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Foreword

In 1982, Claude Chevalley expressed three specific wishes with respect to the
publication of his Works.

First, he stated very clearly that such a publication should include his non-
technical papers. His reasons for that were two-fold. One reason was his life-
long commitment to epistemology and to politics, which made him strongly
opposed to the view otherwise currently held that mathematics involves only
half of a man. As he wrote to G.C. Rota on November 29th, 1982: “An
important number of papers published by me are not of a mathematical
nature. Some have epistemological features which might explain their presence
in an edition of collected papers of a mathematician, but quite a number of
them are concerned with theoretical politics (...) they reflect an aspect of
myself the omission of which would, I think, give a wrong idea of my lines of
thinking”. On the other hand, Chevalley thought that the Collected Works
of a mathematician ought to be read not only by other mathematicians, but
also by historians of science. But the history of mathematics could not be
anything pure and detached from the world of general ideas: “I think that
history of mathematics should not be what it too often is, namely a collection
of statements of the form ‘in the year X, mathematician A proved theorem
B’ , but should study the relationship between such and such a mathematical
trend and the general epistemological, philosophical or social trend at the
time of a certain publication” . For these two reasons, he did not want his
technical papers to be published separately from his other work. Though he
was never fully satisfied with the various ways in which he himself spoke
about the connection between his own mathematical achievements and the
“epistemological, philosophical or social trend of ideas” that surrounded him,
still he clearly wanted to bear witness to such a connection.

Chevalley’s second wish had to do with some out-of-date features, and also
typographical defects, of his mathematical papers: “As for the mathematical
papers, I know that some of them contain statements which are either false or
at least inaccurate, and I do not see the interest of publishing statements of
theorems which might be misleading to the reader. Of course, this drawback
might be erased by the insertion of appropriate notes; the trouble is that these
papers bear upon matters on which I have not thought for a long time, and
that it would mean a large amount of work to check every sentence of them,
a work which I do not particularly wish to undertake myself, and a pensum
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that I would not like to inflict on anybody else”. So described, the logic of the
situation would have led directly to the abandonment of the very project of
publishing the Works, if various people had not generously agreed to devote
some of their time to the above-mentioned task of proof-reading.

Finally, Chevalley also wished to add to the papers already published
a number of unpublished manuscripts, mathematical and non-mathematical.
The mathematical manuscripts were to include two long “rédactions Bourbaki”
that Bourbaki did not accept - a familiar predicament for the members of the
group - namely, “Introduction to Set Theory” and “Elementary Geometry”. As
Chevalley wrote: “That choice should in my opinion include two unpublished
papers which were written for ‘Bourbaki’, but were not accepted for publica-
tion, and which are among what I consider as the best of my mathematical
endeavours”. Together with these two manuscripts, Chevalley hoped to publish
several other things: “I would like to include some texts concerned with things
I have thought of during these last years, but which are not yet in publishable
form” (letter to K. Peters, June 8th, 1983). At the beginning of 1984, he was
working on a list of all the unpublished material that he wanted to bring to
light. This list, which he was not able to complete, will be published in Volume
I (Class Field Theory) of the Collected Works, together with the integral text
of the letters which we have been quoting above.

Thanks to the help and support of Springer-Verlag and the French
National Center for Scientific Research (CNRS), it has now become possible
to publish Chevalley’s Works in a way that should fulfill the essence of his
requirements, and we hope that the volumes that will come out will provide
a fitting image of his contributions and personality.

Each volume will be devoted to a special theme and will feature an
introduction by a specialist of the field. As it happens chronological ordering
and thematic ordering are almost identical, and the only discrepancy will
be with the non-technical papers and the unpublished manuscripts, often
difficult to date back. The first volume, “Class Field Theory” , includes
the two obituaries that were written by J. Tits and J. Dieudonné after
Chevalley died in 1984. Letters by and to Jacques Herbrand and Emmy
Noether will be published in the volume on epistemology and politics. We
hope to establish a complete bibliography, to be included in the last volume,
that will otherwise include large parts of the unpublished material. Finally,
most of the mathematical or philosophical correspondence that Chevalley held
with other people is missing. This is partly due to the fact that his healthy
disrespect for glory and the absence of a personal need to keep a record of
his own existence had devastating effects on his archives. We will therefore
be grateful for copies of any such letters, in case they exist and seem to be
interesting or important.

Catherine CHEVALLEY Pierre CARTIER
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Foreword to this Volume

This volume represents the first step in the ambitious project of publishing
Claude Chevalley’s Collected Works. The project is supported by a contract
(code name : GDR 942) with the French Centre National de la Recherche
Scientifigque (CNRS), and I am acting as chairman of the editorial committee.

Our idea was to collect in this volume the writings of Claude Chevalley
about spinors. This is a rather minor variation in his scientific work, but well in
tune with his long-standing interest in group theory. When Chevalley wrote
his two books (here reprinted as the main two parts), spinors were a well-
established tool in theoretical physics, and E. Cartan had already published
his account of the theory. But Chevalley’s approach to Clifford algebras was
quite new in the 1950’s, at a time where universal algebra was blossoming and
developing fast. This explains why we are reprinting his Nagoya lectures about
“Some important algebras”. As explained in the review by Jean Dieudonné,
originally published in the Bulletin of the American Mathematical Society
and appended here, Chevalley’s exposition of the algebraic theory of spinors
contains a number of interesting innovations. But Chevalley was an algebraist
at heart, and gives no hint of the applications to theoretical physics. Since
the 1950’s, spinors (and the associated Dirac equation) have developed into
a fundamental tool in differential geometry and especially in the theory of
Riemannian manifolds. The Postface by Jean-Pierre Bourguignon aims to
retrace this new line of mathematical thinking and to provide an up-to-date
account.

Some editorial work was required while producing this volume. We felt
an obligation to proofread carefully all these texts (see the comment by
Dieudonné), and to correct misprints and occasional slips of the pen. But
the text has remained essentially unaltered.

We have to thank a number of people for their cooperation in this
project. The members of the Chevalley Seminar (and especially Michel Broué,
Michel Enguehard and Jacques Tits) gave us their continual moral support
and exerted friendly pressure. We thank also Jean-Pierre Serre and Armand
Borel for their advice and steady insistence. S. Iyanaga, a life-long friend of
Chevalley, was instrumental in securing the permissions needed to reprint the
Japanese lectures; to him, and to the officers of the Mathematical Society
of Japan, we extend our warmest thanks. Henri Cartan lent us his own
copy of Algebraic Theory of Spinors for reproduction purposes and made the
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suggestion of appending Dieudonné’s review. The staff of the I.H.E.S. was very
helpful: we thank especially Marie-Claude Vergne for her dedicated typing and
the directors Marcel Berger and Jean-Pierre Bourguignon for their support of
the project. As mentioned above, we have to acknowledge financial support
by the C.N.R.S.

Without the faithful friendship of Catherine Chevalley, nothing would have
been possible. A special thank-you to her!

September 1995 Pierre CARTIER
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Preface

The theory of exterior algebras was introduced by Grassmann in order to
study algebraically geometric problems concerning the linear varieties in a
projective space. But this theory was forgotten for a long time; E. Cartan
discovered it again and applied it to the study of differential forms and mul-
tiple integrals over a differentiable or analytic variety. For this reason, the
theory of exterior algebras will be interesting not only for algebraists but
also for analysts.

In these lectures we shall present a more general algebra called “Clifford
algebra” associated to a quadratic form. If the quadratic form reduces to 0,
the Clifford algebra reduces to “exterior algebra”.

The applications of the theory of exterior algebras are very wide, e.g.:
theory of determinants, representation of linear variety in a projective space
using Pliicker coordinates, and the theory of differential forms and their ap-
plications to many branches of analysis. But I am sorry not to be able to
describe them in detail because of the limitation of time.

June, 1954 C. Chevalley



Conventions

Throughout these lectures, we mean by a ring a ring with unit element 1 (or
1’ as the case may be), and also by a homomorphism of such rings a homo-
morphism which maps unit upon unit. A will always denote a commutative
ring.
By amodule over A, we invariably mean a unitary module. Thus a module
over A is a set M such that
1) M has a structure of an additive group,
2) for every @ € A and x € M, an element ax € M called scalar multiple
is defined and we have
i) a(z+y)=oax+ay,
ii) (a+ B)z= az + Pz,
iif)  a(fz)=(ab)z,
iv) 1.z=1z.
A map of a module over A into a module over A is called linear if it is
a homomorphism of the underlying additive groups which commutes with
scalar multiplication by every element of A.

Analgebra E over A means a module over A with an associative multipli-
cation which makes F a ring satisfying

o(zy) = (ax)y = z(ay)  (2,y € Eja € A).

A homomorphism of algebras will always mean a ring homomorphism which
is linear. An ideal of an algebra means always a two-sided ideal. A subset S
of an algebra is called a set of generators of E if E is the smallest subalgebra
containing S and the unit 1 of E.

In dealing with modules or algebras over A, an element of the basic ring A
is often called a scalar. In the case of algebras, any element of the subalgebra
A -1 is called a scalar; a scalar clearly commutes with every element of the
algebra.



CHAPTER 1.
GRADED ALGEBRAS

1. Free Algebras

The first basic type of algebras we want to consider is the free algebra.
Let E be an algebra over A generated by a given set of generators (z;);c;
(I: any set of indices). Let o = (i1, --,in) be a finite sequence of elements
of I and put y, = z;, - - - 2;,. The number h is called the length of . Among
the “finite sequences” we always admit the empty sequence oy, whose length
is 0, i.e., a sequence with no term, and we put y,, = 1. We define the
composition of two finite sequences o = (i1,---,%,) and o’ = (ji,- -, Jk)
by oo’ = (i1, *,%h,J1, k). FOr 09, we define og0 = go¢ = o, ie., 0o
is the unit for this composition. Evidently this composition is associative:
(00")o" = o(d’0"), and we have Yoo = YoUo'-

Theorem 1.1. Every element of E is a linear combination of the y,’s,
o running over all finite sequences of elements of I.

Proof. Denote by E; the module spanned by all the y,’s. We shall show
E = E,. First we prove:

Lemma 1.1. E; is closed under multiplication.

Proof. Let z,2' be two elements of E; and put
z= Zaoyaa 2= Za';ya“
o o

Though these two sums seem apparently infinite, we have in fact a, = 0 and
a!. = 0 except for a finite number of ¢’s. Then we have

! /
z2z = Zaoa o'Yoo! Yoo! € Ey;
o0’
the sum being finite, we have 22’ € E;.

Now we return to the proof of Theorem 1.1. The module F; is thus a
subalgebra of E, and if ¢ = (i),yo = z; and also y,, = 1. Therefore E;,
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containing the set of generators (z;) and 1, contains E itself, so that we
obtain E = E;, which proves Theorem 1.1.

Definition 1.1. If the y,’s are linearly independent over A, then E is
called a free algebra, and the set (x;);c; is called a free system of generators
of E.

Existence and uniqueness of free algebras. We first prove the unique-
ness. For this, we shall show a more precise condition called “universality”.
An algebra F over A with a system of generators (z;);¢; is called universal
if, given any algebra E over A generated by a set of elements (£;),; indexed
by the same set I, there is a unique homomorphism ¢ : F — E such that
p(z;) =& for all 4.

Theorem 1.2. A free algebra F with its free system of generators is
universal.

Proof. By definition, the set {y, =z, ---x;, } forms a base of F as a
module over A. Thus there is a linear mapping ¢ : F — E such that

(1) 0 Yo) =&y &,  forevery o= (i1, -,in).
If o = (41, ,%n), 0 = (j1,- - -, Jk) are two finite sequences of elements of I,
we have

(2) © (YoYo') = (Yoor) = &y **&injr & = P (Yo) 0 (Yor) -

This proves that ¢ is not only linear, but also a homomorphism of F into E.
Especially putting ¢ = (i) resp. 0 = 09, we have ¢ (z;) = & and ¢(1) =1,
which proves our assertion.

Remark that, in general, any homomorphism ¢ is uniquely determined
when the values ¢ (z;) on a set of generators (z;) are given.

Corollary. The free algebra generated by (z;);c; is unique up to iso-
morphism. More precisely, let F, F' be two free algebras with free systems of
generators (Z;);cp, (Ti) oy Tespectively, and let I and I' be equipotent. Then
F and F' are isomorphic.

Proof. We may assume that I = I’. By Theorem 1.2, we have two homo-
morphisms
p: F—>F' such that ¢(z;) =z}
and
¢': F' > F such that ¢'(z}) = z;

The composite mapping! ¢’ o : F — F' — F maps each z; to itself, and by
the uniqueness of homomorphism, ¢’ o ¢ must be the identity in F'. Similarly

! ¢’ o g is defined by ¢ 0 p(x) = ¢'(p(z)).
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@ o ¢ is the identity in F’. Therefore ¢ is an isomorphism and ¢’ = ¢},
which proves that F and F' are isomorphic to each other.

Now we shall prove the ezistence of a free algebra, having any given set
(:);¢ as its free system of generators. Let X be the set of all finite sequences
of elements of I. From the theory of linear algebra, we may assume that there
exists a module M over A with a base equipotent to X. Let (y5),c 5 be the
base of M; we introduce a structure of algebra into M. For this, we have only
to define an associative multiplication for the elements of the base. We define
it by

YoYo' = Yoo'-
Since the composition in X is associative, we have the associativity: (Yo Yo') Yo
= Yo (Yo'Yor). Thus M is a free algebra over A having the free system of gen-
erators (;);cy-

2. Graded Algebras

Let F be the free algebra with the free system of generators (z;);c;, and put
Yo = Tiy -+ i, (0= (41, -+,1n)). We shall classify the elements y, by the
length of o.

Let F} be the module spanned by the y,’s, o being of length h. Then F
is the direct sum of Fy, F1, Fs,- - as a module:

1) F=FhoRoFRo  -0F,®- -
and evidently
(2) Fy - Fpr C Fryn,s

because the length of the composite oo’ of o and ¢’ is equal to the sum of
the lengths of ¢ and o’.

The free algebra F = Fo @ F1 @ ---® F,, @ - - - is a typical example of the
following general notion of graded algebra.

Definition 1.2. Let I' be an additive group. A I'-graded algebra is an
algebra E which is given together with a direct sum decomposition as a module

(3) E=)E,

yer

where the E,’s are submodules of E, in such a way that

(4) Ey-Ey CEypy,ie, z€E, and z' € E, imply zz' € Eyyy.
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By a homomorphism of a I'-graded algebra E = z E, into another
Yyer
I'-graded algebra E' = Z E’, is meant a homomorphism ¢ : E — E' of the
yer
algebras such that ¢ (E,) C E..

In a I'-graded algebra E = ) E, an element belonging to E., is called
homogeneous of degree 7. The zero element 0 of E is homogeneous of any
degree, but each element of F other than 0 is homogeneous of at most one
degree v € I'. Any element z of E is uniquely decomposed into the sum of
homogeneous elements

() g=)Y 1z, z,€E,
~ver

where the z,’s are 0 except for a finite number of 4’s. Each ., in (5) is called
the y-component of x.

Lemma 1.2. The unit 1 is always homogeneous of degree 8 (6 : zero
element of I").

Proof. Decompose 1 into the sum of its homogeneous components:
1= Z €y, ey € E,.
If x5 € E is homogeneous of degree 3 € I', then we have
Esg>zg =.’L'ﬁ-1=z:tﬂ-e~,.
¥

Since x4 - e, € Eg4~, we must have 25-e¢ = 23 and zg-e, =0 for all v # 6.
This implies that ey is a right unit element for all homogeneous elements, and
accordingly for all elements x = X'z in E. Thus ey = 1, and our assertion is
proved.

Corollary. Scalars are homogeneous of degree 8 (8 : zero element of I').

Among others, the following two special types of I'-gradations are of much
importance:

i) I'-gradations where I' = Z is the additive group of integers. In this
case, we say simply “graded” instead of “Z-graded”.

ii) I'-gradations where I' is the group with two elements 0 and 1. In
this case we write E = E, & E_ in place of E = Eo @ E;, and F is called
semi-graded.
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A free algebra F = Fo @ F1 ®---® F;, @ - - - can be considered as a graded
algebra with Fj, = {0} for all A < 0.

Remark. A I'-graded algebra is not a special kind of algebra. In fact, any
algebra may be considered as a I'-graded algebra with degree 0 for every
element.

Homogeneous submodules.

Definition 1.3. A submodule M of a I'-graded algebra E =Y E is said
to be homogeneous if the homogeneous components of any element of M still

belong to M. This is equivalent to the condition that M = Z (M NE,).
Yy

Theorem 1.3. If a submodule M or an ideal 3 of a I'-graded algebra E
is generated by?> homogeneous elements, then it is homogeneous.

Proof. Let M be a submodule of E spanned by a set .S of homogeneous
elements and let M’ be the set of elements of M whose homogeneous com-
ponents belong to M. It is evident that S C M’ C M, since S consists of
homogeneous elements. We shall show that M’ is a submodule. If z = )" z,,
and 2’ = Y !, are in M’, then z £ 2’ = 3 (z, £ 2), and z, £ 2/, € M,
so that we have x + 2’ € M'. Also for a € A, we have similarly ax € M’.
Thus M’ being a submodule containing the set .S of generators of M, we have
M’ > M, and so M = M’, which proves that M is homogeneous.

For the case of ideals, we consider the ideal i generated by a set S of
homogeneous elements. Then i is spanned, as a module, by all elements of
the form zsy, where z € E,s € S and y € E. Puttingz =) =,y = > yg,

we have
zsy = (Z w~1> s vs| =D xzysus
v B

7,8

and since x,syg is homogeneous, {l is also spanned by the elements z.syg
which are homogeneous. Thus i, being generated as a module by homoge-
neous elements, is homogeneous as was seen above. Hence Theorem 1.3 is
proved.

Let E = )_ E., be a I'-graded algebra and {I a homogeneous ideal in E.
We have the direct sum decomposition of il into its homogeneous parts:

2 The word “generated by” has somewhat different meanings for the cases of
submodules and of ideals. In the former case, a submodule M is generated by S
if every element of M is a linear combination of the elements of S, while in the
latter case, an ideal il is generated by S if {l is the smallest ideal containing the
set S.



GRADED ALGEBRAS
U=>"4,, ,=U4NE,
Y

The quotient algebra E/{ has also the structure of I'-graded algebra, because
E/sl =3, (Ey/il,) (direct sum of submodules) and (E,/iL,). (Ey /i) C
Eyty [yt . Therefore E/il is a I'-graded algebra and ) __ (E, /L) gives its
homogeneous decomposition. The canonical homomorphism ¢ : E — E /il is
a homomorphism not only of algebras, but also of I'-graded algebras.

3. Homogeneous Linear Mappings 3

Let E,E’ be two I'-graded algebras over the same ring A, and let A be a
linear mapping of E into E’, i.e., a mapping A : E — E’ such that

Az +y) = M=) + M), AMaz) = a(z)

for every z,y € E; a€A

Definition 1.4. Let v be any element of I' ; A is called homogeneous of
degree v if \(Ey) C El, forallye€ I

Evidently, if A : E — E’ is homogeneous of degree v and X' : E' — E" is
homogeneous of degree v/, then X o X is homogeneous of degree v + v/'.

A linear mapping A : E — E’ cannot always be decomposed into a finite
sum of homogeneous mappings as can be shown by a counter-example. But if
the decomposition is possible, it is unique; it is sufficient to prove the following:

Lemma 1.3. Let {\,}, - be a family of linear mappings E — E', in
which each )\, is homogeneous of degree v. If A\, (z) =0 (z : any element in
E) except for a finite number of v € I' and Y, A\, = 0, then A\, = 0 for all
vel.

Proof. For an element z., of E, , we have Z)\,, (zy) = 0, but since
v
A (z4) € E,, for each v € I', we have A, (z,) = 0 for all v € I'. For an

arbitrary z € E, let z = ) z., be the homogeneous decomposition of z; then
Av(z) = 32, Av (z4) = 0, which proves that A, =0 (v € I').

3 This notion can be defined not only for graded algebras, but also for “graded
modules”. But we shall restrict ourselves to the case of graded algebras, because
we use it in this case only.

10
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4. Associated Gradations and the Main Involution

Let I, T be additive groups and let a homomorphism 7 : I"' — T be given. To

any I'-graded algebra E = Z E.,, we associate the following T-gradation of
yer
E. For each 4 € I, put

E; = Z~ E, (B = {0} if 77Y(7) is empty).
yeT (")

Then obviously E = Z E- and E- - B, C E;,~,. In this way E = ) E-
vel
can be considered as a I'-graded algebra.

Definition 1.5. The I'-gradation z E:r' is called the I'-gradation of E
Yer
associated to the I'-gradation E = Z E, (with respect to T).
~er

_ We shall write E” instead of E if it is taken with the associated
I'-gradation rather than with the original I'-gradation. Obviously, we have
the

Lemma 1.4. Every homogeneous element, every homogeneous submod-
ule, and every homogeneous ideal in E are also homogeneous in E™.

In the special case where [ is the group consisting of two elements 0 and
1, and where 7 is onto, we write E° = E3 ® E? instead of E” = Eo ® Ej,
and we call it the associated semi-graded algebra of E. In that case, the
kernel 7=1(0) C I' is denoted by Iy, which is a subgroup of index 2, while
771(1) C I' is denoted by I'_, which is the coset of I" with respect to Iy other
than I'y. Remark that every subgroup of I'" of index 2 can be preassigned
as Iy in some unique associated semi-gradation. It may happen that I" has
a unique subgroup of index 2. If it is the case, then reference to the map 7
can be omitted without any ambiguity. For example, to every graded (i.e.,
Z-graded) algebra E = Z E,, is associated a unique semi-graded algebra

h:integer

E* = E3 ® E%, where E{ = )  Epand B> = ) Ej. Clearly, if E is a

h:even ’ h:odd
semi-graded algebra, then its associated semi-gradation is identical with the

original semi-gradation.

11
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Main involution. Fixing a subgroup I'; C I of index 2, let E = z E, be

yer
a I'-graded algebra, and let E° = ES @ EZ be the associated semi-gradation

of E. Every element x € E can be decomposed uniquely into the sum of its
E¢ -component z, and its E?-component z_ : z = 24 + z_. If we define a
map J : E — FE by

Jz)=z4y —2- (z=2z4++z_ € E),

then J is one-to-one and linear, preserves the degree in the I'-gradation of E,
maps unit upon unit, and is an involution (i.e., JoJ = identity). Moreover, J
preserves the multiplication. In fact let z =z +2_, y =y+ +y- (4, y+ €
Ei;x_, y- € B2). Then (zy)+ = z4y4+ +z-y-, (zY)- = z_y4+ +T4+y-, and
so we have

J(zy) = (x4y+ +z-y-) — (T-y4+ + T4y-)

= (z4+ —z2-)(y+ —y-) = J(z) I ()

Therefore, J is an involutive automorphism of the I'-graded algebra F,
which we call the main involution of E.

For convenience’s sake, we define the symbolical power J”(v € I') of the
main involution as follows:

JY = J if vel_
) identity if vely -

Also we define the power (—1)” (v € I') of the scalar (—1) of A as follows:

v_ -1 if verl_
(-1) —{1 if ver -

Then we have, just as in the case of usual powers, the following identities:
i) JYoJ¥ = Jgvtv
i) (=1)*(=1)" = (-1)**+
iit) (JY)Y =I(J" )i )
iv) ((-1)")" =((-1)")".
We shall denote iii) and iv) respectively by J** and by (—1)**" for the
sake of simplicity, though no product is defined in general in I". Any power

of the identity map is understood to be the identity map, and any power of
1 is understood to be 1.

Ifz = Z z, (x4 € E,), then we can write
ver

v) J(@) =) (=1)z,.

yer

12
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If I' = Z, the additive group of integers, then these definitions agree with
the usual definitions of powers of an automorphism, or of an element of an
algebra.

5. Derivations

The definition of derivations in a graded algebra given here is somewhat
different from the conventional definition of the derivations in the ordinary
algebraic systems. In the sequel, when we speak of derivations, we understand
that a fixed subgroup I'y C I" of index 2 is given.

Now, let E, E’ be two I'-graded algebras over A and let ¢ be a homo-
morphism of F into E’.

Definition 1.6. A ¢-derivation D of E into E' means a linear mapping
D : E — FE’, homogeneous of some given degree v € I', such that for x,y in
E,

(1) D(zy) = D(z)¢(y) + ¢ (JVz) D(y),
where JY is the power of the main involution defined above.

In the case where E = E’ and ¢ is the identity, D is called simply a
” derivation” . Therefore a derivation D of E is a homogeneous linear mapping
of degree v, such that

(2) D(zy) = D(z)y + (J"z)D(y)  for z,y € E.
If I' = Z, the additive group of integers, (2) can be written as

(2" D(zxy) = D(z)y + (-1)"zD(y) for z € Ep, y <€ E.

If the elements of E are all of degree 6 (6 : zero element of I'), then D
must be of degree 6, and (2) reduces to

(3) D(zy) = D(z)y + zD(y),

which coincides with the ordinary definition of derivation. Also, when v be-
longs to I'y formula (2) reduces to (3), while if v belongs to I'_ and = € E2
then (2) reduces to

(4) D(zy) = D(z)y — zD(y)-

A derivation of degree v in I'_ is sometimes called “anti-derivation”, but we
do not use this terminology in these lectures.

13
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The formula (1) can be written in another form. Denote by L, the oper-
ation of left multiplication by z : L,y = zy. Then (1) is equivalent to

(5) Do Ly = Lp(g) o9+ LyvgoD.

In the case where E = E’, and ¢ is the identity,

(6) DoLy=Lp) +LygoD.
Remark that (5) and (6) do not contain the “parameter” y.

Lemma 1.5. For every y-derivation D, we have D(1) = 0.
Proof. Substituting z =y = 1 in (1), we get

D(1) = D(1-1) = D(1)p(1) + ¢ (J*1) D(1),

and since J¥1 =1, ¢(1) = 1, we obtain D(1) = D(1) + D(1), which proves
D(1) =0.

Evidently, if D and D’ are y-derivations of the same degree, D + D’ is
again a (-derivation. Also we have

Lemma 1.6. If o : E — E’ and ¢’ : E' — E” are homomorphisms and
if D, D' are a p-derivation of E into E' and a ¢'-derivation of E' into E”
respectively, then ¢’ o D and D' o ¢ are (¢ o p)-derivations of E into E".

Proof. We have only to check the condition (1). By direct calculation we
have

(¢’ o D)(zy) = &' (D(x))¢' (0(¥)) + €' (e(Jz))¢'(D(y))
and
(D' 0 9)(zy) = D'((x))¢ (9(¥)) + ¢ (9(J” ) D' (0(y)),

and since ¢’ o D and D’ o are of degrees v and v’ respectively, our assertion
is proved.

Theorem 1.4. Let D be a p-derivation of E into E', F a homogeneous
subalgebra of E, S a set of homogeneous generators of F, and let F' be a
homogeneous subalgebra of E'. Then if D(S) C F' and ¢(S) C F’', we have
D(F) C F' and ¢o(F) C F'.

Proof. The latter inclusion is evident, because ¢ is a homomorphism.
The former is proved as follows. Let F} be the set of elements £ € F' such
that D(z) € F'. It is evident that F is closed under addition and scalar
multiplication. Also if D(z) € F' and z = ) z,, then the D(z,)’s are the
homogeneous components of D(z) hence D(z) € F’, so we obtain z., € F.
Therefore F} is a homogeneous submodule of F', so that x € F; implies JYz €
Fy. Now for z,y in F;, we have

14
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D(zy) = D(z)p(y) + ¢(J2)D(y),

and since D(z), ¢(y), ¢(J”z), D(y) all belong to F', we have zy € F;, which
proves that Fj is a subalgebra containing S. Since S is a set of generators of
F, we have F C Fy, which proves D(F) C F'. Corollary 1. Let i1 and {' be
homogeneous ideals of E and E' respectively, and S be a set of homogeneous
generators of 8. If D(S) C Y, ¢(S) C ', we have D(Y) C &, and p(U) C
.

Proof. Again the latter inclusion is evident. The former is proved in a
similar manner as before, showing that the set

h={z|zel, D()eu}

is a homogeneous ideal.

Corollary 2. Let F,S be as before. If D(S) = {0}, then
D(F)={0}4

Proof. In a similar manner as in the proof of Theorem 1.4, we can show
that

F,={z|z€F, D(z)=0}
is a homogeneous subalgebra, which proves F' C F.

Corollary 3. Let F, S be as before. If two p-derivations D, D’ coincide
with each other on S, then they coincide on F'.

Proof. From this assumption, D and D’ are of the same degree. Then
apply Corollary 2 to the derivation D — D’.

It follows from this corollary that a derivation D is completely determined
if its values on the elements of a set of generators are given.

Theorem 1.5. Let E, E’ be I'-graded algebras, ¢ a homomorphism of E
into E', and D a p-derivation of E into E’'. Also let i and I’ be homogeneous
ideals in E and E' respectively such that D(U) C ', and o(U) C U'. Under
these assumptions, the induced mapping D : E/\L — E'/\l obtained from D
is a p-derivation, where @ means the induced homomorphism E /i — E' /sl
obtained from .

4 Note that this assertion holds without any assumption on ¢.
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If we use “commutative diagrams”® the maps D and @ are represented
as follows:

E 2 F
vl Lv
%D

E/M =5 B

where 1 and ¢’ are the canonical mappings.

Proof. From the theory of mappings of modules, it is easy to see that
D is a linear mapping which makes the diagram commutative. The other
conditions (D being homogeneous and satisfying (1)) are proved by direct
calculation from the definitions.

D is called the derivation deduced from D by going over to the quotient
algebra E /il

Hereafter to the end of this paragraph, we assume that £ = E’ and ¢ is
the identity.

5 In a diagram, let every vertex represent a set, and let each oriented edge rep-
resent a mapping. A directed path in a diagram represents a mapping which
is the composition of the successive mappings assigned to its edges. If, for
any two vertices, any two directed paths connecting them give the same map-
ping, then the diagram is said to be commutative. For example in the dia-
gram depicted below, for the vertices P and @ and the paths as in it, the
commutativity means fs o fs o fao fi(z) = gsogaogsogzog1 0 fi(z) =

faogeogzogaogio fi(x)=--- for every r € P.
P
i\ S
3
82y
) Y
83 84
86 85
B fa Q
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Theorem 1.6. Let D, D’ be two derivations of E of degrees v and V'
respectively. Then

(7) A=DD' - (-1)""'D'D

is again a derivation. 8

Proof. Tt is evident that A is linear and homogeneous of degree v + v/'.
We have only to check the condition (6) (equivalent to (2)). For D and D’
we have by (6)

DLy =Lpy +Ly»zD,  D'Ly=Lpg+ Ly, D

Then
DD'Ly = DLp/g + DLy, D'
=Lppz+ LyvpaD+ Ly D'+ Ly DD,
D'DL, = D'Lpy + D'Ly.,D
=Lpps + Ly peD' + Lp gvaD + Ljusu ,D'D,
and then

AL, = [DD' - (—l)""'D’D] Ly =Lag+LyuivyA+ LogD' + LoigD
where
©=DJ" —(-1)*”'J*'D and 6 =J"D' —(-1)**'D'J".
Now it is sufficient to prove that © =6’ =0, i.e.,
(8) DJ’ =(-1)*"'J'D and J'D' =(-1)"*'D'J".

But the former relation is obtained from the latter one by exchanging D and
D', so we show the latter one. For a homogeneous element z of degree v in
E, D’z is homogeneous of degree v + v/, and then

J'D'z = (-1)*0+) D'y = (=1)"' D'(~1)"z = (1) D'J"x

which proves (8). Thus our proof is completed.
Corollary 1. If v or V' is in Iy, and in particular when v = v' = 0,
then
[D,D'|=DD'-D'D

is again a derivation. If both v and v' are in I'_, then
DD'+D'D
is a derivation.

6 We omit the symbol o in the composition of mappings for the sake of simplicity.
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Corollary 2. If D is a derivation of degree v € I'_, then D? is also a
derivation of degree 2v € I'y.

Proof. If we put D = D’ in the last part in Corollary 1, we conclude that
2D? is a derivation, and the constant coefficient 2 may be omitted, provided
that A is a field of characteristic other than 2.

However, we shall prove this assertion directly as follows. The character-
istic property that D is a derivation of some degree v in I'_ is

(9) DLy = Lpg + LygD.
Then D? is of degree 2v in I'y, and we have
D?Ly = DLpg + DLy:D = Lp2g + LypeD + LpyeD + LyseD*.
But since D is of degree v € I'_, we have JD = —DJ from (8), and then
D?L, = Lp2y + L, D?,

which means that D? is a derivation of degree 2v € I';.

6. Existence of Derivations in Free Algebras

Let F be the free algebra with free system of generators (z;);c;, over a
commutative ring A. Then F is so graded that z; is of degree 1 for every
i € I. Let E be a graded algebra over A and ¢ a homomorphism of F into
E.

Theorem 1.7. Assume that for each i € I, a homogeneous element y; €
E of degree v + 1 is preassigned arbitrarily, where v is a fized integer. Then
there exists one and only one @-derivation D of F into E, which is of degree
v and satisfies D (z;) = y;.

Proof. The unigqueness follows from Corollary 3 to Theorem 1.4. So we
shall prove the ezxistence. By Theorem 1.1, the elements p, = z;, - - - z;, form
a base of F where o = (41, --,1ip) runs over the set X consisting of all finite
sequences taken from I. We shall define §(p,) € F by induction on the length
of . First we put

1) 6 (poo) =6(1) =0

for the empty sequence og. If § (p,) has already been defined for every o with
length less than h, we set

(2) 6(1:1'1 °t 'xih) =6 (a:il e 'xih-—l) %P(f'lih) + ¢ (JV ($i1 o 'wih—l)) Yin -
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In the case where h = 1, we have 6(z;) = y;. From the definition, §(p,) is
homogeneous of degree h+v if o has the length h. For, if h = 1, §(z;) =.y; is
of degree v+1 by assumption, and if this property has already been proved up
to h—1, the degrees of the terms on the right hand side in (2) are (h—1+v)+1
and (h—1) + (v + 1) respectively, which are both equal to h+ v. Hence §(p,)
is of degree h + v.

Now we define a linear mapping D : F — E such that D(p,) = 6(ps)
for all o € X. Since (p,) forms a base of F, such D always exists and is
determined uniquely. Evidently D is linear and homogeneous of degree v.
Next we shall show the condition

(3) D(uv) = D(u)p(v) + @(JYu)D(v) (ﬁ,v € F).
We first remark that

D(poz:) = D(po)p(z:) + ¢(J"ps) D(:)

holds by (2), and then forming a linear combination of (p,), we obtain by
linearity of D, '

(4) D(ux;) - D(uw)p(z;) + o(JYu)D(z;).

Now we denote by Fj the set of all elements v of F' which satisfy the condition
(3) for all w in F. From (4), we have z; € F; and also 1 € F, forif v =1, (3)
reduces to a trivial relation D(u) = D(u). We shall prove that v € F; implies
vz; € Fy. In fact, substituting uv in (4), we have

D(uvz;) = D(wv)p(x;) + o(J¥ (wv)) D(x;)
= D(u)p(v)e(zi) + ¢(J"u)D(v)p(z;)

+ @(Ju)p(J¥v)D(x;) (since v € F})
= D(u)p(vz:) + (I u) [D(v)p(x:i) + (I v)D(z:)]
= D(u)p(vz;) + o(J u)D(v;) (again by (4)),

which proves our assertion. Therefore beginning with z;, € F) and repeating
this process, we have p, € F for every o = (i1, - +,%x). Then by the linearity
of D, we have finally that all the elements of F belong to Fj, which proves
that D is a p-derivation satisfying the conditions of Theorem 1.7.
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CHAPTER II.
TENSOR ALGEBRAS

Tensors are usually represented by a quantity with many indices such as
1};?:;5. However, we avoid such a representation in these lectures not only on
aesthetic ground, but also due to a more essential reason. Tensors have indices
because of the use of bases; on modules without bases, such a representation
is impossible, while tensors can be also defined in such cases.

To define a tensor algebra, we shall use the universal algebra, then prove
the existence and uniqueness of the tensor algebra.

1. Tensor Algebras

Definition 2.1. Let M be a module over the basic ring A. An algebra T
is called a tensor algebra over M if it satisfies the following universality
conditions:
1) T is an algebra containing M as a submodule, and is generated by M.}
2) For any linear mapping A of M into an algebra E over A, there is

a homomorphism 0 of T into E which extends X. This is represented in the
commautative diagram:

Theorem 2.1. For any module M over A, there erists a tensor algebra
T over M. It is unique up to isomorphism.

Proof. Uniqueness: Let T, T’ be two algebras with the above univeréality
properties over M. Then T' D M, T D M and the injection I' : M — T’
extends to a homomorphism 6 : T — T". Similarly the injection [ : M — T

! This means that T is generated by M and 1 in the ordinary sense. See the

“Conventions”.
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extends to a homomorphism 6’ : 7 — T'. The mapping 6’ o § is an endomor-
phism of T', which coincides with the identity on M. But since M generates
T, 0’ 00 is the identity mapping of T'. Similarly o @’ is the identity mapping
of T”, which proves that T and T are isomorphic as algebras. Therefore the
tensor algebra over M is unique up to isomorphism.

Exzistence: First we shall construct an algebra satisfying a somewhat mod-
ified form of condition 2), and then we shall show that this algebra also
satisfies 1). '

For a while, we forget the structure of module of M and consider M
as a mere set. In Chap. I, 1, we constructed a free algebra F' over A freely
generated by the set M. To distinguish the addition, substraction and scalar
multiplication in this algebra from those of M, we denote the former opera-
tions by 4+, —, and a-z(a € A) respectively. Therefore we remark that when
z,y € M,wehave z+y ¢ M, z—y ¢ M, and a-z ¢ M in general. Next, we
denote by S the set of all elements in F of the forms

(1) zty—(z+y) (z,yeM)
and
(2) a-z—(ar) (a€ A,z e M).

Let ¥ be the ideal in F generated by S. Put T = F/% (quotient algebra),
and denote by ¢ the canonical mapping of F onto T.

We first prove:

Lemma 2.1. The algebra T satisfies the following condition:

2") If X is a linear mapping of M into an algebra E over A, there exists
a homomorphism 6 : T — E such that

(3) (8o p)(z) = A=) forall z € M.

The relation (3) is represented in the commutative diagram where I means
the injection of M into F':

T

‘PITP 0

1
111—’1,5

Proof. By the universality of free algebras (Thedrem 1.2), there exists a
homomorphism © : F' — E which extends X:
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Next we prove ©(%) = {0}. It is sufficient to prove that © maps all generators
of T upon 0. Since each generator of T has the form (1) or (2), we consider
them separately. In fact,

O(z+y—(z +y)) = O(z) + O(y) - O(z +y)

(©:F — E is a homomorphism.)
=AMz)+A(y) — Mz +y) (O extends \.)
=0 (A is linear.),

and similarly we have
O(a-z—ar) = ad(z) — O(az) = a(z) — Aax) =

which proves our assertion. Hence the kernel of © containing ¥, © defines a
homomorphism 6 : T — E and if z € M, we have (f o ¢)(z) = 6(z) = A(z) :

J

F
A
M

7

which proves our Lemma.

Now we shall prove that T also satisfies condition 1) in Definition 2.1.
From the definition of ¥ and T' = F/%, it is clear that the restriction of ¢ to

M is linear. Hence it is sufficient to prove that ¢ induces an isomorphism on
M,ie.,

(4) TN M = {0}.

Although (4) may be proved directly, we shall prove it using the above Lemma
2.1. Put E = A® M (direct sum). Since A has a unit element 1, F is the set
of elements of the form a -1+, (a € A, x € M). Define a multiplication in
E by

3) (a-1+2z)(b-1+y)=ab-1+ (bz+ay) (a,be A; z,y € M).

Then we have zy = 0 for z,y € M. It is easy to verify that F is an associative
algebra over A with unit element, and the injection of M into E is a linear
mapping. Therefore we have a homomorphism 6 : T — E such that

(6) Pop)(z)=2z forall zeM,

by Lemma 2.1. If £ € M N, we have ¢(z) = 0 and then (6) asserts that
z = 0, which proves (4).



TENSOR ALGEBRAS

This proves that M and the submodule (M) of T are isomorphic with
each other as modules. So we identify them.? Since T is a quotient algebra
of the free algebra generated by M, then M is also a set of generators of T'.
This proves that T satisfies the condition 1). Therefore the algebra T thus
constructed is a tensor algebra over M, which completes our proof of exis-
tence.

Ezample 1. When M has a base consisting of only one element {z}, the
tensor algebra T' over M = Az is the polynomial ring Alz].

Proof. Let T be the tensor algebra over M and P be the algebra of
polynomials in X with coefficients in A. There exists a linear mapping X\ :
M — P which maps 2 upon X, and we have a homomorphism ¢ : T — P
which extends A. On the other hand, T" being an algebra generated by z, an
element y € T has the form zaka:'“, and

® (Z akxk) = Zak(tp(m))k = Zaka.

Thus, ¢ : T — P is surjective. Also, ¢ (3 arz*) = 0 implies Y arX* = 0,
and then we must have a; = 0, which means that ¢ is an isomorphism of T’
with P. Therefore we may put T = P = Alz].

2. Graded Structure of Tensor Algebras

In the above construction of the tensor algebra T over M, the ideal ¥ is
generated by S whose elements are all of degree 1 in F'. Hence defining all the
elements of M as of degree 1, the ideal ¥ is homogeneous (cf. Theorem 1.3),
and F/% = T is a graded algebra. Decomposing F' and T into homogeneous

components,
F=)F,, and T=) T,
h h
we have
(1) Th = Fr/(Fa N X)

and especially,
Th=0 for h<0, To=A-1, T =M.
Also T}, is spanned as a module by the products of h elements of M.
We shall give a universality property of T}, similar to that of T'.

2 The identification is made possible by the following property: Given any set X,
and a set M, there is a set Y equipotent to X which does not meet M.
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Theorem 2.2. Let h > 1 and 8 be any h-linear mapping ® of MP =
M x --- x M into a module N over A. Then there exists a linear mapping
¥ of Ty, into N such that

(2) Y (zy--zp) =B (21, ,2n) for all zy,---,zh in M.

In the left hand side of (2), x1 - - - xp, is the product of 1, -+, xp, in the tensor
algebra T'.

Proof. Let S be the set of generators of . An element of ¥ is the sum of
a finite number of elements of the form

aosob, (s€S; a,beF),

where o is the free multiplication in F'. Hence if u € F, N ¥, it has the form

m
U= Zainsinbi, (si € S; as,b; € F),

i=1

and decomposing a; and b; into homogeneous components
ai=Y aw, b= bie (air€Fk, by €Fy),
k ¢
we have

u= Z aikns,-nbu.
ik,e
Here a;x 0 s; 0b;g is homogeneous of degree k+£+1, because s; is homogeneous
of degree 1. On the other hand, any homogeneous element of degree k in F’
is the sum of products of k elements of M. Therefore we have that
(3) any u'in Fy, N T is the sum of elements of the form:

Iy o---0xposoy;o--- 0y,
(k+£2+1=h;k,£>0; z1,--+,Zk, Y1,-*-,Ye in M; s in S).

Now the set {z10--- o2, | 21, -+, 2n € M} forming a base of Fj, for a given
h-linear mapping 3 : M* — N, there exists a linear mapping ¥ : Fj, — N,
such that

3 A h-linear mapping means a function B(z1,---,xn) of h arguments
Z1,--+,Th in M, which is linear with respect to each argument when the other
h — 1 are kept fixed, i.e., we have

B(x1,- -+, Tiz1,azi + bTi, Tig1, -+ -, Tn) = af(z1,- - »Bim1, Tiy Tit1, - ,Th)
+ bﬂ(zly AR ES PRCITRCTE S PR ,(Eh),

for a,b € A;z1,---,zh, 20, € M3i=1,--- h.
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U(z10---02,) = B(21,-++,2p) forall 24,---,2, in M.
Now we shall show that
(4) ¥(FpNT) = {0}.
Iﬁ fact, by the above remark (3), it is sufficient to show that
(5) ¥U(z1o---ozpo(z+y—(z + y))opio---oy) =0,
and

(6) ¥(zio---ozgo(a-z—az)oyio---oy) =0, (k+£+1=h).
Since ¥ is linear in each of its arguments, we have
¥(z10- - ozgo(z+y—(z +y))ayio - aye)
=V¥(z1o-- - 0xpozay;o---OYp)
+¥(z1o---ozgoyoy0--- aye)
—V¥(zyo---ozpo(z+y)oyio--- oY)
=B(z1," Ths T, Y1505 Ye) + B(@1, - Ths Ys Y1, 75 Ye)
—ﬂ(fl’l,"',«’"?k,f”+y,y1,“',ye)
=0 (because (3 is h-linear),
and similarly we have (6), and then (4) is proved.

Thus, by (1) and (4), ¥ defines a linear mapping ¢ of T, = F,/(Fr,NT)
into N, such that ¥ = 9 o ¢} (here ¢, is the restriction of ¢ to Fp).
In diagrams this is represented by:

Ty

o

Fy

'1:\

Mh——— S N |

Moreover, for z;,---, 2, in M, we have
w(zl...zh) :!p(zln...nzh) =ﬁ(zla"'azh)a
which proves our Theorem.

Now we shall define the tensor product of modules using the tensor
algebra described above. A characteristic property of tensor products will
be given later (cf. section 4).
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Definition 2.2. Let M,N be two modules over A. We set
P = M & N (direct sum), and let T be the tensor algebra over P. The
submodule Q of T» spanned by all products {zy | z € M, y € N} is called
the tensor product of M and N,and denoted by M ® N. The element zy of
Q(x e M, ye N) is also denoted by  ® y.

From Theorem 2.2, we deduce easily:

Corollary. Let there be given a bilinear (= 2-linear) mapping 8 of M x N
into a third module R. Then there exists a linear mapping ¥ of M ® N into
R, such that Y(z ® y) = B(z,y) for everyx € M andy € N.

We leave it to the reader to formulate a similar definition of the tensor
product M; ® - - - ® M}, of h modules M; over A.

Ezample 2. If M has a base {z;};c; = B, then T is isomorphic to the
free algebra on B. Therefore, a tensor is represented in the form a;,...;, once
a base has been chosen.

Proof. Let U be the free algebra on B and again we use the notations
+,-, o and o - z for the laws of composition in U to distinguish them from
the ones in M.

Let A : M — U be the linear mapping which is the identity on B :
Ma1Ziy + -+ +anTi,) = a1 - Tig+ - - +an - Ti,

Then there is a homomorphism 6 : T — U which extends A by the property 2)
of T'. On the other hand, since B C M C T, the universality property of free
algebra U asserts that there exists a homomorphism 6’ : U — T which is the
identity on B. These relations are represented in the commutative diagram:

B I M
1‘ A |,
9'

U T

- )

Then 6’ o 8 is an endomorphism of T and is the identity on B. Since B is
a base of M, ¢’ o 0 is also the identity on M, hence on the algebra T' gen-
erated by M. Similarly 6 o ' is an endomorphism of U and is the identity
on B, hence also on the algebra U generated by B. Therefore § and 6’ are
isomorphisms which are reciprocal with each other. Also since A maps M into
U, (submodule of elements homogeneous of degree 1 in U), T is isomorphic
to U not only as an algebra, but also as a graded algebra, which proves our
assertion. If {z;},.; is a base of M, every element in T}, is of the form
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Z Qjy.o iy Tiy o Ty,
i1,00,in €1

where a;,...;, € A are the components of the tensor in the familiar way.

3. Derivations in a Tensor Algebra

Now, we consider a module M over A and the tensor algebra T' = X, T}, over
M. We shall prove the following:

Theorem 2.3. If A\ : M — T, is a linear mapping (v : any integer
> —1), then A\ may be extended uniquely to a derivation in T (of degree v ).

Proof. Uniqueness is obvious since M generates 7. So we prove the ex-
istence of an extension. Consider the free algebra F' on the set M. Then
we can write T = F/%, Ty+1 = Fyq1/(Fu+1 N %), where ¥ is the ideal in
F generated by the elements of the forms

zty—(z+y) (z,ye M),
a-z—(azx) (e A,z e M).

Denote by 7 : F,4+1 — T,41 the canonical map in the factorization 7,4, =
F,4+1/(F,4+1N%). For each x € M, we select an element A(z) € F, 41 such that
A(z) = w(A(z)). This defines a map A : M — F,4; such that the diagram

A

M——= Ty
N b
Fys1

‘is commutative. Since M is a system of free generators of F, according to
Theorem 1.7 the map A : M — F,4; can be extended to a derivation D of
F (of degree v). Now we shall show that

(1) D(X) C%.
In fact, we have

D(z+y—(z +y)) = D(2)+D(y)-D(z +y) (z,y € M),
so that

(2) m(D(z+y—(z +v))) = 7(D(z)) + 7(D(y)) — 7(D(z +y))-
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But now, since z,y, £ + y are in M‘, we have
D(z) = A(z), D(y)=A(y), D(z+y)=Az+y).
Therefore the right hand side of the equality (2) can be rewritten as
Az) + Ay) - Az + ),

which is zero, since ) is linear. This proves that D(z+y—(z + y)) lies in the
kernel of 7, and therefore in ¥. Likewise we obtain D(a - z—(az)) € ¥, and
according to Corollary 1 to Theorem 1.4 this proves (1). Thus D induces a
derivation d of T in such a way that the diagram \

D
F — F
.l L=
d
T — T

(m : F — T canonical map) is commutative. To see that d is an extension
of A, let z € M. Then z = m(z) and

d(z) = d(n(z)) = n(D(z)) = 7(A(z)) = Mz).
This proves Theorem 2.3.

Tensor representation. Next, we want to make the following observation.
Let M, N be modules over A, T(M), T(N) their tensor algebrasand A : M —
N a linear map. Then, as a special case of the universality theorem for tensor
algebras, A extends uniquely to a homomorphism A : T(M) — T(N). In the
special case where M = N, and where ) is an automorphism (i.e. an invertible
linear mapping) of M, A extends to an endomorphism A : T(M) — T(M).
We assert that this endomorphism A is an automorphism. To prove this,
let )\ be the inverse of A\. Then X extends also to an endomorphism A’ :
T(M) — T (M), and the composite endomorphism A o A’ : T(M) — T(M)
coincides with the identity on M, so that A o A’ = identity on T'(M) which
is generated by M. The same is true for A’ o A. Thus A, with its inverse A’,
is an automorphism.

Now, the restriction of this automorphism A on the h-th part T (M) of
T (M) gives an automorphism Ap, of Tp(M). The correspondence A — Ay, is a
homomorphism of the group of automorphisms of M into that of the module
Tr(M). This homomorphism we call the tensor representation of degree h.

Remark. Suppose M is a submodule of N, for which the injection map
M — N is denoted by A. Then the homomorphism A : T(M) — T(N)
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induced by A is, in general, not an injection. However, in some special cases,
A is an injection; for example, in case where N is the direct sum of M and
some other module P : N = M @ P, or in case where both M, N are free
modules.

The following provides an example in which A is not an injection. Let
A = Z be the ring of integers, N = {0, 1,2,3} the cyclic group of order 4,
and let M = {0,2} be the subgroup of N of index 2. Then A maps the non-
zero element 2® 2 of M ® M = M upon the zero element of N® N = N, for
we have A(2®2) =2®2 = 4(1®1) = 0. This shows that A : T(M) — T(N)
is not an injection.

4. Preliminaries About Tensor Product of Modules

Before considering the tensor product of semi-graded algebras, we give here
some preliminaries about tensor product of modules.

Characterization. Let M;,---, M} be modules over A. Then the tensor
product P = M; ® - -+ ® M}, can be characterized in the following manner:
1) P is a module over A into which there is a h-linear map

a:M; XX My, - P

such that the elements a(zy,- - -, zn) = 21Q- - -@xp, (forz; € M;, i =1,---,h)
span P.
Here we say that the map a is h-linear if a(z;,---,2p) depends linearly on
each one of the entries z;, - - -,z when the others are fixed.

2) If B is a h-linear mapping of My X --- X My, into a module Q, then
there is a linear map ¢ : P — @ such that poa = (.

Associativity and commutativity. Let My,---, Mg, Mgy1,---,Mp (1 <
k < h) be modules over A, and put P=M; Q@ --- Q@ Mp, P = (M1 ®---®
M) ®(My41®- - -® Mp). Then there is an isomorphism P — P’ which maps
T1Q QT @Tk41 D - @Tp upon (21 Q-+ @ Tk) ® (Th41 ® - - - @ ) for
any z; € M; (i=1,---,h).

Given the characteristic properties 1), 2) for the tensor product, we need
only to prove 1) that (; ® -+ @ zx) ® (Tk+1 @ --- Q@ xp) € P! (z; € M;, i =
1,---, h) depends linearly on each argument, and P’ is spanned by elements of
the above form, and 2) that, given any multilinear? map 8 : My x - -- x M}, —
Q, then there is a linear map ¢ : P’ — Q such that

4 We say “multilinear” instead of “h-linear” when we don’t want to mention ex-
plicitly A.
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P((Z1® - ®xk) ® (Tk41 ® - -- ® ) = B(Z1, -, Th)-

1) is obvious. In order to construct the map ¢ : P’ — @, we consider first
the mapping

(mla"' ,.’Bk) — ﬂ(xla' 3 Tky Th41y 0 ,-’L‘h)

for each set of given values of k41, -, zp. This mapping is a k-linear map
from M; X - - - x My, into Q. Therefore, there is a linear map, say ¥z, , ...z, :
M, ®- .- ® My — Q, such that

'ﬁbzk.,.l,m,mh(ml Q- ®xk) = ﬁ(wl, © 9Ty Thk41y ,(L'h)~

Now, let t be any element in M; ® - - - ® M. For this fixed t, we consider
the mapping

(xk+1’ tee axh) - ¢$k+1,"',£h (t)

We assert that this is a multilinear mapping. In fact, this is true if ¢ is of the
form t =z; ® - - - ® xx, because in that case we have

w:l:k.;.l,m,zh (t) = ﬂ(wl, 3Ty Tk41y axh)'
Let nowt = Y at;, where each t; is of the form z;®- - -®x}. Since Yapr, ez
M; ®---® My — Q is linear, we obtain
¢$k+1,"',zh (t) = Zai¢zk+ly“'vzh (ti)'
i

Each summand @;¥z, ., z, (t;) being multilinear in (zx41,---,zs), we can
conclude that g, , ...z, (t) is multilinear in (Zx41,---,s). Thus for given
te M1 ®:--Q My, there is a linear map v; : Mg41®- - ® My — Q such that
Y (Thy1 ® - ®Th) = Yy yy,onzn (1)

Similarly, we can prove that, for any fixed element u in M4+ ®-- - ® M,
the mapping t — <;(u) is linear. Thus, the mapping (¢, u) — 4:(u) is a bilinear
map from (M; ® --- ® Mg) X (Mg4+1 ® --- ® M) into Q and so, there is a
linear map

p: (M1 ® - M) ® (Mpt1® -+ @ Mp) —» Q
such that
pt@u)=v(u) CLEM® - QMy, u€ Mpy1®---® Mp).
Thus, fort =21 ® - @2k, U= Tk4+1 D -+ ® Tp, We have
e(z1® - @ Tk) ® (Tht1 ® - ®Th)) = B(T1,+ -+, Tky Tk, ", Th),

which proves 2). Thus our assertion is proved.
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By identifying ; ® - - - @ ) @ Tg41 @ - -+ @ T, With
(Z1®--Qxk) ® (Th41® -+ @ xp)

we take
Mi® - @My=(M®  ®M)® (Mis1 ® - ® Mp).

Let again M, ---, M}, be modules over A, and let m be any permutation
of {1,---, h}. Then there is an isomorphism A, of M; ®---® M} onto My 1)®
“++ ® My(p) such that

MEZ1Q QLp) =2Zr)) ® - QL) (xi € My,i=1,---h).
In fact, since the mapping
(T1,-+,Th) = Tr(1) @+ ® Tn(n)
is h-linear, there exists a linear map A : M1®- - @ Mp — Mr1)®- - - @ My (p)
such that
Ar(T1® - ®Th) = Tr(1) @+ ® Ty (n)-

So it remains only to prove that A, is invertible. Let A} : My(1y®- - -® My(py —
M;®- - -® Mp, be the linear map obtained similarly from the h-linear mapping

(Zr@)s 1 Tar)) 2 T1® - @ Th.

Then
Me(Tr() @ @ Tr(h)) =T1 @ -+ ® Tn,
so that
Ar 0 A = identity mapping of M1y ® - - - ® My(p),
Al o Ax = identity mapping of M; ® - - - @ M},.
This proves that Ar, with its inverse A/, is an isomorphism.

Remark. Identification of (21 ®- - -®@zk)®(Zk+1®- - -®@zp) With 71 ®- - -®@xp,
in the case of associativity does not cause any confusion, while identification
will not be permitted in the case of commutativity. The reader must be careful
not to make the following sort of mistakes. Consider the case My = My = M,
T1,Z2 in M. Can we identify 22 ® 1 with £; ® 22 in M @ M ? No! These
two elements are by no means identical in general.

5. Tensor Product of Semi-Graded Algebras

Let E, E’ be semi-graded algebras over A:

E=E,®FE_., E =E,®FE.
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Now, we shall give EQE’, the tensor product of the modules E, E’, a structure
of semi-graded algebra. To do this, we first define the multiplication in EQE’,
in terms of a bilinear map (E® E') x (EQE') - EQE'.

Since (E®E!,)®(E®E") = EQE' = (B4 ®E')®(E- ® E"), it suffices

to define four bilinear maps:
(E®E,) x (E4®E) — E®F,
(EQE,)x(E-®FE') - E®F,
(E®FE )x(E;+®E) - EQFE,
(EQE )x(E-®FE') > EQF,

which will be well defined as soon as 4-linear maps:
ExE, xE;xE — EQ®F,
ExE. xE_xE — EQ®F,
ExXxE xE xE — EQF,
ExXE xE_xE — EQ®F,

are given. The first three maps are defined by

z € E, y € E', and either

/ ’ I, z€E,,yeE,;
(fv,m,y,y)—’“’y@wy or 2’ € E yye E_
or z' € B ,ye Ey

while the last one is defined by

(z,2',9,9) > —(zy®2'y’) (z€E,x’€eE.,ycE_,y € E').

In this way, we obtain a bilinear multiplication (EQE’)-(EQE') C EQE'.
Now we assert that this multiplication is associative. Since every element of
E ® E' is a linear combination of elements of the form = ® 2/, where both
z and z’ are nonzero and homogeneous in the semi-gradations, it will be
sufficient to check the associativity of the multiplication for elements of that
form. For convenience’s sake, we set, for x # 0 in E,

0 if z € E+,
&(z) =
1 if z€eE_,

where 0,1 denote the elements of the gradation group I' = {0,1}. Then we
have '

e(zy) = e(z) +&(y),
if both z,y are homogeneous , and z,y,zy are nonzero. Similarly we define

¢’(z') for any nonzero homogeneous element z’ in E’. Then as is easily seen,
we have

(1) (e®z)- (y®Y) = (-1)* =W (zy @ 2'y')?

5 See p. 12 for the definition of (—l)""'.
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(z € E,y’ € E',z’ homogeneous in E’,y homogeneous in E).

Now we check the identity

@ (8) G8Y) (:87)= (o) (18Y) (87))

for z,y, z nonzero and homogeneous in E and z’,y’, 2’ nonzero and homoge-
neous in E’.

Computing the left hand side of (2), we obtain

(z®z) (y®y)) (2®2) = (1)1 W (zy @ z'y) - (2 ® 2)
— (_1)5'(3')€(v)+€'(w'y')e(z) (zyz ® :r'y'z')
= (=1)¢ @eW+e @)e)+e W)e() (35 @ 27y "),

while the right hand side of (2) can be reduced as follows

(e®2) - (¥8Y) (20) = (-1)* Do) (yz0y'7)
= (_1)5'(y')€(z)+€'(2')€(y2) (ryz ® a:’y'z')
— (_1)e’(y’)e(z)+e’(a:')e(y)+e’(a:’)e(z) (a:yz ® zry/z/)'

This proves the associativity of the multiplication. If 1,1’ are the multiplica-
tive units in E, E’' respectively, then it is clear that 1® 1’ € E ® F' is the
multiplicative unit in E ® E’.

Thus F ® E’ is an associative algebra, which is semi-graded, namely, if
we put )

(E®F'); =(E+®F,)®(E-®E"),

(E®FE')- =(E+®FE.)® (E-®E}),
then
EQFE =(EQFE'); ®d(E®E')_, and
(E®E)+ (EQE)L C(EQE),,
(EQE)y+ - (E®QE)-C(EQFE)_,
(EQE)--(E®FE)+ C(E®FE')_,
(FEQE)--(EQE_-C(E®FE'),.

Observe that, if E, E’ are I'-graded algebras and a fixed subgroup I'y. of
I’ of index 2 is given, then by the associated semi-gradations

Ey=) E,E_= ) E,

yel'y yer-—
/ /o ’
E,=) E,E.=} E,
yery yer-
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E ® E' is a semi-graded algebra. The associative algebra E ® E' also admits
the following I'-gradation:

EQE = Z(E@E’)ﬁ, where
pger

(E®E)= ) EQ®E,
Y+y'=0

of which the associated semi-gradation is just the semi-gradation of E ® E’
given above. Direct definition of the multiplication in the I'-graded algebra
E ® E' is given by

(z@) - (WRY)=(-1)""(zy®2y) (z€E,2 € E,,yeE,, y €E).
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CHAPTER III.
CLIFFORD ALGEBRAS

1. Clifford Algebras

A Clifford algebra is an algebra associated to a quadratic form f, and, roughly
speaking, the one satisfying

(1) a? = f(z) - 1.

First we define a quadratic form without using any base of a module.

Definition 3.1. Let M be a module over the basic ring A. A quadratic
form on M is a mapping f : M — A such that
1) f(az) = o2f(z) foralla € A, z€ M;

2) the mapping (z,y) — f(z+y) — f(z) — f(y) = B(z,y) of M x M into
A is bilinear.
Then (8 is called the bilinear form associated to f.

It is obvious from the definition that § is symmetric:

Blz,y) = By, z)
and B(z,z) = 2f(x).
Two elements z,y of M such that 3(z,y) = 0 are said to be orthogonal
to each other. When M is a free module over A with a base z;,---,z, and

f@)=fO_&z:) =€ +--- + &, then we have

i=1

Blx,y) =B &z, D mizs) = 2(Eam + -+ + Entin)-

Hence the above definition of orthogonality coincides with the ordinary one
in the n-dimensional Euclidean space.
Hereafter we suppose given a quadratic form f on M.

Definition 3.2. Let T be the tensor algebra over M, and denote by ®
the multiplication! in T. Let ¢ be the ideal generated in T by the elements of
the form

! In this chapter, we denote it this way to distinguish it from the various other
multiplications which will be considered later.
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(2) z®z - f(z)-1,

for z in M, where 1 is the unit of T The quotient algebra C = T'/c is
called the Clifford algebra associated to M and f.

If m: T — C is the canonical mapping, 7(M) is a submodule of C, which
generates C as an algebra . Also we have

(m(z))? = f(z)-1 if zeM.

We remark that the kernel of w in M is not always 0, and we cannot
identify M and 7(M) in general. However, if we wish to construct an algebra
satisfying (1), the universality leads to this definition as is shown in the
following;:

Theorem 3.1. Assume that we have a linear mapping A of M into an
algebra F such that (\(z))? = f(z) -1 for all x in M. Then there exists a
homomorphism ¢ of C into F such that

Az) = p(m(z)), forall z in M.

This is represented in the diagram:

M——>F

A/ QN

(M)

Proof. The definition of the tensor algebra asserts the existence of a ho-
momorphism A : T' — F which extends . For z in M, we have

Az®z - f(z)-1) = (\@))? - f(z) - 1=0.

Thus the generators of ¢ being mapped upon 0, we have A(c) = {0}, which
proves that A defines a homomorphism ¢ of C into F satisfying A = p o .
Theorem 3.1 follows since A is the restriction of A to M.

There exists a quadratic form g on w(M) with values in the subring
A -1 of C, such that

= g(y) -1,
for all y in 7(M) ; moreover f = go .

Semi-graded structure of Clifford algebras. We have shown in the pre-
vious chapter that the tensor algebra T is graded, and a fortiori, T is a
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semi-graded algebra. Since the element z @ z or f(z) - 1 is of degree 2 or 0
respectively, the elements (2) are homogeneous in the semi-gradation of T.
Decomposing T into T4 & T—, (2) belongs to T, and ¢ is homogeneous in
the semi-gradation of T', which proves that C = T'/c is a semi-graded algebra.
Putting C = C; & C_,C4 (resp. C-) is generated (as module over A) by
the products of an even (resp. odd) number of elements of (M), because

Ciy= Y n(Th) and C_= )Y n(Th).

h:even h:odd

If we put.Z = m(z) for x € M, we have 2 = f(z) - 1, and then
(3) Ty+yT=@+7)° -7 -7
=flz+y)-1-f(z)-1-f(y)-1=PB(z,y)- 1.

Therefore, if  and y are orthogonal, we obtain T7 + YT = 0 that is:

(4) Z7 = —JT.

2. Exterior Algebras

Definition 3.3. When the quadratic form f reduces to 0, the Clzﬁord algebra
C associated to f = 0 is called the exterior algebra over M.
One proves easily, for z,y in M, the relations

(1) zz =0
and
(2) zy+yzr =0, or zy=—yz,

in the case of the exterior algebra. The generators of ¢ reduce to z ® z € T5
which are homogeneous not only in the semi-gradation of T, but also in the
- graded structure of T, so that the exterior algebra E = T'/¢ has the structure
of a graded algebra.

Theorem 3.2. In the case of the exterior algebra E over M, the canonical
mapping © of T into E is injective on M, and identifying M with m(M), we
may embed M into E.

Proof. The elements of ¢ are sums of elements of the form

u® (z®@T)®v
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where x € M, and u,v are homogeneous in T. If u € Tp,v € Ty, then
u® (z ® z) ® v belongs to Thik+o and this element has a degree not less
than 2 or else is equal to 0. Therefore the homogeneous components of an
element of ¢ which are not 0 must be of degree > 2. On the other hand, the
elements of M being of degree 1, we have ¢ N M = {0}, which proves that =
is an isomorphism of M onto 7(M).

Henceforth we identify M with its image under 7 in F. Then we have
Ey=A-1, E; = M. For h > 1, E}, is spanned by the products of h elements
of M, i.e., by the elements z; - - - zp, where x; € M.

3. Structure of the Clifford Algebra when M has a
Base

Let M be a module over A and f a quadratic form on M. Let C = T'/c be
the Clifford algebra associated to M and f.

1°. First we consider the case M = A -z (i.e., M is freely generated by
a single element ). As we have already proved in Chap. II, 1, the tensor
algebra T over M = A - z is the polynomial ring A[z], and ¢ is generated by
22 — f(z)- 1. If we denote by £ the image of z under 7, C = T'/c has the form
A® A- ¢ where £2 = f(£) - 1. Hence A - £ being a free module with a base
&, the canonical mapping of M into C is an isomorphism A-z — A-§ C C.
Therefore we may embed M into C in this case.

2°. Next we consider the case where M = N @ P (direct sum), and N
and P are orthogonal with each other, i.e.,

B(z,y) =0 forall z€ N,yeP.

By the orthogonality property, we have
(1) fx+y)=f@)+fly) if reN and yeP
Theorem 3.3. Under such conditions, let Cpr,Cn and Cp be the Clifford

algebras over M, N and P associated to f or the restrictions of f on N and
P respectively. Then we have

2) Cuy=Cny®Cp (tensor product of semi—graded algebras).

Proof. Let Ty, Ty and Tp be the tensor algebras over M, N and P and
T, TN, Tp the canonical mappings of Ty into Cpr, Tv into Cn, Tp into
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Cp respectively. By the definition of tensor algebra, the injection mapping
¢ : N - M can be extended to a homomorphism @ : Ty — Ty, and since

[ﬁ(m%w—f(m)&)=a:}<‘8}w—f(:c)‘l, for zeN,

@ defines a homomorphism of Cy into Cps which will be denoted also by
. Similarly we have a homomorphism % of Cp into Cjs, which extends the
injection mapping ¥ : P — M.

I TN
N — Ty — OCn

ol el ol

M — Ty — Cug
I ™™

The product ¢(u)y(v) in Cps being bilinear with respect to u € Cy, v €
Cp, we have, by the characteristic property of tensor product, a linear map-
ping 6 of the module Cy ® Cp into Cjs such that

@) 6(u®v) =p(u)yp(v) (u€Cn,veCp).

By the orthogonality of N and P, we have for z € N,y € P,

(4) TY=-9T

where T = mup(p()) = ¢(7n(z)) and ¥ = mar (¥(y)) = $(7p(y)).

Now Cy = (Cn)+ @ (Cn)- (semi-graded), where (Cn)4,(Cn)- are
spanned by the products of even or odd numbers of elements of mn(N) re-
spectively. Similarly we put Cp = (Cp)+®(Cp)-. By the anti-commutativity
(4), we have

{tp(u)w(v) =(v)p(u)  if either u € (Cny)y or ve (Cp)s,
p(u)(v) = —p(v)p(u) if both ue (Cy)- and v e (Cp)-.

Here we shall show:

Lemma 3.1. The linear mapping 8 defined above is a homomorphism of
Cn ® Cp into Cypy, i.e., 0 satisfies

(6) ((u®v)(u' ®v)) =0u®v)d(v' ®v'), for wu,u’ €Cn; v,v' €Cp,

where the term in the parentheses in the left hand side of (6) is the product
of u®v and v’ ® v’ in Cy @ Cp which has been defined in Chap. II, 5.
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Proof. 1t is sufficient to prove that (6) holds when u,v, ', are all ho-
mogeneous in the semi-graded structure.

Putting
{0 if ve(Cp)s
'[7 =

1 if ve(Cp)-,

e =

{0 if 'LL’G(CN)+
1 i oe(Cy)-

we have (u ® v)(w’ ®v') = (—=1)" uw’ ® vv’ by the definition of the product
in the tensor algebra (Chap. II, 5). Then we have

8((u®v)(w' ® ")) = (=1)" 6(uv’ @ w')
= (-1)" p(un'yp(wv) by (3)
= (-1)" p(u)p(w (v} (V)

since ¢ and ¥ are homomorphisms.
On the other hand (5) is equivalent to

(5") PW)p(w') = (=1)™ p(u)y(v),
and then

0(u ® v)8(u’ ® v') = p(u)p(v)(u)P(v') by (3)
| = ()™ p(w)e(u o)) by (5),
which proves our assertion (6).

After having constructed a homomorphism 6 : Cy ® Cp — Cpy, we next
construct a homomorphism in the opposite direction A : Cpr — Cn ® Cp.
First define a linear mapping A\g: N® P — Cy ® Cp by

(7 ME+y)=mn(z)®1+1®7p(y) (z € N,y€ P),
where 1 is the unit in Cp or Cy. Since Cy ® Cp is an algebra, we have

Moz +9))? = (v (2) ®1)* + (1@ Tp(¥))* + 7n(2) ® TP(Y)
+(1e7py)) - (rn(z) ®1)

and since mn(z) € (Cn)-, 7p(y) € (Cp)-, the last two terms cancel out
with each other by the definition of the semi-graded tensor product. Also

(tn(z) ®1) = (1n(2))? ® 1 = f(x)(1®1),
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and similarly (1 ® mp(y))? = f(y)(1 ® 1). Thus we have

(o(z+y))* = fz)1®1) + f(y)(1®1)

=flz+y)(111) by (1),
i.e., we obtain
(8) (Mo(2))* = f(2)(1®1) (z€M).
According to Theorem 3.1, Ao can be extended to a homomorphism

A:Cuy—Cn®Cp sa.tisfying
9) Aram(2)) = do(2) forall ze M.

Let z in N. We remark that

(10) O(mn(z) ®1) = p(nn (2))Y(1) = T (p(x)) - 1 = mam(z)
by (3). Now we have by (10), (9) and (7),

(Ao @) (mn(z) ® 1) = A(mm(x)) = do(z) = 7n(T) ® 1,

and similarly (A0 60)(1® mp(y)) =1 ® 7p(y) for y in P. But since Cy ® Cp
is generated as an algebra by elements of the forms 7y (2) ® 1 and 1Q 7p(y),
the homomorphism A o 8 is the identity on Cy ® Cp. On the other hand, we
have by (9), (7) and (10)

(6o X)(mm(z +y)) =6(Xo(z +y)) =0(rn(z) ®1) + 6(1 ® Tp(Yy))
=nm(z) + mm(y) =7m(x+y) (z € N,y € P),

and since the elements 7ps(z + y) generate Cps, the homomorphism 8 o )\ is
also the identity on Cps. Hence Cir and Cy ® Cp are isomorphic with each
other, which proves our Theorem.

3°. When A is a field K of characteristic # 2, and M is of dimension 2
over K, it is well known that f is represented in the form

fEz+my) = at® +bn*  (a,beK),

by a suitable choice of base z,y. If we put N = K-z, P =K -y, x and
y are orthogonal, since f does not contain the term £n. Therefore we have
Cym = Cn ® Cp, and since N or P is generated by only one element x or y
respectively, the considerations in 1° give now

Cny =K & Kr, Cp=K®&Ky.
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Thus we obtain
Cu=KoKz)( K& Ky)=K®KQKy®Kz® K ® Kz ® Ky,

which proves that C)s is spanned as a vector space by four linearly indepen-
dent elements 1®1=1,1®y, x®1, and £ ® y. The products between these
basic elements are given by the following:

(z®1)?2=22@1=f(z)-1=a-1,
(1®y)?=10y*=f(y)-1=>b-1,
(z@1)(1®y)=z0y=—-(1®y)(z®1),
(since both 2 ® 1 and 1 ® y are of degree 1).
Puttingz® 1 =X,1@y =Y, we have t ® y = XY, and the products are
given by
X?=a, Y?2=b, XY =-YX.

This is nothing but a generalized quaternion algebra over K. In the case where
a = b= —1 and K is the real number field, this is the ordinary quaternion
algebra of Hamilton.

4°. Suppose that M has a base consisting of a finite number of elements
Ty, -+, %, which are mutually orthogonal:

Blxi,z5) =0, (i #7).

It is well known in the theory of quadratic forms that, when A is a field of
characteristic # 2, we can always find such a base.?

Theorem 3.4. Under such assumptions, M is ideniz'ﬁed with the sub-
module w(M) of the Clifford algebra Cpr over M. Also C)s is spanned by the
linearly independent elements z;, - - - z;, (i1 <--- < ip).

Proof. Since this is proved when n = 1 in 1°, we proceed by induction
on n, and assume that this statement has already been proved for n — 1.
Put N = Az + -+ + Azp—1, and P = Az, ; then N and P satisfy the
assumptions of Theorem 3.3, so we have Cjs = Cn ® Cp. Under this isomor-
phism, mys(x + y) corresponds to 7y (z) ®1+1®7p(y) (xz € N,y € P). By
the inductive assumption, we can identify x with mx(z) and y with 7p(y).
Also x® 1 + 1 ® y being 0 if and only if z = y = 0, the correspondence
M>(@+y) 2 z®1+1Qy = mm(z + y) is an isomorphism. Thus M
may be identified with mas(M). Next by our inductive assumption, Cy is
spanned by the linearly independent elements z;, ---z; (1 < j; <+ < jx <
n — 1) and Cp is generated by 1 and z,. Therefore the tensor product of
the modules Cy and Cp is spanned by the linearly independent elements

2 In the case of characteristic 2, such a base exists only in the trivial case where
the quadratic form f is the square of a linear form.
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zj -2, (1 < g1 <+ < jk <n—1)and zj, - T}, Zn, ie., by z;, -+ T,
(1 <4y <--- <ip < n), which proves our assertion.

5°. In particular when M has a finite base z1,---,Z,, and f = 0, the
exterior algebra E over M has a base consisting of the 2" elements z;, - - - ;,
(i1 < -+ < ip). In this case F is not only semigraded, but also graded, and if

we denote by E = Z E,,, the decomposition into homogeneous components,
m

E,, is spanned by the products of m elements x;, - - - z;, (i1 < -+ < ip). We

have E,, = {0} if m > n, and E, is spanned by one element z, - -z, # 0.

This proves that n is uniquely determined by M. Therefore if we take another

finite3 base y1,- -, yp of M, we have p = n, i.e., the number of the elements
of the base is invariant.

4. Canonical Anti-Automorphism

The notations A, M, f,3,T,¢,C =T/c = Cy & C_, r are all as before.

Lemma 3.2. For every linear form A : M — A, there exists a derivation
dy in C of odd degree , i.e., dx(Cy) C C_, and d\(C-) C Cy, which satisfies

(1) dr(r(z)) =Az)-1 for zeM,
and
2) d2 =o.

I T

M — T —. C

LA 1 & L ax
A L r 5L oc

Proof. Since A may be considered as a linear mapping A : T} — Tp, there
exists a derivation 6y in T of degree —1 which extends )\, as was proved in
the previous chapter (cf. Theorem 2.3). We have

r(x®z— f(z) 1) =b6\(xQz) (since §,(1) =0)

=6(z)@x —z®6x(z) (6 is of degree — 1)
=Mz) 1®z—-Mz) - 2®1=Xz)(z—2) =0,

3 If M has a finite base x1, - - - , &, this property holds if we delete the word “finite”
for the base (v).
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hence 8y(c) = 0. Therefore 6y defines a derivation dy in C, which satisfies the
condition (1). Also 62 is again a derivation since 6) is of odd degree, and we
have ’

83(2) = 6x(8x(2)) = 6x(A(2) - 1) = M(z) - 6x(1) = 0,
for x in M, which proves (2) since m(M) generates C as an algebra.

Now, if for any element z # 0 of M, there is a linear form A : M — A
such that A(z) # 0, we obtain dy(7(z)) # 0 and then m(z) # 0. When A is a
field, every element x # 0 of M satisfies this condition, and we obtain:

Corollary. If A is a field, 7 : M — n(M) C C is an isomorphism, and
we may identify M with 7(M) in C.

Canonical anti-automorphism. Hereafter we assume that # : M —
w(M) C C is an isomorphism. The above corollary asserts that this assump-
tion holds when A is a field.

Theorem 3.5. There is an anti-automorphism of C of order 2, i.e., a

linear mapping u — T satisfying W0 = UG, and T = u, which leaves the
elements of M fized.

This mapping is called the canonical (or main) anti-automorphism of C.

Proof. Let C’ be the “opposite algebra” of C, i.e., C' be an algebra with
the same structure of A-module as C, and a multiplication given by u x v =
vu (u,v € C). If £ € M, we have zxz— f(z)-1 = zz— f(z)-1 = 0 and then the
injection of M into C’ can be extended to a homomorphism C>u - T € C
by the universality of the Clifford algebra. This homomorphism is linear and
satisfies

(3) TW=TUXT=T7

and also T = z, for € M. Taking the mapping ~ again on (3), we have
W = U4 = uv which proves that © — % is a endomorphism of C. Since
z = T holds for x € M, the map u — 7 is the identity of C, and then
u — T is an involution. Hence u — T is an isomorphism of C onto C’, i.e.,
an anti-automorphism of C.

For z1,x2,---,zp in M, we have
(4) T1X3 - Th =Th"‘5251=$h"‘$21‘1.
When f = 0 (the case of exterior algebra), we can interchange terms in

the right hand side of (4) by the anti-commutativity zy = —yz, and then we
obtain

m — (_1)(h—l)+(h—2)+-..2+1xlz2 e mh — (_1)h(h-—1)/2z122 - mh'
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Now, since F}, is spanned by the elements z; - - - 3, we have

(5) T=(-1)"t-"D/2y  forall ue E.

In the case of exterior algebra, (5) can be taken as the definition of the
canonical anti-automorphism v — u. We can prove directly that u — @
defined by (5) satisfies the conditions of the canonical anti-automorphism,
using the property:

wv = (—1)*yu, for u € Ey, ve Eg.

5. Derivations in the Exterior Algebras; Trace

In the case of an exterior algebra, we have the decomposition into homoge-
neous components T' = ZTh, E = E E}, in the Z-gradation.
h h

Lemma 3.3. If a linear mapping ¢ : M — Ej, can be decomposed as mwor)
with a linear mapping ¢ : M — T}, and the canonical mapping 7 : Tp, — Ep,
there exists a derivation d of degree h—1 in E, which extends . It is uniquely
determined.

The above condition on ¢ is always satisfied when M is a free module,
or when A is a field, or when h = 1 since T} = F;.

Prbof. The uniqueness follows. from the fact that a derivation is uniquely
determined by its effect on the generators of an algebra.

We shall prove the ezistence. Since M = T3, there exists a derivation é
in T of degree h — 1 which ‘extends 1, by Theorem 2.3. Let = be in M. We
have then

(1) S(z®2)=68z)@z+ (-1)"208(z) =¢()®z - (-1)"z @ Y(z)
and operating by 7 on (1), we obtain

m(8(z ® 7)) = p(z) -z~ (~1)*z - p(z) =0
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since ¢(z) € Ep, = € E, and 7(z) = z for € M. Since the ideal ¢ generated
by z®x (x € M) in T is the kernel of 7, then § defines a derivation d of E,
which extends .

I

Th T
~S—
n M——>T——->Ed T

Ej E

Corollary. Any endomorphism of M = E; can be extended to a uniquely
determined derivation of degree 0 in E.

Now let F(M) be the set of all endomorphisms of M. Then F(M) is again
a module over the basic ring A, and indeed it is also an algebra. For every
element ¢ € F(M), we have a derivation d, of degree 0 in E by the above
corollary.

Lemma 3.4. The derivation d, depends linearly on o, i.e.,
(2) daptbp = ady +bdyr  (a,b € A5, 9" € F(M)),
and for the “bracket operation” (p,¢'] = p¢' — @', the following holds
) dip,p) = [dy, dyp](= dpdyr — dyrdy).

Proof. Since the proof of (2) is similar, we shall prove (3) only . The right
hand side of (3) is again a derivation of degree 0 in E, since d,, is of degree
0. It is therefore sufficient to prove that both sides of (3) coincide on the
generating set M of E. In fact, for £ in M, we have

e, (@) = [0, 9'](2) = (0" — ¢'0)(z) = 9y’ (z) — ¢ ()
= dy(¢'(z)) — dy (p(x)) = dpdy (%) — dyr dy ()
= (dypdy — dyrdy)(),

which proves our assertion.

Now we assume that E, is a free module of rank 1 for some integer n, and
E, = {0} if n’ > n. For example, this property holds if M is a free module
with a base of n elements. Let £ be a generator of Ey, that is E, = A - £.
Since d, maps E, into E,, we have

dy€ = ER3

where s, is a uniquely determined element of A, which does not depend upon
the special choice of &.
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Definition 3.4. The scalar s, is called the trace of the endomorphism ¢
of M and is denoted by Tr .

Lemma 3.5. The map ¢ — Tr is linear in F(M) and

(4) Trop’ =Tr¢'p.

Proof . The former is evident from (2). For the latter, we have by defini-
tion, '
dpdyp € = dp(547§) = S (dp€) = 547 54€
and similarly
dprdp€ = 5,5,:€.

But since we have assumed that A is commutative, we obtain
SpSyp! = S’ Sy,

and therefore we have

(Tr(py’ — ©'0))E = dypyr—prp€ = (dpdy — dyrdy)E

= (8p'8p = 8981 )§ =0

which proves (4).

Remark. By (4) we have, for example,
Trpp'" = Tro"pp' = Tr¢'¢"p.

But an equation like Tr pp'” = Tr ¢’ is false in general. Also ¢ — Tryp
is not a homomorphism of algebras of F(M) into A.

When M is a free module with a base z1, - - -, Z,, any element ¢ of F(M)
is represented by a square matrix (a;;) of order n, such that

n
o(z:) = Zajiwj-
J=1

We shall show that the trace defined above coincides with the classical one
defined as the sum of diagonal elements of a matrix. In our present case, we
have E, = Az -- -z, so we may take £ = x; ---2,. Then

(Tr )€ = dp€ = dy(z1 - 20)
= (dpx1)T2 - T + T1(dpT2)T3 - T + - + 21 Zp_1(dpzp)

=Yz Tho10(Tk)Teg1 - T

n n
= chl Tt Te—1 (Zaikxi) Tk+1 """ Tn,

i=1
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since d,, is a derivation of degree 0. But, since rur = tzzu =0, for z € M,
and u homogeneous in F, we have

n
1 (Zaikxi) Tkp1 " Tn = QkkT1 Tk Tn = Qi
=1

which proves that

(Trp)§ = (Z akk) 3
k=1

ie, Tro=a11+a2+- - +an,.

Our definition of the trace is intrinsic: it is evident that Tr ¢ is determined
by ¢ only and does not depend upon the special choice of a base.

6. Orthogonal Groups and Spinors (a Review)

Let K be a field of characteristic p(> 0), and V a finite dimensional vector
space over K. Also let f be a quadratic form on -V, 8 the associated bilinear
form. We assume that g is non-degenerate, i.e., 8(z,y0) = 0 for all z € V,
implies yo = 0. We denote by C the Clifford algebra associated to V' and f.

Definition 3.5. An automorphism s of V' is said to be orthogonal with
respect to f if s leaves f invariant, i.e.,

f(sz) = f(x) forall zeV.

We use the terminology “orthogonal transformation” instead of “orthog-
onal automorphism”. The set of all orthogonal transformations is a group
which is called the orthogonal group of f and denoted by O(f).

Definition 3.6. The set I" of all u in C, such that u has an inverse u™}
and

wulc Viie,uzu ' eV forallzeV,
is a group under multiplication, which is called the Clifford group of f.

If u belongs to the Clifford group I of f, s, : £ — uzu~! is an orthogonal
transformation, because

f(su(2)) - 1= (su(2))* = (uau™)® = uau™! = u(f(2) - DYu™" = f(2) - L.

Hence the correspondence x : u — s, is a linear representation of I", which
is called the vector representation of I'. The kernel of this representation is
the set of invertible elements in the center of C.
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. If s is an automorphism of V, it is represented (in a given base of V')
by a matrix whose determinant is taken as the determinant?® of s. If s is
orthogonal, we have det s = +1. The set

{s € O(f) | dets =1}

is a subgroup of O(f), which is of index 2 unless the characteristic p of K is
2. When p = 2, we have det s =1 for all s € O(f).

Let C = C; & C_ be the homogeneous decomposition of C in the semi-
graded structure and put I't = I' N C;. We define O*(f) as follows:

if  p#2,0%(f) ={s€O(f) | dets =1},
(1) {

if  p=20%f)={x(u)|uel*}

It can be proved that in both cases, {x(u) | u € I't} coincides with
O*(f), and O*(f) is a subgroup of O(f) of indez 2.

Let © — T be the canonical anti-automorphism constructed in 4. We
can prove that Tu € K -1 for every u € I't. Putting Tu = A(u) - 1,
X is a homomorphism of I'* into K*, where K* is the multiplicative group -
of non-zero elements in K. The kernel F+ of this homomorphism ) is called
the reduced Clifford group. Also we denote by 2 the image of 1"+ under the
vector representation x, and call it the reduced orthogonal group.

When K is R, the real number field, and f(z) = f (X, &izi) = €2 +

-« + &2 (positive definite), O*(f) is the ordinary special orthogonal group.

It is well known that O (f) is not simply connected if n > 3 ; the Poincaré

group of O%(f) is actually of order 2 when n > 3. Also we have 2 = O*(f)
and x : I — 2 = O*(f) is a covering mapping.

We now return to the general case. A linear subspace W of V is called
totally singular if the restriction of the quadratic form to W is the zero
quadratic form on W. All maximal totally singular subspaces of V have the
same dimension, and the common dimension is called the index of f. It is
evident that f is of index 0 if and only if there is no z # 0 with f (z) =0. We
quote without proof the main result about these groups:

If the index of f is not 0, we have ®
(2) O*(f)/02 ~ K*[(K*)*.

4 See chapter IV, 3 for an intrinsic definition of the determinant.
5 K* denotes as above the multiplicative group of elements # 0 in the field K, ‘and
(K*)? the subgroup of squares.
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Moreover 2 is the commutator subgroup of O(f) except when K has only two
elements, dimV = 4 and f is of index 2. If furthemore n = dimV > 3, 2
is the commutator subgroup of O*(f). Also when n = dimV = 2, O*(f) is
abelian, and its commutator subgroup consists only of {e}.

On the other hand, the structure of {2 when the index of f is 0 is quite
unknown.

Now we assume that V is of even dimension, namely 2n, and let 1, - - -, T,

Y1, +,Yn be a base of V. Suppose that f can be reduced to the following
form:

3) f (Z Gizi + Z’h’yi) =) &m®

i i i
When K is algebraically closed, every quadratic form whose associated bilin-

ear form § is non-degenerate can be reduced to this form. On the contrary,
if K is not algebraically closed, such a reduction is not always possible, as
shown by the example of the quadratic form ¢2 + n? over the real number
field. Under these assumptions, the Clifford algebra C is isomorphic to a full
matric algebra and has the dimension 22", while C, is of dimension 227~1.
There is a minimal left ideal Y in C, of dimension 2". For u € C, il is stable
under left multiplication by v and then the transformation A\, : £ — u€ is
a representation of C. Moreover u — A, induces a faithful representation
of I'(C C). This is called the spin representation of the group I, and the
elements of U are called spinors.

The origin of this name is as follows. When E. Cartan classified the simple
representations of all simple Lie algebras, he discovered a new representation
of the orthogonal Lie algebra. But he did not give a specific name to it, and
much later, he called the elements on which this new representation operates
spinors, generalizing the terminology adopted by the physicists in a special
case for the rotation group of the three dimensional space.

The spin representation of I" is simple except when K has only two ele-
ments, n = 1 and f is of index 1. Also the spin representation of I'* is the
sum of two simple representations.

Assume now that i is homogeneous in the semi-graded structure of C,
ie.,

(4) U=U, ®HU_, where U =4UNCy.
This corresponds to the decomposition of the spin representation of I't into
two simple ones, and each of them is called the half spin representation. Each

half spin representation is of degree 2"~!.

5 It is then customary to say that the quadratic form is hyperbolic (or split).
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When n > 2, the kernel of each half spin representation is of order 1 or
2. On the contrary, if n = 2, i.e., if V is of dimension 4, it is not so. This
corresponds to the fact that the rotation group of dimension 4 is not simple.
When n = 2, let A;, Az be the kernels of the two half spin representations
of I'y ; we have
IF=A4,-4, (direct product),

and the spin representation of 1"0+ splits into two parts. Then A; operates on
4 and fixes {_, while A, operates on {_ and fixes 4l . The representation
Au(u € A;) produces all automorphisms of determinant 1 on {{;, and then
each of A; and A, is isomorphic to the multiplicative group of two-by-two
matrices of determinant 1.

Similar considerations hold for quadratic forms in an odd number of vari-
ables. For instance, consider a quadratic form in three variables of the type

(5) fz+ny+Cz)=&n+ 2

Then the corresponding reduced Clifford group is isomorphic to the group
of two-by-two matrices of determinant 1, and covers the special orthogonal
groups in three variables.

When K is R, the real number field, a quadratic form cannot always be
written in the form (3) as we have remarked above. But if we extend K to
the complex number field C, the representation as (3) is possible, and the
real quadratic form f is extended to a complex quadratic form. This may be
an answer to the question why the spinors in the Euclidean space are usually
treated using the complex number field.
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CHAPTER 1V.
SOME APPLICATIONS OF
EXTERIOR ALGEBRAS

1. Pliicker Coordinates

Let K be a field, V a finite n-dimensional vector space over K, and E the
exterior algebra over V. The decomposition into homogeneous components of

E is denoted by E = E,.Ifx,, - --,z, is a base of V, the (") elements
m

m
Xy - Ty, (81 <o+ < ip) form a base of Ey,.

Definition 4.1. An element a of E,, is called decomposable if a is the
product of m elements of V.

Any element in E,, is the sum of a finite number of decomposable ele-
ments. We remark that aa = 0 if a is decomposable.

Let W be an m-dimensional linear subspace of V with a base y;1,- -+, Ym.
By the canonical mapping of W into V, the exterior algebra F' of W is
naturally isomorphic to the subalgebra of E generated by W, and the ho-
mogeneous component F,, of degree m in F is therefore contained in E,,.
On the other hand, F,, is of dimension 1, spanned by y; - - - Y. Thus to any
linear subspace W in V of dimension m, there corresponds a 1-dimensional
subspace of E,,, namely F,,. Conversely, if F,, is a 1-dimensional subspace
of E,, spanned by a decomposable element, we have an m-dimensional linear
subspace W, such that the homogeneous component of degree m of the ex-
terior algebra over W is Fy,. Also we have 2F,, =0 if, and only if z € W. In
fact, let y1,- -+, ym be a base of W. If x € W and z # 0, we may take z = y,,
and by F, = K{y1- - Ym} we have zy; - - - ym = 0, and then zF,, = 0. Con-
versely, if z ¢ W, the m+1 elements z, 4, - - -, ym being linearly independent,
they are part of a base of V, which proves zy; - - - ym # 0. Also we have:

Theorem 4.1. The elements x1,---,Z,m of V are linearly independent if
and only if 1+ 2, #0 in E.

Also the family of all m-dimensional linear subspaces of V', and the fam-
ily of 1-dimensional subspaces of E,, which are spanned by decomposable
elements, correspond in a one-to-one manner with each other. If we take a
base z1,--+,z, of V, we have
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Y1 Ym = E QigeninTiy Ty Oy, € K

11< <im
for a base y1,- -+, ym Of W. The ratios of various a,...;,,’s are invariant if we
take another base yj,---,y;, of W, since y1 - - - ym is a base of Fp,.

Definition 4.2. These ratios of ai,...;,, s are called the Pliicker coordi-
nates of W.

Since the base of F), is decomposable, the Pliicker coordinates cannot
be chosen freely, but must satisfy some identities. For example, if n = 4 and
m = 2, the identity reads:

012034 + Q31 Qg4 + Q234 = 0.

2. Exponential Mapping

Let V be a finite dimensional vector space over the field K, n its dimension
and FE the exterior algebra of V. We shall define the exponential mapping in
E. The ordinary exponential function is defined by the power series

z? ™
(1) eXPT =14+ g ook — e
For z € E, we may consider the multiplication in E to define z2,23,---, and

if z is a homogeneous element of degree > 0, we have ™ = 0 for sufficiently
large m. But it will cause a difficulty to define expz by (1), because of the

factor =, unless the characteristic of K is 0. So, we shall proceed in another

m!?
way. If = is decomposable, we have £2 = 0 and then expz may be defined
simply by 1+ z. If we restrict ourselves to elements a, b, - - - of even degree, we
have the commutativity ab = ba, and we may expect the “addition theorem”

of exponential function:
(2) exp(a +b) = (expa)(expb).

Hence exp  may be defined through decomposing z into a sum of decompos-
able elements. However, in order to assert the uniqueness of this definition,
we shall begin with proving some lemmas.

Lemma 4.1. If x € Ep,h > 1, # 0, then there exist h derivations
di,---,dp of degree —1 in E such that d; - - - dp(z) # 0.

Since K is a field, we may even assume that d; - - - dn(z) = 1 by multiply-
ing by a suitable scalar.
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Proof. Let y1,---,yn be a base of V. Since the elements y;, ---y;, (i1 <
-++ < ip) form a base of Ej, we can write

(3) T = z a(il,""ih)yil Yipo a(ila"'aih) € K.
1< <ip

Since z # O, there is at least a sequence of indices (41, --,ix) such that
a(iy, - -,in) # 0. Now for each v = 1,- -, h, there exists a linear form )\, on
V such that

(4) A(y; ) =1 and A(y) =0 for all i#4,.

By the extension theorem (see Lemma 3.3), there is a derivation d,, of degree
—1 which extends \,. We have by the definition of a derivation,

Ay (Yiy - Yin) = (Ao (Yi))¥iz -+ Yin — Yir (B (¥i))Yis -~ Ui + -
+ (_l)h-lyix e yih-l(dv(yih))'

But (4) shows that d,(y;) = A\, (y;) # 0 only if i = %, and then we obtain
du(Yiy - ¥in) =0 i 4y & {i1,---, 00}

When i, € {i1,---,44}, namely i, = i,, we have
& (ir - Yin) = (=) - Bir - i

where the symbol ™ above y;, means that this factor should be omitted from
the product. Then we have

dy(@) = 3 Halin, -, in)i -+ T, Yins
where the summation is taken over the family of indices such that
i1 < - < ip, iy € {i1,+*,in}
By successive applications of d,,, we have
dy - dp(z) = xa(iy,---,in),

by using (3), since d - - - dn(ys, - - - ¥i,) vanishes unless (i, - --,is) contains all
1,+-+,%h. This proves our assertion since we have assumed that

a(il,‘ .. jh) ;é 0.

Lemma 4.2. An element = € E has the property that d(z) = 0 for every
derivation d of degree —1 in E, if and only if x € Ey.
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, Proof. 1t is evident that z € Eo implies d(z) = 0 for every derivation d
of degree —1. For the converse, we shall prove the contraposition, i.e., the
proposition that if z ¢ Ey, then there exists a derivation of degree —1 such
that d(z) # 0. Let £ = ), x» be the homogeneous decomposition of .
Since z ¢ Eo, we have an integer h > 1 such that z, # 0 and z; = 0
for 4 > h. By the above Lemma 4.1, we have a derivation d of degree —1,
such that d(zp) # 0. Since d(z¢) = 0 and d(z) = d(x1) + - -- + d(zp) is the
homogeneous decomposition of d(z), we have d(z) # 0 from d(zp) # 0, which
proves our statement.

Lemma 4.3. If a is decomposable of degree > 2, and d is a derivation of
degree —1, we have ad(a) = 0.

Proof. Putting a = xb, where £ € V and b is again a decomposable
element of degree > 1, we have d(a) = d(z)b — zd(b), and then

ad(a) = zbd(z)b — zbzd(b) = d(z)xbb + zzbd(b) = 0,
since zz = 0, bb=0.

If the degree of a is even and the characteristic of K is not 2, this lemma
can also be proved from d(aa) = 0.

Lemma 4.4. Let a;,---,ax be decomposable elements of strictly positive
even degree, such that a; + -« + ax = 0. Then we have

(5) > a,ai,--0, =0,
11< <t
for every integer m such that 1 <m < k.

Proof . We first remark that the case m = 2 is easily settled unless the
characteristic of K is 2. In fact, we have a? = 0, and a;a; = a;a;, because
the a;’s are decomposable elements of even degree. Hence we obtain

0=(ay+---+ar)l= Eaf+2aiaj =2Za,-aj,
i Pyl 1<j

and then the constant factor 2 can be removed, provided that the character-
istic is not 2.

But we shall give a proof which is valid in the general case. Putting
u= Y ai g,
1< <im

it is sufficient by Lemma 4.2 to show that d(u) = 0 for every derivation d
of degree —1. Since the a;’s are all of even degree, they commute with any
element in E. Thus we have
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d(u) = Z [d(ail )a'iz s Gy, + a’i],d(aiz )a'ia sy,

11<+<im

+o a0, d(a5,)]

= Y ey aid(a,) +aiai - ai,d(a,)
i1<...<im

+otai e, d(a,)

= z @jy * Cjy A(a5)

1< <dm-—1
ie(jl‘“.'j"l«—l}

k
o) (o)
J1<e<jm—1 i=1
- D 4 d(e),

1< <dm—1
ie{jlr"'y.’ivn—l}

Il
T~
]
£

But since )_d(a;) = d(}_a;) = 0 by our assumption, and a;d(a;) = 0 by
Lemma 4.3, we have d(u) = 0 which proves our statement.

Now we shall give the definition of the exponential mapping on the space
F of elements with homogeneous components of even degree:

F=E0E & - ®Emwnd- .

First we define expa = 1+a if a is decomposable. For any element u € F,
it is possible in at least one way to represent u in the form u = a; +--- + ax
where each a; is decomposable and of even degree, because each Fsp, has a
base consisting of decomposable elements. Then we define

(6) expu = (1+a1)(1+a2)---(1+ak).

While the decomposition u = a; + - - - + a, into decomposable elements is not
unique, exp u is determined uniquely by u. Precisely speaking, if we represent
u in two ways

u=a; 4+ - +ar=>by+--+by

where a; and b; are decomposable, we have

(7 I4+a)X+a2) - (1+ak)=(+b1)(1+bz) - (1+by).
In fact, putting ax+1 = —b1, -+, aky+e = —bg we have a1 +as+---+ag4e =0,
where a;, -+, ak4¢ are all decomposable. Then we have by Lemma 4.4 that
(5) Z ai,---a;, =0 for 1<m<k+4

il<"'<i1u
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The expression (1+a;)(1+asz) - - - (1+ak4¢) can be expanded by the “polyno-
mial theorem” since the a;’s are mutually commutative, and all terms except
1 vanish because of (5). Thus we obtain,

@) (1+a1)--- (1+ag)(1=b1) -~ (1=bg) = (1+a1)(1+az) -+ (1+akse) = L.

On the other hand we have (1 +b;)(1 —b;)=1— b? = 1, since b; is decom-
posable. Multiplying by (1 +b1)(1+b2) - - - (1 + be) both sides of (8), we have
(7), since aj,b; are mutually commutative.

Definition 4.3. The mapping u — expu defined above is called the ex-
ponential mapping of F into E.

It is evident from the definition that exp u satisfies
(2 exp(a + b) = (expa)(expb) (a,b € F).
In particular when the dimension of V' is even, namely 2m, we take a base

Y1, ,Yam. Let I" be a homogeneous element of degree 2. The homogeneous
component of degree 2m of exp I" is a multiple of y; - - - Y2, namely

(exp I')om = Pr-y1+*-Yam, PreK.
Definition 4.4. Pr is called the Pfaffian of I' € E,.

If I is represented as a sum of m decomposable elements! of degree 2,
putting I' = a; + : - - + @, We have

expI'=(14a1) - (1+an),

and expanding the right hand side by the polynomial theorem, the term
of degree 2m is merely a; - - - a,,. On the other hand, using the polynomial
theorem for I'™ = (a1 + -+ + a,)™, and noticing that af = 0, we have
I'™ =mla; - ap, which proves

9) ml(exp INom = I'™.
If the characteristic of K is O or relatively prime to m!, we obtain

(9" (exp IMom = I'™/ml.

3. Determinants

Let V be a finite n-dimensional vector space over K. Any endomorphism s
of V is extended uniquely to an endomorphism S, of the exterior algebra E,

! This condition is always satisfied according to the theory of skew-symmetric
forms, but here we merely assume it.
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which is homogeneous of degree 0. Since E,, is of dimension 1 and S;(E,) C
E,., there exists a uniquely determined scalar A, such that

(1) S5z = Agz for z€ E,.

Definition 4.5. This A, is called the determinant of the endomorphism
s and denoted by det s.

The classical properties of the determinant are easily proved from this
definition. For example, we shall show:

Theorem 4.2. 1° (det s)(det s’) = det(s o §').
2°. det s # 0 if and only if s is an automorphism of V.

Proof. 1°. Let s,s’ be two endomorphisms of V. Then S; o Sy is an
endomorphism of E which coincides with Sss in V, and thus we have
Ss o Sg = Ssos since V' generates E. Therefore, for z € E,,, we obtain

Aao,,/z = S,osrz = (S‘.J o S,/)z = S,(A,'z) = As'(S,,z) = A,.,:Asz,

which proves our assertion, since K is commutative.
2°. If 21,---, 2, is a base of V, E,, is spanned by z; - - - 2, and we have

(2) AszyicTp = Ss(x1--2p) = Ss(x1) - -+ Ss(zn) = 8(z1) - - - 8(zn),

since S, is a homomorphism. Therefore by Theorem 4.1, det s # 0 if and only
if s(x1),- -, s(zy) are linearly independent, and in turn this is equivalent to
the fact that s is an automorphism of V.

Now, if we write
n
s(zi) =Y ajizj,
=1

we have
Ay Tp = 8(21) - 8(2n) = (Y ajnzs) - (O ajna;)
= Z aill...ainnmil.'.xin'

But z;, - - - z;, = 0 if there exists a pair of indices such that i, = i, (1 # v),
and when the indices (41,---,i,) are all distinct, we have z;, ---z;, =

n

sgn(iy, -+ ,in)(Z1 - Zn), where sgn(iy,---,i,) is +1 or —1 according as
(1, -+ ,%n) is an even or odd permutation of (1,---,n). Thus we obtain

Asxl"'xn = E afill"'ainnsgn(ih"'ain)xl"'xn

11,00 0in
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which proves that
(3) dets = det(a,ﬁ) = ngn(il, ceey in)a,-ll ce e Qi,ny

where the summation is taken over all the sequences (i1,---,%,) such that
iy, -+, 1y are all distinct. This shows that det s may be expressed as a poly-
nomial with coefficients *1 in the a;;’s.

Now, let U be a vector space of 2n dimensions over K ; we assume
that U is given as the direct sum of two n-dimensional linear subspaces V'
and W:U =V ®&W. Let z;,--+,2, and y1,:-+,yn be bases of V and W
respectively. Taken together they form a base of U. We define a bilinear form
B on U x U by setting

(4) ﬁ(mi’mj) =ﬁ(yi’yj) =0, :B(xivyj) =ﬁ(yjyxi) =5ij (7'7.7 = 17"')7]’)'
Then § is a symmetric non-degenerate bilinear form on U x U, satisfying
BV, V) = (W, W) = {0}.

The set of all linear forms on V is again an n-dimensional vector space
over K which is called the dual space of V and denoted by V*. In our present
case, for any y € W, the functional over V' defined by

(5) Ay(z) =Blz,y) for z€V,

is linear, and belongs to V*. Since Ay, (x;) = 6;;, the mapping A : y — Xy is
a linear isomorphism of W onto V*. Therefore we may identify W and V*
with each other.

If s is an automorphism of V, we can define an automorphism ®s of V*
by
(sA)(z) = A(sz).

" We have easily (*s)~! = Y(s~!) and this automorphism of V* is denoted by 5.
Since V* is identified with W, § is also an automorphism of W. Then there
exists an automorphism H; of U which coincides with s on V and Son W
respectively. We shall prove the following:

Theorem 4.3. We have det H; = 1.

We first prove the following:

Lemma 4.5. Consider

n
9=Z$i®yi

i=1
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which is an element of degree 2 in the tensor algebra over U. Then H, ezx-
tends to an automorphism of the tensor algebra over U, and this extended
automorphism leaves © fized.

Proof of Lemma 4.5. What we have to prove is the identity

n n
(6) D s =) 7 Qu
i=1 i=1

Since we have identified V* with W, putting

n
ST; = Zakwk,
k=1
we have by (4) and (5)
:B(mi’tsyk) = (t‘g)\yk)(xi) = ’\yh (S:L'i) = :B(smia yk)
n
= aki = B(zi, Y aks;)-
Jj=1
This implies
n
(M fsyr = Z AkjYj,
=1

which proves that the matrix corresponding to ’s is the transposed matriz of
the matrix corresponding to s. Applying S to (7), we have

n
Yk = Zaki(gyi),

i=1

and then

n n n
Z sT; @ Jy; = Z akiZk ® SY; = Z (wk ® Z aki(gyi))

i=1 ik k=1 i=1
n
= Z T ® Yk,
k=1

which proves (6).

Now we return to the proof of det H; = 1. Since the exterior algebra Ey
over U was defined as a quotient of the tensor algebra over U (see Chap. III,
2), we denote the canonical image of © in Eyy by I'. Then I' is represented
by
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n
= inyi°
i=1

By Lemma 4.5, the automorphism X, of Ey which extends H, leaves I"
fixed. Then X; leaves exp I" invariant, because the exponential mapping is
defined intrinsically in the exterior algebra. More precisely, since z;y; and
Ys(ziyi) = s(zi)3(y:) are decomposable and sum to I', we have

exp I'=(1+z191)(1 + z2y2) - - (1 + Tnyn)
= (14 Zs(z111))(1 + Zs(z2y2)) - - (1 + Zs(Tnyn))
=X+ z191)(Q + z2y2) - - (1 + 2pyn)) = Zs(exp I).
Hence X; leaves also invariant the component (exp I')s, of the highest di-

mension of exp I'. On the other hand, I" being the sum of n decomposable
elements, we have

(exp I')2n = Z191%2Y2 " ** TnYn,

as we remarked at the end of section 2, and this is a basic element in (Ey)ay,.
Therefore we have by the definition of the determinant

(det Hg)(Z1Y1 - Tn¥n) = Zs(T1y1 - * - Tnn)
=T1Y1 - TalYn,
which proves det H; = 1.
Theorem 4.4. Let U,V,W be as before. If o is an automorphism of U,

which leaves V and W invariant, and if we denote by ov,ow the restrictions
of o to V and W respectively, then

det o = (det oy )(det ow).

Proof. This theorem follows from Ey & Ey ® Ew, but we shall give a
simpler proof. Let 1, -, Zn and y1,- - -, yn be bases of V and W respectively.
We denote by X the automorphlsm of Ey which extends o. By definition of
the determinant, we have

2(z1--zn) = (detov)(z1- - Zn),

since Evy is generated by z1,---,z, in Ey and Y(Ey) C Ey. Similarly we
have

Z(y1---yn) = (detow)(y1- - - yn),
and then
(deto) (1 Tny1 -+ Yn) = Z(T1- " TnY1- - Yn)
= Z(z1+20)Z(y1 -+ Yn) = (detoy)(z1 - zn)(det ow) (¥ -+~ Yn)
= (det ov)(detow) (21~ Zns -~ Un),
which proves our statement.
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Corollary. The determinant of an automorphism s of V is equal to the
determinant of its transposed one: det 's = det s.

Proof. The automorphism H, of U which coincides with s on V and §
on W satisfies the conditions of Theorem 4.4. Then we have, from the two
theorems above, that

(det s)(dets) = det H, = 1.

On the other hand (det 3)(det ’s) = 1, because § = (%s)~!, which proves our
assertion.

4. An Application to Combinatorial Topology

As an application of the theory of exterior algebras, we shall give a proof of
a fundamental property of combinatorial topology: that the boundary of a
boundary is 0.

Let {Pa} be a set of “vertices”. We construct a vector space V of which
the P,’s form a base. Any element of V is a 0O-dimensional chain in the
homology theory. Now a simplex o is ordinarily defined as a set of a finite
number of vertices, namely ¢ = (Py,,--,Pa,) with an orientation which
makes o a skew-symmetric symbol. This law of orientation is quite the same
one as in the exterior algebra; it is appropriate to represent the simplex
0 = (Puy,**,Pa,) by the element P,, ---P,, in the exterior algebra Ey
over V. A p-dimensional simplex is of degree p+1 in Ey. Next we define the
boundary operation. There exists a linear form § on V such that 6 P, =1 for
all . Then we have a derivation d of degree —1 in Ey which extends 6. If
we apply d to a simplex 0 = (Py,, -+, Pa,), We have

do = (dPy, )Py, -+ Po;, — Py (dPpy)Poy - -+ P,
+o (—l)h_lpal *+* Pay,_, (dPay,)
=P,, - Pay — PoyPay--Pa, +...+(_1)r—1pa1...ﬁa
+oo o (1) Py -+ Pay .

.- Py,

r

This expression coincides with the ordinary definition of the boundary oper-
ation. So, we define the boundary operation by d. Then d being a derivation
of odd degree, d? is again a derivation and the property

d*(P,) = d(dP,) = d(1) =0,

proves d? = 0. Hence the boundary of a boundary is 0.
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Although there are many other interesting applications of the exterior
algebras, we omit them because of limitation of time. We only mention an
application to physics; the equations of Maxwell in the theory of electro-
magnetism may be represented elegantly using the exterior algebra of differ-
ential forms.?

2 See Erich Kahler, Bemerkungen iiber die Maxwellschen Gleichungen, Hamburg
Abhandlungen, 12 (1938), pp. 1-28.
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The Algebraic Theory
of Spinors



INTRODUCTION

When E. Cartan classified the simple representations of all simple
Lie algebras, he discovered a hitherto unknown representation of the
orthogonal Lie algebra g, which could not be obtained from the repre-
sentation on the vectors on which g operates by the classical operations
" of constructing tensor products and decomposing them into simple (or
irreducible) representation spaces. Cartan did not give a specific name
to this representation; it was only later that, generalizing the terminology
adopted in a special case by the physicists, he called the elements on
which this new representation operates spinors. The simplest case of a
spin representation is the one which presents itself for the orthogonal
Lie algebra in 3 variables; this Lie algebra is well known to be isomorphic
to the special unitary Lie algebra on 2 variables, which shows that it
has a faithful representation of degree 2: this is its spin representation.
Similarly, the fact that the orthogonal Lie algebra in 6 variables is
isomorphic to the special unitary algebra in 4 variables reflects a
special property of the spin representation of the first one of these
algebras.

In his book, Legons sur la théorie des spineurs,’ Cartan recognized the
connection between the spinors for a quadratic form Q and the maximal
linear varieties of the quadratic cone of equation @ = 0. This connec-
tion is similar to the one which exists between subspaces of a vector
space V and certain elements (the decomposable ones) of the exterior
algebra over V': while every maximal linear variety on the cone @ = 0
is represented by a spinor, determined up to a scalar factor, not every
spinor is correlated in this manner to a linear variety. Those which are
we call “pure spinors”’; in his book, Cartan indicates that it is possible
to construct quadratic equations in the coefficients of an arbitrary
spinor which give necessary and sufficient conditions for the spinor to
be pure.

1E. Cartan, Legons sur la théorie des spineurs (Paris: Hermann et Cie., 1938), 2
volumes,
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The construction of the notion of spinor given by Cartan was rather
complicated. In their paper,” R. Brauer and H. Weyl gave a much
simpler presentation of the theory, based on the use of Clifford algebras.
We follow their method in the present book, but we complete it by a
simple construction of the pure spinors and of their relation with linear
varieties on the cone @ = 0. In particular, we obtain a parametric
representation. of the pure spinors which is valid for all basic fields,
while their characterization by the quadratic equations of Cartan
breaks down for fields of characteristic 2.

The present book is oriented towards the algebraic and geometric
applications of the theory of spinors; the author’s lack of competence
is the main reason for the complete absence of any application to
physical theory. One of the most elegant purely mathematical applica-
tions is the one to the principle of triality in 8-dimensional space; we
have devoted to it the last chapter of the present book, including a
construction of the Cayley-Dickson algebra of octonions. We have not,
however, included the description of the close connection which exists
between the principle of triality on the one hand and, on the other
hand, the exceptional Jordan algebra of dimension 27 and the five
exceptional Lie groups; interesting as they are, these topics would
have taken us too far away from the main subject of this book. In
Chapter I, we establish those basic results in the theory of orthogonal
groups which are to be of use in the remainder of the book; however,
we have not included there the main result of the theory, namely, that
the factor group of the commutator group of the orthogonal group
by its center is simple when the index of the form is > 0; for this result
we refer the reader to the book Sur les groupes classiqgues by J.
Dieudonné.?

2R. Brauer and H. Weyl, “Spinors in n Dimensions,” American Journal of Mathe-
matics, 57 (1935), 425.
3J. Dieudonné, Sur les groupes classiques (Paris: Hermann et Cie., 1948).
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1. Terminology

Throughout this book, with the exception of Section 4.2, we shall
use the following conventions. The word ‘“‘algebra’” will mean “algebra
with a unit element”’; the symbol 1 will be used freely to denote the
unit elements of the various algebras encountered (although unit
elements may sometimes be denoted by specific symbols other than 1).
We shall say that an algebra A is generated by a subset S of A when
no proper subalgebra of A contains S and 1, i.e., when {1} U Sis a
set of generators of A in the usual sense. By a homomorphism of an
algebra A into an algebra B, we shall mean a homomorphism in the
usual sense which, furthermore, maps the unit element of A upon that
of B. ‘

A representation of an algebra A (respectively: of a group G) on a
vector space M is a homomorphism of A (respectively: G) into the algebra
(respectively: group) of endomorphisms (respectively: automorphisms)
of M. We say that p is stimple if M = {0} and if the only subspaces
of M which are mapped into themselves by all operations of p(A)
(respectively: p(@)) are {0} and M. If, in addition, it is true that the
only endomorphisms of M which commute with all operations of p(A4)
(respectively: p(G)) are the scalar multiples of the identity, then p is
called absolutely stmple. If M can be represented as a direct sum of
subspaces # {0}, each of which is mapped into itself by the operations
of p(A) (respectively: p(G@)), and is minimal with respect to this property,
then p is called semi-simple. If this is the case, and M is finite-dimensional,
then M may also be represented as the direct sum of subspaces M, , - - -,
M, such that, for each Z, the restrictions to M; of the operations of
p(A) (respectively: p(G)) give a simple representation p; of A (respec-
tively: G). We shall then say that p is equivalent to the “sum” of the
simple representations p; , and we write p = p, + -+ + p, . If B > 1,
then we say that p “splits” into the representations p, , -+, py . If p’
is any simple representation of A (respectively: G), then the number of
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indices ¢ such that p; is equivalent to p’ is uniquely determined, and
the sum of the spaces M, relative to these indices is uniquely deter-
mined. In particular, if the representations p; are all inequivalent to
each other, then the spaces M; are uniquely determined.

When s is an operation on a set M, we shall frequently denote by
s-z (instead of s(z)) the transform by s of an z ¢ M.

2. Associative Algebras

We shall make a frequent use of the theory of finite-dimensional
associative algebras; for an exposition of these results and their proofs,
we refer the reader to a book by Jacobson.

3. Exterior Algebras

We shall make use of a certain number of results on exterior algebras,
which we indicate here.

Let M be a vector space over a field K, and E the exterior algebra®
of M. For any h > 0, the products of & elements of M span a subspace
E, of E, and E is the direct sum of the spaces E;, (h = 0, 1, ---). The
elements of E, are called homogeneous of degree h; those among them
which are representable as products of % elements of M are called
decomposable. Assume now that M is of finite dimension m; then E,,
is of dimension 1 and E, = {0} for h > m;if (z,, --- , z,) is a base of
M, then z, A --+ A z,is a base of E, . If h < m, then the products

Ti, A 200 Az, il<"°<ihsmt

form a base of E, . Any ideal I # {0} of E contains E,, . For, let u =
Uy + Uy + -+ + u, be an element = 0 of I, with u, e E, , u, = 0;
write '
Uy = Zc(il ) ° " ,ih)xf. A Az,

where (2, , -+ , %) runs over the strictly increasing sequences of A
integers between 1 and m, and let (4, , -+ , 7») be a sequence such that
c(dr, ==y #0.Let k,, -+, Kk, be all integers between 1 and m
not occurring among j, , + -+ , J, ; then it is easily seen that

zk. A e A (D‘,._. Au
=c¢(fi, 3 INT A ATeaa AT, A -+ ATy,

IN. Jacobson, The Theory of Rings (New York: The American Mathematical
Society, 1943).

2See N. Bourbaki, Eléments de mathématique, Paris: Hermann et Cie., Algbre
Chapter III (1947); or C. Chevalley, Théorie des groupes de Lie (Paris: Hermann et
Cie., 1951), II, Chapter 1. [Editor’s note] see also the first part in this volume.
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and the right side is an element ¢ 0 of E,, because

(xk.: ) Tkmea s Tiyy ’xis)

is a base of M.

Any linear mapping f of M into a vector space M’ over K may be
extended, in a unique manner, to a homomorphism F of E into the
exterior algebra E’ of M’; and F maps E, into the space E; of homo-
geneous elements of degree h of E’. In particular, any endomorphism f
of M may be extended to a homomorphism F of E into itself. If
dim M = m,eeE,, , then we have F(e) = (det f)e.

Let g be a linear form on M. Then there exists a uniquely determined
antiderivation &, of E such that 3,-2 = g(z)-1 for all x e M. The opera-
tion 4, is homogeneous of degree —1; i.e., it maps any E, into E,-, , and
1 upon {0}. We have §,° = 0; if g, ¢’ are linear forms and a, o’ scalars,
then we have 8,, = ad, , 8,4, = &, + 8,-, 8,8, + &,» 8, = 0.

Let M* be the dual space of M, and E* the exterior algebra of M*,
Then, for each A, there exists a canonical bilinear form (u, u*) —
(u, u*) on E, X E¥, which defines an isomorphism of E* with the
dual of E, . Let s be any endomorphism of M, and ‘s the transpose of s,
which is an endomorphism of M* and maps any linear form z* ¢ M*
upon the linear form z — (z*, s-z) = z*(s:z). Let S, , S*, be the re-
striction to E, , E*, of the homomorphisms of the algebras E, E* into
themselves which extend s, s*; then we have (u*, S;-u) = (S* -u*, u)
for any u ¢ E, , u*e E*,
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1.1. Bilinear Forms

Let M and N be vector spaces over the same field K. A bilinear form
on M X N is by definition a mapping B of M X N into K with the
following property:for every x ¢ M, the partial function A,: y — B(z, ¥)
is a linear function on N; for every y e N, the partial function p,: z —
B(z, y) is a linear function on M.

This being the case, we see immediately that the mapping A: z — A,
is a linear mapping of M into the dual space N* of N, while the mapping
Bty — p, is a linear mapping of N into the dual space M* of M. We
shall say that A and p are the linear mappings associated to B on the
left and on the right. Every linear mapping A of M into N* is associated
to the left to a uniquely determined bilinear form B, given by

B(z, y) = (\Ma)(®)-

Similarly, any linear mapping of N into M* is associafed to the right
to a uniquely determined bilinear form.

Let P be a subspace of M. Then the set of elements y e N such that
B(z, y) = 0 for all z ¢ P is obviously a subspace P’ of N, which is called
the right conjugate space of P (with respect to B). Similarly, if @ is any
subspace of N, the set of elements z ¢ M such that B(z, y) = 0 for all

y & Q is a subspace Q@' of M, called the left conjugate space of Q. The
following relations are obvious:

P C (P') for any subspace P of M,

Q C (Q') for any subspace Q of N,
(P, + P,)) = P',N\ P, if P, , P, are subspaces of M,
(@ + Q) = Q1N Q' if Q, , Q, are subspaces of N.

The form B is called nondegenerate if we have M’ = {0}, N’ = {0};
this amounts to saying that the linear mappings A, p introduced above
are one-to-one,



QUADRATIC FORMS

If B is any bilinear form on M X N, and z ¢ M, y ¢ N, then the value
of B(x, y) depends only on the classes ¥ of  modulo N’ and ¥ of y
modulo M’; if we set B(Z, ¥) = B(z, y), then B is obviously a non-
degenerate bilinear form on the product (M/N’) X (N/M’).

Now assume that M and N are both finite-dimensional and denote
their dimensions by m, n. If B is nondegenerate, then X is an isomorph-
ism of M with a subspace of N* and u an isomorphism.of N with a
subspace of M*. But N* is of dimension n, and M* of dimension m;
it follows that m < n, n < m, whence n = m. Now, if we drop the
assumption that B is nondegenerate, then we see that M/N’ and
N/M'’ have the same dimension; their dimension is called the rank
of the bilinear form B.

I1.1.1. Let B be a nondegenerate bilinear form on the product of two
m-dimenstonal vector spaces M and N. If P is a p-dimensional subspace
of M, then its conjugate P’ is of dimension m — p, and (P')' = P; if Q
18 a g-dimensional subspace of N, then Q' is of dimension m — ¢ and
@) =Q.

The linear mapping A associated to the left to B is an isomorphism
of M with the dual N* of N, and P’ is the set of solutions of the linear
equations A,(y) = 0 for all z ¢ P. Since X maps P upon a p-dimensional
subspace of N*, P’ is of dimension m — p. We prove in the same way
that Q' is of dimension m — g¢; in particular, (P’)’ is of dimension
m — (m — p) = p and contains P, whence (P’)’ = P; we see in the
same way that (@)’ = Q.

We shall be mainly interested in bilinear forms B on the product
M X M of a finite-dimensional vector space M by itself. Let (z, , - -
z,.) be a base of M, and set b;; = B(z;, z;). Then, clearly, we have

B(Z a;x; , Z a';:c;) = Z b.-,-a.-a’, .
f=]

t=1 $,0=1

.
’

The matrix B = (b;;) is called the matriz of the form B with respect to
the base (z, , *** , Z.); its determinant is called the discriminant of B
with respect to the base (z, , - -, z,.). It is clear that any (n X n)-square
matrix with coefficients in K is the matrix of some uniquely determined
bilinear form on M X M. Let (z*,, -+, 2*,) be the base of the dual
M* of M dual to the base (z,, --- , .) of M. The notation being as
above, we have

u,,(:c;) = by; ’
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whence

Bz = Z_; biiz*;;
B is therefore also the matrix which represents x with respect to the
bases (z, , *-- , Z,) of M and (z*, --- , z*,) of M*. Since the rank r
of B is the rank of the linear mapping u, r is equal to the rank of B.
Then, a necessary and sufficient condition for B to be nondegenerate
is for its discriminant (with respect to any base) to be = 0.
Let (y1, - , ym) be any other base of M. Write

Y = ,2_31 tii%; ,
and let T be the matrix (¢;;). Then we see immediately that the matrix
of B with respect to the base (y;, *++ , ¥a) is ‘T.B.T., where ‘T is the
transpose of T. Its determinant is the product (det B) (det T)”.
We shall be interested mainly in bilinear forms B which are symmetric,
i.e., such that

B(z, y) = B(y, 7)

for any z, y in M. Moreover, in the case where K is of characteristic 2,
we shall be interested only in those bilinear forms B for which

B(z,z) =0

for all z ¢ M. Such a form is usually called alternating. In the case of
characteristic 2, the condition of being alternating implies the symmetry,
for the relations B(z, ) = B(y, y) = B(z + y, 2 + y) = 0 imply
B(z, y) + B(y, x) = 0. We shall make the convention in that case to call
symmelric only those bilinear forms which are alternating.

If B is symmetric, the distinction between left and right conjugates
disappears, and we shall therefore simply speak of the conjugate of a
subspace of M.

A subspace P of M is called isotropic if it has an element » 0 in
common with its conjugate P’, and totally isotropic if P C P’. To say
that P is isotropic is to say that the restriction B of B to P X P is
degenerate; to say that P is totally isotropic is to say that B, = 0.
An element z e M is called isotropic if B(z, z) = 0. If P is a subspace
of M, every element of P M P’ is isotropic; if K is of characteristic 2,
every element of M is isotropic.

1.1.2. Let B be a nondegenerate symmetric bilinear form on M X M,
M of finite dimension. If P i3 a nonisotropic subspace of M, P’ is non-
tsotropic and M 1s the direct sum of P and P’.
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Let m and p be the dimensions of M and P; then P’ is of dimension
m — p. We have P N\ P’ = {0} and (P’)’ = P, which shows that P’
is not isotropic; since dim P + dim P’ = dim M and P N\ P’ = {0},
M is the direct sum of P and P’.

1.2. Quadratic Forms

Let M be a vector space over a field K. A quadratic form on M is by
definition a mapping Q of M into K which has the following properties:

(@) Qaz) = a’Q(zx) (aeK,zeM).

(b) The mapping (z, ¥) — Q(z + y) — Q(z) — Q(y) is a bilinear form
BonM X M.

We shall say that B is the bilinear form associated to Q. It is clear
from the definition that B(y, ) = B(z, y) for any z, y ¢ M. Moreover,
we have Q(2x) = 4Q(z) by (a), whence, by (b),

B(z, ) = 2Q(z).

It follows that B(z, ) = 0 if K is of characteristic 2; B is therefore
symmetric.

If there is given a quadratic form @ on M, we shall call conjugate of a
subspace P of M the conjugate of P relative to the bilinear form B
associated to Q; and we define similarly the notions of isotropic spaces,
totally isotropic spaces, and isotropic elements.

The restriction of the mapping @ to a subspace N of M is a quadratic
form on N whose associated bilinear form is the restriction of B to
N X N. If this restriction is the zero quadratic form on N, then we say
that N is lotally singular. Any = ¢ M such that Q(z) = 0 is a called
singular. -

1.2.1. Any totally singular subspace N of M 1is totally isotropic. If
the characteristic of K is # 2, any totally isotropic subspace is totally
singular.

If z,ye N, we have x 4+ y ¢ N and

B(z,y) = Qz + 3 — Q(x) — Q@) =0,
which proves the first assertion. The second one follows immediately
from the formula B(z, z) = 2Q(z).
Let M’ be the conjugate of the whole space M. If K is not of character-
istic 2, M’ is totally singular. If K is of characteristic 2, we have Q(z + y)
= Q(z) + Q(y) for z, y ¢ M’, from which it follows immediately that
the set M’, of singular vectors contained in M’ is a vector subspace of
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M’. Assume that M is finite-dimensional; let m, m’, m’, be the dimensions
of M, M’, M'y. Then m — m’ is the rank of B. The number m — m’, is
called the rank of @, and m’ — m/, is called its defect. The defect is 0
if K is not of characteristic 2.

We shall now assume that M is finite dimensional.

1.2.2. Let B, be any bilinear form on M X M. Then x — B, (z, x) is

a quadratic form on Q, and any quadratic form may be represented in this
manner.

We have B, (az, ax) = a’B, (z, ) ifae K,and B, (z + y, 2 + v) —

B, (z, ) — By (y, ¥) = B, (2, y) + B, (¥, x), which proves the first
assertion. Now, let @ be any quadratic form on M, B its associated

bilinear form, and (z,, --- , =) a base of M. Let b,; = B(z, , x;); then,
clearly, we have
Q(zl aﬂi) = 21 aizQ(z") + Z a:a;b;; . (1)
= = i<y

We may define a bilinear form B, on M X M by the formula

BO(Z a;r; , E a,;ﬁ.') = Z a;a'.'Q(x,') "l" E a.'a’,’b.',' .
t=] i=]1 t=] 1<
It is then clear that Q(z) = B, (z, z).

If K is not of characteristic 2, we may take, in 1.2.2, B, = 1 B.

1.2.3. Let K’ be an overfield of K, M™' the vector space over K’ deduced
from M by extending the basic field to K' and Q a quadratic form on M.
Then there exists a uniquely determined quadratic form on M’ which
extends Q. Its associated bilinear form is an extension of that of Q.

Let B, be a bilinear form on M X M such that Q(x) = B, (z, z).
Then B, may be extended to a bilinear form B’, on M~ X M*'. For,
let (z,, ---, z.) be a base of A; then it suffices to take for B’y the
bilinear form on M*" X M*" whose matrix with respect to (z,, « - , T..)
is the same as that of B, . The formula Q'(z) = B’¢(z, z) then defines
a quadratic form on M*" which extends Q. If a quadratic form Q’, on
M* extends Q, its associated bilinear form clearly extends B. Making
use of formula (1) above, applied to @', , wherea, , - - -, a,, are allowed
to run over K’, we see that there exists only one quadratic form over
M* which extends Q.

Two quadratic forms @, @, on vector spaces M, M, over K are called
egquivalent when there is an isomorphism ¢ of M with M, such that
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Q: (¢-2) = Q(x) for all x ¢ M. This clearly implies that B, (¢-2, ¢-y) =
B(z, y) for any z, y ¢ M, if B, B, , are the associated bilinear forms to
Q’ Ql .

1.3. Special Bases

We shall denote by Q a quadratic form on a finite dimensional vector
space M, and by B the bilinear form associated to Q. Two vectors z, y
in M are called orthogonal to each other if B(z, y) = 0.

1.3.1. If K s not of characteristic 2, then M has a base composed of
mutually orthogonal vectors.

We prove this by induction on the dimension m of M. If m = 0,
there is nothing to prove. Assume that the statement is true for spaces
of dimension m — 1. If @ = 0, then the statement is trivial. Assume
that @ # 0, and let z, be a vector such that Q(z,) # 0; let N be the
conjugate space of Kz, . It is clear that N is of dimension > m — 1;
since Q(z,) # 0 and K is not of characteristic 2, B(z, , z;) # 0, and
z; is not in N. We conclude that M is the direct sum of Kz, and N,
and that dim N = m — 1. Thus, there is a base (z; , --- , ) of N
composed of mutually orthogonal vectors. Then (z, , z,, «-- , z,) is &
base of M composed of mutually orthogonal vectors.

Any base of M whose vectors are mutually orthogonal is called an
orthogonal base.

1.3.2. Assume that the bilinear form B is nondegenerate. Let N be a
totally isotropic subspace of M of dimension r. Then there exists a totally
1sotropic subspace P of dimension r such that NN\ P = {0} and N + P
18 not isotropic. If (z1, - - ,x,) 18 a base of N, and P has the properties
stated above, there is a base (y, , * -+ , y.) of P such that B(z; , y;) = 6,
(1 £14,5 < 7). If N 1s totally singular, then P may be taken to be totally
singular. Let R be the conjugate space of N + P. If N is maximal in the
set of totally singular subspaces, then we have Q(x) = 0 for every z # 0
n R.

Let p be any integer > 0 and < r; suppose that we have already
constructed p vectors y;, , -+ , y, with the following properties:
B(z;,y;) = é;;forl <2< r,1<j< p;thespacespanned byy,, ---,
¥, is totally isotropic and is totally singular in case N is. The conjugate
of the space spanned by the z;’s for ¢ £ p 4 11is of dimensionm — r + 1,
if m = dim M (by I.1.1.), while the conjugate of N is of dimension
m — r. Thus, there is a vector y such that B(y, z;) = Oforz = p + 1,
B(y, x,+1) # 0, and we may obviously assume that B(y, z,,,) = 1.
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Since N is totally isotropic, any ¥’ ¢ y + N has the same properties as
y. Let b; = B(y, y:) for7 < p and

L4
y’=y—§b.-x.-;

then 3’ has the same properties as y and is further orthogonal to
Y1, , Y If c e K, then we have

B(y' = CTpur , Y — C:D,.H) = B(y,s yl) — 2,
Q(y, - C:B,.n) = Q(y’) + czQ(ziH-l) - C.

If K is of characteristic # 2, then we may choose ¢ such that ' — cz,4,
is isotropic. If K is of characteristic 2, any vector is isotropic. Thus, we
may always select ¢ in such a way that y,., = ¥’ — cz,., is isotropic.
If K is not of characteristic 2, this implies that @(y,.,) = 0. If K is of
characteristic 2 and N totally singular, then @(z,.,) = 0 and we may
take ¢ such that Q(y,+,) = 0. It is clear that

By Ypu)) = 8ipn (1 <2 <7
and that
Bly:.,y) =0 (1<4,j<p+1),

which shows that the space spanned by y,, -« -, ¥,+1 is totally isotropic.
If N is totally singular, then Q(y;) = 0 (1 < ¢ < p + 1), and the space
spanned by y, , -+ , ¥,41 18 totally singular.

At the end of this construction, we obtain r vectors v, , - - - , ¥, such
that B(z;,y;) = 6:;; (1 <14,j < r)andthespace P = Ky, + -+ + Ky.
is totally isotropic; moreover, P is totally singular if N is. We have

B(:t.‘ ;E a,-y;) = aqa; (1 <:<£ T)’
i=1

which implies that 3, , - - - , y, are linearly independent and that P has
only 0 in common with the conjugate N’ of N; this in turn obviously
.implies that N + P is not isotropic. Let R be its conjugate; then M is
the direct sum of N 4+ P and R (I1.1.2). If N is totally singular and R
contains a z # 0 such that @(z) = 0, then we have B(z, ) = 0 for every
zeN, whence Q(z + 2z) = Q(x) + Q) + B(z2,z) =0and N 4 Kzis
totally singular. This concludes the proof of 1.3.2.

1.3.3. Assume that B is nondegenerate and that there is an x = 0 in M
such that Q(z) = 0. Then for any a e K, there is a z e M such that Q(z) = a.

It follows from 1.3.2, applied to N = Kz, that there is a ¥ ¢ M such
that Q(y) = 0, B(z, y) = 1. We then have Q(z + ay) = a.
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13.4. Assume K 1s algebraically closed. Denole by m the dimension
of M and by N a maximal totally singular subspace of M. If B is non-
degenerate, N 13 of dimension [m/2] (integral part of m/2). If we assume
further that K s of characteristic 2, then m s even.

The notation being as 1.3.2, assume that N is maximal totally singular.
Let 2, 2’ be vectors in R; since K is algebraically closed, we can find
elements a, a’ not both 0 of K such that

Q(az + a'z') = a’Q()) + aa'B(z, 2') + a”Q() = 0.

It follows that az 4 a’z’ = 0, and that R is of dimension 0 or 1, whence
m = 2rorm = 2r + 1. Assume that m = 2r + 1, and let z be an element
# 0 of R. Since z belongs to the conjugate of N 4+ P but not to that of
M, we have B(z, z) # 0, and K is not of characteristic 2.

Still assuming that K is algebraically closed, we see that, if m is even,
M has a base (z,,** ,2,,%,**,¥.) such that

Q(Z1 (a:z; + bc?l&)) = ; a;b; , ¢))
while, if m is odd, M has a base (x;, - , %, , %1, ***, ¥, , 2) such that
Q(z-:l (aixs + biyc) + Cz) = ‘2‘ a;b; + . (2)

These results are valid under the assumption that @ is of maximal

rank m equal to the dimension of M and has defect 0 if K is of character-
istic 2.

1.4. The Orthogonal Group

We shall denote by @ a quadratic form on a finite-dimensional vector
space M over a field K; we shall assume that the associated bilinear
form B of Q is nondegenerate.

A linear mapping s of M into itself is called orthogonal (relative to Q)
if we have Q(s-x) = Q(z) for all z ¢ M. It follows immediately that
B(s-z, s-y) = B(z, y) for all z, y ¢ M. Thus, if s-:z = 0, then we have
B(z, y) = 0 for every y e M, whence z = 0; this shows that any ortho-
gonal mapping is an automorphism of M. It is clear that the orthogonal
mappings form a group; this group is called the orthogonal group of @
and will be denoted by G.

A vector-space isomorphism s of a subspace N of M with a subspace
P is called a Q-isomorphism if Q(s-z) = Q(x) for every z & N; this
implies that B(s-z, s-y) = B(z, y) forz, y e N.
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1.4.1. The assumptions and notation being as stated above, every
Q-tsomorphism of a subspace N of M with a subspace P may be extended
to an operation of the group G.

We proceed by induction on the dimension n of N. Our statement is
obvious for n = 0. Assume that n > 0 and that the statement is true
for subspaces of dimension n — 1. Let U be an (n — 1)-dimensional
subspace of N. The restriction of s to U may be extended to an opera-
tion s, € G. Let s'(z) = s, '(s(z)) for z ¢ N. Then ¢’ is a Q-isomorphism
of N which leaves the elements of U fixed. If s’ extends to an operation
§’s £ G, then 8,8’y is an element of G which extends s. Thus, we see that
'we may assume without loss of generality that s leaves the elements of
U fixed. Let B be the set of subspaces V of M with the following property:
s may be extended to a Q-isomorphism of V + N, leaving the elements
of V fixed. Let V, be a maximal element of L, and s, the @-isomorphism
of N, = V, 4+ N which extends s and leaves the elements of V, fixed.
Let P, = ,(NV,), U, = V, + U;if U, = N, , then s, is the identity and
the statement is obvious. If not, let z, be an element of N, not in U, ,
and ¥, = 8,-z, , whence N, = U, + Kz, , P, = U, + Ky, , Q(z,) =
Q).

Assume that we have elements 2, z’ ¢ M with the following properties:
zisnotin N, , 2’ isnot in P, , 2/ — zisin the conjugate space U’ of U, ,
Bz, y1) = B(z, x,), Q(2) = Q(z'). Then we may extend s, to an iso-
morphism s, of N, + Kz with P, + Kz’ which maps z upon 2’ . We shall
see that s, is a Q-isomorphism. Any z ¢ N, is of the form v + azx, ,
ueU,,aeK,and s,'x = u + ay, . Since B(z’ — z,u) = 0, B(z, z,) =
B(Z' , y1), we have B(z, ) = B(2’, s,-z); on the other hand, we have
Q(z) = Q(s:-z), whence, for b ¢ K,

Q(bz + ) = b’QR) + bB(, ) + Q(x)
= b’Q’) + bB(, 8,°2) + Q(s,-7) = Qb2+ s,-7),

which proves that s, is a Q-isomorphism.

Let H be the conjugate of the space K(z, — ¥,); if z ¢ H, then we
have B(z, z,) = B(z, y,). Applying the above considerations with
z' = z, we see that it follows from the maximal character of V, that z
liesin N, or in P, , whence H = (H "\ N,) J (H N\ P,). Were H N\ N,
and H N P, both # H, then there would exist elements z, e H N\ N, ,
2’y e HN P, such that z, isnotin H N\ P, and 2/, notin H N\ N,; z =
2, + 2’y would then be an element of H not belonging to N, \J P, ,
which is impossible. Thus, H is contained in one of the spaces N, , P, .
If N, = M, then we are through. If not, we see that H, which is of
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dimension dim M — 1, is identical with one of the spaces N, or P, ,
which shows that z; — ¥, is orthogonal to at least one of z, , ¥, . But we
have B(z, , z,) = B(y:, #); thus, B(z, , 1 — 1) = B(yy — 21, )
and both z, and ¥, are in H. It follows immediately that N, = P, = H.
Let z be an element of M not in H, whence B(z, z; — 3,) # 0. Then it
is clear that M = H + Kz = N, 4+ Kz. We shall construct an element
2’ with the properties stated above; s, will then be an operation of G
extending s. It is clear that y, is not in U, ; the conjugate of U’, being
U, , U’, contains a vector which is not orthogonal to y, , and therefore
also a vector u such that B(u, ;) = B(z, z, — v,). Since B(z, — ¥, #1)
= 0, u is not in K(z, — w,); i.e., u is not in the conjugate of H; since
weU,,H = N, = U, + Kz,, we have B(u, z,) # 0 and B(z + %,
z, — ¥,) = B(u, z,) ¥ 0, which shows thatz + wisnotin P, = H. Let ¢
be any element of K; since x, — y, e P,,2 + u + ¢ (z; — v,) is not in
P, . Since z, — ¥, is in the conjugate of H and U, C H, (z + u» +
c¢(xzy — y1)) — zisin U’; . We have

Q(z: — ) = Q) + Q) — Bz, y) = 2Q(z1) — B(z1, 1)
= B(z, , ) — B(z,,4) = 0.
It follows that

Qe+ u+clx, —y) = Qe+ w +cBiz+ u, 2, — ).

Since B(z + u, z; — ¥,) # 0, ¢ may be determined in such a way that
Qe+ u+c@ —w)) = QR). If weset 2/ =z 4+ u + c(z:. — 1),
z and 2’ have the required properties, and 1.4.1 is proved.

1.4.2. Let N be a totally singular subspace of M. Then every auto-
morphism of N may be extended to an operation of G.

This follows immediately from 1.4.1.

1.43. Al maximal totally singular subspaces of M have the same
dimension and are permuted transitively among themselves by the opera-
tions of G.

It follows immediately from I.4.1 that, if N and P are totally singular
subspaces of the same dimension, there is an operation s of G which
transforms N into P. If P, is a totally singular space containing P,
s'(P,) is a totally singular space containing N. Assume that N is
maximal totally singular of dimension r; every subspace of a totally
singular space being totally singular, it is clear that there cannot exist
any totally singular subspace of dimension > r in M.
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The common dimension of all totally singular maximal subspaces
of M is called the index of Q. Let r be its value. Then it follows from
1.3.2 that r < [m/2]. Moreover, if m is even and r = [m/2], there is a

‘base of M with respect to which Q has the expression (1)of 1.3; if K is
of characteristic 2, m is necessarily even. '

1.4.4. The notations and assumptions being as above, let s be an opera-
tion of Q, L the set of elements of M left fixed by s, and u the linear mapping
z — 8-z — z of M inlo itself. Then u(M) s the conjugate space of L.

If x e M, y e L, then B(y, s-) = B(s-y, s-2) = B(y, z) and y is
orthogonal to s-z — z. Let » be the dimension of L; since L is the kernel
of u, u(M) is of dimension m — v (where m = dim M); being contained
in the conjugate of L, it is identical to it.

1.4.5. The notations and assumptions being as above, assume further
that Q is of index m/2 = r, and let N be a mazimal totally singular sub-
space of M. Let H be the group of orthogonal mappings which leave all points
of N fixed. If x ¢ M, s e H, then s-x — x belongs to N. Let P be a totally
singular subspace of M such that M = N + P. IfseH,y e P,y ¢ P, set
T.(y, ¥') = B(y, s:y'); then T, is an alternating bilinear form on P X P,
and s — T, 18 an tsomorphism of H with the additive group of all alter-
nating bilinear forms on P X P. The rank of T, 1s the dimension of the
tmage of M under the mapping x — s-x — x. If 8, 8’ are elements of H
such that T, and T,. have the same rank, then s and s’ are conjugate to
each other in G.

If z e M, s-z — zisin the conjugate N’ of N by 1.4.4; but N’ contains
N and is of dimension m — r = r, whence N’ = N and sz — z ¢ N.
The function T, is obviously bilinear. If y ¢ P, then we have 0 = Q(y) =
Q(s'y) =Qy + (s:y — 9)) = B(y,s'y — y) = I'.(y,9), since Q(s-y — ¥)
= 0; it follows that T, is alternating. If s, s’ are in H, then s-(s’-y — %)
= §'-y — y and therefore wehave s’y —y = (s:y — ¥) + (s*y — ¥),
r,.=0I,+T,..IfT, =0, then forany y’ e P, s-y’ — v’ isin N and
also in the conjugate of P, which is P, whence sy’ = 3’ , and s is the
identity. Conversely, let T' be any alternating bilinear form on P X P.
For any z ¢ N, let A, be the linear form y — B(z, y) on P; then z — X,
is a linear mapping of N into the dual P* of P. We have B(z, z’) = 0
if 2’ ¢ N; thus, A\, = 0 implies B(z, z) = 0 for all z ¢ M, whence z = 0,
and z — A, is an isomorphism of N with P*. It follows that, for every
y’ & P, there is a unique u(y’) ¢ N such that B(y, u(¥’)) = I'(y, ¥') for
all y ¢ P; u is obviously a linear mapping of P into N. The formula
sx+y) =+ y+ u®) (zeN, y e P) defines an automorphism of
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the vector space M. Since Q(z) = Q(y) = Q(u(y)) = 0, B(z, u(y)) = 0,
B(y, u(y)) = TI'(y, ¥) = 0, we have Q(z + y + u(y)) = B(z, y) =
Q(z + y) and s ¢ G. It is clear that T', = I'. The rank of I is even; let it
be 2 p. Then it is well known that there is a base (v, , - - -, y.) of P such
that I'(y;,y;) = 1lif1 =2k — 1, =2k, k < p,— 1ift = 2k, 5 = 2k —
1, k < p and O otherwise. Let Za—1 = %(¥ar), Toe = — U(Yae-1) if b < p;
then we have B(z;, y;) = 8;;if 1 < 7,7 < 2 p. It follows easily that we
may include z, , - , z,,in a base (z, , - - - , z,) of N such that B(z;, ;)
=8; (1 <14,j<r). Wehave

S UYske1 = Yoko1 — Taxy,  SYn =Y+ Tux (k< p)

and s-y; = y; if 1 >2p. Now, let s’ be an operation of H such that T,.
is of rank 2p; let (z/,, -+- , &', , ¥1, -+, ¥'.) be determined from T,.
a8 (Zy, *** , %, Y1, " ,¥,) have been from I. Since Q(z;) = Q(z';) =
Qw:) = Q') =0, B(z:,y;) = B(z's, y';), the automorphism ¢ of M
which maps z; upon z’; and y; upon 3’; (1 < ¢+ < 7) isin G, and it is
clear that tst™ = ¢'.

1.5. Symmetries

We denote by @ a quadratic form on a vector space M of finite
dimension m over a field K; we assume that the associated bilinear
form B of @ is nondegenerate. We denote by G the orthogonal group
of Q.

Let H be a hyperplane whose conjugate contains a nonsingular vector
z. Let Q(2) = a, and, forz e M,

sz =z — a 'B(z, 2).

Then s is an endomorphism of M, and an easy computation shows that
Q(s-z) = Q(x); i.e., s is orthogonal. It is clear that s does not change if
we replace z by kz, k > 0; the conjugate of H being Kz, s depends only
on H and is called the symmetry with respect to H. It is clear that s
leaves the points of H and only these invariant; since B(z, 2) = 2Q(z),
we have s:z = — z. The operation s is the only orthogonal operation
distinct from the identity which leaves the points of H fixed. For, let
¢’ be an operation with these properties. Clearly, if z isnotin H, s'-z # 2
and 8’-z — z is in the conjugate of H (by 1.4.4), whence s’-z = = + kz.
Since Q(s'-z) = Q(z), we have kB(z, z) + k’a = 0, and, since k # 0,
we have k = — a™* B(z, z), whence s’ = s. If ¢ ¢ G, then, clearly, tst™*
1

is the symmetry with respect to the hyperplane #(H). Moreover s= s

1.5.1 (Cartan, Dieudonné). Except in the case where K has only 2
elements, M 1is of dimension 4 and Q of index 2, every operation of G
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belongs to the group G’ generated by the symmetries with respect to the
hyperplanes whose conjugates contain nonsingular vectors.

If s e G, denote by L(s) the set of fixed points of s, by »(s) its dimension,
and by u, the linear mapping £ — s-z — z. Assume that ,(}/) contains
a nonsingular vector z = s-y — y, and let { be the symmetry with
respect to the conjugate hyperplane H of Kz. Then we have

Q@ = Q(s-y) + Q) — B(s+y, ¥) = 2Q(y) — B(s-y, v)
= B(y,y) — B(s'y,y) = —B(, y)

andt-y = y + z = s-y, whence {(s-y) = y, and y ¢ L(¢s). On the other
hand, L(s) C H (by 1.4.4), whence L(s) + Ky C L(ts) and »(ts) > »(s).
Now assume that s’ is one of the elements of the coset G's for which
v(s’) is the largest possible: then we see that u,.(M) is totally singular.
Let us call singular those s € @ for which ,(M) is totally singular; if s
is singular, we call index of s the dimension p(s) = m — »(s) of u,(M).

Now we shall prove that any two maximal totally singular spaces
N, N’ may be transformed into each other by an operation of G'. It is
clearly sufficient to prove that, if N M\ N’ is of dimension ! < dim N,
there exists a hyperplane H whose conjugate contains a nonsingular
vector such that the symmetry ¢ with respect to H transforms N’ into
a space {(N’) such that dim (N N ¢(N’)) > l. Since dim (N 4+ N’)
> dim N, N 4+ N’ contains a nonsingular vector z = z + 2’ (z e N,
z’ e N’). Since Q(z) = B(z, z') £ 0, x does not belong to N’. We take for
H the conjugate of Kz; then we have

{(z’) = 2’ — (B(z, '))"'B(z, 2')2 = —zeN.

On the other hand, if 2 ¢ N N\ N’, we have B(z, z’’) = B(z’, '') =
B(z,z'") = 0 and z’ e {(N'); thus, we have N N {(N') DN f'\ N’ 4+ Kz,
which proves our assertion.

This being said, let s be a singular operation of G; then u,(M) is
contained in a maximal totally singular space N; since the conjugate of
N is in the conjugate of u,(M), it is in L(s). Let Hy be the group of
operations of G which leave fixed all points of the conjugate of N.
There is a maximal totally singular space P such that N 4 P is not
isotropic (1.3.2); let R be the conjugate of this space. If »r = dim N,
then the conjugate of N, which is of dimension m — r, contains N + R,
also of dimension m — r; this conjugate is therefore N 4+ R. Any
Q-automorphism of N + P may obviously be extended to an operation
of G, leaving the points of R fixed. Thus, it follows from 1.4.5 that Hy
is an abelian group which is isomorphic under a mapping s — T, to the
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additive group of alternating bilinear forms on P X P, and the rank of
T, is the index of s. Thus, two operations of same index of Hy are
conjugate in G.

Every singular operation s’ may be transformed into an operation of
Hy by some operation of G’. For, let N’ be a maximal totally singular
space containing u,.(M) and ¢ an operation of G’ such that {((N’) = N.
Since s’ leaves the elements of the conjugate of N’ fixed, st isin Hy .

Now, it is clear that G’ is a normal subgroup of G. It follows from
what we have just said that G = HyG’; G/G’ is therefore abelian.
Moreover, if s, s’ are singular operations with the same index, then they
are conjugate in G, which shows that their classes §, & modulo G’ are
equal. Thus, if there are singular operations s, s’ such that s, s’, and
ss’ have the same index, then § = § = 5%, and s, s’ ¢ G’. If K has more
than 2 elements, let a be % 0, — 1in K, and se Hy . Then T, , aT,,
and (1 4+ a) T, have the same rank, whence s ¢ G’. If K has two ele-
ments, let 7 be the index of Q; if » = 0 or 1, then Hy contains only the
identity (the rank of any alternating bilinear form being even). Assume
that » > 2, m > 4. Every alternating form is obviously representable
as a sum of forms of rank 2. It will therefore be sufficient to prove that
s e G’ when s is singular of index 2 in Hy . We can then find two linearly
independent vectors ¥, , ¥, of P and two linearly independent vectors
Z, , &, of N such that s-y, = ¥y + z,, $:¥: = y» + 2, . The space X,
spanned by z, , z,, ¥, , ¥, is not isotropic of dimension 4; the conjugate
R, of X, is therefore not isotropic and of dimension > 0. Its elements
are left fixed by s, and it contains some nonsingular vector z. Let ¢, , ¢, ,
ts , I, be the symmetries with respect to the conjugates of z, z + z, + z,,
2+ x,,z+ z,,and let t = t,t,tt, . Since K is of characteristic 2, we
have

hh=nh+z+a,

blsvth=th +z+ 2,
Lty yy = 11 + 2.,
by =y + 2, .

We see in the same way that ¢-y, = y, + z, . It is clear that ¢; leaves
z, and z, fixed (¢ = 1, 2, 3, 4) and that its restriction to R, is the same
as that of ¢, , which shows that ¢ leaves the elements of R, fixed. Thus,
we have ¢ = s, which completes the proof.

It is easily verified that the case where K has 2 elements, dim M = 4
and @ is of index 2 is actually exceptional. The group @ is then of
index 2 in G.
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1.6. Representation of G on the Multivectors

We make the same assumptions as in Section 5.

Let E be the exterior algebra over the space M. Then every operator
o ¢ G, being an automorphism of the vector space M, may be extended
to an automorphism { (o) of the algebra E; ¢ is clearly a faithful repre-
sentation of G by automorphisms of E. For any k, let E, be the space
of homogeneous elements of degree & of E. The operations {(s), o & G,
are homogeneous of degree 0; let {,(¢) be the restriction of {(¢) to E,.
Then {, is a representation of G, which is called the representation on the
h-vectors. '

Let also M* be the dual of the space M. To any o e G there is as-
sociated an automorphism ‘c of M*, the transpose of o: if f is any
linear form on M, then ‘s-f is the linear form = — f(¢-x). Let o* =
‘s™!; then ¢ — o* is a representation of G. Let E* be the exterior algebra
over M*; then o* may be exténded to an automorphism {*(s) of E*,
which is homogeneous of degree 0. Let {,*(¢) be the restriction of
t*(s) to the space E*, of homogeneous elements of degree h of E*;
then {,* is a representation of @, which is called the representation on
the h-covectors.

The representations {, , {»* are equivalent to each other. For, there
is associated to B an isomorphism ¢ of M into M* which assigns to
every x ¢ M the linear form y — B(z, y) on M. Let o be in G; then,
for z, y e M, we have

(o*-0(2))(y) = (e(x))(c™"+y) = Blz, ¢7"y)
= B(oz, y) = (p(o-2))(¥),

since B is invariant under o; thus, ¢* = @ogoe™'. The isomorphism
¢ may be extended to an isomorphism & of E with E*; ®o{(s) o &~*
is an automorphism of E* which extends %, whence {*(¢) = ®o{(0) 0
&', It is clear that ®(E,) = E*; if &, is the restriction of & to E,, then
&*¥(0) = ®,0¢, (0) o®,”", which proves that ¢, , ¢,* are equivalent
to each other.

Let A\ be any representation of a group A on a finite-dimensional
vector space V; let V* be the dual of V and, for any o ¢ A, let ‘(A(0))
be the transpose of A(¢), which is an automorphism of V*. Let A*(0) =
‘(\(e))" ; then \* is again a representation of A. Any representation
u of A which is equivalent to A\* is said to be coniragredient to \. Let
W be the space of u. In order for A, p to be contragredient to each other,
it is necessary and sufficient that there should exist a nondegenerate
bilinear form g on V X W with the property that
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BN©) -2, 1(0) 1) = B(z, 1) )

foralloe A,zeV,yeW.

For, assume first that A and p are contragredlent to each other, and
let ¢ be an isomorphism of W with V* such that ¢(u(s) -y) = AN*(0) -¢(¥)
for all y ¢ W. Then the bilinear form 8: (z, ¥) — (¢(¥))(z) satisfies
condition (1), as can be verified immediately, and this bilinear form is
nondegenerate because ¢ is an isomorphism. Conversely, assume that
there exists a nondegenerate bilinear form 8 for which (1) is true. Then
the mapping ¢ which assigns to every y ¢ W the linear form =z — g(z, y)
is an isomorphism of W with V* and we verify immediately that
o(u(o)-y) = N*(0)-¢(y) for o e A, y ¢ W, which shows that  is equiva-
lent to A\*.

If u is contragredient to A, then X is to u. Two representations which
are both contragredient to a third one are equivalent to each other.

The representations ¢, , {,* of G are not only equivalent but also
contragredient to each other, as follows from the duality theory of
exterior algebras.’

I.6.1. Let G* be the group of operations of determinant 1 in G, and let
&) be the representation of G on the h-vectors (0 < h < m). Then the repre-
sentations of G* induced by ¢, and § ., are equivalent to each other.

Let ¢ be a basic element of the one-dimensional space En. For any
o ¢ G, we have {(d)-e = (det o)e, whence {(s)-¢ = eif c e G*. If u ¢ E,,
veEn s, u Avisin Ea; set u A v = B(u, v)e. Then 8 is a bilinear form
on E, X E._s. It is well known that, for any nonzero u ¢ E,, there is a
ve E,_, such that ¥ A v = ¢, which shows that 8 is nondegenerate. If
ceG ,ueE,veE,_,, then we have

$(@)u Av=(r0)u) A (Cm-r(a)0).

Since {(o):-e = ¢, we have

ﬁ(ﬁ(“)’u’ {,._5(6)'1)) = B(u, v);

this shows that the representations of G* induced by ¢, , ¢.-» are con-
tragredient to each other. Since ¢, is contragredient to itself, I.6.1 is
proved.

1.6.2. Assume that the characteristic of K 18 # 2. Then the represen-
tations ¢, of G on the spaces of h-vectors (0 < h < m, where m = dim M)
are all simple, except in the following case: K has only 3 elements, m = 2,

IN. Bourbaki ,op. cit., Algeébre II1: (1947), Corollary to Proposition 1, Section 8,
No. 2.
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h = 1, and Q is of index 1. Let G* be the group of operations of determinant
1 in G and ¢, " the representation of G* induced by ¢, . If 2h % m, then
6 is simple. If 2h = m, then ¢," is either simple or equivalent to the sum
of two simple representations; if ¢, s not simple and if we are not consider-
ing the exceptional case mentioned above, then the two simple representations

into which ¢, splits are inequivalent to each other and also inequivalent
toal t," for k # h.

Since K is not of characteristic 2, M has a base (z,, --- , ) com-
posed of mutually orthogonal vectors. For any subset 4 of {1, --- , m}
composed of & elements ¢, , - -+ ,%, withs, < -+ < 1,, set

EA) =z, A -0 ATy ;

the elements £(A) form a base of E, . Let H be the group of all auto-
morphisms s(e; , « -, €,) of M, where

s(ey, <o ’ em)°x|’ = €T @1Lism),

the ¢,’s beirig =+ 1. It is clear that H C @ and that H N G* is composed
of the s(e; , - - , €,) for which

We have
Sa(sler s+ 5 e)) E(A) = xa(s(er, + -+, em))E(4),

where
XA(s(el y T 5»-)) = I_]A: € .

This shows that the representation (¢,)% of H induced by ¢, is equiv-
alent to the sum of C(m, h) representations of degree 1, say 6,., . If 4
and A’ are two distinct sets of h elements, then the functions x4 , x4-
are distinct; moreover, their restrictions to H* are distinet except in
the case where b = m/2 and 4, A’ are complementary to each other.
For, if 7isin A but not in A’, and if weset ¢;, = — 1, ¢; = 1 foryj # ¢,
then we have

XA(S(GI y " em)) = XA'(s(el » T ém)))

which shows that x, ¥ x4- . Except in the case where h = m/2 and
A, A’ are complementary to each other, it is easily seen that we can
find an index & which either belongs to both A and A’ or does not belong
to either of them; 7 being selected as above, set ¢; = ¢, = — 1,¢; = 1
fork # 4,j;then s(e;, +++ , €n) isin H* and x4 (s(e1, -+ , €m)) ¥ Xa-
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(s(ex , -+ , €m)), Which proves that the restrictions of x, , x4- to H*
are distinct. Thus, we see that (¢4)” splits into mutually inequivalent
representations of H, and that the same is true of the representation
D" of H* induced by ¢, if b # m/2. It follows that any subspace
of E, which is mapped into itself by the operations of {,(H) is spanned by
a certain number of the elements £(4), and that the same is true if we
assume only that the space is mapped into itself by the operations of
H(H?) and that b = m/2.

Now, let U be a subspace = {0} of E, which is mapped into itself
by the operations of £,(G*); if h = m/2, assume further that U is
mapped into itself by the operations of {,(G). Then, for any base (z', ,

-, 2',) of M composed of mutually orthogonal vectors, U has a base
composed of elements of the form

o N s AT,

Assume that £(4) e U for some A = {3, , -+ , 9,}, and suppose first
that K has more than 3 elements. Let 7 be an index belonging to A and
J an index not belonging to A. Then, for a ¢ K, we have Q(z; + az;) =
Q(z;) + a’Q(z;), and, since K has more than 3 elements, we may select
a # 0 such that Q(z; + ax;) # 0. It is then clear that we can find a
b 5% 0 in K such that z; 4 bz; is orthogonal to z; + az; . Let 2’ = 2z,
ifk #1472 =2z, +az;,z'; = z; + bx; ; then (z',, --- , 2’',.) is a base
of M composed of mutually orthogonal vectors, and z; = ¢z’; + dx’;
with ¢ 0, d # 0; we have £, = ¢t + dt’, where

=2y ANr ATy

and ¢ is the product derived from ¢ by replacing in it the factor 2/,
by z’; . From what we have said above, it follows that ¢, £ are in U.
Let B be the set obtained from A by replacing % by j; since z; is a linear
combination of z’;,2’;, {(B) is a linear combination of ¢, £/, whence
&(B) e U. Thus, if ¢(A) ¢ U, then £(B) € U whenever B is obtained from
A by replacing one of its elements by an index not occurring in it. It
follows immediately that every £(4) belongs to U, whence U = E, .
This proves that {, is simple and that ¢, *is simple if A 3 m/2. Suppose
now that K has 3 elements, and seta; = Q(z;) = &+ 1. Ifa; = a; = — 1,
then the space spanned by z; , z; is also spanned by z; + z; , z; — z; ,
which are orthogonal to each other, and Q(z; + z;) = Q(z; — z;) = 1.
It follows that, by a suitable choice of the base (., --- , z,), we may
assume that at most 1 of the elements a; is — 1. Moreover, the same
argument as above shows that, if £(A) ¢ U, and if 1 ¢ 4, j is not in 4,
and a; = a;, then £(B) £ U, where B is the set deduced from A by
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replacing in it ¢ by j. Thus, we have U = E, if all a, are equal to + 1.
If not, let a; = + 1 for s < m, a, = — 1. Let a, be the set of those
subsets A of {1, --- , m} with h elements which contain m, and a, the
set of those which do not. If £(4) e U for some A ¢ a; , then the same is
true for any other A’ e a; ( = 1, 2). Assume further in this case that
m > 3,and set T'p_z = Tm-z + Tmo1 ) T'ma1 = Tz = Tm1, T'h = Ta
fork % m — 1, m — 2, Then (z/,, -+ , 2',,) is a base of M composed
of mutually orthogonal vectors and Q(z’,) = 1if ¢t < m — 2, Q(z) =
—lif'iZm—2.IfA={i,,---,ih},i;<‘“<'i,.,set '

g(A) =2 A -+ A2y,

Assume that m ¢ A implies {(A) e U; then clearly, m ¢ A also implies
£#(A) e U.If h = m, then U = E, . If not, let A be a set containing m
but not m — 1, and let B be the set obtained by replacing m by m — 1
in A. Since Q(z.-,) = Q(z.) and £'(4) e U, we have §(B) « U. But
B does not contain m, and £ (B) is a linear combination of the ¢(B’)
for B’ e a, . It follows that U must contain some ¢(B’) with B’ e a, , and
therefore that U = E, . Similarly, if A e a, implies £(4) ¢ U, then we
have also £§'(A) e U if A ea, . Let, then, A be a set of a, containingm — 1
and B the set obtained by replacing m — 1 by m in A; then ¢(B) ¢ U,
and it follows that U = E, . If m = 2,a, = 1, a, = — 1, then Q is of
index 1, since z, + =z, is singular. The cases m = 0, 1 being trivial, we
see that {, is always simple uriless we are considering the exceptional
case of the statement 1.6.2 and that {,* is simple if A 5% m/2. Assume
now that m = 2r, h = r and that {,(s) maps U into itself for all s e G*.
Disregarding the obvious case m = 0, there is an operation ¢ in G but
not in G*, and G is the union of G* and G*¢. Since ¢ ¢ G*, it is clear that
U + t(U) is mapped into itself by all operations of {,(G). If we are
not considering the exceptional case, this implies that U + #(U) = E, .
Assume further that U has been taken of the smallest possible dimen-
sion among the spaces # {0}, which are mapped into themselves by
the operations of {,(G"). Since G*t = @, {(U) is mapped into itself
by the operations of {,(G*), and so is U M #(U). The latter space is
therefore either {0} or U. If it is {0}, then E, is the direct sum of U
and {(U); the representation of G* on the space U being simple by
construction of U, the same is true of its representation on t(U),
and ¢,* is equivalent to the sum of two simple representations. If
UNYU) = U,thenwehave {(U) = Uand U = U + {(U) = E, ,in
which case {," is simple. In the exceptional case, we have m = 2, K
has 3 elements, Q(z,) # Q(z,), and the only nonsingular vectors are
+ z,, &+ z, . Since Q(z,) # Q(z,), the group @ is then identical to the
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group H introduced above, and Kz, , Kz, are mapped into themselves
by all operations of G. These spaces give two inequivalent representa-
tions of G, but two equivalent simple representations of G*.

It remains to prove that, if {,* is not simple and if we are not in the
exceptional case, then the two simple representations of which ¢,* is
composed are inequivalent to each other and to all representations
&', k # r. Let & be the algebra of endomorphisms of E, which commute
with every {,(s), s ¢ G, and ®" the algebra of those which commute
with every ¢,(s), s € G*. Let o be in &; then ¢ commutes in particular
with the operations of {,(H). Now we have seen that the representation
(£.)7 splits into mutually inequivalent representations, whose spaces
are spanned by the elements £(A4). It follows that o-£(4) = A4 £(4),
where A, is a scalar. For any scalar A, let U, be the space spanned by
those ¢ ¢ E, such that o-§ = \¢; since o commutes with the operations
of ¢,.(G), these operations map U, into itself, whence U, = {0} or E, ,
since {, is simple. It follows that the A,’s are all equal and that & = K-1I,
where I is the identity mapping of E, . Now, let a and a* be the algebras
of endomorphisms generated by {,(G) and {,(G"), respectively. These
algebras are semi-simple, since ¢, , {,* are semi-simple. It follows that

[a :K-I]-[® :K-I] = [¢* : K-I]-[R" : K-I] = (dim E,)".

On the other hand, let ¢ be in G but not in G*. Then we have 1G*¢™* = G*,
from which it follows that ¢,(f) a* ¢,(t™') = a*, and therefore that
a* + ¢, (f)a* is an algebra. Since G = (G, this algebra contains ¢,(G)
and is therefore identical to a. We conclude that [a:K-I] = 2[a*:K-T],
whence [®*: K-I] = 2[R:K-I] = 2. Thus, " is a commutative algebra
of dimension 2. If E, = U + U’, where U, U’ are of dimension % dim E,
and mapped upon themselves by the operations of {,(G*), then the
endomorphism 7 which leaves the elements of U fixed but maps those
of U’ upon O is in 8, and ®* has zero divisors. Thus, " is not simple,
while it is well known that, were the representations of G* on U, U’
equivalent to each other, then * would be simple. ‘

To every subset 4 of {1, --- , m} we have associated above a homo-
morphism x, of the group H" into K. If A has r elements and A’ has k
elements, we have x. ¥ x4 , for it is then always possible to find an
index 7, which is either in both 4 and A’ or neither in A nor in 4/, and,
proceeding as we did above, we can find an s ¢ H* such that x,(s) #
X4-(8). It follows that none of the representations of degree 1 of H*
into which {,* splits are equivalent to any of those into which ¢,*
splits. Therefore, the two simple representations of G* into which ¢,*
splits are inequivalent to all {,*, k¥ # r, and 1.6.2 is proved.
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Remark. The proof of the fact that & = K-I does not make use of
the fact that o = r. Thus, we see that, barring the exceptional case,
the representations ¢, are not only simple, but actually absolutely
simple. We would see in the same way that {,* is absolutely simple
if 2h 7% m;if m = 2r, h = r, and if {,” splits into two simple representa-
tions, then these representations are absolutely simple.

We shall now determine under which condition {,” is not simple.
In order to do this, we shall construct a linear automorphism ¢ of the
vector space (not the algebra!) £ which commutes with all operations
of {(G*). If x ¢ M, then y — % B(z, y) is a linear function on M; it follows
that there exists an antiderivation §(z) of E such that &(z)-y = %
B(z, y)-1 for all y e M. The operations 8(z) are homogeneous of degree
— 1, and (6(2))*> = 0. Let € be the algebra of endomorphisms of the
vector space E. Since (6(z))’> = 0, the linear mapping x — §(z) of M
into € may be extended to a homomorphism of E into €; we shall
denote the image of a ¢ ¢ E under this homomorphism by §(¢). Since
B is nondegenerate, x — () is an isomorphism of the vector space M
into G; it follows that & — 6(£) is an isomorphism of E. Let e be a basic
element of the one-dimensional space E,, ; set o(¢) = §(¢)-e. If ¢ =
Ty A -++ A x,,2x; ¢ M, then 8(¢) = 8(z,) --- 8(z,) is homogeneous of
degree —h (i.e., it maps E, into E,_, for any k); it follows that ¢ maps
E, into E,._, . Let s be in @; then {(s) is an automorphism of E which
maps each E, onto itself. If x ¢ M, £ 7 ¢ E, we have 6(x):¢ A 9 =
3@)-&) A 7+ J(@E A (8(z)-9), where J is the main involution of E.
Applying this formula to {(s)-£, ¢(s)-n instead of £, 5, and observing
that ¢ (s) commutes with J, we see immediately that {(s) () (¢(s)) ' isan
antiderivation. If ¥ ¢ M, this antiderivation maps ¢(s):y = s-y upon
1 B(x, y)-1 = % B(s-z, s-y)-1; it follows that ¢(s) 8(z) (£(s))™" =
8(s-z). It follows immediately that {(s) 8(&) (£(s))™' = 8(¢(s)- &) for
any ¢ ¢ E. Assume now that s e G*; then {(s)-¢ = (det s)e = e, and we
have o(£(s)-£) = ¢(s)-o(¢), which shows that ¢ commutes with ¢(s).
Let us now determine the operation ¢°. Let (z, , -+ , z..) be a base of
M composed of mutually orthogonal vectors and assume that e = z,
A -+ A Z,;set a; = Q(z;) and define the elements £(4), for all subsets
A of {1, --- , m}, as in the proof of 1.6.2. We have &(z;)-x; = 0 if
i # j; 8(x,)-x; = a;-1. An easy computation then gives

o(¥(4)) = (-1)’"‘“"”(kI:IA ané(4’),

where A’ is the complementary set of A. Let

D=Ha.~;

t=1
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2*D is the discriminant of B with respect to the base (x, , -+ , Tn).
We then have

'@ = (=)™ Dg = (—) D

Assume now that m = 2r, and let o, be the restriction of ¢ to E, , I, the
identity mapping of E, . It is clear that o, , I, are linearly independent
and therefore form a base of the algebra denoted by " in the proof of
1.6.2. The representation ¢,* splits or not according as to whether f*
has zero divisors 5 0 or not. Since (— 1)™ " = (— 1)", we obtain:

1.6.3. Let A be the discriminant of B with respect to some base of M.
Assume that m = 2r. Then ¢, is simple if (— 1)" A is not a square in
K and splits into two simple representations if (— 1)" A s a square in K.

1.6.4. If m = 2r and Q s of maximal index r, then ¢,* splits into two
simple representations.

For, in that case, M has a base (z,, --- , 2,) such that B(x; , z;) =
1ifi =2k —1,j =2kors =2k, j =2k —1(wherel <k<1)
and is 0 otherwise. The discriminant of B with respect to this base is
(= 1)’, which proves 1.6.4.

We propose now to investigate the representation {’; of the commu-
tator subgroup G’ of G induced by ¢, . In order to do this, we need some
auxiliary results.

Let P be a nonisotropic plane (2-dimensional subspace) in M. An
operation s ¢ G* which leaves all elements of the conjugate of P fixed
is called a plane rotation of plane P.

1.6.5. The field K being of characteristic # 2, the group G* of opera-
tions of determinant 1 in G is generated by the plane rotations.

This is obvious if the dimension m of M is 1 or 2; assume m > 2. Let
® be the set of hyperplanes whose conjugates contain nonsingular
vectors; if H ¢ ©, let {5 be the symmetry with respect to H. Then G is
generated by the operations ¢y (I.5.1), and det ¢z = — 1, which shows
that G* is generated by the products ¢xty. , H, H' in $. If H N H' is
not isotropic, let P be its conjugate; then tuty- is a rotation of plane P.
Assume now that H M H’ is isotropic. Let z be a vector # 0 in the
intersection of H M H’ and its conjugate, and let 2z’ be a singular vector
in H such that B(z, z) = 1 (observe that, K not being of characteristic
2, H is not isotropic). Let P be the conjugate of Kz + Kz’ with respect
to the restriction of B to H X H. Then, since Kz + Kz’ is not isotropic,
P is a nonisotropic subspace of dimension m — 3 of H M H’. Let N be
its conjugate, which is of dimension 3; then N N\ H and N N H’ (which
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are the conjugates of P with respect to the restrictions of B to H X H
and H' X H') are nonisotropic subspaces of N; we have N \ H =
Kz + K2/, z¢ NN\ H'. Let 2/, be a nonsingular vector in N N\ H’. If
B(z'y,2') # 0, set 2’ = 2, ; if not, let k& be an element # 0 of K such
that Q(z'y + kz) = Q(z',) + kB(z',, 2) # 0 (there exists such an element,
since Q(z’,) ¥ 0 and K has more than 2 elements); then set 2’ = z’, + kz,
whence B(z/, 2’) = k 7 0. The element z’ is a nonsingular element of
NNH,and NN\ H = Kz + Kz’ ;since N N\ H’ is not isotropic,
we have B(z, ') # 0. The conjugate of Kz’ has a vector z # 0 in .
common with N M H. Since B(z', 2) # 0, B(z’, 2') # 0, z is not in Kz
or Kz'. But it is clear that the only singular elements of N N\ H are
those of Kz \U K2’ ; thus, z is not singular. Let H” = P 4+ Kz + Kz'.
Since Q(z) # 0, Q(z’) #= 0, B(z, ') = 0, Kz + Kz’ is a nonisotropic
subspace of the conjugate of P, and H" is a nonisotropic hyperplane,
whence H'' ¢ §. The spaces HN H” = P + Kz, H "H"” = P 4+ Kz’
are not isotropic. Now, we may write tyty. = (tutur) (tw-tw), and
from what was said above, t4ty.. and tg..ty. are plane rotations, which
'shows that f4fy. is a product of two plane rotations; 1.6.5 is thereby
proved.

Consider now the case where m = 3. We shall establish that the repre-
sentation {’; of G’ is then simple. The notations 9, ¢ty being as in the
proof of 1.6.5, we observe that, if s ¢ G, H ¢ 9, then ¢, itz ¢ G, for it
is clear that £,(s, = stys~'. Were {’; not simple, then there would exist
a one-dimensional subspace N of M which would be mapped into itself
by the operations of ¢’,(G’). For, if N, is a 2-dimensional subspace of
M which is invariant by the operations of ¢’,(G’), then so is the con-
jugate N of N, . Assume for a moment that this is the case. Let z be a
basic vector of N. If Q(z) = 0, let =’ be a singular vector such that
B(z,z') = 1,and H = Kz 4+ Kz’, whence H ¢ . Let z'’ be an element
# 0 of the conjugate of H, whence Q(z’/) ¥ 0. Then H contains a
vector y such that Q(y) = Q(z"") (by 1.3.3). Let s be an operation of G
such that s-z’’ = y. Then we have {zz = z, but we see immediately
‘that ¢,z is not in Kz = N; thus, £, &z is not in N, which results in
a contradiction. If Q(z) # 0, let H, be the conjugate of Kz. Since {;
induces a simple representation of @, there is an s ¢ G such that s(H,)
# H, . If z is not in s(H,), this nonisotropic plane contains at least one
nonsingular vector not in H, M s(H,), which is of dimension 1 (as
follows immediately from the fact that K has more than 2 elements).
If K has more than 3 elements and Kz C s(H,), it is easily seen that
s(H,) contains a nonsingular vector which is neither in Kz nor in H, .
In that case, H, contains a nonsingular vector y such that s-y is neither
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in Kz nor in H, . Let H be the conjugate hyperplane of Ky; then tz-x =
z, but {,¢s -z is not in Kz, and we again have a contradiction. Assume
now that K has only 3 elements. In that case, it is easily seen that Q
takes all values # O (i.e., 1 and — 1) in H, . On the other hand, since
s does not transform H, into itself and is a product of symmetries with
respect to hyperplanes in 9, there is at least one H' ¢ § such that ¢,
(H,) # H, , whence ty.(Kx) # Kz. If 3’ is a vector # 0 in the conjugate
of H', then there is a y £ H, such that Q(y) = Q(v’); thus, there is an
¢’ ¢ G such that s’(y) = y'. If H is the conjugate of Ky, then H' =
§'(H) and ¢, i)ty does not transform Kz into itself. Thus, our assertion
that ¢, is simple if m = 3 is proved.

Still assuming that m = 3, let € be the algebra of all endomorphisms
of M and €' the subalgebra of € generated by G’. Since €’ admits a
faithful simple representation of degree 3, €’ is a simple algebra. The
dimension of €’ over its center is the square of a number which divides
3; thus, €’ is either € or a commutative subfield of €. Now, let H be
in  and s an operation of G such that s(H) = H; then ¢, gty = §' is
in @, is distinct from the identity I, and leaves invariant any vector z
in s(H) M H. Since s(H) N H is of dimension 1, ' — I, which is an
element = 0 of €, is not invertible (because (s' — I)-z = 0); it follows
that €’ is not a field, whence ¢’ = €.

The space € spanned by the elements s, — s, , s, , 8, ¢ G’, is obviously
an ideal in €', and €’ = €” + KI. Since ¢’ is simple, we have €’ = G.
It follows that, if L is a linear function on € which remains consta.nt
on G’y then L = 0.

Assume now that m is > 3, but otherwise arbitrary. If Z is any
3-dimensional nonisotropic subspace of M, we denote by H; the group
of operations in @ which leave invariant the elements of the conjugate
of Z, by H;* the group H; N G*, and by H’ the group H; N G'. The
restrictions to Z of the operations of H; (respectively: H;*, H;')
include all operations of the orthogonal group of the restriction of
Q to Z (respectively: all operations of determinant 1 in this group, all
operations of the commutator subgroup of this group). We select a
basein Z, and if s ¢ H; , we denote by 2, (s) the matrix which represents
the restriction of s to Z with respect to this base. Let 6 be a linear
representation of G* on a vector space T'; assume that the following
condition is satisfied: for any choice of Z in M (satisfying the con-
ditions indicated above) and for any u ¢ T, the coefficients of the ex-
pression of 6(s) -u, where s ¢ H;", as a linear combination of the elements
of a base of T may be expressed as polynomla.ls of degrees < 1 in the
coefficients of Y (s). Let U be a subspace of T which is mapped into
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itself by all operations of 6(G’); then we shall see that U is mapped into
itself by all operations of 8(G@*). Making use of 1.6.5 and observing
that any nonisotropic plane is contained in some nonisotropic -3-di-
mensional space, we see that it will be sufficient to prove that U is
mapped into itself by all operations of 6(H;*) when Z is any noniso-
tropic 3-dimensional subspace of M. Let » be in U and let L be a linear
function on T which vanishes on U. Then we may write L(6(s) -u) =
L,(s) + a, for s ¢ H;*, where L, is a linear form on € and g, is a con-
stant. We have L(6(s)-u) = 0 if s e H;"; thus, L, remains constant on
H,’, whence L, = 0, as we have proved above. Since L(u) = 0, we have
a, = 0, and L(6(s)-u) = O for all s ¢ H;"*. This being true for any linear
function on 7 which vanishes on U, we have 6(s)-u ¢ U, which proves
our assertion. '
We apply this to the case where § = {, , for some & > 0. We shall
prove that the condition indicated above is satisfied. Let (z, , 2. , %5 ,
-+, Z,) be a base of M composed of mutually orthogonal vectors such
that (z, , . , ;) is a base of Z. Let E be the subalgebra of E generated
by z,, -, z.. and E, the space of homogeneous elements of degree k
of E; the elements of E are invariant by the operations of {(Hjz). If
aeE_;,let A(a) be the space spanned by z, A 2, A 23 A a;if ae B, ,
let B(a) be the space spanned by z; A 2 A o, 2 A T3 A @, T3 A 21 A a;
if « e B4, , let C(a) be the space spanned by z, A o, 2 A @, 23 A a;if
a e B, ,let D(a) = Ka. Then E, is the sum of the spaces A(a), B(a),
C(a), D(a) (for all possible @) and the direct sum of some of these
spaces. Identifying H,* to the group of operations of determinant 1
of the orthogonal group of the restriction of @ to Z, let p, (k = 0, 1, 2, 3)
be the representation of this group on the k-vectors. Then we see that
the representation of H;" induced by ¢, is the sum of a certain number
of representations each of which is equivalent to some p, . But we know
that p, and p; are trivial representations (they map every element of
H ;" upon the identity) and that p, is equivalent to p, . It follows im-
mediately that, for any u ¢ E, , the coefficients of the expression of
6(s)-u (for s ¢ H;") as linear combination of a base of E, may be ex-
pressed as polynomials of degrees < 1 in the coefficients of ), (s).

1.6.6. Assume that M s of dimension > 3 and that K is not of character-
istic 2. Let G, G*, and G’ be the orthogonal group of Q, the group of opera-
tions of determinant 1 in G and the commutator subgroup of G. Let ¢, be the
representation of G on the h-vectors, and ¢,* , ¢, the representations of G*,
G’ induced by &, . If 2h %~ m, then ', is simple. If 2h = m and §," s
simple, then ¢', is simple. If 2h = m and §," ts not simple, let §,,." and
&ni” be the two simple representations of which it is the sum; then the

96



QUADRATIC FORMS

representations t's., , '».c of G’ induced by ¢\.,* and §).." are simple.
These representations are inequivalent to each other and to all ¢', for all
k = h.

Any subspace of E, which is invariant by the operations of {',(G’) is
likewise invariant by those of ,*(G*). It follows that ¢’ is simple
whenever ¢,* is. If {," is not simple, then {,.,” and ¢,.;* are inequivalent
to each other; the spaces T, , T'; of these representations, together with
{0} and E, , are therefore the only subspaces of E, which are invariant
by the operations of {,"(G*); they are also the only ones invariant by
the operations of {,(G’), which shows that {’;., , {’s.; are inequivalent
to each other. A similar argument, applied to the representation 6§ =
& + & of G on E, + Eu(k 5 h), shows that 's,,, ¢'s,; are inequivalent
to I ’), if & = h.

Consider now the case where m = 2. Assume that M contains a
1-dimensional space Kz which is invariant by all operations of G’.
Suppose first that Q(z) ¢ 0; then let H be the hyperplane Kz and
ty be the symmetry with respect to H. Let s be any operation in G and
t.qny the symmetry with respect to s(H). Then ¢, )ty transforms Kz
into itself, whence ¢, -2 ¢ Kz, which shows that s.z is either in Kz
or in its conjugate. If K has more than 3 elements or if Q is of index 0,
there is an s e G such that y = s-zisnot in Kz. Then we have B(z,y) = 0
and Q(ax + by) = a(a’® + b°) if @ = Q(x); moreover, any vector z with
Q(2) = Q(xz) is either in Kz or in Ky, which shows that ab # 0 implies
a@® 4+ b® = 1. Setting @ = 2uw/(W’* + v*), b = (* — v*)/(* + +*), we
see that, if u, v # 0 in K, then v* is +’, which implies that K has 3
or 5 elements. Moreover, if K has 5 elements, then — 1 is a square in
K and @ is of index 1. It follows that, if @ is of index 0 and K has more
than 3 elements, {’, is simple. If @ is of index 1, then M = Kz 4+ K7/,
with singular vectors z, 2/, and it is easily seen that Kz, Kz’ are mapped
into themselves by all operations of G’; {’, is then not simple.

In the case where the basic field is of characteristic 2, it is easy to see
that the representation of G' on the h-vectors is in general not simple
(not even semi-simple) if A > 1. In the case where & = 1, we have the
following results:

1.6.7. Assume that K is of characteristic 2. The representation of G
on the space M 1is then simple except in the following case: K has 2 elements,
dim M = 2, and Q s of index 1. The representation of the commutator
subgroup G' of G on M s simple except in the following cases: (a) dim
M = 2 and Q is of itndex 1; (b) K has 2 elements, dim M = 4, and Q s
of index 2.
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Let N be a subspace of M distinct from {0} and M which is mapped
into itself by every operation of G’ ; then the conjugate N’ of N is like-
wise mapped into itself by every operation of G’.

We shall first discuss the case where N contains some nonsingular
vector z. Let s be any element of G and ¥y = s-z; denote by ¢, and ¢, the
symmetries with respect to the conjugates of Kx and Ky. Then ¢, =
st,s”!, whence t,t, = t,t,”" ¢ G’, and therefore ¢,{,(N) = N. Since z ¢ N,
we have {,(N) = N, whence {,(N) = N.If ze N, then {,:z2 = z —
Q)™ B(z, y)y. If, for some z ¢ N, we have B(z, y) # 0, then y is in
N (since z and ¢,-z are in N); if not, then y is in N’. Let U be the space
spanned by all vectors s-z, s e G; then it is clear that U is mapped into
itself by every operation of @, and it follows from what we have just
said that U C N + N’. Let U’ be the conjugate of U, and let v be any
nonsingular vector in M; then the symmetry £, with respect to the
conjugate of Kv maps U into itself, from which it follows in the same
manner as above that v lies either in U orin U’. Let V = U + U/,
and let W be a subspace of M supplementary to V.

Assume first that W = {0}. Let w be an element # 0 in W, and v
any element in V. Since all nonsingular elements of M are in V, we
have Q(w) = 0,and 0 = Q(v + w) = Q(v) + B(v, w), or Q(v) = B(v, w).
The restriction of @ to V is therefore linear; in particular, if & ¢ K,
k’Q(v) = Q(kv) = EkQ(v); taking » such that Q(v) > 0, we see that
k* = k;i.e., K has only 2 elements. If z is any singular element > 0 of
M, there is an s & G such that s-2 = w (I.4.1);since V= U + U’ is
mapped into itself by the operations of G, z cannot be in V, which shows
that Q(v) = B(v, w) # Oforall v £ 0in V. Were V of dimension > 1,
it would contain at least one vector v # 0 such that B(v, w) = 0, which
is impossible. Thus, dim V = 1, whence dim U = dim U’ = 1, and,
since dim U’ = dim M — dim U, we have dim M = 2. Since Q(w) = 0,
Q is of index 1.

Assume now that W = {0}, whence U + U’ = M. We shall see that
U’ = {0} in that case. For, assume for a moment that U’ contains an
element 2’ # 0. Taking = to be & 0in U, z + z’ is neither in U nor in
U’, whence Q(z + z') = 0. Since B(z, 2’) = 0, we have Q(z) + Q(z') =
0, Q(x) = Q(z'). But this implies the existence of an s ¢ G such that
s'z = 2, in contradiction to the assumption that s(U) = U. Thus,
we have U’ = {0}, whence U = N + N’ = M. Since dim N’ =
dim M — dim N, it follows that N N\ N’ = {0}. Since B(z, z) = 0 for
every z, this implies dim N > 1. Let z again be nonsingular in N, and let
z'be # 0 in N'. Since NN\ N’ = {0}, the restriction of B to N X N is
nondegenerate, and N contains a vector y such that b = B(z, y) = 0.
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We assert that Q(z') = Q(y). Were this not the case, if we set a =
b(Q®) + Q(z)7", then

Qi + aly + 2) = Q@) + d’Q(y) + ab + a’Qx) = Q(),

and there would exist an s ¢ G such that s:z = z 4+ a(y + 2). But a
would be # 0, and s-2 would lie neither in N nor in N/, which is im-
possible. Thus, Q is constant on the set of elements # 0 in N’. This
constant is = 0, while, otherwise, B would be 0 on N’ X N’ and N’
would be contained in its conjugate N. Since Q(kz’) = Q(z’) for every
ke K, k > 0, we have k¥* = 1, and K has only 2 elements. Let 2’ and
z'’ be linearly independent elements in N’; then we have 1 = Q(z’ + z'’)
= Q') + Q") + B(z’, 2'") = B(’, z”’"); were N’ of dimension > 2,
then it would clearly contain two linearly independent vectors orthogonal
to each other, which is not the case. Thus, dim N = dim N’ = 2, and
dim M = 4. Exchanging the roles played by N and N’, we see that
Q(z) = 1for all z > 0 in N and B(z, y) = 1 if z, y are linearly inde-
pendent in N. Let (z, , z.) be a base of N and (2’,, ') a base of N’.
Setz, ==z, 4+ 2',, 2, =2, + 2’5 ; then we have Q(z,) = Q(z;) = B(z, 22)
= 0, and Q is of index 2.

Assume now that N is totally singular. Were N’ not totally singular,
we could replace N by N’ in the preceding argument. Assume now that
N and N’ are totally singular, and let r = dim N. Then N and N’ are
totally isotropic, and each one is contained in the other, whence N = N’.
Since dim N’ = dim M — r, we have dim M = 2r, and M is the direct
sum of N and of a totally singular space P. Let N, be any subspace of
N and P, the intersection of P with the conjugate of N, ; then N, = N,
+ P, is totally singular of dimension 7, and there exists an s ¢ G such
that s(N) = N, (1.4.1). Since G’ is a normal subgroup of G, it is clear
that N, is still mapped into itself by every operation of G’ ; the same is
therefore true of N, = N M N, and of the conjugate N’ of N, . If r > 1,
then we may take N, to be ¢ {0} and N; then N’, is > {0}, M and is
of dimension > 7, which implies that it contains a nonsingular vector,
and we are reduced to the previous case. If r = 1, then dim M = 2
and Q is of index 1.

If dim M = 2 and Q is of index 1, then we have M = Kz + Ky,
with Q(z) = Q(y) = 0, B(z, y) = 1. The only singular vectors of M are
those of Kz \U Ky, which shows that the operations of G permute Kz
and Ky among themselves. This permutation gives rise to a representa-
tion of G' on the group of permutations of the set {Kz, Ky}, which is
abelian; the kernel of this representation contains G’, which shows that
the operations of G’ map Kx and Ky upon themselves. The auto-
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morphism of M which exchanges z and y is obviously in G, and neither
of the spaces Kz, Ky is mapped into itself by the operations of G. If
K has more than 2 elements, then no non totally singular subspace of
M can be mapped into itself by every operation of @, and, a fortiori, of
G. If K has only 2 elements, then M has only one non totally singular
space of dimension 1, namely, K(x + y), and this space is mapped into
itself by every operation of G. Assume now that K has 2 elements, that
dim M = 4, and that Q is of index 2. Then M has a base (z, , %3, ¥1 , ¥2)
composed of singular vectors such that B(z; , z;) = B(z: , ¥;) =
B(y;,y;) =0ifs # j,B(z;,y:) = L.Setu=2, 4+ ,v =2, + z, +
Y2, N = Ku + Kuv; then the restriction of Q to N is of index 0, the con-
jugate N’ of N is spanned by v’ = z, + y,,v =z, + z, + 3, and
the restriction of Q to N’ is of index 0. If ze N, 2’ e N, z # 0,2’ # 0,
then we have Q(z 4+ 2) = 1 4 1 = 0; thus, every nonsingular vector
is either in NV or in N’. Conversely, let P be a 2-dimensional subspace
which contains no singular vector # 0. Then we have P C N U N/,
from which it follows easily that P is either Nor N’. Thus, the operations
of G permute N and N’ among themselves, and, by the same argument
as above, those of G’ map both N and N’ upon themselves. Moreover,
it follows from our analysis that N and N’ are the only subspaces
# {0}, M which are mapped into themselves by all operations of G'.
Since Q(u) = Q(w'), there is an s ¢ G which maps u upon «’, whence
8(N) = N’; this shows that the representation of G on M is then simple.
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CHAPTER Il
THE CLIFFORD ALGEBRA

In this chapter, @ will denote a quadratic form on a vector space
M of finite dimension m over a field K; B will denote the associated
bilinear form of Q.

2.1. Definition of the Clifford Algebra

Let T be the tensor algebra of the vector space M, and I the ideal
generated in 7 by the elements z @ z — Q(z)-1 for all x ¢ M. Then
the factor algebra C = T/I is called the Clifford algebra of the quadratic
form Q.

The algebra T is a graded algebra; let T" be the space of homogeneous
elements of degree h of T. Denote by T, the sum of all spaces T"* for
h even, by T_ the sum of the spaces T" for h odd; T is then the direct
sum of T, and T_, and we have

T.T.CT,; T.T-CT-; T.T.CT-; TT_-CT,..

The ideal I is generated by elements belonging to T, . Since T has a
base composed of homogeneous elements, it is clear that every element
of I may be written as a sum of elements of I N\ T, and I N T_ . Let
C, and C_ be the vector spaces T./(I N T,) and T_/(I N T.). Then,
clearly, C is the direct sum of C, and C_- and

c.c.ce,; c,C.Cc.; cc.Ccc.; cc.cCco,.

The elements of C, are called even, those of C_ odd; the even elements
form a subalgebra of C. The linear mapping J of C onto itself defined
by J(u) = uifueC,,J(u) = — uif ueC_ is an automorphism of C,
called the main involution. If K is of characteristic 2, J is the identity.

Now, let A be any integer > 0. The mapping (z,, -+ , Zx) = 2, Q
-+ ® x, of M* (the product of A times M by itself) into T" is clearly
multilinear. It follows that there exists a linear mapping a,” of T" into
itself such that a,” (t, ® -+ @ z) = 7, ® --- ® x, whenever z, ,

., z, are in M. Let «” be the linear mapping of T onto itself which
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extends all the mappings «,”. It is clear that («”)® is the identity. If

Tyy 3 ThyYr,y, * )ykareinM;t=xl®”'®xh’tl=yl®"'
& yx , then we have

RN =%® QuARn® - @z =) (),

which proves that «” is an antiautomorphism of 7. This antiauto-
morphism leaves the elements of 7° + T" fixed; it maps upon them-
selves the generators ¢ Q = — Q(z)-1 of I. Now, I is the set of all
elements which are sums of products of the form ¢ X (z Q) z — Q(z)-1)
Q ¥, with ¢, ¢’ € T, z ¢ M; it follows immediately that a”(I) = I. Thus,
a” defines in a natural manner a linear mapping a of C = T/I onto
itself. It is clear that « is an antiautomorphism of C, whose square is
the identity; it is called the main antiautomorphism of C.

Let C’ be an algebra over K. Assume that we have a linear mapping
¢ of M onto a subspace M’ of C’ such that (¢(z))” = Q(z)-1forallz e M.
Let = be the natural mapping of T onto C = T/I. Then there is a
homomorphism ¢ of C into C’ such that ¢(x(z)) = ¢(z) for z ¢ M. For,
we know that ¢ may be extended to a homomorphism & of T into C’.
If z e M, then ®(z ® = — Q(x)-1) = (¢(x))* — Q(x)-1 = 0; this shows
that the kernel of ® contains I. Thus, ® may be factored in the form
% = Yo, where ¢ is a homomorphism of C into C’ with the required
property. If M’ generates C’, then, clearly, we have ¢(C) = C'.

We shall now construct such an algebra C’. We start with the exterior
algebra E on M, in which the multiplication will be denoted by the
sign A. We know that, A\ being any linear function on M, there exists
an antiderivation § of E such that éx = A(x)-1 for z ¢ M; & is homo-
geneous of degree — 1 and é* = 0. There exists a bilinear form B, on
M X M such that By(z, ) = Q(z) for all z ¢ M (1.2.2). We denote by
6, the antiderivation of E such that

0.0y = Bo(x) y)l (sz)'

Let L, be the operator « — = A w of left multiplication by z in E; set
L', =L, + 5..Thenz — L', is a linear mapping ¢ of M into the algebra
€ of endomorphisms of the vector space E. If ¢ M, we have 5,” = 0
and

Lzaz + ssz = Q(x)'I)
where I is the identity mapping. For, if u ¢ E, we have §,L,-u = 4,
Au)=(62) ANu—z A (8.u) = Q(@)u — L,5,-u. Sincez A z = 0, we
have L, = 0. It follows that L’.> = Q(z)I. This shows that there is a
homomorphism ¢ of C into € such that ¢(x(z)) = L', for z ¢ M. If
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ze M, then L'.-1 = z, since §,-1 = 0, and z — L', is an isomorphism
of M. It follows immediately that  induces an isomorphism of M into
C. We shall henceforth identify the elements of M with their images in
C under M. Thus, M will be considered as a subspace of C. We have

22 =Qk)-1 if =zeM. ¢))

Applying this to z, y, and =z + y (where z, y ¢ M) and remembering
that Q(z + y) — Q(z) — Q(y) = B(z, y), we obtain

zy +yz = B(z,y)-1 (z,yeM). )]
The result established above becomes

II.1.1. Let ¢ be a linear mapping of M into an algebra C’ over K.
Assume that (o(7))® = Q(z)-1 for x ¢ M. Then ¢ may be extended to a
homomorphism ¢ of C into C'. If o(M) generates C’, then y(C) = C’.

Let us now return to the homomorphism ¢ of C into €& considered
above. Set 6(u) = yY(u)-1 for u ¢ C. Then 6 is a linear mapping of C
into E. We remind the reader that an element A ¢ € is called homo-
geneous of degree d if A transforms any homogeneous element of degree
h of E into a homogeneous element of degree h 4+ d. If A, , -+ , A,
are homogeneous of respective degrees d, , -+ , d, , then A, -+ A, is
homogeneous of degree d, + -+ + d, . For any = ¢ M, L', is homo-
geneous of degree + 1 and 4, of degree — 1. Let x, , --- , z, be in M,
Then we have

\b(xl 0t xll) = (Lh + 8::) ot (Ln + sza)r
and this may be written as

h-1
'ﬁ(xl"'xh):Ln"’Ln'l'E Ag, (3)

d=—h

where A, is homogeneous of degree d. It follows that

A-1

bz - m) = A Ant Lk, @

where £, is homogeneous of degree d. For any k, let E* be the space of

homogeneous elements of degree & of E and F, = 2 s,E°. The space

E* is spanned by the products of & elements of M. Thus, it follows

from (4) that &, C 6(C) + F, . We have F, = {0}. It follows im-

mediately by induction on k that E, C 6(C) for every h, whence 6(C)

= E. We conclude that C is of dimension at least equal to the dimension
2™ of E.
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I1.1.2. Let(z,, -+ ,Z.) beabaseof M. If ¢ = (4,, -++ , %) 18 @
strictly increasing sequence of tntegers ©, , -+ , t, between 1 and m, let
P(o) be the product x;, - -- z;, in C. Then the elements P(s) form a base
of C, which is of dimension 2™,

(Observe that, among the sequences o, we include the empty sequence
oo ; P(a,) is 1.) For any A > 0, let C), be the space spanned by the P(c)
for the sequences ¢ of length &, and set D, = Eh's» C, . It is clear that
Co =D, = K-1, C, = M. We shall prove that, if ¢ = (¢, , --- , %),
then z,P(s) is a linear combination of the elements P(o’), where o’
runs over the sequences (j, , -+ , J»-) such that ’ < A + 1 and 5, >
min {%, ¢, , --- , %,}. This is true if A~ = 0. Assume that it is true for
h — 1, h being > 0. If 7 < 7,, then we have z,-P(¢) = P(¢’') with
o = (1,%,, -+ ,%). If ¢ = 7, , then we have z,P(s) = Q(z,)P((¢z, -,
1)) by formula (1) above. If ¢ > ¢, , let o, = (25, - -+, %4); then it follows
from formula (2) above that

z;P(o) = B(z: , 2:,)P(01) — :,7:P(a)),

and it follows from our inductive assumption that z,P(o,) is a linear
combination of the P(¢'’) for the sequences ¢’ = (k,, --- , ky») such
that A" < h, k;, > min {¢,4,, --- , %} > 7, . For any such sequence,
o = (ty, ks, -+, ky) is strictly increasing and
z;,P(e"") = P(d'),

and this proves our assertion for h. It follows that z.;D,. C D,, for all ¢,
whence zD,, C D,, for all z ¢ M. Since M generates C, we have vD,, C
D,, for all v ¢ C, whence v = v-1 ¢ D,, and D,, = C. There are exactly
2™ sequences o; thus, D,, is of dimension < 2". But we know already that
D,, is of dimension > 2". It follows that the elements P(s), which

generate the vector space D,, , are linearly independent, which proves
II.1.2.

I1.1.3. Let the notation be as in 11.1.1. If o(M) generates C’' and C’
18 of dimension > 27, then ¥ 1s an isomorphism of C with C’.

For we have ¢(C) = C’ and C is of dimension 2™.

11.1.4. Let N be a subspace of M. Then the subalgebra of C generated
by N 1s isomorphic to the Clifford algebra of the restriction of Q to N.

Let (z,, -+, z,) be a base of M containing a base (z,, -, «,) of
N. The products ;, --- z;, , where 7, < .+ < 7, < n are linearly
independent in the algebra D generated by N, whence dim D > 27
I1.1.4. then follows from II.1.3.
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I1.1.5. Let K’ be an overfield of K, M™ and C™ the vector space and
the algebra deduced from M and C, respectively, by extension to K’ of the
basic field, and Q' the quadratic form on M which extends Q. Then C*
18 isomorphic to the Clifford algebra of Q'.

Let (2, , --- , ) be a base of M and a, , --- , a, elements of K'.
We have

(i a.«z;) = 2 a’z? + ;; a.a;(zx; + zi2)

=1

= -21 a’Q(z,) + g a:a;B(z; , z;) = Q'(; a'ixi)-
Since C*' is of dimension 2™, I1.1.5 follows from II.1.3.

Let us now return to the consideration of the linear mapping 6 of C
onto E introduced above. Since dim C = 2™ = dim E, 6 is a linear
isomorphism which coincides with the identity on K-1 and on M.
We shall generally identify the underlying vector space of C with that
of E by means of 6. If u, v are in E, wv will denote their product in C,
while A v will denote their product in E. It should be kept in mind,
however, that our identification depends on the choice of a bilinear

‘form B, such that B,(z, z) = Q(z).-

We observe that, in formula (3) above, A; can only be # 0if d = h
(mod 2), because a product of h — r operators L,, and r operators
8., is of degree b — 2r. On the other hand, C, (respectively: C.) is
obviously spanned by the products of an even (respectively: odd)
number of factors in M. It follows that C, (respectively: C_) is the set,
of elements of E whose homogeneous components ## 0 are all of even
(respectively: odd) degree. This shows that the main involution of C
is the same as that of E. On the other hand, we see that

Ty T =TL A 0 A2y (mod > E,)
A Sh-2
for any z, , --- , 7, in M. We have therefore obtained the following
results:

I1.1.6. Let there be given a bilinear form B, on M X M such that
Q(z) = Bo(z, ) for x ¢ M. We can then identify the underlying vector
space of the Clifford algebra C with that of the exterior algebra E of M
in such a way that, for any x ¢ M, the operator of left multiplication by
zin Cis L, + 6, , where L, is the operator of left multiplication by x in E
and §, the antiderivation of E such that 8,y = By(z, y)-1 for y e M. Let
C, be the subspace of C spanned by the products of at most h elements of
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M and E, the space of homogeneous elements of degree h of E; then we
have C, = Y p<n B . If 21, -+ , , are tn M, then we have, for h > 2,
Ty t=2 A - Az, (mod Cy_p). We have Co = D 1 uven En
C. = Eh odd Eh .

2.2. Structure of the Clifford Algebra

11.2.1. Assume that M is of even dimension 2r and that Q is of rank
m and defect 0. Then the Clifford algebra C of Q is a central simple algebra.
If Q s furthermore of index r, then C 1is isomorphic to the algebra of all
malrices of degree 2" with coefficients in K.

Let K’ be an algebraically closed overfield of K, M™ the vector
space deduced from M by extension to K’ of the basic field, and @’ the
quadratic form on M*  which extends Q. Then @’ is still of rank m and
defect 0, and is of index r (by 1.3.4). Taking II.1.5. into account, we
see that it suffices to prove II.2.1 in the case where @ is of index r.
Assume that this is the case. Let N and P be two totally singular sub-
spaces of M which are supplementary to each other and of dimension
r.Let (x,, -+, 2,)and (y., ---, y.) be bases of N and P such that
B(z; ,y;) = &; (1 £ 1,7 < r). Let B, be the bilinear form on M X M
defined by the conditions

By(z; , x;) = Bo(y: , ¥;) = Bo(z: , y:) = 0;
By(y: , z;) = 8 14,55,

It is easily seen that By(z, ) = Q(z) for all z e M. The form B, vanishes
on N X N,on N X P,and on P X P, and its restriction to P X N is
nondegenerate, Using B,, we identify the space C to the underlying
vector space of the exterior algebra E on M, as explained in II.1.6.
Let EV and E” be the subalgebras of E generated by N and P, re-
spectively. We use the same notation as in Section 1. If z ¢ N, then
8.(N) = {0}; since &, is an antiderivation, &,(E") = {0} and it follows
that zu = z A u for all u ¢ EY. This shows that E" is identical (as an
algebra) with the subalgebra of C generated by N. We see in the same
way that EF is a subalgebraof C. Weset f =y, - 4, =91 A +-- A ¥,
and we consider the left ideal Cf of C. The elements z;, <+ - Z;,¥;, ** * Yie »
where 4, < -+ <14, <15 < -+ < j, < r, form a base of C (by
I1.1.2); and we have y,f = y; A f =0 (1 < 7 < 7). It follows immedi-
ately that the elements z;, - -- z;,f form a base of Cf, i.e., that u — uf
(u e E¥) is a linear isomorphism of E¥ with Cf; Cf is therefore of dimen-
sion 2". To every element w ¢ C we may associate the endomorphism
p(w) of E¥ defined by the condition that
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wuf = (p(w) -w)f

for all u ¢ EV. It is clear that p is a linear representation. If w ¢ EV , it
is clear that p(w) is the operator of left multiplication by w in EV .
Since B, vanishes on N X P, we see that, if z ¢ N, §, maps P, and
therefore also E*, upon {0}. It follows that zv = = A v if v ¢ E¥, whence
uf = u A f for all u ¢ E. Now, let y be in P. Then we have yuf =
y A uf + 6,(uf). The first termisy A (u A f) = 0, since y divides f.
We have §,(uf) = (6,u) A f + J(w) A 4,f, but é,f = 0, since B, van-
ishes on P X P, whence yuf = (5,u)f. Since 8, maps N into K -1, it maps
E" into itself. It follows that ‘

p(y)-u =8, u (yeP,ucE").

The operation §,, maps z; upon 1, z; upon 0if j >~ ¢. Lete ==z, -+ z, .
Since §,, is an antiderivation, we see easily that §,,,, --- §,, maps
Z, -+ Ty, upon 1 for any h, whence p(f)-e¢ = 1. On the other hand,
p(f), which is homogeneous of degree — r, maps any homogeneous
element of degree < r of E” upon 0. Let > be the set of strictly in-
creasing sequences of integers between 1 and r;if ¢ = (¢, , -+ - , 4,), set

E(o») =2 v Ty .

We shall see that, given ¢ and ¢, in Y, there is a w ¢ C such
that p(w) -£(0) = £(a1), p(w)-£(¢’) = 0 if ¢’ # 0. If ¢ is of length A, let
7 be the strictly increasing sequence formed by the integers not appear-
ing in o. Then p(¢(7)) -£(d’) is ee (with ¢ = =& 1) if ¢’ = o, is 0 if the
length of ¢’ is at least equal to the length of ¢ and ¢’ # ¢, and is homo-
geneous of degree < r if the length of ¢’ is strictly less than that of o.
It follows that p(ef£(r)) maps £(¢) upon 1 and £(¢’) upon 0 if o' = o;
thus, w = € £(o1)f £(7) has the required properties. Since the £(¢) form
a base of EV, it follows immediately that p(C) is the algebra of all vector-
space endomorphisms of E”, i.e., that p(C) is of dimension 2* = 2"
equal to that of C. We conclude tha.t p is a faithful representatlon of C,
and I1.2.1 is proved.

Moreover, the proof shows that the ideal Cf is a mlmmal left 1deal
of C and is identical to Ef. If we observe that the elements y;, -
YieZi, T, (0 <+ <L, <171 < o- <Jg£1) a.lsoforma.base
of C, we see that fC = fE" is a minimal right ideal.

We gather in the following statement the supplementary information
we have obtained in the proof:

11.2.2. The notation being as in 11.2.1, assume further that Q is of
index r = m/2. Let N and P be two supplementary totally singular sub-
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spaces of M, and let CY and C* be the subalgebras of C generated by N
and P, which may be identified to the exterior algebras of these spaces. Let
f be the product of the elements of a base of P. Then Cf and fC are, re-
spectively, a minimal left ideal and a minimal right ideal; we have Cf =
C"f, fC = fC". Letubein C":if x e N, then z(uf) = (zu)f = (x A w)f;
if y e P, then y(uf) = (8, u)f, where 8, is the antiderivation of C~ such
that 8,-x = B(z, y) forxz e N.

Now we prove the following statement:

I1.2.3. The notation and assumptions being as in I11.2.1, assume
Surther that M 5~ {0} ; then the algebra C., is either simple or the direct sum
of two simple ideals. The center Z of C. is of dimension 2; it is either a
quadratic separable extension of K or the direct sum of two fields isomorphic
with K. Assume that K is not of characteristic 2 and let D be the discrimi-
nant of B with respect to a base of M; then Z is spanned by 1 and by an
element z such that 2* = (— 1)’D, and z anticommutes with every element
of C-.

Let S be a minimal left ideal of C; let p be the representation of C
which assigns to every u e C the mapping v — uv of S into itself; then
p is simple. Let p* be the representation of C, induced by p; among all
subspaces # {0} of S which are mapped into themselves by the opera-
tions of p(C,) = p*(C,), let S’ be one of smallest possible dimension.
Let z be a nonsingular element of 3/; then z is odd and invertible, from
which it follows immediately that C_. = zC, = C,z,C, = C_x = zC_ .
Let S” be the transform of S’ by p(z); then it is clear from the preceding
equalities that S” is mapped into itself by all operations of p*(C.) and
that 8’ 4+ S” is mapped into itself by every operation of p(C). Since
pissimple, S’ + S’ is the whole of S. If 8’ N\ 8" = {0}, then ' N " =
S’ in virtue of the minimal character of S’; since S’ has the same
dimension as S’, this implies S = §' = S. If 8 N 8" = {0}, then
S is the direct sum of S’, §”. Thus, p* is either simple or the sum of two
simple representations. Since it is a faithful representation, C, is semi-
simple and, since any simple representation of C. “occurs’ in any
faithful representation, C, is simple or the sum of two simple ideals.
The algebra C, is not central simple, because its dimension 2°7' is
not a square; therefore, Z # K-1. Let K’ be an algebraically closed
overfield of K, let M™, C*', C.,*', Z* be the vector space and the
algebras deduced from M, C, C, , Z by extension to K’ of the basic
field, and let Q' be the quadratic form on M*" which extends Q. Then
we may regard C*' as the Clifford algebra of Q’; it is clear that C.* is
the algebra of even elements of C*' and Z*' the center of C.,*'. Apply
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the results we have just proved to C.*: since Z*' = K’-1, C,™ is the
sum of two simple ideals and [Z%": K’-1] = 2, since every simple algebra
over K’ is central simple. This proves that [Z: K-1] = 2. If Z is a field,
then it is separable over K, since Z*' is semi-simple; if not, it is the
direct sum of two fields isomorphic to K.

Assume now that K is not of characteristic 2. Let (z, , -+ , z.) be
a base of M composed of mutually orthogonal vectors; set a; = Q(z;),
2 = ---2,. Wehave z;z; + z;x; = 0if ¢  j; sincem — 11is odd,
2’ anticommutes with each z; . It follows that 2z’ anticommutes with
every element of C. and commutes with every element of C, . Since
m is even, 2’ is in C, but obviously notin K-1, whence Z = K-1 + K-2'.
We easily compute 2 to be (—=1)"" 2 ¢q, -«+ @, = (=1)"a; *** Gp .
The discriminant of B with respect to the base (2, , -++ , z,) is2* a, « -
a, ; if B’, B are the matrices which represent B with respect to (z;, -,
z,) and to any other base (¥, , *+ , ym) of M, then there exists an
invertible matrix T such that ‘T-B’-T = B and the discriminant D of
B with respect to (¥1 , +++ , Ym) is (det T)*2*" a, - -+ @, . Thus, there is
an a # 0in K such that (az’)® = (— 1)'D, and z = az’ has the required
properties.

Remark. The representation p of C which has been used in the
proof of 11.2.3 is simple. Since C is simple, all simple representations of
C are equivalent to p. Thus, we see that the representation of C, induced
by a simple representation of C is either simple or the sum of two simple
representations.

11.2.4. The notation being as in 11.2.3, assume further that K is not
of characteristic 2 and that C. is not simple. Then Z is spanned by 1 and
by an element z, of square 1 which anticommutes with every element of
C- ; the two stmple ideals of C, are C, (1 — z,) and C,. (1 + z,).

Since Z = K-1 + K-zisnot a field and 2> ¢ K-1, we have 2> = a’-1,
aeK;setz, = a'z.Thenz® = l,and e, = (1 — 2)/2, & = (1 + 2)/2
are central idempotents of C, such that ¢;e, = 0, ¢, + ¢, = 1. It is clear
that ¢ # 0, ¢, # 0; since C, is the sum of two simple ideals, these
ideals are C,¢, and Cies.

11.2.5. Let the space M be represented as the direct sum of two spaces
N, P each of which is in the conjugate space of the other. Let C¥, C* be the
subalgebras of C generated by N and P. Then there is a vector space 1so-
morphism 6 of the space CV ® C¥ with C such that 6(u @ v) = wv for
u e CV, v e CF. If K is of characteristic 2, then 0 is also an tsomorphism
with respect to multiplication. Assume further that N is not isotropic
and of even dimension 2r, and let D be the discriminant of the restriction
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of Bto N X N with respect to some base of N. Then C 1is isomorphic as
~ an algebra to the tensor product of C" by the Clifford algebra of the re-
striction of (— 1)"D@Q to P.

Let (%, --- , %o, %1, *** , Y,) be a base of M composed of a base
(%1, -~ ,2,) of Nand a base (y,, : -+, y,) of P. Then the elements

:v.-,---x.-,‘=£(il,~-,ik) (’il<"'<1“ksn)

form a base of C", the

yi:"'yi4=77(jl;°”;ja) (jl<"’<ja$p)

a base of C*, and the products £(3y, - , 4,) #(ji, -+ , j.) & base of C.
It follows that there is a vector-space isomorphism 8 of ¢V ® C” with
C such that 6(u @ v) = uv whenever wis of the form £(z, , -+ ,%,) and v
of the form »(j,, :-- , j.); the formula 8(u Q) v) = wv is then true in
general by linearity. Let

ch=Cc"ne.cr=0"nec. e =C0"Nnce.cF=0"NcC-.

We know that we may regard C¥ and C” as the Clifford algebras of the
restrictions of Q to N and P; C,” and C_" are then the sets of even
and odd elements of C¥, and we have similar statements for C*. If
z e N, y e P, then we have B(z, y) = 0, whenceé zy + yz = 0. It follows
that every element of C," commutes with every element of C*, while
an element of C_" anticommutes with the elements of C.7 and com-
mutes with those of C,”. If K is of characteristic 2, then every element
of C" commutes with every element of C¥, and 6 is an isomorphism of
algebras. Assume now that N is even-dimensional and not isotropic.
Then the center of C." contains an element z such that 2> = (— 1)'D
which anticommutes with every element of C_". It is then clear that
every element of the vector space ¢! = C,7 4+ 2C_" commutes with
every element of C”. Since z commutes with every element of C*, we
see immediately that C’ is a subalgebra of C, which is generated by the
space zP (for z is invertible). If y ¢ P, then we have (zy)’ =
(=1)'D-Q(y)-1; it follows that there exists a homomorphism ¢ of the
Clifford algebra C”' of the restriction of (— 1)"DQ to P onto C’. But C’
and C” are clearly both of dimension 2”; ¢ is therefore an isomorphism.
On the other hand, there is a homomorphism 6’ of the tensor product
C" ® C' into the algebra C such that 6'(u ® v') = uv’ forue C",v' e C'.
The algebra 6'(C" ® C’) contains CV and zP; it contains therefore N
and P = z7'(2P); since M = N + P, we have M C ¢'(C" ® C’) and
6(C" ® C) = C.But C¥ ® (' is of dimension 2°-2° = 2™ = dim C,
and ¢’ is therefore an isomorphism.
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I1.2.6. Assume thatm = 2r 4 1 is odd and that B is nondegenerate;
let D be the discriminant of B with respect to a base of N. Then the center
Z of C 1is of dimension 2; it ts spanned by 1 and by an odd element z such
that 22 = 2(— 1)'D. The algebra C., 1s central simple, and C is tsomorphic
to ZQ C. ; C is either simple or the direct sum of two simple ideals.

Since B is nondegenerate and m odd, K is not of characteristic 2.
Let z, be any nonsingular vector in M and N the conjugate of Kz, ;
then B(z, , z,) # 0 and N is not isotropic. Since z, is invertible, y —
Zoy (¥ € N) is a linear isomorphism of N with a subspace N’ of C, . Let
C.’ be the subalgebra of C, generated by N’. If y ¢ N, then we have
Zoy + yz, = 0, whence (z,y)’ = —Q(x,) Q(v). Let C” be the Clifford
algebra of the restriction of the quadratic form — Q(z,) Q to N; then
there is a homomorphism ¢ of C”” onto C,’ such that ¢(y) = z.y for
y ¢ N (by I1.1.1). But C” is simple; ¢ is therefore an isomorphism. We
have dim C,’ = dim C”” = 2™, On the other hand, 4 — z,u is obviously
a linear isomorphism of C, onto C_ ; since C = C, + C_ (direct), C.
is of dimension 2™~*. Thus, C, = C.’ is isomorphic to C’’ and is central
simple. We may include z, in a base (%, , z,, - - , Z,) of M composed of
mutually orthogonal vectors; set a; = Q(z;), 2o = ZoZ,  * + Z;, . We have
zx; = — z;x; if © % j; since m is odd, it follows that 2z, commutes with
every x; , which proves that z is in the center of C. The discriminants of
B with respect to any two bases of M differing from each other by a
square factor, D is of the form 2b%a, - - - @z, , b & K. Set z=2bz,; then we
easily see that 2> = 2(— 1)"D. Moreover, 1 and z are linearly independ-
ent; Z = K-1 + Kzis therefore a subalgebra of dimension 2 of the center
of C, and there is a homomorphism 6 of Z ) C.. into C such that 6(u Q) v)
= wv forueZ,veC, .Since zis odd and invertible, we obviously have
2C, = C_ . Thus, 6(Z Q C.) contains C, and C_ and is the whole of
C. We have dim Z ¥ C, = 2.2™' = dim C, and 6 is therefore an iso-
morphism. Since C, is central simple, it follows immediately that Z is
the whole center of C. If 2(— 1)"D is not a square in K, Z is a field and
Cissimple: if 2(— 1)"D is a square in K, then, since K is not of character-
istic 2, Z is the direct sum of two fields isomorphic to K-1 and C is the
direct sum of two simple ideals.

11.2.7. Let M’ be the conjugate of M, P the set of singular vectors of
M', and N a subspace of M supplementary to P. The ideal p generated
by P in C s in the radical of C, and C/p is isomorphic to the Clifford
algebra of the restriction of Q to N.

Since M’ is totally isotropic, P is a subspace of M’ and P = M’ when
K is not of characteristic 2. Let y be an element of P. Then B(z, y) = 0
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for every z ¢ M, whence yz = — zy. It follows that y anticommutes
with the elements of C_ and commutes with the elements of C, . On the
other hand, wehavey®’ = Q(y)-1 = 0.Ifu = u, +u_,u, eC, ,u_eC_,
we have uy = y(u, — u_), whence (yu)* = 0. The elements of the left
ideal yC being nilpotent, this ideal is in the radical of C, and p is in the
radical. Let Cy be the subalgebra of C' generated by N; then Cy 4 p is
obviously a subalgebra of C containing N + P = M, whence Cy + p =
C. I1.2.7 will therefore be proved if we show that Cy M p = {0}. If K is
of characteristic # 2, then P = M’ and the restriction of Bto N X N -
is nondegenerate. Thus, it follows from II.2.1 and I1.2.6 that Cy is
semi-simple, whence Cy M p = {0}, since p is in the radical of C. More-
over, we see that p is then exactly the radical of C. Assume that K is of
characteristic 2; let C» be the algebra generated by P. Since @ is zero
on P, Cp is obviously isomorphic to the exterior algebra of P and is
the direct sum of K-1 and of the ideal p, generated by P in Cp . On the
other hand, there is an isomorphism 8 of Cy & Cpr with C such that
0(u @ v) = uv for u e Cy, v € Cp (11.2.5). Now, Cy Q) Cp is the direct
sum of Cy @ K-1and Cy &® b, , and the latter set is the ideal generated
by po in C. It follows immediately that 8(Cy @ po) = p and that C is
the direct sum of C and p. This ends the proof of I1.2.7.

The notation being as in I1.2.7, let R be a subspace of M’ supple-
mentary to P in M’. We may assume that R C N; let S be a subspace
of N supplementary to B. Then M is the direct sum of S and M’.
Assume that K is of characteristic 2 (otherwise R = {0}). The restric-
tion of B to S X S being nondegenerate, S is even-dimensional and the
algebra Cs generated by S is central simple. If C is the algebra generated
by R, Cy is isomorphic to Cs Q) Cr . Let us now consider the structure
of Cp. Let {z,, --- , z;} be a base of R, and Q(z;) = a; 1 <7 L 7).
We have z,2; + z;z; = B(z;, z;)-1 = 0, and Cj is a commutative
algebra. Let L be the subfield of an algebraic closure of K obtained by
adjunction of a,'?, -+ , @,"’* to K. We may assume that L = K(a,'"?,
-+, a,?), e being an integer < d, and that [L:K] = 2°. Eacha;, (1 < ¢
< d) is the square of an element a,'* of L; if u, , --- , us are in K, we
have, in L,

( 2‘: ua;" 2)2 = zd: u’a; = Q( Zd u.-:c.«).

=] i=1 i=1
Therefore, it follows from II.1.1 that there exists a homomorphism ¥
of Cr onto L such that ¢(z;) = a;,"* (1 <7< d). Let R’ = Kz, + -+
+ Kz, , and let Cy. be the algebra generated by R’; thence Cp. is of -
dimension 2° = [L:K], and ¢(C&.), which contains a,"* for 1 < ¢ < ¢,
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is the whole of L. This shows that ¢ is an isomorphism of Cz. with L.
Let us assume from now on that Cz, = L. If ¢ > e, then thereisaz; e L
such that 2z, = z;* = a,-1; it follows that (z; — 2,)* = 0. The elements
Z; — 2; (¢ > e) generate a nilpotent ideal N of Cr, and it is clear that
every element of Cj, is congruent modulo 9 to some element in L. This
shows that the kernel of ¢ is 9t and that N is the radical. Thus, we see
that the quotient of C by its radical is a field, purely inseparable of
exponent 1 over K.

2.3. The Group of Clifford

We shall now assume that the bilinear form B is nondegenerate, i.e.,
that Q s of rank m and defect 0. In particular, if K is of characteristic 2,
m s even. We denote by C the Clifford algebra of Q and by G the orthogonal
group of Q.

We shall call Clifford group of G, and denote by T, the group of
invertible elements s of C such that szs™ ¢ M foreveryz e M. If se T,
we shall denote by x(s) the linear automorphism z — szs™' of M. It
is clear that x is a linear representation of I'; we shall call it the vector
representation of T, to distinguish it from the spin representation to
be introduced later. ’

Let s be in I'. Then we have, for x ¢ M, Q(szs™")+:1 = (szs7")? =

sz’s™' = Q(z)-1. It follows that x maps T into the orthogonal group
G of Q.

I11.3.1. If m is even, then x(T) = Q. If m 18 odd, then x(T) s the
group G* of operations of determinant 1 in G. If z 18 any nonsingular
element of M, then x ¢ T and x(z) s the mapping y — — r-y, where 7
18 the symmetry with respect to the conjugate hyperplane of Kx. Let Z* .
be the multiplicative group of tnvertible elements of the center Z of C; then
Z* 1s the kernel of x and, except in the case where K is a field with 2 ele-
ments, dim M = 4 and Q is of index 2, Z*\U (I' N M) 1s 8 set of generators
of the group T.

Let o be any operation in G. Then we have (¢:2) = Q(o7)-1 =
Q(z)-1 for z ¢ M, and it follows from II.1.1 that ¢ may be extended to
an automorphism ¢’ of the algebra C. If ¢’ leaves the elements of the
center Z of C fixed, then ¢’ is an inner automorphism. This follows from
the Noether-Skolem theorem if C is simple. If not, then C is the direct
sum of two simple ideals a, and a, ; a; is generated by a central idem-
potent e; and is central simple. It follows that ¢’ transforms a; into
itself and that its restriction to a; is an inner automorphism produced
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by an element s; of a; which isinvertiblein a; ; since s,s, = 0, s = 8, + s,
is invertible in C and ¢’ is the inner automorphism produced by s.

Now, if m is even, C is central simple, and ¢’ is an inner automorphism
u — sus”', s being invertible in C. Since o/(M) = M, s belongs to I and
x(s) = o.

Let ¢ be the mapping z — — z (z ¢ M), and {’ the automorphism of
C which extends ¢. It is clear that {’(v) = — u for any u e C- . Now,
if m is odd, then Z contains an odd element z # 0 (I1.2.6) and K is not
of characteristic 2. Since {’(2) = — z, {’ does not leave the elements of
Z fixed. Were ¢ in x(I'), there would exist an s ¢ ' such that {":z =
szs™! for all x ¢ M. Since M generates C, we would have {’-u = sus™"
for all & C, which is not the case. Thus, if m is odd, ¢ does not belong
to x(T) and x(T) # G.

Let = be a nonsingular element of M. Then z is invertible, and z™* =
(Q(2))*z. We have zy + yz = B(z, y)-1 for y ¢ M, whence

ayz”' = Q@) Bz, )z —y = — 1y,

where 7 is the symmetry with respect to the conjugate of K -z. It follows
that z ¢ T and that x(z) = — r. It is clear that Z* C T, and that Z*
is in the kernel of x. Conversely, if s ¢ T, x(s) = 1, then s commutes
with every element of M, and s e Z N\ T' = Z*. Assume that we are not
considering the exceptional case mentioned in the statement. Any opera-
tion o of G may be written as a product 7, - -+ 7, of symmetries with
respect to hyperplanes whose conjugates contain nonsingular vectors
z,, -+, z, (by 15.1). Thus, since {* = 1, we have ¢ = *x(z, - -+ x»).

If m is odd, then we have det r; = — 1,det { = — 1, and, if ¢ e G,
then we have h = 0 (mod 2) and ¢ = x(z;, --- z); if ¢ = x(s), se T,
then s = sz, --- z, with s, e Z*. If m is even, then { belongs to the

group generated by I' M M. This is obvious if K is of characteristic 2,
¢ being then the identity; if not, let (y,, - - , ¥.) be a base of M com-
posed of mutually orthogonal vectors. Then x(y.)-y; is — y; if ¢+ # j,
and x(y:) -y: = y:, whence { = x(¥, - - * ¥). Thus, it follows in the same
way as above that any s ¢ T' belongs to the group generated by I' N\ M
and Z*.

11.3.2. Every s e T may be written in the form zs’, where z is in the
center of C and s’ is an element of T which is either even or odd. If m s
even, s 18 either even or odd.

If we are not in the exceptional case of I1.3.1, then s is the product
of an element of Z* by a certain number of elements of I' M M, which
proves our assertion in that case. If m is even, we may also use the
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following argument, which applies even in the exceptional case. If
o = x(s), then we have sz = (¢-z)s for all z ¢ M. Let s = s, + s-,
8, eC,,s_eC_.Since z and o-z are odd, we have s,z = (¢-2)s. ,
and s~'s, commutes with every z ¢ M and belongs therefore to the
center K-1 of C. If s, = as,a ¢ K, and if a > 0 then siseven;if a = 0,
then s = s_ is odd.

We shall denote by T* the groupT' N C,, and set G*= x (T*).

11.3.3. If m > 0, the group x(T'*) s a subgroup of index 2 of G. If
K is not of characteristic 2, then x(T'*) 13 the group of operations of deter-
minant 1 in G.

Since m > 0, M contains a nonsingular vector z;  is an odd element
of I, whence I ¢ I'". If m is even, then the center of C is K -1, which
is in C, ; it follows immediately that x(I'*) is then of index 2 in G. If
m is odd, then the center of C contains an invertible odd element (by
I1.2.6); this element is in T but not in T, . Thus, it follows from II.3.2
that every element of I' is the product of an element of the center of
C by an element of I'*, whence x(I') = x(T'*). This group is the group
of operations of determinant 1 in G. The determinant of any element
of G is = 1, and @ contains an operation of determinant — 1, for in-
stance, the mapping x — — z. It follows that x(I'*) is of index 2 in G.
Now, assume that m is even and that the characteristic of K is 5 2.
Any s e T is representable in the form ¢z, -+ z, ,ce K, z; e T N\ M
(1 £ 7 £ h), and it is easily seen that det x(z;) = — 1 (1 <72 < h),
~ whence det x(s) = (— 1)* Thus, det x(s) is 1 or — 1 according as to
whether s is in I'* or not, and this completes the proof of I1.3.3.

The group I'* will be called the special Clifford group of Q; the group
x(@*) will be called the special orthogonal group®of Q or also the group
of rotations (its elements being called rotations). If K is of characteristic
2, then every operation of @ is of determinant 1, but G* is then still of
index 2 in G.

11.3.4. If m is even > 0, the group T'* is generated by the products of
two nonsingular elements of M except in the case where K has 2 elements,
m = 4, and Q is of index 2. If m 1s odd, let z be an odd invertible element
of the center of C. Then T* 1s generated by the products xz, where x runs
over the nonsingular elements of M.

The assertion relative to the case m even follows immediately from
I1.3.1. Assume m odd; it is clear that, for any nonsingular z ¢ M, zz
belongs to I'*. Let, conversely, s be in T'*; then, by I1.3.1, s may be

written as s = { 2, --- 7, , where { is in the center of C and z; ¢ M.

* It follows from I1.2.1 (m even) and I1.2.6 (m odd) that ZN C; = K -1 where
Z is the center of C. Therefore the kernel of the homomorphism from I'* to G*
induced by ¥ is equal to K - 1 [Editor’s note].
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The center of Cis K-1 + K-z (I11.2.6); if h is even, then ¢ ¢ K-1, while,
if his odd, ¢ € K - 2. The element 2°, which is an even element of the center
of C,is of the form a-1,a e K, a # 0. If h = 21/, then we may write

$ = (g‘a_h':l:lz)(xzz) coe (zh2);
if h = 2h' 4+ 1, let { = cz. Then we have
s = a(cxz) -+ (@aoi2)(Th2);

this concludes the proof of 11.3.4.

It is easily seen that the case where K has 2 elements, m = 4, and
Q is of index 2 is actually an exceptional case.

We shall now take into consideration the main antiautomorphism e
of the algebra C which has been introduced in II.1. We know that
a(z) = z for x € M; it follows that «(C,) = C,,a(C.) = C_.

11.3.5. If s is any element of the Clifford group T, then a(s) ¢ T and
a(s)s s an element of the center of C; if s e T'*, then a(s)s e K-1.*

Let ¢ = x(s); then, for ¢ M, we have sx = (¢-z)s, whence za(s) =
a(s)o-z and a(s)sz = za(s)s, which shows that a(s)s is in the center of
C. This element being obviously invertible, it follows that «(s) e T.
If s is even, then so is a(s)s, and a(s)s e K-1.*

Let s and ¢ be in T. Then we have a(st)st = a()a(s)st = a(s)sa(?)t,
which shows that s — «(s)s is a homomorphism of I' into the multi-
plicative group of invertible elements of the center of C. Whenever
a(s)sisin K -1, we shall set a(s)s = A(s) -1, A(s) € K. This always happens
if s e I'*. It also happens if s ¢ I' N\ M, for then A(s) = Q(s); thus, A(s)
is always defined for all s & T' if m is even. We have

Ae1) = ¢, if ceK, ¢#0;
M) = Qx), if ze M, Q(x) # 0.

The element A(s) (when it is defined) will be called the norm of s, and
A will be called the norm homomorphism.

We shall denote by T, the group of elements s e T such that a(s)s = 1,
and by T," the group Ty M T*. We shall call Ty" the reduced Clifford
group of T; the group x(To") will be called the reduced orthogonal group of
Q and will be denoted by G,".

The group I'/T, is clearly abelian, which shows that the commutator
subgroup I of T is contained in T, . If s is an element of I' such that
x(8) is not in G*, then x(T) is generated by x(I'*) and x(s), and T is gen-
erated by I'", s, and its center. It follows that I'/T'* is abelian and that

* see footnote p.115.
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IY C I'*, whence IV C I',". If m is even, then @ = x(T') and we see
that the commutator subgroup G’ of G is in G,*. If m is odd, then the
center of G contains an element ¢ not in G* (namely, the mapping z
— — z2),and @ = G* U (¢{G*), which shows that G’ is also the com-
mutator subgroup of G*; since G* = x(I'*), we see that, here again,
G, C Go+.

1I1.3.6. Let H be the subgroup of the multiplicative group K. of elements
# 0 in K which is generated by the products Q(z)Q(y),  and y running
over the nonsingular elements of M, and let K.” be the group of squares of
elements of K. . If m > 0, the group G*/G," is isomorphic to H/K.>.

The kernel of the restriction®*of x to I'* is K.-1. Since any element
of this kernel is an even element of the center of C, G*/@," is isomorphic
to I'"/K.T,", i.e., also to A(T'*)/A(K.). If K has only 2 elements, then
H = K. = K.? = \(I'*) and 11.3.6 is obvious. ‘Assume that this is not
the case. We have A(K.) = K.?; if m is even, then I'* is generated by
the products zy, for z, y ¢ I' N M, whence M(I'*) = H. Assume m odd,
and let (z,, --- , ) be a base of M composed of mutually orthogonal
vectors. Then z = z, --- z, is an odd invertible element of the center
of C, and I'* is generated by the products zz, with z ¢ T N\ M (11.3.4).
We have A(zz) = Azz) = (Q(z) Q(z2) -+ (Q(Tn-2) Q(Tm-1)) (Qza)
Q(x)) and \(I'*) = H; I1.3.6 is thereby proved.

11.3.7. If the index of Q is > 0, then G*/G," is isomorphic to K./K.>.

This follows from I1.3.6, since @ then assumes all values in K (by
1.3.3).

11.3.8. Assume that the index of Q is > 0 and that we are not in the
following exceptional case: K has 2 elements, dim M = 4, and Q s of
index 2. Then G,* s the group of commutators of G.

Since Q is of index > 0, there exist two singular vectors z, y such
that B(z, y) = 1. The plane P = Kz + Ky is not isotropic; let P’ be
its conjugate. We shall prove that every o ¢ G is the product of an
element of the commutator subgroup @&’ of G and of an operation which
leaves the elements of P’ fixed. We first consider the case where o is
the symmetry with respect to a hyperplane H whose conjugate contains
a nonsingular vector 2. Let z, = x 4+ Q(2)y, whence Q(2) = Q(z,). There
isa 7 ¢ G such that -z = z (I1.4.1); we may write ¢ = (6 70 ' 7°)
(r o 77"), and 7o7 ! is the symmetry with respect to the conjugate H,; of
Kz, . Since P’ C H,, 7o7 ' leaves the elements of P’ fixed, which proves

our assertion in that case. To establish it in the general case, it will be
* see footnote p.115.
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sufficient (in virtue of I.5.1) to show that, if our assertion is true of
o, ¢/, then it is also true of ¢o’. We have ¢ = 7,0, , ¢/ = o', ¢';, where
o1, 0’y ¢ @ and 7,, o', leave the elements of P’ fixed; thus, we have
00’ = (01020"105"") (020"2), which proves our assertion for o¢’. Now,
let ¢ = 010, bein Gy*, 0, ¢ @, 0, , leaving the elements of P’ fixed. Since
G’ C G,", we have g, ¢ G,". The only singular vectors of P are those of
Kz and Ky; thus, o,-z is either in Kz or in Ky. Moreover, it is clear
that any operation of G, which leaves x and the elements of P’ fixed is
the identity. We shall see that it is impossible that o,z = ay, a ¢ K.For,
let then = be the symmetry with respect to the conjugate hyperplane of
K(z — ay). (We have a # 0, whence Q(z — ay) 5 0.) Then it is easily
seen that 72z = ay, and 7 leaves the element of P’ fixed. Since 7 is not in
G, o, ¥ 7, which proves our assertion. Therefore, we have ¢,-z = az,
ae K, whences,-y = a”'y. Let s = a-1 + (1 — a)yz; any element of P’
anticommutes with every element of P and commutes therefore with s.
We have

(a1 4+ (1 —a)yx) (a1 + (1 — a)xy) = a-1,
so that
st=a"l(a1+ (1 — a)ry).

We have szs™' = az and, since s = 1 — (1 — a)zy, sys™' = a”'y. This
shows that s e I'" and x(s) = ¢, . On the other hand, there is an s’ ¢ T',*
such that x(s") = o, ; it follows that s’s™" is in the center of I'*, i.e., that
s = c¢, ¢ a scalar* We have a(s) = a-1 + (1 — a)zy, whence ¢* =
A(s) = a. Now let o3 be the operation of G which maps z upon cz, ¥
upon c¢”'y, and the elements of P’ upon themselves, and let r be the
operation of G which exchanges z and y and maps the elements of P’
upon themselves. Then we see that 7o 7' 03-2 = ¢’z = 0,7, whence
02 = 103 ' 7' g3 ¢ @. Thus, we have proved that G,* C G'. Since
G' C G,*, 11.3.8 is proved.

1

11.3.9. The assumptions being as in 11.3.8, assume furthermore that
dim M > 2. Then G," s also the commutator subgroup of G*.

We have only to prove that the commutator subgroup G’ of G is
contained in the commutator subgroup H of G*. It is clear that H is a
normal subgroup of G. Let 7, , 0, , 7 be in G; the formula

(0:09)7(0102) 77" = ay(oz70, 7 7 oy oy T Y

shows that, if the commutators of o, , 7+ and of ¢, , 7 are in H, then
so is the commutator of ¢, o, , 7. Every element of G is a product of

symmetries with respect to hyperplanes (whose conjugates contain
* see footnote p.115.
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nonsingular vectors). It will therefore be sufficient to prove that, if o
is such a symmetry and r ¢ @, then or¢™" 77" ¢ H, or, which amounts to
the same, that 77~ ¢™' ¢ H. Decomposing r into symmetries, we are
reduced to consider the case where ¢ and = are symmetries with respect
to hyperplanes whose conjugates contain nonsingular vectors z and y.
The conjugate of Ky is obviously not totally singular; let ' be a non-
singular vector of this conjugate and ¢’ the symmetry with respect to
the conjugate hyperplane of Ky’. Let { = o¢’; then ¢ = {¢’ and, since
¢’ commutes with 7, it follows from the formula written above that it is
sufficient to show that {7~ '+~ ¢ H. Assume first that the conjugate
‘space P of Kz + Ky’ is not totally singular, and then let 2’ be a non-
singular vector of P and let 7' be the symmetry with respect to the
conjugate of Kz'. Then 7 commutes with ¢ and ¢/, and therefore with
¢. We write r = 77/-7'; since v/ commutes with { and 77’ ¢ G, the
commutators of ¢ and 7’ and of { and 77’ are in H,which shows that the
commutator of { and 7 is in H. Assume now that P is totally singular.
Then we have P C Kz + Ky’ and, since Kz is not singular, P # Kz
+ Ky'. If m = dim M, then P is of dimension m — 2. Since m > 2,
P is of dimension 1 and m = 3. But, if m is odd, then the center of G
contains an element not in G* (namely, the mapping z — — z), from
which it follows immediately that G and G* have the same commutator
subgroup.

2.4. Spinors (Even Dimension)

We assume that the space M 1is of even dimension m = 2r, and that B is
nondegenerate. We denote by G the orthogonal group of Q, by C its Clifford
algebra, by C, , C_ the spaces of even and odd elements of C, by T the
Clifford group of Q, by I'* its special Clifford group, and by To* its reduced
Clifford group.

We know that all simple representations of the simple algebra C are
equivalent. We select one of them, say p, and we call the space S of this
representation the space of spinors of Q. The representation p of C is
called the spin representation of C; the representation p* of C., induced
by p is called the spin representation of C, . The representation p of C
induces a representation of I', which will still be denoted by p; it also
induces representations of I'* and I',* which are denoted by p*, po* ; all
these representations are also called spin representations.

I1.4.1. Except in the case where K has 2 elements, m = 2, and Q s of
index 1, T' is a set of generalors of the algebra C and the spin representation
of T' is simple.
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We first establish the following:

Lemma 1. Let R be a finite-dimensional vector space over a field K
and Q, a quadratic form on R whose associated bilinear form B, is non-
degenerate. Let z, be any element #= 0 of R and N the subspace of R spanned
by all vectors x such that Q(z) = Q(x,). Then we have N = R unless R is
of dimension 2, Q is of index 1, and K has either 2 or 3 elements.

It is obvious that N is mapped into itself by the operations of the
orthogonal group @, of the form @, . Lemma 1 therefore follows from
1.6.2 and 1.6.7.

Now, I’ contains every nonsingular vector of M. If m = 2 and K has
3 elements, we see immediately that there exist two linearly independent
nonsingular vectors in M. Thus, if we are not considering the exceptional
case of I1.4.1, then M is spanned by I' N\ M, which shows that T gener-
ates C. Since the spin representation of C is simple, so is the spin repre-
sentation of I'. If we are considering the exceptional case, then M is
spanned by two singular vectors z and y such that B(z, y) = 1. Then
T = {1, z 4+ y}, and it is easily seen that the spin representation of T
is not simple.

Consider now the representation p* of C., . This representation is
either simple or the sum of two simple representations (see the remark
which follows the proof of I11.2.3). If C, is not simple, then C, has two
tnequivalent simple representations, and both must occur in p*, since
p* is faithful. In that case, p* is the sum of two inequivalent simple
representations. It follows that S may be represented in one and only
one way as the sum of two subspaces each of which yields a simple
representation of C, . These two spaces are then called the spaces of
half-spinors, and the corresponding representations of C, the half-spin
representations. The representations of I'*, T,* induced by the half-spin
representations of C, are called the half-spin representations of these
groups.

I1.4.2. The spin representation p* of T is either simple or the sum of
two simple representations. If C, is not simple and if we are not in the
exceptional case of 11.4.1, then the half-spin representations of T'* are
stmple and inequivalent to each other.

We have seen in the proof of I1.4.1 that, if we are not considering the
exceptional case, M is spanned by its nonsingular vectors. On the other
hand, C., is generated by all products of 2 elements of M and therefore
also (outside the exceptional case) by the products of two nonsingular
vectors of M. But these products are in I'*, and I'* is therefore a set of
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generators of the algebra C. . In the exceptional case of I1.4.1, we have
I'* = {1} and the spin representation splits into two simple repre-
sentations; I1.4.2 is thereby proved.

11.4.3. The spin representation p," of To* s either simple or the sum
of two simple representations; if the spin representation of T'" is simple,
then sois p,*. If C, is not a simple algebra, then the half-spin representations
of Tw* are simple; they are tnequivalent to each other except if m = 2, Q
18 of index 1, and K has either 2 or 3 elements.

We may assume M = {0}; let z, be a nonsingular vector in M and
a, = Q(x,). Assume that M is spanned by the set of all vectors z such
that Q(z) = Q(z,). Since C, is generated by all products of two elements
of M, it is also generated by the elements of the form a, 'zy, where =,
y are vectors such that Q(x) = Q(y) = a, . But a,”'zy then belongs
to Ty*, since A(a, 'zy) = a,”% Q(z) Q(y); thus, T,* is in that case a set
of generators of C, . If the set of vectors z such that @(z) = a does not
span M, then m = 2, @ is of index 1, and K has either 2 or 3 elements.
In these cases, it is easily seen that the representation p* of I'* is never
simple: it splits into two representations of degree 1. Since every repre-
sentation of degree 1 is simple, I11.4.3 is proved.

2.5. Spinors (Odd Dimension)

We assume now that the space M 1is of odd dimension m = 2r + 1 and
that B is nondegenerate. Otherwise, we use the same notation as tn Section 4.

The algebra C. is now central simple (I1.2.6), and its simple repre-
sentations are all equivalent to each other. We select one, say p*, which
we call the spin representation; the space S of this representation will
be called the space of spinors. The representations of I'*, I',* induced
by p* are called the spin representations of these groups.

I11.5.1. The group To* is a set of generators of the algebra C., ; the
spin representations of T'*, T'y* are simple.

Let z, be a nonsingular vector in M. Then M is spanned by the vectors
Q(z) such that Q(z) = Q(z,) (Lemma 1, II.4). It follows as in the
proof of I1.4.3 that T,* is a set of generators of the algebra C, . The
second assertion of I1.5.1 follows immediately from the first.

11.5.2. If the algebra C is not simple, then it is possible in exactly
two ways to extend the spin representation of C., to a representation of the
algebra C.

The center Z of C is spanned by 1 and by an odd element z such that
2> ¢ K-1. Since C is not simple, 2> must be a square in K, and we may
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assume without loss of generality that 2* = 1. Any u ¢ C is uniquely
representable in the form v = u, + w,2, where u, , u; are in C, . Since
zisin the center of C, the mappings ¢: u — 4, + us and ¢’: u — u; — u,
are homomorphisms of C into C, ; the representations p = p* oy,
p’ = p* oy’ are representations of C' which extend p*. Conversely, let

" be any representation of C which extends p*. Let ¢ = p'/(2); then
" ¢” is the identity mapping I of the space S of spinors, and ¢ commutes
with every operation of p*(C,). The space S is the sum of the space S,
of elements w such that o-w = w and of the space S, of elements w’
such that ¢-w’ = — w’. But these spaces are mapped into themselves
by the operations of p*(C.). Since p* is simple, one of S, , S, is S and
the other {0}, whence ¢ = 1. It follows that p’’ is one of the repre-
sentation p, p’

If C is not simple, then the two representations of C which extend
p" are called the two spin representations of C; the representations of
T induced by these spin representations are called the spin representa-
tions of T.

2.6. Imbedded Spaces

We shall assume that B is nondegenerate. We shall denote by M a non-
tsotropic subspace of M, by ( Q the restriction of Q to M by C, C the Clifford
algebras of Q, Q, by C. , C. the algebras of even elements of C, C, by T,
T' the Clifford groups of @Q, Q, by T, T their special Clifford groups, by
Ty, To" their reduced Clifford groups

We shall identify C to the subalgebra of C generated by M we then
have C, = C N C, .

I1.6.1. The group T* is a subgroup of T*; if 5 e T'*, then the norm of
s zs the_same whether we consider s as an element of 1" or of I‘ and
=T"NT".If M is of even dimenston, then T C Tand any element

of T has the same norm in T as in T.

Let N be the conjugate space of M. If y ¢ N, then y anticommutes
with every element of M; it follows that y anticommutes with every
odd element of C and commutes with every element of C,.If5eTis
either even or odd, then we have sy5' = £y and SNs ' = N. Since
M =M + N, §M5 ' = M,§isin T. This shows that I'* C T'* and that
T C I'if M is of even dlmensmn (see I1.3.2). It is obvious that the main
antiautomorphism of C induces the main antiautomorphism of C;
the remaining statements of II.6.1 follow immediately from this
observation.
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I1.6.2. Let x and X be the vector representations of T and T';4f e T N T,
then X(5) 1s the restriction of x(3) to M, and, if § e T'*, then x(3) leaves
Jized the elements of the conjugate space of M. The representation of T'*
tnduced by the spin representation of T'* is the sum of a certain number of
representations equivalent to the spin representation of T'*. Assume now
that C, is not simple and that M % M. Then the representation of T'* in-
duced by a half-spin representation of T'* is the sum of a certain number
of representations equivalent to the spin representation of T'*.

If e T N T, then we have x(5)-2 = 53" for all z ¢ M, which shows
that the restriction of x(5) to M is x(5). Every element y of the conjugate
space of M anticommutes with every element of M and therefore
commutes with every element of C, , which shows that x(3)-y = y if
Se T,.Wehave C. C C, ; ; if C. is simple, then the representation of
C. induced by a representation of C, is the sum of a certain number of
representations all equlvalent to the spin representation of C.. (Observe
that the unit element of C, is also unit element of C,-) This shows that
the representation of I'* induced by the spin representation of I'*
(or by a half-spin representation of I'*, if C, is not simple) is the sum of
a certain number of representations equivalent to the spin representa-
tion of I'*. Assume now that C. is not simple but that C., is, and let
7 be the representation of C. induced by the spin representation of
C. . Let w, and w, be the two half-spin representations of C, ; then the
spin representation of C. is w, 4+ w,. The representation 7 is the sum of
a certain number of simple representation of C, , each one of which is
equivalent to w, or w, ; we wish to prove that w; and w, occur the same
number of times in 7. We may obviously assume M = M. The regular
representation of C, on itself is the sum of a certain number of repre-
sentations all equivalent to the spin representation; it will therefore be
sufficient to prove that w, and w, occur the same number of times in
the representation 8 of C., induced by the regular representation of C. .

The algebra C, is the sum of two simple ideals @, and @, . Let T be a
nonsingular element of M; then % — ZuZ ' is an automorphism j of C, .
We assert that j exchanges the ideals a, and a, . We may write a; = C.e;,
where ¢; is a central 1dempotent of C, . If we had j(a,) = a,, then we
would have ¢, = Te,Z " ; but it is clear that € = C, + C.Z; since ¢, is
in the center of C,,it Would be in the center of C. But this is impossible,
since, C. not being simple, M is of even dimension and C central simple.
It follows that j(a,) = @, j(a2) = a, . Since M # M, the conjugate
space of M contains some nonisotropic vector y; since y anticommutes
with every element of M it commutes with every element of C. . The
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element Zy is an invertible element of C, ; let 5/ be the mapping u —
(@y)u(@y) ™" of C, into itself. Then j* extends j. Let M, be the set of
elements u ¢ C, such that e,y = 0 (¢ = 1, 2); then it is clear that C.
is the direct sum of I, and M, (because ¢, + € = 1, e,e; = 0). Since
Je=¢,j & = &,  transforms I, into M, , and MW, , M, have the
same dimension. It is clear that uI; C M, (¢ = 1, 2) forany u e C. ;
denote by 6;(u) the restriction of 8(z) to M, . Then 6 is the sum of the
representations 6, and 6, , which are of the same degree. One of the
representations v, , w, map ¢ upon 0 and ¢, upon the identity, and the
other maps ¢, upon 0 and ¢ upon the identity; we may assume that
w;(e;) = 0. It is then clear that 6, is the sum of a certain number of
representations equivalent to w; (z = 1, 2). Since 6, , 6, are of the same
degree and w, , w, of the same degree, it is clear that », occurs as many
times in 6, as w, in 6, , and therefore that w, and w, occur the same
number of times in 6 and in . This shows that r is the sum of a certain
number of representations equivalent to the spin representation of C. .

Assume now that C. is not simple. Let p, be a half-spin repre-
sentation of C', and 7’ the representation of C, induced by p, . We shall
see that w, , w, also occur the same number of times in 7’. The algebra
C, is the sum of two simple ideals of which one, say a, is represented
faithfully under p, , while the other one is mapped upon {0}. Let o, be the
representation of C', which assigns to every u e C, the mapping w, —
uw, of a into itself. Then o, is the sum of a certain number of repre-
sentations equivalent to p, , and the representation 6’ of C. induced
by ¢, is the sum of a certain number of representations equivalent to
7’1 it will be sufficient to prove that w, and w, occur the same number of
times in 6’. The automorphism j’ defined above is an inner automorphism
of C, and therefore transforms a into itself. The proof then goes exactly
as above, decomposing a into the direct sum ', + M, of the spaces
M = M, M a, which are transformed into each other by 5.

2.7. Extension of the Basic Field

Let M be a finite-dimensional vector space of dimension m over a
field K, and @ a quadratic form on M whose associated bilinear form is
nondegenerate. Let K’ be an overfield of K, let M’ be the vector space
over K’ which is deduced from M by extending to K’ the basic field,
and let @ be the quadratic form on M’ which extends Q. Then the
Clifford algebra C’ of @ may be identified to the algebra deduced from
C by extending the basic field to K’ (II.1.5). It is clear that C, =
C’, M C and that the main antiautomorphism of C is the restriction
to C of the main antiautomorphism of C’. Let T, T'*, T'y* be the Clifford
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group, the special Clifford group, and the reduced Clifford group of
Q,and IV, I'*, IV, those of Q'. Then it is clear that
rcr’ rcrt T," C It

Let x, x’ be the vector representations of I', I''. Then, for s e T, x(s)
is obviously the restriction of x’(s) to M. If M is even-dimensional,
let p and p’ be the spin representations of C and C’. If 8 is the space of
spinors for Q, then p may be extended to a representation p* of C’ on
the space S deduced from S by extension to K’ of the basic field.
Since p*'(1) is the identity, p*" is the sum of a certain number of repre-
sentations of C’ equivalent to the spin representation. It follows that,
for any one of the groups I, I'*, T',*, the representation deduced from
the spin representation by extension of the basic field is the sum of a
certain number of representations all equivalent to the one induced
by the spin representation of the corresponding group IV, I'*, or I',".
If C, is not simple, then the same is true of C’, and the simple ideals
of C’, are those generated by the simple ideals of C. . This shows that
the representation of I'* or I'y* deduced by extension of the basic field
of a half-spin representation is the sum of a certain number of repre-
sentations all equivalent to the one induced by a suitable half-spin
representation of the corresponding group IV* or IV,*.

If M is odd-dimensional, we see in the same way that the representa-
tion of I'* or I'," deduced by extending the basic field from the spin
representation is the sum of a certain number of representations all
equivalent to the one induced by the spin representation of I'* or
I’y

2.8. The Theorem of Hurwitz

Let M be a vector space of finite dimension m over a field K and Q
a quadratic form on M whose associated bilinear form B is nonde-
generate. In certain cases, it is possible to find a bilinear mapping ¢
of M X M into M which satisfies the identity

Qlelz, v) = Q@AY  (z,ye M). )

For instance, if m = 1 and Q takes the value 1, let 2, be such that
Q) = 1.Ifz,y e M, set ¢ = az,, y = bz, ; then the mapping defined
by ¢(z, y) = abz, has the required property.

Now, assuming that K is not of characteristic 2, let Z be a commuta-
tive algebra of dimension 2 over K with a base (z; , z.) such that z, is
the unit element and z,> = ax, , a being an element 5 0 in K. Then
there is an automorphism z — Z of order 2 of Z such that z, = — =z, ;
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if z = wz, + vz, ¢ Z (with u, v ¢ K), then we have 27 = (u* — av’)z, ;
set Q(z) = u*> — av® = zZ. Then the associated bilinear form of Q is
clearly nondegenerate. We have

Qxy)z, = zyzy = 27Yy = Q@)QW) ,

whence Q(zy) = Q(x)Q(¥).

The algebra Z defined above may be imbedded into a ‘“‘generalized
quaternion algebra L” which is generated by Z and by an element z;
such that z,> = br, ,be K, b # 0, and z:2,2,"" = — z, = %, , whence
Zy2z ' = Z for every z ¢ Z. The elements «, , 2, , &, , ,2; = 2, form a
base of L. If

4
r = Eu;xgsL,

=l

set

4

T = Ux, — Zuw; .

i=2
We then have 7, = z, ,Z; = — z; if 7+ > 1. The multiplication in L is
defined by the formulas
T, =zx =2 (t=123,4 2 =ax, 2z =bzr, z3 = —abz,,
xgxa = —XT3T = Ty Tokly = AX3 = —XT4Xo T4l3 = bxz = —X3% .

It follows immediately that the mapping  — Z is an antiautomorphism
of L. The only elements left fixed by this antiautomorphism are those
of Kz, . The conjugate of 2% being zZ itself, we have 2z = Q(2)z, ,
Q(z) a scalar. An easy computation gives

4
oS ua) = w* = au — b+ abul, Q) = QWQW.

Were K of characteristic 2, we could construct similar examples by
taking for Z a commutative algebra of dimension 2 over K which is
either the sum of two fields isomorphic to K or a separable quadratic
extension of K.

On the other hand, if M is of dimension 8 and @ of index 4, we shall
construct in IV -5 a mapping ¢ which has the property (1).

We shall now prove a result due to Hurwitz,' which states that, if

1A, Hurwitz, “Uber die Komposition der quadratischen Formen von beliebig
vielen Variabeln,” Nachrichten von der Koniglichen Gesellschaft der Wissenschaften zu
Gittingen, 1898, p. 309, or Mathematische Werke, (Basel: Birkhauser, 1932), II, p. 565;
see also “Uber die Komposition der quadratischen Formen,” Mathematische Annalen,
88 (1923), p. 1, or Mathematische Werke, 11, p. 641.
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m # 1, 2, 4, 8, there exists no bilinear mapping ¢ of M X M into M
for which (1) holds.

Assume that we have a bilinear mapping ¢ for which (1) is true.
Let z, y, 2z be elements of M; we then have ¢(z, y + 2) = o(z, y) +
o(z, 2); applying (1) by replacing successively y by y, z and y + 2, we
easily obtain the formula

B(e(z, ), ¢(z, 2)) = Q@)B(y, 2). @
Replacing = by z, 2’ and £ + 2’ in (2), we easily obtain

Ble(x, 1), ¢(a', 2)) + Ble(z’, 4), ¢(z, 2)) = B(z, 2)B(y,2).  (3)

Conversely, assume that we have a subset S of M such that the formulas
(1), (2), (3) are valid whenever z, 2/, ¥, z are in S. If S spans the vector
space M, then (1) is valid for all z, y ¢ M. For, let first y be in S and =
any element of M; write

h
T = E ;T

f=1

with a; ¢ K, z; ¢ S. Then we have

Qole, 1) = AT asles 1)
= 3 0200t ) + T 0Bl 1), ofe: 1)

= Z} a:’Q(z)Q() + ;i a.a;B(z: , z,)Q®)

= Q(x)Q(y) )

which shows that (1) is true if z ¢ M, y ¢ S. On the other hand, if y,
z ¢ S, we have, by using (2), (3),

Be(z, 9), (@, 2) = 2 6:0;Ble(x: , 9), (z; , 2))

$,i=1
h

= Z_; a’Q(z)B(y, 2) + 2 a«a;B(z: , z)B(y, 2)

= Q()B(y, 2),

which shows that (2) is true if z ¢ M, y, z ¢ S. Now let z and y be arbi-
trary in M; writing y as a linear combination of elements of S, we see
by a computation similar to the one made above that Q(¢(z, ¥)) =

- Q@)Q®).
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This being said, let K’ be an overfield of K. Denote by M’ the vector
space over K’ deduced from A by extending the basic field and by
Q' the quadratic form on M’ which extends Q. It is easily seen that
¢ may be extended to a bilinear mapping ¢’ of M’ X M’ into M’. Since
M spans M’, it follows from what we have just said that Q'(¢'(z, ¥)) =
Q'(x)Q'(y) for all z, y ¢ M’. This shows that, in proving Hurwitz’s
Theorem, we may replace K by any larger field. In particular, we may
assume that @ has its maximal possible index r (i.e., m = 2r or m =
2r 4+ 1). We shall also assume that m > 2. The space M contains at
least one element z; such that Q(x,) = 1, for, if z, y are such that
Qi) = Qy) = 0, B(z, y) = 1, then z, = =z + y has the required
property. The mapping o, : ¥y — ¢(z: , y) then belongs to the orthogonal
group G of Q. Set ¥(z, y) = o, ". (¢(x, ¥)). Then it is clear that Q(Y(z, v))
= Q(z)Q(y) and y¥(z, , y) = y for all y e M. For any z ¢ M, we denote
by L. the mapping y — ¢(z, y). We first prove that m is even. Let
z#0 be any singular vector; then we have Q(L,-y) = 0 for all y ¢ M,and
L.(M) is totally singular. The dimension p of this space is therefore
< r. On the other hand, if y is a nonsingular vector, then the mapping
z — Y(z, y) is one-to-one. For, we easily see (in the same way that we
proved formula (2)) that B(¥(z, v), ¥(2' , ¥)) = B(z, 2))Q(y) for all ¢,
2’ ¢ M. Thus, the condition ¢(2’, y) = 0 implies B(z, ) = 0 for all
ze M, whence 2’ = 0. This shows that the kernel of L, is totally singular.
The dimension of this kernel is m — p; thus, we have m < p 4+ r = 2r,
which shows that m # 2r 4 1 and that m is even.

Let z be any element of M such that B(z, z,) = 0.Then Q(¥(z, + z, v))
is equal on the one hand to

Qz; + Q) = (1 + Q()Q)
and on the other hand to
Q + L.-y) = QW) + Q@)Q) + By, L.-y);

thus, we have B(y, L.-y) = 0. Replacing ¥ by y, z and ¥ + 2 in this
formula, we obtain immediately

B(y, L,‘Z) + B, Lsy) = 0.
Replacing z by L, -z, we obtain

B(y, L.’-2) = —Q(x)B(y, 2),
or

B(y, (L.’ + Q@)I)-2) = 0,
where I is the identity mapping. We conclude that
L= —-Q@)-I if Bz z)=0. (4)

128



THE CLIFFORD ALGEBRA

Let H be the conjugate hyperplane of Kz, . If K is of characteristic 2,
let N be a subspace of H supplementary to Kz, ; if not, let N be any
(m — 2)-dimensional nonisotropic subspace of H. Let C’ be the Clifford
algebra of the restriction of — @ to N, and let I be the algebra of all
endomorphisms of M. It follows from (4) and from IL.1.1 that the
linear mapping z — L, of N into I may be extended to a homomorphism
0 of C’ into M. The space N is not isotropic; since N is of even dimension
m — 2, C' is central simple and 6 is an isomorphism. The algebra C’ is of
dimension 2°“~"; its simple representations are therefore all equivalent,
and their degrees are multiples of 2"~". Since 6(C”) contains the identity,
m = 2r must be a multiple of 2"}, and r is a multiple of 2"% It is
easily seen that this can happen only for r = 2 or 4 (since m > 2 by
assumption), which proves Hurwitz’s Theorem.

2.9. Quadratic Forms over the Real Numbers

Let M be a vector space of finite dimension m over the field of real
numbers, and @ a quadratic form of rank m over M. If x is not singular
in M, then there is a real number a such that Q(ax) = 1. Thus, M
has a base (z,, *-- , =) composed of mutually orthogonal vectors z;
such that Q(z;) = 1. We may assume that Q(z,.—,) = 1, Q(z.) =
— 1for1 < k < v, v being some integer < m/2, while the Q(z;) are all
equal to each other for ¢ > 2»; let ¢ be their common value. Then
we have

Q(E aaxe) = E (a:k-l - a:k) + € Z asz,
i=1 k=1 T1=2r+1
where ¢ = + 1. If we denote by N the space spanned by the elements
ZTa-1 + zu (1 < k < v), by P the space spanned by the elements
Zor-1 — T (1 < k < »), and by R the space spanned by 2,41, *** , Tm,
then M = N + P + R, N, and P are totally singular and the restric-
tion of @ to R is definite (positive if ¢ > 0, negative if ¢ < 0). The con-
jugate of N is N 4+ R, and the only singular vectors of this space are
those of N, which shows that » is the index of Q. If we denote by p the
number of indices 7 such that Q(z;) = 1 and by ¢ the number of indices
7 for which Q(z;) < 0, then » is the smallest of p, g, while p + ¢ = m;
eis 4+ 1ifp > ¢, —1if p < q. Let (z/y, -+, 2',.) be any other base
with the same properties as (z, , +++ , z..), and let N’, P, R, 9, ¢, €
be determined for this new base as N, P, R, p, g, ¢ have been for (z, ,
* , Z,). The restrictions of @ to N + P, N’ + P’ are equivalent;
the same is therefore true of its restrictions to R, R’, whence ¢ = ¢
(if 2 v = m). We have p’ + ¢ = p + ¢, min {p, ¢} = min {p/, ¢}, and
p > ¢ if and only if p’ > ¢’; it follows that p = p’, ¢ = ¢'. This is the
famous law of inertia.
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Let us now determine the structure of the Clifford algebra C of Q.
The discriminant of the restriction of B to (N + P) X (N X P) is
(= 1)2*". Thus, C is isomorphic to the tensor product of the Clifford
algebras C, , C, of the restrictions of @ to N + P and R (I1.2.5), and
C, is isomorphic to a full matrix algebra (I1.2.1). Let us now assume
that @ is of index 0, and suppose first that m = 2r is even. There is
only one central division algebra # K over the field K of real numbers
(up to isomorphism), and this is the algebra @ of quaternions. Thus, C
is either isomorphic to a full matrix algebra over K or to a full matrix
algebra over Q. Set {(Q) = 4+ 1 in the first case, {(Q) = — 1 in the
second case. Also set ¢(Q) = + 1 or — 1, according to whether @ is
positive or negative definite. If m = 2, then C has a base (1, z, , z, ,
7,7,) such that z,> = -1, 2,° = e'1, (,2,)°> = — 1. If e = + 1, then
C has zero divisors (for instance, z, — 1);if ¢ = — 1, then we recognize
the classical base of ©; thus, {(Q) = (@) if m = 2. If m > 2,let N be a
nonisotropic subspace of dimension m — 2 of M, and N’ the conjugate
of N; then C is isomorphic to the tensor product of the Clifford algebra
of the restriction Qy of Q to N by that of (— 1)"7'Qy. , where Q- is the
restriction of Q to N’ (II.2.5, observing that the discriminant of the
restriction of B to N X N is a square). Since @ Q) Q@ is a full matrix
algebra, we have

Q) = t@(—=D)7'Qu) = (=1)"¢(@w)e.
It follows immediately that

{Q) = (=) (Q).

Moreover, C. is simple if r is odd, and is the direct sum of two ideals
if r is even (by II1.2.3).

Suppose now that m = 2r 4 1 is odd. Let z, be any element = 0
in M, and N the conjugate of Kz, . Then C, is isomorphic to the Clifford
algebra of the restriction of — ¢ @ to N (see the proof of I1.2.6). Thus,
C. is isomorphic to a full matrix algebra over K if (— 1)""*V”? =1,
over  if (— 1)""*"/* = — 1. Moreover, C is simple if (— 1)’e = — 1,
but is the sum of two simple ideals if (— 1)"e = + 1.

Returning now to the general case, we observe that the Clifford
group T of @ is a closed subgroup of the multiplicative group of in-
vertible elements of C' (where C is given its natural vector-space to-
pology); T is therefore a Lie group. We shall determine its Lie algebra.
For any X ¢ C, let L(X) be the operator of left multiplication by X in C.
Then L(X) is an endomorphism of the finite-dimensional vector space
C; as such, it has an exponential
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em LX) = 3 (07U

We may write this as

lim L( > (kl)"X").
n—o k=0

It is clear that w — L(u) is a homeomorphism of C with a subspace of

the vector space of endomorphisms of the vector space structure of C.

We conclude that

> ()X
k=0

tends to a limit in C' as n increases indefinitely. We denote this limit
by exp X, and we then have exp L(X) = L(exp X). We know that the
exponential of a matrix depends continuously on this matrix; it follows
that X — exp X is a continuous mapping of C into itself. We have
exp (X +Y) = (exp X) (exp Y) if XY = YX;in particular, exp X is
invertible, and (exp X)™* = exp (— X). Let C* be the multiplicative
group of invertible elements of C. Then ¢ — exp tX (¢ ¢ K) is a one-
parameter subgroup of C*; thus, we see that L(C) is in the Lie algebra
of L(C*). But L(C*) is obviously of dimension < 2™ and L(C) is of
dimension 2". Thus, L(C) is the full Lie algebra of L(C*). If we set
[X,Y] = XY — YX for X, Yin C, we have L([X, Y]) = [L(X), L(Y)];
thus, we see that we may regard C as the Lie algebra of C*, C being
made into a Lie algebra by means of the law of composition (X, ¥) —
X, Y.

If u ¢ C*, denote by x(u) the mapping w — uwu™" of C into itself;
x is a linear representation of C*. Regarding C as the Lie algebra of C*,
x is clearly the adjoint representation of C*. If we denote by A(X)
the mapping ¥ — [X, Y], then x (exp X) = exp A(X). Now, I' is the
group of all © e C* such that (x(v))(M) = M; for X to belong to the
Lie algebra of T, it is necessary and sufficient that exp ¢{A(X) should
map M into itself for all real ¢, i.e., that A(X) should map M into itself.
We propose now to determine the elements X with this property.

Let z, y be in M ; then we have, for z ¢ M,

zyz — zxy = 2By, 2) — (22 + 22)y
= B(y, 9z — B(z, 2)y

and zy belongs to the Lie algebra of T'. If m is odd, then the center Z of
C is spanned by 1 and by an odd element 2, and A(Z) = 0. Let ¢ be the
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space spanned by the elements xy (z, y ¢ M) and by 2 (the last one only
if m is odd). Then c¢ is clearly of dimension 1 + m(m — 1)/2 if m is even,
2 4+ m (m — 1)/2 if m is odd. Now, the image of I' under its vector
representation is G or G* (depending on the parity of m), and it is well
known that G and G* are of dimension m(m — 1)/2. The representation
x is continuous, and its kernel is the intersection of T' with the center of
Z; this kernel is of dimension 1 if m is even, 2 if m is odd. This shows that
I'is of dimension 1 + m(m — 1)/2 if m is even, 2 + m(m — 1)/2if m is
odd. This shows that ¢ ¢s the full Lie algebra of T. The Lie algebra of I'*
is obviously the space ¢* spanned by the products zy, z, y ¢ M. If a is
the main antiautomorphism of C, then, clearly, « (exp X) = exp a(X)
(X e C). It follows immediately that the Lie algebra ¢,* of T, is the set
of X ec¢* such that a(X) 4+ X = 0. This is easily seen to be the space
spanned by all products xy, where z, y are vectors of M orthogonal to
each other.

If Q is definite (either positive or negative), then it is well known that
G" is a connected group. In that case, we have G, = G in virtue of
I1.3.6. The kernel of the vector representation x of T',* is composed of
land — 1. If m > 1, then — 1 belongs to the connected component of
1in T,". For, let z and y be two vectors of M orthogonal to each other,
such that Q(z) = Q(y) = = 1. Then we have (zy)> = — 1 and
exp try = cost + (sin ¢)zy, whence exp mzy = — 1;since exp txy e I',* for
all real {, — 1 belongs to the connected component of 1. It follows easily
that T',* is a connected group, which ‘“‘covers” G* exactly twice. If m
> 1, then it is known that the Poincaré group of G* is of order 2; I‘o
is then the simply connected covering group of G”.

If, however, Q is of index # 0, then G," is of index 2 in G* (by I1.3.6).
Every element o sufficiently near the identity in the Lie group G*
belongs to a one-parameter subgroup and is therefore a square in G,
whence o ¢ G,*. It follows that G, is an open subgroup of G* and con-
tains the connected component of the identity in G*. We shall establish
that G,* is connected. If z is a nonsingular vector in M, then there is a
scalar a such that Q(az) = =+ 1. Thus, an element s ¢ I'* may be repre-
sented in the form s = ¢z, -+ 2, , wherez; e M, Q(z,)) = £ 1 (1 < ¢
< 2h),and c £ K. If p is the number of indices z such that Q(z;) = —1,
then we have \(s) = (— 1)°¢; thus, s belongs to T,* if and only if
¢ = =+ 1 and p is even. Moreover, we may assume that Q(z,) = --- =
Q) = — 1, Q@41) = -++ = Q(xa) = + 1. For, if Q(z) = 1,

Q(z:+1) = — 1, we may write

-1
TiZiy1 = 13.'+1($.'+1 $exi+1)
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and Q(z:}.7:%:41) = + 1; by a succession of transformations of this
kind, we may bring all factors z; with Q(z;) < 0 in front of the product.
Thus, I',* is generated by = 1 and by the products zy, where z, y are
vectors such that Q(z) = Q(y) = =+ 1. Consider now any such product
zy. If z, y are linearly dependent, then we have zy = =+ 1. If not, then
they span a plane P. Let D be the set of vectors 2’ ¢ P such that Q(z') =
Q(z). We shall see that y belongs either to the connected component of
z or to that of — 2 in D. If P is isotropic, then P = Kx + Kz, where 2z
is a singular vector such that B(z, z) = 0, and D consists of all vectors
+ 2 + az, a ¢ K, which proves our assertion in that case. If P is not
isotropic and the restriction of @ to P is of index 1, then we have
P = Kz + KZ', where z, 2’ are singular vectors such that B(z, z’) = 1.
In that case, D is the set of all vectors of the form kz + Q(z)k™'2/, with
k 5 0; D has two components (corresponding to the cases where & > 0,
k < 0), one of which contains z and the other — z. If the restriction of
Q to P is of index O, then D is clearly connected. It follows that zy
belongs either to the component of 1 or to that of — 1 in T'y*. Thus,
T,* has at most two connected components, and, if it has two, then one
of them contains 1 and the other — 1. It follows immediately that
Go* = x(T,") is connected. It is easily seen that T',* itself is connected
if m > 2, butnotif m = 2.
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CHAPTER Il
FORMS OF MAXIMAL INDEX

We shall denote by M a vector space of finite dimension m over a field
K and by Q a quadratic form on M whose associated bilinear form B 1s
nondegenerate. We shall furthermore assume that @ is of maximal indez,
i.e., of index m/2 if m 1s even, (m — 1)/2 if m is odd. We shall denote by
G the orthogonal group of Q, by G* its group of rotations, by G,* its re-
stricted orthogonal group, by C its Clifford algebra, by C, and C_ the spaces
of even and odd elements of C, by T the Clifford group of Q, by x the vector
representation of T, by T'* the special Clifford group of Q, by T its re-
duced Clifford group, by p, p*, po* the spin representations of T, T'7,
To* (the first one only in the case m even), by \ the norm homomorphism,
and by a the main antiautomorphism of C.

Ezxcept in Section 3.8, we shall assume that m is even and we shall set
m = 2r. We shall then denote by N and P fized totally singular r-dimen-
sional subspaces of M such that M = N + P, by C” and C” the subalgebras
of C generated by N and P, and by f the product of the elements of some
base of P. Then Cf is a minimal left ideal of C, and we have Cf = C"f
(11.2.2). There is a representation p of C on C" such that vuf = (o(v)-u)f
if veC,ueC". Since Cf is a minimal left ideal, p is simple. We may
therefore take the space S of spinors to be C", p being the spin representa-
tion. We shall always assume that S has been defined in this manner.

The space CV may be identified to the exterior algebra of N. For
any integer &, let C,” be the space of homogeneous elements of degree
h of CY; C" N C, is then the sum of the spaces C," for h even, while
CV N (. is the sum of the spaces C," for & odd; we shall denote these
spaces by C.", C_".

If z ¢ N, then p(z) is the operation of left mutiplication by z in C¥,
while, if y ¢ P, p(y) is the homogeneous antiderivation of degree — 1 of
C" such that p(y)-x = B(z, y)-1 for z ¢ N (I1.2.2). It follows immedi-
ately that, if z ¢ M, then p(z) maps C.” into C_" and C_" into C,". We
conclude that, if u e C, , then p(u) maps each one of the spaces C." ,
C_" into itself; we denote by p,*(u), p;*(u) the restrictions of p(u) =
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p*(u) to C.", C_". Thus, we see that the spin representation p* of C,
is not simple. We shall deduce from this that C, itself is not simple.
The algebra C, is of dimension 2™*, while the algebra of all endomor-
phisms of the vector space C" is of dimension 2". Since C, is semi-
simple, the algebra 3 of vector-space endomorphisms of CV which
commute with all operations of p(C,) is of dimension 2"/2™' = 2.
The center Z of C, is of dimension 2 (I1.2.3), and 8 D p(Z), whence
8 = p(Z). Were C, simple, then Z would be a field; the same would be
true of 8, and, by a well-known theorem, p* would be simple, which is
not the case.

Thus, the spaces of half-spinors are C,” and C_"; we shall denote
C." (respectively: C_") by S, (respectively: S;) and call it the space
of even (respectively: odd) half-spinors. The half-spin representations
of I'*, T',* on the spaces S, , S; will be denoted by p,*, p;* for I'*, and
by po.»", po.:* for I

3.1. Pure Spinors

‘Let Z be any totally singular subspace of dimension r of M, C* the
subalgebra of C generated by Z, and f, the product of the elements of
some base of Z. Then f; is determined by Z up to a scalar factor = 0
(as follows from the fact that C? may be identified to the exterior
algebra of Z), and f”C is a minimal right ideal of C (by I1.2.2).

II1.1.1. The z’niersection of any minimal left ideal of C with any
minimal right ideal is a vector space of dimension 1 over K.

The algebra p(C) is the algebra of all endomorphisms of S. Let a
be a minimal left ideal of C: then we have a = Ce, where ¢ is an idem-
-potent. The operation p(e), being idempotent, is a projection; let H be its
kernel and H” = (po(e))(S). It is clear that for any v e C, p(ve) maps H
upon {0}. Conversely, let »’ be in C and such that p(v") maps H upon {0};
it is then clear that v* = v'e (since p(¢) maps the elements of H upon
themselves). Thus, a is the set of all elements v ¢ C such that p(v) maps
H upon {0}. Conversely, if H, is any subspace of S, the set a, of elements
v & C such that p(v) maps H, upon {0} is a left ideal, and, if H, D H,
then a; C a. Since a is minimal, it follows immediately that H is a
hyperplane. Let now b be a minimal right ideal; then b = ¢’C, where
¢’ is an idempotent. The operation p(¢’) is a projection; let D be its
kernel and D’ = (p(¢’))(S); then the operations of b map S into D’.
Conversely, let v be in C and such that (p(v))(S) C D’. Since p(¢’) is
the identity on D’, we have v = ¢'v ¢ b. Conversely, for any subspace
D)’ of 8, the set of v £ C such that p(v) maps S into D,’ is a right ideal
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b, , and D,” C D’ implies b, C 6. Since b is minimal, D’ must be of
dimension 1. Now, a M b is the set of v ¢ C such that p(v) maps H upon
{0} and Sinto D’;if zisin S but not in H andy ¥ 0 in D’, thenv e a
M b implies that p(v) -z = ay, a ¢ K, and v is uniquely determined when
a is given. It follows that a N b is of dimension 1.

This being said, let us return to the notation used above. The space
Cf M f;C is one-dimensional, and may therefore be written in the
form S,f, where S; is a one-dimensional subspace of S. Any element
# 0 of this space is called a representative spinor of Z. Any element
of S which is representative of some r-dimensional totally singular
space is called a pure spinor.

II1.1.2. Let Z be a totally singular r-dimensional subspace of M.
Then there exists an s e T such that sPs™ = Z; for any such s, p(s)-1 is
a representative spinor for Z.

Any vector-space isomorphism of P with Z may be extended to an
operation o of G (by 1.4.1); there is an s ¢ I" such that x(s) = o (by I1.3.1).
It is clear that sPs™ = Z; it follows that f; = sfs™'is # 0 and is the
product of the elements of a base of Z. We have sf ¢ Cf, sf = fzse f,C;
thus, sf spans Cf N f,C and p(s) -1 is a representative spinor for Z.

III.1.3. Let Z be a totally singular r-dimensional subspace of M and
uz a representative spinor for Z. If s € T, then p(s) -uz ts a representative

spinor for the space sZs™'.

This follows immediately from III.1.2.

II1.1.4. Let Z be a totally singular r-dimensional subspace of M and
uz a representative spinor for Z. Then Z 1is the set of elements x € M such
that p(z)-uz = 0. If u e S is such that p(z)-u = 0 for all z e Z, then
u = auz with some a ¢ K.

IfueS,zeM,seT, the conditions p(x)u = 0, p(s 'zs) - (o(s™)-u) =0
are equivalent. It is therefore sufficient to prove the first assertion of
III1.1.4 in the case where Z = P;in that case, we may obviously assume
that u, = 1. If 2/ ¢ N, 2’ ¢ P, then p(z/)-1 = z’ and p(z”) is an anti-
derivation of C¥ = S, which maps 1 upon 0, whence p(z’ + z'/)-1 = z'.
Thisis 0 if and only if 2’ = 0, i.e., z ¢ P. Since Z may be transformed into
N by an operation of G, it is sufficient to prove the second assertion in the
case where Z = N. Let then u be an element of C" such that p(z)-u = 0
for all ¢ N; since C" is the exterior algebra of N and p(z)-u = 2u =
z A u, it is well known that this implies that u is a scalar multiple of a
basic element e of C,” ; it follows that Kuy = Ku,and II1.1.4 is proved.
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It follows from III.1.4 that a totally singular r-dimensional subspace
of M is uniquely determined when any representative spinor of it is
given.

II1.1.5. A representative spinor of any totally singular r-dimensional
subspace of M is always a half-spinor (i.e., either even or odd). If m > 0,
there are both even and odd pure spinors.

We know that any s e T is either even or odd (I1.3.2), and that, if
m > 0, then there are even and odd elements in T'; III.1.5 therefore
follows from II1.1.2.

We shall call even (respectively: odd) those maximal totally isotropic

subspaces of M whose representative half-spinors are even (respectively:
odd).

I11.1.6. Let Z and Z’' be maximal totally singular subspaces of M.
A necessary and suffictent condition for Z and Z’ to be transformable into
each other by an operation of G* is that Z and Z' be both even or both odd.

We know that Z may be transformed into Z’ by an operation of G,
i.e., that there is an s e T' such that Z’ = sZs™'; II1.1.6 then follows
immediately from III1.1.2.

Let (z,, -+, ,) beabase of N. If u = Z,.; a;;z,x; is an element of
C,", we set exp u = I;.; (1 + a,;z.z;) (observe that the elements of
C." are in the center of C"). Since (z;x;)* = 0, it is clear that

exp (u + u') = (exp w)(exp u’)

for any w, v in C,”. If v = arx, = Zi., a;z;, then we have
exp u =1 + u, asfollows immediately from the fact that (z,z;) (z:z;) = 0.
Using the formula exp (v 4+ %’) = (exp w) (exp «’) and observing that
(zix) (x,2) = 0, we see immediately that exp u = 1 + u whenever
u = yz is a decomposable element. This proves that our definition of
exp u does not depend on the special base we have selected in N. We
have exp 0 = 1; it follows that exp u is always invertible and that
(exp )™ = exp (— u). For any u ¢ C,", exp u is in C.,” and differs from
1 4 u by an element of 2,5, Cx".

II1.1.7. If u € C,", then exp u belongs to Ty*, and x(exp u) leaves the
elements of N fixed. Any operation of G which leaves all elements of N
fized is in Go* and may be written in the form x(exp w), u e C,~. If Z, Z',
Z" are maximal totally singular subspaces of M such that Z' N\ Z =
Z" M\ Z, then there is an operation of G,* which leaves all points of Z
fixed and which transforms Z' into Z"'.
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The elements exp u, u € C,", obviously form a group H, image of the
additive group of C," under the homomorphism u — exp u. Every
element of C," being a sum of decomposable elements, in order to prove
that exp u e T, it will be sufficient to show that exp (z,z,) e T if 2, , z,
are elements of N. ' We then have z,z, = —r1,7,, 2,° = 2,° = 0, and,
fory e M,

Ty + Yz, = B(xo' ) y)'l (7' = 1; 2):

whence, if 4 = 2,2, ,

(exp wy(exp )™ = (1 + zz)y(l — z.2,)

=y + Bz, y)z. — B(@:, Y)z. . M
This shows that exp « e T'. It is obvious that exp u e T*. If z, , z, ¢ N,
then we have a(z,1,) = 2,2, = — 2,2, ; thus, if  is decomposable, we

have a(exp u) = exp (— u) = (exp u)~, whence exp u ¢ T',*; the same
is therefore true for all u ¢ C,". Since exp u commutes with every element
of N, x(exp u) leaves the elements of N fixed.

Coming back to formula (1), we observe that, if ¥ e P, then p(y) is.
an antiderivation of C" which maps any z ¢ N upon B(z, y)-1, whence
p(y) -2z, = B(z,, y)z; — B(x,, y)z, . Thus, (1) may be written as

x(expw)y =y — py).u (WeP,u=2.7,).

Now, if v = u; + -+ + u,, each u; being decomposable, then

h
expu = 1:11 (exp )

and x (exp u;) leaves the elements of N fixed. It follows immediately
that the formula

x(expuw)y =y — p(y).u (yeP)

is valid for every u ¢ C,". Now, let ¢ be any operation of G which leaves
all elements of N fixed. We have seen in the proof of 1.4.5 that there
exist bases (z,, -+ ,z,) of Nand (y,, -+, ¥,) of P such that B(z, , y;)
=6; (1 <4< 7 and o-Ynoy = Yoro1 — Tax, 0 Yor = Yo + T
for k < p, p being an integer < r/2, while o-y; = y; for ¢ > 2p. If we
setu = 2,23 + -+ + 23,2122, , then oy = x (exp u) -y for y ¢ P, whence
o = x (exp u), since both sides leave the elements of N fixed and
M =N+ P.

In order to prove the last assertion, we first observe that there is a
7 ¢ G such that 7(Z) = N (1.4.1). Set Z', = 7(Z'), Z", = 7(Z"); then
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Z'y, Z", are maximal totally singular spaces which have the same
intersection with N. If there is a o, ¢ G,* which leaves the points of N
fixed and transforms Z’, into Z",, thenr "o, risin G," (for G,* is a normal
subgroup of @), transforms Z’ into Z’’ and leaves the elements of Z
fixed. Thus, we see that we may assume that Z = N.

Let (z,, -+ ,zs) beabase of 2\ N and (z,, ---,,) abase of N
containing z, , --- , z, . Let (¥, -+, ¥,) be a base of P such that
B(z; ,y;) = 8:;; 1 < 1,7 < r)and let P, be the subspace of P spanned
by Ys+1, *** , Y. . It is clear that P, is the intersection of P with the
conjugate of Z’ N\ N, and that Z’, = (2’ N\ N) + P, is a maximal
totally singular subspace of M such that Z’;, "N = Z’ N\ N. It will
be sufficient to prove that Z’, Z’” may be transformed into Z’, by
operations of G leaving the points of N fixed, for we know that these
operations will then belong to G,*. It will furthermore be sufficient to
present the argument in the case of Z’. We may represent Z’ as the
direct sum of Z’ M N and of a space U’ of dimension » — h. If z ¢ U’,
we write z = f(2) + g(2), f(2) e N, g(2) ¢ P. Since UU "N = {0}, g is
a linear isomorphism of U’ with a subspace of P. If z ¢ Z’ M N, then we
have B(z, z) = 0 and B(z, f(2)) = 0 because N and Z’ are totally
isotropic. It follows that B(z, g(z)) = 0, whence g(z) ¢ P, ; since g(U’)
and P, are of dimension r — h, g is a linear isomorphism of U’ with
P, . The sum N 4 U’ is direct; let g be the linear mapping of N + U’
into M which coincides with the identity on N and with ¢ on U’ ; then
9(Z") = Z’,. Moreover, § is a Q-isomorphism. For, let  be in N and 2
in U’; then Q(g(z + 2)) = Q(z + 9(2)) = B(z, g(2)) = B(z, 2) because
B(z, f(2)) = 0; but Q(x + 2) is also B(z, 2), since Q(z) = Q(2) = 0,
which proves our assertion. Thus, § may be extended to an operation
o ¢ G (I1.4.1); o leaves the elements of N fixed and maps Z’ onto Z’,,
which concludes the proof.

II1.18. Letz,, - , z) be linearly independent elements of N. Denote
by A the space spanned by x, , - - , x, and by A’ the intersection of P with
the conjugate of A. Then Z' = A + A’ is a mazimal ftolally singular
subspace of M, and z, - - - x, is a representative spinor for Z'.

It is clear that Z’ is totally singular. We have dim A = h and dim 4’ =
r — h, since the restriction of B to N X P is nondegenerate; since
ANA’={0},wehavedim Z’' =r. Ifze A, then we have p(z) -z, - - - x)
=xx, -+~ 7, = 0. If y e A’, then p(y) is an antiderivation of C¥ which
maps x; upon B(z; ,y)-1 = 0 (1 < ¢ < h), whence p(y) z, +-- x, = 0.
Thus, we have p(2)-z; - - z, = 0 for all z ¢ Z’, which shows (by II1.1.4)
that z, - - - z, is a representative spinor for Z’.
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II1.1.9. A necessary and sufficient condition for a spinor u to be pure
18 that u be representable in the form c(exp v)z, - -+ x, , where z, , -+ , T,
are linearly independent elements of N, c e K, ¢ # 0, and v e C,". If u is
representative for the mazximal totally singular space Z, then x, , « -+ , @,
form a base of Z M N.

If 2, , -+, ) are linearly independent, then z, --- z, is pure and
representative for a space Z, such that Z, "N = Kz, + --- + Kuz,
(II1.1.8). If v £ C,", then exp v ¢ T N C¥, and p(exp v) is the operation
of multiplication by exp v in C*. Thus, (exp v)z, - - - , is representative
for the space (x(exp v))(Z,), whose intersection with N is the same as
that of Z, , since x(exp v) leaves the elements of N fixed. Conversely,
let Z be any maximal totally singular subspace of M, and (z,, --- , z4)
a base of Z M N. Define 4, A’, Z’ as in I11.1.8. Then it follows from
ITI.1.7 that there is a v & C," such that x(exp v) transforms Z’ into Z;
(exp v)z, - - =, is therefore a representative spinor for Z.

II1.1.10. Let Z, Z’' be maximal totally singular subspaces of M, and
h = dim (Z N\ Z'). If h = r (mod 2), then Z, Z' are of the same kind
(both even or both odd); if not, then Z, Z' are of opposite kinds.

There is an operation o of G which transforms Z into N, and it is
clear that Z and Z’ are of the same kind if and only if ¢(Z) and (Z’)
are (for, if 7 ¢ @ transforms Z into Z’, then ore™' transforms ¢(Z) into
o(Z'), and the conditions r ¢ G*, o7~ ¢ G* are equivalent to each other).
It is therefore sufficient to prove II1.1.10 in the case where Z = N. A
representative spinor for Z is then the product of the elements of a base
of N, and is homogeneous of degree r. A representative spinor for Z’ is
of the form v’ = c(exp v)z, -+ x, , withv e C;", 2, , - - - , z, forming a
base of Z' M N. Thus, «’ is even or odd according as to whether & is
even or odd, which proves III.1.10.

II1.1.11. Any totally singular subspace U of dimension r — 1 of M is
contained in exactly one even and exactly one odd mazximal totally singular
subspace of M.

We may transform U into a subspace of N by an operation of G. It
will therefore be sufficient to prove III.1.11 when U C N. Let (z,, - - -,
z,.;) be a base of U. Let Z be a maximal totally singular space containing
U. If Z is of the same kind as N, then dim (Z N\ N) = r (mod 2) and
dim (Z N\ N) > r — 1, whence Z = N. If not, we see in the same way
that Z M N = U. Let then u be a representative spinor for Z; then we
haveu = az, --- z,_, + bz, -+ 2, , where z, is an element of N not in
U. Since u is even or odd, v = az, --- ,-, , and Z is uniquely deter-
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mined. Conversely, z, - - - z,-, is a pure spinor and represents a maximal
totally singular space not of the same kind as N and containing U.

II1.1.12. Let u, u’ be pure spinors which are representative for distinct
mazximal totally singular space Z, Z'. A necessary and sufficient condition
for u + u’ to be pure is that dim (Z N Z') = r — 2. If this is so, then the
linear combinations #= 0 of u, u’ are representative spinors for all maximal
totally singular spaces Z' suchthatZ N\ Z" = ZN\Z' or Z" = Z.

Since Z may be transformed into N by an operation of G, it is easily
seen that it suffices to prove III.1.12 in the case where Z = N and u
is the product of the elements of a base of N. Write v’ = c(exp v)
(x, -+~ z;), whereve C," and (z,, --- ,z)) isabaseof ZZ "\ N.If u 4+ o'
is pure, it is representative for a space Z’’ such that Z“ "N = Z' N\ N.
For, we have p(z)-u = 0 for all z ¢ N, which shows that the conditions
p(x)-u' = 0, p(z)-(w + %) = 0 are equivalent to each other. Thus,
we have

u+tu =c'(expv)z, -1, ceK, 0eCr.

We have b < r and u is homogeneous of degree r; writing that «’,
u + u’ have the same homogeneous component of degree h, we obtain
¢ = ¢’. The homogeneous components of degree h 4+ 2 of v/, u + «’

are cvx, -+ I, V', -+ T, . Were h < r — 2, then we would have
vZ, +-+ 2, = vz, --+ x,, from which it would easily follow that
(exp v)z, - -+ x, = (exp ¥')z, -+ &, , ' = u + v/, which is impossible.

Thus, we have b > r — 2. Since u + «’ is even or odd, we have h = r
(mod 2) and therefore h = r — 2. Conversely, assume that h = r — 2.
Then we have = z, - - - z,_,2,_,2, , where z,_, , z, are suitably selected
elements of N, and

-1
u+u =clexpy + ¢ 2,2)%, c Toop

but this clearly equal to c(exp (v + ¢ 'x,-,2.))%;, -+ Z,—., and w + o’
is pure. Let Z"’ be any maximal totally singular subspace of M such
that Z” "N = Z' "\ N, and %" a representative spinor for Z”’. Then
u' is a multiple of z, -+ z,_, , and its homogeneous component of
degree r — 2 is of the form az, --- z,_, , a € K, while its homogeneous
component of degree r — 1 is 0. Thus, u’’ — ac™'u’ is homogeneous of
degree r and therefore a scalar multiple of u.

3.2. A Bilinear Invariant

Let a be the main antiautomorphism of C. If Z is any subspace of M,
a clearly transforms into itself the subalgebra C* generated by Z. If
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Z is totally singular, then C? is isomorphic to the exterior algebra of Z;
ifz,, -+, 2, e Z, then we have

a(zl cee zh) =22 = (—l)h(h-l)/zzl ce e Zh .

It follows that o multiplies every homogeneous element of degree h of
CZ by (__ l)h(h—l)/z.
We shall apply this to the case where Z = N. If u, v ¢ C", then we have
auf)of = a(fa@of = (=1)"""""*falupf,

since f is homogeneous of degree r in C*. We have a(u)v ¢ C¥ and
Ffa@)vf = (p(f)-a(u)v)f. Let us now determine the operation p(f).
Let e be the product of the elements of a base (z,, -+ , z,) of N, and
let (41, -+, y,) be the base of P such that B(z; , y;) = §;; . Since p(y;)
is a homogeneous operator of degree — 1, p(f) is of degree — r and maps
upon 0 every homogeneous element of degree < r of CV. On the other
hand, p(y;) maps z; upon 1 and z; upon 0 if 7 > j; it follows easily, since
each p(y;) is an antiderivation, that p(y; --- ¥,) maps e upon
(— 1)"""72.1, Wehave f = ¢y, -+ 9., ¢ a scalar # 0. Thus, we see
that, if de is the homogeneous component of degree r of a(u)v, then

p(f) ey = (—1)"" " %qd 1.

We may obviously select ¢ in such a way that ¢ = 1. This being done,
we denote by B(u, v)e the homogeneous component of degree r of a(w)v,
whence

a(uf)ef = Blu, v)f. 1)

It is clear that 8 is a bilinear form on 8 X S (S = C" being the space
of spinors).

II1.2.1. Let \ be the norm homomorphism of the Clifford group T.
Then we have, for se T, u,v e S,

B(o(s) ‘u, p(s)v) = Ms)B(u, v).
For we have (o(s)-u)f = suf, (o(s)-v)f = svf, and
a(suf)suf = a(uf)a(s)svf = A(s)a(uf)vf.
I11.2.2. Let x be in M, u and v in S. Then we have
B(o(@) -, p(@)0) = Q@B 0,
B(p(z) u, v) = B(u, p(z) ).
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The first formula is obtained by exactly the same computation that
was used in proving II1.2.1. We have (p(z)-u)f = zuf, a(zuf)vf =
a(uf)a(z)vf = a(uf)zvf, which proves the second formula.

It follows from III.2.1 that 8 is a bilinear invariant of the spin repre-
sentation of T'y".

The form g is nondegenerate. For, if u is an element # 0 in the ex-
terior algebra C¥, we have a(u) > 0 and there is a » ¢ C" such that
a(u)v = e, whence B(u, v) = 1.

Since « is an antiautomorphism, o’ is an automorphism. Since
() = z for z ¢ M, o is the identity, and a(a(u)v) = a(v)u. Since
ale) = (— 1)"""V%, we have

B, w) = (=1)" """ B(u, 1). @

II1.23. Let S, , S; be the spaces of even and odd half-spinors. If r = 0
(mod 2), then Biszeroon S, X S;and S; X S, ;if r = 1 (mod 2), then
Biszeroon S, X S,andon S; X S;.

For, if u, v are homogeneous of degrees 3, , 3, , then B(u, v) = 0 if
3. + 8, # r, and, in particular, if 8, + 4, has not the same parity as r.

111.24. Let Z and Z’' be maximal totally singular subspaces of M,
and u, w' representative spinors for Z, Z'. A necessary and sufficient con-
dition for Z M Z' to be = {0} s that B(u, u’) = 0.

There is an operation ¢ ¢ G such that ¢(Z) = N; let s be in T and
such that x(s) = o; p(s)-u and p(s)-u’ are then representative spinors
for ¢(Z) = N and ¢(Z’). By II1.2.1, it will be sufficient to prove our
assertion in the case where Z = N, u = e. In that case, we have
e(exp v) = e for any homogeneous v of degree 2, and the result follows
immediately from II1.1.9.

Besides a, we may consider the antiautomorphism a product of a
by the main involution of C: a transforms any z ¢ M into — z. If u,
v ¢ M, denote by B(u, v)e the homogeneous component of degree r of
a(u)v. We have a(f) = (— 1)""*P2%f a(e) = (— 1)""*P%, and we
see as above that a(uf)vf = B(u, v)f. If se T, then a(s) = a(s) if se T'*,
a(s) = — a(s) if s is odd. Proceeding as above, we show that

B(s) u, p(8)-0) = e(INB(y, v) ®3)

if se T, u,ve S, where ¢(s) is — 1if sis odd, +1 in the opposite case.
Moreover, if x ¢ M, then we have

Blo(2) u, p(z)-v) = —Q(x)B(u, v), @
B(p(z)u, v) = —PBlu, p(z)-v). (5
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Since a(u) = a(w) if ue S, , a(u) = — a(u) if v e S;, we see that 8
coincides with B on S, X S, with — Bon S; X S.

II1.2.5. The only bilinear invariants of the spin representation of
T'o* are the linear combinations of B, B, unless m = 2 and K has either
2 or 3 clements.

Let B’ be a bilinear invariant of the spin representation p,* of T',*.
Let S* be the dual space of S, and w the representation of T',* on S*
contragredient to p,* (i.e., if s ¢ I',*, w(s) is the transpose of p,*(s7")).
There are associated to 8, 8’ linear mappings ¢, ¢’ of S into S*, and we
have w(s) op = @0 p,"(s), w(s) 0’ = ¢’ 0p,"(s) for s e Ty*; moreover,
¢ is a linear isomorphism. Thus, ¢’ = ¢ o ¢, where ¢ is an automorphism
of S which commutes with every operation of p,"(I,*). We have seen
in the proof of I1.4.3 that, barring the exceptional cases of the state-
ment of II1.2.5, T, is a set of generators of C, . Let p,*, p;* be the
representations of C, on the spaces S, , S; . Then p,*(C.), p;*(C,) are
algebras of dimension 2*"~* (they are isomorphic to the simple ideals
of C,), and S, , S; are of dimension 2"' . Thus, p,*(C,) and p;*(C,)
are the algebras of all endomorphisms of S, and S; , which shows that
the representations of T'," on S, , S; are absolutely simple. Besides,
these representations are inequivalent to each other (I11.4.3). It follows
immediately that the algebra of endomorphisms ¢ of S which commute
with all operations of p,*(T,") is of dimension 2. (It is spanned by I
and by the operator which maps the elements of S, upon themselves,
those of S; upon 0.) Thus, the space of bilinear invariants of p,* is of
dimension 2, and is therefore spanned by 8, 8, since 8, B are obviously
linearly independent.

I11.2.6. Let Z be a maximal totally singular subspace of M and o an
operation of G such that (Z) = Z. Let o be the restriction of o to Z. Then
there exists an s e T such that x(s) = o, \(s) = det o5 .

Let 7 be an operation of G which transforms Z into N. Then ¢’ =
rar~! transforms N into itself, and, if ¢’y is the restriction of ¢’ to N,
then det o'y = det o; . Let £ ¢ T be such that x(f) = r; if x(s) = o/,
then we have x(¢7's't) = o, N(¢7's’t) = A\(s’), and ¢ 's’t e T* if s’ ¢ I'".
Thus, we see that we may assume that Z = N. Let s, be any element of
I' such that x(s,) = ¢. Since ¢(N) = N, o isin G* and s, ¢ I'". The
automorphism w — s,ws,”* of C transforms N into itself; thus, we have
0V, = C". Ifue S = C, we may write s,uf = s,us,”'s,f; we have
sif = (o(s,)-1)f, whence p(s,) - u = (s,us,”") (p(s,)-1). Now, 1 is a repre-
sentative spinor for P; thus, p(s,)-1 is a representative spinor for ¢(P).
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Since PN\ N = {0}, ¢(P) NN = {0} and p(s;):1 = ¢ (exp v), ve Cy’
(by III.1.9). The mapping u — s,us,”* is the automorphism of C¥ which
extends oy , whence s,es,”" = (det oy)e; moreover, s;1s,”* = 1. Thus,
we have p(s,):1 = c exp v, p(s,)-¢ = ¢ (det ox)e. We have B(p(s,)1,
p(s1)-€) = A(sy) B(1, €); on the other hand, we have exp v e T',* (I11.1.7),
whence 8 (exp v, (exp v)e) = B(1, e). Since (1, e) = 0, we have c’det
ox = A(8;), and s = ¢”'s, has the required property.

I11.2.7. Any two maximal totally singular subspaces Z, Z' of M may
be transformed into each other by an operation of G, = x(T).

Let o be an element of G such that ¢(Z’) = Z and s an element of T
such that x(s) = o¢. It will be sufficient to prove that there is an
s’ & T such that (x(s")) (Z2) = Z, A\(s") = (A\(s))"'. We can find an auto-
morphism of Z of determinant (A(s))™"; this automorphism is a Q-auto-
morphism and may be extended to an operation ¢’ ¢ G. It follows from
I11.2.6 that there is an &’ ¢ I' such that x(s) = ¢’, A(s) = (A(s))7%; &'
has the required properties.

In the case where K is not of characteristic 2 and 7(r — 1) = 0 (mod 4),
B is symmetric and, if we set y(u) = 38(u, u), v is a quadratic form on S
whose associated bilinear form is 8. It is clear that

v(p(s) -u) = Ms)u (seT, uef), (6)
v(e(z)w) = Q@)y(w) (zeM,uces). ™
Moreover, v is of maximal index. For, let (z,, - - , z,) be a base of N.

For each subset {7, , -+, %} = Hof {1, ---, 7}, with, < .-+ < 4,
let

EH) = 71, o 7o 5

these elements form a base of S. Barring the trivial case where r = 0,
it is easily seen that we can form a set {H,} of 2"~ of the sets H, no
two of which are complementary to each other. We then have B(£(H.),
£(H,))) =01 <k, 1< 27", and v vanishes on the space { spanned by
the H,’s. Since dim ¢ = 2"}, v is of index 2""'. If » = 1 (mod 4), then
yiszeroon S,, S; . If r = 0 (mod 4), then the restrictions of y to S, ,
S; are of rank 27" and of index 2"7?, for we see immediately that our
set {H,} must contain 2" elements of even cardinal numbers and
2""% elements of odd cardinal numbers.

Assume now that K is of characteristic 2. We shall see that, provided
r > 2, there is a quadratic form v on S with properties similar to the
one constructed above in the case where K is not of characteristic 2
and 7(r — 1) = 0 (mod 4). We make use of the operation of ‘‘reduced
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squaring” in C”, introduced by G. Papy'. Using the same notation as
above, we further number the elements #(H) by indices 0,1, -+ ,2" — 1
so as to arrange them in a sequence (%, -+ -, §,) (p = 2" — 1) such that
tb=L¢=zforl <t <rIf

14
u=Za.-£.~, a; e K,

i=0
we set

u'® = Z a.atdi + a0

i<i

It is clear that (au)' = a’u"” if a ¢ K. Since £,° = 0 for ¢ > 0, an easy
computation shows that (u + »)'* = 4 + wv + ' for u, v e S.
From this we deduce by induction on % that

A+ Fw)® = 2w+ 3w ®

k=1 k<l
foru,eS,1 <k < h. Let x bein N and
L4
U = E at;

=0

in S; then we have

(zw)"™ = Z}’ (z£)"™,

since (z¢;) (z¢;) = 0. Now, write

r= Z bz ;
k=1
each z,¢; is either O or a ;. of index ¢’ > 0: in either case, (z:£,)"'* =
On the other hand, we have (z,£;) (z.£;) = 0if ¢ > 0, since £&,° =
Thus, we have

0.
0.

(W)m = aoz Z bz, ,
k<l

ard (zu)' = 0 if the homogeneous component of degree 0 of u is 0.

Now, let (z'y, + -+, «’,) be any other base of M;let#; (0 << 2" — 1)
be the products
z".l ...x".“ (il < .o <1:h)-

1G. Papy,‘“Sur Varithmétique dans les algébres de Grassmann,” Académie Royale
de Belgique, Classe des Sciences, Mémoires, 26 (1952).
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We may assume that £, = 1, #; = 2/; for 1 < ¢ < r. Then, by what we
have just proved, we have (¢’,)"* = Ofors > r. Ifa’; e K (0 < i <
2" — 1), we find, by (8),

» (2] r
(2 a'.-s'.-) =a'+ 2 aaEd + X al )™
i=0 i<y -1
This formula shows that, although %'*' may depend on the choice of the
base in M, its homogeneous component of degree r does not, provided
r > 2 (for (£)"™ = (z/;)'* is homogeneous of degree 2if 1 < i < 7).
Assuming from now on that r > 2, we denote by v(u)e the homogeneous
component of degree r of u'*'; v is a quadratic form on S.

Since K is of characteristic 2, @ induces the identity automorphism
of CV = S, whence a(u)v = uv, and B(u, v)e is the homogeneous com-
ponent of the degree r of uv. Since (u + v)'*' = u'* + wv + v'*', we have

'Y(u + v) = 7(“) + 'Y(v) + B(u: v); (9)

which shows that 8 is the bilinear form associated to v.

It follows from the computation made above that y(zu) = O for any
z ¢ N, u ¢ S. We shall see that we have also ¥(p(y)-u) = 0 for every
y ¢ P. We may obviously assume y = 0;let (z,, --- , z,) be a base of N
such that B(z; ,y) = 0for< > 1, B(z, , y) = 1. Since p(y) is an anti-
derivation which maps any z ¢ N upon B(z, y) -1, we see that, if 7, < - -+
<+%,,p(y) mapsz;, -+- z;, upon 0if 7, > 1, upon x;, +-- z;,if ¢, = 1.
If we write

p(y)u = é b

(in the notation used above), then b; = 0 whenever z, is one of the factors
of £ , and it follows immediately that the homogeneous component of
degree 7 of (p(y)-u)'*' is 0, which proves our assertion.

We shall now prove that formula (7) is true in our case for any z ¢ M.
The mapping u — v(p(z) -u) — Q(z) v(u) is obviously a quadratic form
4" on 8. It follows from (9) and III.2.2 that the associated bilinear form
of v’ is 0, i.e., that o’ is quasi-linear. To prove that 4’ = 0, it will there-
fore be sufficient to show that v’/(u) = 0 for all elements u of a subset
of S which spans S. In particular, it will be sufficient to prove that
¥'(¢;) = 0 (0 < ¢ < p), in the notation introduced above. It is clear
that v(£;,) = 0; we have therefore to prove that y(p(z)-%;) = 0. This
is clear if £; is either 1 or 2, (1 < ¢ < 7). If ¢, is a product of 2 > 1
factors z; , we write x = zy + zp , zy ¢ N, zp ¢ P; since h > 1, we may
write £, in the form 2’4/, where z’ is an element of N such that 8(zp, z") =
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0 and ' a product of i — 1 factors in N. Then p(x)-¢; is zyz'v’ +
z'-p(xp)t; = z'v', with o' ¢ S, and we have seen that the homogeneous
component of degree 7 of (z'v)'* is 0 for all 2’ ¢ N, v’ ¢ S. Thus, (7) is
true for our form .

Since r > 2, m > 4, it follows from II1.3.1 that T is generated by the
elements of T' M M. Since A\(z) = Q(z) if x ¢ T M M, it follows im-
mediately from (7) that (6) is true for all s e T'.

The form v is still of maximal index 2"}, and, if r is even, the restric-
tions of ¥ to S, and S; are of maximal index 2"~>. The proofs of these
assertions are exactly the same as in the case where K is not of character-
istic 2.

If r = 2, K of characteristic 2, there is no quadratic form v on S for
which (9) and (7) hold. For, let (z, , z,) be a base of N such that z,z, =
e. By (7), v(z) = Q(z) y(1) = Ofor all z ¢ N; thus, 0 = v(z, + z,) =
B(x, , z,), while B(z, , z,) is 1. '

Remark. If s is any element of C (not necessarily in T') such that
a(s)s is a scalar multiple A-1 of 1, then we have

B(o(s) ‘u, p(s)v) = NB(u,v)  (u,veS);

this is proved in the same manner that we proved III.2.1. Similarly,
if s is such that a(s)s = -1, then we have

B(p(9)u, p(s)¥) = MB(x, v).
3.3. The Tensor Product of the Spin Representation with ltself
We consider now the space S &) S, tensor product of the space S of

spinors with itself. This is the space of a representation p ) p of T,
tensor product of p with itself, which is defined by the condition that

(r ® A)©)u@v = (p(s) 1) @ (s) -v)

forseT,u,veS.
If s e T, then we know that a(s)s = A(s) -1, A(s) being a scalar # 0.

II1.3.1. The representation p X p of the group T is equivalent to the
representation which assigns to every s e T the endomorphism w — \(s)sws™"
of the vector space C.

The mapping (u, v) — ufa(®) of S X 8 into C is clearly bilinear; as
such, it defines a linear mapping ¢ of the tensor product S &) S into C
such that o(u ® v) = ufa(v) for any u, v e S. We have (S ® 8S) = C.
For, let w be in C; then wuf = (p(w)-u)f, whence wufa(v) = (p(w)-u)
fa(v) e o(S @ S). On the other hand, we have a(f)a(v)a(w) = a(wrf) =
a(f)a(p(w) -v) and a(f) = =+ f, whence a(f)a@)a(w) € ¢(S @ S). Since
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a is a mapping of C onto itself, we conclude that ¢(S ® S) is a two-sided
ideal, obviously # {0}, in C. Since C is simple, ¢(S ® 8) = C. But
S ® S and C have the same dimension 2"; ¢ is therefore an isomorphism.
Moreover, if s ¢ T, then we have ¢(p(s)-u, p(s)-v) = sufa(v)a(s) =
A(s)sufa(v)s™', which proves III.3.1.

We shall identify the space S @ S to C by means of the mapping
¢ introduced in the proof of III.3.1. For any A > 0, let C, be the space
spanned by the products of at most & elements of C; it is then clear that
C, is mapped into itself by the operations of (p &) p) (T'). Thus, C,/Ci-1
is the space of a representation 6, of I': if w e C,/C,-, is the coset modulo
Cir-y of a w e C, , then 6,(s)-w is the coset of (p @ p)(s)-w. It follows
immediately from II1.3.1 that 6,(s) = X\(s)6':(x(s)), where 6’ is a
representation of x(I') = G (x being the vector representation of T,
whose kernel is the intersection of T' with the center of C'). We shall see
that 6, ¢s equivalent to the representation of G on the h-vectors.

We define a bilinear form B, on M X M such that B,(z, ) = Q(:c)
in the manner indicated in the proof of I1.2.1. Thus, B,is zeroon N X N,
on N X P, and on P X P and coincides with B on P X N. Making use
of B, , we identify the underlying vector space of C with that of the
exterior algebra E of M in the manner described in 11.1.6. Let E, be the
space of homogeneous elements of degree h of E. Then we have C) =
D w<r BEary Cay = Dop-<a-1Byr, s0 that C, is the direct sum of C,_, and
E,.LetsbeinT,andz,, ---,z,in M;set ¢ = x(s),2'; = o-2; = sx;8~"
(1 £ ¢ < h) and denote by {, the representation of G on the h-vectors.
Then we have

(P @ PE) (@ -+ z) = N)z/y +++ 2s,

and #',(c) transforms the coset of z, --- z, modulo C,_, into that of
z’y --- z’s. On the other hand, {i(¢) transforms z; A .-+ A z, into
'y A --- A 2',. Now, we have

B m=n A Az (mod Ch,
x’l cee x’hE x'l N o A x,h (mOd Ch—l)’

and the elements of E, form a complete system of representatives for the
elements of C; modulo C,-, . It follows immediately that ', is equivalent
to & .

I11.3.2. Let u be an element 5= 0 of S. In order for u to be a pure
spinor, it is necessary and sufficient that the following conditions be satis-
fied: (a) wu is either even or odd; (b) u ® u = ufa(u) belongs to the space
C, spanned by the products of r elements of M. If u is a representative
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spinor of a maximal fotally singular space Z, then ufa(u) s the product
of the elements of a base of Z.

Assume first that u is representative of Z. Let s be an element of T’
such that sPs™* = Z. Then we have uf = asf, a ¢ K, a # 0, and
a(f) a(u) = aa(f)a(s) = ar(s)a(f)s™'; but a(f) = = f, whence fa(u) =
a\(s)fs™' and ufa(u) = a’\(s)sfs™'. It is clear that sfs™' is the product
of the elements of a base of Z and therefore belongs to C, .

Now, let = be the set of elements u 5% 0 of S which satisfy conditions
(a) and (b). Then Z contains the set of pure spinors. Let « be in = and
s in T; then p(s) -u is either even or odd and

(o(8) u) falp() -u) = Ne)s(ufaw))s™

by the proof of II1.3.1, whence p(s)-u ¢ Z. Assume first that we are not
considering the exceptional case where r = 1, K has only 2 elements, and
Q is of index 1. Then p is simple (I1.4.1). It follows that S is spanned by
the elements of the form p(s) - u. Now, S is the exterior algebra E¥ of the
space N; since the elements p(s) -u span =, we see that one of them has a
homogeneous component of degree 0 in EV which is > 0. In order to
prove that u is a pure spinor, it suffices to prove that o(s) - u is one; thus,
we may assume that the homogeneous component of degree 0 of u is
# 0, and even (by multiplication by a scalar % 0) that this component
is 1. Since u is either even or odd, u is then even. Let u, be its homo-
geneous component of degree h; then we have u, = 0 for A odd. The
homogeneous component of degree 2 of the element (exp u,)™* of T'
is — u, ; that of (exp u,) 'u is therefore 0. Since (exp u,)™" & T, we see
that we may restrict ourselves without loss of generality to the case
where u, = 0. We shall then prove that v = 1, which will establish that
u is a pure spinor.

To do this, we first prove that, if z e N, u ¢ Z, zu % 0, then zu ¢ Z.
It is clear that zu is either even or odd and that zufa(zu) = z(ufa(w))z.
Thus, we have only to prove that zC,2 €C, . Let 2, , --- , 2, be in M,
then we have, by I1.1.6

2,z x=x AN A - ANz, Az =0 (mod C,),

which proves our assertion.

Return now to the case where u, = 1, u, = 0. Were u # 1, then there
would exist a smallest A > 0 such that w, # 0, and h would be > 4.
Let then w be a decomposable element of S, homogeneous of degree
r — h, such that wu, = e. (It will be remembered that e is the product
of the elements of a certain base of N.) Thus, wu = w + e would be in
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Z. The proof will therefore be complete if we show that, w being a
homogeneous decomposable element 5= 0 of degree h < r — 4, w + e
cannot be in =. There exist bases (z, , -+, x,) of N, (s, -+ , y,) of
P such that

W=1 T €=2T,°°2, f=m "y B(z;: , y;) = &;; .

We have (w + e)f(a(w + €)) = wfa(w) + efa(e) + wfale) + efa(w).
We know that w and e are pure spinors (II1.1.9); it will therefore be
sufficient to prove that wfa(e) + efa(w) is not in C, . Let N, be the
space spanned by z, , - -+, z; ; by II1.1.8, 2, - -« , = w is a representa-
tive spinor for N, + P, , where P, is the space of elements of P which
are orthogonal to those of N, . This space is spanned by 441, **+ , ¥, -
It follows from the part of II1.3.2 which has been proved already that
wfa(w) = ax, >+ TYrsr > Yo, 0 ZF0in K. Let w’ = 234, +++ z,
then we have e = (— 1)*"Mw'w, a(e) = (— 1)*" ™ a(w)a(w'), and

wfale) + efe(w)
= azy - Tl(=D""Pyhur o 9T Tanr F Tan 0 T 0 B

For any z ¢ M, let L(z) be the operator of left multiplication by z in E
and §(z) the antiderivation of E which maps any 2z’ ¢ M upon By(z, 2')-1.
Then the operator of multiplication by zin C is L(z) + 8(z). We have

r

Yuer = Yslr *°° Thar = 'I;Il (L(y-) + a(y-‘))'xr 0 Thsr o
If © # j, v ¢ E, then we have §(y;)y; = 0, whence §(y;)-y; A v = —y;
A 8(y,) v, and (y;) anticommutes with L(y;). Thus, we have

r r

‘EL (L(y:) + 8(y) = ‘I:I” L(y) + i§l (=1D)"'P:é(y) + A,
where P; is the product deduced from L(y..,) ::+ L(y,) by omitting
the factor L(y;) and where A is a sum of homogeneous operators whose
degrees are < r — h — 2. Wehavez, :+* T4py = 2, A -+ A T4, and
() T, -+ Taer = (— 1)"°¢ , where ¢, is the product deduced from
Z, A -+ A Zy+1 by omitting the factor z; . If z ¢ N, we have §(z) = 0,
so that the operators of left multiplication by z in E and C are identical
to each other. It follows that the homogeneous component of degree
r=+ (r — h) — 2 of wfa(e) + efa(w) is

r

(_l)h(r—h)axl A o AT Z P."fi

s=h+1
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and P;-¢, = X £ A 7, where 7, is the product deduced from y,.,
A +++ A y, by omitting the factor y, . This shows that the homogeneous
component of degree r + (r — h — 2) of wfa(e) + efa(w) in E is # 0.
Since r — h > 4, wfa(e) + efa(w) is not in C, , which concludes the
proof of I11.3.2.

If we consider the exceptional case mentioned above, then S is of
dimension 2, S, and S; are of dimension 1, and the conclusion that u
is pure follows from the assumption that « is even or odd.

II1.3.3. Let Z and Z' be maximal totally singular subspaces of M, u
and u' representative spinors for Z and Z', and h = dim Z N Z'. Then
ufa(u’) isin C,_, but not in C,o_y_, .

We first establish

Lemma 1. Let the notation be as in 111.3.3, and let Z, , Z’, be maximal
totally singular subspaces of M such that dim (Z, M Z',) = h. Then there
exists an operation o € G such that o(Z) = Z, ,9¢(2") = Z', .

There is a vector-space isomorphism of Z with Z, which transforms
Z N\ Z'into Z, N Z', ; since Z is totally singular, this isomorphism is a
Q-isomorphism and may be extended to an operation o, of G. It follows
immediately that it is sufficient to consider the case where Z = Z, ,
ZNZ =ZMNZ,.In that case, Lemma 1 follows from III.1.7.

This being said, we can now prove II1.3.3. Let (z, , --- , z,) be a
base of N and (y,, - - -, ¥.) a base of P such that B(z;, y;) = §;; (1 <%,
J <1,y -y, = f, and let Z’, be the maximal totally singular space
whose representative spinor is z, --- z, . Then Z’ M N is of dimension
h, and there exists a ¢ € @ such that ¢(Z) = N, ¢(Z’) = Z’, . Since e is
a representative spinor for N, we have p(s)-u = ae, p(s)-u' = bz, « -+ s,
where q, b are scalars # 0; thus, we have

abefa(z, -+ 1) = Ns)s(ufalu’))s™.

Since the mapping w — sws™ maps each C, onto itself, it is sufficient
to prove that efa(z, --- z,) = efz, -+ x,isin C,,_, but not in Cp,_s—, .
This element may be written as £, - -+ z,wfa(w), where w = z, -

2 , and it follows from I11.3.2 that wfa(w) is the product of the elements
of some base of Z’;. Now, Z’,is spanned by z, , --- , z, and by those
elements of P which are orthogonal to z, , -+ , z, (see II1.1.8); thus,
(1, ** y%h, Yner, *** , ¥,) is a base of Z’,. Since Z’,is totally singular,
the algebra generated by it in C is isomorphic to the exterior algebra
of Z'y, and the products of the elements of the various bases of Z’,
differ only from each other by scalar factors ¢ 0. This shows that
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(@) - Z)falzy -+- T8) = €2y~ TYrsr *** Yr ®

where c is a scalar # 0. Thus, we have
efa(zy -+ 24) = c'eYrir *+* Yr ()

where ¢’ is a scalar # 0. This shows that efa(z, --- z,) is in Cn-, and
is congruent mod C,,-5-; to the element ¢’z; A -+ A Z, A Yasr A -+
A Y. , which is an element 5 0 in E,,_, ; II1.3.3 is thereby proved.

3.4. The Tensor Product of the Spin Representation with Itself
(Characteristic s 2)

We shall assume in this section that K is not of characteristic 2.

Since K is of characteristic # 2, we may make use of the bilinear
form B, = 3B on M X M, which has the property that B,(z, z) =
Q(zx). Making use of II.1.6, we shall identify C with the exterior algebra
E of M by making use of the bilinear form B/2. This identification is
different from the one used in Section 3. But now the algebra E may be
defined in terms of C and M alone, without making use of a special
choice of totally singular subspaces N and P. As a consequence, any
automorphism j of C with transforms M into itself will also be an auto-
morphism of E. Let us prove this point more explicitly.

If x ¢ M, denote by &, the antiderivation of £ which maps any y e M
upon 3B(z, y)-1, and by L, , L’, the operators of left multiplication by
zin E and C, whence L', = L, + 5, . Let z and y be in M. Since §, is
an antiderivation of £ and y homogeneous of degree 1, we have §.L, +
L5, = 3B(z, y) I, where I is the identity. On the other hand, we know
that 8,> = 0 for every z ¢ M; applying this to z, y, and z + y, we obtain
8.8, + 6,8, = 0. It follows that §,L', + L',8. = 4B(z, y)I. The operator
d. is uniquely characterized by the following properties: it is linear, it
maps 1 upon 0, and, for any y ¢ M, we have §,L’, + L',8. = 3B(z, y)1.
For, let & be any operator with these properties and &' = 3, — §. Let
a be the set of u e C such that §’-u = 0. Then a is a vector space con-
taining 1 and M; if ¢ a, then &’-yu = §’L’,u = — L', 8’ -u = 0; since
M generates C, it follows immediately that a = C, & = 0. Now, let j
be an automorphism of C such that j(M) = M. Since j is an automor-
phism, we have jL’, ;' = L/, for any y ¢ M. Thus, we have

j6=3-l°L:"ﬂ + Lf.,jﬁ,]_l = %B(x, y)I~

On the other hand, since zy + yz = B(z, y) -1, we have B(j-z, j-y) =
B(z, y); we conclude that j&,j7' = §;., . Thus, we have

jLg ' =jL'. — 8)57 = L}, — &;.. = L., .
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and P;-§{; = + & A 5, where g, is the product deduced from y,.,
A -+ A y, by omitting the factor y, . This shows that the homogeneous
component of degree r + (r — h — 2) of wfa(e) + efa(w) in E is # 0.
Since r — h > 4, wfa(e) + efa(w) is not in C, , which concludes the
proof of 111.3.2.

If we consider the exceptional case mentioned above, then S is of
dimension 2, S, and S; are of dimension 1, and the conclusion that u
is pure follows from the assumption that u is even or odd.

II1.3.3. Let Z and Z’' be maximal totally singular subspaces of M, u
and u’ representative spinors for Z and Z', and h = dim Z M\ Z'. Then
ufa(u) isin C,_, but not in C_y_, .

We first establish

Lemma 1. Let the notation be as tn 111.3.3, and let Z, , Z’, be mazimal
totally singular subspaces of M such that dim (Z, M Z',) = h. Then there
exists an operation ¢ e G such that o(Z) = Z,,9(2") = Z', .

There is a vector-space isomorphism of Z with Z, which transforms
Z N\ Z'into Z, N Z', ; since Z is totally singular, this isomorphism is a
Q-isomorphism and may be extended to an operation o, of G. It follows
immediately that it is sufficient to consider the case where Z = Z, ,
ZNZ =ZMNZ,.Inthat case, Lemma 1 follows from III.1.7.

This being said, we can now prove II1.3.3. Let (z, , -+ , z,) be a
base of N and (y,, - - -, ¥,) a base of P such that B(z;, y;) = §;; (1 <%,
I,y -y, = f, and let Z’; be the maximal totally singular space
whose representative spinor is z, - - - z, . Then Z’, N\ N is of dimension
h, and there exists a ¢ ¢ G such that ¢(Z) = N, ¢(Z') = Z’, . Since e i3
a representative spinor for N, we have p(s)-u = ae, p(s)-u’ = bz, -+ Ts,
where q, b are scalars # 0; thus, we have

abefa(z, -+ ) = Ms)s(ufalu’))s™.

Since the mapping w — sws™' maps each C, onto itself, it is sufficient
to prove that efa(z, --- z,) = efz, -+ 2,isin C,,_, but not in C,,_,—, .
This element may be written as 4., -+ z,wfa(w), wherew = z, - --
2 , and it follows from II1.3.2 that wfa(w) is the product of the elements
of some base of Z’y. Now, Z’,is spanned by z, , --- , z, and by those
elements of P which are orthogonal to z, , -+ , z, (see II1.1.8); thus,
(@1, ,%h,Ynrer, *** , Y.) is a base of Z’,. Since Z’,is totally singular,
the algebra generated by it in C is isomorphic to the exterior algebra
of Z'y, and the products of the elements of the various bases of Z’,
differ only from each other by scalar factors > 0. This shows that
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(xl e xh)fa(xl oo xh) =¢Ty cc TaYner " Yr (1)

where ¢ is a scalar # 0. Thus, we have
efa(zy - T) = c'eYrsr * * Yr ()

where ¢’ is a scalar # 0. This shows that efa(z, --- ;) is in C,,—, and
is congruent mod C,,-;-; to the element ¢’z A -+ Az, A Ypsa A -
A ¥, , which is an element # 0 in E,,_, ; II1.3.3 is thereby proved.

3.4. The Tensor Product of the Spin Representation with ltself
(Characteristic £ 2)

We shall assume in this section that K is not of characteristic 2.

Since K is of characteristic % 2, we may make use of the bilinear
form B, = 3B on M X M, which has the property that By(z, z) =
Q(x). Making use of II.1.6, we shall identify C with the exterior algebra
E of M by making use of the bilinear form B/2. This identification is
different from the one used in Section 3. But now the algebra E may be
defined in terms of C and M alone, without making use of a special
choice of totally singular subspaces N and P. As a consequence, any
automorphism j of C with transforms M into itself will also be an auto-
morphism of E. Let us prove this point more explicitly.

If 2 ¢ M, denote by &, the antiderivation of £ which maps any y e M
upon 3B(z, y)-1, and by L, , L’, the operators of left multiplication by
zin E and C, whence L', = L, + 5, . Let z and y be in M. Since §, is
an antiderivation of £ and y homogeneous of degree 1, we have §.L, +
L5, = $B(z, y) I, where I is the identity. On the other hand, we know
that 8, = 0 for every z ¢ M; applying this to z, y, and £ + y, we obtain
8.8, + 8,8. = 0. It follows that §,L', + L',8. = $B(z, y)I. The operator
d. is uniquely characterized by the following properties: it is linear, it
maps 1 upon 0, and, for any y ¢ M, we have §,L', + L',é. = }B(z, y)1.
For, let & be any operator with these properties and &' = §, — §. Let
a be the set of u e C such that §’-u = 0. Then a is a vector space con-
taining 1 and M; if u ¢ a, then &’'-yu = 8’L’,u = — L',§'-u = 0; since
M generates C, it follows immediately that a = C, & = 0. Now, let j
be an automorphism of C such that (M) = M. Since j is an automor-
phism, we have jL/, 7' = L/, for any y ¢ M. Thus, we have

jég 'L, + Li., jo.j = $B(z, y)I.

On the other hand, since zy + yz = B(z, y) -1, we have B(j -z, j-y) =
B(z, y); we conclude that jé,j7' = §;.. . Thus, we have

jIJ,,j_l = j(L,, - 8,)‘7'_‘ = L;., - 6,’., = L,‘.z .
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Since M generates E, it follows immediately from this formula that j
is an automorphism of E.

We apply this to the case where j(u) = sus™’, s being an element of
the Clifford group T'. Since j is an automorphism of E and maps M onto
itself, ; maps the space E, of homogeneous elements of degree h of E
onto itself for any k. In Section 3.3, we have denoted by 6 the repre-
sentation of G which is defined by the formula

0(x(s)) -u = sus™! for seT,

and by 6,(c) the restriction of 6 to C, (the space spanned by the products
of at most & elements of M/). We have seen that the representation of G
on C,/C)_, defined in a natural manner by 6, is equivalent to the repre-
sentation ¢, of G on the h-vectors. Since C, is the direct sum of C,_, and
E, , we see that 6, is equivalent to the direct sum of 6,_, and ¢, . Thus,
6 is equivalent to the direct sum of &, &1, -+, &m -

Let » and » be any elements of S. Then ufa(v) is an element of
C = E. We set

ufad) = 3 B, ),

where B, is the homogeneous component of degree h of ufa(v). Each
B, is then obviously a bilinear mapping of S X S into E, , and we have,
forseT,

Bu(p(s) -u, p(s)-v) = N&)E(x(8)) -Balu, 1), ey

where x is the vector representation of T, p its spin representation, and
¢ the representation of G on h-vectors.

We shall now study the symmetry properties of the mappings 8, . In
order to do this, we need the following result:

II1.4.1. The antiautomorphism a of C is also an antiautomorphism of
E; it multiplies the elements of E, by (— 1)**7272,

Let z,, - -+, x, be mutually orthogonal vectors in M. Then we have
xl...xh=xl/\ - /\mh-

We prove this by induction on k. It is obvious if A = 0 or 1. Assume
that 2 > 1 and that our assertion is true for A — 1. Then we have

T2 ) =2 A (@) + Mz, T,

where § is the antiderivation of E such that -2 = {B(z,,z) if z e M.
Since z, , - - - , z, are mutually orthogonal, we have §-z; = 0 for¢ > 1,
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whence -2, -+ 2, =8:(xa A --- A ;) = 0, and our formula is true
for h. Now, we have a(z, -+ z,) = z, --- z, , whence

a@, A AT =N o ATy
= (_l)k(h—l)/2xl A - A Zh .

Since M has a base composed of mutually orthogonal vectors, E, is
spanned by the elements of the formz, A --- A 2,, 2, -+ -, 2, mutually
orthogonal. It follows that o multiplies every element of E, by
(= 1D** 72 from which it follows easily that it is an antiautomorphism
of E.

This being said, let u, v be in S. Then we have

a(ufa(v)) = va(f)e(w)

and a(f) = (= 1)"“"V/%f; thus, we have

B, w) = (—1) "By, v))

and therefore
ﬂh(v) u) = (_l)r(r-l)/z+h(h—l)/23h(u’ ‘D). (2)

The space 8 is the direct sum of the spaces S, of even half-spinors and
S; of odd half-spinors. We propose to study 8.(%, ) when u, v are half-
spinors. If r is even, then f ¢ C, and ufa(v) is in C, if u, v are of the
same kind, in C. if they are of opposite kinds; if r is odd, then f ¢ C_
and ufa(v) is in C._ if u, v are of the same kind, in C, if they are of
opposite kinds. Since C, = D _seven Br, C— = 2 _roaa Ex, We have proved
the following statement:

111.4.2. Ifh =r (mod 2), then B, vanisheson S, X S;andon S; X S, ;
fh=r+1 (mod 2), then B, vanishes on S, X S, and S; X S; .

Let (z,, -+, 2,) and (3., -+, ¥,) be bases of N and P such that
Bx;,y;) =6i 1< 4,571, 49-y =f.Letap, =z — 4,
2 =2+ (1 £k L r); then («/,, ---, 2',) is a base of M com-
posed of mutually orthogonal vectors, and Q(z’;) = (— 1)* (1 <1 < m).
Letz =2/, -+ 2’ =2, A -+ A 2'n; then 2z anticommutes with z’;
(1 < 7 < m), which shows that z anticommutes with every element
of C_ and is in the center of C, . Let ¢, , --- , 7, be integers such that
%, < ¢+« < 1, ; then we have

’ ’ — h s ’
zi, e xhz= (=D, - 2.,

where {7, , -+ , jm-a} is the complementary set of {z, , --- , 4.} and
Ji < +++ < jm-a ; in particular, 2 = 1. Comparing with what was said
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in the proof of 1.6.3, we see that the operation of right multiplication
by z may also be defined as follows: for any x ¢ M, let 4(x) be the anti-
derivation of E which maps any y ¢ M upon iB(z, y)-1;if &, -+, &
are in M, then

EA - Abdz=8E) - 8(E) 2.

We have 25,1 A x4 = 220 A Yi, 8(¥) -2 = %1, 8(¥i) ‘v = 0, whence
(i) (-1 A Z4) = Y. On the other hand, we have &(y:) -z, =
O(yx) Y = 0if k # . It follows easily that

fe=08@y) -+ )z =f.
Since zfz™' = (— 1)'f, we have zf = (— 1)"f.

II1.4.3. Let u be a spinor and v a half-spinor; set ¢ = + 1 if v is even,
e = — 1 1f v 13 odd. Then we have

Bm-n(u, v) = Bi(u, v)z.
We have

ufal) = ):Zo By, v),

whence
ufal)z = ;.z-:o By, v)z.

On the other hand, a(v) isin C, if v is even, in C_ if v is odd, whence
ufal)z = eufza(v)
= eufa(v).

Our assertion then follows from the fact that the operation of right
multiplication by z transforms E, into E,,_; .
We may now make the results of I11.3.2, II1.3.3 more precise.

I111.4.4. Let u be an element #= 0 of S. In order for u to be a pure
spinor, it 1s necessary and sufficient that B.(u, w) = O for all k = r. Let
u and u’' be representative spinors for mazximal totally singular spaces Z
and Z', and let h = dim (Z M Z'). Then we have Bi(u, w') = 0if k < h
or 'k > m — h; B.(u, w') is the exterior product of the elements of some
base of Z M Z', while B,.-x(u, u’) is the exterior product of the elements of
some base of Z + Z'.

If u is a representative spinor of a maximal totally singular space Z,
then ufa(u) is the product in C of the elements of a base of Z (by I11.3.2);
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these elements being mutually orthogonal, their product in C is also
their product in E, and, since Z is of dimension 7, it belongs to E, .
Assume conversely that 8,(u) = 0 for £ # r. In order to prove that u
is a pure spinor, it suffices in virtue of II1.3.2 to show that w is either
even or odd. Write u = u, + u, , where u, e S, , u; e S; , whence B.(u, %)
= By , u,) + Bl , u:) + Bty , us) + Bu(us, %,). If k # r (mod 2),
then we have Bi.(u, , u,) = Bi(u, u;) = 0, whence Bu(u, , w.) + Bi(u: , u,)
= 0;if k = r (mod 2), then we have 8.(u, , u;) = B:(u:, u,) = 0. Thus,
we have B.(u, , u;) + Bi(u;, u,) = 0 for every k, and

u, @ us + u: Qu, = u,fo(u) + uifalu,)

= kZ_): By , us) + Bulus , uw,)) = 0.

Were u, and u; ¥ 0, then they would be linearly independent and
u, ® u; + u; @ u, could not be 0. Thus, u is either even or odd.

We proceed now to prove the second assertion of I11.4.4. Let (z,, -+ -,
z,) and (¥, , -+ , ¥.) be bases of N and P such that B(z, , y;) = &;
1<%,i<r, %y = f;setz, --- x, = e. The space Z, spanned
by zy, ++, %y, Yrs1, *** , Y. i totally singular and dim (N N Z,) = h.
It results from Lemma 1, IT1.3, that there is a ¢ ¢ G such that ¢(Z) = N,
o(Z') = Z, ; let s be an operation of I' such that ¢ = x(s). We know
that e and z, - - - z, are representative spinors for N and Z, (see III.1.8).
Thus, p(s)-u and p(s)-u’ are scalar multiples # 0 of e and z; --- z, ,
respectively. We have '

Bi(p(s) %, p(s)-u’) = N()sBu(u, w')s".

The mapping w — sws™" is an automorphism of E and transforms a base
of Z M Z' (respectively: Z + Z’) into a base of N N Z, (respectively:
N + Z,). Thus, we see that it is sufficient to prove the second assertion
of II1.4.4 in the case where u = ¢, 4’ = z, - - - x, . Making use of formula
(2), II1.3, we then have

uja(u')' =CXTy ot TWYaer v Y

(where ¢ is a scalar ¢ 0). This element is in C,_, and is congruent
modulo C,._,-, to the exterior product cx; A <<+ A Z, A Yrs1 A -~
A ¥, . It follows that B.(u, v’) = 0if k > m — h, while

Bua, w) =cxty A -« AZ, Athar A =+ A Y, ;.

this is the product in E of the elements of a base of N + Z, . Making
use of II1.4.3, we have B.(u, ¥’) = 0if k¥ < h, and

By, u) = (@ A - A2, At A oo A Yz
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Making use of what was said above about the operator of right multi-
plication by z, this is

Fcd(@) -0 8@)dYar) - 0(y,) 2.

But z is a basic element of E,, , and is therefore a scalar multiple £ 0
ofx; A~ ANz, Ayu A -+ A y,. Wehave §(z,)-z; = §(¥.)-y; =0,
o(z:)-y; = $-1 (1 £ 1,7 < r). Since each d(x) is an antiderivation, it
follows immediately that

8(z) --- 8(x,) 6(Ynsr) - - B(y,) z2=cz A - AT,

where ¢’ is a scalar ¢ 0. This is the product in E of the elements of a
base of N M Z, , which completes the proof of I111.4.4.

If o e G, let s be an element of T such that x(s) = ¢, and {(s) the
mapping w — sws™' (we C = S ® S). Let ¢* be the representation of
G* induced by ¢;if 0 < h < m, let {,* be the representation of G* on
the h-vectors. We know that ¢,* is simple if & # r, while {," is equivalent
to the sum of two simple representations {,’" and ¢’ (see 1.6.2 and
1.6.4). The representation ¢* is the sum of the representations {,* for
0 < h < m; &' isequivalent to ¢n.-,", s0 that we may write

¢rero E RIR NSNSy

On the other hand, C = S & 8 is the direct sum of the four spaces
S5®8,,8®8:,8, &8, 8;:®S,, each of which is clearly mapped
into itself by the operations of ¢{*(G*) (because

(p(8) W fe(p(s) -¥) = M)s(ufel®)s™

if seT, and, if s e T'*, then p(s) maps S, and S; into themselves). If
ce G let ¢,,(0), £::(0), &5:i(a), £ip(o), be the restrictions of {(s) to these
four spaces. We wish to analyze the representations ¢,, , {ii, $oi s $in
into their simple components. Let E’, and E”, be the spaces of {,’*
and ¢,””*. We write

r—1

C= ;Z (Ex+E,..,) + E'.+E",.

=0
We know that the representations ¢,* (h < r — 1), ¢,’%, ¢,”'* are all
inequivalent except if K has only 3 elements and r = 1 (1.6.2). Let us
leave this trivial exceptional case aside. Then any subspace of C which
is mapped into itself by the operations of {*(G") is the sum of its inter-
sections with the spaces E, + E,-, , E’,, E”,. On the other hand, it
follows from IIT.4.2 that
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5,08, +8®S8; = > E,

Amr(mod 2)
while
S,@S;+Si®ig,= E Eh.

Apr(mod 2)
Let A be = r (mod 2) and £ an element = 0 of E, ; write § = ¢ + ¢,
where ¢ S, ® S, , " ¢8;.® S; . If '€ S, , u e 8, then we have

ufau)z = ufza@’) = ufalu’),
while, if 4’ ¢ S; , then we have
ufa(u’)z = —ufa(w’).
It follows that
=t —¥'.

If b = r, then ¢z, which is > 0in E,,_, , is linearly independent of ¢ and
neither ¢ nor ¢’ can be 0. Since ¢ and £ are linear combinations of £,
£z, we see that both S, @ S, and S; ®Q S; meet E, + E,._,, which
proves that ¢,* occurs in both ¢,, and ¢;; . Since {,* occurs exactly
twice in ¢{,, + i, it occurs exactly once in {,, and in {,; . Consider
now the case where h = r. Since 2* = 1, the mapping ¢ — £z is an auto-
morphism of order 2 of E, , and E, is the direct sum of the space E, , of
those £’s such that £z = £ and of the space E,; of those £ ¢ E, such that
£z = — £ Both these spaces are mapped into themselves by the opera-
tions of ¢,(G") because z commutes with every element of I'*. It is clear
that E,,C S,® S, , E,,; C S;: ® 8, . None of the spaces E, , , E, ;,
can be the whole of E, . This follows easily from the description given
above of the operation of right multiplication by 2, but it can also be
proved as follows. Were for instance E,,, = E, , then {,, would be
equivalent to

r—1

Zk-r(z) g-h‘.’ + {r"

h=0

and ¢;; to
r—1
+
Dher $0';
h=0

but this is impossible, since ¢, and ¢;; clearly have the same degree. It
follows that E, , , E, ; , are the spaces of the two simple representations
¢&'*, ¢'*; from now on we shall denote by ¢,," (respectively: ¢,;*) the
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one of the two representations {,’*, {,”"* whose space is E, , (respectively:
E, ;). We then obtain the following formulas:

r—1
g-pp g Zh-r(modz) g-h+ + fr.v+)
h=0

r—1
Coe &= Zh-r(modz) T S SPR
pr

A similar analysis, but simpler, gives
— r—1

+

I}igf&p = Zh#r(modZ) g'u .
. h=0

On the other hand, S, &) S, is the direct sum of the space (S, ® 8,)* of
symmetric tensors of degree 2 over S, and of the space (S, ® S,)* of
alternating tensors; (S, @ S,)° is spanned by the elements u @ v + v Q
u,u,ve S, ,and (S, ® S,)* by the elements u Q) v — v ) u. We have a
similar decomposition for S; @ S; . Let {,,°, &,,", &', £ be the repre-
sentations of G* on the spaces (S, ® S,)’, (S, ® 8,)% (S: ® S.)°,
(8. ® 8,)* . Taking formula (2) into account, we obtain

r—1
g-pp. g hz:h-r“) §h+ + {th’)
=0

r—1
e~y E +
7 = hmr+2(4) g.h )

=0

r—1

o =2 ,.Zh-r(i) Al o P
=0

r—1
g.t't'. = I;Zh-'+2(4) §h+0
=0

111.4.5. Let (%, -- -, &) be a base of an even (respectively: odd) maximal
totally singular space Z. Then & A -+ A &, s in E, , (respectively:
E. ;) and E, , is spanned by elements of this form.

Let u be a representative spinor for Z; then we have u ¢ S, if Z is
even, u e S; if Z is odd, and

ﬁr(u’ u) = ufa(u) = a(& A ANE),

a a scalar # 0, which proves the first assertion. The elements of the
form £ A --- A &, are obviously permuted among themselves by the
operations of {,(@); since¢.,,", ¢..;"are simple, this proves the second
assertion.
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3.5. Imbedded Spaces

II1.5.1. Let M’ be a monisotropic (m — 2)-dimensional subspace of
M, Q' the restriction of Q to M’ and T'* the special Clifford group of Q'.
Then either one of the half-spin representations of T induces a repre-
sentation of I which ts equivalent to the spin representation.

We know that the representation of I'* induced by a half-spin repre-
sentation of I'" is the sum of a certain number of representations of
I’*, which are all equivalent to the spin representation (I1.6.2). This
representation is of degree 2"7*. Since the Clifford algebra C’ of Q' is
of dimension 2°“~", its simple representations are of degree = 0
(mod 2"7"), and the spin representation of I'* can occur only once in
the representation induced by a half-spin representation of I'*. The
argument also proves that C’ is isomorphic to a full matrix algebra
over K.

Let us now consider the case where @’ is itself of maximal index r — 1.
Let M’ = N’ + P’ be a representation of M’ as the sum of two totally
singular subspaces N’ and P’ of dimension r — 1. Then N’ is contained
in at least one maximal totally singular subspace N; of M and P’ in
exactly two maximal totally singular subspaces P, , P, of M, one of
which is even and the other odd (III.1.11). Since N’ N\ P’ = {0},
P; N\ N, is of dimension < 1; P, "\ N, and P, N N, cannot both be
of dimension 1 in virtue of III.1.10; assume then that P, N\ N, = {0},
whence M = N, + P, . We shall assume that N, and P, are the spaces
N and P which we have selected for the study of Q. Let C¥' be the
subalgebra of C (or C’) generated by N’; then we may take CV to be
the space of spinors 8’ for Q'. We propose to define explicitly an iso-
morphism of S’ with C,” = S, , which realizes the equivalence of the
representation of I'" induced by p,* with the spin representation of
I'*. The restrictions of B to N’ X P’ and to N X P being nondegenerate,
it is clear that we can find vectors z, € N, y, ¢ P with the following
properties: x, and y, are orthogonal to N’ + P’, and B(z,,%,) = 1.
We thenhave N = N’ + Kz, ,P = P’ + Ky,.8et C,Y =C""' N C,,
C.Y" = C¥" N C_;then CV is the direct sum of these two spaces, which
are the spaces of even and odd half-spinors for @’. Define a linear mapping
¢ of CV' into S, by the formula

oW, +u)=u,+vw_z, (@W,eClN,u_eC").

Let p’ be the spin representation of C’ and p,” the half-spin representa-
tion of C, on S, . We propose to compute ¢(p'(v')-u’) for v’ ¢ S’ ,
v’ & C'. Let f’ be the product of the elements of a base of P’. We have
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by definition (o’(v")-u’)f’ = v'4'f’. On the other hand, it is clear that
f'yo 1s the product of the elements of a base of P and therefore differs
only by a scalar factor from f, whence (o'(v')-u')f = v'v'f. Now, z,
is orthogonal to every element of P/, whence zof" =—(—1)"f'z,, and it
follows that (p'(v')-u")zof = v'u'z,f. If we decompose u’ in u’, + u'_,
w,eCN w_eCV |, wehave

e(p' () w) = p'@)w's + ()W )z, i Vel
o(p’ @) w) = (W' @) -u')xe + p'(W)-u'_ if veC'_.

Ifv' e C', C C, ,then we have (p,* ") -u)f =v'uf forallue S, . It follows
immediately that
(o' @) u) = p," (V') o) if veC',.

If o e C'_, p,*(v') is not defined because v’ is not in C, . In order to
treat that case, we set £ = , + ¥, , whence &’ = 1. On the other hand,
we observe that the center of C’, contains an element 2’ of square 1
which anticommutes with every element of C’_ (IL.2.4; if K is of
characteristic 2, we take 2’ = 1). If K is of characteristic 2, then 2’f = f.
If not, the simple ideals of which C’, is the sum are C’,(1 — 2’) and
C’.(1 4+ 2). Since f’ is a half-spinor for @' and the ideals C’,.(1 — 2’)
and C’,(1 + 2’) are the kernels of the two half-spin representations of
C’,, one of the elements (1 — 2’)f’, (1 + 2')f’ is 0; replacing if necessary
z' by — 2/, we may assume that 2’f’ = f’, whence 2’f = f. This being
said, we have

oo’ @) w)f = v'u'\xof + v'u’_f,
(p," V') o)) f = v'E2'W . f + v'E2'U _Tof .

Since £, is in the conjugate space of M’, it anticommutes with every
element of M’; it follows that £z’ commutes with every element of M,
and therefore also of C’. Thus, we have §&2'u'.f = u'.£2'f = u'.&f.
Similarly, z, anticommutes with every element of M’ and commutes
with 2/, whence v'£2'u’ _zof = v'u’'_£xof. It is clear that y,f = 0, whence
&f = zof. We have z,° = 0, Tolo + Yoo = 1, whence &Tof = YoZof = f.
We conclude that

(') w) = p,"WER) o) (' eC').
Let y be the mapping of C’ into C, defined by
Yo' F0') =0 v k2 if v,eC',v_eC'_.
Since (£2")® = &2 = 1 and &2’ commutes with every element of
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C’, ¢ is clearly a homomorphism, and therefore an isomorphism, since
C’ is simple. We have

o(p'@) W) = p, " (YO)) o) @ eC).
The mapping p,* o ¢ is a representation of degree 2"* of C’, and there-

fore equivalent to p’. Since p’ is simple and ¢ # 0, ¢ is an isomorphism
of 8’ with S, by Schur’s lemma. If s’ ¢ T'*, then

e(p' (&) W) = p,"(5) o),
and ¢ realizes the equivalence of p’ and of the representation of I'*
induced by p,". Moreover, we have determined explicitly a representa-
tion p,* oy of C’ on S, which extends the restriction of p,* to C’,.

Let now S; be the space of odd half-spinors for Q; define a linear
mapping ¢’ of S’ into S; by
' +u') =u'z, +u’ (u, ¢ C+N’; u'eC.Y).
Then it is easily seen that ¢’ is a linear isomorphism and that
(V)W) = p (YO W) @ eC.).

We shall now determine the elements %’ ¢ S’ such that ¢(u’) is a pure
spinor for Q. Let Z be any even maximal totally singular subspace of
M, u a representative spinor for Z, and %’ the element of S’ such that
¢(’) = u. The space Z N M’ is of dimension r — 1 or » — 2 (for M’
cannot contain any totally singular space of dimension r). If 2’ ¢ Z N M’
then we have ¢(p'(z)-u") = p,"(Y(2) -4, ¥(2) = 2'§2" = £2'z’, and
2, (W(@")) = p(%2")p(x’), where p is the spin representation of C. Since
z’ ¢ Z, we have p(z’)-u = 0, whence p'(z’)-u' = 0. If Z N\ M’ is of
dimension r — 1, it is a maximal totally singular subspace of M’, and
u’ is a representative spinor for this space (III.1.4). Conversely, any
maximal totally singular subspace of M’ is contained in exactly one
even maximal totally singular subspace of M (III.1.11), which shows
that the image under ¢ of any pure spinor for @’ is a pure spinor for Q.

Assume now that dim (Z N\ M’) = r — 2. Then Z M M’ is contained
in exactly two maximal totally singular subspaces Z.’, Z.' of M’,
with Z,’even and Z_’ odd (III.1.11); let u,’, u_’ be representative spinors
for Z,’, Z_'. Then u, = ¢(u.’) and u_ = ¢(u_’) are pure spinors for Q
and represent even maximal totally singular subspaces Z, , Z_ of M
such that Z, "M’ = Z,), Z_ N\ M’ = Z_'. The space Z, N Z_ con-
tains Z M M’, which is of dimension r» — 2; since Z, , Z_ are distinct, it
follows from III1.1.10 that Z, N\ Z_ = Z N\ M’. Making use of ITI.1.12,

we see that u is a linear combination of «, and u_ , and therefore that
' is a linear combination of u,” and u_’.
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Let conversely «,’, u_’ be pure spinors for ’, representative for
maximal totally singular subspaces Z,” , Z_’ of M’ such that dim
(Z, N Z_') = r — 2. Then the same argument as above shows that
e(u.), ¢(u’!) are representative spinors for even maximal totally
singular subspaces of M whose intersection is of dimension r — 2;
therefore, p(u,” + u.’) is pure for @ in virtue of III.1.12. Thus, we
have the following results:

I11.5.2. Let M’ be a monisotropic (m — 2)-dimensional subspace of
M (with m > 2), Q' the restriction of Q to M', which we assume to be of
index r — 1, S’ the space of spinors for Q', S, the space of even half-spinors
for Q and ¢ the isomorphism of S’ with S, constructed above. Let u' be in
S'; in order for o(u’) to be pure for Q, it is necessary and suffictent that
one of the following conditions be satisfied: (a) u' is pure for Q'; or (b)
w = u, + u.', where u,’ and u_’ are pure for Q' and represent mazimal
totally singular subspaces Z.', Z_' of M' whose intersection is of dimension
r — 2. In case (a), o(u’) represents a maximal fotally singular subspace
Z of M whose intersection with M’ is of dimension r — 1 and represented
by v'; in case (b), o(u’) represents a mazximal totally singular subspace
Z of M whose intersection with M’ is Z,’ N\ Z_'.

Let S = S, + S, be the space of spinors for Q. Let ¢’ be the product
of the elements of a base of N’; then e = €'z, is the product of the
elements of a base of N. We have associated to e a bilinear invariant 8
of the spin representation of I';* and to ¢’ a bilinear invariant g’ of the
spin representation of T'y’* (Section 3.2). We shall now investigate the
mutual relationship between 8, 8’ and the mappings ¢, ¢’ introduced
above. Let «’ and v’ be elements of §’, with ' = v/, + «/_, V' =
v+ v, u, v in CY, /s, v in C.V' If u, v are in S, B(y, v) is
defined by the condition that 8(u, v)e is the homogeneous component of
degree r of a(u)v. We have

ale))e') = (a's) + zalw' )"+ + v'-z0).

An element of C*" has 0 as its homogeneous component of degree 7.
Since ¢'r, = e and z, anticommutes with every element of C."* and
commutes with every element of C,"’, we have

Ble(w’), o)) = B/, , v') — B'(W'_,v",).
A similar computation gives

Ble'W), ¢'@)) = B'W-,v,) — W, ,v.),

Blew'), ¢'@W)) = W'+ ,v's) + B'(Ww'-,v").
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3.6. The Kernels of the Half-Spin Representations

I11.6.1. Assume that the dimension m of M is > 6. Then the kernels
of the half-spin representations of T'* are of order 1 if K is of characteristic
2, of order 2 if K 1is of characteristic 7% 2. In the latter case, these kernels
are {1, z} and {1, — 2z}, where z 1s an element of the center of C, whose
square 1s 1 and which anticommutes with every element of M.

Let s be an element of the kernel of the half-spin representation
p," of I'* on the even half-spinors, and let ¢ = x(s) be the image of s
under the vector representation. If Z is any even maximal totally
singular subspace of M and w a representative spinor for Z, then
p(s)-u = wu; but p(s)-u is a representative spinor for ¢(Z), whence
o(Z) = Z. Now, let = be any singular vector # 0 in M. We shall see
that, under the assumption m > 6, Kz is the intersection of all even
maximal totally singular spaces which contain it. The space Kz is
contained in at least one maximal totally singular space, and therefore
also, since 7 > 3, in at’least one totally singular space of dimension
r — 1. Making use of III.1.11, we see that Kz is contained in some
even maximal totally singular space Z, . Let z, be an element of Z,
not in Kz. Since r > 3, z belongs to some (r — 2)-dimensional subspace
U of Z, which does not contain z, . The space U + Kz, , of dimension
r — 1, is contained in some odd maximal totally singular space Z’.
Since z, is not in U, there is a subspace V of dimension »r — 1 of Z’
which contains U but not z, , and V is contained in some even maximal
totally singular space Z, . We have U C Z, , whence Kz C Z, ; but
Z, N\ Z' is V, to which z, does not belong, and z, is not in Z, . This
shows that Kz is the intersection of all even maximal totally singular
spaces which contain it, whence ¢(Kz) = Kz. Thus, we have ¢-z = a(z)z
for any singular vector z, a(x) being a scalar. If 2 and y are singular,
orthogonal to each other and linearly independent, then x + y is singular,
and o-(z + ) = a(z + y) (z + y), whence a(z) = a(y) = a(z + y).
It follows immediately that there exist scalars a and b such that -z = ax
forallze N, o-y = by for all y e P. If z is an element = 0 in N, there
is at least a ¥ £ 0 in P such that B(z, y) = 0, since r > 2. This shows
that @ = b and that o-z = ax for all x ¢ M (since M = N + P). Since
o belongs to the orthogonal group of @, we have ¢> = 1. If K is of
characteristic 2, then @ = 1, and s is in the center of C, whence s = ¢-1,
c ¢ K. Since p,"(s) is the identity, ¢ = 1 and s = 1. Assume now that
K is not of characteristic 2. If @ = 1, we see as above that s = 1. If a =
— 1, we observe that the center of C, contains an element z of square 1
which anticommutes with every element of A/ and that the simple
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ideals of which C, is the sum are C, (1 — 2) and C, (1 + 2) (I1.2.4).
One at least of z, — 2 is therefore in the kernel of p,*, and we may
assume that it is z. If s = sz7', then s’ is in the kernel of p,* and x(s')
is the identity, whence s’ = 1, s = 2.

The assertion relative to the kernel of p;* may be proved exactly in
the same manner; I11.6.1 is thereby proved.

I11.6.2. Let M, be an even-dimensional space over a field K and Q,
a quadratic form on M, whose associated bilinear form is nondegenerate.
Assume that the algebra (C,), of even elements of the Clifford algebra C,
of @, s not stmple. Let T, be the special Clifford group of Q, . Assume
that dim M, > 6. Then, if K is of characteristic 2, the half-spin repre-
sentations of T'*, are faithful. If K 1is of characteristic # 2, then the kernels
of these representations are {1, z} and {1, — z}, where z ts an element
of the center of (C.). whose square ts 1 and which anticommutes with every
element of M, .

If K is not of characteristic 2, we know that (C,). contains an element
z with the stated properties. Let K’ be an algebraically closed overfield
of K. Since any quadratic form on a finite-dimensional space over K’
is of maximal index (when its associated bilinear form is nondegenerate),
I11.6.2 follows from III.6.1 and from what has been said in Section 2.7.

3.7. TheCase m = 6

We shall assume in this section that M s of dimension 6, except in the
statement of 111.7.3.

Let (z,, z,, z;) and (¥: , ¥ , ¥s) be bases of N and P such that
Bz, ,y;) = 0:;; 1 <1,5 <3), y¥:s = f. We set uy = ¢ = z,2,25 ,
u; = x; (¢ =1, 2,3). Then 4, , u, , 4, , 43 form a base of S; . Every
element w % 0 of S; is a pure spinor. This is clear if u e Ku, . If not,
thenu = 2 + ce,x e N, z % 0, ¢ ¢ K and we may write ce = zyz, where
Y, z ¢ N, whence v = z exp (yz), which shows that « is pure (III.1.9).
It follows immediately that every element # 0 of S, is likewise a pure
spinor.

II1.7.1. The representation p;* of T'* on the space S; maps T'* onto
the group of all automorphisms of S; whose determinants are squares of
elements of K.

We first prove that
det p;*(s) = N*(9)

if se I'*. First let s be inT',*; then x(s) isin G,*, which is the commutator
subgroup of G@* (11.3.9). Since G* = x(T'*), the commutator subgroup
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of G* is the image of that of I'* under x, and there is an element s’ of
the commutator subgroup (I'*)’ of I'* such that x(s") = x(s), whence
s’ = ¢s, c ¢ K. It is clear that A((T'*)’) = {1}, whence A(s") = 1 = A(s)
and ¢ = 1, ¢ = =+ 1. On the other hand, p,*(s) = ¢p;*(s), whence
det p;*(s) = ¢ * det p,*(s’). But we have det p,*(s’) = 1, since s’ ¢ (T'")’,
whence det p;*(s) = 1. Now, let s be any element of T'*. Let k be an
element # — 1in K;set ¢ = 1 + ky,z, . It is clear that { commutes
with z,, 23, ¥, , ¥s - Wehave a(t) = 1 4+ kx,y,, a(t)t = (1 + k)1, as
follows immediately from the fact that 2y, + yi2, = 1, 2,° = 4,° = 0.
Thus, we have

= a+ k)—l(l + kx,y),

and
et =10+ k)7, .
Writing
t=14k — kxy,,
=1+ +k — kyz),
we see that

tyltnl =14 by .

Thus, ¢ is in T, and obviously in T'*, and A() = 1 + k. Let us now
compute p,(f). The operation p(y,) is an antiderivation which maps
z, upon 1, z, , 23 upon 0. Thus, we have p(z,9,) U0 = %o, p(T:Y) Uy =
Uy, p(T1Y1) U2 = p(T1%1) - us = 0 and p(t) %o = uo , p() - Uy = Uy, p(£) - %o
= (1 + k)uz, p(t)-us = (1 + k)us , whence det p,*(t) = (1 + k)* =
A’(?). Select k in such a way that (1 + k)A(s) = 1: then s e T',*, and
det p,*(s) = (det p,*(®))™" = (1 + k)™* = N°(s), which proves our
formula.

This being said, let ¢ be any automorphism of S; whose determinant
is a square. Then u(u,) is representative for an odd maximal totally
singular space Z. There is a ¢, ¢ G* such that ¢,(Z) = N; write o, =
x(s1), 8, € I'*, whence p;*(81)-n(uo) = au, , a ¢ K. We set u; = p,*(8))
We have N C 8S; ;let  be # 0in N and let s be an operation of I'*
such that x(s) transforms N into itself. Then p,*(s) -z is representative
for a maximal totally singular space Z’, such that x(s)-z ¢ Z’,, as follows
immediately from the fact that x is representative for a space Z, such
that = ¢ Z, (II1.1.4). This being said, we may write p,(z) = f(x) +
a(z)u, , f being a linear mapping of N into itself and a(z) a scalar.
Since p, transforms Ku, into itself, f is an automorphism of N. Since
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N is totally singular, f is a @Q-automorphism and may therefore be
extended to an operation ¢, ¢ G; since 0,(N) = N, o, is in G* and we
may write o, = x(s,), s, ¢ I'". For any z ¢ N, p,"(s,) - = is representative
for a maximal totally singular space Z’, such that f(z) e Z’, . It follows
that

p(s2)z = c(@)(expv(@)f(x), @) eK, o(@)eC,,

ie, p.*(82)x = c(@)f(x) + a'(x)u, . If k e K, then clearly, we have
c(kz) = c(z), since f(kz) = kf(z). If z, y are linearly independent, then
we have

cx + Pflx + y) = c@f(@) + c¥)f()

= oz + @) + f@),

whence ¢(x) = c(y) = c(x + y). It follows that c(x) is constant on the
set of element z 7 0 of N; let ¢ be its constant value and s; = ¢'s, :
then u,(x) = p;*(ss) = (mod Ku,) for all z ¢ N, and p,;*(s5)uo & Ku, .
Let p, = p;*(s3 ") : then py(z) = = + a,(x)u, for z ¢ N, a, being a
linear function on N. Now, observe that, if v = ¢,2,zs + c.za2, +
G, , then (exp v)z; = cu, (2 = 1, 2, 3), (exp v)u, = u, . Take ¢; =
— a,(z;) (2 =1, 2, 3), and set s, = exp v. Then p,*(s,) is the operation
of multiplication by exp vin S; ;if u, = p:*(ss)us , then we have p;(x) =
z for z e N, ps(u,) = buo , b e K. We have det u; = b; since p, is the
product of u, by an element of p;*(I'*), b is a square. For any d = 0
in K, we have constructed above an element { = ¢, of I'* such that
p:* (t) changes u, into itself, u, into u, , 4, into du, , u; into dus , and
we have A({,) = d. We may similarly construct elements ¢; (z = 2, 3)
such that A(t;) = d, and p,*({;) changes u, and u; into themselves, u;
into du; if j # 0, 4. Then p,;* (d"*t,t,t;) changes u; into u; (4 = 1, 2, 3),
Uo into d"*u, . If we select d so that d™> = b, we have u; = p,;* (d7*4,t2ts),
which concludes the proof of IIL.7.1.

II1.7.2. The group p;*(T'.*) is the group of automorphisms of de-
terminant 1 of 8. .

We know already that det p;*(s) = 1 if s ¢ T," (proof of II1.7.1).
Let p be an automorphism of determinant 1 of S; ; then we may write
p=p;"(s),se ", and \’(s) = det u = 1, whence A(s) = = 1. IfA(s) # 1,
then K is not of characteristic 2 and the kernel of p;* contains an element
z of the center of C, such that 2> = 1. If (¢, +-- , &) is a base of M
composed of mutually orthogonal vectors, then z is a scalar multiple
of £ --+ & , from which it follows easily that a(z) = — 2, whence
A(z) = — 1; we then have p = p,*(s2), A(s2) = 1.
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It follows immediately from the preceding results that p,*(T'*)
(respectively: p,*(Ts")) is the group of automorphisms of S, whose
determinants are squares in K (respectively: are 1).

Now, let M’ be the conjugate of the space spanned by z, , ¥, . Then
M’ is not isotropic and of dimension 4; the restriction Q' of @ to M’
is of index 2. Let I'* and T,’* be the special Clifford group and the
reduced Clifford group of @’. Identifying the Clifford algebra C’ of
@’ to the subalgebra of C generated by M’, I'* and T'y’* are subgroups
of T* and T,*, respectively; the representation p;* of I'* induces a
representation of I'" which is equivalent to the spin representation of
this group (see 11.6.2). Let S’; be the subspace of S; spanned by %, , 4,
and S”; the subspace spanned by u, , u; ; we shall see that these spaces
are invariant by the operations of p,*(I'"). The space §’; is the set of
elements u ¢ S; such that p(z,)-w = 2,u = 0; since p(y,) is an anti-
derivation which maps any z ¢ N upon B(z, ¥,)-1, S8”; is the space of
elements u ¢ S; such that p(y,)-u = 0. We have, for any s ¢ T'*,

P *(s2:57)  (p:7(8) w) = pi"(8) (™ () -w),

and a similar formula for y, ; it follows immediately that p:*(s) maps
S’; and 8", into themselves if s ¢ I'". If we denote by p.’*(s), p."* (s)
the restrictions of p,"(s) to S’;, 8", then p,/* and p,”’* are equivalent
to the two half-spin representations of I'*. We shall see that the de-
terminants of p,’*(s), p;”’*(s) are both equal to A(s). This is obvious if
K has only 2 elements. If not, then the reduced orthogonal group
Gy’ of Q' is the commutator subgroup of its special orthogonal group
(I1.3.9), and we see exactly as in the proof of III.7.1 that, if s e Ty,
then det p,’*(s) = det p;”*(s) = 1. On the other hand, if we set {, =
1 + ky.xz, , with & % — 1, then we see as in the proof of II1.7.1 that
t, e T, that A(¢,) = 1 + k, and that p,"({,) transforms u, into u, , %,
into (1 + k)u, , u, into u, , and u; into (1 + k)u, . It is clear that ¢, e
I''* and that det p,/"(¢,) = det p,”""(t,) = A(t,). If s ¢ IV", then we can
determine & in such a way that A(,)A(s) = 1, whence det p,’"(t;5) =
det p,”’*(t,8) = 1, A(t.s) = 1, which proves our assertion.

Conversely, let x be an automorphism of S;such that p(S’;) =
S':, u(S”;) = 8”; with the property that the determinants of the
restrictions of u to S’; , S”; are equal to each other. Then det u is a
square, and there is an s in T'* such that u = p,*(s). Then p*(x(s) -z,)
maps the elements of S’; upon 0. This shows that x(s) -z, belongs to the
maximal totally singular spaces whose representative spinors are
and z,2,7; , i.e., x(s)z, € Kz, . A similar argument shows that x(s) -y, e
Ky, . Since B(x(s) 2, , x(s)-%1) = 1, we have x(s) 2, = ¢z, x(8)y1 =
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¢ 'y, forsomece K. Letk = ¢ — 1, ¢ = 1 + ky,2, ; then (see proof of
I11.7.1), x(t"'s) leaves z, and y, fixed, whence x(¢™'s) ¢ @’* and ¢t"'s =
cs’, with some s’ ¢ I'". The determinants of the restrictions of p,"(f) to
S';, 8”; are 1 and (1 + k)* = c*, respectively. By our condition on
u, these determinants are equal to each other, whence ¢ = = 1. If
¢ # 1, 'we observe that the kernel of p;* contains an element z which
anticommutes with every element of M, and p = p,"(2s), so that we
are reduced to the case where ¢ = 1,in which caset = land s = ¢’ e I'".

In particular, we see that p,"(I';’*) is the group of automorphisms
of S; which leave §’;, §”; invariant and whose restrictions to these
spaces are.of determinant 1. This gives the following results:

II1.7.3. If m = 4, then T,* is the direct product of two subgroups
each one of which is tsomorphic to the group of automorphisms of de-
terminant 1 of a 2-dimensional vector space over K. These groups are the
kernels of the two half-spin representations of T'y*.

3.8. The Case of Odd Dimension

We denote by M a vector space of odd dimension 2r — 1 over a
field K of characteristic # 2 and by Q a quadratic form on M whose
associated bilinear form B _is nondegenerate and which is of maximal
index r — 1. We denote by C C the Clifford algebra. of Q, by C. the a,lgebra
of even elements of C, by _S the space of spinors for @, by p* the spin
representation of C. , by T, I'*, T',* the group of Clifford, the special
Clifford group, and the reduced Clifford group of @, and by 3, ", po"
the spin representations of these groups.

We select two maximal totally singular subspaces N/, P’ of M whose
sum M’ = N’ + P’ is direct and a nonisotropic subspace of M. We
select a basic vector &, of the conjugate space of M’, and we set

a = Q).

We may imbed M in a vector space M of dimension m = 2r which is
the sum of M and of a one-dimensional space spanned by a vector
£’; we extend @Q to a quadratic form @ on M by setting

QE + ct) = Q@) — a®  (ce K)

if ¢ M. It is then clear that @ is of rank 2r. It is furthermore of index
r, for Q(& + £o) = 0 and & 4+ &, is orthogonal to every element of
N’ (relatively to the associated bilinear form B of @), which shows that
N = N’ 4+ K(§ + £,) is totally singular for Q. Moreover, P = P’ 4
K(& — &) is totally singular and M = N + P. We shall use for
the notation which was introduced earlier in this chapter, it being
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understood that N and P are the spaces which were used in defining
the space of spinors.

Either one of the half-spin representations of I'* induces a repre-
sentation of degree 2"* of I'*; this representation is equivalent to the
spin representation of this group in virtue of I1.6.2. Let p,* be the
representation of I'* on the even half-spinors. Denote by {,* the repre-
sentation of G* on the h-vectors, and by ¢,,,* the one of the two simple
representations of which {,* is the sum which occurs in p," @ p,".
Denote by 6,* the representation s — A(s)¢,*(x(s)) of I'* (where A(s)
is the norm of s) and by 6, ,* the representation s — A(s)¢, ., (x(s))-
Then we have proved in Section 3.4 that

r—2

pp+ ® pp+ f=v hzoh-'(z) oh+ + or.v+‘

It follows that »* @ »p* is the sum of representations respectively
equivalent to the representations of I'* induced by the 6,"(0 < h < r —
2, h = r (mod 2)) and 6, " In order_to study these representations,
denote by E the exterior algebra of M, which we identify with the
subalgebra of the exterior algebra E on M which is generated by M.
Let E), and E, be the spaces of homogeneous elements of degree A of E,
E, whence E, = E M E, . Taking a base of M composed of a base of
M and of £, we see immediately that every element of E, is uniquely
representable in the form u A £, + v, where w ¢ E,_, and v ¢ E, . We
identify the orthogonal group G of @ to the subgroup of_ G composed
of the operations which leave ¢, fixed, and we denote by £ the repre-
sentation of G* on the A-vectors. It is clear that, if 7 ¢ G*, then

H6@ @At +v) = (i’h—l (@) w) A Eo + §'» (@) v

if e E,,veE, . This shows that the representation of G* induced
by ¢, is equivalent to {u-," + &' if B > 0, to & if A = 0. This applies
in particular if & = r; in that case, {,_," and ¢{,” are equivalent to each
other (because r 4+ (r — 1) is the dimension of M) and are simple.
Since ¢," is equivalent to the sum of {, ,"and of another representation
¢..:" of the same degree as ¢,.,’ 1t follows immediately that the repre-
sentation of G* induced by ¢.»" is equivalent to ¢,_,*. Let 6,*be the
representation s — >\(s) &' (x(s)) of T'*; then we obtain the formula

PR g 0. ¢))

Let ¢, be an isomorphism of S with the space S, of even half-spinors
for @ such that

P ®oe, =5,°5"()

1711



FORMS OF MAXIMAL INDEX

forallse I'*. Let S be the space of spinors for Q. Then we have defined
for each 2 (0 < h < 2r) a bilinear mapping 8, of S X S into E, such
that

Bi(p(8) %, p(s)-0) = MS$u(x(s)) - Balw, v)

forall se T, u, v e S, p being the spin representation of T' (see Section
3.4); By is identically zero on S, X S, if & &£ r (mod 2) but not if h = r
(mod 2). If 0 < & < 2r — 1, let A’ be equal to & if A = r (mod 2), to
h + 1if h # r (mod 2). Let %, v be in S; then 8, (¢,(%), ,(v)) may be
represented in the form W A ¢, 4+ W', where We E,._, (W = 0if A’ = 0),
W' ¢ E).. We define 8,(u, ¥) to be wif A’ = h + 1, w' if A’ = h. Thus,
B is a bilinear mapping of S X S into E, , and we have

B:(5"(®) %, 570D = MO XE) B, D)
foranyseT*, %e 8,5 ¢ 8. Tt is easily seen that 8, = 0for0 < h < 2r —
1. It is easy to verify that

Eh(ﬁ) ’l_l,) - (_1)(r—h)(r—h—1)/2b'h(ﬁ’ 5)

(see formula (2), Section 3.4). If we set

Bo(a; 5) = ﬁ(’ﬁ, 2_)) : 1; ﬁ(‘l_t, i_)) € K)
B is a bilinear form on S X S, which is an invariant of the spin repre-
sentation of Ty*.

The mappings 8, , 8 depend on the choice of the isomorphism ¢, . It
should be observed, however, that this mapping is determined up to a
scalar factor. For any other isomorphism o', with the same property
as g, is of the form g, o w, where w is an a,utomorphlsm of the vector
space S which commutes with ever ry operation of »*(I'"). Since T*isa
set of generators of the algebra C, (I1.4.2), » commutes with every
operation of 5*(C.). But " (C,) is of dimension 2*" %, and S of dimension
277, which shows that p*(C,) is the algebra of all endomorphlsms of S
and therefore that w is a scalar multiple of the identity.

‘We shall now extend to the odd-dimensiona] case the notion of a
pure spinor. Let Z be a maximal totally singular subspace of M; then
Z is of dimension r — 1 and therefore contained in a uniquely deter-
mined even maximal totally singular subspace Z of M (III.1.11). Let
u be a representative spinor for Z, and let % be the element of S such
that ¢,(¥) = u. Then % depends on the choice of %, , but the one-di-
mensional space Ku depends only on Z. Any basic element of this space
is called a representative spinor for Z; any element of S which is repre-
sentative for some maximal totally singular space is called a pure
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spinor. If Z is any maximal totally singular subspace of M, then Z N\ M
is of dimension r — 1 or r and cannot be of dimension r, since it is totally
singular. It follows that a necessary and sufficient condition for a spinor
u e S to be pure is for ,(u) to be pure.

II18.1. Let Z be a maximal totally singular subspace of Manda
representative spinor for Z. Let 7 be an odd invertible element of the center
of C; then Z is the set of all elements T ¢ M such that 5 *(zz)-u = 0 and
any element of S which is mapped upon 0 by all o (27), T ¢ Z, is in Ku.
If s e T*, then " (3) - % 1s representative for X(3)(Z).

Let v = &,(u); then u is a pure spinor for @, which is representative
for the even maximal totally singular subspace Z of M containing Z.
If e M, then we have ,(p"(2%) %) = p,"(27) ¢, (W) = p(2)-(o(@)-
#,(#)). Since z is invertible, a necessary and sufficient condition for z
to be in Z, or what amounts to the same, in Z is that " (27) -u = 0 (see
II1.1.4). The space Z is also contained in some odd maximal totally
singular subspace Z’ of M; let %’ be a representative spinor for Z’. We
shall see that Ku 4+ Ku’ is the space of all spinors for @ which are
mapped upon 0 by all p(Z), T ¢ Z. We can find an operation ¢ of the
orthogonal group G of @ which transforms Z into a subspace Z, of N.
Let (z,, - -+, 2,-1) be a base of Z, . Let w” be a spinor such that p(z) - v’
= OforallZ e Z. If we set u'’; = p(s)-u’/, then we have z,u"’, = p(z;)u’’,
= 0 (1 <7 < r — 1), which means that the element '/, of the exterior
algebra C" of N is a multiple of z, - - - z,_, . If z, is an element of N not
in Z, , then %", is a linear combination of z, --- z,_, and z, - -+ z,_1%, ,
which are representative spinors for the two maximal totally singular
subspaces of M containing Z, . It follows that 4" is a linear combination
of u and w'. Now, if ¥ is an element of S such that 5*(z%) -’ = 0 for
all T ¢ Z, and u”’ = %,(@”), then " is a linear combination of u, u’ by
what we have just said. But u, u’’ are even half-spinors and y’ an odd
half-spinor, which shows that u"” ¢ Ku and 4"’ ¢ Ku. If s e " C I,
then p,"(s):-u is representative for x(s) (), whose intersection w1th
M is X(3)(Z), which shows that 5*(3) -u is representative for x(s) (Z)

_II1.8.2. A mecessary and sufficient condition for a spinor 4 # 0 in
S to be pure is that B,(u, u) = 0for 0 < h <r — 1.

Let u = ,(%); a necessary and sufficient condition for « to be pure is
that Bi(u, u) = 0 for k # r (II1.4.4). Since u is even, it is already suf-
ficient that B.(u, u) = 0 for 0 < k < r by I11.4.3. On the other hand,
Bi(u, u) is always 0 if k¥ # r (mod 2) by III.4.2. Our assertion then
follows immediately from the definition of the mappings 8, .
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From now on, we shall assume that the Clifford algebra c of Q is not

stmple. Let (x,, -+, z,-,) and (¥, , -+, Y¥,-1) be bases of N’ and P’
such that B(z; , y;) = 6;; 1 < 4,5 <r — 1). Then (z,, --* , T, ,
Y1, ***, Yr1, £o) is & base of M and the discriminant of B with respect

to this base is 2a(— 1)"~'. Making use of I1.2.6, we see that a must
then be a square in K. Thus, under proper choice of £, , we may assume
that @ = 1. Let Q' be the restriction of @ to M’ = N’ 4 P’, and C’ be
the Clifford algebra of Q’. The center of the algebra C’, of even elements
of C’ is spanned by 1 and by an element 2’ of square 1 which anti-
commutes with every element of M’; 2/ may be selected in such a way
that 2’f = f (see Section 3.5). If we set z = 2’¢, , then Z is an odd inver-
tible element of the center of C and 2* = 1. In Section 3.5 we have con-
structed an isomorphism ¥ of C’ with a subalgebra of C, :
Y + o) = u's + w2

if u', e C',, w'_ ¢ C'_. Since 2§, = Zz, we see that ¥(C") C C’+ Since
¢’ and C, are of the same dimension 2* %, we have ¢(C") = C, . The
reciprocal mapping of ¥/ is an isomorphism of C, with C’. This iso-
morphism may be extended to a homomorphism = of C onto C’. For
any element of C may be uniquely represented in the form %, + . ,
where u, ¢ C+ ,u-eC_,and 4, + U. — %, 4 %_zZ is a homomorphism
of C onto C, . Composing this homomorphism with the reciprocal
of ¢, we obtain a mapping = with the required property. If =’ ¢ M’,
then we have ' = (z'2)z, whence =(z’) = z’; as for & , we write also
& = (,&2)z = 2'Z, and we see that =(£) = 2/; = induces an isomorphism
of M = M’ 4+ K&, with the subspace M’ = M’ + Kz’ of C". If T ¢ M,
then we have (x(%))* = »(z") = Q(E) 1. If S e T, then we have sMs ™' =
M which shows that r(3)M'(x(3))”! = M. Conversely, let s’ be an
invertible element of C’ such that SM's™ = M. Then &' is the image
under = of some element s & C. and, since = (z) = 1, Mz C C, we have
3(Mz)s™* = M, whence SMs™' = M and 5 e T*. Thus, we see that =
induces a homomorphlsm of the group T ' onto the group T of invertible
elements s’ ¢ ¢’ such that s’M's'’™! = M’; =(T) is identical to x(T"),
and = induces an isomorphism on T*.

The group I'* is generated by the products zZ, where Z runs over the
invertible elements of M (1I1.3.4). It follows that the group I' is gener-
ated by the invertible elements of M’ (i.e., by the elements of this space
whose squares are not 0). If o’ is the spin representation of C’, then
p’ o r induces a representation of C, on the space S’ of spinors for @,
and this representation is obviously equivalent to the spin representa-
tion of C, . Thus, p’ o v induces a representation of I'* on S’ which is
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equivalent to the spin representation of I'*. The norm homomorphism
A of T'* defines a homomorphism A’ of I" into the multiplicative group
of elements > 0 in K. We shall say that \’ is the norm homomorphism
of IV,

If (¢, -+- , &a) is a base of M composed of mutually orthogonal
vectors, £, --- £, is an odd invertible element of the center of C and is
therefore a scalar multiple of z. It follows immediately that a(z) =
(=1)7'%%. If 2/ ¢ M’, then we have o'(z) = 2/, a¥(z')) = a(z'z) =
a@z’ = (—=1)"" Y(2’). It follows that a oy coincides with ¢ oo’ on
C’, , with (—1)"' ¢ oo’ on C’_ . If we denote by o the product of the
main involution of C’ by its main antiautomorphism, then we see that
a oy coincides with ¢ o o' if r is odd, with ¢ o o' if ris even. In particular,
if we denote by I',’ the kernel of the norm homomorphism of I, then
we have

T,/ NI =T,*.

Making use of the remark at the end of Section 3.2, we see that, if
gel,u,v e 8, then

B (o' ®)w, p'F)V) = NEF)B' W, V)
if r is odd, while
B’ ®)w, p'®)v) = NEF)BW, v

if r is even; in these formulas, 8’ and § are the bilinear forms on 8’ X S’
which were introduced in Section 3.2.
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CHAPTER IV
THE PRINCIPLE OF TRIALITY

We shall denote by M an 8-dimensional vector space over a field K
and by @ a quadratic form on M of rank 8, of defect 0 (in case K is of
characteristic 2) and of index 4. We shall use the notation introduced
in Chapter III; in particular, we denote by N and P two four-dimensional
totally singular subspaces of M which are supplementary to each other,
by f the product in the Clifford algebra C of @ of the elements of a base
of P, and by C" the subalgebra of C generated by N; we take S = C¥
to be the space of spinors for @, and we denote by S, and S; the spaces of
even and odd half-spinors. The representations of the subgroup I'" of
the group of Clifford on the spaces S, S, , S; are denoted by »*, p,",
p:*; the vector representation of the group of Clifford I' is denoted
by x, and its spin representation by p.

We have constructed in Section 3.2 a bilinear form 8 on S X 8,
defined as follows: if u, v are in S, then 8(u, v)e is the homogeneous
component of degree 4 of a(w)v, where « is the main antiautomorphism
of C. Since r = 4, B is symmetric and vanisheson S, X S;andon S; X S,

and its restrictions to S, X S, and S; X S; are nondegenerate. If z e M,
then we have

B(p@) -u, p)-v) = Q@B v),
and, for any s e T,
B(p(8) -u, p(s)-v) = Ns)Bu, v).
Moreover, since r = 4, there exists a quadratic form v on S such that
v +v) = yW) + v0) + By, v)
for any u, v ¢ S, and
(@)W = QYW  (ze M),
v(p(s)w) = M)v(w)  (se ).
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This form has been explicitly constructed; if K is not of characteristic 2,
then we have y(u) = 18(u, u).

4.1. A New Characterization of Pure Spinors

IV.1.1. Let u be an element = 0 of S. In order for u to be a pure
spinor, it is necessary and sufficient that the following conditions be satis-
fied: u ts etther even or odd, and v(u) = 0.

Suppose first that u is a representative spinor for a maximal totally
singular space Z. There is an operation ¢ of G which transforms Z into
P, whence p(s):u = a-1, a a scalar # 0, since 1 is a representative
spinor for P. But y(1) is obviously 0, whence v(x) = (A(s))™" v(p(s) - )
= 0. Assume now that our conditions are satisfied. Proceeding exactly
as in the proof of I11.3.2, we see that there is an s & T' such that p(s) -u is
even, and the homogeneous component of degree 0 of p(s)-u (in CV,
identified to the exterior algebra of N) is ¢ 0, while its homogeneous
component of degree 2 is 0. Since N is of dimension 4, p(s)-u is then of
the form a-1 + be, a ¥ 0 (where e is the product of the elements of a
base of N). If K is not of characteristic 2, then B(p(s)-u, p(s)-u)-e is
the homogeneous component of degree 4 of

alp(s) -up(s)-u = (a-1 + be)?,
whence

¥(p(8)-w) = 3B(o(s) -u, p(s)-u) = abd.

The formula v(p(s) -u) = ab is also true in case K is of characteristic 2,
in view of our explicit construction of v (Section 3.2). Since y(p(s) ‘uw) =
A(s)y(u) = 0, we have b = 0 and p(s):-u = a-1 is pure, which shows
that u is pure.

4.2. Construction of an Algebra

We shall now introduce the vector space A = M X S, of dimension
8 + 16 = 24. This space is the direct sum of the two subspaces M X {0}
and {0} X S; we shall identify these two spaces to M and S, respectively.
It should be observed that the spaces M and S, as they have been
defined, have the space N in common. Our identification is therefore
logically illicit; in all rigor, we should consider A as the sum of two
spaces respectively isomorphic to M and to S. We do not do it, in order
to avoid complications of notation, but it should be kept in mind that
the elements of N are now doubled: they appear either as elements of
M or as elements of S and should be distinguished from each other
according as to whether they function in one or the other capacity.
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We define a quadratic form € on A by the formula

Az +w =Q@) +vw (zeM, ueb).

The bilinear form associated with @ will be denoted by A. If z, 2’ ¢ M,
u, 4’ ¢ S, then we have

Az +u, 2 +u) = Bz, 2') + Bu, w).

It follows immediately that A is nondegenerate. The subspaces M,
S, , S; of A are nonisotropic (with respect to A), and the conjugate of
any one of them is the sum of the other two.

We shall now define a cubic form F on A by the formula

F(z + u + u') = B(p(x) u, u'),
wherez e M, ue S,, u' ¢ S; . We have, by I11.2.2,
Flz + v+ u) = B(o(2) -u, w') = By, o(z) ). (1)

From the cubic form F we deduce by the process of polarization a
trilinear form ® on the space 4 X A X A. The form ® is defined as
follows. Let £, 9, ¢ be the elements of A. Then

®E 0, ) =FE+n+ )+ FO + Fln) + F(§)

— [FE&+ » + Fin + 0 + F& + 9.
Let (¢, -, £4) be a base of 4, and set

24 24

£=Eai£iy "7=Ebi'§-" §-=ZC:’£€'

i=1 i=1 i=1
Then it is easily verified that ®(¢, 7, {) is of the form

24 )

E d;,',,a.-b,-c,, )

.9 k=1

where the d;;’s are fixed constants, which proves that ® is trilinear.
If K has infinitely many elements, then ®(¢, », {) may also be defined
as follows: F(at + by 4+ cf) being expressed as a polynomial in a, b,
¢, then the coefficient of the term in abc in this polynomial is ®(¢, 7, ).
The trilinear form ® is obviously symmetric.

We can now define a law of composition in A. Let £ and 5 be in A.
Then ¢ — ®(%, 7, {) is a linear form on A. Since the bilinear form A
is nondegenerate, there exists a unique element w of A such that
Alw, §) =-B(, 9, ¢) forall ¢ e A. We set w = £ o g; thus, we have

‘I’(& n, 8 = A(£O uh l’)
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The mapping (¢, n) — £ o n is obviously bilinear; it is the law of compo-
sition of a structure of (nonassociative) algebra on A. Since ® is sym-
metric, this algebra is obviously commutative.

The law of composition in the algebra A being defined in terms of
the forms © and F only, it is clear that any automorphism of the vector

space A which leaves these two forms invariant is an automorphism of
the algebra A.

IV.2.1. If each one of the elements &, u, ¢ lies in one of the spaces M,
S, , S; , then we have

®E m, 8 =FE+ 2+ 39).

We have F(w) = 0 if w lies in one of the three spaces M + S, , S, +
S:, S; + M, as follows immediately from the definition of F. Thus,
under our assumption, F(£), F(x), F(;'); F¢+ ), F(n +2), F¢ + £)
are all zero, which proves IV.2.1.

Suppose that ¢ and 5 are both in M, or both in S, or both in S; . Then
we have ®(¢, 9, ) = 0if ¢ lies in either one of the spaces M, S, , S;, and
therefore, by linearity, ®(¢, 5, {) = 0 for any ¢ ¢ A. This proves:

IV.2.2. We have ton = 0 if £ n both lie in one and the same of the
spaces M, S, , S; .

Now, assume that £ e M, 5 ¢ S, . Then we have ®(¢, 4, {) = 0 when
teM + S,,whence A(kon, §) = OforfeM + S, . Thus, £o 9 lies in
the conjugate of M + S, with respect to A, i.e., in S; . Proceeding in a
similar manner, we obtain the formulas

Mo S, C S S,oS; C M S;oMCS,. 2)
IV.2.3. Let x bein M and u in S. Then we have

zou = p)u you) = Q@) zo(zou) = Qu.

It is clearly sufficient to prove the first of these formulas in the case
where u is in either S, or S; . Assume for instance that u ¢ S, , whence
zouelS;. Ifu eS;,wehaveB(zxou,u') = A(xou,vw) = &z, u, ') =
Fixz + u + %) = B(p(x)-u, w'), whence zou = p(z)-u, since the re-
striction of 8 to S; X S, is nondegenerate. We proceed in exactly the
same way if u ¢ S;. The second formula of IV.2.3 follows immediately
from the first. Moreover, we have zou ¢ S, whence zo (zou) =
p(2) - (p(z)u) = p(z*)-u = Q(z)u, since 2* = Q(z)-1.

If z, y are in M and u ¢ S, then we have

Blzou, you) = Bz, y)v(w) ®
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The left side is y((x + y) ocu) — y(x o u) — v(y o u), which is (Q(x + ¥)
— Q(x) — Q(v))y(u) by IV.2.3, which proves (3).
Now, let sbe an element of T. If e M, ue S, ,u ¢ S;, set

pE) @+ u + w) = x(6) -z + p(s)-u + p(s)-u'.

Then p is clearly a linear representation of the group I'. We have
Q(x(s8)-z) = Q(x), v(p(s) - (u + u')) = Ns)v(u + «). If s ¢ Ty, then
p(s) leaves the quadratic form © invariant. We shall now prove the
formula

Fu(s)-w) = Ms)F(w) (seT,we A). @
Seto=z+4+ut+uw,zeM,ueS,,u ¢8,. We have
F(u(s)-w) = B(p(x(s)-x) - (p(s) -u), p(s)-w').

Now, x(s)z = szs™', whence
) b

p(x(9)2) = p(s)o(x)(p() "

and
F(u(9)-w) = B(o(3)o(z) -u, p(s)-w’)
= Ms)B(n(z) u, w')
= M9)F(),
which proves (4). It follows immediately that
(W) £, 1) 7, wE)-8) = N2, 7, 8) ®)

if§ m ¢ arein A.
Let « be in M and u, %’ in S. Then

p(8)-(xow) = u(s)-(wow
= u(8)-xou u
= x(8)-z o p(s)-u,
(1) *w) o (u(s) -u") = (p(s) 1) o ((s) -u’)
= N8)(x(s) - (w o u'))
= N9 (u(s) - (wou)). )

(6)

For we have
x(8) -z o p(s)-u = p(x(s) - 2)p(s) u
= p(s)p() -u,
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which proves the first formula. We have p(s)-u o p(s)-u’ ¢ M, and, for
yeM,

B(o(s)-uo p(s)-u’, y) = B(u(s) -u, uls) v, )
= N ®(u, ', p(s™")-y)

= Me)Buow’, x(s™)-y)
and

B(x(s) - uow,y) = Bluow, x(s"")-y),

which proves the second formula (6).

It is clear that every automorphism of the vector space A which
leaves the quadratic form @ and the cubic form F invariant leaves also
the trilinear form ® invariant and is therefore an automorphism of the
structure of algebra of A. Thus, every operation of u(T,) is an auto-
morphism of the algebra A.

IV.2.4. Any automorphism o of the algebra A which transforms each
one of the spaces M and 8 into itself belongs to the group u(T,).

We know that the representation p of the Clifford algebra C maps C
onto the algebra of all endomorphisms of the vector space S. Thus,
there exists an element s £ C such that ¢-u = p(s)-u for all u e S. Since
o induces an automorphisms of S, s is invertible in C. Let z be in M;
then we have p(s)p(z)-u = o(xou) = o-zoo-u = p(o-x)p(s)-u, and
p(o-2) = p(s)p(x)p(s™") = p(sxs™'). Since p is a faithful representation
of C, szs™' = ¢-r, which proves that s ¢ T, and that ¢ = u(s). It remains
only to prove that A(s) = 1. We have, for u, ' ¢ S, p(s)-uouw’ =
p(s)-uopu(s)-u'. Comparing with the second formula of (6), we see
that A(s) = 1 provided there exist elements u, u’ € S such that wou’ # 0.
Now, let x, be a nonsingular vector in M and ’ an element = 0 of S, .
Since (o(70))*-u = Q(xo)u, the mapping u — p(x,)-u of S, into S; is
one-to-one; since S, and S; have the same dimension, it is an iso-
morphism of S, with S, , and there exists an u ¢ S, such that 8(p(z,) - u,
u') # 0; since B(uow’, z,) = B(o(xo)-u, u;) (by IV.2.1), we have
uou # 0 and IV.2.4 is proved.

4.3. The Principle of Triality

IV.3.1 (Principle of triality). There exists an automorphism J of
order 3 of the vector space A which has the following properties: J leaves
the quadratic form Q and the cubic form F invariant; J maps M onto
S, , S, onto S; , and S; onto M.
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There exists an element x, € M such that Q(z,) = 1. For, if z and ¥
are elements of M such that Q(z) = Q(y) = 0, B(z, y) = 1, then z, =
z + y has the required property. We have z, ¢ ' and A(z,) = z,° = 1,
whence z, € T, . It follows that the operation u(z,) (see Section 4.2)
leaves @ and F invariant; it is clear that u(z,) maps M onto itself, S,
onto S;, and S; onto S, .

Now, we know that the restrictions of v to S, and S; are of index 4.
If u,varein S, , y(u) = v(v) = 0, and, if B(u, v) = 1,'then we have
v(u + v) = 1. We see in the same way that v takes the value 1 at some
point of S; .

Now, let u, be any point of S, such that ¥(u,) = 1. We shall associate
to u, an automorphism 7 of A. If x ¢ M, then we set r(x) = u,02 =
zou, e S; . If x, y e M, then we have

B(r-x, 7-y) = Bl, v)

by formula (3), Section 4.2. Thus, if r-y = 0, then B(z, y) = 0 for all
z ¢ M and y = 0; this proves that £ — 7-z is a one-to-one mapping
of M into S, . Since M and S; have the same dimension 8, our mapping
is a linear isomorphism of M with S; . Every v’ ¢ S; may therefore be
written in one and only one way in the form 7-z, for some z ¢ M, and
we set 7-u’ = 2. Having now defined r on M and S, , we extend it by
linearity to M + S; ; we obtain in this way an automorphism of order
2 of M + 8, . There remains to define 7 on S, , which we do by the
formula

Tu = B, u)u, —u  (uesS,). ¢))

If 7/ is the symmetry in S, with respect to the conjugate hyperplane
of Ku, , relative to the restriction of the quadratic form v to S, , then
we have 7-u = — 7’-u (since y(u,) = 1). It follows that the mapping
of S, into itself defined by (1) is an automorphism of order 2 of S, .
Completing the definition of 7 by linearity, we see that we obtain an
automorphism 7 of order 2 of A which maps any z ¢ M upon u, oz.
This automorphism leaves the forms @ and F invariant. For, let = be
inM,uin S,,and % in S; . Then we haver-z e S; ,7-ueS,, r-u' e M,
and

Qr-(@ +u+ ) =y, 0x) + v(r-w) + Q(r-u).

We have y(u, oz) = v(u,)Q(z) by IV. 2.3, and this is Q(z). We have
y(-u) = v(w) because the restriction of r to S, belongs to the orthogonal
group of the restriction of y to S, . If 4’ = w, oy, with y ¢ M, then we
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have 7-u’ = y, whence y(v') = Q(y) = y(r-u'), and this shows that
7 leaves Q invariant. We have

F(r-(z + u + «)) = B(r-u, p(r-u’) o (u, 0 x))

by formula (1), Section 4.2. Again let ' = u, 0y = p(y)-u, ; since
u, ox = p(x)-u, , we have p(r-u’) - (u, ox) = p(yzx)-u, . Thus, we have

F(r-(z + u + v)) = B, u)Bus , p(y2) -us) — Bu, p(yz) ui).

Now, we have zy + yz = B(z, y) -1, whence

B, p(y)p(2)-u)) = B(x, Y)Bu, u)) — B, p(x)p(y) w,).
Making use of formulas (1), (3), Section 4.2, we have

Bz, y) = B(y, 2) = Byou , zou) = B(p(®) u , p(z)-u,)
= Bu , p(yz) -w)

and therefore

F(r-(z +u + w) = By, p()p(y) ),
but p(y)-u, = yowu, = v/, and

F(r-(x 4+ u + ) = B, p(x)-w) = Flx + u + ),

which proves that 7 leaves F invariant.

Set 0 = 7u(z))r"' = 7u(z))r and &' = p(x,)f(p(x,))" = u(z,)7ru(z,).
These two operations are of order 2 and leave Q@ and F invariant. We
shall prove that they are identical. Let  be in M; then we have

0-x = 7(u(x,) (o 2) = 7(p(xy) () - 1)

= B(u , p(21)p(x) w)us — p(21) p(2) Us

We have z,z + zz, = B(z, z,)-1 and
B(z, z,) = B(z,, z) = B(®10u, , zoU,)

= Blo(x) uy , (@) ) = Bluy , p(z12) ),

whence 0-z = p(x)p(xl) ‘U, . On the other hand, we have
0"z = p(z)7 (x(2) )= @) (Wi 0 T122,7)
= p(@) (p(xi22, ") W) = p(z:) p(2:122,7") 2y

= p(xx,) Uy ,
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since z,° = 1; thus, 6’ coincides with § on M. On the other hand, we
verify immediately that 6 and 6’ both map M into S, : r maps M into
S: , u(z,) maps S; into S, , and = maps S, into itself, whence 6(M) C
S, ; u(z,) maps M into itself, r maps M into S; , and u(z,) maps S; into
S, , whence §'(M) C 8, . Since 6 and ¢’ are of order 2 and coincide with
each other on M, they coincide with each other on S, , and 6’ coincides
with the identity on M -+ S, . On the other hand, 8 and 6’ belong to the
orthogonal group of the quadratic form @, and so does 66’; since 66’ maps
M + S, into itself, it maps also into itself the conjugate S; of M + S,
with respect to the associated bilinear form A of Q. Since 6 and 6’ leave
@ and F invariant, so does 66¢’, and 66’ is an automorphism of the algebra
A. Thus, it follows from IV.2.4 that 0’ = u(s) for some s ¢ Ty . Since
(66")(x) = x for x £ M, s belongs to the kernel of the vector representa-
tion of T, whence s = ¢-1 for some ¢ ¢ K. Since u(s)-u = cu = u for
uesS,, wehave ¢ = 1 and 66’ is the identity, whence § = ¢’. Writing
that 6’6 is the identity mapping I, we obtain

p(@y) ru(z) p(e)r = I.

Let J = u(z,)7: then J® = I. It is clear that J leaves F and Q invariant,
maps M onto S, , S, onto S;, and S, onto M; IV.3.1 is thereby proved.

It is clear that J is an automorphism of the algebra A. Making use
of this automorphism, we obtain more formulas on the law of compo-
sition o. It follows from IV.2.3 that Q(J-zoJ -u) = v(J -z)y(J-u) if
zeM,ueS,, whence

Quow) = yWyw) (wes,,u' e8). @

Since zo (xou) = Q(z) -u, we have
Jzo(JxoJ-u) = y(J-2)J u,

Jhzo(J o J N w) = 4(J T x)J T,
whence
uoWou') = ywu, u owou) = yW)u wesS,,u eS). 3)
Applying J and J ™! again, we find the formulas
uouox) = ywz, w oW ox) =yw)r (eM,ueS,,u'eS). (4
Making use of formula (3), Section 4.2, we obtain

B(u,ou’, uyou’) = yw)BWu, , u,) Uy, ,us e S, , u’ e Sy,

Buou'y ,uou’;) = ywb@', ,u,) (wesS,,u,,u>e8). (5
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Consider now the operation § = 6’ introduced above. We have

J (@) = mu@)p(iulz)r = wlx)r = 6. .

If ueS, + S;, then we have u(r,)-u = x,0u, whence §J '-u =
J ', 0J 'u. We have J ™'z, = 7u(x) 2, = 7 -2, = x,0%, ; denote
this element by u’,. Then we see that 8-v = u’;0v = vou', if ve J7'(S)
= M + S, . On the other hand, we have u(z,):-z = B(z, , )z, — %
if ¢ M. Thus, we obtain the formulas

6-v =vou, weM + S,
6-u = B, uwu, —u (W e S). (6)

On the other hand, 7 is an automorphism of order 2 of A and 7.z =
zowu, for z ¢ M. We have (zow,)ou, = z by formula (4), whence
7-(xou) = (xouy)owu, . It follows that r-w’ = v oy, forallw' e S;,
and we have

T =vou weM 4+ S,
Tu =B, u)u; —u  (uelS). ™

4.4. Geometric Interpretation

Denote by Z and Z’ two maximal totally singular subspaces of M,
by u and u’ representative spinors for Z and Z’.

Let = be a point of M. We know that a necessary and sufficient
condition for z to be in Z is that xou = p(z)-u = 0 (III.1.4). Assume
now that this condition is not satisfied. The space Z + Kz is then of
dimension 5; we shall see that this space contains exactly one maximal
totally singular subspace Z, ¥ Z and that p(z)-u is a representative
spinor for Z, . The conjugate of Z is Z itself and therefore does not
contain z, which shows that Z contains an element y such that B(z, y)
= 1. Let z, = 2 — Q(x)y; then Q(z,) = 0 and z, is not in Z. Let R be
the space of elements z £ Z such that B(z, 2) = 0; R is of dimension 3,
and Z, = R + Kz, is of dimension 4 and totally singular, because
Q(z,) = 0 and =z, is orthogonal to every element of R, since both « and
y are. The space R is in the conjugate of Z 4+ Kz; if Z’, is any totally
singular subspace of Z 4+ Kz, then so is R + Z’,, whence R C Z', if
Z', is maximal totally singular. Moreover, Z’, , which is of dimension 4,
has an element = 0 in common with the 2-dimensional subspace Kx +
Ky of Z + Kz; if Z', # Z, then y is not in Z’; and Z’, contains an
element of the form z + ay, a ¢ K. Since Q(z + ay) = 0, we have a =
—Q(x) and z, ¢ Z’,, whence Z’, = Z,, which shows that Z, is the only
totally singular subspace # Z of Z + Kz. We have y(p(z) -u) = Q(z)v(u)
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= 0, which shows that p(z) - is a pure spinor (IV.1.1). Since y € Z, we
have p(y)-u = 0, whence p(z)-u = p(z,) -u. We have p(x,) - (po(x,) - u) =
p(z,*)-u = 0, since z,°> = 0; it follows that z, belongs to the space of
which p(z) - u is a representative spinor. If z ¢ R, then we have B(z, ) =
0, whence zz + 2z = 0, and

(@ (p()-u) = —p(@)-(p(d)w) =0,

since z ¢ Z. It follows immediately that p(z) - u is a representative spinor
for Z, . Thus, we have proved the following statement:

IV.4.1. Let u be a representative spinor for a mazimal totally singular
space Z and xz an element of M not in Z. Then xou is a representative

spinor for the unique mazimal totally singular space # Z coniained in
Z + Kx.

Further, we observe that uo (xou) = y(u)r = 0 by formula (4),
Section 4.3.

Assume now that Z M Z’ is of dimension 3. Then Z + Z’ is of dimen-
sion 5, and, if x is any element of Z’ not in Z, then v’ = cp(x)-u, ¢ a
scalar, whence uow’ = 0. We shall now prove that the converse of
this is true:

IV.4.2. Let Z and Z' be maximal totally isotropic subspaces of M one
of which s even and the other odd. Let u, u' be representative spinors for
Z,Z'. Then a necessary and sufficient condition for Z (M Z' to be of dimen-
ston 3 is that uou' = 0.

We know already that the condition is necessary. Now, assume that
uou = 0. We may assume that Z is even and Z’ odd. Let the automor-
phism J have the properties of IV.3.1, and set v = J(u), y = JW'),
whenceve S;,y e M. We have y(v) = y(u) = 0, and v is pure; moreover,
voy = J(uow) = 0, which shows that y belongs to the maximal
totally singular space Z of which » is a representative spinor. Let z be
an element of M such that B(x, y) # 0, Z, the maximal totally singular
subspace of Z 4+ Kz distinct from Z, and v, a representative spinor for
Z, . Then, we have v = ayov, , a being a scalar % 0. We have v, ¢ S, ,
whence z = J '(v;) e M and u = au’ o z. Making use of IV.4.1, we con-
clude that dim Z N\ Z’ = 3.

IV.43. Let Z and Z' be mazximal totally singular subspaces of M one
of which ©s even and the other odd, and let u, u' be representative spinors
for Z, Z'. If uou' # 0, then dim (Z M Z’) = 1 and wo v’ s a basic
vector of Z M Z'.
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We know that dim (Z M Z’) = 1 (mod 2); since this dimension is
# 3,itis 1. We have uo (uo ') = y(u)u' = 0, v’ o(uou’) = y(u')u =
0; it follows that uou' ¢ Z N Z'.

Let now M be the projective space whose points are the one-dimen-
sional subspaces of M. Those one-dimensional spaces which contain
singular vectors form a quadric hypersurface @ in M. If P ¢ @, then
any basic vector z of the subspace P of M will be called a representative
vector for P. To the 4-dimensional totally singular subspaces of M
correspond 3-dimensional projective subvarieties of @; if L corresponds
to a 4-dimensional totally singular space Z, then any representative
spinor for Z will also be called a representative spinor for L. The spaces
L fall into two categories, corresponding to the two kinds of pure
spinors; we shall denote by £, (respectively: &,) the set of 3-dimensional
projective varieties of @ whose representative spinors are even (re-
spectively: odd). To the automorphism J of IV.3.1, there corresponds a
mapping J which assigns to every point of Q a variety in &, , to every
variety in &, a variety in &; and to every variety in £; a point of Q.

IV.4.4. Let P and P, be distinct points of Q4 necessary and sufficient
condition for the line PP, joining P to P, to be on Q s that J (P), J(Py)
should meet each other. If L, L, are in &, , a necessary and suffictent con-
dition for L and L, to meet each other is that J (L), J(L,) should meet each
other.

Let x and z, be representative points for P, P, . A necessary and
sufficient condition for the line PP, to be on @ is that Kx + K=z, be
totally singular. Since « and z, are singular, this condition is equivalent
to the condition that B(z, z;) = 0. Now, we have 8(J-z, J-z,) =
B(z, z,) and, if u, u" e S, , B(J -u, J-u') = B(u, u’). On the other hand,
we know that, if Z, Z’ are maximal totally singular subspaces of M and
u, ' representative spinors for Z, Z’, then a necessary and sufficient
condition for Z M Z’ to be # {0} is that B(u, ') = 0 (I111.2.4); IV.4.4
follows immediately from these facts.

IV.4.5. Let P be a point of Qand L a variety in 8, . A necessary and
sufficient condition for P to belong to L is that J(P), J(L) should have a
2-dimensional projective variety in common.

This follows immediately from IV.4.2.

4.5. The Octonions

Let us select once and for all an element z, ¢ M such that Q(z,) = 1
and an element u, ¢ S, such that y(u,) = 1. We shall set v’, = z,0%, ,
Whence u’l € S.‘ y ‘Y(ull) =
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Let = and y be in M. Then we have zou'; ¢ S, , you, ¢ S;, and
(xou'y)o(you,) e M. We set

rzrxy = (xou)o(youy);

this formula defines a bilinear law of composition on M X M, i.e., a
structure of algebra on M. We shall call this algebra the algebra of
octonions.

The element z, is the unit element for our law of composition, for
z0uy = z,0(z,0u) = uy (by IV.2.3), u,0 (you,) = y by formula
(4), Section 4.3, and, similarly, z,0u, = %/, , (xow))ou', = z. Let
z and y be in M. Then we have

Qz *y) = Q@)Q). @

For, Q(z * y) = y(zou'))y(yowu,) by formula (2), Sectlon 4.3, and

v(@ou) = Q@), v(you) = Qy) by IV.2.3.
We have z, ¢ I'; for any = ¢ M, set

T = x(#) 2z = n22, = Bz, 2)7 — 7;
then 7 is called the conjugate octonion of z.

IV.5.1. The mapping x — T is an antiautomorphism of the algebra of
octonions.

In order to see this, we use the automorphisms r, 8 of A which were
introduced in Section 4.3. Making use of formulas (6), (7), Section 4.3,
we see that we may write

r*y = f-xor-y.

The operation x(z,) extends to an automorphism u(z,) of A. We have
0 = p(z)7u(zy), 7 = wp(z,)0u(z,); since u(z,) is of order 2, we have
p(z) -z *y = (r-x)0(6-y) = (8-y)o(r-T) = y * z, which proves
IV.5.1.

We shall now prove the formula

Tx(z*y) =Q@y (z,yeM). 2
We have

T* (z*y) = 0u(m)-zo(rbzoy)

because 7 is an automorphism of order 2. Now, 6u(z,) = p(z)r =
79, since § = ru(z,)7 (see Section 4.3). Thus

Z*(x*y) = r8(zo(zo b7-y) = 70-(Q(x)87-y) = Q@)y,
which proves (2).
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If we replace z by its value B(z, x,)x, — z in (2), we obtain
Bz, z)z*y —z*(z*y) = Q@)y.
On the other hand, it follows from (2) that = * z = Q(z)z, , whence
B(z, z))x — z * z = Q@)
and
Bz, z)z*y — (z*2) *y = Q(2)y,
which proves that
z*(x*y) = (z*x)*y.

Going over to the conjugates, we obtain, in virtue of IV.5.1, (¥ * 7) *
T =y * (T * Z), or, since z, y are arbitrary, (y *z) * 2 = y * (z * ).
Thus, the difference

U,y =z*(@y*2) — (z*y) *z
is zero if y is equal to either z or z. Writing that U(z,y + 2,y +2) = 0,
we obtain U(z, y, 2) = — U(z, 2, ), whence U(z, y, ) = 0. Thus, we
see that U(z, y, 2) = 0 whenever two of z, y, z are equal to each other.
This is the characteristic property of what is called the alternating
algebras. It implies that the algebra generated by any two octonions is
associative, a fact which it is also easy to check directly.

We have defined the law of composition * in M in terms of the law
of composition of the algebra A. It is also possible to do the converse.
Let J be the operation u(z,)r; we know that J is an automorphism of
order 3 of A, and every element of A is uniquely representable in the
form z + J-y + J*-z, where z, y, 2z are in M. Moveover, we have
Jy = u@)ry = 0%, J>z2 = ru(x,)z = 7-Z, whence Jyo J’z = § * 2
and therefore J?yoz = J(i *2), yo Jz = J*(§ *2), i.e.,

goJy=J(T*y), xzoJz=JE*T), JyoJz=%y*z. (3

We shall now determine the automorphisms of the algebra of octonions.
We have constructed in Section 4.2 a representation u of the group
T, by automorphisms of A. Let s be any element of I'," such that
u(s) -z, = x,, pu(s) -u; = u, . Then we have also u(s) -u/, = u(s) 2,04, =
w'y. If 2, y e M, then

x@-z*y =p@E)z*y
= p(s)-(mou')o(you)
= (x(8)-zou'y) o (x(s) -y ou)
= (x(9)-2) * () -y),
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which proves that x(s) is an automorphism of the algebra of octonions.
Let conversely ¢ be any automorphism of this algebra. Since z, is the
neutral element, we have ¢-z, = z, . We shall prove that ¢-Z = 7z for
every z £ M. We have

Q@)r, =72 *xz = Bz, 1) — T * 7,

whence

Q@)x, = B(z, 2))0:2 — o2 * 02,

but also

Q(o-2)x, = B(o-z, 2)0'x — 0°X * 07,

and therefore

Qe-2) — Q)2 = (B(o-z, x,) — Bz, z))o-z.

If z, z, are linearly independent, then so are ¢-z and z, , and B(s-z, z,)
= B(z, z,); this last formula is also obviously true if x ¢ Kz, . Since
Z = B(z, x,)x, — z, it is clear that ¢-T = 7-z. We may now extend ¢ to
a linear automorphism 7 of the vector space A by setting

e+ Jy+J2) =02+ J oy + J oz

- Making use of the formulas (3), we see immediately that 7 is an auto-
morphism of 4, and this automorphism maps M, S, , and S; onto
themselves. It follows by IV. 2.4 that ¢ = u(s), where s is some element
of T'y". Moreover, it is clear that ¢ commutes with J. We have J-z, =
pE)rz, = x,0(w0x,) = U, ;since v-x, = z, , we have o+ u; = u, ,
and u(s) leaves u, fixed.

The automorphisms of the algebra of octonions may be characterized
in still another manner. Let s be any element of I',*; then u(s) is an
automorphism of A, and so is Ju(s)J™'. It follows from IV.2.4 that
Ju(s)J ! may be written in the form u(j-s), where j-s is an obviously
uniquely determined element of T',*; the mapping s — j-s is an auto-
morphism of order 3 of T',*. It is clear that j- (¢-1) = ¢-1if cis an element
# 0 of K; thus, j maps the kernel of the vector representation x of
T,* into itself and defines an automorphism j of order 3 of the group
Gyt = x(T,*). We have seen above that an automorphism o of the
algebra of octonions may be written in the form x(s), where s is an
element of T',* such that u(s) = ¢ commutes with J; it follows that o
is an element of G,* which is left invariant by j. Conversely, let ¢ be
any element of G,* such that j.c = o. Write ¢ = x(s), where s ¢ T',".
We have x(j-s) = x(s), whence j-s = c¢s, ¢ ¢ K. Since j is of order 3,
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we have ¢ = 1; on the other hand, we have A(s) = 1,\(j-s) = 1, whence
¢® = 1. It follows that ¢ = 1 and that u(s) commutes with J. Let =,
ybein M, and 2’ = o2, ¥y’ = o-y; then we have

T xy = Ja'oJY = Ju(s)-zo Ju(s)-y
= ) J-zou(©)J*y = o-(Jxo J) = o(T *7)

and o is an automorphism for the law of composition (z, y) — = * ¥.
This law of composition admits z, as its neutral element, whence ¢-z, =
u(s) -z, = z, . Since u(s)J = Ju(s) and J -z, = u, , u(s) leaves u, fixed,
and ¢ = x(s) is an automorphism of the algebra of octonions. Thus,
the group of automorphisms of the algebra of octonions is the group of
elements of G,* which are left fixed by the automorphism j of order 3 of
this group.
If z is an octonion, we set

Sp z = B(z, x,)
and call this element the trace of z. It is clear that
Spz =Spz.
We shall now prove that
Spz*y = B, y)
if «, y are octonions. The left side is
B(x *y, 21) = A((zou'))o(you), ) = zou', you,, ,);
by the symmetry of &, this is also
&z, , zou'y, you,) = Alz,0 (xouy), youy).
Now, we have
z0(zou'y) = p(xy)p(@)-u'y = p(@)p(xy) - u'y = p(T)-u, ,

since p(z,)-uw'y = u, . Thus,Spz *y = A(Tow, ,yown,) = B3, y) by
formula (3), Section 4.2.
Since x(z,) belongs to the orthogonal group of @, we have B(z, j) =
B(z, y); it follows immediately that
Spy*z=Spx*y.

On the other hand, since B is nondegenerate, the same is true of the
bilinear form (z, y) — Sp = * y.
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Let z, y, 2z be octonions. Then we have
Sp(x*y) *z=Spz*(y*2.
The left side is equal to
BE, x *y) = Au(zz, 6-z0 7-y)
= B(u(zy)z, 0-2, 7-Y)
= ®(r-2, u(x) -z, 6-4)

because the automorphism 7u(z,) of 4 leaves ® invariant and ru(z,)8 =
u(zy), Tu(z,)r = 6. Now we have

&(7-2, u(zy) -z, 6-y) = d(u(x,) x, 0-y, 7-2) = Spx * (y *2).
Since Sp y * z = Sp = * y, we see that
Sp(z*y)*z=Sp(y*2) *z =Sp(z*2) *y.
We have
Sple*z)*(y*2) =Sp(x*y) *(*2),
for, from the preceding formulas, the left side is equal to
Sp(y*2) *(e*x) =Spy*(e*(*2).
Butz* (z *z) = (2 * 2) * z, and the left side of our formula is équal to
Spy*(z*2) *2) =8p(e*2) *2) *y
=8p*2) *(z*y)
=8p(z*y) *(z*2).
Replacing z by 2,¢, z + t in the formula we have just proved, we obtain
Sp(t*2)* (y*2) +Sp(y*t) *(e*x) =Sp(x*y) *(t*z+2*),

where z, y, 2, t are any octonions.
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Review by J. Dieudonné of
The Algebraic Theory of Spinors
by C. Chevalley

Reprinted from the
Bulletin of the American Mathematical Society
Vol. 60, No. 4 pp. 408-413 July, 1954

Most of the results of the theory of spinors are due to its founder
E. Cartan; and, until this year, the only place where they could be
found in book form was E. Cartan’s own Legons sur la théorie des
spineurs, published in 1938. Strangely enough, the deep and unerring
geometric insight which guided Cartan'’s researches, and places him
among the greatest mathematicians of all time, is too often smothered
in his books under complicated and seemingly gratuitous computa-
tions: witness, for instance, his fantastic definition of spinors (at the
beginning of the second volume of the work quoted above) by means
of the coefficients of a system of (non-independent) linear equations
defining a maximal isotropic subspace! The reason for this is most
probably to be found in the fact that E. Cartan’s generation did not
have at its disposal the geometric language which modern linear
algebra has given us, and which now makes it possible to express in
a clear and concise way concepts and results which otherwise would
remain hopelessly buried under forbidding swarms of matrices.

The remarkably skillful way in which this language is used is cer-
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tainly the most conspicuous feature of Chevalley’s book. It goes with-
out saying that, as usual in modern algebra, the basic field K of the
theory is arbitrary (whereas E. Cartan considered only the real and
complex number fields of classical analysis); the specialist will, how-
ever, be amazed to see that the author has succeeded in pushing this
generality so far that in the greater part of the book, no special treat-
ment is necessary for fields of characteristic 2; and indeed, so great is
the author’s virtuosity that the non-specialist will need a very thor-
ough reading of the book to realize that this case actually exhibits
special features at all.

The first chapter begins with the fundamental properties of the
orthogonal groups: as mentioned above, characteristic 2 is included
from the start, and all the necessary results are proved in 14 pages,
-including the best proof of Witt's theorem known to the reviewer,
and a new proof of the generation of the orthogonal groups by sym-
metries (the author extends that name to the orthogonal transvec-
tions in the case of characteristic 2; the justification for this is of
course that both can be given the same definition and handled in
exactly the same way). The second half of the chapter is devoted to
the study of the representations of the orthogonal group on the p-
vectors, their decompositions into simple components and the clas-
sification of these with regard to equivalence: this is done not only
for the orthogonal group, but also for the subgroup of rotations and
the group of commutators; for characteristic 2, only the case p=1is
considered (the representation being no longer completely reducible
for p>1).

The first part of chapter II gives a complete study of the Clifford
algebra of a quadratic form, and can be considered as the first such
study in the literature, for all other books on spinors or quadratic
forms are in such a hurry to reach their main theme that they are
content with giving the Clifford algebra the most cursory treatment,
brought down to the minimum number of properties they really
need. Chevalley’s presentation of the theory is entirely original; the
main novelty consists in exhibiting a fundamental connection be-
tween the Clifford algebra C and the exterior algebra E of the under-
lying vector space M (it has long been noticed that the two algebras
exhibit very similar features, but this had remained very vague until
now). The quadratic form Q(x) being written as B(x, x), where B,
is a symmetric*bilinear form, Chevalley shows that C, as a vector
space, can be identified with E, and that the multiplication in C can
be obtained from the multiplication in E and the form B, in the
following explicit way: it is sufficient to define multiplication on the

* In characteristic 2, we have to take By as not symmetric in gerneral
[Editor’s note].
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left by an element x&M (since they generate C); the operator
L} :s—xs can then be written L] =L.+3., where L, is the operator
of left multiplication by x in E, and §, the (unique) antiderivation of
E such that 8-y =DBy(x, y) for every yE M. This is the cornerstone
on which all subsequent developments are based. First the simplicity
of C when M has even dimension #=2r and Q is nondegenerate (and
nondefective when the characteristic is 2) is proved by reducing the
question to the case in which Q has maximal index 7, and then ex-
hibiting a faithful representation w—p(w) of C onto the ring of vec-
tor-space endomorphisms of the exterior algebra built on an isotropic
subspace N of M, of maximal dimension 7 (2 method which will
acquire fundamental importance in chapters [IIand IV). From this
follow easily the structure of the subalgebra C* consisting of elements
of even order in C, relations between-C and the Clifford algebras of
the restrictions of Q to two supplementary orthogonal subspaces of
M, the structure of C and C+ when » is odd, and finally the determi-
nation of the radical of C when Q is degenerate or defective.

The classical connection between C and the orthogonal group
0.(K, Q) (Q is henceforth taken as nondegenerate and nondefective)
is then developed: to avoid trouble with such ill-defined concepts as
“many-valued representations,” Chevalley starts with the group T
of invertible elements s&€C such that sMs—!=M, and shows that
x—sxs~1is a transformation x(s) of the orthogonal group O,, x being
a mapping of I onto O, (with a single exception, when K has 2 ele-
ments, n =4 and the index of Q is 2). To the subgroup I'* of even ele-
ments of I' corresponds the group of rotations Oy ; on the other hand,
if t—#' is the natural anti-automorphism of C (associating to a product
x1%2 - - - xp of elements of M the product x,x,-; - - - x1 taken in the
reverse order) the elements s&€TI'*+ have a “norm” A(s) =ss’ in K, and
those having norm 1 form a normal subgroup T§ of I'+, which is
mapped onto a normal subgroup O/ of OF, containing the commuta-
tor subgroup 2, of O.. Following Eichler, it is proved that for forms
Q of index »>0, O4 =Q, and O; /Q, is isomorphic to the multiplica-
tive group of elements of K, modulo the squares in K.

Spinors are next introduced, as forming a space in which (for »
even) acts a simple representation p of C; the restriction p* of p to
C+ is either simple or splits into two simple nonequivalent representa-
tions, the half-spin representations. Similar definitions are given in
the odd-dimensional case, and the following sections study the re-
striction of the spin representation of C to the Clifford algebra of the
restriction of Q to a non-isotropic subspace, and its extension when
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the base field K is extended. The chapter ends with a study of the
classical case of quadratic forms over the real field (with special
emphasis on the relationship between the Clifford algebra and the
Lie algebra of the orthogonal group), and with a very elegant proof
of Hurwitz's theorem on quadratic forms “permitting composition,”
using the simplicity of the Clifford algebra. ‘

Chapters III and IV are restricted to the special case of quadratic
forms of maximal index [7/2]; no attempt is made to extend the
results obtained in that case (in particular, the principle of triality)
to more general ones, and this is probably the only part of E. Cartan’s
theory which is not covered by the book. Chapter III begins with the
exposition of the theory of pure spinors, one of the most beautiful
discoveries of E. Cartan, which unfortunately also constitutes one of
the most obscure parts of his book. Here everything is neatly cleared
up by Chevalley; the dimension #=2r being even, the space M is
decomposed into a direct sum of two totally isotropic subspaces N
and P, and the space S of spinors is identified with the subalgebra
C¥ of C generated by N (and isomorphic to the exterior algebra of
N); if f is an r-vector representing P, Cf = C¥f is a minimal ideal, and
the spin representation p is defined by vuf = (p(v) -u)f for xEC¥ =S5,
vE C. Now for every maximal isotropic subspace Z, let fz be the prod-
uctin Cof the elementsof a base of Z; fzCis a minimal right ideal of C,
and its intersection with Cf is a 1-dimensional vector subspace; any
element of that space can be written uzf where %z is a spinor well deter-
mined up to a scalar factor, and these spinors are the pure spinors
associated to Z. Such a spinor entirely determines Z, as the set of
vectors x such that p(x) -uz =0, and conversely this condition is char-
acteristic for the pure spinors associated to Z. Pure spinors play for
maximal isotropic subspaces a part similar to the one which decom-
- posable p-vectors play for p-dimensional vector spaces in exterior
algebra. Their study is developed in great detail: they are always
half-spinors, and the two families of pure half-spinors correspond to
the two intransitivity classes of maximal isotropic spaces under the
group of rotations; a sum u+u’ of two pure spinors is pure if and only
if the intersection of their corresponding subspaces has dimension
r—2. An interesting feature, which is an original contribution of the
author, is an expression of the elements s&I' such that x(s) leaves
all elements of N invariant; s can be written uniquely in the form
exp (u), where u= ) ;cja;xx; is a 2-vector in N (the x:'s being a
base of N), and exp (%) = [Ji<j(1+4a:mx:x;) by definition. Using this,
the author can show that a pure spinor corresponding to a maximal
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isotropic subspace Z can be written exp(u#)xyxs - - * x3, where the x,'s
form a base for ZNN.

Next there is introduced, after Cartan, the bilinear invariant
B(%, v) on SXS, as being the scalar such that (uf)7sf =p(u, v)f; its
invariance is expressed by the equation

B(p(s) - %, p(s)-9) = N(s)B(%, )

for any s€T. It is shown that 8 is a nondegenerate bilinear form,
which is either symmetric or antisymmetric according to the parity
of r(r—1)/2; and B(«, v) =0 for pure spinors %, v is the condition for
their corresponding subspaces to have an intersection not reduced to 0.

The following sections are devoted to the study of the tensor prod-
uct of the spin representation p by itself. First the tensor product
S®S of the space S by itself can be identified to C, by the linear
mapping ¢(x®v) =ufw’, and this immediately shows that the tensor
product p ®p can be identified with the representation which, to each
s€T, assigns the endomorphism w—A\(s)sws—! of the vector space C.
The most complete results are obtained in the case of characteristic
#~2; then one can choose the form By in an intrinsic way, as B(x, y)
=}(Q(x+y) —Q(x) —Q(y)), and it can be shown that with this par-
ticular identification of C to the exterior algebra E, any automor-
phism of Cis also an automorphism of E. In particular, an inner auto-
morphism of C leaves invariant the subspaces of p-vectors when it
leaves M invariant, i.e. when it is determined by an element s€T'.
This gives immediately the decomposition of p®p in a direct sum of
representations in the spaces of multivectors, studied in chapter I.
To this decomposition corresponds a decomposition of ufv’/, for # and
vin S, into the sum Y p..84(x, v), where B, is a bilinear mapping of
SX.S into the space Ej, of h-vectors, which is covariant under the
representation p®p. The study of these mappings enables one to
describe completely the decomposition of the representation p®p
when restricted to the group I't; they also yield a characterization of
pure spinors, and a criterion giving the dimension of the intersection
ZNZ' of two maximal isotropic subspaces; in terms of the correspond-
ing pure spinors.

The remaining sections of chapter III are taken up by the relations
between the half-spin representations of I't and their restrictions to
the subgroup leaving invariant the elements of a nonisotropic plane,
the determination of the kernels of the half-spin representations, the
extension of the theory to odd dimensional spaces (by imbedding the
space as a hyperplane in an even-dimensional space), and finally an

197



J. Dieudonné

application of spinor theory to get the classical description of the
orthogonal group in 6 variables when the index is 3 (as isomorphic to
a linear group in 4 variables): this does not seem to the reviewer to
bring any information which may not be obtained in a quicker and
more natural way by the classical method.

Chapter IV develops the famous “principle of triality.” The di-
mension being 2r =8, and the index equal to 4, the spaces S,, S; of
half-spinors have the same dimension 8 as M. Following Cartan, the
direct sum A =M++S,+4S; is considered, and on it are defined: 1°
a symmetric bilinear form A(x+v, ' +v') =B(x, ') +8(v, v’) for x, x’
in M, v, v’ in S; 2° a trilinear symmetric form ¢(¢, », {) such that
&(x, u, u")=B(p(x) %, #’) for xEM, uES,, u'€S;. From these one
defines a (non-associative, but commutative) multiplication £ o0 9 in
A, by the condition ¢(§, 9, {)=A(£ o 7, {). All these definitions are
invariant under the group I'y (subgroup of the s€I' such that A(s)
=ss/=1) and conversely any automorphism of 4 which leaves in-
variant each of the subspaces M, S is produced by an element of T',.
But in addition, there is an automorphism j of A4, of order 3, which
permutes M, S,, and S; cyclically, and the existence of such an auto-
morphism constitutes the principle of triality; it can be shown that
for x€M, j(x) is of the form u, 0 xE€S; and j~'(x)=u{ o xES,,
where %, is a fixed semi-spinor in S, and %{ a fixed semi-spinor in S..
Beautiful geometric interpretations of the multiplication ¢ o 7 and
of the automorphism j can be given when they act on pure spinors.
Finally, the mapping (x, y)—xsy=(xou{) o (y o %;) defines a
nonassociative multiplication in M itself, which is shown to be that
of the Cayley-Dickson algebra of octonions; on the other hand, j de-
fines in a natural way an automorphism j of the commutator subgroup
Qs, and the subgroup of 2 consisting of the invariant elements under
that automorphism constitutes the group of automorphisms of the
algebra of octonions. At this point the stage is set for the geometric
study of the exceptional Lie groups, in which the author has recently
made such remarkable progress (in work unfortunately still partly
unpublished); and it is to be hoped that in the near future, taking
up the task where he breaks it off here, he will lead us into this fas-
cinating new geometry and thus add to the thanks he has deserved
from all mathematicians for the splendid job he has done in this
volume. 4

The proofreading has not been too careful, and a list of corrections
would be welcome, as also an index of notations.*

* These defects have been corrected as far as possible in the present edition.
[Editor’s note].
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Postface

SPINORS IN 1995

Since its appearance in the series of the Bicentennial of Columbia University,
The Algebraic Theory of Spinors by Claude Chevalley has been a much sought
after reference book. Three concurrent reasons contribute to this fact. Firstly,
this book is no exception in Claude Chevalley’s work. It presents the whole
story of one subject in a concise and especially clear manner. Secondly, until
recently, very few comprehensive and mathematically oriented books have
appeared on this subject. Finally, the use of spinors has been spreading ever
since. To give an idea of this blossoming, the number of articles containing
the word spinor in their titles went from about 4 a year at the time when
the book came out to 70 a year in the 80’s and to 120 in 1993*. It is this
last aspect, namely the reasons for the considerable growth in the number of
people interested in spinors, that will concern us most in this postface, and
justify its somewhat unusual length.

Among mathematicians, the widening interest in spinors came along with
the cross-fertilization of subfields, which is one of the main characteristics of
the evolution of Mathematics in the 80’s. Algebra, Geometry, Topology, and
Analysis are all subtly interwoven in the new developments involving spinors.
Many of the mathematical facts feeding this growth were known much earlier,
but it took the very powerful push from ideas and conjectures originating in
Theoretical Physics to foster the formidable development we now witness.
Nevertheless, spinors remain somewhat mysterious, as is the effectiveness of
ideas borrowed from Quantum Physics to provide insights into geometric,
topological or even number-theoretic problems. We have not yet reached the
age of “Spinormania”, but Roger Penrose (cf. [9]) has seriously advocated
that everything should be thought about in terms of spinors. (It is true that
he was focusing his attention on questions connected to General Relativity.)
Up to now, such a systematic rethinking has not yet been carried out. In this

* These figures are derived from the notices of articles covered by the Zentralblatt fiir
Mathematik.
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direction however, one can note that Alain Connes places spinors at the base
of his construction of a non-commutative Riemannian Geometry.

Chevalley’s style is as dry and systematic as possible, a style taught with
great success by his colleague Nicolas Bourbaki at the time of the first edition.
In his book, there is no hint about History, nor comments about relevance to
Physics. One does encounter the expression “physical theory” in the intro-
duction but this is just to give the author an opportunity modestly to excuse
himself for “the complete absence of any physical application” due to “lack of
competence”. In this postface, we will depart from this attitude. In so doing,
we are knowingly turning our back on the Bourbaki era. It was indeed one
of the great moments of mathematical thinking, but nevertheless its message
has aged, and new stimulations for a better and deeper understanding of
mathematical facts come from many directions. We hope to be forgiven for
this act of “lese-majesté” in postfacing a book by one of the founders of the
group.

In the following sections, we would like to suggest some of the routes
in the mathematical territory along which, today, one does meet spinors, or
their substitutes. On reflection, it did not seem completely inappropriate to
mark the itinerary with milestones borrowed from the vocabulary of Algebra,
Topology, Geometry, Analysis and, to close, Supergeometry.

1. The Algebraic Landscape

The algebraic side of the theory of spinors has been clearly established since
the work of Elie Cartan, completed by that of Richard Brauer and Hermann
Weyl. The main advantage of the latters’ presentation over Cartan’s is the
use of Clifford algebras over vector spaces endowed with non-degenerate sym-
metric bilinear forms (which we most of the time take to be Euclidean). That
these algebras should be considered on a par with exterior or symmetric alge-
bras is precisely the point of view adopted by Chevalley in the lectures given
in Japan in 1955 and reproduced in this new edition.

One of the main recent developments in Algebra comes from the perva-
sive use of Zs-graded algebras, i.e. algebras A that can be decomposed into
a direct sum A = A} ® A_, where A} is called the even part of A and
A_ the odd part. These factors are assumed to satisfy the graded subalgebra
properties Ay Ay CAy, A_AL, CA_,AfA_CA_,and A_A_ C A,. Clif-
ford algebras are typical examples of such algebras. Nowadays, these algebras
are more often called superalgebras. This shift in terminology will be carried
much further in Section 5, where we will have a glimpse of supergeometry.
Interest in not necessarily commutative Z,-graded algebras developed in the
70’s, in particular after the work of Irving Kaplansky and Victor Kac, who
extended to Z»-graded algebras the classification of finite-dimensional sim-
ple Lie algebras due to Elie Cartan. Among these new objects one does find
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finite-dimensional analogs of Cartan’s ungraded infinite-dimensional simple
Lie algebras. The representation theory of Z,-graded algebras was developed
by Bertram Kostant shortly afterwards. Of course, it involves the action of
Z,-graded algebras on Zj-graded modules, i.e. vector spaces E that decom-
pose as E = E4 @ E_, and where the even elements of the algebra preserve
the factors and the odd ones exchange them. In even dimension, the space
of spinors is a typical exemple of a Z-graded vector space. An operator of
great importance in this context is the graded identity, which is the identity
operator I on F; and —I on E_. Multiples of it in the complex setting are
called chirality operators by physicists.

As Chevalley discusses in Chapter III of his book, the tensor product
YV ® XV of the spinor space X'V constructed over an n-dimensional vector
space V gives back the vector space underlying the exterior algebra AV i.e.
the direct sum of the spaces of exterior k-vectors A*V. (In this Euclidean
context, vectors are often identified with forms, using the duality the metric
defines, and as a result exterior k-vectors with exterior k-forms.) In particular
this means that a vector, i.e. a mere element of A'V =V, can be built from
spinors. Or, the other way around, it suggests an interpretation of spinors as
“square roots of vectors, and more generally of exterior products of vectors”.
The idea that, when dealing with spinors and notions connected with them,
one is taking a square root of more traditional objects will appear repeatedly
in this postface.

Roger Penrose has taken the standpoint of rebuilding basic constituents
of space-time from spinors in order to acquire a new vision of physical space.
Spinors built on a 4-dimensional vector space are especially appropriate in
Penrose’s eyes because they are intimately related to complex structures of
the underlying vector space. In higher dimensions, one has to restrict one’s
attention to the so-called pure spinors, already introduced by Elie Cartan,
which form a subvariety of the space of spinors. When dim V' = 4, the space
of spinors X'V is also 4-dimensional (over C since, for the sake of simplicity,
we only consider complex spinors here). This very dimension is also the only
one in which the spin group Sping (for a Euclidean metric) is non-simple, and
even a product (of two copies of SU3). Hence, the chiral decomposition XV =
2LV @ X_V into spaces of half-spinors, which occurs in any even dimension,
takes a specific form. Indeed, each factor SU; of the group Spin, acts only on
one kind of spinor, hence the name left and right spinors given respectively
to elements of X',V and ¥_V. Complex structures on V inducing a given
orientation can be identified with the projective space of half-spinors PX, V.
This being said, the spinorial description of all basic geometric objects goes
as follows. (Complexified) vectors are elements of X,V ® £_V. The space
of exterior 2-forms AV* (which we identify with the space AV of 2-vectors)
is usually identified with the Lie algebra of the orthogonal group built on
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V. It decomposes as a direct sum of two ideals corresponding to the factors
of the Lie algebra of Sping. The two factors in this decomposition are called
respectively the space A,V of self-dual forms and the space A_V of anti-self-
dual ones. One then has A1V ® C = S22, V. One can go on building the
usual tensorial objects from spinors. Let us just mention two more examples.
The space SZV of traceless symmetric 2-tensors is a space of 4-spinors since
SV ®C = 52X, V®S2Y_V. The other point we make has to do with 3/2-
spinors, objects often not considered by mathematicians, and holds true no
matter what the dimension n of V. Spin % spinors are elements of the space
X372V C XV ® V lying orthogonally to the image of XV in XV ® V by the
map taking a spinor 1 to Y ;- ; €;.1) ® e; where (e;) denotes an orthonormal
basis for the metric g, a trivial suspension. The graviton, which is supposed
to be the exchange particle for the gravitational interaction, has spin 2, and
the gravitino, which is its companion, has a wave function that takes its
values in X3/5V, hence has spin % Since the challenge of unifying Quantum
Mechanics with General Relativity is still with us, the interest of physicists
in such spaces can hardly be overemphasized. Note though that the difficulty
of this unification was identified at an early stage in the development of these
two theories.

Penrose has also been one of the main advocates of the study of twistors.
objects which at a point in space-time encode a complex structure. His start-
ing point was that the formulation of Quantum Mechanics requires the use of
complex numbers to make sense of amplitudes of wave functions. Since there
is a priori no natural complex structure on space-time, the radical solution is
to consider all of them at once, and to try and formulate all traditional laws
in terms of that enlarged space. As we mentioned earlier, this can be thought
of as working in the projective space of the space of spinors. (For this part
of the discussion, we assumed that dimV =4.)

Another major development has taken place since the appearance of
Chevalley’s book, namely the drive for each mathematical concept to give
the proper definition that carries over to infinite dimension. A number of
geometrical and analytical tools have indeed been extended successfully to
infinite-dimensional spaces. In this movement, some new phenomena were
discovered. As an example pertaining to our discussion, N.H. Kuiper proved
that the general linear group of a Hilbert space is contractible. Thus we are
forced to start from another definition of the spin representations as was done
by Andrew Pressley and Graeme Segal. The main new idea is to obtain the
space of spinors as holomorphic sections of a line bundle over the space of
complex structures. This line bundle is a square root of the restriction to
that space of the determinant bundle on the Grassmannian. This leads us
naturally to think of spinors in more geometric terms. We develop this point
of view in the next section.
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2. The Topological Side

We begin our discussion by using only Clifford algebras. Since the appearance
of Chevalley’s book, Clifford algebras have been recognized to play an im-
portant role in various fundamental constructions in Topology. One typical
instance is the famous vector field problem on spheres, i.e. the determina-
tion of the number of everywhere linearly independent vector fields that can
be defined on the sphere. This of course depends on the dimension, but the
problem has close ties with the structure of the Clifford algebra of the real
vector space in which the sphere naturally lives (cf. [6]).

The periodicity of Clifford algebras is also directly connected with basic
properties of K-theory, a homological theory which has developed in many
different contexts, with emphasis on algebra or on topology.

As we have seen, spinors make sense only over a vector space V endowed
with a non-degenerate bilinear form g. In the sequel, we will restrict our-
selves to the case where g is a (Euclidean) scalar product. It is therefore a
natural challenge to try and carry over the notion of spinor to Riemannian
manifolds. In his book [4] published in 1937, Elie Cartan states a fact, as
the last theorem, in a way that probably led to misinterpretation. We quote
here the English translation : “With the geometric sense we have given to the
word “spinor” it is impossible to introduce fields of spinors into the classical
Riemannian technique”. He immediately goes on to explain what he means
by that, namely: “Having chosen an arbitrary system of coordinates for the
space, it is impossible to represent a spinor by any finite number N whatso-
ever of components...”. This is just a reformulation of the fact that, in gen-
eral coordinate systems, spinor representations do not make sense as finite-
dimensional representations. This is because all finite-dimensional represen-
tations of the universal (double) cover of the general linear group GL,(R)
do factorize through the general linear group GL,(R) itself. One sees the
exotic candidate spin representations only if one allows infinite-dimensional
representations, e.g., the direct sum of all traditional spin representations.
To make sense of the usual spinors, one has to work in a moving orthonor-
mal frame (called a vierbein in 4 dimensions by physicists, and a vielbein in
arbitrary dimension).

Elie Cartan then connects this point with works of L. Infeld and van der
Waerden. In view of the difficulty of making sense of spinors in arbitrary
coordinate systems, they propose to consider spinors defined over external
variables and not connected to the metric on space-time. This is very much
in the spirit of what is later to be called gauge theory.

As has now become standard, fixing a Riemannian metric g over an n-
dimensional manifold M is the same as reducing the structure group of the
tangent bundle 7y : TM — M from GL, to O,. In fact since we have
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spoken mainly of the group Spin,,, we will assume that M is oriented, so that
a further reduction is possible to SO,,. The reduction process is even better
seen by considering the SO,-principal bundle SO, M — M of g-orthonormal
and positive frames. In order to be able to speak globally of the notion of
spinor on M, it is necessary to dispose over M of a Spin,-principal bundle
P which double covers SOy M in such a way that over each point of the base
manifold M the fiber of P isomorphic to Spin, double covers the fiber of
SOyM, isomorphic to SO,. Thanks to the cohomology sequence associated
to the exact sequence of groups expressing this double cover, it is possi-
ble to express what has to be achieved in cohomological (hence topological)
terms. The global construction cannot be carried out on an arbitrary mani-
fold M. For that, M has to satisfy the topological condition that its second
Stiefel-Whitney class wo(M) € H?(M, Z) vanishes. Differentiable manifolds
satisfying this topological condition, i.e. manifolds over which the notion of
spinor makes sense globally, are called spin manifolds. Since n-spheres are
(n — 1)-connected, spinors make sense globally over them. Typical examples
of non-spin manifolds are the complex projective spaces of even complex di-
mension.

The vanishing of the second Stiefel-Whitney class can be shown to be
equivalent to the orientability of the loop space of M. This statement, which
seems a priori of little use, is connected with several interesting situations
frequently met in Theoretical Physics. In a sense, one can say that spin
manifolds form a family of manifolds which have to be simpler since, over
them, one has the possibility of globally defining various kinds of square roots.
They enjoy very striking integrality properties, To name one, the Rokhlin
divisibility property says that the signature of a compact 4-dimensional spin
manifold is divisible by 16. We will see in Section 3 how this fact can be
recovered using spinor fields.

The notion of a spin manifold leads naturally to that of spin cobordism,
i.e. the equivalence relation between spin manifolds, which declares equivalent
two manifolds that form two components of the boundary of a spin manifold,
with the proper spin structure induced on the boundary. Using the connected
sum and the product as operations, spin cobordism classes can be made into
a ring, which contains among its generators interesting manifolds such as K3
surfaces. It is directly connected with the characteristic KO-numbers of the
space reduced to a point, the set of which exhibits an eight-fold periodicity.
Up to a shift of the degree by one, the KO-groups agree with the stable
homotopy groups of the orthogonal group, thus connecting with the famous
Bott Periodicity Theorem. Thanks to the Index Theorem, KO-numbers can
be interpreted as extended indices for the Dirac operator acting on spinors,
as we shall explain in the next section.
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3. Spinors and Dirac Operators in Global Analysis

The main new development in this direction occurred with the introduction
by Michael Atiyah and Isadore M. Singer of Dirac operators on general spin
manifolds. This happened in the late 50’s when they were completing the
proof of the Index Theorem. The path had been opened by Paul Adrien
Maurice Dirac. Indeed, in 1928, looking for a relativistically invariant wave
operator analogous to the Schrédinger operator, he defined a square root of
the classical second-order wave operator (usually called the d’Alembertian)
over Minkowski space-time R*, by allowing the coefficients of the operator
to be matrices. One easily sees that the matrices associated with the differ-
ential monomials, or in more sophisticated jargon the principal symbol, of
the Dirac operator have to satisfy the defining relations of a Clifford algebra.
Therefore, the wave functions on which the Dirac operator acts live at each
point in a module over this algebra, i.e. can be described in terms of the
fundamental representations of this algebra, therefore are spinor fields. This
is an interesting instance where the symbolic calculus of differential operators
connects in a typical instance to nontrivial algebra.

Atiyah and Singer were interested in elliptic operators acting on sec-
tions of vector bundles over compact manifolds. Therefore their principal
symbols involve positive definite metrics. Thanks to the geometric develop-
ments presented at the beginning of the preceding section, they circumvented
the objection that could be drawn erroneously from Elie Cartan’s statement
there quoted. They went ahead, and defined the Dirac operator D on general
Riemannian spin manifolds using the Levi-Civita covariant derivative D asso-
ciated to the Riemannian metric g extended to spinor fields as follows: if ¥ is
a spinor field, (e;) an orthonormal basis, and . denotes Clifford multiplication,
then

n
Dy=) eDetp.
i=1
In this connection, D is up to a zero-th order operator a square root of the
operator D*D which is of Laplace-Beltrami type. The Dirac operator is not
just any operator since the symbolic calculus goes further, as we now explain.

Index theorems for elliptic operators on compact manifolds relate their
analytic index (Indana1) to their geometric index (Indgeom). By definition,
for an operator P, Indapa P = dimker P — dim ker P* (where P* is the ad-
joint of the operator P), hence the index is by definition an integer, whereas
Indgeom P is a topological expression determined by the principal symbol of
P. Here, chirality plays an important role since on the full space of spinor
fields the Dirac operator is self-adjoint, hence has a vanishing index by def-
inition. In even dimension, the operator of interest is the restriction of the
Dirac operator to spinors of a given chirality, its adjoint being the restriction
of the Dirac operator to spinors of opposite chirality.
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A further general geometric construction is also of great importance here.
One can twist the bundle of spinors by an auxiliary bundle, and using an aux-
iliary connection define a twisted Dirac operator. In some cases, this construc-
tion has the advantage of freeing one from the topological condition needed
to have a globally defined spin structure. The key property is then that prin-
cipal symbols of twisted Dirac operators generate all elliptic symbols up to
homotopy. This means that, provided its validity for one operator P extends
to operators homotopic to P through elliptic operators, the index theorem
is established as soon as one proves it for (twisted) Dirac operators. This
brings the heart of the matter back to a very geometric discussion. A very
important example of this situation is given by the fundamental geometric
operator d + 6 defined on the space 2M of exterior differential forms. (Here,
6 denotes the codifferential, namely the adjoint of d.) Again, the key point is
to view f2M as a superalgebra. There are two geometrically natural ways of
doing this, namely by using the Z,-gradation inherited from the gradation
by degree (the index is then the Euler characteristic x(M) of M), or by using
here also the chirality operator defined by the Hodge map *, mapping k-forms
to (n—k)-forms on an n-dimensional Riemannian manifold (the index is then
the signature o(M) of M).

In spite of the fantastic success story of the Dirac operator, showing that
it goes deeply into the structure of the manifold on which it is defined, it is
to be noted that the theory of first-order operator systems, by opposition to
scalar operators, is not yet considered with great interest by analysts. In this
direction, it is quite remarkable that one of the first versions of the theory
of pseudo-differential operators was derived by William K. Allard, using the
calculus of Clifford algebras, and did not get much attention.

More important for our later developments is the fact that the most recent
versions of the index theorem are based on asymptotics for the heat kernel
for Dirac operators (cf. [1]). This of course involves a precise knowledge of the
interplay between the Dirac operator and Riemannian Geometry because the
formulas needed can only be obtained after taking into account the extent
to which the space deviates from flat Euclidean space, i.e. by mastering the
curvature tensor and its derivatives. Seminal work in this direction was done
by P. Gilkey and V.K. Patodi, but the vision that such developments could
be possible should probably be attributed to I.M. Singer. The link with the
topological side of the index formula then comes from the Chern-Weil theory
of characteristic classes, i.e. by expressing characteristic numbers as integrals
of polynomials in the curvature, a generalization of the Gau-Bonnet formula.

4. Classical Geometric Developments

In the same period, spinors have started to make their way up to the top of
the geometer’s checklist. Because a metric is needed to make sense of them,
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it is not surprising that they made their first noted appearance in the context
of Riemannian Geometry in relation with the Dirac operator. Generalizing
Dirac’s fundamental computation, André Lichnerowicz established a formula
relating the square of the Dirac operator to a rough Laplacian, namely

D2=D*D+%Scal.

Here, D denotes the Levi-Civita derivative associated with the metric, D* its
formal adjoint (so that D*D is a non-negative differential operator when the
metric g is positive definite), and Scal the scalar curvature of g.

On a compact manifold, this formula precludes the coexistence of a har-
monic spinor and of a metric with positive scalar curvature. When the topol-
ogy of the manifold M forces the existence of harmonic spinors (via the In-
dex Theorem), e.g., when M is 4k-dimensional with non-vanishing A-genus
A(M), then M admits no metric with positive curvature. (A thorough study
of harmonic spinors had been conducted earlier by Nigel Hitchin in [5], quite
an influential article.)

This fact opens the way to systematic methods deeply linking the van-
ishing of Spin-cobordism invariants and the existence of metrics with posi-
tive scalar curvature. The bridge was built by Misha Gromov and H. Blaine
Lawson who observed that above dimension 5 the existence of metrics with
positive scalar curvature depends only on the Spin-cobordism class of the
manifold (and that simply connected non-spin manifolds all have such met-
rics).

This family of results can be considered as the birth of a Spin Geometry,
i.e. the collection of geometric phenomena that can be detected by spinors
and that are not detected by other means. A lot remains to be done in this
direction. We give three more examples of what light the use of spinors can
shed in geometric situations.

First, we come back to Rokhlin’s theorem, i.e. the divisibility by 16 of
the signature of a compact 4-dimensional spin manifold. To prove it using
the index theorem, one needs one piece of refined algebraic information on
spinors. Indeed, a direct application of the index theorem gives that the
signature is divisible by 8 since in dimension 4 the signature is an eightfold of
the A-genus which is the index of the Dirac operator, hence an integer. Now,
coming back to the definition of the index as the difference of dimensions
of the spaces of positive and negative harmonic spinors, and using the extra
piece of spinorial information that the space of harmonic spinors is naturally
symplectic in that dimension, hence is an even-dimensional vector space, one
gets that the signature is divisible by 16.

Another application is the proof of the Positive Mass Conjecture in Gen-
eral Relativity by the method suggested by Edward Witten (cf. [10]). It goes
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as follows: he constructs a special spinor field (in fact, a harmonic field for
a modified Dirac operator with special behaviour at infinity) on a spacelike
hypersurface whose energy is the mass.

The last one appeared only in 1994, and has taken the name of Seiberg
and Witten. Over a compact 4-dimensional manifold, they introduced a sys-
tem of coupled non-linear equations linking a connection on a line bundle
and a line-bundle valued spinor field. The moduli space of solutions of this
system turns out to reveal a lot about the differential structure of the man-
ifold, as did Donaldson’s theory of antiself-dual SU3-connections. The main
advantage of the Seiberg-Witten approach over Donaldson’s is that the mod-
uli space is compact. This makes the analysis a lot simpler. Using this system
of equations, the study of symplectic structures on 4-dimensional manifolds
can also be carried much further, regarding both their existence and the role
that they play in 4-dimensional differential topology as proved very recently
by Clifford Taubes. Many other insights into the internal structure of dif-
ferential 4-manifolds are expected to emerge from this point of view which
involves spinors in a crucial (although totally non-elucidated) way. Note that
the constructions in Seiberg-Witten theory rely only on the use of a more
malleable structure than a spin structure, called a Spin.-structure. This in-
troduces the possibility of twisting by a line bundle to circumvent in many
cases the obstruction coming from the Stiefel-Whitney class. In particular
this allows us to draw conclusions on all 4-dimensional manifolds.

These (still scarce) examples suggest that a Spin Geometry really exists.
So far only isolated islands of this Geometry have been discovered. The whole
story may only be accessible by making a big jump into more abstract math-
ematics. One such jump is advocated by Alain Connes who, for some time,
has been systematically developing a Non-Commutative Differential Geom-
etry. In his approach, the notion of a non-commutative Riemannian Metric
comes out of the consideration of a fundamental operator of Dirac type, that
he calls a K-cycle. Fascinating connections with the standard model of Ele-
mentary Particle Physics are emerging.

An even more grandiose picture may eventually emerge, as theoretical
physicists have been claiming for a few years. This is the now long story of
the quest for supersymmetries, hence the quest for a Supergeometry.

5. Supergeometry

Bewildered by the small number of families of particles, physicists have tried
to get an explanation by considering theories that would contain symmetries
of a new kind, namely transformations that would map bosons to fermions,
and conversely. These particles are represented by wave functions which are
respectively of a standard type or of spinorial type. This led to the systematic
study of algebras mixing commuting and anticommuting variables.
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Because some of the findings of physicists went even further, and shed
new light on some number-theoretic identities by considering some quantum-
theoretic expansions, this suggested a grander picture, as presented by Yuri
Manin in [7] and (8]. Instead of taking as model the traditional linear space
R™ with the polynomial coordinate ring R[z!,---,z"] and the usual differ-
ential calculus, one tries to define a new enlarged geometry. Supergeome-
try is the study of spaces associated, via the now classical Gelfand corre-
spondence between algebras and their spectra, with the ring Z[z!,---,2™;
€',--+,£€". The coordinates (&) are variables of a new type which anticom-
mute between themselves (hence the adjective odd attached to them) and
commute with the classical coordinates (z*) (called even). The arithmetic
side is contained in the use of the ring of integers. More elaborate rings hav-
ing an arithmetical content can also be considered. A lot of new constructions
have to be performed in order to deal with these new spaces. One can define
a generalized calculus, and also a new notion of determinant as introduced
by Berezin (cf. [2]). The crucial point is to take all dimensions on an equal
footing. This has led in particular to a new approach to the study of dio-
phantine equations, often called arithmetic geometry and linked to the name
of Arakelov. One has to go further than a mere differential calculus, and
more elaborate structures have to be taken into consideration, opening new
research directions in Riemannian Geometry for example.

Many interesting clues about generalized index theorems have come from
the scheme that would be implied by the existence of a Dirac operator on loop
spaces (cf. [11]). No consistent mathematical definition of it has been given
so far, but Witten, Quillen and Jean-Michel Bismut have drawn from these
considerations vast generalizations of the original Index Theorems. (Many
quotes could be made in this connection, we just name [3].) An important
new concept, directly related to these considerations of even and odd vari-
ables hence to Supergeometry, is the enlargement of the traditional notion of
connection to superconnections, a major step taken initially by Quillen. This
is an extremely active area of research with deep links to Complex Analysis,
Number Theory, and also to the many facets of Quantum Field Theories.

6. Conclusion

Few subjects justify better than the Theory of Spinors the following excerpt
from the General Editor’s preface to the first edition of Chevalley’s book,
as one of the volumes of the Columbia Bicentennial Editions and Studies:
“Scholarship exemplifies the meaning of free activity, and seeks no other jus-
tification than the value of its fruits”.

Indeed, the first appearance of spinors is due to the systematism of a
mathematician, pursuing the tedious work of classifying all facets of a well-
defined mathematical notion. Hence spinors appear as odd-looking objects in
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a dark corner. Later, they were brought frontstage by their use in developing
a very speculative physical theory, the spinning electron of Dirac.

But it was only after the first publication of Chevalley’s book that spinors
started to play such a crucial role in different areas of Mathematics. Their
position now is at one of the most active frontiers of Mathematics, at the
crossroads of three of its most lively branches, Geometry, Topology and Anal-
ysis.

“Fundamental concepts are rare” as Shiing Shen Chern likes to say, hence
they are likely to have many faces. Spinors have many faces.
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