretical physics and differential geometry has become
closely intertwined. The properties of Killing spinors are an example
where both disciplines have gained mutual benefit from this interaction.
In this book we have attempted to bring the amalgam of ideas that
constitute Clifford algebras, differential geometry and the theory of
spinors into a form that we hope will stimulate some readers to pursue
such a synthesis further.
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Algebra

In this appendix we have collected those algebraic results that we have
referred to in the book. Thus the account here is very much tailored to
our specific needs rather than giving a balanced view of the subject. The
first few pages mostly define terminology that we have used. Although
this is fairly standard the various ‘morphisms’ are used by different
authors in slightly different ways, and there are some alternative terms
that we have not listed. The section on algebras is much more dense,
leading up to a proof of the structure theorem for simple algebras.
Although the average reader will probably not want to plough through
this exposition he will need to know the final result, and how it may be
used to construct, for example, explicit representations of y-matrices.
The approach we have adopted is the historical one; more modern
treatments prove the structure theorems for a wider class of rings than
algebras over fields. We found useful the classic books of Albert (1961)
[1] and Dickson (1960) [2], and the more modern book by Kochendorf-
fer (1972) [3). There are, of course, an abundance of books in which
this material can be found, to suit all tastes.

A group, G, consists of a set with a binary operation, or law of
composition, that satisfies four axioms. Usually multiplicative notation is
used to denote this group operation, the juxtapositioning of elements
denoting their composition. In view of this notation we shall often refer
to the law of composition as a product. The axioms are as follows.

(i) For every a, b € G there is a unique ¢ € G such that ab = c.

(ii) The product is associative, (ab)c = a(bc).

(iii) There exists an identity (or unit element), denoted 1, such that
al=1la=a VaeG.

(iv) Every element a has an inverse a ™!

,aa '=a'a=1.

When a group consists of a finite number of elements then this
number is called the order of the group. In general the group product is
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not commutative, ab # ba. The set of elements that commute with al]
other elements is called the centre. A group for which the product of
any two elements is commutative is called Abelian. Often additive
notation is used to denote the law of composition in an Abelian group,
in which case the identity is written as 0. A subset H, of a group G,
which forms a group under the product of G is called a subgroup. Thus
H is a subgroup if and only if uwve H Vu, ve H, u'€e H Vue H and
1 e H. For example, the centre is a subgroup. We may form a subgroup
H from any subset S of a group G by taking the set of all products that
can be formed from elements of S and their inverses; this group is said
to be generated by §. A subgroup enables a group to be decomposed
into equivalence classes. If we have an equivalence relation on a set
such that @ is equivalent to b then we write a ~ b. Equivalence
relations satisfy a ~a, a ~ b for b ~ a, and if a ~ b and b ~ ¢ then
a ~ c. The set of all elements equivalent to an element a constitute the
equivalence class of a, [a]. Any element of [a], such as a, is called a
representative of the class. The equivalence classes of distinct elements
are either identical or non-intersecting. If H is a subgroup of G then an
equivalence relation on G is defined by a ~ b if b = ah for some he H.
The equivalence class of a is called the lefr coset of G, relative to H,
generated by a. In an obvious way we define right cosets. For a special
type of subgroup the cosets inherit a group structure. A subgroup H is
called normal (or invariant) if ghg'e H Vge G, Vhe H. The nota-
tion H << G denotes that H is a normal subgroup of G. It follows that
the left and right cosets relative to a normal subgroup are equal. These
cosets form a group under the product defined by [a][b] = [ab]. Since
[a] = [ah] for h e H this definition only makes sense if H is normal.
This group of cosets is called the quotient of G modulo H, denoted
G/H. We give an example. The set of integers (positive and negative)
forms an Abelian group under addition, denoted Z. Any integer n
generates a subgroup H. Thus H consists of the set {0, *n, £2n, *3n,
.. .}. Any subgroup of an Abelian group is normal and so we can form
the quotient, Z,, = Z/H. If m is any integer then m = gn +r, where
0 = r < n, and so every element of Z is equivalent to a positive integer
less than #n. The class of the sum of two such integers is represented by
their sum modulo a multiple of n. For example, Z, has two elements,
[0] and [1], and [1] + [1] = [2] = [0]. (The notation Z, will be used to
denote any group isomorphic to these quotients. For example, the set
{1, =1} forms a group under multiplication, isomorphic to Z,.) Roughly
speaking a homomorphism is a mapping between groups that preserves
the structure. Let ¢ be a mapping from G to G', then @ is a
homomorphism if @(ab) = @(a)p(b). The product on the left-hand side
is that of G whilst the product on the right-hand side is that of G'. If
every element of G’ is the image of some element of G under ¢, then @
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is called surjective (or onto). If no two elements of G get mapped into
the same element then ¢ is called injective (or one-to-one). A mapping
that is both injective and surjective is called bijective. Groups that are
related by a bijective homomorphism are called isomorphic, and we
write G’ = G. In general a homorphism ¢ is not injective, and the set
of elements in G mapped onto the identity of G’ is called the kernel of
@ (ker ). The kernel of ¢ is a normal subgroup of G, and we have

@(G) = Glker . (A1)
(This is known as the first isomorphism theorem.)
This may be proved by introducing a map @,
d: Glkerp — ¢(G)

[a] — @([a]) = ¢(a).

The proof consists of showing that not only does such a definition make
sense, but ® is a bijection. The following is usually known as the second
isomorphism theorem. If N< G and A < G such that NEA G
then

G/N
A/N
The conditions on the subgroups are just such as are required for this to
make sense. The equivalence class of a in G given by N is written {a] y:

[a]4 being similarly defined. The proof of (A2) is established by
introducing a map @,

=~ G/A. (A2)

¢:GIN— G/A
laly = ¢ ([a]x) = [a]4.

Not only is such a map well defined but it is a surjective homomorphism
with kernel A/N. Then (A2) follows from (Al).

If H and K are two groups then there is a natural way in which
the Cartesian product of these sets can be given a group structure. The
Cartesian product set consists of ordered pairs of an element of H and
an element of K. If (h,, k,) and (4., k,) are two such pairs then we
may define their product by (A, k,)(h,, k)) =(h h,, k1k>). If G
denotes the group formed by such pairs then G is the direct product of
H and K, written G = H X K. An isomorphism from a group to itself
is called an automorphism. If ¢ and y are automorphisms of G then
their product may be defined by (@y)(a) = ¢(y(a)). Under this product
the set of all automorphisms of G forms a group, AutG. If ¢ is any
element of G then we have a 7 in the automorphism group given by
t(a) = tar~'. Such an automorphism is called an inner automorphism.
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Any automorphism that is not inner is called an outer automorphism.
The ordered pairs consisting of an element of a group and an element of
a group of automorphisms can be given a group structure other than
that of direct product. If  is a subgroup of Aut G then for w,, w; € Q,
a,, a, € G we define (a,, w,)(a,, w,) = (a,0,(a,), w,w,). With such a
product we have (a, w)™! = (w0~ '(a™!), w!). The ordered pairs under
this product form the semidirect product of G and Q, K say, written
K= GOQ.

A ring has two binary operations, addition, denoted +, and multi-
plication, denoted by juxtaposing elements. Under addition a ring forms
an Abelian group, the additive identity being called the zero element.
Multiplication is associative (unless specifically stated otherwise) and
distributive over addition,

(a + b)c = ac + bc c(a + b) = ca + cb.

A commutative ring is one in which multiplication is commutative. The
set of elements that commute with all other elements under multiplica-
tion is called the centre. A ring need have no identity (or unit element),
denoted 1, by which is meant a unit element under multiplication. For a
ring with unit element an element a is called regular (or invertible) if it
has a multiplicative inverse a~', that is aa ' =a'a=1. A ring in
which every non-zero element is regular is called a division ring. We
have already noted that the integers, Z, form an Abelian group under
addition; with multiplication they form a ring. Similarly with multiplica-
tion being defined modulo n the group Z, forms a ring.

A field is a commutative division ring. (Sometimes a non-
commutative division ring is called a skew field.) Familiar examples of
ficlds are the rational numbers @, the real numbers R and the complex
numbers C. For p a prime number then an example of a field with a
finite number of elements is Z,. A field F is said to be of characteristic
p if there is a prime number p such that

ata+a.. +a=0 VaeF.

p terms.

In this case F contains Z, as a subfield. If there is no such p then F is
said to be of characteristic zero, and in this case it contains the rational
numbers as a subfield. We shall really only be concerned with the zero
characteristic fields R and C. The complex numbers have the property
of being algebraically closed, which results in the property that we shall
observe of enabling any complex number to be written as a square. The
real numbers do not have this property, no negative number being a
square of a real number.

A vector space over a field F, V, is a set (of vectors) with an
operation of addition and a rule of scalar multiplication, which assigns a
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vector to the product of a vector with an element of the field. (In this
context elements of the field are called scalars.) Under addition the
vectors form an Abelian group, with multiplication by scalars satisfying
the following:

(1) (Auyx = A(ux)
(i) (A + u)x = Ax + ux

Ax +y)=Ax + Ay VA, ueF, . x,yeV.
(iii) 1x = x, where 1 is the unit element of F.

If {x;} is a set of vectors such that x = Z,Alx; for A’ € F then x is said to
be a linear combination of the x;. A set of vectors is called linearly
dependent if any one vector can be written as a linear combination of
the others. Conversely the set {x,} is linearly independent if Z,A'x; =0
implies that all A’ are zero. A set of vectors {x;} is said to span V (or
generate V) if any element of V can be written as a linear combination
of the x;. A linearly independent spanning set is called a basis, or linear
frame. Every vector space admits a basis, and when the vector space is
spanned by a finite set any basis contains the same number of vectors,
called the dimension of the vector space V, denoted dim V. Any vector
can be written as a linear combination of the basis vectors, the uniquely
determined scalar coefficients being termed the components of the
vector with respect to that basis. If {e;} and {f;} are distinct bases then
the elements of one basis can be written as linear combinations of the
other basis vectors,

€ = ZAijfj
j=1

f/ = Z Bjie,"
i=1

Substituting either expression into the other gives

ZBjiAik - 6jk

i=1
Z AFB =&/
k=1

where the Kronecker 8/ takes the value zero unless i = j when its value
is one. Thus the coefficients relating the change of basis can be
displayed as a non-singular n X n matrix, with entries in F. Such
non-singular matrices form a group under matrix multiplication, the
general linear group over F, Gl(n, F). In the above expressions we have
chosen to position certain indices as superscripts, others as subscripts. It
is often convenient to adopt the Einstein summation convention in which
summation is implied over any repeated index, occurring once as a
superscript and once as a subscript. Thus in the above expressions we
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would simply omit the summation sign when using the summation
convention. We shall frequently use this convention without further
comment. When it is not clear from the context whether a sum is
implied or not we shall explicitly state, for example, no sum.

A subset U of a vector space V such that all linear combinations of
vectors from U lie in U is called a vector subspace. The zero element
and V itself are obviously vector subspaces, any other subspace being
termed non-trivial. If S is any subset from V then all linear combina-
tions of vectors from § form a vector subspace which is said to be
generated, or spanned, by §. The dimension of the subspace generated
by § is called the rank of the set. If U and W are subspaces of V then
so is the intersection of these sets, U N W. This intersection is not
empty since all subspaces contain the zero element: thus should we
speak of non-intersecting subspaces we really mean subspaces that only
intersect in the zero element. The sum of U and W, U + W, consists of
vectors of the form x=u+w, uelU weW. In general, such a
decomposition of x into elements of U and W is not unique. It is,
however, when U N W = 0. In this case the sum is said to be direct,
written U @ W. (Later we shall reserve this notation for the direct sum
of algebras, all vector space sums being direct unless stated otherwise.)
For any subspace U there is a subspace W such that V=U® W; W
being called the complement of U in V. Obviously
dimV = dim U + dim W. Any subspace U is a normal subgroup under
addition. The quotient group V/U can be given a linear structure by
defining A{x] = [Ax], where the bracket denotes the equivalence class of
x, with x ~y if x =y + u for some u € U. With this structure V/U is
called the linear quotient space of V modulo U. (In view of the additive
notation the obsolescent term difference space might seem more
appropriate. )

A linear map between two vector spaces over the same field is a
group homomorphism that commutes with scalar multiplication. That is,
@ is a linear map from V to W if

P(Ax + py) = Ao(x) + ugp(y) Vx.yeV,i uekF.

It follows that every linear map sends the zero element of V to that in
W. A linear map may be completely determined by specifying its effect
on some basis for V. The terms injective, surjective and bijective
naturally apply to linear maps. A bijective linear map is called a vector
space isomorphism. The kernel of a linear map is the kernel of the
group homomorphism, and is readily seen to be a linear subspace. In an
obvious way we can define addition of linear maps and multiplication by
scalars such that the linear maps from V to W form a vector space,
$(V, W). Since any such linear map may be specified by a
dim V x dim W matrix we have dim£(V, W) = dim Vdim W. A linear
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map from V to V will be called a linear transformation, or endomorph-
ism, and we will also write EndV for £(V, V). Such linear transforma-
tions can be multiplied by composing maps, (ey)x = ¢(y(x)). With
such a product End V has the structure of an algebra, about which more
will be said later. Under mulitplication the non-singular linear trans-
formations form a group. the automorphism group of V, AutV. Of
special importance is the vector space of linear mappings from the
vector space V to the field F, known as the dual space, V*. When V is
finite dimensional then dim V* = dim V. For each basis {e;} of V we
may establish a natural dual basis {e*'} of V* such that e*/(e;) = &/,
Vi, j. (Note the conventional positioning of indices.) If arbitrary
elements b and B in V and V* respectively are expanded in dual bases
as
b = be, B = Bie*! (summation convention)

then B(b) = B.b'. In particular, e*/(x) = x’ expresses the components
of x in terms of the corresponding natural dual basis action on x.
Elements of V* are sometimes called co-vectors to distinguish them
from elements of V, although for V finite dimensional this terminology
is reciprocal since there exists a natural way to regard V as the dual to
V*.

A vector space V is graded by an Abelian group G if V is expressible
as a direct sum of subspaces that are labelled by elements of G. More
precisely, V is a G-graded vector space if {V,} is a set of non-
intersecting subspaces such that V = XV, and k injectively assigns an
element k(i) of G to each V,. G is called the group of degrees.
Elements of V; are called homogeneous of degree k(i), denoted

degx = k(i) VxeV,.

Since the zero vector lies in every subspace it is homogeneous of every
degree. Paticularly when G = Z we will label the subspaces with
elements of G. When the only element that is homogeneous of negative
degree is the zero eclement we have a positive gradation. If we omit
mention of the group G we shall mean by graded vector space a
Z-graded space with positive gradation. A G-graded subspace of a
G-graded space V admits a direct sum decomposition in terms of
subspaces contained in the homogeneous subspaces of V. If V and W
are G-graded spaces with homogeneous subspaces {V;} and {W;} then
a linear map g is called homogeneous of degree k if there is an element
k € G such that ¢(V,;) C W,,, VieG. It follows that the kernel of a
homogeneous map is a graded subspace of V, whilst the image is a
graded subspace of W. If U is a G-graded subspace of a G-graded V
then the linear quotient V/U inherits a natural G-gradation, the
equivalence classes being assigned the degree of a homogeneous repre-
sentative.
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A bilinear mapping on V is a mapping on pairs of vectors which is
linear in each argument separately. By bilinear form we mean a bilinear
mapping on V with values in the field F. We shall also refer to such a
mapping as a metric. Although this use of the word is not standard we
adopt it due to its prevalent use in this sense for the applications we are
interested in. (Such a metric will not in general satisfy the criteria for a
distance function used to define a metric space!) A metric g is
symmetric if g(x, y) = g(y, x) Vx, y e V and non-degenerate if g(x, y)
=0 Vy implies that x = 0. We shall be primarily concerned with the
case of F=R with g symmetric and non-degenerate, and we now
restrict ourselves to this situation. In this case g is said to be positive-
definite if g(x, x) > 0 for all non-zero x. It is often convenient to choose
a g-orthonormal basis, {e;}, in which g(e;, ¢;) = n; where n; = £1 if
i = j or zero otherwise. The pattern of signs is known as the signature
of g, and may be denoted (p, gq) where there are p plus signs and q
minus signs. The automorphism group or invariance group of a space
with a metric is the subgroup of the group of non-singular linear
transformations consisting of elements m such that g(m(x), m(y)) =
g{x, y) Vx, ye V. For a real-valued symmetric non-degenerate g of
signature (p, gq) the invariance group is called the orthogonal group,
O(p, q). Such a space will also more simply be called an orthogonal
space. In particular, then, orthonormal bases are related by orthogonal
transformations. The metric g can be used to associate with every

—~

element x € V an element ¥ € V* by the rule that

(y) = g(x, y) VyeV.

We shall refer to such an ¥ as the metric dual or adjoint of x (with
respect to g). If the components of g in the basis {e;,} are given by
g; = gle, e;) and X is expressed in the dual basis as ¥ = xe*t the_n
Xy = gyx'y/. Since this must hold for all y/ it implies that ¥; = g;x'.
Frequently a lowering convention is adopted for indices in which
x; = g;x', such that if x = x’e; then ¥ = x,e*’. The metric g:V X V— R
naturally induces a metric g*:V* x V* — R by the rule

g* (X, 9) = g(x, y) Vx,yeV.

If the components of g* in the basis {e*'} are the numbers
g*¥ = g*(e*!, e*/) then g;g*/* = 8%;. Thus the components of g* form
the inverse of the matrix of components of g. The map ~ from V to V*
is invertible and we denote its inverse by _. Thus if Be V* with
B = Be*' then B_ = B'e; where the index has been raised with the
components of the metric, B' = g*¥B,. For typographical reasons we
shall use the same symbol to denote the ‘lowering map’ ~ and its inverse
the ‘raising map’ _, there being little scope for confusion so long as we
state in which space the elements lie.
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As well as real vector spaces we shall be interested in vector spaces
over the complex field. In various ways the same Abelian group can be
endowed with both an R-linear structure and a C-linear structure. When
speaking of the dimension of such a vector space it is important to
distinguish between the two linear structures, and when there is possibil-
ity for confusion we use dimg and dim¢ to denote the dimensions
associated with the different linear structures. Similarly we speak of
B-linear and C-linear transformations when there is possibility
of confusion. If V is a real vector space then an endomorphism J such
that J2 = —1, where [ is the identity map, is called a complex structure
on V. Such a J can only exist if V is of even dimension. A complex
structure can be used to define multiplication of elements in V by
complex numbers. For A + iue C, 4, u€ R, we define

(A +iwx = Ax + wix VxeV.

Such a C-linear structure turns V into a complex vector space V, the
complex vector space associated with V (and J). We clearly have
dimcV = Jdimg V.

There is another way in which a complex vector space can be
fabricated out of a real vector space V. The ordered pairs of elements
of V, V X V are given a real vector space structure by defining

(X1, Y1) + (x2, y2) = (X1 + X2, 1 T ¥2)
Alx, y) = (ix, iy) AeR.

With this structure the ordered pairs form the external direct sum of V
with itself, V@V. This direct sum space has a natural complex struc-
ture, J:(x, y) — (—y, x). The complex vector space associated with this
complex structure is called the complexification of V, V. Thus
Ve =(V®V), and dimcVC = dimgV. An element of V¢ is an ordered
pair of elements from V. But since (x, y) = (x, 0) + i(y, 0) we shall
write x + iy instead of (x, y). If then A + iu e C this gives, as one would
expect,

(A + iw)(x + iy) = Ax — uy + i(Ay + ux).

If now we start with a complex vector space E then we automatically
have an associated real vector space, E®, since R is a subfield of C. This
real vector space comes equipped with a natural complex structure,
multiplication by i in E. With this complex structure E = (E®)C.

A group homomorphism ¢ between complex vector spaces is called
conjugate linear if @(Ax) = A*@p(x) for AeC and A* denoting the
complex conjugate. In particular, if @ is an R-linear map on a real V
that has complex structure J such that, ¢/ = —J¢ then @ is a conjugate
linear map on V.
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As we have remarked, the non-singular linear transformations on a
vector space V form a group under multiplication, AutV. If G is an
arbitrary group then a representation of G is a homomorphism of G into
AutV, for some V. The vector space V is said to carry the representa-
tion. The dimension of V is called the dimension of the representation.
If this homomorphism is one-to-one then the representation is called
faithful. 1f the image of G under the representation leaves no non-trivial
subspaces of V invariant then the representation is called irreducible. If
V may be decomposed into subspaces that are preserved under a
representation of G then that representation is reducible, as it induces
homomorphisms of G into the automorphism groups of these subspaces.
If V and W carry representations ¢ and p respectively then these are
termed equivalent if there is an isomorphism S, mapping V to W, such
that the following diagram commutes for all ge G, x e V:

(g)

x — p(g)x

s N ie. Sp(g)S™' = p(g).

p(g)
Sx — p(g)Sx

An algebra over the field F, sl(F), consists of a vector space over F
together with an algebra product, called multiplication, which satisfies

a(Ab + uc) = Aab + pac Va, b, ced, VA, ueF

and similarly for multiplication on the right. We shall call the dimension
of the vector space the dimension of the algebra. The algebra is
associative if its product satisifes a(bc) = (ab)c. Thus equivalently an
assoclative algebra s{(F) is a ring s that is a vector space for which
a(ab) = a{ab) = (wa)b Va, bed. Vae F. We may therefore apply
the terminology defined for rings to algebras. A division algebra being,
for example, a division ring that is an algebra. An algebra with a unit
element that spans the centre is called central. When the vector space is
graded by an Abelian group G and the algebra product satisfies

deg(ab) = dega + degb

then we have a G-graded algebra. Unless we further specify we shall
mean by algebra & a finite-dimensional associative algebra over F, some
arbitrary field; although in this book we shall only be concerned with
the real or complex field.

If the underlying vector space of an algebra s is the direct sum of two
subspaces . 6 then we will write &{ = B + €. These subspaces need
not be subalgebras, by which we mean a vector subspace that is closed
under the algebra product. The centre is an example of a subalgebra.
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For subspaces %, € we define the product 3B% to be the vector space
spanned by all pruducts of the bases for & and ‘€. If % is some subspace
such that o = 4% . . . G then G is said to generate . A basis for 4 will
be termed a set of generators for 4. In general the dimension of B%
will be less that the product of those of B and 6. In fact we have

If {¢} i=1,...,5 is a basis for % then
dim B€ = dim Bdim € iff Z;_,d;c; =0 for d; € B implies all
d; are zero. (A3)

Forif {b;} j=1, ..., ris a basis for & then %6 is spanned by the
set of all products bc;. So dim#B€ = rs if and only if these are all
linearly independent, that is, if

l,-,-b,-c,— = O
=1, s
f=1.....r

for A; € F implies all A; = 0.

For d; = X7_,A;b; this is just the statement of the result. As a special
case we have, for some non-zero a€ A, ad = « if and only if there is
no non-zero b such that ab = 0. The above result enables us to make

the following simple observation, to which we will later refer.

If there is an element b such that ab = 1 then b is the unique
inverse of a. (A4d)

It is obvious that if a had an inverse then it would be unique. Given
ab =1 we have abd = 4. But abd C ad so we must have ad = A,
that is, from (A3), there is no non-zero d such that ad = 0. Suppose
there were a ¢ such that bac # c, that is bac — ¢ = d where d # 0. This
implies that abac — ac = ad. If, however, ab = 1 then the left-hand side
is zero, whereas the right-hand side cannot be, so ab =1 gives
bac = ¢V ¢, thatis, ba = 1.

The structure of an arbitrary algebra may be understood in terms of
certain building blocks of smaller algebras together with the rules for
assembling them. One such way in which an algebra can be expressed in
terms of others is as a direct sum. An algebra o is the direct sum of
algebras B and €, & = BDE, if we have a vector space direct sum and
BE€ = €B = 0. This is obviously extended to sums of several algebras.
An algebra that can be written as a direct sum of subalgebras is called
reducible and the subalgebras are termed components. Reducible alge-
bras contain invariant subalgebras, or ideals. A two-sided ideal, or
simply an ideal, is a subspace I such that &l C I. Obviously ideals are
subalgebras. Thus the components of a reducible algebra are ideals.

Suppose A = B + 4, then we define an equivalence relation in o by
a~bif a=>b+ ¢ where c € 6. We denote the equivalance class of a
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by [a]. The elements of & form an Abelian group under the operation
of addition; this group may be quotiented by defining

[a] + [b] = [a + b].
The equivalence classes are made into a vector space by defining
Ala] = [Aa] for A in F.

The obvious way to try and make the equivalence classes into an algebra
is by defining

[a](b] = [ab].
If, however, ¢, d € € then
[a][6] = [a + c][b + d]
and so for consistency we would need
[ab] = [ab + ad + cb + cd]

that is, (ad + cb + cd) € €. This will be true for all a, bed and ¢,
de% if, and only if, € is an ideal. When this is the case then what we
bave described is the quotient algebra of i modulo €, denoted /€. If
A is a G-graded algebra with an ideal I which is a G-graded subspace
then I wiil in fact be a G-graded algebra. As a vector space ${/1 inherits
a natural G-gradation such that, if a is homogeneous, deg[a] = dega.
This makes /1 a G-graded algebra since

deg {[a][b]} = deg[ab]
= degab
= dega + degb
= degla] + deg[b].

An algebra homomorphism is a linear transformation from an algebra
s to an algebra % such that the multiplicative structure is preserved.
That is, if ¢ is a linear transformation from « onto & then ¢ is an
algebra homomorphism if @(ab) = @(a)p(b). When the linear trans-
formation is a vector space isomorphism then we have an algebra
isomorphism, two isomorphic algebras also being called egquivalent,
denoted o = B. An isomorphism from an algebra to itself is called an
automorphism. If an algebra has a unit element then for any invertible s
the mapping a~>sas~! defines an automorphism, called an inner auto-
morphism. An automorphism is readily seen to map the centre onto
itself. If the automorphism is inner then individual elements of the
centre are left invariant. The kernel of a homomorphism is the kernel of
the linear transformation. If ¢ is in the kernel of a homomorphism ¢,
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@(a) = 0, then @(bac) = ¢(b)gp(a)g(c) = 0 for all b, ¢ and so the kernel
is an ideal. In the same way as the analogous result for groups is
proved, we may show that

@(A) = dlker @. (AS)

A different correspondence between algebras may be defined as
follows. If u is a vector space isomorphism between & and 4’

U:A—>A'
a——a*

such that (ab)* = b“a“ then # and ' are termed opposite algebras and
we shall use #° to denote the opposite to &. In general #° # . For
the case when the opposite algebra is isomorphic to & then &' may be
replaced with & in the definition above and we then speak of the
mapping as an anti-automorphism. An anti-automorphism of particular
interest is that which squares to the identity. We shall call this
involutory anti-automorphism simply an involution.

If % and € are algebras of dimension m and n then we have already
described how to form a new algebra of dimension m + n, namely the
direct sum. We now describe how an algebra of dimension mn may be
formed, the tensor product. If s, %, € are algebras over F with
dimensions mn, m and n respectively such that % has a basis {b;} i = 1,
. . ., m with multiplication table

bibj = EBijkbk
k
% has a basis {c,} p =1, ..., n with multiplication
CpCq = ECpqrcr

then o is the tensor product of B and €, A = B, if it admits a basis
{ap}i=1,...,m;p=1,..., nwith multiplication given by

aipajq = ;Bijkcpq,ak,.
r

This criterion for & to be the tensor product of B and € involves
particular bases for % and ¢, thus there is now an onus to show that it
is in fact independent of the bases chosen. If we have bases as defined
above then we can define a bilinear map

®:B X ¢—d
by, c,—b;®c, = a,,.

If now {b;}, {c,} are any bases for %, 6 then the bilinearity ensures
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that the set of {b;®c,} are linearly independent, and hence a basis for
A. Further, if

bib; = Ek)B;,kb'k
and
chcly = 2 Chpcs
then we have ’
(b;®c},)(b1®ch) = ;B}jkc;q,b}(@)c’,.

So indeed the definition of the tensor product is independent of the
bases for % and €. It should be stressed that the definition we have
given for the tensor product algebra defines it only up to equivalence.
This will be convenient later when we shall make use of the observation
that if % and € are mutually commuting subalgebras of o with
dimsd = dimBdim€ then o = BRE. In the particular case that # has
a unit element it will also be the unit element of % and €.

A familiar example of an n°-dimensional algebra is provided by the
set of all n X n matrices (matrices of order n) with elements in F. The
abstract algebra isomorphic to this will be termed a rotal matrix algebra,
denoted M, (F). Where no confusion is likely we will simply refer to
such an algebra as a matrix algebra, and shall not exhibit the underlying
field, writing M,. A basis for matrices of order n is obviously provided
by all the elements with a unit in the ith row and jth column and zeroes
elsewhere. We formalise this by defining an ordinary matrix basis to be

{e;} i,j=1,...,n
e,-/-ek,=0 jzﬁk
€€ = €.

The identity 1s the sum of the diagonal elements, that is | = e+ ...
+2le,,. Matrix algebras have the following simple but important

property.
”’Mm(F)®Jun(F) = an(F)' (A6)

The proof will consist of spotting how to label the basis. If {e;} and
{f ,,} are ordinary bases for M, and M, then if we set

e;®t, =E,

where I =(i—1)n+p,J =(j— 1)n + q a basis for #M,,®OM, is {E ;}
LJi=1, ... .mnlf K=(k —-1)n+r,L=(—-1)n+s then
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EIIEKL = (ei/®qu)(ek/®frs)
= 6jkéq,e,'[®fp5
= 6/kéqrE[L

= 6(/ - n+q.(k-Dn+ rE[L
= 0,E ;.

One reason for the importance of matrix algebras is that any
associative algebra can be imbedded in a total matrix algebra. If V is a
vector space then the set of all linear transformations from V to V
forms an algebra, the endomorphism algebra, End V. If M € End V and
a € V then we will usually write the transform of a by M as Ma, with no
brackets. The product of linear transformations M and N will be
defined by (MN)a = M(Na). Occasionally it will be convenient to write
the effect of a linear transformation as M:a — a™. In this case we will
use the convention that a™V = (a™)¥. Normally this latter notation will
be reserved for involutions. Addition of linear transformations is defined
in the obvious way, and it is clear that End V is a total matrix algebra.
A representation of an algebra s is a homomorphism into End V, for
some V. Representations of algebras are termed faithful, irreducible or
equivalent using the obvious analogue to the case of group representa-
tions. If & is an algebra then it is certainly a vector space and thus the
algebra End o is associated with it. We may put elements of & into
correspondence with certain elements of End s as follows. For ae A,
L({a) € End 4 is defined by

L(a)d = ad Vded.

It follows that L is a linear map from # into Ends such that
L(a)L(b) = L(ab). Thus L is a homomorphism, called the regular
representation. If 4 has a unit element then the regular representation is
faithful. For if L(a) = L(b) then L{(a — b)d = 0 for all d, and taking
d =1 gives a = b. So, in this case, the set {L(a)} for all a € & forms an
algebra, L(s), equivalent to #. In an obvious fashion we define the
mapping R such that R(a)d = da. Then R(a)R(b) = R(ba) and so for
an algebra with unit element R(#) = #°. Thus L(#A) and R(s#A) are
subalgebras of End & which are also mutually commuting, for

L(a)R(b)d = L(a)(db) = adb
= R(b)L(a)d

since & is associative. What is more, if ## has a unit element and
S € End 4 commutes with all elements of L(s#) then § must be in R(sA).
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For
(SL(a))1 = Sa
and
(L(a)S)1 = a(S81)
so if § commutes with L(a)
Sa = a(S1)
that is
Sa = R(S1)a Va.

If, then, o is an n-dimensional algebra with identity then End s is an
n’-dimensional algebra with L(s4) and R(s4) as n-dimensional commut-
ing subalgebras. If the dimension of L(d)R(#A) were n? then End«d
would be the tensor product of L(#) and R(sd). Although in general
this will not be the case it is in the following situation.

If % is a central division algebra then L(2)®R(%) = End 9. (A7)

If @ is n-dimensional we need to show that dim {L(2)R(®)} = n?. The
proof will require the following

Lemma

L(Z)R(Z) = L(D)u, + L(D)u; + ... + L(D)u,
where u,, ..., u, are in R(®) and the sums are direct vector space
sums.

Since the identities of L(%) and R(@) coincide we have
R(@) C L(2)R(D). We pick a non-zero element of R(®), u, say, and
form L(@)u,. Then either L{D)u, = R(D) or we can pick a u, in R(D)
that is not in L(@)u,, giving L(D)u, N L(D)u, = 0. For if au, = Bu,
where a, fe (D) then for B#0 u, = (f'a)u,;, which contradicts
u, e L(D)u,. Proceeding in this manner completes the proof of the
lemma.

In the manner of the lemma we write

L@)R(@D) = L@)u, + ... + L@)u,.

Since for u regular dim {L(2)u} = n we have dim(L(Z)R(D)) = ns,
with s < n. If s < n then we may extend the set {u, u,, ..., u,} toa
basis for R(2) by choosing u,,,, ..., u,. Since, as we stated in the
lemma, R(%) C L(Z)R(D)

Ug 1 = Dol with a; e L(9).
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However, since L(%) and R(9) are commuting subalgebras [u;, B} = 0
VB eL(®) where the bracket denotes the commutator. In particular

[+ 1, B] = O giving

Z[“ia Blu; = 0.
Since the sum is direct, in the vector space sense, we must have
[a;, B} =0 VBeL@)i=1,...,s.

That is, the &; are in the centre of L(®). But L(%) =% which is
central, so the @, must all be multiples of the identity by the base field
F. The expansion of u;,; as a sum of the first s u; then contradicts
their F-linear independence and so we must have s = n and the proof is
complete.

There is another reason for the prominent role played by matrix
algebras. The structure of an important class of algebras may be given in
terms of matrix algebras and division algebras. More generally the
recalcitrant (or interesting) parts of an algebra may be collected together
into a certain ideal such that the structure of the quotient modulo this
ideal is given in terms of matrix and division algebras. The existence of
this ideal will now be established.

A non-zero element of an algebra is called nilpotent if some finite
power of it vanishes. The smallest such power is called the index of that
element. An algebra is called nilpotent of index v if v is the smallest
integer such that all products of v terms vanish. We have already
encountered the concept of a two-sided ideal; single-sided ideals are
defined as follows. A left ideal of an algebra o is a subspace ¥ such
that 4¥ C &£. Right ideals are defined in the obvious way. It follows
that single-sided ideals are subalgebras, and so we may talk of nilpotent
single-sided ideals.

The sum of two nilpotent left ideals is a nilpotent left ideal. (A8)

Let % and € be nilpotent left ideals of index & and f respectively. Then
R + € is certainly a left ideal. If any element of B + %€ is raised to the
power k then it will be a linear combination of terms of the form
a=aa, ... a, where the a, are in 9B or €. Suppose that p terms in
this product are in %, and that j is the largest integer such that a; € 3.
Then if a;_, €€ we set a;_,a; = a}, where aje %R, since B is a left
ideal. Proceeding in this manner we can write @ = b, ... b,r with the
b; in B and r in 6. Similarly, we have a = ¢, ... ¢,s where the ¢; are
in € and s is in B. Here p+ g=k. Soif k=a+F—-1then p<a
gives g = 3, whereas ¢ < f3 gives p = a and so we must have a = 0.
That is, B + € is nilpotent with index no greater than one less than the
sum of those of B and €. Obviously this result is just as valid for right
ideals.
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If £ is a nilpotent left ideal then $ = £ + £ is a nilpotent
two-sided ideal. (A9)

Firstly note that ¢ is indeed an ideal; for ¥ C & since ¥ is a left
ideal and so ¥ C £, thus ¥ is a left ideal. Similarly d{ C & and
so 94 C £4 C ¥, making $ a right ideal. As well as being a left ideal
P is nilpotent. Forif xe £, x =lafor [e £, ae A and x* = '~ g
where I’ = al, is in £. So £44 is nilpotent with index less than or equal
to that of £. Since $ is the sum of two nilpotent left ideals, the previous
theorem shows that % is nilpotent.

These two resuits have been established for the purpose of proving
the following.

Every nilpotent left, right and two-sided ideal is contained in
a unique maximal nilpotent ideal, the radical. (A10)

Let N be a nilpotent ideal of largest dimension. If N’ is any nilpotent
ideal then, by (A8), N + N’ is a nilpotent left ideal, and similarly it is a
nilpotent right ideal and so an ideal. But N is of maximal dimension so
we must have N' C N. If now £ is a nilpotent left ideal then the above
result and (A9) combine to give £ C (¥ + £sd) C N. Similarly for right
ideals.

Before making the anticipated good use of the existence of the
nilpotent radical it is necessary to establish some properties of other
important elements of an algebra, the idempotents. A non-zero P is
idempotent if P> = P. An obvious example of an idempotent is the
identity of a division algebra.

The identity is the only idempotent in a division algebra. (All)

Suppose P?=P and P is not zero. Then P is invertible and
P~1P2=P-'P, that is P=1. Of course, a unit element is a very
special example of an idempotent. A more general example is provided
by the diagonal elements of an ordinary matrix basis. A large class of
algebras have an idempotent.

Every non-nilpotent algebra contains an idempotent. (A12)

Obviously a nilpotent algebra cannot contain an idempotent. We will
show that if an algebra does not contain an idempotent then in fact it
must be nilpotent. Suppose that o« contains an a such that
dAa* = da*~ ! for some power k. Then if B = sla*~', B is a left ideal
of 4, and hence an algebra, satisfying %a = B and hence Bb =B
where b € % is given by b = a*. So there must be some P € % such that
Pb = b, giving (P> — P)b =0. But B#b =R means that there is no
non-zero x with xb = 0 and so %, and thus &, contains an idempotent.
So if s« does not contain an idempotent we must have
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dim (da*) < dim (4a*~1') for all powers k of all ae . The finite
dimensionality of < means that there must be a finite a such that
da®* = 0; in particular a®**! = 0. Since this is true for all a, o is
nilpotent.

The existence of an idempotent enables an algebra to be written as a
direct vector space sum of subalgebras. Let P be an idempotent in o,
then £(P) is defined to be the left ideal consisting of a € ¥ such that
aP = 0. Similarly the right ideal R(P) is defined to consist of all a e of
such that Pa = 0, and we define $(P) = L(P) N R(P). The following
theorem gives the two-sided Peirce decomposition of .

If P is idempotent in & then
A = PdAP + PL(P) + R(P)P + $(P). (A13)

All the terms in this sum are algebras. P(P) consists of all a € & such
that Pa = aP = a; PZ(P) consists of all a € f with Pa = a, aP = 0;
R(P)P consists of all aesd with Pa=0, aP =a and if ae$(P)
Pa = aP = 0. So obviously these algebras are non-intersecting and what
we need to show is that they span . To see this we write

a = PaP + P(a — aP) + (a — Pa)P + (a — Pa — aP + PaP)

where each term in the sum lies in one of the subalgebras contained in
the Peirce decomposition.

Elements of $(P) are said to be (algebraically) orthogonal to P. An
idempotent is called principal if there is no idempotent orthogonal to it.
We can now go one step further from (A12) with

Every non-nilpotent algebra contains a principal idempotent. (Al4)

If o is non-nilpotent then it certainly contains an idempotent. If u is a
non-principal idempotent then there exists an idempotent v such that
uv = pu = 0. That is, v € $(u). If P = u + v then P is idempotent with
Pu=uyP=uand Pv=vP =v. So if xP =0 then xu = xP =0, and if
Px =0 then ux = uPx = 0, that is, $(P) C $(u). In fact $(P) must be
strictly contained in $(u) for ve $(u) but not in $(P). If P is not
principal then we set P’ = P + w where w € $(P). Since $(P) C $(u) if
this process is continued it will eventually produce a principal idempo-
tent since $(u) is finite dimensional.

Of fundamental importance are the primitive idempotents. An
idempotent is primitive if it can not be written as a sum of two
orthogonal idempotents. The following could have formed an alternative
definition of a primitive idempotent.

P is the only idempotent of PAP iff P is primitive. (A15)

If P were not primitive then P=u+ v with wuv=vu=0 So
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Pu=uP=u and Pv=0vP =vp and thus both u and v are in P4P.
Conversely, if # is an idempotent in PP then P — u is idempotent
since P is the identity in P4 P. Further, u(P — u) = (P — u)u = 0 and
so P=(P — u)+ u, the sum of two orthogonal idempotents. The
nomenclature is explained by the following.

Every non-primitive idempotent is the sum of a set of
pairwise orthogonal primitive idempotents. (Ale6)

If P is not primitive then P = u + v, where u and v are orthogonal
idempotents. Suppose that v is not primitive, then v = w + x with w
and x orthogonal. Now vw=wp=w and vx=xv=x and so
uw = yow = 0, wu = wou = 0. Similarly ux = xu = 0 and so {u, w, x}
are pairwise orthogonal idempotents. If we continue in this way then the
process must terminate due to the finiteness of & and we will arrive at a
set of pairwise orthogonal primitives.

Attention will now be focused on algebras whose radical is zero. It
will transpire that we can completely determine the structure of all such
algebras. An algebra whose radical is zero is called semi-simple. The
first consequence of the definition is

A semi-simple algebra has a unit element. (A17)

If & is semi-simple then it is not nilpotent and so, by (Al4), contains a
principal idempotent P say. The Peirce decomposition of (A13) then
gives

d=PdP + B

where B = PL(P) + R(P)P + $(P). B is spanned by £(P) and R(P).
We shall show that these single-sided ideals are nilpotent and hence
contained in the radical, which is zero by hypothesis. This will give
s = PAP; but P is the identity in Ps{P, and hence of «. If P is
principal then $(P), which contains all elements orthogonal to P, can
contain no idempotent and thus must be nilpotent. Since R(P) and
£(P) consist of all elements annihilated by left and right multiplication
by P respectively R(P)L(P) C $(P). So if I e L(P) and r € R(P) then
(rl)* = 0 where « is the index of $(P). Since (Ir)**! = [(rl)*r = 0 then
the ideal L(P)R(P) is nilpotent of index less that or equal to a + 1.
Now

P = L(P){PAP + PL(P) + R(P)P + $(P))
= L(PYR(P)P + L(P)$(P).

Since R(P) is a right ideal R(P)PCR(P) and since
$(P)=L(P)NR(P) obviously F(P)CR(P) and so L(P)dAC
L(P)R(P). In particular, L(P)L(P) C L(P)R(P). Since L(P)R(P) is



APPENDIX A 327

nilpotent of index sa + 1 if xe£(P) (x¥)**1 =0, and so L(P) is
a nilpotent left ideal, contained in the radical. In exactly the same way
we show that R(P) is nilpotent and the proof follows.

The primitive idempotents in a semi-simple algebra have the following
important property.

If P is an idempotent in a semi-simple s{ then PAP is a
division algebra iff P is primitive. (A18)

Suppose that PAP is a diviston algebra. Then P is the identity which,
by (All1), is the only idempotent in Ps{P. (A15) then ensures that P is
primitive. To prove the converse we shall use the following

Lemma
If P is an idempotent of a semi-simple & then PP is semi-simple.

For suppose that y € Ny, the radical of Ps{P. Then dy is a left ideal
of . Since P is the identity in PAP

(ay)** ! = ayP(aPy)”
= ay(PaPy)".

But PaP e PAP and so PaPy C N,. Thus if « is the index of Ny, Ay is
nilpotent of index < a + 1. Since & is semi-simple dy = 0 which, since
4 has a unit, gives y = 0 and PP is semi-simple.

Suppose now that P is primitive then PP is semi-simple, by the
above lemma, with unity P. If @ is any non-zero element of P4 P then
PsPa is a non-zero left ideal of P4 P; further it is not nilpotent since
P4 P is semi-simple. (A12) ensures that PoPa contains an idempotent,
but any idempotent in Ps{Pa is certainly idempotent in Ps{P for which
P is the only idempotent since P is primitive ((AlS)). That is,
Pe PAPa say P = ba for be PAP. Since P is the identity in PP this
says that every non-zero a has a left inverse, and hence an inverse by
(Ad).

The semi-simple algebras are not quite as ‘simple’ as the simple ones.
An algebra that is not a one-dimensional nilpotent algebra is called
simple if the only ideals are the zero ideal and the algebra itself. Simple
algebras are certainly semi-simple. To see this we need only check that
simple algebras cannot be nilpotent. Suppose that N is a nilpotent
algebra, then NN is an ideal strictly contained in N. If this is not the
zero ideal then N cannot be simple. If NN is zero but the dimension of
N is greater than one then any linear subspace of one less dimension is a
non-zero ideal of N. The only exceptional case of a one-dimensional
nilpotent algebra has to be excluded by the caveat in the definition. The
study of semi-simple algebras may be reduced to the study of simple
ones by the following.
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An algebra is semi-simple iff it is simple or a direct sum of
simple components. (A19)

A direct sum of simple algebras is obviously semi-simple since the only
ideals are smaller sums of simple algebras which are not nilpotent. To
go the other way we shall use two lemmas.

Lemma 1
If o has an ideal with a unit element then A is reducible.

Let B be an ideal of 4 and 1gi be the unit in %B. The Peirce
decomposition of A is

If $(1g) = 1g81g + 1L(1g) + R(1g)1g then F(1g) C B since 14 € RB
which is a two-sided ideal of #. So if b € B we have b = b, + b, with
by e¥(1z) and b, € $(1g). Then blg = b, since b, is orthogonal to 1g4,
but blg =b so in fact we must have P(1g) = B. Since J(lg) is
orthogonal to 14 it is orthogonal to & and so & = BD IF(1g).

Lemma 2
A non-zero ideal of a semi-simple algebra is semi-simple.

Suppose that & is an ideal in a semi-simple &, and that N is the
radical of &. Then BNAB C N since N is an ideal of B and 4B C B
since 9B is an ideal of A. So A(BNRB)A C BNB which is thus an ideal
in &; further it is nilpotent since it is contained in the radical of .
Since A is semi-simple BNB = 0. Now (ANA)? C (ANA)N(ANsAL) and
ANA C B so (ANHA)® C BNB, which we have shown is zero. That is,
ANH is a nilpotent ideal in a semi-simple & so AN = 0. Since 4 has a
unit element this gives N' = 0 and % is semi-simple.

We may now return to the proof of the theorem. If & is semi-simple
but not simple then it has a non-zero ideal which, by Lemma 2, is
semi-simple and hence has a unit. Lemma 1 then ensures that & is
reducible. The components are certainly ideals and so semi-simple, and
we may proceed to reduce them. If A is finite then we must arrive at an
expression of & as a direct sum of irreducible components. The
components are ideals, hence semi-simple, and irreducible hence simple.

The reduction of a semi-simple algebra to simple components

is unique up to an ordering of the components. (A20)

Letd = B,@® ... @B, with the B, simple. The identity of « can be
written as a sum of the identities in the B,;,, 1 = ¢,® . .. @e,. Suppose
.ﬂ=<€1® N ®(6S then(@kz(@kel+(6kez+ . ..(er,Vk= 1, PP )

If €, = 6,e; then €, C de; = 9B, and the above sum must be direct:
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AC, A = D AG ;oA where d€,, 4 C B,
i=1
so €, is an ideal if and only if all the €,; are ideals of @;. But the @,
are simple, so €, = B; or €, = 0. If the €, are irreducible then for a
given k not more than one €,; can be non-zero and it follows that the
€, are just the &B; up to a possible relabelling.

The above two theorems determine the structure of semi-simple
algebras in terms of simple ones. Before turning to the classification of
these we consider representations of semi-simple algebras. Again the
representation theory will reduce to that of simple algebras and so we
consider this case first.

All irreducible representations of a simple algebra are equiva-
lent. (A21)

If $ is any minimal left ideal of a simple ¢ then we will show that any
irreducible representation of & is equivalent to the representation on $
induced by the regular representation.

Let p be some irreducible representation of ¢ that maps & into
EndV, where V has no invariant subspaces under multiplication by
p(sd). We first note that any minimal left ideal of EndV, the pth
column say, carries an equivalent representation to that carried by V.
For if V is displayed as a ‘column vector’, with a basis {b,} consisting of
zeroes except for a one in the kth row, then a basis for End V, {e;}, is
formed by the arrays whose only non-zero element is a one in the
intersection of the ith row and the jth column. Elementary rules of
matrix multiplication then give e b, = 6,b,. A basis for the pth
column is {e,} where k ranges over the order of the matrices, and
e,e,, = d,e,. So the pth column, for any p carries a representation
equivalent to that carried by V.

We introduce a linear transformation S that maps the minimal left
ideal, ¥, of & into the pth column of End V:

S$ = p($)e .

Since $ carries an irreducible representation of & then p($) carries an
irreducible representation of p(sf) and so p($)e,, certainly transforms
irreducibly under p(s). But this is a subspace of the pth column which
transforms irreducibly, so either § is a vector space isomorphism or
p($)e,, = 0. There must be some p for which this is non-zero, for
otherwise we would have p($) = 0, which cannot be since A is simple.
So at least for some choice of p, § is a vector space isomorphism
between the minimal left ideal $ and the pth column of End V. If fe
then the following diagram shows the equivalence of the representation
carried by the pth column (and hence V) and that carried by $:
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L(a)
f af

A I S
p(a)
p(f)epp———)p(a)p(f)epp =p(af)epp-
Thus any irreducible representation of a simple algebra is equivalent to
that induced on any minimal left ideal by the regular representation.
We are now in a position to consider representations of semi-simple
algebras.

Irreducible representations of a semi-simple algebra are
equivalent if and only if their kernels are the same. (A22)

Equivalent representations must certainly have the same kernel, so what
we need to show is that irreducible representations of a semi-simple
algebra with the same kernel are in fact equivalent. A semi-
simple algebra is the direct sum of simple ones, and so a representation
can be irreducible only if the kernel contains alt but one of the simple
component algebras. Thus irreducible representations with the same
kernel are irreducible representations of the same simple component
algebra, and are thus equivalent by the preceeding result.

We now return to the classification of algebras by studying the simple
ones. The main result is given below.

An algebra o is simple iff 4 = DM where D is a division
algebra and M a total matrix algebra. (A23)

First we do the easy bit and assume A = P®M. Then # has an
identity. Let b be a non-zero element of an ideal ¢, then b = X, b€
with at least one (b,, say) non-vanishing coefficient in %. But

bpq = Ee [pbe qi

i

and so

prq—leipbe qi =1.

Thatis 1 C dbA C ¥, giving 4 C J and thus A is simple.

If now o is simple it has a unit element 1 = X7, P; where the {P,}
are pairwise orthogonal primitive idempotents. If #; = P;s{P; then the
o are certainly subspaces, and are in fact algebras since they are closed
under multiplication. Multiplying two different algebras gives

Ay = PPy Ay = Ay b,



APPENDIX A 331

Now #P;sl is a two-sided ideal, which is not zero since it contains P;,
and so the simplicity of & gives dP;d = s and hence

= éﬁikéjp'
In particular d,, = d,;94;, for any j. Since P,esd; there must be
elements e, €); in 4; and sdu, respectively, such that e, e, = P,. If
we now define e ;€ 4, by e, = e; €, then

Pe; =e€;0,
e,;P,=e;0;.
This gives
ee, =e,;PPe,
=e;e;0,
=e;e;e;e;0
=e;Pe,o
=e,e,0

=e,0;

iq¥jp-

jp
jp

p

In particular the e; are idempotent. But e ; C P;A4P; with P, primitive,
so P;dP; contains only one idempotent, namely P;, so we must have
i = P;. So the e span a total matrix algebra Mt whose identity is

Ze;,:ZP,- =

the identity of .

Since for each k P, is primitive, P, AP, is a division algebra with P,
as identity. Each s, is an isomorphic copy of & ,;, say. For if aV € o4,
we define a® e o, by a® = e ,aVe ;. Then for aV, BV e o,

(@aWBM)K) = e,,aVpWe ,
=enaP,pVe
since P, is the identity in A,
= e aVe e, fVe
since the e

j are a matrix basis and so (¢WBM)® = ¢®B®  This
mapping from s, to s, is obviously invertible and so indeed we have
an isomorphism. By taking the direct sum of all elements in #,, with
their isomorphic images in all s;, we obtain another copy of A, %
say. That is, if a'V € o, we define a € % to be
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a=al®a?d . . Ga.
It is straightforward to see that @ = «,;; further, elements of @
commute with all the elements of M. For if € @

afe,j = Eaf(k)e,] = a’([)e,] = e,—laf(“el,-e,-j
k

= e,.la/(l)e = eijejlaf(l)e = ei].a/(f) = Eeija/(k)
k

For every a € & set a;©) = e ,ae ;. Then
_ - 1
aij(k) = ©,,€,,0e;€,, = eklaij( e,

so if a; = Z,a,* then a; € D. Further

2ae; = 2a;Ve,; = Ya;0e,
ij ik

i
= Ee,‘,’ael'ie,'j = Ee”ae” = EP,aP, = 4a.
ij ij ij

Since this is true for every ae § we have & = DM where D and M
are as constructed in the proof.

The expression of a simple & as s = @XM cannot be unique. For if
e; is a matrix basis then so is e} = se;s~' where s is any regular
element of 4. Then a = %, ja;;e; with

aj; = Ee’k,-ae;k = Esek,-s“ase,-ks“ = s(s~'as) ;s
k k

that is, aj € s@s~'. It turns out though that the choice of @ and M is
unique up to an inner automorphism like this. Note that if
A =DRM=D'®M then we must have D' =D, For if a €D’ we can
write &« = Z; ;@ ; with the a; €D, and if « is to commute with M then
o=a,(e; +ep+ ... +e,)=a since the identities in § and M
coincide. So if § = DM = D'QM' where M' = sMs~! then we cer-
tainly have @' = s@s L.

If &4 is simple such that § = Y@M and o = D'®M’ then
there is an s € A such that M’ = sMs~1, @' = sPs !, (A24)

In view of the above comments it is sufficient to prove that M’ = sMs™".
Let {e,-j}‘i, i=1,.. 51 be a basis for M a'nd (e pog=1,....m
be a basis for M’'. Without loss of generality we assume m = n. We
write

ey = Ecijeij C; €D (M
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with at least one (c,, say) of the c; not zero. If we set
a=cy,e, ey, (i1)
and
b=ee, (iif)
then a e e de},, beej de, with

— -1 ’
ab = c,e e\ e,

= -1 .
= Cpqelp_zlcijeije gl by (i)
if=
= CpeCpg®n = €
that is
ab = e“. (lV)
Also

(ba)? = b(ab)a
= be,a by (iv)

so ba is an idempotent in e}, de}; = D’'e},; further it is not zero since
a(ba)b = (ab)* = e ,, by (iv). But the identity is the only idempotent in
@' so we must have

ba = e'“ (V)
If we now introduce
h = Eenae'u (vi)
i=1
and
g = Xejbe, (vii)
j=1
then

n n
’ ’ _ ’
hg = zeilaeliejlbelj = Ee”aenbeu
ij=1 i=1

n
= Y e;abe, since a € e,
i=1

=Ye. e ey by (iv)

i=1

n
= e,
i=1
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that is
hg = 1. (viii)

So h must be the inverse of g ((A4)) and gh = 1. But

n n

p— r ! —_ I 7

gh = Y el be e, ae}, = >e,beael
ij=1 i=1

= Zle;'lbae’u = Zle;'f by (v).

Since X7_,e;, = 1 we must have m = n, and hence M'~AL. In fact
n
ge;g ! = > e, be,e;e, aej,
p.g=1

This completes the proof.
A consequence of this theorem is the following which we will
frequently use.

If P is an idempotent in a simple & then P = X]_ P, where
the P, are pairwise orthogonal primitives, and the uniquely
determined r is called the rank of P. Two idempotents in &
are similar iff they have the same rank. (A25)

Any idempotent can certainly be written as a sum of pairwise orthogon-
al primitives, this is (A16). To go further we shall use

Lemma
If P is idempotent in a simple & then PP is simple.

Let 9B be a non-zero ideal in -P4P. Since % is an ideal in PAP the
left-hand side is contained in &B. But A%« is an ideal in the simple A,
and so the right-hand side gives P4P. Thus & = PAP.

If o is simple then PP is simple with identity P. If P = X/_, P; with
the P; primitive then P4P can be written as a tensor product of some
division algebra and a total matrix algebra with the P; as diagonal
elements. The order of the matrices will then be r, which was shown in
(A24) to be uniquely determined. It was also shown in (A24) that all
matrix bases are similar, and so as a corollary all primitives are similar.
If {P;} are pairwise orthogonal primitives then so are {sP;s !}, thus
similarity preserves the rank of an idempotent. To see that having the
same rank is sufficient for idempotents to be similar note that if

P=2P =20
i=1 i=1

with {P;} and {Q,} being different sets of pairwise orthogonal primi-
tives then we can choose matrix bases with either the {P;} or the {Q;}
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as diagonals, and (A24) then ensures the existence of an 5s:Q; = sP;s !
Vi.

The theorem above applies to simple algebras. However the first part
may be seen to apply to the semi-simple case. For if P is an element of
a semi-simple & then P = Q @Q,D ... ©Q, where the Q,; are in the
simple components. P is idempotent if and only if all the Q; are
idempotent. By the above theorem each Q; will have a unique rank and
so the rank of an idempotent in a semi-simple algebra is uniquely
determined. As a special case a primitive in a semi-simple algebra must
be primitive in one of the simple components. Thus, of course, not all
primitives, and hence all idempotents of the same rank, will be similar
in a semi-simple algebra.

A subset of all simple algebras is provided by the central simple ones;
that is those simple algebras whose centre is generated by the identity.
For these algebras we have the following important result.

Every automorphism of a central simple algebra is an inner
automorphism. (A26)

If o is central simple then & = @®M, where D is a central division
algebra, and AP = PP®M,P. The existence of the involution of
transposition on matrices shows that M, = A,, and so ARA?P =
BRDPRM,:2, by (A6). We are now in a position, at last, to make use
of (A7), giving A®AP = EndD&M ., that is ARAP = A, where m
is the dimension of #, and we have again used (A6). We extend any
automorphism, ¢, on # to one on XA, T, by defining (ab)” = a'b
Vaed, bed®. In the ‘uniqueness theorem’, (A24), we essentially
proved that all automorphisms of a total matrix algebra are inner. Thus
for every x € A®AP, xT = sxs~! where s € AQA®, that is a’ = sas !
for ae A and b = sbs~! for b e A°. Thus s must commute with every
element of 4°P. Since «A°P is central simple s must be in &, and so ¢ is
inner.

So far we have assumed that all algebras are over some field, F,
which has not warranted much attention; indeed we have usually simply
referred to an algebra as o rather than as A over F. In a moment we
shall assume a restriction on the choice of F. The situation for the
simple algebras is also such that we may regard a simple algebra over F
as an algebra over certain other fields. If § over F is simple then the
centre € is a commutative division algebra, that is, a field. In an
obvious way o is an algebra over €, making  over € central simple. In
the following section we will examine involutions of a simple algebra
over F where F is assumed not to be of characteristic two. (As stated in
the introduction for the purposes of this book F can be taken to be one
of the zero characteristic fields R or C.)

If d over F has an involution T then the set of T7-symmetric
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quantities forms a subspace ¥;. That is, a € ¥ if and only if a” = a.
Similarly we define J 7 to be the set of T-skew quantities, and then we
have s =¥, + T 7. Forifaed, a= ¥a+ a’) + j(a — a”). The sum
is direct since if @ =al and a = —a’ then a+ a =0 which (for
characteristic not two) gives a = 0. What is more, if the centre contains
a T-skew g then o =F; + qF7. If g is a non-zero element of the
centre {of a simple algebra) then it has an inverse which is also 7-skew.
If ae T then a = gq~'a, and (g7 'a)T =a’q™'" =aq™' = qg~'a. The
T-symmetric quantities in the centre will form a subfield of €, € say.
We will refer to an involution as being an involution over €, say, when
€ is the subfield of the centre € left invariant by the involution.

If 4 over F is simple with J and T involutions over € then
17 is an automorphism of ${ over 4. (A27)

If T and J are involutions then 77 is certainly an automorphism of
over F. What we need to show is that it leaves elements in the centre
invariant. The involutions 7T and J induce automorphisms of the centre,
€. An element of € is T-symmetric if and only if it is J-symmetric. This
is, in fact, sufficient to show that T and J induce the same automorph-
ism on €. Let ¢ be a non-zero J-skew element of € then gq7 is
manifestly 7-symmetric, and hence J-symmetric. But (gq7)’ = —gq¥,
which since ¢ is invertible, gives ¢¥ = —¢q7. So (q+ q7)' =
—(q+ q7). But g+ g7 is manifestly T-symmetric, and thus J-
symmetric. Since any element that is both J-symmetric and J-skew must
be zero we have g’ = —q. We have shown then that any J-skew
element of 6 is also 7-skew. But any element of € can be written as a
sum of J-symmetric and J-skew parts and thus T and J coincide on 6.
Since T and J are involutions 77 must leave all elements of € invariant.

The observation that if & over F is simple then o over € is central
simple gives (A26) a wider range of applicability than might at first sight
be supposed. In particular, it enables us to prove the following.

If o over F is simple and T is an involution over & then
J:a— a’ is an involution over ¢ iff there exists an s with
s = *s7 such that @’ = sa’s ™. (A28)

First the easy bit. If a’/ =sa’s~' then J:a+>a’ is an anti-
automorphism. Furthermore a” = s(sa7s™")7s™! = s(s7)las’s !, so if
sT = *s5, J is an involution. Inner automorphisms leave all elements of
the centre invariant. So if T is an involution over € then so is J.

Conversely let J be an involution over €, then JT is an automorphism
over ¢ ((A27)). (A26) then ensures the existence of a g such that

a’T = g~lag
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a’ = (g7'ag)"
=glal(g") ™"
Since J is an involution
a=a” = gT(gTa"(g") ) (g") "

=g'g lag(g") ™.
Since this is true for all @ we must have g7g=! = 4e€%€. If A = —1 then
there is nothing left to do, if not then set s =g + g7 =g(1+ A) and s
will have the desired property. Obviously the choice of such an s is
determined only up to multiplication by an element of the centre.

A familiar example of an involution is provided by transposition of
matrices. In some ordinary matrix basis we define T such that e = e ;.
For some other basis {e}} we define J by e}/ =e;. T and J are
examples of what we shall call equivalent involutions. Two involutions,
V and J, will be called equivalent if there is some automorphism § such
that @’ = a%¥5" = ((a®)")%"". If an inner § relates equivalent involutions
J and V, related to some ‘standard’ involution 7T by

V — T, -1

a va'v

J 1

a’ = jalj™!,
then j = AsvsT for some A € 6.

In classifying the structure of algebras we showed first the existence of
the radical. Semi-simple algebras were then defined to have zero radical.
It was possible to determine the structure of a semi-simple algebra
completely in terms of simple ones, whose structure was in turn given as
a tensor product of a division algebra and a total matrix algebra. Most
of the structure theorems for associative algebras were first given by J H
M Wedderburn, and we shall refer to the expression of a simple s such
as A = DOM as the Wedderburn decomposition of &. It is all very well
to be able to determine the structure of algebras whose radical is zero,
but it would be rather limiting if it told us nothing about algebras with a
radical. However, this is not the case. The most important result on the
structure of algebras is known as Wedderburn’s principal structure
theorem. It states that (subject to certain caveats relating to the
underlying field) any algebra is the vector space sum of its radical and
the semi-simple algebra obtained from the quotient modulo the radical.
We shall not need this result and so will not give the proof. This may be
found in (for example) Albert [1], Kochendorffer {3] or, for the case of
zero characteristic field, in Dickson [2]. As was stated in the introduc-
tion to this Appendix we will really only be concerned in this book with
algebras over the real field. For this case one can go further in
determining the structure of all semi-simple algebras. The Wedderburn
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structure theorem reduces the classification of simple algebras over the
reals to the classification of real division algebras. This had already been
done by Frobenius in 1878. He showed that the only associative real
division algebras are R, C and H; the reals themselves, the algebra of
complex numbers and the quaternion algebra. A proof may be found in
Dickson [2] or Kochendorffer [3]. In view of this we now give a brief
discussion of these algebras.

Let o be a one-dimensional algebra over R. Then a basis is provided
by u where u? = Au. If 2 = 0 then A is nilpotent of index two. If A # 0
then it is invertible and if P = A~'u, P is an idempotent. For any a € o
we have a = uP, pe R and I:a — u clearly establishes an isomorphism
between o and R.

The real algebra C(R) is a two-dimensional algebra generated by i
where 1> = —1. This real commutative algebra is not central. It has the
well known involution of complex conjugation *:i — —i.

The real quaternion algebra H(R) has a basis {1, i, j, k} whose
multiplication table is given in table Al. The algebra is generated by the
subspace spanned by {i, j}, say. (We note here that the other four-
dimensional real simple algebra M,(R) is generated by {a, } where
a’=1, p2=-1 and af=-Pa. For example, a=e, +e,,
B =e;; — e, .) The quaternions are not commutative but the algebra is
central. In the given basis, {i, j, k} span the subspace of vector
quaternions, whilst the identity spans the scalar quaternions. The involu-
tion of quaternion conjugation, q — g, is defined to change the sign of
the vector part of every quaternion. Then ¢g is self-conjugate and
hence in the centre. By inspection gg is seen to be strictly positive for
non-zero q, say qG = A*>. Then ¢~! = A72g and indeed H is a division
algebra. Suppose that T is some other involution, then (A28) ensures
that g7 = tgt~! where t = *t. Since the only self-conjugate quaternions
are in the centre, to get an involution distinct from conjugation we must
have t = —t. In particular we define § = kgk~! where k is one of the
‘standard’ basis vectors. This involution will be called a reversion since it
leaves the generators {i, j} invariant, but of course reverses their order
in products. By taking any vector quaternion t we have an involution
given by g7 = tgt~!. However, all such involutions are equivalent to
reversion. Without loss of generality we can choose the defining t to
satisfy t> = —1. Then if t and k are linearly independent they generate
H. To see this all we need to check is that the commutator [t, k], which
is certainly a vector quaternion since it is anticonjugate, is not a linear
combination of t and k. But t and k both anticommute with [t, k], which
thus cannot be a linear combination of them. Since {k, t} generate H
we may define an automorphism, G, by t¢ =k, k¢ =t. This auto-
morphism must be inner since H is a central division algebra and hence
central simple. That is, t = gkg~' for some g, and g~! = A7%g for some
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AeR. So if s =A"!g then t = sk§, which is the criterion for T to be
equivalent to reversion.

Table A1 The quaternion algebra

1 1 j k
1 1 1 j k
i 1 -1 k -j
i j -k -1 i
k k j —i -1

Just as it is important to know that any positive real number can be
written as a square of a positive number, and that any complex number
can be written as a square, it will prove important to know that any
reversion symmetric quaternion can be written as a square of a reversion
symmetric quaternion. As we have remarked gg is a positive real
number and so we may introduce a norm defined by |q|%=gqqg.
Reversion is related to conjugation by § = k™ 'gk, and for any g we
have ¢! = g/|q|?, so if y = § then

-1
-1 — k_& (i)
yl?

Writin 1+ as l+g=q'q+q=0+qg") ives
g q 9=49 4 q )4 g

g=0+¢g Y1+ gq), for any g. In particular, if y, is a unit-norm
reversion symmetric quaternion then

yo=(1+y, )™ + yo)
k(1 + k7 'yok)k(1 + y) .
fl + ¥ l
1+ 2
- (___yo__]) sincek?= —1. (i)

11+ yo7!
For any g we have |k 'gk|?> = k~!gkkgk ™' = k~'ggk = qg = |q|*, so
from (i)

1+ yi'l? = k71 + yokl? = [1 + yol*.
Thus (it) gives yo = x2, for the reversion symmetric x given by
_ I+
ST
Then for a reversion symmetric y of arbitrary norm we can write

y = |ylyo = {{y|¥2x}2, since any positive real number has a real square
root.
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It will be useful to be able to identify the tensor products of these
division algebras. Obviousiy R®R = R, R®C = C and R®H == H.

The algebra C®C has a basis {1, i, j, ij} where i and j commute and
i?=j2=-1. So if P=1}(1+1j) and Q = }(1 — ij) then P and Q are
orthogonal idempotents such that 1 = P + Q. The algebra P(C®C)P
has P as identity, and since P is in the centre of C®C we have
P(C®C)P = (C®C)P, which is a two-sided ideal. Similarly for
(C®C)Q. Since P and Q are orthogonal

C®C = (CRC)POR(CR®C)Q.

We may choose {P,iP} as basis for (C®C)P and so have
(C®C)P = C. Similarly for the other ideal giving

C®C = CAC. (A29)

The algebra C® H has a basis {1, z, i, j, k, zi, zj, zk} where {1, z}
is a basis for the complex subalgebra that commutes with the quaternion
subalgebra spanned by {1, i, j, k}. C®H may be generated by {z, i, j}.
The subset {1, z} spans the centre which is thus isomorphic to C. If
e, =3(1+z) and e, =4i(1—zi) then e,, e, are orthogonal
idempotents with 1 =e,, + e,». If we choose e, = je, = e,j and
e,; = —je,, = —ey,j then the e; form an ordinary basis for M,(R), so

C(R)®H(R) = C(R)®,(R). (A30)

We do not have to do any work to determine the structure of H®H.
The quaternion algebra is a central division algebra and, since it has the
involution of conjugation, H = H. So from Theorem 4 we have

H(R)®H(R) =~ M(R). (A31)

Having completed our review of associative algebras we turn now to a
generalisation of the concept of a vector space in which the field is
replaced with a ring, or associative algebra, with unit element. A right
R-module M, over the ring R is an additive Abelian group with a map
from

MXR— M:(x, q) —xq

such that
x(9192) = (x4.)q. (0
x(q, + 92) = xq, + xq, (i)
(x +y)g = xq + yq
xl =x (iii)

where 1 is the identity in R.
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The writing of the element from R on the right-hand side is of
significance in (i) when R is non-commutative; in this case the above are
obviously altered to give a left R-module. The notion of a linear map
may readily be extended to apply to left (or right) R-modules. If I is a
minimal left ideal in an algebra with unity, s, then I is an example of a
left d-module. If & is simple with { = D@M then I is also a right
%-module, for multiplication on the right by 9 will preserve the I. In
this case I is simultaneously a left d-module and a right 9-module, with
the o action being right 9-linear, and the 9 action being left «{-linear.
Thus for simple algebras we are lead to consider right H-modules.
Although the concept of linear independence extends to modules, in
general an R-module need have no basis. However, H-modules do have
bases, the number of basis vectors determining the quaternionic dimen-
sion, dim 5. Thus, for example, if I is a minimal left ideal in
A = HOM, then dim 41 = r, whereas dim gl = 4r.
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Vector Calculus on R?

As an illustration of the methods of differential calculus it is useful to
make contact with the elementary vector calculus of Euclidean 3-space.
Such a space regarded as a manifold has the special property of
admitting a class of global charts. We might call one such a chart a
Cartesian chart since the coordinate maps {x'} i =1, 2, 3 yield the
familiar Cartesian coordinates x'(p) for p e R3. In such a global chart
the Euclidean metric tensor is expressed as

3
g = 2 dx'®dx’ x'(p) e R.
i=1

The orthonormal frames {X;} = {8/0x!, 3/0x?, 3/3x3} and co-frames
{e'} = {dx!, dx?, dx3} are in this case naturally dual to each other.
Observe also that dx' = 3/3x'. For some problems other non-global
charts are useful. The familiar ‘spherical polar’ chart with coordinate
functions (r, 8, ¢) has co-domain

0<r(p) <
0< q@(p) <2m
0<8(p) <m.

The polar chart is related to the Cartesian chart on the overlap by the
transformation of coordinates
r = [(xl)z + (x2)2 + (x3)2]l/2
() + ()]
(D2 + ()7 + (&)
x3

[(xl)Z + (x2)2 + (x3)2]1/2'

If we tried to cover the whole surface r = constant (# 0), with a
single coordinate chart there would arise an ambiguity in assigning

6 = sin !

1

@ = cos "~
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coordinates to the poles of the sphere. Such ambiguities can give rise to
‘singularities’ in subsequent calculations, these pathologies reflecting

only an improper use of coordinates. In a polar chart we may write
3x!

g = IZ—;; %dr + %d@ + aa—z;d(p)@(%dr + %de + Qd(p
or, since
x! = rsinBcos ¢
X% = rsin@sin ¢
x* = rcos6
g = dr®dr + r:d6®de + r?sin260de®de.
Similarly

3

g*=2>(3,®3,)

i=1

3
= Z}[(ar/ax")a, + (36/3x7)34 + (3¢/3x7)3,]®[(3r/3x7)3,

+ (36/0x7)3, + (3g/3x7)3,]
_8g8 13, 05 1 3.3
dr ~dr  r2360 30  risin?@d¢ ¢
Hence an orthonormal co-frame in this chart is {E‘} = {dr, rdé,

rsin 8de} with dual (orthonormal) frame
3 129 1 3
ry={2 12 L2
dr r 36 rsinf Jg

The metric duals of dr, df, dg are the local vector fields

-3 o~ 13 13
&= do=—-"do-= 2
"= %r 72380 %7 Jiin0 d¢

(Observe that points p with r(p) = 0, 8(p) = 0 are outside our working
chart.)
On the overlap U of a Cartesian chart and our polar chart, for

feF(U) we may write
df = (3f/ax")ydx’ = (3f/3r)dr + (3f/38)d6 + (3f/3¢)de.

The metric dual of df is called the gradient of f, sometimes written

gradf. On U
gradf = df = (3f/3x)a/3x' = (3f/3r)dr + (3f/30)d0 + (3f/3¢)dg
_ (a_f)i + L(_af_)i 1 (a_f)i
“\ar]ar " ,2\30/30 ' r2sin260\3¢@/ 3@
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In terms of the orthonormal basis {Y,}
G+ amale
==Y, + =Y, + ——=|—=]Y,.
gradf (ar Y786/ rsing Bl }

If Z is a vector field on U we may write
Z = £'3/3x' = E73/3r + £93/36 + £¥3/3¢

where &', &7, &9, £% € F(U). The ‘rate of change of f in the direction
specified by the vector Z, or the directional derivative of f in the
direction Z, is defined as Z(f). In terms of the vector field grad f

Z(f) = df(Z) = g(Z, df) = g(Z, grad ).

In three-dimensional Euclidean space it is customary to use a dot
notation for the metric evaluated on two vectors, namely g(X, Y) =
X-Y. This casts the expression for the directional derivative into the
form

Z(f) = gradf-Z.

Let us explicitly compute the * map associated with the Euclidean
metric. If { £’} is any orthonormal co-frame with respect to this g then,
with *1 = E! A E? A E3, we find

rFl = Ez/\E3, *EZ = E3/\El, *E3 — EIAEZ
*(EIAEZ) — E3, *(EQAE3) = E], *(EBAEI) - E2
*(f;1 A Ez/\Ea) = 1.

Consequently, in this case, ** =1 on all forms. The * map for
Euclidean R? establishes a relation between 2-forms and 1-forms. The
metric dual, ~, maps 1-forms to vector fields. Thus there is a corres-
pondence given by the Euclidean metric tensor between 2-forms and
vector fields on R*. Given two vector fields in any g-orthonormal frame,
X=£§Y, Y=_{_Y;, we have

XAY =(E0-8Y A7, + E0 -8)Y,. 7,
+H(E -8 YA Y
But since { )7,-} is an orthonormal co-frame
(X AY) =8 -8+ (88 - 8)Y,
+(EL - 8O, eITR

Hence the orthonormal components of the vector field *(X A Y)

correspond to the components of the cross or vector product of two

vectors with orthonormal components (&), ({') respectively. Such a
correspondence also enables us to make contact with the operation curl.
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For a vector field V on U € R? we define
curl V = *ﬁ.
For example, in a Cartesian chart with V = VI3,
V = Vidd
dV = (3,V? — 3,V)dx! o dx? + (3,V3 ~ 3;V?)dx? A dx?
+ (8;V! — 3, V3¥)dx3 A dx!
*dV = (3,V2 - 3,VYdx? + (3,V? — 3;VVdx! + (3;V! — 3,V3)dx2.

Thus, indeed, the orthonormal components of *d V' have the expected
form for the components of the curl of the vector field with orthonormal
components (V', V2, V3). If we work in the polar chart with

V=V3, + Vi, + V%,
= V1Y, + V2Y, + V?Y,
where VI = V', V2= ,V9 V3 =rsin@V®, then
V =VIE'+ V2E? + V3E?
= V'dr + r2V9d6 + r%sin 20Vede
where E' = dr, E? = rdf, E* = rsin 8dg. Hence
dV = 3,V’dOAdr + 3,V'dp A dr + 3,(r?V®dr o d6
+ 3,(r2V8)dg A d6 + 3,(r2sin 20 VO)dr A de
+ 94(r2sin 20 V¥)d@ x do

= [a,(rZVB) - aBV’]%El A EZ + [Sg(rzsin 26V¢)
1

risin@

- 3,(r2v9)] E2 A E? + [3,V"

1

— 9,(r?*sin20V9)] ey

ESAEI

SO
+dV = [3,(r3V9 — 3,V I(I/)E® + [3,V"
— 3,(r?sin 20 V®)[1/(rsin )E? + [34(r’sin 20V ?)
= I,(r2VH]1/(r*sin G)E'.
The orthonormal components of *dV once again provide the classical

component expression of the curl of V, here in polar coordinates.
The maps * and ~ also give a correspondence between vector fields
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and 0-forms on R3. The 0-form div V associated with a vector field V is
defined by

(divV) = *d* V.
In a Cartesian chart
*V = Vidx2 A dx® + V2dx? A dx! + V3dx! 5 dx?
d*V = 3, V! + 3,V2 + 3;V3)dx! 5 dx? 5 dx’.
But in this case *1 = dx! 5 dx? 5 dx? so
xd* V = 3,V + 3,V2 + 3, V2,

Exercise B1
Compute div V in the polar chart above.

Thus the operations of grad, curl and div in R3 are seen to
correspond to the application of the exterior derivative d to 0, 1 and 2
forms respectively followed by the metric correspondence relating such
forms to their metric duals. It is a worthwhile exercise to verify the
vector analysis identities

grad (fh) = (gradf)h + f(grad h)
curl (fv) = (gradf) X v + f(curlp)

div(fv) = g(gradf, v) + fdive
div(v X u) = g(v, curlu).

by associating differential forms of the appropriate degree with the
functions f, h and vectors u, p. These relations all follow from the
properties of the Hodge map, the Leibnitz rule for d and its nilpotency,
d2=0.

By composing the operator *d with itself one obtains a higher-order
differential operator on forms. If f € #(R?) then in a Cartesian chart

«df = 3,fdx? Adx? + 3,fdx3 Adx! + 3;fdx! 5 dx?
=d+df = (3] + 33 + 3Y)f
this being the Laplacian operator on the function f. The Hodge map
affords us an efficent way to calculate the Laplacian in any chart. The
trick is to express forms in a coordinate (or natural) coframe prior
to the action of d thus exploiting d2 = 0 for each natural basis form, but

to revert to the orthonormal co-frame prior to taking a Hodge dual. For
example, in any polar chart

df = 3,fdr + 3,fd6 + 3,fdg
= 3fE! + (1/34fE? + 1/(rsin 0)3,fE°
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*df = 3, fE2 A E3 + (1/r)3efE> A E' + 1/(rsin@)3 fE' A E2.
Or, reverting to a natural basis,
«df = 9,frtsinfdB Ade + sin63,fde rdr + (1/sin 8)9,fdr A d6.
Now apply d taking notice of the fact that d6 5 d8 = 0 etc:
1
d=df = [9,(r*sin89,f) + Jy(sinB3f) + m(aif) dr A df A de.

But *(dr ndB Adg) = 1/(r?sin@)*(E' A E* A E3) = 1/r*sinf.  Thus
finally

1 1
sdrdf = =3,(r23,f) + 94(sin63,f) + ———
r r

3if.

rsin @ sin 26 of
The notion of a Laplacian can be generalised to an operator on
p-forms, in which case it is usually called more generally the Laplace-
Beltrami operator. If ael'A,(U) then AaelA,(U) is defined in

Euclidean 3-space by
Aa = (—1)? * Y(d*d* — *d*d)a

which reduces to the above Laplacian on O-forms. The components of
the Laplace—Beltrami operator on a 1-form give the ‘vector Laplacian’.
Many physical theories are formulated in terms of tensor fields
satisfying field equations. Such field equations often arise as the result
of setting to zero certain forms constructed out of d and * and other
differential forms. For instance, the static Newtonian gravitational field
in Euclidean 3-space devoid of matter is described in terms of a real
function @ on R3 subject to the equation d=d® = 0 or, after applying *

AD = 0.

Solutions to this equation define a vector field X = d® called the
Newtonian gravitational field. The integral curves of X describe lines of
gravitational force. A massive (test) particle experiences ‘Newtonian
acceleration’ in the direction determined by X. To describe in more
detail the interaction of this field with massive particles requires a
formulation of Newton’s laws of motion. Surprisingly we must wait until
Chapter 6 before the notion of particle acceleration is defined. Suffice to
say here that a massive particle is endowed with a parameter m, its
inertial mass, such that it experiences the Newtonian gravitational ‘force’
md®. A smooth distribution of matter can generate a Newtonian
gravitational field. If the distribution is specified by the mass density
O-form p e #(R?3), it acts as a source of Newtonian gravity according to
Poisson’s equation:

d+*dd = p*1.
(NB Both sides of this equation e TA;(R?).)
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Exercise B2

Obtain in the R? cylindrical polar chart with coordinates (r, ¢, z) and
orthonormal co-frames e! = dr, e? = rdg, e* = dz the component equa-
tion for the Newtonian potential ®,

(1/1)3,(r3,®) + (1/r?)3® + 30 = p.
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Abelian, 308
Acceleration, 203
Adjoint involutions, 67, 71
Algebra, 307, 316
Almost complex structure, 303
Alt, alternating map, 5
Angular momentum, 197
Anti-automorphism (algebra), 319
Anticommuting spinors, 103
Antisymmetric, 4

tensor gauge fields, 260
Atiyah—Singer index, 306
Atlas, 130
Automorphism, 3

group, 119, 308, 313
Autoparallel, 202

Basis (vector space), 311
Bianchi’s first identity, 213
Bianchi’s second identity, 213
Bijective, 309, 312
Bilinear covariants, 93
Bilinear form. 314
Bispinor, 100
Boost, 186

orbit, 187
Boundary, 125, 168
Brans-Dicke theory, 250

Calabi-Yau, 306
Central algebra, 316
Centre (ring), 310
Centre, 308

Index

Chain rule, 135
Characteristic
field, 310
zero, 310
Charge
conjugate spinor, 96
conjugation (Dirac spinor), 287
conjugation (of spinor fields), 266
electric, 190
Charged scalar field, 241
Chart transformations, 131
Chiral spinor, 97
C* map, 129
Christoffel symbols, 222
Clifford
2-forms, 252, 253
algebra, 23
algebra, {complexified), 60, 80
commutator, 50, 107
group, 42
group (Lie algebra of), 51
product (relation to exterior
product), 24
sub-bundles, 276, 306
subgroups, 46, 71
Clock, 183
Closed forms, 188
Closed sets, 125
Co-derivative, 189
Coherence (on overlaps), 263
Co-homologous, 188
Commutative, 308
ring, 310
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Commutator
of Lie and covariant derivative,
231
of Lie and spinor covariant
derivative, 273
Complete vector field, 158
Complex
conjugation, 41, 81, 95
structure, 116, 315
structure (on spinor space), 59
vector space, 315
Complexification, 315
Complexified Clifford algebra, 60, 80
Components (vector), 311
Conformal
2-forms, 226
group, 192
isometry, 191
Killing vector, 231
symmetry (of Maxwell’s
equations), 192
tensor, 226
Conformally
flat, 227
related, 225
Conjugate
linear map, 315
space, 44
Connection
1-forms, 200, 207
components, 200
Conservation laws, 237
Conserved currents (Dirac equation),
280
Constant curvature, 225
Continuous
function, 125
map, 129
Contracted Bianchi identities, 219
Contraction map (on tensors), 17
Contragradient, 17
degree, 16
Contravariant, 141
degree, 16
Coordinate
basis, 143
chart, 130
Coset, 308

Cotangent bundle, 147
Coulomb solution, 190, 193
Covariances of Dirac equation, 280
Covariant derivative, 200, 206
of spinor fields, 267
of tensor spinors, 296
of tensors, 199
Covariant degree, 16
Covariant differentiation (Clifford
forms), 252
Covariant differential, 207
Covariant exterior derivative, 216
Cross product, 344
Curl, 345
Curvature, 199
constant, 225
forms, 209
operator, 209
operator (of spinor), 271, 279
operator as Clifford commutator,
253
scalar, 219
tensor, 208
Curve, 134

Decomposable, 3, 8
Degree, 2, 313

of tensor, 2, 16
Degree, (s) group of, 313
Derivation, 4, 127
Diffeomorphism, 129, 132
Differentiable

manifold, 129

map, 129

structure, 131
Differential form, 146
Dimension, 311, 316
Dirac

adjoint spinor, 92

equation, 278, 282

matrices, (see gamma matrix)

operator, 278

spinors, 92, 104

stress tensor, 290
Direct product (group), 309
Direct sum, 3

algebra, 317

vector space, 312



Directional derivative, 138, 344
Divergence, 221, 346

of Maxwell stress tensor, 256
Division

algebra, 316

ring, 310
Dominant energy condition, 237
Dual space, 313
Duality rotation, 116

Duffin—Kemmer-Petiau equations,

260

Eddington-Finkelstein coordinates,

248
Einstein
(n — 1)-forms, 220
field equations, 234, 236, 247
—Maxwell system, 240
space, 222
summation convention, 311
tensor, 220
~Yang—Mills system, 240
—Kabhler stress tensor, 259
Electric charge, 190
Electrically charged fluids, 242
Electromagnetic radiation, 185
Electron, 181
Endomorphism, 313
Energy, 186
Energy conditions on the stress
tensor, 236
Equivalent
involutions, 337
representation, 316, 321
Eta ()
on Clifford algebra, 23
on exterior algebra, 7
Euclidean
manifolds, 174
vector space, 123
Even subalgebra, 39, 80

Exact, 188
Exponential map, 203
Exterior
algebra (as quotient of tensor
algebra), 5
derivative, 154
p-form, 5

product, 5
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External direct sum, 315
bundie, 151

f-related vector fields, 143
Faces, 167

Faithful representation, 316, 321
Falling freely, 177

Fermi—Walker or F-connection, 234

Fibre, 145
Field, 310
algebraically closed, 310
characteristic of, 310
Fierz rearrangement, 98, 285
First structure equation, 208
‘Flag’ (null flag), 116
Flux, 195
Frame, 311

Galilean

group, 177

-relativistic, 176
Gamma (y) matrix, 37, 86
Gauge invariance of

electromagnetism, 188

General linear group, 311
Generalised spinor structure, 263
Generators, 308

algebra, 317

of a subgroup, 308

of a vector subspace, 312
Geodesics, 203
Germ, 137
Graded

algebra, 316

subspace, 313

vector space, 313
Gradient, 344
Gravitation with torsion, 249
Gravitational mass, 206

Gravitational waves (with neutrinos),

293
Group, 307
representation, 316
Gyroscopes, 234

H-module, 60
Harmonic, 190
Hausdorff, 126
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Hermitian, 41, 63, 84, 87, 90, 269,
300
conjugate, 92
Hodge de Rham operator, 254
Hodge map, 13, 15, 173, 180
and Clifford products, 28
Homeomorphism, 126
Homogeneous
elements of a graded vector space,
313
linear map, 313
Homogenous, 2
Homologous, 191
Homomorphism
algebra, 318
group, 308
Horizon, 248

Ideal, 10, 23, 317
fluid, 242
observer, 183
Ideal of an algebra, 317
Ideal, single sided, 323
Idempotent, 324
Identity, 307
ring, 310
Imbedded (submanifold), 133
Imbedding, 133
Immersion, 133
Index
of inner product, 66, 76, 85
of nilpotent element, 323
Inequivalent involutions, 68
Inertial
chart, 184
mass, 347
reference systems
Infeld, 99
Injective, 309, 312
tangent map, 133
Inner, outer, 309
Inner automorphism
algebra, 318
group, 309
Inner products (on spinor fields), 264
Instantaneous, 185
Integral curve, 157
Integration, 167

Interior derivative, 4
on Clifford algebra, 23
on exterior forms, 9
Interior multiplication, 11
Intrinsic spin, 290
Invariance group, 314
Invariant subgroup, 308
Invertible element (ring), 310
Involutions, 4, 336
Involutary anti-automorphism (see
also £), 4
Involution
classification of involutions in the
real Clifford algebras, 78
equivalence of, 337
inequivalent involutions of real
algebras, 68
on tensor product of algebras, 72
Irreducible representation, 316, 321
Isometry, 173
Isomorphism
algebra, 318
group, 309
Isotropic
coordinates, 247
subspace, 106

Jacobi identity, 142
Jacobian, 128

Kahler
2-form, 305
equation, 256
manifold, 304
Kernel, 309, 312, 318
Killing
currents, 196
spinor, 300
vector, 174
Killing’s equation, 229
Klein-Gordon field, 239
Komar form, 239

Laplace-Beltrami operator, 189, 254
Laplacian operator on spinors, 279
Left and right duals, 229

Left coset, 308

Left ideal, 323



Left R-module, 341-2
Length (of a curve), 183
Levi-Civita antisymmetric symbol,
15
Lichnerowicz theorem, 299
Lie algebra of Clifford group, 51
Lie-algebra-valued p-forms, 240
Lie bracket
Lie derivative
on spinors, 271
on tensors, 161
Light-cone, 181
Linear
connection, 200
dependence, 311
frame, 311
map, 312
quotient space, 312
space of linear maps, 313
transformation, 313
Local frame, 172
Locally symmetric space, 303
Lorentz force law, 243
Lorentzian
Clifford algebra, 85, 113
connection, 232
manifold, 172
Lorenz gauge, 190
Lowering convention, 314

Majorana conjugate spinor, 95
Majorana spinor, 96, 104, 115
Majorana—-Weyl spinor, 97, 104
Mass—energy, 185
Maximal

integral curve, 158

isotropic subspace, 107
Maxwell stress (Clifford form), 255
Maxwell stress tensor, 194, 197
Maxwell’s equations, 178, 181, 188

Clifford form, 255
Metric, 314

compatible, 214

compatible connection forms, 215

dual, 14, 314

on p-forms, 14, 27

tensor field, 171

topology, 126
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Minimal left ideal, 55
Minkowski spacetime, 181-2
Mixed tensor, 16

Module, 340

Momentum, 186
Multi-index, 9, 27
Multilinear, 2, 16

Multipole, 191

n-form, 10
Natural

basis, 143

dual basis, 313

local basis,
Neighbourhood, 124
Neutrino waves (with gravity), 293
Newtonian

acceleration, 205, 206

angle, 186

gravitational coupling, 247

length, 186

potential, 206

velocity, 185
Nilpotent, 323
Norm homomorphism, on Clifford

group, 46

Non-associative algebra, 119
Non-degenerate metric, 314
Non-nilpotent algebra, 324
Non-rotating frame, 234
Normal

coordinates, 203

neighbourhood, 203

subgroup, 308

Odd dimensions, 89, 92

of a group, 309

of a linear space, 313

of an algebra, 318
One-parameter diffeomorphism, 156
Open set, 125
Opposite algebra, 4, 319
Or a ring, 310
Orbital angular momentum, 290
Order, 2, 307
Ordinary matrix algebra, 320
Orientation, 14, 132
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Oriented
r-chain, 168
r-cube, 167
Orthochronous transformations, 47
Orthogonal
group, 42, 314
idempotent, 325
Orthonormal basis, 314
Outer automorphism (group), 310

p-form, §
Parallel, 201
along a curve, 201
spinor, 303
transport map, 202
vector field, 202
Parallelism, 199
Parametrise, 171
curve, 134
Parity-preserving orthogonal
transformations, 47, 49
Period (of an automorphism), 119
Photons, 185
Physical dimensions, 178
Pierce decomposition, 325
Pin groups, 46
example of Pin(3, 1), 53
Pinor structure, 263
Plane-wave basis (for Dirac
equation), 288
Poincaré, 178
group, 182
Polarities, 179
Potential, 188
Primitive idempotent, 325
Principal idempotent, 325
Proca field, 240
Product manifold, 145
Projection ~perator, 26
Proper time, 183
parametrisation, 183
Pseudo-Riemannian, 172
connection, 221
Pullback, 133
map, on functions, 133
on forms, 148
Pure spinors, 106, 108
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Quantum theory, 282
Quotient algebra, 10, 25
Quaternion

conjugation, 65, 73, 338

reversion, 339
Quaternions, 338
Quotient

algebra, 318

group, 308

R-module, 340
Racah time reversal, 94
Radical, 324
Raising and lowering conventions, 19
Rank, 2, 312
of an idempotent, 334
of tangent map, 133
Rank-two spinor, 103
Rarita—Schwinger equations, 296
Reducible
algebra, 317
representation, 119, 316, 321
Reflections, 43
Regular element (ring), 310
Regular representation (algebra), 321
Reissner—Nordstrom solution, 243
Representation
equivalent, reducible, faithful, 316
of an algebra, 321
of a group, 316
Representative, 308
spinor, 108
Representing spinors, 275
Reversion (quaternions), 338
Ricci
1-forms, 210
tensor, 210
Riemannian, 172
Ring, 310
Rotational isometry, 174

Scalar field, 239
Schwarzschild metric, 247
Second structure equation, 209
Section, 146

of a tangent bundle, 146
Sectional curvature, 223



Semi-direct product, 51
group, 310
Semi-orientation, 48
Semi-simple (algebra), 326
Semi-spinor representation, 55
Semi-spinors, 97
Signature, 314
Simple (algebra), 327
Smooth manifold, 131
Spacetime, 181
Span, 311
Spatial direction, 185
Special orthogonal group, 45
Spherical harmonics, 258
Spin¢
manifold, 306
structure, 264
Spin groups, 46
example of spin(3, 1), 53
Spin-invariant products, 62
Spin manifold, 262
Spinor
bundle, 261
covariant exterior derivative, 297
field, 262
frame, 263, 293
Laplacian, 279
representation, 55
structure, 262
Spinors, 54
Standard spinor frames, 263
Star map (see Hodge map)
Static metric, 244
Stationary, 184
metric, 244
observer, 184
Stokes’s theorem, 169
Stress energy tensor, 236
Stress tensor
Dirac, 290
fluids, 242
Kahler, 259
Klein—Gordon, 239
Maxwell, 194
Proca, 240
Yang—Mills, 240
Strong energy condition, 237
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Structure
constants, 174
equations, first, 208
equations, second, 209
functions, 215, 280
Subalgebra, 316
Subgroup, 308
Submanifold, 133
Sum (vector space), 312
Summation convention, 311
Supergravity, 249, 296
Supersymmetry, 283, 301
Surjective, 309, 312
Symmetric metric, 314
Symmetrisation, 4
¥, (see projection operators)

Tangent, 136
bundle, 143
map, 138
plane, 223
space, 127, 137
vector, 136, 142
Tensor, 2
algebra, 2
algebra (mixed), 16
field, 150
product (of algebras), 319
spinors, 294
the group of all, 309
Time reversal (on spinors), 49
Topological
manifold, 124, 127
space, 124
subspace, 125
Topology, 125
Torque, 197
Torsion 2-forms, 208
Torsion tensor, 208
Total matrix algebra, 320
Trace
in Clifford algebra, 91
of a tensor, 18
theorems, 91
Translational isometry, 174
Translations, 182
Triality, 106, 117, 120
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Twisted vector re;j: «
Twistor, 299

equation, 298
Two-component formalisi:, &

U
covariant derivative, 241
of spinor, 270
exterior covariant derivative, 241
Unit element (ring), 310
Units, 181

Valence, 103
van der Waerden formalism, 99
Vector analysis in Euclidean 3-space,
342

Vector

field, 141

representation, 42

twisted, 45

space, 310

subspace, 312
Volumn form, 14

Weak energy condition, 237
Wedderburn (structure theorems),

Weyl equationg iy

Weyl
spinor, 97, 100, 108
tensor, 226
Wigner time reversal, 94, 288
Witt basis, 107
Witt index, 66
World line, 183

Xi (&)
the involutory anti-automorphism,
4
the involution on exterior algebras,
8
the involution on Clifford algebras,
23

Yang-Mills field, 240

Z(mod 2), 2, 22, 47
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