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Jean Piaget was preoccupied, late in life, with the 
developing child's understanding of possibility­
how the child becomes aware of the poteql:ially 
unlimited scope of possible actions and 1¥arns to 
choose among them. Piaget's approach t6 this ques­
tion took on a new openness to real-life situations, 
less deterministic than his earlier, ground-breaking 
work in cognitive development. The resulting two­
volume work- his last- was published in France in 
1981 and 1983 and is now available for the first 
time in English translation. Possibility and Neces­
sity combines theoretical interpretation with detailed 
summaries of the experiments that Piaget and his 
colleagues used to test their hypotheses. 

Piaget's intent, in Volume 1, is to explore the 
process whereby possibilities are formed. He 
chooses to understand "the possible" not as 
something predetermined by initial conditions; 
rather, in his use of the term, possibilities are con­
stantly coming into being, and have no static 
characteristics- each arises from an event which 
has produced an opening onto it, and its actualiza­
tion will in turn give rise to other openings. In 
perceiving that a possibility can be realized, and in 
acting upon it, the child creates something that did 
not exist before. 

To observe this process, Piaget and his 
associates devised a series of thirteen problems 
appropriate for children ranging in age from four 
or five to elewn or twelve; they were asked to 
name all possible ways three dice might be ar­
ranged, for example, or a square of paper sectioned., 



The experimenters had two primary aims - to 
discover to what extent the child's capacity to see 
possibilities develops with age, and to detennine 
the place in cognitive development of this 
capacity-does it precede or follow the advent of 
operational thought structures? In charting this 
process, Piaget discerns a growing interaction 
between possibility and necessity. How the child 
comes to understand necessity and achieves a 
dynamic synthesis-or equilibration-between the 
possible and the necessary is discussed by Piaget 
and his colleagues in Volume 2, The Role of 
Necessity in Cognitive Development, also published 
by Minnesota. 

"This book contains very important 
developments in Piaget's theory, as in his treatment 
of knowledge he concentrated more and more on 
psychological-procedl!ral processes of equilibration 
and less on logical-structural models. He con­
sidered the 'opening up of infinite possibilities' the 
central problem of any viable theory of knowledge 
in that it created a dialectical tension with the 
(almost contradictory) need for closure, proper to 
any biological system. Possibility and Necessity is 
an important empirical contribution to clarify 
equilibration, a concept which is perhaps the most 
important in his theory, and which he worked on 
and revised for fifty years." 

- Hans Furth, The Catholic University of America 
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Introduction 

To defend our constructivist epistemology against nativist and empiricist posi­
tions, it is not enough to show that new knowledge is always the result of a 
regulatory process-that is, of equilibration-since it can always be assumed that 
this regulatory process is itself hereditary (as in the case of organic homeosta­
sis); or, alternatively, that it is the product of learning experiences of varying 
degrees of complexity. Therefore, we decided to approach the problem of the 
generation of new knowledge from a different angle, focusing on the develop­
ment of possibilities. Obviously, any idea or action that gets realized must have 
existed previously as a possibility, and a possibility, once conceived, will gener­
ally breed other possibilities. The problem of the opening up of new possibili­
ties, we believe, is thus of some interest to epistemology. 

The fact that possibilities are generated in ever-increasing numbers in the 
course of human development itself constitutes one of the best arguments against 
empiricism. Possibilities are in fact not observable, resulting as they do from 
subjects' active constructions. Even though the properties of objects play a role 
in these constructions, the properties always get interpreted in the light of a sub­
ject's acting on them. Such actions at the same time generate an ever-increasing 
number of new possibilities with increasingly rich interpretations. We are thus 
dealing with a creative process very different from the simple reading of reality 
invoked by empiricism. 

If possibilities always precede their realization, one may object, they must 
necessarily be preformed. Therefore, they cannot be used to justify the construc­
tivist position. Against this, we offer two kinds of arguments, one psychological 
and the other logical. The first requires that a distinction be made between the 
observer's and the subject's perspective. If, to the former, the range of possibili­
ties appears very large indeed, it remains to be determined how it appears to the 
latter. Our observations reveal, in fact, that between the ages of 4 to 5 and 11 
to 12 years, there is a progressive enrichment, a qualitative development that 
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4 INTRODUCTION 

is both regular and complex. These observations support the hypothesis that pos­
sibilities are gradually built up rather than being preformed. 

As for our logical arguments, they are based on the fact that the expression 
the set of possibilities has meaning only with respect to those possibilities that 
are deducible from a necessary law-for instance, the number of possible sur­
faces of a cube or sides of a polygon and so on. But when we think of all possible 
variations that a subject may discover step by step in a situation she tries to ana­
lyze, then it makes no sense to speak of a set of possibilities because each varia­
tion can generate new possibilities. In general, the set of all possibles is even 
more open, since all is in itself another possible in motion. There remains an­
other fundamental difficulty: if one accepts the notion of predetermined ideas, 
and hence of possible hypotheses in any conceivable situation, there remains the 
problem of the status of errors. On the one hand, they are unpredictable, so that 
their probability of occurrence cannot be precisely determined. On the other 
hand, if true ideas are preexisting from eternity, then it must be concluded (as 
did B. Russell in the Platonic period of his early works) that false ideas also 
preexist from eternity (that they coexist with true ones like "red roses with white 
roses"); later, Russell rejected this absurd conclusion, and we can only com­
mend him for it. This is not to deny that a corrected error may turn out to be 
more productive of future possibilities than immediate success. 

In short, possibility in cognition means essentially invention and creation, 
which is why the study of possibility is of prime importance to constructivist 
epistemology (this is all the more true considering that one can speak of possibil­
ities only relative to a subject, as we shall try to show: the virtual in physics has 
meaning only in the eyes of the physicist). This point established, our goal was 
to try to observe the mechanism responsible for the generation of ever new pos­
sibilities. To accomplish this, we had to find problems simple enough so that 
even 4- to 5-year-olds could provide us with an adequate and instructive display 
of their imaginations and complex enough so that 12-year-olds would perceive 
an infinity of possible solutions where appropriate. Consequently, we have 
divided this work into four sections according to the particular techniques used. 
Chapters 1-3 deal with possibilities derived from spontaneous groupings in sub­
jects' actions or conjectures (arranging objects in various ways, imagining vari­
ous possible shapes of a partly concealed solid, etc.). Chapters 4-6 deal with 
possibilities in free combinations, followed by certain constraints (cutouts, etc.). 
Chapters 7-10 proceed to possibilities with optimalizations (assembling the 
"largest possible" objects, etc.). Finally, chapters 11-13 treat of possible con­
structions of geometric shapes. 

Before presenting our main hypotheses, let us establish a few terminological 
conventions. First, we shall distinguish three classes of schemata. First, we call 
presentative schemes (not simply representational, since they may also be sen­
sorimotor schemata) those schemata that involve simultaneous characteristics of 
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objects. Presentative schemes are conserved when combined (as in a hierarchical 
scheme). They are determined by previous acquisitions but may be applied out­
side their initial content of acquisition. Second, procedural schemes are means 
applied toward a goal (we may speak of precursiveness as opposed to recursive­
ness). They may be ordered in sequence, but those applied earlier are not neces­
sarily conserved later on. Procedures are also context dependent, so that gener­
alization to different contexts is more difficult and clearly distinguishable from 
the generalization of the presentative schemes. Third, there are the operational 
schemes, which constitute a synthesis of the two previous ones; they are proce­
dural in that they are performed in real time, but the atemporal structure of the 
combinatorial laws regulating operations has the characteristic of a higher order 
presentative scheme. 

Thus, each individual has at his disposal two main cognitive systems that are 
complementary to one another. The presentative system, which consists of sta­
ble schemes and structures, has the function essentially of understanding the 
world. The procedural system, which is in constant flux, has the function of as­
suring proper performance (success), of satisfying needs by inventing or trans­
ferring procedures. The first system constitutes the epistemic subject and the sec­
ond refers to the psychological subject, since needs are always relative to 
individual subjects and the insufficiencies they may experience at certain times.* 
These insufficiencies are different from the state of incompleteness found in 
structures, when these come to be attended to. However, once a possibility gets 
actualized through the application of procedural schemes, a new presentative 
scheme is created, thence the complementarity of the two systems. 

But these constructivist considerations are still insufficient for interpreting the 
process of how possibilities are generated. We must also specify the role of the 
limitations of which subjects need to liberate themselves. These limitations have 
to do with an initial lack of differentiation between reality, possibility, and 
necessity. In fact, any object or substance in a presentative scheme will first ap­
pear·to subjects not only as what they are, but also as being that way of neces­
sity, excluding the possibility of variation or change. These convictions, pseu­
donecessities or pseudoimpossibilities, as we shall call them, are not only 
specific to children but can be found at all stages in the history of science. The 
great Aristotle believed in the (pseudo-)necessity of rectilinear and circular mo­
tion, thence his erroneous representation of the trajectories of objects in motion 
( 4 ), the same as the one proposed by our 4- to 6-year-olds! Geometry has 
long been thought to be necessarily Euclidean (even as a priori Euclidean, by 
Kant), algebra up to Hamilton as being necessarily commutative, curves until 
Bolzano and Weierstrass as necessarily having tangents, and so on. In children, 

*B. lnhelder is currently conducting a series of studies on procedures and their relations to psycho­
logical subjects. 



6 INTRODUCTION 

such pseudonecessities go a good deal further: a square turned on one of its 
corners is no longer a square and its sides appear as unequal to the subject, the 
moon can only shine at night because that is its preordained role, etc. 

To conceive of new possibilities, it is thus not enough to think of procedures 
oriented toward a particular goal (either optimal or limited to a search of varia­
tions): one also needs to compensate for that actual or virtual perturbation that 
is the resistance of reality to explanation when it is conceived as pseudoneces­
sary. Such a compensatory mechanism, once it has enabled subjects to conquer 
this obstacle (pseudonecessity) in a particular situation, in addition leads them 
to realize almost immediately that if one variation is possible, others are also 
possible, beginning with the most similar or those that are opposite. 

It now becomes clear where these hypotheses lead us: if it is true that the no­
tion of the possible derives from having overcome certain resistances of reality 
to explanation and from filling the gaps that are perceived as a result of having 
envisioned one variation, which leads immediately to the realization that others 
are also possible, then it can be concluded that this dual process involves 
equilibration in its most general form. But although the system of presentative 
and structural schemes is characterized by intermittent or lasting states of 
equilibrium, the nature of the possible that is accessed via the procedural system 
is one of constant mobility, further strengthened by generalizations once a 
specific result is obtained. What differentiates the possible from the necessary 
and from the real is thus the fact that it is directly implicated in the process of 
reequilibration and that it can reveal a subject's potential prior to actual perfor­
mance. These possibilities, however, are not predetermined but are being devel­
oped (constituted) in novel ways each time subjects encounter a resistance or 
come to perceive gaps in the manner just described (that is, at each positive or 
negative disturbance). 

Within the process of equilibration, these potentialities, which generate 
procedures and possibilities, are in essence part of the way accommodation func­
tions. Assimilative schemes-that is, presentative ones-tend to accept input, 
but this provides only one of the possible extensions of their content. On the 
other hand, on many occasions they need to accommodate to new situations. The 
potentialities we talked about are in fact the expressions, varying from one level 
to the next, of the capacity for accommodation: the possible results thus from 
the accommodative activity seeldng actualization, which in turn depends on both 
the flexibility and the stability of schemes and the degree of resistance offered 
by reality. Up to now, we had limited our descriptions of this equilibration pro­
cess to those aspects that are self-regulatory. In the present volume, we add to 
this an account of the formation of procedures and the availability of new possi­
bilities. These are two complementary aspects of a single model, for two rea· 
sons. One is that self-regulations-improving and evaluating a structure-are 
procedures only and not presentative schemes; they are determined by the possi-
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ble and its mechanisms. Second, the generation of possibilities remains through­
out subordinated to the laws of equilibration, since it is equilibration that brings 
about reequilibration and leads to new differentiations and their equilibration, 
which then become integrated into new systems. 

This book then proposes to address two main problems. The first is the de­
velopment of possibilities with age. In terms of functions, we make the follow­
ing distinctions: (1) the hypothetically possible, where valid solutions are mixed 
with errors; (2) the realizable, which are selected on the basis of previous results 
or previously organized presentative schemes; (3) the deducible, which are de­
rived from intrinsic variations; and (4) the postulated possible, where subjects 
believe that new constructions are possible but cannot yet find the appropriate 
procedures. In terms of structures, we shall distinguish four stages: (1) possibili­
ties generated locally by a series of analogies; (2) the concrete co-possible, 
where several possibilities are simultaneously anticipated before being executed; 
(3) the abstract co-possible, where each possibility realized is seen as just one 
among many others conceivable; and (4) the possible in its most general form, 
where the number of possibilities is seen as infinite. 

A second aim this book pursues is to clarify the relations between the evolu­
tion of procedures or of possibilities and that of operational structures: Is the 
former development determined by the latter? Many approximately synchronous 
acquisitions may suggest this determination, as does the fact that generally exter­
nal variations become intrinsic and capable of being deduced (inferred). Or, on 
the contrary, is the generation of possibilities and procedures the mechanism 
necessary for this construction of operational systems? We shall adopt this sec­
ond hypothesis, which poses the problem of how the early procedures with all 
their insufficiencies and faulty regulations can develop into logico-mathematical 
operations with their well-regulated compositions, their logical necessities and 
closures. That is one of the central questions we are going to discuss. 



1 
The Possible Positions 
of Three Dice on a Surface 
with C. Monnier and S. Dionnet 

One of the simplest problems one can pose to get subjects to generate multiple 
procedures is certainly to ask them about possible changes in the position of a 
small number of objects on a restricted surface. Therefore we chose three dice 
(with two, only linear configurations would be possible, and we did not ask 
about possible paths as in chapter 2 ). We did, however, use three different sur­
faces: a square measuring 28 cm2, a circle with a 28-cm diameter, and an isosce­
les triangle with a base and a height of 28 cm. This was done to see if the same 
arrangement would be maintained on surfaces varying in shape. In addition, a 
secondary factor was introduced, which the subjects might ignore or take into 
consideration as they wished. This secondary factor was color, each of the sur­
faces of the dice having a different color and the supporting areas being colored 
as well: the first one red, the second green, and the third blue. In fact, this addi­
tion turned out to be useful in that some of our younger subjects adopted differ­
ent procedures depending on whether they made reference to color or to shape. 

A tricky problem was to decide upon an appropriate vocabulary to be used 
in the instructions addressed to the subjects. Since any of the positions of the 
three dice determined some kind of a shape, no matter how irregular, we began 
by asking subjects to "arrange the dice in as many ways as possible on the card­
board." However, it turned out that even older subjects reacted to this instruction 
by producing only regular patterns, in spite of the neutral tenor of our demands 
for change ("Could you do it another way?"). This suggested to us that perhaps 
the expression "arrange" was interpreted as "arrange orderly." Therefore we 
changed the instruction to say: "Put these dice on the cardboard in every possible 
way." This, however, did not change the relatively late emergence of scattered 
configurations. Even the instruction "Put them any way at all" is not interpreted 
as an incitation to produce irregular shapes at all age levels. 

Once subjects had exhausted their possibilities, we proceeded to ask for value 
judgments: "Which are the best ways to arrange the dice, the most correct, the 

8 
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most interesting, the most difficult" and so forth. This could yield interesting in­
formation about subjects' goals inherent in their procedures, the final instruction 
being to find the "best" or the "worst" of the patterns. 

Level I 

As in other studies, we found that the children begin to see new possibilities as 
a result of applying analogical procedures combining small variations with simi­
larities. This kind of behavior is particularly enhanced in the present study, since 
new configl;lrations can be created by changing the position of a single die (where­
as changing a path from A to B requires a complete reorganization of elements). 

Mar ( 4; 11): "Place them . . . , " etc. He puts the three dice at each of three 
corners of the square. "And another way?" He moves one die from the lower 
right to the unoccupied upper right. "And another way . . . ?" He permutes the 
dice on the diagonal. Then he shifts the die from the upper left to the lower right, 
and then moves the die from the upper right to the upper left corner. Then, at 
last an innovation: he places one of the dice in the center of the square, com­
menting upon this discovery by saying This looks like a heart. "How was it be­
fore?" Like that (he only remembers what he did first, but not the pattern he had 
just modified). "How many ways could one do it-10, 100, 1,000?" Three. "How 
many have you done?" ... "Would there be still other ways?" No. But he still 
comes up with a new pattern: the three dice all lined up next to one another. 
"Good. Do another one just a bit different from that one." He moves the right­
most die 1 cm to the right. "Now, can you do one that is very different?" He 
squeezes them along the lower and adjacent lateral border. We proceed to the 
triangle. Mar declares that he cannot put the dice into the corner because it is 
pointed; it only works on the square (he points to its right angles). He still 
manages to find a pattern along the median, then another one in the form of a 
triangle, then along one of the edges. When asked to do a "wrong one," he aligns 
two dice, placing the third one at a 45-degree angle. "Why is that wrong?" I 
guessed the wrong one in my head. That one [the three in a row] is right. He 
also designates as wrong two further irregular patterns. Inside the circle, like­
wise, the right positions are those on the diameter or along the perimeter, and 
the wrong ones are those with one die separated from the others. 

Eri (5; 1): When given the same instruction to "arrange the dice in all possible 
ways," but beginning with the circle, he produces 15 patterns- all, however, of 
linear or triangular shape. The linear ones are either closely aligned or spread 
out. Two patterns only reach the border of the circle, and none follows its perim­
eter. On the square, Eri gives eight variations, in seven of which the dice touch 
one or the other of the sides. These remain, however, rather similar in shape 
to the ones produced on the circle (triangular shapes). None of the patterns is 
linear or includes three of the four corners. Yet Eri claims that he has made more 
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patterns on the square, because it is much bigger. On the triangle he is told 
several times to place the dice in any way he likes. He only finds six shapes, 
triangular ones-including some with one corner only-and one linear, horizon­
tal one at the center of the cardboard. Asked ifhe could find one that is "wrong," 
he offers a triangular pattern that is hardly different from one of his earlier ones 
and just slightly less regular. Upon the suggestion to place the dice in each of 
the three corners of the triangle, he agrees that this would be placing them "any 
which way." When asked to give consideration to the colors on the square, he 
first produces only rightly spaced alignments of identical color; when asked to 
do a "really bad one," he builds an oblique one with spaces in between. "Why 
is this bad?" Because it is not the same color. 

Nat (5;4) produces about the same patterns on the square as Eri did (no pat­
tern including three corners), but does not think it possible to redo them on the 
circle. We propose two dice closely aligned at an angle with the third facing (the 
three aligned on the diagonal), and she says that this is impossible on the round 
surface: ''Try to do something like it." She arranges the dice along the diameter 
at 45 degrees. "Is that the same?" It's not the same, because it is round. Simi­
larly, a curved shape we suggested to her on the square seems to her impossible 
to reproduce on the triangular base because this is a triangle and that is a 
square. For this subject, then, the figure could not be dissociated from the 
ground. To these regular cases of 4 and 5 year olds, we have to add that of a 
subject whose method differs radically depending on the instruction "all possible 
ways" or "the best possible." 

Yve (4;6): "I would like you to place them in all possible ways." He rolls the 
dice on the square base. "And another way?" He rolls them again. "Is it right 
like that?" Yes, because you're not allowed to do the same ones again. He repeats 
this procedure seven times, saying, Now, there is a yellow one, etc. "How about 
that?" (We arrange three yellow sides up in a row.) That's cheating, because 
they're all three together. We arrange them in a triangle. That's cheating, be­
cause it's the same color. What can we do to do them right? You have to roll 
the dice. But as soon as we ask him to do the "best possible," he no longer minds 
the colors nor does he roll the dice any more; he places them on the square in 
an oblique, linear array or in a triangular pattern (or even in piles), and without 
any regard to the corners or the sides of the base. This is all the more striking 
as he begins by denying the possibility that the same patterns can be produced 
on the triangular base (he later corrects himself, but only after several trials). 

The 6-year-old subjects find a richer set of variations, notably nonlinear con­
tiguities ( 8, Eb, db, etc.), but they still proceed only by successive analo­
gies without anticipation of co-possible patterns.* Similarly, they still consider 

*Translator~· note: The term co-possible is a neologism introduced by the authors to express the 
child's capacity to envision a variety of possibilities simultaneously, in contrast to the younger sub­
jects' limited productions created in sequential fashion. 
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the regular shapes as the best ones and the less regular ones as "bad," without 
showing any understanding (as the subjects of level II begin to do) that from the 
point of view of "all possible ways" all patterns are equivalent. Third, subjects 
still do not think it possible to reproduce the same shapes on the three types of 
base: "No," said 6-year-old Xav, "you cannot make a triangle on a square, and 
on a circle you can do more, you can follow it all around," whereas for Har, 
who is also 6 years old, "the square is harder, because 'it has a lot of space and 
it's hard to know where to put them." He envisions a horizontal row of three dice 
on the square but "not on the circle, because it is not a square" (they are both 
28 cm in d~ameter and length respectively). As for Ben, also 6 years old, we 
copy the closely spaced linear array he produced on the triangular base onto the 
square base, but he objects: "No, it's not the same thing." 

In sum, the first level observed in subjects between 4 and 6 years, including 
Yve's conduct with respect to colors, has a general characteristic of constructing 
possibilities by analogy, using stepwise progressions from one construction to 
the next. At no time do subjects aspire to find a pattern that is the most different, 
nor do they realize that the unoccupied space constitutes a field for possible, in­
finitely variable positions. This idea does not make its appearance until children 
have reached level III. There remains the case of Yve, who seems to have an 
understanding of the infinite number of possibilities, when he rolls the dice at 
random, even though in the second part of the interview, which concerns shape, 
he affirms (as do the other subjects) that the shape of the base limits the possible 
configurations; that is, he perceives a mutual dependence between figure and 
ground. Thus, the apparently probabilistic conduct ofYve rolling the dice to mix 
the colors (or else it's cheating) can easily be explained by his sensing the 
difficulty of predicting the possible combinations of six different colors on three 
dice and therefore preferring simply to roll the dice to avoid the effort: by not 
taking into account the combinations and simply naming their colors without re­
gard to their positions, he simplifies the problem and thus remains far from those 
subjects who come to realize that all patterns and shapes are equally good.* 

Level II 

Between 7 and 10 years of age, one observes a series of new acquisitions that 
logically belong together but that do not always manifest themselves at the same 
time in any given subject. This means that the limitations characteristic of level 
I continue to be present in certain respects, whereas they are already overcome 
in others. This process varies from one subject to another. In general, these ac­
quisitions consist in progressing from analogical and successive to anticipated 
and simultaneous projections of possibilities. They include dissociating the pos-

*Of course, the possibility that this subject was rather advanced for his age and may belong at level 
II cannot be entirely discarded. 
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sible patterns from the shape of the base. We also see a systematic search for 
maximal differentiation of patterns and the acceptance of the irregular as possi­
ble and equivalent as much as the "good" ones. 

Ser (6;11), when asked to "place them in all possible ways," rolls the dice 
three times onto the square, producing successively three triangular patterns 
concentrated near the center, no doubt since his hand remained in the vicinity 
of that area. "Are there many ways to do it?" No, not many. He rolls once again. 
"Every time it's different?" Yes. "Are there about 10, 100, 1,000, or a million 
ways?" Ten. "Can you do them all?" No. "How many can you do?" Three. 
"Which is the best way?" He rolls them gently. The same behaviors were ob­
served on the triangle. "What did I ask you to do?" All possible ways, no matter 
what colors (it can be seen that he focuses on shape). "Place them any way you 
can." He does a small triangle. "Now, do them again but any which way." The 
result is barely different. "Can you tell when it is any which way and when it 
is not?" No, it's impossible to tell[!]. "Now do one that's very different from that 
one." This time he pushes them with his hand over the cardboard and offers five 
different agglutinated patterns. "ls there a way that can only be done on that one 
[the triangle]?" Yes. He rolls the dice. "There are several ways?" It's the same 
on all three [bases]. To conclude: "Why did you roll the dice?" To do different 
ways. "By rolling and by pushing them you can place them the same way?" Yes, 
it's the same. 

Cri (6;7) comes up with a method that opens the way toward the concept of 
co-possibilities: she rolls the dice, first two, then one at a time, always in the 
same place. She thus creates 17 different patterns on the circle (the last two by 
moving the dice around). Then she estimates the number of patterns as 10. Af­
ter some hesitation, she admits that one could do the same thing on the square. 
As for the triangle, she first affirms the belief that it is different in that one can 
put a die in each corner. She reconsiders this and concludes that it is all the 
same. 

Alb (7 years) gives two interesting reactions. One is when he passes from 
symmetric, regular patterns to an irregular one (two dice aligned and the third 
one touching the second one at one corner only), commenting: This one is better, 
I like it because it's [more] different. The second reaction is when he is asked 
to make a pattern that is "not right and that you haven't made yet," and he replies: 
That means it is right, if it hasn~ been made yet. Then he invents a superposition, 
saying: It's correct because this die does not touch the two sides [of the others] 
as before. But he believes that some patterns are impossible to do on the circle 
because it doesn't have corners. 

Nie (7 years) immediately sees seven possibilities on the triangle as a function 
of the angles, the sides, and the area within the triangle, where he sees the possi­
bility of making small triangular patterns. He foresees 100 possibilities, of 
which he believes he is able to realize JO or so. This is a first indication of ab-
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stract co-possibility. He announces that he can do the same on the circular base, 
but he ends up building around 20 patterns by moving one or two of the dice 
one after the other, without any overall plan. Each new pattern differs from the 
preceding one in some systematic way. (These variations are not random, or at 
least not completely so.) On the square he thinks he can do more because there 
are four comers, but not on the circle. But after having made a small triangle 
in one of the corners he adds: Oh, no, it works also on the other one [the circle]. 
Likewise a curved pattern, which he first believes specific to the circle, is then 
reproduced on the square. To obtain different configurations, Nie states that one 
has to move_ at least one die each time. When asked not to touch the die, he an­
swers So, by blowing. 

Jae (7;9) believes it is possible to make about the same number of patterns 
(between 100 and 200) on all three bases. He agrees also to do them "any which 
way," by rolling them. Like Nie, he considers wrong only placements outside 
of the borders; he varies the colors but thinks that position is more important, 
but the color is important, too. 

Phi (7;6) provides a nice illustration of a transition to deductive thinking with 
respect to colors. After a few random alignments such as AAA, BCD, EEB, and 
DFE* (without any plan), he announces 10 possibilities. When asked: "How 
many ways?", he explains: You do the three yellow ones, then two yellow and 
one other color, then one yellow and two other colors. After that you continue 
like that with another color. "Is there still another way?" No. "Sure?" Yes. When 
given the triangle, he immediately finds seven linear or triangular patterns. He 
tries hard to reproduce the same patterns on the square, because you can say 
that the square consists of two triangles pasted together (he points out the di­
agonal). On the circle, the same procedure could be repeated: On the three 
[bases] it's the same. "How many ways?" Ten. "Not 100?" No, there are JO; if 
you want to do 100, you have to repeat the same ones. 

Ter (7;8) thinks differently: if there are about 10 ways (of which she first 
produces only 4), you can do JO on each one [of the three bases], but they are 
not the same ones. In all, about 20. 

Ris (8;0), unlike Ter, who distinguishes the "good" patterns from the "bad" 
ones by their regularity, says that a pattern is better because it's almost com­
pletely changed: here it's like a triangle and there it's a line. And later: That's 
better [five combinations] because they are almost all different. 

Ste (8;3) similarly: That's better, because it's not simple; for the "worst" he 
produces only a pattern that's turned around, forgetting that he had used such 
symmetries also when producing "good" patterns. 

Man (8;6) prefers tight patterns and when asked to do "wrong" ones produces 

*Translator's note: The letters refer to the six colors of the dice. 
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scattered configurations, but not random ones-rather, with the dice spaced 
widely apart. 

Ver (8; l 1) responds similarly but discovers that to make "good" patterns, one 
does not need the cardboards, which constitutes a liberation from a constraint. 

Lau (8;3), when asked to arrange the dice "any way you can," first claims 
that he'd already done so; then he discovers that they can be all mixed up and 
that in this way one can do many, about 200, whereas he had produced about 
20 or 25. "Would there be more or less than 200?" More. "One thousand would 
be too many?" Perhaps. "And a million?" That would be way too many. 

Tie (8;9) comes to see the equivalence of all co-possible arrangements, after 
a series of tries that are all different. "Are some of them better than others?" They 
are all the same. "Show me other possibilities." He adds a few. "Is one better 
than the others?" No, they're all the same. Yet, the idea of disorder does not oc­
cur to him. 

Isa (9;2), like Tie, thinks that all patterns are equally good. "It's not possible 
to do an even better one?" No, I don~ think so. "And a very bad one?" I can't. 
"Why?" Because you can only do right ones. Estimates around 1,000 possi­
bilities. 

Fre (10;5) responds similarly. The scattered pattern is not wrong and the only 
wrong positions are outside of the base. "When they are on the base, they are 
all correct'?" Yes. But there cannot be more than JOO. 

We have cited many examples in order to show the following facts: first, the 
generality of the progress made at this level of development-inferred co­
possibihties come to replace the earlier analogical, sequential mode; and second, 
the variability of responses, which do not necessarily belong to one level. We 
expected to find a more stringent internal logic. In the other studies presented 
here, we usually distinguish a sublevel IIA of"concrete" co-possibilities, limited 
in number but all realized, as well as a sublevel IIB of "abstract" co-possibilities, 
far more numerous (but not infinite), of which the subject realizes only a few 
examples. Even though in the present study we find, by and large, a similar de­
velopment, we were not able to group our subjects exhaustively according to the 
two sublevels because subjects tended to give evidence of mixed response pat­
terns. For example, Ser (the youngest of this group) begins by rolling the dice, 
which seems like an advanced type of procedure. He also responds appropriately 
when asked about different patterns, understands the independence of patterns 
from the shape of the bases, as well as the general notion of "any which way." 
Yet, despite these successes, he only predicts lO co-possibilities, only 3 of which 
he believes he is able to realize! This modesty places him somewhere halfway 
between the concrete and abstract concepts of possibility. On the other hand, Nie 
at 7 years (who realizes lO out of an estimated 100 possibilities) and certainly 
Isa or Fre (with 100 out of 1,000) have already reached the level of abstract con­
cepts of possibility. 
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Howe~er, the notion of co-possibilities tuu numerous for all to be realized 
seems to imply equivalence of all configurations as all being "possibles" (while 
also being different), and hence to entail acceptance of irregular and "scattered" 
patterns. The pseudonecessities of gestaltlike patterns ought to have been over­
come, since the "bad" patterns are just as possible. Yet, few subjects at this level 
go that far; moreover no clear relationship to age seems to exist. Most of these 
sul:l'jects only affirm that the "best" patterns are the ones that are "most different" 
(which is already a definite progress with respect to the preceding level I). Thus, 
Ser makes e~plicit this search for whatever is different; Alb and Ris say, "It's 
better because it's different"; and Ste says, "because it's not simple." But, in fact, 
they continue to adhere to the regular patterns, and Man, even at 8 years, finds 
the "scattered" ones "false." This goes against the logical consequence of co­
possibilities, which is that all patterns are equally "good" regardless of regular­
ity. The developmental progression we observe is one of an implicit notion such 
as is evident in Ser's conduct (it is impossible to distinguish between the "any 
which way" evident in his rolling the dice and his explicit negation of such 
knowledge); then in Alb (his arguments concerning "the right way"); followed 
by the full realization that all patterns are "equally good," as observed in Tie 
("They are all the same, none better than the others"), who makes no reference 
to irregularity, however. Finally, Lau, Isa, and Fre explicitly accept irregular 
patterns as being correct. 

These problems of inconsistent structuring of the notion of co-possibilities in­
dicate that such conducts certainly result from some form of deductive schema 
replacing the earlier analogical one; however, they are as yet only local and 
sporadic, and no evidence is found of the kind of synthesis between possibility 
and necessity that characterizes the onset of operational structures. The best 
deductive inferences observed in our subjects are the semicombinatorial ones of 
Cri and Phi. However, extensionally, they are very limited. For example, Cri, 
after having built 17 patterns, estimates the total number of patterns as being 10. 
Phi giYes a nice demonstration of deductive reasoning when he proceeds to apply 
to the square base the patterns he found possible on the triangle, since the di­
agonal divides the square into two triangles. Still, he only considers 10 co­
possibilities because if there were hundreds they would simply be repetitions of 
the 10 distinct possibilities! 

The problem of the transfer of possibilities from one of the bases to the other 
two is of interest in relation to the distinction made earlier between procedural 
transfers and presentative generalizations. Both produce new possibilities; but 
whereas the former proceed independently of any consideration of necessities, 
the latter are strictly coordinated with perceptions of necessities. Procedural 
schemes are in fact highly context dependent and are difficult to detach from 
their first context and to apply to new ones. In the present case, this context is 
defined in terms of the relation of figure to ground. We have observed how sub-
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jects fail or hesitate to transfer even up to the age of 10; 5 in the case of Fre 
("The round one doesn't have four corners: there are more possibilities on the 
square"), whereas already some 6- to 7-year-olds come to see the equivalence 
(for Ser and Cri, "It's the same thing on all three"). 

In sum, we have shown two principal characteristics for this level: the deduc­
tive nature of co-possibilities and the lack of consistency with respect to their 
logical consequences, without mentioning the limited number of co-possibilities 
envisioned. From this we are inclined to conclude that these limited progressions 
in the development of possibility cannot be the direct result of the formation of 
concrete operations. Rather, they may constitute a necessary framework for this 
development (inasmuch as operations also are procedures, which are applied to 
possible transformations). Within this framework, operations may be elaborated 
by joining certain forms of necessity to the notion of possibility. Operations then 
act in return upon the perception of new openings and new possibilities, as we 
shall see with the next level (III). 

Level III 

Among the 11- to 12-year-old subjects, a significant portion remains at the level 
II type of functioning with its various characteristics, such as the limited number 
of possibilities envisioned. But among these latecomers, we find certain remarks 
that announce level III. 

Ena (11 ;2) only sees about JO or 50 possibilities but notes, in moving one 
of the dice by only a few millimeters in a triangular pattern, that makes a little 
difference. But she adds that it's still the same shape, so it's not another way. 
We can see here an implicit understanding of a multiplicity of possible small var­
iations, which should lead to the notion of infinity; but a conflict arises because 
of the existence of a limited number of categories (linear patterns, triangular 
ones, etc.). 

Ita (12;8) affirms categorically that there is no false way even if the dice are 
scattered all over, and so forth. But it is impossible to arrange them in "all possi­
ble ways," which amounts to negating the possibility of realizing all the possibil­
ities but not their abstract potentiality. There remains thus a certain fixation at 
level II, but with a tendency toward level III. 

The following subjects, on the other hand, succeed in conceptualizing an in­
finity of possibilities-either in intension ("any way whatsoever") or in extension 
(infinite number). 

Cia (13; 11) first makes a few patterns and then rolls the dice, saying, That 
way you can say it's any which way; from this, Cia concludes that if you look 
at all the centimeters, it becomes almost infinite. We have here the continuation 
of Ena's reasoning about the "little differences." But Cia arrives at the idea of 
"whatsoever" yet remains conservative with respect to numerical evaluation. 
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Cat (11 ;6) starts out by rolling the dice any which way, saying: As long as 
they stay on the base, it's correct; if they fall outside, then it's false. He concludes 
that changing the place of each die, or by rolling them randomly, it is infinite. 
Here we see made explict both the notion of "any way whatsoever" and of in­
finity in extension. 

Guy (12;0) makes a few fairly regular patterns, then without resorting to roll­
ing the dice concludes that by moving each die slightly by centimeters, it's in­
finite: you can change a color or a millimeter, you would have to note all that, 
that would take months. "Is it possible to do that?" With these sizes, that would 
require sophisticated calculations. "What if the base were quite small?" It would 
be the same: if you count around the dice, the distances would be relatively 
greater. But it would be the same, I would proceed by millimeters instead of cen­
timeters: it's like on the violin (where intervals change along each string). "What 
about height?" That would make any pattern whatever. 

It is easy to see the difference between this level and the preceding one. At 
level IIB, children understand that the patterns they make are only a sample of 
all possible patterns, of which there are too many to do them all. But they believe 
that all could be realized on the model of the patterns effectively built. Hence, 
the relatively modest number envisioned. What is new at level II is that children 
do not simply deduce from the few patterns they have made the possibility of 
varying them still more, according to the same model; rather, by using abstract 
reflection, they infer a law of construction by minimal but iterative variations. 
These consist of "looking at all the centimeters" (Cia), "changing a millimeter" 
(Guy), or simply repeating the rolling of the dice (Cat). In this case, the possibil­
ities can no longer be materially realized, which annoys lta, but they can be con­
ceptualized in a way analogous to the set of natural numbers, which are gener­
ated by the rule n + 1. Essentially this means that possibilities come to be related 
to a notion of necessity-the two concepts undergo a synthesis-or the notion 
of increasing probabilities comes to join that of possibility (as in Cat's case, who 
perceives the outcomes of rolling the dice as similar to small "changes in posi­
tion")'. This is what explains the transition from the conception of a small number 
of possibilities with their still extrinsic variations characteristic of level IIB to 
the deductive infinity of intrinsic variations that is proper to the constructions 
of level III. 



2 
Possible Pathways of a Vehicle 
with C. Monnier and J. Vauclair 

Among the possibilities accessible to a child, the variety of ways to get from 
point A to point B is obviously one that is already acquired in such sensorimotor 
skills as walking. We decided to see whether, in a domain of actions as elemen­
tary as this, one can find (as one does in more complex domains) a developing 
mechanism generating novel possibilities, starting from those possibilities that 
are initially realized or anticipated. We examined two questions in this regard: 
first, do children see at once a variety of co-possibilities, or do they first proceed 
by successive innovations? Second, do these co-possibilities lead rapidly to in­
definite extension, or do they first appear to be limited in number? 

To facilitate this analysis, we decided not to represent the limits A and B by 
simple points in space and the paths by simple gestures or drawings, since this 
would have presupposed the existence of an abstract notion of space as contain­
ing, in general, the material objects surrounded by it. In reality, however, only 
objects exist with their relative positions, their distances, and (in the case of 
moving objects) their directions (in general, toward a goal). Thus, before Des­
cartes and Fermat introduced the coordinate system, geometry only studied the 
forms of objects, not space as such. Thus, we chose as a moving object a small, 
toy car; as limits A and B some toy objects (trees, etc.); and as space a room 
with furniture, where a post P could be placed as an obstacle between A and B. 
This setup makes it possible to observe certain limitations of interest: preopera­
tional subjects construct paths determined by the objects, whereas subjects at the 
formal level, as usual, come to see an infinity of ways. A good example is our 
12-year-old subject Pop, who, in response to our demand to find a way to get 
from A to B, instead of starting out with a straight line, asserts immediately: It's 
infinite. 

In the first part of the study, children are told simply to point to the path. The 
toy car, which is radio operated, serves only to represent a moving object. In 
the second part of the experimental session, children are asked to make the car 
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move (a button to be pushed or pulled makes the car move forward and back 
up, respectively, and a steering wheel moves it to the right or left). This proce­
dure creates new problems of possibility, problems relative to the succession of 
trials and experimental observations (see below-The Car Mechanism). 

Level IA 

The subjects at level IA proceed by successive variations, their only principle 
being to vary the goal objects or to introduce small changes. 

Pie (4;q): "Show me all the ways one can go from A to B." Straight ahead. 
"Can you make another?" No. "Try it." You could put the car in the garage (he 
repeats the straight path). "But do another one." He describes a slightly curved 
line. "And another." No. "There are only two to do?" Yes. "Why?" Because 
there's only one car. We set up the post. "Now, do it." It's impossible, because 
there's a post, so we can't go to B, it would make an accident. "Try." He makes 
a curved path. I got around it. "And another." He repeats the same curved path, 
but turns back at the post, having bypassed it, instead of going to B. "Another." 
A curve from A to B, by passing the post at the right instead of left. 'That's not 
the same. "Are there others?" No. "When you go to school, you always take the 
same way?" No. "And from A to B? Always the same?" Yes. 

Mar (4;6): Straight ahead. "Another one?" Straight ahead and it turns (a 

slight curve toward B). "And still another?" A symmetric replica of the first 
curve. "Another?" A curved line halfway around B. "Are there many?" Six if I 
want. "Maybe 20?" No. "Try another?" He repeats his second line without 
remembering it. "How do you go about finding them?" I think about the roads 
where we go in the car. "Do another." A big curve from A to B. "And another." 
He makes the curve wider. "Another." I've done them all. "You could move 
things around to find new paths?" Yes. He moves B back a bit. "You could make 
more new paths?" Yes. "Which ones?" I can't remember. "Just do one." Straight 
ahead. "You did that one before." No, before it was there, now it's here, so I 
can do another straight ahead. "Is that a different path?" Yes. "There are how 
many paths one can do if A is farther away?" Another six. "But before it was 
seven." Oh, then it's seven. "Are there more or fewer of the same as before?" 
Fewer. "Why?" 'There's less space. He points to the area he considers free if B 
is moved farther away. We set up the post P. He has to tum. "It couldn't be done 
before?" No (he had done the same curve before), I didn't do it before, because 
the post wasn't there. "One could do a lot of paths with the post?" 'Three. "Why?" 
Because there isn't much room there [between A and P] and there [between P 
and B]. 

Pat (5;5) goes from A to B with a slight tum to end up behind B. "Another." 
She goes from A to the wall and from there to B. "Another?" She repeats the 
same path. "Another?" She goes from A to the door and from there to B. Here. 
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She goes on to vary the paths by passing by a corner of the room or near a bench, 
a table, a basket, etc. We move B to a location B ' : she starts over again as she 
did with AB. We place B below: she produces a path of the same shape and says 
that it is the same as before without taking note of the vertical direction. 

Col (4; 11) bypasses a table before heading toward B, then a few other pieces 
of furniture and finally two tables at once. "Is that the shortest one?" No, one 
can go under this table. "And if one is nearly out of gas?" Like that [straight]. 
Reviewing his moves, he points to the four corners of the room to indicate that 
he has gone everywhere. 

The interesting point about these possibilities is that rather than representing 
paths in space they are simply routes toward one or more goals or ways of avoid­
ing an obstacle. The objects are so important that the subject cannot imagine do­
ing the same path in their absence (Mar, with the post added, does not recognize 
the path he had just performed without it). The only references to space as such. 
seem to be those of Col, to the room, but he only does so to say that he has con­
tacted all the objects in it; the other is that of Mar, who (referring to his outings 
in the family car) thinks that paths vary with their length but in ways that are 
anything but consistent: now, a long distance contains fewer paths because it is 
narrow, and a bit later it is the opposite, because the short distances (AP and 
PB) have less "room" the other way. 

In sum, at this level spatial possibilities are reduced to going from one object 
to another, these being approached more or less directly or bypassed by curves 
that are more or less pronounced. The only other variation consists in a greater 
or lesser number of possible paths envisioned. The subjects experience great 
difficulties remembering the form of a path already produced, but they easily 
remember the different goal objects. This fact teaches us two things. The first 
is that the variations in the form of the pathways, as opposed to the goal objects, 
are given very little attention by the subjects at this level. The second is the es­
sentially successive nature of the possibilities envisioned, which is not surpris­
ing; but we already see certain predictions and even (after the fact) a capacity 
to group possibilities into families of co-possibilities. These initial limitations 
are of interest in that they point to the way the regulatory processes with their 
negative and positive feedback will take to bring about systematic and ultimately 
operational procedures and deductive reasoning about possibilities. 

Levels lB and II 

The subjects of level 1B proceed, like those of level IA, by a successive strategy, 
generating one possibility after another. But instead of simply changing goal ob­
jects, they attend to the form of the paths, producing a variety of possibilities. 

Nie (4;10) begins by a path straight ahead, then goes on to trace a straight 
line halfway, then a short perpendicular one, which turns into an oblique line 
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toward B. The next trial begins in the same way, followed by three segments 
that form a trapeze, commented on as follows: That's not exactly the same. The 
following path is composed of five straight segments, the first and the last 
horizontal, the second and the fourth equal in length and perpendicular to the 
former, while the third segment links their upper ends, like this: ___fl_. 
The next path doubles this square-shaped detour as a symmetrical path below 
the main line. Then he adds angles similar to two steps of a stairway. From 
there, Nie proceeds to show four irregular steps leading directly to B. These 
steps suggest to him the idea of making wavy lines, of which he indicates five 
or six, extending one of his first straight segments. When we move B to B', the 
sinusoidal lines outnumber the others. When we add the post, Nie believes that 
does not change anything, which is not surprising after all the detours he has 
produced and which he estimates as JOO. 

Ave (4;6) proceeds the same way: having shown a straight line AB, he adds 
two fairly large U-shaped detours, one next to the other. He next makes them 
smaller and farther apart. The fourth starts with W's and continues straight. The 
fifth is a big curve. The sixth one adds a loop, and the seventh one subdivides 
that in two, one after the other, and so on. When we move A to A 1 

, he invents 
a new path, L . With the post he returns to the straight line AB with a small 
detour around P, but that (post) is not important. 

Rel (5;2) only does curved lines, but with many variations: (1) a large curve 
making a wide circle around B and leading back to A; (2) a similar curve but 
with a loop; (3) a figure CD, horizontally; (4) a variation of this with a loop 
at the·crossing; (5) a curve symmetrical to (1) around A. 

The mode of generating successive possibilities characteristic of level IB is 
thus the same as at level IA: one path A leads to another B, after the fact, by 
means of an analogy, which preserves some characteristic x while introducing 
a modification x 1 

; after which this new path B generates another path C by 
means of another analogy. Each new analogy consists of similarities and differ­
ences, where the similarities may be relative to x or x' or again toy, a charac­
teristic not yet considered. The differences then appear as x" or y", and so forth, 
proceeding from C to D, etc. There is thus no evidence of any kind of program 
nor of recursive procedures, only analogical transfers with perpetual successive 
variations as to what is retained as similar or introduced as innovation. There 
is, however, progress with respect to level IA in that paths are now analyzed 
as such in terms of their spatial transformations instead of being considered only 
in relation to objects to be reached or avoided as in level IA (where, it is true, 
some variations could already be observed that concerned the form of paths 
only). 

Further development consists not so much in the discovery of new paths 
(these remain essentially the same for all of the following levels), but rather in 
new modes of generation and procedural t~ansfers. That is, while the generation 
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of new possibilities is successive at level I without any preplanning of co­
possibilities, the progress that characterizes level II - progress that is slow and 
laborious - is the developing capacity to constitute such co-possibilities. The 
subject conceptualizes from the start or in the course of the interview a set of 
variations before attempting to carry them out. We are dealing here with a pro­
gress in the inferential mechanism, which, beginning with analogical proce­
dures, gradually leads to deductive generation of possibilities and finally, around 
11-12 years of age (that is, quite a bit later), to the notion of arbitrary variations 
that are infinite in number. However, this progress in conceptual development 
regarding possibility is not accompanied by an enrichment in content; that is, 
a subject who can predict a "family" of possibilities may not envision others and 
may thus produce fewer pathways than the level I child. 

Cri (7; 1) says immediately: The easiest way to go is straight ahead, otherwise 
you can go zigzag [she shows in fact the curved paths] ... and still perhaps 
some other. This time she shows zigzags made of straight-line segments. Then 
she recapitulates: One was straight ahead, the other round, and that one has 
comers. "Are there others?" I have an idea, but it doesn't work: /M , etc. 
When we move A and B into oblique positions, she decides that would be the 
same things [the same paths]. 

Rin (8;5) declares: Straight, then like that [S horizontal], in zigzags, two zig­
zags, and then straight, three zigzags and then straight again. While carrying 
out her ideas she finds other variations, this time in succession, as did the sub­
jects of level IB. When A and B are displaced, Rin hesitates between thinking 
that the paths are the same or different, then discovers that the differences are 
in direction only because the path here goes down. But she believes by adding 
more posts one reduces the number of possible paths. 

Ric (9;5) enumerates co-possibilities straight, tum, then the other way [his 
symmetric paths] ... and do zigzags; he estimates about JOO. After a curve, 
one could make many others like that. Thus he comes to agree to 1,000 possibili­
ties because the room is big. With the posts he first hesitates but then comes to 
see that with or without the posts he can make the same detours: Ah, yes! I can 
do them. 

Iba (10;4) thinks spontaneously of extreme cases: Straight, or drive all 
around the classroom. He also thinks of intermediate solutions. However, paths 
resulting from simple variations in the distance from A to B would be longer, 
but they would be the same. In fact, he stays with the straight paths except for 
a family of co-possible curves. He increases his estimate from 50 to JOO as he 
produces more examples. 

What is interesting about these observations is the nature of the progress they 
mark in the formation of possibilities. This progress concerns mainly the inten­
sive aspect (simultaneous conceptualization of several qualitative variations, all 
equally possible) rather than the extensive (the number of co-possibilities). The 
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reason is that the first conceptions of co-possibilities (those of Cri and of Rin, 
which one might class at level IIA) are of a concrete nature in the sense that only 
those possibilities the subject gets ready to realize are invoked in his descrip­
tions. Intermediate cases are not envisioned, at least not explicitly. In this case 
the number of possibilities is, of course, severely reduced. On the other hand, 
with the responses such as given by Ric and Iba, the concrete notion of co­
possibilities is soon followed by a procedure that is at once extensional and in­
tensional in the sense that these subjects reason on an abstract level that any one 
qualitative change is only one among many others (we might thus classify these 
subjects as ~elonging to a level IIB). These procedures involve introducing slight 
variations, either on a continuum or by inserting intermediate values between 
two adjacent path descriptions. This then leads to considerable increases in the 
numerical values of estimated co-possibilities, from 100 to 1,000 in Ric's case 
and from 50 to 100 in the case of Iba (where the numbers are only of symbolic 
value). 

If the transition from level IB to IIA already marks a certain progress in the 
direction of deductive reasoning by means of analogical procedures, that from 
level IIA to IIB is still more important since it leads to new types of co­
possibilities that go beyond the limits of detailed, immediate, actualized realiza­
tion. Still, one limitation needs to be pointed out in the accomplishments of level 
IIB: the abstract notion of co-possibilities attained by the 9- to 10-year-olds 
(even though not by all) remains restricted to a particular class of possibilities 
(usually a class of curved paths, but in one 11-year-old subject we noted a class 
of straight parallels that could be multiplied); it does not yet get generalized to 
include all possible sets of possibilities. In certain cases, we observed behaviors 
that were clearly residues of lower developmental levels. Lau at 10;5 years says, 
for instance, that with two posts set up between A and B it is possible to "make 
a slalom," but that "if there were only one post, that wouldn't be possible," and 
he even goes so far as to affirm that a path around the post would not be possible; 
that is, the same path could not be taken if the post was not there "because you 
can't make contact with an object that's not there[!]." In general, strategies focus­
ing on the spatial configuration of the pathways are more likely to generate mul­
tiple and abstract co-possibilities; those focusing on the goal objects tend to pro­
duce the more limited and concrete solutions of lower levels. These observations 
show that the evolution toward a concept of generalized co-possibilities is a slow 
and difficult process. 

Level III 

The evolution to level III comes to term at 11-12 years, an evolution that, as 
we just pointed out, is not achieved in a single, discontinuous leap, but comes 
about as a result of a long, laborious developmental process during level IIB. 
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Gil (10; 10) starts out as do those at level II: One can go straight or make some 
little detours, passing from behind. He produces five examples with successively 
wider detours around B, A, and both. "How many paths are possible?" 
Hundreds. Here already there are about 100 around B. It's infinite because you 
can do as many turns as you like. "What if we move A and B?" I think that would 
be about the same thing. Putting up the post takes one path away [the straight 
line], but it adds some others. But it can tum even without the post ... so, 
that doesn't take anything away nor does it add anything. 

Pop (12;0): "Show me aJl possible paths [from A to B]." It's infinite[!]. "For 
example?" Straight, zigzag, S-turns, half circles on each side, any kind of S of 
different length. "How do you get these ideas?" First, the fastest way and then 
more and more complex. 

The new concept is here what our subjects call "infinite." This notion includes 
both that of indeterminate in intension and that of unlimited in extension. It is 
easy to see how this notion derives from that of abstract co-possibilities, as· 
elaborated at level IIB. In fact, abstract means that for subjects the few realiza­
tions they produce are only examples of a whole set of possible variations (e.g., 
1,000 for Ric), which can be inferred in their entirety but cannot be produced, 
nor even imagined, one by one. It seems quite natural that sooner or later the 
question about how all these variations can be generated gets reformulated. 
From the global search for results ("One could do many more of those," as Ric 
at level II remarked), we find here a more analytic orientation toward change 
itself that leads from one variation to the next- that is, toward a mode of produc­
tion of novel possibilities. This is what is apparent when Pop says "and then 
more and more complex," which is likewise implied in Gil's affirmation that "you 
can turn as many times as you like." The fact that the subject comes to consider 
the mode of production and its recursive nature leads logically to the substitution 
of the notion of indeterminacy for "many others" and of the notion of infinity 
in extension for some arbitrary finite number. 

We have still to discuss the general problem of the relation between this con­
stitution of infinite possibility and formal or hypothetical-deductive operations, 
which have as one of their characteristics the ability to reason about possibilities 
in which reality becomes immersed and which thus come to be interrelated by 
necessary links. All these behaviors we find here. The question is whether the 
development of formal structures explains that of the notion of possibility or 
whether it proceeds the other way around. Three classes of facts are relevant 
to this question. The most general is that procedures prepare and create struc­
tures: there is continuity between the initial analogical procedures, the deductive 
procedures with inferences of various types, and operational procedures at suc­
cessive levels. Second, we note a similar continuity in the development and in­
crease of varieties of possibilities, from the one or two envisioned by Pie at level 
IA to the infinite variety seen by Gil and Pop, as prepared by the hundreds and 
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thousands of abstract co-possibilities characterizing level IIB: this second type 
of continuity certainly argues in favor of a degree of autonomy in the develop­
ment of concepts of possibility. Third, the succession of qualitative varieties of 
possibilities, from the initial analogical forms to concrete, then abstract co­
possibilities, is accompanied by the change from production of extrinsic varia­
tions without recursivity to that of intrinsic, recursive variations. This would 
naturally favor the development of operational structures. In short, the two types 
of development obviously are interrelated, but the development of the capacity 
to generate possibilities seems to constitute an indispensable framework for the 
development. of operational structures. 

The Car Mechanism 

In the second part of the interview the car is placed in front of the subject, who 
is asked to make it move. The car is radio operated, and the subject is given a 
control with a button to be pushed to advance and to be pulled for backing up 
the car. There is also a steering wheel that the subject, facing it, has to turn to 
the left to make the car turn to the right and vice versa. 

We are here not concerned with causality but with the formation of hypothe­
ses and with the way in which subjects modify and enrich them as they attempt 
to try them out. We are particularly interested in possibilities including errors, 
and reactions to failures are of greater interest than instant successes. Of course, 
given the present perspective of hypothetical possibilities, it is inevitable that the 
behaviors observed offer a certain family resemblance to those just described. 

At level IA, subjects do not perceive a problem to be solved when confronted 
with the steering wheel that has to be turned in the direction opposite the one 
the car turns when the subject is facing it. Rather, they believe that there is 
something wrong with the mechanism, a belief of pseudonecessity. 

Yve (4;6) turns the steering wheel in the wrong direction, then simply turns 
the car by hand and concludes: It doesn't work right, because I wanted to make 
it go this way, and it goes the other way, which indicates his belief that the steer­
ing wheel does not function in a normal way. 

Nie (4; 10): Because you turn your back on the car, it doesn't work. 
Mat (5; 1), even without reversing positions, makes many errors in turning 

the steering wheel. He gives up, puts down the control, and only directs the car 
by hand. 

Rob (5;5) believes the car is perhaps out of order but, when changing posi­
tions and seeing the car go in the expected direction, declares, pleasantly sur­
prised, that it's working again. "Do you know why sometimes it moves in the 
right direction and sometimes not?" no. "Is there a trick?" I don't think so. "What 
is different, when it turns the other way?" I don't know. 

We see that, at this initial level, an inversion is not interpreted as an objec-
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tive, possible variation of identical status as a direct rotation, but rather as some 
kind of anomaly that upsets the normal order of events, as a twist given to a 
(pseudo )necessity. The error is not attributed to the subject, who broke a rule, 
but to the car or to its control mechanism that "doesn't work" as it should. 

At the next level (naturally, with intermediate responses between levels), sub­
jects see the unexpected outcomes as possibilities that are attributed to reality; 
but they make valid distinctions (and no longer simply refer to the malfunction­
ing of the mechanism), even if they do not succeed in understanding the 
problem. 

Nat (6;3) first produces a number of successful moves (including a complete 
circle in reverse while experimenting spontaneously without predicting any­
thing), then fails the inverted turns. "Is it possible to tell where it will go?" No. 
"What could you do to be sure?" I don't know. Usually, when you tum the wheel 
toward the window, the car will go there. Sometimes it will hit the wall .. "Is this 
normal?" No, it is not normal. Sometimes it turns one way, sometimes the other. 
"Is it possible to turn one way and to go the other way?" Yes, it's possible. 
"How?" I don'.t know. He tries again with the car, and makes another error: The 
wheels go the other way. "Why?" I don'.t know. "Would it help to try the other 
side to be sure?" Yes, it helps. 

Olg (6;6): Same errors and puzzlements. "Is it possible to know how it 
works?" Yes, it is possible to know. "Do you know?" No. "Some people would 
know?" Yes. "How?" They try. 

Mic (6;11), like other subjects, succeeds in correcting his error by reversing 
the rotation of the steering mechanism. However, in his verbal description he 
says the opposite, asserting that he had turned right when in fact he had turned 
left, thus following what he believes should be the case and the rule. 

Tia (7;1), on the other hand, succeeds after trial and error to correct his mis­
takes and to give a correct description of a reversal: The car should go toward 
the door, so I have to turn [the steering wheel] toward the window. Still, in ex­
ecuting his prescription he makes another error and turns the wheel in the direc­
tion of the door. He is puzzled to the point that he begins to doubt the regularities 
of the advance and reverse mechanism: I hope it won'.t go backward when I push 
the button. 

Rix (7 ;O) neatly sums up the strategies characteristic of this level: You never 
know which way to tum. You have to try it out each time. 

These reactions are comparable to those seen at level IB concerning the path­
ways (see above) in that they consist in analogical possibilities discovered in suc­
cession. The notion of deductible co-possibilities does not arise. What is differ­
ent in this task is that the new possibilities are discovered by experimenting 
rather than by mental construction. What is surprising is that the subjects do not 
attempt to find an explanation nor even a general procedure allowing them to 
anticipate outcomes. Thus Olg, even though she agrees that such explanations 
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exist-which she does not know but that others should know-can only suggest 
that "they try." That is, people who know would also proceed by looking for 
analogies. 

At the next level, comparable to our level IIA (see above), we find the first 
signs of deduced possibilities. However, the co-possibilities, still concrete in na­
ture, are caused by a search for an explanation of the unexpected behaviors of 
the automobile while manipulating the controls, and are in no way caused by 
predictions made by the subject: 

Dan (8 years) turns the steering wheel toward the window to make the car 
go in that direction while he faces the car: No, that isn't right. "Why?" Because 
it's the wrong way, the car. "So?" We have to turn this way [reverse]. "And here 
[analogous situation]?" The other way, too. "And if you are in front and you want 
to go backward?" The other way, too. He succeeds six times but still commits 
three errors. 

Jes (8;5) who has the same reactions, shows the reversals. "And if you go 
backward?" That would be the same. "Turning?" Left [correct]. "So?" (She turns 
in fact right.) "Is that correct?" No. This type of error occurs frequently, but it 
undoubtedly results from the overgeneralized use of reversals, which the subject 
begins to discover. 

Tie (8;6) shows errors and corrections, but: Since the car is backward, so 
it turns the other way. First, however, he believes like Jes that it is different in 
reverse. 

Osc (9;6) first thinks that the control effects a general reversal, contrary to 
real cars where the wheels turn the same way as the steering wheel. This causes 
a series of errors when the subject is not facing the car; he then discovers that 
when you are behind [at the rear of the car], it goes there, and when you are 
in front, it's the other way. 

Isa (9;1), after trials and errors: "Why is it the other way?" It's like that. "But 
if you compare ... ?" You're in front. 

lvo (10;4) has the same reactions. He finally concludes: Wizen I'm facing the 
other way, I have to tum differently. 

At last, at level III (almost attained by a child [9;5] classed at level IIB, who 
only made two errors), it only takes one trial, followed immediately by a spon­
taneous self-correction, for the child to find the law. 

Cos (11; 1): I've turned the wrong way. To explain it, I have to go behind the 
car . ... Here [in front], it's the opposite. 

Pop (12 years): After a single trial: No, it's got to be the other way, because 
I am facing the other way than the car. 

At this level, we find the notion that one can give a causal explanation by im­
mersing reality in a system of co-possible variations that are related to each other 
by necessary connections. It is easy to see why these possibilities, since they are 
discovered by experience, can at first be related to each other by partial laws, 
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with errors and successes intermingled, as we saw with the level HA notions of 
concrete co-possibilities. It is only at level III that we find a truly deductive no­
tion of possibility that is apparent with the first self-correction, and this results 
from its integration with necessity. What is interesting about these facts- from 
the pseudoimpossibilities of level IA to the immediate deductive inference of 
level III-is the parallel development (more consistent than could have been ex­
pected) between the evolution of possibilities that are not constructed by the sub­
ject but that have to be discovered in the externally varying, real world (before 
they can be deduced as internal variations within a causal s;ystcm); and the de­
velopment of freely generated possibilities, such as those seen in the path sit­
uation. 



3 
The Possible Forms of 
Partially Hidden Objects 
with E. Marbach 

Whereas in our other studies we ask the child either to arrange or construct ob­
jects in all possible ways or to solve a simple problem by any imaginable 
procedure-that is, in every case to imagine a potential situation not yet 
realized-the question we raise in this chapter concerns the way children repre­
sent the invisible portion of a partially hidden object. This implies, then, that 
we study possibilities not with respect to transformations to be carried out on 
real objects (since these are already present, even if not visible), but rather with 
respect to hypotheses that can be formulated concerning such objects. In this 
case, then, only the hypotheses are subject to modifications. We wished to find 
out whether, in these circumstances, we would observe the same development 
as in the other situations. As for the initial reactions, it seems evident that pseu­
donecessities limiting the number of possibilities envisioned should be rein­
forced by the entirely natural supposition of a complete symmetry between the 
visible and the invisible parts of the object. Furthermore, the fact that the invisi­
ble part already has a material existence may provide an obstacle particularly 
resistant to the multiplication of possibilities. This may be particularly evident 
in the case of a box with two circular, lateral openings from which protrude two 
triangular shapes, representing the extremities of the object the middle portion 
of which the child is asked to draw. It is interesting to observe in the 11- to 12-
year-olds the same reactions we find with the construction tasks. One 12-year­
old child, having drawn a diamond-shaped and a cylindrical object, replies when 
asked, "Can it be done another way?": "Oh yes, if one wants to take all the 
shapes, one can imagine any possible way." Thus, this subject views the actual 
shape under the screen as one particular case among an indefinite number of 
others that could be imagined. The problem is to see how subjects come to con­
ceive of such co-possibilities that cannot be realized in their totality (since this 
is infinitely variable), having started out from an intermediate level where they 
already see several possibilities but only those that they could actually draw. 

29 
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Method 

This research uses three questions (with materials I to III). (Ia) We present a 
cardboard box, placed on a table, with all sides that are accessible to the child's 
view being of unifonn color. The question concerns the sides not perceptible to 
the child, who is seated in front of the box. (lb) The experimenter adds a sup­
port, which is placed under the box, of the same surface dimensions but clearly 
Jess high than the box. 

(II) We present objects partly hidden in cotton: triangles and irregular-shaped 
objects resembling "pebbles" or "rocks," as our subjects usually call them; there 
are also objects of a certain structure that can be recognized from the visible por­
tions, such as crystals and shells; finally, there is the upper part of a table tennis 
ball. 

(III) We present a cardboard box with two triangular shapes extending at ei­
ther side, which may be perceived as portions of a partially hidden object or as 
two independent objects. The subject is invited to explore the objects (but is 
given the directive not to touch them), and then a series of questions is asked. 
(a) The first questions concern the colors and shapes of the sides the subject can­
not see. (b) The partially hidden objects are presented simultaneously or succes­
sively: "What is it like in the cotton?" "What's in the middle?" "What's at the 
end?" Then: "Could it be some other way?" "Do you have an idea?" "What makes 
you think it is like that?" "How far is it possible to go?" "How many ways do 
you think are there?" "How many other ways can you still see?" Another ques­
tion, not always comprehended: "Is there an impossible fonn underneath?" The 
visible portions of the "pebbles" are triangular. ( c) The questions are of the same 
kind. First, without any hint that the two ends extending from the box could be 
joined together, we ask the subject to imagine what is not visible and to make 
all possible guesses. After that we pull slightly on one side of the extending ob­
ject, making the other side move and suggesting that the two ends may be parts 
of a single object. 

Level I 

For the preoperational subjects, the partially hidden object is what it is; that is, 
they imagine it on the basis of their immediate perception as a function of the 
parts that are visible (this includes the case where the child imagines an empty 
space between the trihedrals of question III). Although at level IB the children 
may hesitate between one or two possibilities, level IA children see only one: 
they are convinced that the only thing to do is to choose between right and 
wrong. They cannot conceive of having to imagine other possibilities. Here are 
some examples of level IA: 

Phi (5;1): Question I: "Do you see all the sides?" No. "How many?" Four. 
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"In the back, what color is it?" White. "Are you sure?" Yes. "Could there be any 
other color?" No. "Why?" Because the box is all white, so the back cani be an­
other color. "One of your friends told me it was red." That's not true. "Why?" 
Because, if he had said that [- if he had been right], then that would be fine, 
but it isn't true. We add the support. That's a nice square. "What color is it un­
derneath?" White. "Could it be anything else?" No. Question II: He simply ex­
tends the triangle by lengthening its base (which is hidden). "Could it be another 
way?" No, because it is a triangle, and a triangle always has three sides. 
"Really, it couldn't be just a bit different?" Yes, longer. Question III: First, he 
thinks that t~e two extending triangles are two independent objects, separated 
by an empty space. Then, when he sees that one moves when we touch the other, 
he imagines a cylindrical connection. "Do you have another idea?" Yes. He finds 
a compromise between the independence and the connection of the two cones 
by drawing two diamonds making contact at their two pointed ends. After that, 
he sees no other possibilities. 

Ali (5;4): I: The box is "purple," and the same color in the back. "Sure?" Yes, 
because I know that all boxes are the same color on each side. She gives the 
same answer for the support. II: She connects the two triangles to a common 
rectangular base. She completes the semicircle by drawing its symmetrical coun­
terpart. 

At sublevel IB, certain hesitations appear about pseudonecessities. But sub­
jects do not yet imagine classes of co-possibilities. They simply begin to ques­
tion whether their proposed solution is really correct or whether there could be 
other, more correct solutions. 

Pie (6;0): I: White [in back]. "Could there be another color?" Yes. "Sure?" 
No. I'm not sure. But for the support, he guesses red. "But, why did you say 
red?" Because I think it's red. II: Simple extensions, except for one "rock" where 
he sees a possible variation, making it thicker. III: He sticks to the solution with 
the cylinder. 

Fab (5;9), in question II, envisions two but only two different ways: enlarging 
the invisible part of the triangle or placing it on a base with parallel sides. After 
that, he discovers the possibility of combining the two: a base with one vertical, 
one oblique side. 

Lau (6;7), in question II, cannot imagine the hidden part of the triangle: I 
don't know [what is underneath]. When we replace it by a crystal, he completes 
it by extension. However, he categorically rejects the idea that it could be part 
of a big mass hidden underneath it. No, it's like that, I'm sure, because rock crys­
tals are never like that. III: He sees two possibilities-a long connection or two 
separate parts. 

These reactions are informative as to the difficulties children have in conceiv­
ing of the notion of possibility. The principal obstacle can be characterized as 
follows: things in the real world being what they are, they are like that of neces-
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sity; no other possibilities exist. Since a box is usually the same color on all 
sides, the child sees this as a general law. Its necessity derives from a failure 
to distinguish facts from norms. This means that only one possibility can exist, 
since a necessary fact cannot be negated. All our subjects of level IA give an­
swers just as clear as Phi's about the back of the box, and many others of levels 
IB and II-including Ali-start out the same way. As for the partly hidden ob­
ject, since its visible portion looks regular, its invisible part must be regular in 
shape as well by virtue of a pseudonecessity that is analogous to the one just dis­
cussed. This explains the preponderance of solutions by simple extension or 
symmetry. Other solutions (such as those found at level II) are generally not en­
visioned, as a consequence of "pseudoimpossibilities," which are the comple­
ment of pseudonecessities. 

The problem is then to explain how the child goes from this undifferentiated 
concept ofreality=necessity=unique possibility to an open system of possibili­
ties. One might describe this process as a dialectical one: the thesis would be 
that A is necessary, the antithesis A' is its negation, and the synthesis is the union 
of A and A' within a class B of multiple possibilities. This union is indeed the 
final result of the process.* The psychogenetic roots of this dialectical process 
of negations and progress to new systems of possibilities lie in a more general, 
fundamental process-the succession of equilibria, disequilibria, and re­
equilibria. The initial state of pseudonecessity may remain stationary for a long 
time depending on the problems the subject encounters, but it is prone to dise­
quilibration for two reasons: it is a purely subjective certainty, and the subject 
does not actively look for reasons for justifications. This disequilibrium shows 
itself in a state of doubtfulness: Pie is not sure about the color-identical or 
different-of the back of the box, and Lau does not risk a guess as to the hidden 
part of the triangle. Thus, it seems clear that reequilibration in this case will con­
sist in the subjects' admitting a multiplicity of possible shapes. This means that 
the disequilibrium of doubtfulness brings about a new kind of equilibrium of im­
agined differences. This new equilibrium comes to replace the state of pseu­
donecessities by a collection of co-possibilities. 

At sublevel IB, which is a transitional state, we only find the beginnings of 
this system of co-possibilities. In fact, subjects mention only "two different 
ways," as Fab says (and also Lau in question III). As for Pie, when he is ques­
tioned about the color on the back of the box, he comes to conjecture with some 
doubt that it might be other than white, and so he proposes a different color for 
the support: but instead of seeing several possibilities, he decides "red" as if the 
nonnecessary nature of white resulted in only a single alternative possibility. 

*This is true at all levels. An example can be found in the history of science: A =an algebra thought 
to be necessarily commutative (pseudonecessity). A' =negation of commutativity (Hamilton's 
quaternions), and B = general algebra. 
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Level II 

From the very beginning of the concrete operational stage (and we shall have 
to try to explain this close synchronism), subjects discover several co­
possibilities. These can be grouped in families according to their mode of 
generation. 

Zul (7;4) functions still at level I in the case of the color of the back of the 
box. But in question II, she envisions three possibilities for the triangles: a big 
triangle of which one sees only the top, a corner of a square that is mostly hid­
den, and a similar corner of a rectangle. For the semicircle, she first draws a 
ball and then two superposed spheres of which the lower one is attached to the 
other at a level of about three-fourths of its height. 

Mon (7;9) similarly fails with question I, but in II she completes the triangle 
with two kinds of bases-a linear and a semicircular one. She ends up making 
it look like a tip placed on a spherical body of rather irregular shape and clearly 
asymmetric (like the tip of a mountain flanked by foothills). As for the two ends 
in question III, she represents them as connected by a rod or as being equipped 
with segments of a rod, each of different length. 

Fre (7;9) in question I imagines that the back of the box may be the same 
color as the visible parts, but that is not sure-it may also be red, etc. The sup­
port added, Fre gives similar responses, adding that it may also have a hole 
pierced through it, or it may be made of small plates glued together of different 
colors. In II, he suggests that the triangle might be taller or may have round, 
regular or irregular extensions. But in III, he can only suggest two separate 
triangles - in fact, two hidden diamond shapes symmetrical to each other. 

Ben (7;11): It's gray, but someone may also have colored it in back with all 
sorts of colors; but for the support, she cannot envision that it may be empty. 
In question II, she produces 10 or so possible extensions, only one of which is 
of a regular form; the others become more and more irregular as she goes on. 
Still, she does not conclude from this that it would be possible to make them 
indefi~itely complex. In III, Ben only thinks of regular forms, either separated 
like those of Fre, or connected by a point. · 

Cat (8;7): Question I: That could be many different colors: white, yellow, 
gray, orange, pink, green, black, blue, red; there could also be different stripes. 
And twice: Inside it could be empty or full. II: There are several rossibilities 
[she draws several continuous or discontinuous forms]. That could really be 
many different things. "How many?" Seven, 8, or 9, 10, 11, 12. 

Tie (8;0): Question I: All possible colors, also decorations, except if there 
is no side to close. In II, multiple, irregular forms. "How many different ones 
could there be?" One thousand, or 100, or 200, 300, 400, 500. "Which is closer, 
1,000 or 100?" 200[!]. In III, again, the symmetrical object leads back to 
regularity: two triangles either separated or connected by a thin bar or a 
rectangle. 
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Fel (9;6), in question I: It's gray. "Could it be another way?" Yes-green, pur­
ple, blue, white, yellow. That's all. The support: It's the same. But there could 
be a hole. In II, a mixture of regular and other shapes. But in III-after several 
symmetrical forms, separated or joined, among them a horizontally placed dia­
mond shape-a lance shape with two unequal points. 

Bir (9;0) can see well all the possibilities in question I, including an opening 
on the bottom [of the box itself] or several; also, all possible colors. But it is 
curious that still at her age she conceives of all the co-possibilities not as simul­
taneously coexisting in the abstract but only as concrete, successive actualiza­
tions: Oh yes, if you put up a different box . ... If I close my eyes every time 
you put on a new color. Question II yields the same kinds of reactions as given 
by the other subjects; but in III, after a few regular-shaped junctions, Bir goes 
on to imagine some zigzaggy ones and some irregularly curved ones. 

Lai (10;0): Any color. Perhaps there's nothing in back. 
These reactions raise a number of problems, the first being how to explain 

the change from level IB, with its limitation of two possibilities, to the increasing 
number observed here. However, this number is still not very high, even for the 
"rocks" (which Tie limits at 200), which is a far cry from the indeterminate in­
finity characteristic of level III. The developmental process certainly has some­
thing to do with the absence of arguments justifying the limitation to only two 
possibilities. As long as subjects limit themselves to only one possibility (level 
IA), they find justification in the pseudonecessities invoked to that end. But two 
and "only two," as Fab says, cannot be explained unless they are in a relation 
of negation to each other: A and not-A. But we are dealing here not with nega­
tions but with differences, and each difference can evoke another one by combi­
nation or variation (Fab derives from his "only two different ways" a combina­
tion of the two). In short, the discovery of two procedures breeds doubt ("Why 
only two?"), and this disequilibrium provides a push toward reequilibration that 
incites the subject to look for other transformations. 

The mechanism of this reequilibration by making new possibilities available 
is related to the type of transfer characteristic of procedures. The transfer from 
the first procedure to a second one (level IB) constitutes a beginning that will 
lead to further transfers at level II. This kind of transfer is different from opera­
tional generalization (even the simple extensional kind), which consists in subor­
dinating an earlier system to another, more general one, of which the older sys­
tem remains a subsystem. The transfer of procedures is, in fact, transversal in 
that it proceeds by analogies-that is, by making use of similarities (as cor­
respondences) but without neglecting the differences, which, in fact, have to be 
discovered. Transfers operate in a way like categorial functors, but without the 
"forgetting" dimension, since (on the contrary) new possibilities need to be un­
covered that are different from the previously known ones. 

As new procedures come to be added by transverse analogies and not by in-
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clusion, these transfers remain open and, moreover, depend on each other. 
Therefore, it is inevitable that, once a particular transfer has taken place (such 
as that between the two possibilities at level IB), it entails new transfers, which 
generate not classes (at least not immediately)-since there is no 
subordination - but what we shall call families of new openings and possibilities. 
For example, having transformed the angle perceived in question II into the top 
of a large triangle, Zul proceeds thence to make a corner of a square, and then 
of a rectangle. Ben links this angle to a nontriangular figure, which she then 
transforms into more and more irregular shapes. But, in keeping with the ana­
logical nature of transfers, the triangles in question II lend themselves well to 
the production of more and more different possibilities; those placed at opposite 
ends in question III, however, continue for a long time to exert a pressure toward 
symmetry, which explains the regularity of the joints proposed by our subjects, 
from Mon to Pie. Only the 9-year-old subjects (Fel and Bir) show transfers from 
levels II to III by producing symmetrical joints and even irregular shapes in 
question III. 

In short, it is on the basis of analogies that procedural transfers are an open­
ended source of ever new possibilities, for, as a conjunct of similarities and 
differences, the analogy between A and Bis followed by another between B and 
C, and another between C and D, without clear analogies between A and C or 
D. In the absence of class inclusion or seriation, the successive analogies remain 
devoid of any kind of recursiveness. If on occasion a procedure involves a goal 
direction, this precursive character does not affect the analogies as such, in spite 
of the fact that the search is directed by it (but only as by a tendency). Thus, 
the system of procedural transfers is in a constant state of disequilibrium; or one 
might say that it characterizes an equilibration process in evolution, which is es­
sentially incomplete until level III, where we find a state of relative completion. 
But to understand its precise nature, we have to first attempt to explain the limi­
tations characteristic of level II. 

In fact, their cause is easy to see. Level IA showed a complete lack of 
differeatiation between reality, necessity, and possibility. By comparison, level 
II marks a beginning differentiation, but with one limitation (which is not sur­
prising, given the period of concrete operations): that the possibilities accessible 
to the subjects remain concrete also, that they can all be realized by actions car­
ried out by a material subject of flesh and bone. Level III subjects, who are 11 
to 12 years old, will talk about "infinity," no longer depending on material ac­
tions but rather on the subjects' deductive capacities; whereas Fel in question I 
enumerates six colors and concludes, "That's all." Bir (also 9 years old) does 
speak of "all" colors, but she adds that those colors would have to be painted 
on the box, one after the other, by the experimenter, while she would "close my 
eyes every time." This is indeed a far cry from formal generalization! Tie asserts 
that he has seen "pebbles of all shapes," but he limits them to 200 possibilities, 
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which certainly is progress compared with Lau's refusal (at level IB), but re­
mains modest when compared with infinity. 

This leads us back to our l,Jsual problem: Is it the case that the limitations in­
herent in these families of possibilities being dependent on material realizations 
are responsible for the concrete operations of this level, or is it the concrete na­
ture of these operations that slows progress in the development of possibilities? 
There are three reasons for choosing the former interpretation. First, the analo­
gies and procedural transfers are more general and appear earlier in develop­
ment than do operations: in some situations, they may already be apparent at the 
sensorimotor level. Second, families of co-possibilities arise essentially from 
recognition of similarities and differences, whereas operational structures re­
quire, in addition, a precise equilibrium between positive and negative state­
ments of various types. And third, it seems that the process leading from an ini­
tial state of undifferentiated perceptions of the three modes - reality, possibility, 
and necessity-to more and more differentiated concepts (and finally to an in­
tegration of the three) is much more general and all-pervasive than is the de­
velopment of logical operations; therefore, it seems that it is this overall 
development that determines the operational structures. 

Level Ill 

Around 11 or 12 years of age, one observes a kind of sudden mutation that leads 
abruptly to the notion of infinite numbers of possibilities after a few concrete, 
limited co-possibilities of the level II variety. 

Pat (10;7), at first, in question II, seems to proceed by rather restricted varia­
tions that are, however, distinguished by suggesting the possibility of continuity; 
with the "pebbles," he proceeds by extensions: It could go all the way down or 
may be shorter, perhaps halfway down to the bottom. "Why do you say 'per­
haps'?" Because the pebbles may have any kind of shape. (To the suggestion that 
the crystal may be part of a larger mass, an idea rejected by Lau at level IB, 
he says: If it is sat on a rock, yes). The semicircle he first completes by a circle, 
then sections it. After two sections, he says: There could be smaller ones, if one 
cuts up higher ... up to infinity[!]. 

Ber (11 ;O), having produced two or three minor variations on question II ac­
cording to length, width, and curvature, says, You haven't done very many, just 
enough to stimulate our imagination. . . . Let's suppose that this represents all 
shapes; in each case, he repeats, That may be any kind of shape. 

Cla (11 :3). in question II: That could be ·any form as long as there is a tip 
that stands out and that one can see. The same reactions in question III with rec­
tilinear and curved designs. 

Ano (11;2): Question II: Any kind of form as long as the ends that stick out 
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are triangles. The rest is not important [=could be anything], since it can't be 
seen. 

Sam (11;10): One cannot tell: an indefinite shape. 
Arl (12;0): One can imagine all possible shapes. 
This apparently sudden change from possibilities that are realizable by ana­

logical transfers to ones that are deduced and immediately generalized to in­
definite and infinite possibilities presents a certain interest and calls for explana­
tion. Let us first recall the role of analogy as an endogenous principle of 
procedural transfers, and thus of the generation of new possibilities. Given a 
particular starting procedure for solving a specific problem (here the drawing 
of a half-hidden object), subjects might ask themselves whether there are better 
ones or simply different ones. In our experiments, we solicit these questions; but 
in everyday life, initial procedures resulting from trial and error and the 
equilibrium between the subject's schema and the adjustments required by the 
data must be ascertained as well as they can be, so there is constant questioning. 
If the new attempt is too similar to the previous ones, it adds nothing new. If 
it is too different, it is not likely to be immediately obvious. Thus, the only way 
accessible is that of analogies, which are neither simple equalities nor pure 
differences, but a coordination of the two. Here new possibilities are all the 
easier to conceive because successive analogies are nonrecursive: B can be anal­
ogous to A with respect to characteristic x; C can be to B with respect toy (com­
mon to B and C) but not x (not present in C); so there is no analogy between 
A and C, even though A has led to C by way of B. It is by means of this kind 
of analogical process that the concrete possibilities of level II are generated in 
problems not calling for operational solutions. How can we explain, then, that 
at level III these same problems produce deductive procedures, even to a point 
where subjects think in terms of "any kind" of possibilities (Ber and Cla, etc.) 
and of "infinite" or "indefinite" ones (Pat and Sam)? 

To return to analogy (in which, as we have seen, there is always a difference 
behind each similarity and vice versa), two new elements appear even in Pat's 
reactibns: first, the variations proposed are all directed toward more or less 
(longer and longer or shorter and shorter, etc.); second, between the discontinu­
ous states that subjects envision, they imagine a continuum of an infinite number 
of intermediate states. Compared with analogy, this two-way quantification im­
plies that the relations between similarities and differences do not change with 
the linear succession of simple external variations, but rather become organized 
in a recursive system of internally represented variations. As a result, even in­
visible differences-not to say infinitesimal ones-can be perceived behind the 
graded similarities. In other studies, subjects readily identified even totally im­
perceptible similarities disguised under varying degrees of transformations.* 

*See chapter 8 where 11-year-old subjects, given the task of building the biggest pile using the same 
blocks, recognize that there is conservation of volume whichever way the blocks are arranged. 
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These general properties are the ones that characterize the formal operational 
stage. Another study concerning invisible differences is that of the bar moved 
by imperceptibly minute propulsions so that its displacement can only be seen 
after several replications. Here, too, 11-year-olds do not, like younger subjects, 
cling to their perceptions; but they say, for instance, "Maybe it moves just a bit 
[right from the start], otherwise it would never move." Similarly, they will de­
duce by pure inference without resorting to observation or measurement that 
each action produces an equivalent reaction, when they are confronted with a 
situation where similarities are to be postulated under apparent differences. 

This brings us back to our problem of level II: Is it the case that the develop­
ment of operational structures brings about the observed progressions in open­
ness to new possibilities, or is it rather the other way around? Only two things 
can be said here about this point. First, since, as we believe, the development 
of operations is caused by a mechanism of equilibrations and self-adjustments, 
we must also postulate some kind of regulatory process in the formation of possi­
bilities. This regulatory process manifests itself in the interplay of similarities 
and differences and their equilibration in the constitution of families of co­
possibilities, as well as in the progress toward mental representations of recur­
sive changes. Hence, since any kind of regulatory process concerns possible var­
iations, it follows that the regulation of possibilities and the possibilities inherent 
in the regulations that give rise to operations must be part of a general system 
of equilibration-an inclusive, global mechanism. Second, we must take into ac­
count the development of the notion of necessity (which will be studied in an­
other volume), which is subject to a general law of equilibration as specified at 
the end of level II: initial nondifferentiation between reality, possibility, and 
necessity (pseudonecessities), followed by progressive differentiation and, 
finally, at level III, subordination of reality to the necessary relationships be­
tween possibilities: in other words, equilibrium between differentiations and in­
tegrations. If this is so, it is obvious that by merging the development of opera­
tional structures with a general process that is itself part of a mechanism of 
equilibration, the results of our earlier analyses are in no way contradicted by 
this assumption. However, it remains to be demonstrated how such regulations 
in procedural analogies come about, in the sense of stable groupings of similari­
ties and differences, and particularly how the latter achieve their final form 
through the organization of negations, which are still dependent on particular 
contents at the level (Il) of concrete operations but which achieve a purely for­
mal character when possibilities become coordinated by means of necessary 
links. 



4 
Sectioning a Square 
with E. Marti and C. Coll 

We decided to observe a behavior as ordinary as that of sectioning paper to com­
pare the formation of possibilities in two situations-one without problems, the 
other with predetermined questions. In the former, we present children with a 
number of cardboard squares measuring 7 cm2

, the only instruction being to cut 
them in "any way you like" and to use the cutout pieces to cover up an orange 
square, also measuring 7 cm2 (glued to an irregular surface), after having placed 
the white square over the orange square and noted their equality in size. Even 
though this equality constitutes a certain constraint, it presents no problem to the 
subjects. It only helps us to see how they construe the relations between the 
"pieces" and the whole. In addition, we present two kinds of problems: (a) cut 
the square into two, three, or four pieces in all possible ways and (b) divide the 
square into two, three, or four equal parts, which raises questions concerning 
number and size, as will be shown below. 

Free cutting: Levels IA and IB 

The only possibilities perceived at this initial level are of the kind that attribute 
a specific meaning to the pieces-that is, a meaning that sets them apart from 
the whole, from the cardboard square to be cut. Let us note at once that these 
"pieces" or "parts," unrelated to the whole, cannot be explained with reference 
to the semantics of expressions like "a piece of music" or "a pleasure party"* to 
designate specific and self-sufficient members of a set or a genre. The reactions 
of level IA subjects reveal problems of quite a different sort arising from difficul-

*Translator's note: The French original has une partie de ba/lon, which literally means a ball game. 
To preserve the relation to part evident in the French expression, the translator chose the term plea­
sure party, which resembles the French expression phonetically, semantically, and etymologically 
even though the word parry no longer conveys the sense of part, as does the French partie. 

39 
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ties with class inclusion (in this case spatial) of the kind we observed back in 
1921, when we saw children assimilate the sense of expressions like "part of [or 
some ot] my flowers" to that of "my few flowers." So we obtain interchanges 
like these: "What is a part?" It's something cut off. "And the other part?" There 
isn~ any more[!]. Here are two examples: 

Nie (5;5), having verified the equality of the orange square and having 
received the instruction to cover it with pieces cut out of the white square, cuts 
out a square smaller than the original square. "How many pieces are there?" 
One. "What is it called?" A square also. "Can you cover the orange square?" She 
puts down her small square. "And that [the rest], what can we do with that?" 
We can put it down too. "Is it a piece too?" No, it's not a piece. "Can you think 
of something else?" She cuts another small triangle out of the white cardboard. 
A triangle! "How many pieces are there?" One. "Can you cover the orange 
board?" It's too small ... We put down the other end [note the neutral term!] 
"Still another idea?" She cuts out: A rectangle. "Can you cover it?" Still too 
small, I1l put down the leftover. "There are how many pieces [we point to all 
of them]?" One again [ = as before]. "Still another idea?" A round one [the same 
reactions]. "Still more?" No. I can't think of any others. 

Pat (5;0) at first cuts out only shapes with concrete meanings (contrary to 
Nic's spatial forms): feet, letters (P and 1), two wheels for a truck (It's easy to 
do a round one), a thing to make screws tight (a screwdriver). When we ask him 
to cover up the orange surface, he answers: In any case, I know how; but when 
asked, "How many pieces?" No, that [the remainder], that's nothing, the others 
that's nothing too; only the meaningful pieces count. He then cuts out a leg and 
a foot. He places all his cutouts on the orange surface, four in all, but he counts 
only two. When asked to do only two pieces, however, he cuts the square into 
10 parallel strips, counting up to five, saying, The other ones aren't [pieces]. 

These and similar reactions, which can be found mixed in with others up until 
6 or even 7 years of age, clearly signify that for these subjects to cut up a square 
with scissors does not mean to divide it up into parts and to distribute these so 
that they can be reassembled on the orange square in a way equivalent to their 
initial state. The action of cutting the square generates only one general proce­
dure (in spite of the diversity and variability of expressions): to take out of this 
whole whatever is needed to make the shapes representing empirical or spatial 
contents. These lose all relation to the whole, which ceases to exist as such; it 
gets destroyed and only some "ends and leftovers" remain (Nie). Pat even goes 
so far as to say "that's nothing," although he is able to use these bits to cover 
up the orange square ("In any case, I know how"), but he perceives them as in­
dexes of the initial whole conserved. 

Several intermediate, mixed reactions can be grouped as belonging to level 
IB. Some of these are identical with those just described, and others begin to 
show signs of a new kind of possibilities: that of cutouts as partitions. Yet, al-
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though the remainder is here counted as a part of a whole, it is not on a par with 
the others, thus still enjoying special status. 

Rez (5; 10) cuts out a triangle, then two triangles joined together at an angle, 
which she calls a bow tie, then a ball, a snowman, a globe, a house, a bed, a 
fountain with a top there, etc. When covering the orange square with the parts 
(the triangle and the remainder), she says: There are three, because with the or­
ange it makes three. But on the last trial, she counts only two: the fountain and 
the top. "What about that [the remainder]?" I don't know. This is still far from 
the whole-part concept. 

Mur (5;5) similarly counts as three a triangle and its remainder, an oval, and 
what remains when placing them on the orange square. But, having divided the 
square into three equal strips, she counts two pieces, neglecting the part that re­
mains as if the two cutout pieces were of a different kind. 

Kat (6;7), having cut out four narrow strips around the edges of the square, 
counts correctly five pieces; but for two strips, she declares having cut the 
square into only two parts, neglecting to count the big center piece. Then she 
cuts out six triangles, then four circles, which she labels Cat faces. "How many 
pieces?" Four ... five. "Four or five?" Four. "How many altogether?" There 
are four cut out [she points to the four holes in the white square] and there's one 
square inside[= the remainder]. 

Ari (7;0) cuts out a circle, then the four corners of the square (counting only 
four pieces); then a half circle, two triangles, and two strips, which makes five 
pieces. "With those five, can one cover the orange square?" No, we have to use 
that too [the remainder]. "Why didn't you count it?" Because it is not small. 

Isa (6;0) starts out as at level II with a complete division of the square, count­
ing the pieces correctly. But to cover the orange square, she cannot see the possi­
bility of putting the pieces back together to remake the original whole; so she 
cuts 12 very small squares out of the white square, which she puts onto the or­
ange square in discontinuous fashion. She does not know what to do with the 
large remainder: There's no more place. 

Cat (6;1) cuts out a rectangle, then a half circle, then two irregular shapes 
joined together, etc.; she counts only these, because the other pieces [the re­
mainder] are not so important[!]. Having to cover the orange square, she only 
uses four out of her five pieces. When she notes that no, there's still some orange 
showing, she picks up another white square and cuts out 12 tiny squares, which 
she places on the square with no contiguity between them. She finally gives up, 
not knowing what to do with the rest. 

Rol (7;6) cuts out four pieces (an igloo, a ball, a cloud and a square), but 
she counts four and not five. "What about that [the remainder]?" Five, it makes, 
yes, it's a piece too. "Just like the others?" No, there are holes all over. Also, 
she is unable to cover up the surface of the orange square in a situation with four 
regular shapes and an irregular remainder. 
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The new trend to perceive the remainder as another piece prefigures a new 
possibility, which is to conceive of the action of cutting as of a division into 
parts. Still, each of the cases presented remains rather far from this new level, 
since some do not see the whole as a piece except for the orange square (Rez 
and Mur); for others, the remaining piece has a different status (Mur, Kat, and 
Ari). Most important, subjects do not see the equivalence between the pieces put 
back together and the whole (Isa, Cat, and Roi are unable to complete the task 
of covering up the orange square). 

One exceptional case is worth mentioning, remarkable in its precociousness. 
This case allows us to witness the genesis of the new possibility of proceeding 
by partitioning or by division of the square without leaving any remainder con­
sidered as such. The reason this case is not classified as level II, even though 
he attains it, is that generally he does not use the square in his partitioning, his 
only ambition being to make "big," "medium," and "small pieces": 

Jer (5;0) starts out with a surprising, analogical series by cutting off four ends 
along the four borders until he ends up with a square piece so small that it is 
practically impossible to cut any further: Before, this was a square. "And now?" 
Small pieces. "Can you think of another way?" Big pieces. He divides the square 
up into eight irregular shapes, cutting in curved and in straight lines in any direc­
tion. "Good. Another way?" Medium ones. Same procedure, only ending up with 
six pieces, of which he does not see that they are larger than his "big" ones. "And 
still another way?" This time he uses median lines as at level II, then an irregular 
partition into four pieces. I've cut them big. "Another way?" Two cuts followed 
by six parallel, horizontal cuts. I've cut them real tiny. Then he returns to his 
initial idea of cutting along the four borders. He places everything on the orange 
square. "That makes how many pieces?" Five. "Show them." He indicates eight 
points in succession along the circumference-not, in fact, separated, amounting 
to a virtual cutout. There are eight. "But for covering up the orange square?" 
One, two, three [he actually cuts these out] .... I covered it!" 

It can be seen how subjects stop trying to construct shapes with qualitative 
meanings, either empirical (shapes of particular objects) or spatial, and how they 
attempt instead to create pieces that simply differ in size (small, medium, and 
large). This leads them to give up the procedure of taking off individual pieces, 
which leaves them always with an unidentified remainder. We've seen how from 
there, subjects discover a new procedure, that of simple partitioning. This in 
turn leads to a new conceptualization of relations between the parts and the 
whole, which now comes to be perceived as the reunion of parts and nothing 
more. What is interesting about level I (A and B) is the long and laborious pro­
cess by which subjects come to discover this new possibility, whereas the idea 
of partitions might have imposed itself from the beginning (as it does, in fact, 
in other situations: see chapter 5). 
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Free Cutting: Levels II and Ill 

Level II is thus characterized by the procedure of partitioning, which proceeds 
from the whole to arrive at the parts; whereas that of separating proceeds from 
the parts in order to try, with difficulty, to relate these to the inevitable residue. 
It is not surprising that in this particular situation, which makes use of a square 
form, subjects will use this regular shape in their initial partitions. This explains 
the role symmetry plays initially in acquisitions; other combinations and varia­
tions appear somewhat later at varying time intervals. Here are some examples: 

Bel (6;5) divides the square in two: first vertically, then horizontally. "Is it 
different?" Yes, in direction. "Other ways?" A diagonal, then the other. That 
makes four pieces. Then she adds more diagonals and the medians. That makes 
eight pieces. "How did you figure this?" It's that I could make two more lines. 
Then she does a diagonal and a median to make four pieces, then two diagonals 
with a small circle in the center; a simple circle in the middle; both medians (not 
yet done); a quarter of a circle in each corner and a circle in the center; five small 
circles in the same places, etc. Then we have her cut out a large circle, and she 
finds the symmetries of up to eight equidistant radii. 

Pie (7;4) divides immediately into four and each quarter again into four, mak­
ing 16 small squares. But since his cutting was imprecise, he has difficulty 
covering up the orange square without allowing certain irregularities. "Do you 
think that might make a square bigger than the white one?" No, because before 
it was the same. Then he does six different combinations using the medians and 
diagonals; then two configurations of three triangles, which cover the whole 
piece; then a figure with a complete diagonal, which cuts through one of the 
quarters (creating two half medians). "Still another idea, a very different one?" 
He cuts six pieces, three equal pairs. With a circle he imagines zigzags and com­
plex detours after a few initial symmetries. 

Rik (7;6) produces 20 or so combinations similar to those of Pie but including 
cuttings parallel to the diagonals; small triangles cut out at each corner of the 
square.and from the middle; vertical cuts dividing the square into three and four 
parts with horizontal crossings (16 combinations of this last model); as well as 
complex, symmetrical and asymmetric nestings. 

Ros (7;6), in addition to straight-line cuttings, including a series of continu­
ous small squares and triangles, cuts out curvilinear, asymmetric shapes similar 
to those of level I-for example, four irregular shapes, which she calls clouds. 
When asked how many pieces that makes, she counts from 1 to 12, then counting 
to 8 while looking at the rest. "How does that make 12? Over there, there are 
only 4." I've done it in my head. She meant to say that the "rest" that was not 
cut out contains 8 potential pieces to be added to those already cut. 

Gin (8; 1), after a series of straight-line cuttings, cuts out a single round piece 
in the center of the square. "How many pieces are there?" He counts four poten-
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tial pieces in the residue, like Ros. "How are we going to count these two [the 
round piece and the rest]?" Two parts. On a large circle he stays with symmetri­
cal shapes but produces one permutation: two half circles, first touching at their 
bases and then turned around. 

Fer (8;2) first divides the square in two, then into four parts, then cuts each 
half into eight horizontal strips and each quarter into 12 small squares of equal 
size. Then he goes on to asymmetric combinations: three of the quarters get 
divided into units, while the last one stays intact. Further, the whole square gets 
divided up by 20 oblique lines, close together and running parallel to the di­
agonal. Finally, some triangles are cut in the corners or along the sides, and 
some symmetrical curves. 

Man (8;4) and Rom (8;9) produce a large number of asymmetric shapes. 
Rom, for example, divides the square into four unequal parts, such as a quarter 
of a circle and different patterns within each piece. 

Ana (9;0), in addition to the above, invents a variety of "wave" shapes and 
zigzags. 

These examples suffice to show how asymmetric and symmetrical variations 
are multiplied when the new procedure consisting of partitioning the square 
leads to a whole new series of goals. But contrary to what we find with the con­
strained task, we do not observe a clear dividing line between symmetrical and 
asymmetric partitions, even though the latter become relatively more frequent 
with age and the increasing inventiveness shown by the subjects. We shall return 
to this topic of the different ways new possibilities emerge from earlier ones after 
we examine the bipartite and tripartite divisions. We shall also take up again the 
question of the relationship between symmetrical and asymmetric divisions. 

Let us finally cite one or two cases of level III, which is marked by the discov­
ery of recursive variations capable of infinite extension: 

Val (9;9), after a few initial asymmetric divisions, comes to produce a cross 
to connect the sides opposite each other, and from there goes on to a system of 
nested forms that can lead to thousands of cuttings. 

Jea (10;7), after a large number of divisions, for which he already uses recur­
sive methods (such as a series of seven squares containing from two to eight 
parts, similarly goes on to produce nestings by successive cuttings along three 
sides of the square, where he produces nested rectangles-no two being of ex­
actly the same size. Each time it gets a bit smaller. 

These are typical reactions at this level. 

Biparlitioning the Square 

Following the free cutting, the subjects were asked to cut the square the way they 
wish but in such a way that in the end there should be exactly two pieces. This 
task as formulated suggests partitioning rather than simply separation of pieces. 
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Furthermore, after the first question, we asked that the two pieces be exactly 
equal. Thus both questions involve predetermined procedures rather than free 
choices, and we wanted to compare the two methods and their results in relation 
to their capacity to reveal the formation of possibilities. In particular, although 
this second method produces quite comparable results as to general development 
processes, there are individual differences in the respective levels revealed by 
the two methods. 

Level IA again manifests itself in strategies leaving unusable residues: 
Jer (5;0), whose exceptional precociousness in regard to the procedure of 

complete partitioning we discussed above, regresses to the more primitive 
strategy of separating isolated parts when confronted with the task to produce 
dichotomies: "Now, we shall play at cutting the square into two pieces only." 
He cuts an arc of a circle with a triangle on top. That's a house for a snail. "Now, 
do two pieces of equal size." Two arcs of a circle, one on top of the other. That's 
one and two. "I have an idea too [we cut the square at its vertical midline]. "Do 
you like this?" Yes, that's two pieces. "Another idea?" He cuts two quadrilateral 
parts without bothering about the remainder. 

Pat (5;0), as already noted, has cut 10 pieces, of which he retains 5 in re­
sponse to our request for "two pieces only." "I had asked for two, not five." 
There [he cuts out two vertical strips and puts them horizontally on the orange 
square]. "That makes how many pieces?" Two. "And that [the remainder]?" No. 

Cat (6;1) cuts the square in half along a midline; but instead of leaving it at 
that she cuts one of the halves into two further halves and offers the two quarters 
as the two pieces requested. 

Roi (7;0) cuts out a small circle and a small quadrilateral. "How many 
pieces?" Two. "But we don't want any leftovers." So she divides the square into 
two very unequal rectangles and keeps the bigger one in her hand. It doesni 
come out without a leftover. "Can you explain?" When one cuts, there is always 
the leftover to make two pieces. Otherwise you can only make a big one like 
that.* We had not asked for equal sizes. 

In tfiese subjects, a procedure requiring an exhaustive partitioning remains at 
the level of incomplete subtraction, even in subjects like Jer, who in the free cut­
ting procedure had successfully performed exhaustive partilions. At level IB, we 
find subjects who still proceed by subtractions but who take the residue as a valid 
part; they may even perform spontaneous partitionings. 

Nie (5;5), who was seen to give typical level IA reactions (the rest is not a 
piece), as soon as she is asked for two pieces cuts the square into two unequal 
rectangles. Then she cuts another one in half, dividing the square along a vertical 
midline. But when she is asked for two equal pieces, she cuts out two small trian­
gles without noticing that she had just before successfully solved the problem. 

•It will be recalled that Ari (7;0) had stipulated (above) that "a piece" must be "small". 
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Mur (5;5) cuts out a car (with eight sides!) and says spontaneously that that 
makes two (with the rest). The same reactions with a house and a tree together 
with the remainders. But when asked to do two equal ones, there appear some 
strange fluctuations: she correctly produces two halves but is not satisfied with 
that solution, so she cuts out of one of the halves two small triangles and con­
cludes: That's it. After this, again two halves (through the midline), and this time 
they seem satisfactory to her; then she produces two halves by cutting along one 
diagonal and repeats this with the other. 

Rez (5; 10) similarly cuts out a house, then a bed, etc., each time counting 
two pieces together with the rest. For equality, she cuts along a diagonal, then 
along a midline. Then she returns to simple cutouts by subtraction. 

Kat (6;7) cuts out a form with three curvatures. There, that's two parts: one 
piece and the other is saved. Four similar reactions follow, with increasing 
amounts of irregularity. When asked to do two equal parts, she divides the lower 
end of the square into five or six units (by moving the scissors), but she does 
not count them. Instead she sections the square starting from the middle division 
by cutting along the vertical midline. After this, she continues like this, always 
starting out by dividing the lower end of the square then cutting at about the mid­
line (but getting less precise as she goes along), doing zigzags and getting more 
irregular in dividing the square into what she believes are two equal parts. She 
admits at most being off just a bit (pointing toward the left side) while cutting 
from the bottom to the top. 

Compared with the preceding subjects, whose performance with the con­
strained task did not produce better results than the free cutting task and even 
produced inferior results in some cases (Jer), there is clear progress with the 
subjects just described, who were of the same ages. The dichotomy is now un­
derstood as exhaustive partitioning, even where subjects perform cutouts with 
a remainder. However, when asked to produce two equal parts, Nie only 
produces partial cutouts. and Mur and Rez mix these with exact and symmetrical 
bipartitions. Kat's responses are extraordinary with their measures at the base 
of the square, their selection of the midline to produce two halves, and then their 
successive departures from this line in the direction of increasing inequalities 
and erratic lines. This illustrates well the multiplicity of possibilities made avail­
able by the combination of the procedures used to solve a problem that delimits 
them. 

At ~level II, where the free cutting follows a procedure of partitioning and no 
longer of subtracting, it is to be expected that dichotomies and bipartitions 
should be facilitated. Yet, whereas the reactions described above show no break 
between symmetrical and asymmetric cuttings, the present task leads to a level 
IIA, which is distinguished from IIB by the fact that dichotomies are only suc­
cessfully produced along axes of symmetry whereas at level IB they can also be 
achieved asymmetrically. Here are a few examples of level IIA: 
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Bel (6;5) obtains dichotomies by cutting the square along its medians and di­
agonals. "Can you do it another way?" Yes. She cuts two strips along opposite 
sides. One and two pieces. No, that will make three pieces. "So, is there another 
way?" Yes, that one [vertical midline], but we've already done that one. She can­
not find another possibility. 

Nat (7;4): I'm thinking of that one [median]. There are many ideas with two 
pieces. But once she's cut a bit to the left of the midline, she does the same thing 
on the right. That would make two pieces. Ah! . . . three! I'll cut only there 
[median]. 

Mar (7;6) also only finds divisions along axes, then she cuts out two equal 
small triangles: Two ... ah! three! 

Yet Nat and Mar had already produced asymmetric dichotomies in the free 
cutting task (an angle at a corner or a circle not in the center, while explicitly 
counting "two pieces"). Now that they are asked to cut the square in two, they 
regress back to symmetrical cuts, as if the addition of a constraint prevents the 
subjects from bringing to the fore what they had already achieved when the only 
aim was to produce something novel: there is thus a similar regression in the 
constrained task for level IIA as had been observed at level IA. At level IIB, 
however, we observe the opposite trend: 

Ros (7;6), after a few symmetries, cuts a narrow angle at a corner of the 
square: You do a small one like that and you leave [=keep] the big one. Then 
a strip at an angle, _J , plus the remainder, a star, and the rest, etc. When asked 
to produce two halves, she returns to symmetries. 

Rik (7;6), who had produced a rich variety of both symmetrical and asym­
metric patterns in the free cutting situation but no dichotomies other than sym­
metrical ones, begins by cutting along the axes but soon goes on to produce a 
small triangle, a small square in different positions, more triangles of different 
shapes, etc., each time counting two including the remainder. 

Fer (8;2), who in the free cutting task had produced only one dichotomy 
through the midline, finds many asymmetric ones in the structured task-some 
similar to Rik's, others with curved lines. 

Ana (9;6) first does some partitions along midlines and diagonals, then cuts 
the square from one angle to its opposite using many different paths of cur­
vilinear or zigzag shape. 

The structured task thus leads to important increases in the number of possi­
bilities, which subjects had simply not thought of in the free cutting situation, 
as they become eager to go on to patterns more interesting than dichotomies. 
The only new reaction observed for level III is that, when asked to cut out two 
pieces of equal size, subjects do not restrict themselves to symmetries as they 
do at level IIB but succeed in constructing equal surfaces with angular or curved 
lines by compensation along the cut: 

Val (9;9) first cuts the square along midlines and diagonals: There are just 
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four ways, or maybe there are more, but it's hard to do. I have a bit of an idea 
how to do it. She cuts down from the top edge at the middle to the bottom edge, 
using three straight-line segments between which she inserts two semicircular 
shapes of opposite orientation. There are two round ones that are the same, the 
middle, too. Here it's the same. One recalls her "thousands" of cuts possible 
(above). 

Cel (11;4), after many dichotomies, when asked to do "two pieces of the same 
size," says, That's easy [the midline or the diagonal]. "Any others?" That's much 
harder. He replaces the diagonal by a wavy line that is well balanced in its turns, 
then by a zigzag with two equal angles -one on the left, the other on the right. 

We return to this problem in the next chapter. 

Tripartitions 

Dividing into three pieces shows conclusively how the procedures of subtracting 
and partitioning are different from each other. As for the former, there are no 
problems: 

Nie (5;5), when asked to cut the square into three pieces, cuts out three small 
squares, then three small triangles. 

Jer (5;0) (see above, where he succeeds in partitioning and then later 
regresses to subtraction) cuts out a house, its roof, and the front door, that makes 
three. 

At level HA, however, subjects go so far as to deny the possibility of 
trichotomy, independently even of the equalization of the three parts: 

Bel (6;5), having produced dichotomies only by symmetry, when asked to do 
three pieces, says, No, that is not possible. "Think about it." There aren't three. 
"Why?" Because like this [the median] there are two and like that [two medians] 
there are four pieces. And she forgets that just a little while before she had cut 
out two lateral strips in the belief that she would obtain two pieces and had con­
cluded by herself: No, that would make three. 

Mar (7;6) understands well that by cutting one strip, then two, then three it 
is possible to obtain three cutouts, but she aims for exhaustive partition and finds 
that she has four pieces instead of three. Like Bel she forgets that she has previ­
ously obtained three by cutting out two small triangles. She cannot comprehend, 
like many other subjects, that with n cuts one obtains 11+ l parts. 

With the asymmetric dichotomies of level IIB, tripartitions are mastered but 
equalization remains problematic: 

Fer (8;2): With three, that's hard, I can't do it. "Why?" Now, I know [he di­
vides into two with a diagonal, then divides one of the halves into two again]: 
Ah, yes, one, two, three. 

Ani (9;9) divides into three with ease, using a horizontal and cutting the rest 
vertically, etc. But for three equal parts, It's impossible, it can~ be done because 
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it's not big enough or not small enough. "With a different shape you could do 
it?" Yes, with a rectangle, that is longer, so one could do equal parts [does it]. 
"Good, and with the square?" Instead of using the same procedure, she attempts 
three triangles. No. 

Pie (10;7) quickly produces five examples of trichotomies using straight or 
curved lines, but when asked to do three equal parts he only succeeds in produc­
ing cutouts and there is always a remainder to make four. 

At level III there no longer is any problem: 
Cel ( 11 ;4): Dividing into three: That's easy (he offers spontaneously three 

equal parts '?n the square). 
These problems with tripartitions, already studied quite some time ago with 

B. Inhelder, are interesting from the point of view of possibility because they 
reveal initial pseudonecessities limiting their formation and the emergence of 
later pseudonecessities at all levels of development-such as the symmetry re­
striction observed at level II - that are just as limiting. 

As for quadripartitions, they do not pose any new problems compared with 
bipartitions except that subjects sometimes have difficulty predicting that four 
cuts make five parts and not four. just as in trichotomies children usually expect 
to get three pieces with three cuts and do not understand the necessary relation 
"n cuts :i n + 1 parts" (see Mar). 

Conclusions 

The crucial development in this task is that by 7-8 years of age children give 
up the subtraction procedure in favor of partitioning. This is also the average 
age for the formation of partitive operations (the infralogical equivalent of 
logico-arithmetical class inclusion). So the question is, as usual, whether it is 
these operations that generate the new possibilities or whether it is the other way 
around. To answer this question, we may consider the interesting example of 
Jer (5;0), who, on the one hand, characterizes his pieces in terms of size, thus 
rendering them homogeneous with the remainder and achieving exhaustive par­
titioning. But, on the other hand, this focusing on size and the resulting partition­
ing do not suffice to distinguish extension (number of parts) from intension (size 
as a property):* thus. he believes that eight pieces are "bigger" than six "medium 
ones," as if it were not the case that the number of parts is inversely related to 
their size. And when asked to do dichotomies, he regresses to the more primitive 
subtraction procedure. Cases like these show that partitioning as a procedural 
possibility predates operational partitions. This is also confirmed by the cases 

*In our earlier studies with B. Jnhelder (The Early Growth of wgic in the Child: Classification and 
Seriation [New York: Harper and Row, 1964]). we stressed this initial lack of differentiation be­
tween extension and intension. 
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of level IB when bipartitioning the square, which remain clearly preoperational, 
only achieving exhaustive partitioning when extension is specifically mentioned 
in the instruction. 

This development of possibilities toward logical operations raises the general 
problem of the way new possibilities become available at each successive level 
and how they are related to the process of equilibration. Looked at from this an­
gle, the characteristics of level I are simultaneously a deficiency (subjects see 
no relation between the parts and the whole), a pseudonecessity deriving from 
this deficiency (the necessity to confer an independent meaning on these pieces), 
and, finally, a pseudoimpossibility resulting from both of the preceding charac­
teristics (the failure to utilize the "rest" as another "piece," since it is no longer 
a part of the whole and thus has no meaning); hence, there are three kinds oflimi­
tations. Yet within this limited field of possibilities, there exists a way to open 
up possibilities that is, in principle, quite general: each possibility once realized 
can lead on to another by analogy or (more or less) free association. If the mean­
ing subjects give to their productions is geometrical, as in the case of Nie, this 
leads to other productions-in Nic's case up to four, which she can name. If, 
however, meanings are concrete-empirical, these analogies have no boundaries 
and remain more limited in their mode of operation, since any index of the 
preceding production can suggest the following one (as in Rez's triangle, which 
suggests "bow tie" or "ball" or "snowman," etc.). We have yet to explain how 
this development takes place from the procedures of level I to those associated 
with exhaustive partitioning. We already saw that, in the case of Jer (the free 
cutting task), it does not result from the formation of partitive operations: on the 
contrary, it predates these and may thus contribute to their formation. What has 
to be determined is exactly what happens between the initial state, where sub­
jects are entirely insensitive to the limitations (which to the observer appear as 
potential perturbations), and the state where all three limitations are overcome 
by the sudden appearance of the new possibility of exll,austive partitioning. Be­
tween these two states, subjects seem to begin to question themselves. From our 
analyses of free cutting at level IB, one might formulate these questions as fol­
lows: What does one do with the "rest"? What are its significant properties? How 
should one count the pieces? How are they related to the whole (orange or white 
square)?, etc. Obviously our young subjects do not formulate them like this, or 
rather do not formulate them at all: they only experience certain difficulties (the 
limitations thus become perturbations) and their questioning manifests itself only 
in finding solutions in action, which amounts to accommodating the cutout 
schema to objects that up to then could not be assimilated (the "rest"). The source 
of this new possibility should thus be described as an accommodative activity 
striving to find its form of actualization, since there is already activity but not 
yet the proper solution. The solution or new procedure is mediated through the 
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channels of obstacles to overcome and limitations to remove. This shows clearly 
that new possibilities, at the level of stage transitions, are oriented activities and 
thus tools in the service of reequilibration rather than stable states of 
equilibrium, since their actualization goes together with development and each 
state of equilibrium once attained becomes part of reality. We are touching here 
upon a property specific to possibility and somewhat paradoxical: to the ob· 
server and in retrospect, it appears "possible" to overcome the limitations of 
level I; but for those at that level, this was not yet possible. Still, once this libera· 
tion becomes possible, the new possibility gets actualized and thus makes its en­
try into realitY,. Thus, possibility as such is not at all a state but a transition aris· 
ing from a disequilibrium and characterizing reequilibration as a process, and 
which transforms into reality once the process is terminated. 

Once this is said, it appears that level II- characterized as it is by exhaustive 
partitioning (without "remainders")- soon attains the status of co-possibilities, 
because once the square is divided in two by a midline, it can also be divided 
by another, etc. At this point it seems appropriate to stress the role choice plays 
in the formation of possibilities and to distinguish two types of choice. When 
passing from one level to the next, as from level I to level II, there is naturally 
a series of choices involved in the accommodative activity that we discussed in 
the preceding section. These choices consist in selections that are "best." On the 
other hand, successive choices made within a level, such as the generation of 
new possibilities at level I, proceed (as will be shown in more detail in chapter 
11) from the fact that as soon as subjects see one possibility as resulting from 
a free choice, this is sufficient to bring about the realization that at least one other 
combination could have been chosen, both of them equivalent to each other: this 
explains the step-by-step progressions characteristic of level I. On the other 
hand, the progress characterizing transition to level II and the emergence of par· 
titioning procedures and co-possibilities consists in the fact that the following 
(equivalent) possibility is no longer discovered after the fact (i.e., after the result 
of one selection becomes visible) but is anticipated and conceptualized as an 
analogy·at the same time as the preceding one. Thus, the subject Bel, for exam· 
pie, begins with a vertical cut through the square but immediately changes to 
a horizontal one, just as if he already meant to do this when executing his first 
cut, the second being envisioned as completely equivalent to the first even 
though it was not chosen as the initial cut; similar reactions were evident with 
the choice of the two diagonals. Recall the co-possibilities chosen by subjects 
of the same age levels in the path situation (chapter 2), where they indicated that 
between A and B a path may be straight, curved, or zigzag. 

However, even though co-possibilities constitute a clear progress in multiply· 
ing possibilities, they do not preclude further occasional use of successive analo· 
gies, particularly when subjects go on from one family of co-possibilities to an· 
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other. Thus, as already noted in the sections on bipartitioning and tripartitioning, 
even though the procedure of exhaustive partitioning facilitates co-possibilities 
by means of symmetries, the latter tend to produce new pseudonecessities when 
subjects are asked to produce dichotomies, and even pseudoimpossibilities such 
as those observed with the instruction to produce three equal parts (as in the case 
of Fer). Therefore, we had to distinguish two sublevels at level II, one where 
the symmetries impose these limitations, the other where subjects liberate them­
selves from them. These two sublevels correspond partly to the two types of co­
possibilities already discussed: a concrete type, where subjects limit themselves 
to what they can realize, and the other, which we call abstract, where the actual 
cuttings only represent examples of the many conceivable variations. 

To sum up the facts observed about the impact a new possibility has on the 
discovery of subsequent possibilities, we shall group under the term transposi­
tion those used at the first level: (1) For example, going from one dichotomy 
to another using one midline and then the other, or from there to a diagonal or 
both. (2) Second, we see iterated reproduction, as when subjects cut off a strip, 
then two, three, etc., up to five, where they stop (Pat, 7;6), or proceed by taking 
off the contours (one strip at each side) until only a small square is left in the 
middle (found already with Jer at 5;0 but without awareness of continued possi­
bilities). (3) Then there is a conjunction of two transpositions, when midlines 
are combined with diagonals into a single plan (Bel, 6;5); or when the square 
is first cut into two superposed or lateral halves, each half being further divided 
into three or four parts (Gin, 8;1); or, again, each lateral half (i.e., rectangle) 
is divided by its own diagonal (Pat at 7;6, who cuts by a midline one of the 
quarters formed by the two diagonals of the original square). (4) Finally, we find 
nested partitions when subjects (like Fer at 8;2) divides the square into quarters 
and each quarter into further small squares, without going beyond. 

On the other hand, when subjects give up symmetrical or regular shapes, they 
attain at last the level of abstract co-possibilities, which ar£ characterized by the 
idea of a multiplicity of possibilities of which the actual productions are consid­
ered to be nothing but examples. Ana (9;0), for example, after having replaced 
her vertical and oblique, symmetrical strips by simple and double curved lines, 
adds that she could do "many more," and for a dichotomy she connects two op­
posite angles of the square by various curves and zigzag lines. Another type of 
variation consists in dividing the square first into two heterogeneous parts of 
variable sizes and then furnishing one with small squares or small irregular sec­
tions, while leaving the other intact or garnishing it with other shapes (Man, 
8;4), etc. These variations can affect a whole series of squares, with transitions 
projected and carried out continuously from one square to the next. We may fur­
ther note order changes or decompositions (such as from an inner circle to vari­
ous curved lines), or again multiple changes of position of a single small element 
over different regions within the square. 
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Once the limitations resulting from symmetry requirements are overcome, 
the subjects pass rapidly beyond the level of a few concrete realizations to follow 
the course of new procedures and variations with multiple possibilities, in­
definite in number, up to the recursive procedures of unlimited iterations charac­
terizing level III. 



5 
Bipartitions and Duplications 
with A. Henriques-Christophides 

To complete our analyses of the relations between partitive operations and the 
procedures that precede and probably prepare them, we decided to compare 
bipartitions or divisions in halves to their inverse-duplication. Bipartitions have 
already been discussed in the preceding chapter, but only as a special case of 
cutting a square into two parts of any size. Jn this chapter, we will examine divi­
sions into halves of a rectangle of about 10 X 20 cm, which facilitates the task 
(hence it will be interesting to find again in the youngest subjects procedures of 
nonexhaustive subtractions); we will use folding, cutting, and drawing. What is 
original about this task is that once a sheet has been divided in half (or into "two 
equal parts," etc. the vocabulary to be adapted to the subjects), the halves will 
then be presented as such with the instruction to reconstitute the whole. Thus 
we say to subjects, "I had a sheet of paper, and I've cut it in half (or some other 
term the subject understands]. Here is one of the halves; the other half is hidden. 
Can you guess what the paper was like before I cut it?" As usual, after each re­
sponse, we ask: "Can you do it another way?" etc. Obviously, this division into 
halves and then relating these again to the whole poses a .11articular problem for 
the conception of possibilities, and it is not surprising to find that its solution 
represents a fairly late acquisition. We do not necessarily always present the 
same kind of paper-in fact, any type of surface will do, and many different con­
figurations can be used so long as the two parts have equal surface areas, but 
they do not need to be isomorphic. 

Level I 

We shall not further insist here on the difficulty of dividing a surface in half ex­
perienced by the subjects at this first level, since this was already discussed in 
chapter 4, where it was explained as resulting from the primacy of subtraction 
over partition into equal parts. We find that the youngest subjects do not under­
stand the task of division into halves. Therefore, we have substituted a simpler 

54 
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task, presenting two animals lying down, of which one is shown to be twice as 
long as the other (we don't insist on the term "twice as long," which young chil­
dren do not comprehend for quite some time). Since the bigger animal has to 
eat twice as much as the smaller one, we give to the small one two or three 
beans, "food," in the form of a small rectangle, a triangle, and a long rectangle, 
asking the child to imagine what the big animal should get: 

Cri (5;5), for one bean to the small animal (S) gives two to the big one (B); 
for two to S, she gives three to B; for three to S she gives four to B; thus, each 
time n+l, with no doubling. "Would it be fair to give B six [for three to S]?" 
Yes, because h~'s bigger. We give a small rectangle to S. She first gives an iden­
tical one to B, then replaces it by one that is slightly bigger. The same reactions 
with a small triangle to S, as well as with the long rectangles and finally a square, 
with no size relationships between the items for S and for B. 

Jea (5;6) displays the same additive reactions for the beans: 1-+2, 2-+3, etc. 
With the small rectangle, we ask him to give "a bigger one, twice as big, because 
your cat is twice as big as mine." He only gives a rectangle a bit larger, but not 
nearly twice as large. Same reactions with the triangle. With a long rectangle 
he seems to understand, adding to that for S another, identical one for B (thus 
reaching for a moment the subsequent level); but the square he places on a sheet 
of paper, cutting around it the perimeter of a rectangle only slighter larger than 
the square. 

May (6;7) initially displays the same additive reactions, including for the rec­
tangles and the triangles. We then ask him to give a cookie three times as big 
as mine: big and once again as big as mine. This time he puts two the same size 
together, which seems to be a duplication but is understood as 1 + l, as formu­
lated in the request. The proof is that with the square he simply makes it slightly 
larger for B. 

At level IB, subjects start out as at IA by simple additions, occasionally com­
posing two exemplars of the small items but only with the rectangles; they fail 
with the triangles (with arbitrary enlargements), and even with the squares (e.g., 
Mic at 6';3). It is only at 7;1 (Tot) that subjects go on (but still with 2-+3 and 
3-+4 for the beans) to formulations such as: I do the same thing two times. I 
know: it is twice as big. This realization leads directly to level IL 

In a word, even with this simplified method, subjects fail to produce dou­
blings at this level. Because they do not comprehend multiplication, they are 
subject to a pseudonecessity that limits their notion of greater than to only an 
additive procedure. 

Level /IA 

At level IIA, division in half no longer presents any problem and passes imper­
ceptibly from symmetries to varied sectionings, always conserving the equality 
of the two halves. However, with doubling, we certainly find important ad-
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vances in that subjects now definitely comprehend the task and attempt to find 
the total area, of which the visible part represents one half; but at level IIA, sub­
jects still fail to produce equal surfaces or produce only approximations: 

Phi (7;7) begins with divisions along the midlines and the diagonals, then di­
vides into fourths and distributes these, saying, There are two too many, even 
hiding them in his hand. It takes him long to understand that in this case the 
halves are those of the first division, even though subdivisions were performed 
later on each of the two halves. As for doubling ("Guess what the other half was 
like before I cut it"), he begins with a good approximation (in length); but when 
asked: "Could it be some other way?" he draws it much too large. "Is that not 
too big?" I think it was a long one. "You think so?" Was it a square? He does 
have before his eyes the half cut out by the experimenter. 

Suz (7;1) only produces halves by medians and diagonals and only proceeds 
by folding (although we suggested that she could also use cutting or drawing). 
For the doubling task, we present a fairly large rectangle for her to reproduce 
on a sheet of paper: she imagines the other half in the form of a large half-circle. 
We present a smaller rectangle: this time she draws an entire circle, smaller than 
the semicircle before, but more than twice as large as the rectangle. Then she 
invents the useful method of applying the small rectangle against the paper from 
which she will take the half to be found: this helps in creating parts on the same 
scale as the original, but with different shapes-triangles and various trapezoids. 
We suggest a semicircle, which she finds "too large" compared with the given 
half; then another, which she finds "too small"; and, finally, a small circle, 
which she accepts as equivalent. 

Kat (8;5) begins as usual, then divides into halves along an oblique close to 
a median. But in the doubling task, she shows a sheet much too large; even when 
we tell her that the other half was the same size as the one she has, she divides 
the large sheet in two, draws on one of the halves the "half' to be presented, 
and gives as its complement (thus, the other half to be c .. ~mstructed) not a surface 
equal to it but half of the large sheet itself, justifying her choice by saying: I've 
cut right in the middle, which essentially means I've made a half, too. After an­
other explanation, she finally offers a symmetrical shape, although with irregular 
items. 

Isa (8;3) produces halves not only with oblique but also with zigzag and 
curved lines, taking care to produce two equal parts. In doubling she shows 
progress, giving complementary parts of about equal dimensions and in different 
positions. But, when given a quarter of a circle, she no longer respects this re­
quirement and offers a square and then a rectangle as complements-as if the 
task was to find not another half, but rather a form from which the quarter circle 
was taken. 

Added to the incomprehension of the problem at level I, these reactions of 
level IIA clearly show that the reconstruction of a whole from its parts is much 
more difficult than division of a whole into two halves, even when the forms are 
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similar. In fact, subjects who can accomplish exhaustive bipartitions and who 
have thus reached a level beyond what was called in the previous chapter sub­
tractions (except for a momentary slip in the case of Phi, because of a failure 
to establish a hierarchy between successive dichotomies) still reason as ifthe half 
presented had been obtained by simple subtraction (see in particular Isa) and 
their task simply to produce an analogous piece. Or again they attempt, as in 
chapter 3, to imagine the hidden part of an object of which only a fraction is 
perceptible; but that amounts to the same, since the visible part results only from 
having been taken out of a larger unit (by subtraction). Although the symmetry 
between the vis.ible and the invisible parts was immediately recognized in chap­
ter 3 even by subjects at level I, in the present situation it is only at level JIB 
that subjects arrive at this conclusion. The reason is that in chapter 3, the whole 
was still present in some way, even though partly hidden; whereas in the present 
situation the whole does not exist any more as such, having been cut up by the 
experimenter. 

The basic difficulty, which constitutes the originality of the present ex­
perimental situation, is, thus, that the problem does not require the construction 
of possibilities oriented toward concrete realizations to be implemented (as is the 
case for the division in halt), but requires retroactive inferences or reconstruc­
tions of possibilities already realized before the task. In other words, the possi­
bility in question is what the experimenter might have done to obtain her half 
and not what the subject can do to divide a surface in half. All that we know 
about the way children come to develop conscious awareness indicates that it is 
always at first directed toward a goal and the result of actions instead of toward 
preceding states: a fortiori, it must be the case that a possibility in the past, a 
historical one, or one to be attributed to another's acts, requires more complex 
inferences than a finalized one, which concerns the choice of procedures 
oriented toward a result to be obtained. In fact, the problem subjects have to 
solve is not a simple division in half, which is easily solved at this level, nor 
a simple doubling, which is no more difficult than division in half, in real action; 
rather, it·requires a composition of the doubling the subject has to perform to 
reconstruct the original surface and the division in half, which subjects must at­
tribute to the experimenter in order to interpret correctly the shape and the sur­
face of the half presented to them. Thus, it is to be expected that subjects will 
generally react at a lower level in this task than they did in the first part of the 
interview, since the reconstruction of past possibilities requires such composi­
tions of reciprocal actions. 

Levels IIB and III 

When observing children 8-9 years of age, we see middle sections other than 
symmetrical ones, and the problem of duplication is essentially solved: 

Lau (7;6, advanced) divides into symmetrical halves or produces oblique sec-
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tions; but for the latter, he always checks the equality of the parts constructed 
by superpositioning. Most probably because of this methodical way of proceed­
ing, he succeeds in solving the problem of duplication: for a small rectangle he 
immediately draws its double right on top of the model, then does the same with 
a transverse cut, turning the whole construction by 45 degrees. "Do you think 
this is different?" Yes, because it's placed differently. There is still another [a di­
agonal the other way]. We present a quarter of a circle: he immediately com­
pletes it to a semicircle. 

Ala (9;2) proceeds first by vertical parallels, saying: I'll give six pieces to you 
and six to me or eight to you and eight to me. She then draws correctly the di­
agonals of the two halves of the rectangle and correctly divides the resulting 
part. Then she draws a large triangle, with its top touching the middle of the 
upper side of the horizontally oriented rectangle and its base parallel to the lower 
side of the rectangle before her: she checks to see whether the other triangles 
have the same surface. This corner joins that corner: this is for you, that is for 
me. Then she partitions the central triangle and the strip at the base, etc. As for 
the duplications, she proceeds by symmetries, placing similar parts side by side 
or in L or T shapes to represent possible initial totals. 

Sid (9;3) displayed the same reactions for division into halves, except that the 
angles inside the rectangle introduce symmetries and equivalences so that the 
equality of the halves becomes apparent. The same combinations as Ala's are 
produced for duplications. 

Mur (10;10) stays with the simplest types of halving, by midlines and oblique 
lines, and with simple copying for duplication, before putting the halves together 
in different ways. 

Phi (10;10) generates multiple halvings by means of angular and zigzag 
shapes, but he does not think that there are very many possibilities. To duplicate 
rectangular forms, he gives the usual combinations; with the quarter circle, how­
ever, he first gives two unequal pieces, which he then equalizes and puts together 
in various ways. He estimates the total number ~f possibilities as around four 
or eight. "No more?" I don't think so. 

Nan (11 ;5) adds to the usual halvings a rectangle inside the large one, saying, 
With cross-ruled paper, if I count right [the squares of the central rectangle and 
of the borders], I could do it like that. In duplication, she puts rectangular halves 
together in various ways: "Still others?" Many. I can tum the two around all 
sorts of ways. "How many? Ten, 100, 1,000?" Ten, I think. 

Fre (10,5) performs multiple divisions, varying oblique cuts, and adds: I 
could go on like that, make more and more like that. "How many lines?" One 
hundred, no more. In the duplication task, he is the first one to realize that the 
small rectangle we present him with is not necessarily half of a figure of the same 
shape but could have come from a trapezoid consisting of this rectangle A and 
two triangles Band C such that B+C=A. 
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It can be seen that, aside from Lau, subjects do not comprehend duplication 
before the age of 9-10 years. And even Lau, who succeeds for reasons already 
indicated, only has a rudimentary concept of part-whole relations: he considers 
a whole figure containing a transverse section as different when slightly inclined, 
as though its position in the plane could change its internal structure.* From the 
initial recognition that the presented half is part of a whole and that the other 
half must have the same surface, there are still a number of advances to be made. 
Lau, for instance, believes that the two halves are necessarily adjacent to each 
other and that the whole must be of the same shape as the halves; whereas Ala 
and the others that follow know that the two halves may come from a whole of 
a totally different form (such as L, T, etc.), even though they still produce only 
halves identical in shape to the stimulus. The next step is in the same general 
direction toward increasing relativization, as when subjects begin to understand 
that the half to be reconstructed may also have a different shape from the one 
presented: this is the case ofFre, who considers this half as possibly having been 
cut off from a trapezoid. Finally, the number of possibilities considered is also 
part of relativization, since if subjects are able to see the different forms as part 
of a recursive system of intrinsic variations, then the number of possibilities is 
unlimited. Fre (the most advanced of these subjects) is not far from such a con­
cept when he says, "I could go on like that." But his estimate remains rather con­
servative when he then specifies: "One hundred, no more." Phi and Nan are still 
more conservative: 4, 8, or 10 possibilities in all. 

At level III, abstract co-possibilities such as Fre's (i.e., a greater number of 
possibilities than those given as examples, but still limited in number) become 
indeterminate in intension and unlimited in extension: 

Dav (9;10) is intermediate between levels IIB and IH. Having found that two 
halves can be obtained by zigzag or sinusoidal cuts, he adds: I could go on like 
that for a long time, as long as you want, in both directions [lengthwise and 
across], I could make a whole bunch of strange shapes. The expression as long 
as you want is a good translation of "unlimited," but a bunch of is still more re­
stricted, which becomes obvious when he tries out divisions with differently 
shaped halves: That's harder. It has to be the same size. "You could continue 
for a long time?" Not with these: this is harder. 

Pat (10;7) accomplishes the progress of giving laws of transformation. In 
duplicating, he applies lengthwise the half he constructed against the model and 
begins to move his half by a very small amount-first up, then down: There are 
I ,000 possibilities, even more. Then he repeats the procedure transversely: 
Again, there are 1,000 like that. "Can you explain?" He marks a series of points 
on the immobile side. "I don't understand." You make a point, then the line, and 
you start over again a little farther. "And you are able to count them?" No, you 

*Recall that for young children a square turned on its corners is no longer a square. 
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can't. . . . It's infinite. After that, he makes one half rotate about an angle of 
the other: You can still have a thousand, it's also infinite. . . . That could be 
anything. I could come up with infinitely many ideas to do no matter what. "With 
any kind of half?" Yes. "And with any whole, one can have an infinity of halves?" 
No [not having thought out all the different possible forms halves may 
take] .... 

Yve (11;4), for dividing in half: There are infinitely many ways, including 
the ones that do not work [unequal dichotomies]. To put similar halves together, 
There are all kinds of possibilities. "How many?" Ten thousand. Even more. 
"You could count them?" That would require enonnous amounts of patience. As 
for nonconvergent but equal halves, One can make all possible shapes. 

This progress illustrates the two characteristics of higher ranking co­
possibilities: the indeterminate intension (seen in Yvc) and the unlimited exten­
sion. When a recursive law is hinted at, for example, Pat refers to a continuum 
of points, giving a fine instance of intrinsic variation . 

• 



6 
Free Construction with Hinged Rods 
with A. Blanchet and D. Leiser 

The first three chapters of this book treat children's free combinations, spontane­
ously conceived toward a goal so general that it is always attained (possible posi­
tions of three dice on a cardboard, possible paths between two points in a plane, 
etc.). Other studies (chapters 7-10) concern possible solutions to a problem 
posed by the experimenter that cannot be solved immediately (raising a water 
level, etc.). In the present task, we study free combinations without a problem 
but where there are constraints resulting from a complex material. Thus the only 
problems subjects have to deal with are learning how to use the material and to 
imagine the various compositions that can be realized. In a situation like this, 
certain goals or idealizations may naturally occur; they are in no way imposed, 
however, but only proposed by the children themselves (whether they wish to 
make a "square" or even a "tiger"): the meaning or content of the constructions 
is thus secondary. What is of interest here are the procedural possibilities - that 
is, the developmental advances noted in the methods of construction themselves. 

The material consists of 30 rods, 12 cm long and 8 mm thick (square sec­
tions), plus 8 small bars of the same width but only 7-8 cm long. In addition, 
we present children with 20 identical metal joints made of two grooved parts in 
which one can insert the end of a rod on either side. The joints are adjustable 
so that different directions can be given to the rods: the two rods can either be 
placed as extensions of each other - ; parallel 11 ; at a right angle I ; or 
at any angle whatsoever (on a plane or vertically). We simply ask subjects, 
"What can you make with this?" For the youngest children only, we demonstrate 
how the rods can be inserted in the joints. If after some exploration of the mate­
rial a subject only produces very simple and isolated connections, we ask if he 
or she could "build some constructions," which does not impose any particular 
goal but incites subjects to imagine more complex connections. After each 
production, we pursue our usual questioning ("Could you do something differ­
ent?", etc.) but without making any suggestions, except for showing sometimes 
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how three rods can be joined to build a trihedral angle and seeing what subjects 
can do about models in three dimensions. 

The specific character of this study consists thus in examining two kinds of 
possibilities as they become more and more closely related, possibilities that de­
rive from different sources. One kind is that offered by the material, which sub­
jects have to discover through more or less crude or directed explorations. These 
are experiential in nature: as physical possibilities, they can be compared to the 
potential outputs compatible with the connections of a mechanical system, but 
subjects can only learn about them by trying out for themselves all the different 
connections. The other kind are the capacities subjects themselves can acquire 
by their actions, utilizing the physical possibilities offered but going beyond sim­
ple connections by imagining higher order combinations, which may or may not 
involve specific goals and standards of optimal performance or improvement. 
The possibilities inherent in subjects' actions or capacities are of the same kind 
as those discussed in the preceding chapters (the possible paths of chapter 2, the 
possible partitions of chapter 4, etc.); but in the present case, subjects also utilize 
material instruments having properties related to a set of physical possibilities, 
which need to be known beforehand or to be discovered in the course of con­
struction: we speak in this case of instrumental possibilities. Briefly, physical 
possibility has to do with possible effects of a particular modification of the mate­
rial (a particular juncture and its effect on the stability of the construction), 
whereas instrumental possibilities concern the actions to be performed and coor­
dinated to obtain the constructions chosen. Whereas the former concerns the 
causalities that determine any compositions whatever, the latter (a special case 
of procedural possibility) subordinate these to goals. 

Level I 

The subjects of level IA stay with physical possibilities, which they discover by 
trial without any definite plans. Each trial constitt¥es a kind of project in that 
subjects attempt to find out if such and such a connection is feasible, which 
amounts to considering it possible, but they accept it as such only after it is has 
been actualized. Such projects thus generate hypothetical possibilities that lead 
to failures or successes, with one possibility engendering the next in analogical 
succession: 

Car (5;0) begins by aligning all the joints, leaving them more or less open. 
She calls this a serpent (after the fact). Then she inserts two rods into the two 
ends of a joint in parallel fashion ( -=-.. ). After that, she arranges them like this: 
I\ with a juncture at the top, then two rods side by side and a third extending 

from the second. Then a right angle I followed by ~ . She attempts an up­
right construction, which does not stand up; she returns to her linear and parallel 
horizontal patterns, which she continues up to 6 rods, then 10, to the last of 
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which she connects 2 more in oblique fashion. She goes on in this way without 
stopping, undoing them and starting over and over again. At last she produces 
a Z and two wider angles. 

Val (5;6) also begins by putting only joints together, but with spaces between 
them. When informed about the possibility of inserting the rods, he links two in 
parallel. After that he varies the angles, and, delighted by this discovery, he pro­
duces a great number of these constructions, either pulling them close together 
in complete disorder or arranging them around a square that he was able to build. 
Having accidentally rotated a hinge by 180 degrees, he succeeds in having three 
pairs of rods in vertical position. Since, in the beginning, he had announced: I'll 
say what it is when I've.finished, he now discovers that it is an airplane. A jumble 
of right angles and others becomes a garage. His explanations are easier to follow 
when he calls a Ta hammer, extending its handle by three rods. 

Ari (4; 1) begins with a square that's not quite closed, then pulls the rods close 
together in parallel; one of the joints thus liberated she uses for a vertical bar. 
A 10 degree bend in another joint gives her the idea of putting a second hinge 
in the same corner. She succeeds in building an enclosure with two levels, 
covering it with rods laid side by side without joints. But even now she sticks 
to her cautious behavior of I tell you after. "ls that a house?" I tell you when it's 
all done. 

Compared with other, more usual kinds of free constructions, this task shows 
that these young subjects, when confronted with unknown material where they 
have to discover the connections that can be made, do not directly think of possi­
bilities. They act as though they believe that any schema whatsoever can be 
adapted to any object whatsoever: somewhat awed by the resistance offered by 
the material and not yet able to correct themselves after a bad move, they seem 
to doubt that accommodation is possible (like children at the sensorimotor level 
when confronted with an entirely unfamiliar toy). The subjects are thus placed 
in a position where they have to distinguish what the material permits (i.e., phys­
ical possibility) from what they can expect to be able to accomplish by their own 
actions; in this situation, their attempts derive from an elementary form of possi­
bility in statu nascendi, which can be expressed as: "It is possible (if! act in such 
and such a way) that this would be possible (in the sense of physically feasible)." 
This explains the series of pure trials and errors that we observed; there is, to 
be sure, analogical reapplication of certain successful schemes, but not as yet 
any sign of self-correction or readjustments. This also undoubtedly explains the 
curious cautions expressed by a number of subjects, who refuse to indicate their 
goal even in the course of construction: "I'll say what it is when I've finished" 
(Val) or "I tell you after" (Ari).* 

*B. Inhelder and her group have frequently observed this type of conduct at this age: it is thus not 
exceptional or accidental. 
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Thus, level IB is characterized by two new developments: the ability and de­
sire for self-correction and the subjects' willingness to announce what they in­
tend to build right from the beginning. We are, thus, dealing here with the emer­
gence or extension of instrumental possibilities. 

Kat (5;6), who announces that she is going to make a house, arranges the rods 
into a square after having corrected the direction of a hinge that was oriented 
the wrong way. She extends this quadrangle by two elements designed to repre­
sent the second floor, but she has difficulty orienting those that represent the en­
tire construction. After a few corrections, she succeeds (the structure is two­
dimensional). Then she proposes to make a flower, a diamond on a stem. This 
necessitates correcting two of the initial angles. She adds two oblique elements 
for "leaves." Since all her constructions are on a horizontal plane, we suggest 
that she build a flagpole that can stand up. She first aligns two sticks and, keep­
ing these in her hand, makes a stand out of two others. Then she tries for a long 
time to put a joint in: It's that thing that won't work. She adds two more sticks 
linked to the others: That stands up even less well. 

Cor (5;6) represents a good example of perseverance in applying corrections 
to get a roof on top of a church and then a hat on a man-everything within a 
two-dimensional design; however, she tries to put in connections instead of sim­
ply juxtaposing the sticks; attempting to insert a second joint within the 90 de­
gree angle of a hinge and to place a cross into that angle. Then she says, I've 
got a better idea, and inserts into one of the roof joints a vertical rod with a joint 
at its top with a 45 degree angle, into which she inserts an oblique bar that is 
oriented the wrong way (downward instead of upward). She corrects the error, 
commenting: Perhaps by putting it like this [correct orientations, but with simple 
superpositions]. No, that wouldn't hold. At last: I have a better idea. This time 
I've thought it out in my head, and she rebuilds the whole square, redirectioning 
the joints until successful completion. To make a rod stay in vertical position 
like a flagpole, she simply fits it into a joint at the base (two juxtaposed parts). 
It falls, so she adjoins a shorter rod: It takes a smav one to tie it. The structure 
collapses again and she pulls the rods farther apart. When this fails, she modifies 
the distance between the rods until relatively successful completion: This works. 

Gil (6;8): To keep a rod in upright position, he fits it to a joint and places 
this construction on a horizontal bar. To correct this after it falls, he surrounds 
the base with more rods. 

Jos (6; 11) begins by fitting a vertical joint to the base of the rod to be kept 
in upright position: "Can you make it more solid?" He adds another rod on top, 
and after this does not work he adds to the base another joint right next to the 
first. Legs. People can stand up because they have legs. As this still does not 
work, he somewhat absurdly tries to install a base joint at a 90 degree angle with 
only one end resting on the floor. After that, he connects two vertical rods by 
means of a joint; to make it more solid, he adds a joint at one-third, another at 
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two-thirds of the height of one of the rods (without linking the two rods). But 
this senseless maneuver gives him the clever idea to turn the exterior ends of 
these joints toward the ground and to insert rods to buttress the construction. 

The progress evident in these reactions (relative to those of level IA) is that 
subjects, convinced that success is possible, conceive plans and announce them 
openly. They do not relinquish their efforts, at least not immediately, in case of 
failure; rather, they try to correct their constructions and to improve their ac­
tions. However, one drawback of these positive aspects is the way in which con­
fidence in their capacities leads subjects to try anything, coming up with absurd 
modifications as well as adequate corrections. When Jos attempts to construct 
his flagpole by supporting it with only one-half of a joint, or when he installs 
hinges at different heights on only one of the two, it would be difficult for him 
to find a justification for these ideas, and yet the latter idea made him discover 
the ingenious solution of buttressing the construction. Trying anything to see 
what it does, subjects essentially remain al a level of empirical, extrinsic varia­
tions; however, some of their successful corrections provide them with a begin­
ning of more intrinsic understanding. 

Level II 

From this level on, even the level IIA subjects attempt tridimensional construc­
tions. But aside from a few successful, additive constructions (such as building 
piles, etc.), only at level IIB do we find more generalized coordination. Here 
are some examples of level IIA: 

Mar (6; 11) proposes to build a house, beginning with a well-constructed 
square of which he then constructs a replica. "How is this going to be?" Like 
this, like this, [he indicates the levels]. A badly placed joint is immediately cor­
rected. Once the levels are superposed he covers them with a flat roof, but be­
cause he prefers a slanted roof he quickly constructs a triangle, which is also 
well put together (with a joint at the peak at a 60 degree angle). Three triangles 
thus constructed are simply placed on top of an empty cube, connected by a bar 
without joints at their peaks. Everything collapses, but he successfully corrects 
it by using two bars joined together. He tries to build a flagpole on a single joint, 
then on two; No, this will never work. He puts up two horizontal bars, one oppo­
site the other. which makes the rod fall to the side. He sees that he needs two 
more across, but he places them at one-third of the total height, achieving a half 
victory: It does not fall down all the way! 

Los (7;5) constructs something in the shape of a tent, but that does not stay 
straight; then a well-articulated triangle and a similar rectangle. After that, he 
goes on to three dimensions, the rods piled up (without joints) in the form of 
a cube and a garage with three vertical walls. For the flagpole he uses a slanted 
buttress, and when this turns out to be insufficient he stabilizes it with closely 
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spaced bars aligned on the flat surface. He then sees that this system is sufficient 
without buttresses to keep the flagpole upright. 

Van (7;8) soon constructs cubic piles, superposing rods without joints; she 
also builds well-articulated constructions on the plane (diamonds, etc.). We 
show her, to see what she would make of it, a trihedral structure made of two 
horizontal bars joined together at an angle of 90 degrees and a vertical bar 
elevated over this juncture (which means that this rod goes through two joints): 
Oh, yes, how did you do that? "What could you do with that?" Squares like that. 
She indicates with gestures a cube, of which she then constructs the base out of 
three rods placed to form three of the four angles, with others simply piled on 
top. "How can this be made to hold?" Oh, I understand: you've strung two to­
gether! She uses the trihedral structure, transposes the double joint on another 
angle, and finally ends up with a cube, which is slightly flawed in that one of 
its vertical ridges consists of two juxtaposed ascendants rather than a simple rod: 
I don~ know what I did, there is a gap [between the two bars]; it's not like the 
others. . . . There are two here! 

Ant (7;2), to make the flagpole stand up, puts it between two bars placed op­
posite each other: it falls to the side, then he has the correct idea of adding a 
bar across, first at the base then near the end of one of the initial bars. But to 
do this he makes the flagpole lie down horizontally as if confusing planes and 
directions. He had, however, indicated his plan correctly with gestures: "Show 
me how you would like to put the bar." Like that [again the correct gestural indi­
cations]. Nevertheless, he repeats the same procedure as before. 

Ced (8;6) constructs a tunnel with three rods n , which collapses despite 
the joints placed at the two bases; he adds two rods on the fiat surface to the 
right: another failure. He adds to each one another rod and puts six syrrunetri­
cally to the left, which makes the structure stable. He then tries to build a table 
but does not succeed in keeping the crossbars in upright position. He finally de­
cides to continue building the piles. 

In reading these protocols, one can see that t\le instrumental possibilities get 
actualized on the level of the plane (the well-articulated squares and triangles of 
Mar, Van's diamonds, etc.), and the same is true for the vertical flagpole in some 
cases (Los). Likewise, constructions in three dimensions are built successfully 
so long as they are simple additive stacks, since in all these cases the physical 
possibilities remain simple and well understood, facilitating action. On the other 
hand, three-dimensional compositions fail, not because of a lack of imagination 
in the projects, nor because volume entails a greater number of relationships 
than a plane, but because the physical possibilities imply more complex coordi­
nations and articulations (as in Van's "Oh, you've strung two together," when 
commenting on the position of the joints) and because the subjects have not taken 
the precaution of exploring these particular forms of physical possibilities before 
going ahead with the instrumental possibilities. Now, it is striking that at level 
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IIB subjects begin to explore more completely these possibilities, as if they had 
just passed through level IIA and, made cautious by the failures, knew that they 
would have to go back to analyze the physical possibilities. More simply, being 
more advanced in their development of causal concepts, they suspect that before 
projecting any instrumental possibilities it is necessary to begin by determining 
in detail the various physical possibilities and to understand them: 

Vil (9; 1) begins to make elementary linear and parallel connections, taking 
the joint off: "What are you trying to do?" I'd like to see what I can do. After 
that he makes various angles and, finally, a well-structured square. We show 
him a trihedral structure: This gives me an idea. He then succeeds in building 
a cube, after having reconstructed the triped with difficulty in terms of directing 
the hinges and finally understanding their junction. He indicates the possibility 
of adding another, similar level. 

Col (9;7) similarly begins with simple linear and angular junctions and then 
constructs a square. After that, he adjust two vertical rods on two horizontal 
ones and then covers these with a perpendicular girder. The structure seems 
fragile, so he moves the hinges toward the center and slants the vertical rods, 
adding two others. A bar placed lengthwise along the base consolidates the con­
struction. We propose the trihedral and he reconstructs it, completing it with a 
symmetrical replica to finish with the base of a cube. Again, he adds a level in­
stead of closing it. 

Ris (9;6), after a few preliminary linear and angular attempts, builds two tri­
angles connected by their peaks, but these remain unstable. Similarly, she builds 
two squares connected by two transverse bars at their upper ends and adds two 
bars near the base for consolidation, but she experiences some difficulty in posi­
tioning the hinges. She finally succeeds in constructing a stable cube, which she 
converts into a chair by adding a back. 

Jan ( 10; 10), after some very simple manipulations, proposes no less than to 
build a tiger: the body is a prism and the head a kind of an M, but inclined 
forward. 

Two interrelated characteristics distinguishing this from the preceding level 
come out quite clearly. The first is a much more intense exploration of the physi­
cal possibilities, which we see in the many simple, preliminary attempts that 
gradually become more complex. The most striking feature of this exploration, 
however, is the subject's need to understand and not simply be successful. When 
confronted with the trihedral, subjects do not immediately embark on an analo­
gous project of their own; rather, even in saying like Vil, "This gives me an 
idea," they first try to rebuild the same construction so as to comprehend the way 
the hinges work: this explains their success in constructing the cube and other 
forms. The second characteristic of the constructions (and the reason for their 
success) is their becoming multiplicative in the sense of coordinated modifica­
tion of various components- for example, changing the orientation of the hinge 
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at the same time as its location on the bars or the direction of the bars. By con­
trast, the compositions at level IIA remain additive in the sense of a simple ac­
cumulation of ad junctions - for example, the piles produced by almost all of the 
subjects, the modifications in the base, which are additive accumulations of 
homogeneous elements. Recall the surprising behavior of Ant, who, after having 
added horizontal bars to consolidate the base of his flagpole, ends up laying the 
pole down too as if the aim had not been (even though indicated twice by his 
own gestures) to make it stand upright. 

Level III 

Subjects 11-12 years of age present a peculiar situation, which is particular to 
this study. That situation, we believe, is a consequence of the dual nature of pos­
sibilities: physical and instrumental. Thus, rather than showing common or com­
parable behaviors, these subjects divide into two rather different groups. One 
manifests progress in continuity with that observed at level IIB in their projects 
and instrumental realizations, whereas the other focuses on minute, continuous, 
and quasi-recursive variations, which need to be considered separately. Here are 
some examples from the first group, which presents no particular problems: 

Dav (11 ;3) restricts himself to two preliminary attempts, a straight line and 
a 90 degree angle: I take a look at how that works. Then he proceeds to build 
a kind of vertical cross I , which he puts up on a horizontal bar that in turn 
is kept in place by other bars perpendicular to it, also on the flat surface, but 
each equipped with a vertical construction in the shape of a ~ and I- . Of 
course, he encounters a few difficulties, which he overcomes by correcting them 
one after the other. He then makes a square, which he completes correctly as a 
cube, without having to be presented with the trihedral as was done at level IIB. 

Syl (12;9) begins in a plane, but adds: I try to make something not too easy. 
She proceeds to do vertical rods, with a constant concern for accuracy: I don't 
always see right away which way I tum the hinf}I!, which side it bends so it comes 
out the way I want it to. For a cube: You can't make a diagonal with 
that. . . . You can~ put a joint to the other rod, and she shows that this is im­
possible because of the square at the joint [she indicates the impossible position]. 
After the cube she constructs a prism. 

Arc ( 13; 10) goes from a square to a pentagon, then to constructions with six 
vertical branches united at the top so that they make a kind of a star, which he 
succeeds in closing after some difficulties. 

These instrumental successes are dependent on the subject's comprehension 
of the connections used, a fact already noted when we compared levels IIA and 
IIB. The subjects of the second group, however, seem to have quite different 
orientations and aims. Instead of proposing a variety of difficult goals, they aim 
for the simplest variations and those with the easiest connections, as if the pur-
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pose of the game were to discover the elementary transformations of the material 
(the "too easy" that Syl wants to avoid), even at the risk of appearing somewhat 
behind; yet there are too many subjects of this kind to consider them as such. 

Isa (11 ;O) takes two hours to describe such continuous variations: she begins 
with straight lines, then offers three kinds of joined parallels, then various angles 
pointed upward or downward, then a right angle. From the angles she proceeds 
to the diamond, the square, and then to a polygon. She joins two parallels in the 
middle to build on it, which leads to other letter shapes. The angles are then 
combined to form a pyramid composed of 3, then 6, and finally 10 angular parts; 
these she replaces with shapes of a house or goes back to her angles to make 
a star with four and then five comers (with errors and corrections at the junc­
tures). After that she aligns vertical rods on a single base, varying their number. 
Toward the end only, she returns to three-dimensional constructions, which she 
compares to a level passage, showing how to install the hinges to obtain perpen­
dicular relations. 

Cla (11;2) displays the same reactions with angles and pyramids, then with 
a series of parallels linked pairwise by means of right angles, the junctions alter­
nating between left and right. 

Jos (10;7) builds many parallels oriented horizontally and vertically, ar­
ranged like this: _ - _ - _ , then some zigzags before getting around to the an­
gles by way of a Z. 

These manipulations might be taken for the beginnings of the type of simple 
exploration found at level IIB if they were of shorter duration. But their duration 
seems to lend a certain finality to these peculiar behaviors. If this interpretation 
is correct, these behaviors could be seen as attempts to minimize the role of one's 
own actions (instrumental possibility) and to maximize the minute variations of 
physical possibilities inherent in the material. Certainly, these subjects function 
at a lower level than those of the first group. But up to the final stage there re­
mains a duality between physical and instrumental possibility, in spite of the fact 
that the former group performs a perfect synthesis of the two as they add to their 
comprehension of the physical connections imaginative plans that can be actu­
alized. 

In chapter 7, we shall return to a discussion of the nature of physical possibil­
ity. At this point, it is sufficient to describe briefly the progressive coordination 
between physical and instrumental possibility. At level I, subjects focus either 
on the former (IA) or the latter (IB) of the two. At level II, there is progress 
in coordination: coordination is still imperfect at level IIA, whereas there is 
mutual facilitation between the two at level IIB, which may be still only local 
or already quite general. In the first group of level III, there is synthesis with 
comprehension of both aspects, whereas subjects of the second group focus their 
instrumental capacities on a more detailed analysis of the variations in physical 
possibilities. 



7 
Raising Water Levels 
with C. Brulhart and G. Tissot 

In chapter 6, we saw that a distinction must be made between physical possibil­
ity, having to do with the effects (of a causal nature) that modifications in a com­
plex material can produce; and instrumental possibility (a special case of proce­
dural possibility), which makes use of physical possibilities to build free 
constructions. In this chapter, we no longer look at free combinations; rather, 
the subject's freedom is subordinated to a goal, which is to raise the water level 
of an aquarium by immersing in it a variety of objects. However, since these 
objects vary a great deal along various dimensions as well as in weight, our anal­
ysis will be focused on physical possibility. This type of possibility raises an im­
portant epistemological issue: Is the possibility to be seen as residing in the sub­
ject, or are all variations and relations - in particular the ones that become 
translated into laws-nothing but "realities," and what we see as physical "possi­
bilities" (including "virtual effects") only the product of the physical scientist's 
subjective anticipations and deductions? In particular, the status of models of 
causal explanation, constructed by scientists to give scientific laws their neces­
sary or probabilistic characteristics, is relate<). to this issue. Perhaps the psy­
chogenetic analysis of the beginnings of physical possibility is relevant to the so­
lution of this problem. 

The material consists of a cylindrical aquarium into which the child may put 
a piece of wood, a beaker, a candle, three lead weights, a sponge, ajamjar with 
a top, a tubular box made of metal, a stone, and an inflatable balloon. We simply 
ask subjects to use these objects to make the water level rise as high as possible. 

Level I 

As we have frequently observed in earlier work, the initial behaviors designed 
to produce a causal effect do not differentiate the objective processes leading to 
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that effect from the subject's actions, which temporarily modify reality but are 
believed to produce permanently the desired result: 

Val (4;11) places into the water two weights, then a sponge, which she tries 
to keep down at the bottom with her hand. It's always coming up. She adds a 
big weight and a stone. The water didn't go higher. She takes the jar without its 
cover and the piece of wood. Ah, this time the water went higher. After this, 
she announces: 171 do it over to make the water go even higher. She takes all 
the objects out, empties them, and puts them back underwater. "Is it the same 
as before or is it different?" It's different. "Why?" I don't know. This time she 
tries to hold \:fown the candle. "Are there some things that make the water go 
higher than others?" No, they're the same. 

Isa (4; 11) does not bother to keep the lighter objects in the water and to let 
them float. To make the water rise higher we need more things, but one can also 
just take them out and put them back in, as if this would result in an increase. 

Ali (4;9) believes she can raise the water level with just the balloon and agi­
tates the water to make waves: If one does that [she now does it with the candle], 
that makes it go really high. Then she puts other objects into the water and con­
cludes that the water has gone up a little bit [the piece of wood, the big weight, 
etc.] or that makes no difference (another weight and the stone]. Finally, she dis­
covers that one can put them all in at once. 

Cor (5;0) takes water with the beaker to fill up the jar, which she then empties 
into the aquarium. She starts over again using other hollow objects and even tries 
with the cover of the jar. 

Lis (5;5) takes the same beaker, fills it, and pours the water back into the 
aquarium. "The water went higher?" Yes. "Are you sure?" She looks at the water 
level. No. She plunges the tube into the water: It's going up. "Do you have an­
other idea?" l7l let the air out of the balloon, that7l make a wind and make the 
water go higher. She tries it. That does not do anything! She comes up with the 
idea that the stub [wood] will make the water go highest, because it's the biggest, 
but she does not judge by volume, only comparing the lengths of the wood and 
the tube: That will make it go up the same. 

Olg (6;4) still says at her age, One has to make waves [which she does with 
the jar cover]. "Can you make the water go up another way?" No. "Try." I don't 
know. "With the wood?" She submerges it. That way, the water goes up. "And 
if you don't submerge it, will it rise?" No, not at all. But after a few trials, she 
comes to attribute the rising of the water level to the size of the objects. From 
this, she concludes: We have to put them all in; but then she predicts that the 
balloon, even though big, would have no effect, because it has to be heavy. 

Sea (6;8), on the contrary, holding first various objects (candle, weights, 
tube) just above the surface as if they should attract the water, then places the 
deflated balloon over the water, saying, Perhaps it will pump up the water. 
Then, following a series of attempts, he comes to sense the importance of 
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weight; he puts the big weight over the beaker, fills the tube with water, and 
submerges it, because the tube that has water in it must be heavy; he cannot un­
derstand why the water level falls. 

These observations show, as predicted, a surprising degree of lack of 
differentiation between one's own action and that which objects exert upon each 
other. When subjects using their hands submerge objects that would otherwise 
float, they believe that this can have a lasting effect upon the objects' properties. 
When Val and Isa want to take everything out and then return the same objects 
into the aquarium, they act in the belief that by repeating their own action they 
would produce an objective result. Similarly, Ali and Olg believe that by making 
waves they can raise the initial water level. The most surprising of the possibili­
ties projected is that of Cor and Lis: take the water out and put it back again, 
as if this action could increase its quantity. Sea even expects to be able to attract 
the water by holding the objects over its surface; similarly, Lis, like Sea, wants 
to have the balloon make a wind to pump up the water. In each case, the physical 
possibilities are thus seen as resulting from instrumental possibilities, and there 
is no attempt to look for properly objective causes. Still, in some situations, sub­
jects may temporarily invoke weight or volume, but without systematic explora­
tion or even an adequate reading of the facts observed. 

Level II 

Starting at 7-8 years of age, physical possibilities come to be treated as au­
tonomous. They are perceived as having characteristics and variations of their 
own, which the subjects can anticipate and test against the facts to see whether 
they are physically realizable. This leads subjects of this level to gradually dis­
cover the properties of objects. They find ways to keep underwater those objects 
that would float and thus have less of an effect. The more advanced subjects 
(level llB) come to formulate more or less satisfactory explanations based on 
weight as a factor in submersion and on volume as a factor in the height of the 
water level. Here are some examples of level 1fA, starting with an intermediate 
case: 

Son (7;2) formulates a principle underlying these new reactions: noting that 
the tube by itself does not stay underwater, she inserts a weight to see if that 
makes the water rise. Here we have an exploration of effects antedating causal 
interpretations, which does not yet lead to a sufficient explanation: That should 
make it heavier is Son's only comment after that. When she has observed the 
experimenter raising the water level by submerging the beaker up to its neck 
(which makes the water rise) and then making it sink by letting it fill up with 
water, she only notes a global relationship: It's because the beaker goes down, 
that makes the water go down, whereas if it's on top, the water goes up again. 

Xav (8;2), on the other hand, after having seen that each weight makes the 
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water rise, holds the candle under one of the weights to keep it submerged, then 
does the same for all floating objects, using various combinations. But he fails 
to notice that some of these do not work, such as putting the candle into the jar 
and closing it. He also cannot understand the different effects resulting from the 
relative positions of tube and jar, while noting correctly the variations in the wa­
ter level. When asked if there is a way of knowing how to do better, he takes 
everything out and starts over again, being aware that he did not bring it up as 
high as before. The only explanation he finds is that the weights work best be­
cause weights are very heavy. 

Fab (8;8) 11,as similar reactions but makes some additional discoveries, which 
remain unexplained, however. While exploring for the third time all the objects 
(taking them out and rearranging them), she notes, It's always the same, and 
even a bit lower. She believes that this is so because of the jar cover, which re­
mains alone. She takes the jar, removes the weights, the stone, and the water 
and closes it with the lid. Then she puts it, empty and closed, into the water: 
It rose! But she so little understands the reason why that she tries to fill it with 
water: That would make it rise even higher because that would make it heavier 
[she tries]. It goes down! It rose higher without water! But she does not know 
why. 

Eva (9;0) puts the tube into the water upright: I wish this could stand up-that 
would make it go up higher. . . . The candle won i do it either. . . . If there 
were weights one could make it go up more, because they're heavy. So that would 
fill up a bit. The beaker being in the water, she predicts a change by putting the 
stone into the beaker. [Tries it.] It didn't go up! "Do you know why?" Perhaps 
because it is heavier, it goes down. "Is it the weight or the size that makes it 
rise?" It's the one that's heavy. "Size is important?" Yes, also [but only by being 
associated with weight]. 

And here some cases of level IIB: 
Cro (8;8), after several attempts with one object after another: "What is 

needed to make it rise? Something heavy. "Why?" Because if it's heavy it goes 
to the bottom and it takes up space, so the water goes up. To achieve more, he 
puts a weight into the empty jar, closes it, and makes it sink. That went up a 
lot! I'll put in the two other weights and the stone[ which he does]. Oh! Oh! That 
went up less than before! I put in too much weight. That's surprising . ... He 
thus does not see that he has in fact reduced volume. He takes out a weight and 
the stone, which he leaves on the table, but the jar is not closed tightly and fills 
up with water: The water went down even more! The candle in the jar standing 
up without getting filled surprises him, and he explains this success, saying: 
There's something light and something heavy. The tube half filled, he comments: 
It went down! Ah! It is because there is water in there! He verifies his explana­
tion by emptying the tube, leaving it standing upright: It went up! But he forgets 
that he already attributed a role to the space occupied. 



74 RAISING WATER LEVELS 

Ste (9;8) also vacillates between weight and volume. He tries to submerge 
everything. "Would it rise more if ifs all underwater?" I think so. "Sure?" I think 
I'm sure[!]. "What makes the water rise?" The weight gain ... Oh! No, the 
bigger the contraption, the higher the water level, because it takes up more 
space. This gives him the idea of blowing up the balloon: It goes up, but he does 
not generalize to the tube because it is empty. 

Jea (10;0) soon formulates the hypothesis that raising the water level requires 
the most weight underwater. He puts one object into another to save some space 
so as to use more objects. But having compared the weight-heavier but 
smaller-with the candle-bigger but less heavy-he concludes that when it is 
bigger, that makes it rise higher: it's size [that is important]. Still, he does not 
understand why the tube without water, ... goes higher, and only concludes 
that this contradicts the predominant role of weight, which he had been tempted 
to revert to again. 

Physical possibility exists here in an interaction between objects insofar as 
these are predicted or inferred by the subjects, who then subject these inferences 
to selective, empirical tests. This requires that the subject act upon the objects­
that is, introduce procedural and even instrumental possibilities, which become 
actualized in material transformations. These transformations and their results 
concern physical "reality": they are "possible" only relative to the subject who 
modifies this reality in action or in thought. 

The principal characteristic of level II is thus the continuous interaction be­
tween instrumental and physical possibilities, the former manifesting itself in a 
proliferation of attempts, more unfruitful than successful, and of hypotheses, 
which are just as likely or more likely to be wrong than right; physical possibili­
ties, however, are gradually discovered, but only through more or less exact in­
terpretation of the observable effects and their confrontation with more or less 
persistent efforts at causal explanation. In other words, the process begins with 
the actions of the subject, whose possible variations lead to information and dis­
coveries about the objects and the way they function. These observations act as 
feedback that suggests new procedures lead"1g to new observations, and so 
forth. 

The two procedures used by subjects that are effective in principle are placing 
as many objects as possible into the water and keeping them near the bottom and 
not on the surface by having the heavier objects hold down the floating ones by 
blocking or cornering them. On the other hand, a number of faulty strategies 
derive from an erroneous causal interpretation (attributing the rise of the water 
level to an object's weight), which dominates throughout level IIA and prevents 
the level IIB subjects from generalizing the role of volume to the jar, the beaker, 
and the tube (empty or full). Because they attribute the effect to weight, subjects 
fill empty objects with heavy material to increase their weight ("to make it heavi­
er," as Son said) and not or not only to keep them down. Weight, seen as the 
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expression of a force, may, in some cases, be considered so omnipotent as to 
pull down the water level (Eva: "Perhaps because it is heavier, it goes down"; 
and the analogous formulation of Son that "because the beaker goes down, that 
makes the water go down"). But, in general, weight is seen as pushing the water 
up, which explains most of the errors in the procedures. At level IIB, the sub­
jects discover the role of volume. Cro thus remarks that weight only makes the 
object sink so that "it takes up space, so the water goes up"; but this does not 
prevent him from saying, a bit later, after having made an error: "I've put in too 
much weight. That's surprising ... ,"without noticing that by putting heavy 
objects into .the closed, empty jar, he has diminished the effective volume. He 
even maintains that the unexpected success achieved by having the candle hold 
down the empty beaker is caused by the combination of "something light and 
something heavy." This shows that even at this level, weight remains an all­
purpose concept. 

But what is most peculiar about the level IIB responses regarding volume is 
the subjects' incomprehension of the effect of vessels like tubes when they are 
filled or empty. In earlier research with A. Henriques, we saw that until 11-12 
years of age subjects of level JIB, while beginning to consider volume, still 
predicted that a table tennis ball with holes would make the water rise more than 
the same ball without holes because when the holes fill up with water the ball 
would get heavier and thus have more weight to repel the surrounding liquid.* 
In fact, the important role of weight can be explained by a difficulty in the esti­
mation of the volume of the displaced water, a difficulty analogous to that en­
countered in class inclusion: subjects fail to think of the total volume B, the sum 
of the surrounding water A and the volume A' inside the object, and consider 
only the action of A' on A. This prevents them from seeing that by emptying 
the hollow object they set A' to zero and increase A, which becomes identical 
with B, which means a rise in water level. In short, since they fail to reason 
about the whole B as composed of A +A' , they also fail to understand that if 
A' =0, then A=B; or, put more simply, that A increases by the same amount, 
A', by becoming A+A'. 

There is nothing unusual about the fact that deductive reasoning should be ap­
plied to physical possibilities. It would be easy to show that all the numerous 
faulty procedures still present at level IIA can be traced to insufficient interpreta­
tions of previously observed effects and that the successful solutions derive from 
inductive or deductive inferences of variable complexity that predict what is 
physically realizable from what the subject can justify as being possible. 
Clearly, what is physical in this kind of possibility is only the real or actual, 
whereas what remains possible can only come from prediction or reconstruc-

*See also J. Piaget and B. Inhelder, The Child's Construction of Quantities (London: Routledge & 
Kegan Paul, 1974). 
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tion-in other words, it remains relative to subjects' actions. Since these are 
always subject to factual regulation, they cannot consist simply of free combina­
tions, but only of inferences regulated by facts. 

It is informative in this respect to examine the way possibilities are generated 
at level 11. Whereas at level I it proceeds by discontinuous leaps from one at­
tempt to the next, at level II it involves generalizations and quasi-intrinsic varia­
tions. We can distinguish at least seven different types: (1) First, a change from 
manual action to that of an object chosen as a substitute: subjects replace the ac­
tion of manually holding down an object underwater by that of placing a heavier 
object on top of a lighter one. (2) Variations in size: having observed the effect 
on water level of a small weight, subjects add more of these or substitute a big­
ger one. (3) Variations in number: having seen one weight hold down an object, 
subjects put several weights together to have them act on it. (4) Change from 
partial to maximal action: blowing up the balloon after having observed its par­
tial effect. (5) Inversion of an action: the water level having sunk after a wrong 
move, subjects try the opposite to succeed. (6) Changes in position: placing the 
piece of wood in vertical position after having observed its effectiveness in a 
horizontal position. (7) Combination of several factors: "In order for an object 
to occupy as much place as possible, it has to be both big and under water." No­
tice the inferential nature of each of these types of processes. 

Level Ill 

The two innovations at this level are comprehension of the general role of vol­
ume, including that of hollow objects, and the fact that all attempts are directed 
by deductive hypothetical thinking concerning optimal procedures. 

Flo (11;6) succeeds in putting all objects underwater after some difficulties 
with the balloon. As for the jar, Flo is first surprised that the water level is 
higher when the jar floats than when it is filled with water at the bottom: Oh yes, 
if I put water in there, then there is less water in the aquarium, so the water 
level is not as high. We recognize the reasoning described above as being based 
on the relation B=A+A' or, if A' =0), theti A increases). 

Jos (11 ;6) already says about the sponge: That doesn ~ make the water level 
rise because it absorbs water. As for the jar, he empties and closes it, then holds 
it down with a weight, saying that if the jar were open the water level would 
go down because water would be inside. 

Mar (11; 10) says about the beaker that when the water could not get into the 
beaker, the water went up because the beaker takes up space. And about the jar: 
When it is full, water gets lost: it cannot get out of the jar [into the aquarium], 
so the water level sinks. 

Cat (13;5), after having put a weight into the jar and seen that it had no effect, 
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concludes immediately: In any case, one cannot say anymore that the more 
weight there is, the higher the water level. 

Pat (15;4) sums up everything, appealing to the pressure of volume. Heim­
mediately closes all open objects and then blows up the balloon. All his actions 
are organized to obtain the greatest possible volume occupied by the objects 
weighed down to stay underwater. 

The evidently deductive nature of this last stage makes it possible to take up 
once again, but in more general fashion, the problem of the nature of physical 
possibilities. Minimally, it is easy to show that in no case is this type of possibil­
ity accessible wiµiout such activities by the subject as deductions, predictions, 
inferences of various degrees of abstraction, or simply trials, which are hypothe­
ses in concrete acts. Inasmuch as physical possibilities concern aspects that are 
not as yet actualized, they must necessarily be relative to anticipations of various 
levels of complexity. On no account can they be identified with a simple record­
ing of facts, since this would be effective only once the expected results were 
known. But if physical possibilities are not reducible to the reading of observable 
phenomena, are they then potentially present in objects? The strongest claim that 
we wish to uphold is that the answer to this question is a definite no. Something 
in a given state that prepares the following state n + 1 may be said to be virtual 
inasfar as it is not observable or not yet observable, but this is still not a possibil­
ity; rather, it is a part of reality because it is effective even though not directly 
observable but only known through inference. 

One may object that there are situations where one state n may be followed 
by several equiprobable states n + n' , like a die that can fall on any one of six 
faces. Yet, once again, an important difference distinguishes what is possible 
relative to a subject from physical facts: the fonner exists as a set of synchronous 
co-possibilities, whereas the latter is only a sequence of events-the die falling 
on one or the other of its faces. As for equiprobability, to which equipossibility 
can be reduced, it is measured in terms of frequencies when there is a large num­
ber of events. Still, it remains the subject's activity that unites into a simultane­
ous, conceptual whole what physically exists as a series of independent states. 
As the adage goes, chance has neither intelligence nor memory, whereas possi­
bilities require both. 



8 
The Largest Possible Construction 
from the Same Elements 
with E. Ackermann-Valladao and K. Noschis 

This chapter, like the following one concerning equidistant relations, treats the 
formation of possibilities with respect to two activities: the interpretation of 
goals and the variability in the means to achieve these goals. Whereas progress 
in the equidistance situation consists in replacing partially erroneous approxima­
tions by more precise relationships, the development we shall observe in this 
chapter-where the children have to attribute meaning to the term largest possi­
ble (which we take care not to define for them, even if they ask for a defini­
tion)-consists in adding the two dimensions that are initially neglected in favor 
of a single dimension (length or height). On the other hand, the material pre­
sented to the child remains the same in terms of number of elements: three small, 
cubic blocks plus four medium-sized and three large parallelepipeds (the large 
ones twice as long as the medium-sized ones). As a result, when subjects evalu­
ate largest possible in terms of volume, all the different arrangements possible 
are of equal size, a fact understood by the 11-12 year olds. The problem that 
concerns us here, given the fairly open character of the task, which subjects may 
interpret as they wish, is, thus, once again the dynamics of possibilities. These 
will be examined under two aspects: the multiplication of possibilities by the 
composition of relationships (and even their overdetermination) and their im­
provement. In this particular situation, such 'tmprovements require compositions 
between possible relations or variations, because size involves three dimensions. 
These compositions thus raise the problem of the relations between possibility 
and necessity, as is, of course, true of all situations where possibilities can be 
obtained by deductive processes. 

Because we wished to allow for the construction of a variety of products, we 
used blocks made like commercial Lego blocks that lend themselves to various 
linear and angular concatenations. The initial question is: "Build me the biggest 
construction you can with this." After that: "Can you make an even bigger 
thing?" and so on. Somewhat later: "Is there another way to make it even big-
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ger?" And, finally, "What does 'big' mean for you?" and "Can one do it another 
way?" After each successful construction (i.e., one that holds up), we ask why 
it is bigger than the preceding one. 

Level I 

The characteristics seen at this initial level are the limitations and the mode of 
production as it changes over trials. The former pertain to the goal, which re­
mains unidimensional, and to the means, which, although aimed at improve­
ment, fail to. respect the optimalization requirement. The interesting thing about 
the second characteristic is the phenomenon of overcomposition in the multipli­
cation of possibilities; that is, any aspect whatsoever may be related to any other 
aspect in the course of exploration, without any recognizable order or plan. 

Ter (4;5) interprets size as height, building up blocks in stacks of horizontal, 
superposed layers: a large block (C) at the base, a medium-sized block (8) on 
top, another C, a B, then a C supporting two B blocks that are aligned and three 
small blocks (A) aligned to form the summit.* This alignment of blocks consti­
tutes an exception to the overall plan, which aims for height. It shows a lack 
of optimalization that goes unnoticed by the subject. "What did you make?" 
They're all on top of each other [which is precisely not the case for the last five 
blocks]. "Can one make it bigger still?" No, they're all on top of each other. 
"Really, no bigger?" At this point, Ter has a moment's hesitation; then, instead 
of trying to correct the construction, he demolishes it and starts anew: two B's 
superposed at the base, followed by a B and an A side by side, then one C and, 
again, on top, one B+one A, aligned. Then a Chorizontally, and just as he picks 
up the last C, holding it vertically to start, he exclaims joyfully: Ah! and places 
it like that on top of his construction (a nice illustration of an unplanned over­
composition!). He then uses this discovery by holding two C's in his hand over 
a base; but again two A's+ one B are aligned horizontally instead of superposed, 
although he continues to define the biggest as the tallest. 

Eri-(5; 10) conceives largeness as meaning composed of large blocks only, so 
he picks the three C blocks and places them at 90 degrees to start a square. 
"What about the others?" No, it takes only big Legos. "Isn't it possible to do it 
another way to build something big'?" Oh, yes [he assembles three B's with the 
A junctures]. Like this, it makes a big one [he closes his square with these B+A 
blocks]. "What is it like, your construction?" Big. "Why?" Because the Le gos 
are also big. That one [a CJ is big, that one [a second CJ is big, too, that one 
[the third CJ too and that one [three B's] is bigger-that makes a bigger one than 
that one and that one. "Can you do something different that is big?" I will try 

*In the following descriptions, A designates the small blocks, B the medium-sized ones, and C the 
large ones. 
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[he assembles the three C blocks lengthwise, two B's at an angle, and puts the 
remaining blocks-two B's and three A's-on top of the row of Cs]. That is big­
ger than what I did before. "Why?" It is longer. 

Dav (5;6) needs to incarnate the concept of bigness in concrete objects. He 
begins by making a big pistol, piling up seven blocks in three levels. "Can you 
make the biggest by taking them all?" He assembles two C blocks lengthwise; 
puts three B's on top, one in the middle, and one at each end; then adds the three 
A blocks on top of one B. That's a boat. "Is it big?" No, it's only long . ... Ah, 
I think I have an idea how to make them bigger. He aligns all three Cs and puts 
all the other blocks on top. "What is your idea?" It's a boat that's bigger and 
longer. "It can't be made longer?" No, there are no more pieces [he does not 
think of moving B+A]. 

Dom (5;6) piles all the blocks up horizontally. "Could it be made bigger?" 
Yes. He undoes his pile and rebuilds it using all the same blocks and in almost 
identical fashion. It's taller [which is illusory]. "Why?" Because it's bigger. 
"Why?" Because it's taller. The other one was smaller. 

Emi (5;9) begins with a house that is wider than it is high. "Can one make 
it bigger still?" Yes. He takes it apart, leaving only two C blocks at the base, 
which he lines up vertically. he continues building up height but also places 
some blocks laterally so that the resulting height barely exceeds two C's. "Bigger 
still?" No . ... Yes. He takes away the two Cblocks that he had moved to the 
second level and covers everything with B and with A. "What about attaching 
all the Legos?" Oh! Yes. He puts up a C in vertical position and attaches the re­
maining B and A laterally. "Is this house bigger than the first one?" It's smaller 
because before I had it "up" and now it's sideways. 

Jos (6;3) connects the three C blocks lengthwise with junctures. "Could one 
make it bigger?" He adds the four B's, making a kind of staircase, which he then 
extends by placing the steps farther apart. 

Niq (6;5) horizontally aligns the three C blocks and mounts them with junc­
tures. A second trial is identical, with only the position of the joints changed. 
On the third trial, however, she adds a B lengthwise. Then: Now 111 make you 
something tall, but she succeeds in building only six levels. It is not as big as 
the other one [indicates length with her h~nds]. This one is more compact. She 
goes back to length and optimalizes by lining up the 10 blocks in a row without 
a juncture. 

Osi (6;11), after a row of three C's+one B, suggests when asked to "do it 
another way": If you wish, I'll do it by height. She stacks up three Cs+one B 
and attaches one B sideways, extending the structure by two-thirds. "Is it bigger 
or not?" No, it is smaller [which is false]. We try to give her a very strong hint: 
"What if one built something by height and by width?" She does. I shall make 
a square. Ah! but that doesn't work. I can only do it by length. 

The first question raised by level I is why we find unidimensional interpreta-
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tions of size (height or length). It is not likely to be caused by a pseudonecessity 
in the strict sense. More likely, we are dealing here with an unintentional limita­
tion resulting from the difficulty of coordinating several dimensions. Comparing 
this with levels II and III, we suggest that there are two ways of composing the 
relations that characterize the variations in procedures and the interpretations of 
goals in the formation of new possibilities (many intermediate types of composi­
tions are possible). The more advanced one is what we call regulated composi­
tions (for instance, in the logic of relations or in the preoperational functions, 
etc.). In this case, the variables are selected on an abstract level and coordinated 
by means of fixed laws of increasing necessity. The other way is without abstrac­
tion or rules, and the observables are overdetermined because of their heter­
ogeneity. Subjects tend to establish a heterogeneous variety of relations between 
these observables, in ever-increasing numbers and types, which change con­
stantly from one action to the next: in these situations, new relations and new 
compositions are constantly built up. This explains the generative dynamics of 
possibilities. But these combinations are to regulated compositions what over­
determination is to well-delimited systems: for this reason, we decided to can 
them overcompositions. They can be quite fertile, as in Ter's case, who discov­
ered in the process of picking up a block the possibility of placing it vertically. 
But they can just as easily lead to erroneous conclusions and interpretations, as 
when the same child says: "They're an on top of each other," when five blocks 
are placed side by side on top of the construction. 

The mode of composition-facilitating the production of new relationships, 
but deficient in the regulation of coordinations - thus explains both the proce­
dural flaws and the restriction in interpreting the goals as one dimensional only. 
What is striking about procedures is not only the absence of optimalization, but 
also the errors committed in evaluating what is "big" within the subject's own 
definition of the term: Dom sees as "taller" a stack of blocks that differs from 
the preceding one only in the relative order of elements (very slightly); Osi con­
siders as "smaller" (in height) a pillar that is in fact slightly taller than the preced­
ing one. Emi labels "smaller" a building that is taller but wider because, in addi­
tion to blocks placed on top of others, there are now some "sideways." The 
absence of optimalization (general except for Niq) is a natural consequence of 
this: the one-dimensional size concept used by these subjects to aim for either 
height or length does not yet involve that of a linear interval between two points, 
but rather a global idea of an envelope, where the positions of the elements em­
braced by the envelope may even be contrary to the general orientation of the 
overall idea of size (see also chapter 11 concerning level I performance on 
equidistances). 

Under these circumstances, it is easy to understand the unidimensionality of 
goals. Almost all subjects of this level are able to shift from length to height and 
vice versa. But they cannot as yet consider size in terms of total surface-that 
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is, coordinate the two dimensions in a simultaneous whole. To do this they 
would have to employ a mode of regulated composition, establishing relations 
between relations in the manner of a system of coordinates or, put another way, 
in terms of the relation of perpendicularity between the two directions. The case 
of Emi shows quite well that in a construction that is at once tall and wide, the 
elements placed sideways are seen as detrimental to size understood as superpo­
sition. In other words, this kind of composition produces in this case two possi­
bilities. But it is not until later that these two possibilities can be united to form 
a coherent whole, a two-dimensional concept. This does not imply that regulated 
compositions will one day emerge as operations coming from a different source. 
On the contrary, one must determine how overcompositions gradually become 
regulated by the construction of relations between relations; that is, by the con­
struction of higher order possibilities in the manner seen repeatedly in previous 
chapters. We have seen how co-possibilities come to replace sequential analo­
gies, and more generally, how possibilities at first suggested by more extrinsic 
variations come to be inferred by a deductive process operating on variations in­
trinsic to a well-delimited system. Hence, the capacity to relate within a bi­
dimensional whole (later three dimensional) all the variations previously consid­
ered one by one and in succession only certainly derives from this kind of 
organization of possibilities. 

Level II 

The fundamental problem presented at level II is to determine whether bidimen­
sionality and the beginning of regulated compositions implied by it result from 
operations influencing from the outside the construction of possibilities or 
whether the reverse is true: that is, whether the initial overcompositions are 
regulated by an internal, autonomous process that in turn is the source of opera­
tions and their construction. Here are a few examples of level IIA: 

Ser (7;8) begins by stacking up blocks in parallel; then, to do it "anoth~r 
way," he repeats the previous construction except for three blocks that he places 
perpendicular (one C+one B+one A) to the preceding ones: this gives a Cat 
90 degrees to a Cat the base. The second construction appears to him bigger, 
and the reason he gives is that the perp\ndicular C touches there [the B under­
neath], which is not very clear. On the other hand, the two final constructions 
are the same as the preceding one made longer and the one before with superpo­
sition of three perpendicular structures. "Which one is the biggest?" The other 
one [the last but one]. "Why?" Because I had mixed them all together, so it be­
came bigger. 

Car (7; 1) immediately builds perpendicular structures and even oblique con­
figurations, then states that a simple stack of identical height is not as big as the 
other because the other ha.d more shapes. This she says on two occasions. 
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Nie (8;5) also estimates as "bigger" a perpendicular structure, even though 
he did not use all the blocks. 

Tri (7; 11), after a simple stack of horizontally placed blocks, constructs an­
other one with the higher elements protruding beyond the lower ones placed far­
ther to the right. This second model of the same height as the previous one she 
considers a bit bigger because there is some empty space here, as if size was 
to be estimated from the virtual rectangular frame around the total construction, 
at least on the left side. Then she starts over again immediately, building analo­
gous protrusions on the right side. "What did you do?" I didn't put them too close 
together [that .is, build protrusions] to make the biggest contraption one can im­
agine, but the other one I made was bigger [=the same height, but more empty 
spaces]. 

Mic (8;6) first proceeds by length, then goes on to models of bridges, which 
she considers bigger the more empty space remains under the arch. Then she 
changes to another criterion: bigger because there are many pieces, spacing 
them as far apart as the connections permit. 

After this come the subjects who refer explicitly to the two dimensions (level 
IIB): 

Ala (7;1) first constructs a form with four levels, each perpendicular to the 
preceding one, and says that this contraption is the biggest because it is big in 
width: it's long like that [up-and-down gesture] and like that [flat, side-to-side 
gesture]. Then he makes a square and repeats the two gestures, adding: but not 
big enough in height. I could make it still bigger but that would be difficult. He 
then constructs a rectangular base with three sides of C blocks and the fourth 
with a B, then adds a kind of a tower: It is tall and wide there [C in front], but 
not wide enough there [B in back]. 

Myr (7;8) constructs first by length, then completes by height: It's big this 
way [side-to-side gesture=length] and also that way [up-and-down gesture]. She 
gives four further variations of the same theme but without mentioning width. 

Ria (8;4) makes an enclosure lJ , which she builds up in height: It's big in 
height arul in width. The following six trials introduce many variations by over­
composition but do not go beyond her initial success. 

Ana (9;0) begins with a construction like Ria's and builds a tower from A near 
the midpoint of the central line: It's tall and I've tried to build it as wide as possi­
ble. Then, after a number of similar attempts: Oh, I have an idea, I could change 
it to make it better [she does a kind of staircase]. No, it's not better, because it 
is longer, but not wider. 

If we had observations on level IIB only, one might think that the advances 
in the procedures and especially in the two-dimensional interpretation of the 
term the biggest (with even some reference to the third dimension in Ala and 
Ana) result from the use of spatial operations. In fact, beginning at 7-8 years 
of age, subjects understand that to localize a point in a plane one needs two 
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measures perpendicular to each other; that is, at this age begins the conservation 
of surface area. Having acquired these structures, it is to be expected that the 
subjects go beyond the unidimensional interpretation of the concept the biggest. 

Yet, even if it is known that operations are characterized by regulated compo­
sitions and that this regulation is the result of progressive equilibration, as we 
have repeatedly tried to show, we still need to know how this developmental pro­
cess operates, given the initial state. At level I, possibilities are generated by 
overcompositions oriented in any direction whatever and selected on the sole 
criterion of making something big. Now, the subjects classed at level IIA are 
of particular interest because they come to understand the relations present in 
surfaces or at least have a concept of bidimensionality, and this development is 
guided by a process that is inherent in the emergence of possibilities out of sub­
jects' initial overcompositions. These consist at first only in deriving a relation­
ship or a variation from the preceding one (at the mercy of observable effects 
produced continuously in the course of subjects' actions). These derivations take 
place in the successive-analogical mode; and, since the goal is to "make some­
thing big," all the successive variations and possibilities become coordinated in 
one direction so that the size of the construction increases in one dimension. 
These extensions can be made either in height or length, in parallel or perpendic­
ular to the edge of the table, depending on the initial disposition. Whereas level 
I subjects, while speaking of "tall" or "long," simply go from one dimension to 
the other without relating them, thus maintaining a unidimensional performance, 
subjects like Ser and Car permit us to observe one of the general characteristics 
of evolving possibilities: that is, the change from the analogical, successive 
mode to that of co-possibilities, where each variation suggests several others 
simultaneously instead of only one after another in contiguous fashion. We can 
observe this when Ser and Car produce mixed constructions- incorporating per­
pendicular relations as well as simple stacks-which leads them to judge size in 
terms of this new possibility of mixed constructions, or of having built "more 
shapes." In other words, they have substituted a pluridimensional envelope for 
the earlier linear one. This change appears most dramatically in Tri and Mic 
when they arrange the blocks so as to enclose empty spaces, suggesting that the 
overall construction includes virtual borders surrounding both filled and empty 
spaces. Such reactions implicitly, but clearly, suggest that the concept of surface 
is present in these subjects. • 

The appearance of co-possibilities not only signals the change from the suc­
cessive to simultaneous mode (although this is already a decisive progress), but 
also the formation of new types of possibilities that favor the development of 
regulated compositions out of overcompositions. These new types of possibili­
ties consist in relations between relations, or relations between variations, which 
naturally pave the way for the development of operation~. In fact, if it is clear 
that the initial relations and variations are formed on the basis of external obser-
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vations, it is no less clear that the relations between relations give rise to a wide 
range of intrinsic variations that, when they reach equilibrium, lead to regulated 
compositions. If the subjects of level IIA speak only of "more shapes," of "mix­
ing everything," or of empty and filled, the subjects of level IIB are no longer 
satisfied to use words like "tall," "wide," and "long," which may be ambiguous. 
Instead they describe their constructions by using gestures specifying perpendic­
ular relations (already constructed at level IIA, but without conscious planning): 
now, the relation perpendicular to, as expressed here by gestures, is the proto­
type of relations between relations necessitating intrinsic regulation. This rela­
tion cannot b~ the result of simple, successive, and unrelated productions con­
ceived of in the manner of ovcrcomposition. 

The formation of co-possibilities themselves has to be seen in relation to an­
other important progress made at level II: the development of behaviors aimed 
at improvement and optimalization. Behaviors that begin with subjects' immedi­
ate perceptions of necessary modifications later become anticipatory (preventing 
instead of correcting) when the subjects compare the new plans to previous 
results. When this happens, subjects have at their disposal not only a variety of 
successive possibilities but also an increasing range of simultaneous possibilities 
and choices. When co-possibilities lead to bidimensional constructions, subjects 
come to realize that it would be preferable not to choose only one dimension but 
to coordinate the two. This is illustrated in discoveries by Ser and Car that "mix­
ing" everything to obtain "more shapes" permits a new kind of size concept, one 
that develops into the concept of surface. 

Level III and Conclusions 

The final level is characterized by two advances: the spontaneous recognition 
that size in general involves three dimensions; and the subsequent discovery of 
what follows from this-that if size is understood in terms of volume, then all 
possible configurations of the same 10 blocks are equivalent in size. 

Rin (11 ;O) begins with a construction in the shape of n, with some super­
positions. "Why is this big?" Because it is wide. Of course, one could do it big­
ger. She changes to increase length. Well, this time it's bigger in length, the other 
one was more like one block, this one is longer. "One can do it still bigger?" 
That depends whether it is in length, in width, or in height. "What is best?" A 
thing that's big everywhere [she tries to find the right proportions]. Now it's high, 
wide, and long; it's bigger than before [by compensation]. 

Fab (12;2) still begins with the idea of height and builds a stack of 10 blocks, 
but wiih the following promising comment: If I turn them upside down, that 
comes to the same thing. From there she goes on to a big and long construction, 
then very quickly to a combination of the two: Like this it is both high and long. 
When asked, "Which is the biggest?", she suddenly has an illumination: That one 
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[the last] .... No! they're all the same because they have all the same suiface 
[=because the elements of the whole remain the same]. But then she is not sure 
whether it is the surface that really counts. 

Den (11;0) begins by proportioning the horizontal and vertical elements: It's 
pretty long and wide and high. But having first agreed to try to do still better, 
she then objects: One has the same number of pieces, it's impossible to make it 
bigger . ... One could also make a really long train, but that wouldn't be 
high: since we don't change the pieces that always comes to the same. "But com­
paring these two [constructions]?" There is no difference: they're the same 
pieces, just put together differently. 

Top (11; 1 ), after a few constructions of which he says less high but longer, 
concludes: It's always the same system: length, height, width; but always the 
same size, because they're always the same Legos [blocks]. 

Rem (11;2): You can change it around as you wish ... but it always comes 
out the same. 

Following the co-possibilities characteristic of level II, a new type of possibil­
ity forms, as usual, that is characterized by the notion of "anything whatever." 
The size of a three-dimensional, solid object cannot be changed because in 
modifying one dimension one necessarily also modifies the others. For a given 
fixed number of elements, all variations compensate for one another, conserving 
the total size of the object whatever the shapes created. To this intensional "any 
way whatsoever" there corresponds extensional infinity: "It always comes out the 
same," as Rem says. 

Thus, it is clear that this type of possibility, which concerns variations intrin­
sic to a system and deducible rather than accessible through direct observation, 
coincides with the operational and structural type of possibility-that is, infer­
ences derived by means of internally composed regulations. 

The development observed here from one level to the next consists, thus, in 
changes of types of possibility: from that created by analogical successions to 
co-possibilities and, finally, to deducible, structural possibilities. The main 
characteristics of this development are then the replacement of the initial over­
compositions by regulated ones and that of the earlier extrinsic variations by sys­
tems of intrinsic variations. All this finally leads to, as the conservation state­
ments by Fab and Rem show, a synthesis of possibility and necessity, of the two 
components of developmentil equilibration. 

But as for the meaning to be attributed to these acquisitions, in terms of the 
dynamics of possibilities and their relationship to operational constructions, we 
emphasize that the earlier, more primitive forms of possibilities do not com­
pletely fade out at the upper levels. When the subjects of level III do not reason 
in terms of the whole system of compensations and conservations but attempt 
to realize certain particular constructions as examples of dimensions associated 
with various shapes, they proceed much like the younger subjects (except for 
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a far superior degree of flexibility). Each construction, compared with the 
preceding ones, leads to a new idea of possible variations, which may be antici­
pated, conceived during construction, or thought of only after the fact. One ob­
serves here the same trial-and-error behaviors, the same scanning and more or 
less directed, exploratory moves.* 

Two conclusions may be drawn about the relationship between possibility and 
operations. The first is that, at all levels, any variation introduced by the subjects 
will lead to others as possible ones. Different modes of generation appear at 
different times in development: analogical successions, co-possibilities, and 
deductions. Tpe developmental changes are mediated by an increasing produc­
tivity in possible constructions. 

Second, this increase in new possibilities-initially arising from overcompo­
sition- sooner or later leads to regulated ones as subjects come to discover rela­
tions between relations, defining each variable on an abstract level. In this way, 
they add intrinsic variations to those derived from direct observations (this can 
already be observed at the level of co-possibilities). As a result, the second pole 
of subjective activity-the constitution of necessary relations between certain 
possibilities-comes to play a role. Operational structures thus appear to be a 
synthesis of possibility and necessity, as is well illustrated at level III, where the 
unlimited number of possible shapes is regulated within the framework of neces­
sary conservations. 

*It is not within the scope and purpose of the present volume to present in detail each subject's activi­
ties and productions (often quite long and involved), with all thi; changes in interpretation resulting 
from the procedures used, and with the resulting strategies. These topics are further investigated in 
A. Karmiloff-Smith and B. Inhelder, "If You Want to Get Ahead, Get a Theory," in 'fl1inking: Read­
ings in Cognitive Science, ed. P. N. Johnson-Laird and P. C. Wason (New York: Cambridge 
University Press, 1977), 293-306. 
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Construction with Sticks and Balls 
of Modeling Paste 
with I. Fluckiger and M. Fluckiger 

In this chapter we again introduce two situations, one using free constructions 
and the other goal-oriented ones. In the former situation we present small 
wooden sticks, cylindrical in shape and pointed at both ends (in fact, they are 
toothpicks), and very small balls of modeling paste (about 25 cm3

). The tooth­
picks can be inserted into the modeling paste in infinitely many ways. In the 
goal-oriented situation, we use big balls of modeling paste that are said to repre­
sent bags filled with wheat. The task is to place them as high as possible off the 
ground to protect them from a flood (this can be done either by elevating them 
or by building a dam) or to protect them against rain (one solution is to build 
a shelter). As the goals are not narrowly defined, subjects do not really commit 
errors except for problems at the lower levels in estimating balance. Aside from 
this, there are no solutions that one could globally label as wrong. The formation 
of new possibilities proceeds in this case from attempts to improve constructions 
or to substitute one solution for another that may be an improvement or may be 
less adequate (such as a bad prediction). This task shows the relation between 
the formation of possibilities and problems of increasing equilibration (which 
has been analyzed before in terms of perturbations and constructive compensa­
tions); whereas the specific questions concerning possibility (which have to be 
further analyzed) concern the manner in which subjects become sensitive to the 
perturbation, after an initial lack of awareness, and increasingly demanding with 
respect to the definition of gials. Another important problem to be treated is that 
of deficiencies (or negative obstacles) as a source of needs (inasfar as they are 
felt) or of possible satisfactions. In brief, the definitions of goals and the kinds 
of improvements observed will lead us to an explication of the general mecha­
nism of reequilibration, and their analysis in terms of possibilities and realiza­
tions will lead to a more precise understanding of the development of new cogni­
tive abilities. 

88 
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Level IA 

Level IA subjects have difficulty in making corrections even in those situations 
when such corrections are relatively easy to make. For these subjects, it seems 
easier to increase the number of possibilities by constructing new objects than 
by introducing variations in those already produced-that is, by changing goals 
rather than by accommodating means:* 

Nat (4;6) protects the wheat in B by building an enclosure of b's tightly 
squeezed one against the other: I can do it round or in a square. She then decides 
to put a house and some people into the enclosure. The first figure is made of 
two stacks of three h's each (These are the legs) united by another C on top: 
That's the head). For her second figure she uses toothpicks, which she tries to 
join on top by means of another b, but the construction collapses. She goes on 
to build the house, which consists of a B stuck on a toothpick with only a h as 
base. When this structure collapses, she adds a b to the base, but again it does 
not hold up. She then puts the entire construction on a new base, made of two 
B's placed horizontally. In beginning another house, she repeats exactly the same 
construction that collapsed before. Then she arranges several h's fiat in a circle 
with another bin the center, onto which she plants a toothpick and nothing else. 
This inspires her to change projects: 17! do a flower, which she does by repeating 
the previous construction, except that the stem is oriented horizontally. I would 
like to do a taller one, so she repeats, for the third time, the B on top of a tooth­
pick placed on a base h. Again the construction collapses. 

Man (4; 11), as a free construction, places two b's fiat on the table and links 
them with a toothpick. On each b she erects a toothpick and says: This is a cart. 
Then she decides to do a house. For this she puts down one B into which she 
inserts six toothpicks at the periphery. She concludes that this is a sun. She then 
tries a flower: a B on top of a toothpick, which she holds in her hand. "What 
if you don't hold it in your hand?" She places it on the table, with B as a base. 
Like that, so it can stay up! "Would you know a trick to make it stay up by it­
self?" Ye.s. She places a B on top of a toothpick planted on a h. The whole thing 
topples over. "But to make it stand?" I shall build a house. She constructs it on 
a plane, linking four h's in a square with toothpicks. She tries to erect this as 
before with the B on top, which of course tips over again. 

Oli (4;7), to protect the wheat, decides to build a house but begins with a hu­
man figure fiat on the table. To make it stand up, he tries to stick a toothpick 
into the table. We remind him to use the b, so he links two toothpicks inclined 
by a h at the top, into which he inserts another toothpick horizontally for his 
nose. When all this collapses, he decides to change projects: I shall make a 

*In the following examples, B stands for a big ball, b for a small one. 
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flower [ab with eight toothpicks around the periphery, on a plane]; a sun. "What 
about the flower?" Yes, a flower [he plants his construction on a B]; it stands 
up like this. 

Pie (5;6), having built an Indian tent, bas the idea of sticking three toothpicks 
on its top and putting the B there; but he places the B not between the three tooth­
picks, where it would stay, but stuck onto the end of one of the toothpicks, 
where it causes a general collapse. Instead of applying corrections or trying an 
analogous construction, he goes on to do an Indian, a house [a flat triangle], then 
a roof and a square, etc., but everything on a flat surface. 

So far as goals are concerned, there is little difference between the free con­
structions (Man) and the responses to the instruction to protect the wheat bags. 
In either case, subjects jump from one project to the next, like Nat, who goes 
from his initial enclosure to the house, to people, to a flower; or Oli, who also 
ends up with a flower, which becomes a sun. This lack of precursivity (anticipa­
tory subordination of the means to a goal) certainly plays an important part in 
the formation of possibilities at this level, where analogical successions are far 
more prevalent than accommodations and improvements. A second, essential as­
pect of these subjects' constructions is seen in the following: trying to have peo­
ple, flowers, and so forth stand up vertically, they fail almost systematically in 
using to this end the toothpicks (except for Oli's final invention, arrived at partly 
by chance). Their reactions to these multiple failures, interesting for understand­
ing the formation of possibilities, consist in preferring to give up the project 
rather than correct it. Only Nat, after having placed a B at the top and a b at 
the base, corrects by placing two h's at the base after the collapse. Still, she 
never tries three or four; in addition, she repeats the faulty construction on two 
further occasions. Yet it seems a simple matter to improve the construction by 
putting a Bat the base and a b on top, or by adding toothpicks. The problem 
may be formulated by asking why subjects at this elementary level find it easier 
to change projects and to realize a new possible goal by successive analogies 
than to introduce variations in their original project and thus to generate possibil­
ities in terms of means and procedures, satisfying themselves with partial im­
provements without changing the design as a whole. 

The most natural interpretation appears to us to be the following, which is 
similar to those given in earlier chapters (e.g., chapter 3). It has to do with the 
notion of pseudonecessity. Choosing a project or a goal means using the material 
at one's disposal to constf\J€t an object, which corresponds to a presentative, as­
similatory scheme. This constructive assimilation, then, creates imagined and 
real objects whose properties result directly from the means employed (B, b, 
toothpicks). Modifying these means to correct or improve the construction, on 
the other hand, is to take the way of accommodation. but. as stated in chapter 
4, of "an accommodative activity striving to find its form of actualization." In 
this case, however, accommodation is not simply imposed from the outside but 
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has to be found and chosen. Under these conditions, if a presentative assimila­
tion has not achieved its aim, it is easier to resort to a new one than to imagine 
accommodative variations in the model already realized. 

Level IB 

Level IB is characterized by an essential, functional advance in the formation 
of possibilities oriented toward ameliorations: the maintaining of goals or plans 
after initial failures and the search for corrections, which bear witness to a belief 
in the possibi.lity of success. As a result, we find a first type of success: the con­
struction of pillars with various kinds of consolidations. Here are some ex­
amples: 

Lor (5;5) plants three toothpicks in divergent directions onto ab, then, upon 
examination, adds two horizontal toothpicks as support; he tries to place a Bon 
top, saying, I don't know yet where I shall put it. When all collapses, he immedi­
ately sets out to tighten the three vertical toothpicks and carefully tries to replace 
the B. But he perceives the danger of collapse, undoes everything, and starts 
with a horizontal base made of two crossed toothpicks, on which he erects an­
other toothpick with a B at the top, which leads to another failure. He then says: 
I have another idea, but, in fact, stays with the same procedural scheme: he 
rebuilds his base out of four crossed toothpicks, taking care to fashion a round 
b in the center (that makes a sun!); then he sticks in two toothpicks vertically 
so the ball will stay in place, and he even adds two more before positioning the 
ball. After this success, we ask for another system. He now takes two of the 
horizontal crossbars out of the base and attempts to place them as lateral sup­
ports. Since they are too short, he attaches them obliquely to the upper ball, B; 
but it falls apart. He still holds onto this idea and builds a base out of three h's 
in a row and eight toothpicks (of which the fourth, fifth, and sixth are perpendic­
ular to the seventh and eighth; the latter hold the b in place, allowing him to erect 
upon them three toothpicks in triangular configuration (a vertical in the middle 
and twtl slanted ones at the sides). This assures the stability of the B because 
there are more things to keep it up. This procedure with the triangle gives him 
the idea of combining it with the vertical pillar. The result is a construction with 
two levels with a b on top instead of a B, because otherwise it might fall apart 
there [the base at its center]: there isn't enough modeling paste. Then he inverts 
the levels: the triangle below, the pillar above, then, with a star-shaped base (17 
toothpicks), he builds a construction of two, then three levels with pillars and 
inclined supports at the base. 

Lau (6;3), when asked to do something about the flooding, proposes to con­
struct a wall. She begins at the top, attaching two and then four toothpicks 
horizontally between a series of superposed b's. She then tries to set this con­
struction against a support in upright position. It collapses and she repeats the 
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same project, but beginning at the bottom and pressing the balls hard against the 
toothpicks to hold them together. 

Isa (7;6) begins like level IA subjects with a B stuck on a toothpick planted 
on a simple b. After this failure, she concludes immediately that one needs many 
balls [b] and stems [toothpicks]; then you can put Bon top. But she does not 
insert the toothpicks tightly enough, and everything topples. So she tightens and 
crosses them somewhat, which leads to a success. Thus encouraged, she builds 
constructions of two and then three levels using vertical pillars, four h's per 
level. She tightens the links as necessary but does not dare putting a B on top. 

These reactions would be without special interest if it had not been for those 
preceding them at level IA, where subjects never tried to correct and accommo­
date their constructions. This sequence of levels IA and IB seems to show once 
again that possibilities do not originate simply as a state following another state, 
but essentially as a fiat developing in the mind of the child, who remains quite 
unaware of this potential. We observe that subjects confronted with their initial 
failure do not give up as do those at level IA but note immediately that they can 
improve their constructions. These improvements do not consist in changing the 
whole procedure (even if Lor says "I have another idea") nor in anticipating pre­
cisely what is to be done: they consist rather in the decision, tenaciously upheld 
(as in the repeated attempts of Lor at 5;5 years), that the original plan can be 
realized given certain corrections, even before they know which ones. There is 
here a kind of pure possibility, one that only furnishes the general framework 
within which successful corrections can be envisioned in terms of their outcome, 
yet still without provisions for determining the order in which these corrections 
are to be applied. After this, we see the emergence of hypothetical possibilities 
that characterize all attempts and that subjects undertake without knowing 
whether they will lead to success (Lor between his first and second failures). Fi­
nally, there arise realizable possibilities, as when children transfer proven means 
to new constructions, that is, differentiate the initial goals into new projects; or 
when they use new means but ones that are analogous to earlier, successful ones. 
The most decisive successes attained at level IB consist in being able to coor­
dinate two kinds of means in new syntheses, as when Lor combines his pillars 
with triangular configurations. 

We can thus observe a series of new developments in the generation of possi­
bilities. They are no longer triggered by successive analogies (ignoring failures) 
but by a higher order me$anism, where the successive choices are determined 
by a purely dynamic possibility that consists in postulating that improvements 
are possible following failures. This development happens before subjects can 
even identify the type of correction necessary or invest it with hypothetical con­
tent.* Inasmuch as a failure represents a disequilibrium and the final success cor-

*It may be objected that children seldom verbalize their thoughts and that they may very well have 
particular corrections in mind once they perceive their failures. Thus it is not necessary to assume 
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responds to a new equilibrium, it seems therefore clear that possibilities in mo­
tion, which trigger a search for improvements before the latter can even be 
imagined in any kind of detail, are part of the reequilibration process. They rep­
resent its mechanism, which is both compensatory and constructive and is dis­
tinct from the states that precede and follow as the final states in the reequilibra­
tion process. 

Level II 

Whereas at leyel IB the observed improvements were necessary to correct the 
errors committed in trying to attain a particular goal, which the subject con­
serves, the improvements introduced by the level II subjects consist rather in 
completions or perfections: subjects no longer simply strive to elevate the ball 
B, but to place it on a surface. We can distinguish a level IIA where subjects 
simply attempt to construct platforms but do not consolidate them. 

Mar (6;5) first puts up two toothpicks with ab at either end; these he links 
by means of a transverse toothpick, and then he adds two more horizontally so 
as to obtain a potential cube, which remains open, however. Mar initially be­
lieves this construction to be stable, but it collapses. He then puts it up again, 
completing the cubic shape* by placing other toothpicks symmetrically to the 
elements already in place. He perfects his construction by placing toothpicks in 
parallel over the upper surface and obtains a good table. He continues to produce 
tables, simplifying his structure somewhat by using piles of b's for table legs and 
toothpicks for the tabletop, which thus supports the B adequately. 

Pac (7;9) begins with a triangle that he changes into a kind of trihedral struc­
ture, but not a very regular one. This construction supports only quite light B's. 
To support a heavier B, he first constructs a floor out of parallel toothpicks with 
a row of b's at either end to which the toothpicks are fastened. Then he places 
four toothpicks, one at each corner, and turns the whole construction up so as 
to obtain a table. When the B turns out still to be too heavy he turns the legs 
a bit outward, which is a beginning toward consolidation sufficient to support 
one of the B's, albeit not for the heaviest one. Pac then builds another trihedral 
structure, this time surrounding the base with a chain of h's; he ends up by build­
ing pillars like those by the subjects at level IB. 

that the idea of improvement as such precedes the particular choice that follows; the reverse may, 
in fact, be true. Indeed, in some cases the two phases of possibility-the purely dynamic, content 
free one and the hypothetical type of possibility-may seem inseparable. But it remains true that the 
subjects' spontaneous corrections imply the belief that improvement is possible and that this belief 
may remam pure motivation or in a conative state before it surfaces as conative behavior (hence the 
expression accommodatory activity in search of its way to actualization). 

*For convenience, we speak of a cube not to designate a solid body but a plane elevated by vertical 
elements. 
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Mon (8;6), to elevate a B, arrives at an intermediate solution between that 
of using pillars and horizontal supports: she puts a Bon top of a pillar made of 
four tightly joined toothpicks, then builds a second pillar equipped with several 
h's at either end. These b's she connects to the B by means of four more tooth­
picks placed horizontally. Thus, the B is not placed on top of a platform but at­
tached to it by toothpicks. 

At level IIB, subjects continue to construct tables. As soon as they perceive 
how unstable these tables are, they consolidate them in various ways: 

Phi (8;6) rapidly builds a table made of eight b's and eight toothpicks, four 
vertical and four horizontal ones. He then tries to do the top with parallel tooth­
picks but finds them to be too short. So he lays them across the four corners and 
then completes the top with toothpicks paralleling the four sides. But then, one 
of the legs coming loose, he starts a new construction, this time placing several 
b's over two opposite sides of the top so as to attach transverse toothpicks. He 
consolidates by slanting these against the legs of the table. He continues with 
more constructions, such as a table with eight legs and a platform made with 
toothpicks placed in various directions. 

San (9;0) builds the usual table and, to consolidate, adds inclined toothpicks 
at various heights, checking first to see whether they make a diagonal (at this 
age, many children still think that a diagonal is equal to the sides). Then she finds 
an ingenious solution: let the lateral toothpicks extend beyond the b's on the top. 
This helps in two ways: two inclined toothpicks can be attached to the same b, 
and the tabletop is better covered with parallel toothpicks. Thus, the table is 
smaller but more solid. Still, her plan is imperfectly realized, so she adds further 
supports outside. 

Ani (10; IO) similarly builds a smaller table with a tightly covered top. She 
then goes on to construct a second level along the same principle, using two b's 
for each horizontal toothpick and consolidating the lower level with inclined 
structures. 

Level III and Conclusions 

The transition from the various reactions of level IIB to those of level III is 
gradual and sometimes almost imperceptible. At level III, subjects discover that 
the most solid shape is the tetrahedron. This discovery becomes quite general 
at about 11-12 years of age, sometimes as a result of the slanted supports con­
structed at level II. The first case illustrates this transition: 

Isa (9;0) begins with a simple cube, which she tries to consolidate by using 
diagonals. She finds the toothpicks too small. She then deforms the cube to pro­
vide it with transverse supports between the corners; this makes the construction 
more solid, but it no longer looks like much of a square! She tries to complete 
the system of supports and Jets go of the toothpicks already placed. This suggests 
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to her another project: I shall make a triangle. She builds it up and finishes with 
a beautiful tetrahedron, whose advantages she can see inunediately-it is more 
solid because there are fewer sticks and the balls have fewer holes: if there are 
many holes, they get loose. 

Ste (11 ;6) also begins with a cubic shape and completes its top with more 
toothpicks attached to new h's, but he predicts that with really heavy B's it would 
collapse just like that [correct prediction]. He thinks of slanted toothpicks, but 
that doesn't work, because they can't go as high up as the straight ones. This 
gives him the idea of uniting four toothpicks into a kind of pyramid, placing it 
in the center. It's much like before, but the pillars are more solid. He succeeds 
in finding the synthesis between cube and pyramid: four pyramids placed at the 
four corners of a square. Horizontal toothpicks placed on top make a regular 
platform. 

Luc (11 ;6) similarly goes from cube to pyramid, but with five triangular sur­
faces; he also tries to find a combination with a flat top. His final production is 
a solid with two lateral surfaces in the form of a square and the two opposite 
ones in the form of a trapezoid. The top is then made with horizontally arranged 
toothpicks, resulting in the flat top desired. 

Jos (12;5) begins with a square designed to serve as a base; but instead of 
going on to the cube, he replaces it with a triangle upon which he builds a tetra­
hedron as if anticipating improvements rather than using them to remedy the 
difficulties encountered, as did the other subjects. But he still wants to create a 
flat top, which he achieves by two complementary syntheses. The first is to sur­
round the trihedron with vertical walls-that is, to create a kind of a cuboid 
around it with unequal and nonparallel walls. The second is its reciprocal 
complement-that is, to construct a cube that is then inserted in a system of in­
clined supports, which is equivalent to a truncated pyramid. 

Gui (12;5), after the usual difficulties of consolidating the cube, builds three 
triangular surfaces; however, he does not join them to build a trihedron. Instead, 
he leaves the construction open on top to install the platform. Then he constructs 
a solid similar to Luc's to which he adds another one on top. The whole structure 
is reinforced by inclined supports. 

After the essential discovery made at level IB that, despite an initial failure, 
the same goal may be reached with improved methods (which thus represents 
the source of possibilities as generators of accommodations), the reactions char­
acterizing level II introduce a new type of improvement: they not only serve to 
correct a procedure following an unsuccessful attempt (which still happens, and 
even rather frequently) but also to perfect a procedure that obtains a more satisfy­
ing result. In fact, given the initial goal (elevate a B), this means introducing an 
intermediate form that we might call new goal-means (means toward the previous 
goal and the goal to be achieved by new procedures). This consists in placing a 
B on a platform to be elevated on a cubic construction of one kind or another. 
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The new achievement manifests itself in two ways. At level IIA, before the 
systematic tables of level IIB, the idea common to all subjects is that there are 
two ways of elevating a B: either one can elevate a platform upon which the B 
rests (or that the B is attached to, as proposed by Mon), or one can hoist the 
B alone on a pillar. This presentative scheme may not be particularly ingenious, 
but with respect to the problem of possibility it documents a new development 
leading to the state of co-possibilities-that is, a construction once actualized 
(such as a Bon a pillar, etc.) is not only that what it is, but inasmuch as it can 
be seen as resulting from a choice, subjects realize that there was another possi­
bility and even, once actualized, that there are still usable variations possible. 
The potential walls that Mar first builds can lead to a cube, and this may in turn 
get covered by a platform. The square base that Pac constructs can be turned 
around to become a tabletop or just as easily be reconverted into a pillared struc­
ture. As for the pseudotrihedrons, stilJ badly put together, they are not further 
exploited because the subjects do not yet see what Isa comprehends at level III. 
This type of reaction can be observed on different occasions when an apparently 
superior model is rejected because of an incapacity to assimilate the relationships 
involved. Even the pseudoplatform of Mon evolves in the direction of a possible 
table. 

In short, following the initial explorations of level IB-partly directed by 
chance-which are oriented toward a single goal, there gradually evolves a 
search for new variations that are seen as co-possible, which leads to the formu­
lation of intermediate goals and of new means. Thus begins to evolve an internal 
dynamics of possibilities, whose principle is that each variation perceived (and 
a fortiori anticipated) becomes the source of still other variations. The associated 
production is guided by two kinds of mechanism. In weakly structured situa­
tions, the successive variations are related by similarities and differences com­
bined (analogies), leading to ever new compositions up to the unlimited recur­
sive series seen in previous chapters. In structured situations, each variation is 
compared with the preceding ones as well as with the goal to be attained (precur­
sivity). This generates new relations that can be evaluated either as facilitating 
or perturbing. In either case, the new variations stimulate the formation of possi­
bilities, which become more and more numerous. This then leads lo two types 
of improvements: quantitative ones (only if the variations are equally useful) and 
also qualitative ones, permissible perfections and necessary compensations. 

These improvements are evident in the reactions of subjects at level IIB, who 
do not limit themselves to piling up sticks and balls as if they could achieve sta­
bility by sheer quantitative additions; instead, they find clever tactics, such as 
reducing the dimensions of the table so that the toothpicks ::an cover it and keep 
the balls in their place, or reinforcing the perpendicular supports by oblique ones 
(without resorting to external buttresses). 

At level III, a new type of possibility emerges, initiated by the consolidating 
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force of oblique buttresses that .are already used at the previous levels. At the 
present level, a new relation intervenes: reciprocity. Earlier, the buttresses only 
served as supports to avoid collapse; at level III, the three inclined surfaces of 
the trihedron are themselves supported by the other surfaces that they hold up:* 
In addition, we observe considerations of economy, as noted by Isa, and others 
concerning the length of the toothpicks (Ste), as well as the combined procedures 
of cubes and pyramids. 

Thus, the development of possibilities has as its final achievement what we 
call deductive possibilities characterized by inferential anticipation and a 
progressive c~mprehension of the relations involved. But neither this nor the 
concrete co-possibilities seen at level II (that is, the simultaneous presence of 
possibilities between which subjects choose the one that suits them best) are to 
be interpreted to mean that this development can be reduced to that of opera­
tional structures. Nor can it be assumed that the composition of the new relations 
generated by the comparison with earlier variations can be equated with the 
compositions proper to the logic of relations and its structures. Rather, possibili­
ties have a dynamic of their own, discussed as we just described; this dynamic 
is different from that of operations, which only concerns necessary relations and 
transformations (between real and possible states). It is the result of a kind of 
overdetermination leading to what we have called overcomposition. In fact, for 
each change that subjects introduce into the system of sticks and balls, they can 
observe a whole series of variables: their own movements, the figurative aspects 
of the structure, the precise definition of spatial relations, causal relations, and 
so on; and these observable phenomena may be comprehended to various 
degrees as a function of presentative schemes (including operational ones) as 
much as they may play a role in the determination of procedural intentions. 
There is thus overdetermination in terms of the factors between which all kinds 
of relations may be established, some of them relevant and others not. Out of 
this relational magma are born possibilities. Certainly, subjects do not retain all 
these relations, but those they do make use of result from an overcomposition 
that is different in kind from logical compositions, which are precursive and per­
tinent. 

From this continuous formation of new possibilities, which look more like 
random attempts than planned constructions, subjects then select suitable 
hypothetical possibilities that can be actualized: this brings about the improve­
ments that characterize progressive reequilibrations. We were able to distinguish 
three levels in the behaviors presented here: at level IB, possibilities generate 
new accommodations after a failure, with conservation of goals; at level II, we 

*Earlier research has shown that 11-12-year-olds understand the causal relation involved in 
reciprocity- between be supported by and support in the situation with the castle of cards. See my 
Success and Understanding (London: Routledge & Kegan Paul, 1978), chap. l. 
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saw possibilities as perfections based on arrays of co-possibilities; and at level 
III, possibility is conceived as optimalization, where the goal is no longer to pro­
duce the greatest number of different constructions, but rather the most efficient 
model (here the tallest) and the most solid and sturdy one. Note, however, that 
the two factors in equilibration-production of new variations and compensatory 
improvements-are not independent but go together from the beginning, becom­
ing more and more interdependent in subsequent development. Right from the 
beginning, the overcomposition of relations is only partially random: it is at least 
globally determined by a motivation to explore what seems most interesting (in 
the sense of Dewey and Claparede). It is thus a kind of choice behavior, but it 
concerns mostly extrinsic variations. With the progress of improvements, 
choices still determine new relations, which are more and more centered on in­
trinsic variations. This dynamic of possibilities is what accounts for the func­
tional unity of new creations and improvements (in spite of mishaps and local 
regressions). Even in the case of free constructions,* where the whole emphasis 
is on innovation. we observe improvement from one level to the next, improve­
ment not with respect to the material results (which are all considered equiva­
lent), but with respect to the way possibilities are generated: from analogical 
successions to concrete, then abstract co-possibilities and, finally, infinite, re­
cursive series. But even just considering the actualized results, it is plausible to 
suppose that once subjects have found several different combinations, they may 
feel somewhat inadequate for not having found more (since the existence of n 
differences implies that of n+ 1). That is, when they discover new combinations, 
this may be a kind of compensation (in intension) toward intrinsic variations as 
well as an increase in extension. 

As for gaps, which we have sometimes been accused of considering as pertur­
bations (and of equating the bridging of gaps with compensations), the present 
study furnishes data that may be useful in answering that question. When sub­
jects predict or note that a particular construction such as a pillar, a platform, 
or a pyramid is unstable and collapses, should we speak of a perturbation to be 
neutralized or a gap to be bridged? To be puristic, one would have to say that 
the collapse of a construction is a perturbation, whereas its timely prediction is 
only a gap. Certainly, one can only speak of a gap if the subject perceives it as 
such. For example, a physicist who knows nothing about the history of the 
pharaohs may not consider this as a gap. On the other hand, if the nonavailability 
of a datum hinders the solution of a problem and thus represents a need, this 
seems to us a pertd'tbation like any other. 

*In this chapter we did not discuss the results of this first type of technique, which was soon discon­
tinued because it simply repeated the results given in chapters 1 and 2. 



10 
A Case of Deductive Possibility 
with L. Miller and J. Retschitzki 

In general, the development of possibility includes four levels. In the first, one 
variation leads to another by analogical succession. The second involves a cer­
tain amount of anticipation; it is the level of concrete co-possibilities, where sub­
jects project variations that remain limited to those they will actualize. There fol­
low abstract co-possibilities where the actual productions envisioned are only 
representative examples of a great many others. Finally, when co-possibilities 
become indeterminate, their number becomes infinite. This development shows 
a gradual progression from a state where the variations considered possible are 
generated one after another at the sight of the result obtained-that is, they are 
derived from external data. The final state of this development is reached when 
possibilities are formed from intrinsic variations deduced by the subject. We 
can, therefore, speak of deducible possibilities and their increasing importance 
with age and show how they result from a coordination of possibilities with 
necessities. The generality of this development has been traced in each of the 
chapters of this book, yet deducible possibilities have been closely examined in 
only two chapters: in chapter 8, with respect to the notion of three-dimensional 
size (v<1lume), and in chapter 11, with respect to the construction of equal dis­
tance. But in both of these studies, the problems are complex in that they require 
not only the projection of new procedures but also an interpretation by the sub­
ject of the goal to be reached. 

For this reason, it is useful to analyze the development of deducible possibili­
ties in a simple situation where the goal is easy to comprehend so that it can be 
understood in the same way at each age level. We present children with several 
sets of six cubes or blocks of 3 cm3

, of which two opposite sides are empty and 
the four remaining ones are marked with a small red dot (occasionally we add 
some cubes with all six faces marked). A doll, also 3 cm tall, looks at the cubes 
from the side, and four tasks are proposed in varying orders: (1) the doll, while 
stationary, should see as many dots as possible-that is, the children are asked 
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to arrange the blocks as they wish, in stacks or in a plane, keeping in mind that 
the doll cannot see the top surface; (2) the doll, also stationary, should see as 
few dots as possible; (3) the doll should see as many dots as possible while mov­
ing around; (4) the doll should see as few dots as possible while moving around. 
The interview always begins with a phase of free construction, enabling subjects 
to discover the various ways to assemble the blocks. 

Level I 

At the first level, IA, very few inferences are made in spite of the fact that such 
inferences are facilitated and even necessitated by the preceding observations. 

Nat (5;8), for free constructions, arranges the blocks in squares, hexagons, 
semicircles, etc., each separated by a space. When we ask her if the blocks 
should stay "on the ground," she puts up a triangular building. For question 1, 
she lines up the six blocks with spaces between them so that the doll could see 
12 dots. But it appears that these spaces are not intended for this purpose. They 
simply repeat what she did as free constructions: "How many red dots does she 
see?" Six. "How did you do it?" Six. "Can you do it another way so she can see 
even more dots?" No, she cannot see here [she points to the lateral surfaces, 
which are in fact visible]. "But you can do it another way?" I don't know how. 
Question 2: She repeats exactly the same row with the same spaces in between: 
"How many does she see?" Six. "Can you change it so she sees fewer dots?" It 
doesn't work. "There are always some dots to be seen?" Yes. We arrange the 
blocks in such a way that the doll only sees three dots. ''Can you change it so 
she sees fewer dots?" No. 

Cha (5; 10) manifests slightly more flexibility. Following free constructions­
vertical ones-he responds to question l by aligning four blocks with blank sides 
facing the doll and then placing two of these in front n. with the dotted side 
facing the doll; thus, in all the doll could see two dots. He then makes a cor­
rection, turning the other two blocks to expose the dots; thus, there are four dots 
visible, which he indicates one by one. "Can you improve it?" One could do them 
like this [he places them in a row but then changes back to his first construction, 
except that the blocks in front are spaced somewhat farther apart]. "How many?" 
There, there, there ... six! "That's as many as possible?" Yes. "Try doing 
some more." He sets up a row of four with two blocks in front, placed so as 
not to mask the other two blocks. "That's more than before?" No, six and six. 
He finally decideS"On a single row but insists that it is best to combine the two 
systems (one does not see why). In question 3, he sets up a row of three blocks 
close together and three apart, but he counts only 12 dots, 6 in front and 6 in 
back (the same there), not counting the ones on the sides nor those on the sides 
of the interstices. "Another way?" He pushes them close together but does not 
expose any dots on the extreme sides. "Is that better?" It's the same. Question 
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2: He manipulates the blocks for a while and concludes: Nothing to do. "If she 
sees a few that's alright." He builds a row with dots visible on blocks 1, 2, 4, 
and 6. "You didn't forget something?" He turns them, exposing six dots! We 
show with two blocks how to turn them so as not to expose any dots. "Can you 
do that with six?" He aligns them, leaving dots visible on blocks 2, 4, and 6. 
"You can't do it better?" No. He still turns them with hesitation, as if he did not 
foresee any success, and finally offers no solution. "That's the only way?" Yes. 
"Try." He does another mixed row with blocks 1, 3, 5, and 6 exposing dots. 
"That's the best possible?" Yes. 

Mon (5;9):. Question 3: She places the blocks in a triangle but exposes two 
empty surfaces: Oh! There is nothing here [she turns one of the two, but still 
ends up with an empty side exposed]. Oh! How will I do it [succeeds with one 
side]? "Still better?" She puts them in a row but leaves the two extremes empty, 
then adjusts them. "ls that better?" Yes, there are all dots here and here [on both 
sides she has 12, counting the 2 that she adjusted]. "Try a bit more." Another 
row, but with an empty surface on either side. "Is it better?" Yes. "Why? . . . 
Where is it different?" Question 1: Agglomeration of five with one block on top. 
"How many does she see?" Three. "Another way?" [A row] Six? "Still better?" 
She spreads them, which prefigures level IB, but with no adjustment of the edges 
nor further exploitation. She can see a lot [eight!]. "As many as possible?" I'm 
not sure I can do it [piles up six]. "Is that a lot?" Six. "More than before?" No 
[the same]. Question 2: She puts up rows but only manages five, five and four 
empty surfaces, even though she attempts turning blocks to conceal the dots (in 
several places). 

Jor (5; 10), for question 3, contents himself with considering the two sides of 
a two-storied construction in which two blank surfaces remain visible even 
though it would have been easy to turn them around. In question 4, he begins 
with a row containing two dots in front, then builds a stack that exposes only 
dotted surfaces on two sides, undotted ones on the other two. 

At level IB, subjects remain almost as inept at making inferences, but they 
discover the possibility of lining up edges: 

Xav (5;10): Question 1: He begins with a row with dots on the six sides fac­
ing the doll and blank surfaces on top. "Is that as many as possible?" Only if she 
cannot see on top. "And otherwise?" He then builds two stacks, one with three 
levels, the other with two, using all six blocks. Like that [pointing from bottom 
to top, which he seems to interpret as "seeing on top"], she can see two 
[etc.] .... She can see six, she sees a lot [as if this was more than in a row]. 
"But she does not move." This objection gives him the idea to turn the doll a 
bit in it:, place and to do another row, but with the last block slightly advanced 
so that it touches its neighbor only by the edge. I've turned the doll, so she can 
see everything that's going on. "Is it better than before [than in levels]?" No, it 
was better before, because she could see on top. "Do you have any other ideas?" 
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I can always try. He then aligns three blocks by their edges, places two on top 
the same way and the sixth on top of the latter two blocks, with the edge facing 
the doll; this yields a total of 12 dots visible. "ls that good like that?" Yes, 12, 
that's bigger than that [one of his stacks of 6], but it's the same as the others. 
"How is that the same as the others?" Always two dots [he points to two adjacent 
sides on each block]. "But which is the best one?" The last one, I think, but it's 
the same. Then he aligns the blocks edge against edge. He thinks that this is 
good, but cannot explain why. Question 2: A block structure of three above 
three, exposing two dotted sides, which he reduces to one, then to zero. This 
feat does not get generalized to the following varied constructions, not even to 
one with five blocks in a row and the sixth on top. In question 3, he ingeniously 
disperses the blocks in disorder, which results in a large number of visible dots. 
But when asked to do "still better," his stack exposes too many undotted sides. 

Jer (6;2), in question 2, builds a row of six blocks, of which three have dots 
facing the doll. She almost does not see any more: only three dots. "Can you 
arrange it so she sees less than three?" He starts over and ends up with two facing 
the doll. "Still less?" Reconstruction: one. She only sees one dot. "What to do?" 
Tum them all [correct: zero]. "Can you do it another way?" A three by two struc­
ture, but three dots remain visible! "And to have her see no dots?" Long manipu­
lations, resulting in zero dots. "And another way?" He rebuilds the row cor­
rectly. In question I, he makes a row of four, then six blocks, and says: She 
would see a few more if she walked around, which gives him the idea to place 
the last block edgewise against the adjacent one: She now sees seven. He repeats 
the procedure with a second and a third, which remain aligned, however: Still 
seven. But then he has the idea to separate them: this yields 9 dots, and 10 and 
11, after turning each by 90 degrees. To obtain still more, he builds a column, 
alternating the orientation of the blocks: three blocks facing the doll, the other 
three with the edges turned toward her. This gives nine visible points, but Jer 
does not see his failure to generalize. 

Ala (6;3), for question 2, presents a row of four blocks, with two blocks 
placed on top of two terminal elements: this results in six visible dots. "How did 
you know?" I saw that [blank surfaces], but this does not prevent him from leav­
ing one or two dots visible in his following constructions. Question 1: Double 
row (two on four), with six dots. "Can you do more than six?" He places them 
in disorder, which only gets him five, so he builds a row of six. "Can you do 
it better?" It can't be done. "Why?" I don~ know. "Why not seven?" He places 
them in a half oircle, edgewise, but the blocks at each end (with two faces visi­
ble) have dots on only one of their sides, which gives six dots exposed. "Can 
you change just a bit?" He turns them and obtains eight. "More than eight?" He 
turns all the blocks so their upper faces are blank, which does not change any­
thing. "Better?" Ah, she can see [on the blocks at each end] two at the same time! 
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He then aligns all blocks edgewise. That makes 12! "Is there another way to 
make 12?" That's not easy. He goes back to the half circles with eight dots visi­
ble. Question 3: Good construction, with four blocks separated and two apart 
with edges touching; this gives 21. "Do you think this is the most possible?" Yes. 
"I don't." He arranges them in a plane with edges touching, but in a closed figure, 
which results in a notable decrease. 

These observations inform us about the relations between inference and pos­
sibility. The first condition that there be deduction is obviously that possible var­
iations must be anticipated and not merely discovered in the course of action al­
ready initiated, as an attempt. At the most primitive level (Nat), subjects arrange 
the blocks one by one with the dot visible; but after that they do not predict any 
more changes possible, even in question 2, where the number of dots is to be 
minimized. These subjects act as if one actualization becomes a reality excluding 
all other possibilities (the same reaction was observed in Cha when he first 
responded to question 2). A second condition on inferences is that any correction 
discovered as being possible by varying one element (e.g., rotation to expose 
or conceal a dot) ipso facto generalizes to other elements of the same construc­
tion. But the youngest subjects (Cha, Mon, etc.) only proceed by applying cor­
rections one by one, and a local prediction never leads to analogous ones con­
cerning other elements. This is a flaw in the co-possibilities at the most 
elementary level, that of openness within the same construction. The same flaw 
may reappear with respect to different constructions, one following the other (as 
in Cha and Mon at the end of the interview). A third condition is that subjects 
are able to compare different constructions built successively and to perceive 
them correctly. It is this ability that is lacking in Xav (in level IB) when he insists 
on finding still "the same [thing]" with two quite different constructions, such as 
a vertical and an edged one. 

At level IB, we find the discoveries of new possibilities by demirotations of 
90 degrees (edge in front so that two faces become simultaneously visible). Xav 
hit on this idea when it occurred to him to turn the doll around so she can see 
everythihg that's going on, whereas Ala discovered it when replacing rows by 
half circles. But despite these substantial advances (leading to optimal level I 
performance), these subjects still do not meet the essential condition for the in­
ferences characteristic of deductive possibilities, which result from these prior 
acquisitions (Xan at level III and Jer with his final construction of a column). 

In short, behaviors observed show in what way subjects fail to function at 
even the most elementary level of deductive possibilities; such functioning, to­
tally absent at level IA, locally or momentarily prefigured at level IB, essentially 
involves the formation of co-possibilities envisioned simultaneously (where both 
advantages and disadvantages of possible variations can be foreseen). These co­
possibilities must also be coherent with previous achievements (actualizations). 
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Level II 

To attain co-possibilities by anticipation, it should be the case that deductive in­
ferences are a prerequisite. How can we then explain these inferences in terms 
of advances in the development of possibility? The question to be examined is 
how it comes about that extrinsic variations drawn from experience and observa­
tion of facts turn into intrinsic variations derived by reflexive abstraction from 
the coordination of actions. Thus, since level II is characterized by the emer­
gence of co-possibilities and access to intrinsic variations, these reactions need 
to be closely examined. 

Vin (7;6) immediately solves question 2 with four different constructions of 
two or three levels; one exposes a dot in front, which he corrects immediately. 
"How did you do it?" I put all the dots up on top underneath, and I put all the 
sides with no dots facing her and on the other side. For question 1, he begins 
with a construction of five blocks (one block in back): Oh, that's not the most. 
Like that [four levels], I can see all the dots [six]. "All?" No, because there are 
others in back. "So?" Spontaneously: If I do this [one side turned to the subject], 
I cannot see two at the same time, but if I do like this [90 degree rotation, edge 
in front], she can see two on each block. He arranges six blocks in this fashion, 
on two levels, thus obtaining 12 dots. After several upright constructions, the 
last one two columns of two blocks connected by two blocks forming an arch 
(where all blocks are turned with edges facing the doll), we go on to question 
3. He points to his last construction, saying: She can walk around, then she sees 
exactly twice as many dots as before [thus 24]. In question 4, he begins with two 
levels. Then: Now I know: 011 the sides she sees nothing, and he builds two rows 
of three blocks each, then attempts to do a T: She sees three altogether. 

Mar (7;9), for question 1, starts out with a vertical construction, then dis­
perses the blocks randomly; when he notices a block with the edge facing, he 
builds a column with the upper five blocks thus rotated, saying: I think it's possi­
ble to have two dots on each block. He then proceeds to mount several construc­
tions where all blocks are oriented that way. "Is it possible to get more?" I don't 
think so. 

Rob (8 ;9), also for question 1, arranges the blocks in a circle where six dots 
are visible from the doll's perspective (that is, the blocks are seen with the edges 
in front): That makes six; that can't be the most possible. He quickly arranges 
three plus three blocks edgewise on two levels. That makes 12! "ls that as many 
as possible?" I don't know. Perhaps, if I tried this [lengthwise], that should be 
the same numb":r. He tries another column: T11e same thing! Two dots on each 
block. For question 4, he turns the blank sides out so she sees more. Then a row 
with dots visible only at the ends. In question 3, he turns this row sideways on 
its axis, which gets him six dots on each of the two sides: Before [in question 
4) it was the least possible. So, when I tum it around, it's the most possible[!]. 
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"Still another idea?" He builds a row showing 24 points. That is really the most 
possible. 

Lau (8;0), who immediately succeeds with questions 1and2, makes an incor­
rect inference in question 4 (similar to that of Rob, whose inversion of the row 
is only partly justified); he interprets "the least possible number of dots" as "the 
greatest number of blank surfaces." Thus he aligns six blocks, saying: She sees 
12 sides without a dot, which is true. Then he places three over three, repeating: 
Twelve without dots, which is also true. Only then does he notice, by counting 
the visible dots, that there are two in the row and four in the two-level structure. 
But after ma~ing allowances for Lau's interpretation of the problem (this hap­
pened with many other subjects), the co-possibilities he anticipates are evidently 
valid. 

Olg (8;5), for question 4, constructs a row of six blocks with blank surfaces 
on each side. On both sides, it's empty. "Is that the least possible?" No [she as­
similates, like Lau, the "least number of points" to "the greatest number of 
blanks"], there are two dots [at both ends]. I would need a block with three empty 
surfaces. 

Pac (9; 10), for question 3, furnishes a number of constructions in rows or 
with two or four levels, each time maintaining the "turned" orientations (at 90 
degrees). He concludes without counting that it's the same and optimal since 
each one has four dots. 

Sul (9;7) has the same reactions in question 3, because she can see them all. 
Ste (9;8), for question 4 remarks that, with a stacked construction, There are 

two more dots because there is another level; whereas in a flat row one obtains 
the least possible-that is, two, because on four surfaces there is a dot: it would 
take three blank sides on a block to make fewer visible dots. Ste's final remark 
is already level III performance. 

The differences from level I behavior are evident. At that level, a novel action 
became possible only as a partly random trial whose outcome was known after 
actualization and by taking note of what had happened. There was no prediction, 
only empirical conclusions, and no transfer to identical cases even within the 
same construction activity. In contrast, the subjects of level II do not act without 
some kind of planning, which immediately leads to the development of co­
possibilities. For example, Vin begins by producing four different constructions 
in question 2 am! formulates the principle common to these four (turning the dot­
ted sides underneath and on top so that only blank surfaces appear on the sides). 
Co-possibilities, which are frequently observed in all subjects of this level, are 
of interest in that they represent inferences in statu nascendi since they imply, 
even without explicit formulation, a transfer from one possibility to another. 
Second, co-possibilities lead to anticipation of outcomes, which may or may not 
get confirmed after the fact; but they are not dependent for such empirical con­
firmation on the actual results produced. To be sure, an empiricist would say 
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that such anticipation does not go beyond the domain of experience, that it is 
nothing but internalized or "mental" experience. Rignano proposes to explain all 
inferencing and deductive reasoning in this way. But he forgets subjects' actions, 
which themselves-and first in the form of mere possibility- generate infer­
ences. For example, when Vin in question 1, remembering the dots in back, sud­
denly hits on the idea of turning the block by 90 degrees (edge in front) so that 
"she can see two [dots] on each block," it is this action that enables the subject 
to deduce the outcome, which is registered not by means of empirical but pseu­
doempirical abstraction.* In other words, it is relative to an effect produced by 
the subject rather than by independent changes in the object, which can simply 
be observed from outside. A new capacity that results from this process (barely 
begun at level IB) is the transfer of procedures, not only from one construction 
to another but also from one question to the next: thus, Vin, having built a struc­
ture with 12 visible dots in question 1, leaves it as it is in question 3, stating 
simply that now the doll will see "twice as many dots as before," which consti­
tutes an elegant inferential transfer from one problem to the other. But even 
more is involved: the development of co-possibilities generates a new type of 
openness toward further possibilities, based on their very composition. For ex­
ample, when Rob, having lined up six blocks with blanks exposed (in question 
4), simply "turns it over" to solve question 3, he combines the action of lining 
up with that of inverting. This is a simple case of deductive thinking about possi­
bilities, based on reflective abstraction (=abstracted from coordinated actions). 

In general, the various advances toward possibilities as deductions show that 
the operational inferences and coordinations characteristic of level II constitute 
only one particular system within a more global one, which includes multiple 
possibilities that are actualizable through the formation of co-possibilities. The 
operational structures, which, once they are constituted, influence in turn the 
production of possibilities, thus appear as resulting from the more general de­
velopment of possibilities, however autonomous and productive they become in 
the following. The reason we say that the operational structures are a result or 
a consequence is that possibilities, even or particularly the deducible ones, en­
gender each other without limits in any direction whatever; whereas operational 
structures always incorperate chosen or imposed limitations because they are ex­
clusively aimed at variations that can be coordinated in terms of necessary laws 
within closed systems. In this respect, it can be observed that necessary relations 
between possibilities are already present at the level of co-possibilities, as when 
Rob comes to consider 24 dots as necessarily being the maximum number 

. I • poss1b e. 

*See our research on reflective abstraction. (Jean Piaget, "Recherches sur l'abstraction retlechis­
sante," Etudes d'epistemologie genetique, vols. 34-35 [Paris: Presses Universitaires de France, 
1977]). 
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Level III and Co11clusions 

Two new acquisitions characterize this final level: the rapid identification of op­
timal solutions and, most important, their justification in terms of deduced argu­
ments, which are explicitly presented as being necessary. 

Xan (10;3) builds an optimal construction in question 4, a row structure. "Is 
it possible to do better?" I think it's not possible. There are always one or two 
red dots showing. There are only two blank surfaces, and one cannot hide three 
sides. There is always one side at the end. We can see the progress evident in 
this explanation relative to that given by Olg (8;5). 

Teo (10;4), also with question 4: Like that, one can hide more. "One cannot 
do better?" No, because she looks at the sides with no dots ... except if one 
makes a circle. He builds a large circle out of two sets of six blocks, blank sur­
faces turned out. Still, she can see in between the blocks. It takes more blocks. 
In question 1, he builds another optimal structure, a row with edges toward the 
doll. He judges this as optimal because she never sees three sides. 

Bru (1O;1) gives the same argument in question 1. In question 4: The higher 
it is, the more she sees. Thus, the optimal structure is on the flat plane. 

These reactions raise the problem of the relation between success and com­
prehension. In the case of the four questions posed in this research, children 
clearly can succeed optimally without understanding the reasons. They can de­
rive possibilities that take the form of extensional inferences or inductive gener­
alizations. It may be that comprehension facilitates procedures and thus func­
tions as a means. But the possibility is not to be discounted, as can be seen in 
other situations (see chapter 10), that subjects become so intrigued by the prob­
lem that they propose as a principal goal for themselves to come to understand 
it. In that case, the inferences used to this end come to play the role of means. 
The practical results are naturally successes, but they arc seen as only secondary 
by-products. 

In the present study, this level of success is already found at level IT. But we 
also ne~d to consider how subjects deal with the requirement of optimalization. 
Here again, subjects may achieve it empirically by noting that with different con­
structions results do not improve further. But to be really certain, they need to 
be able to discover the reasons and to subject possibilities to the relations of 
necessity and impossibility. In this case, comprehension plays a necessary role 
as a means to defend the optimal construction, the only way to be certain. Here 
deductive possibilities play a new role, that of relating possibility to necessity. 
In general, this characterizes the operational procedures and structures. Such ca­
pacities manifest themselves in certain simple situations (conservations, etc.) as 
early as level II. 



11 
Construction of Spatial Arrangements 
and Equal Distances 
with E. Mayer and M. Levy 

The following study has three divisions, which will be interesting to compare. 
The first deals only with free combinations: constructing a village out of about 
20 rectangular buildings of various sizes and colors, including churches (and a 
tower), and a dozen or so trees, such as pines and apples. In the second part 
(and with different subjects), we present at first two houses and a tree, asking 
subjects to arrange these "so people can go and eat the apples"; then we continue 
with three, four, and five houses, eliciting multiple combinations by asking for 
them ("Place them any possible way," "another way," etc.). In the third part, 
used with all subjects, we ask for equal distances between the houses and a cen­
tral point (tree, etc.), either starting immediately with 20 or 30 houses or begin­
ning with 2, 3, 4, and 5 and then going up to 20. We complete this part by plac­
ing the tree near a straight river so that the distances are relative to a half circle 
instead of the entire circle. Occasionally, we also replace the initial phase by a 
modified procedure, using three trees and two houses (then four and five) and 
asking subjects to place them as they wish. 

Parts I and II 

The construction of the village has only produced one result worth reporting: 
the youngest subjects' tendency toward regularity and the search by 7- to-8-year­
olds for differences. Here are a few examples of the first group: 

Ana (5; 10) places five houses in a tight row: There. She had, however, 
defined a village by referring to many stores and roads. "Could one build an­
other one?" Yes [repeats the same construction]. ''One might say that it is one 
single big village?" No, because they should be together. 

Dom (5;6) is already halfway toward irregularity but apparently out of care­
lessness, with more or less curved lines that crisscross each other, and a group 
of pine trees in a corner. 

108 
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Lui (5;10) builds two parallel rows of clustered houses, later united into a 
kind of rectangle. 

Wil (6;0) seems closer than the others to differentiation: a long row of 
clustered houses with bits of two other rows joined perpendicularly to either end, 
plus a second long side that turns out to be an attempt at closure: If I had more 
houses [the pines are already placed between the houses, having been placed in 
parallel before], I would have closed this completely or I would have done it all 
straight. 

Nat (7;5), in spite of her age, limits herself to a row of big houses (spaced 
apart) and ~nother one with small houses. The trees are placed outside the 
village. 

In contrast, we observe a clear trend toward differentiation in the following 
subjects: 

Cat (7;7) constructs as many subsystems as possible of various shapes by 
combining houses and trees, a church here, another one there, a stable, a bath­
house . ... She moves one house to another location. "Why?" Because there 
was already one like that close by. Then another change because it was too 
crowded there. 

Den (7;8) is similarly creative, building subsystems within a large circular 
enclosure (with the elements spaced apart). He points out a customs station 
(Geneva is surrounded by those!), and adds a few more complexes at the bottom 
of his previous creation. 

Ang (8;4) applies the same principles but is not as inventive. 
In chapter 1, we already noted the trend toward differentiation at about the 

same age levels. However in the studies presented in chapter 1, subjects had to 
find new positions for three dice under the instruction "to do something else," 
whereas here we do not ask subjects to build a village in all possible ways. The 
change we observe from regular, monotonic to differentiated patterns is spon­
taneous and has to do with the way subjects program their actions. 

The second part of our research (where we ask for two to five houses and 
one apple tree that is to be reached, but without asking for equal distances) leads 
again to free combinations, but with the instruction to find as many as possible. 
It turns out that the analogical, successive procedures of the youngest subjects, 
which are essentially unprograrnrned, except for a few short-term predictions 
from one figure to the next, still come to achieve a productivity comparable to 
that of the older subjects at the level of planned differentiation and give evidence 
of increasing inferential activity. It is therefore important to examine these facts 
carefully and to look for a suitable explanation for this elementary dynamic that 
produ~es new possibilities. 
Oli (5;0) constructs 19 combinations with two houses in succession and then 
says: Well, I've fowul enough, then does 13 combinations with three houses, 19 
with four, and 13 with five and six; but on the last trials he does not stop on 
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his own. With two houses, A and B, possibilities are formed pairwise, more 
rarely in combinations of three: (1) A and B, one above, the other underneath 
the tree (R); (2) left and right; (3) in diagonal formation; (4) A and B vertically 
on either side rather than horizontally as in (2); in (5) he changes to B, R, A, 
saying: Now it changes (=permutation); from there he returns to solution 1 (6), 
but this time with A and B immediately above and below R, respectively; (7) the 
same, horizontally; (8) above and underneath; (9) on either side; (10) A and B 
at a right angle next to R; (11) underneath; (12) A and B form a bar right under­
neath R; (13) A and B superposed on R; (14) A and B farther away in oblique 
position; (15) superposition above; (16) like (10); (17) like (9), but with opposite 
orientation; (18) A to the left, B underneath R; (19) B removed from Rand be­
coming contiguous on the other side in a vertical direction. It is undoubtedly this 
asymmetry that bothers Oli, so he stops there. With three houses-A, B, C-we 
find pairs and the third apart: - - becomes LJ , -1- becomes I- , etc. With 
four houses, we find asymmetries or replications of figures (1) and (4-5), with 
duplexes AB above Rand CD below, or more symmetries: squares, crosses, and 
so forth. Finally, with five and six houses, he adds stars and circles. 

Ast (5;8), while performing similar variations with two houses, remarks 
about her 10th construction: Oh, I've already done that one!, which is not true, 
whereas Oli repeats the same figure twice without being aware of it. With five 
houses, she builds a curved arrangement and announces immediately: And I can 
also do a circle with these. 

Yan (5;8) discovers a system that anticipates intrinsic variations but almost 
certainly does not result from any kind of deductive program; rather, it derives 
from simple analogical successions constructed one at a time: nine times in a 
row, house A and the tree R remain in the same position while B is rotated to 
the left above R, then to the right toward A, below horizontally, the same 
obliquely, then to the left vertically, then above R (produced before). Then he 
starts over with the first three phases without being aware of it. After that, he 
keeps B stationary and moves A around. 

Pau (4;5), with two trees and two houses, places the latter between the former 
and then effects a few slight changes. With three houses, he puts the trees to the 
side and again effects only minute changes in the position of the houses. 

Gil (5;8), in contrast, with two houses and three trees, arranges the latter in 
triangular or linear formation and changes the locations of the houses in eight 
different ways. With three houses and three trees, he arranges the former in rows 
or various triangular patterns and says: Now I will change the trees. He 
reproduces aftalogous configurations, but all are slightly different. 

To explain this early blossoming of possibilities, we can undoubtedly make 
(as was done in chapter 4) the following more complex assumption: when sub­
jects become conscious of a choice they make, and which is not imposed on 
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them, they come to see the the other terms not chosen as possibilities also to be 
realized. 

Let us begin by analyzing the degrees of consciousness. When Oli con­
structed his first pattern (1), the decision he made constituted a choice from the 
observer's point of view, but not necessarily for the subject. If he had not thought 
of anything else, there would be no choice; but if, before acting, he hesitated 
between "above" and "on both sides," etc., then the action he carried out is the 
result of a choice, so that the alternative that was not chosen remains a possibility 
to be materialized in the next construction.* But if there was no choice at the 
moment of the initial decision, there is a second occasion during execution, es­
pecially if there is trial-and-error and checking behavior: when Oli places the 
houses vertically on either side of the tree, he can only hesitate between A to 
the left and B to the right or the opposite. In fact, he carries out both choices 
one after the other (4 and 5). Third, the subject's inspection of the outcome may 
well produce retroactively the impression of having made a choice: to cite again 
Oli's construction (1), when he saw A above and B below Rand nothing on the 
sides, the obvious conclusion is that given this configuration, it is he who had 
wanted it that way. In other words, he had made a choice. The term not chosen 
remains as a possibility. When asked to "do it another way," he immediately 
responds by placing the houses on the other side (2). To assume that possibilities 
are produced by choices as perceived by the observer would be circular and tau­
tological, since it would mean that the choice was made among possibilities al­
ready existing. Rather, what produces possibilities is the gradual process of be­
coming conscious that there are choices-in other words, the emergence of the 
notion of choice in the subject's mind. This process is what produces possibilities 
defined as "it could have been or could be otherwise." A choice implies possibili­
ties for the subjects who already know them, but it initiates possibilities for sub­
jects who encounter them for the first time in the course of an activity. It may 
be objected that this too is logically circular. To this we answer that, psychologi­
cally speaking, there is a difference: in the case of possibilities we are only deal­
ing with a psychological state' whereas choices are part of an activity. In this 
way we can explain the production of possibilities. 

As for limitations, they constitute a second important aspect to consider. 
There are, of course, limits imposed by the situation and the task: "to look for 
apples" means for Oli that he cannot put the house too far away. But there are 
also the limitations resulting from pseudonecessities. Thus, Oli's first 18 con-

*In her studies on metalanguages, one of the questions Joanna Berthoud asked young children was 
what the term invent means. Among the responses obtained, here are two particularly interesting 
ones: "That means that it's me who decides what it means" (6;11); and the second more synthetic 
answer: "To invent, that means choose" (6;8). See I. Berthoud-Papandropoulou, "La reHexion meta­
linguistique chez l'enfant" (Doctoral diss., University of Geneva, 1976). 
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figurations are all symmetrical, and this is no accident. In this case, as in many 
others, the initial possibilities are limited by pseudonecessities. An essential con­
dition for the generation of new possibilities is therefore the lifting of these re­
strictions. In our situation, this is relatively easy to achieve compared with that 
in chapter 1, where the positions of the three dice were to be determined in rela­
tion to differently shaped supports. When houses have to be placed relative to 
two trees, the situation also becomes more difficult (as with Pau). 

In brief, the rich variety of the early analogical possibilities can apparently 
be explained with reference to an elementary process: that of a decision or im­
mediate realization leading to a choice dividing the initially single goal into two 
analogical possibilities, the second of which is generated by the one that was 
realized first. Choice thus means accommodation, which, being essentially mo­
bile, brings about a second one. Because the latter can be variously delayed in 
execution, an assimilatory schema can be established. Once this is accom­
plished, a new capacity is created that can be applied repeatedly, such as gener­
ating a series of possibilities. (This is nicely illustrated in Yan's developing a sys­
tem.) Later this capacity develops into exploratory behavior and finally into 
more and more inferential predictions. Thus, at a higher level, the co-possibil­
ities are essentially solutions simultaneously and equally "choosable." In con­
trast, the level I subjects only make successive choices. 

First Forms of Equal Distance Constructions 

As soon as we ask for equal distances between the houses and the tree, there 
are two kinds of choices subjects can make: one concerning procedures to be 
adopted, the other concerning the goal subjects define for themselves depending 
on how they conceive of the notion of equal distance. The earliest form this no­
tion takes is to realize that there is a certain distance between the tree and the 
houses taken together even if the houses are lined up in a contiguous row. Thus, 
there is equal distance between the tree and each one of the houses for the young­
est subjects. 

Ala (5;5) builds a tight row of four houses perpendicular to the edge of the 
table. The tree is opposite the house farthest away from the side of the table. 
"Do people all walk the same distance to get to the tree?" Yes. "Could one place 
them differently?" Yes. He places nine houses in a tight row parallel to the edge 
of the table; the tree is again opposite and above the last house. We ask the same 
question as before. Yes. "And like that [we take away houses 3-6, so the only 
distances lefT are those between the tree and houses 1-2 and 7-9]?" Ah, no! 
"Why?" He puts houses 1-2 right next to houses 7-9 into a single, continuous 
row. Like that. "Other ways?" He builds an arc of a circle, which is correct, but 
uses only eight houses placed tightly together. "Could one put up more houses?" 
No. He has no idea of using a circle. 
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Tai (5;3) first puts down the houses in random order around the tree. The dis­
tances are quite variable. Then she builds a tight alignment, which is curved but 
not a semicircle, but it leads away from the tree. "And like that, all the people 
have the same distance to walk to get to the tree?" Yes. We take away houses 
4, 5, and 6. "And like that?" Yes [but she realizes upon questioning that a boy 
who lives in house 4 would "win" against the one in house 11]. 

Cat (5;9) begins with two houses placed contiguously opposite the tree, which 
is correct, but then she extends this to five houses. "They all have to walk the 
same distance to the tree?" Yes. "And if they have a race, who will win?" That 
one [3]. "Another way?" She places the houses in a zigzag line. "But to have 
them all walk the same distance?" She lines up nine houses contiguously with 
the tree opposite houses 5 and 6. "Like that [question repeated]?" Yes. "How do 
you know?" I1l put them closer. She distributes them randomly but then goes 
back to a line with spaces between, placing the tree opposite house 3 and then 
5: that is, she maintains symmetry between the two halves of the row. 

Lau (5; 11) builds a vertical line of three houses with no spaces between, the 
tree higher up and definitely to their right. When given more houses he continues 
his row up to nine, with the tree opposite house 6. When reminded of the task 
to build equal distances, he moves the tree farther away. This makes the inequal­
ities less apparent. Following a second reminder, he moves the tree even farther, 
this time by a considerable amount. 

Did (5;5), when given all the houses, arranges them in an ellipse. The tree 
remains outside, near one of the far sides of the ellipse: "Wouldn't some people 
get.there before others?" Those [l and 2, correct!]. "And to have everyone get 
there at the same time?" He changes the ellipse into an S. "And another way?" 
He goes back to the ellipse but places the tree farther away. With two houses 
and a tree he finds three correct solutions, only one of which is asymmetric. 
When given three or four houses, he no longer succeeds in achieving equal dis­
tances. 

The notion of equal distance is correctly interpreted in the case of one tree 
and two houses (see Cat and Did). What, then, are the solutions subjects offer 
when asked to generalize to n houses? As soon as we go from two to three 
houses, Did adopts the strategy of placing them tightly, one against the other, 
whereas with two houses he once allowed more space between them than be­
tween each house and the tree. In general, subjects follow this strategy of reduc­
ing the distances between the houses as if they imagined that by condensing their 
configurations, they would acquire a general property of equal distance with re­
spect to the tree. The simplest form of this solution is to create a vertical or 
horizon.ta! row (Ala) and to put the tree near the end without considering the 
midpoint. Such alignments, even though they remain rectilinear, are conceived 
as a topological envelope so that there is only a single equal distance relation -
that of the tree and the envelope. There is thus no differentiation between the 
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individual relations of the houses to the tree (these become differentiated as new 
possibilities emerge). There is proof of this in subjects' responses to our subtrac­
tion of the houses in the middle (houses 3-6): Ala no longer considers the re­
maining houses as being equally distant from the tree because the envelope has 
been broken down into two different ones. 

From this initial state, where only the relation between the tree and the enve­
lope are considered, a series of new possibilities begins to ope.n up and to get 
actualized. These derive from subjects' efforts to take into account also the ele­
ments within the envelope. (A) The simplest possibility is to replace the rec­
tilinear configurations, where the distance between the tree and each of the 
houses increases linearly, by curved figures (Tai), zigzag shapes (Cat), or S­
shaped patterns (Did). These can be seen as attempts to prevent the increase in 
distance between tree and houses. These attempts are, of course, not really suc­
cessful (the houses also remain contiguous or very closely spaced). (B) A second 
strategy is to ensure at least that there is equal distance between the tree and two 
houses (1 and 2, 5 and 6 for Cat): the other houses are not taken into account. 
(C) A third method is to focus momentarily on the elements contained in the 
envelope by placing each house "nearer" the tree (Cat) in random order. This 
way the envelope is neglected (Tal and Cat), but only momentarily, with a 
changeover or immediate return to the alignment patterns. (D) The fourth proce­
dure is particularly clever: from an initial linear configuration with the tree 
placed above or to the side, subjects remove the tree progressively farther from 
the envelope so that the inequality of the distances between the tree and each 
house becomes less and less apparent relative to the global distance (Lau). (E) 
A fifth strategy (adopted by Lau in combination with [DJ, and also by Cat toward 
the end) is to position the tree opposite the middle element of a row. In this way, 
equal distance is established not between the tree and each individual element 
but at least between it and the two half envelopes. (F) A sixth strategy results 
in a closed pattern (Did's ellipse). Combining this with solution (B), subjects 
achieve equal distance between the tree and the two houses at the extreme end 
of the ellipse; when combined with (E), the distance is equal between the two 
halves of the long side of the ellipse. (G) Finally, the most advanced possibility 
is to move in the direction of the circle by forming an arc as proposed by Ala 
near the end of the interview. Here the tree comes to occupy a central position 
with respect to the emerging curve, whereas in (F) it remains external to the 
closed form . 

• Intermediate Reactions 

If we call the elementary level just described level IA, defining level II as that 
where subjects after a variable number of trials and errors arrive at the correct 
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solution with the circle, we can distinguish an intermediate level IB, with in­
teresting transitional characteristics. 

A first group of subjects is characterized by a new possibility (let us call it 
[H]) that consists in separating the distance between the houses and the tree into 
two parts: a variable part, which is neglected, and a common part, which con­
tains only equal distances and which is the only one subjects retain for their so­
lutions: 

Pau (4;5) begins as in level IA with alignments that have no relation to the 
tree, which he even moves farther away (as in strategy [DJ). Then he arranges 
11 houses in .an ellipse, like Did. Like Did, he also notes that houses l and 2 
at one of the ends are nearer to the tree. "What can be done to make them all 
have the same distance to walk?" They have to go and get the others [3 to 11] 
all around, and then [when they are all together at I and 2] they all walk together 
to the tree. In the following, he hits upon the idea of arranging all the houses 
around the tree but ends up in disorder. When it comes to placing the tree near 
the river, he only builds a rectilinear pattern instead of a half circle. 

Die (5;5), after a random pattern that does not satisfy him, seems to regress 
back to the vertical rows as produced by Ala, with the tree near the upper end; 
but the idea is that then all go there [the house closest to the tree], then they wait 
until everyone is ready, then they go [together]. 

Ste (6;2), having built a closed curve, exclaims: Ah! That's a circle! This 
seems to be a first sign of level II functioning. But, instead of placing the tree 
in the center, she puts it a good distance away outside the circle; then, pointing 
to the center, she says: They all go there, and then [from there] to the tree. 

These cases retain our interest in that they show new possibilities associated 
with a change in centration: subjects no longer consider the distances between 
individual houses and the tree (which they implicitly evaluate as unequal and 
variable), but rather a common, partial distance in relation to a general meeting 
point. Instead of the envelope, they now consider the elements contained in the 
envelope and their respective relations to the tree.* The most striking case is that 
of Ste, when he fails to see the equal distances between the houses placed on 
the perimeter of a circle and the center of that circle and focuses instead on the 
common distance between the center where the inhabitants of the houses gather 
and the tree, which is placed outside of the circle. 

A second method (I) for going from the initial relation of tree <-----> envelope 
to more differentiated possibilities is to break down the total envelope into partial 
ones. These are arranged in any order whatsoever, therefore not in symmetrical 
patterns. Two conditions, however, are generally respected: there is equal dis­
tance b~tween each of the houses within any one of the partial envelopes and 

*This solution has a certain analogy with categorial products. 



116 SPATIAL ARRANGEMENTS AND EQUAL DISTANCES 

the tree; and there is equal distance between each one of these different partial 
envelopes and the tree: 

Em (5;5) distributes the houses in four rows (a to d) of two to five elements, 
with also a small, closed figure (e); the tree is in the center of these configura­
tions, which are distributed without symmetry or parallelism (in various orienta­
tions). "In this case, does each inhabitant walk the same distance toward the 
tree?" Yes, those [nine houses, in spite of their increasing distance from the tree]. 
"And others?" Yes, all those [b or four houses arranged in an oblique line, and 
c]. But in comparison with c (five houses in a still more oblique line), the people 
from b do not walk as far because they are too close. He moves them a bit farther 
away: Now it's the same. 

Dom (5;6), after having built single rows, groups these in vertical columns 
above the tree and concludes: They all walk the same time. 

Wil (6;0), after having created horizontal rows, breaks these up into three and 
four parallel subdivisions in immediate proximity. He builds an enclosure all 
around and inserts the tree in the upper row: he considers all these multiple, 
tightly spaced (laterally and vertically) houses as being equally distant from the 
tree. This also applies to each of the rows. 

These solutions (I) are carried further as (J): here, the partial envelopes get 
arranged symmetrically or in circular patterns with the tree in the center: 

Lui (5; 10) begins with straight rows, the tree opposite the midpoint (as in 
[E]), but from there he progresses toward symmetrical patterns by building two 
vertical rows with the tree in the middle opposite house 3 in each row of seven 
houses; this yields a doubly symmetrical pattern within and across rows, a 
prefiguration of later square or circular patterns. True, he does not by himself 
attain these, but he understands their rationale when we propose them. Before 
any suggestion from us, he places the houses as endpoints of two midlines of 
a square (i.e., + ) and of two diagonals ( X ). The result is a square configu­
ration containing two kinds of correct equal distances, which are, however, not 
equal to one another. 

Suz (5;6) begins with up to six houses, which she arranges symmetrically 
around the tree. But in trying to arrange the whole set, she only builds large, 
asymmetric, ovoid patterns, with the tree enclosed but not central. After this she 
divides the whole into five partial, rectilinear configurations of four or five ele­
ments, arranged as a star pattern with the tree in the center. She believes that 
there is equal distance between the houses and the tree. 

It is clear that solutions (H) to (J) are attempts to differentiate the global rela­
tion of th~tree to the envelope into equal distances between it and individual 
houses. Since this does not succeed, a few subjects think of a possibility (K), 
which consists in suggesting blatantly that one multiply the number of trees even 
up to one per house, which would easily create equal distances without having 
to resort to subconfigurations: 
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Cec (5;8), although able to do a circle with seven houses and finding solutions 
of type (I), still concludes: There are not enough trees, indicating the need for 
one tree per house. 

Cat (7;7) (cited in the first section above) builds a rectangle to assure equal 
distances, but she notes that there are still inequalities in getting to the tree in 
the center. So she puts a tree in front of each suite of two to three houses. I still 
need more trees to put one in front of each house. 

Pie (7;4), beginning with symmetries of type (J) like Lui, is dissatisfied: No, 
one would need several trees, and indicates where to put them-one in front of 
each house. 

But the most common solution in these intermediate cases is to combine the 
envelope in the form of a closed figure (L), with equal distances separating 
the tree in the center from the houses at the periphery (in contrast to solution 
(F), where the tree remains outside of the circle). Among these closed figures 
we may find the circle, but subjects do not as yet understand its particular rel­
evance: 

Jer (4;5) first scatters the houses around the tree, then builds a round with 
the tree in the center. But then he adds three more houses, refusing to remove 
them from the circle: No, they need to be inside the round. 

Jan (5;3) begins by placing 2, 3, 4, and 5 houses around the tree, which sug­
gests to her the idea of a circle when she has 20 or 30. The circle she then 
replaces by a square, a triangle, a rectangle, and a kidney-shaped figure, each 
time affirming that there is equal distance between the houses and the tree. 

Oli (5;0), whose 18 symmetrical shapes with one tree and two houses, etc. 
(achieving some equal distances even up to 5 and 6 houses) we described above, 
begins to build semicircular and semisquare patterns with 20 houses (without 
closure and with one oblique side). Then he builds a circle with a crescent shape 
inside, after which he constructs a perfect circle, which he soon replaces by a 
rectangle. In spite of the fact that he had noted when considering the open figures 
that some houses are too far, he claims equal distance for the long rectangle. 

Yan (5;8), with four houses, places these at the extremes of diagonals X 
or medians + , which are both correct solutions. But when given a greater 
number of houses, he places them in a square pattern, unaware that there no 
longer is equal distance for all houses. Then he replaces the square by a circle, 
but he unfortunately completes this by putting four houses inside-two (ab) lined 
up next to each other and two others (cd) in a V. He first declares that there is 
equal distance between ab and cd, which is not the case, then between ab and 
cf (situated on the wide circumference), which is even less true: "Is it exactly 
the same distance to walk?" No. "Where would they walk the farthest?" I do not 
know. 

Pac (5;8) arranges 20 houses in pairwise patterns ( , X , etc.), but in 
concentric circles at increasing distances: They have almost all the same distance 
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to walk; as the distances get more and more unequal, he can see that one walks 
farther. 

Tie (6;3) begins with a simple row, the tree placed at the midline. Then he 
goes on to the rectangle, the tree in the center: he first affirms that there is equal 
distance for all, but then acknowledges inequality when comparing a house very 
near with another one quite far away. He then discovers gradually an arrange­
ment with the tree midway between four tight agglomerations, two vertical and 
two horizontal ones. He believes he has thus found equal distances for all ele­
ments, in spite of the greater distance for the houses at the far ends. With the 
tree near the river, he offers a simple line as well as a triangle, but he does not 
find the solution with the semicircle. 

And (6;0) begins with a square, then builds irregular shapes that are open or 
closed. Only the latter are thought to assure equal distances. 

What is interesting about these facts is the difficulty subjects have in differen­
tiating possibilities when this requires a liberation from an initial pseudoneces­
sity. In this case, the latter consists in a falsely assumed equivalence of the dis­
tance relations between two or n pairs of houses and those between envelopes 
or configurations (rows, curves, closed forms). These false inferences, which 
are characteristic of the most primitive level described earlier, are partially elim­
inated as soon as the new possibilities (H to K) single out certain kinds of correct 
equal distances. But with the closed figures of type (L), where the tree is placed 
in the center and no longer outside, the difficulty reappears. Certain kinds of 
equal distances E1, E2. etc., between pairs of particular elements (for example, 
between the corners of the cross configurations -1-- or X ) are discovered in­
dividually and then generalized across patterns, where in fact there are no equal 
distances. That is, from the fact that these individual equivalences are contained 
within a larger configuration, E1 + E2 + . . . = E, subjects consider them as 
similarly equivalent, E1 = E2 =. . . . They cannot as yet conceive the only pos­
sibility to equalize them, which is to create a circumference with only the tree 
in its center. They already consider this possibility but only momentarily, and 
they do not understand it as the only possible solution. From the point of view 
of the growth of possibilities, these reactions show a lack or a deficiency of 
differentiating the possible from the impossible: the envelope thus constitutes a 
source of virtual perturbations, which will have to be compensated by anticipa­
tions (we say virtual because the envelopes lead to false equidistance relations 
only in certain cases and not through pseudonecessities, at least for level IB) . 

• Levels II and Ill 

Starting at 7-8 years of age, subjects find the solution of the circle but only after 
trial and error through successive actions, which lead them to see that only the 
"round" pattern ensures equal distances: 
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Mat (6;8) is interesting for his repeated corrections. Beginning with a square, 
he corrects it to a circle, followed by a star pattern with the corners at equal dis­
tances from the center. With the tree by the river, he begins the same way with 
half squares, which he corrects to half circles. Going back to the tree without 
the river, he starts with rectangles, which he corrects again to a circle: Like that 
they all arrive at the same time. 

Nat (7;5) also begins with a square: They have the same distance to walk. 
"How about that one [near a corner] and that one [midpoint of the side]?" No. 
Then she forms a nice circle with houses noncontiguous. "And those [the small 
ones]?" She inserts them between the other houses but not in the center, as do 
the level IB subjects. We move one house nearer the tree. "Show me how to get 
it so that all have the same distance to walk." She moves the other houses closer 
to the tree, building a smaller circle. 

Van (7;9) starts with a curve that does not make much sense, which he then 
makes a bit rounder: "They have the same distance to walk?" No. Then he builds 
a nice circle, houses closely spaced. We add more houses and he places them 
in an arc outside of the circle, then, to equalize distances, he enlarges it, incor­
porating all the elements of the previous circle. With the half circle against the 
river, he proceeds by approximations. 

Axa (7;11) remarks immediately: I put them around, but he builds only a 
half-circular, half-linear configuration. He corrects this to a circle but also tries 
a square, having certain doubts, however(/ don't know if that works). When he 
sees the outcome, he says immediately: No, there [in the corner] they are farther 
away. This does not prevent him from starting the same way for the tree by the 
river, correcting afterward to a semicircle. 

Kar (7;2), for two and three houses, puts them up in a straight line; for four 
houses she corrects to an arc, and for the whole set builds a circle all around 
the tree. She proposes as another solution to condense it to an arc or to space 
them wider apart for a larger circle. 

Ang (8;5) immediately finds the circle solution, and when asked to add more 
houses he refuses (with good comprehension) to put them inside, since those 
would have less far to go. But he comes up with the strange idea of leaving a 
portion of the circumference empty and of arranging the new houses in a similar 
arc farther away from the center. Only then does he exclaim: Ah, no! they don't 
have the same distance to walk! He then builds a large circle. When asked to 
do "something else" equally correct, he builds seven discontinuous arcs at the 
same distance from the center. 

Car (9;8), after a few errors with three trees and three houses, proceeds to 
build arcs. When given all 20 houses, he arranges them immediately in a circle. 
To do something else, he arranges them in a star pattern, tries a cross pattern 
with closely spaced elements, noting: No, that doesn't work. He then goes back 
to the circle but alternately places houses perpendicularly as radii or extends 
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these beyond the circumference: That's like a sun with rays. "Can it be done still 
differently?" No, I don~ think so. "And the square?" No, that's not possible. 

Joe (10;7), after having built a circle, still says: I'll try a square [does it). No, 
the corners would be farther away. "Why did you do a square, after all?" I just 
wanted to be sure. · 

Level III only begins by 11-12 years of age. It is characterized by two new 
acquisitions: the anticipated necessity of the circle, which is therefore deduced 
and not simply found after the fact; and the infinite extension of possibilities but 
only in the sense of variations of the circle: 

Cla (11; 1) at first sees as only possible variations that of enlarging the circle. 
When pushed further, he replies: I think there are others, but . ... He then 
places the houses in a star pattern, etc., always referring to the corners. 

Cri (11 ;9) proposes a round. "Could it be done another way?" No, but one 
could arrange the houses another way [he arranges them in a star pattern], but 
the form [circular] would be the same. Or else: I might enlarge the circle, and 
this could be done in infinitely many ways. 

Compared with level II, where subjects still need to check things out (as Joe 
did at 10 years) to verify that only the circle guarantees equal distances, certainty 
becomes inferential at level III. 

Conclusions 

Unlike the free combinations required in part II of our research (see Oli to Gil, 
above), where all solutions are correct so long as they are different, the possibili­
ties to invent in order to solve the problem of equivalence not only can lead to 
successful or unsuccessful performances but, in addition, require modifications 
in the concept of equidistance itself (or in its presentative schema). Accordingly, 
we find transformations from levels IA to III. The first question is then to deter­
mine whether this development of possibilities results from development of the 
spatial schemata and their operational structures.* Or, as in the task of construct­
ing triangles (chapter 12), the improvements on the procedural level could ex­
plain the increasing precision in equal distances seen as goals corresponding to 
the procedural means employed. 

When comparing children's solutions from one end of the developmental 
scale to the other (for example, Ala's crowding of nine houses into a tight row 
with the tree at the extreme end, above the last house, in contrast to the circles 
produced at level III, with the tree in the center), we observe a complete rever­
sal. At the initial level, the houses are considered to be at equal distances from • 
*We once studied this issue with B. lnhelder, with special emphasis on the notion of equal distance. 
See J. Piaget, B. Inhelder, and A. Szeminska, The Child's Conception of Geometry (New York: Ba­
sic Books, 1960). 
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the tree because they are seen as being located within a single envelope and 
hence as participating in an identical distance relation between this envelope and 
the tree, which is located anywhere outside the envelope. At the final level, the 
houses are seen as being located at equal distances from the tree because they 
form an envelope around the tree, which occupies the center. Thus, the houses 
create a co-envelope function in regard to the tree. This complete reversal from 
the use of co-enveloped to co-enveloping elements seems to result at least as 
much from an evolution of procedures as from that of presentative schemata. 
Therefore, the relations between the two mechanisms will be all the more 
amenable to 11;nalysis. 

If we want to present a schema of the sequence of procedures and the new 
possibilities that they generate one after the other, we can compare them to a 
tree whose height represents levels of growth that are independent of the lateral 
branches not having the same regularity. In other words, among the phenomena 
described in the three preceding sections, we can distinguish sequential from oc­
casional possibilities. The occasional ones, such as that of pairing a tree to each 
house (in Cec, Cat, and Pie), we shall ignore. The main developmental steps 
can then be seen to consist in seven distinct levels: (1) Line up the houses in 
closely spaced rows without regard to the tree; (2) move them nearer to the tree 
by various means (curves, etc.): (3) introduce symmetries by placing the tree 
either opposite the midpoint of a row or between the medians of two partial 
envelopes (linear, etc.); (4) give up these simple symmetries in favor of multiple 
ones grouped "around" the tree: for example, at the extremities of two potential 
crosses, + and X ; (5) enclose the tree by means of houses arranged in 
closed, regular figures (squares, rectangles, circles) with the tree in the center 
(as in [4]); (6) control all distances between each individual house and the tree, 
which is easier to do with a closed figure, whose borders can be perceived simul­
taneously, than in any other comparison (x-+y compared with x' -+y): as is well 
known, young children estimate length in terms of the endpoint rather than the 
intervals between the two extreme points; (7) correct evaluation of equal dis­
tances. The result is a common envelope formed by the houses around the tree, 
the equalization of all individual distances between each house and the tree (with 
four houses and even five, the distances often remain unequal), and the restric­
tion to the circular form (as asserted at level III). Thus, the great variety of pos­
sibilities envisioned up to this level gets reduced to a single type: in exchange, 
this sole survivor gets endowed with the notion of intrinsic necessity. 

If this interpretation is correct, we can first conclude that each possibility 
opens toward the following one in the usual way- by analogy, contrast, comple­
tion, and so forth. This involves correction of errors as well as discovering new 
relationships and means. Second, we observe that the invention of new means 
most often leads to new goals, which in turn generate new means. Thus, we saw 
how subjects add or substitute curved configurations for the linear ones used ex-
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elusively before so that the houses get closer to the tree; the relation of nearer 
then suggests the symmetries, which later become extended to that of around. 

Further, it is apparent that this development cannot be explained only as one 
of operational generalization, since in the kind of goal-oriented situations we 
study subjects choose procedures because they judge them to be better than 
others, which are discarded (including the ones previously used). In these situa­
tions, subjects can have successful or unsuccessful solutions (all this is very 
different from the generation of new possibilities in the situation of free combi­
nations, which we described above in the first section). Keeping in mind the fact 
that operational schemes are both procedural and presentative and reserving the 
term (presentative) generalization to mean construction of new structures (as op­
posed to the solution of particular problems), there remains a clear-cut differ­
ence between this operational generalization and the generation of new proce­
dural possibilities: whereas the former is grounded in what precedes-the 
structures already existing-and goes in the direction of greater recursivity, but 
without being oriented toward a specific goal, the latter corrects what precedes 
by selecting means toward a particular goal already present from the outset 
(precursivity). The production of new possibilities thus proceeds by correcting 
and completing previous ones to the extent that goals become more clearly 
defined in the process, which in turn stems from the means used to attain these 
goals. Two consequences follow from this: first, the preceding possibilities be­
come "impossible," being erroneous or incomplete; second, when a goal is better 
defined and comprehended it becomes more attainable to the extent that the 
means come to be more adequate. In other words, completing a defective proce­
dure is very different from a completive generalization: it means correcting er­
rors with regard to a goal, which is itself better defined (recall the failure to real­
ize equality of distances at developmental steps 4 and 5), whereas a completive 
operational generalization (such as the change from groupings to part-whole 
structures) incorporates what precedes without modifying or rejecting anything, 
and even without anticipating the outcome of the completion (the properties of 
the new structure). On the other hand, as soon as a goal (better defined and made 
successively more precise and more realizable) has been attained by equally im­
proved procedures (reducing the distance between means and ends), the obtained 
result becomes justifiable and demonstrable by processes of constructive opera­
tional generalization that are different from the heuristics used to attain it. These 
novel processes subordinate the only possibilities finally retained to the relations 
of intrinsic necessity. 

In g~neral, both the remarkable number of possibilities characteristic of 
levels I and II and their interrelations in terms of spontaneous derivations seem 
to point to the essential role of this procedural development as a general frame­
work within which operations are constituted by progressive coordinations of 
possibilities and necessities. 



12 
The Construction of Triangles 
with I. Berthoud-Papandropoulou and H. Kilcher 

The construction of all possible triangles raises a problem that is central to our 
concerns-that of the relation between the procedural and the presentative 
schemes, between procedures and operations, between analogical and deduced 
possibilities, and, generally, between extrinsic and intrinsic variations. As far 
as the latter half of these relations are concerned, subjects of more advanced 
levels can, from the fact that a triangle has three angles and three sides, deduce 
the following facts: that the sides can be of equal lengths, either all three of them 
or just two; or that all sides may be unequal; further, that the angles may also 
be equal or unequal, hence the possibility of a right angle, of isosceles or scalene 
triangles. But it is not our concern here to analyze the operations that enable sub­
jects to make such inferences late in development; rather we want to study, age 
by age, the procedures used to build, by means of various materials or by draw­
ing, "all possible triangles," or what are deemed such by the subjects. Since any 
procedure consists in means toward an end, our study will be directed at once 
at the goals subjects give themselves (the way they conceptualize the various 
forms of the triangle), the means they use (which turn out to be more informative 
than expected), and the relation between means and ends. These relations are 
particutarly interesting with respect to the question of the emergence of new pos­
sibilities, because as much as a particular goal can be reached by various means, 
so one and the same means can lead to new goals. These relations are not sym­
metrical, and they extend outside of the initial system, with the result that new 
possibilities open up. Thus, this research on "all possible triangles" concentrates 
on a problem domain that lies far outside of that treated in operational analysis, 
even though the structures in question lie within the latter domain. 

Materials and Methods 

The interview (of variable length, depending on subjects) includes five parts. In 
part l, we present children with six pieces of spaghetti, of which three are equal 
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in length and the others unequal: a, b, c, d (a=15.5 cm, d=6.5 cm). The in­
structions are to "make some shapes," then to "make triangles"; followed by 
"make another one," "a different one," "a very different one," etc. With the 
materials, one can make equilateral, isosceles, and scalene triangles. It is accept­
able to use more than one element on each side (in that case, we call them com­
posites). 

In part 2, we present two long pieces of spaghetti (22 cm) and begin by asking 
subjects to use these to "make a triangle" (this surprises the youngest subjects). 
If necessary, we suggest that the spaghetti be cut to construct the triangle. Then 
we present two more pieces of spaghetti with the instruction to "use them up" 
so that there will be "nothing left over" (as is often the case at first). Finally, 
we only present one piece of spaghetti with the same restrictive instruction. 
Thus, the idea is to get the child to adjust the length of the pieces so as to use 
them as sides in a triangle (which offers a great many possibilities). 

In part 3, we present the child with a circular piece of steel wire, closed to 
a ring, on which are strung three pearls. The instructions are to make a triangle 
by bending the wire (we also ask what the pearls may be good for), then to make 
other triangles and to say how each triangle is different from the previous ones. 
The purpose of this task is to offer the child an occasion to create various sides 
and angles freely and to modify them within certain fixed limits (the length of 
the perimeter). We further wish to gather information concerning the transition 
from one to another type of possibility. This information will be both behavioral 
and verbal: observations on how children go about bending the wire and on how 
they explain their actions verbally. 

In part 4, the material consists of five wooden sticks of different lengths 
(a=17.5 cm, b=13.5 cm, c=7.5 cm, d=6.5 cm, and e=4 cm). Again the in­
struction is to construct as many different triangles as possible. If a child uses 
more than three elements for the first triangle (a composite one), we ask for 
a construction with only three sticks ("another one," "a different one," etc.). It 
should be noted that equilateral and isosceles triangles cannot be constructed 
with this material. Nevertheless, there are degrees of approximation to these 
prototypic forms: the triangle cde (out of small elements), the triangle abc (large 
elements), and the triangles bed and abe (very heterogeneous elements), which 
are near the limit of a triangle. In addition, certain combinations cannot be used 
in the construction of triangles (acd, ace, bee, and bde). Pretending to try to 
play a trick on someone, we ask the children: "Choose three sticks with which 
it is impossible to make a triangle." The purpose is to analyze what children 
at different developmental levels consider impossible-the limits and the com­
plementary sets of possibility-and to study how they demonstrate impossibility 
in action. 

In part 5, we ask children to draw all possible triangles. This task is used to 
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compare performance under material constraints to that in the free graphic sit­
uation. 

Preliminary Schemata 

In this section we present cases where the subjects have not yet developed 
presentative schemes incorporating the triangle (their schemata are limited to 
closed figures that are either rounded or quadrilateral). These subjects can pro­
duce, only with great difficulty, approximate copies of triangles presented as 
models to be ,reproduced with the spaghetti or by drawing: 

Lis (4;5), with the spaghetti pieces for part 1, builds a rectangular "park" of 
which three angles are carefully closed and the fourth left open (due to unequal 
lengths on the long sides); she repairs this with an obliquely positioned piece. 
When asked to do it with three pieces (c of part 1), she builds three sides of a 
square, leaving the fourth side open. Then she builds correctly, out of three un­
divided spaghetti pieces, an angle /\ , but she does not close it; then she 
replaces it by three sides of a quadrilateral. She repeats this procedure twice in 
spite of our admonitions to close the figure. However, with a quadrilateral 
whose Jong sides are of unequal length, Lis achieves closure by herself by bend­
ing one of the small sides (so that the figure becomes a semitrapezoid). This suc­
cess is to be noted carefully, since every time she has to close three sides by 
a slanted line to make a triangular shape she simply does not get the idea: we 
have to start the figure for her and encourage her a great deal to continue! In 
spite of this half success of learning, in the following she only manages to con­
struct figures like n for a "park with three sides," of which she slants one side 
afterward. 

Vin (4;2), whom we ask to "build shapes," constructs a sort of trapezoid 
(several), then open rectangles, one of which he closes by forming an acute an­
gle. Then we ask for a roof, which he builds asymmetrically, completing it in 
various irregular ways. We then show him a model of a triangle to reproduce, 
which he does approximately. When asked to do another one, he ends up with 
a composition of nine elements whose upper portion is rectangular and lower 
consists of zigzag lines (including at least some pointed parts, which, on one oc­
casion, he calls an Indian tent). Then we give him three pieces of spaghetti, ask­
ing him to build a "triangle" (the term had already been introduced): he immedi­
ately succeeds in building a square, looking for a way to complete the fourth 
side. Still, he agrees to label as triangles the models we propose to him. When 
asked to copy these in a drawing (he successfully completes squares and 
"round:;"), he achieves the remarkable result of a closed figure, which he com­
pletes with a pointed thing; but the body of this figure is a kind of ovoid, and 
the pointed thing a round cap! 
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Sti (5;6) shows very similar reactions, with a definite preference for quad­
rilaterals and the construction of an incomplete square (for a park that's well 
closed, using three equal pieces of spaghetti). With great difficulty and only after 
having watched the beginning of a demonstration by the experimenter, she 
finally brings two of the three sides together. 

These observations show how a study on the development of possibilities 
should begin with an analysis of impossibility or, more precisely, an analysis 
of the factors that prevent the emergence of the possibilities initially expected 
by the experimenter! One might argue that there is nothing surprising about the 
difficulties these subjects have, since they simply have not yet acquired the 
presentative scheme of the triangle. However, this does not explain anything. 
The real question is how it is that subjects who are perfectly able to bend the 
rods to close a quadrilateral (see Lis, who makes explicit this intention, or Vin, 
with his trapeze shapes and trapezoids) cannot transfer this procedure to make 
a triangle and, although able to construct acute angles and "roofs," cannot com­
plete these to make triangles. There must, therefore, be a systematic obstacle 
that prevents subjects from being open to this particular possibility; The obstacle 
takes the form of certain initial pseudonecessities that impose such limitations. 
This hypothesis is all the more acceptable because it is frequently verified in the 
history of science: even the great Aristotle saw only straight and circular move­
ments as being possible, hence his erroneous representation of the pathways of 
projectiles ( -i ) . In the case of our three subjects, it is quite clear what the 
pseudonecessities are that constitute the barriers against the possibility of envi­
sioning triangles: for these subjects, the only closed figures possible are quad­
rilaterals and circles. We have evidence of this in the subjects' free construc­
tions, which are all of this type, and in Vin's marvelous graphic reproduction 
of a triangular model: perceiving it correctly at once as a closed figure equipped 
with a peak (an idea that runs counter to his pseudonecessary presentative 
schema), he represents it as an ovoid equipped with a cap to attenuate the con­
tradiction. This compromise furnishes a first remarkable example of a frequent 
type of an emerging sensitivity to possibilities: the removal of a particular limita­
tion (i.e., that only circles and quadrangles can be closed) while retaining as 
much of it as seems acceptable. The resulting figure and its "pointed tip" con­
serve here a curved and almost circular shape (even though Vin is perfectly 
capable of drawing squares and building acute angles, as in his "Indian tent"). 

Level I 

Level 11>. presents itself as the extension of this new possibility-the closed form 
equipped with a tip. Here the procedures apply in reverse order to achieve the 
new goal. Unlike the younger subjects, who began by attempting to create a 
closed figure (which had to be circular or quadrilateral) and then tried labori-
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ously to complete it by adding a tip (having difficulties with the oblique lines, 
etc.), these subjects begin by doing the tip, which they naturally call "the roof' 
(an already familiar presentative scheme), and only afterward will they work on 
closing the figure. At level IA, subjects consider this "roof' as immutable; they 
cannot conceive of altering its initial disposition while attempting to close it. The 
initiating function of this tip constitutes the most important innovation at this 
level, as compared with the opposite order of procedures observed in the youn­
ger subjects. 

Yve (5;8) produces a right angle out of two pieces of spaghetti: half of a 
square, then ~dds a third, also at a right angle. "Can you do a triangle?" He con­
structs a roof with an extremely obtuse angle, adding a third element as a base, 
which is, however, too short to close the figure. "That's a triangle?" Yes, because 
it's on the ground [=the base] and there are two across. But he does not succeed 
in closing his figure. It never occurs to him to change the direction of one or 
the other side of the roof. The latter remains immutable. In the second task of 
part 2, he produces an acute angle: That'.~ half of the triangle, but it doesn't have 
a floor. "You can cut them." he cuts the sticks but does not transform the pieces, 
so everything remains as it was. He finally succeeds in closing the figure by 
means of a fourth element that he adds from among the sticks not yet used. "Is 
that a triangle?" Yes, a floor line and two across. "And that [the fourth line]?" 
That's to close the triangle. 

Cri (5;8) offers, in her spontaneous productions, some quadrilaterals and also 
a house with a closed triangle as a roof. One can also make a letter: she builds 
an A with a closed triangle as the upper element. But when asked to do a triangle, 
she produces a roof with a base too short for closure, even using two elements, 
and it does not occur to her to give a steeper inclination to one of the sides of 
her roof. "Can you do another one?" I don't know how to do another triangle. 
She keeps producing structures of the same type, unable to fill the empty spaces, 
that is, the gaps in her triangles. "Another one?" No, she declares categorically, 
I cannot. In the second task of part 2, she succeeds in closing the triangle but 
leaves S'ome of the material unused. So everything gets used up, she produces 
a baseline that is far too long, extending on either side of the triangle. With the 
wire (part 3), she constructs a small tip and places two fingers so as to provide 
a baseline. Then she straightens out the rest of the wire. With three sticks, a, 
d, and e (part 4), which she chooses from among five, she succeeds in closing 
a triangle. To "make others," she tilts it so that the tip points downward, then 
to the left and to the right: That's one down, one up, one that goes this way, and 
one goes that [the other way]. But with a, b, and c, she regresses to open figures 
or ones whose sides are too long. When asked about "impossible triangles (a, 
b, e), she is not at all astonished, since she had already produced triangles that 
have holes and that are too long. 

Jea (6;4) begins with eight approximately equilateral designs, six of which 
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are closed on all three sides; two others have two sides unconnected, which he 
then closes with a fourth piece. He clearly concentrates mainly on the point, in­
stead of the base and sides, to finish the triangle. Thus, he first directs the point 
upward, then down, to the side, and so on. Unlike Cri, he does not return to 
his initial triangle. In addition, his case is interesting in that he succeeds, while 
working with the sticks and trying to close a figure that remained open, in chang­
ing the position of one of the sides of the roof. He does this, not yet by modifying 
its inclination (as subjects do at level IB, which Jea anticipates), but by gradually 
shifting it from /\ to A . Thus, the roof ceases to be immutable. 

Level IB remains dominated by the procedure "the roof first," but followed 
by successful attempts to establish a relationship with the base and to close the 
figure. The important innovation at this level is the modification of the inclina­
tion of the roof, amounting to a change in angles (but still only by making it 
more acute, never more obtuse): 

Eri's (5;11) first spontaneous construction is a rectangle. "And another 
shape?" A triangle. He builds it immediately as a closed equilateral. using three 
a pieces, after having hesitated between c and d as a base. With b, a, and d, 
he builds a roof ab and then notices that d is too short for a base. He encounters 
the same problem with other pieces. He solves the problem by elevating the base 
within the roof structure, which yields A-that is, a closed triangle but with use­
less extensions. When going on to part 2, he first constructs a roof and then 
spontaneously comes up with the idea of changing the angle: Before it was like 
that [about 60 degrees]; now it's really tight. When cutting the spaghetti to obtain 
three sides, he does not succeed at first in closing it. So he reduces the angle 
to facilitate closure. With three sticks in part 4, he begins as at level IA with 
an incomplete rectangular shape but immediately pulls the two long sides to­
gether to make an isosceles triangle. Then he reverses it so that it drops down 
or goes up. To demonstrate an impossible triangle, he chooses a, d, and e, say­
ing that d is medium sized, a is very big, and e very small: that is, he selects 
the least equilateral. 

Eus (6;2), with two pieces of spaghetti in part 2, spontaneously cuts off the 
ends; to achieve closure between the "roof' and the base, he slightly reduces the 
angle of the roof. For a second case, he repeats the same procedure and gradu­
ally succeeds in constructing an isosceles with a very acute angle on top. In part 
3, he only makes an equilateral with one side protruding. 

Ced (6;6), in part l, begins with part of a quadrilateral, saying: I wanted to 
make a square, but there isn't very much, so I'll do a triangle. Then he makes 
an equilateral. "Can you do another one?" He immediately steepens the roof, 
building a very acute angle, even though the problem is not closing the figure 
but rather the base, as he says himself: It's too long there. In part 2, he also 
moves the angle around (but only in the direction of a steeper angle) of the roof­
to-be, paying much Jess attention to the base (which still stands out). In part 3, 
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he makes a very small tip above with the steel wire, then adjusts the remaining 
elements until he obtains a slender isosceles: I try to do a really pointed one. 
In part 4, he begins to give some attention to the base after a few rather unsuc­
cessful productions, trying to eliminate protrusions. When using e and d as a 
roof and c as a base, he finds c too long. He works on the angle and then substi­
tutes b, which is still longer than c. He finally achieves a good triangle, but with 
a very obtuse angle on top. These manipulations of the base forecast level IL 
However, when the experimenter proposes a similar triangle, but upside down 
(the tip pointed downward), Ced makes the following interesting comment: 
That's not a tri9-ngle: one might say it's a sort of . . . . What's it called1 "A 
diamond?" Yes, a diamond [and, indeed, it is a half diamond!]. 

Sio (7;2), also after a great number of trials, succeeds in building a perfectly 
closed triangle with a very obtuse angle on top but doubts that it is really a trian­
gle. "What is it?" A triangle is a shape with three sides and three points: you 
can turn it any way you want, it makes a triangle. But this one, you can~ tum 
it in all directions, it's too fiat . ... If I tum it, then it's no longer a triangle, 
then it's something else. Although no longer accepting displacements, Sio still 
at first adjusts the base to the roof only by partial superpositions ( ....=:::- ) inter­
nal to the figure. 

Gro (6;3) and Rog (6;5), like the. other subjects at this level, make significant 
progress toward closure, for the most part because of their newly acquired abil­
ity to narrow the angle of the roof. However, they do not yet succeed in eliminat­
ing protrusions at the ends, among other things because of their incapacity to 
widen angles. 

Level IA is characterized by the new goal of building a figure that is both 
closed and has a tip, as a presentative schema, which is finally accepted after 
the difficulties described with less advanced subjects. This goal is described by 
Yve as a line "on the ground and ... two across." A new procedure is also 
characteristic of this level: beginning with the roof and then trying to close it 
by means of the line on the "ground" serving as a base. But new problems arise 
because the roof, once built, becomes unalterable, for two reasons. One is al­
most affective: since the construction represents what was an obstacle before, 
and was difficult to overcome, it possesses a value to be preserved. The second 
is more serious: since the circle and the quadrilateral represent, up to this level, 
the only prototypical closed figures, subjects consider it important to conserve 
their internal symmetry and equivalence relations (radii or sides). Thus, the new 
candidate for the rank of a good closed figure has to respect these characteristics. 
This explains the systematic tendency to think of the triangle as equilateral, with 
a symmetrical roof and a horizontal base of about the same length as the two 
sides, with which they started. The immutability of the roof once constructed­
the fact that the level IA subject never even considers the possibility of changing 
the slope of the sides - is another example of pseudonecessity, in continuity with 
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and extension of the pseudonecessary squares or circles of our preliminary 
cases. The result is a particularly severe problem in constructing the base, in 
spite of its rather secondary role, which Jea describes somewhat condescend­
ingly as the side "to finish the triangle": either it is made of elements that are 
too short, resulting in "empty spaces," which are deplored by Cri; or else it is 
too long and stands out at one or the other side of the roof, which the same Cri, 
rather sensibly, qualifies as "holes" that stand out. There is no need to repeat all 
the ups and downs of subjects' reactions, which we have described above in de­
tail. One surprising accomplishment already observed at this level (IA) is the 
ability, seen in Cri and Jea, to orient the roof (called the "point") in different 
directions-upward, downward, or sideways. The explanation comes from the 
subjects Ced and Sio (at the end of level IB): a "true" triangle, which is seen 
as approximately an equilateral one (which may become an isosceles at level IB), 
is defined-like the circle and the square-as a figure that can be turned "any 
way you want" (unlike the obtuse roofs discovered at level IB). In this way, the 
triangle becomes a legitimate member of the set of acceptable good forms. 

At level IB, subjects discover a new procedure that is designed to solve the 
problem of closure, which has been attempted but not solved up to then. (At 
level IA, subjects like Jea will go so far as to add a fourth side to "close the trian­
gle," because they are unable to change the slopes: they remain quite unaware 
of the evident contradiction. To adjust the roof to the base, the level IB subjects, 
starting with Eri, finally succeed in narrowing the angle on the roof, reducing 
the distance between the two sides (but never trying to increase that distance, 
undoubtedly because that would amount to weakening the essential property of 
a "point": see Jea, who, already at level IA, frequently uses that term; as does 
Eri at level IB, who speaks of making it "really tight"; or Ced, who strives to 
"do a really pointed one"). This procedural advance results not only in facilitat­
ing closures but also in generalizing the presentative scheme of triangles by add­
ing to the equilateral isosceles triangles, thus furnishing new goals; in short, en­
larging the field of possibilities. 

But these clear advances are still tempered by three kinds of limitations. The 
first is related to the pseudonecessities, the third to procedural problems, and the 
second to both at once. First, because of the pseudonecessary requirement of 
symmetry, the level IB subjects are incapable of identifying scalenes as trian­
gles. Second, even when a triangle is symmetrical, if its roof is too obtuse it is 
not considered a "real" triangle because it is "too flat" (Sio), therefore not having 
an adequate "point," and when it is rotated it becomes "something else" (Sio)­
that is, a half diamond (Ced). The third important limitation to be emphasized 
to <appreciate the reversal in procedure that characterizes level II is the follow­
ing: level IB subjects, even though they solve the problem of closure, do not suc­
ceed (because of their incapacity to widen the angle on the roof) in eliminating 
protrusions (Eus, etc.); when Ced begins to try to eliminate them, he approaches 
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level II with his highly obtuse angle. Sio, the only one who rules out all protru­
sions, replaces these by partial superpositions within the same triangle. This 
amounts to an internal protrusion of one segment with respect to another one in 
cases where the base is built by means of several elements. 

Level II 

Subjects who are 7-8 years old or more succeed in eliminating altogether or in 
correcting these overextensions, because of a spectacular reversal of proce­
dures: they establ~sh the base before constructing the roof, instead of beginning 
with the latter. We are dealing here with the second reversal. The first character­
ized the change from the level of preliminary behaviors to level IA: to construct 
figures that are both closed and pointed, the subjects of level IA began by con­
structing a roof before attempting to close the triangle, whereas the subjects in 
the preliminary stage began by trying to build closed figures before adding a 
point to them. Similarly, to obtain figures that are at once closed and devoid of 
overextension, the subjects of level II begin with the base before adding a roof, 
whereas at level IB subjects achieved closure by decreasing the distance between 
the two sides of the roof but did not succeed at all in eliminating overextensions. 
Of course, it does not follow that the level II subjects succeed right away in 
predicting all possible overextensions: what they attempt to do is to avoid them 
after correcting for them, and thus to foresee precise junctures (without overex­
tensions or gaps) of the three sides at once. Now, in beginning with the roof, 
only one of the three junctures can be assured (the one at the top), so that two 
others must be found (this is all the more difficult as, at level IB, subjects only 
succeed in narrowing, never in widening, the angle). On the other hand, by 
starting from the base subjects can establish two junctures at once-one at each 
end- so that only one additional juncture needs to be found by joining together 
the remaining ends of the two sides in any way feasible. This opens up a series 
of new possibilities that we shall analyze in the following, beginning with the 
intermediate· cases - those who do not discover immediately the method 
base~roof. In many instances, the new procedures are not generalized to all 
problems presented to the subject. 

Nat (7;0) presents a curious transitional case from level IB to II: she begins 
with an equilateral triangle, the roof first, then she uses a, b, and two c pieces 
to construct a partially composite base internal to the triangle (like Sio above). 
Next she constructs a narrow isosceles with a base that is too long, and right 
away she widens the angle on top, which is different from the reactions of level 
IB. After this, she begins a construction at the base. But the other two sides be­
ing rather long, she produces overextensions at the top from the two sides cross­
ing, and then at both ends of the base. Only with corrections does she achieve 
the exact junctures. Then she builds another triangle (this time a rather flat one), 
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beginning with the element that is by far the longest; then she builds a roof, 
which fails to connect to the end of the base, but she corrects this. She goes back 
to the roof-first procedure, correcting overextensions by widening angles. But 
her true above-leveHB performance is revealed in her spontaneous answer con­
cerning impossible triangles (in part 4): she proposes a (17.5 cm), d (6.5 cm), 
and e (4 cm): Like that there is a piece missing; this she demonstrates by attach­
ing e and d to each end of a and pointing out the gap. 

Col (7 ;9) begins with constructions of roof-+ base, correcting these for over­
extensions and gaps. In one of these corrections she uses one side of the roof 
as a base, which results in a very obtuse angle. After an isosceles, roof first, 
we ask for a different one. One can do a long piece down here [points to the 
base) and two small ones, which she carries out, base first. For an impossible 
triangle she picks out, without the slightest hesitation, a, d, and e and demon­
strates their nonclosure. "How should they be?" Two the same size and a small 
one, and you squeeze them like this [acute angle] or two and a long one at the 
bottom and you spread them apart. 

Fab (7;2) in part 2 (two pieces of spaghetti) begins with the roof, leaving 
some pieces unused, then uses a whole spaghetti piece as a base and cuts the 
other one into two unequal pieces to construct the sides: I put a long one here 
[base] and I broke one in two and I made a roof. With a single spaghetti piece, 
which she cuts in three, she builds a scalene with a very obtuse angle on top. 
In part 4, she keeps fitting two sides to a single base, trial after trial. 

Arc (7;8) works with the five sticks, trial and error, without success. With 
three sticks, he places the longest one as a base and the two other ones as sides 
at each end, and he joins these to produce a scalene: First I did that [the base], 
then the others. "And another one?" He substitutes new sticks for the sides of 
the previous roof, joining them to the same base. He then generalizes the proce­
dure base-+ roof, using a very short stick as a base (e) and fitting a tall, pointed 
roof (a and b); then he repeats the procedure with shorter sticks on each side 
(c and don base e). For an impossible triangle, he spontaneously designates a, 
e, and d: You can't do anything with those, demonstrating this at both ends of 
the base. Then we ask him to draw and he provides eight different ones, but all 
with a horizontal base as the first element. The first and the sixth are isosceles, 
and the others are scalenes with varied angles: "What is a triangle?" It's a bar 
on the bottom [base] and a thing like this [indicates a roof] . 

Ana (8;3) begins with drawings, which are interesting in that, even though 
they always come with the roof first, they vary in the size of the angle on top. 
Later the various triangles get positioned in different ways. In part 4, she im­
mediately lays down the base, which is either a alone or c+e, fitting to it the 
sides of the roof. 

Myr (8;3) uses trial and error in part 2 with one or two spaghetti pieces, 
which she cuts. Soon she spontaneously adopts the method base-+ roof. For an 
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impossible triangle, she immediately lays down e and c horizontally over b to 
show that you cannot close it. 

We see the extent to which the new procedure of beginning with the base 
breeds new possibilities that manifest themselves as new goals and as extensions 
of existing presentative schemes, accompanied by a new freedom from 
pseudonecessities- including symmetries and horizontal bases. As soon as sub­
jects see, when beginning from the two ends of the base, that one can erect sides 
of any length whatever provided their sum exceeds the length of the base (this 
ability is clearly demonstrated by the subjects on the impossible triangle task), 
all shapes become acceptable, scalenes as well as symmetrical ones, roofs with 
very obtuse as well as very acute angles. (In contrast, subjects like Ced and Sio 
at level IB systematically refuse to widen the angle at the top, agreeing only to 
make it narrower.) In addition, Arc and others discover the new possibility of 
changing the size of angles and sides while conserving the base. 

How does this new procedure of starting with the base get elaborated? Our 
observations appear to confirm what we predicted above: instead of simply 
proceeding by successive corrections and paying more heed to closure than to 
overextensions, these subjects sooner or later-or sometimes immediately­
become concerned with the three points of juncture simultaneously; that is, they 
decide to begin with the base. This idea may arise in various ways. Some sub­
jects, like Nat, in attempting to correct overextensions, widen the angle on top 
in a way that corresponds to the earlier narrowing of the angle that was the only 
possible procedure at level IB. In this case, when the base thus becomes correct, 
subjects get the idea of starting with a similar base. In Col's case, similarly, the 
corrections made on the roof suggest the possibility of using one side as a base, 
followed again by a widening of the top angle. In Fab and Myr, the contrast be­
tween a whole and the broken spaghetti facilitates the start with the base; in Arc 
it is the choice of the longest one (soon generalized to the opposite: that is, to 
narrow isosceles triangles as opposed to the flattened scalenes). For Ana, it is 
the variety of shapes she draws as possible, from very narrow isosceles to ex­
tremely flat scalenes (without considering the fact that connections are relatively 
easy to make on the drawing task) that gives her the idea in part 4 to begin with 
a long base. Let us recall that the very flat triangles are not considered as "real" 
triangles at level IB. In contrast, at level II, the widening of the upper angle and 
the extension of the base are the actions that most often lead subjects to begin 
with the latter. 

The following conclusions can be drawn concerning the transition from level 
IA to level II and the new possibilities associated with this transition. At level 
IA the roof, once constructed, remains immutable because it represents the es­
sence of a triangle, which is to have a point. At level IB it becomes possible to 
narrow the angle but not yet to widen it because a narrow roof remains a part 
of the immutable roof required at level IA, whereas a wider roof becomes some-
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thing different. At level II this limitation disappears at once because a variation 
in one direction comes to entail a reciprocal one in the other (symmetry) and 
because the increasing concern with precise junctures brings about the freedom 
to change the shape of the roof. As for the base, at level IA it plays a totally 
secondary, complementary role, and when it is too short it is still accepted as 
a base, or it may be completed by a fourth element to "close the triangle" (Yve). 
At level JB its closing function becomes more precise, and subjects give more 
attention to it. This is related to the possibility of narrowing the roof if neces­
sary. Still, some overextensions persist. At level II, however, these are carefully 
eliminated, as are the gaps. This in turn leads to the procedure of establishing 
the base first, which guarantees the completion of the three junctures; these need 
not be imagined in advance, since two of them are given by the two ends of the 
base and the third (the point of the roof) can easily be obtained by simply joining 
the two sides (except for Nat, who begins by crossing the two). As for possibili­
ties, they are generated in analogical succession at level IA, whereas retroactive 
corrections become frequent at level IB. The main characteristic of level II is 
then the development of anticipatory beha'liors, which allow subjects to discern, 
after a few trials, the advantages and disadvantages of choosing such and such 
an element and to strive to consider the three junctures simultaneously. In this 
way, the goal to be reached comes to be represented in more precise, clearer 
presentative schemes. 

Concerning the presentative schemes to which the procedures lead, we note 
a fairly simple extension of the field of possibilities. A form of pseudonecessity 
resulting from an analogy with circular or quadrilateral figures initially dictates 
the primacy of equilateral triangles. In level IB there is a substantial increase 
in narrow isosceles triangles, which occurred occasionally at level IA, facilitated 
by the new possibility available to subjects of narrowing the top angle; flat isos­
celes and especially scalenes, however, are rigorously ruled out at that level 
(even at 7;2 years, Sio still says that a scalene "is not a triangle," because the 
two sides that form the roof must be the same length). Finally, at level II, all 
shapes including the scalenes erected on a base are valid, and the base does not 
even necessarily have to be horizontal. 

Level III 

At level II, the construction of triangles seems to reach its final development. 
However, there are still some limitations as to the generality- the number of im­
aginable possibilities and the indeterminate nature of the orientations and lengths 
of t!Te side that can serve as bases but with all sides being equivalent to each 
other. First, a few observations: 

Mar (10;9), in part 1, constructs an equilateral and then an inclined scalene 
with a narrow horizontal base, which she modifies to give it a right angle, slant-



THE CONSTRUCTION OF TRIANGLES 135 

ing the base. She goes on to an equilateral, conserving the right angle. Then she 
draws many different kinds of shapes, using as a base any element whatever. 
For the impossible triangle she correctly chooses e, a, and d, placing d+e 
horizontally against a and saying that they should be the same length as the stick 
[a]. "And with those [b, c, and e]?" She measures them as before and concludes 
that c+e<b. Yes, that's alright. 

Oli (11 ;4) in part 2 takes measurements before cutting the spaghetti to know 
if I could get a tip at the end. For the impossible triangle he also lines up d and 
e against a to give a demonstration. 

Lyd (12;2),.after having done eight very different drawings, says: You'll make 
me completely run out of triangle! When asked to compare two figures that only 
differ in height, she adds: So, to continue to infinity you would have sm£11ler and 
sm£11ler triangles [=flatter]; similarly, in increasing the height one can go on 
and on . ... "How many times?" You can't tell because they can all be very 
different. For example, I can do that one and then the same one again, but add­
ing one-tenth of a millimeter: it's always different. After that she classifies the 
triangles according to whether three sides are equal, or two sides, or that one 
has nothing-well-none of the sides are equal, also according to whether the 
triangle constitutes half of a square or a rectangle. "Up until now, you have only 
talked about the sides." They can't be done without angles. "With three sides, 
one necessarily obtains a triangle?" In my view, one could do something else 
[=side by side: she draws them - ] . That makes a fiat-what do you call 
it-a null angle. 

As usual, we find here the culmination of the development of possibilities 
when they take the form of "any way whatever" in intension (as when Mar im­
agines any possible shape and relativizes the notion of baseline) and of infinity 
in extension (as manifest in Lyd's statements). Two specific acquisitions must 
be noted: the first is the restricted number of "families" of possible triangles 
(equilaterals, etc.), each of which includes an infinity of variations in size and 
shapes (such as the scalene, with its infinitely many degrees of flattening being 
described as "smaller and smaller" triangles). The second acquisition, amazingly 
spontaneous, is the absolute limit to the infinitely many variations in the size of 
an angle, the "flat" or "null angle." 

This research furnishes a nice illustration of the growth of possibilities con­
cerning procedural and presentative schemes in alternation. At first (preliminary 
cases), the problem is simply to conceive of the goal in order to find the means 
to realize it, and the presentative scheme of a figure equipped with a tip is not 
easy to understand as long as the closed figures are only circular or quadrilateral. 
Once the goal is conceptualized, the procedures of level IA (roof first, but im­
mutable) leave many problems of closure and overextension unresolved: proce­
dural progress at this level consists, then, in the ability to narrow the angles and 
to limit the initial pseudonecessity of equilateral triangles up to the presentative 
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scheme of the isosceles. There remains still the pseudonecessity of symmetry 
and the pseudoimpossibility of overly flattened isosceles triangles. From here, 
the double procedural innovation of level II-widening of the angles and build­
ing the base first-leads to the remarkable presentative extension of the inclusion 
of scalene triangles, the way to the generalizations of level TU. 

But two additional comments are called for. The first has to do with the par­
ticular complexity of level II: the method of building the base first, in fact, 
presupposes a certain amount of presentative anticipation of junctures without 
overextensions-that is, of the goal that provokes the procedural invention of 
widening angles and of the role of the base. In turn, these new means (as often 
happens because of the asymmetry: means-+end, new means-+broadening of 
the goal) lead to the presentative innovation of scalenes (not envisioned before 
the invention of the new procedures). The second comment concerns the rather 
surprising convergence of the results obtained by means of the drawings and the 
material constructions, whereas one might expect that conceptual understanding 
would play a greater part in the goals proposed in the drawings. In fact, one finds 
the initial nonclosures and overextensions as well as the sequence of roof first­
base first in the drawings as much as in the other tasks, even though the relativi­
zation of the position of the base is more rapid in the drawing task. 

Finally, in a semistructured study like this one (problem solving), the new 
possibilities do not result simply from free combinations but are associated with 
procedures designed to correct certain imperfections; in other words, they com­
pensate for certain disturbances within a process of successive equilibrations: to 
repair nonclosures at level IB and overextensions at level II. In addition, in other 
situations, subjects must liberate themselves from certain limitations, as in the 
transition between the preliminary cases to those of level IA, where subjects 
seek to reconcile the point with closure; or, in quite a different sense, in the 
change from the finiteness of level II to the infinity characteristic of level III. 
The question of whether these limitations, which result from pseudonecessities 
or from deficiencies in intrinsic variations, constitute some kind of virtual distur­
bances, which the new possibilities then compensate for, has already been dis­
cussed at the end of chapter 9 . 

• 



13 
Construction with a Compass 
with C. Voelin and E. Rappe-du-Cher 

The construction of triangles with sticks suggested to us that of curvilinear 
shapes by means of a compass. The disadvantage of this task is, of course, that 
the compass is completely unfamiliar to the youngest children, whereas children 
of a certain age use it in school. Still we may analyze the emergence of possibili­
ties, since (as we shall see) these are independent of the use made of it in teach­
ing and in children's schoolwork. In fact, what interests us here is not only how 
subjects understand the compass, but also the way they decompose and recom­
pose the circle and the curvilinear figures that may result from these activities. 
Just as, in the triangle task, the successive emergence of new possibilities leads 
from the equilateral to the isosceles and, finally, the scalene, in correspondence 
with the procedures used, the circle, in spite of appearances, also gives rise to 
quite different possibilities, depending on whether it is conceptualized in a 
purely figurative fashion or in relation to the center and the radii: hence its 
decomposition into various arcs may lead to recompositions as quarters of the 
moon, as lenses, and so forth. We want to understand the factors that make these 
constructions and their development possible. 

We give subjects various types of compasses (a pencil compass=a pencil en­
closed in a metal frame; a lead compass=a metal compass), a pencil, and paper. 
We ask subjects what they can do with "that," and then what "other things" they 
can do. When a child does not find any more possibilities, we present four slates 
covered with complex designs of compasses (intersections, nesting, crisscross­
ings of curved lines, etc.); these are only presented for a short duration, which 
does not permit copying. The only purpose is to make the child aware that there 
are still many other combinations possible. At the end of the interview, we sug­
gest (if the subject has not mentioned it) that it is possible to use the compass 
to calculate distances. 

137 
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Level I 

The initial ,reactions are of interest because they show the subjects' failure to 
comprehend the relations between the point of the compass and the circle that 
the pencil draws around this center: 

Kar (3;5) knows, of course, nothing of compasses. He can only perceive it 
as a pencil in a metal frame, so it doesn't break. When we show him how to draw 
a circle, he follows the procedure attentively. Then having brought the point and 
the pencil together, he moves them in parallel, joining their ends. He obtains 
a small rectangle, which he calls a round; thereafter he prefers to do some better 
ones using only the pencil. 

Isa (4;0) cannot see the use of the little pin either, and she draws nothing in 
particular with the pencil. We show her how to trace the arc of a circle: she com­
pletes it, using only the pencil, and draws a sun. We do it again and she closes 
the arc to a half-moon. We draw two circles intersecting; this time she tries to 
imitate, fixating the point and correctly making the pencil rotate, producing 
three-quarters of a circle. To complete it, she places the point at a distance of 
1 cm away from the initial center. The result is an arc starting at the end of the 
first one and then turning toward the center. "Is that a round?" Almost. She evi­
dently does not see any relation between the center and the circumference. 

Guy (4;5) already knows that the compass serves to draw circles. "How did 
you find out?" I always know everything. "And what is that?" A pin. "How is it 
used?" It's for making a round. He takes the compass, makes a hole with the 
point, then draws a big circle with the pencil alone without paying attention to 
the point or the hole. We ask for others, but he still makes no effort to keep the 
point in place when he draws the round. We give a demonstration: Me, l don't 
do it like you. "How did I do it?" You first made a hole and then a circle, a very 
little one. 

Val (4; 10), shows the same reactions. After a round drawn with the pencil: 
"Now, can you do it with the pencil part and the point?" I'll do a square, and 
after, nt do the point. 

Nal (5;2), comparing her rounds with those we drew with the compasses: "Is 
there a difference?" Yes, that one [compass] is round everywhere, it's more 
round. ''Why?" Because that makes it more round. 

Gre (5;6): My mom has taught me to make a round with that. And, in fact, 
he draws using the compasses correctly. When asked to describe his actions he 
only says about the point, which has remained in place: I don't need that. I did 
it with the pencil [of the compass]. "Which works better, that [the compasses] 
or th~ [the free pencil]? That one [the compasses], because~you can do like this 
[he correctly repeats the action]. That [the point], that isn't used for anything, 
so we do the round like that [with the pencil]. "When you drew the square [which 
he had done with the pencil of the compasses], what did the point do?" Well, 
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nothing, it stayed in the same place, in the middle [a complete illusion]. "And 
when you draw the rounds, what does it do?" Nothing at all. "Did you place it 
there [in the middle]?" No, by itself. "You didn't do it on purpose?" Oh, no. "Is 
it better to have it in the middle or could it be anyplace?" I'd rather have it there 
[on the circumference], because if it were there [center] one couldn~ draw. 

These reactions show that the formation of possibilities does not, in this par­
ticular case, result from subjects' scnsorimotor behaviors (that is, their abilities 
to manipulate the compasses) but rather from the relations they are able (or un­
able) to establish in the course of their actions. These behaviors and the use sub­
jects make of.the compasses are very different from one subject to the next (and 
even more so than we can cite in detail). The youngest subjects do not perceive 
the compasses as a unified object and use the point alone to have fun making 
holes and stripes (like Kar with his rectangle), whereas the more advanced sub­
jects consider the hole as a necessary element, since there is a point and the com­
passes form a whole. This view is evident, for example, in Val's reaction, who 
plans to do a square, adding, "After, I'll do the point." Some subjects have never 
seen compasses, whereas Guy knows that they are used "to draw circles," and 
Gre even knows how to use them correctly. But in spite of this great variability 
in behavior, the relations subjects establish between goals and means before or 
after they can see the results of their actions are the same for all subjects and 
can be described as follows: 
(1) A circle is simply a curved shape. lts main characteristics are essentially 
figurative and have to do with the circumference or the perimeter, which has to 
be "round everywhere" (Nal), hence the advantage of the compasses, which can 
draw "more round" than other pencils. (2) The figurative circle has in itself nei­
ther center nor equal radii leading from it to the circumference (see the first no­
tions of equal distances described in chapter 11). (3) Even if the point and the 
hole are seen as being located in the "middle" (Gre), that does "nothing at all," 
and the "little pin" (Isa) got there "by itself," as Gre says; but that is wrong be­
cause it would be better, he adds, on the circumference so that it would not inter­
fere with the drawing of the circle. As for Isa, the circle she begins is not at 
all seen in relation to the point; to complete it, she positions the point elsewhere, 
surprised that she thus obtains only "almost" a round. Guy makes a hole and then 
draws a circle with the pencil of the compass without referring in any way to 
the point. When he is shown the procedure to be followed, he interprets it as: 
"You first made a hole and then ... a little circle." Val and Gre believe that 
the square also needs a hole. 

Whether or not they know compasses, whether or not they succeed in using 
them correctly, subjects at this level fail to abstract the relationships that their 
manipulations seem to imply and that this manipulation should help to conceptu­
alize. Thus, these kinds of possibilities are clearly not predetermined, neither 
in the object nor even in the subjects' partial successes. Their formation will re-
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quire, as we have seen with the triangle (chapter 12), the development of pro­
cesses like decomposition and recomposition that confer new meanings to ob­
servable phenomena, which until then were not powerful enough to develop in 
the direction of intrinsic variations and deducible co-possibilities. 

Level II 

Relational possibilities of this kind appear first at 7-8 years of age: Lau (7;2) 
knows that compasses serve to "make rounds" and she is willing to try it, with 
some hesitation: I can~ do it. It's not going very well; but, in fact, she succeeds 
in drawing a 12-cm circle with only a 2-cm gap. She explains: You put the point 
in the middle, and then you turn it. Following this, she draws another circle of 
about 5 cm, and we ask her to do another just like that one. It does not occur 
to her to measure the radius: No, it is bigger. . . . Perhaps if I put one on top 
[she reinserts the point exactly in the center of her previous circle and retraces 
the circumference]. "Where did you put the point that writes?" On the border 
of the round. "And the metal point?" In the middle. "Can one do other things 
than circles? A triangle. She traces the arc of a circle with the compasses, then 
draws the two other sides with the pencil. "Is it perfect?" Not quite. It's not made 
for that. "Are there compasses for making squares?" No!! [energetically] "Or for 
ovals?" I don't know. "And with several circles, one can make shapes?" Yes. She 
traces a full circle and three partial ones (three-quarters of the circumference ad­
joining it). A flower! She then offers two more circles with an intersection and 
two crossed arcs. 

Tan (7;0): One has to push on that [the point] and then turn it. After a suc­
cess, she adds, spontaneously: One can make big ones and little ones with it, 
and she varies the gap between the points. But she does not see other patterns, 
even though she agrees that there may be others possible. Perhaps one can. But 
when we ask for two equal circles made with two different compasses, she suc­
ceeds by adjusting the compasses: I found the right way. Furthermore, after a 
brief glance at the designs we show her, she constructs all sorts of intersecting 
patterns, then comes up with a very original project: three arcs of a circle, with 
adjustments of the compass and completed by a free drawing of notches, be­
tween two of which: a clover leaf 

Nat (8;0) believes that she has already seen a compass and that one can trace 
rounds with it, but she does not know how to use it. She tries and traces an arc 
of a circle, then to complete the circle she poses the point on the paper to finish 
it. In doing so, she discovers that the point helps us to turn. If the point wasn t 
there,--it would be impossible to trace [the circle], to make it very round. "Why?" 
One has to keep the same distance. One has to keep the point at the same 
length-it has to stay the same, the same length [she points to the compass and 
indicates how the gap has to stay constant]. You set it when you want to start 
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and it stays like that in the middle. In fact, Nat abstracts here not only the notion 
of the center but also that of the equality of the radii, which she specifies as fol­
lows: One can decide on a length, one can set it [the compass], then one puts 
it in the middle and keeps the same length [i.e., the radius]. Squares and trian­
gles cannot be done because one has to turn the pencil like that. The designs, 
which she looks at for a moment, inspire her to do concentric circles only. 

Gen (8;3) similarly discovers the relation of center to radius when we ask him 
to construct a circle the same size as another circle (15 cm in diameter) drawn 
on a cardboard somewhat removed from the table. Gen successively adapts the 
following three means: (1) He spreads the two arms of the compass to encom­
pass the model circle, which, of course, requires adjustments depending on the 
position; (2) he places the two arms of the compass-in vertical position-over 
any two locations on the circumference, but not over the diameter; (3) I put the 
point in the middle and the pencil over the circumference, thus taking a measure 
of the radius. He checks and verifies that the distance remains the same at the 
opposite end, therefore he succeeds in reproducing the model. To do an oval, 
he says that one needs to measure . ... "Can one measure it with a compass?" 
Yes, one can measure. When we ask him to reproduce a rectangle, he begins 
by placing the point in the middle, which would permit the construction of a cir­
cle of the same size; then he measures the width of the rectangle but soon con­
cludes: Yes, but one has to do it twice, and he takes the measure of the length 
as well. Having briefly looked at the complex designs, he only produces a circle 
surrounded by semicircles. 

Cri (8;10): Her reactions are interesting with regard to measuring. When we 
ask her to reproduce a kind of a square, she says: No, one can only reproduce 
round shapes. . . . I would need a ruler. Then she places the compass to mea­
sure height and says: Oh yes! I think one can use the compass as a ruler. So 
one can take measures. . . . 

If one compares Nat, who first fails to construct a circle correctly but in the 
end discovers the invariance of the radii ("One has to keep the same distance"), 
with Gie, who, at level I, builds circles without hesitating but does not even have 
the notion of a center, one cannot help being impressed by the way new possibil­
ities emerge at level II. These possibilities are unknown to subjects at level I, 
even though some of their behaviors appear to imply their availability (but only 
apparently, and only from the point of view of the observer). The novelty in 
question is the discovery of the notion of the center of rotation, the "middle" 
(Lau, Nat, etc.); that of the gap or distance between the points of the compass 
(Tan); that of the equality of the radii (Nat and Gen); and the use of the compass 
as a me,asuring instrument (Gen and Cri). Once the construction of a circle is 
understood, other possibilities are added, such as partial circles (arcs), combina­
tions, and intersections, which Lau finds even before being shown our designs. 
Other subjects find them afterward, but invent their own. 
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The specific character of the new possibilities appearing at level II is that they 
concern not free compositions or actions (except in the case of the final varia­
tions) nor optimalizations in specific performances (since circles can already be 
achieved at level I), but rather a change in interpretation in the direction of in­
trinsic variations that are interrelated by necessary links. Thus, we have to do 
here with deducible possibilities that develop when subjects discover that a cen­
ter of rotation and a constant distance between the points of the compass­
corresponding to the length of the radii, which are equal to one another-are the 
conditions for the construction of circles and that a circle is not simply a figural 
object with a perimeter "round everywhere" (as Nal said at level I). In other 
words, these new possibilities derive from the fact that the circumference is no 
longer thought of as a simple figure, but as an outcome. The problem is then 
to establish the conditions and effects of varying these conditions (as when Tan 
varies the gap or Gen tries out different positions with the compass for the pur­
pose of measurement). It may be argued that in these cases of deducible possibil­
ities there are no more inventions, but only a becoming conscious of predeter­
mined implications. However, we claim that in every domain, including higher 
mathematics, an implication exists only after it has been constructed: when Can­
tor discovered that the correspondence between the series l, 2, 3 ... ; 2, 4, 
6 . . . ; implies the existence of the transfinite cardinal aleph-null, which does 
not belong to either of these series but expresses the property common to both 
(i.e., the "power" of enumeration), this implication only existed after it had been 
constructed and only became "necessary" as a result of the operations of estab­
lishing correspondences, which rendered it possible. Only then could the various 
possibilities become related to one another by necessary links. 

Level Ill 

Related to the preceding level by various intermediate cases, the final level is 
characterized by the possibility of constructing all combinations of curvilinear 
elements and the impossibility of obtaining straight lines: 

Pac (10;0), after drawing a circle, constructs quarter moons of increasing 
sizes, then a lens, and insinuates an oval by combining the curves. He 
reproduces from memory the symbol of the Olympic games and finally produces 
an irregular agglomeration within an approximately circular frame, but supplied 
with four protrusions and containing lenses, crescents, and so on, without a par­
ticular pattern. As for "impossible" forms, they are only rectilinear because if 
one wanted to draw straight lines, one would have to turn after having placed 
the pMnt. 

Adi (10;11): One can draw anything, except squares. 
Ser (11;0) offers a series of close, concentric circles, and this gives him the 

idea of a snail, which he draws by making the gap smaller and smaller. He does 
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not dismiss the possibility of a triangle, but makes it curvilinear: That's like a 
shield. "And in three dimensions?" He makes a quadrilateral, also with some­
what curved lines, which he prolongs to create a three-dimensional effect, a kind 
of tube with ridges. That's a kind of rounded square; then he creates multiple 
circles intersecting in irregular ways: One should stop after a certain number, 
but I don't know how many. 

Ser (11 ;6), to do "something that is not round," constructs an elegant 
sinusoid. 

Vin (11 ;7): Almost everything is possible except a straight line, but there may 
be completely illogical curves. He gives as an example a figure resembling a 
scorpion with wings and many tails but without symmetrical lateral parts, one 
side being larger than the other. Further, he constructs beautiful spirals leading 
upward, a snail on a plane, and so on. 

Bel (12;0): I think one can do anything with compasses, except for very 
straight lines. 

These reactions from subjects who use compasses in their geometry courses 
show that the problem we pose has nothing to do with the use they are put to 
in school teaching. Rather, it consists essentially in drawing all possible forms 
with the use of this instrument. We also observe in this task that subjects, after 
first having produced a few correct shapes, do not hesitate to engage in possibili­
ties of unlimited extension, including random or irregular shapes-even to what 
Vin designates as "completely illogical curves." On the other hand, even though 
all subjects unanimously exclude the possibility of straight lines, some of them 
(we only cite Ser [11;0] as an example among others) take pleasure in showing 
that even triangles and squares may be obtained if their sides are slightly cur­
vilinear (by spreading the arms of the compass as far apart as possible). These 
subjects also furnish recurrent variations, such as the concentric circles of Ser 
and their transformations into spirals by continuous modification of the width of 
the compass. 

The reactions of level III are thus similar to those we find for this level in 
almosfall our studies, even though we are dealing here with a very particular 
instrument (as opposed to, say, rods to be combined), which provides a limited 
scope of construction-i.e., those involving curvilinear forms (aside from the 
length measures already acquired at level II). The possibilities finally attained 
in this specific domain present the usual two characteristics: the "any which way" 
in intension ("One can draw anything, except squares," says Adi, even to the 
"completely illogical" of Vin); and an unlimited extension ("One can do any­
thing," says Bel; only Ser [11;0] concedes a numerical limit, which he is unable 
to spedfy). 

Comparing, finally, the construction of these curvilinear forms to those of tri­
angles, one finds that in both cases there is variation from one level to the next 
in the presentative schema of the goal to be reached and, thus, of the figure to 
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be obtained. These changes correspond closely to variations in procedures. The 
circle is nothing but a figurative "round" shape at level I, just as the triangle cor­
responding to the procedure "roof first" is nothing but a shape with a pointed tip 
that has to be closed. In contrast, when subjects understand the role of the center 
and of the gap between the arms of the compass, they become able to decompose 
and recompose radii and circumference deductively; similarly, in the case of the 
triangle, the strategy "base first" leads to anticipated closures and to generaliza­
tion of the figure in the form of scalenes in addition to the symmetrical forms. 
Finally, at level III, there is relativity of the base of the triangle, hence an infinity 
of possible triangles, just as the "good forms" of the curvilinear type come to 
be members of the indefinite set of any curvilinear forms whatever­
constrained, however, by the relation [A > (B + C)] in the case of the triangle and 
by the impossibility of straight lines in the case of the compasses . 

• 



Conclusions 

I 

The first question we wish to discuss (even though it has already been touched 
upon in several chapters) concerns the relation between the evolution of possibil­
ities, which is seen to be very regular and general, and the sequence of levels 
of operational thought. This relationship is so direct that we were able to make 
use of the same stages to describe the development of both: to the preoperational 
level I there correspond possibilities generated by successive analogies; at level 
IIA, at the onset of concrete operations, we find the formation of concrete co­
possibilities; at level IIB (the level of equilibrium for concrete operations) there 
are the co-possibilities, which we have simply labeled abstract, but only in the 
sense that they are generalized to cases other than those actually realized; finally, 
at level III of the hypothetico-deductive operations appear the indeterminate co­
possibilities of "any ... whatever," unlimited in number. Thus, we find a 
very striking parallelism, but the question remains as to how to explain it and, 
particularly, which of the two developments stimulates the other and by what 
mechanism. 

From the point of view of operations, level I is characterized by the absence 
of reversibility, of recursivity, etc. -in short, by the absence of systematic infer­
ences and closures. By analyzing the manner in which possibilities are generated 
(i.e., by successive analogies that are typical of this level), we clearly see the 
reasons for these shortcomings. First, analogy is a combination of major similar­
ities with minor differences, but without transitivity in the way each follows 
upon the other: B can be analogous to A with respect to a particular similarity 
x, and C to D with respect to another one, y, without C necessarily being analo­
gous to A. Obviously, the number of ways one possibility is generated from the 
preceding one in this nontransitive fashion is far greater than would be the case 
for implicitly transitive modes of succession. Second, one and the same goal can 
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be attained by several possible means or procedures and a given procedure can 
inspire new goals in addition to the initial goals; consequently, the initial system 
is abandoned. Thus we see that there is an internal asymmetry between the sets 
of possibilities and operational structures: the former are, for the reason just 
given, much more numerous than the latter and also than the preoperational half 
structures (nonfigurative collections, etc.). A third aspect, which was analyzed 
in chapter 8, is given by the overdeterminations and overcompositions as they 
generate possibilities, as opposed to operational compositions, which are well 
delimited within closed systems. 

The result of these various facts is twofold: the relations composed as actu­
alizable possibilities arl? too heterogeneous and the mode of their composition 
(successive analogy) is too simple to permit the formation of even very simple 
operations with their well-delimited and well-regulated structures. But should 
one then attribute the absence or relatively late appearance of operations to the 
deficient or slow-developing possibilities, or, inversely, is the primitive nature 
of the possibilities caused by the absence of operations that could generate them? 
The problem, formulated in this way, is unsolvable unless one invokes an inter­
action in a negative mode, which should be described in terms of mutual restric­
tions or disturbances. But there is also a positive aspect that can help us to under­
stand the relations developing between the domain of possibilities and that of 
operations: even at level I, the emergence of possibilities bears witness to an ac­
commodating activity, choice behavior, sequential productions of various kinds, 
regulations, and so on; all these constitute the raw material for the development 
of the emerging operations. At the very least, the possibilities found at level I 
constitute a general framework within which procedures are progressively 
refined up to the concrete co-possibilities characteristic of level IIA. When this 
happens, we can clearly see and determine the relations between the novel forms 
of possibilities and operations. 

But at first sight the situation seems just as ambiguous at level IlA as at the 
preceding one: the synchronism between the constitution of inferential co­
possibilities and of operations appears so complete that one can only discern in­
teractions between two associated developmental processes. In fact, it appears 
that all one can do is appeal again to a common mechanism - that of equilibra­
tion. The latter, as we have seen, is complex and can take multiple forms. So 
it remains for us to analyze the relative contributions of the factors involved. 
This will lead us back to our original problem of the relations between the 
general procedures generating co-possibilities and the more restricted and reg­
ulated ones that characterize operations and the development of their structures. 
Beca~e operational compositions are of a necessary nature, whereas co-possi­
bilities have a much wider range, it would be difficult to argue that necessity 
could engender the empirical data. The question becomes simpler when formu­
lated in the opposite way: under which conditions does the subject, in possession 
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of this extended framework, come to develop the specific forms of possibilities 
that are capable of closure-that is, the operational transformations? 

The answer is undoubtedly that the operations result not from the co­
possibilities per se, with their diversified content and their essentially analogical 
nature, but rather from the inferential act, which generates them as being simul­
taneously co-possible. This act is of a higher order than simple sequential, linear 
associations, and it is apt to produce the reflective abstractions and completive 
generalizations that can lead to the development of operations. Three processes 
appear to be involved in this development. 

In the firs~, anticipating co-possibilities ins.tead of proceeding in simple, suc­
cessive, and stepwise fashion, multiple and simultaneous connections come into 
play. These connections, as diversified as they are in content, can yield general, 
regulatory forms: that of union as a function of similarities and differences, 
which is the starting point for the emergence of classes; that of ordination as a 
function of quantitative variations, constituting the principle of seriation. This 
does not mean that classification and seriation derive from co-possibilities in 
content, even though, exceptionally, these may be partially classified or seriated. 
It means, however, that the very act of anticipating several possibilities at the 
same time may become, inasmuch as it involves the establishment of relation­
ships, the source of connections that can be generalized and regulated and that, 
in this way, appear in the form of classes and series. 

But to achieve this, a second condition has to be met: the system of similari­
ties and differences, the only one involved in the formation of possibilities, has 
to be completed by a system of affirmations and negations that are indispensable 
to operations. It is true that each difference partly implies negation, but what 
counts in the genesis of possibilities is the creation of a new variation, and this 
innovation is an acquisition of positive valence. In contrast, in the genesis of 
classes and sedations, differences must be associated with explicit partial nega­
tions such that if A', subclass of B, differs from A, then A' ==-B not A, or 
A' =B-A. Similarly, in seriation, a positive change must be accompanied by 
changes in the opposite direction. We have studied elsewhere the difficult regula­
tion of these negative factors.* Their equilibration with the positive ones is a 
condition sine qua non for the transition of co-possibilities to operations. 

A third condition is the establishment of a connection between possibility and 
necessity ('Xis necessary' implies that not-Xis impossible or even intrinsically 
contradictory): in other words, the change from co-possibilities, which only 
concern extrinsic variations (free choice between empirical properties, which, 
however, can be anticipated simultaneously), to intrinsic variations that are con­
sidered co-possible because of deduced connections (an example is given in level 
II of chapter 10). Thus, as soon as co-possibilities get constituted, the transition 

*See Experiments in Contradiction (Chicago: University of Chicago Press, 1980). 
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from one possibility to another tends to become inferential and to lead, if the 
data are suitable, to the development of a deductive mechanism - necessity. 

The formation of concrete operations thus proceeds within a larger develop­
mental process that determines it. But this result is mediated by reflective ab­
stractions and more advanced regulations in the mechanism generating possibili­
ties. These relationships are even more evident at level IIB with its abstract 
co-possibilities since, beginning to go beyond the domain of actualization, the 
subjects deduce the possibilities as such, forming virtual classes or seriations of 
which the individual terms realized are only exemplars or representatives. 

One might object that, if operations derive from the activities that generate 
possibilities, that means that operations from the moment they come into being 
determine the evolution of possibilities. At first sight, this hypothesis seems 
confirmed by the transition from level II to level III, where the indeterminate, 
unlimited possibilities become completely deducible, based on recursive 
mechanisms that go far beyond any kind of empirical control. This final victory 
of intrinsic over extrinsic variations certainly attests to the decisive role that 
operations come to play. But would it have come about in the absence of the 
prior, specific advances in the development of possibilities as such? To answer 
this question, we have to consider these developments within the context of the 
relationships developing with age between possibility, reality, and necessity. 

II 

As we already pointed out in the introduction and as substantiated in most of the 
chapters, the young subject does not begin by considering reality only, con­
stituted by pure observables, and later complete this by constructing possibilites 
and necessary relations. Rather, the ontological status of the initial state is one 
of nondifferentiation: reality as perceived or manipulated appears as being 
necessarily as it is so that it represents the only possibility, except for occasional 
variations that are accepted as realizable because they have already been ob­
served and are, therefore, part of a particular sector of the same nondifferen­
tiated reality. It would be superfluous to repeat here what was described in 
several places above concerning pseudonecessities. We only wish to recall two 
essential points: First, the formation of possibilities does not proceed by simple 
free associations but consists rather in real openings requiring a liberation from 
limitations and obstacles of varying strength. Second, these limitations result 
from the fact that within this initial nondifferentiation, reality, possibility, and 
necessity (genuine, not pseudonecessity) block one another's development-that 
is, e!lch hinders the development of the other two complementary modalities. If 
this is true, to arrive at a harmonious integration into a coherent system (which 
is an essential condition for the formation of operational structures) the three 
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must become differentiated, following their own respective developmental 
course distinct and independent of the others. 

To understand these initial blockings and disturbances we first need to recall 
that only reality by itself, composed of known or still unknown objects and 
events, exists independently of the subject, even though it becomes knowable 
only under the condition that it gets assimilated and interpreted by the subject. 
In contrast, possibility and necessity are the products of subjects' activities. 
Where possibility is concerned, this is clearly true for free combinations of ac­
tions; but even for virtual, physical possibilities we have seen in chapters 6 and 
7 that they rei;nain relative to subjects' inferences. As for necessity, because rela­
tionships between "real" events can only be general to a greater or lesser extent, 
their necessity always remains part of the models that subjects construct deduc­
tively, hence subordinated to the necessary laws pertaining to these deductions 
themselves. 

Given these considerations, it is evident that the initial lack of differentiation 
results essentially from an insufficiency of subjects' activities concerning possi­
bilities and necessity; what they consider as reality, in turn, comprises illegiti­
mate incursions into the domains of the other modalities to compensate for the 
as yet undeveloped deductive capacities. This explains the mutual block:ings and 
disturbances, which can be characterized as follows: on the one hand, the pseu­
donecessities attributed to all aspects of reality interfere, naturally, with the for­
mation of possibilities; on the other, authentic necessity is based on systems of 
transformations and involves coordination between possibilities. It can, there­
fore, not be acquired in the absence of possibility. Pseudonecessities, of course, 
do not provide the reasons for a property or an event (this is particular to deduc­
tive necessity); still they show that subjects believe that these exist. However, 
they evaluate them as restrictive only, excluding all possible variation. Thus, 
reality is conceived of as too impoverished-with respect to possibility- but as 
overinclusive with respect to necessity. In this way, each of the modalities is al­
tered as a function of the other two. 

We can now understand why the development of operational structures is a 
consequence of another, more general evolution that cannot be explained in 
terms of operational development only. Operations require, in fact, a synthesis 
of possibility and necessity, the former characterizing their procedural freedom 
(flexibility), the latter their self-regulation and their system-bound compositions. 
If this is so, such constructions must have as preliminary conditions the forma­
tion of possibilities, the elaboration of necessities, and the progressive coordina­
tion of the two modalities. We reserve discussion of necessities to our second 
volume, but we can already see how the developmental levels we observed with 
respect to possibilities do in fact meet these conditions. Their convergence with 
the levels in operational development can be seen as an indication of a develop-
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mental process that goes from global to specialized forms. In no way can it be 
interpreted in terms of a primacy of operational structures. The fact that at level 
III the indeterminate and infinite co-possibilities come to merge with the 
hypothetico-deductive capacity of formal operations is thus only an indication 
that possibility and necessity have finally come to be differentiated and integrated 
with each other. It does not point to a leading role or primacy of operations; 
these, on the contrary, had to be constructed and elaborated. 

But then, if possibility and necessity appear as the products of subjects' au­
tonomous activity, what happens to reality once it is dominated and absorbed (in 
a manner of speaking) at both poles by capacities that are not derived from it? 
The latter restriction is, in a sense, too strong: the epistemic subject with her 
structures and, prior to this, the psychological subject with her problems and 
procedures are themselves part of reality, which includes the organism as a 
physico-chemical object and as the center of dynamic actions. If, then, in turn, 
the subject's actions and operations include reality in a network of possibilities 
and necessary relations, reality itself becomes correspondingly richer in that 
every real event appears as one actualization among others that are possible 
within a system of logico-mathematical transformations that provide explana­
tions. There is a paradox of knowledge in that reality becomes more objective, 
its objects being analyzed more adequately, with an increase of deductive capac­
ities. In other words. as possibility, reality, and necessity come to be differen­
tiated, after an initial state of nondifferentiation, each of the three terms gets 
modified. This produces a new integration in which objects come to be incorpo­
rated in the subject with the help of mathematics and the subject becomes part 
of the object through biology: the operational structures issuing from this in­
tegration thus reveal their dual nature of necessary consequences and of instru­
ments for new discoveries. 

III 

Jn several chapters, we have discussed the relations between the formation of 
possibilities and problems of equilibration. Our new observations not only ex­
tend our general model, which had seemed sufficient until now and which at­
tempted to explain the operational structures by the mechanism of self­
regulation, but also provide the key we were looking for to find a simple, direct 
answer to the most difficult question raised by our interpretations: By what 
mechanism do cognitive reequilibrations bring about, simultaneously and of 
necessity, compensations and novel productions-that is, an equilibration lead­
ing"to advances (augmentative equilibration)? 

Concerning the first point- that is, the simple generalization of the previous 
model-our comments in section II may suffice: by considering the operations 
not as the source but as a consequence of the formation of possibilities, once pos-
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sibility, necessity, and reality are differentiated and coordinated, we subordinate 
possibilities and operational structures at the same time to the third type of our 
main forms of equilibration, that between differentiation and integration. At the 
initial level of nonditferentiation, there is disequilibrium and mutual interference 
between the three modalities, which explains why few possibilities appear ini­
tially. Their subsequent increase up to infinity results from this equilibration, 
and the development of operations results from the rebalanced coordinations be­
tween possibilities and necessities. Let us further recall that the equilibrium be­
tween differentiation and integration involves both compensations and construc­
tions, since t?o much differentiation endangers the coherence of the whole and 
too much integration inhibits differentiation. In this case, as usual, equilibration 
amounts to mutual implication between intrinsic variations within a system that 
is both constructive and compensating. 

But this is not the way that the consideration of possibilities revitalizes our 
equilibration model: rather it is by explaining the mechanism of reequilibration 
in terms of internal dynamics, specific to possibilities, in such a way that each 
new possibility constitutes simultaneously a construction and an opening because 
it generates, at the same time, a positive innovation and a new gap to be filled-a 
limitation and a disturbance to be compensated for. Put more simply, the birth 
of a possibility offers the dual aspect of a realizable conquest and the acquisition 
of a capacity that tends to be deployed, thus becoming the source of a new dis­
equilibrium as long as it has not brought about a new conquest. In principle, one 
might say the same about any cognitive construction, from schemata to struc­
tures, and even about animal behavior, which is constantly driven by the two 
needs of extending the environment and increasing the organism's control of the 
environment. But even if this is quite general, one still has to make a distinction 
between the simple feeding of data into assimilatory schemata, which are only 
concerned with content, and the challenges (or problems) involved in accommo­
dation, which give rise to procedures and modifications that appear possible or 
are rendered obligatory by the formal aspects of the process. 

In fact, from the sensorimotor level on, one can distinguish four processes: 
(1) assimilations that function in the immediate present and lead to success; (2) 
accommodations that are similarly direct; (3) positive (obstacles) and negative 
disturbances (gaps and limitations), inhibiting ( 1) and (2) or opposing their reali­
zation; and (4) compensations that neutralize (3) and bring about new accommo­
dations that become possible through a differentiation at (2) and that constitute, 
thus, the beginning of a procedure. This first initial phase in the production of 
possibilities, which can be observed in very young children, has not been studied 
in the preceding chapters. Still, we have called attention to two elementary pro­
cesses that lead from one possibility realized to an opening up of the next. One 
has to do with the mechanism of choice: as soon as subjects understand an ac­
commodation that is getting actualized as resulting from a choice. they realize 
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that the solutions not selected become possibilities or at least point the way in 
which these can be constituted (see chapters 4 and 11). The other derives from 
the fact that any accommodation, once obtained in one context, can generate 
procedural transfers to analogous situations. 

The dynamics of possibilities are more complex than these simple, directly 
observable openings of one possibility toward the next may lead one to suppose. 
There is also the fundamental fact that all of subjects' prior activities and ex­
periences lead to the formation of new possibilities, not only to those that are 
immediately realized but also to what we might term afield ofvirtualities. Sub­
jects who have solved certain problems, encountered disturbances, successfully 
carried out compensations-in short, differentiated, accommodated, and thus 
multiplied their assimilatory schemata by eliminating certain limitations-when 
confronted with situations that are entirely novel to them no longer find them­
selves in their initial state of"innocence." On the contrary, they are well aware 
that, since they were able to find a suitable heuristic in the past, this will enable 
them to find new ones for each novel situation. But in each new situation, the 
possibilities that may be constituted are not immediately available to the sub­
jects. Therefore, the possibilities are not predetermined by what precedes them 
(as if one could speak of a change from potentiality to actuality). We do speak 
of a field of virtualities, but only in the sense that virtuality only represents the 
possibilities to be discovered (see chapter 6, where the level IA subjects, explor­
ing the material, ask themselves whether-by acting in a certain manner-"it 
would be possible that [that] is possible," in the sense of physically realizable). 
There exists, thus, a more or less well-organized field that orients the subject 
in the direction of certain procedures that they already know, even though those 
to be discovered cannot be derived from the prior activities. 

In a wide sense, each possibility thus produces a twofold result: a new actuali­
zation and a new deficit to be filled, an infinite sequence of reequilibrations. Un­
like schemata and structures, which are simply sustained and generalized, being 
susceptible to enrichments, the procedural system introduces a specific type of 
dynamics based on a process that is simultaneously unbalancing and reequilibrat­
ing; this is the system of capacities acquired by the subject. Any generalization, 
while requiring the use of a procedure, is commanded or suggested by a new 
problem arising in the environment, the solution to which constitutes another 
adaptation to a new situation. In contrast, the specific nature of a capacity re­
quires that it be exercised, commanding the production of variations that enable 
it to function; new possibilities are thus formed internally. We can distinguish 
two kinds of disturbances or limitations producing a compensation: the first 
cod\'e from the object (physical or logico-mathematical); these can be said to be 
real. The second consist in deficiencies within the subject, internal obstacles to 
the full use of the subject's own capacities (one may think of the uneasiness felt 
by an author who temporarily has no more ideas, or of that experienced by a 
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child confronted with a material and the instruction to make "anything whatever" 
with it, when the child has no idea what to do with the material). The second 
type of disturbance is real if subjects are aware of it; it may be said to be virtual 
if subjects do not experience it consciously. But, in either case, disturbances 
function to drive transitions, which then turn out to be compensations despite 
their appearing to be spontaneous activities unrelated to equilibration. In short, 
possibilities, in general, as well as the field of virtualities, constitute a continu­
ous source for reequilibrations, which are both constructive and compensatory. 
This is what we wished to demonstrate. 

Possibilit)'., inasmuch as it is related to capacity, constitutes simultaneously 
an instrument and the motor of reequilibration. Only two more essential facts 
remain to be mentioned. The first is that any possibility and procedural schema 
lead to presentative ones and, finally, to structures. The other is that structural 
generalizations start out as procedures. But these reciprocities do not pose any 
problem if one remembers that the "states" of equilibrium and disequilibrium 
characterize the presentative aspects of knowledge, whereas the specific role of 
the procedural aspect is to constitute the mechanism of reequilibration as such. 
In this way a relationship is established between the structuring, organizing ac­
tivities of the epistemic subject and the needs and specific capacities of the psy­
chological subject, which depend on the subject's history: structure as such does 
not, in fact, include "needs," yet it can present gaps. To be precise, one would 
also have to distinguish the individual capacities of a psychological subject from 
the variable strength or diversity of compositions in an epistemic structure. The 
fact that psychological subjects may have many traits in common can only in­
duce us to replace the dichotomy of the psychological and epistemic by a 
trichotomy suggested by the work presently conducted by B. Inhelder: the in­
dividual, the common or general psychological (still temporal and causal), and 
the epistemic, which is nontemporal and exclusively implicational. In addition 
to its instrumental role in reequilibration, possibility thus ensures the transition 
from one level to the next (or between activity domains of the subject) in this 
particular hierarchy. 
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coordinations of, 122; as deductive mecha­
nism, 147. See also Pseudonecessity 

Negations, organization of, 38 
Number, variations in, 76 

Operations, 5, 16, 37, 38: and procedures. 

24, 123; concrete, 33, 145; and analogies, 
36; partitive, 49, 54; logical, 50; source 
of, 82; spatial, 83; and possibility, 87, 

150 
Optimalization: and means, 79; behaviors 

aimed at, 85; at level rn, 98 

Ordination, function of, 147 
Overcomposition: and possibilities, 79, 84; 

defining, 81; initial, 82, 86. See also 
Compositions 

Partitioning, 40, 43: and subtracting, 46, 48, 
49; as procedural possibility, 49-50; ex· 
haustive, 51; and symmetry, 52 

Pathways, 23, 28 
Possibilities: set of, 4; and analogy, 9, 11, 

26, 37; abstract concepts of, 14; and 
necessity, 15, 78, 87, 147, 149; and sen­

sorimotor skills, 18; spatial, 20; succes­
sive, 20-21; and deduction, 22. 37, 86, 
97, 106; autonomous, 25; open system of, 

32; partitioning and, 40, 49-50; number 
of, 4 7, 78, 106; reconstructions of, 57; 
and relativization, 59; instrumental, 62, 
69, 74; physical, 70; and overcomposi· 
lion, 79; and operations, 87; hypothetical, 

92; and accommodations, 95; dynamics 
of, 96, 98; levels of, 99; and inference, 
103; coordinations of, 122; relational, 
140. See also Co-possibilities 

Presentative schemes, defined, 4-5 

Procedural schemes, defined, 5 
Procedures, 24. 123: and analogies, 34-35 
Pseudoimpossibilities, 5, 28, 136 

Pseudonecessity, 5, 15, 25, 29, 32: and size, 
81; notion of, 90; limitations and, 111, 

112, 130; examples of, 129-30; and anal­
ogy, 134; of symmetry, 136. See also 
Necessity 

Realizations, concrete, 57 
Reciprocity, and possibilities, 96-97 



Reequilibration. 88, 93, 97, 152. See also 
Equilibration 

Relations: relations between, 82; initial, 
84-85; perpendicular, 85; asymmetrical, 
123; equivalence, 129 

Rclativization, and possibilities, 59 
Rignano, Eugenio, on reasoning, 106 
Russell, Bertrand, 4 

Self-correction, 64 
Self-regulation, determining, 6-7 
Sensorimotor skills, 18, 36 
Set of possibilities, term, 4 
Shape, 12, 94: varying, 8; linear, 9, 10; 

regular versus "bad," 11; meanings of, 42 
Size: variations in, 76; three dimensions of, 

78, 85; interpreting, 80-81; and total sur­
face, 81-82 

Space, J 8, 29 
Subtraction, 54, 57: and partitioning, 46, 48, 

49 
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Success: possibility of, 91; and comprehen­
sion, 107; and assimilation, 151 

Symmetry: dichotomies and, 46; and co-possi­
bilities, 52; internal, 129; and pseudo­

necessity, 130, 136; and limitations, 134 

Transfers: procedural, 21-22, 36; as 
categorial functors, 34; analogical, 37 

Tripartitions, 48-49 

Union, function of, 147 

Value judgments, 8-9 
Variations: intrinsic, 17, 76, 99, 123, 142; 

successive, 19; arbitrary, 22; initial, 
84-85; co-possible, 96; extrinsic, 98, 123; 
quantitative, 147 
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