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No one likes a know-it-all. Most of us realize there’s no such thing—
how could there be? The world is far too complicated for someone
to understand everything there is to know. So when you come across
a knowr-it-all, you smile to yourself as they ramble on because you
know better.

You understand that the quest for knowledge is a never-ending one,
and you're okay with that. You have no desire to know everything, just
the next thing. You know what you don't know, you're confident enough
to admit it, and you're motivated to do something about it.

At Idiot’s Guides, we, too, know what we don't know, and we make

it our business to find out. We find really smart people who are
experts in their fields and then we roll up our sleeves and get to work,
asking lots of questions and thinking long and hard about how best

to pass along their knowledge to you in the easiest, most-accessible
way possible.

After all, that's our promise—to make whatever you want to learn “As
Easy as It Gets.” That means giving you a well-organized design that
seamlessly and effortlessly guides you from page to page, topic to topic.
It means controlling the pace you're asked to absorb new information—
not too much at once but just what you need to know right now. It
means giving you a clear progression from easy to more difficult. It
means giving you more instructional steps wherever necessary to really
explain the details. And it means giving you fewer words and more
illustrations wherever it's better to show rather than tell.

So here you are, at the start of something new. The next chapter in
your quest. It can be an intimidating place to be, but you've been here
before and so have we. Clear your mind and turn the page. By the end
of this book, you won't be a know-it-all, but your world will be a little
less complicated than it was before. And we'll be sure your journey is
as easy as it gets.

DTS dens

Mike Sanders
Publisher, Idiot’s Guides
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Introduction

My job has always been teaching. Even when I wasn’t officially working as a teacher, | was always
explaining something to someone. Helping people understand new things was always what |
ended up doing, whether it was running lunch hour calculus lessons for my senior classmates,
explaining to my daughter how to solve systems of equations with matrices as we drove along a
dark country road, or emailing explanations of linear programming or third grade multiplication
to friends and family across the country. So it’s not really a surprise that I'm writing this for you.

I don’t know if I'm a “typical” teacher, but there are two ideas that have always guided my
teaching. The first is that successful teaching and successful learning require that the teacher
understand what the student doesn’t understand. That doesn’t just mean that the teacher is better
educated. It means that the person doing the teaching actually sees why the other person finds an
idea difficult or confusing. People tend to become teachers because they’re good at a subject, but
people who are good at a subject sometimes find it hard to see what’s difficult and why. I've spent
almost 40 years trying to understand, and I'm grateful to the hundreds of students who have
taught me. 've tried to bring that understanding to this book.

The other guiding principle is that the teacher’s job is to find another way to explain. And
another, and another, and another, until one works. In my classrooms, that has led to silly stories
about sheep, rules and formulas set to music, and quizzes that students giggle their way through.
Whatever works, works, and language isn’t just for language classes. How you tell the story can
make all the difference for understanding it. I've tried to give you the benefit of what my stu-
dents have taught me about the ways to explain math that work for them.

Part of the successful storytelling and the successful learning is creating a world your readers
can imagine, visualize, and understand. This book is my attempt to take you into the world of
numbers for a work-study tour. I hope you’ll enjoy the trip.

How This Book Is Organized
This book is presented in five sections.

In Part 1, The World of Numbers, you’ll journey from the counting numbers, through the
integers, and on to the rational numbers and the irrational numbers. You'll take a tour of the uni-
verse that mathematicians call the real numbers. This is no sightseeing tour. You'll work your way
through the natural numbers, the integers, and the rational numbers, presented as both fractions
and decimals. You'll practice all the arithmetic you need to know and explore different ways of
writing numbers and the relationships among them.
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In Part 2, Into the Unknown, you’ll venture into the realm of variables and get acquainted with
algebra. You'll solve equations and inequalities and graph them and begin to think about undoing

arithmetic instead of doing it.

In Part 3, The Shape of the World, you’ll take some basic ideas like measurement, congruence,
proportion, and area and examine how they show up when you work with different types of

geometric figures.

In Part 4, The State of the World, it’s time to think about the chances and the risks and to
report on the facts and figures that summarize what you've learned about the world.

Part 5, Extra Practice, is just what it sounds like. Building math skills is like learning to play
an instrument: you have to do it, again and again, before you really get to be good at it. When
you've traveled around the world, it’s natural to want to go back and remember what you’ve seen.

This is your chance.

Extras

As you make your way through the world of numbers, you’ll see some items set off in ways meant
to catch your attention. Here’s a summary of what you'll see.

ﬁ CHECK POINT

As you take your world tour, you’ll find that from time to time you need to pass through
a Check Point. No passport required on our tour, but you will be asked to answer a few
key questions to see if you're ready to move on. You'll find the answers for these Check

Point questions in Appendix C.

@ DEFINITION

For a successful trip, it's a good idea to speak at least a little bit of the language of the
area you're visiting. The Speak the Language sidebars throughout this book identify
critical words and phrases that you'll want to know and use.

MATH TRAP

Ah, the unsuspecting tourist! It's so easy for someone who's just visiting to be fooled
or to make embarrassing mistakes. Don't be that person. These sidebars serve as a
caution and try to help you think and act like someone who calls the world of math-

ematics home.
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Q WORLDLY WISDOM

There you are, you savvy sightseer, visiting new places and learning new things.
Watch for these sidebars that point out bits of information and insight about the world
of mathematics.

cg:,c{hxﬁ MATH IN THE PAST

Over the centuries that people have studied mathematics, their way of writing num-
bers, performing calculations, and organizing their thinking about math have grown
and changed. Some of those ideas are still with us, some have faded away, and some
have led to important discoveries. These sidebars will highlight some of these histori-
cal developments that connect to your current studies.

Acknowledgments

It’s always hard to know who to mention at this point in a book. You, my intended reader, may
have no idea who these people are, and you may skip over this section because of that. Or you
may read this and wonder if these folks are as strange as I am. The most important people may
never see the book, and yet they should be mentioned.

So I'll begin by being forever grateful to E. Jones Wagner—Jonesy—who took a chance on an
eager but very inexperienced young teacher. Jonesy showed me that different students learn in
different ways and different teachers teach in different ways, and that to be a successful teacher,

I had to find my own way. She helped me look past a lifetime of “shoulds” to what actually
worked. She taught me, by her counsel, her example, her style, and yes, her eccentricity. Forty
years later, [ still think back to what I learned from Jonesy and, when faced with a problem, won-
der what Jonesy would do. And to this day, if [ see anything yellow or orange around the school
house, I still want to return it to Jonesy’s classroom.

My gratitude goes to Grace Freedson, of Grace Freedson’s Publishing Network, who not only
won’t let me get lazy but also offers me projects, like this one, that are satisfying and challeng-
ing, and help me to grow as a teacher and as a person. My thanks also go to Lori Hand and Ann
Barton for making this project an absolute delight, from start to finish, and for making my scrib-
blings about math look good and make sense.

One of the things I tell my students is that it’s normal, natural, even valuable to make mistakes.
It’s how we learn. Or more correctly, correcting our mistakes is how we learn. We all make
mistakes. I certainly do, which is why there is someone who reads this math before you do. The
Technical Reviewer’s job is to read everything I've written about the math and make sure it’s cor-
rect and clear. That job also includes checking all the problems and the answers and finding my
mistakes. Yes, | made mistakes, and I am grateful to my Technical Reviewer for finding them and
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pointing them out to me. It makes a better book for you, and it teaches me about where errors
might occur and how my brain works.

Finally, to my family—Laura Wheater, Betty and Tom Connolly, Frank and Elly Catapano—
who patiently put up with my tendency to be just a tad obsessive when I'm working on a project,
and to Barbara, Elise, and Pat, who keep me grounded and sort of sane, I send a giant thank you.

Special Thanks to the Technical Reviewer

Idiot’s Guides: Basic Math and Pre-Algebra was reviewed by an expert who double-checked the
accuracy of what you’ll learn here, to help us ensure this book gives you everything you need to
know about basic math. Special thanks are extended to Steve Reiss.

Trademarks

All terms mentioned in this book that are known to be or are suspected of being trademarks
or service marks have been appropriately capitalized. Alpha Books and Penguin Group (USA)
Inc. cannot attest to the accuracy of this information. Use of a term in this book should not be
regarded as affecting the validity of any trademark or service mark.



PART

The World of Numbers

Welcome to the world of numbers! Any study of mathematics begins with numbers. Your sense of
how much, how many, and how big or small is critical to the work you do in math, as well as to
your understanding the environment in which you function.

The world of numbers is a wide world. In this part, you'll look at the areas of it we visit most
often, but you won’t have time to explore every corner of the world. Think of this as a tour to get
acquainted with numbers. You'll learn to communicate in mathematical language and accomplish
basic tasks. You'll learn the fundamental rules and relationships of our number system.






CHAPTER

Our Number System

When asked to think about the word “math,” the first image
most people are likely to have is one that involves numbers.
This makes sense, because most of what we do in the name
of math uses numbers in one way or another. Some would
say that math is really about patterns, and that numbers and
shapes are the vehicles, so arithmetic and geometry become
two primary areas of mathematical thinking. There’s a wider
world to mathematics, but you have to start somewhere, and
generally you start with numbers.

In this chapter, we’ll take a look at the system of numbers

we most commonly use. We’ll explore how the system works
and learn to identify the value of a digit based upon its
position in the number. We’ll examine how our system deals
with fractions, or parts of a whole, and we’ll explain some
variations in the way numbers are written, techniques to
avoid long strings of zeros, and a method of writing very large
and very small numbers called scientific notation.

In This Chapter

The development of our
number system

Place value and how to
use it

How to express powers of
ten using exponents
Writing very large num-
bers in scientific notation
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The Counting Numbers

People have a tendency to think that our number system was always there and was always as it
is now. On some level, that’s true. The desire, and need, to count things dates to early history,
but how people count and what people do with numbers have changed over the years. The need
to count is so fundamental that the whole system is built on the numbers people use to count.
The counting numbers, also called the natural numbers, are the numbers 1, 2, 3,4, and so on. The
counting numbers are an infinite set; that is, they go on forever.

You might notice that the counting numbers don’t include 0. There’s a simple reason for that.
If you don’t have anything, you don’t need to count it. Zero isn’t a counting number, but for
reasons you'll see shortly, it’s one that is used a lot. The set of numbers 0, 1, 2, 3, 4, and so on is
called the whole numbers.

@ DEFINITION

The counting numbers are the set of numbers {1, 2, 3, 4, ...}. They are the numbers we
use to count. The counting numbers are also called the natural numbers.

The whole numbers are the set of numbers {0, 1, 2, 3, 4, ...} They are formed by adding
a zero to the counting numbers.

Numbers didn’t always look like they do now. At different times in history and in different places
in the world, there were different symbols used to represent numbers. If you think for a moment,
you can probably identify a way of writing numbers that is different from the one you use every
day. Roman numerals are an ancient system still used in some situations, often to indicate the
year. The year 2013 is MMXIII, and the year 1960 is MCMLX.

Roman numerals choose a symbol for certain important numbers. [ is 1, V is 5, X stands for 10,
L for 50, C for 100, D for 500 and M for 1,000. Other numbers are built by combining and
repeating the symbols. The 2000 in 2013 1s represented by the two Ms. Add to that an X for 10
and three Is and you have 2013. Position has some meaning. VI stands for 6 but IV stands for 4.
Putting the I before the V takes one away, but putting it after adds one. Roman numerals
obviously did some jobs well or you wouldn't still see them, but you can probably imagine that
arithmetic could get very confusing.

cg%%? MATH IN THE PAST

Ever wonder why the Romans chose those letters to stand for their numbers? They
may not have started out as letters. One finger looks like an I. Hold up your hand to
show five fingers and the outline of your hand makes a V. Two of those, connected at
the points, look like an X and show ten.
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The ancient Romans weren’t the only culture to have their own number system. There were
many, with different organizing principles. The system most commonly in use today originated
with Arabic mathematicians and makes use of a positional, or place value system. In many ancient
systems, each symbol had a fixed meaning, a set value, and you simply combined them. In a place
value system, each position represents a value and the symbol you place in that position tells how
many of that value are in the number.

@ DEFINITION

A place value system is a number system in which the value of a symbol depends on
where it is placed in a string of symbols.

The Decimal System

Our system is a positional, or place value system, based on the number 10, and so it’s called a
decimal system. Because it’s based on 10, our system uses ten digits: 0, 1,2, 3,4, 5,6, 7,8, and 9.
A single digit, like 7 or 4, tells you how many ones you have.

@ DEFINITION

A digit is a single symbol that tells how many. It's also a word that can refer to a finger
(another way to show how many).

When you start to put together digits, the rightmost digit, in the ones place, tells you how many
ones you have, the next digit to the left is in the tens place and tells how many tens, and the next
to the left is how many hundreds. That place is called the hundreds place. The number 738 says

you have 7 hundreds, 3 tens, and 8 ones, or seven hundred thirty-eight.

The number 392,187 uses six digits, and each digit has a place value. Three is in the hundred-
thousands place, 9 in the ten-thousands place, and 2 in the thousands place. The last three digits
show a I in the hundreds place, 8 in the tens place and 7 in the ones place.

The Meaning of Digits in a Place Value System

Hundred-  |Ten-
Place Name |thousands |thousands |Thousands |Hundreds |Tens Ones
Value 100,000 10,000 1,000 100 10 1
Digit 3 9 2 1 8 7
Worth 300,000 90,000 2,000 100 80 7
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@ DEFINITION

A decimal system is a place value system in which each position in which a digit can
be placed is worth ten times as much as the place to its right.

Each move to the left multiplies the value of a digit by another 10. The 4 in 46 represents 4 tens
or forty, the 4 in 9,423 is 4 hundreds, and the 4 in 54,631 represents 4 thousands.

If you understand the value of each place, you should be able to tell the value of any digit as well
as the number as a whole.

CHECK POINT
Complete each sentence correctly.

1. In the number 3,492, the 9 is worth

2. In the number 45,923,881, the 5 is worth

3. In the number 842,691, the 6 is worth

4. In the number 7,835,142, the 3 is worth

5. In the number 7,835,142, the 7 is worth

When you read a number aloud, including an indication of place values helps to make sense of
the number. Just reading the string of digits “three, eight, two, nine, four” tells you what the
number looks like, but “thirty-eight thousand, two hundred ninety-four” gives you a better sense
of what it’s worth.

In ordinary language, the ones place doesn’t say its name. If you see 7, you just say “seven,” not
“seven ones.” The tens place has the most idiosyncratic system. If you see 10, you say “ten,” but
11 is not “ten one.” It’s “eleven” and 12 is “twelve,” but after that, you add “teen” to the ones

digit. Sort of. You don’t have “threeteen,” but rather “thirteen.” You do have “fourteen” but then

” « ” «

“fifteen.” The next few, “sixteen,” “seventeen,” “eighteen,” and “nineteen” are predictable.

When the tens digit changes to a 2, you say “twenty” and 3 tens are “thirty,” followed by “forty,”
“fifty,” “sixty,” “seventy,” “eighty,” and “ninety.” Each group of tens has its own family name, but
from twenty on, you're consistent about just tacking on the ones. So 83 is “eighty-three” and 47 is

“forty-seven.” And the hundreds? They just say their names.

Larger numbers are divided into groups of three digits, called periods. A period is a group of
three digits in a large number. The ones, tens and hundreds form the ones period. The next three
digits are the thousands period, then the millions, the billions, trillions, and on and on.
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Q WORLDLY WISDOM

In the United States, you separate periods with commas. In other countries, like Italy,
they're separated by periods, and in others, like Australia, by spaces.

You read each group of three digits as if it were a number on its own and then add the period
name. The number 425 is “four hundred twenty-five,” so if you had 425,000, you'd say “four
hundred twenty-five thousand.” The number 425,000,000 is “four hundred twenty-five million,”
and 425425425 is “four hundred twenty-five million, four hundred twenty-five thousand, four
hundred twenty-five.”

ﬁ CHECK POINT

Write the number 79,038 in words.
Write the number 84,153,402 in words.

Write “eight hundred thirty-two thousand, six hundred nine” in numerals.

o ® 3

Write “fourteen thousand, two hundred ninety-one” in numerals.

10. Write “cwenty-nine million, five hundred three thousand, seven hundred eighty-two”
in numerals.

Powers of Ten

Each place in a decimal system is ten times the size of its neighbor to the right and a tenth the
size of its neighbor to the left. As you move through a number, there are a whole lot of tens
being used. You can write out the names of the places in words: the hundredths place or the ten-
thousands place. You can write their names using a 1 and zeros: the 100 place or the 10,000 place.
The first method tells you what the number’s name sounds like, and the other helps you have a
sense of what the number will look like.

You can keep moving into larger and larger numbers, and the naming system keeps going with
the same basic pattern. The problem is that those numbers, written in standard notation, take
up lots of space and frankly, don’t always communicate well. In standard notation, one hundred
trillion 1s 100,000,000,000,000. Written that way, most of us just see lots of zeros, and it’s hard to
register how many and what they mean.

There’s a shortcut for writing the names of the places called powers of ten. All of the places in our
decimal system represent a value that’s written with a 1 and some zeros. The number of zeros
depends on the place. The ones place is just 1—no zero. The tens place is 10, a 1 and one zero.
The hundreds place is 100, a 1 and two zeros. The thousands place has a value of 1,000 or a 1 and
three zeros, and on it goes.
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To write powers of ten in a more convenient form, you use exponents. These are small numbers
that are written to the upper right of another number, called the base, and tell how many of that
number to multiply together.

If you want to show 3 X 3, you can write 3°. In this case, 3 is the base number and 2 is the
exponent. This notation tells you to use two 3s and multiply them. We'll look at exponents again
in a later chapter, but for now we’re going to take advantage of an interesting result of working
with tens.

@ DEFINITION

The expression power of ten refers to a number formed by multiplying a number of 10s.
The first power of ten is 10. The second power of ten is 10 X 10 or 100, and the third
power of 10 is 10 X 10 X 10 or 1,000.

An exponent is a small number written to the upper right of another number, called
the base. The exponent tells how many of that number should be multiplied together.
You can write the third power of 10 (10 is 10 X 10 X 10) as 10%. In this case, 10 is the
base number and 3 is the exponent.

When you multiply tens together, you just increase the number of zeros. 10 X 10 = 100,

100 X 10 = 1000. Each time you multiply by another ten, you add another zero. Look at a place
value, count the number of zeros in the name, and put that exponent on a 10, and you have the
power-of-ten form of that place value.

Powers of 10

Decimal Place Value Number of Zeros |Tens being multiplied |Power of Ten
ones 1 0 None 10°
tens 10 1 10 10!
hundreds 100 2 10 X 10 10°
thousands 1,000 3 10 X 10 X 10 10°

Using this system, a million, which you write as 1,000,000 in standard notation, has 6 zeros after
the 1, so it would be 10°. One hundred trillion is 100,000,000,000,000 or a 1 followed by 14 zeros.
You can write one hundred trillion as 10", which is a lot shorter.



Chapter 1: Our Number System 9

ﬁ CHECK POINT

11. Write 10,000 as a power of ten.
12. Write 100,000,000,000 as a power of ten.
13. Write 107 in standard notation.
14. Write 10" in standard notation.

15. Write 10° in standard notation.

Scientific Notation

Suppose you needed to talk about the distance from Earth to Mars (which keeps changing because
both planets are moving, but you can give an approximate distance). You can say that Earth and
Mars are at least 34,796,800 miles apart and probably not more than 249,169,848 miles apart, so on
average, about 86,991,966.9 miles. If you read that last sentence and quickly lost track of what the
numbers were and replaced their names with a mental “oh, big number,” youre not alone.

Whether they’re written as a string of digits like 34,796,800 or in words like two hundred
forty-nine million, one hundred sixty-nine thousand, eight hundred forty-eight, our brains have
trouble really making sense of numbers that large. (Whether you think the numbers or the words
are easier to understand is a personal matter. Our brains are not all the same.) Scientists and
others who work with very large or very small numbers on a regular basis have a method for
writing such numbers, called scientific notation.

Scientific notation is a system of expressing numbers as a number between one and ten, times a
power of ten. The first number is always at least 1 and less than 10. Ten and any number bigger
than ten can be written as a smaller number times a power of ten.

Let’s look at that with a few smallish numbers first. A single digit number like 8 would be 8 X
10°. Ten to the zero power is 1,50 8 X 10°is 8 X 1 or 8. The number 20 would be 2 X 10". 10" is
10, s0 2 X 10" is 2 X 10, or 20. For a larger number like 6,000,000 you would think of it as 6 X
1,000,000, or 6 X 10°.

@ DEFINITION

Scientific notation is a method for expressing very large or very small numbers as the
product of a number between 1 and 10 and a power of 10.
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To write a large number in scientific notation, copy the digits and place a decimal point after the
first digit. This creates the number between 1 and 10. Count the number of places between where
you just put the decimal point and where it actually belongs. This is the exponent on the ten.
Once you write the number as a number between 1 and 10 times a power of 10, you can drop any
trailing zeros, zeros at the end of the number.

Here’s how to write 83,900 in scientific notation:

1. Write the digits without a comma.
83900

2. Insert a decimal point after the first digit.
8.3900

3. Count the places from where the decimal is now to where it was originally.
8.3900

4 places
4. Write as a number between 1 and 10 multiplied by a power of 10.
8.3900 X 10*

5. Drop trailing zeros.
8.39 x 10*

The number 83,900 can be written as 8.39 X 10*

To change a number that is written in scientific notation to standard notation, copy the digits

of the number between 1 and 10 and move the decimal point to the right as many places as the
exponent on the 10. You can add zeros if you run out of digits. The number 3.817 X 10* becomes
3.81700000 or 381,700,000.

8 places

ﬁ CHECK POINT

16. Write 59,400 in scientific notation.

17. Write 23,000,000 in scientific notation.
18. Write 5.8 X 10 in standard notation.
19. Write 2.492 X 10 in standard notation.

20. Which is bigger: 1.2 X 10% or 9.8 X 10???
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Rounding

When dealing with large quantities, sometimes you don’t need to use exact numbers. If you want
to talk about a number being “about” or “approximately,” you want to round the number. For
example, the number 6,492,391 is closer to 6 million than to 7 million, but closer to 6,500,000
than to 6,400,00. Rounding is a process of finding a number with the desired number of significant
digits that 1s closest to the actual number.

@ DEFINITION

The significant digits of a number are the nonzero digits and any zeros that serve
to tell you the precision of the measurement or the digit to which the number was
rounded.

When you round a number, you place it between two other numbers and decide to which it is
closer. To round 48,371 to the nearest ten-thousand, you need to decide if it’s closer to 40,000 or
to 50,000. Any number from 40,001 up to 44,999 would be closer to 40,000, but numbers from
45,001 to 49,999 are closer to 50,000. The general agreement is that 45,000, right in the middle,
will round to 50,000.

Because that middle number is the dividing line between the numbers that round down and those
that round up, the digit after the last significant digit will tell you which way to round. If you
want to round 48,371 to the nearest thousand, look to the hundreds place. The digit in that place
is 3, so round down to 48,000. If you want to round it to the nearest hundred, the 7 in the tens
place tells you to round up to 48,400.

To round a number:
1. Decide how many significant digits you want to keep.
2. Look at the next digit to the right.

3. If that digit is less than 5, keep the significant digits as they are and change the rest of
the digits to zeros.

4. If that digit is 5 or more, increase the last significant digit by one and change the follow-
ing digits to zeros.

Don’t worry if you start to round up and feel like you've started a chain reaction. If you round
99,999 to the nearest hundred, you're placing 99,999 between 99,900 and the number 100 higher,
which is 100,000. You see the 9 in the tens place and know you need to round up. That means
you need to change the 9 in the hundreds place to a 10, and that doesn’t fit in one digit. That
extra digit is carried over to the thousands place, which makes that a 10, and that carries over to
the ten-thousands place. Take a moment to think about what numbers you’re choosing between,
and you’ll know you’re in the right place.
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CHECK POINT
Round each number to the specified place.
21. 942 to the nearest hundred
22. 29,348 to the nearest ten-thousand
23. 1,725,854 to the nearest hundred-thousand
24. 1,725,854 to the nearest thousand

25. 1,725,854 to the nearest million

The Least You Need to Know

* Our number system is a place value system based on powers of ten.
* As you move to the left, the value of each place is multiplied by 10.

* An exponent is a small number written to the upper right of a base number.
The exponent tells you how many of the base number to multiply together.
* Scientific notation is a system of writing large numbers as a number between 1

and 10 multiplied by a power of 10.

* Round a number to a certain place by looking at the next place, rounding up if the
next digit is 5 or more and down it's 4 of less.



Arithmetic

The last chapter focused on the world of numbers and how to
express those numbers in words and symbols. The next step is
investigating how to work with numbers. In other words, it’s
time to look at arithmetic.

The two fundamental operations of arithmetic are addition
and multiplication (and multiplication is actually a shortcut
for repeated addition). Subtraction and division are usually
included in the basics of arithmetic, but you’ll see that these
are really operations that reverse on addition and multipli-
cation. We'll look at the basics of skillful arithmetic and
introduce some strategies that may make the work easier.

Addition and Subtraction

The counting numbers came to be because people needed to
count. Soon thereafter, people started putting together and
taking apart the things, or groups of things, they had counted.
If you have 3 fish and your best buddy has 5 fish, you have a
pretty satisfying meal (unless you invite 20 friends, but that’s
division and that’s later). You could put all the fish in a pile
and count them again, but soon you get the notion of 3 + 5

= 8. And if you only eat 4 fish, again, you could count the

CHAPTER

In This Chapter

Practice addition with
regrouping

* Learn to look for compat-

ible numbers

Practice subtraction with
regrouping

Make change for mental
subtraction

Practice multiplication of
multi-digit numbers

Practice the long division
algorithm
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fish that are left, but before too long, you grasp subtraction: 8 — 4 = 4. Addition and subtraction
are just ideas of putting together and taking away that people developed to avoid having to keep
recounting.

Addition

If addition is just a substitute for counting, why do you need it? The need is speed, especially
when the numbers get large. Counting 3 fish and 5 fish to find out you have 8 fish is fine, but
counting 3,000 fish and 5,000 fish would not be practical. When the addends, the numbers you're
adding, get larger, you need a system to find the sum, or total, quickly. The place value system
allows you to add large numbers in a reasonable amount of time.

@ DEFINITION

A sum is the result of addition. The numbers that are added are called addends.
In the equation 5 + 10 = 15, 5 and 10 are addends, and 15 is the sum.

It’s important, of course, to learn basic addition facts, but the facts in the table and an
understanding of our place value system will get you through most addition problems.

Basic Addition Facts

v 1 2 3 4 5 [ 7 8 9
1 2 3 4 5 6 7 8 9 10
2 3 4 5 6 7 8 9 10 11
3 4 5 6 7 8 9 10 11 12
4 5 6 7 8 9 10 11 12 13
5 6 7 8 9 10 11 12 13 14
6 7 8 9 10 11 12 13 14 15
7 8 9 10 11 12 13 14 15 16
8 9 10 11 12 13 14 15 16 17
9 10 11 12 13 14 15 16 17 18

The left column and top row show the digits from 1 to 9. The box where a row and column meet
contains the sum of those digits.
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When you add 3 + 5, you get 8, a single digit. That could be adding 3 ones and 5 ones to get 8
ones, but 3 thousands + 5 thousands make 8 thousands, so the same addition could be done for
larger addends. It’s just about writing the digits in the proper places.

When you add numbers with more than one digit, stack them one under the other, with the deci-
mal points aligned (even if the decimal points are unseen.) To add 43,502 and 12,381, you write
them like this:

43,502
+

12,381
This puts the ones under the ones, the tens under the tens, the hundreds under the hundreds,
and so on. You just have to add the digits in each place, starting on the right with the ones place:

2 ones + 1 one equals 3 ones
0 tens + 8 tens equals 8 tens
5 hundreds + 3 hundreds equals 8 hundreds
3 thousands + 2 thousands equals 5 thousands
4 ten-thousands + 1 ten-thousand equals 5 ten-thousands
43,502
12381
55,883
It’s traditional to start from the right, from the lowest place value, and work up. There are prob-
lems, like this one, which could be done left to right, but in the next example, you’ll see why right
to left is the better choice. The key is that in the previous example, each time you added two

digits, you got a single digit result. That’s not always the case. Let’s change just one digit in that
problem. Change 43,502 to 43,572.

43,572
+
12,381

Now when you add the ones digits you get a single digit, 3, which goes in the ones place of the
answer, but when you add the 7 tens to the 8 tens, you get 15 tens, and there’s no way to squeeze
that two-digit 15 into the one space for the tens digit. You have to regroup, or as it’s commonly
called, you have to carry.
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Our 15 tens can be broken up into one group of 10 tens and one group of 5 tens. The group of 10
tens makes 1 hundred. You’re going to pass that 1 hundred over to the hundreds place, to the left,
and just put the 5, for the remaining 5 tens, in the tens digit place. You put the 5 in the tens place
of the answer, and place a small 1 above the hundreds column to remind yourself that you've
passed 1 hundred along. In common language, you put down the 5 and carry the 1.

1
43,572
+ 12,381
53

When you add the hundreds digits, you add on that extra 1. Five hundreds + 3 hundreds + the
extra 1 hundred from regrouping = 9 hundreds.

1
43,572
+ 12,381
953

As you finish the addition in the other columns, you’ll find that each gives you just one digit, so
no further regrouping or carrying is needed.

1
43,572
+ 12,381

55,953

A problem may not need regrouping at all, like our first example, or just once, like this example,
or many times, or even every time. Say you want to add 9,999 and 3,457.

In the ones place, 9 + 7 = 16. Put down the 6 and carry the 1. In the tens, 9 + 5 + 1 you carried
= 15. Put down the 5 and carry the 1. In the hundreds, 9 + 4 + 1 you carried = 14. Put down the
4 and carry the 1. In the thousands, 9 + 3 + 1 you carried = 13.

111

9,999
+ 3457

13,456

ﬁ CHECK POINT

Find each sum.
1. 48+ 86 4. 1458 + 2993
2. 97+ 125 5. 12477 + 8,394
3. 638 + 842
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Adding Longer Columns

Addition is officially a binary operation. That means that it works with two numbers at a time.

In fact, all four arithmetic operations (addition, subtraction, multiplication, and division) are
binary operations, but for addition (and multiplication) it is possible to chain a series of operations
together. When you add 4 + 9 + 7 + 5, you're actually only adding two numbers at a time.

You add 4 + 9 to get 13, then that 13 + 7 to get 20, and then 20 + 5 to get 25. The same kind

of chaining works with larger numbers, as long as you remember to stack the numbers so that
decimal points, and therefore place values, are lined up.

Suppose you wanted to add 59,201 + 18,492 + 81,002 + 6,478. First, stack them with the (invisible)
decimal points aligned.

59,201
18,492

+
81,002
6478

Add each column, regrouping and carrying over to the next place if you need to. Chain the
addition in each column. In the ones column, you're adding 1 + 2+ 2+ 8;so1 +21s 3,3+ 2 1s
5,and 5 + 8 is 13. Put the 3 in the ones column of the answer and carry the 1 ten to the tens
column.

59.201
18,492
+81,002
6478

3

Add the tens column. 0 + 9 + 0 + 7 + the 1 you carried is 17, so put down the 7 and carry the 1.
11
59,201
18,492
+ 81,002
6478
73
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Keep the chain of additions going, column by column, and don’t be alarmed when the thousands
column adds to 25. Just put down the 5 and carry a 2 over to the ten-thousands column.

21 11

59,201
18,492

+ 81,002
6478
165,173

There are a lot of little steps in an addition like this, and you may wonder why some people
are so quick at it while others take more time. The answer probably has to do with the order in
which those speedy folks do the job.

You can only add two numbers at a time, but you don’t have to add them in the order they’re
given to you. There are two properties of addition that help to simplify and speed up your work.
They’re called the commutative property and the associative property.

The commutative property tells us that order doesn’t matter when adding. It doesn’t take long
to realize that 4 + 7 is the same as 7 + 4, and the same 1s true for any two numbers you add.

If you add 3,849,375 + 43,991, you’ll probably put the 3,849,375 on top and the 43,991 under that,
because that’s the way it was given to you, but you'd get exactly the same answer if you did it
with the 43,991 on the top.

It’s important to remember that not every operation has this property. If you have $1,000 in the
bank and withdraw $100, no one at the bank will blink, but if you have $100 and try to withdraw
$1,000, there’s likely to be an unpleasant reaction. Withdrawing money from your bank account
is a subtraction, and subtraction isn’t commutative.

@ DEFINITION

The commutative property is a property of addition or multiplication that says that
reversing the order of the two numbers will not change the result.

The other useful property of addition is the associative properry. This property tells us that when
adding three or more numbers, you can group the addends in any combination without changing
the outcome.

For example, when adding 8 + 5 + 5 + 2, you might decide that adding those two 5s first is easier
than going left to right. The associative property says you can do that without changing the
result. You can take 8 + 5 + 5 + 2, add the two 5s first, and make the problem 8 + 10 + 2. That
will give you 20, which is the same answer you would have gotten going left to right.
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@ DEFINITION

The associative property is a property of addition or multiplication that says that
when you must add or multiply more than two numbers, you may group them in
different ways without changing the result.

If a problem has lots of numbers, you’ll sometimes see parentheses around some of the numbers.
This is a way of saying “do this part first.” It might have 3 + (7 + 4) + 9 to tell you to add the

7 and the 4 first. That can be helpful, and sometimes absolutely necessary, but the associative
property says that if the problem is all addition or all multiplication, you can move those
parentheses. It’s telling you that you’ll get the same answer no matter which part you do first, as
long as the problem has just one operation, addition or multiplication. 3 + (7 + 4) + 9 =
(3+7)+4+9. You can regroup.

When you let yourself use both the commutative and the associative properties, you realize that
as long as addition is the only thing going on, you can tackle those numbers in any order. That’s
one step toward speedier work. If you can add any two numbers at a time, do the simple ones
first. Adding 8 + 5 + 5 + 2 is easier if you rearrange it to 5 + 5 + 8 + 2. Add the 5s to get 10, add
the 8 + 2 to get another 10, and the two 10s give you 20.

@ MATH TRAP
Like the commutative property, the associative property is for addition (or multiplica-
tion), not for subtraction (or division) and not for combinations of operations. (8 + 7) + 3
is the same as 8 + (7 + 3), but (8 + 7) X 3 is not the same as 8 + (7 X 3).

Grouping the numbers in this way is easier because 5 and 5 are compatible numbers, and so are 8
and 2. Compatible numbers are pairs of numbers that add to ten. Why ten? Because our decimal
system 1s based on tens. You might have your own version of compatible numbers, which add to
something else.

For example, if you were a shepherd and had to keep track of a flock of seven sheep, you'd spend
a lot of your time counting to seven to be sure you had them all. You'd quickly get to know that

if you saw 5 of them in the pasture and 2 on the hill, all was well. If 3 were by the stream and 4

under the tree, you were good. You'd know all the pairs of numbers that added to 7: 1 + 6,2 + 5,
and 3 + 4. For general addition purposes, however, compatible numbers are pairs that add to 10:

1+9,2+8,3+74+6,and 5 + 5.
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Looking for compatible numbers, and taking advantage of the associative and commutative
properties, can speed up addition. Adding4+9+5+7+8+9+2+3+6+ 5+ 1justas
written could be tedious. But if you look for compatible numbers and rearrange, it’s not too bad.

+§+9+§+§+§+§+

I~
~

+2+§+

1 —

4+6 9+1+§:—§+7+3+8+2+9

+
0+10+10+10+10+9
9

I
¥} Lo

If you use these tactics on each place value column, even long addition problems can go quickly.
Take a look at the following addition problem.

47,732
18,481
6,809

* 14,678
81395

In the ones column, you can find 2 + 8 and 1 + 9 and another 5 to make 25. Put down the 5 and
carry the 2. In the tens, there’s a 3 + 7 and an 8 + 2 (that you carried) and another 9 for 29. Put
down the 9 and carry the 2. In the hundreds, you'll find 7 + 3,4 4+ 6 and 8 + 2 for a total of 30.
Put down the 0 and carry 3. There are two pairs that make 10 in the thousands, plus another 9,
and the ten-thousands will add to 16.

23 22

47,732
18,481
6,809
14,678
81,395
169,095

+

CHECK POINT

Use compatible numbers to help you complete each addition problem.
6. 18+ 32+ 97 9. 71,864 + 34,745 + 9,326
7. 91 + 74 + 139 10. 9,865 + 7,671 + 8,328 + 1,245 + 3,439
8. 158 + 482 + 327 + 53
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Subtraction

Subtraction is often thought of as a separate operation, but it’s really a sort of backward addition.
It’s how you answer the question, “What do you add to A if you want to have B?” What do you
add to 13 to get 207 Well, 20 — 13 is 7, which means 13 + 7 is 20. In this example, 7 is the difference
between 20 and 13.

Subtraction and addition are inverse operations. Remember that shepherd who knows all the

pairs that add to 7? If he looks up and only sees 5 sheep, he needs to know how many sheep are
missing. His question can be phrased in addition terms as 5 + how many = 7? Or you can write it
as a subtraction problem: 7 — 5 = how many? Either way you think about it, compatible numbers
will be helpful with subtraction as well as addition.

@ DEFINITION

The result of a subtraction problem is called a difference. Officially, the number you
start with is the minuend, and the number you take away is the subtrahend, but you
don't hear many people use that language. In the equation 9 - 2 = 7, 9 is the minuend,
2 is the subtrahend, and 7 is the difference.

An inverse operation is one that reverses the work of another. Putting on your
jacket and taking off your jacket are inverse operations. Subtraction is the inverse
of addition.

The “take-away” image of subtraction thinks of the problem as “if you have 12 cookies, and I
take away 4, how many cookies are left?” That works fine for small numbers, and when you’re
working with large numbers, you can apply it one place value column at a time. In the following
subtraction problem, you can work right to left:

6,987 7 ones take away 3 ones equals 4 ones

4,844

— 2,143 g tens take away 4 tens equals 4 tens
9 hundreds take away 1 hundred equals 8 hundreds

6 thousands take away 2 thousands equals 4 thousands

Things get a little more complicated when you try a subtraction like 418 — 293. It starts out
fine in the ones place: 8 — 3 = 5. But when you try to subtract the tens column, you have 1 -9,
and how can you take 9 away from 1? This is when you need to remember—and undo—the
regrouping you did in addition.

In the process of addition, when the total of one column was more than one digit, too big to fit
in that place, you carried some of it over to the next place. So when you’re subtracting —going
back—and you bump into a column that looks impossible, you’re going to look to the next place
up and take back, or borrow, so that the subtraction becomes possible.
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In our example of 418 — 293, you’ll look to the hundreds place of 418, where there are 4 hundreds,
and you’ll borrow 1 hundred. You'll cross out the 4 and make it a 3, so you don’t forget that you
borrowed 1 hundred, and you’ll take that I hundred and change it back into 10 tens. You’ll add
those 10 tens to the 1 ten that was already in the tens place, and you’ll have 3 hundreds, 11 tens,
and 8 ones. Then you can take away 293, or 2 hundreds, 9 tens, and 3 ones. So 8 ones — 3 ones =
5 ones, 11 tens — 9 tens = 2 tens and 3 hundreds — 2 hundreds = 1 hundred. Here’s how it

would look:

31

125

Borrowing isn’t always necessary, as you saw in the earlier example. When it s, you’ll find it’s
wise to mark the ungrouping you've done and not try to juggle it all in your head.

ﬁ CHECK POINT

Complete each subtraction problem.

11. 596 — 312 14. 5,403 — 3,781
12. 874 — 598 15. 14,672 — 5,839
13. 1,058 — 897

Thinking of subtraction as adding back instead of taking away can be helpful for mental math.
If you buy something that costs $5.98 and give the cashier a $10 bill, how much change should
you get? Instead of doing all the borrowing and regrouping that’s necessary to subtract 10.00 —
598, start with $5.98 and think about what you'd need to add to get to $10. You'd need 2 pennies,
or $0.02, to make $6, and then another $4 to make $10. So your change should be $4.02.

You can use the add-back method of subtraction whenever it seems convenient, even if you’re not
making change. To subtract 5,250 — 3,825, you can start with 3,875 and think:

Adding 5 will make 3,830
Adding 20 will make 3,850
Adding 400 will make 4,250
Adding 1,000 will make 5,250
So 5,250 — 3,825 = 1,425.
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CHECK POINT

Subtract by adding back.

16. 100 — 62 19. 400 — 285
17. 250 — 183 20. 850 — 319
18. 500 - 29

Multiplication and Division

There’s a lot of talk about the four operations of arithmetic: addition, subtraction, multiplication,
and division. In a way, they all boil down to addition. As we’ve seen, subtraction is the inverse,
or opposite, of addition. Multiplication is actually just a shortcut for adding the same number
several times, and division is the inverse of multiplication. While each operation has its place, it’s
good to remember that they’re all connected.

Multiplication

Multiplication originated as a shorter way to express repeated addition. Suppose you pay $40
every month for your phone. How much is that per year? You could say that you pay $40 in each
of the 12 months of the year and write an addition problem 40 + 40 + 40 + 40 + 40 + 40 + 40 +
40 + 40 + 40 + 40 + 40. It’s long, but it would do the job. Multiplication lets you say the same
thing as 40 X 12.(Or 12 X 40, thanks to the commutative property.) In this example, 40 and 12
are both called factors. When you multiply 40 by 12, you get 480, which is called the product.

@ DEFINITION

Each number in a multiplication problem is a factor. The result of the multiplication is
the product. In the equation 5 X 3 =15, 5 and 3 are factors, and 15 is the product.

Although it’s nice to have a shorter way to write the problem, multiplication isn’t much use to
us unless it also gives us a simpler way to do the problem. And it will, but you need to do the
memory work to learn the basic multiplication facts, or what most people call the times tables.

In the following chart, each column is one table or family of facts. The first column is the ones
table, or what you'd get if you added one 1, two s, three 1s, and so on. The last column is the
nines table. One 9 is 9, two 9s are 18, three 9s are 27, and on down to nine 9s are 81. (You'll see
some tables that include 10 and sometimes even larger numbers, and the more tables you can
learn, the faster at multiplication you’ll be.)
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Basic Multiplication Facts

x 1 2 3 4 5 6 7 8 9
1 1 2 3 4 5 6 7 8 9
2 2 4 6 8 10 12 14 16 18
3 3 6 9 12 15 18 21 24 27
4 4 8 12 16 20 24 28 32 36
5 5 10 15 20 25 30 35 40 45
6 6 12 18 24 30 36 42 48 54
7 7 14 21 28 35 42 49 56 63
8 8 16 24 32 40 48 56 64 72
9 9 18 27 36 45 54 63 72 81

The first column and top row show the single digit numbers. Each cell shows the product of the
digits that start its row and column.

Once you've memorized the multiplication facts, you can take advantage of what you know about
our place value system to handle larger numbers. Let’s start with something not too large. Let’s
multiply 132 X 3.

You know that 132 means 1 hundred and 3 tens and 2 ones, and you know that multiplying by 3
is the same as adding 132 + 132 + 132. Instead of all that adding, you can multiply each digit of
132 by 3, using the 3 times table, and you get 396 or 3 hundreds, 9 tens, and 6 ones. Each digit,
each place, gets multiplied by 3. 132 X 3 = 396.

Now let’s multiply 594 X 2. You have 5 hundreds, 9 tens, and 4 ones, and you want to multiply
by 2. That should give us 10 hundreds, 18 tens, and 8 ones, but that means that you again face
that problem of having a two-digit answer and only a one-digit place to put it. Just as you did
with some of our addition, you’re going to need to carry.

Once again, you want to tackle that work from right to left. So, in this example, you start

with 2 X 4 = 8 and that’s a single digit, so it can go in the ones place of the answer. Next, you
multiply 2 X 9 = 18. That’s 18 tens. You break that into 1 group of 10 tens and another 8 tens,
or 1 hundred and 8 tens. The 8 can go in the tens place of your answer, but you’ll hold on to the
1 hundred for a minute. Put a little 1 over the 5 to remind yourself that you have that 1 hundred
waiting. One more multiplication, this time 2 X 5 = 10 hundreds, and then you’ll add on the
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1 hundred that’s been waiting and you’ll have 11 hundreds. Of course, 11 hundreds form 1 group
of 10 hundreds plus 1 more hundred, or 1 thousand and 1 hundred. Our multiplication ends up
looking like this.

1 1
594 594 _, 594
x 2 x 2 x 2
8 88 1188

When all the multiplying and regrouping is done, 594 X 2 =1,188.

l@ MATH TRAP
Remember that any carrying you do in multiplication happens after you do a multi-
plication. The digit you carry is part of the result of the multiplication. It has already
been through the multiplication process, so make sure you wait and add it on after
the next multiplication is done. Don't let it get into the multiplication again.

So our plan for multiplication of a larger number by a single digit is to start from the right,
multiply each digit in the larger number by the one-digit multiplier, and carry when the result of
a multiplication is more than one digit. That will work nicely when you want to multiply a larger
number by one digit, but what if both of the numbers have more than one digit? What if you need
to multiply 594 by 32 (instead of by just 2)?

For a problem like 594 X 32, you don’t have to invent a new method, but you do have to adapt the
method a little. You'll still start from the right and multiply each digit of 594 by 2, carrying when
you need to. Then you'll multiply each digit of 594 by 3, again starting from the right. But here’s
the catch: that 3 you’re multiplying by is 3 tens, not 3 ones. You have to work that change in place
value into your multiplication.

The problem is fairly easy to solve. Just look at the first time you multiply by the 3 tens: 3 X 4.
It’s really 3 tens times 4, and that should give you not 12, but 12 tens or 120. Multiplying by 3
tens instead of just 3 simply adds a zero.

So here’s how you’ll tackle the problem. First you’ll multiply 594 by the 2, just as you did before.
594
x32

1188
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Next, because you know that our next multiplication is by 3 tens and will add a zero, you'll put a
zero under the ones digits. Then you'll multiply each digit of 594 by 3, carrying when you need
to, and placing those digits on the line with that zero. It looks like this:

21

594
x32
1188
17820

You start the second line of multiplication with the 0 on the right end, then multiply 594 X 3 to
get 1782. Finally, you’ll add the two lines of results to get your final product.

21

594
x32
o
1188
17820

19008
When you're all done, you know that 594 X 32 = 19,008.
Notice that you've multiplied 594 by 2 and 594 by 30, then added those two products together.

The idea of adding that zero because you’'re multiplying by a digit in the tens place can be
extended to other places. If you’re going to multiply by a digit in the hundreds place, you’ll put
two zeros at the right end of that line. If the digit you’re multiplying by is in the thousands place,
you’ll start the line with three zeros.

Here’s a larger problem with very simple multiplication, so that you can see how the plan works.

11,111
x 345

11
55,555
1
444 440
3,333,300
3,833,295
You can see that the zeros shift each line of multiplication over one place, and that’s because each

new multiplication is by a digit that’s worth ten times as much. The hardest part is all the adding,
but when you're done 11,111 X 345 = 3,833,295.
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Q WORLDLY WISDOM
There's a method of multiplication that never requires you to multiply more than

one digit by one digit and takes care of carrying automatically. It’s called lattice
multiplication. You make a grid of boxes with diagonal lines from upper right to lower
left. Factors are written across the top and down the right side, one digit per box. Each
multiplication of one digit by one digit goes in a box, with the tens digit above the
diagonal and the ones below. Add along the diagonals, and read the product down the
left side and across the bottom.

2 3
1 1
1 5
0 5
1 2
3 7
4 1
1 1
G+2+4=1
(Carry 1)

Are you ready for some multi-digit multiplication? Remember your basic facts, and don’t forget
to add zeros to keep the place value columns aligned.

CHECK POINT

Complete each multiplication problem.
21. 462 X 53 24. 1,841 X 947
22. 833 X 172 25. 2,864 X 563
23. 1,005 X 53
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Division

Division is the inverse, or opposite, of multiplication. If multiplication answers questions like “If |
have 3 boxes of cookies and each box has 12 cookies, how many cookies do I have?” then division
1s for questions like “If I have 36 cookies and I'm going to put them in 3 boxes, how many cookies
go in each box?” The division problem “36 + 3 = what number?” is equivalent to “3 X what
number = 36?”

@ DEFINITION

The result of a division is called a quotient. The number you divide by is the divisor,
and the number you're dividing is called the dividend. Dividend + divisor = quotient.
In the equation 12 + 3 = 4, 12 is the dividend, 3 is the divisor, and 4 is the quotient.

Just as knowing your addition facts helps with subtraction, knowing your multiplication facts,
or times tables, will help with division. And just as you used the place value system to deal with
larger numbers in other operations, a process called long division will use a similar strategy.

@ MATH TRAP
Division by zero is impossible. If you divide 12 by 4, you're asking 4 X what number =
12. If you try to divide 12 by 0, you're asking 0 X what number =12, and the answer is
there isn't one. Zero times anything is 0.

When you need to divide a number like 45 by 9, you can rely on basic facts (9 X 5 = 45), but if
you need to divide 738 by 9, that’s not in the basic facts you've memorized.

The strategy you want to use instead has a logic, a way of thinking about what’s going on, and an
algorithm, a step-by-step process for actually doing it. Algorithms can feel like magic, especially if
you don’t understand the logic behind them, so let’s look at the logic first.

@ DEFINITION

An algorithm is a list of steps necessary to perform a process.

The number 738 is made up of 7 hundreds, 3 tens, and 8 ones. Think of them like paper money.
You want to divide by 9. Look first at the hundreds. Can you deal out 7 hundred dollar bills into
9 piles? Not without leaving some piles empty, because there are 9 piles but only 7 hundreds.

So exchange all the hundred dollar bills for ten dollar bills. 7 hundreds give you 70 tens, and the
3 tens you already had make 73 tens.

Can you deal the 73 tens out into 9 piles? You could deal 8 tens into each pile and have 1 ten left
over. Okay, each pile has 8 tens. Take the extra 1 ten, trade it for 10 ones, and add on the 8 ones
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you already had. You've got 18 ones. Deal them out into the 9 piles, and each pile will get 2 ones.
Each pile got 8 tens and 2 ones. That’s 82. 738 + 9 = 82.

No one wants to think about all that dealing out and exchanging every time there’s a problem
to be done, especially if the numbers are large. That’s why there’s an algorithm. Let’s look at the
same problem with the algorithm. We set up the division problem with the divisor outside and
the dividend, the number that’s being divided up, inside the long division symbol, or division
bracket. As you complete the problem, the quotient will be written on top of the bracket.

Take the process digit by digit. How many 9s are there in 77> None, so you can put a zero over
the top of the 7. Multiply the digit you just put in the quotient, 0, times the divisor, 9, and put
the result under the 7. Subtract, and check that the result of the subtraction is smaller than the
divisor. 7 is less than 9, so move on.

0
9)738

0

7

Those 7 hundreds change to 70 tens and get added to the 3 tens to make 73 tens. Show that by
bringing the 3 down. Divide 9 into 73. It goes 8 times, so put an 8 up in the quotient. Multiply
that 8 times the divisor, put the product (72) under the 73, and subtract. Check that the result is
less than the divisor.

08
9)738

0

73
72

1

That’s the one leftover ten, which changes to 10 ones. Bring down the 8 to make 18 ones and
divide 9 into 18. Put the 2 in the quotient, multiply 2 times the divisor, put the 18 under the 18
and subtract.

082

9W

0

73
72

18
18

0
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738 + 9 = 82. You can drop that zero in the front, and in the future, you can just leave a blank
space if the first digit in the quotient is a zero. Don’t drop any zeros that come later, though.
They’re important place holders.

Long division doesn’t always work out to be as tidy as that last example. Sometimes you’ll get

to the end of the dividend, with nothing left to bring down, but you’ll have something left over.
For example, if you divide 49 + 6, you'll get a quotient of 8, but there will be 1 left over, because
6 X 8 is only 48. The leftover 1 is called the remainder. For now, just say you have a remainder.
Later on, you'll see other ways to handle it.

@ DEFINITION

A remainder is the number left over at the end of a division problem. It's the
difference between the dividend and the product of the divisor and quotient.

Try a few problems to be sure you've mastered the algorithm.

ﬁ CHECK POINT

Use the long division algorithm to find each quotient.

26. 4,578 + 42 29. 681 + 14
27. 3496 + 19 30. 1,951 =+ 35
28. 16,617 + 29

The Least You Need to Know

* Addition and subtraction are inverse operations, as are multiplication and
division.

* Compatible numbers are number pairs that add up to ten. Looking for compatible
numbers when adding and subtracting can allow you to complete the operation
more quickly.

* When performing operations with multi-digit numbers, keep the place value
columns aligned.

* The long division algorithm is a process that allows you to divide large numbers.
To use this algorithm, remember: divide, multiply, subtract, compare, bring down,
and repeat.



CHAPTER

Order of Operations

and Integers

In the previous chapter, we focused on arithmetic that

used whole numbers. The whole numbers are the counting
numbers (1, 2, 3,4, 5, and so on) and zero, or the set {0, 1, 2,
3,4,5 ...}. It's ime now to look at some of the rules about
how you should approach more complicated problems. In
this chapter, we’ll look at the order of operations and at what
people do when they don’t want you to follow those rules.

You've already encountered the commutative property and
the associative property, the rules that let you rearrange a
problem that’s all addition or all multiplication. Because your
problems aren’t always one operation, it’s time to meet the
distributive property, which will give you some options for
dealing with addition and multiplication in the same problem
and help with mental math along the way.

The set of whole numbers may contain infinitely many
numbers, but even the whole numbers aren’t big enough to
express all the ideas people have about numbers, so in this
chapter you’ll get acquainted with a set of numbers called the
integers. These positive and negative numbers let you express
ideas of opposites and give you a way to answer questions you
might have once been told were impossible.

In This Chapter

The rules for the order of
operations

Using grouping symbols to
make tasks clearer
Applying the distributive
property

Using negative numbers to
represent opposites

Finding absolute value

Performing operations
with integers
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Order of Operations

What does 2 + 3 X 7 equal? Some people might say 2 + 3 is 5 and 5 times 7 is 35. Those people
started at the left and did what they saw as they saw it, moving across the line, a logical enough
approach. Other people would do the multiplying first and say that’s 21, then add on the 2 to get
23. Those people might have thought that multiplication is repeated addition, so do that first,
then the simple addition.

And what about the order of the numbers? You learned that addition is associative and commuta-
tive, so you can rearrange an addition problem. And you can rearrange a multiplication problem,
too, so can you rearrange one that has both operations? Can you change 2 + 3 X 7to 2 + 7 X 3?
If you do, the multiplication-first people will get the same answer, but the left to right people will
get a different one than they got the first time.

Those are great questions, and you certainly don’t want 2 + 3 X 7 to have two (or more) different
values, depending on who does the arithmetic. That wouldn’t be practical. So what’s the solution?

One way to communicate what should be done first is to add parentheses. The expression
(2 + 3) X 7 tells you to add first, then multiply. (2 + 3) X 7 =5 X 7 = 35. On the other hand,
2 + (3 X 7) says multiply first, so you get 2 + (3 X 7) =2 + 21 = 23.

That’s helpful, but you still need to know what to do, even if people writing the problem don’t
use parentheses. So there’s an agreement among people who do arithmetic about what to do first,
second, and so on.

That agreement is called the order of operations. What's in parentheses will always get done first,
if there are parentheses, and after that, the order will be exponents (think of them like super-
multiplication), then multiplication and division, and finally addition and subtraction.

@ DEFINITION

The order of operations is an agreement among mathematicians that operations
enclosed in parentheses or other grouping symbols should be done first, and then
exponents should be evaluated. After that, do multiplication and division as you meet
them moving left to right, and finally do addition and subtraction as you meet them,
moving left to right.
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There are a lot of memory devices to help you remember the order, and one of them, PEMDAS,
1s so common many people use it in place of order of operations, as if it were a name. The letters
in PEMDAS are meant to help us remember to:

+ P: Simplify expressions inside Parentheses

* E: Evaluate powers, or numbers with Exponents

MD: Multiply and Divide, moving from left to right

AS: Add and Subtract, moving from left to right

@ DEFINITION

PEMDAS is a mnemonic, or memory device, to help you

remember that the order of operations is parentheses, E
exponents, multiplication and division, addition and
subtraction.
M D
Some people use a sentence, like Please Excuse My Dear Aunt Sally,
to help remember the letters in PEMDAS, and others use an image of A S

a house. The house reminds you that multiplication and division are

done together, and so are addition and subtraction.

@ MATH TRAP
Multiplication and division have the same priority. Don't do all the multiplication

and then all the division. Do multiplication or division as you meet them as you work
across the line. The same is true for addition and subtraction. Do them as you come to
them.

Here are some examples of the order of operations at work. Look at each example first, and think
about what you would do. Then read the explanation to see if you had all the rules in order.

Example 1: Simplify (4 X 5?—8) X 3

There are parentheses here, so work on what’s inside them first. It’s a little problem
of its own, so follow the order of operations. First is the exponent. The exponent of 2
on the 5 tells you to multiply 5 X 5. That makes the problem (4 X 25 —8) X 3. Do the
multiplication inside the parentheses, and you have (100 — 8) X 3. Then you can
subtract to get 92 X 3. That gives you 276.
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Ready for a more complicated problem? Try this example.

Example 2: 7 X 20—2 X 4 + 3+ 12 + 4

There are no parentheses, so take care of the exponent first. 3> = 9, so the problem
becomes 7 X 20 —2 X 4 + 9 + 12 + 4. Next, do multiplication and division as you
come to them, starting on the left and moving across the line: first 7 X 20, then

2 X 4, and then 12 + 4.

7X20-2X4+9+12+4
=140-2 X 4+9+12+ 4
=140-8+9+12 = 4
=140 -8+ 9 +3

When all the multiplying and dividing are taken care of, return to the beginning of
the line, and do addition and subtraction as you come to them.

140 -8 + 9 + 3
=132+9+3
=141 + 3

= 144

Sometimes you’ll see more than one set of grouping symbols in the same problem, and sometimes
you may see one set inside another. Different types of grouping symbols are often used to help you

tell which is which.

Example 3: 7[120 — 2(4 + 3)* + 12] + 2

This problem uses parentheses inside of brackets. Brackets have the same meaning

as parentheses. They’re just a different shape so you don’t get confused. Work from
the inside out. Notice that there are numbers in front of the parentheses and brackets
with no operation sign in between. This is another way of writing multiplication.

Do what’s in the parentheses first.
7[120 — 2(4 + 3)* + 12] + 2
=7[120-2(7)* + 12] + 2
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Now work on the problem inside the brackets: 120 — 2(7)* + 12. Follow the order of
operations and don’t worry about anything else until you finish with this part.

7[120 = 2(7 + 12] + 2

120 — 2(49) + 12] + 2

120 — 98 + 12] + 2

7
7
7

7[22 +12] +

[
[
[120—98 + 12] =+ 2
[
7l

34] +

Now you can finish up, starting from the left.

7[34] + 2
=238 + 2
=119

Although a problem may look complicated, using the order of operations can break it down into
manageable steps.

Q WORLDLY WISDOM

A number written in front of parentheses or other grouping symbols without an opera-
tion sign in between tells you to multiply that number by the result of the work in
parentheses. For example, 3(4 -2)=3(2) =3 X 2= 6.

A minus sign in front of parentheses tells you to subtract the result of the parentheses
from the number that precedes the minus sign. For example, 10-(5 + 1) = 10- (6) =
10-6 = 4.

Try applying the order of operations to some problems.

ﬁ CHECK POINT

Complete each arithmetic problem.
I. 9-4X2 4 [(P=5)Xx2+14 +5-3+1
2. 3¥-2X4+1 5. [(33-2X4)+ 12+ [11 -8+ 53 + 1)

3. 2-5)X2+14+7-(5+1)
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The Distributive Property

Occasionally, when you’re following the order of operations, you many notice that you have a
little wiggle room in the rules. For example, at the end of Example 3 above, I said 7[34] + 2 =
238 + 2 = 119, but you might notice that 7(34 + 2) = 7(17) is also 119. That’s because dividing
the product of 7 and 34 by 2 is equivalent to dividing one of them by 2 and then multiplying.
Dividing is so closely related to multiplication that you have a little flexibility. But it’s risky to try
to cheat the rules. Yes, sometimes in a problem involving only multiplication and division or only
addition and subtraction, you might be able to change things around a bit, but most of the time,
you’ll want to stay with PEMDAS.

There’s an important rule in arithmetic that gives you a choice of what to do first when you have
multiplication and addition or subtraction, however. That rule is called the distributive property.

It says that if you're asked to do an addition or subtraction and then multiply the result by a
number, you can do just that, or you can choose to spread out the multiplication. Before you add,
you multiply each of the addends by the multiplier, like this: 4(5 + 3) =4 X 5+ 4 X 3 =20+ 12
= 32. You get the same answer if you do the addition first 4(5 + 3) = 4(8) = 32. The distributive
property gives you the chance to decide which you think will be easier.

@ DEFINITION

The distributive property says that for any three numbers q, b, and ¢, c(a + b) = ca + ch.
In other words, the answer you get by first adding a and b and then multiplying the
sum by c will be the same as the answer you get by multiplying a by ¢ and b by ¢ and
then adding the results.

Consider the problem 17(86 + 14).

The easiest way to do this one is to add first.
17(86 + 14) = 17(100) = 1,700

Now think about 4(125 + 325).

This might be easier if you distribute.

4(125 + 325) = 4(125) + 4(325) = 500 + 1,300 = 1,800

Q WORLDLY WISDOM
The distributive property is a great help in mental math. You might not think you can
multiply 45 X 98 in your head, but if you think of it as 45(100 - 2), it’s 4,500 - 90,
which is 4,410.
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When you see a minus sign in front of parentheses, as in 14 — (8 + 3), it says to do what’s in the
parentheses and subtract the result from the number before the minus sign. The distributive
property gives you the option to distribute the minus and rewrite the problem as 14 — 8 — 3.
Taking away the sum of 8 and 3 is the same as taking away 8 and taking away 3.

CHECK POINT

Tell whether it’s easier to perform the operation in parentheses first or to distribute
first. Then solve the problem.

6. 235 + 14) 9. 1540 — 14)
7. 320 + 8) 10 250(1,000 — 400)
8. 7(100 —2)

By now you know how to do all your arithmetic, and you've memorized your addition facts and
multiplication tables. You know that the commutative, associative, and distributive properties are
handy helpers, and you've got PEMDAS totally under control. What else is there to say about
arithmetic? Well, a lot actually. Some of it can wait for a later chapter, but this is a good time to
tackle the half-truth you probably learned about subtraction.

As soon as you begin to subtract, you run into a problem. You can subtract 5 — 3 and get 2, but
what happens if you subtract 3 — 57 The easy answer is, “you can’t take a bigger number away
from a smaller one.” In some sense that’s true. If you only have 3 cookies, you can’t give me 5
cookies, which is sad, because I love cookies.

But what if you promised me 5 cookies? You owe me 5 cookies. If you give me 3 cookies, you
still owe me 2 more cookies. You don’t have cookies, but you owe 2 cookies. In a sense, you have
less than no cookies, because even if you get more cookies, you have to give me 2. How do we
write, in symbolic form, that you owe me 2 cookies? That opposite-of-having idea is written by
putting a negative sign in front of the 2. You have -2 cookies. The number -2, or negative 2, is the
opposite of 2.

This notion of needing a way to express opposites leads you to a bigger set of numbers. Every
number has an opposite, and the whole numbers didn’t take that into account. So you need a
larger set of numbers that will include all the whole numbers and their opposites. Those numbers
are called the integers.
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@ MATH TRAP
Try to get in the habit of calling a number less than zero “negative” rather than

“minus.” The word “minus” signals subtraction, and not everything you do with
numbers less than zero is a subtraction. Talking about “negative 4" reminds you that
it's the opposite of “positive 4.”

The Integers

We call the set of whole numbers and their opposites zzregers. The set of integers can be written

like this: {..., -4, -3,-2,-1,0, 1, 2, 3,4, ...}. The order in which the numbers are written conveys

their value. Any negative number is less than zero. The more you owe, the less you have, so -5

is less than -3. Just as the counting numbers, or positive numbers, go up forever without end, the
negative numbers go down forever.

@ DEFINITION

The integers are the set of numbers that include all the positive whole numbers and
their opposites, the negative whole numbers, and zero.

The Number Line

One way to visualize the integers is to place them on a number line. Usually the line is drawn
horizontally, but you could make a vertical number line if you chose. Zero is marked at a point on
the line, and then the line is broken into sections of equal length, to the left and the right of zero.

|
I

| | [ I | AR TR R N A B
T T [ —— L I B B B
876543210123 456 738

<! |
T I

3>
>

The positive numbers are placed on equally spaced marks to the right of 0, getting larger as you
move to the right. The negative numbers are placed on equally spaced marks to the left of 0,
with -1 at the first mark left of 0, then -2 at the next mark to the left, and then -3 and so on. The
arrows on the ends of the line remind you that the numbers keep going. (We'll fill in the spaces
between the integers soon.)

When you compare two numbers, remember that the number to the left is the smaller one. The
number 5 is to the left of 9 on the number line, so 5 is less than 9, and you know that -8 is smaller
than -1 because -8 is to the left of -1 on the number line. Any negative number is smaller than
any positive number, and the negatives are to the left of zero and the positives are to the right.
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@ DEFINITION

The number line is a line divided into segments of equal length, labeled with the
integers. Positive numbers increase to the right of zero, and negative numbers go
down to the left.

Absolute Value

The integers came into being because people wanted a way to express opposite ideas like owing
and having, or winning and losing. The number line lets you do that by assigning directions.
Positive numbers go to the right (or up, on a vertical line), and negatives go left (or down).

But sometimes you don’t really care about the direction. You just want to know “how far?” The
absolute value of a number is how far from 0 the number is, regardless of direction. The positive
number 4 is 4 steps away from 0. The absolute value of 4 is 4. The negative number -4 is also 4
steps away from 0, but in the other direction. Absolute value doesn’t care about direction, so the
absolute value of -4 is also 4.

@ DEFINITION

The absolute value of a number is its distance from zero, without regard to direction.
Absolute value cannot be negative.

The symbol for the absolute value of a number is a set of vertical bars that surround the number.
The absolute value of -9 is written |-9|, so you can write |-9| = 9. If you write |12| = 12, you're
saying that the absolute value of 12 is 12, or that the number 12 is 12 steps away from 0. The
absolute value symbols can act like parentheses, so if you see arithmetic inside them, do the
arithmetic first, then find the absolute value of the answer.

Find each absolute value.

11. |-19| = 4. |5-3]| =
12. 42| = 15 7+ |5-3] =
13. |0] =
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Arithmetic with Integers

Arithmetic with integers may be clearer if you have a sense of owing and having, or gaining and
losing. You can use the directional sense of the number line, right and left or up and down, to
help as well. We'll look at each operation and discuss the rules associated with that operation.

Before we begin, let’s address important point about notation. If you write negative numbers with
a sign 1n front, like -7, it would make sense to write positive numbers with a sign in front, like +6.
It’s perfectly correct to do that, and sometimes you will see it, but most times, you won’t. You can
assume that a number that doesn’t have a sign in front, like 9 or 3, is a positive number, but a
negative number, like -5 and -101, will always have a sign to tell you it’s negative. A number with
a negative sign is also called a signed number.

Adding Signed Numbers

Adding a positive number to a positive number is nothing new. 4 + 7 = 11, and 73 + 65 = 138.

A gain plus a gain 1s a bigger gain, so a positive number plus a positive number is a positive
number. And a loss plus a loss is a loss, so a negative number plus a negative number is a negative
number. If you lose $5 and then you lose $8, you've lost a total of $13, so -5 + -8 = -13. To put

it in formal language, if you’re adding numbers that have the same sign, you add their absolute
values and give the answer the same sign as the original numbers.

But what happens when you add numbers with different signs, when you add a positive and a
negative? Unfortunately, that’s one of the times when the answer 1s “it depends.” If you're playing
football and you lose 3 yards on the first play and gain 14 yards on the second, the big gain
cancels out the loss and still moves you forward.

Picture it on a number line (or a football field, if you're so inclined). Call the line of scrimmage,
your starting point, the point we label 0. The first play is a loss of 3, taking you to -3.
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Your second play starts from -3 and moves you 14 spaces in the positive direction. The first 3 of
those 14 bring you back to 0, and then you continue for another 11 in the positive direction:
-3 + 14 = 11. A negative number plus a positive number gave you a positive number.

+14
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But what if things were reversed and you gained 3 yards and then lost 14 yards? That’s 3 + -14.
Start from 0 again. A gain of 3 moves you 3 to the right, but then the loss moves you back to the
left. You give up the 3 you had gained and keep moving left another 11 spaces. 3 + -14 = -11.

14
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A big gain overpowered a small loss, resulting in a gain, but a big loss overpowered a small
gain, leaving you with a loss. In mathematical terms, the number with the larger absolute value
dominates the addition and gives its sign to the result. The absolute value of the answer is the
difference between the absolute values of those two competing forces.

To add numbers with different signs:
* Subtract the absolute values.

¢ Take the sign from the number with the larger absolute value.

CHECK POINT

Complete each addition problem. Use a number line to help.

16. -15 + 25 19. -58 + -22
17. 19+ -12 20. 147 + -200
18. -23+ 14

Subtracting Signed Numbers

There’s a simple rule for subtracting signed numbers: don’t. This doesn’t mean you can just
ignore those problems. Subtraction, as you saw in the last chapter, is the opposite, or undoing, of
addition, and learning a lot of new and separate rules for subtraction is effort you don’t need to
expend.

When you’re asked to subtract, add the opposite. Instead of 12 — 8, which you know equals 4,
think of 12 + -8, which also equals 4. Then when you’re asked to do -14 — 7, you can just think
of -14 + -7 and quickly arrive at -21. 6 — (-3) will become 6 + 3, which is clearly 9. This rule

is sometimes referred to as “keep, change, change” because you keep the first number as it is,
change to addition, and change the second number to its opposite.
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To subtract signed numbers:
¢ Leave the first number as is.
* Change to addition.
» Change the second number to its opposite.

* Add, following the rules for addition.

CHECK POINT

Complete each subtraction by adding the opposite.

21. -17—4 24. -83-37
22. 39-24 25. -48—--32
23. 26—-12

Multiplying and Dividing Signed Numbers

Because multiplication is a shortcut for repeated addition, it’s fair to ask if you can use some of
the addition rules to help with multiplication of signed numbers, and because division is the
opposite or undoing of multiplication, you'd certainly expect to be able to apply some of the
same rules about signs. Let’s look at multiplication first, and then you’ll see that there’s very
little more to say about division.

Multiplication is really repeated addition. 5 X 12 means “add 5 twelves together” (or 12 fives, if
you prefer). 5 X 12 =12 + 12 + 12 + 12 + 12, and adding positive numbers gives you a positive
number. 5 X 12 = 60. Nothing new there.

What if you multiply a positive number by a negative number? What is 3 X -4? It means “add 3
copies of the number -4” or “take 3 losses of 4 each.” That’s -4 + -4 + -4, and adding negative
numbers gives you a negative. 3 X -4 = -12. If you’re wondering what to do with a negative times
a positive, like -5 X 7, remember that multiplication is commutative. -5 X 7 =7 X -5 = -35, and
no new rules are necessary.

When you multiply a negative number by a negative number, remember that the negative sign
means “the opposite of” This means -5 X 7 is the opposite of 5 X 7, or the opposite of 35, or -35.
If both numbers are negative, as in -2 X -4, youre asking for the opposite of 2 X -4. You know
that 2 X -4 1s -8, and the opposite of that is 8. -2 X -4 = 8. A negative multiplied by a negative is
a positive.
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To multiply signed numbers, multiply the absolute vales and follow these rules for signs.
Positive X Positive = Positive

Positive X Negative = Negative X Positive = Negative

Negative X Negative = Positive

If you're multiplying more than two numbers, you can save some time by counting the number
of negative signs. If the number of negatives is even, the product will be positive. If the
number of negatives is odd, the product will be negative. For example, -2 X -5 X -3 X -1 =

(-2 X -5) X (-3 X -1) = 10 X 3 = 30. Four negatives, an even number, make a positive. But put
one more negative into the problem and you have -2 X -5 X -3 X -1 X -4 =

(-2 X -5) X (-3 X -1) X -4 =10 X 3 X -4= 30 X -4 = -120. With an odd number of negatives,
your answer 1S negative.

Q WORLDLY WISDOM
A quick way to remember the rules for multiplying integers: multiply same signs, your
answer is positive; multiply different signs, it's negative.

CHECK POINT

Complete each multiplication problem.

26. -4 X 30 29. -11 X -43
27. 8 X -12 30. -250 X 401
28. -7 X 15

You'll be pleased to know that the rules for division of signed numbers are the same as the rules
for multiplication, except that, obviously, you divide the absolute values instead of multiplying.

To divide signed numbers, divide the absolute values and follow these rules for signs.
Positive + Positive = Positive

Positive + Negative = Negative + Positive = Negative

Negative + Negative = Positive

Following those rules, you can see that42 + 6 = 7,and 84 + -4 = -21.-15 + 5 = -3,
but -15 + -5 = 3.
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CHECK POINT

Complete each division problem.

31.
32.
33.

49 + -7 34. 120 + -6
-125 + -15 35. -981 + -9
27+ 9

The Least You Need to Know

When completing an arithmetic problem, follow the order of operations: parenthe-
ses first, then exponents, then multiplication and division, and lastly, addition and
subtraction.

The distributive property says that when you need to add two numbers and then
multiply by a third, you can choose to multiply each of the first two by the third
and then add. You'll get the same answer.

The absolute value of a number is its distance from zero on the number line.
To add integers with the same sign, add the absolute values and keep the sign.

To add integers with different signs, subtract the absolute values and take the sign
on the number with the larger absolute value.

To multiply or divide integers, multiply and divide without the signs. Then it the

signs of the two numbers are the same, your answer is positive. If the signs are
different, your answer is negative.
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Factors and Multiples

In any multiplication problem, the numbers being multiplied
are factors and the result of the multiplication is the product.
We've used that language in earlier chapters. You can also say
that the product is a multiple of each of the factors. It’s time
to take a step beyond the vocabulary now and look at factors
and multiples in more detail. It may seem odd to give a whole
chapter to multiplication, but ideas that have to do with
factors and multiples come up in so many situations that it’s
wise to take the time to look at all of them.

In this chapter, we’ll look at numbers that have many factors
and those that have few. You'll practice different ways to find
all the possible factors of a number and work at expressing a
number as the product of factors, using the smallest possible
factors. Exponents will show up again to help you write those
factors efficiently. All this talk about factors will lead to two
important ideas: the greatest common factor and the least
common multiple of two or more numbers.

In This Chapter

How to recognize mul-
tiples of a number

Finding factors of a
number
Identifying prime and

composite numbers

Prime factorization and
how to find it
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Prime Numbers

When you multiply 1 by any number, the product is that number. 1 X 4 =4, 1 X 17 = 17, and

1 X 132 = 132. The number 1 is a factor of any number. When you write a multiplication
problem like those, with 1 as a factor, the other factor is always the same as the product. So if 1
1s a factor of 4, then 4 is also a factor of 4, and that’s the case for any number. Any number X 1 =
that number. The number 1 is a factor of every number, and every number is a factor of itself.
Every number can be written as itself times 1.

All that multiplying by 1 may seem boring, and many numbers have other factors that make more
interesting problems. The number 6, in addition to being 1 X 6 is also equal to 2 X 3. And some
numbers have lots of possible factors. 24 could be 1 X 24,2 X 12,3 X 8, or 4 X 6. But there are
numbers that only have one set of factors. Numbers whose only possible factors are themselves
and 1 are called prime numbers. Numbers that have other possible factors besides themselves and

1 are called composite numbers. You might think that only small numbers like 2 and 3 are prime
numbers, but that’s not the case.

@ DEFINITION

A prime number is a whole number whose only factors are itself and 1. A composite
number is a whole number that is not prime because it has factors other than itself
and 1.

You can use blocks to help you visualize this concept. If you have a prime number of blocks,
there’s only one rectangle you can make. Try to rearrange and you just can’t get a rectangle.

1 2 3 4

5 6 7

The number 7 is a prime number.

With a composite number of blocks, you can always make at least two rectangles.

1 2 3 4

5 6 7 8

The number 8 is a composite number.
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@ MATH TRAP

Most people think 1is a prime number. Most people are wrong. It's understandable.
The number 1 has no other factors, but it doesn't quite fit the definition of prime. Its
factors aren't itself and 1. They're itself and itself, or 1 and 1. It’s sort of strange, but it
gets its own category. The number 1is neither prime nor composite. It's called a unit.

Finding Prime Numbers

Take a look at the following chart, which shows the whole numbers 1 through 50. You know 2 is
prime, because its only factors are 2 and 1, but all the other even numbers have 2 as a factor, so
they’re composite. Multiples of 2 can be blocked out.

The number 3 is prime, but all multiples of 3 are composite, and 5 is prime, but any other
number that ends in 5 is composite because it’s divisible by 5. All the multiples of 3 or 5 that
haven’t already been eliminated can be blocked out.

The numbers 4 and 6 have already been marked as composite, but 7 is prime. Several multiples
of 7 have already been eliminated as composite. You just need to mark 7 X 7, or 49, as composite,
and believe it or not, everything left is prime, except for 1, which is in a class by itself. That
means 16 of the first 50 counting numbers are prime.

1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20

21 22 23 24 25 26 27 28 29 30

31 32 33 34 35 36 37 38 39 40

41 |42 43 |44 |45 |46 |47 |48 |49 |50

Q WORLDLY WISDOM

As the numbers get bigger, prime numbers become fewer and more spread out,

but mathematicians are still finding them. The largest known prime number is
257885181 _1 3 number with 17,425,170 digits.

How do you know if a large number is prime? You won’t need to worry about extremely large
numbers with thousands of digits, but you may need to know about numbers in the hundreds or
thousands. Is 136 prime? How about 2,485> What about 901?

Sometimes it’s easy to tell. The number 136 can’t be prime because it’s even, so it has 2 as a factor
as well as itself and 1. In the same way, 2,485 ends in 5, so it’s divisible by 5 and therefore not
prime. The number 901 is harder. It’s not even, and it’s not a multiple of 5, because it doesn’t end
in 5 or 0, but what about other numbers? Does it have any divisors?
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There are a few shortcuts, like recognizing even numbers (numbers that end in 0, 2, 4, 6, or 8)
and multiples of 5 (numbers that end in 5 or 0). You can check if a number is divisible by 3 by
adding the digits. If the sum is divisible by 3, so is the original number. If you get a large number
as the sum of the digits and you don’t know if it’s divisible by 3, you can add the digits again. You
can add the digits as many times as necessary until you can decide if the sum is a multiple of 3.

For example, to see if 45,829 1s a multiple of 3, add 4 + 5 + 8 + 2 + 9 = 28. Is 28 a multiple of 3?
It’s not, but if you’re not sure, add 2 + 8 = 10. You know 10 is not a multiple of 3, so 45,829 is not
a multiple of 3.

The same idea will work for 9. If you add the digits and get a multiple of 9, the original number is
divisible by 9. Here’s a chart of the tests you might want to remember.

Tests for Divisibility

Multiple of:  |Test Example

2 Endsin 2,4, 6, 8, or 0. 45,938 1s a multiple of 2 because it ends in
8. 673 is not a multiple of 2.

3 Sum of the digits is divisible by 3. 9,348 is a multiple of 3 because
9+ 3 + 4 + 8 = 24, which 1s a multiple of
3. (Check 2 + 4 = 6, a multiple of 3.)

4 The last two digits are a multiple of 4. 35,712 is a multiple of 4 because the last
two digits, 12, is a multiple of 4.

5 Endsin 5 or 0. 74,935 and 680 are multiples of 5.

6 If it’s a multiple of 2 and a multiple of 3, [65,814 is a multiple of 2 because it ends

it’s a multiple of 6. in 4. It’s a multiple of 3 because

6+ 5+8+1+4=24 amuldple of 3.
So 65,814 1s a multiple of 6.

8 The last 3 digits are a multiple of 8. 42,864 1s a multiple of 8 because 864 is
a multiple of 8.

9 Sum of the digits is a multiple of 9. 39,348 1s a multiple of 9, because
3+9+3+4+8=27 amuluple of 9.

10 Ends in 0. 483,940 is a multiple of 10.

Sometimes, to find out if a number has any factors, or divisors, other than itself and 1, you have

no choice but to just divide by each of the primes. The number 901 is not even, so 2 is not a fac-
tor. Its digits add to 10, so it’s not divisible by 3. It doesn’t end in 5 or 0, so it’s not a multiple of 5.
But you just have to divide by 7 and see what happens. 901 + 7 = 128 with 5 left over, so 7 is not
a factor. 11 is the next prime, but 901 + 11 is 81 with 10 left over, so 11 is not a factor.
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But how will you know when you've checked enough prime numbers? One way to tell is by com-
paring the quotient to the divisor. If the quotient is equal to or smaller than the divisor, you can

stop. You've checked enough. And if you get to the point where the quotient is less than or equal
to the divisor and you haven’t found a factor, your number is prime.

901 + 11 1s 81 with 10 left over, and the quotient of 81 is larger than the divisor of 11, so this one
1sn’t done yet.

901 + 13 = 69 with 4 left over, and the quotient of 69 is larger than the divisor of 13, so we keep
going.

901 + 17 = 53 exactly, which means 901 is a composite number. It can be written as 17 X 53 as
well as 901 X 1.

Consider Square Numbers

When you multiply any integer by itself, the result is a square number. The expression comes from
the fact that a square has the same length as width, so when you find its area, you multiply a
number by itself. The number 16 is a square number because it’s equal to 4 or 4 X 4, and that’s
the area of a square with a side 4 units long.

@ DEFINITION

Square numbers are numbers created by multiplying a number by itself, or raising
it to the second power. For example, 36 is a square number. It can be written as 6% or
6 X 6.

If you know the square numbers, it will help you see how far you have to go when checking
whether a number is prime. 30 X 30, or 30” 1s 900, which is very close to 901. The biggest prime
you’ll have to try is the one just above that, or 31. If you know your square numbers, it’s easy to
know how many primes you need to divide by before declaring a number prime. If you want to
know if 147 is prime, think about square numbers near 147. The number 144 is 122, so if you go
to the next prime after 12, that’s enough. Once you divide 147 by 13, if you haven’t found a factor,
you can say 147 is prime.

Suppose you want to know if 67 is prime. If you know that 8 is 64, you only have to check 2, 3,
5,7, and maybe 11. The number 67 is not even, so it’s not divisible by 2. Its digits add to 13, so it’s
not divisible by 3. It doesn’t end in 5 or 0, so it’s not a multiple of 5. When you divide 67 by 7, you
get 9 with 4 left over, so 7 is not a factor. 67 + 11 is 6 (smaller than the divisor) but with 1 left
over. 67 1s a prime.
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CHECK POINT

Decide if each number is prime or composite. If it’s composite, give a pair of factors
other than the number and 1.

1. 51 4. 229
2. 91 5. 5,229
3,173

Prime Factorization

Factoring is the process of starting with the product and finding the factors that produced it.
(Factoring is related to division, but not quite the same.) You could factor 24 by writing it as
2 X 12,0r3 X 8,0r2 X 3 X 4, and other possibilities.

A number can have lots of different factorizations, but it has only one prime factorization. A prime
factorization expresses the number as a product of only prime numbers. The prime factorization
of 24is2 X 2 X 2 X 3.

@ DEFINITION

The prime factorization of a number is a multiplication that uses only prime numbers
and produces the original number as its product.

You can find the prime factorization just by finding primes that are factors of the number by
trial and error, but having a way to organize the search does make things faster. One method for
finding the prime factorization of a number is called a factor tree.

Factor Trees

A factor tree is a device that allows you to start with any two factors of a number and to work in an
organized fashion to the prime factorization.

@ DEFINITION

A factor tree is a method of finding the prime factorization of a number by starting
with a pair of factors and then factoring each of those numbers, continuing until no
possible factoring remains.
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Let’s look at the prime factorization of 180 as an example. Start with any pair of factors of 180
that you can recall, maybe 18 and 10. Put 180 at the top of the tree and make a branch for 18 and
a branch for 10.

180

18/ \10

Focus on the 18 branch. Can you find factors for 18? 2 and 9 will work. Add them as branches
under 18.

180

18/ \10
/\9

Is 2 a prime? Yes, so mark it with a circle or a box. That branch is done. Is 9 prime? No, but it
factors to 3 X 3, and 3 is prime. The tree needs branches under the nine.

180

18/ \10

7 N
77 N\

When that branch is down to primes, turn to the 10 branch. 10 = 2 X 5, and both of those
numbers are prime.

180

YN
9
77 N\

Collect all the primes you marked and you have the prime factorization of 180.
180=2X2X3X3XS5.

ﬁ CHECK POINT

Use a factor tree to help you find the prime factorization of each number.
6. 78 9. 255
7. 98 10. 512
8. 189
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Using Exponents

Some prime factorizations are easy to write. The prime factorization of 42 is 2 X 3 X 7,
which is short and clear. However, the prime factorization of 128 is another story. 128 =

2 X 2X2X2X2X2X 2 Ituses easy numbers, but it uses so many of them that it can get
confusing. Is that six 2s or seven? It’s easy to make a mistake.

That’s why you may want to use exponents to condense the prime factorization and make it
easier to understand. The prime factorization of 40 = 2 X 2 X 2 X 5, but it could be written
as 40 = 2* X 5. The exponent of 3 says to use 2 as a factor 3 times. With that notation, you can
write the prime factorization of 128 as 128 = 27 and know for certain that it was seven 2s.

ﬁ CHECK POINT

Use exponents to write the prime factorization of each number in a compact form.

11. 200 14. 2,205
12. 168 15. 22,000
13. 672

Finding the prime factorization of a number can be an interesting undertaking. It can be difficult,
but there’s a satisfaction in getting a large number broken down to a product of primes. The truth,
however, is that finding a prime factorization is not usually your final goal, but a tool to help you
find two other very useful numbers: the greatest common factor and the least common multiple.

Greatest Common Factor

The greatest common factor, or GCF, of two numbers is the largest number that is a factor of
both. The greatest common factor of 21 and 24 is 3. The factors of 21, other than 1 and 21, are 3
and 7. The factors of 24 are 1, 2, 3,4, 6, 8, 12, and 24. The largest number on both lists is 3.

@ DEFINITION

The greatest common factor (GCF) of two numbers is the largest number that is a
factor of both.

To find the greatest common factor of 70 and 105, first find the factors of 70. The factors of 70
are 1,2, 5,7, 10, 14, 35 and 70. Then find the factors of 105. Those are 1, 3, 5, 7, 15, 21, 35, and 105.
The largest number that shows up on both factor lists is 35, so 35 is the GCF of 70 and 105.
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There are times when one of the numbers is the GCF of the two numbers. The GCF of 8 and 32
1s 8, which is a factor of both 32 and of 8, because every number 1s a factor of itself. The factors
of 8 are 1, 2, 4, and 8, and the factors of 32 are 1, 2, 4, 8, 16, and 32. 8 is the largest number that
appears on both lists.

At the other extreme, sometimes the only factor the two numbers will have in common is 1.
Remember 1 is a factor of every number. Numbers that have only 1 as a common factor are called
relatively prime. The numbers 12 and 49 are relatively prime because the factors of 12 are 1, 2, 3, 4,
6, and 12, and the factors of 49 are 1, 7, and 49. The only number on both lists is 1.

@ DEFINITION

Two numbers are relatively prime if the only factor they have in common is 1.

For small numbers, making a list of factors isn’t difficult. If the number is small, the list of factors
can’t be too long. But larger numbers can have long factor lists, so it’s important to have a more
efficient method of finding the greatest common factor. That’s when you want to turn to the
prime factorization.

To find the greatest common factor of 128 and 144, first work out the prime factorization of each
number. Factor trees may help you factor to primes. The prime factorization of 128 is seven twos.

128=2"=2X2X2X2X2X2X2
The prime factorization of 144 has both twos and threes.
144=2"X3¥=2X2X2X2X3X3

Once you have both prime factorizations, look for any primes that appear in both (these numbers
are underlined). It’s okay to have repeats if the factor repeats in both factorizations. In this case,
there are four 2s that appear in both factorizations. The GCF of 128 and 144152 X 2 X 2 X 2,
which equals 2* or 16.

You can find the GCF of 210 and 495 by starting with the prime factorization of each number.
210=2 X3 X5X7
495 =3 X3X5X11

Both factorizations have a 3 and a 5. There’s only one 3 that’s common to both, so only one 3 goes
into the prime factorization. 495 has a second 3, but 210 doesn’t share it. The GCF of 210 and 495
1s 3 X 5, or 15.
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CHECK POINT

Find the greatest common factor of each pair of numbers.
16. 18 and 42 19. 630 and 945
17. 42 and 70 20. 286 and 715
18. 144 and 242

Least Common Multiple

If you attend a baseball game at which every twelfth person admitted to the stadium receives a
free key ring and every twentieth person gets a free t-shirt, where should you be in line if you
want both? You want a spot that’s a multiple of 12, so that you get the key ring, but you want it to
also be a multiple of 20, so you snag a t-shirt. You also don’t want to be too far back in line, so the
smallest number that does both jobs is what you're after. Many people would look to be #240 in
line because that’s 12 X 20, but you can move, if not to the head of the line, at least farther up.

The least common multiple, or LCM, of two (or more) numbers is the smallest number that is a
multiple of both. If the LCM is a multiple of both numbers, then both numbers divide the LCM,
and both are factors of the LCM.

@ DEFINITION

The least common multiple of two or more numbers is the smallest number that has
each of the numbers as a factor.

The least common multiple of 12 and 20 is much smaller than 240. 240 is a multiple of 12 and of
20. It is a common multiple, but it’s not the least, or smallest, common multiple. If you look at lists
of the multiples of 12 and 20, you’ll see that 60 is the smallest number to show up in both lists.

Multiples of 12: 12, 24, 36, 48, 60, 72 ...
Multiples of 20: 20, 40, 60, 80 ...

You can stake out the 60 spot in line at the game, get a good seat, and go home with the key
ring and the t-shirt.

Making a list of the multiples of each number and looking for the first number to pop up on
both lists 1s actually a workable method of finding the least common multiple, if the numbers
aren’t too big. For large numbers, however, it could take a very long time and a lot of multiplying.
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Instead, you’ll want to start by finding the prime factorization of both numbers. Let’s start with
an example with small numbers and then try another with larger numbers.

Suppose you need to find the least common multiple of 12 and 15. Find the prime factorization
of each number.

12=2X2X3
15=3X5

Identify any common factors. In this example, 12 and 15 both have a factor of 3. Build the LCM
by starting with the common factor or factors, then multiplying by the other factors of 12 and 15
that are not common. 12 and 15 have 3 in common, so that goes into the LCM just once, and then
you collect the other factors of 12, which are 2 X 2, and the other factor of 15, the 5.

LCM=3X2X2X5

The 3 is the common factor, the two 2s come from the factorization of 12, and the 5 is from the
15. Multiply to find that the LCM is 60. 60 is 12 X 5 and 15 X 4, and it’s the smallest multiple 12
and 15 share.

Ready to find the least common multiple of 98 and 168? Start by finding the prime factorization
of each number. You might want to use a factor tree.

98=2X7X7

168=2X2X2X3X7

The two numbers have a 2 and a 7 in common, so start building the LCM with those.
LCM=2X7X?

You need another 7 from the 98 and another two 2s and a 3 from the 168.
LCM=2X7X7X2X2X3=1176

The multiplication for that one might be challenging, but building lists of multiples up into the
thousands wouldn’t have been an efficient method.

Q WORLDLY WISDOM

If two numbers are relatively prime, their product will be their LCM.
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CHECK POINT

Find the least common multiple of each pair of numbers.
21. 14 and 35 24. 21 and 20
22. 45 and 105 25. 88 and 66
23. 286 and 715

The Least You Need to Know

* A prime number has no factors other than itself and one.

A number that is not prime is composite, except 1, which is in a category all its
own.

The prime factorization of a number writes the number as a product of primes.

* The greatest common factor of two numbers is the largest number that is a factor

of both.

The least common multiple of two numbers is the smallest number that is a
multiple of both.
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Fractions

Your first encounter with the world of numbers was the In This Chapter
simple act of counting. That world is larger than you could

have imagined at that first encounter, and over the last few * How to find equivalent
chapters, we've moved from the counting numbers, to the fractions

whole numbers, to the integers. When we worked with the * How to find common
integers, the positive and negative whole numbers, I suggested denominators

a number line as a way to help you think about them, and I * Adding and subtracting

promised to fill in the spaces between the integers soon. That fractions and mixed

time has come.

numbers
The spaces between the integers are filled with numbers * Multiplying and dividing
that talk about parts of a whole. In this chapter, you’ll look at fractions and mixed
one of the two ways of representing those numbers that show numbers

parts. You'll examine the different methods of arithmetic for
fractions and learn to add, subtract, multiply, and divide frac-
tions and mixed numbers.
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The Rational Numbers

The counting numbers, or natural numbers, are the numbers you use to count. When you find
that you need a symbol for nothing and add 0 to the counting numbers, you form the set called
the whole numbers. When you introduce negative numbers, you have the integers. Now you’re
turning your focus to numbers that represent parts of a whole, so what language do you use to
describe all of this?

Fractions are the names our number system gives to symbols representing parts of a whole. A frac-
tion 1s what we produce when we break a whole number into parts. Common fraction is the name
we give to a way of writing a fraction as one number divided by another. The number % 1s an
example of a common fraction, although usually it’s just called a fraction.

@ DEFINITION

A fraction is a symbol that represents part of a whole. Decimal fractions are written in
the base ten system, with digits to the right of the decimal point. Common fractions
are written as a quotient of two integers.

The set of numbers that includes all the integers plus all the fractions is called the rational
numbers. The name rational comes from ratio, another name for a fraction or a comparison of two
numbers by dividing. The rational numbers include any number you can write as a quotient of

two integers. So ~ is a rational number, but so is 2, because you can write it as T Other examples

. -4 163
of rational numbers are —, —, and 0.

137 71°
@ DEFINITION

Rational numbers are the set of all numbers that can be written as the quotient of

two integers.

Proper Fractions and Improper Fractions

When we talk about fractions, we are usually talking about rational numbers written as a
quotient of two integers. When a fraction is written this way, the top number is called the
numerator, and the bottom number is called the denominator.

@ DEFINITION

The denominator of a fraction is the number below the division bar. It tells how many
parts the whole was broken into, or what kind of fraction you have. The numerator is
the number above the bar, which tells you how many of that sort of part you actually
have. In the fraction %, 2 is the denominator and 1 is the numerator.
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Because a whole number like 7 is a rational number, even though you wouldn’t usually think of

it as a fraction, it can be written as the quotient of two integers. You could erte , which you

would think of as a fraction. You could actually write many different quotlenm that equal 7, like

42 700 17
o T 00" Those look like the other quotients you think of as fractions, hke e 3 and ?1

In those examples, there were two proper fractions, or fractions whose value is less than 1. Those

5 4 . . .
were ¢ and e You can ipot a proper fraction because the numerator 1s less than the denominator.

On the other hand, — and (and all the fractions equal to ) are improper fractions. They’re worth

more than 1, because their numerators are larger than thelr denominators.

@ DEFINITION

A proper fraction is one whose value is less than one. An improper fraction is one
whose value is more than one.

Fractions use their denominator to tell you how many parts the whole was broken into and their
numerator to tell you how many of those parts you have. 7 says the whole was broken into 8 parts
(called eighths), and you have 5 of them. That’s less than the whole, so it’s a proper fraction.

To interpret %, you have to imagine that many wholes were each divided into 3 parts, called
thirds, and you have a total of 17 of those parts. You could piece your parts back together and
make 5 full wholes, with 2 of the pieces left over. You can write that as 5 =5§, which is called a
mixed number. Mixed numbers are a combination of a whole number and a fraction, a condensed

. 2
way of saying 5 + 3

@ DEFINITION

A mixed number is made up of a whole number and a fraction, written side by side. It
tells you that you have a number of wholes plus part of another.

CHECK POINT

1. Change % to a mixed number. 4. Change 12% to an improper
37 fraction.

2. Change S toa mixed number. .

) 5. Change llg to an improper fraction.

3. Change 75 to an improper fraction.
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Arithmetic with Fractions

When you work with fractions, the methods of whole number arithmetic are no longer enough
to handle the job. You'll need some new strategies for multiplying and adding. Once you have
learned those methods, however, subtraction and division will just be variations and so not
much more to learn. In fact, we’ll cover addition and subtraction together and multiplication
and division together, because they have so much in common. Before that, however, you need to
master the key to working happily with fractions: the art of disguise.

Equivalent Forms

The key to working successfully with fractions is to be able to find equivalent forms of the same
fraction. All that means is that you can change the way a fraction looks without changing its
worth. The simplest way to do that is to multiply by 1, in disguise.

. . . .. . 4 19 73
Disguise? Well, the number 1 can be written as a fraction in many different ways: 719 73 OF
any number over itself. Multiplying a number by one will never change its value, but multiplying

by 1 wearing the right disguise will change the number’s appearance.

You already know how to multiply by 1 when it appears as a whole number. In fact, you know
that there is nothing to do when multiplying by 1, because multiplying a number by 1 doesn’t
change it. But when the 1 puts on its fraction disguise, things are a little different. If, for example,
you multiply 5 by 1, you know you should get a number equal to % But if the 1 is disguised as 5

[ | .
the answer won’t look like 5 even though that’s what it will be worth.

There are lots of numbers that are worth l That fraction says the whole was divided into two
parts, and you have one of them. If 2 wholes were each divided into two parts, there would be a
total of 4 pieces. When the first whole is broken in 2, you should get 1 piece, and then when the
second whole is broken, you should get 1 piece of that. You get 2 of the 4 pieces. 57T There

. 1 . .
are lots of other fractions that are equal to -, and in fact, there are lots of names for any fraction.
They all have the same value but different appearances.

You don’t want to break things into parts and count every time you need a fraction to change
its appearance, so there’s a simple shortcut. For that shortcut, you need a little preview of
fraction arithmetic. The basic rule for multiplying fractions says to multiply numerator times
numerator and denominator times denominator. When you want to change the appearance of a
. . . . 1.5, . 1 C . .
fraction, multiply it by a disguised 1. 551 still worth = because you’re multiplying by 1, but its

5 3 119 19 .
appeara.nce changes to 0 In the same way, %3 6 and >%19 = 38" The same fraction can have
many different looks.
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You can go the other way, too, taking a fraction to a simpler appearance. This is officially called
simplifying, but you’ll often hear it called reducing to lowest terms, or just reducing.

@ MATH TRAP
The expression “reducing a fraction” is a dangerous way to describe simplifying.

It makes it sound like the fraction is getting smaller, but it's not. The appearance
of the fraction is changing, but its value is not. If you must use “reduce”’—and moszt
people do—remember that the fraction hasn't changed. 5 may look smaller than 205
but it’s the same number.

. 16 . . . . ..
The fraction 6 can be written in a much simpler form. Find a number that divides both the
numerator and denominator, preferably the GCF. In this case, that’s 4. Think of the fraction
16 4x4
4 36 9x4’ 16
x1 = The fraction 5 is a simpler name for %

with the numerator and denominator factored: Can you see the disguised 1 in there?
16 _dx4 4.4 4

36 9x4 9 4 9

If you don’t know, or don’t want to look for, the GCF of the numerator and denominator, you can
start the process with any number that divides both. Divide the numerator and denominator by
the same number. Repeat until there are no other numbers that will divide both. It may take a
while, but you’ll get there. If you start with the GCF, you’ll only need one try.

CHECK POINT
6. Change L to a fraction with a 8. Change 3 t0 a fraction with a
denominator of 40. denominator of 147.
7. Change 3 to a fraction with a 9. Simplify j}%

denominator of 28. b
10. Simplify o

Multiplying and Dividing Fractions

Since you've already had a preview of the rule for multiplying fractions, let’s start the conversa-
tion about arithmetic there. The basic rule for multiplication of fractions calls for multiplying
numerator times numerator and denominator times denominator, then simplifying if possible.
To multiply éxg, multiply 1 X 3 and 9 X 7. This gives you %, which simplifies to %, because

3 1x3 1 3 1

N = =— %
63 21x3 21 3 21
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Dividing fractions introduces only one extra piece to the multiplication rule. To divide fractions,
invert the divisor and multiply. The divisor is always the second fraction. Invert only the divisor,
never the first fraction. This inverted, or flipped, version of the fraction is called its reciprocal. To

d1V1de : realize that the fraction % 1s the divisor. Invert % to get , then multiply and simplify:

8 4
la_4_1
83 24 6

@ DEFINITION

Two numbers are reciprocals if when they are multiplied their product is 1. The
reciprocal of the whole number 4 is the fraction i The reciprocal of a fraction

8
is another fraction with the numerator and denominator switched. 5 and 3 are
reciprocals. Each number is the reciprocal of the other.

Much of the work of multiplying and dividing fractions can be made easier by canceling before
multiplying. Canceling is dividing a numerator and a denominator by the same common factor.
You can think of it as simplifying before you multiply instead of after.

@ DEFINITION

Canceling is the process of simplifying a multiplication of fractions by dividing a
numerator and a denominator by a common factor.

When you multiply 2 72 you multiply the numerators and multlply the denominators, so your

product, before you actually get the multiplying done, is %7 After you do the multiplying,

56 ox12 56  14x4
1;s 7108’ and that needs to be simplified. To simplify it, you'll factor: — 108~ 27%a- But look back to
X

for a moment. Can you see that you could factor this version? And because the numbers are
8XT AX2IXT] 2XTx4 2T 4

9x12  9X3x4 9x3x4 9x3 4

9x12
smaller, it might be easier.

Both methods will leave you with >
Canceling allows you to divide either numerator and either denominator by the same number. In
that last example, it would look like this:

. 8 7 . .
You need to multiply ST You notice that both the numerator 8 and the denominator 12 have a
factor of 4.

Divide each of them by 4, and show that by crossing out the original number and writing the
quotient of that number and 4.

2
Xl— XX 7

8 A
9712 9 \
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Multiply numerator times numerator and denominator times denominator, using the new
numbers.

143 9x3 27

@ MATH TRAP

When cancelling, remember to divide a numerator and a denominator by the same

8.7 K 7 20 14
9 12 9

number. Never divide two numerators or two denominators.

Let’s look at some examples. First, we’ll walk through 22 The basic rules says to multiply 3

12
times 4 and 8 times 9, giving the fraction 7 which reduces o . However, you can cancel before

multiplying. Divide 3 into both 3 and 9, and divide 4 into both 4 and 8. The problem turns into
1

1
7><7.
2 3

34 A4 A X a1

—X—=——X—=—X——=—=—

89 8 4, K 4, 23 6

Let’s try one with a mixed number. That’s a whole number plus a fraction, but you can turn it
into an improper fraction by finding the proper disguise for the whole number part.

3
Divide 1ﬁ_ >

Whenever a multiplication or division problem involves a mixed number, convert to an improper

14 15 .
fractlon 1mmedlately The 1 1s equal to m and the additional — 7 L makes — 14> S0 your problem is
3

really ﬁ_ ;

To divide, you need to multiply by the reciprocal of the divisor, or invert the divisor, - and

multiply. The problem 5*5 is equivalent to EX Cancel before you multiply. Divide both 15
and 3 by 3, and divide 7 and 14 by 7.

157_8 7 _ "B X 515

434 AT M f T 2

5. . . . . .
The product 5 Is an improper fraction, and that’s fine. If you'd rather see it as a mixed number,
remember the denominator says the whole was broken into two pieces, broken in halves. You have
5 of those, so you can piece together 2 wholes and have 1 half left.

5 1 1
2o24-=2-
2 2 2
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Q WORLDLY WISDOM

To quickly convert a mixed number to an improper fraction, multiply the denominator

5 8+6+5 48+5 53
by the whole number and add to the numerator. 6§ =% ~— 8 "& To change

an improper fraction to a mixed number, divide numerator by denominator and make

. . 43 A 1
any remainder the numerator of the fraction. = 6 with 1left over, so 6;,

ﬁ CHECK POINT

Perform each multiplication or division problem.

2 21 3 7
11. 350 14. 48 18

8 2 4 2
12. 525 15. 5;><4§
13 &1

49 15

Adding and Subtracting Fractions

Adding and subtracting fractions requires that the fractions have the same denominator.
Denominators tell you what kind of things you have, and it’s difficult to even think about adding
unless you have the same kind of things, or a common denominator. When you have a common

. . . 3 0
denominator, you simply add the numerators and keep the denominator. ITRETRINTE Three of
these things plus 7 of these things equals 10 of these same things.

@ DEFINITION

A common denominator is one that is a multiple of each of the denominators of two
or more fractions. The least common denominator is the least common multiple of the
denominators.

Your real work comes when the fractions don’t have a common denominator to start out. It’s not
impossible to add or subtract fractions with different denominators, but you must change their
appearance first. You have to change them to equivalent fractions with a common denominator.

A common denominator is a number that is a multiple of each of the denominators you were
given. Ideally, you should choose the lowest number that can be evenly divided by each of the
denominators in your equation. That’s called the lowest or least common denominator. Larger
multiples will work, but you will have to simplify at the end. Let’s look at some examples.
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1 2 . . .
Suppose you want to subtract 377 In order to do this operation, you need to make the denomina-

tors of the two fractions match. First, find the lowest common multiple of the two denominators.

. . . 1.7 2.3 .
The lowest common multiple of 3 and 7 is 21. Multiply 3747 and X3t change them to fractions

with the same value but a different look.

Then you are able to subtract.

27
7

3 =

7 6 1

21 21 21

Sometimes you’ll look at two denominators and know quickly what number can serve as a
common denominator, but if the numbers are large, you may need more of a game plan. To find
the lowest common denominator, take a moment first to factor each denominator.

Suppose you need to add % +%. You look at 30 and 42 and don’t see a common denominator
immediately. Think about the factors of each denominator. 30 =2 X 3 X 5and 42 =2 X 3 X 7.
Both denominators have factors of 2 and 3, but 30 also has a factor of 5. 42 has a factor of 7. The
lowest common denominator will be the product of the 2 and 3 they have in common and the 5
and 7 they don’t.

LCD=2X3X5X7=210

S
4
factor of 5. Give each fraction what it’s missing, then add and simplify.

. 7 7 5
Multiply 077 because 30 doesn’t have the factor of 7, and 5 because 42 doesn’t have the

49 25 74 37
+ — -

210 210 210 105

Q WORLDLY WISDOM

It is not always necessary to have the lowest common denominator. Sometimes you
simply want to add or subtract the fractions as quickly as possible. You can fall back
on this strategy. Multiply the two denominators for a common denominator. Multiply
the lower right denominator times the upper left numerator and put the result in the
upper left numerator’s position. Multiply the lower left denominator by the upper
right numerator and put the result in the upper right numerator’s position. Add or
subtract the numerators and simplify if necessary.

You can handle mixed numbers in addition and subtraction by changing them to improper

fractions, as you did in multiplication, but you don’t always have to. In addition, you can just
. . 3 5.
combine the fractions and add the whole numbers on to that sum at the end. 45 + 2§ is really

3 5 3.5
4+§+2+ g SO you can rearrange to §+§+4+2'
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For subtraction, it can be trickier, because there may be regrouping, or borrowing, involved. Try
to subtract the fraction parts, and if you can, then you can also just subtract the whole numbers.

2+é) -(8-2)+ ($-1) -62

4 1 4 1
_— p— +7_
85 25 8 5 55

If you try subtracting the fractions and realize the first fraction is smaller than the second, you

need to borrow from the first whole number. To subtract 85 - 2§’ you need to borrow 1 from
the 8.

gl ot gt 5 3,1 04 56 54 2
5 75 5 75 5575 5 75 75
CHECK POINT

Complete each addition or subtraction problem.

4 3 2 3
16. ?Jrg 19. 7§+9Z
8 1 1 1
17. 9 7 20. 55—15
2 1

The Least You Need to Know

* To change a fraction to an equivalent form, multiply (or divide) both the numerator
and the denominator by the same number.

* To multiply fractions, multiply the numerators, multiply the denominators, and
simplify if possible. You may be able to simplify before multiplying by dividing a
numerator and a denominator by the same number.

* To divide fractions, invert the divisor and multiply.

* The lowest common denominator of two fractions is the LCM of the two
denominators.

* To add or subtract fractions, change each fraction to an equivalent fraction with a
common denominator, and add or subtract the numerators. Simplify if possible.



Decimals

Not every number system in history had a way to represent
parts of a whole but our system does. In fact, it has two.
You've already met common fractions, the ones that are
written as a quotient of two integers. In this chapter, you'll get
to know decimal fractions.

A decimal fraction, or as most people call it, a decimal, is a
representation of part of a whole written in a way that fits
into our decimal place value system. In this chapter, you'll
see how to extend the place value system to include parts of
a whole, and how to write very small numbers in scientific
notation. You'll look at each of the operations of arithmetic
when decimals are involved, and you’ll see that one of the
advantages of decimals is that they fit nicely into the methods
you already know. Just in case you need to switch between
the two ways of writing fractions, you'll learn to convert from
common fractions to decimal fractions and back.

CHAPTER

In This Chapter

The system of decimal
fractions

Writing very small num-
bers in scientific notation
Adding and subtracting
decimals

Multiplying and dividing
decimals

Converting between frac-
tions and decimals
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Decimal Fractions

By now you’re familiar with the fractions that are called common, the ones written as a quotient.
Now it’s time for a look at decimal fractions. They’re fractions that only use denominators that
will fit into the decimal, or base ten, system. Decimal fractions have denominators of 10, or

100, or 1000 and so on, but you hear the denominator in the name rather than seeing it under a
fraction bar. The common fraction — has a numerator of three and a denominator of 10, so you
read it as “three tenths.” When that same number is written as a decimal fraction, it’s 0.3. It’s still
read “three tenths,” because the 3 is in the tenths place.

The places that follow the decimal point of a number are assigned to be tenths, hundredths,
thousandths, and so on, so that the place value tells the denominator. 0.1 is 1 tenth, and 0.01 is 1
hundredth. What would have been the numerator of the fraction becomes the digit in the place
that Scorresponds to its denominator. 0.971is 7 tenths, the equivalent of %, 0.008 1s 8 thousands,
or 0o and 0.91 is 91 hundredths, or 00 When you write a fraction in the decimal system, the

denominator seems to disappear, but you hear it if you give the decimal its proper name.

@ MATH TRAP
While many people will say “point-3-7-5" for 0.375, its real name is “three hundred

seventy-five thousandths.” The “three hundred seventy-five” is the numerator and the
“thousandths” names the denominator.

Place a dot, called a decimal poing, to the right of the ones digit of a number. This is the divider
between the whole and the parts. You've probably seen this idea used to write dollars and cents.
Three dollars and 12 cents might be written $3.12. This says 3 whole dollars (left side of the
decimal point) and 12 pennies, part of a dollar (right side of the decimal point).

Numbers Less than One

Our decimal system is able to represent cents as part of a dollar, but 4.6 75

also to represent even smaller parts of any whole, again by working 9o & 4 %
with tens. Decimal fractions, as their name says, are still based on @ ofm o% O?&
tens. On the left side of the decimal point, as you move to the left, Oém oo%

away from the decimal point, the value of that place gets bigger.
Specifically, it gets ten times larger. On the right side of the deci-
mal point, each time you move to the right away from the decimal
point, the place value will get smaller. With each step, you’ll break
the piece into ten smaller pieces.
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The decimal fractions are written to the right of the decimal point. The first position after the
point is the tenths place. It imagines you broke a whole into ten parts, called tenths, and the digit
in that place shows how many of those parts you have. In our dollar and cents example, the 1 just
to the right of the decimal point is worth one tenth of a dollar, or in other words, a dime.

How many tenths can you have? You might not have any, in which case you could put a zero in
that place. If you had 1, or 2, or 3, or 4, or 5, or 6, or 7, or 8, or 9, that digit goes in the tenths place.
What if you have more than that? Ten tenths make 1 whole, so make groups of ten tenths, see how
many groups you have and put that number in the ones place. The leftovers, if any, will have to
be fewer than 10 tenths, so that digit goes in the tenths place. If you had 23 tenths, you'd have 2
groups of 10 tenths and 3 tenths left over, so that would be 2 ones and 3 tenths, or 2.3.

Of course, you might want to break the whole into smaller parts, so the next place to the right imag-
ines you break the whole into 100 parts, each called one hundredth. You can think of it as breaking
each tenth into ten parts, or breaking one whole into a hundred parts. You get the same thing.

1 tenth 10 hundredths

The digit in the hundredths place tells you how many of those little pieces you have. The

number 4.05 says you have 4 ones and 5 hundredths.

Q WORLDLY WISDOM
Notice that all the places to the right of the decimal have a “th” at the end of their
names. That's the signal that you're talking about a fraction.

Do you have more than 9 of these hundredths? A group of 10 hundredths makes one tenth, so
count up how many groups you have and that goes in the tenths place, and what’s left over goes
in the hundredths place. You can think of the number 0.48 as 48 hundredths, or as 4 tenths and
8 hundredths.

If you had more than a hundred hundredths, you'd make a 1 from each group of 100. When you’ve
made all the groups of 100 you can, you can look for groups of 10 hundredths to make tenths, and
the leftovers would go in the hundredths place. If you had 793 hundredths, you'd have 7 groups of
100 hundredths, 9 groups of 10 hundredths, and 3 hundredths left over. That’s 7 ones, 9 tenths and
3 hundredths, or 7.93, seven and ninety-three hundredths.
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Different Names, Same Number

Decimal fractions can sometimes go by more than one name. If you write 3.82, you read that as
“three and eighty-two hundredths.” You have three wholes and eighty-two of the fractions that
are created by breaking one into 100 parts. Those eighty-two hundreds can make 8 groups of ten
hundredths or eight tenths, with two hundredths left over, so there’s an 8 in the tenths place and
a 2 in the hundredths place.

Now suppose you write 3.820, which you'd read as “three and eight hundred twenty thousandths.”
You read this number differently because it fills in the thousandths place, but its value is exactly
the same as 3.82. All you added was zero thousandths—nothing!

Trailing zeros at the end of a decimal fraction change the way you read the name of the number,
but they don’t change the value of the number. The numbers 1.7, 1.70, and 1.700 all have the same

” «

value. They would be read as “one and seven tenths,” “one and seventy hundredths,” and “one

and seven hundred-thousandths,” but they’re all worth the same amount. If you wrote them as

common fractions, 1.7 would be 1%, 1.70 would be 1%, which reduces to 1%, and 1.7000 would
700 . 7 -

be lm, which also reduces to IE' As a result, you'll often want to drop any trailing zeros to

make the look of the number simpler.

4 tenths 40 hundredths

ﬁ CHECK POINT

1. Write the number 9.003 in words.

2. Write the number 82.4109 in words.

3. Write the number “forty-two hundredths” in numerals.

4. Write the number “forty-two ten-thousandths” in numerals.

5. Write the number “three hundred twelve and nine hundred one thousandths”
in numerals.
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Powers and Scientific Notation Revisited

Earlier you learned about using exponents to write powers of ten and how to write large numbers
as the product of a number between 1 and 10 and a power of 10. What about the other side of the
decimal point? How can you write the values of the places that hold decimal fractions as powers
of ten? And how do you use scientific notation to express tiny decimal fractions?

Powers of Ten for Numbers Less than 1

Our place values to the left of the decimal point are 10°, 10", 10%, and so on, with the exponent
getting larger as you move to the left. Each decimal fraction was created by breaking a whole
into ten pieces or a hundred pieces or a thousand pieces and so on. You're still using powers of 10,
but you’re dividing by 10 each time you move to the right. You're looking at place values that are
getting smaller instead of bigger.

To write powers of 10 for these fractional values, you're going to use a very similar system of
exponents, but you have to add a signal that you're going to the other side of the decimal point,
going in the opposite direction. The signal that you're moving to the right of the decimal point

is a negative exponent. The negative signals an opposite, in this case, a move in the opposite
direction.

The tenths place is worth a tenth of a whole, or the fraction you get by dividing 1 by 10. You
signal that value as 10”". The hundredths place is worth 1 + 100, or 1 + 10%, which you can write
as 107, The thousandths place is worth 10~. To express the value of a place to the right of the
decimal point as a power of ten, count the number of digits to the right of the decimal point, put
a minus sign in front of that number, and use that number as an exponent on 10.

Numbers Less than 1 as Powers of 10

Tenths

Hundredths

Thousandths

Ten-thousandths

Hundred-thousands

0.1

0.01

0.001

0.0001

0.00001

1 digit after
decimal point

2 digits after
decimal point

3 digits after
decimal point

4 digits after
decimal point

5 digits after
decimal point

10

10

107

107

107

CHECK POINT

6. Write 0.00001 as a power of ten. 8.
7. Write 0.000000001 as a power of

ten.

Write 0.000000000000001 as a
power of ten.

9. Write 107 in standard form.

10. Write 107" in standard form.
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Scientific Notation for Small Numbers

Writing small numbers in scientific notation is almost the same process as you used for large
numbers. A small number like 0.00045 can be written in scientific notation by first writing the
digits of the number and placing a decimal point after the first nonzero digit. This gives you the
number between 1 and 10. (Later you can drop any leading zeros.)

Count from where you just placed the decimal point to where it actually should be. Notice that
you're counting in the opposite direction from what you did with large numbers. You’ll show that
by making the exponent negative. The number of places tells you the exponent to put on the ten,
but it will have a minus sign on it.

Suppose you want to write 0.00045 in scientific notation.

Copy the number and put a decimal point after the first nonzero digit.

0 . 0004 . 5
actual new
decimal decimal
point point

Count to where the decimal point ought to be.

0.0004.5

4 places

Make the exponent negative.

00004.5

needs an exponent of -4.
4 places

Write as a number between 1 and 10 times a (negative) power of ten.
00004.5 X 10°*

Drop any leading zeros.

4.5 x 10

Now you can see that 0.00045 = 4.5 X 10

@ MATH TRAP
It's easy to get confused with so many zeros in the number. Count carefully, and place

a mark over or under each digit as you count your way to the decimal point. Have a
system so you don't get confused with all those zeros.

To change a small number that is written in scientific notation to standard form, copy the digits
of the number between 1 and 10 and move the decimal point to the left as many places as the

exponent on the 10. This is the same process you used with large numbers, but you move to the
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left because, for small numbers, the exponent is negative. You can add zeros if you run out of
digits. The number 4.193 X 10* becomes %193 or .0004193. It’s customary to put a zero in the
e

ones place, so this could be written 0.0004193.

ﬁ CHECK POINT

11. Write 0.492 in scientific notation.

12. Write 0.0000051 in scientific notation.
13. Write 2.7 X 10~ in standard notation.
14. Write 8.19 X 107 in standard notation.

15. Write 5.302 X 107* in standard notation.

Arithmetic with Decimal Fractions

Just about any work you can do with whole numbers or integers, you can do with fractions,
whether they’re written as common fractions or as decimals. Because decimal fractions fit into
the base ten system, many of the operations with decimals are the same as, or very similar to, the
operations with whole numbers.

Adding and Subtracting Decimals

You've already seen that decimal fractions can be written in the same place value system we use
for whole numbers. When you add or subtract whole numbers, you align the right end of the
numbers. You're actually aligning the unseen decimal points, so that digits with the same place
value are under one another.

To add or subtract decimals, first arrange the numbers with the decimal points aligned one under
another. This assures that you are adding the digits with the same place value. If the numbers
don’t have the same number of digits after the decimal point, you can add zeros to the shorter
ones. Remember that adding a trailing zero changes the way you name a number, but not what
it’s worth.

Add or subtract as you would if the decimal points were not there, starting from the right, doing
any carrying or borrowing just as you would for whole numbers. Add a decimal point to your
answer directly under the decimal points in the problem.



74

Part 1: The World of Numbers

For example, here’s how you add 34.82 and 9.7.

Align the decimal points and add a zero to 9.7.
11
34.82
9.70

44.52

Add as you normally would. The hundredths place adds to 2 hundredths, so you can just put that
down, but the tenths place adds to 15 tenths, so you need to carry 1 to the ones place. You'll carry
again from ones to tens. You work right over the decimal points as though they weren’t there.
Bring the decimal point straight down when you're all done.

Subtraction works the same way. Align the decimal points, and add zeros to make the decimals
the same length. Those zeros are especially important in subtraction, because you can’t subtract
from a digit that isn’t there. Subtract normally, regrouping if you need to, and bring the decimal
point straight down. Let’s try a subtraction example.

Subtract 184.93 — 99.781

Align the decimal points and add a trailing zero to 184.93. Subtract, starting at the right.
Regroup or borrow as you need to (and you need to a lot for this one). Bring the decimal point
straight down.

7 g8 2
18-'4.93'0
99.78 1
85.149

You can check your answer to a subtraction problem by adding. In the example above, check to
see if 85.149 + 99.781 gives you 184.930. If it does, your subtraction is correct.

@ WORLDLY WISDOM

Taking a minute to estimate you answer before you do a calculation is always a good
idea, and with decimals, it will help you be certain you got the decimal point in the
right place. It doesn't need to be anything fancy. If you can say that you're subtracting
about 185 - 100, you'll know you should be getting an answer around 85. If you get an
answer more like 8 or 850, you've misplaced the decimal point.
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CHECK POINT

Complete each addition or subtraction.
16. 459 + 19.75 19. 159.41006 — 143.0025
17. 397.256 — 242.81 20. 1.00027 + 0.4587332
18. 17,401.12 + 15,293.101

Multiplying and Dividing Decimals

Multiplying decimals requires a slightly more complicated process. It’s a good idea to estimate
the product first, so if you have to multiply 3.1 X 2, you'd expect an answer around 3 X 2 or 6. If
you multiply 3.1 X 0.002, youd recognize that you’re multiplying a number around 3 by a pretty
small number, quite a bit less than 1, so the answer should be less than 3, probably a lot less.

You perform the actual multiplication as though the decimal points were not present. If you were
multiplying 3.1 times 2, you would first think of it as 31 times 2. (You would also think of 3.1
times 0.002 as 31 times 2 to begin. The difference comes in placing the decimal point.)

To place the decimal point in the product, first count the number of digits to the right of the
decimal point in each of the factors being multiplied. Add these counts up to find the number of
decimal places in the product. Start from the far right end of the answer and count to the left to
place your decimal point.

For example, multiply 3.1 X 2.

The first factor, 3.1, has one digit after the decimal point. The second factor, 2, has none, so the
product will have one digit after the decimal point.

Once you know that, multiply as if the decimal point wasn’t there. 31 X 2 = 62. Then place the
decimal point so that your answer has one digit after the decimal point. 3.1 X 2 = 6.2.

You estimated the answer as approximately 6, so 6.2 sounds quite reasonable. Let’s look at one
where the multiplier is smaller.

Muluply 3.1 X 0.002.

This problem has the same important digits, so you'll still start by thinking that 31 X 2 = 62, but
the decimal points are positioned differently.

Count the decimal places. There is one digit after the decimal point in 3.1. There are three digits
after the decimal point in 0.002, so the answer must have a total of 4 digits after the decimal point.
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Start from the right side and count to the left. The 2 in 62 is one digit, the 6 is a second, but there
must be 4 digits to the right of the decimal point so place zeros for the third and fourth, giving an
answer of 3.1 X .002 =.0062.

Once again, it’s traditional to put a zero in the ones place, so 3.1 X 0.002 = 0.0062.

Q WORLDLY WISDOM

Just as you can add trailing zeros at the right end of a decimal without changing

its value, you can add zeros at the left of a number. 87 and 087 describe the same
number, but with whole numbers you don't need that zero in front. When you're
placing a decimal point you might. If you run out of digits, add zeros to the left end of
the number until you have enough places.

To multiply decimals:
* Multiply the factors without regard to the decimal points.
» Count the number of digits that follow the decimal point in each factor.
* Add those counts to find the number of digits after the decimal point in the product.

¢ Start from the right end of the product and count to the left until there are the required
number of digits after the decimal point.

Just as multiplication of decimals is based on multiplication of whole numbers, with a rule for
placing the decimal point, the division of decimals is based on whole number long division. But
again, there will be some extra rules about decimal points. Let’s sneak up on it a little at a time.

To divide a decimal by a whole number, do your division as though both numbers were whole
numbers, but then let the decimal point rise straight up into the quotient. Suppose you want to
divide 54.96 + 12. You're going to divide a number close to 55 by 12. 12 X 4 =48, and 12 X 5 =
60, so your quotient should be between 4 and 5.

Divide as if you were dividing 5,496 by 12, and for now, just let the decimal point sit between the
4 and the 9. When you're done dividing, let the decimal point float straight up, and it will land
right after the 4 in the quotient, giving you an answer of 4.58.

4.58

f
12‘54.96
48

69

60
96
96
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So if that’s how you divide a decimal by a whole number, how do you divide by a decimal?
You don’t. What you do is actually to find an equivalent problem, a problem with the same
answer, in which the divisor is a whole number.

That may sound like magic, but if you stop to think about it, you've seen equivalent problems.
You know that 12 + 4 = 3 and 120 + 40 = 3. Those two different problems have the same answer
because both the dividend and the divisor were multiplied by the same number, in that case,

by 10. That will be the secret to decimal division.

Z@ MATH TRAP
When you divide decimals, the divisor needs to be a whole number. The dividend
doesn't. Move the decimal point as many places as it takes to turn the divisor into a
whole number. Move the decimal point in the dividend the same number of places,
whether it becomes a whole number, or still has decimal digits, or needs trailing zeros
added so that you can move enough. The divisor calls the play. Whatever happens to
the divisor happens to the dividend.

When you multiply a decimal by 10, the decimal point moves 1 place to the right. The task of
dividing 81.312 by 3.52 can also be thought of as 813.12 divided by 35.2, or 8131.2 divided by 352.

When you're faced with a division problem where the divisor is a decimal, move the decimal
point in the divisor to the right until the divisor is a whole number. Move the decimal point in
the dividend the same number of places to the right. Divide normally, just as you would for whole
numbers, and bring the decimal point straight up into the quotient. Here’s an example.

Divide 17.835 by 2.05.
Estimate first. A number almost 18 divided by about 2 should give you an answer close to 9.

Move the decimal point in the divisor, 2.05, two places right so that 2.05 becomes 205. Move the
decimal point in 17.835 two places right as well, making it 1783.5. Then divide.

8.7
205)1783.5
1640
1435
1435
0

The decimal point in the dividend, between the 3 and the 5, floats straight up into the quotient
for a result of 8.7.



78 Part 1: The World of Numbers

Q WORLDLY WISDOM

If you've done your division and still have a remainder, you can add zeros to the

dividend and keep dividing. If your dividend was a whole number and you still have
a remainder when you've divided through to the ones place, add a decimal point and
some zeros. Then keep dividing to get a decimal in the quotient.
Step-by-step, the process for long division of decimals looks like this:
* Make an estimate of the quotient.
* Move the decimal point to the end of the divisor.
* Move the decimal point an equal number of places in the dividend.

* Divide normally and let the decimal rise directly up into the quotient.

ﬁ CHECK POINT

Complete each multiplication or division problem.

21. 492 X 1.5 24. 46144 + 1.12
22. 68413 X 0.15 25. 5,066.518 + 8.6
23. 9594 + 7.8

Converting Fractions

To convert a common fraction to a decimal fraction, do what the fraction tells you. No, they don’t
actually talk, but every fraction is a division problem. The fraction 7 the number you get when

3 1s divided by 4. To change it to a decimal, do the division.

Q WORLDLY WISDOM
You can use the word TIBO to remind you that when you convert a fraction to a

decimal, you put the top number, or numerator, inside the division sign, and the
bottom number, or denominator, outside and then divide. Top In, Bottom Out, or

TIBO.

5
To change g to a decimal, do the division problem SE.

Add a decimal point after the 5 and add some zeros. Do the division, letting the decimal point
from the dividend float straight up to the quotient.
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0.625

SW

40

If you're changing a fraction to a decimal and you find that you've gotten several digits in the
decimal form and you're not getting a zero remainder, you’re not expected to keep dividing
forever. You might carry the division one place farther than you actually want and then round
your answer, understanding that this will give you an approximate, not exact, representation of
the fraction.

4
7, for example, converts to 0.571428... and keeps going. You might round it to 0.571. On the other
. . .. 7
hand, you might notice that as you divide, a pattern emerges. — converts to 0.77777... and keeps
: . o P B
repeating. To show that a pattern keeps repeating, you put a bar over the top, like this: 9" 0.7.

To convert a decimal to a fraction, many times all you have to do is say the decimal’s name. The

decimal 0.37 is “37 hundredths,” so write it as % If possible, simplify the fraction. The decimal
- 8 . . 4
0.8 1s “eight tenths,” or o That simplifies to 5

Repeating decimals are a little trickier to convert to fractions. If you need to convert a repeating
decimal like 0.12121212... or 0.12 to a fraction, make the pattern (in this case, 12) your numerator,
and then count the number of digits in the pattern (in this case, 2 digits). Make your denominator

that many nines. 0.12 is equal to 12 over 2 nines or 0.12 :%. Of course, simplify if you can.

— 12 4
0.12 = % "33
CHECK POINT
. 4 . _
26. Change to a decimal: = 29. Change to a fraction: 0.123
. 59
27. Change to a decimal: g 30. Change to a decimal: Y

28. Change to a fraction: 0.185
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Rational and Irrational Numbers

When you met rational numbers, you might have wondered if there were any numbers that aren’t
rational, and there are. They’re not whole numbers, but you can’t find a way to write them as
common fractions. It’s difficult to write an irrational number, because it can’t be written as a

fraction, and when you try to write it as a decimal, it goes on forever. There are rational numbers
2

whose decimal form goes on forever, but those are repeating decimals, like 3 0.66666..., which

you can write as 0.6. The irrational numbers don’t have repeating patterns.

Taken together, the rational numbers and the irrational numbers form the set of rea/ numbers.

@ DEFINITION

Irrational numbers are numbers that cannot be written as the quotient of two
integers. Real numbers is the name given to the set of all rational numbers and all
irrational numbers.

Some of the irrational numbers come up when you try to take the square root of a number that
1sn’t a perfect square number. Taking the square root of a number means finding some number
you can multiply by itself to give you this answer. The square root of 9 is 3, because 3? = 9.

We write /9 = 3.

If one number can be squared to produce another, the first number is the square root of the
second. The square root of 16 is 4 because 4* = 16. The symbol for square root, / , is called a
radical. V16 =4, v6.25=2.5, and v/2 is an irrational number approximately equal to 1.414.

When you try that with a number that isn’t a square number, like 8, the answer isn’t an integer,
and many times, it’s an irrational number. /8 =2.828427125. When that happens, you either have
to round that number and say, for example, that V8 is approximately 2.83 or just leave the number
in square root notation: N

Many times your first encounter with an irrational number comes when you work with circles
and meet the number called pz, or 7. The reason it has a name 1s that it is difficult to write. It’s

a number a little larger than 3, but there’s no fraction that’s exactly right, and its decimal form
goes on forever without a pattern. People have used approximate values like = or 3.14, and those
come close, but they’re not exactly the number we call pi. Mathematicians have worked at finding
many of the decimal digits of pi. We can say that pi is approximately 3.14159265359... but it just
keeps going, and as you can see, there’s no repeating pattern.

Those are the characteristics of an irrational number. It can’t be written as a fraction, because it’s
not rational. When you try to find a decimal expression for it, it goes on and on and doesn’t show
you any pattern.
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cggg MATH IN THE PAST

Pi is the name given to the ratio of a circle’s circumference, the measurement around

the circle, to its diameter, the measurement across the widest part. Pi has a long

history. There is evidence that mathematicians were thinking about this number in

ancient Babylon, Egypt, Israel, Greece, China, and India, but all of them came up

with different values a bit more than 3. Today, mathematicians have calculated pi to

trillions of digits. Still no pattern.

The rational numbers and the irrational numbers
together make up the real numbers. The real
numbers include all the other sets of numbers
we've looked at. We started with the counting
numbers and then got more complex. The
irrational numbers are the first set that doesn’t
overlap the ones you've met before.

You might picture the set of real numbers
something like this:

WORLDLY WISDOM

Rational Numbers

Integers

Counting
Numbers

Irrational
Numbers

Are there fake numbers? If the rational numbers and the irrational numbers combine

to make up the real numbers, are there numbers that aren't real numbers? Actually,

mathematicians will tell you that there are, but they don't call them fake. They call

them imaginary numbers, because they aren't real numbers, but you can imagine them.
You know that 22 = 4, and it’s also true that (-2)? = 4, but what number can you square to
get -4? Most people would say there is none, but if you let yourself imagine it, there can

be a V-4.

The Least You Need to Know

* The decimal point separates whole numbers on the left from fractions on the right.

As you move to the right, the value of each place is divided by 10.

* To write a small number in scientific notation, write it as a number greater than or

equal to 1 and less than 10 times a negative power of 10.

* Performing arithmetic operations with decimals is very similar to performing
arithmetic operations with whole numbers.
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* To do arithmetic with decimal fractions, work as though they were whole numbers,
then follow the rules for placing the decimal point.

* To change a common fraction to a decimal, divide the numerator by the
denominator.

* To change a terminating decimal to a fraction, put its digits over the appropriate
power of 10. To change a repeating decimal to a fraction, put the digits in the
repeating pattern over the same number of 9s.
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Ratios, Proportions,
and Percentages

We have two basic ways of comparing numbers: an addition/ In This Chapter
subtraction method and a multiplication/division method.

The addition/subtraction method makes statements like 15 * How to compare numbers
is 7 more than 8, or 49 is 1 less than 50. The multiplication/ by creating ratios

division method compares numbers by saying things like 63 is * Using ratios to solve

3 times as large as 21, or 12 is half of 24. problems

In this chapter, you'll focus on that comparison by multiplica- * Using proportions to find
tion and division. You'll learn to use ratios and extended unknown numbers

ratios to help you figure out unknown numbers, and you’ll * Changing a ratio to a
solve proportions by cross-multiplying. Once you understand percentage

percentages, you'll be able to explore how they’re using in * How to calculate interest,

different kinds of problem solving tax, and tips

Proportional Reasoning

Twice the size, half as many, three times as much. In your
daily language, you frequently use the idea of multiplying

or dividing as a way to compare numbers. Usually, in con-
versation, you'll make the comparison using a simple whole
number compared to 1: twice the size or three times as much.
Or you might use division in the form of a simple fraction,
like half as many. But you could make other comparisons, not
always comparing to 1.
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If you had two lamps, one 2 feet tall and one 3 feet tall, you could say one is 1.5 times taller than
the other, but more often, you’ll stay with the whole numbers and say the taller lamp is to the
shorter one as 3 is to 2. Or you could say the shorter lamp is to the taller one as 2 is to 3.

Understanding Ratios and Extended Ratios

A ratio is a comparison of two numbers by division. If one number is three times the size of
another, you say the ratio of the larger to the smaller is “3 to 1.” This can be written as 3:1 or as

the fraction T You could also compare the smaller to the larger by saying the ratio is 1 to 3.

@ DEFINITION

A ratio is a comparison of two numbers by division.

When you are told that the ratio of one number to another is 5:2, you are not being told that the
numbers are 5 and 2, but that when you divide the first by the second, you get a number equal

5 . . . . . .
o> This happens when the first number is 5 times some number and the second is 2 times that

number. If that’s all you know about the numbers, you have a sense of their relative size, but that’s
about all. If you have some other information, you might be able to figure out what the numbers
actually are.

Suppose two numbers are in ratio 7:3 and their sum is 50. You know that the first of the numbers
you’re looking for is 7 times some number and the other is 3 times that same number, so that

they divide to % With the extra piece of information that they add to 50, you can try to find the

numbers by guess and test. If the numbers were actually 7 and 3, they would add to 10. Multiply
each one by 2 and you have 14 and 6, which add to 20. A little more experimentation will tell you
that 7 X 5, or 35, and 3 X 5, or 15, will add to 50.

That guess and test method can run into some problems. For example, most people won’t guess
anything but whole numbers, and the answer won’t always be a whole number, or it might be a
very large whole number. Try using a letter, maybe 7, called a variable, for the number you don’t
know. If the numbers are in ratio 6:5, one is 6z and the other is 5. If they add to 88, you can say
67 + 5n = 88. That means that 117 = 88, and » must be 8. The numbers are 6 X 8 =48 and

5 X 8 =40.

@ DEFINITION

A variable is a letter or other symbol that takes the place of an unknown number.
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An extended ratio compares more than two numbers. Extended ratios are usually written with
colons, because you don’t want to put more than two numbers into a fraction. Extended ratios
are actually a condensed version of several ratios. If the apples, oranges, and pears in a fruit bowl
are in ratio 8:3:2, it means that that the number of apples is 8 times some number, the number of
oranges is 3 times that number, and the number of pears is 2 times that number. It also means
that the ratio of apples to oranges is 8:3, the ratio of oranges to pears is 3:2 and the ratio of apples
to pears 1s 8:2.

@ DEFINITION

An extended ratio combines several related ratios into one statement. It is a way to
express the ratios a:b, b:c, and a:c in one statement: a:b:c.

Suppose that a smoothie contains pomegranate juice, orange juice, and yogurt, in a ratio of 2:5:3.
If you want to make 5 cups of the smoothie to sip throughout the day, how much of each ingredi-
ent will you need? If the numbers actually were 2 and 5 and 3, they would add to 10 cups. You
need 5 cups, so let’s say 2z cups of pomegranate juice, 57 cups of orange juice, and 37 cups of
yogurt, to make a total of 5 cups.

2n+5n+3n=>5
102=15

n=-
2

T | 1 .. 1 1 ..
The mulaplier is 5 S0 you need 2><5 =1 cup of pomegranate juice, 5x5 = 25 cups of orange juice,

and 3 x% = 1% cups of yogurt.

MATH TRAP

When you're working with ratios that involve measurements, make sure the units
match. If you try to say the ratio of the length to the width of a room is 15 feet to 120
inches, when you go on to use that relationship, you'll be confused about whether
your numbers are feet or inches, and you'll likely get the wrong numbers. Make it

15 feet by 10 feet or 180 inches by 120 inches, and your work will be easier and more
accurate.



86

Part 1: The World of Numbers

ﬁ CHECK POINT

1. If the ratio of girls to boys in Math Club is 5:3, and there are 32 members of the
club, how many boys are members?

2. The local car dealer sold 40 cars last month. The ratio of gas-powered vehicles
to hybrids was 7:1. How many hybrids were sold?

3. The desired ratio of the red roses to white roses in a bouquet is 2:3. If the florist
wants the bouquet to have a total of 20 roses, how many white roses and how
many red roses will she need?

4. If the ratio of lions to tigers to bears at the zoo 1s 4:7:4, and there are 45 of these
animals all together, how many tigers are there?

5. The ratio of red balloons to white balloons to blue balloons in the auditorium is
21:20:9. If there are 900 balloons in the auditorium, how many are blue?

Solving Proportions

. . .1 2.
A proportion is a statement that two ratios are equal. The equation 3 glsan example of a

proportion. It says the ratio of 1 to 3 is the same as the ratio of 2 to 6, or, in other words, that the
fractions are equal.

When you look at the statement that two ratios are equal as a proportion, you can talk about

the four numbers that make up the proportion as the means and the extremes. It’s a little easier to
understand which numbers are means and which are extremes and why if you write the ratios
with colons, so let’s write % =§ as 1:3 = 2:6. The extremes are the numbers on the ends, the 1 and
the 6. They're far out. The word mean talks about the middle, so the numbers in the middle, the
3 and the 2, are the means. When you do write it as a pair of equal fractions, it looks like this.

extreme _ mean

mean extreme

@ DEFINITION

A proportion is two equal ratios. The means of a proportion are the two middle
numbers. The extremes are the first and last numbers.

Proportions can be used to compare things. When you create a proportion, it’s important to be
consistent about the order. If you want to say that the ratio of the shortest side of the big triangle
to the shortest side of the small triangle is equal to the ratio of their longest sides, be sure that
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your second ratio is big triangle to small triangle just like the first ratio. If you change the order,
the proportion won’t be true.

B;C

In any proportion, the product of the means—the two middle terms—is equal to the product of

. - . .5 15
the extremes—the first and last terms. For example, in the proportion FaEyY § X 15=5X 24

This multiplying of means and extremes is called cross-multiplying. Whenever you have two equal
ratios you can cross-multiply, and the two product will be equal. Knowing that will often let you
find a number that’s missing from the proportion. You could use a question mark or other symbol
to stand for the missing number, but let’s use an x for now.

When you multiply with a variable, especially when you use the variable x, it’s easy to confuse
the variable with the times sign X, so you may want to use other ways to write multiplication,
like a dot or parentheses. Instead of writing 5 X x, you can write 5-x or 5(x).

Keep in mind that cross-multiplying can only be done in a proportion. You can cross-multiply
when you have two equal ratios, but not in any multiplication with fractions.

@ DEFINITION

Finding the product of the means and the product of the extremes of a proportion,
and saying that those products are equal, is called eross-multiplying.

Suppose you’re told that two numbers are in ratio 7:4, and the smaller number is 14. But what’s
the larger number? You can use the means-extremes properties of proportions to help you find
out.

If I give you the proportion ﬁ = %, you can use cross-multiplying to help you find the value of

the number [ called . If you multiply the means you get 4 times the unknown number or 4x.

The product of the extremes, 7 X 14, is 98. The product of the means is equal to the product of

the extremes, so 4x must equal 98, or 4x = 98. Dividing 98 by 4 tells you that x = 94—8= 24.5.
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Q WORLDLY WISDOM

When you're cross-multiplying, don't be in a rush to do the arithmetic, especially if
your numbers are large. Your work may be easier if you write out the multiplication

but don't actually do it. Then when you divide to find the value of the variable, you

may see a shortcut. Wh}/ do the work of multiplying 42 X 35 if, a moment later, you're

A5 35
21

and the division may be easier.

ﬁ CHECK POINT

Solve the proportion to find the value of the variable.

going to divide by 21? = 2x 35 =70. Leave the multiplication in factored form,

6. 2_ % 9 3_51
515 x 68
7 3_24 10 3_%
7 = 5 10
g. X _15
63 27

Percent as a Standard Ratio

The word percenr means “out of 100.” If you shoot 100 free throws at basketball practice and you
sink 60 of them, you made 60 out of 100 shots, or 60 percent. But what if you shot 75 and made
40? What percentage is that? Is that better or worse than 60 percent? You can use proportions to

convert any ratio to a percentage.

@ DEFINITION

A percentage is a ratio that compares numbers to 100. 42 percent means 42 out of
100, or 42:100. Percentages are sometimes written using the percent symbol, %.

Ratios can be hard to compare if they are “out of” different numbers. Which is larger: 4 out of 9

. 4 .
or 5 out of 12? If you compare them as fractions, 5 and li’ it might help to change to a common
. . 6 5 15
denominator. You could use 36 as the common denominator so T and 23 and you can
4.
see that 5l larger.
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Changing ratios to percentages is like changing fractions to a common denominator. Percentages
make it easier to compare different ratios, because they express everything as a part of 100.

. .o 15 .
When you need to change a ratio to a percentage, take your ratio, like 20’ and set it equal to

the ratio % You're saying 15 is to 20 as P is to 100, or 15 out of 20 is the same as P out of 100.

That’s a percentage. Use cross-multiplying to find P.

I5_ P

20 100

20P =1,500

p 1500 _
20

So 15 out of 20 is 75 percent.

part _ %
whole 100" 1 his

proportion can be used to solve almost all percent problems. Percentage problems come in three

The rule you want to remember is “part is to whole as percent is to 100” or

basic types. One type asks a question like “what is 45 percent of 250?” The second type asks “15
1s 30 percent of what number?” and the third is “29 is what percentage of 58°” The first type asks
you to find the part, the second asks you to find the whole, and the last asks for the percentage.

Suppose your town requires that a candidate receive at least 51% of the vote to be elected mayor.
If the population of the town is 1,288, what is the minimum number of votes a candidate must
receive to be elected?

You know the percentage and the whole, and you’re looking for the part of the population that

part _ % P
is required for election. Start with ——— whole 100 ° 1288 ~ 100" Cross-multiply, and you’ll find that

the product of the means is 1,288 X 51 = 65,688 and the product of the extremes is 100p. The
product of the means is equal to the product of the extremes, so 100p = 65688, and dividing by

100 tells you p = 656.88. (Since no one can cast a fraction of a vote, round this to 657 votes.)

WORLDLY WISDOM
part %

When you use the ———— whole 100

right positions. Certain words in the problem can signal this for you. The word “of”

—rule, the important part is getting the numbers in the

usually precedes the whole amount, and the word “is” can generally be found near the
is %

art. Some people remember the rule as —=—-.

P peop of 100
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Let’s walk through some examples of the different types of problems. First, finding a percentage.
What percentage of 58 is 22?

Look for “of” 58 is the whole. Look for “is.” 22 is the part.

part %
whole 100
22 x
58 100
58x =2200
x~379

22 is about 379 percent of 58.

You might round an answer like that to 38 percent if you don’t want to deal with the decimal.

It will depend on the work you're doing. If you were going to compare two percentages that
were both close to 38 percent, you'd want the decimals so you could see which was bigger. If you
want to know how much your savings increased, 38 percent is probably just as informative as
379 percent.

Let’s look at another example. In this one, you'll find the whole.
46 1s 27% of what number?

Look for “of” The whole is “what number,” which means it is unknown. Look for “is.” 46 is the
part. Both 46 and 27 are near the “is” but 27 has the % sign, so you know it is the percentage.

part %
whole - 100
46 27
100
27x = 4600
x= 1704

46 1s 27% of 1704, approximately. Again, how much you round will depend on the situation.
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One last example before we move on. This one asks you to find the part.
What is 83% of 112?

Look for “of.” 112 is the whole. Look for “is.” “What” is the part, that is, the part is unknown. The
percent sign tells you that 83 is the percentage.

part %
whole 100
x 8
112 100
100x =112%x 83
100x = 9296
x=92.96

83% of 112 is 92.96. Because that decimal terminates after only two places, you can give the exact
answer and not bother with rounding.

If you feel like those examples all seemed very much the same, you’re right. The process is
exactly the same: cross-multiply and divide. The difference is the piece that’s unknown, and, of
course, the numbers themselves.

Percentages can be greater than 100 percent, and that often happens when you turn a question
around. You can say that 2 is 50 percent of 4, or you can reverse the comparison and say 4 is 200
percent of 2. 100 percent is the whole thing, so 200 percent is the whole thing and the whole
thing again, or twice as much. The good news is you do the three types of problems exactly the
same way even if the percentages are greater than 100 percent.

CHECK POINT
11. 45 is 20 percent of what number? 14. 63 is what percentage of 21?
12. 16 is what percentage of 64? 15. What is 120 percent of 55?

13. Whatis 15% of 80?
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Calculating with Percentages

Because percentages are really ratios with a denominator of 100, they can easily be changed to

fractions or decimals. To change a percentage like 44% to a fraction, just remember that percent
4 . . . 11 .

means “out of 100.” 44% = — which simplifies to 55 To change a percentage to a decimal, drop

100’
the percent sign and move the decimal point two places to the left. 36.8% = 0.368 and 3% = .03.

If you have a fraction and want to change it to a percentage, you can use a proportion as you did
earlier, or, if you can conveniently change it to a denominator of 100, you can let it tell you what

.. .1 25 . 6 , . .
percent it is. The fraction 7 100 %01t equals 25%, but T doesn’t easily convert to a denominator
of 100, and it would be better to use the proportion method.

To change a decimal to a percentage, move the decimal point two places to the right and add a
percent sign. 0.15 = 15% and 8.93 = 893%.

Yes, you can have a percentage greater than 100 percent. 100 percent is the whole thing.
Percentages greater than that say you have more than the whole thing. If this week you earn

150 percent of what you earned last week, you earn all of what you earned last week (100%) and
another half of that (50%).

CHECK POINT
16. Change 42% to a fraction. 19. Change 0.049 to a percentage.
17. Change 85.3% to a decimal. 20. Change 5.002 to a percentage.

5
18. Change 5 to a percentage.

Calculating Interest

Much of the time, when you encounter percentages, it’s in some kind of financial calculation.

It might be a big deal, like the interest you’ll pay on your mortgage, or the interest the bank will
pay you on your savings. Or it might just be leaving an appropriate tip for your server when you
eat out.

Interest is money paid for the use of money. If you borrow money, you must pay it back plus
additional money as a fee for the loan. If you deposit money in a bank account or invest money,
you receive interest for allowing the institution to use your money. This cost of the loan is
usually calculated as a percent of the amount you borrowed.



Chapter 7: Ratios, Proportions, and Percentages 93

The amount borrowed or invested is the principal, and the percent of that principal that will

be charged (or paid) in interest every year is the rute, sometimes called the APR, for annual
percentage rate. To find the total interest on a loan or investment, you multiply the principal
times the rate times the time, measured in years. The formula for simple interest is / = Prt, where
I stands for interest, P for principal, 7 for rate, and 7 for time.

@ DEFINITION

Interest is money you pay for the use of money you borrow or money you receive
because you've put your money into a bank account or other investment.

The principal is the amount of money borrowed or invested. The rate is the percent
of the principal that will be paid in interest each year.

Imagine that you open a new bank account with a deposit of $4,500, and the bank pays 1.5
percent interest per year. You leave that money in the account and don’t add any money to it or
take any money out for a total of 6 years. How much interest will you earn? And how much will
be in your account after those 6 years?

Use the formula /= Prr, with 7 as the interest, P as the principal or amount you deposited, and
tas 6, the time in years. Take the rate of 1.5% per year and change the percent to a fraction or
decimal. You will earn T = 4,500 X 0.015 X 6 = 405. You'll earn $405 interest, which will be
added to your $4,500, so that after 6 years you’ll have $4,905.

WORLDLY WISDOM

The I = Prt formula is the calculation of simple interest. Many banks pay what'’s called
compound interest. They calculate your interest every year (and sometimes more
often) and add it to your account. The next year, if you don't disturb the money, you
get interest on your original principal and on the interest. It goes on like that over
and over, and each time interest is calculated you have a little more money in the
bank, and you get a little bit extra interest. Over time, it can amount to quite a bit of
extra money. The formula for compound interest is quite a bit more complicated and
requires exponents.

If you want to plan for a special event, you might want to know how much you should deposit to
earn enough interest to pay for your vacation three years from now. Or you might want to know
how long it would take to earn a certain amount of interest. Those questions can be answered
with the same simple interest formula, but a slightly different calculation.
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Suppose you know that you need $2,000 to pay for a vacation three years from now, and you'd
like that $2,000 to be the interest you earned on your savings in a bank that pays you 2 percent
interest. Start with the formula /= Prr and fill in what you know. Interest is 2,000, rate is 0.02,
and time is 3 years.

I= Prt

2,000=P X 0.02 X3

Do what arithmetic you can on the right side.
2,000 = P X 0.06

Then find P, the amount of principal you need to make that happen, by dividing 2,000 by 0.06.
Don’t be discouraged when you find that you need about $33,333.33.

What if you could only deposit $5,000?7 How long would it take to earn $2,000 in interest? The
easy answer is “a lot longer” but how long? Set up the formula with what you know. You want
$2,000 in interest, you want to deposit a principal of $5,000, and the bank will pay you 2 percent
per year.

1= Prt

2,000 = 5,000 X 0.02 X r
2,000 = 100 X r

2,000 = 100 = ¢

It will take 20 years. Patience will be required.

Calculating Tax

Most countries ask their citizens to pay income tax, a percent of what they earn, to fund the
government. Most states have a sales tax, a percentage of each sale that goes to fund local
government. There are a great many rules about what is and isn’t subject to these taxes and
under what conditions you might not have to pay them, and every country or state sets its own
rate. It legislates what percent of your income or the purchase price you must pay in tax.

Whatever differences there may be, the tax is a percent of your income or a percent of your
purchase. If you go out shopping and spend $273 in Colorado, the state sales tax will be 2.9
percent of your purchase. 2.9% of $273 is 0.029 X 273 = 7917, which rounds to $7.92. That would
be added on to your bill of $273, bringing your total to $273 + $7.92 = $280.92.

If you made the same purchase in Illinois, the state would ask for 6.25 percent, so your tax would
be 0.0625 X 273 = 17.0625, which rounds to $17.06. That would make your bill $273 + $17.06 =
$290.06.
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When you go out shopping, you don’t always know exactly what the sales tax is. If you buy
a jacket with a price tag that says it costs $78.95, and the cashier asks you for $83.81, you can
subtract 83.81 — 78.95 = 4.86 and know that you paid $4.86 in sales tax. But what is the tax rate?

Sales tax = rate X amount of the sale, so the rate will equal the sales tax divided by the amount
of the sale. Take the $4.86 you paid in tax and divide by the $78.95 cost of the jacket.

4.86 + 7895 = 0.0616, or 6.16%.

@ MATH TRAP
The amount you pay in tax on a sale is not always just the state sales tax. Many cities

add their own sales tax in addition to the state sales tax. The city sales tax will also be
a percent of your purchase, but because both are added on to your bill, you may not
be able to tell how much went to the city and how much to the state.

Calculating Tips

In many U.S. restaurants, the staff who serve the customers’ meals are paid a lower than usual
wage and depend on tips to make up the rest of their income. Tipping began as a way to reward
excellent service but has become an expected addition to the bill in many restaurants. So the
question becomes, “How much should I tip?” Usually, the recommendation is that you tip your
server a percentage of the bill for the meal. The recommended percent varies by region, by the
type of restaurant, and by the quality of service, but is usually in the range of 15 to 20 percent.

If you and a friend have lunch at a restaurant, and the bill for your food and drinks totals $27.46,
how much of a tip should you leave for your server?

If you feel that 15 percent is appropriate, you would multiply the bill amount by 0.15. 2746 X 0.15
takes a bit of work, but it equals $4.12. If you'd rather leave a 20 percent tip, multiply 27.46 X 0.20,
and the tip will be $5.49. With that information in hand, you can decide to leave somewhere
between $4 and $5.50. Most people won’t worry about the pennies and will figure the tip based
on the whole dollar amount.

Q WORLDLY WISDOM

People who know the sales tax rate in their area often use the tax to help them
calculate the tip. If you know your sales tax is 5 percent of the bill, you can look at
your check to see what the tax amount is. If you want to tip 15 percent, triple the
tax. If you want to tip 20 percent, multiply the tax by 4. A tax rate of approximately
6 percent is fairly common, and many people triple the tax to get 18 percent of the
bill. That’s nicely in the 15 to 20 percent range.
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To find 15 or 20 percent quickly by mental math, remember that 10 percent of a number is one
tenth of the number, or the number divided by ten. Dividing by ten is just moving the decimal
point one place left. 10 percent of $27.46 is $2.75 (rounded up from $2.746). Double that to find
20 percent, and the tip is $5.50, or if you want 15 percent, take half of $2.75, which is about $1.38,
and add that to the $2.75, to get $4.13.

ﬁ CHECK POINT

21. Find the simple interest on $18,000 invested at a rate of 4% for 5 years.

22. If you paid $130 simple interest on a loan of $1,000 for 2 years, what was the
interest rate?

23. How much tax will you pay on a purchase of $175 if the sales tax rate in your
area is 4.7%?

24. If the dinner bill for your family is $35.84, and you want to leave a 20% tip for
your server, what is the amount of the tip you should leave?

25. A restaurant that sells a fixed price dinner for $22 per person tells you that
for groups of 8 or more, they will automatically add an 18% tip to the bill. If
you and seven friends plan to go for dinner, how much should each person be
prepared to pay for the dinner and the tip?

Percent Increase and Percent Decrease

You'll sometimes see an advertisement that claims there’s been a 40 percent increase in the num-
ber of vitamins in a bottle, or that there’s been a 30 percent decrease in the price of something.
These are examples of percent increase or percent decrease. They compare the change, whether
increase or decrease, to the original amount. And it’s amazing how many times those ads have the
calculations wrong.

There’s no reason for you to get them wrong. The original amount is the whole, and the change
is the part. To calculate a percent increase or a percent decrease:

* Identify the original amount. That’s the whole.

¢ Calculate increase or decrease. That’s the part.

part %

* Use oo =700 to calculate the percentage.
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Let’s start with an example of a percent increase.

Allison invests $800 in a stock she researched. After a year, her investment is worth $920. What is
the percent increase in the value of her investment?

Original: $800
Increase: $920 — $800 = $120

part %
whole 100
120 x
800 100
800x =12,000
_ 12,000 =@=15
800 8

The value of her investment increased by approximately 15%.

Here’s another example. This time it’s a decrease, but your method is the same.

Melissa buys $200 worth of collectibles at a flea market and tucks them away, hoping they will
increase in value. Unfortunately, when she tries to sell them, she finds they are only worth $175.
What is the percent decrease in the value of her investment?

Original: $200
Decrease: $200 — $175 = $25

part %
whole 100

25 x
200 100
200x = 2500
x =125

Her investment decreased approximately 12.5%.
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Ready to make sure you've got it> Here are some for you to try.

ﬁ CHECK POINT

26.

27.

28.

29.

30.

George invests $500 in stock and later sells the stock for $650. By what percent
did his investment increase?

Find the percent decrease in Sylvia’s mile time if it was 7.5 minutes when she
began training and now is 6.75 minutes.

Paolo adopted a shelter dog who weighed 8 pounds, but by the next visit to the
vet, the dog weighed 8.5 pounds. Find the percent change in the dog’s weight.

Find the percent decrease in Shawn’s weight if he was 180 pounds when he went
out for the team and now 1s 150 pounds.

Your favorite brand of ice cream usually comes in a container that holds
1.5 quarts. If the company offers a special container that holds 2 quarts, what is
your percent increase in ice cream?

The Least You Need to Know

* A ratio compares numbers by multiplying or dividing. A proportion is two equal

ratios. A percentage expresses a ratio by comparing to 100.

In any proportion, the product of the means is equal to the product of the
extremes.

Solve a proportion by filling in the known quantities and a variable for the

unknown, cross-multiplying, and dividing.
art %

whole 100’

To solve percentage problems, use the rule

Simple interest is calculated by multiplying the principal times the rate times the
time. Taxes and tips are calculated as a percentage of the total amount.



PART

Into the Unknown

It’s nice to take a world tour, even in the world of numbers, but sometimes it can be a scary trip.
If you don’t know where you’re going, or you think you do but find yourself lost, you can feel
unsettled. Whether you’re in a foreign country or in the middle of solving a problem, realizing
that you're lost is a frightening feeling. The best way to prevent that situation is good preparation,
so that’s what we aim to do.

In this part, you'll prepare to deal with those situations in which one or more of the numbers
in your problem is unknown. You'll look at ways to find those missing numbers, or if that’s not
possible, at least to organize the possibilities. Just as having a good map and a good plan will
keep you from getting lost, having a clear picture and knowing what steps to take will help you
through a problem. You're about to draw the map that will let you find your way into algebra.






CHAPTER

Variables and Expressions

One of the markers of the shift from arithmetic to algebra

is the introduction of variables. In arithmetic, you know the
numbers and you know what operations need to happen. In
algebra, you step into the world of the unknown. You know
some, but not all, of the numbers, and you know the result of
the operations. A lot of your work is going backward to try
to fill in the unknown pieces. Until you figure out what they
are, those unknown numbers are represented by variables.

In this chapter, you'll learn what variables are and how

to write phrases and sentences that use them. When you
start using variables, it’s important to consider what kind of
number the variable might be standing in for. Those numbers
are called the domain of the variable. This is also a time to
look at some of the arithmetic you can do with variables and
learn where you need to be especially careful and why.

In This Chapter

Writing expressions with
variables

Finding values for
variables

Multiplying with the help
of exponents

Dividing with variables
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Using Variables

A variable is any symbol that stands for a number. In algebra, the symbol is usually a letter, but
that doesn’t have to be the case. You might have looked at questions that said 3 + ? = 5 and you
understood that you were supposed to find the number that replaced the ? to make the statement
true. In that case, ? is a variable. You might have seen puzzles that said A + & = 9. There are
many different right answers for that one, but the A and the ¢ are acting as variables.

@ DEFINITION

A variable is a letter or symbol that takes the place of a number.

A variable is used to take the place of a number because the value of the number is unknown,
or because the number that goes in that place may be changing. Perhaps a pattern is being
represented in which different values are possible.

For example, imagine you are taking a test with 20 questions. Each question is worth 5 points,
so 1f you get all the questions correct, you earn 100 points. But what if you don’t get them all
right? Your teacher might use a rule or pattern that says your score is 5 points times the number
of questions you answer correctly. Using the variables § for your score and # for the number of
questions you answer correctly, you can write the rule as § = 5%z That rule will apply to every-
one who takes the test, but each person may get a different number of questions correct. The
variable 7 can have many different values. It varies. That’s where the name variable comes from.

Suppose on a different test you got your paper back with a grade of 87 on it. You want to know
how many points each question was worth. You can find out by counting the number of questions
you answered correctly and using the variable p to stand for the point value of one question. If
you answered 29 questions correctly, you can say 29Xp = 87. Here you're using a variable because
you don’t know the number of points. The variable stands for a number that is unknown.

The Language of Variables

When you start to use variables in your phrases and sentences, it’s a lot like learning a new
language. You need to learn your vocabulary, understand the grammar of the language, including
the idioms, and practice, practice, practice.

Let’s start with parts of speech: nouns, verbs, and such. In algebra, numbers and variables are
your nouns, and symbols like =, <, and = serve as verbs. Operation signs, like + and —, act as
conjunctions, the way “and” and “or” would in English.

To translate algebra into English, you can usually just read the symbols and make a few shifts,
like saying “and” for + and “is” for =. The sentence x + 3 = 8 is the algebra language equivalent
of “some number and three combine to make eight.” The x, the 3, and the 8 are nouns. The x and
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the 3 are connected by the conjunction +, and the verb, the action of the sentence, is the =. The
= says “is,” or “makes.”

The difference between a phrase and a sentence is whether or not you have a verb. Sentences
have verbs, phrases do not. x + 9 is a phrase. It has no equal sign or inequality sign. It sounds
like “a number increased by 9.” On the other hand, x + 9 > 21 is a sentence. The > is the verb “is
greater than.” It says “some number increased by 9 is greater than 21.”

When parentheses appear, it’s often easier to read if you refer to “the quantity.” The sentence

P PP Y q Y.

5(x + 7) = 45 can be read as “five times the quantity x plus 7 is 45.” The words “the quantity” tell
q yxp q y

your listener that parentheses are grouping some symbols into one quantity.

The larger your vocabulary, the better able you are to say what you really mean, so let’s look at
some common language. That sentence 5(x + 7) = 45 could also be read as “five times the sum
of wand 7 1s 45.” A sum is the result of an addition. If you change the plus sign to a minus sign,
5(x—7) = 45 can be read as “five times the difference of w and 7 1s 45”7 A difference is the result
of a subtraction. Whenever you talk about a difference, you read the numbers in the order they
appear. The difference of x and 7 is » — 7. The difference of 7 and xis 7 — .

Idioms in Algebra

Idioms are phrases used in a language that just can’t translate word for word. If I tell you to give
me break, I'm not asking you to hurt me. I'm telling you to stop teasing me or trying to fool me.
“Give me a break” is an idiom.

Algebra has idioms, too. One in particular has to do with subtraction. The phrase “6 less than
some number” sounds as though it would begin with a 6 if you wrote it in symbols, but it actually
translates to x — 6. To see why, put a number in place of the words “some number.” If | say “6

less than 25, you think of 25 — 6, or 19. You take 6 away from the number. So 9 less than some
number is #— 9, and 83 less than some number is y — 83.

@ MATH TRAP
Don't confuse “6 less than some number” with “6 is less than some number.” The word
is signals a verb. “6 less than some number” translates to x - 6, but “6 is less than some
number” would be 6 < x.

If you want to read the phrase 7(x + 5), you could say “seven times the quantity x and 5,” or you
could say “the product of 7 and the quantity x plus 5.” A product is the result of multiplication.
When you want to say something about division, like Toy, you can say “a number divided by 5
1s 11, or you can say “the quotient of v and 5 is 11.” A quotient is the result of division. The order
in which the numbers are named tells you which is the dividend and which is the divisor. The
quotient of x and 5 is x = 5, but the quotient of 5 and x1s 5 + «.
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ﬁ CHECK POINT

Write each sentence using variables.
1. The quotient of some number x and twelve is greater than four.
2. The difference of a number 7 and nineteen is twenty-two.

3. The sum of a number 7 and the quantity # increased by three is one hundred

fifty-four.
4. The product of a number y and the quantity five less than y is eighty-four.

5. The quotient of a number p and the quantity p increased by one is two.

Multiplying with Variables

If variables take the place of numbers, then it makes sense that you should be able to do arithmetic
with variables, because you do arithmetic with numbers. Not knowing what number the variable
stands for is an obvious problem when it comes to arithmetic, but there are some arithmetic opera-
tions you can do with variables, if you work carefully.

Let’s start with multiplication, because that’s probably the most common operation and the one
with the fewest restrictions or dangers. If you need to multiply a constant, like 4, by a variable,
like 7, you can do that. Because you don’t know what number 7 stands for, you can’t give a number
as the answer, but you can write 4+

If you needed to multiply a constant, like -7, by the product of a constant and a variable, like 47,
you apply the associative property. -7+ (47) = (-7-4)-# = -28% You multiply the constant by the
coefficient and keep the variable as the final factor.

Things get interesting when a multiplication involves more than one variable. If you wanted
to multiply -7z by 4z you could call on the associative property and the commutative property.
“7t:4r=(-7-1)(4-1) = (-7-4)+(t*7) = -28-1'. Do you remember the shortcut for writing repeated
multiplication, like 7:# You can use an exponent. -28-7+7 = -287.

Working with Exponents

Exponents, you remember, are symbols for repeated multiplication. The expression 5% for
example, means 5-5-5. That ability to express repeated multiplication with exponents is even more
important when you’re working with variables, because you don’t know what number the variable
stands for, so you can’t evaluate the multiplication. When you write #” you say that you want to
use 4 as a factor # times. The expression # means &-4-b-5-b, but until you know what number 4
stands for, that’s all you can say.
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When you work with exponents, there are three basic rules to remember.
Multiplication: When you multiply powers of the same base, keep the base and add the exponents.

This means that x*x* = &° because %-x* = (x-x)(x-x-x) = »°. Don’t forget that when you have a
single variable, like y, even though you don’t see an exponent, y is »'. Multiplying y-»* gives you
' Multiplying a power of a variable by the variable again raises the exponent.
Division: When you divide powers of the same base, keep the base and subtract the exponents.
8
This means that x_ﬁ = x°. Don’t forget that a variable to the zero power equals 1.
x

Powers: When you raise a power to a power, keep the base and multiply the exponents.

This one doesn’t come up as often, but it means that (')’ = #'. Remember that exponents work
only on what they touch, so 3’ means 3-x-x, because the exponent is only touching the x, but
(3x)? = (3x)- (3x) because the exponent is touching the parenthesis, and so the whole quantity is
squared.

Ways to Multiply
You can multiply a constant by a variable or a power of a variable: -5-x% = -5x%.
You can multiply a constant by a product of a constant and a variable: 13-4z = 52z

You can multiply a variable or a power of a variable by a variable or a power of a variable: y-y* = y*.

You can multiply a variable or a power of a variable by a product of a constant and a variable or a
power of a variable.: #*-64° = 64°.

You can multiply the product of a constant and a variable (or a power of a variable) by a product
of a constant and a variable (or a power of a variable): -8x%+4x? = -32x".

And you can even multiply a constant, a variable, or the product of a constant and a
variable by an expression: 2x(3x— 5) = 2x(3x) — 2x(5) = 6% — 10x and 37(# + 2r+ 1) =
3P(#) + 3728 + 3°(1) = 37 + 67 + 37

In case you were wondering, you can multiply with two different variables. You just simplify as
much as possible: 5x(2y) = 10xy and 2ab*(34°b) = 2-3-a-a’-b*+ b = 64°0.

ﬁ CHECK POINT

Put each product in simplest form.
6. 5(-6a) 9. 37(-87)
7. x(4x?) 10. 72(3z + 5)
8. 2)(-5)
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Dividing with Variables

When you try to divide by a variable or an expression that contains a variable, you have the
same problem as you did for multiplication: you don’t know what number the variable stands for.
Just as it did in multiplication, that means you can’t always do as much simplifying as you might
like to, but in division, it also causes another problem. You can multiply by any number, but you
can’t divide by zero. If you don’t know what number the variable stands for, you don’t know what
you’re dividing by, and because division by zero is undefined, that’s dangerous.

That’s why whenever you divide by a variable or write a fraction with a variable in the
denominator, you always include a note that says, in one way or another, “as long as this isn’t
zero.” If you wanted to divide 5x* + x, you'd include a little warning: x # 0.

Consider the Domain

When we talk about variables in algebra, we often talk about the domain of the variable. The
domain is the set of all values that you can reasonably substitute for the variable. It’s all the
values for the variable that make sense.

One of the first things you look at when you think about the domain is dividing. If you're trying
to divide by the variable, 0 can’t be in the domain. There are other problems to be aware of as
well. You can’t take the square root of a negative number, for example, and if you're using your
variable to solve a word problem, only numbers that make sense in the problem should be in the
domain. The length of a fence can’t be -10 feet, and you can’t invite 12.4 people to your party.
But the number one concern is making sure you never divide by zero.

Rules for Dividing with Variables

So you have to be careful and include a warning note, but how do you divide by a variable or an
expression containing a variable? There are several ways, because as the expressions get more
complicated you need different methods, but the basic rules come back to fractions and exponents.

If you have a product of constants and variables divided by a product of constants and variables,
you can think of the problem as a fraction that needs to be put in simplest form. Let’s look at
some examples.

If you want to divide 8x by 2, you can think of it as 87)6= %% =

>—A|.|>

x . .
e 4x. You're just dividing the
coefticient of the numerator by the constant in the denominator. Now it’s not hard to think of a
. 8x . . . .. y R .
case, like —, where it might be better to just leave it as it is, or < where there’s nothing you can

do. But if the denominator is a constant, and you can cancel that constant with a coefficient in the
numerator, that’s what you want to do.
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. : . . .. 6 :
What if there’s a variable in the denominator? To divide —, add your warning note, 7 # 0, and
t

then lzet the (;oefficient be and focus on the variables. This is where the rules for exponents come
. 61" 61t 61 . . . . g
=== =TS 6t, provided 7 # 0. Unless the variable in the denominator is different from

the variable in the numerator, you should be able to do some simplifying with problems like this.

5

. . . L 21 .
The next step is putting the pieces together. To divide 54—y3, start with the fact that y # 0 and
Y 27y 27 ¥
then group coefficients with coefficients and variables with variables. s y3 =51 y_3 Reduce the
y y
. . . . 27y 27y 1 ¥
fraction, and use the rules for exponents to simplify the variable part. ——=—-—=—-—_You
: 54y 54y 21
can write your final answer as y7 or y?, whichever you prefer, but remember to include y # 0.

Dividing with Other Operations

When addition or subtraction slips into the problem, things get a little more complicated. To

o 2507+ 70xt +15x° . . . .
divide = , you need to break it into three fractions. Each piece of the numerator is
e

going to be divided by the denominator.

. . . . . . L2
Think for a minute about adding fractions, just regular fractions, like — +=. First you have to

change each fraction to an equivalent fraction with a common denominator, in this case, 6.

1 2 3

4 .
>t36 %% Then you’ll add the 3 + 4 and put the answer over the common denominator of 6.

What you're going to do with this variable division problem is step to when you had separate

25x°+ 70x*+15x° .. 25x°  70x*  15x°
. is going back to —— —+—
5x S5x 5x° 5x°

fractions with the same denominator.

Here’s how it works. Don't forget: x # 0.

25x°+70x* +15x°  25x°  70x*  15x°

+ +
5x° 5x° 5x° 5x°

Simplify each of the three fractions by grouping coefficients with coefficients, reducing the
fraction, and then grouping variables with variables, using the rules for exponents.

25x°+70x* +15x%  25x° 70x*  15%°

= + +
5x° 5x° 5x° 5x°
5 x° 70 x* 15 X°
=—mt— et
5 x5 «x 5 x°
5 x 14 x 31
= .=
1 1 1 1 11
=5x"+14x+3

25x° + 70x* +15x°
o 3
5x

S

=5x”+14x +3, as long as x is not zero.
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The toughest problems are the ones in which there is addition or subtraction in the denominator.
Unfortunately, they’re not as easy to break into smaller problems. If you go back to regular

fractions for a minute, remember that 343 does not equal = +=.

oL . xX'=5x+6 . .
There are ways to do division problems like %, but you’ll need more experience with

different algebra tools before you're ready for them. For now, practice with division problems in
which the denominator does not include addition or subtraction. Reduce fractions, use the laws

of exponents, and don’t forget to always add the note that says your denominator can’t be zero.

CHECK POINT

Write each quotient in simplest form.

11.

12.

13.

-14¢ g
— 14. ?jy4,y¢0
y

11a’ 3 ooe2

?,47&0 15. 12x" = 72x +32x7x¢0
a 4x

18x*
—x# 0

X

The Least You Need to Know

* Variables are letters or symbols that represent unknown numbers.

* Multiply numbers with numbers and variables with variables.

* When multiplying the same variable many times, use an exponent.

* To divide an expression by a variable, make separate fractions and reduce.

* You cannot divide another number by zero.



CHAPTER

Adding and Subtracting
with Variables

The shift from arithmetic to algebra begins with the intro-
duction of variables. Almost immediately, you have to start
doing arithmetic with variables. The rules of arithmetic don’t
change, but working with one or more unknown quantities
requires some new strategies. If you have four 3s, you can do
the multiplication and know you have 12, but if you have four
¥’s, all you can do is say that you have 4x. What 4x is worth
depends on what number x stands for.

The statement that you have four xs, written as 4x, is a
simple form of multiplication. As you saw in the last chapter,
more complicated multiplication requires multiplying the
coefficients, the numbers that tell you how many you have,
and multiplying the variables, which usually requires using
exponents.

In this chapter, we’ll look at more arithmetic with variables,
with a focus on adding and subtracting. I'll explain when you
can, and when you can’t, add or subtract expressions involving
variables, and how to do it when you can. And I'll introduce
you to polynomials, a family of expressions built by adding
variable terms.

In This Chapter:

* Understanding terms
* How to identify like terms

* Adding and subtracting
like terms

* Recognizing when an
expression is in simplest
form

* How to name polynomials
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When Are Terms “Like Terms”?

You're often going to see the word zerm in this chapter, so let’s start by making sure you under-
stand what it means. A zerm is a constant, a variable, or an expression involving multiplication of
constants and variables. You use the more general word expression to cover just about anything you
write using numbers and variables. Terms are a particular subset of expressions that involve only
multiplication.

@ DEFINITION

A term is an algebraic expression made up of numbers, variables, or both that are
connected only by multiplication.

Any number on its own is a term. Constants, like 1 or -7, are terms. Any variable, such as x or y,
is a term. When you multiply numbers and variables, you get terms like -4y, or xy, or x°, or
18x)”. You can have numbers, variables, numbers and variables multiplied together, and variables
multiplied together, which may give you exponents. That’s all okay in a term. You just can’t

add or subtract, divide by a variable, or have a variable under a square root sign. Dividing by a
constant is the same as multiplying by a fraction, so that’s allowed.

Simplify to Find Terms

It’s possible that an expression may not look at first like it fits the definition of a term, but you
might find that you can simplify the expression and the simplified form does fit the definition
of term.

. 6x” ..
For example, the expression 5vx* + — seems to break all the rules. There’s addition, there’s a

variable under a square root sign and there’s division by a variable. But you can do that division.
6x>
x

2
Then you might notice that \/x_2 =X, S0 5\/x_z+ 6c° = 5\/x_2+ 6x = Sx + 6x.
X

2
6x so you can make the expression svx+ 6% = 5Jx” +6x.

5x+ 6x1s 11x, and that’s a term. Take a minute to think about whether you can simplify an
expression before you decide if it fits the definition.

CHECK POINT
Decide if each expression is a term.
I. 4x 4. 6
y
2. -12 s a
3. -2F 6
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When Can You Combine Terms?

Terms may only involve multiplication, but you need to think about what happens when you
want to do something besides multiply, specifically, when you want to add or subtract terms.
When the terms are just numbers, addition and subtraction are straightforward: 4 + 8 = 12 and
-5 +9 = 4. You're just adding (or subtracting) according to the rules of arithmetic. The moment
variables enter the picture, however, youre faced with a dilemma. How do you add two numbers
if you don’t know what they are?

You may already have part of the answer. If you add x + x, whatever number x stands for, you
have two of that, so 2x. But what if you need to add x + »? You don’t have two x’s and you don’t
have 2 »’s. You can’t really say much about what you do have, except that you have x + y.

Different variables, like x and y, are unlike terms. They're different. It’s an apple-and-orange
kind of thing. One apple plus one orange doesn’t give you two apples or two oranges or two
appleoranges. It can give you two fruits, if you take a common denominator approach to the
matter, but when you’re working with variables, you don’t know enough about them to find a
common denominator. You're stuck admitting that unlike terms can’t be combined.

@ DEFINITION

Unlike terms are terms with different variables, such as x and y.

In order to combine terms, they must have the same variable. They must be like terms. As usual,
there are some complications to that simple rule. What about x + xy? Or x + »°? In each of these
examples, the second term has an x, but it also has something else. Can you combine x with xy
(which is x multiplied by ») or & (which is ¥ multiplied by x)?

If you could combine x and xy, what would it give you? The xy isn’t the same number as x (unless
2 happens to be 1, and you can’t bet on that) so you don’t have 2x, and you can’t just throw the y
away. The terms x and xy are unlike terms.

The x* may look more like the x, but it’s not the same. If x were equal to 5, x> would be 25, and
they’d add to 30. That’s six times the value of x. But if x were equal to 3, ¥* would be 9, and they’d
add to 12, which is four times the value of x. There are so many possibilities, and while there is a
pattern to them, it’s not immediately clear. It’s difficult to say what x + x? equals because x and x”
are not like terms.
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WORLDLY WISDOM

What is the pattern to x + x*?
fx=1x+x*=2o0r2x.
If x=2 x+x*=6or 3x.
Ifx=3 x+x?=12 or 4x.

Can you see it? The answer is always a multiple of x, and the multiplier is 1 more than
the value of x. You can write it like this: x + x> = (x + 1)x. This is called the factored
form of x + x2. If you use the distributive property to multiply x(x + 1), you'll see that it
equals x + x%

Think of it this way: x stands for a number, which we could imagine as the length of a line seg-
ment. If x is the length of a line segment, then * would be the area of a square whose sides are x
units long. Visually, a line segment and a square are very different things. Even though both x and
x? have an x in their names, theyre very different things, different numbers. They’re unlike terms.

Even though they both contain the same variable, x and »” represent different ideas. There’s
something going on in x” that’s not happening in the plain x. Visually, you can think of the ¥’
expanding into a square, while the w is still a line segment. Numerically, the »? has multiplication
going on that’s not happening in the simple x. The x and the &7 are clearly related, but they’re not
the same. They’re not like terms.

Different variables are clearly not alike, but even terms built from the same variable may be dif-
ferent from one another. To be /ike terms, terms must have the exact same variable and the exact
same exponent. Their variable parts are exact matches. Only their coefficients are different. That
means 4y° and -7y° are like, because they have the same variable and the same exponent. The fact
that the 4 and the -7 are different coefficients is okay. The coefficients are just telling you how
many you have.

@ DEFINITION

Like terms are terms that have the same variable, raised to the same power. For
example, the terms 4x and 7x are like terms.
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ﬁ CHECK POINT

Label each pair of terms /ike or unlike.

6. 7y* and 11y 9. -94% and -154°
7. 37 and 57 10. 1324’ and -83x°
8. 2xand 7x

Adding and Subtracting Like Terms

So x + x1s 2x, but ¥ + y must stay as x + y because we have no way to combine the unlike terms.
What about 2x + 3x? The variable is the same, but the coefficients, the numbers in front, are
different. Is that a problem? Like terms are terms that have the same variable and the same
exponent. These terms meet that rule, so why is it okay for the coefficients to be different?

Think about what the coefficients tell you. You have 2 «’s and another 3 «’s. That’s all ¥’s, so
you can combine them. The 2x means x + x and the 3x means x + x + x. You can put them all
together and end up with a total of 5 &’s. 2x + 3x = Su.

2x 3x
I —— [
I —— T ]
L

S5x

If the variable parts of two terms are identical, you can add them by just adding the coefficients.
As long as you have the same variable and same exponent, you can just look at the coefficients to
tell you how many you have.

There’s no change to the variable part. You're just changing the count of how many of that
variable you have. The variable portions tell you that you're working with the same kinds of
things, and the coefticients tell you how many of them you have. If you were asked to add 7 cars
and 5 cars, youd get 12 cars, not 12 cars squared. 8 apples minus 3 apples gives you 5 apples. The
cars or apples don’t change. When you add or subtract like terms, only the number changes.
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Q WORLDLY WISDOM

When you add fractions, you need to have like denominators. When you add terms,
you need to have like terms. The denominator of a fraction tells you what kind of frac-
tion you have, and the numerator tells you how many of them you have. If you have the
same denominators, you can just add the numerators, but if the denominators are dif-
ferent, you can't combine the fractions. The variable part of a term tells you what kind
of thing you have, and the coefficient tells you how many. If the variable parts are the
same, you can add the coefficients.

If you have to subtract terms, you follow the same rule: you can only subtract like terms, and you
subtract the coefficients and keep the variable part exactly as it was. To subtract 87— 117, you
subtract 8 — 11 to get -3, and you keep the # So 87— 117 = -3z,

If you’re faced with an addition or subtraction problem and you realize that the terms are unlike,
you just leave the problem as it is, or you might say “this cannot be combined.”

ﬁ CHECK POINT

Is it possible to complete these additions and subtractions? Complete them if you can!

11. -4x+ 9« 14. 120x)” — 80x)”
12. 3424 15. 15z + 25«
13. Sxy+ 6xy

Simplifying Expressions

Once you have terms, it’s natural to want to start doing things with them. You can add or subtract
terms if they’re like terms, and you can multiply terms by other terms, like or not. You can even
do both of these things, adding and then multiplying. When you start doing so many things with
terms, you soon need to stop and think about how you simplify the problems you've created.

Do you need a whole new set of rules? The good news is no. Your old friend PEMDAS
(Parentheses, Exponents, Multiply, Divide, Add, Subtract) will cover most situations. Let’s look
at a problem that’s not too complicated. Suppose you wanted to do 5x(3x + 7x). PEMDAS says
do what’s in the parentheses first, so look at the 3x + 7x part first. Those are like terms, so you
can add them and get 10x. Your expression 5x(3x + 7x) becomes 5x(10x). Exponents are next, but
there are none, so move on to multiplying and dividing. 5x(10x) = 5 X 10 X & X x = 5047
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How about this one? Simplify -4xy(6x + 7y) using the same rules. Parentheses first. But this time,
you can’t add what’s in the parentheses because they’re unlike terms. Don’t panic. You can only
do what you can do, so just move on. There are no exponents, so it’s time to multiply, and for
that, you'll need the distributive property.

-4xy(6x + 7y) = -4xy(6x) + (-4x9)(7y)

Now, as you look at each multiplication, multiply coefficients and combine what you can. Don’t
be afraid to rearrange. Remember multiplication is commutative and associative.

~4xy(6x) = -4 X 6 X x X xX y = -24x%y

(-4x))(7y) = -4 X T X x X y X y = -28x)*

Put the pieces back together to get

-dxy(6x + Ty) = -4xy(6x) + (-4xy)(Ty) = -24x%y + -28x)’

Because you have the plus from the addition problem followed immediately by the minus sign
from the -28, you can write your answer as -24x’y — 28x)”.

Your basic rules are:
* Combine what’s in the parentheses if you can.

¢ Distribute multiplication over the addition or subtraction if you can’t combine the unlike
terms.

¢ Simplify each multiplication.

* Check the signs.

Whenever you have negatives in problems like these, it’s important to be careful about the rules
for signs. If the multiplier that you're distributing is positive, the signs aren’t usually a problem.
Terms in the parentheses that were positive will produce positive terms in the answer, and terms
that were negative in the parentheses will produce negative terms in the answer. Here are some
examples.

8x(-3a+2b6) =8 X (-3) X xXa+ 8X2XxXb=-24ax + 16bx
SH7P =30 = 5 X T XX P—=5X3XtX1t= 35— 157

When the multiplier is negative, however, you need to work carefully and remember that if you
distribute a negative term, the signs of each term in the parentheses will change. Let’s take those
two examples and make the multipliers negative to see what happens.

Take the first example and change 8x to -8x. Distribute the -8x.

-8x(-3a+ 2b) = -8X () XaXa+ (-8)X2XxXb
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Now that first term has a negative multiplied by a negative, so the result is going to be positive.
The second term has one negative, so that result will be negative.

-8x(-3a+20) = -8 X (3) X xXa+ (-8) X2 X xX b= +24ax + -16bx
You can eliminate the plus signs, condensing to 24ax — 16x.

If you change 57 to -571in the second example and distribute, you get -5#(7# — 3z) =
SXTXEXP—(-5)X3XtXtT

The first term will come out negative, but the second term is where you have to be careful. The
product (-5) X 3 X X rwill give you a negative result, -1572, but you also have a minus in front
of that, the one that was connecting the original terms. You get a product of -35# — -157, but
the double minus becomes a plus so you end up with -35# + 15#. The minus on the multiplier
switches the signs.

Sometimes you’ll find an expression with more than one set of parentheses and lots of terms,
some like and some unlike, and some that start out unlike and then turn into like terms. You just
need to take things step by step and pay attention to what is happening. Here’s an example.

S3x(6x? — 5) + 8x%(4x—9)

There are no like terms in the first parentheses, so you can’t do anything there, and no like terms
in the second set of parentheses, either. Move on to multiplying. Use the distributive property.

S3x(6x% — 5) + 8x%(4x—9)

= 3X6XaX P (-3)X5Xx+ 8x(4x—9)
T3XEXAXAZ—(3)XIXx+ZXEX X x—8X 9 X x?
= -184% + 15x + 324° — 7247

Now notice you have like terms: -18x° and 324°. You can combine those to get a final answer of
14x* + 15x -724%. It’s traditional to put your terms in order from highest exponent to lowest, so
rewrite it as 14x* — 727 + 15x.

ﬁ CHECK POINT

Simplify each expression.
16. 6x(2x +9) 19. 5y(6y + 2) + 774 — 12y)
17. 12+ 5+ 1) 20. 8a(2b—5)—2b(a—2)
18. 67(t—3)— 27
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Polynomials

There’s a particular group of expressions, which you’ll hear about in algebra, that are called
polynomials. The prefix poly means “many,” so it would seem that they would be expressions with
many terms, and some of them are. But the name polynomial is applied to any expression that fits a
particular pattern, even those with only one term.

The pattern is easier to show than to describe, but let’s try. Polynomials are expressions that are
made by adding terms that are the product of a numerical coefficient and a power of a certain
variable. For example, 8x°, -6x°, x%, and 2x are all terms that are the product of a numerical
coefficient and a power of the variable x. You don’t see the numerical coefficient in »* because
it’s 1, and we don’t usually show that. Constants can also be part of a polynomial because we can
say a constant, like 3, is 3x°.

Each of these terms could be called a polynomial all by itself. It would be a one-term polynomial,
also called a monomial. Moo is the prefix that means “one.” You can add monomials with the
same variable to make a more complex polynomial. For example, 84° + -6x* + x* + 2x + 3 is

a polynomial. If you add two monomials, like 5)° + 2y, you make a binomial. If you add three
monomials, like ## + 37+ 1, that’s a trinomial. Monomials, binomials, and trinomials are all types
of polynomials.

The degree of a monomial is the exponent on the variable. 84’ is fifth degree, &7 is second degree,
and 2x 1s first degree. You don’t see an exponent of 1, but that’s what 2x really means: 2.
Constants are degree zero, because we're thinking of them as a constant times x°.

@ MATH TRAP
Be careful to look at all the terms of a polynomial before you decide on its degree.

Don't just jump at the term that happens to be written first.

The degree of a polynomial is the highest degree of all its monomials. The polynomial

8x" + -6x° + &7 + 2x + 3 is a fifth degree polynomial, and # — 77 + 4 is a second degree poly-
nomial. For the polynomial 57 -7¢ + 87* -2# + 5, you need to be careful to look at the whole
polynomial. The degree of the polynomial is 4, not 3. The highest degree term is in the middle,
not the beginning, of the polynomial.

If there is more than one variable in a term, the degree of the term is the sum of the degrees of
each variable. The term xy is degree 2, one for x and one for y. The term 3x%” is degree 6.
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CHECK POINT

Give the degree of each polynomial.
21. 342+ 547 —3a+ 12 24, 1ly—Ty"+ 5" =3
22. 6+ 3b-4F 25. 6—4x" + 3x
23. 2r=9 + 77 +478

When you write a polynomial, no matter how many terms it has, it’s traditional to write it in
standard form. Standard form means that you write the terms of the polynomial in order from the
highest degree monomial to the lowest. The polynomial 85’ + -6x* + x* + 2x + 3 is in standard
form because the monomials start with the fifth degree, then the third degree, then the second,
first, and finally the zero degree term.

Q WORLDLY WISDOM

The standard form of a polynomial writes the terms in order from highest degree to
the lowest.

The polynomial 47 — 67 + 117— 57 + 8¢ is not in standard form. To put it in standard form, you
need to first locate the highest degree term. In this case, that’s -67°. That has to be first, so move
it around to the front. The 47 that was in front is positive, so you can put a plus between the
ninth degree term and the 47. -6/° + 47 + 11— 57 + 87

There’s no eighth degree term, but there’s a seventh degree, so that should be next.
-61 + 87+ 47 + 11r— 57

There are no sixth, fifth, or fourth degree terms, and the third degree term is already next in
line. You just need to swap the last two terms. -67° + 8 + 4 — 57 + 11z1is in standard form.

ﬁ CHECK POINT

Put each polynomial in standard form.
26. &+ 10a*—1la +9 29. 4 —7m? + 14m* + 2w}
27, 2B —9b+ 128 -5 30. 5p— 3+ 65— 15p°
28. 3K+ 8k —13k—7
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The Least You Need to Know

* A termis a constant, a variable, or the product of a constant and a variable.

* Terms are “like” if they contain exactly the same variables, raised to the same
power, such as 2y and 10y.

* Only like terms can be combined.

* To add or subtract like terms, add or subtract the coefficients and keep the vari-
able part the same.

* A polynomial is a sum of terms using different powers of the same variable.
A monomial has one term, a binomial has two terms, and a trinomial has three

terms.






CHAPTER

Solving Equations
and Inequalities

The moment you begin to use a variable to represent an In This Chapter
unknown number, a question arises: what is the unknown

number? It’s natural to want to know what number the * Solving one- and two-step
variable represents, and in many cases, you can find out. equations.

You need to have a full mathematical sentence, called an * Simplifying equations to
equation or an inequality, using one variable. If you do, make solving possible.

you can determine the value of the variable that makes the « Using a number line to

sentence true. This process is called solving the equation solve inequalities.

(or inequality).

In this chapter, you’ll look at the essential steps in working
back to what a variable must equal. You'll focus on how to
clean up the problem before you start so you can use those
fundamental techniques. Of course, there are special cases
that need to be handled differently, and you’ll learn how to
handle those. Finally, you’ll investigate what’s the same and
what’s different if the mathematical sentence has a verb that
talks about larger or smaller instead of just equal.
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Using Equations to Find the Missing Number

Variables can stand for numbers that are unknown or numbers that change. When you use a
variable to take the place of a number that changes values, you usually have an expression, the
mathematical equivalent of a phrase.

For example, if you buy hamburgers for $3.50 each, the amount you have to pay will vary
depending on how many burgers you buy. If you use the variable 4 to stand for the number

of hamburgers you buy, the amount you have to pay would be represented by the expression
$3.50 x 4. If you buy 2 burgers, 4 is 2 and you pay $7. If you buy 10 burgers, 4 is 10 and you pay
$35. There’s no one “right” value of 4. It’s a different number each time you do the problem.

On the other hand, if you know that hamburgers are $3.50 each, and you know that you spent
$24.50, you can write the equation $3.50 X h = $24.50. Now you have a full mathematical sentence,
an equation, and a question: how many hamburgers did you buy? There’s only one value that can
take the place of 4 and make that sentence true. Finding that value is the process of solving an
equation.

@ DEFINITION

An expression is a mathematical phrase. Expressions may include variables, but they
do not have an equals sign.

An equation is a mathematical sentence, which often contains a variable.

There are times when you can figure out what the value of the variable has to be just by using
your arithmetic facts or by a little guessing and testing. You can call that solving by inspection.
That’s fine when it works, but many times it’s too difficult or too time consuming. You need a

better strategy.

When you have an equation, something happened to the variable. Someone multiplied, or added,
or did something (or several somethings) to the variable, and you know the result. When solving
an equation, your job is to undo the arithmetic that has been performed and get the variable
alone, or isolated, on one side of the equation. For example, if you start with the equation 3x— 2
= 25, someone multiplied the variable by 3, then subtracted 2, and got 25. Your job is to undo that
arithmetic and get to a simple “x = the original number.” In this case, x = 9.

Since you are undoing, you do the opposite of what has been done. The equation is like one
of those old-fashioned scales, with a pan hanging on each side. The same amount of weight is
on each pan, so the scale is balancing. To keep the equation balanced, you perform the same
operation on both sides of the equation. Let’s look at each of the basic steps first and then start
combining them.
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Solving One-Step Equations

The simplest equations are the ones in which only one bit of arithmetic has been done to the
variable. If I tell you that I picked a number and added 4 and my answer was 9, you can figure
out what my number was by subtracting 4 from 9. If I pick a number, subtract 7 and get 15, you
can find my number by adding. In the same way, you can undo multiplying by dividing, and undo
division by multiplying. Let’s look at some examples.

Solve the equation x + 14 = 63

Because 14 was added to the original value of the variable to get 63, you want to subtract 14 to get
back to the original value. To keep the balance, subtract 14 from both sides. Subtracting 14 from
the left side leaves just x, and subtracting 14 from 63 tells you the value of the variable is 49.

x+ 14 = 63
M =-14
X = 49
To check your solution, write the original equation and replace the variable with the number you
found. If the result is a true statement, your solution is correct. In this case, x + 14 = 63 is the

original equation. You put your answer of 49 in place of ¥ and you have 49 + 14 = 63, which is
true. The solution x = 49 is correct.

Here’s another example. This one asks you to undo subtraction.
Solve the equation x — 117 = 238

Someone took the number that x stands for and subtracted 117. When they were done, there was
238 left. To get back to the original value of x, you need to add 117 to both sides of the equation.
This will isolate x and give you 355 as the value of «.

x -7 = 238
0T = 4117
x = 355

You can check your solution by starting with x — 117 = 238 and putting 355 in place of x.
Because 355 — 117 = 238 is a true statement, you know your solution is correct.

Ready to try a multiplication equation? Solve the equation 19x = 28.5
Undo the multiplying by dividing. Divide both sides of the equation by 19.
19x =28.5

Mx 285
w19
x=1.5

Check your solution by replacing x in the original equation with 1.5. 194 = 28.5 becomes
19(1.5) = 28.5 and that’s true, so your solution is correct.
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There are four operations of arithmetic so here’s the fourth example. In this one, you see division,

so use multiplication to solve it.
"
Solve the equation o= 31.

The variable was divided by 7 and the answer was 31. To find the value of the variable, multiply
both sides by 7.

X_3

7
X
_./=31.7
7

x=217

Is 217 the correct value of x? Take the original equation and replace x with 217. ;: 31 becomes

27ﬂ =31, which is true. The solution of 217 is correct.

With those four steps, you can tackle many different equations. You’ll encounter equations that
look much more complicated, but all that’s necessary is to apply these simple steps one after

another.

CHECK POINT

Solve each equation.

1 x+17=53 4, %:-14
2. t—11=46 5 x4+ 14=-
3. 9a=117

Solving Two-Step Equations

In each of the examples we've looked at, just one bit of arithmetic had been done to the variable,
and so only one step was necessary to isolate the variable. More often, equations have more
than one step. The key to solving two-step equations is performing the correct operations in the

correct order.

Remember that the variable stands for a number. Imagine that you pick a number and then
perform some arithmetic with that number. You would follow the order of operations, and you'd
get an answer. The equation would show what you did and the answer you got. For example, if
you picked a number, multiplied it by 7 and then added 5, and got an answer of 26, the equation
would be 7x + 5 = 26.
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Solving an equation is undoing what was
done by doing the opposite and stripping
away the layers of arithmetic. To accomplish
that, you need to undo things in the reverse
of the order in which they were done. You
undo the last bit of arithmetic first and work
backward. Think about putting on your
shoes and socks. You put a sock on first,
then the shoe. But to take off your shoes and
socks, you take the shoe off first, then the
sock. It really wouldn’t work in the other
order.

To solve a two-step equation, take a
moment to think about what was done to
the variable. Notice what operations were
performed and in what order. Then perform
the opposite, or inverse, operations in

the opposite order. So if you see that the
variable was multiplied by 4 and then 9 was
subtracted, you’ll add 9 and then divide by
4. Let’s look at some examples.

Solve 5x— 11 =5

Look at the equation and map out what
happened to the variable. The number
represented by x was multiplied by 5 and
then 11 was subtracted from the result.
The answer was 5. So what happened was
multiplication by 5, then subtraction of 11.
The opposite of multiplication is division
and the opposite of subtraction is addition,
but you also want to reverse the order. Your
plan for solving the equation will be first to
add 11, then to divide by 5.

Add 11 to both sides.

5x=AT= 5
AT =+11

5x 16

Then divide both sides by 5.

Sx = 16
Bx 16
i s

x=32

You can check your solution of ¥ = 3.2 by
substituting 3.2 into the equation to see if
it makes a true statement. 5(3.2) — 11 = 5
becomes 16 — 11 = 5, which s true, so your
solution 1s correct.

Here’s another example, with some different
operations.

Solve L 4+3=7

4
In this equation, #is divided by 4, and then
3 1s added, so the plan will be to subtract 3

and then multiply by 4. Take it one step at
a time.

Subtract 3 from both sides of the equation.

L+3= 7
4

3= -3
Loy
4

Then multiply both sides of the equation
by 4.

- A=4-4

A

t=16

. 16
Check the solution. Is — +3=7 a true
statement? It is, so the variable 7 does
represent 16.
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Are you ready for another example? This
one is a little different, just because the
order of the operations is a little different.

Solve y;7 =-15

In this case, the number represented by

y was reduced by 7—a subtraction was
performed. Then that result was divided by
3. So your plan should be first to multiply
by 3, then to add 7.

Multiplying both sides by 3 will eliminate
the denominator.

y=17

—=-15
3
y=7 4
— 5% =-15-3
2
y=7=-45

Q WORLDLY WISDOM

Adding 7 to both sides will isolate y and tell
you the value of the variable.

y=T7=-45
+7 = +7
y =-38

Go back to the original equation to check
your solution.

y=17 -38—

T= -15 becomes 7 = -15 when

you substitute -38 for y, and that is a true

statement. The solution is correct.

A change in the order of things can sometimes make you feel confused about the solving

process. An equation that’s not in the order you're used to seeing, like the equation

5 - 3x = 2 can cause some trouble. When you look at what’s happening in the equation,

it'’s hard to know where to start and what happens in what order. Take a minute to

rewrite the equation 5 - 3x = 2 as -3x + 5 = 2. It will be easier to plan your solution.

Let’s look at one last example. This one can be solved two different ways. Let’s look at one

method here, and then we’ll tackle the other method in the next section.

Solve -3(x—1) = -27

In this case, someone took for a number represented by x and subtracted 1 from it, then

multiplied the result by -3. In the original problem, the parentheses tell you to do the subtraction

first, then the multiplication. To solve the equation, you still want to do opposite operations in

the opposite order, so divide by -3 and then add 1.



Chapter 10: Solving Equations and Inequalities 127

Undo the multiplication by dividing both sides by -3. When that’s cleared, you won’t need the
parentheses anymore.
3(x—1)=-27
Al -2
A -3
x-1=9
Then add 1 to both sides to find the value of «.

x—1= 9
+1=+1
X =10

Check the solution. If x is 10 and you subtract 1, you have 9, and 9 times -3 is -27. The solution of
x =10 1is correct.

ﬁ CHECK POINT

Solve each equation.

6. 9x—7=-43 9. ’;—3=12

y
I oSl 10. 7(x+ 5) = 119
8. 6+ 4xr=34

Variables on Both Sides

The basic technique for solving an equation is to do the opposite arithmetic operation to undo
what’s been done to the variable. When there are two steps, you undo them in the opposite order.
Those rules are almost all you need to solve equations. The one piece that’s left is how to deal
with variables on both sides of the equation.

Until now, all the equations you were asked to solve had a single number, a constant, on one side.
The other side had the variable and whatever was going on, and you knew you had to undo what
was going on to get that variable all alone. But what if both sides of the equation had a variable?
What if you had to solve 7x — 4 = 5x + 2? You still need to isolate the variable, but which one?

It’s not enough to get one of the x’s all alone. If you still have an x on the other side, you won’t
know what number x represents. The key to solving an equation with variables on both sides is to
eliminate one variable term first. You can eliminate either variable term. The choice is yours.
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In the equation 7x —4 = 5x + 2, you might
choose to eliminate 5x. You do that by
subtracting 5x from both sides. Rules about
like terms are important here. You can only
subtract an x-term from another x-term.
You'll subtract the 5x from the 7x.

Tx—4= 5x+2
—5x =—5x
2x—4 = 2

Once you’ve subtracted 5x from both sides,
the second variable term is gone, and you
have a two-step equation to solve.

2x-4= 12
+4 =+4
2x 6

L _
z

X =

S SR o)

You can eliminate one variable term

by adding or subtracting depending on

the term you want to remove. In the
equation 7-9x="7x-19, you can eliminate
the variable term on the right side by
subtracting 7x from both sides.

7-9x = 7x-19
—Tx=-Tx
7-16x = -19

If you prefer, you can eliminate the variable
term on the left side by adding 9x to both
sides.

7-9x= Tx-19
+9x=+9x
7 =16x-19

Either way, you’ll get the same solution.

If an equation has variable terms on both
sides, eliminate one by adding or subtract-
ing an equivalent variable term on both
sides. Then solve the equation for the
remaining variable.

Simplifying Before You Solve

In an earlier example, I said there was
another way to solve the equation -3(x — 1)
= -27, and this is the moment to look at

that method. When you solve equations,
you want to be able to use those inverse, or
opposite, operations, and having parentheses
or extra terms can get in the way of that.

Before you begin the actual work of solving
an equation, you want to make the equation
as simple as possible. Focus on one side of
the equation at a time, and if parentheses or
other grouping symbols are present, remove
them. You can do this by simplifying the
expression inside the parentheses, by using
the distributive property, or occasionally,
by deciding that the parentheses are not
necessary and just removing them. In the
equation -3(x — 1) = -27, you can distribute
the -3 and the equation will become -3x + 3
= -27.In the equation (5x + 2) + 3x—4) =
14, the parentheses are really not necessary,
so you can just drop them and the equation
becomes 5x + 2 + 3x—4 = 14.

Once parentheses have been cleared, take
the time to combine like terms (and only like
terms) before you begin solving. Each side
of the equation should have no more than
one variable term and one constant term
when you begin to solve. So in the equation
Sx+ 2 + 3x—4 = 14, you should combine
the 5x and 3x and combine the +2 and the
-4. The equation becomes 8x—2 = 14.
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If there are variable terms on both sides of the equation, add or subtract to eliminate one of them.
Next, add or subtract to eliminate the constant term that is on the same side as the variable term.
You want to have one variable term equal to one constant term. Finally, divide both sides by the
coefficient of the variable term.

ﬁ CHECK POINT

Solve each equation.

11. 11x+18=3x-14 14. 4(5x+3)+x =6(x+2)
12. 5(x+2)=40 15. 8(x-4)-16=10(x-7)
13. 5(x-4)=7(x-6)

Special Cases

Sometimes when you try to isolate the variable, all the variable terms disappear. There are two
reasons why this can happen. Sometimes you’re working with an equation that will make a true
statement no matter what value you substitute for the variable. The simplest example of this is
the equation x = x. No matter what you replace x with, you’ll get a true statement. Equations like
this are called identities. If you subtract x from both sides of the equation, you find yourself with
0 = 0, which 1s true, but not the “x = a number” you were hoping for. In an identity, x can equal
any number. If all the variables disappear and what’s left is true, you have an identity.

@ DEFINITION

An identity is an equation that is true for all real numbers.

The other reason why the variables may disappear is that you're working with an equation that is
never true. The simplest example of this kind of equation is ¥ = x + 1. There’s no way a number
could be equal to more than itself. In this case, if you subtract x from both sides you get 0 = 1,
which is clearly not true. If all the variables disappear and what’s left is false, the equation has no
solution.

Don’t confuse identities or equations with no solution with equations that have a solution of zero.
The equation Ox = 0 1s an identity, the equation Ox = 4 has no solution, but the equation 4x = 0
has a solution of x = 0.
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CHECK POINT

Solve each equation. If there is no solution, say that. If all numbers are solutions, label
the equation an identity.

16. 2x—3=x-3 19. Sx+13=22 -4«
17. 6x—4=23x-2) 20. 19-8x=4(5—-2x) -1
18. 9x+ 11 = 3(3x + 4)

One Solution or Many?

When you solve an equation, you find the value of the variable that makes the two sides of the
equation identical. It’s the one number that makes the statement true. There are more compli-
cated equations for which there is more than one solution. We're not ready to look at the solution
of those equations just yet, but it’s good to know they exist. For example, the equation ¥ = 9 has
two solutions. If you replace x with 3, you have 3* = 9, which is true, but if you replace x with -3,
you get (-3)* = 9, which is also true. The equation x* = 9 has two solutions.

There’s another group of problems that are true for more than one value of the variable, and
these are a type of problem we are ready to solve. They're called inequalities because rather than
saying “this equals that,” they say, “this is bigger than that,” or “this is smaller than that” They
tell us that the two sides are unequal.

@ DEFINITION

An inequality is a mathematical sentence that says one expression is greater than
another.

The symbol > is read “is greater than,” and the symbol < is read “is less than.” If you add a line
under the symbol, you add “or equal to.” So x <4 says “x is less than or equal to 4,” and y<-3
says “y s less than or equal to -3. If you think about those statements for a minute, you can see
that there are many numbers that you could put in place of x to make a true statement. You could
say 5 = 4 or 19 = 4 and both would be true. There are many, many more substitutions for x that
make true statements—an infinite number of them, in fact.

Equations ask you to find the value for the variable that makes both sides the same. Inequalities
ask you to find the values that make one side larger than the other. The solution will be a set of
numbers, rather than a single value.
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Solving Inequalities

Inequalities can be solved in much the same way as equations, with one important exception.
When you multiply or divide both sides of an inequality by a negative number, the direction of
the inequality sign reverses. Remember that the positive and negative sides of the number line
are mirror images of one another. When you multiply both sides of the inequality by a negative
number, you go through the looking glass and things change. On the positive side, 5 is bigger
than 4, but flip to the negative side and -5 is smaller than -4.

The rules for solving inequalities are the same as those for solving equations, except for that one
step. When you multiply or divide both sides of an inequality by the coefficient of the variable
term, you have to make a decision about the inequality sign.

If you divide both sides of an inequality by a positive number, leave the inequality sign as is.
3x-5=222

+5 55
3x =27

A 2

Z 3

xz9
If you divide both sides of an inequality by a negative number, reverse the inequality sign.
X +5= -2+ X
-2x+5= -2

-5 -5
2x =2-7

2o 7

-2 This will fiip =2
because we
divide by a
negative

x=<35

CHECK POINT

Solve each inequality.
2. 2x—5>13 +4x 24, 2y—-13 =42 + )
22 3x+2=<8x+22 25. 5x—10(x—1)> 95
23. 12x+3<x+ 36
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Picturing the Solution

The solution of an equation is usually just one number, so when you say x = 5, it’s easy to under-
stand what that means. The solution of an inequality is a set of numbers, a collection that goes on
and on and includes whole numbers, rational numbers, and irrational numbers. When you write
x> 5, you're describing a whole collection of numbers. It’s helpful to have a picture to understand it.

The solution set of an inequality can be graphed on the number line by shading the appropriate
portion of the line. You can graph the inequality » = 2 on the number line by putting a solid dot
on 2 and then shading all the numbers to the right of 2.
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Start the graph of the inequality x > -4 by circling -4. Don’t fill in that circle, because you don’t
actually want -4, but you want everything less than -4. Then shade to the left.

= S+ttt

1 1 1
LI B B |
-10-9-8-7-6-5-4-3-2-1012345¢6728 910
x <-4

Use an open circle if the inequality sign is > or < and a solid dot for inequalities containing <
or =.

ﬁ CHECK POINT

Graph the solution set of each inequality.

26. x> 6 29. 4 <2
27. r<-1 30. x>0
28. y=-3

The Least You Need to Know

* Solve equations by performing the opposite operations in the opposite order.
* Always simplify before trying to solve.

* In an equation, a variable usually represents just one number. In an inequality,
a variable usually represents a set of numbers.

* Solve inequalities just like equations, but if you multiply or divide both sides by
a negative number, reverse the inequality sign.
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Coordinate Graphing

When you learned to solve equations and inequalities,

[ mentioned that there should only be one variable involved.
If there are two variables in the same equation, the solution
would have to be not just a number, but a pair of numbers,
one for each variable. It turns out that if you have two
variables and only one equation, there are infinitely many
different pairs of numbers that could be solutions. You can’t
settle on just one pair. If you look at an equation like x + y

= 5, you could say xis 1 and yis4, or xis 2 and yis 3, or x is
5 and yis 0. That’s three possible solutions already, and we
haven’t begun to talk about negative numbers or fractions yet.
A single equation with two variables has many, many possible
solutions.

When you learned to solve an inequality, you learned that

a picture of the solution set on a number line was helpful in
understanding what the solution really meant. In this chapter,
you'll learn a system for picturing the many, many solutions
for an equation with two variables. You'll look at the basic
idea of the system and at quick ways to draw the picture for
your particular equation. You'll also see how a few key pieces
of information from the picture tell you what equation it
represents. Inequalities with two variables can be pictured
too, and you’ll see how those pictures compare to the pictures
of equations.

In This Chapter

How to plot points on a
graph

How to graph lines quickly
Finding the slope of a line

Graphing linear equations
and inequalities
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The Coordinate Plane

Take a sheet of paper and draw a horizontal number line across the middle of the sheet. Then
draw a vertical number line, so that the two lines have their zero in the same spot. With just
those two lines in place, you can direct someone to any point on the paper by giving them a
number on the horizontal line and one on the vertical line. It’s as if those two numbers were the
names of streets, 4™ Street and 5* Avenue, and you wanted to meet someone on the corner.

y
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The horizontal number line is called the x-axis, and the vertical one is called the y-axis. Every
point is represented by a pair of numbers, (x,7). The point in our example is the point (4,5).

The two numbers are called the coordinates of the point. 4 is the x-coordinate, and 5 is the
y-coordinate. To locate the point, start at the spot that is 0 on both number lines. This point (0,0)
is called the origin. Count left or right according to the first coordinate. In this case, count 4 to
the right. Then let the y-coordinate tell you how far up or down to go. In this case, go up 5.
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@ DEFINITION

The Cartesian coordinate system, named for René Descartes, is a rectangular

coordinate system that locates every point in the plane with an ordered pair

of numbers, (x,y). The x-coordinate indicates horizontal movement, and the

y-coordinate vertical movement.

The x-axis and y-axis divide the graphing area into four sections called quadrants. The following

graph shows the point (3,7) in the upper right quadrant, which is quadrant I. The point (-2,5) is in

the upper left quadrant, quadrant II. In the lower left quadrant, called quadrant III, you can see
the point (-3,-1), and in quadrant IV on the lower right, the point (4,-3). The point (5,0) sits on the

x-axis, and (0, 4) is on the y-axis.
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ﬁ CHECK POINT

Plot each point in the coordinate plane.

L (1,8 4. (-4-1)
2. (-6,2) 5. (0,2)
3. (3,-6)

Graphing Linear Equations

Our coordinate system assigns a pair of numbers to every point and a point to every pair of
numbers. The power of such a system is that it lets you give a picture of all the pairs of numbers
that solve an equation or inequality with two variables.

Graphs as Pictures of Patterns

The graph of an equation in two variables is a picture of all the pairs of numbers that balance the
equation. An equation in two variables has infinitely many solutions, each of which is an ordered
pair (x,9). The graph of the equation is a picture of all the possible solutions. Because each of
those pairs of numbers fits the same rule, when you plot the points, you find that they fall in a
pattern, specifically a line. That’s why these equations are sometimes called linear equations.

Plotting Points

The most straightforward way to graph an equation is to choose several values for x, substitute
each value into the equation, and calculate the corresponding values for y. This information can
be organized into a table of values. Two points are technically enough to determine a line, but
when building a table of values, it is wise to include several more, so that any errors in arithmetic
will stand out as deviations from the pattern.
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To graph the equation 3x + 2y = 6, make a table with a few possible values of x.

3x+2y=6

(x,y)

3-2)+2y=6
t6+2y=06
2y=12
=06

('2?6)

3-)+2y=6
3+ 2y=6
2y=9

y =45

4.5

(-1,45)

300+ 2y=6
0+2y=6
2y=06
y=13

0,3)

()+2y=6
3+2y=6
2y=13
y=15

1.5

(1,1.5)

32)+29=6
6+2y=6
2y=0

=0

(2,0

Once you've built your table, plot each of your points. You should see them falling into a line. If a

point doesn’t fall in line, check your arithmetic.
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Q WORLDLY WISDOM

If the coefficient of x is a fraction, choose x-values that are divisible by the
denominator of the fraction. This will minimize the number of fractional coordinates,
which are hard to estimate.

Once you have a line of points, connect them and extend the lines in both directions. Add an
arrow to each end to show that the line continues.

When you build a table of values, make a habit of choosing both positive and negative values for x.
Of course, you can choose x = 0, too. Usually, you’ll want to keep the x-values near zero so that
the numbers you’re working with don’t get too large. If they do, you’ll need to extend your axes,
or re-label your scales by twos or fives, or whatever multiple is convenient.
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CHECK POINT |

Make a table of values and graph each equation.
6. x+y=7 9. y=8-2x
7 2x—y=3 10. y=2x—1
8. y=3x-6 ’
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Quick Graphing

Making a table and plotting points will always get you a graph, but it can be a slow process.
There are two ways to get the graph quickly, and it’s good to know both, because the way the
equation is arranged will determine which method works better.

The first method uses the fact that a point on an axis will always have one coordinate that’s
0. Points on the x-axis have 0 as their y-coordinate, and points on the y-axis have 0 as their
x-coordinate. These points on the x-axis and y-axis are called intercepts, and the method is
called the intercept-intercept method.

To graph 3x—4y = 12 by the intercept-intercept method, replace x with 0 and find y. 3(0) — 4y
= 12 becomes just -4y = 12, so y = -3. The point (0,-3) is the y-intercept. Go back to the original
equation and let y = 0. 3x —4(0) = 12 becomes just 3x = 12 and x = 4. The x-intercept is (4,0).
Plot the x-intercept and the y-intercept, connect them, and extend to make the line 3x—4y = 12.

y
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Although it can be used for graphing any equation, the intercept-intercept method is best used
when the equation has the x and y terms on the same side and the constant on the other side. When
the equation is arranged that way, the arithmetic of finding the intercepts is usually simple.
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ﬁ CHECK POINT

Graph each equation by intercept-intercept.

11. x+y=10 14. x-2y=8
12. 6x+2y=12 15. 6x+2y=18
13. 2x-3y=9

The other quick graphing method uses the y-intercept and a pattern we notice in lines, called the
slope of the line. The slope of a line is a measurement of the rate at which the line rises or falls.

A rising line has a positive slope, and a falling line has a negative slope. A horizontal line has a
slope of zero, and a vertical line has an undefined slope. A line with a slope of 4 is steeper than

a line with a slope of 3. A line with a slope of -3 falls more steeply than a line with a slope of -1.

@ DEFINITION

The slope of a line is a number that compares the rise or fall of a line to its horizontal
movement.

The slope of a line is found by counting from one point on the line to another and making a ratio
of the up or down motion to the left or right motion. The up or down motion is called the rise,

. Lo . rise
and the left or right motion is called the run. So the slope is o

The traditional symbol for the slope is m. If you know two points on the line, you can find the
rise by subtracting the y-coordinates and the run by subtracting the x-coordinates. If the points
are (xy,9,) and (x,,7,), then

rise -
= _Y N
run X, —x

Because you find the slope by subtracting the »’s to find the rise and subtracting the «’s to find

the run, the formula for the slope can be written as m = L2=H
T4



142 Part 2: Into the Unknown

y
1,\1\
9
7
\ ’
J
4
3
1
109 87 65 43 21 |o 1
ol
4
4
r<
7
-8
Q
oY

The slope of the line through the points (4,-1) and (1,2) is

me2"1_3_

1-4 -3

CHECK POINT |

Find the slope of the line that connects the given points.
16. (7,2) and (4,5) 19. (-5,5) and (5,-1)
17. (6,-4) and (9,-6) 20. (3,4) and (8,4)
18. (4,6) and (8,7)
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To draw the graph of an equation quickly, arrange the equation so that y is isolated and the x
term and constant term are on the other side. This is called y = mx +  form. The value of &

1s the y-intercept of the line, and the value of m is the slope of the line. In the equation y = %x— 5,

1
the y-intercept is (0,-5) and the slope is >

Begin by plotting the y-intercept, then count the rise and run and plot another point. Repeat a
few times and connect the points to form a line. For the equation y = lx — 5, start by plotting the

y-intercept at -5 on the y-axis, then count up 1 (the rise) and 2 to the right (the run), and place
a point. Use the slope to plot a few more points by counting up 1 and over 2 a few more times,
putting a dot each time. If any points seem out of line, double check your count. Connect the
points into a line and extend it in both directions.

y
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ﬁ CHECK POINT

Graph each equation using y-intercept and slope.

21. y=-%x+1 23, y=-3x-4
24. 2y=5x-6
22, y=-4x+6 y=or
25. y—6=3x+1

Vertical and Horizontal Lines

Horizontal lines fit the y = mx + 4 pattern, but since they have a slope of zero, they become y = 0.
Whatever value you may choose for x, the y-coordinate will be 4.

Vertical lines have undefined slopes, so they cannot fit the y = mx + 4 pattern, but since every
point on a vertical line has the same x-coordinate, they can be represented by an equation of the
form x = ¢, where ¢ is a constant. The value of ¢ is the x-intercept of the line.

ﬁ CHECK POINT

Graph each equation.

26. y=-3 29. x=-1
27 x=2 30 y+1=4
28. y=5
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Graphs of Inequalities

The graph of an equation is a picture of all the pairs of numbers that solve the equation, so the

graph of an inequality should be the picture of all the pairs of numbers that make the inequality

true. That may (or may not) include points on a line, but it will include a lot of other points,

either above or below the line.

To graph an inequality like y <%x— 2, begin by graphing the line y= %x— 2. If the inequality

sign 1s = or <, you would use a solid line, but here, for > or <, use a dotted line.
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You want the points with y-coordinates that are less than %x— 2. The points on the line have
y-coordinates equal to that, one side of the line has points with y-coordinates that are greater
and the other side of the line has the ones that are less. Test a point on one side of the line in the
inequality; the origin is often a convenient choice. If the result is true, shade that side of the line;
if not, shade the other side.

iR
[e=]

O

[o o]

-

o)}

ﬁ CHECK POINT

Solve each equation.

31 y%xn 34, y<x

32. y<2x-5 35, ys-§x+5
33. y>5x-4



Chapter 11: Coordinate Graphing 147

The Least You Need to Know

* The coordinate system assigns a pair of numbers, called coordinates, to every
point in the plane. The first number tells you how to move horizontally, and the
second tells how to move vertically.

* Any equation can be graphed by making a table and plotting points. The
x-intercept and the y-intercept are easy points to calculate.

* The slope is a number that tells whether a line rises or falls and how steeply.

* If the equation is in y = mx + b form, start at b on the y-axis and count the slope, m,

to see where the line goes.






PART

The Shape of the World

Any world tour must include seeing the sights, having a look at the shape of things. Whether it’s a
natural formation like a mountain or a canyon, or a famous building or monument, by the end of
a journey, your scrapbook will certainly have some examples of great geometry.

This part of our journey is devoted to looking at the geometry of the mathematical world. You'll
learn the basic vocabulary you need to describe what you see and how to identify the polygons,
circles, polyhedrals, and other solids that form the architecture of the mathematical world.

We won’t abandon numbers completely as we look at these shapes, but for a while numbers will

be a lesser focus. There’s still a place for calculating, but we’ll investigate relationships between
shapes as well.






CHAPTER

12

Basics of Geometry

Geometry begins with a few undefined terms—point, line,
and plane—and logically builds a system that describes
many physical objects. The word “geometry” means “earth
measuring,” and geometry had its beginnings in the work of
dividing land up among farmers. Doing that requires lines,
angles, and many different shapes.

In this chapter, you'll lay the foundation on which to build
your knowledge of geometry. Starting from those undefined
terms, you'll learn about portions of lines and combining lines
to make angles. You'll measure and classify angles, explore
relationships between them, and bisect segments and angles.
Parallel and perpendicular lines are the building blocks of
many figures and create many angle relationships. Last of all,
you'll take many of these ideas onto the coordinate plane and
see how they connect back to algebra.

In This Chapter

* The vocabulary of
geometry

* Exploring angle
relationships

* Parallel and perpendicular

lines

* Basic geometry and the
coordinate plane
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Points, Lines, Planes, and Angles

The undefined terms of geometry are a curious mix of things you know and things you can only
imagine. A point can be thought of as a dot, a tiny spot, or a position. That’s the familiar part. The
part that requires imagination is the idea that a point doesn’t take up any space. It has no size and
no dimension. You can’t measure it. You can draw a dot to represent a point, even though your
dot does take up some space, and you label points with uppercase letters.

You know what a line is. You see lines all the time. But geometry asks you to use your imagina-
tion here, too. A /ine s a set of points—an infinite string of points—that goes on forever in both
directions. It has length, in fact it has infinite length, but it has no width and no height. It’s only
one point wide or high, and points don’t take up space. And yet, somehow, you can string points
together to make something that has infinite length.

People often say, “a straight line,” but in geometry that phrase is redundant. All lines are straight.
If it curves or bends, it’s not a line.

When you draw a picture to represent a line, even though your picture does have some width
and can’t actually go on forever, you put arrows on the ends to show that it keeps going. You can
label the line with one script letter, like line €, or by placing two points on the line and writing
those two points with a line over the top, like this: AB.

@ DEFINITION

A point is a position in space that has no length, width, or height. A line is a set of
points that has length but no width or height. A plane is a flat surface that has length
and width but no thickness. Space is the set of all points.

Is your imagination still working? Where do these points and lines live? Where would you draw a
point or a line? Perhaps on a sheet of paper or the chalkboard? Those surfaces are the images that
help you imagine a plane. A plane is a flat surface that has infinite length and infinite width but
no height or thickness. It’s an endless sheet of paper that’s only one point deep.

And where do the points and the lines and the planes live? In space! No, not outer space, at least
not exactly. Space, in geometry, is the set of all points, everywhere.
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Basic Geometry Terms

Before your imagination is completely exhausted, let’s look at some parts of a line that don’t
require so much imagination. A 72y, sometimes called a half-line, is a portion of a line from one
point, called the endpoint, going on forever in one direction. You can’t measure the length of a
ray because, like a line, it goes on forever. A ray looks like an arrow, and you name it by naming
its endpoint and then another point on the ray, with an arrow over the top, like this: AB.

More familiar, if only because it can really fit on your paper is a line segment, literally, part of
a line. A /ine1s a portion of a line between two endpoints. (Finally, something you can measure!)
Name it by its endpoints, with a segment over the top, like this: AB.

Lines contain infinitely many points, but they are named by any two points on the line. A line
that contains the two points A and B can be named AB or BA. In the same way, a line segment
can be named by its endpoints in either order, but for rays, the order makes a difference. The rays

—_—

AB and BA are shown and are two different rays.

@ DEFINITION

A ray is a portion of a line from one endpoint, going on forever through another point.

A line segment is a point of a line made up of two endpoints and all the points of the
line between the endpoints.

When you put two rays together, you create a new figure called an angle. An angle is a figure
formed by two rays with a common endpoint, called the verrex. The two rays are the sides of the
angle. You'll often see angles whose sides are line segments, but you can think of those segments
as parts of rays. (By the way, you can measure angles, too.)

@ DEFINITION

An angle is two rays with a common endpoint, called the vertex. The rays are the
sides of the angle.
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Y >

z

In the angle ZXYZ, the vertex 1s Y, and the sides are rays YX and YZ. You can name angles by
three letters, one on one side, the vertex, and one on the other side. ZXYZ and £ZYX are both
names for this angle. An angle can be named by just its vertex, for example, Y] as long as it is

the only angle with that vertex.

ﬁ CHECK POINT

Draw and label each figure described.
1. Line segment PQ 4. Rays AB and AC
2. Ray YZ 5. Angles ZPOR and ZRQT
3. Angle ZDEF

Length and Angle Measure

Well, you found things you can measure: a line segment or an angle. They don’t go on forever.
You can measure them and actually stop somewhere. So how do you do 1t?

Measuring just means assigning a number to something to give an indication of its size. The
number depends on the ruler you're using. Feet? Inches? Centimeters? Furlongs? They all
measure length (although you don’t see furlongs used much outside of horse racing).

A ruler 1s just a line or line segment that you've broken up into smaller segments, all the same
size, and numbered. You could even use a number line, and many times we will.

If you place a ruler next to a line segment, each endpoint of the segment will line up with some
number on the ruler (even if it’s one of the little fraction lines in between the whole numbers).

The numbers that correspond to the endpoints are called coordinates, and the length of the line
segment is the difference between the coordinates. Technically, the length is the absolute value
of the difference, because direction doesn’t matter.

@ DEFINITION

A ruler is a line or segment divided into sections of equal size, labeled with numbers,
called coordinates, used to measure the length of a line segment.
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A number line like this can be used to measure line segments. For example, the length of line segment
AB is equal to the distance berween coordinates -7 and -2, or five units.

You can also measure angles. Angles are measured by the amount of rotation from one side to
the other. Picture the hands of a clock rotating, creating angles of different sizes. It is important
to remember that the lengths of the sides have no effect on the measurement of the angle. The
hands of the famous clock known as Big Ben are much longer than the hands of your wrist watch
or alarm clock, but they all make the same angle at 9 o’clock.

So how do you put a ruler on an angle? For starters, it’s not a ruler. A ruler is a line you use to
measure parts of lines. Angles aren’t parts of lines. They’re more like wedges from a circle. So to
measure them you create an instrument called a protractor, a circle broken into 360 little sections,
each called a degree.

In geometry, angles are measured in degrees. When you put the protractor over the angle with
the center of the circle on the vertex of the angle, the sides fall on numbers, called coordinates.
The measure of the angle is the absolute value of the difference of the coordinates.

@ DEFINITION

A protractor is a circle whose circumference is divided into 360 units, called degrees,
which is used to measure angles.

1415 16 17 18 19

A protractor can be created using any circle, but most people are familiar with the plastic half-circle
tool shown here.
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When two segments have the same length, they are called congruent segments. In symbols, you
could write AB = XY to say that the segment connecting A4 to B is the same length as the segment
connecting X to Y. You could also write AB = XY to say the measurements—the lengths—are
the same. With the little segment above the letters, you're talking about the segment. Without it,
you're talking about the length, a number. Segments are congruent. Lengths are equal.

@ DEFINITION

Two segments are congruent if they are the same length. Two angles are congruent if
they have the same measure.

The same is true of angles and their measures. The symbol Z A4 refers to the actual angle, and the
symbol mZ A4 denotes the measure of that angle. If you write ZXYZ = ZRST, you're saying the two
angles have the same measure. You could also write mZ/XYZ = mZRST. Angles are congruent;
measures are equal.

A full rotation all the way around the circle is 360°. Half of that, or 180°, is the measure of a
straight angle. The straight angle takes its name from the fact that it looks like a line.

An angle of 90°, or a quarter rotation, is called a right angle. If one side of a right angle is on the
floor, the other side stands upright. Angles between 0° and 90° are called acure angles.

Angles whose measurement in greater than 90° but less that 180° are obruse angles.

@ DEFINITION

A straight angle is an angle that measures 180°. A right angle is an angle that measures
90°.

An angle that measures less than 90° is an acute angle. An obtuse angle is an angle
that measures more than 90° but less than 180°.

You can classify angles one by one, according to their size, but you can also label angles based on
their relationship to one another. Sometimes the relationship is about position or location or what
the angles look like. Other times it’s just about measurements.

Two angles whose measurements total to 90° are called complementary angles. If two angles are
complementary, each is the complement of the other.

The complement of an angle of 25° can be found by subtracting the known angle, 25°, from 90°.
90° — 25° = 65° so an angle of 25° and an angle of 65° are complementary. To find the measure of
the complement of an angle of 12°, subtract 90° — 12° = 78°. An angle of 12° and an angle of 78°
are complementary angles.
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Two angles whose measurements total to 180° are called supplementary angles. If two angles are
supplementary, each is the supplement of the other.

@ DEFINITION

Complementary angles are a pair of angles whose measurements total 90°.

Supplementary angles are a pair of angles whose measurements total 180°.

To find the supplement of an angle of 132°, 180° — 132° = 48°. The measure of the supplement of
an angle of 103° is 180 — 103 = 77°.

When two lines intersect, the lines make an X and four angles are formed. Each pair of angles
across the X from one another is a pair of vertical angles. Vertical angles are always congruent; they
always have the same measurement.

D C

A B
The angles L AED and £ CEB are vertical angles, as are the angles £ DEC and £ AEB.

Two angles that have the same vertex and share a side but don’t overlap are called adjacent angles.
Two adjacent angles whose exterior sides (the ones they don’t share) make a line are called a
linear pair. Linear pairs are always supplementary.

@ DEFINITION

Vertical angles are a pair of angles both of which have their vertices at the point where
two lines intersect and do not share a side.

Adjacent angles are a pair of angles that have the same vertex and share a side but do
not overlap one another.

A linear pair is made up of two adjacent angles whose unshared sides form a straight
angle.
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C

Angles LRPQ and £ SPQ are adjacent. Angles £ ABD and £ CBD are both adjacent and linear.

CHECK POINT
6. f mZX=174° then ZXisa(n)____ angle.
7. If m£ T =38° then £Tisa(n) .
8. If ZXand £Y are supplementary, and mZ X = 174°, then m4Y=__
9. If LR and £T are complementary, and m£7 = 38° then mZR=__

10. Lines PA and RT intersect at point Y. If mZ PYR = 51°, then mZ RYA =
and mZTYA =

Midpoints and Bisectors

While you're in the middle of all these lines and segments and rays and angles, it’s a good time
to talk about middles. Because lines and rays go on forever, you can’t talk about the middle of
a line or the middle of a ray. To say where the middle of something is, you have to be able to
measure it. Until you can assign a length to an object, you can’t say where halfway is.

A midpoint is a point on a line segment that divides it into two segments of equal length, two
congruent segments. [f M is the midpoint of AB, then AM = MB. Each of the little pieces is the
same length (AM = MB), and each of them is half as long as AB. Only segments have midpoints.

A line or ray or segment that passes through the midpoint of a segment is a segment bisector.

Angles don’t have midpoints, but they can have bisectors. An angle bisector is a ray from the vertex
of the angle that divides the angle into two congruent angles.
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@ DEFINITION

The midpoint of a line segment is a point on the segment that divides it into two seg-
ments of equal length.

A segment bisector is a line, ray, or segment that divides a segment into two congruent
segments.

An angle bisector is a line, ray, or segment that passes through the vertex of an angle
and cuts it into two angles of equal size.

ﬁ CHECK POINT

11. M is the midpoint of segment PQ. If PM = 3 cm, MQ = cm and
PO = cm.
12. His the midpoint of XY If X¥ = 28 inches, then XH = inches.

13. Ray AB bisects ZCAT. If m£CAT = 86°, then m£L HAT =
14. If m£LAXB = 27° and m£BXC = 27°, then bisects £ AXC.

15. m4ZPYO = 13°, m£ QYR = 12°, m£RYS = 5°, and m£SYT = 20°. True or False:
YR bisects £LPY'T:

Parallel and Perpendicular Lines

Perpendicular lines are lines that intersect at right angles. The symbol
for “is perpendicular to” is L, so you can write XY LAB to say that
segment XY is perpendicular to line AB. If a line, ray, or segment is
perpendicular to another segment and also divides that segment into
two congruent parts, that line, ray, or segment is the perpendicular
bisector of the segment.

When two lines are perpendicular, all the angles at the intersection

will be right angles. When two lines intersect, the vertical angles are ]

congruent, and the adjacent angles are linear pairs, so if one of the
angles 1s a right angle, all four will be right angles.

Perpendicular lines intersect to form right angles, but what about
lines that don’t intersect? Lines in the same plane that are always the
same distance apart and therefore never intersect are called parallel
lines. You see parallel lines all the time: the edges of windows and
doors, the lines on a sheet of notebook paper, and railroad tracks are
all parallel.
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@ DEFINITION

Lines, rays or segments that meet to form a right angle are perpendicular.

Parallel lines are lines on the same plane that never intersect.

Parallel lines all by themselves are not all that interesting. They just keep on going, never meet,
and don’t do anything exciting. When other lines get mixed up with parallel lines, however, some
more interesting things do happen.

The Defining Angles

When parallel lines are cut by another line, called a transversal, eight angles are formed. Different
pairs from this group of eight are classified in different ways.
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As the transversal crosses the first line, it creates a cluster of four angles, labeled £1, £2, /3, and
Z4 in this picture. As it crosses the second line, it creates another cluster of four angles, labeled
45, 26, £7,and £8. In each cluster, there is an angle in the upper left position (£1 from the top
cluster or £5 from the bottom). There are also angles in the upper right, lower left, and lower
right positions. The angle from the upper cluster and the angle from the lower cluster that are in
the same position are called corresponding angles.

@ DEFINITION

A transversal is a line that intersects two or more other lines.

Corresponding angles are a pair of angles created when a transversal intersects two
parallel lines that are on the same side of the transversal and are both above or both
below the parallel lines.

When parallel lines are cut by a transversal, corresponding angles are congruent. They have the
same measurements. 21 = £5, /2 = /6, /3 = /7 and L4 = /8.
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Look at only the angles that are between the parallel lines, £3, 24, £5, and £6. Choose one
from the top cluster, say £3, and the one from the bottom cluster on the other side of the
transversal, Z 6, and you have a pair of alternate interior angles. Take one angle from each side of
the transversal so that they are not between the parallels but outside them, like Z1 and £8 or £2
and £7, and you have a pair of alternate exterior angles. Alternate exterior angles are congruent if
the lines are parallel.

@ DEFINITION

Alternate interior angles are two angles formed when a transversal intersects parallel
lines that are on opposite sides of the transversal and between the parallel lines.

Alternate exterior angles are two angles formed when a transversal intersects parallel
lines that are on opposite sides of the transversal and outside the parallel lines.

When parallel lines are cut by a transversal, alternate interior angles are congruent. They have
the same measurements. £3 = £6 and £4 = /5.

Using these facts about parallel lines and corresponding angles and alternate interior angles,

and the fact that vertical angles are congruent, you can figure out that 21 = /24 = /5 = /8§
and £2 = £3 = £6 = £7. Add the fact that £1 and £2 are supplementary, and it becomes
possible to assign each of the angles one of two measurements. 21, 24, /5, and Z£8 have one
measurement, and £2, £3, £6, and £7 are supplementary to those. If you know the measurement
of one angle created when a transversal cuts parallel lines, you can find the measurements of

all eight angles. If m£1 is 40°, then £4, £5, and £8 are also 40°, and the other four angles are
180° — 40° = 140°.

ﬁ CHECK POINT

Lines @ and RT are parallel. Transversal AB intersects Pz at Xand RT at V.
16. £PXY and £ZXYT are a pair of angles.
17. £AXQ and £ZXYT are a pair of angles.
18. f mZXYT =68° then mZLPXA=___
19. If m£ZPXY =107°, then mZRYB=___ |
20. IfABLPQO,then mZXYR=__
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Slopes

Geometry and algebra may feel like different worlds at times, but now and then, they come
together, and that often happens on the coordinate plane. When we looked at graphing linear
equations, you saw how the slope of a line controlled its tilt or angle. When you talk about
parallel and perpendicular lines, the angles the lines make are important.

The graphs of two lines in the coordinate plane will be parallel lines if they have the same slope.
The matching slopes mean they run at the same angle and don’t tilt toward each other, so they
never cross. The line y = 2 — 3 and the line y = 2x + 5 both have a slope of 2, and so they will
be parallel.

10‘
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In order for the graphs of two linear equations to be perpendicular lines, one must rise and
one must fall, so the slopes must have opposite signs. That alone won’t get that exact right
angle, however. To actually be perpendicular, the lines must have slopes that are negative

reciprocals. If one line has a slope of 2, a line perpendicular to it will have a slope of S The
graphs of y = - gx +4and y= %x—l are perpendicular lines because their slopes, - g and 3

multiply to -1, so they are negative reciprocals.
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CHECK POINT

Label each pair of lines as parallel, perpendicular, or neither.

21.

22.

23.
24.
25.

1
Line « has a y-intercept of 2 and a slope of -3. Line 4 has a y-intercept of > and
a slope of -3.

Line RT has a slope ofE and a y-intercept of -4. Line PO hasa slope of - % and
a y-intercept of 2.

The equation of line pis y = 24— 5, and the equation of line ¢ is y = 5x— 2.

Line XY and line WZ if X is the point (4,-2), Yis (7,6), Wis (2,-8), and Z is (0, 4).

The line 3x— 2y = 12 and the line 2x + 3y = 12.
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The Least You Need to Know

* Midpoints and bisectors divide segments into two congruent segments; angle
bisectors divide angles into two congruent angles.

* Angles less than 90° are acute, angles greater than 90° are obtuse. Right angles
are 90°, and straight angles are 180°.

* Complementary angles are two angles that add to 90° and supplementary angles
are two angles that add to 180°.

* Vertical angles are congruent; linear pairs are supplementary.
* Parallel lines never intersect; perpendicular lines intersect at right angles.

* If parallel lines are cut by a transversal, pairs of corresponding angles, alternate
interior angles, or alternate exterior angles are congruent.



Triangles

Geometry is a branch of mathematics that looks at shapes.
That’s true, but “shapes” covers so much ground that the
statement really doesn’t tell you much. To understand what
geometry really looks at, what kinds of questions it tries to
answer, you need to break that down a bit.

The first big distinction you can make is that geometry looks
at shapes with straight sides, called polygons, and shapes that
curve, or circles. There are some things you can say about
all polygons, but the conversation gets more interesting when
you start to break that group down even more according to
the number of sides the polygon has.

In this chapter, we’ll explore triangles, polygons with three
sides. We'll look at some things that are true about all
triangles, and then organize triangles into groups, based on
facts about their sides or about their angles, or both. There
will be lots to learn about right triangles, the most interesting
group. We'll also have a look at the very practical matters of
area and perimeter.

CHAPTER

In This Chapter

Classifying triangles by
sides and angles

How to find missing angles
and measure exterior
angles

The Pythagorean theorem
and how to use it

How to find area and
perimeter of triangles
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Facts about Triangles

A polygon is a figure formed by connecting line segments at their endpoints until they come back
to where they started. You need at least three segments to be able to close the shape, but you can
make a polygon with many more sides. The line segments are called sides, and the points where
the sides meet are called vertices. When two sides meet at a vertex, they form an angle.

@ DEFINITION

A polygon is a closed figure made up of line segments that meet at their endpoints.

The members of the family of polygons take more specific names based on the number of sides
they have. A polygon with three sides is called a triangle. It has three sides, three vertices, and
three angles. The prefix 777 means “three.” Tri-angle = three angles. A polygon with four sides is
called a quadrilateral. Quad means “four” and /ateral means “side.” We'll look at quadrilaterals in
the next chapter.

Math is always interested in measuring things, and geometry is no exception. In a triangle, you
can measure the sides and the angles. You can also draw and measure other line segments inside
the triangle.

An altitude 1s a line segment that starts at a vertex of the triangle and meets the opposite side
at a right angle. You measure the altitude to find the height of the triangle, so often the words
altitude and height are used interchangeably.

@ DEFINITION

An altitude is a line segment from a vertex of a triangle perpendicular to the opposite
side.

The altitude usually falls inside the triangle,
but sometimes it can actually be a side of the
triangle, and sometimes, if the triangle has
an obtuse angle, the altitude can be outside
the triangle. If that happens, you extend the <Altitude
opposite side to see where the altitude should
stop.

Extension

——Base—

This triangle has an obtuse angle, so the altitude falls
outside the triangle.
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You can bisect any one of the angles in a triangle. The line segment from the vertex to the
opposite side that cuts the angle into two congruent angles will not necessarily cut the opposite
side in half. It’s an angle bisector, not a segment bisector.

@ DEFINITION

An angle bisector in a triangle is a line segment from a vertex to the opposite side
that divides the angle at that vertex into two congruent angles.

B

A c

The segment drawn from angle B to side AC bisects angle B by cutting it into two angles of equal size.

The line segment from a vertex to the midpoint of the opposite side is called a median.

@ DEFINITION

A median of a triangle is a line segment that connects a vertex to the midpoint of the
opposite side.

A } } c

The segment drawn from angle B to the midpoint of side AC divides AC into two equal segments but
does not bisect angle B.
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In most triangles, the altitude, the angle bisector, and the median from a vertex are all different
line segments.

It’s often the case that something is true only for some triangles, but there are things that are true
about any triangle. One important one is called the Triangle Sum theorem. In any triangle, the
sum of the measures of the three angles is 180°. You can see this if you cut a triangle out of paper
and tear off two corners and set them next to the third corner.

The torn corners can be put together to form a 180° angle.

If AABC is a triangle with ZB = 90° the sum of the measures of Z4 and £C must be 90° because
the three angles of the triangle total 180°. If ZB measures 90°, the other two angles must make up
the other 90°.

An exterior angle of a triangle 1s formed by extending one side of the triangle. The measure of an
exterior angle of a triangle is equal to the sum of the two remote interior angles.

@ DEFINITION

If one side of a triangle is extended, the adjacent angle formed is called an exterior
angle of the triangle.

S
3

2 1 _
R T v

Thhe sum of the two remote interior angles (mZ.1 and mZ 2) equals the measure of the exterior angle (m/.3):
mLl +ml2=ml3
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In ARST, m£S = 43° and mZR = 28°. The measure of the exterior angle of the triangle at T'is
equal to the sum of the two remote interior angles, £ and ZR. Adding the measures of those
two angles tells you the exterior angle is 43 + 28 = 71°. You could calculate the measure of ZSTR
(180 — 43 — 28 = 109°), and since £STV is supplementary to ZSTR, it will be 180 — 109 = 71°.

So for any triangle, you know what the angles add up to, but you don’t know what the individual
angles measure. When you look at sides, you can again say something that’s true all the time, but
there’s a limit to how specific you can be. In any triangle, the sum of the lengths of any two sides
will be greater than the length of the third. Imagine your home is at one vertex, 4, of a triangle,
and your best friend’s home is at another vertex, C. To get to your friend’s home, you could walk
down the street from 4 to B and then turn the corner and follow the road from B to C. Or you
could take the shortcut through the backyards straight from A to C. The shortcut is, obviously,
shorter. AB + BC > AC.

m ===

[ NT T LTI
m [EE==]=]
[ 1]

B

Put another way, the length of any side of a triangle is less than the sum of the other two sides.
Suppose you know a triangle has sides 4 inches long and 7 inches long. Those add to 11 inches.
The third side must be less than 11 inches. But turn things around a little bit. The unknown

side plus the 4-inch side must be more than 7 inches, so the unknown side must be more than 3
inches. It has to be more than 3 but less than 11 inches. The length of any side of a triangle is less
than the sum of the other two sides but more than the difference between them.

The longest side of a triangle is always opposite the largest angle. Remember that angles are
measured by the rotation between the sides. The wider an angle opens, the longer the line
segment it will take to connect the ends of the sides. The longest side is opposite the largest angle,
and the shortest side is opposite the smallest angle. That, of course, means that the medium-sized
side is opposite the medium-sized angle. It also means that whenever a triangle has congruent
angles, the sides opposite the congruent angles are the same length.
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ﬁ CHECK POINT

1. In ARST, m4R =48°, and m£T = 102°. Find the measure of £S.

2. In ARST (described in question 1), side RS is extended through S to point Q to
create exterior angle Z7SQ. Find the measure of £Z7SQ.

3. In ARST (described in question 1), side RS is extended through S to point O to
create exterior angle Z7TSQ and through R to point P to create exterior angle
£'TRP, and side RT is extended through 7 to point N to form exterior angle
2S8TN. Find the total of m£7S0 + mZTRP + mZSTN.

4. Placidville is 43 miles from Aurora, and Aurora is 37 miles from Lake Grove.
The distance from Placidville to Lake Grove is at least miles but less

than miles.

5. Gretchen lives 5 miles from the library and 2 miles from school. The distance
from the library to school is between miles and miles.

Classifying Triangles

Just as trying to talk about all polygons at the same time didn’t make much sense, trying to talk
about all triangles at once can be hard. It’s more practical to break the family of triangles down
into categories, and you usually do that either by the sides or by the angles.

If all the sides of a triangle have different lengths, the triangle is scalene. You can’t say much else
about them, except that all their angles will have different measures, too.

a
b a b

c

A scalene triangle has three sides of different lengths.

Isosceles triangles are triangles with two congruent sides. The two congruent sides are called the
legs, and the third side is called the base. The angles opposite the congruent sides, often called
the base angles, are congruent to each other. The angle between the legs is usually called the

vertex angle.
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Q

b Base

An isosceles triangle has rwo sides that are the same length. 'The congruent sides are called the legs,
and the third side is the base. 'The angle berween the equal sides is the vertex angle, and the other
two angles are base angles.

In an isosceles triangle, the altitude drawn from the vertex to the base bisects the base and the
vertex angle. This is one of the few cases where one line segment does more than one job. It’s an
altitude, it’s an angle bisector, and it’s a median.

An equilateral triangle is one in which all three sides are the same length. All three angles will
be the same size, and because the three angles add up to 180°, each of the angles in an equilateral
triangle measures 60°. Any altitude is a super segment that bisects the side to which it is drawn
and the angle from which it is drawn.

a

A triangle in which all three sides are the same length is an equilateral triangle. Equilateral
triangles ave also equiangular.

Because the three angles of an equilateral triangle are congruent, it is also described as
equiangular. All three angles in an equiangular triangle measure 60°.

WORLDLY WISDOM

[s an equilateral triangle isosceles? It depends on who you talk to. Some folks will say

an isosceles triangle has exactly two equal sides, so they would say no. Others will say an
isosceles triangle has at least two equal sides, and their answer would be yes. The fact is,
anything that’s true for an isosceles triangle is true for an equilateral triangle.

The other ways that triangles are classified by angles have to do with the sizes of the angles. If all
three angles are acute angles, that is, if all three have measurements less than 90°, then you say
the triangle is an acute triangle. This can happen in a scalene triangle if, for example, it has angles
of 80°,47°, and 53°, or it can happen in an equilateral triangle that has angles of 60°, 60°, and 60°.
An isosceles triangle can be acute, too. For example, you might have angles of 30°, 75°, and 75°.
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If a triangle has an obtuse angle, an angle greater than 90° it’s called an obtuse triangle.
The altitude of an obtuse triangle will often fall outside the triangle.

If a triangle has a right angle, it’s called a right triangle. We'll take a closer look at right triangles

in the next section.

Hypotenuse
Leg
Obtuse
angle _] Leg
Acute triangle Obtuse triangle Right triangle

Q WORLDLY WISDOM
Obtuse triangles can only have one obtuse angle, and right triangles can only have
one right angle. The three angles of a triangle add up to 180°. If one angle is already
90° or more, there’s 90° or less for the other two. They'll have to be acute.

CHECK POINT
6. ARST s isosceles with RS = ST If mZSRT = 39°, then m4ZSTR=___
7. In right triangle AABC, AB L BC and mZCis 19°. Find mZA.
8. True or False: If mZ P = 17° and m£ Q = 25° then APOR is an acute triangle.
9. Ifm/ZP=17°and mZQ = 25° then the longest side of APQRisside __.

10. If the vertex angle of an isosceles triangle measures 94°, then the base angles
measure

Right Triangles

Right triangles are triangles that contain one right angle, and they pop up all over the place.
When someone wants to build something that stands up vertically, they’ll often add a slanting
support to create a right triangle. Every time you draw an altitude in any triangle, you create two
right triangles. The right triangle is the one in which a side can also be an altitude.

In a right triangle, the two sides that meet to form the right angle are called the legs, and the
third side, opposite the right angle, is called the hypotenuse. The hypotenuse of a right triangle is
always the longest side because it’s opposite the right angle, the largest angle of the triangle.
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Leg

The Pythagorean Theorem

In a right triangle, the two sides that form the right
angle are called legs, and the side opposite the right
angle is called the hypotenuse.

One of the most famous theorems in mathematics can be applied to right triangles. It’s named

for Pythagoras, a sixth century B.C.E. Greek mathematician and philosopher. What Pythagoras

actually said about right triangles was probably something like “the square constructed on
the hypotenuse of a right triangle contains the squares on the other two sides.” His method of
investigating was actually drawing squares, but you can think about it from more of a number

point of view.

In any right triangle, if you measure
all the sides and square those
measurements, the square of the
length of the hypotenuse will be
equal to the sum of the squares of
the other two sides. If the legs of a
right triangle measure 5 inches and
12 inches, then the hypotenuse is

13 inches; 13? = 169 and 5% + 12° =
25 + 144 = 169.

The easiest way to remember the
Pythagorean theorem, and the most
common way, 18 in symbolic form.
If the legs of the right triangle are
labeled # and 4 and the hypotenuse
is ¢, then & + & = (.
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@ DEFINITION

The Pythagorean theorem states that for any right triangle, the square of the
hypotenuse is equal to the sum of the squares of the other two sides, or if the length
of the hypotenuse is ¢, and the lengths of the legs are a and b, then a? + b2 = ¢2.

The importance of the Pythagorean theorem comes from the fact that you can use it to find the
length of one side of the right triangle if you know the other two.

Suppose ARST 'is a right triangle with right angle at R. If RS = 7 and R7T = 4, you can find the

length of side TS with the Pythagorean theorem. The right angle is at R, so the sides you know
are the legs that make the right angle, and you're looking for the hypotenuse. Use &* + & = &,

with 2 =7 and /= 4.

¢=49+ 16
¢=65
This means TS will be v/65, which is slightly more than 8.06.

You've probably thought about problems that could be solved with the Pythagorean theorem.
Here’s one. Elise walks to school every morning, and on sunny days, she can cut across the
football field from corner to corner. On snowy days, she must go around the outside edges of the
field. How much shorter is Elise’s walk on sunny days?

The field has a right angle at its corner, and Elise’s path from corner to corner makes the
hypotenuse of a right triangle. The field, including the end zones, is 120 yards long and 53.33
yards wide. Use 4* + /* = ¢, with 2 = 120 and 4 = 53.33 to find the length of Elise’s shortcut.

= a’+ b’

= (120)" +(53.33)
= 14400 +2.844.0889
= 17.244.0889

¢ =4/17,244.0889

c=131.32

On sunny days, Elise can take the shortcut that’s about 131.32 yards, but on snowy mornings,
she’ll have to go around the edges of the field, a total of 120 + 53.33 = 173.33 yards. On sunny
days, she saves 173.33 — 131.32 = 42.01 yards. Her sunny day route is about 42 yards shorter.
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g

You can use the Pythagorean theorem to find a leg, too, if you know one leg and the hypotenuse.
Suppose you're shopping for a new TV, and youre looking at one that is advertised as 55 inch.
That’s the diagonal measurement, corner to corner, so it’s the hypotenuse of a right triangle. If
that television is 27 inches high, how wide will it be? The height is one leg, and the width you're
looking for is the other leg, so # = 27, /is unknown, and ¢ = 55.

a’+ b= ¢

27%+ b = 55°

729 + b* = 3,025

b’ =3,025-729 = 2,296

b=4/2296 =479

The TV will be about 48 inches, or 4 feet, wide.

You've probably notices a lot of “approximately equal to” answers from the Pythagorean theorem.
That’s because a lot of those square roots produce irrational numbers, whose decimals go on
forever and have to be rounded.

There are some problems that work out to nice whole number answers, and when you work with
right triangles, you get to know them. A set of three whole numbers that fits the Pythagorean
theorem is called a Pythagorean triple. The most common one is 3-4-5: 3* + 4° = 5°. Multiples of
Pythagorean triples are also triples, so 6-8-10 and 30-40-50 work as well. Other Pythagorean
triples are 5-12-13 and 8-15-17. These sets of numbers come up a lot in right triangle problems,
and recognizing the triples can save you some work.

@ DEFINITION

A Pythagorean triple is a set of three whole numbers q, b, and c that fit the rule
a?+b?=c?

CHECK POINT

Find the missing side of each right triangle.
11. InAXYZ, XY L YZ. If XY =15 cm and ¥Z = 20 cm, find XZ.
12. In ARST, ST L RT.If ST = 20 inches and RS = 52 inches, find RT
13. In APQR, PQ 1 PR.If PQ = PR = 3 feet, find OR.
14. In ACAT, CA L AT.If CT = 8 meters and CA = 4 meters, find AT
15. In ADOG, DO L OG.If DO = 21 ¢m and DG = 35 cm, find OG.
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Special Right Triangles

The Pythagorean triples show up a lot when you’re working with right triangles, and certain
families of right triangles tend to show up a lot as well. When an altitude is drawn in an
equilateral triangle, it divides the triangle into two right triangles. Do you remember that this
altitude is one of those super segments that are altitudes, angle bisectors, and medians all in one?
Each of these smaller triangles has a right angle where the altitude meets the base, an angle of
30° where the altitude bisects the vertex angle, and an angle of 60°. These right triangles are
often called 30-60-90 right triangles because of their angles.

3030

60 1] 60
Voh a

The hypotenuse of the 30°-60°-90° triangle is the side of the original equilateral triangle. The

side opposite the 30° angle is half as large because that altitude was also a median, so it divided
that side into two congruent segments. Using the Pythagorean theorem, you can find the
length of the third side of the right triangle, the side that actually is the altitude. Suppose the
hypotenuse is 1 foot long. That means the leg you know is half of that, or 5 foot.

a+b=¢
2
(% +b =1
i+b2—1
p=2
4
b= é_ﬁ_ﬁ_l\@
R P
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The side opposite the 60° angle must be half the hypotenuse times the square root of 3. So if you
know the side of an equilateral triangle in 8 inches long, the altitude will divide the base into two
segments, each 4 inches long, and the altitude itself will be 443 inches long, or approximately

6.9 inches.

45°
Hypotenuse =
side times the square root of 2
Side
(] Side 45°

The other special right triangle, another one that shows up a lot, is the 45-45-90 triangle, or the
isosceles right triangle. In an isosceles right triangle, the two legs are of equal length. You could
pick your favorite number for an example, but let’s say the legs are each 6 inches long. Apply the
Pythagorean theorem. The equation #* + 4’ = ¢? becomes 6* + 6° = ¢%, or ¢ = 72. Take the square
root and ¢, the length of the hypotenuse, is ¢ = J72 =632, The hypotenuse of an isosceles right
triangle is equal to the length of the leg times the square root of 2.

[ 1 |

Suppose the diagonal of a square is 9 cm. The diagonal of the square is the hypotenuse of an
1sosceles right triangle, so if that is equal to 9, and you know it’s supposed to be equal to the side

times the square root of 2, you can say sv2=9 and s = N ~64.
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CHECK POINT

16. AABC is a 30°-60°-90° right triangle, with hypotenuse 8 cm long. Find the
length of the shorter leg.

17. ARST is an isosceles right triangle with legs 5 inches long. Find the length of
the hypotenuse.

18. AARM is a right triangle with AR = 14 meters, RM = 28 meters, and
AM = 14+/3 meters. Find the mZ M.

19. ALEG is a right triangle with LE = EG and LG = 74/2 inches. Find m ZG.

20. AOWL is an isosceles right triangle with OWW > OL. Which angle is the right
angle?

Area and Perimeter

The perimeter of any figure is the distance around all the edges. In a triangle, that means the sum
of the lengths of the three sides. If a right triangle has legs of 3 feet and 4 feet and a hypotenuse
of 5 feet, its perimeter is 3 + 4 + 5 = 12 feet.

@ DEFINITION

The perimeter of a triangle (or any polygon) is the total of the lengths of all its sides.

If you know the perimeter and two of the sides of a triangle, you can work backward to find the
length of the other side. If a triangle has a perimeter of 42 inches, and you know that it has an
18-inch side and a 15-inch side, you can add 18 + 15 to find out that the two known sides account
for 33 inches of the perimeter, so the third side must be 42 — 33 = 9 inches long.

If you think of the perimeter as the outline of a shape, you can think of the area as the space
inside the perimeter. This 1s true for triangles and for all polygons. When you talk about the size
of a lot of land or the size of a rug, you're talking about area.

@ DEFINITION

The area of a polygon is the space enclosed within its sides.

To find the area of a triangle, you need to know the measure of the base and the height. Then

you can plug these measurements into a simple formula, A = %bh, where 4 = area, b = base, and

b = height. You can call any one of the sides the base, as long as the height is the length of the
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altitude drawn from the opposite vertex, perpendicular to the base. This can sometimes cause
the altitude to fall outside the triangle. If that happens, extend the side to cross the altitude. The
length of the altitude is from the vertex to the point where it crosses the extension, but the length
of the base is only the part in the triangle. It doesn’t include the extension.

Suppose you want to find the area of an equilateral triangle with sides 12 inches long. You need
to find the length of an altitude, but if you remember the special right triangles, it’s not too bad.
The altitude in an equilateral triangle is also a median and an angle bisector, so it creates two
30°-60°-90° triangles. The length of the altitude is half the length of a side times the square root
of three, s0 6+/3 inches. Use the side of 12 inches as the base and the 6v3 inches as the height.

A=Lpn

2

1
A==(12)(6+3

L2 o4
A=363=~6235

The area of the triangle is approximately 62.35 square inches.

Q WORLDLY WISDOM

Area is always measured in square units: square inches, square feet, square
centimeters, etc. When you multiply feet times feet you get square feet. Meters
times meters yields square meters.

Triangle POR has an area of 24 square centimeters. If the lengths of its sides are 3 centimeters,
6 centimeters, and 8 centimeters, find the length of the longest altitude.

The area of the triangle will be the same no matter which side is called the base, if the altitude is
drawn to that base. If we say the base is the 3 centimeter side, then A = lbh becomes 24 = l-3-h
and » = 16. If we use the 6 centimeter side as the base, then A = lbh becomes 24 = 5 6-h and

b = 8. Declare that the base is the 8 centimeter side, then A = %bh becomes 24 = %-8 -hand b= 6.

The longest altitude is 16 cm.
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ﬁ CHECK POINT

21.
22.

23.
24.
25.

Find the area of a triangle with a base 14 cm long and an altitude of 7 cm.

If the area of a triangle is 27 square inches, and the altitude measures 6 inches,
how long is the base to which that altitude 1s drawn?

Find the perimeter of a right triangle with legs that measure 20 cm and 48 cm.
Find the perimeter of an equilateral triangle with an area of 93 square inches.

The area of a right triangle with legs of 3 cm and 4 cm and hypotenuse of 5 cm
18 square centimeters, so the altitude from the right angle to the hypot-
enuse 1S centimeters long.

The Least You Need to Know

Equilateral triangles have three sides of equal length, isosceles triangles have two
sides of equal length, and scalene triangles have no equal sides.

Obtuse triangles contain one obtuse angle, right triangles contain one right angle,
and acute triangles have three acute angles.

In any right triangle, the sum of the squares of the lengths of the legs is equal to
the square of the length of the hypotenuse.

In a 30-60-90 right triangle, the shorter leg is half the length of the hypotenuse
and the longer leg is half the hypotenuse times the square root of three.

The perimeter of any polygon is the sum of the lengths of its sides.
The area of a triangle is one-half the length of the base times the height.
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Quadrilaterals and
Other Polygons

As you work your way deeper into geometry, you’ll begin to In This Chapter
encounter more complex figures. We started with just lines,

then angles, and in the last chapter, we worked with triangles. * The properties of

In this chapter we’ll begin looking at polygons—shapes with parallelograms

more sides and angles. ¢ Identifying special types

The primary focus in this chapter is on four-sided figures, of parallelograms

and we’ll look at several different subgroups of the family of * The properties of
four-sided polygons. For each of the families, we’ll consider trapezoids

the special properties of sides, angles, and diagonals that * How to find the area and
belong to that family. After you’ve gotten to know all the perimeter of quadrilaterals
members of the family, we’ll look at finding their perimeters .

Polygons with more than

and areas. Before moving on, we’ll explore polygons with even four sides

more sides and learn some interesting facts about them.

Parallelograms

The term quadrilateral is used for any four-sided polygon, but
most of the attention falls on the members of the family called
parallelograms. The name parallelogram comes from the fact
that these quadrilaterals are formed by parallel line segments.
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A parallelogram is a quadrilateral with two pairs of opposite sides parallel. Whenever you look at
one pair of parallel sides, the other sides can be thought of as transversals. You know a bit about
the angles that are formed when parallel lines are cut by a transversal, and you can see that you
have consecutive interior angles that are supplementary.

@ DEFINITION

A quadrilateral is a polygon with four sides. A parallelogram is a quadrilateral in
which both pairs of opposite sides are parallel and congruent.

B C

A D

In parallelogram ABCD, and in any parallelogram, consecutive angles are supplementary.

In ABCD, that means mZ A + m£B =180°, m4B + m£C =180°, m£C + m4£ D =180°, and
mZD + mZA=180° If you do a little algebra, saying that mZ 4+ mZB=m/B+ m/C, and
subtracting mZ B from both sides, you can show that Z4 and £C are the same size. In any
parallelogram, opposite angles are congruent.

D C

A B

Draw a diagonal in any parallelogram and you form two triangles. Let’s draw diagonal AC in
parallelogram ABCD. That will form AACD and ACAB. Because DC I E, alternate interior
angles ZDCA and £ BAC are congruent. Because AD || BC, ZDAC and £BCA are congruent.
That gives you two pairs of congruent angles, and AC is between those angles in both triangles
and equal to itself. If you rotate ACAB so that ZBAC sits on top of £2DCA and £ BCA sits on top
of ZDAC, not only will the shared side match itself, but you'll see AB matching CD and BC
matching AD. That tells you that the opposite sides are not only parallel, but also congruent.
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A B

Drawing one diagonal in a parallelogram divides it into two matching triangles. When both
diagonals are drawn in the parallelogram, it makes four triangles. If we call the point where
the diagonals intersect point £, we can show that AADE matches ACBE. AD = BC, because the
opposite sides of the parallelogram are congruent. m£ ADE = mZCBE and m£DAE = m £ BCE
because the opposite sides are parallel, so alternate interior angles are congruent. That tells
you how to match up the parts of the triangles, and you’ll see the other parts match up as well.
If the triangles are the same size and shape, DE = EB and AE = EC, so the diagonals of the
parallelogram bisect each other.

The family of parallelograms is made up of many different types of parallelograms. Some have
only the properties of parallelograms we’ve covered so far, but others are special in one or more

ways.

ﬁ CHECK POINT

For each quadrilateral described, decide if there is enough information to conclude
that the quadrilateral is a parallelogram.

1. In quadrilateral ABCD, AB I CD and BC I AD.
2. In quadrilateral PORS, with diagonal PR, ZQRP = £/ SPR and L QPR = /SRP.
3. In quadrilateral FORK, ZF = /K and FO = RK.

4. In quadrilateral LAMP, with diagonals LM and AP intersecting at S,
AALS = APMS and AAMS = APLS.

5. In quadrilateral ETRA, with diagonals ER and TA intersecting at X, TX = RX
and EX = AX.
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Rectangles

A rectangle is a parallelogram in which adjacent sides are perpendicular, and so it has four right
angles. Because the rectangle is a parallelogram, it has all the properties of a parallelogram, but also
the special property that all four of the angles are the same size. It’s an equiangular parallelogram.

L L]

[ [

A rectangle is a parallelogram with four right angles.

You've probably worked with rectangles before, because there are so many rectangles all around
us. You're reading this on a rectangular page, and you could be sitting in a room built from
rectangles.

Every rectangle is a parallelogram, so its opposite sides are parallel and congruent, its consecu-
tive angles are supplementary (90° + 90° = 180°), and its opposite angles are congruent. Those
are properties of every parallelogram. The rectangle also has consecutive congruent angles,
because all angles are congruent.

In any parallelogram, a diagonal makes two congruent triangles. That’s still true in a rectangle,
but those congruent triangles will both be right triangles. In any parallelogram, the diagonals
bisect each other, and because the rectangle is a parallelogram, that’s still true. But the rectangle
has another special property. The diagonals of a rectangle are congruent. In most parallelograms,
which sort of slant to one side, there’s a long diagonal and a short one, but in a rectangle, both
diagonals are the same length.

Suppose that in rectangle ABCD, the diagonals intersect at £. If BE = 8, how long is AE? Because
the diagonals are congruent and bisect each other, AE = EC = BE = ED. So if BE = 8, AE = 8 as
well.



Chapter 14: Quadrilaterals 185

Rhombuses and Squares

A rhombus 1s a parallelogram with four sides of the same length, an equilateral parallelogram.
Because the rhombus is a parallelogram, it has all the properties of a parallelogram, and it still
may have that lean to one side, if its angles are different sizes. It’s an equilateral parallelogram,
but not always an equiangular one.

A square is a parallelogram that is both a rhombus and a rectangle. Squares have four right angles
and four equal sides. They are equilateral and equiangular.

1 | []

A rhombus is a parallelogram in which all sides are congruent. A square is a parallelogram with
Jour congruent sides and four right angles.

In a rhombus or a square, drawing one diagonal will make two congruent triangles, just as it does
in any parallelogram. In a rhombus, those triangles will be isosceles, and in a square, they will be
isosceles right triangles. You know that in 45-45-90 right triangles the length of the hypotenuse
1s the length of a leg times the square root of two. That means that the length of the diagonal of
a square will be the length of a side times radical two. Because the square is a rectangle, both
diagonals are the same length.

When you draw both diagonals in a rhombus or a square, a bunch of things happen. The diago-
nals bisect each other, just as they do in any parallelogram. Because the sides of the rhombus (or
square) are all the same length, you can figure out that the diagonals of any rhombus, including
a square, are perpendicular to one another.

U | T

R N

In RSTU, RU= UT, RV = VT, and UV equals itself, so ARVU and ATVU match each other. That
means ZRYU is congruent to ZTV U, but they're also supplementary, so they must both be 90°.
If the diagonals cross at right angles, they’re perpendicular.
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ﬁ CHECK POINT

For each quadrilateral described, choose the best label from parallelogram, rectangle,
rhombus, or square.

6. In quadrilateral FORT, FO L O_R, OR L RT and OR | FT.
7. In quadrilateral CAMP, CA= AM = MP = CP and AM 1 MP.

8. In quadrilateral VASE, diagonals VS and AE are congruent, but sides VA and AS
are not.

9. In quadrilateral SOAP, SO I AP and AO | SP.

10. In quadrilateral COLD, diagonals CL and OD are perpendicular bisectors of one
another, but they are not congruent.

Trapezoids

A trapezoid is a quadrilateral with one pair of parallel sides and one nonparallel pair. It looks like
a triangle that lost its head. The parallel sides are called the bases, and the nonparallel sides are
called the legs.

Base
Leg Leg

Base

You might be able to see, with what you know about parallel lines and transversals, that the
angles formed by the bases and one of the nonparallel sides are supplementary. These are called
consecutive angles, but it’s important to remember that the term “consecutive angles” applies
only to the two angles at either end of a leg and not to the two angles at either end of a base.
Those are base angles. The consecutive angles of a trapezoid are supplementary, but the base
angles are not.
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If the nonparallel sides are congruent, the trapezoid is an isosceles trapezoid. You might have
guessed that you get an isosceles trapezoid by cutting the top off an isosceles triangle, so you
won’t be surprised to hear that the base angles of an isosceles trapezoid are congruent, just as the
base angles of an isosceles triangle are congruent. But you might be surprised to know that the
trapezoid has two sets of base angles: the ones at each end of the longer base and the ones at each
end of the shorter base. The two angles in each set are congruent, and the angles in one set are
supplementary to the angles in the other set.

AN

A trapezoid is a quadyilateral in which one pair of opposite sides are parallel. A trapezoid is an
isosceles trapezoid if the nonparallel sides are the same length.

The line segment joining the midpoints of the nonparallel sides is called the median of the
trapezoid. The median is parallel to the bases. Its length is the average of the bases.

@ DEFINITION

The median of a trapezoid is a line segment that connects the midpoints of the two
nonparallel sides.

Like all quadrilaterals, a trapezoid has two diagonals. In an isosceles trapezoid, the diagonals
are congruent. Diagonals of other trapezoids are not congruent. Diagonals of a trapezoid do not
bisect one another. That belongs only to parallelograms.

ﬁ CHECK POINT

11. In trapezoid ABCD, AC I BD and MN is a median. AC = 14 cm and BD = 30 cm.
How long is median MN ?

12. In trapezoid FIVE, IV || FE and mZF = 59°. What is the measure of £ ?

13. In trapezoid TEAR, EA||TR and TE= AR.If LE = 107°, find the measures of
L Aand LR.

14. In trapezoid ZOID, ZD | Ol. m£Z = 83° and m£ 1= 97° If ZO = 4 cm, how long
1s ID?

15. In trapezoid PORT, ﬁiQ_R and MN is a median. If MN = 17 inches and PT"=
21 inches, how long is OR?
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Perimeter of Quadrilaterals

It’s easy to calculate the perimeter of quadrilaterals. Just as with triangles, you simply add up the
lengths of the sides. Most figures don’t even have a special formula for perimeter.

For a rectangle, you see the formula P = 2L + 21V Because the opposite sides are the same length,
you have two of the lengths and two of the widths. For a square or a rhombus, that becomes P = 4.
All the sides are the same length, and you have four of them.

Let’s look at a story problem using perimeter.

Suppose Marianna wants to build a fence around her vegetable garden. If the garden is a rect-
angle 30 feet long and 15 feet wide, and fencing costs $1.25 per foot, how much will it cost to
fence the garden?

The perimeter of a rectangle is P = 2L + 2 so she will need (2 X 30) + (2 X 15) = 60 + 30, or
90 feet of fencing. 90 feet of fencing at $1.25 per foot will cost 90 X 1.25 = $112.50. Marianna’s
fence will cost $112.50.

Area of Quadrilaterals

The area of a quadrilateral is a little trickier to calculate than the perimeter, but once you know
a few formulas, it’s not hard at all. The area of any parallelogram is found by multiplying the
base times the height (4 = /b). In a triangle, the height must be measured as the perpendicular
distance between a vertex and the base. In a parallelogram, the height is the perpendicular
distance between two bases.

l@ MATH TRAP
Don't confuse the side with the height. In most parallelograms, the sides are not

perpendicular, so you can't use a side as a height. The exception, of course, is
rectangles, where the sides do meet at right angles.

A D
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To find the area of parallelogram ABCD, it’s not enough to know that AB = 13 meters and BC =
10 meters. You could use either of those measurements as the base, but neither of them is a
height. You need to know the perpendicular distance between two bases. If you know that the
height, drawn to BC, is 12 meters, then you can find that the area is 12 X 10 or 120 square meters.

Q WORLDLY WISDOM

Remember that area is always measured in square units. That’s because you multiply
a length in units (such as inches, feet, or meters) by another length in the same units.
Units multiplied by units equals units squared, or square units.

That area formula of base times height (4 = 45) will work for any parallelogram, including
rectangles, rhombuses, and squares. But there are other area formulas, specific to those special
parallelograms, which may be useful from time to time. Some are just another way of saying
things. Because a rectangle has adjacent sides that are perpendicular, the sides, usually called
the length and the width, are the base and the height, so you see the formula for the area of a
rectangle as A = L X . The formula for the area of a square is special, because it is a rectangle,
so you could use 4 = L X I}, but all four of its sides are the same length, so the formula becomes
A= s

Q WORLDLY WISDOM

The habit of referring to the exponent 2 as “squared” comes from the fact that the
area of a square is the length of a side to the second power.

Let’s look at a story problem using area.

Suppose you want to buy carpet for a room that measures 15 feet by 20 feet. The room is a
rectangle, so you multiply 15 by 20 and go to the carpet store, knowing you need 300 square feet
of carpet. When you arrive, you find that carpet is sold by the square yard, not the square foot.
What now?

You have two choices. Your first option is to start over and figure out the measurements of your
room in yards instead of feet. You know there are 3 feetin a yard, so 15 = 3 = 5 yards and 20 + 3

= 6% yards. Then you can multiply 5 by 6% to find out you need 33% square yards.

Your second option is to take your 300 square feet and divide by the number of square feet in a
square yard. A square yard is a yard times a yard, or 3 feet times 3 feet, so it’s 9 square feet. Your

300 square feet divided by 9 is 335 square yards. In both cases, you arrived at the same answer.
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@ MATH TRAP
To get units squared, you need to multiply units by units, that is, feet times feet or

meters times meters. But if you don't pay attention to whether the units match, you
could be multiplying feet times inches, and that doesn't give you square feet or square
inches. It just gives you the wrong answer. Make sure your units match.

The rhombus is usually thought of as the most unusual parallelogram, and its area formula is
the most different from the others. It’s built from the fact that the diagonals divide the rhombus
into four congruent right triangles. The area of each right triangle is one-half of the product

of its base and height, and it’s a right triangle, so the legs are the base and height. Each leg is
half of a diagonal, so if we call the the diagonals 4, and 4,, the area of each right triangle is

% . %dl . %d =ld1d2. Since there are four triangles that make up the rhombus, the area of the
. 1 .
rhombus is 4x—d,-d,=—d, - d,, or one-half the product of the diagonals.
8 2

2

How would you use that formula? Suppose you need to find the area of a rhombus with diagonals
12 cm and 20 cm. You could go through a lot of calculating to try to find the length of the side,
but you'd still need the height. Instead, remerlnber that the area of a rhombus is half the product
of the diagonals. The area of the rhombus is 5> 12-20 =120 cnr.

So you can use the formula 4 = /b for all parallelograms if you know the base and the height.
That covers the 4 = LI for the rectangle and the A4 = s* for the square. You can use the fancy
formula for the rhombus if you know the lengths of the diagonals. But what about a trapezoid?
It’s not a parallelogram, so your parallelogram formula doesn’t work, but you might need to
find its area anyway. How?

Well, it just so happens that if you draw the median of a trapezoid and cut along the median, you
can flip the top piece over and set it next to the bottom piece. When you do that, the two pieces
will fit together to make a parallelogram.
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The height of the parallelogram is half the height of the trapezoid. The base of the parallelogram
1s the sum of the length of the long and the short base of the trapezoid. So the area of a trapezoid
is equal to half the height multiplied by the sum of the bases.

Azéh(bl"'bz)

Q WORDLY WISDOM

Some people remember this formula as the average of the bases times the height, or
the length of the median times the height.

Try using that formula to figure out the height of a trapezoid with an area of 40 square
centimeters and bases 3 cm and 5 cm. Plug those numbers into the formula.

A=h(b+b)

40=1h(3+5)
2

40=lh-8
2

40=4h

h=10

The height of the trapezoid is 10 centimeters.

ﬁ CHECK POINT

16. Find the perimeter and area of a square with a side of 17 cm.
17. Find the perimeter and area of a rectangle 18 inches long and 9 inches wide.

18. Find the area and perimeter of parallelogram ABCD if AB = CD = 7 inches, AC
= BD = 21 inches, and the height from B perpendicular to AC is 3 inches.

19. Find the perimeter and area of a thombus with sides 5 inches long if the diago-
nals measure 6 inches and 8 inches.

20. The area of a parallelogram with a height of 48 c¢m 1s 3,600 square centimeters,
and its perimeter is 250 cm. Find the lengths of the sides of the parallelogram.
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Polygons with More than Four Sides

Although triangles and quadrilaterals are the polygons you meet most often and the ones about
which you have the most information, there are others. The other polygons have more sides,
more vertices, more angles, and more diagonals, and there are a few rules they all follow. Even
those rules will depend on the number of sides, but once you know that, you can figure out some
things.

Remember that the name of a polygon is determined by how many sides it has. When there isn’t
a particular name for a polygon with that number of sides, you just tack —goz on to the number of
sides. A polygon with seventeen sides would be a seventeen-gon.

Naming Polygons by Sides

Sides 5 6 7 8 9 10

Name Pentagon Hexagon Heptagon Octagon Nonagon Decagon

Number of Diagonals

The more sides a polygon has, the more vertices it has, so the more diagonals you can draw.
A triangle with three vertices has no diagonals, but a quadrilateral with four vertices has two
diagonals. How many are there in a pentagon? Or a hexagon?

Let’s start with a pentagon, with five sides and five vertices. You can start a diagonal from any
one of the five vertices, but once you pick the starting point, you have four vertices left. Of those
four, you can only draw diagonals to two others. If you try to draw to the other two, you'll be
tracing over a side. So you have five places to start, but you can’t end where you started, and you
can’t trace over a side, so you have only two places to end. You can draw two diagonals from that
vertex, and there are five vertices, so there are 10 diagonals in a pentagon, right?

B
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Not right. If your vertices were 4, B, C, D, and E, the diagonal from C to A is the same diagonal
you drew from A to C. In fact, there are only five diagonals in a pentagon because of that
duplication.

The hexagon has six starting places and three ending places, but again you have to divide by two

because of the duplicates. Six times three is 18, divided by two is nine diagonals in a hexagon.
n(n-3)

If a polygon has # sides, it will have diagonals.

Sum of the Angles

The sum of the measures of the three angles of a triangle is 180°. A quadrilateral can be split into
two triangles by drawing one diagonal, and you can see that the total of the measurements of the
four angles in a quadrilateral is 360°. What about polygons with more sides?

A
9

4 5
D C

If you draw all the diagonals from one vertex, you break the polygon up into triangles. In this
pentagon, drawing all the possible diagonals from one vertex divides the pentagon into three
triangles. The angles of the pentagon are split up, but adding up the angles of all the triangles
will make up the angles of the pentagon. The triangles each have a total of 180°, so the total for
the three triangles is 540°. The total of the five interior angles of the pentagon is 540°.

The total number of degrees in the interior angles of a polygon with # sides is 180° times the
number of triangles you create by drawing the diagonals from one vertex. The number of
triangles is two less than the number of sides, so the total number of degrees is 180( — 2).
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ﬁ CHECK POINT

21.
22.
23.
24.

25.

Find the number of diagonals in an octagon (8 sides).
Find the total of the measures of all the interior angles in a nonagon (9 sides).
If a hexagon is regular, find the measure of any one of its interior angles.

If the interior angles of a polygon add up to 900°, how many sides does the
polygon have?

If a polygon has a total of 119 possible diagonals, how many sides does it have?

Area of Regular Polygons

When it comes to the area of polygons with more than four sides, there aren’t a lot of rules you

can follow. In most cases, you have to find a way to break the polygon up into smaller polygons,

maybe triangles, find the area of those and add them all up. It’s something, but most times you

won’t have the information you need to find all those areas.

There is one situation where you can follow a rule, and that’s when you’re looking for the area of

a regular polygon. A regular polygon is one that is equilateral and equiangular. It has sides that are
all the same length and angles that are all the same size.

@ DEFINITION

A polygon is regular if all sides are the same length and all angles are congruent.

side

apothem —
L haif of

a side
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A regular polygon has a center point, and the radius, or distance from the center to a vertex, is
the same no matter what vertex you go to. If you draw all the radii, you break the polygon into
congruent triangles, one for each side of the polygon. If you can find the area of one of those
triangles, you can multiply by the number of sides to find the area of the polygon.

Each of the triangles is isosceles, because all the radii are equal. The altitude from the center
vertex to a side of the polygon is called the apothem, and it’s a super segment that is a median and
angle bisector as well as an altitude. That means that if you know the length of a side and the
radius, you can find the length of the apothem. Or if you know a side and the apothem, you can
find the radius. Or if you know the radius and the apothem, you can find the side. How? The
Pythagorean theorem, #* + 4> = ¢>. When you draw the radii and an apothem, you create a right
triangle whose legs are the apothem and half a side and whose diagonal is the radius. If you know

any two of those, you can find the third.

@ DEFINITION

The apothem of a regular polygon is a line segment from the center of the polygon
perpendicular to a side.

Suppose you have a regular pentagon with an apothem equal to 4 cm and a radius of 5 cm.
You could use the Pythagorean theorem to find out that half the side is 3 cm, so the whole side
1s 6 cm. Once you have the measures of the apothem and a side, you can find the area of one

1
triangle. 4 = (5 X 6) X 4 = 12 square centimeters. There are five of those triangles, so the area of

the pentagon is 5 X 12 = 60 square centimeters.

The area of a regular polygon with # sides of length s and apothem « is given by the formula

A=n (%as , -1 a-ns and #s is the perimeter of the regular polygon, the formula

. 1
but since n| —as

1s often given as A = SaP where P is the perimeter.
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ﬁ CHECK POINT

26.

27.

28.

20.

30.

Find the area of a regular pentagon with sides 8 cm long and an apothem 5 cm
long.

Find the area of an octagon with a perimeter of 40 inches and an apothem of
5 inches.

Find the area of a regular decagon if each of the 10 sides measures 2 meters and
the apothem is 1.5 meters.

The perimeter of a regular hexagon is 42 inches and its area is 84 square inches.
How long is its apothem?

A regular pentagon has an area of 1,080 square inches and an apothem of
18 inches. How long is each side?

The Least You Need to Know

Parallelograms have both pairs of opposite sides parallel. Area formula: A = bh.

Rhombuses are parallelograms with four equal sides. Area formula: A = the prod-
uct of the diagonals divided by 2.

Rectangles are parallelograms with four right angles. Area: A = lw. Squares are
rectangles that are also rhombuses. Area formula: A = s2.

Trapezoids are quadrilaterals with one pair of parallel sides. Isosceles trapezoids
have nonparallel sides congruent and base angles congruent. Area formula:
A= %h multiplied by the sum of the bases.

Regular polygons have congruent sides and congruent angles.

Total of the interior angles of a polygon with n sides is 180(n - 2).



Circles

Triangles, quadrilaterals, pentagons, hexagons, and all the
figures you've learned about so far have one thing in common:
line segments. All polygons are built from line segments that
form their sides and meet to form their angles. But the world
of geometry isn’t all straight lines.

Around the world of geometry, you’ll find lots of things that
are round, things that curve. The basic shape that forms the
basis of all things that curve 1s the circle. In this chapter,
you’ll meet the circle and all the lines and angles that are
associated with it. You'll get to know what those lines tell
you about the circle and see how they relate to the familiar
triangle. You'll learn how to measure the angles, and find
out how they relate to the circle and to one another. And just
as you learned to find the perimeter and area of a polygon,
you'll explore how to measure the distance around a circle
and how to measure the space inside it.

CHAPTER

In This Chapter

Exploring the properties
of circles

Measuring angles in and
around the circle

Investigating lines and seg-
ments that interact with
circles

Finding the area and
circumference of circles

Connecting a circle drawn
on the coordinate plane to
an equation
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The Language of Circles

Take a piece of string and tie a pencil to one end. Pin the other end of the string to the center

of a sheet of paper, grab the pencil and pull it out as far as the string will go. With the pencil
point on the paper, move the pencil wherever you can, keeping the string taut. The pencil moves
around the point where you pinned the string, tracing a curve that comes around to meet itself.
That curve is a circle.

A circle is defined as the set of all points at a fixed distance from a given point. The point is called
the center of the circle. That’s the spot where you pinned down the string. The fixed distance that
determines the size of the circle is called the radius. That’s the length of the string. (The plural of
radius 1s radii.) All radii of a circle are the same length, because every point on the circle is the
same distance from the center.

@ DEFINITION

The collection of all points that sit at a certain distance, called the radius, from a set
point, called the center, forms the shape called a circle.

If you mark two or more points on a circle, you divide the circle into sections. Each portion or
part of the circle is called an a7c. An arc that is less than half the circle is a minor arc. An arc that
1s greater than half the circle is a major arc. A half circle is called a semicircle.

@ DEFINITION

An arc is a portion of a circle. A semicircle is half a circle, a minor arc is smaller than
a semicircle, and a major arc is larger than a semicircle.

A
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Arcs are named by the points at each end of the arc, with an arc symbol over the top, but that
1sn’t always enough information. The notation AC means the minor arc that is the shorter path
along the circle from A to C, but you might want to name the major arc that goes around the
circle in the other direction from A4 to C. To show that you want a major arc, mclude another
letter of a point on the major arc to show which way you want to travel. So ABC names the major
arc from A through Bto C.

Most of the units of measurement you use were designed for lines, so when you get to circles,
you need a different way of measuring. The type of measuring you want to do in circles is much
more like measuring an angle than measuring a line, so you borrow the system of degrees for use
in circles. Degrees measure the rotation, how far you turn around a point. A circle turns all the
way around its center point until it meets itself again. That full rotation is 360°. There are 360°
in a full circle and 180° in a semicircle. Every arc can be assigned a measurement as a number of
degrees, according to what part of the circle it is. Minor arcs are less than 180°, and major arcs
are more than 180°. A quarter of the circle is one-fourth of 360°, or 90°.

One circle, all by itself] is pretty, but there’s not a lot to say about it. Its center controls where it
1s, its radius controls how big it is, and it’s always the same shape. If you have two or more circles,
they can begin to interact a little bit. You can have two circles that just barely touch each other
and have just one point in common. Those are fangent circles.

Tangent circles touch at only one point.

One circle can be tangent to another from outside or from inside.
If the circles are externally tangent, they can be the same size

or different sizes, but to be internally tangent, they’ll have to be
different sizes or they’ll just sit right on top of one another. If a
smaller circle is placed inside a larger one so that their centers are
aligned, they won’t touch each other, but they are conmcentric circles,
circles with the same center.

Concentric circles are circles
with the same center.
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c%c{h%:) MATH IN THE PAST

Not every curve is a circle or part of a circle. Ancient mathematicians looked at the
different shapes that are seen when a cone is cut. If the cut goes straight across, you
see a circle, but if it slants a little, or a lot, you see different shapes. One of them is an
oval shape that mathematicians call an ellipse. It’s sort of a squashed circle.

ﬁ CHECK POINT

Complete each sentence.
1. An arc less than half a circle is a arc.

2. The distance from the center point to any point on the circle is called the

3. Two circles with the same center are circles.
4. If two circles touch each other at just one point, the circles are

5. An arc that 1s exactly half the circle is called a

Segments and Angles

When an angle is drawn so that its vertex is at the center of a circle, it’s called a central angle.
A central angle 1s an angle formed by two radii. The measure of a central angle is equal to the
measure of the arc between the endpoints of its sides, its intercepted arc. The measure of a
central angle is equal to the measure of its intercepted arc, and the measure of the arc is the
measure of the central angle that cuts it off. The two measurements are interchangeable.

@ DEFINITION

A central angle is an angle with its vertex at the center of a circle whose sides are
radii.

A chord is a line segment whose endpoints lie on the circle. The longer the chord, the closer it
will be to the center of the circle. Short segments will fit near the edge, but longer ones will
have to go closer to the center. The diameter is the longest chord of a circle. It passes through the
center of the circle. The diameter is twice as long as the radius.

When you draw a chord, you divide the circle into two portions, two arcs, usually a major arc
and a minor arc. You think of the minor arc as being the arc that belongs to that chord. If you
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draw two chords in the same circle and the two chords are the same length, then the arcs they
cut off will be the same size. Congruent chords cut off congruent arcs.

@ DEFINITION

A chord is a line segment that connects two points on a circle. The diameter is the
longest chord that can be drawn in a circle and passes through the center.

If you draw two radii, they both come from the center point, and they form a central angle. If
you draw two chords that come from the same point on the circle, you form an angle that also
intercepts an arc, but you can see that it’s smaller than the central angle that intercepts that same
arc. An inscribed angle is an angle whose sides are chords and whose vertex li\es on the circle. In the
figure, central angle ZAOB and inscribed angle ZACB both intercept arc AB, but you can see that
£ ACB is smaller.

@ DEFINITION

An inscribed angle is an angle with its vertex on the circle whose sides are chords.

C

B

If you look at A4OC, you can see it’s an isosceles triangle because radii 40 = OC, and that means
that m£Z0A4C = mZ£0CA. In addition, £ AOB is an exterior angle of the triangle, so mZ AOB =
mZOAC + M£L0OCA = 2mZLOCA. That means the central angle is twice the size of the inscribed
angle, or, in other words, the inscribed angle is half the size of the central angle. The measure of
an inscribed angle is equal to one-half the measure of its intercepted arc.
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Suppose that in circle O, 0A and OB are radii and AC and BC are chords. If AB =50°, find
mZ AOB and mZ ACB.

C

A B

AB is the intercepted arc for both angles. mZ AOB is a central angle, so its measure is the same
as the measure of the arc. m£A0B = 50°. m£ ACB is an inscribed angle, so its measure is half the
measure of the arc m£ACB = 25°.

Q WORLDLY WISDOM

An angle inscribed in a semicircle is a right angle.

When two chords intersect within a circle, they form four angles, which are labeled with
numbers in the figure. Vertical angles are congruent, so 21 = £3 and £2 = /4. You might look
at the picture and think that arc AC is smaller than arc BD (and youd be right), and so you might
wonder how the two angles could have the same measurement.

D

/>

C

Draw chord 4D to make a triangle. Z4 is an exterior angle of that triangle, and so it’s equal to

1 1
mZDAB + mZCDA. Those are inscribed angles, so mZ4 = m£DAB+ mZCDA = EAC + EDB'
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But then you notice that £2 is also an exterior angle of that triangle and equal to exactly the
same thing. The measure of an angle formed by two chords (and the measure of its vertical angle
partner) is one-half the sum of the two intercepted arcs. To find the measure of an angle formed
by two chords, average the arcs intercepted by the two vertical angles.

50 40

c

If two chords intersect in the circle as shown, and you want to find the value of x, you just need
to realize that the two vertical angles whose measure is x intercept arcs of 40° and 50°. Then

x= %(40+ 50) = 45°.

ﬁ CHECK POINT

6. LTOPis a central angle in circle O, and arc TP measures 48°. Find the measure
of LTOP.

7. Points M, A, and N lie on circle O. Arc MN measures 78° Find the measure of
£ MAN.

8. Diameter SI meets chord IT at point / on circle P. Arc 7S measures 36°. Find
the measure of ZS/T.

9. In circle P described in question 8, chords IT and ST meet each other at point
T and meet the ends of diameter SI. Find the measure of £ITS.

10. Chords LT and GP intersect at point 4 inside circle 0. Arc LG measures 56° and
arc PT measures 82°. Find the measure of ZGAL and the measure of ZPAL.
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Lines and Angles

Radii, diameters, and chords are line segments. They have endpoints that are either on the circle
or at the center of the circle. Lines that go on forever can also create angles that interact with the
circle.

MATH TRAP

Remember that the center is not a point of the circle. The circle is points that are a set
distance from the center.

A secant 1s a line that contains a chord. It is a line that intersects the circle in two distinct points.
A tangent is a line that touches the circle in exactly one point. Just the way tangent circles only
touched each other at one point, a tangent line only touches the circle at one point.

Secants and tangents also make angles on or around the circle. Two tangents, each of which
touches the circle in just one point, can cross outside the circle, making an angle. It will look like
an ice cream cone (the two tangents) holding a scoop of ice cream (the circle.) Two secants can
cross outside the circle to form the vertex of the angle, and then each intersects the circle twice,
dividing it into four arcs. Or a secant and a tangent can make an angle with its vertex outside the
circle, with the secant cutting the circle twice and the tangent just touching the side.

@ DEFINITION

A secant is a line that intersects the circle it two different points. A tangent is a line
that only touches the circle at one point.

Line FC is a secant. Line FA is a tangent.

When these lines start making angles, there are a lot of angles and a lot of arcs that you can look
at, but the good news is that all three kinds of angles come down to the same measuring rule.
Let’s look at them one by one, starting with the angle formed by two secants.
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D

The figure shows two secants that cross at P. One cuts the circle at B and then again at A. The
other crosses the circle at C and at D. You want the measurement of ZP. To create some angles
you do know how to measure, draw BD. That will make ABDP and exterior angle ZABD.
mZ4LABD = m4P + m4BDC, so m4LP=m/LABD — m£BDC. Both £ZABD and £BDC are
inscribed angles, so each is equal to half its intercepted arc. That means that the measure of ZP
is half of AD minus half oféz’, or half of the difference between AD and BC. The measure of an
angle formed by two secants is half the difference of the two arcs it intercepts.

Angles formed by two secants, a tangent and a secant, or two tangents will intercept two arcs.
The arc nearest to the vertex of the angle is the smaller of the two. The two secants, as you can
see 1n the figure, cut off a small arc BC the first time they cross the circle and a larger one AD
the second time they cross the circle. The measure of the angle is one-half the difference of the
two arcs it intercepts.

Two tangents are drawn to the circle from point P, as shown in the figure. Each tangent touches
. . . . . . ) .
the circle at one point, 4 or B. The circle is broken into two arcs: the minor arc AB and the major
—~~
arc ACB. The measure of ZP will be half the difference between the major arc and the minor arc,

mAP:% mziaifm@
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When an angle is formed by two tangents, the circle is broken into two arcs. When two secants
make the angle, there are four arcs, but only the two that fall between the secants are used in
the measurement. When a secant and a tangent team up to make an angle, you get three arcs,
AC, C,’-D\/,_gnd f@, as shown below. The two you want are the two between the tangent and the
secant, AC and AD. The measure of ZF is E(XG - AD )

F

Q WORLDLY WISDOM

All the rules about the measurement of angles in and around circles can be boiled
down to four rules, according to where the vertex of the angle is. If the vertex is at the
center, the angle equals its intercepted arc. If the vertex is on the circle, the angle is
half the intercepted arc. If the vertex is inside the circle, the angle is half the sum of the
arcs, and if the vertex is outside the circle, the angle is half the difference of the arcs.

One last type of angle that you should know about is the angle that’s formed by a line and a
segment, or specifically a tangent and a radius or diameter, or a tangent and a chord.

A tangent just touches the circle at one point. When you draw a chord from that point of
tangency 7T to some other point on the circle, like C, you divide the circle into two arcs, minor
arc TC and major arc 7DC, and you create two angles, ZATC and £BTC. The measure of each

angle is half its intercepted arc. m£ATC = %TDC and mBTC = %TDC. The two arcs add up to

the whole circle, or 360°, so half of each one will add to 180°, which sounds just right because the

angles are a linear pair and linear pairs are supplementary.
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If the chord you drew happened to be a diameter, both intercepted arcs would be 180°, so both

angles would be 90°. That means that a diameter drawn to the point of tangency is perpendicular

to the tangent line, and because a radius is half the diameter, a radius drawn to the point of

tangency is perpendicular to the tangent.

ﬁ CHECK POINT

11.

12.

13.

14.

15.

Two tangents PA and PE meet at point P outside circle O and touch the circle
at Aand E. Minor arc AE measures 140° and major arc ATE measures 220°. Find
the measure of ZAPE.

Two lines pass through point 4, outside circle 0. One intersects circle O at
points £ and £ The other line intersects the circle at S and then 7" The measure
of ES is 12°, and the measure of FT is 52°. Find the measure of ZFAT.

Tangent RT touches circle O at point A and meets chord AC. Minor arc AC
measures 72°. If m£LRAC > m £ TAC, find the measure of ZRAC.

Tangent Z‘@ and secant PRS form an angle of 15°. If arc @ measures 160°, find
the measure of arc OR.

Tangents PA and PB touch circle O at points 4 and B, dividing the circle into
two arcs. The measure of the larger arc is twice that of the smaller arc. Find the
measure of ZP.
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Area and Circumference

When you explored polygons, whether triangles, quadrilaterals, or polygons with more sides,
you always wanted to know two things: how to quickly find the distance around the edges of the
polygon (its perimeter), and how to measure the area enclosed by the polygon. You want to be
able to do these same things for the circle.

The cireumference of a circle is the distance around the circle. The circumference is the circle’s
equivalent of the perimeter of a polygon. The distance around a circle is a little more than three
times the diameter of the circle. The formula for the circumference of a circle is C = 7d, where 4
1s the diameter of the circle and 7 (p7) 1s a constant approximately equal to 3.14159.

@ DEFINITION

The circumference of a circle is the distance around the circle. The word
circumference comes from Latin. Circum is the preposition for around, and ferre is
a verb that means carry. If you carry something around the circle, you trace out the
circumference.

You sometimes see the formula as C = 277, because 7 is the radius of the circle, and the diameter
is twice the radius. Because 7 is an irrational number, many times you’ll give your answer

as a number times 7, for example, 97z. If you use an approximate value, youll want to say
“approximately equal” when you give your answer. For most questions, you can use 3.14 or El

as approximate values of 7.

Suppose the circumference of circle Ois 407z cm. To find its radius, use the circumference
formula C = nd = 40x. The diameter must be 40 ¢m, and therefore the radius is half of that, or
20 cm.

The area of a circle, the space enclosed by the circle, can be approximated in a number of

ways. One is to sandwich it between a polygon whose sides are tangent to the circle, called a
circumsceribed polygon, and a polygon whose vertices are on the circle, called an inscribed polygon.
The area of the circle will be larger than the area of the inscribed polygon but smaller than the
area of the circumscribed polygon. To get a good approximation, however, you would have to
use polygons with many sides and that makes for difficult calculations.

@ DEFINITION

A polygon is circumscribed about a circle if the polygon surrounds the circle with
each side tangent to the circle. A polygon is inscribed in a circle if each of its vertices
lies on the circle.
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Here’s a way to approximate the area of the circle that’s a little easier. Cut the circle into wedges,
like a pie. Line up the wedges, alternating point up and point down. It should look like this:

r

The rearranged area looks a lot like a parallelogram. The height of the parallelogram is the
radius of the circle, and the base is half the circumference, or 77 The area is base times height, or
7 times 77, which equals 772 The area of a circle is the product of 7w and the square of the radius.

To find the area of a circle whose radius is 7 inches, you could just square 7 to get 49 and say the
area is 497t square inches. That’s absolutely true, but if you don’t really have a sense of what 497

means, you could use 7 = % A=mr’= 22

ﬁ CHECK POINT

16. Find the area of a circle with a radius of 9 cm.

-7* = 154 square inches.

17. Find the circumference of a circle with a diameter of 12 inches.
18. Find the area of a circle with a diameter of 32 cm.
19. Find the circumference of a circle with an area of 3677 square meters.

20. Find the area of a circle with a circumference of 247 feet.

Circles in the Coordinate Plane

When you looked at the coordinate plane, you were interested mostly in the graphs of lines and
the connection between the line and its equation. When you draw a circle on the coordinate
plane, you can see that its equation has to be more complicated than the equation of a line,
because the pattern of where the points fall is more complicated. But it turns out that you already
know enough to figure out that equation, and it all goes back to the definition.
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A circle is defined as the set of all points at a
fixed distance from a given point. Let’s keep
things simple in the beginning and use the origin

as the center point. That will mean that the circle

is all the points that are 7 units from the point
(0,0) for whatever radius » you pick. Let’s have
7 =5 for our example.

Finding the first few points is easy. From the

origin, count 5 up and put a point at (0,5). Then
count 5 down from the origin and put a point at
(0,-5). Do a left and right move and put points at

(5,0) and (-5,0). With those points you can imagine

what the circle might look like, but it would be
easier to draw it with a few more points.

y
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Do you remember the distance formula? It’s the

one that says the distance between two points

(‘xl 2 Y ) and (xz’yz) isd= \/(xz_ X )2+ (yz N )2'
And do you remember that the distance formula

is just the Pythagorean Theorem in disguise?
You know that every point on the circle is 5 units
away from the origin, so if you put a 3-4-5 right
triangle with one vertex at the origin and one leg

along the x-axis, the other end of its hypotenuse
will be 5 units from the origin.
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You can use that 3-4-5 right triangle like a mea-

suring stick, putting it in different positions, and
you get more points on your circle. When it looks
like this, it will be easy to connect the dots.
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But let’s go back to the distance formula for just

another minute. d = \/(xz— x) '+ (y,-y)" You
know one point is the origin, (0,0), and the dis-
tance is 5. Let’s plug those in.

5=(x,= 0 + (3, -0)°
s=lw)+ ()’

Now drop the little twos at the bottom of the x

and y, and then square both sides to get rid of the
square root.

5=x"+y’
52 = x2 + yZ
25=x+y
Do you know what that is? It’s the equation of the

following circle—a circle with a center at (0,0)
and a radius of 5.

The equation of a circle with center (0,0)

2

and radius 71is &7 + »* = 7.

If the center isn’t at the origin, the equation
gets a little more complicated, but in a way
that makes sense if you remember that it
came from the distance formula. Suppose
you wanted a circle of radius 5 with its
center at (1,4). The equation would be (x—
1)’ + (y—4)* = 5% The equation of a circle
with center at (b,4) and radius ris (v — h)* +
(y—k? =7,
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ﬁ CHECK POINT

21. Write the equation of a circle with its center at the origin and a radius of 3
units.

22. Graph the circle represented by the equation x? + y* = 64.

23. Find the center and radius of the circle represented by the equation (x — 8)* +
(x—3P =49

24. Write the equation of a circle with center (4,9) and radius of 2 units.

25. Graph the circle represented by the equation (v — 8)* + (y— 3)* = 36.

The Least You Need to Know

* A circle is the set of points at a fixed distance, called the radius, from a fixed
point, called the center.

* A chord is a line segment that connects two points on the circle. A diameter is the
longest chord in a circle and passes through the center.

* A secant is a line that contains a chord. A tangent touches a circle at just one
point.

* A central angle has its vertex at the center of a circle and is equal to its inter-
cepted arc. An inscribed angle has its vertex on the circle and is equal to half its
intercepted arc.

* When two chords intersect inside a circle, each pair of vertical angles formed is
equal to half the sum of the two intercepted arcs.

* Angles formed by two secants, two tangents, or a tangent and a secant are equal
to half the difference of their intercepted arcs.

* The equation of a circle with center (h,k) and radius ris (x - h)? + (y - k)? = 1%
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Surface Area and Volume

Most of the geometry we learn is plane geometry, which is
geometry in two dimensions. But you don’t live in a two-
dimensional world. For life in three dimensions, you need

to look at figures in space, not just on a flat surface or plane.
Those 3-D figures are commonly referred to as solids (even if
they’re hollow).

The figures referred to as solids break down into several
categories. There are figures with circular bases, figures
with bases that are polygons, and figures that don’t have a
base. Those first two categories each divide into the objects
that come to a point and those that don’t. You'll get all those
shapes organized and assign names to each. And you’ll learn
how to find the two most common measurements for each of
them: volume and surface area.

In This Chapter

* How to find the surface
area and volume of prisms
and pyramids.

* How to find the surface
area and volume of
cylinders and cones.

* How to find the surface
area and volume of
spheres.
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Measuring Solids

Line segments have length, a number that tells you the distance from one endpoint to the other.
Length is measured in linear units, like inches, feet, centimeters, and meters. Plane figures like
polygons and circles have two important measurements. The distance around the figure,
perimeter for polygons and circumference for circles, is a measure of length, so it too is measured
in linear units.

When you start measuring area, the space contained within the figure, you're not just measuring
length. Youre using measurements of length and width, working in two dimensions rather

than one, so the area is measured in square units. The “square” designation makes sense if you
remember you multiplied inches times inches or meters times meters to find that area. It makes
sense that it’s measured in square inches or square meters.

And now you want to measure three-dimensional figures. What kind of units will you need?
That depends on what you're measuring. The length of an edge or the diameter of a circle that is
a base of a 3-D figure will still be measured in linear units. If you want to talk about the surface
area of a solid, that, like any area, is going to be measured in square units. When you begin to
talk about vo/ume, the measure of the amount this 3-D object might hold or the measure of the
space it takes up, you’re talking about length and width and height. That demands a new unit, a
3-D unit, called a cubic unit.

@ DEFINITION

The surface area of a solid is the total of the areas of all the faces.

The volume of a solid is the measure of the space contained by the solid.

The simplest image of what we measure when we talk about volume is to imagine you have
blocks, each 1 unit wide, 1 unit long, and 1 unit high. You can put your blocks into a box, packing
them in rows, row after row until the bottom is full. Then you start making another layer of
blocks on top of that. And another, and another, until the box is full.

Each of your blocks is a cube 1 unit by 1 unit by 1 unit. It’s one unit cubed, or 1 cubic unit. The
number of blocks you packed into the box is the volume of the box. It’'s how many blocks the box
will hold. It’s the volume of the box, in cubic units.

The problem, of course, is that you can’t always find volumes by packing cubes into boxes.

It takes too long, you don’t always have enough cubes, and the cubes don’t always fit nicely into
the container. So you need other strategies for finding volume. Let’s look at the different kinds of
solids and work out strategies for each one.
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Prisms

First up are polybedrons, figures made from polygons that meet at their edges. The polygons are
called faces of the polyhedron.

Vertices >

Edges / \ Faces

A polyhedron is a solid constructed from polygons that meet at their edges. Each of
the polygons is a face of the polyhedron.

Polyhedrons come in two varieties: prisms and pyramids. A prism is a figure that has a pair of
parallel bases, connected to one another by parallelograms. There’s enough math-speak in that
sentence to scare even the bravest reader, so let’s take it apart and look at some examples. Look
at the book you're holding. It has rectangles for front and back covers, and those are parallel.
The edges of the pages and the spine of the book form rectangles that connect the front cover
to the back cover. When it’s closed, the book is a prism, specifically a rectangular prism.

A cube, like a die, is an example of a prism, and a rather special one because all its faces are
squares. Many boxes are good examples. You might have even seen fancy boxes with tops and
bottoms that have six or eight sides. Those are prisms, too, but they’re bexagonal prisms if the bases
have six sides or octagonal prisms if the bases have eight sides. You may have seen a type of candy
that’s packed in a triangular prism. The ends of the box are triangles, and the three sides that
connect the triangles are rectangles.

@ DEFINITION

A prism is a polyhedron with two parallel faces connected by parallelograms. Prisms
take their names from the polygons that form the bases, such as a rectangle or
octagon. The exception is the cube, which is a prism whose faces are all squares.
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Most of the examples you see around you are what mathematicians call 7ight prisms. That means
that the two bases are positioned in line with one another so the sides meet the bases at a right
angle. It is possible to make a prism that isn’t right and seems to lean to one side, but you don’t
see them being used very often.

@ DEFINITION

A prism is a right prism if the parallelograms meet the bases at right angles.

Surface Area

Questions about the surface area can be answered by finding the area of each face of the solid
and adding them up. It’s often easier just to disassemble the prism, and then think about the
area of the pieces. Do you have a triangular prism? That’s two triangles for the bases and three
rectangles around the sides. Check for the dimensions of each and go to work on the areas.

@ MATH TRAP
Don't automatically assume that all the parallelograms are the same size. If your bases

are regular polygons, it might be true, but make sure you check first.

Suppose you're looking for the surface area of a triangular prism that stands 6 inches high, and
the triangular bases are equilateral triangles with sides 3 inches long. You need to find the area of
the two equilateral triangles and the area of the 3 rectangles.

Each rectangle is 6 inches long and 2 inches wide, so each has an area of 12 square inches.

The equilateral triangles have a base of 2 inches, but you need a height, and for that you have
to remember your 30-60-90 right triangles. The height of an equilateral triangle is half the
length of a side times the square root of three, or in this case, 13/3. The area of each triangle is
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The total surface area is the two triangles plus the three rectangles or 2(\6) +3(12) =
36 + 243 = 39.46 square inches. The area of the three rectangles is called the /lazeral area.

@ DEFINITION

The lateral area of a prism is the total of the areas of the parallelograms surrounding
the bases.

Coming up with a formula for that process is difficult because of all the different possibilities for
the number of edges of the base and therefore the number of rectangles around it. Add the fact
that the bases may or may not be regular polygons, and it’s amazing that you can get any kind of
formula, but you can.

Imagine a prism 6 inches high whose bases are 3-4-5 right triangles. The surface area is

1 . . .
2(5 3-4|+3-6+4-6+5-6. Let’s rewrite those last three pieces, so the surface area looks like

this: 2(% 3. 4) +6(3+4+5). The sum in the parentheses, 3 + 4 + 5, is the perimeter of the base.

So you can say the surface area of the prism is two times the area of the base plus the height (4)
times the perimeter of the base. If you use B for the area of the base and P for the perimeter of
the base, the formula is S4 = 2B + AP.

The surface area of a rectangular solid, is S4 = 2LW + 2Lh + 2Wh = 2LW + h(2L + 2I/) = 2(area
of base) + A(perimeter of base). Let’s apply this to the rectangular prism shown.

30 cm

14 cm

SA=2(14 X 8) + 302 X 14 + 2 X 8)
= 2(112) + 30(28 + 16)
= 2(112) + 30(44)
=224+ 1320
= 1544

The surface area is 1,544 square centimeters.
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CHECK POINT

Find the surface area of each prism. S4 = 2B + AP

L.
2.

Volume

A rectangular prism with edges of 15 cm, 24 cm, and 10 cm.

A triangular prism 8 inches high, with a base that is a right triangle with legs
5 inches and 12 inches long and a hypotenuse 13 inches long.

A hexagonal prism 42 cm high with a base that is a regular hexagon with a
perimeter of 30 cm and an area of 65 square cm.

A pentagonal prism, 4 inches high, with a base that is a regular pentagon with
sides 15 inches long and an area of 387 square inches.

A cube 17 cm on each edge.

Rather than memorizing a lot of different volume formulas, remember that the volume of a prism

1s equal to the area of its base times its height. If you use B for the area of the base, /= Bh.

6 in

6 in

If you need to find the volume of a triangular prism 4 inches high, whose base is an equilateral

triangle with sides 6 inches long, first you'll need to find the area of the base. Because it is an

equilateral triangle, you can use the 30°-60°-90° triangle relationship to find the height. The

altitude of the equilateral triangle is half the side times the square root of three, or 3y/3. The area

of the triangle is %bh =%-6-3\/§ = 9+/3 square inches. Finally, the volume of the prism is the area
of the base times the height, or 9434 =36+/3 cubic inches.
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Q WORLDLY WISDOM

Volume is always measured in cubic units.

To find the volume of a rectangular prism with length of 15 inches, width of 9 inches, and height
of 14 inches, first find the area of the base, 15 X 9 = 135 square inches, and multiply the area of
the base by the height. 135 X 14 = 1890, so the volume of the rectangular prism is 1,890 cubic
inches.

The volume of a rectangular prism is still /= Bh, but because the area of B is length times width,
the volume of a rectangular prism is sometimes written as J' = Jwh.

ﬁ CHECK POINT

Find the volume of each prism. /= Bb
6. A cube 7 inches on each edge.
7. A rectangular prism with edges of 12 cm, 21 c¢m, and 15 cm.

8. A triangular prism 6 inches high, with a base that is a right triangle with legs
3 inches and 4 inches long and a hypotenuse 5 inches long.

9. A pentagonal prism, 8 inches high, with a base that 1s a regular pentagon with
sides 15 inches long and an area of 387 square inches.

10. A hexagonal prism 50 cm high with a base that is a regular hexagon with a
perimeter of 30 cm and an area of 65 square cm.

Pyramids

A pyramid is a polyhedron formed by one polygon, called the base, surrounded by triangles that
meet at a point. Like prisms, pyramids take their names from the polygon that forms the base.
If the base is a pentagon, it’s a pentagonal pyramid. If the base is a square, it’s a square pyramid,
and if the base is also a triangle, it’s a triangular pyramid.

@ DEFINITION

A pyramid is a polyhedron composed of a polygon for a base surrounded by triangles
that meet at a point.
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Surface Area

Like the prism, the pyramid can be broken down into its parts to find the surface area. If the base
has # sides, the surface area 1s the area of the base plus the area of the # triangles that surround it.
You can calculate each of the pieces separately and add them up.

@ MATH TRAP
You need to have the right slant on measurements in a pyramid. The word “height”

gets used in a lot of different ways and doesn't always mean the same thing. In a
prism, the height is one of the dimensions of the surrounding rectangles, because
those rectangles stand straight up at right angles to the base. In a prism, the
surrounding triangles are tilted. Their height, called the slant height, is longer than
the height of the pyramid.

Usually when you're asked to find the surface area of a pyramid with a polygon as its base, that
polygon is regular. All its sides are the same length and all its angles are equal. That makes finding
its area a little easier. The area of a regular polygon is % times the apothem times the perimeter.

To find the surface area of a hexagonal pyramid, you have to know the area of the hexagon at the
base and the area of the six surrounding triangles. If the hexagon is a regular hexagon, you can find
the area if you know a side (or the perimeter) and the apothem. To find the area of the triangles,
you need to know the side of the hexagon and the height of the triangle, which is the slant height
of the pyramid. The lateral area is six times the area of one triangle, or 5 times the perimeter times
the slant height.

Q WORLDLY WISDOM

The area of a regular polygon with n sides is the total of the n triangles into which it
is broken when you draw the radii from the center to each vertex. That translates to
n X % X apothem X a side. Because n times a side is also the perimeter, the area of a

regular polygon is% X apothem X perimeter.
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It sounds like a lot of work, but here’s how it breaks down. You need to know the perimeter (p)
of the regular polygon at the base, the apothem (#) of that polygon, and the slant height (/) of the
pyramid. Then you can find the surface area.

SA:(%anp)+(%><px1)
= pla+1)

To find the surface area of a hexagonal pyramid with a perimeter of 18 inches, an apothem of 2
inches, and a slant height of 8 inches, plug those numbers into the formula.

S4 = %p(a +1)
=182 +3)
=90

The hexagonal pyramid has a surface area of 90 square inches.

CHECK POINT
Find the surface area of each pyramid. S4 = %p(ﬂ -+ /)
11. A square pyramid 4 inches on each side with a slant height of 5 inches.

12. A triangular pyramid with a slant of 10 cm, whose base is an equilateral triangle
12 cm on a side, with an area of 62.4 square centimeters.

13. A pyramid with a slant height of 18 cm and regular pentagon as a base. The reg-
ular pentagon has a perimeter of 50 cm and an area of 172 square centimeters.

14. A hexagonal pyramid with a slant height of 10 inches. The regular hexagon that
forms the base has a perimeter of 60 inches and an area of 260 square inches.

15. A square pyramid with a slant height of 13 inches and a side of 10 inches.

Volume

The volume of a prism is /= Bh. The volume of a pyramid with the same base and the same
height must be smaller, because those lateral faces went from rectangles to triangles and tipped
inward. The volume of a pyramid is one-third of the area of the base times the height. If Bis the

area of the base and 4 is the height, the volume is V = gBh.

Let’s return to the hexagonal pyramid you looked at earlier, with p = 18 inches, 2 = 2 inches, and
/= 8 inches. To find its volume, we need to know the area of the base and its height. (Remember,
the height is different from the slant height.)
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The area of its base is B = %ﬂp = %(2)(18) = 18 square inches. For this pyramid, the height is about

7.75 inches. Plug those numbers into the formula.
1 1
V= 5Bh = 5(18) (7.75)= 465

The volume 1s about 46.5 cubic inches. Now consider a square pyramid with an edge 12 feet

long and a height of 18 feet. If you plug those numbers into the formula, you get /= %Bb =

%(122) (18) = %(144) (18) = 864. The pyramid will have a volume of 864 cubic feet.

cgsc{}a%c MATH IN THE PAST

The Great Pyramid of Giza, the largest of the three famous structures, is a square
pyramid with a base 756 feet on each side and a height of 455 feet. That givesit a
volume of over 86 million cubic feet. However, there isn't actually that much room
inside it, because much of the space is occupied by the stones from which it was built.

CHECK POINT

Find the volume of each pyramid. V' = %Bb
16. A square pyramid with a slant height of 13 inches and a side of 10 inches.
17. A square pyramid 4 inches on each side with a slant height of 5 inches.

18. A triangular pyramid with a slant of 10 cm, whose base is an equilateral triangle 12 ¢cm on a
side, with an area of 62.4 square centimeters.

19. A pyramid with a slant height of 18 cm and regular pentagon as a base. The regular penta-
gon has a perimeter of 50 cm and an area of 172 square centimeters.

20. A hexagonal pyramid with a slant height of 10 inches. The regular hexagon that forms the
base has a perimeter of 60 inches and an area of 260 square inches.

Cylinders

Prisms and pyramids are solids formed from polygons, but there are also solids whose bases are
circles. The good news is that they have a lot in common with prisms and pyramids.

A solid with two parallel bases that are circles (instead of polygons) is called a ¢ylinder and has a
lot in common with prisms.
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A cylinder is a solid with two circles as parallel bases
and a rectangle wrapped around to join them.

Surface Area

The surface area of a cylinder is the total of the areas of the two circles at the ends, plus the area
of the rectangle that forms the sides. (Think about a label on a can. If you remove it from the can
and unroll it, it’s a rectangle.) The area of each circle is 7w#*. The rectangle has a height equal

to the height of the cylinder and a base equal to the circumference of the circle, so its area is
circumference X 4 or 277h. The total surface area is S4 = w7 + 27rh.

Suppose that a can is going to be made in the shape of a cylinder with a radius of 4 inches and a
height of 10 inches. How much metal will be needed to make the can? The metal needed to make
the can is the surface area of the cylinder. Each of the two circular bases has an area of 1677. The
curved surface of the can unrolls to a rectangle whose base is the circumference of the circle, 87,
and whose height is 10. The total surface area is 2 X 167 + 87 X 10 = 327 + 807 = 1127 square
inches. That’s approximately 351.8 square inches.

Volume

The similarities between prisms and cylinders hold up when volume is concerned. The volume
of a prism is the area of the base times the height, and the volume of a cylinder is the area of its
base, a circle, times its height. That makes the volume formula /= 7.

To find the volume of the cylinder whose diameter and height are both 4 inches, first find the
radius. If the diameter = 4 inches, the radius = 2 inches, so the area of the base = 47 square
inches. The volume is the area of the base times the height, or 471-4=167 cubic inches. That’s
approximately 50.24 cubic inches.
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CHECK POINT

Find the surface area and volume of each cylinder. S4 = w7 + 2w7h and V = 7wr’h

21. A cylinder 14 cm high with a radius of 5 cm.
22. A cylinder 8 inches high with a diameter of 6 inches.
23. A cylinder 2 m high with a circumference of 27t m.

24. A cylinder 82 cm high with a diameter of 90 cm.

25. A cylinder 20 inches high with a circumference of 2057 inches.

Cones

If cylinders behave a lot like prisms, it’s not surprising that cones
have a lot in common with pyramids. Like cylinders, cones have a
circle as their base. Like pyramids, their lateral surface slopes to a
point. Trying to unroll a cone is a bit trickier than taking the label
off a can, as you did with the lateral area of a cylinder. If you try to
unroll the cone’s lateral area, you'll find it’s part of a circle, but how
big a part depends on the size of the base circle.

Surface Area

The surface area of a pyramid is equal to the area of the base plus
the combined area of all the surrounding triangles. That lateral
area, you learned, was equal to 5 X perimeter X slant height. For
a cone, the surface area is still the area of the base plus the lateral
area. The base is a circle, so the area of the base is 7777, If the slant
height is /, the lateral area is a fraction of the area of a circle with
area st//. What fraction? The fraction you create when you put the
circumference of the base, 2717, over the circumference of a circle

with radius equal to the slant height. 2T el = %-Trlz = mrl. The

2wl
lateral area is 77/, so the surface area is SA = w/? + 77l

To find the surface area of a cone with a radius of 8 cm and a slant
height of 10 cm, find the area of the base. w7? = 7(8%) = 64ut, and
then calculate 77/ = 7(8)(10) = 80sr. The surface area is 647 + 807
= 144 square centimeters.

A cone is a solid with a
circular base and a lateral
surface that slopes to
a point.
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Volume

The volume of a pyramid is one-third of the volume of a prism with the same base and height.
Conveniently, the volume of a cone is one-third of the volume of a cylinder with the same base

. 1
and height. For a cone, V = gfnrzh.

To find the volume of a cone 9 meters high with a base that has a radius of 8 meters, follow the

formula.
V= l1'r}’2h
3
V= %W(gz)(g) - %(64)(9) = 1927

The volume is 1927 cubic meters, or approximately 603.2 cubic meters.

ﬁ CHECK POINT

Find the surface area and volume of each cone. S4 = w7* + 7wyl and V' = %mfzb
26. A cone with radius 10 cm, height 24 c¢m, and slant height 26 cm.
27. A cone with diameter 8 inches, height 3 inches, and slant height 5 inches.
28. A cone with circumference 167t cm, height 6 cm, and slant height 10 cm.

29. A cone with radius 12 inches and height 5 inches. (Hint: Use the Pythagorean
theorem to find the slant height.)

30. A cone with base area 3247 cm and a height of 24 cm.

Spheres

The last category of solids is the hardest to define and one you've probably known almost all
your life. A sphere is not a polyhedron because it’s not formed from polygons. It’s not a cylinder
because it doesn’t have that lateral area. The sphere is the shape you'd produce if you could
grab a circle by the ends of a diameter and spin it around that diameter so fast it blurred into
something three dimensional. Put another way, it’s a ball.

Officially, a sphere would be defined as the set of all points in space at a fixed distance from a
center point. You can think of it as a 3-D circle, or a ball.
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Surface Area

The surface area of a sphere depends on the radius of the
sphere. The formula S4 = 477 gives you the surface area of
a sphere of radius 7

An official soccer ball is a sphere with a circumference of 68

. Y . 68 70 .
to 70 centimeters. That means its diameter is — to -, centi-
w

. ... 34 35 . ,
meters, so its radius is — to — centimeters. That’s between
ny

T
10.8 and 11.1 centimeters. The surface area of the official

2 2 2
. 34 34 4-34
ball will be at least 4« (?) =4q.—= =1471.9 A sphere is the set of all points in

2 ™

. space at a fixed distance from a
square centimeters and not more than
2
35 357 435 .
4 ( ) =4m-—= —= 1559.7 square centimeters.

center point.

w I

Volume

The volume of a sphere, like the szlllrface area, depends on the radius of the sphere. The formula
for the volume of a sphere is V =—mr’. Volume is measured in cubic units, so it’s not surprising
that the radius is cubed. And given how round it is, the presence of 77 isn’t a surprise, either.

Unfortunately, explaining where the — came from requires more advanced math than I can

include here, so you’ll have to just believe me for that part.

The radius of the earth is about 3,959 miles. To find the volume of your home planet, calculate
4 5 4 3

V =—mr’=—m(3959)".
3 3

4

V= 51‘:}’3 = %1‘:(3959)3 ~— 7(62,052,103,080 ) = 82,736,137 4407

[SSRIFEN

82 billion times pi is a very large number. It’s approximately 2.6 X 10" or about 260 billion cubic
miles.

ﬁ CHECK POINT

31. Find the surface area of a sphere with a radius of 8 inches.
32. Find the volume of a sphere with a radius of 12 cm.

33. Find the surface area of a sphere with a diameter of 4 m.
34. Find the volume of a sphere with a diameter of 6 feet.

35. Find the radius of a sphere with a volume of 45007 cubic centimeters.
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The Least You Need to Know

The surface area of a prism is the sum of the areas of the polygons that form the
prism. The volume of a prism is the area of the base times the height.

The surface area of a pyramid is the area of the base plus the areas of the tri-
angles that surround it. The volume of a pyramid is one-third the area of the base
times the height.

The surface area of a cylinder is the area of the two circular bases plus the area of
the rectangle that forms the lateral area, or 2777% + 27rh. The volume of a cylinder
is the area of the base times the height, or ;r2h.

The surface area of a cone is the area of the circular base plus the lateral area, or

qtr2 + 7trl, where [ is the slant height. The volume of a cone is one-third 7r?h.

4
The surface area of a sphere is 477%. The volume of a sphere is gwrj.






CHAPTER

Geometry at Work

Areas of Irregular Figures In This Chapter

Once you know how to find the area of a certain type of * How to use formulas
polygon, it becomes a routine process. From time to time, you and logic to find areas of
may have to work backward, if you’re given the area and need irregular figures.

to find one of the dimensions, but that’s not all that difficult. e How to use similar

The interesting problems are the ones that combine those triangles to find measure-
basic formulas with a little bit of cut-and-paste thinking to ments that can’t be made
figure out how to find the area of thar! directly.

It may be a figure that doesn’t fit any rule when you take * How to use trigonometric
it as a whole, but can be broken down into sections that fit ratios to calculate mea-
common rules nicely. For those problems, the trick is to break surements that can't be
the figure up in a way that leaves you with figures whose found by other means.

areas you know how to find and whose dimensions you know
or can find easily. Your strategy is to break the figure into
parts, find their areas, and then put it all back together.

The other type of problem is one in which the overall outline
of the shape does fit a rule but it has holes cut out of it. In
those cases, the best tactic is to find the area of the whole
shape and then subtract the area of the holes. “Whole minus
holes” if you want a shortcut.



230

Part 3: The Shape of the World

Let’s take a look at one of these more interesting problems. The figure shown here is a
quadrilateral, but it’s definitely not part of the family of parallelograms. It’s called a concave
polygon. That dent from X to Wto Y'is where it caves in. Concave polygons cave in. Officially, a
polygon is concave if one of its diagonals falls outside the polygon. If you tried to draw a diagonal
from X to Y it would be outside the quadrilateral.

Z

@ DEFINITION

A concave polygon is one in which one or more diagonals falls outside the polygon. A
convex polygon is one in which all the diagonals fall inside the polygon.

All that is nice, but how do you find the area of something like that? You could divide and
conquer. Draw ZJ¥ and divide the figure into two triangles. Find the area of each and add them
together.

Of course, to find the area of each triangle, you need to know the lengths of a base and the height
to that base. If you knew that ZI// =4 cm and that an altitude from X to the extension of ZI//
measures 3 cm, you could calculate the area of AXWZ as% X 4 X 3 = 6 square centimeters. If the
altitude from Y is also 3 cm, you have the polygon broken into two triangles, and each triangle has
an area of 6 square centimeters, so the quadrilateral has an area of 12 square centimeters.

Z
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Or you could add more lines to the figure. Connect X and ¥, draw ZW , and extend it to meet
XY at V. Find the area of AXZY and the area of AXWY and subtract. If X/ and ¥V are both
3cm, XYVis 6 cm. ZWis 4 ¢cm, and if WV is 5 cm, you can calculate the area of AXZY as

% X 6 X 9 = 27 square centimeters, and the area of AXIWY = % X 6 X 5 =15 square centimeters.

Subtracting 27 — 15 gives you the area of the quadrilaterals as 12 square centimeters.

It’s not uncommon to be asked to find the area of part of a figure, the portion shaded in this
picture. In problems like these, it can be confusing to find the measurements you actually need.
In this target diagram, the two outer rings are marked as 1 inch wide, but there’s no convenient
formula for the area of a ring.

@ MATH TRAP
When you're looking for the area of a shaded region, be careful to take the shape
apart carefully. It's easy to include area you don't really want or miss area you do want
if you rush to get an answer.

To find the shaded area, you're going to have to devise a way to get the area of that outer ring.
You can deal with the circle in the middle later. It’s a circle. You know what to do with that. Try
thinking about the picture as a big gray circle with a smaller white circle sitting on top.
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Q WORLDLY WISDOM

Taking the time to sketch out the portions of the figure before you begin calculating
is time well spent. Especially if you're thinking of the figure as shaded and unshaded
layers, it's wise to sketch the layers separately.

The smaller white circle has a radius of 3 inches. The gray circle underneath is an inch bigger,
so its radius is 4 inches. The area of the big gray circle is 4* times pi, or 1677 square inches. The
white circle has an area of 3? times pi, or 97 square inches. The part of the gray circle peeking
out from behind the white circle, the gray ring, has an area of 16w — 9t = 77 square inches.

Now that you know the area of that outer ring, you can bring back the gray circle in the middle.
It has a radius of 2 inches, so its area is 47T square inches. Add that to the outer ring, and you have
a shaded area of 77 + 47 = 117 square inches.

You've looked at circles in circles, what about squares in squares? :

In this figure, the area of square ABCD is 32 square centimeters.
To find the area of the shaded region, work backward to find the - -

dimensions you need. Square ABCD has an area of 32 square
centimeters, so each of its sides is V32 =162 =442 centimeters. A C
What you need, however, is to find the area of the gray isosceles T T

triangles.

Each side of the square fits the hypotenuses of two triangles, so D
each hypotenuse is half of 442, or 242 centimeters. In an isosceles

right triangle, with two legs the same length, the Pythagorean

theorem says &> + #* = &> + & = 24° 2(2\/5)2. That means that 24°

=8, 4’ =4 and 4 = 2, so each leg of the little gray triangles is 2

centimeters long. The area of each little triangle 1s > X 2 X 2or

2 square centimeters, and there are 8 triangles, making the total

shaded area 16 square centimeters.

Q WORLDLY WISDOM

Leave any square roots in radical form at least until the end of your calculation. If you
move to a decimal approximation sooner, you'll have to do your arithmetic with that
decimal. That's more work, plus it's approximate to begin with, and you may need to
round more at the end. Wait, keep the radical, and then, if you really need a decimal
approximation, do it when all the calculation is done.
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ﬁ CHECK POINT

Find the shaded area in each figure.

1. 4.

3 12

20 A H G
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Similarity and Congruence

When we talk about how polygons relate to one another, we most often talk about congruence
and similarity. Two polygons are congruent if they are the same shape and the same size. They’re
copies of one another, as if you ran one through a copier. Two polygons are similar if they’re

the same shape but different sizes. Think about enlarging a photo without distorting the image.
Polygons of any number of sides can be congruent or similar, but most often you will encounter
congruent triangles or similar triangles.

Congruent Triangles

Triangles are congruent if they are the same shape and the same size. Because the size of the
angles controls the shape of the triangle, in a pair of congruent triangles, you can match up angles
that are the same size. In other words, corresponding angles are congruent. Because the length of
sides controls size, corresponding sides are of equal length, or congruent.

G

L

A R

Two triangles are congruent if each pair of corresponding sides are congruent and
each pair of corresponding angles are congruent.

If AARM = ALEG, £ Aand £L will be the same size, ZR will have the same measurement as
LE, and mZM = mZG. Sides are congruent as well. AR = LE, RM = EG and AM = LG.

The order in which the vertices of the triangle are named tells you what matches. You can
sometimes tell what matches by looking at a picture, but unless you're told the measurements,
or you can actually measure, you can’t always be certain. The order in which the vertices of the
triangles are named will tell the correct match-up.
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Of course, that assumes that someone told you that the triangles were congruent. What if they
asked you if the triangles were congruent? Technically, you'd have to measure all the sides and
all the angles of both triangles and check to see that you can match up parts of the first triangle
with parts of the second so that corresponding parts are congruent. That’s what the definition of
congruent triangles says.

That’s a lot of measuring, and you might realize that, for example, you don’t really have to mea-
sure the third angle of each triangle. If you measure the first two angles of both triangles and they
match, the third angles will have to match as well, because the three angles of any triangle always
add to 180°. That might get you to thinking about whether there’s anything else you can skip.

It turns out that to be certain that two triangles are congruent, you only need to check three
measurements from each triangle. You must always have at least one pair of congruent sides, to
guarantee that the triangles are the same size. If you only have the measurements of one side of
each triangle, and they are congruent, then you must have two pairs of matching angles to be
certain the triangles are congruent. It can be any two pairs, because if you know that two pairs of
angles are congruent, the third pair will match as well. If you measure two pairs of sides and find
that they match, and you can show that the angles they form also match, you can be certain the
triangles are congruent.

If you were to cut three sticks to set lengths and tried to put them together into triangles, you'd
find out there’s only one triangle you can make. If you measure all three pairs of sides in two
triangles and they match, you don’t need to measure any angles before you decide the triangles
are congruent. Three pairs of congruent sides congruent is enough.

Each of these “minimum requirements” involves three pieces, and each one has a three-letter
abbreviation.

Minimums Required To Be Certain Triangles

B Are Congruent
Example from
Minimum Needed Abbreviation |[AABC = ASTR
N Three pairs of corresponding sides |SSS AB= ST
congruent BC=RT
CA=RS
Two pairs of corresponding sides SAS AB= ST
and the angle between them BC=RT
p |congruent /LB= LT
Two pairs of corresponding ASA /B= LT
angles and the side between them LC= LR
congruent BC=TR
Two pairs of corresponding angles  |AAS LB=LT
and a pair of sides not between them LC= LR
congruent AB= ST
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CHECK POINT

Decide if the information given is enough to guarantee that the triangles are congru-
ent. If so, state the rule that guarantees the congruence. If not, write “cannot be

determined.”
6. LA=LX,LB= LY, AB=XY
7. CT=IN, LA= LW, LC= LI
8. BI=MA,IG=AN, /B= /LM
9. CA=DO, AT =0G, CT = DG
10. BO=CA, /0= LA, OX =AR

Similar Triangles

Triangles are similar if they are the same shape, but not necessarily the same size. Because they
have to be the same shape, and angles control shape, corresponding angles are congruent. They
don’t have to be the same size, so you don’t have to have corresponding sides congruent, but to
change the size without distorting the triangle, corresponding sides will be in proportion. If the
longest side of one triangle is twice the size of the longest side of the other triangle, then the
shortest side of the first triangle will be twice the size of the shortest side of the second triangle.
All the sides will be multiplied by the same number, called the scale factor.

@ DEFINITION

Two triangles are similar if each pair of corresponding angles are congruent and cor-
responding sides are in proportion.

The scale factor of two similar triangles is the ratio of a pair of corresponding sides.

To conclude that triangles are similar, you must know that all three pairs of corresponding
angles are congruent, and you must check that sides are in proportion. Just like with congruent
triangles, however, there are shortcuts. The most common one for similar triangles is called AA.
You must know that two angles of one triangle are congruent to the corresponding angles of the
other. Of course, if two pairs of angles are congruent, the third pair will be congruent, too. The
second shortcut is to check that two pairs of sides are in proportion and the angles between them
are congruent to each other. The third is to check that all the sides are in proportion. In fact, AA
1s the one used most often.
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D E

AGUI will be similar to AEDI'if /G = £Eand LU = £D. The third angles are the pair

of vertical angles, and vertical angles are congruent, so you know mZGIU = mZEID. The

. . . . . GU Ul IG .
corresponding sides will be in proportion, — = —=— When you know that two triangles are
DE DI IE

similar, you can use a little squiggly line to show their relationship, like this: AGUI~AEDI.

ﬁ CHECK POINT

Write the proportion for each pair of similar triangles.
11. AABC~AXYZ 14. AMLN~ALJK
12. ARST~AFED 15. AZXY~ABCA
13. APQR~AVXW

Finding Missing Measurements

The primary reason that you want to know if a pair of triangles might be similar or congruent

1s that it will help you find a measurement you need but can’t measure directly. If you know

two triangles are congruent, you know you have two identical sets of measurements. Suppose
ARST=AMNP. If RS = 12 feet and ST = 18 feet, you can find the length of MN, even though it’s
in the other triangle. Because corresponding parts of congruent triangles are congruent, MN =
RS =12 feet.
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If you know triangles are similar, you know angles are congruent and sides are in proportion.
Suppose ARST ~AABC, RS = 12 feet, BC = 6 feet and ST = 18 feet, and you need to find the

length of AB. Use the fact that in similar triangles, corresponding sides are in proportion:

RS _ ﬁ Fill in the known lengths. 2_ E Cross-multiply and solve. 18x = 72, and x = 4. The
AB BC x 6

length of AB is 4 feet.

Indirect Measurement with Similar Triangles

Right triangles are often helpful in finding areas of irregular figures and in finding
measurements indirectly, as you'll see a little later. Triangles of many different shapes can be
used for indirect measurement, if you use what you know about similarity.

Remember the two triangle relationships, congruence and similarity? Either one can help you
find a measurement you can’t take directly, but in cases where you can’t measure directly, you
may not be able to create an exact copy to use congruent figures. Similarity is easier because
you can make a smaller copy of the same shape and then use similar triangles to find the
measurement of the larger version.

imilar polygons are the same shape but not necessari e same size. Because their sides are in
Simil 1 th hape but not ly th ze. B th d
proportion, however, you can use a smaller version of the figure to calculate the measurements of
a larger one.

w 100

E

If you need to know how wide the river is from point /// on one bank to point 4 on the other
bank, you can’t walk on water to take the measurement. But you can measure off 100 meters
along one bank and mark point 7; then go another 20 meters and mark point R. Create ARET
to be similar to AWAT by making side RE parallel to side WA, and ZWTA = £LRTE. (Okay, you

probably don’t walk around with a protractor in your pocket, but it’s possible to do it.) Measure

. A .
RE and set up the proportion ;V_E =T You can plug in what you know, and solve for WA.
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WA _WT
RE TR
x 100
122
20x =1200

x=@=60
20

The river measures 60 meters from W to A.

If you want to know if that big tree in your local park is as tall as the holiday tree in Rockefeller
Center, you're not going to climb the tree with a yardstick. But you can go down to the park with
a friend on a sunny day and use the sun, your friend, and similar triangles to help you measure
the tree.

The sun will cause the tree to throw a shadow on the ground, and although you can’t easily
measure the tree, you can measure its shadow. Have your friend stand up nice and tall beside the
tree and measure his height and the length of his shadow. The tree and its shadow form the legs
of a right triangle (with a ray of sunlight as its hypotenuse). Your friend and his shadow make the
legs of a similar right triangle. You can set up a proportion to find the height of the tree.

If your friend is 5 feet tall and casts a shadow 2 feet long, and the tree’s shadow is 30 feet long,
your proportion will look like this.

tree B friend
tree’s shadow  friend’s shadow
x 5
30 2
2x =150
x =75

Your tree is 75 feet tall, just a foot shorter than the 2013 Rockefeller Center tree.
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CHECK POINT
Find the length of the specified segment.
16. AGHI~AARM, GH = 9 ft, GI = 8 ft, AR = 12 ft. Find AM.
17. AJKL~ADOG, JK = 17 m, JL = 25 m, DG = 30 m. Find DO.
18. AABC~AXYZ, AB= 21 cm, BC = 54 cm, XY =7 cm. Find YZ.
19. ADEF~ACAT, DE = 65 in, EF = 45 in, CA = 13 in. Find AT
20. AMNO~ALEG, MN = x—3, NO = 3, EG = 21, LE = 2x + 4. Find LE.

Indirect Measurement with Trigonometry

Trigonometry, or “triangle measurement,” developed as a means to calculate lengths that can’t be
measured directly. It accomplishes this by using the relationships of sides of right triangles. These
fundamental relationships of trigonometry are based on the proportions of similar triangles.

Trigonometric Ratios

If you look at two right triangles, each with an acute angle of 25°, you can quickly prove that the
two triangles are similar. The 25° angles are congruent and the right angles are congruent, so the
triangles are similar. In fact, all right triangles containing an angle of 25° are similar, and you can
think of them as a family. For any right triangle in this family, the ratio of the side opposite the
25° angle to the hypotenuse will always be the same.

That’s not the ratio you usually think about with similar triangles, but it follows from the usual
one. Most of the time, you'd say that the ratio of the side opposite the 25° angle in one triangle

to the side opposite the 25° angle in the other is the same as the ratio of the hypotenuse to the
oppositel _ hypotenusel

hypotenuse. Let’s write it this way: If you cross-multiply, divide both

opposite2  hypotenuse2
sides by hypotenusel, and then divide both sides by hypotenuse2, here’s what happens.
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oppositel _ hypotenusel
opposite2  hypotenuse2

oppositel - hypotenuse2 = opposite2 - hypotenusel

oppositel - hypotenuse2  opposite2 -W

hypotenusel h sel

oppositel - hypotenuse2  opposite2

hypotenusel 1

oppositel —W _ opposite2
hypotenusel —W 1 hypotenuse2

oppositel ~ opposite2

hypotenusel  hypotenuse2

The ratio of the side opposite the 25° angle to the hypotenuse is the same in every right triangle
in the 25° family. The ratios of other pairs of sides will remain constant throughout the 25°
family, and it’s not limited to just the 25° family. The ratios of pairs of sides are the same for all
the right triangles in any family. Trigonometry takes advantage of that fact and gives a name to
each of the possible ratios.

If the three sides of the right angle are labeled as the hypotenuse, the side opposite a particular
acute angle, 4, and the side adjacent to the acute angle 4, six different ratios are possible. Three
are commonly used. The other three are the reciprocals of the first three, and while it’s nice to
know they exist in case you ever need them, you can just deal with the three basic ratios called

the sine, cosine, and tangent.

B

Opposite A Hypotenuse
Adjacent to ZB

C - A
Adjacent to B
Opposite LA
. opposite adjacent opposite
sin(Ad) = —— cos(A) = ———— tan(A) = ——
hypotenuse hypotenuse adjacent

Getting the definitions of the three principal trig ratios right is critical for your problem solving,

so it helps to have a memory device, or mnemonic, to help you remember them. Many people like
the word SOHCAHTOA to remember the trig ratios. It stands for Sine = Opposite/Hypotenuse;
Cosine = Adjacent/Hypotenuse; Tangent = Opposite/Adjacent.
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ﬁ CHECK POINT

Triangle ABC has a right angle at ZB. AB= 12 cm, BC = 5 cm and AC = 13 cm. Find

each trig ratio.

21. sin ZA 24. tan £ A
22. tan 4B 25. sin 4B
23. cos LA

Finding Missing Sides

With these three ratios and a table of their values (or a calculator that has keys for them), it is
possible to solve for any unknown side of the right triangle if another side and an acute angle are
known, or to find the angle if two sides are known.

ngsjg) MATH IN THE PAST

Once upon a time, students had to rely on tables to look up the values of the ratios for
each family of right triangles, but now the sine, cosine, and tangent of an angle can be
found with a few keystrokes on your calculator. Because the other three ratios don't
have keys on the calculator, they're not used as often.

32°
A [l B

In right triangle AA4BC, hypotenuse AC is 6 cm long, and £ A measures 32°. To find the length of
the shorter leg, it helps to first make a sketch to help you visualize the triangle. The shorter leg
will be opposite the smaller angle, so if you draw the triangle and calculate the measure of each
angle, you'll see that mZ A4 = 32°, m£B = 90°, and mZC = 58°. You need to find the side opposite
the 32° angle, or side BC.

You need a ratio that talks about the opposite side and the hypotenuse (because that’s the side

you know). The sine is the one you want. sin(32°) = W :%. From your calculator, you can find

that sin(32°) = 0.5, so 0.53 =% and x=3.2. The side opposite the 32° angle is about 3.2 cm.
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Remember that tree you measured by using similar triangles? You needed the help of a friend to

make the second triangle, but what if your friend wasn’t available? What would you have done?

With the help of trigonometry, you could find the height of the tree without your friend. Stand

at the tip of the tree’s shadow and measure the angle to the top of the tree. The height of the

tree is the side opposite that angle, and the length of the shadow is the side adjacent to the

shadow. The opposite side over the adjacent side forms the ratio called the tangent.

In this case, you'd probably find the angle to be about 68°, and you know the length of the tree’s

shadow is 30 feet. You can find tan(68°) on a table or calculator and set up the problem like this.

tan(,A):OP&)Llte
adjacent
tan(68.2°) = —
30
30tan (68.2°) = x
30(2.5) = x
T5=x

Once again, the tree is 75 feet high.
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ﬁ CHECK POINT

26. AXYZis aright triangle with right angle £} and hypotenuse XZ equal to 42
cm. If £ X measures 56°, find the length of side XY to the nearest centimeter.

27. AABCis a right triangle with right angle £C, £A4 = 46°, and side AC is 42 cm
long. Find the length of BC to the nearest centimeter.

28. In right ARST, £S'is a right angle and RT'= 24. If £T measures 30°, find the
length of RS to the nearest centimeter.

29. In right AABC with right angle at C, £ZB = 76°, and side BC is 80 feet. Find the
length of hypotenuse AB.

30. In right AXYZ with right angle at ¥, £X = 32° and side YZ is 58 cm. Find the
length of XY to the nearest centimeter.

The Least You Need to Know

* To find the area of irregular figures, find the area of the whole figure and subtract
the area of the unshaded portions, or divide the area into shapes whose areas can
be calculated and add the results.

* When triangles are similar, corresponding sides are in proportion, and those
proportions can be used to find the lengths of unknown sides.

* Trigonometric ratios, based on families of similar right triangles, can be used to
find unknown sides of right angles.

* For any acute angle A in a right triangle,
sin(£A) = length of the opposite side divided by the length of the hypotenuse,
cos(£A) = length of the adjacent side divided by the length of the hypotenuse, and
tan(£A) = length of the opposite side divided by the length of the adjacent side.



PART

The State of the World

Your great adventure in the world of numbers is almost over, at least for now. Hopefully, you've
enjoyed enough of this tour to want to visit at least some of these areas again.

What's left on the agenda? Well, when you've had a great adventure, you usually want to report
on your experience when you get home. Telling people about what you've seen and what you've
learned often means using some statistics, like the average rainfall in Thailand or the number of
people who ride the Tube every day in London. Statistics are numbers that summarize a larger
collection of information, and the heading “Statistics” also includes charts and graphs and other
means of communicating the “big picture.” This last part of your journey is about assessing risks
and possibilities—probability—and summarizing what you've found out—statistics. These will
help you make smart decisions and share what you've learned with the folks back home. Include a
few photos—or charts and graphs—to keep things interesting for them.






Probability

Math is all about the one right answer, right? Not so fast. It
would be comfortable if everything had an absolutely certain
right answer, but that’s often not the case. One of the greatest
skills math gives us 1s the ability to talk about possibility and
uncertainty in an organized way. When you can’t be certain
that something is going to happen, being able to talk the
chance of it happening and being able to assign a number to
that chance is helpful.

In this chapter, you'll explore ways to assign a number to

the likelihood that something will happen. You'll do that

by comparing to all the things that could happen. In simple
situations, that’s all you need to do, but you’ll see there are
some rules to make the more complicated situations easier to
handle. For all of this, you’ll have to do a lot of counting, so
let’s start with a look at efficient methods of counting.

CHAPTER

In This Chapter

The basics of counting

Permutations and
combinations
How to find the probabil-

ity of an event

Probabilities when more
than one event occurs
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Counting Methods

You know how to count, of course. If you had a bag of marbles, some red and some blue, and

you wanted to know the chance that the first marble you pulled out (without looking) was a

blue marble, the first thing you'd want to know is how many red marbles and how many blue
marbles are in the bag. Unless it was a gigantic bag of marbles, you could answer that question by
counting.

On the other hand, suppose you were going to buy a lottery ticket that asked you to pick five
numbers from a group of 50, and you had to get all five correct to win. Your chance of winning
will depend on how many ways there are to pick five numbers, and that counting problem is
more complicated.

When you start to pick your number for the lottery ticket, you have 50 numbers to choose
from. After you pick your first number, there are 49 left to choose from for the second number,
then 48 for the third, 47 for the fourth, and 46 for the fifth. (That’s assuming you have to pick
five different numbers. If you're allowed to repeat, you have 50 choices each time.) And there’s
another question, too. Do you have to have the five numbers in just the right order? Is 12345 the
same as 543217 Or are those different?

Big counting jobs raise many questions, but there are some rules that will help. Let’s start with
the most essential rule.

Basic Counting Principle

The fundamental rule for quick counting is called the basic counting principle. It gives you a fast
way of counting up the possibilities by multiplying the number of choices. Suppose you're getting
dressed and you need to choose jeans or khakis and then pick a shirt from the six t-shirts in the
drawer. You could wear any one of the six t-shirts with jeans, or any one of the six t-shirts with
khakis. That’s 12 possible outfits: 2 choices for pants times 6 choices for shirts.

If you have to do something that requires several choices, and you create a slot for each choice
that needs to be made and fill each slot with the number of options for each choice, multiplying
those numbers will tell you how many different possibilities you have.

If you have 5 shirts, 4 pairs of slacks, and 3 pairs of shoes, and you're comfortable mixing and
matching any of them, how many different outfits can you make? Using the basic counting
principle, create a slot for shirts, a slot for slacks, and a slot for shoes:

shirts  slacks shoes.

Then fill in the number of each that you have and multiply.

Sx 4x3 =060

shirts  slacks shoes outfits
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Now, if you're willing to do laundry often so everything is wearable, you could wear a different
outfit every day for almost two months with just those few items. Add a couple of sweaters, and
you'd be set for almost four months.

2 X 5x4x3=120

sweaters shirts slacks shoes outfits

So what about that lottery ticket? Let’s suppose you can’t repeat numbers, but you do have to
have them in the right order. The basic counting principle says you can multiply the number of
options you have for each choice to find the total number of ways to pick five numbers from the
pool of fifty.

50 x 49 x 48 x 47 x 46 = 254.251 200

That’s over 250 million different ways to pick five numbers, and only one will win.

ﬁ CHECK POINT

Your favorite salad bar has 2 kinds of greens, 5 different veggie toppings, 3 crunchy
toppings, and 4 dressings. How many different salads can you make if you choose...

1. Greens and a dressing?

2. Greens, a veggie, and a dressing?

3. Greens, a veggie, a crunchy topping, and a dressing?
4. Greens, 2 different veggies, and a dressing?

5. Greens, 2 different veggies, 2 crunchy toppings, and a dressing?

Permutations

A popular television game show has a game in which the contestant is told all the digits in the
price of the very expensive prize (usually a car or a trip), but the contestant only wins the prize
if he or she can put the digits in the correct order. Depending on how many digits there are, the
chance of guessing correctly may be pretty good or pretty terrible.

If I told you that the digits in the price of your prize are 3 and 6, you're either going to guess 36
or 63. There are only two possible answers, and one of them is right. Basic counting principle
says 2 choices for the first digit times 1 choice for the second digit gives you two possibilities.
But you're not going to find a car for $36 or for $63. There will be quite a few digits in the price
of the car or trip or other expensive prize. How many possibilities would there be if you had to
put 5 digits in order? Or 6 digits?
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This question of the number of ways you can arrange a group of things—numbers, letters,
people, whatever—is the question of how many permutations there are. The word permutation
means arrangement or ordering.

@ DEFINITION

A permutation is an arrangement or ordering of a group of objects.

You can answer the question about the number of permutations by using the basic counting prin-
ciple. If you have to put five digits in order, there are 5 X 4 X 3 X 2 X 1 = 120 permutations.
This pattern of multiplication, from a number (in this case, 5) down to 1, is called a factorial.
The symbol for factorial is an exclamation point. 5! =5 X 4 X 3 X 2 X 1 = 120.

The number of orders in which the 8 children on a soccer team could line up at the water
fountain, or the number of different arrangements of 8 people taken 8 at a time, is 8! =

8 X 7X6X5X4X3X2X1=40,320. For any number 7, the permutations of # things taken
7 at a time is 7!

But what if you’re not taking » things at a time? For example, a baseball team needs to put 9
players on the field but might have 25 players on the roster. Now, if you know anything about
baseball, you know that the players aren’t all interchangeable, but still, how many permutations
of 25 people taken 9 at a time are possible?

Your best strategy is to go back to the basic counting principle. Make nine slots and start filling
them from 25 on down. 25 X 24 X 23 X 22 X 21 X 20 X 19 X 18 X 17. Multiply that out and
you get = 74 X 10". That’s approximately 740 billion possible lineups. Maybe it’s a good thing
the players aren’t all interchangeable.

You're still talking about an arrangement, or permutation, but an arrangement of 9 out of the 25,
not all 25. You don’t want the entire 25!, but you do want the first 9 slots of it. You can write a
formula for the permutations of 7 things taken 7 at a time as

n!
" (n=t)!

In this case, the permutations of 25 things taken 9 at a time 1s

25!

(25-9)!

25!

" 16!

25%24x23x22x21x20x 19x 18x 17 x 63453k oek 3k 2o H s O3 I8 % T 6354 x3x 2k
EV VM TIAT D NN VPN INE NN

»h =
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Do you see how the factorial in the denominator cancels the part of the factorial in the numerator
that you don’t want? And isn’t it good to know you don’t have to write out all those factorials all
the time?

So if you need the permutations of 7 things taken 4 at a time, the basic counting principle says
TU T Tx6x5x4x3%2xt
(7-4)! 3! 3x2x |

you want 7X6x3%4, and the permutation formula says _p, =

The approaches are different, but the result is the same.

ﬁ CHECK POINT

6. What s 6!?

7. Whatis 7'?

8. Whatis 7! + 6?

9. Find the permutations of 9 things taken 3 at a time.

10. Find the permutations of 10 things taken 4 at a time.

Combinations

If 8 people are candidates in a school board election and the top two finishers will serve on the

board, you might ask how many permutations of 8 people taken two at a time are possible. You

! !
can calculate that (P, = ﬁ = % =8x7=56. There are 56 different orders of finish.
On the other hand, if both of the top two finishers will serve, regardless of which is first and
which is second, the order in which they finish doesn’t really matter. Mr. Smith and Ms. Jones is
a different permutation from Ms. Jones and Mr. Smith, but they both give you the same school

board members.

Because all the different arrangements of the same two people shouldn’t count separately, the
number of permutations is too big, but it can give you a place to start. There are 56 permutations,
or arrangements, of 8 people taken 2 at a time, but fewer combinations or groups in which order
doesn’t matter. Specifically, there are half as many combinations as permutations.

@ DEFINITION

A combination is a way of selecting a number of objects from a larger group when the
order of the objects is not significant.
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What if the top three vote-getters were chosen for the school board, instead of the top two?
There would be 8 X 7 X 6 = 336 permutations of eight people taken three at a time, but how
many combinations? If you were to list all the permutations, your list would include some
permutations that include Mr. Smith, Ms. Jones, and Dr. Johnson. How many permutations on
the list include these three people? That’s the same as asking how many permutations are there
of three people taken three at a time, and the answer is 3 X 2 X 1 = 6. Each group of three
people contributes 6 permutations to the total of 336. Because there are six arrangements of these
same three people—six arrangements of any three people—the number of permutations is six
times larger than the number of groups or combinations. Dividing the number of permutations

by 6, or ]2P3’ will give you the number of combinations. The combinations of # things taken 7 at a
373
. P n! n!
timeis ,C, =4+ = +tl= .
P (n-1)! tn—1)!

The permutations of 10 things taken 5 at a time is
10! 10! 10x9%x 8 x7x 6 x Sx4x3x2=}

b = == =30,240.
(10-5)! 5! Sxdx3x2x}

The combinations of 10 things taken 5 at a time 1s
WP, 10! 10X9x8XTX6x 5x4x3x2%t M x9x FxTx6

0Cs =103 = = =252.

P SI{10-5)!  (5xdx3x2x1)(S5xdx3x2xt)  Sx Ax 3x2x]

The number of combinations will always be smaller than the number of permutations. Use per-
mutations when the arrangement or order is important and combinations when a group should
only be counted once, no matter how it’s arranged.

ﬁ CHECK POINT

11. Find the number of combinations of 6 things taken 3 at a time.
12. Find the number of combinations of 7 things taken 4 at a time.
13. Find the number of combinations of 5 things taken 2 at a time.

14. How many different committees of 5 people can be chosen from a group of
12 people?

15. How many different ways can you order your ice cream sundae if you are going
to choose 3 toppings from a list of 12 possibilities and the order in which you
put toppings on does not matter?
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Relative Frequency

The frequency with which something happens is how often it happens, and that can be important
information. It’s probably good to know that I found money I had forgotten about in my coat
pocket four times. But there’s another piece of information that’s missing. | found money four
times, but was that four times last week? Four times last month? Four times last year? Four times
in my life? The answer to that makes the “four times” information more useful.

The relative frequency of an event is a number between zero and one that compares the number of
times something happens to the total number of things that happened. If I found money in my
pocket four times last week, that’s 4 days out of 7 days, or a relative frequency of;. If it was four

times last year, the relative frequency is —

365
@ DEFINITION

The relative frequency of an event is the ratio of the number of times it occurs to the
total number of events observed.

Suppose you watched TV one evening and kept track of the commercials that aired in the few
hours you watched. Here’s your record.

Commercials on Tuesday Night from 8 p.M. to 9 P.M.

Type of Commercial Number of Ads

Cars and trucks 3
Food and drink 2
Phones and tablets 3

Drugs and medicines |3

Security 2

Retail stores 5

Clothing and shoes 1
Other TV shows 6

The chart tells you that more of the commercials you viewed were for other TV shows than
anything else, but is 6 a lot? Six out of eight would be a lot, but you saw more than eight ads. Six
out of a hundred would not be a lot, but you didn’t sit through a hundred ads. How many did you
watch? Add up the column. Then you can compare each of the counts to the total to get the rela-
tive frequency.
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Commercials on Tuesday Night from 8 p.M. to 9 p.M.

Type of Commercial | Number of Ads Relative Frequency
Cars and trucks 3 % =12%

Food and drink 2 % = 8%

Phones and tablets 3 % =12%

Drugs and medicines |3 % =12%

Security 2 % =8%

Retail stores 5 2% =20%

Clothing and shoes 1 % =4%

Other TV shows 6 % =24%

Total 25

Those relative frequencies are helpful in getting a sense of how the numbers relate to one
another. You now know that almost one-fourth of the commercials you saw were for other TV
shows, but also that one-fifth of them were for retail stores. You can also use the relative frequen-
cies to make some predictions, or at least to talk about your expectations.

Suppose next Tuesday night you sit down to watch TV again, but you see 35 commercials instead
of 25. You know that 20 percent of the ads you saw last time were for retail stores, so you can say
that you'd expect about 7 of the 35 to be for stores, and 8 or 9 to be for other TV shows. You'd
have a sense of what you're likely—and not likely—to see.

Relative frequency is a way to use your observations of events to get a sense of the probabiliry of
those events, or how likely they are to occur. If 12 percent of the commercials you saw on one
evening were for phones and tablets, you would expect that on the next Tuesday night at the
same hour, about 12 percent of the commercials will be for phones and tablets. You'd expect that
the probability of seeing an ad for phones or tablets is about 12 percent. It’s not guaranteed. The
night you made your observations might have been an unusual night, or the night you’re trying
to predict might be special somehow. But you have a place to start talking about how likely
something is.

@ DEFINITION

The probability of an event is the ratio of the number of ways the event can occur to
the total number of events that can possibly occur.



Chapter 18: Probability 255

Theoretical Probability

Relative frequency is useful in estimating the probability of events, but you don’t always have to
do all that observing and recording. Sometimes you can make an estimate of the probability of
some event based on things you already know (or can reasonably assume.) If you toss a coin, you
know it has two sides—a head and a tail—and you assume that heads and tails are equally likely.
As a result, you expect that the probability of heads is % or 50 percent, and the probability of tails
is also 50 percent. If you have a bag containing 10 marbles, 3 red, 4 blue, 2 green, and 1 yellow,
and you are planning to draw out one marble without looking, you can reasonably expect that
the probability that it will be red 1s % or 30 percent, and the probability that it will be blue is %
or 40 percent. In the same way, the chance of drawing a green marble will be 20 percent, and the
chance of a yellow will be 10 percent.

The probability of something happening is a number between zero and one that tells you how
likely the event is. That number can be written as a fraction, a decimal, or a percent. If the
probability is zero, the event is impossible. It can’t happen. If the probability is one, it’s absolutely
certain to happen. It’s a sure thing. If you draw one item out of that bag of ten marbles, the
probability that it’s a kitten is 0. The probability that it’s a marble 1s 100 percent, or 1.

Most probabilities are somewhere in between zero and one, because most events are neither
absolutely impossible nor absolutely certain. Probabilities are fractions, but you’ll often hear them
expressed as percentages (a 30 percent chance of rain) or as ratios (1 in 10 chance of such-and-
such happening). The probability of an event is a fraction that compares the number of ways the
event can happen to the total number of things that can happen.

P(E)= # of ways E can happen
# of things that can happen

If you take a well-shuffled deck of cards and pick one card at random, the probability of choosing
4 1

an ace 1s 5513 because there are 4 aces out of 52 cards in the deck. The probability that the

13

card will be a heart is 55 =7 because 13 of the 52 cards are hearts. The probability that you will

1 . .
choose the ace of hearts is = because there is only one ace of hearts in the deck.

Probability of Compound Events

Basic probability is pretty simple. The number of ways things can go right, over the number of
ways things can happen. But life is complicated. Things don’t always happen one at a time. In
fact, they rarely happen one at a time. Usually there are at least two things to think about, but
if you can handle them two at a time you can work your way through everything. It’s all about
whether you want one or the other, or you want both.
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Probabilities with “And”

Calculating the probability of a single card drawn at random from a standard deck being a 7

1s fairly simple. There are four 7s out of 52 cards, so the probability is 5% or % Calculating
the probability of a particular poker hand is much more complicated, because more cards are
involved, and both the number of successes and the number of cards in the deck change as the
deal goes on. That calculation begins, however, with finding the probability that you get two
cards, two particular cards, one after the other. Let’s say you want a heart and then a diamond.

That’s drawing two cards, of course, not one. So how many ways are there to draw two cards
from a deck of 52? That’s the permutations of 52 things taken 2 at a time, or 52 X 51 = 2,652.
And how many ways to get a heart and then a diamond? Go back to your basic counting
principle. There are 13 ways to get a heart on the first draw, and there are 13 ways to get a
diamond on the second draw. 13 X 13 = 169 ways to get a heart and then a diamond. The
probability of a heart and then a diamond is 169 out of 2,652. Let’s reduce that fraction.

169 _43x13_ 13

2652 52%51 T 204

Another way to think about this is that the probability you get a heart on the first draw is B

52
and the probability of a diamond on the second draw is % (The denominator is only 51 because
3 13 13
you've already taken one card out of the deck.) % XE =201

Any time you need to find the probability of this event and that one, you want to multiply the
probability of the first event by the probability of the second event. Suppose you roll a die, record
the number that comes up, then roll again and record the second result. What’s the probability

that both of them are even numbers? There are six possibilities for how the die can land, and
three of them are even. The probability of two even numbers is %x% = % =i.

Sometimes, when you look at the probability of two events occurring in sequence, the results of
the first event have an effect on the probability of the second and sometimes it doesn’t. When
you roll the die twice, the first roll doesn’t affect the second. They’re what we call independent

events. The result of the first roll has no effect on the probabilities for the second.

When you drew the two cards, on the second draw, there would only be 51 cards to choose
from, and that changes the probability. Drawing two cards without replacement is an example
of dependent events, because the result of the first draw changes the probability for the second
draw. But if you choose one card at random from a deck, record what it is, then put it back in
the deck and shuftle before you pull a second card, the probabilities for the second draw are the
same as the first.

If two cards are drawn at random from a standard deck, with replacement—that is, the first card
is drawn, recorded, and replaced before the second card is drawn—the probability of drawing
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. 4 1 1 1 .
two aces i1s —x—= —x—=——=0.6%. If two cards are drawn without replacement, however,
52 52 13 13 169 {1 1
the probability of drawing two aces is —x—=—x—=—=0.5%.

52 51 13 17 221

ﬁ CHECK POINT

A card is drawn from a standard deck, recorded, and replaced in the deck. The deck is
shuffled, and a second card is drawn.

16. Find the probability of drawing a heart and then a queen.
17. Find the probability of drawing a heart and then a heart.

18. Find the probability of drawing a black card and then a red card.

Two cards are drawn at random from a standard deck, without replacing the first
card.

19. Find the probability of drawing a king and a queen.
20. Find the probability of drawing two black cards.

Probabilities with “Or”

When you look at the probability of event A and event B happening, you multiply the probability
of A times the probability of B. Multiplying these two fractions, both less than one, gives a
smaller number. A smaller probability makes sense because it’s harder to have a success when
success means having two different things happen than if success means having only one thing
happen.

What if you want to find the probability of getting a five or a six when you roll a die? If you're
willing to accept either number as a success, your chance of success increases—in this case,

it doubles. The probability of rolling a five or a six is the probability of rolling a five plus the

probability of rolling a six. P(5 or 6) = P(5)+ P(6)= g é— % _é

If you draw a card at random from a standard deck what’s the probability of drawing a queen or

a 107 The probability of drawing a queen is — and the probability of drawing a 10 is also

Aol 12
52 52 13 13 13

52 13’

Si2 1]3, so the probability of drawing a queen or a 10 is —

Here’s a question that sounds the same, but be very careful. Don’t jump in without thinking it
through. If you draw a card from a standard deck, what’s the probability of drawing an ace or
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a black card? Start with the probability of drawing an ace. P(ace )= 12 = % Then you want
26

the probability of drawing a black card: P (black)= Sl % Before you add, think for a minute.

There’s a little problem, or more accurately, two little problems: the ace of spades and the ace of
clubs. The probability of an ace was based on four aces, including the ace of spades and the ace
of clubs. The probability of a black card was based on 26 black cards, including the ace of spades
and the ace of clubs. The two black aces are being counted twice, so you’ll have to make an
adjustment for that.

P (ace or black) = P(ace) + P (black) — P(black ace)

4 26 2
"5 5 52
28 7
"5 13

In general, the probability of A or B is the probability of A plus the probability of B minus the
probability of A and B.

P(AorB)=P(A)+P(B)-P(AandB)

You may wonder why this little adjustment wasn’t necessary in the example about rolling
the die. The answer is that when you roll a die, getting a five and getting a six are mutually
exclusive outcomes. There is no way that you can get a five and a six on the same roll.
When event A and event B are mutually exclusive, the probability of A and B is zero, so
P(AorB) =P(A)+P(B)-P(A and B) just becomes P(A or B) = P(A) + P(B).

ﬁ CHECK POINT

A bag contains 24 marbles. Six of the marbles in the bag are red, 4 are blue, 3 are
white, 9 are green and 2 are yellow. One marble will be chosen at random.

21. What is the probability that the marble chosen is red or blue?
22. What is the probability that the chosen marble is yellow or blue?
23. What is the probability that the marble is green or white?

24. What is the probability that the chosen marble 1s yellow or red?

25. What is the probability that the marble is red or orange?
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The Least You Need to Know

To count quickly, take the number of options for each decision and multiply.

The probability of an event is the number of ways it can happen over the total
number of things that can happen.

* The probability of A and B is the probability of A times the probability of B.

* The probability of A or B is the probability of A plus the probability of B minus
the probability of both.






Graphs

Information is all around us. Whether in words or in numbers,
it comes at us from the news, from the internet, from our
studies, and from conversations. Having all the facts is a good
thing, but only if you can make sense of all of it. One of the
ways to help us make sense of all the information coming at
us is to represent it in a well-designed chart or graph. Visual
representations of data are often easier to understand than
tables full of numbers.

In this chapter, you’ll look at those charts and graphs from
both sides. One of the most useful skills you can have is the
ability to read a graph and pull the important information
from it. Knowing what distinguishes a good graph from a not
so good one is important, too. Sometimes the responsibility is
on you to produce a graph, and whether you do that by hand
or with the help of a computer, you need to know how to do it
correctly. This chapter will look at several different types of
graphs, how to read them, how to make them, and what kinds
of information they best represent.

CHAPTER

In This Chapter

* Building bar graphs and
histograms

* Constructing circle graphs

* Drawing line graphs
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Bar Graph

Bar graphs are just what they sound like: graphs that use bars to compare different quantities.
The bars are usually vertical, but it is possible to make a horizontal bar graph, too. Each bar
represents a different quantity, and the height (or horizontal length) of the bar corresponds to the
size of the number.

When to Use It

Bar graphs are usually used to compare the sizes of different categories of information. The labels
on the horizontal axis are usually the names of the categories, and the heights of the bars show
the sizes of each category. The bars may be in size order (in which case the graph is sometimes
called a Pareto chart) or in some order that makes sense for the categories.

Bar graphs can also be used to show the change in some value over time, although a line graph
is probably a better choice. In that case, the labels on the horizontal axis may be dates, months,
years, or other time intervals.

How to Draw It

If you wanted to show the relative sizes AY

of the four classes in County High

School, you might make a bar graph,

with a bar to represent each class. If the

freshman class has 583 students, the

sophomore class 529, the junior class 492,

and the senior class 451, you'd want to
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draw a horizontal axis with a space of

equal size for each of the bars. Usually,

you leave a little space between the bars.

Then you'll need a vertical axis with

a scale that lets you show the different

class sizes. The largest class is 583, so

your vertical axis needs to go at least

that high, and it needs to be divided into

small enough units that you can find 583,

529,492 and 451. If you try to do a scale

from 0 to 600 by tens, you may run into
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a problem.
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Either the vertical axis will become so AY
. ) 600
crowded with numbers that you can’t
read them anymore, or the graph will 550
become so big that it won't fit on the 00
page. What can you do? One strategy is
not to label every division. They're still 450
there to help you to count the height of 400
the bars, but the scale is easier to read.
350
300
250
200
150
100
50
0 T T T T T T T T

The other tactic you can use is what’s 6001\3’

called a broken scale. At the bottom

of the vertical axis, you place a pair of 550

slashes or a zigzag marker to show that 5

you’re skipping over some numbers, and

then you begin the scale again after the 450

break. This graph has a broken axis that

picks up at 300.

350

300

@ MATH TRAP
When a graph has a broken scale, the relative sizes of the bars can be distorted. If the
scale jumps from zero to 500 in a short break, a bar that represents 700 could look
almost twice the size of a bar that represents 600. Read carefully. Always check for
broken scales and note how much of a jump they've taken.
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So what does the bar graph for the four classes at County High School look like? You draw a bar
for each class, making sure that the bars are all the same width, and bringing each up to a point
on the scale that corresponds to the enrollment. You might want to label the bars with the actual
values they represent, especially if the scale is hard to read.

Class Sizes at County High School

6004

550

500

450

400

350

300

1

0 t

t t
Freshman Sophomore Junior Senior

How to Read It

When you begin to read a bar graph, look first at the words around the graph. Is there a title to
tell you what the graph 1s about? Are the scales labeled to tell you what they show and in what
units they’re measured? Then look at the actual bars. How high is each bar? You may need to
estimate the quantities, if exact values are not given. Be sure to read scales carefully.

Fastest Times for Speed Skating 2002 Winter Olympics

76
75 [
74
73 1
72
71
70
69
68
67
66

Seconds
|
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This graph shows the best times in speed skating for athletes from different countries in the 2002
Winter Olympics. The horizontal axis shows the names of the countries. The vertical scale shows
times in seconds. It’s easy to see that the athletes from Belarus were significantly slower than
those of the other countries represented. It’s a little harder to find the fastest country, because
several countries have times just over 69 seconds.

ﬁ CHECK POINT

1. Draw a bar graph to represent the data below.

Average Gasoline Usage in Hundreds of Gallons
per Month for New England States

State CT ME MA NH RI
Gasoline Usage 43 54 44 54 4.1

2. Which state had the lowest average gasoline usage? Why might residents of that
state use less gasoline?

The bar graph below summarizes the sales of various lunches offered in a school
cafeteria.

Cafeteria Lunches

70
o 60
S
<
A’

:_ 50
g
t 40
)
="
=
= 30
195}
3
= 20
[3)
=
=
- 10
0 t t t t t

Burgers Chicken Tacos Pizza Pasta

3. Based upon this information, tacos outsell pasta by approximately how many
lunches?

4. Approximately how many chicken lunches are sold per year?

5. Approximately how many burgers are sold per year?
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Histogram

There’s another type of graph that, at first glance, may look a lot like a bar graph, but there are
some key differences. The graph is called a histogram. It does use bars, but instead of represent-
ing different categories, this graph tells you how often a particular number or measurement
showed up in the data. A histogram is an example of a frequency graph. It tells you how often,
how frequently, a particular value occurs.

If you surveyed a group of people and asked how many pets they owned, you would likely get
answers ranging from 0 to perhaps 5 or 6. It’s also likely that there will be more than one person
giving each of those answers. You could draw a histogram to show how many people gave each

answer.
Notice that in the histogram the bars are Number of Pets
touching, but in the bar graph there was 40
space between them. That’s because in a 35
bar graph the categories on the horizontal 55
axis are separate from one another. In the
histogram, the horizontal axis has all the 20
15

possible answers in numerical order, and

every number on that axis is counted in one 10

of the bars. Each bar picks up just where 5
the last one left off, and no value on the 0 I—'
horizontal axis is left out. 1 2 3 4 5

Circle Graph

Circle graphs, sometimes called pie charts, are visual aids that show a circle broken into wedges,
in much the way you would slice a pie or cake.

When to Use It

Circle graphs are used to represent quantities as fractions of a whole. When you have several
numbers that all combine to make up one thing, a circle graph may be a good way to show that.
If you know that you have 8 seniors, 5 juniors, and 2 sophomores on your team, you might use
a circle to represent the team, broken into three wedges. The size of each wedge corresponds to
the fraction of the team that comes from each class.
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@ MATH TRAP

Information given in percentages doesn't automatically go in a circle graph. A circle
graph could show the percentages of the Town Council who come from each political
party, but it can't show the percentage of Republicans in the Town Council compared to
the percentage of Republicans in the state legislature. The percentages have to be parts

of the same whole.

How to Draw It

Drawing a circle graph seems easy. Make a circle, add a few lines to split it up, and attach a few
labels. That will make a circle graph, but if you want a good circle graph, a really accurate circle
graph, it takes a bit more work.

Suppose County High School made a list of how many of its students came from each of the
towns in the county. Here’s what they found out.

Home Towns of County High Students

Town Number of Students
Arlington 274
Buxton 685
Carleton 137
Dover 411
Eatontown 548

To make an accurate circle graph, you first need to know what fraction of the high school enroll-
ment comes from each town. To find that out, total up all the students, and divide the number
from each town by the total of 2,055. Simplify the fractions.

Home Towns of County High Students

Town Number of Students Fraction of the School
Arlington 274 % _ %

Buxton 685 % — %

Carleton 137 % _ %

Dover 411 % — %

Eatontown 548 % — %
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Each town is going to be represented by a wedge of the circle, and the size of that wedge should
be the same fraction of the circle. To make sure it’s right, you need to find the number of
degrees for each fraction of the circle and then get a protractor to measure the angles correctly.
(Computer software can do a lot of the work for you, but it’s good to know how to do it by hand.)
Multiply the fraction of the school times 360 to find the number of degrees in each wedge, and
then carefully divide the circle, using a protractor.

Home Towns of County High Students

Town Number of Students Fraction of the School Number of degrees
. 274 2 2 o o
Arlington 274 2055 = 15 T 360" =48
685 1 1 o o
Buxton 685 2055 = 3 §x360 =120
137 1 1 o o
Carleton 137 2055 =15 EX%O =24
411 1 1 o o
Dover 411 3055 =3 §x360 =72
548 _ 4 4 o ogo
Eatontown 548 2055 ~ 15 EX360 =96

The final circle graph should look like this.

Colors can help to emphasize the different
wedges, but the drawing and the labels
should be clear enough to make the infor-

mation clear without colors.

County High Enrollment by Town

Dover, 411

Arlington,
274

Buxton, 685

Carleton, 137




Chapter 19: Graphs 269

How to Read It

When you begin to read a circle graph, the first thing you want to know is what the graph

1s talking about. Look for a title to tell you the general topic. This graph shows how the list

of students who made the honor roll breaks down by class. Sometimes the graph will have a
caption to explain more clearly what it’s talking about. Next, look to the labels on the circle
wedges. They should tell you what each of the wedges represents, and they may have values or
percentages to tell you what part of the whole that wedge is. The graph below has four wedges,
each labeled with the name of a class, and each has a percent that tells you what part of the honor
roll comes from that class.

Sometimes your wedges are too small for Honor Roll Membership
labels or your labels are too long to fit

neatly. Placing the label outside the circle
near the wedge is the next best option,
but if there are many small wedges, even
that may be hard to do. In that case, the
graph should have a legend. A legend is a Freshman
small box near the graph that explains the Seniors 2%
code that you need to make sense of the =
graph. It should tell you what each color or
pattern represents and probably include the
percentages or values as well.

Sophomores
18%

Juniors
23%

CHECK POINT

6. Draw a circle graph to represent the data below.

Land Area of NYC by Borough

Borough Manhattan |The Bronx Brooklyn Queens Staten Island

Land area 23 42 71 109 58
(square miles)

7. The largest borough (by land area) is approximately how many times larger than
the smallest?
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This graph shows the enrollment in Enrollment in Arts Courses
various arts electives last year.

8. What percentage of the enroll-

ment was 1n music Courses?
Painting

9. Which arts course had the larg- 10%
est enrollment?

10. Which two courses had the most Sculpture
similar enrollments? L3

11. If a total of 461 students signed
up for arts electives, how many
students took Art History?

Ceramics
10%

Theory
4%

Line Graph

A line graph is a graph that connects points with line segments. The lines help to clarify the
pattern of change in the values the points represent.

When to Use It

Line graphs are generally used to show the change in a quantity over time. A runner might
record her times at each daily practice and create a line graph to help her see the pattern of
improvement, or to see if there was a particular time when her times were slower or faster than
usual.

How to Draw It

To create a line graph, you need data that has been recorded. Each entry should include a date
or time and a value. Let’s suppose that runner recorded her times in seconds for the 200 meters
every day in April. Here is her record for the first 10 days.
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Day 1 2 3 4 5 6 7 8 9 10
Time |22.71 22.68 22.50 2243 22.37 22.19 22.04 21.97 2191 21.89

The horizontal scale should show the day numbers, in this case up to 10, equally spaced along the
axis. The vertical scale must go high enough to record all the times, so up to about 23 seconds.
Then place a dot in line with each day’s number at a height that corresponds to that day’s time
in seconds on the vertical axis. Finally, connect the dots, day 1 to day 2 to day 3 and so on, using

straight line segments.

You may find that your first attempt is not satisfactory. If you labeled your vertical scale from 0
to 23 seconds, the graph may look very flat. The runner’s times are only changing by a fraction

of a second at a time.

Times for 200 meters April 1-10

._H—-—H—H_._.

20

15

Seconds
o

1 2 3 4 5 6 7 8 9 10
Day Number

A broken scale is a good idea here. Here’s what the same graph looks like if you use a broken
scale, showing only 21.4 to 22.8 instead of 0 to 23. It’s much easier to see the changes in the

runner’s times.

Times for 200 meters April 1-10

22.6 >

1 2 3 4 5 6 7 8 9 10
Day Number
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How to Read It

Line graphs should have a title to tell you what information is being presented. Check that first,
then examine the scales. The horizontal scale should show time, and it should be clear what the
units of time are (years, months, days, etc.). This graph shows the average number of absences
due to illness at County High in the months from January to June.

Absences Due to Illness

MERAN

10
5 \ e

\./

O 1 1 1 1 1 1
Jan Feb Mar Apr May Jun

The range of numbers on the vertical scale and the units in which they are marked will depend
on the information being presented, but take the time to read it and understand the units. This
scale runs from 0 to 45, and the grid lines are every five units. Check for a broken scale and
remember that a broken scale may distort your perception of size, just like in a bar graph, so
examine the graph carefully. This scale is not broken, so there’s no concern.

The line segments connecting the points will help you see overall patterns, but don’t ignore

the dots themselves. They are the actual observed and recorded data. The average number of
absences due to illness at County High in May looks like 4. Connecting the points with lines is
based on the assumption that the change from point to point is smooth and consistent, and that’s
not always true. Be very cautious about making any predictions or drawing any conclusions from
what the line segments are doing. For example, the lines in this graph suggest that the sharpest
decline in absentees took place from February to March, and that there were increases from
January to February and from May to June. You wouldn’t try to use the lines to say that there
were 15 absentees on a certain date, however, because the line segments don’t represent recorded
data, only trends.
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CHECK POINT

12. Draw a line graph to represent the data below.

Esther’s Spending on Restaurant Meals for the First 10 Days
of August

Date |1-Aug |[2-Aug |3-Aug [4-Aug (5-Aug |6-Aug |7-Aug |8-Aug |9-Aug [10-Aug

Cost $ 19.80 19.53  [6.25 2320 |8.55 20.05 (1495 |2345 |6.75 15.20

13. Is there any pattern to Esther’s restaurant spending?
14. On which two days was Esther’s spending most similar?

The graph below shows the sales of hotdogs at Jenny’s Beach Bungalow over the
course of the last year.

Jenny’s Beach Bungalow

» /\

1500 / \

1000 / \
- \

Hot Dogs Sold

500

1 1 1 1 1 1 1 1 1 1 1 1
Jan Feb Mar Apr May Jun Jul Aug Sept Oct Nov Dec
15. Over which period did sales have the greatest positive change?

16. Over which period did sales have the steepest drop?
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17. Which autumn month had sales most similar to the number of hot dogs sold in February?

The Least You Need to Know

* Bar graphs are used to compare the sizes of different quantities.

* A histogram shows how frequently a particular value occurs. Although they look
similar, bar graphs and histograms are different types of graphs.

* Circle graphs show parts of a whole.
* A line graph tracks the change in one quantity over time.

° For any graph, always examine the information presented carefully. Pay attention
to titles, units, and scale.
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Measures of Center and Spread

When researchers have a question, they perform lots of In This Chapter
experiments or pose their question to many people and then

they record all the results or responses. All that data can * Identifying mean, median,
provide lots of information, but there may be so much data and mode

that it’s difficult to make sense of it. It can turn into just a * Using percentiles and
flood of numbers. quartiles

To make sense of information, you often need ways to * Measuring the spread of
summarize it and describe the patterns in it. Statistics are data

numbers that summarize collections of data or information.
They help you to draw conclusions about the data.

In this chapter, you’ll look at the statistics that give you the
most important information. You'll find the measures of
center, the numbers that tell you about the average or typical
value. You'll also find the numbers that divide the data into
groups, allowing you to compare different results. For the big
picture, you'll talk about how spread out the data are, using a
few simple numbers (and one not-so-simple one).
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The Centers

One of the ways you can represent a data set is by identifying a central tendency. A central
tendency is the center value or a typical value of a particular data set. Identifying this value gives
you a sense of the result you might get if you did the experiment again or asked the question
again. Knowing this measure of center begins to give you a sense of the typical result, what you
can expect. That expectation is approximate, of course. Every time you do the experiment or ask
the question you will probably get a different value, but the more you do that, the better your
sense of what to expect will become.

There are three different measures of center in common use. They’re called the mean, the
median, and the mode. The mean requires the most calculation, but unless you have an
extremely large set of numbers, the calculation isn’t difficult. The median only asks you to put
numbers in order and the mode only requires you to count.

Mean

The mean is the number most people think of when you say “average.” It finds the center by
balancing out the highs and lows of the numbers. The mean is found by adding all the data items
and dividing by the number of items.

@ DEFINITION

The mean of a set of data is a measure of center found by adding all the data values
and dividing by the number of values.

If you take three tests and earn grades of 84, 91, and 77, you find your average grade, or mean
grade, by first adding up your three test scores. 84 + 91 + 77 = 252. Then you divide that total
by 3 because it represents three tests. 252 + 3 = 84. Your mean score is 84. The mean will not
always be the same as one of the values, but it will be in the middle of the values. Your high score
of 91 and your low score of 77 balance each other out, and the average ends up being the same as
your middle score of 84.

If one or more of the values you're averaging are much higher or much lower than most of the
group, the mean will be pulled toward that extreme value. Suppose you accidently copied that
grade of 77 as just a 7. That would make that score significantly lower than your other grades.
When you found the average, you'd get (84 + 91 + 7) + 3 = 182 + 3 = 60.67. That gigantic drop
in your average is caused by that extremely low value.
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Here’s an example with a larger data set and larger numbers. Calculate carefully to find the mean
amount of land in parks and wildlife areas in 2002 in the states shown below.

Land in Rural Parks and Wildlife Areas 2002 (1,000 acres)
Michigan 1,436

Wisconsin 1,000

Minnesota 2,959

Ohio 372

Indiana 264

linois 432

Towa 327

Missouri 649

First add the values given for each of the eight states. The total should be 7,439. Then divide
by 8, because you added up the acreage for eight states. 7,439 + 8 = 929.875. Keep in mind that
the numbers you averaged are in thousands of acres, so the mean you calculated is not actually
929.875 acres, but 929.875 thousand acres or 929,875 acres.

ﬁ CHECK POINT

Find the mean of each set of data
1. A=12,2,2,33,4,444}
2. B = {34, 54,78, 92, 101}
3. C=1{3,4,54 78,92 10,1}
4. D = {32, 34, 36, 38}
5. E=12,2,3,4,5}

Median

The median is the middle value when a set of data has been ordered from smallest to largest or
largest to smallest. You've probably heard the word median used in other situations. In geometry,
a median of a triangle connects a vertex to the midpoint of the opposite side. The strip of grass
in the middle of a highway that divides the lanes moving in one direction from the lanes in the
other direction is also called the median. Medians are always about the middle.
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@ DEFINITION

The median of a set of data is the middle value when the data are ordered from
smallest to largest. If the data set contains an even number of values, the median is
the average of the two middle values.

To find a median, you just need to put the data in order and find the value that falls exactly in
the middle of the list. If there is an even number of data points, and two numbers seem to be in
the middle, the mean of those two numbers is the median. If the data set is very large, sorting
and counting to find the middle can be tedious, and that’s a good time to use a computer to help
with the task. But for smaller data sets, finding the median is fairly simple.

Suppose a class of 10 students earned the grades below on an exam.
78,59, 92, 82, 74, 97, 63, 75, 66, 88

To find the median grade, put the grades in order. Usually, people sort from low to high, but high
to low will work, too.

59, 63, 66, 74, 75, 78, 82, 88, 92, 97

There are 10 grades, so the median will be the average of the fifth and sixth grades. Counting in
from the low end, the fifth grade is 75 and the sixth is 78. The median is (75 + 78) + 2 =
153 + 2 = 76.5. The median grade is 76.5.

Earlier you found the mean number of acres of land in parks and wildlife areas for eight states in
2002. To find the median of the same data, first put the list in order by acreage.

Land in Rural Parks and Wildlife Areas 2002 (1,000 acres)
Minnesota 2,959

Michigan 1,436

Wisconsin 1,000

Missouri 649

linois 432

Ohio 372

lowa 327

Indiana 264

The median will be the average of the fourth and fifth values. (649 + 432) + 2 =1081 + 2 =
540.5 thousand acres or 540,500. Remember that the mean was 929,875 acres. The mean is larger
than the median because it’s pulled toward the large acreage for Minnesota. The median doesn’t
get pulled in the same way, which is why statisticians say that the median is resistant.
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ﬁ CHECK POINT

Find the median of each set of data.
6. A=1{2,2,2,3,34,4,4,4}
7. B = {34, 54, 78,92, 101}
8. C=1{3,4,54,78,9 2,10, 1}
9. D= {32, 34, 36, 38}
10. E=12,2,3,4, 5}

Mode

Most people recognize the word mode, but not always from math. You've probably heard the
phrase “a la mode” used in describing a dessert. It really doesn’t mean “with ice cream.” It
actually means “according to the fashion.” It was fashionable to add ice cream to a dessert, and

doing so became quite common.

@ DEFINITION

The mode of a set of data is the value that occurs most frequently.

In statistics, the mode is the most fashionable value, the one that occurs most often. When you
look at a set of data and see a value that is repeated frequently, that value may be the mode of the
data set. If more than one value repeats, the one that repeats most often is the mode.

In the large data set below, you’ll find several values that occur twice: 9.8, 10.8, 14.7, and 18.6.
There 1s one value, 17.7, that occurs three times. The mode is the most common value, the one
that occurs most frequently, so in this data set, the mode 1s 17.7.

6.9 8.7 9.7 10.7 11.5 13.3 14 14.7 17.3 18.6
7.8 8.9 9.8 10.8 12.1 134 14.1 14.9 17.6 18.6
8.1 9 9.8 10.8 124 13.6 144 154 17.7 19

8.2 94 10.3 10.9 13 13.7 14.6 159 17.7 19.9
8.5 9.6 10.6 114 133 13.8 14.7 16.8 17.7 227

Not every data set will have a mode. Many are made up of values that are all different. And some
will have more than one value that repeats the same number of times, so you can say they have
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more than one mode. Sometimes that’s interesting information, but often it just means that there
isn’t a really common value.

The data set below shows the scores (out of 18) earned by 40 subjects in an experiment.

Test Scores

14 14 8 9 13 11 13 9
10 9 11 15 13 12 13 9
16 12 15 14 8 12 17 15
15 16 11 16 14 16 13 12
17 7 13 8 16 14 14 10

To find the mode, it helps to sort the data, so that duplicate values are together and easier to
count. Here’s the same data sorted from low to high.

Test Scores

7 9 11 12 13 14 15 16
8 9 11 12 13 14 15 16
8 9 11 13 13 14 15 16
8 10 12 13 14 14 16 17
9 10 12 13 14 15 16 17

With the data sorted, you can see that there are many repeated values, but you want to find the
most common value. It turns out that this data set is bimodal. That means it has two modes: 13
and 14. Each of those scores occurs six times. The fact that they fall together is a strong indicator

that these are typical values.

ﬁ CHECK POINT

Find the mode of each set of data.

11.
12.
13.
14.
15.

e\ S B, 2 2 3, B 45 A 4 A
B = {34, 54, 78,92, 101}

C=1{3,4547389 2,10, 1}

D = {32, 34, 36, 38}
E = {27 27 37 47 5}
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The Separators

For small sets of data, you can take in the whole of the data set at once. The five test grades you
earned over the course of a semester probably don’t need to be broken up to help you understand
them. But for larger sets, especially for very large collections of data, being able to divide the list
up in organized ways can allow you to make comparisons that help you understand the important
information.

You might want to compare numbers within the data set, or you might want to make comparisons
between two related data sets. If a researcher was conducting a study on the cancer drugs, she
might want to compare the test results for two subjects in the same drug trial, perhaps to see if
gender or other factors changed the drug’s effectiveness, or she might want to compare the results
of the trials of two similar drugs to see which might be more effective.

Quartiles and Percentiles

The most common ways of dividing up data sets are quartiles and percentiles. Quartiles divide
the data into four equal parts, or quarters. Percentiles divide the data into 100 equal parts.
Remember that percent means out of 100.

You could divide the data into any number of equal parts, and sometimes people do use other
“tiles.” Quintiles divide the data into five parts, for example. The quartiles and percentiles are
the most common ones, however.

Percentiles are most useful for very large data sets. It would be impossible to divide a data set
into 100 parts if it only contained 10 numbers. When there are hundreds or thousands of pieces
of information, like the scores for the SAT test administered all across the country, percentiles
can be a helpful way to compare values. If a score is at the 85 percentile, 85% of the scores are
below it and 15% are above. If your score was right in the middle of all scores, so that you were
at the median, you'd be at the 50" percentile. That means 50% of the scores are above you and
50%, or half, are below you.

For smaller sets of data, dividing into fewer parts makes more sense, and the most common is
four parts, called quartiles. The first quartile 1s the value that has one-fourth of the data below
it and three-fourths above. The second quartile has two-fourths, or half the data below and half
above. The second quartile is never called the second quartile, however, because it’s the median
and always gets that name. The third quartile has 75 percent of the data below and 25 percent
above. The first quartile, or QI, the median, and the third quartile, Q3, divide the data set into
four equal parts.
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Suppose you had collected the data below and wanted to find the quartiles.

Number of books read last year: 16, 23, 13, 24, 25, 16, 17, 28, 19, 14, 12, 22, 13, 24, 15, 26, 27, 18, 29
Start by finding the median. Put the data in order, and find the middle value.

12,13, 13, 14, 15, 16, 16, 17, 18, 19, 22, 23, 24, 24, 25, 26, 27, 28, 29

There are 19 numbers, so the tenth number is the median. That’s 19. Then look at the numbers
below the median, and find the middle value in that group. That value, 15, is the first quartile.
Finally, look at the numbers above the median and find the middle value in that group. The
number 25 is the third quartile.

Boxplots

One of the ways in which quartiles are used is in the creation of a graph called a box and whisker
plot, or a boxplot. It gets its name from its appearance. It’s a box with a line poking out on each
side, like a whisker. The whiskers reach to the lowest and the highest numbers in the data set, but
the box shows the quartiles.

You have the data above on number of books read, and you know that Q1 = 15, the median is 19
and Q3 = 25. Notice that the smallest value is 12 and the largest 1s 29. Draw a scale and mark it to
show at least 12 to 29. Draw a rectangle that reaches from 15 to 25. That’s the box part of the box
plot. From the lower end of the box, draw a line, a whisker, down to the minimum of 12. From the
upper end, draw a whisker to the maximum of 29. Finally, add a divider to the rectangle at 19 to
show where the median is.

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32



Chapter 20: Measures of Center and Spread 283

ﬁ CHECK POINT

In questions 16—18, find the first quartile, median, and third quartile of each
data set.

16. A=1{3,4,54 78,92, 10,17, 32, 34, 36, 38}
17. B={2,2,3,3,4 4 4, 34,54, 78,92, 101}
18. C = {22,183, 21,49, 76, 64, 83, 29, 94, 19, 82, 28, 101}

19. George and Harry take the same test. George’s score places him at
the 54 percentile, and Harry’s score is at the 43 percentile. Who did
better?

20. Draw a box plot for data set A in question 16.

The Spread

It’s good to know where the center of your data is. That tells you the average value. But only
knowing the center of your data is like only knowing the center of a circle. You know where it is,
but you don’t really know what it looks like, because you don’t know how big it is. You can’t draw
the circle until you know the center and the radius, and you don’t have a good picture of your
data until you know the center and the spread.

Measures of spread tell you whether all the numbers are clumped up close to the average or
whether they're spread all over the place. If, over the course of the semester, you earned test
scores of 69, 70, 73, 74, and 74, you'd have a mean score of 72 and a median score of 73. If you
earned test scores of 43, 61, 73, 85 and 98, youd also have a mean score of 72 and a median of 73,
but the two sets of scores give very different pictures of how your semester went. Knowing how
spread out the numbers are can also be important information.

Range

The simplest measure of the spread is called the range. It’s just the difference between the
highest value and the lowest value. Those test scores of 69, 70, 73, 74, and 74 have a range of

74 — 69 = 5, but the scores of 43, 61, 73, 85, and 98 have a range of 98 — 43 = 55. The much larger
range for the second set tells you that the numbers varied a great deal. The smaller range says
that the numbers clumped up fairly close to the mean or median.
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Interquartile Range

The interquartile range, or IQR, is similar to the range, as you can tell from its name. The other
part of the name, interquartile, means between the quartiles. To find the range, you subtract the
minimum value from the maximum value. To find the interquartile range, you subtract the first

quartile from the third quartile (Q3 — Q).
Look back at the data about number of books read that you used to find quartiles.
Number of books read last year: 16, 23, 13, 24, 25, 16, 17, 28, 19, 14, 12, 22, 13, 24, 15, 26, 27, 18, 29

This data set has a minimum of 12 and a maximum of 29, for a range of 17. You found QI = 15,
median = 19, and Q3 = 25. The interquartile range is Q3 — Q1 = 25 — 15 = 10.

The reason you sometimes want to use the interquartile range instead of the range is that the
very high and very low values in your data often straggle far away from the other data. That
exaggerates the range. The IQR cuts off those straggly parts but still gives you a sense of the
spread.

Standard Deviation

The third commonly used measure of spread is the one that’s more complicated to find. It’s
called the standard deviation, and like the range and the IQR, the bigger it is, the more spread
out the data are. The standard deviation tells you how much the other numbers in the data

set vary from the average. For this reason, it is often paired up with the mean; for example,

you might hear that a data set has a mean of 42 with a standard deviation of 3. A low standard
deviation tells you that the numbers in the data set are close to the mean, while a high standard
deviation indicates that the numbers in a data set are far from the mean.

Understanding the standard deviation is harder than understanding the range, but here’s a way to
think about what the mean and standard deviation tell you.

The mean tells you how to locate the center of the data set.
The IQR tells you where the middle 50 percent of the data is.
The range tells you where 100 percent of the data is.

The standard deviation breaks the range up into sections, letting you gauge how far from the
mean another value is.

The standard deviation is like a ruler, measuring how from the center a value falls.

So what is the standard deviation? The deviation part refers to how far from the mean each
number in the data set is. That’s the simple piece. The standard part refers to the more
complicated work that’s done to avoid or eliminate things that could confuse the information.
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Calculators and computers often do the work of finding a standard deviation, especially for large
sets of numbers, but let’s go through the steps once, just so you know what’s going on. Let’s use
the test scores of 43, 61, 73, 85, and 98 from the earlier example about spread.

The first step in finding a standard deviation is to find the mean. You know from the earlier
example that the mean of this data is 72. The next step is to subtract that mean from each

number.

Number Number — Mean
43 43 -72=-29

61 61 —72 =-11

73 73-72=1

85 85-72=13

98 98 —72 =26

The basic idea is to average these deviations, but if you add them up right now, the negative num-
bers and the positive numbers will cancel each other out. You could take the absolute value of
each deviation, add the absolute values, and divide by the number of them you have. That would
give you the mean absolute deviation. But the standard deviation calculation squares the deviations
first. Like the absolute value, that makes everything positive.

Number Number — Mean Squared

43 43 -72 =-29 (-29)* = 841
61 61-72=-11 (-117 = 121
73 73-72=1 =1

85 85-72=13 132 =169
98 98 - 72 =26 26> = 676

Now you add up all those squares and get 1,808. Next, divide. If your data set comes from the
whole population of interest, divide by the number of values. If you're working with just a sample
from a larger group, divide by one less than that. In this data set you have 5 values, so if this set
1s everyone’s test, divide by 5. If it’s only a sample of the test takers, divide by 4. 1,808 + 5 =
361.6 or 1,808 + 4 = 452. The last step 1s to undo the squaring by taking the square root of 361.6
or 452. \/361.6 ~19.02 or \/452 = 21.26. This set of test scores has a mean of 72 and a standard
deviation of either 19.02 or 21.26. That’s a pretty big standard deviation, either way, telling you
those test scores are very spread out.
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ﬁ CHECK POINT

21.
22.
23.
24.
25.

Find the range of {34, 54, 78, 92, 101}

Find the range of {3,4,5,4,7,8,9,2,10, 1}

Find the interquartile range of {3, 4, 5,4, 7, 8, 9, 2, 10, 17, 32, 34, 36, 38}
Find the IQR of {2, 2,2, 3,3, 4, 4,4, 4, 34, 54, 78, 92, 101}

Find the standard deviation of the test scores {69, 70, 73, 74, and 74}.

The Least You Need to Know

* Measures of center and spread help you make sense of large amounts of data.

* The mean is the average of a set of numbers, the median is the middle number in

a set of numbers, and the mode is most common number in a set of numbers.

* Numbers like quartiles and percentiles let you place one number within the

group.

* Range, IQR, and standard deviation tell you how widely spread the information is.



PART

Extra Practice

Your journey through the world of numbers is coming to a close. I hope it was a good trip for you.
Was it perfect? No? Well, I suppose it’s rare that any trip is perfect. After any trip, no matter how
wonderful, you tend to come home thinking of what you’ll do next time.

Welcome to next time. If you want to make your math world tour better, you need to make your
skills stronger. Did you have trouble with some of the topics? Practice. This part contains extra
problems based on the material in each of the previous parts. You can use them all to keep your
skills strong, or focus on the problems that correspond to topics you found difficult. Answers are
provided in Appendix B, so you can check your work as you go along.
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Extra Practice

Part I: Arithmetic

Use the number 8,472,019 to answer questions 1-5.
1.
2.

Name the digit in the hundreds place.

Name the digit in the hundred-thousands
place.

Name the digit in the thousands place.
Name the digit in the tens place.

Name the digit in the millions place.

Write each number in scientific notation.

6.
7.
8.
9.
10.

7,300
12,000
903
2,450,000
691,000

Evaluate each expression.

11.
12.
13.

8§ X 3+5
27—-8 +4 X 10
3(7-4-4(7-3)

14. (56—8) + 4—10
15. 8 X (3 + 5)?

16. -19 + 39 + -3

17. -5(-4 + -8) + 5@ + 7)
18. (16 —37) + -7

19. 20 X -3 + (-7)?

20. 17-33-9(12 - 8)

Find the following:
21. The prime factorization of 280.
22. The prime factorization of 5,005.
23. The GCF of 510 and 272.
24. The LCM of 91 and 119.
25. The GCF and the LCM of 42 and 90.

Perform each calculation.

26. Ex4z

28 3
27. 7E +12
5 10

28. E+i
57
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29 42— L
30, 212

31. 378 + 9.3
32. 293 -18.53
33..6.23 X 2.04
34, 4374 + 1.2
35. 1.1 + 0.88

Use a proportion to solve each problem.

36. If 6 plants require 4.5 ounces of water, how
much water will 27 of the same type of
plant need?

37. The ratio of dark chocolate candies to milk
chocolate candies in a particular mixture is
3 to 7. If you buy 5 pounds of the mixture,
how many pounds of dark chocolate candies
will it contain?

38. A certain rye bread recipe calls for 4 cups
of wheat flour and 3 cups of rye flour. You
have a 5-pound sack of rye flour, which
measures out to 22.5 cups, and you'd like to
use it all. How much wheat flour will you
need?

39. Jeff is ordering food for a Super Bowl party.
The caterer’s brochure says that 6 gallons
of chili will feed 40 people. If 100 people
are expected at the party, how much chili
should Jeff order?

40. Leslie designed a drapery panel that is made
from 2 yards of print fabric and 5.5 yards of
solid fabric. To cover all the windows in her
living room, she will need 90 yards of fabric
in total. How many yards of solid fabric
should she order?

Solve.
41. What is 18% of 45?
42. Thirty-three is what percent of 110?
43. 38 1s 16% of what number?

44. What is the percent decrease in the price of
a rug that originally sold for $850 and is on
sale for $629?

45. A mountain bike that originally sold for
$600 increases in price to $675. What is the
percent increase in the price?

Part Il: Algebra

Simplify each expression.
46. 3x-Tx+12-2x+5
47. 4(5-3x)-2(9x-7)

48, 35x—23+15x—12
5
2(5t—1)+8+2
ot
50. =7(5y-2)+8(6-5y)

49.

Solve each equation or inequality.
51. 7Tx-12=5x+4
52. 3(2x-9) =-3(x+5)
53. 111—49=2(7t-5)
54 -4y-6>-11y+1
55. 11-3x<2x+1
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Graph each equation.

56. y=6—§x 58. 3x—y=7
57. x+y=8 59. y=5
60. x=-4
Part Ill: Geometry
Use the diagram to identify each of the following.
1
A
T
<—o >
P R E
C

o
[ o >
H 1
J o} O—>
K
&L
66. Name the angle that corresponds to ZHDE.
67. £CDH and £ BEF are a pair of angles.

68. If m£ ADC = 20°, find mZ DEJ.
69. Find the measure of Z HJK.

70. If m£DEJ = 150°, find the measure of ZHDE.

61.
62.
63.
64.
65.

A ray

A line segment
An acute angle
An obtuse angle

A pair of vertical angles
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71.
72.
73.

74.
75.

76.
77.
78.

79.
80.

Find the missing measurements.
In AJAM, JA= AM. lf m£J = 80°, find mZA.
If AR =7 cm, RM = 13 cm, and AARM is isosceles, then AM = cm or cm.

ALEG is a scalene triangle. LE = 4 cm and £G = 17 cm. The length of LG must be at least
cm but not more than cm.

In AMAT, MA = 4 inches, AT = 4 inches, and MT = 6 inches. Is AMAT a right triangle?

ACOW s a right triangle with right angle £0. If CIV'= 65 cm, and CO = 25 cm, find the length
of OW .

If APAT = APOT and mZ A = 70°, then m£0 =
ADOG = ACAT, and DO = 28 in., OG = 34 in., and DG = 45 in. How long is CT?

AHOG ~ APIG, and £Z0GH and £IGP are vertical angles. If HO = 14 ¢cm, PI = 21 c¢m, and
HG = 18 ¢m, find PG.

ARUG ~ ALAP, and RU is 8 centimeters longer than LA. If RG = 14 ¢cm and LP = 10 c¢m, find RU.

APLA is a scalene triangle, and side LA is extended through 4 to point } and beyond, to form
exterior angle ZPAY. If m£ PAY = 115° and mZL = 75°, find mZP.

Using the diagram, complete each sentence with parallelogram, rectangle, rhombus, or square.

D
] /\ . )
K
B
G
H

81. ACFH is a quadrilateral with AC || FH, AH || CF, and CA L HA. ACFH is a

82.
83.

BJ=JK = KD = DB. BDKJ is a

JK || GI and JI || KG. JKGI is a
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Find the measurement.

84
85

86.
87.

88.
89.
90.
91.
92.

93.

94.

95

. In rhombus BDJK, BD = 12 c¢m. In parallelogram JKGI, GI = cm.
. Find the area of a parallelogram with a base of 12 inches and a height of 5 inches.
ABCD is a trapezoid with BC || AD. If m£.A = 58° find mZB.

In trapezoid ABCD with BC || AD, M is the midpoint of AB and N is the midpoint of CD.
BC =29 cm and 4D = 41 cm. Find the length of MN .

PORS is a trapezoid with OR | PS and PQ=RS If m£0 = 119, find mZS.

Find the area of a trapezoid with height of 15 cm and bases 24 cm and 18 cm.

The area of a trapezoid is 375 cm?, and the median is 15 cm long. Find the height.
Arc AB measures 76°, and £ APB has its vertex at point P on the circle. Find m £ APB.

Tangent PQ and tangent PR touch circle O at Q and R and intercept arcs of 59° and 301°.
Find mZ QPR.

Chord MN intersects chord ST at point X inside circle O. Arc MS measures 24° and arc NT
measures 52°. Find mZ MXS.

Find the circumference of a circle with radius 7 cm.

. Find the area of a circle with diameter 24 cm.

Find the surface area of each of the figures described.

96

97.

98.
99.
100.

. A square pyramid with side 8 cm and slant height 5 cm.

A triangular prism 11 c¢m high, with bases that are right triangles with legs 18 cm and 24 ¢m and
hypotenuse 30 cm.

A cylinder with radius 15 inches and height 22 inches.
A cone with radius 5 inches, height 12 inches, and slant height 13 inches.

A sphere with a radius of 18 cm.

Find the volume of each of the figures described.

101.
102.

103.
104.
105.

A rectangular prism with length 8 inches, width 5 inches, and height 14 inches.

A triangular pyramid 42 cm high with a base that is an equilateral triangle 26 cm on each edge,
with an altitude of 22.5 cm.

A cylinder with a diameter of 20 cm and a height of 48 c¢m.
A cone with a radius of 50 inches and a height of 45 inches.

A sphere with a diameter of 60 cm.
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Solve.

106. You stand 100 m from the base of a tall building and look up to the top of the building. You
measure the angle between your line of sight and the horizontal as 72°. Use trigonometry to find
the height of the building to the nearest foot.

107. The tip of the torch of the Statue of Liberty is 305.5 feet above the ground. If you stand on
the edge of New York harbor and look to the tip of the torch and find that the angle is 3°,
approximately how far from the Statue are you?

108. Jennifer is installing a bird feeder in her yard and wants to steady the pole it sits on by attaching
wires to the pole and to stakes in the ground. She wants each wire to form the hypotenuse of
a right triangle that is approximately isosceles. If each wire is 10 feet long, how far above the
ground should she connect it to the feeder pole?

109. For safe use, a ladder should make an angle of about 75° with the ground. If you want to reach a
point 30 feet above the ground and maintain the safe angle, how long should your ladder be?

110. What is the highest point on a wall that a 25-foot ladder can reach if it is placed at the safe
75° angle?

Part 1V: Probability and Statistics

For questions 111-115, assume that marbles are being drawn at random from a bag containing 5 red,
3 blue, and 2 yellow marbles.

111. If a single marble is drawn at random, what is the probability of drawing a blue marble?

112. If a single marble is drawn at random, what is the probability of drawing a red or a yellow
marble?

113. A marble is drawn at random, recorded, and replaced in the bag, and then a second marble is
drawn. What is the probability of drawing a yellow marble and then a blue marble?

114. A marble is drawn at random, recorded, and replaced in the bag, and then a second marble is
drawn. What is the probability of drawing a blue marble and then a blue marble?

115. A marble is drawn, recorded, but not replaced in the bag. Another marble is drawn from the
remaining marbles in the bag. What is the probability that both marbles are yellow?
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Jobs Growth in Selected U.S. Cities

35

25

sHHHHHHHHHHMHFHEHF -

Percent of Growth
[\e]
|

osHHHHHHHHHHHHEHHF
0
& o < o > L > J & d X
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116. Which two of the cities in this sample appear to have the lowest rate of job growth?

117. How many of the cities in this sample appear to have job growth rates above 2.5%?

Cigarette Smoking among Adults
60

50

20

Percent of Adults

]965 ]970 ]975 ]980 ]985 ]990 ]995
118. When did the percent of adults smoking cigarettes show an increase?

119. During which years did the percent of adults smoking cigarettes remain relatively constant?
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Favorite Thanksgiving Food

Pumpkin Pie
28%

Dressing
22%

Cranberries

L% Sweet

Potatoes
18%

120. What percent of people said their favorite food was a fruit or vegetable?

6 12 14 16 16 18 20 22 26 28 30

121. Find the range.

122. Find the median.

123. Find the first and third quartiles.
124. Find the mean.

125. Find the standard deviation.
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Check Point Answers

Chapter 1 11. 10,000 = 10*

12. 100,000,000,000 = 10"
1. In the number 3,492, the 9 is worth 9 tens. R

13. 107 = 10,000,000
2. In the number 45,923,881, the 5 is worth 5 . Y

millions. 14. 10" = 1,000,000,000,000
3. In the number 842,691, the 6 is worth 6 15. 10° = 100,000
hundreds. 16. 59400 = 594 X 10*

4. In the number 7,835,142, the 3 is worth 3

17. 23,000,000 = 2.3 X 107
ten-thousands.

, 18. 5.8 X 10° = 5,800,000,000
5. In the number 7,835,142, the 7 is worth 7_

millions 19. 2492 X 10" = 2,492,000,000,000,000
6. 79,038: seventy-nine thousand, thirty-eight 20. 1.2 X 1()2j — 12X 10X 102=12 X 102 >
7. 84,153,402: eighty-four million, one hundred 98 X 10%
fifty-three thousand, four hundred two 21. 942 = 900
8. “eight hundred thirty-two thousand, six 22. 29,348 = 30,000
hundred nine” = 832,609 33, 1725854 = 1700000
9. “fourteen thousand, two hundred ninety- 24, 1,725,854 = 1.726,000

one” = 14,291
25. 1,725,854 = 2,000,000
10. “cwenty-nine million, five hundred three
thousand, seven hundred eighty-two” =

29,503,782
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Chapter 2

1.
2.
3.

10.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24,
25.

48 + 86 = 134
97 + 125 = 222

638 + 842 = 1,480

1,458 + 2,993 = 4451

12,477 + 8,394 = 29,871

18 + 32 + 97 = 147

91 + 74 + 139 = 304

158 + 482 + 327 + 53 = 1,020
71,864 + 34,745 + 9,326 = 115,935

9,865 + 7,671 + 8,328 + 1,245 + 3439 =
30,548

596 — 312 = 284
874 — 598 = 276

1,058 — 897 = 161

5403 — 3,781 = 1,622
14,672 — 5,839 = 8,833
100 — 62 = 38

250 — 183 = 67

500 — 29 = 471

400 — 285 = 115

850 — 319 = 531

462 X 53 = 24,486

833 X 172 = 143,276
1,005 X 53 = 53,265
1,841 X 947 = 1,743,427
2,864 X 563 = 1,612,432

26. 4,578 + 42 =109
27. 3496 + 19 = 184
28. 16,617 + 29 = 573
29. 681 =+ 14 =48, remainder 9
30. 1,951 =+ 35 = 55, remainder 26
Chapter 3
1. 9-4X2=9—-8=1
2.3-2X44+41=9-8+1=2
3. (2P-5)X2+14+7-(5+1)
=@-5)X2+14+7-(5+1)
=3X2+14+7-6
—6+2-6
=2
4 (@ -5) X2+ 14] +5-3+1
= [8-5)X2+14 +5-3+1
=[BX2+14 +5-3+1
=[6+14] = 5-3+1
=20+5-3+1
—4-3+1
=1+1
=2
5. [(32-2 X 4) + 12+ [11 -8 + 53 + 1)]
= [(32=8) + 12 + [11 — 8 + 54)]
= [(24) + 1]2 + [11 — 8 + 20]
=[25]2 + [3 + 20]
=50+23=73
6. 235 + 14) = 70 + 28 = 98
7. 320 + 8) = 60 + 24 = 84
8. 7(100 —2) = 700 — 14 = 686
9. 15(40-14) = 600—-15 X 14 =

600 — (150 + 60) = 600 — 210 = 390
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10. 250(1,000 —400) = 250(600) = 150,000 Chapter 4

. [-19] =19 1. 51 is composite. 51 =17 X 3
2. [42] =42 2. 91 is composite. 91 = 13 X 7
13. 10| =0

3. 173 is prime.
14 [5-3[ = (2] =2 4. 229 is prime.

+ — = =+ = .
15. 7+ 5=3| =7+ 2] =9 5. 5,229 1s composite. 5,229 = 3 X 1,743 =

16. -15+25=10 7 X 747 =9 X 581 =21 X 249 =63 X 83
17. 19+ -12 =7 6. 78 =2 X 3 X 13

18. -23+14=-9 7.98=2X7X7

19. -58 + -22 = -80 8. 189 =3 X3 X3X7

20. 147 +-200 = -53 9. 255=3X5X17

21, -17-4=-17+ (-4) = -21 10. 512=2X2X2X2X2X2X2X2X2
22. 39-24=39+(-24) =15 11. 200 =2° X §*

23. 26 —-12=26+12 =38 12. 168=22X3 X7

24. -83 —37 =-83 + (-37) = -120 13. 672=2X3 X7

25, -48—--32=-48+32=-16 14. 2,205 =3 X 5 X 72

26. -4 X 30 =-120 15. 22,000 = 2* X 5* X 11

27. 8 X -12 =-96 16. GCF of 18 and 42 is 6.

28. -7 X 15 =-105 17. GCF of 42 and 70 is 14.

29. -11 X -43 =473 18. GCF of 144 and 242 is 2.

30. -250 X 401 = -100,250 19. GCF of 630 and 945 is 315.

31. 499 = -7=-7 20. GCF of 286 and 715 is 143.

32. -125 + -15 = 8, remainder 5 21. LCM of 14 and 35 is 70.

33, 27 +9=-3 22. LCM of 45 and 105 is 315.

34. 120 + -6 = -20 23. LCM of 286 and 715 is 1,430.

35. -981 + -9 =109 24. LCM of 21 and 20 is 420.

25. LCM of 88 and 66 is 264.
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Chapter 5
1. &:35
5 75
2.2:91
4 4
3712
3
4 123231
4
95
5. 11==—
8
6. L_3
5 40
3.2
4 28
5. 2105
7147
9 32 _7
40 8
0. 8.3
84 4
R
. —X =-—
3 5045 25
4 5
12 E+i= -8-)(&:&:6_
1525 .15 2 3 3
2 2
13, 6 A _4
A9 455 35
7
14. 42— z=§+E= }5/)( ¥ =—=2-
8 8 8 8 & 15, 3
13 2
15. 5—x42— 89-X£=§—26
37 7 3 1
16, 4,320 21_41_ 6

to=—+—=
7 5 35 35 35 35

17.

18.

19.

20.

8 1 _32

9 4 36 36 36
2 ,r_16 15 .31

15 78 120 120 120

078 402 16 o172
3004 ‘271 12
st lost 5,15 56 53
102 710 10 10 10 10 5

9 23

7Z+9—=7

Chapter 6

1.
2.

10.
11.
12.
13.
14.
15.
16.
17.
18.

9.003 is nine and three thousandths.

82.4109 is eighty-two and four thousand one
hundred nine ten-thousandths.

“forty-two hundredths” is 0.42.
“forty-two ten-thousandths” is 0.0042.

“three hundred twelve and nine hundred
one thousandths” 1s 312.901.

0.00001 = 10°
0.000000001 = 10
0.000000000000001 = 1015
1076 = 0.000001

101 = 0.0000000001

0492 = 492 X 10!
0.0000051 = 5.1 X 10

2.7 X 107 = 0.000027

8.19 X 107 = 0.000000819
5.302 X 10+ = 0.0005302
459 + 19.75 = 65.65

397.256 — 242.81 = 154.446
17,401.12 + 15,293.101 = 32,694.221
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19. 15941006 — 143.0025 = 16.40756
20. 1.00027 + 0.4587332 = 1.4590032
21. 492 X 1.5 = 7.380 (or just 7.38)
22. 68413 X 0.15 = 10.26195
23. 9594 = 78=123
24. 46144 + 112 =412
25. 5,066.518 + 8.6 = 589.13
26 2215 016
25 100
7 —
27. ==0.777...=07
9
28. 0185 =1 _ 37
1,000 200
20 013 =12 _ 4L
999 333
30. 5—9= 7.375
8
Chapter 7
1. 5x+3x=32
8x =32
x=4
5x=20 3x=12
There are 12 boys in Math Club.
2. Tx+1x=40
8x =40
x=5

7x =35 lx=5
There were 5 hybrids sold.

63 27

-3 .01
X

. 2x+3x=20

5x=20
x=4
2x =38 3x=12

The florist should use 12 white roses and 8

red roses.

. Ax+Tx+4x =45

15x =45
x=3
4x =12 Tx =21 4x =12

There are 21 tigers.

. 21x+20x+9x =900

50x =900
x=18

21x =378 20x = 360 9x =162

There are 162 white balloons.

.2 x

5 15
5x=30
x=6

3

7 x
3x =168

x=56

x 15

27x =63x%x15

7 5
L R
27

51

68
51x=3%x68

Zx 68"
x= =

P
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10.

11.

12.

13.

14.

15.

16.

17.
18.

3_x
5 10
5x =30

x=6

4515 20% of 225.

45_20
x 100
20x = 4500

x =225
16 1s 25% of 64.
16  x

64 100
64x = 1600

x=25

15% of 80 1s 12.
x 15

80 100

100x =1200

x =12

63 1s 300% of 21.

63 x
21 100
21x = 6300
x =300

120% of 55 1s 66.

> 120

55 100
100x = 6600

x =606

85.3% = 0.853

> =2.5=250%
2

19.
20.
21.

22.

23.

24.

25.

26.

27.

0.049 = 49%
5.002 = 500.2%
I = prt

I =18000x 0.04%x5=$3,600
The interest is $3,600.

I = prt

130 = 1000xrx2

= 65%
2000

The interest rate is 6.5%.

tax=0.047x 175=8.225

You will pay $8.23 tax.

tip=0.20x $35.84 =7.168

The tip should be approximately $7.17.

A total of 8 people at $22 per person is a bill
of $176. The tip will be 0.18x176 = 31.68

or $31.68. Adding the tip to the bill brings
the total to $207.68. Dividing that total
eight ways means that each person’s share is
$25.96.

The increase is $650 — $500 = $150.

50 x
500 100
500x = 15000

x =30
The investment increased 30%.
The decrease 1s 7.5 — 6.75 = 0.75 minutes.

0'75_i
75 100
7.5x=175

x=10

Her time decreased 10%.
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28. The change was an increase of 8.5 — 8 = 0.5

20.

30.

pounds.
05 _x
8 100
8x =50
x=625

The dog’s weight increased 6.25%.

The decrease was 180 — 150 = 30 pounds.

0 _x
180 100
180x = 3000

x= 16g
3
. . 2
His weight decreased 16 5%.

The increase is 2 — 1.5 = 0.5 quarts.

05 _ &
1.5 100
1.5x =50
x=333

There was 33%% more ice cream.

Chapter 8
12y
12
2. t-19=22
3. n+(n+3)=154
4. y(y-5)=84
5. 2=
p+1
6. 5(-6a) = -30a
7. x(4x?) = 4x°
8. 29(-5)%) = -10y*

9.
10.

11.

12.

13.

14.

15.

37°(-87°) = -247
72(3z + 5)= 212" + 35z

14
RRL Y
7

3
%:11@4# 0

18x*

6x°
42 y7

22 3y, # 0
14 y* y

=3x,x¢0

126° =726+ 32x _ 127 72x°  32x _
4x 4x 4x  4x

3x* —18x+8

x#0

Chapter 9

1.
2.
3.

10.
11.
12.

4x1s a term.
-12 1s a term.
=247 1s a term.

] 1S not a term.

a.
—1s a term.
6

. 7y* and 11y are unlike.

37 and 57 are like.

2x and 7x are like.

-94° and -154° are unlike.
132x* and -834° are like.
-4x + 9x = Sx

34’ — 24 is not possible.
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13.
14.
15.
16.
17.
18.
19.

20.

21.
22.
23.
24.
25.
26.
27.
28.
29.

30.

Sxy + 6xy = llxy

120x)* — 80xy* = 40x)”

15z + 25x 1s not possible.

6x(2x +9) = 1247 + 54
124+5x+1)=12+5x+5=5x+17
6£(t—3)— 27 = 6 — 187 — 2 = 6/ — 207

56y + 2) + (4 —12y) =
309 + 10y + 28y? — 84y’ =
-84y° + 58y* + 10y

8a(2b—5) = 2b(a—2) =
16ab—40a — 2ab + 4b =
14ab— 40a + 45

-3d*+ 54— 3a + 12 is degree 3.

6 + 36— 44 is degree 2.

21— 9 + 77 +47 is degree 3.

11y —7y* + 59° — 3 is degree 4.

6 — 4x* + 3xis degree 2.

@+ 104"~ 11la+ 9 = 104" + '~ 11a + 9
20 =9b+ 1202 =5 =26+ 12— 9h -5
3k + 8k —13k—7 = 8k + 3k* — 13k —7

4—Tm + 14m* + 2m* =
14m* + 2m* — Tm?> + 4

Sp—3+6p*—15p = —15p* + 6p* + 5p—3

Chapter 10

1.

2.

x+17=53
x =36

t—11=46
t=57

10.

11.

. 64+4x=34

4x =28

x=7

-3
= -
t—=3=060

t=063

12

7(x+5)=119
7x+35=119
Tx =84
x=12

11x+18=3x—-14

8x+18=-4
8x=-32
x=-4
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12. 5(x+2)=40 19. 5x+13 = 22-4x
5x+10 =40 9x+13 = 22
5x =30 9x = 9
x=06 x=1
13. 5(x—4)=7(x-6) 20. 19-8x = 4(5-2x)-1
5x-20=T7x—-42 19-8x = 20-8x-1
2x-20=-42 19 — 8x = 19 — 8
“2x=-22 Identity
=11
! 21, 2x-5>13 +4x
2x-5>1
14. 4(5x+3) +x=6(x+2) xo5>13
-2x>18
20x+12+x=6x+12
x<-9

21x+12=6x+12

15x+12=12 22, 3x+2<8x+22
15x=0 -5x+2<22
x=0 -5x <20
15. 8(x-4)-16=10(x-7) e
8x—32-16=10x-70 23, 12x+3<x+36
8x—48=10x—-70 11x+3<36
-2x—48=-70 11x< 33
-2x=-22 x<3

x=11

24. 2y-1324(2+y)
16. 2x-3 = x-3

2y-1328+4y
x=3=-3 22y-1328
x=0 2y>21
<-10.5
17. 6x-4=2(3x-2) Y
6x—4=6x-4 25. 5x-10(x—1)>95
Identity 5x—10x +10 >95
- >
18. Ox +11=3(3x +4) Sx 10295
-5x >85
9x +11=9x +12
x < -17

No solution
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26. et ¢

-1009-8-7-6-5-4-3-2-10123456718910

27, <t

28, A Ot

O+ —++++++—>x

PR T T T SN TR TR NN SN N
L N B S B e E
-109-8-7-6-5-4-3-2-1012345671289I10

30, et ¢

-1009-8-7-6-5-4-3-2-101223456728910

Chapter 11

Answers for questions 1 through 5 are shown on one graph below.

y
oA
M #1
gl o
7
6
5
4
#2 3
L ] 20#5

< >»x
—10—9—8—7—6—5%—3—2—1 01 2 3 45 6 7 8 9 10

-6 o#3
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6. x+y=17

£

°y

7. 2x—y=13

A

“y

8. y=3x-6

I

A

9. y=8—2x

A

IS
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10. y = 3%~ 1
ol
7
4
3
0 - 6 5 4 ‘ 1
P .
/ 4
//
/ 5
d
-8
oY

11.

%

)

b w & v g

A

12. 6x+2y =12 has intercepts (0,6) and (2,0).

A

"

A

b w & o g
\

kl\
=
N

12 13 14
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14. x—2y =8 has intercepts (0,-4) and (8,0). 16 m =N _ 5-2 3 _ 1
A xX,—x, 4-7 -3
. 17. mo 2= _6+4 2
12 xX,—x, 9-6 3
. 18 m=2=n 77601
¢ X, —x, 8- 4
6 19 po = _1=5_ -6 _ 3
’ x,—x, 5+5 10 5
2 20 m=2"h 44 0,
t x,—-x, 8=3 5
< | 0 10 11 12 1B 14 IS:X
2 21, y=-=x+1
> . 3
° y-intercept: (0,1) slope: - "
3 y
¥ N
15. 6x+2y=18 has intercepts (0,9) and (3,0). RN ;
y § N
. 1 AN
\ s «
12 10 6 5 4 o I
}\: 5
1\ :
1A \
s WY
1\
< | 0 10 11 12 1B 14 IS:X
5 \
4 \
. \
K
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22, y=-4x+6 24. 2y=5x-6
. . 5
y-intercept: (0,6) slope: -4 y-intercept: (0,-3) slope: 5
ok o
l'
\ 5 /
\ ; /
6 /
6 \ /
) /
NA s /
< \ > < / >
10 ¥ 24 o1\ ) i 1 6 5 4 1o/ I
J\ _
s \ /A
) /
5 [
’ \ 5
N’ \ JARIN
23 y=-3x—4 25. y=—6=3x+1
y-intercept: (0,-4) slope: -3 y-intercept: (0,7) slope: 3
A oA
\ ; /
\ 6 i
- /
< T _2\ 0 ; > 0 65 4 3f21 o 0
\ i
\ J
A\ :
WY / oY
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26. y=-3 28. y=5

27. x=12 29, x=-1

A
Sy

=
S




Check Point Answers 311

300 y+1=4 32 y=2x-5

Y y
10 s v
9 /- :
8 s /
7 4 /i
6 /-
6
5 5 /
h 4
B Bl
< . _ ek
10 - 76543 2 [o 4 W RN EEEEERND Re
o) Y iy Iy
3 3
8 /= :
9, 9 :
Y . i
1
31. y25x+1 33. y>5x—4
J y
] A
B Al i it S L ST S % O S b 0 i
A < ;
3 ) = :
i o
L // ‘ 5 ._-
= ‘ 4 H
K . B N
- > « H >
109 T w5 5o 2 - o 1 09 R A b b 4 ) [0 1
3 3
4 4
A
5
& H
L4
4 5
i i
9 o)
oY Iy
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o<y Chapter 12

y
o
: Sample answers are shown for questions 1-5.

8 Many answers are possible.

‘ 1. Line PO

X 0

1:- 6 4 2 ‘0 4 I:X

2 P

o 2. Ray Y7

8 Y

L 5 L z
v F\o\)
35,y < %x +5 3. Angle ZDEF
y
. A
L D,
~ s
6
NG
: § ¥
1‘ ,'\.:V;,;,"’ 2o ‘ 4 : \W i E
. * 4. Rays AB and AC
T 1 :
g 1 b 5
IR 5. Angles ZPQR and ZRQT

A
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10.

11.

12.

13.

14.

15.

16.

17.

18.
19.
20.
21.

If m£ X = 174°, then £ X is a(n) obtuse
angle.

If m£ T = 38° then £T'is a(n) acute angle.

. If ZX and £Y are supplementary, and

mZX = 174°, then m4Y = 6°.

If ZR and £7T are complementary, and
mZT = 38° then m4ZR = 52°.

Lines PA and RT intersect at point Y. If
mZPYR = 51°, then m£ZRYA = 129° and
mZ'TYA=51°

M is the midpoint of segment @ If PM =
3cem, MQ =3 cmand PO = 6 cm.

H is the midpoint of XY . If X¥ = 28 inches,
then XH = 14 inches.

Ray AH bisects ZCAT. If m£CAT = 86°,
then mZ HAT = 43°.

If mZAXB = 27° and mZ BXC = 27°, then
XB bisects ZAXC.

mZPYQ = 13°, m£L QYR = 12°, mLRYS = 5°,

and mZ SYT = 20°. True or False: YR
bisects ZPY'T. mZPYR = 13° + 12° = 25°.
mZRYT = 5°+ 20° = 25°.

£LPXY and £ZXYT are a pair of alternate
interior angles.

LAXQ and £XYT are a pair of
corresponding angles.
If mZXYT = 68° then mZPXA = 112°.

If m£PXY = 107°, then m£ZRYB = 107°.

If AB L PQ, then mZ XYR = 90°.

Line « 1s parallel to line 4. Both have slopes
of -3.

22. RT is perpendicular to PO. Slopes are
negative reciprocals: Ex S - 1.
5 3
23. Line p and line ¢ are neither parallel nor
perpendicular.
6+2 8 4+8
% ome =222l =20
B R
Line XY and line WZ are neither parallel
nor perpendicular.
. 3
25. The line 3x— 2y = 12 has slope = 5 and the

line 2x + 3y = 12 has slope = ~ % The lines

are perpendicular.

Chapter 13

1.
2.
3.

mZS = 180° — (48° + 102°) = 30°
mZTSQ = 48° + 102° = 150°

mZTSQ = 150°, m£L TRP = 132° and
mZSTN = 78°

The total of m£TSQ + m£LTRP + mLSTN
=150° + 132° + 78° = 360°.

Placidville is 43 miles from Aurora, and
Aurora is 37 miles from Lake Grove. The
distance from Placidville to Lake Grove is
greater than 6 miles and less than 80 miles.

Gretchen lives 5 miles from the library
and 2 miles from school. The distance from
the library to school is between 3 miles and
7 miles.

. ARST is isosceles with RS = ST If mZ SRT

= 39° then m£ZSTR = 39°.

In right triangle A4ABC, mZ 4= 90° —19° =
71°.
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8. False: If mZP=17°and mZ£0Q = 25°, m£ZR = 180° — (17° + 25°) = 138°. APQR is an obtuse
triangle, not an acute triangle.
9. Ifm£P=17° and m£Q = 25°, then the longest side of APQR is side PQ.
10. If the vertex angle of an isosceles triangle measures 94°, then the base angles measure 43° each.
1. InAXYZ, XY LYZ.If XY =15 cm and ¥Z = 20 cm, XZ =25 cm.
12. In ARST, ST L RT.1f ST = 20 inches and RS = 52 inches, R'T"= 48 inches.
13. In APOR, PQ L PR.Tf PQ = PR = 3 feet, OR = 32 ~ 424 feet.
14. In ACAT, CA L AT .1f CT = 8 meters and CA = 4 meters, AT = 43 ~6.93 meters.
15. In ADOG, DO L OG.If DO = 21 cm and DG = 35 cm, OG = 28 cm.
16. AABC is a 30°-60°-90° right triangle, with hypotenuse 8 cm long. The length of the shorter leg is
4 cm.
17. ARST'is an isosceles right triangle with legs 5 inches long. The length of the hypotenuse is 5+/2
inches.
18. AARM is a right triangle with AR = 14 meters, RM = 28 meters, and AM = 14+/3 meters.
mZ M = 30°
19. ALEG is a right triangle with LE = EG and LG = 732 inches. m£G = 45°.
20. AOWL is an isosceles right triangle with OW > OL. £L is the right angle.
1 1
21. A=—=bh==x14x7=49 cm’
1 2bh > cm
2 A=ty
2
1
27=—=bx6
2
27=3b
b=9
The base 1s 9 inches.
23. If the legs of the right triangle measure 20 cm and 48 c¢m, the hypotenuse is 52 cm.
P=20+48+ 52 =120 cm.
1
24. In an equilateral triangle with a base 4, the altitude will be Eb\/g, and the area is

. . 1 1
A= %b(%b\/g) =%b2\/§>. If the area is 9v/3 square inches, 9v3 =Zb2x/§, $09 = sz, b =36 and

b = 6 inches. The perimeter is 18 inches.
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25.

The area of a right triangle with legs of 3 cm and 4 cm and hypotenuse of 5 cm is 6 square
centimeters.

A=lbh
2

6=lx5h
2

12=5h
h=24

The altitude from the right angle to the hypotenuse is 2.4 centimeters long.

Chapter 14

1.

10.

11

In quadrilateral ABCD, AB || CD and BC || AD. ABCD is a parallelogram because both pairs of
opposite sides are parallel.

In quadrilateral PORS, with diagonal PR LQRP = £ SPRand LOPR = /SRP. PORS is a
parallelogram. The congruent alternate interior angles prove that both pairs of opposite sides
are parallel.

. In quadrilateral FORK, £ F = £ K and FO = RK. There is sufficient information to say FORK is a

parallelogram.

In quadrilateral LAMP, with diagonals LM and AP intersecting at S, AALS = APMS and
AAMS = APLS. The congruent triangles assure that both pairs of opposite sides are congruent,
so LAMP is a parallelogram.

In quadrilateral ETRA, with diagonals ER and TA intersecting at X, TX = RX and EX = AX.
There is not enough information to guarantee that ETRA is a parallelogram.

In quadrilateral FORT, FO_L OR, OR L RT and OR I FT.FORT is a rectangle.
In quadrilateral CAMP, CA= AM = MP = CP and AM L MP. CAMP is a square.

In quadrilateral VASE, diagonals VS and AE are congruent, but sides VA and AS are not. VASE is
a rectangle.

In quadrilateral SOAP, SO | AP and AO || SP. SOAP is a parallelogram.

In quadrilateral COLD, diagonals CL and OD are perpendicular bisectors of one another, but they
are not congruent. COLD is a thombus.

In trapezoid ABCD, AC || BD and MN is a median. AC = 14 cm and BD = 30 cm. Median MN

measures 22 cm.
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12

13.
14.

15.

16.
17.

18.

19.

20.

21.

22.
23.

24,

25.

26.

In trapezoid FIVE, IV || FE and mZF = 59°. m£1 = 121°
In trapezoid TEAR, EA | TR and TE = AR If ZE=107°, m£A=107°,and mZR = 73°.

In trapezoid ZOID, ZD |0, m£Z = 83° and mZ1 = 97°.1f ZO = 4 cm, ID = 4 cm, because ZOID
1s an 1sosceles trapezoid.

S PT + OR
In trapezoid PORT, PT || OR and MN is a median. TQ = MN.
If MN = 17 inches and PT = 21 inches,
2140k _ 5
2
21+ QR =34

OR =13 inches.

For a square with a side of 17 cm, perimeter is 68 cm and area is 289 cm”.

For a rectangle 18 inches long and 9 inches wide, perimeter is 54 inches and area is 162 square
inches.

For parallelogram ABCD, AB = CD = 7 inches, AC = BD = 21 inches, and the height from B
perpendicular to AC and AD 3 inches, perimeter is 56 inches, and area is 63 square inches.

For a rhombus with sides 5 inches long and diagonals that measure 6 inches and 8 inches,
perimeter is 20 inches and area is 5 square inches.

A =%dld2 =% 6-8 =24
If the area of a parallelogram with a height of 48 c¢m is 3,600 square centimeters, the base to

which that altitude is drawn (and the opposite side) must measure 75 cm. If the perimeter is
250 c¢m, the other two sides each measure 50 cm.

The number of diagonals in an octagon is 85 _ 20.
2
The total of the measures of all the interior angles in a nonagon is 180° (9-2) = 1260,

If a hexagon is regular, the total of the measures of all the interior angles is 180° (6-2)= 720",
720°
= 120"

and the measure of any one of its interior angles is

If the interior angles of a polygon add up to 900°, then 900° = 180°(%z — 2), and #— 2 = 5. The
polygon has 7 sides.

n(n-3)

If a polygon has a total of 119 possible diagonals, =119 so n(n—3) = 238. The factors of
238 are 2 X 119, 7 X 34, and 14 X 17. The last pair differ by 3, so » = 17.

The area of a regular pentagon with sides 8 cm long and an apothem 5 c¢m long is
A= lap=1-5~40= 100 cm?.
2 2
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27. The area of an octagon with a perimeter of 40 inches and an apothem of 5 inches is

28.

29.

30.

A= %ap = % 5-40 =100 square inches.

The area of a regular decagon in which each of the 10 sides measure 2 meters and the apothem is

1.5 metersis A = Sw=7 -1.5-20 =15 square meters.
1

A=—a
2P

84 = la~42
2

84 =2la
a=4

If the perimeter of a regular hexagon is 42 inches and its area is 84 square inches, its apothem is
4 inches.

1
A=—a
2P

1
1080 = —-18-
S18:p
1080 =9p
p=120

A regular pentagon with an area of 1,080 square inches and an apothem of 18 inches has a
perimeter of 120 inches. Each side is 24 inches.

Chapter 15

1.
2.
3.

An arc less than half a circle 1s a minor arc.

The distance from the center point to any point on the circle is called the radius.
Two circles with the same center are concentric circles.

If two circles touch each other at just one point, the circles are tangent.

An arc that is exactly half the circle is called a semicircle.

mZTOP = 48°

mZLMAN = %(78°) =39°

mLﬂT:i%ﬂzlw

£ ITS is inscribed in a semicircle. m£I'TS = 90°.
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56+ 82 R 22. M
10. m4LGAL = — - 69" and wh
9
mZLPAL = 180 — 69 = 111.
7
11. mLAPE:1(220—140)=l(80)=40° .
2 2 4
12. mLFAT = 1(52-12) = L(40) = 20° .
2 2 :
13. ZRAC intercepts an arc of 360 — 72 = 288°. IR EREREEEENDEEREREN EN S
1 ;
m£RAC = 2(288) = 144°
14. Let x = the measure of arc é??
msP = l(Q\S‘ - é-l\?) -
2 9
| Lo
15° = ~(160 - x) .
2 23. The center of the circle (x— 8)* + (x— 3)* =
30 =160 —x 49 is the point (8,3) and radius is 7.
=130 . . .
* 24. The equation of a circle with center (4,9)
1 ius of 2 units is (x —4)> + (y—9)* =
15, mZP=L(26-x) =£’ but 2x + x = 360, and radius of 2 units is (v —4)* + (y—9)* =4
2 2 25 y
so x =120 and m£P = 60°. ' f
9
16. The area of a circle with a radius of 9 cm is f
817 cm’. 6
5
17. The circumference of a circle with a ‘3‘
diameter of 12 inches is 127t inches. 2
T
18. The area of a circle with a diameter of D R TR ST
-1
32 cm 1s 16%m = 2567 cm?’. 2 U
-3
19. The radius of a circle with an area of “
367 square meters is 6 meters, its diameter :,
is 12 meters, and its circumference is i
1277 meters. N
4
-10
20. The diameter of a circle with a circumfer-
. . . ircle of radius
ence of 24 feet is 24 feet, its radius is Circle of radius 6 centered at (8,3)
12 feet, and its area is 1447 square feet.
21. The equation of a circle with its center at the

origin and a radius of 3 units is ¥’ + »* = 9.
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Chapter 16

L.

10.
11.

12.

13.

14.

15.

16.

17.

SA = 2(15 X 24) + 2(15 X 10) + 2(24 X 10) =
1,500 cm?’

1
SAZZ(EXSX 12) + 58+ 12 +13) =
225 square inches

SA=2X65+42 X 30=1,390 cm?
SA=2X387+5X15X4=1,074square
inches

SA=6X17"=1,734

V'=7° = 343 cubic inches

V=12 X 21 X 15 = 3,780 cm’

1
V=E><3X4X6=36cubicinches

V=387 X 8 = 3,096 cubic inches
V=65 X% 50=3250 cm’
1
SA=4+ 5(16 X 5) =16 + 40 = 56 square
inches

1
SA = 624+ 5(36 X 10) = 624 + 180 =
2424 cm?

1
SA =172 +5(50 X 18) = 172 +450 =
622 cm?

1
SA =260 + 5(60 X 10) = 260 + 300 = 560
square inches

1
SA =10" + 5(40 X 13) = 100 + 260 = 360
square inches

If the slant height is 13 inches and half the

side is 5 inches, the height is 12 inches.

V= % 10%-12 =400 cubic inches.

If the slant height is 5 inches and half the
side 1s 2 inches, the height is J21=458

inches. V =% 4%. 458 cubic inches.

18.

19.

20.

21.

The base of the pyramid is an equilateral

triangle with a side of 12 ¢cm and

an area of 62.4 square centimeters.

The area is half the apothem times

the perimeter, so 62.4 = %a(3>< 12)

and the apothem is a =3.47. Use the

Pythagorean Theorem with the apothem

and slant height to find the height.

a’+ h'=I* becomes (3.47)2+ h*=10" and

h=9.38. The height is approximately 9.38,

and V =1 (62.4)x(9.38) = 195.104 cubic
3

centimeters.

Use the area of the pentagon and its
perimeter to find the apothem. 172 =%a(50)
so a=6.88. Use the Pythagorean

Theorem to find the height. a’+ h’= I’

s0 (6.88)+ h*=(18) and s = 16.63.

V= %X(172)><(16.63) =~ 953.45 cubic
centimeters.

The regular hexagon that forms the base

has a perimeter of 60 inches and an
area of 260 square inches, so use the

formula A= laP to find the apothem.

1
260 = Ea(60) means that the apothem

18 82 inches long. Use the Pythagorean
Theorem with the apothem and the slant
height to find the height. @+ h’= I’ so

2
(8%) + 1*=(10)? and 5 = 4.99 inches.

V= % x(260) x (4.99) ~432.37 cubic inches.

h=14cm,r=5cm,SA=2-5%m+ 27514
=190 cm?, V' =m-5%-14 = 35071 cm’.
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22. b= 8inches, d = 6 inches, » = 3 inches, 34, d=6feet,r= 3 feet, V = i-n 3= 36z
SA =237+ 2-7-3-8 = 667 square cubic feet 3
inches, V= m-3?-8 = 727 cubic inches. 35, 1= 45007 cm’, 7= 15 em
23 h=2m,C=2rm,d=2m,r=1m, 4 ' _ 4500
SA=21m+2w12=6am’, V=m-122 EN e
- 3
27 m %ﬁ — 4500
24. h=82cm,d =90 cm, =45 cm, 4 — 13500
SA = 245277 + 2-71+45-82 = 11,4300 cm?, r%_ .
V= -452-82 = 166,050 cm’. re=3.375
r=15
25. h =20 inches, C = 207 inches,
d = 20 inches, » = 10 inches,
sa=2107+ 271020 = oo square - CAPEEY 17
. 10290 — o
inches, V'=m-10*-20 = 2,0007 cubic inches. 1. Shaded area = area of large square
26. r=10cm, h=24 cm, | = 26 cm, area of 2 white squares = 7> = 2:3* =49 — 18
SA =10 + 7-10-26 = 3607 cm?, = 31 square units.
1
V= 37 110%-24 =800z cm’ 2. Shaded area = area of rectangle —
27. d =8 inches, » = 4 inches, » = 3 inches, area of two white strips adjusted for
I =5 inches, S4=7-4 + 7-4-5 = 367 overlap of white strips =
square inches, V = - - 4*-3 =167 cubic 0X6-20X1T+6X1-1X1)=
. 3 120 — 25 = 95.
inches
28 C=16mcm, d=16,r=8,h=6cm, 3. ]Shaded area = /2 the.area of large circle +
1= 10 cm, SA = 778 + 7+8-10 = 14477 cm?, /2 the area of small circle = 727 + 12.57 =
1 5 , 84.57.
V==-m-8:6=1287 cm 1
3 4. Shaded area = 5 X1X12=6.
29. r=12 inches, » = 5 inches, 1 = 13, ) )
SA = 7-122 _1|_ 712+13 = 30077 square 5. ]ihp one shaded section. Sh‘ilded area =
inches, V = 37 -12%-5=2407 cubic inches E(BF—i— (AH + DE) X HI = 5(18 +16) X 5
= 85.
30. A=324m cm, r= 18 cm, h = 24 cm, o
1=30cm, SA =18 + 7-18-30 = 6. LA=LX,LB= LY AB=XY,
864 cm?, V = %-n 18724 = 25927 cm’ AABC = AXYZ by ASA
31 =8 inches. SA = 4-77-8 = 256 7. CT=IN, LA= LW, LC = L],
. 7= 8 inches, SA = 782 = 2567 square AACT = AIIVN by AAS
inches
4 8. BI=MA,IG=AN, LB= L M
2. =12 = — .77 - 3_ 3 ) ’ ) )
2.7 cm, v 3 7 12°= 2,304z cm ABIG and AMAN cannot be determined.
L d= =2m, SA = 4-7:2 = 167 m’ B —
33 d=4m,r=2m, SA =47 T m 9. CA=DO, AT= 0G, CT =DG

ACAT = ADOG by SSS
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10.

11.

12.

13.

14.

15.

16.

17.

18.

BO=CA, L0 = LA OX = AR,
ABOX = ACAR by SAS

AABC~AXYZ,
AB _BC _ AC
XY YZ XZ
ARST~AFED,
RS _ ST _RT
FE ED FD
APQR~AVXW,

PO _ OR _ PR
VX XW VW

AMLN~ALIJK,
ML _ LN _ M
L] JK LK

AZXY~ABCA,
ZX _ XY _zv
BC CA BA

AGHI~AARM, GH =9 ft, GI = 8 ft, AR =
12 ft. Find AM.

9 8

12 x
9x =96

x=102
3

AJKL~ADOG, JK = 17 m, JL = 25 m,
DG = 30 m. Find DO.

17 25

x 30

25x =510

x=204

AABC~AXYZ, AB =21 cm, BC = 54 cm
XY =7cm. Find YZ.

)

2 _s4
7 X
21x =378

x=18

19. ADEF~ACAT, DE = 65 in, EF = 45 in,
CA=131in. Find AT.

65 45
13 x
65x =585
x=9

20. AMNO~ALEG, MN = x—3, NO =3,
EG =21, LE=2x+ 4. Find LE.
x-3 3
+d 21
21(x=3)=3(2x+4)

2lx—63=6x +12

15x-63=12
15x =75
x=5
21. sin LA:£=1
AC 13
22. tan LBC=A—B=2
BC 5
23. cos AAZA—B=2
AC 13
24. tan LA=£=i
AB 12
25. sin LBC=£=2
AC 13

26. c0s56°= =
42

)

x=42c0s56"=23.5,
XY =24 cm
27. tan 46°= i,
42
x =42tan 46" = 43.5,
BC =44 cm
28. sin30°= -,
24

x= 24 sin30°= 12,
RS=12cm
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oqnr_ 30 o .
29. co0s76730 = 13. The number of combinations of 5 things
30 taken 2 at a time = 10.
=f= 34277 . .
c0s76°30 14. The number of different committees of 5
cos76° = 30 people that can be chosen from a group of
x 12 people is 792.
80
o 330.7, 15. If you are going to choose 3 toppings from a
o8 list of 12 possibilities and the order in which
AB = 343 (331) feet you put toppings on does not matter, you
. 58 have 220 sundaes to choose from.
30. tan32'=—,
* 16. The probability of drawing a heart and then
_ 58 14 1
x=———-=928 aqueenis —x—=—X—
tan32 52752 4 52 52
Side YZ is 58 m. - 17. The probability of drawing a heart and then
Find the length of XY to the nearest 1313 1.1 1
. aheartis —x—=—x—=—.
centimeter. XV = 93 52752 44 16
18. The probability of drawing a black card and
26 26 1 1 1
then ared card is ——x=—= —x—-=
Chapter 18 25T
L. 2X4=8 19. The probability of drawing a king and a
4 16 4
2. 2X 5 X 4=40 ueen is — X —
d 52 51 2652 663
302X 53X 3X4=120 20. The probability of drawing two black cards
42X 5%X4X4=160 20,25 _1.25_ 25
52 51 2 52 104
52X 5X4X3X2X4=960 N ‘
21. The probability that the marble chosen is
| = =
6. 6/=6X5X4X3X2X1=720. redorblueis4+6 ;2 52.
T N=TX6X5X4X3X2X 1= 5040, !
22. The probability that the chosen marble is
8. 7'+ 6 = 840.
- 2+4 6 1
yellow or blue is = =_
9. The permutations of 9 things taken 3 at a 24 24 4
time = 504. 23. The probability that the marble is green or
9+3 12 1
10. The permutations of 10 things taken 4 at a white is BRI
time = 5,040.
) 24. The probability that the chosen marble is
11. The number of combinations of 6 things 246 8 1
. yellow or red is
taken 3 at a time = 20. 4 24 3
12. The number of combinations of 7 things 25. The probability that the marble is red or

taken 4 at a time = 35.

640 6 1
24 24 4

orange is
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Chapter 19

1. Average Gasoline Usage in Hundreds of
Gallons per Month for New England States

- 6
E
s 5
5
2 4
g 2. Rhode Island had the
g 34 lowest average gasoline
3 - usage, possibly because
E the small size of the
E 1 state means commuting
= 0 distances are smaller.
CT ME MA NH RI

3. Tacos outsell pasta by approximately 1,000 7. Area of Queens + area of Manhattan =

lunches. 109 =+ 23 = 4.7. Queens is between 4 and 5

4. Approximately 6,000 chicken lunches are times the size of Manhattan.

sold per year. 8. Percent of the enrollment in music courses

— 40 0 0/ = 470
5. Approximately 5,000 burgers are sold per =A%+ 22% +16% = 42%.

year. 9. Chorus had the largest enrollment.
6. Land Area of NYC by Borough 10. Painting and Ceramics had the most similar
enrollments.
Manhattan
8% 11. Art History was 20% of enrollment, so 20%

of 461 1s approximately 92 students.

Staten Island
19% The Bronx
14%

Brooklyn
Queens i
36% e
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12. Esther’s Spending on Restaurant Meals
for the First 10 Days of August
25
LA A\ /\//\\
=
& 10 ,/ \ / \V/ \\//
TV
1-Aug 2-Aug 3-Aug 4-Aug 5-Aug 6-Aug 7-Aug 8-Aug 9-Aug 10-Aug
13. Esther’s restaurant spending alternates large and small expenditures.
14. Esther’s spending varied by only 25 cents on August 4™ and 8" and on August 7" and 10™.
15. Sales have the greatest positive change from June to July.
16. Sales had the steepest drop from August to September.
17. November had sales most similar to the number of hot dogs sold in February.

Chapter 20

1.
2.
3.

10.

For data set A, mean = 3.1

For data set B, mean = 71.8

For data set C, mean = 5.3

For data set D, mean = 35

For data set E, mean = 3.2

The median of {2,2,2,3,3,4,4,4,4} 1s 3.
The median of {34, 54, 78, 92, 101} is 78.

The median of {3,4,5,4,7,8,9, 2,10, 1} 1is
4.5.

The median of {32, 34, 36, 38} is 35.
The median of {2, 2, 3,4, 5} is 3.

11

12.
13.
14.
15.
16.

17.

19.

The mode of {2,2,2,3,3,4,4,4,4} is 4.

B = {34, 54, 78, 92, 101} has no mode.

The mode of {3,4,5,4,7,8,9, 2,10, 1} is 4.
D = {32, 34, 36, 38} has no mode.

The mode of {2, 2, 3,4, 5} is 2.

For data set A, Ql = 4, Median = 8.5,
Q3 =32.

For data set B, Q1 = 3, Median = 4,
Q3 = 66.

. For data set C, Q1 = 25, Median = 64,

Q3 = 83.

George’s placement at the 54 percentile
means that his score is slightly above the
mean, but Harry’s 43 percentile places him
below the mean. George did better.
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20.

21.

22.

23.

24,

25.

— I
X
>

01 23 435 67 8 9 101112 13 1415 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40”

The range of {34, 54, 78,92, 101} is

101 — 34 = 67.

The range of {3,4,5,4,7,8,9, 2,10, 1} 1s
10—-1=09.

The interquartile range of {3,4, 5,4, 7, 8,9,
2,10, 17, 32, 34, 36, 38} is 32 —4 = 28.

The IQR of {2,2,2,3,3,4,4, 4,4, 34, 54, 78,
92, 101} is 54 — 3 = 51.

The standard deviation of the test scores
{69, 70, 73, 74, and 74} is approximately
2.345.






APPENDIX

Extra Practice Answers

Part I: Arithmetic

10.
11.
12.
13.
14.

You used the number 8,472,019 to answer
questions 1-5.

. 01s in the hundreds place.

. 4 1s in the hundred-thousands place.

2 is in the thousands place.

1 is in the tens place.

8 is in the millions place.

7300 = 7.3 X 10°

12,000 = 1.2 X 10*

903 = 9.03 X 107

2,450,000 = 245 X 10°

691,000 = 691 X 10°

8 X 3+5=24+25=49
27-8+4X10=27-2X10=27-20=7
47-3)-3(7-49 =44 -33)=16-9=7

(56—8) +4—10=48 + 4—10=12—10
=2

15.
16.
17.

18.
19.

20.

21.
22.
23.

24.

25.

8X (3+57=8x (8 =8 X 64=7512
19+ 39 + -3 =19+ -13 = -32

SS(-4+-8)+ 5@+ 7)=-5(-12) + 5(11) =
60 + 55 =115

(16=37) +7=-21 +-7=3

20 X 3+ (-7)2 =20 X -3 +49 = 60—49 =
11

17 -33-9(12 - 8) = 17 — 33— 9(4)
=17-33-36=-16—36=-52

280=2"X5X7
5005=5X7X11 X 13

510=2 X 3 X 35X 17and 272 =2* X 17
GCF =2 X 17=34

91=7 X 13and 119 = 7 X 17
LCM =7 X 13 X 17 = 1,547

42=2X3X7and90=2 X 3* X5
GCF=2X3=6and
LCM=2X3X5X7=630
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5 R
2. £x42= j%3 ﬁ=§=2£ 39. 15 gallons of chili
2803 28 F 2 2
6 X
2 ) —_—=—
27 73,038, 19 38 407 4, 40100
510 510 5 14 1 40x = 600
3.4 2120 416 x=15
28 -t =4 —=—=]—
57 35 35 35 35 , .
40. 66 yards of solid fabric
2043 T _, 90 49 _Sl4 49 65 413
35 15 105 105 105 105 105 21 55 _x
7.5 90
3027 127 25 _2 _ 1 7.5x = 495
50 2 50 50 50 25
x =66
31. 378 + 9.3 =13.08
41. 8.11s 18% of 45.
32. 29.3-18.53 =10.77
33.6.23 X 2.04 =12.7092 x_ 18
C T 45100
34. 4374 + 1.2 = 3.645 100x = 810
35. 11+ 0.88 = 1.25 r=8d
36. 20.25 ounces of water 42. Thirty-three is 30% of 110.
6 _2 B
45 " x 110 100
6x =121 110x = 3300
x =20 x =30
37. 1.5 pounds of dark chocolate candies 43. 381s 16% of 237.5.
3 _x ﬁ_ i
3+7 5 x 100
10x =15 16x = 3800
x=15 x=2375
38. 30 cups of wheat flour 44. 26% decrease

X

25

& [SSEN
)

= =

=9
=30

=)

850-629  x
850 100

21 x

850 100

850x = 22,100

X =26
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45. 12.5% increase 55. 11-3x<2x+1
675-600  x 11-5x<1
600 100 -5x<-10
75 x x=2
600 100 5
600x = 7500 56. y=06— ¥
x=125 :,{
N
46. 3x—Tx+12-2x+5= -6x+ 17 \\\
<L
47. 4(5-3x)-2(9x —7) =20 — 12x — 18x + 14 =34 - 30x N
RN
4g, Bx-23 415012 S0x-25 | s ~
5 5 X o
49, 2(5t—1)+8t+2=10t72+8t+2:&:2 1 . d . N
9t 9t Ot
50, -7(5y-2) — 8(6-5y) = 35y + 14 — 48 + 40y = y — 34 s
51, 7x—12=5x+4
2x—12 =4 "
2x =16
x=28 57. x+y=28
y
A
52. 32x -9 =-3(x+5) ,
6x —27 =-3x —15
9x —27 =-15 6
O9x =12 q
X = 1l
3
477 7] o y 1_:)(
53 111 -49 =2(7t - 5)
117 - 49 = 141 - 10 +
-3t =39 »
t=-13 :
)
54 4y-6 >-11y+1
Ty—6>1
Ty >7

y>1
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58. 3x—y=17

- W B g

“A

A b b L

59. y=5

A

60. x=-4

61.
62.
63.

64.
65.

66.

67.

68.
69.
70.

>

A
Y

For questions 61 and 62, several answers are
possible. Possible answers are given.

A ray: R_A), IHD), T_E), and others

A line segment: E, ﬁ, 7?, ﬁi’, and others
An acute angle: ZPRA

An obtuse angle: ZART

A pair of vertical angles: ZITR and ZCTE
or ZITE and ZRTC

The angle that corresponds to ZHDE is
LJEF.

£CDH and £ BEF are a pair of alternate
exterior angles.

If mZ£ADC = 20°, m£ DEJ = 180 — 20 = 160°.
The measure of ZHJK is 90°.

If m£DEJ = 150°, the measure of ZHDE is
180 — 150 = 30°.
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71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

IfmZJ=280° m4LMB80° then mL A=
180 — (80° + 80°) = 20°.

If AR =7 cm, RM =13 cm, and AARM is
isosceles, then AM =7 cm or 13 cm.

LG must be at least 13 cm but not more
than 21 c¢m.

AMAT cannot be a right triangle because
P+ 46

ACOW is a right triangle with right angle
£LO.1If CW =65 cm and CO = 25 c¢m, then

OW =65 - 25> = /3,600 = 60 cm.

If APAT = APOT and mZ A= 70° then
mZ0 = 70°

ADOG = ACAT, and DO = 28 inches,
OG = 34 inches, and DG = 45 inches,
C'T'= DG = 45 inches

PG =27 cm

14 18
21 x
14x =378
x=27

RU =28 cm

x+8 14
x 10
14x =10x+80
4x =80
x =20
x+8=28

mZPAY = m4LL + mZ4P,so 115°=75° +
mZP, and mZP = 40°

81.

82.
83.

84.

85.
86.
87.

88.

89.

90.

91.

92.

93.

94.
95.

ACFH is a quadrilateral with AC || FH,
AH || CF and CA L HA. ACFH is a rectangle.

BJ = JK = KD = DB. BDKJ is a rhombus.

JK | GI and JI | KG. JKGIis a
parallelogram.

In rhombus BDJK, BD = 12 c¢m.
In parallelogram JKGI, GI = 12 cm.

A = bh =12 X 5 = 60 square inches
IfmzZA4=58°, mLB=180—58 =122°

If BC =29 cm and AD = 41 cm,
MN =229 + 41) = 5(70) = 35 em.

If@ = R_S, the trapezoid is isosceles.
ImeQ: 119° mZS=m4P =180 - 119
= 61°.

A=24+18) X 15 =2(42) X 15 =
21 X 15 = 315 cm?

1
The median = E(bl+b2) =15.

A= %(bl+b2) h=15h=375, so the height is
25 ¢m.

— 1
Arc AB measures 76°, so mZ APB = 5(76) =
38°.
1 1
mZ QPR = 5(301 - 59) = 5(242) = 121°.

1 1
mLMXS = mLNXT = 5(24 + 52) = (76) =
38°.

C=2Xm X 7=147 cm.

Diameter 1s 24 cm, so » = 12 cm.
A=m X 122 = 1447w cm?
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96. SA=82+4<% -8-5)=64+(4-20)=64+80=144cm2
97. SA:2(%-18~24>+(18-11)+(24-11)+(30-11):432+198+264+330:1,224 cm?
98. SA=2-7 -15°+2- -15-22=450% +6607 =1,1107 square inches
99. SA=-7-5 +7x-5-13 =251 + 657 =90z square inches
100. SA=4-7-18=1,296x cm’
101. V=8-5-14 =560 cubic inches
1 1 1
102. V=—- (— -26-22.5) 42 ==-(292.5)- 42 = 4,095
3 \2 3
103. A diameter of 20 cm means a radius of 10 cm. V = & - 10*- 48 = 48007 cm’
1 ..
104. V= 3 -7 - 50%-45 = 37,5007 cubic inches.
105. A sphere with a diameter of 60 cm has radius of 30 cm. V = % -z - 30° :% - - 27,000 = 36,000
106. 107.
305.5
= 3
tan3°= 305.5
72 xtan3°=305.5
0 7=\
100 x= 3055 = 5,829 feet
tan3
tan72°= ——
M= =100

x=100tan72° = 307.8 feet
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108.
10
1 45
sind5°= -
10
x=10sin45= 7.1 feet
109.

30

H

75

sin75° = 30
X

xsin75° = 30
30
sin75

=~ 31 feet

o

110.

111.

112.

113.

114.

115.

25

M 75

10 marbles 10

Sred + 2 yellow 7

sin75° = —
25

x =25sin75°= 24.1 feet

3blue 3

10 marbles 10

2yellow ~ 3blue 6 3

10 marbles 10 marbles 100 50

3 blue 3blue 9

10 marbles ’ 10 marbles 100

2 yellow 1 yellow 2 1
10 marbles 9 marbles 90 45
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Jobs Growth in Selected U.S. Cities
4
116. Albuquerque and Fort
=
= Worth appear to have
5 had the lowest rate of
3 job growth.
=
g 117. Three cities—Boise,
= Las Vegas, and
Austin—appear to have
job growth rates above
2.5%.
118. According to the graph, the percent of 121. Range = 30—-6 = 24.
gdults smoking cigarettes showed an 122, Median = 18.
increase from about 1990 to 1996 with the . ) ) )
sharpest increase from 1995 to 1996. 123. First quartile = 14. Third quartile = 26.
119. According to the graph, the percent 124 Mean =
. : : 6+12+14+16+16+18+20+22+26+28+30
of adults smoking cigarettes remained
relatively constant from 1985 to 1990. 208 189 H
120. Favorite Thanksgiving Food 1
125. Standard deviation = 7.23.
Data Data - Mean (Data - Mean)?
Turkey 6 -129 166.64
Pumpkin Pie Ny 12 69 47.74
28%
14 -4.9 24.10
Dressing 16 -29 8.46
22% 18 -0.9 0.83
Cranberries
15% 20 1.1 1.19
Sweet
Potatoes 22 3.1 9.55
18%
26 7.1 50.28
28 9.1 82.64
Based on the circle graph, 18% + 15% = 33%
. . . . 30 11.1 123.01
of people said their favorite food was a fruit

or vegetable.

Sum of the squared deviations: 52291
Divided by 10: + 10 = 52.291
Square root: ¥52.291=72.3
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Glossary

absolute value The distance of a number from zero, without regard to direction.
acute angle An angle that measures less than 90°.

acute triangle A triangle that has three acute angles.

addend The numbers that are added when addition is performed.

adjacent angles A pair of angles that have the same vertex and share a side, but do not overlap
one another.

algorithm A list of steps necessary to perform a process.

alternate interior angles Two angles that are on opposite sides of a transversal and between
the parallel lines.

altitude A line segment from a vertex of a triangle perpendicular to the opposite side.
angle Two rays with a common endpoint.

angle bisector A line, ray, or segment that passes through the vertex of an angle and cuts it
into two angles of equal size.

angle bisector in a triangle A line segment from the vertex of an angle to the opposite side of
the triangle that divides the angle into two congruent angles.

apothem A line segment from the center of a polygon perpendicular to a side.

arc A portion of a circle.
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associative property A property of addition or multiplication that says that when adding or
multiplying more than two numbers you may group them in different ways without changing the
result.

base angles The angles at each end of the base, or noncongruent side, of an isosceles triangle.
binary operation A process that works on two numbers at a time.
binary system A place value system based on the number two.

canceling The process of simplifying a multiplication of fractions by dividing a numerator and
a denominator by a common factor.

center A point associated with a circle, from which all points of the circle are equidistant.
central angle An angle with its vertex at the center of a circle and sides that are radii.
chord A line segment that connects two points on a circle.

circle The collection of all points that sit at a certain distance, called the radius, from a set
point, called the center, forms the shape called a circle.

circumference The distance around a circle.

circumscribed A polygon is circumscribed about a circle if the polygon surrounds the circle
with each side tangent to the circle.

common denominator A multiple of the denominators of two or more fractions.
common fraction Fractions written as a quotient of two integers.

commutative property A property of addition or multiplication that says that reversing the
order of the two numbers will not change the result.

compatible numbers Two numbers that add to ten.
complementary angles A pair of angles whose measurements total 90°.

composite number A whole number that is not prime because it has factors other than itself
and 1.

concave polygon A polygon in which one or more diagonals falls outside the polygon.
concentric circles Circles with the same center.
cone A solid with a circular base and a lateral surface that slopes to a point.

congruent Two segments are congruent if they are the same length. Two angles are congruent
if they have the same measure.
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congruent triangles Two triangles are congruent if corresponding sides are congruent and
corresponding angles are congruent.

coordinate system A system that locates every point in the plane by an ordered pair of
numbers, (x, ).

corresponding angles A pair of angles that are on the same side of a transversal and are both
above or both below the parallel lines.

counting numbers The set of numbers {1, 2, 3, 4, ...} you use to count. The counting numbers
are also called the natural numbers.

cross-multiplying Finding the product of the means and the product of the extremes of a
proportion and saying that those products are equal.

cube A prism in which all the faces are squares.

cylinder A solid with two circles as parallel bases and a rectangle wrapped around to join
them.

decimal fraction Fractions written in the base ten system with digits to the right of the
decimal point.

decimal system A place value system in which each position in which a digit can be placed is
worth ten times as much as the place to its right.

denominator The number below the division bar in a fraction that tells how many parts the
whole was broken into, or what kind of fraction you have.

diameter The longest chord in a circle that passes through the center.
difference The result of a subtraction problem.
digit A single symbol that tells how many.

distributive property The distributive property says that for any three numbers 4, 4, and ¢, ¢(a
+ b) = ca + ¢b. The answer you get by first adding # and 4 and then multiplying the sum by ¢ will
be the same as the answer you get by multiplying # by ¢ and & by ¢ and then adding the results.

dividend In a division problem, the number that is divided by the divisor.
divisor In a division problem, the number you divide by.

equation A mathematical sentence, which often contains a variable.
equiangular triangle A triangle in which all three angles are 60°.

equilateral triangle A triangle in which all three sides are the same length.
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exponent A small number written to the upper right of another number that tells how many of
that number should be multiplied together.

extended ratio Several related ratios condensed into one statement. The ratios a:4, b:c, and a:c
make the extended ratio a:b:c.

exterior angle The angle formed when one side of a triangle is extended.
extremes The first and last numbers of a proportion.

faces The polygons that connect to form a polyhedron.

factor Each number in a multiplication.

factor tree A method of finding the prime factorization of a number by starting with one factor
pair and then factoring each of those factors, continuing until no possible factoring remains.

fraction A symbol that represents part of a whole.

greatest common factor The greatest common factor of two numbers is the largest number
that is a factor of both.

hypotenuse In a right triangle, the side opposite the right angle.

improper fraction A fraction whose value is more than one. The numerator is larger than the
denominator.

inscribed A polygon is inscribed in a circle if each of its vertices lies on the circle.
inscribed angle An angle with its vertex on the circle and sides that are chords.

integers The set of numbers that includes all the positive whole numbers and their opposites,
the negative whole numbers, and zero.

interest Money you pay for the use of money you borrow, or money you receive because you've
put your money into a bank account or other investment.

interest rate The percent of the principal that will be paid in interest each year.
inverse operation An operation that reverses the work of another.

irrational numbers Numbers that cannot be written as the quotient of two integers.
isosceles trapezoid A trapezoid in which the nonparallel sides are the same length.
isosceles triangle A triangle with two sides that are the same length.

lateral area The total of the areas of the parallelograms surrounding the bases of a prism. The
area of the rectangle that forms the curved surface of a cylinder. The area of the slanted surface
of a pyramid or cone.
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least common denominator The least common multiple of two or more denominators.

least common multiple The smallest number that has each of two or more numbers as a factor.
legs In a right triangle, the two sides that form the right angle.

like terms Terms that have the same variable, raised to the same power.

line A set of points that has length but no width or height.

line segment A part of a line, made up of two endpoints and all the points of the line between
the endpoints.

linear pair Two adjacent angles whose unshared sides form a straight angle.
major arc  An arc larger than a semicircle.

mean The arithmetic average of a group of numbers, found by adding all the numbers and
dividing by the number of numbers in the group.

mean of a proportion The two middle numbers in a proportion.

median of a triangle A line segment that connects a vertex to the midpoint of the opposite
side.

median of a trapezoid The line segment that connects the midpoints of the two non-parallel
sides of a trapezoid.

midpoint The point on the segment that divides it into two segments of equal length.
minor arc  An arc smaller than a semicircle.
minuend In a subtraction problem, the number from which another number is subtracted.

mixed number A whole number and a fraction, written side by side, representing the whole
number plus the fraction.

natural numbers The set of numbers {1, 2, 3,4, ...} you use to count. The natural numbers are
also called the counting numbers.

number line A line divided into segments of equal length, labeled with numbers, usually the
integers. Positive numbers increase to the right of zero, and negative numbers go down to the left.

numerator The number above the bar in a fraction that tells you how many of that
denomination are present.

obtuse angle An angle that measures more than 90° but less than 180°.

obtuse triangle A triangle that contains one obtuse angle.
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ordered pair Two numbers, usually designated as x and y, that locate a point in a coordinate
system.

order of operations An agreement among mathematicians that we perform operations
enclosed in parentheses or other grouping symbols first and then evaluate exponents. After that,
do multiplication and division as you meet them moving left to right, and finally do addition and
subtraction as you meet them, moving left to right.

parallel lines Lines on the same plane that never intersect.
parallelogram A quadrilateral in which both pairs of opposite sides are parallel.

PEMDAS A mnemonic, or memory device, to help you remember that the order of operations
1s parentheses, exponents, multiplication and division, addition, and subtraction.

percent A ratio that compares numbers to 100. 42% means 42 out of 100, or 42:100.
perimeter The total of the lengths of all the sides of a polygon.

period A group of three digits in a large number. The ones, tens, and hundreds form the ones
period. The next three digits are the thousands period, then the millions, the billions, trillions,
and on and on.

permutation An arrangement or ordering of a group of objects.
perpendicular lines Lines that meet to form a right angle.

place value system A number system in which the value of a symbol depends on where it is
placed in a string of symbols.

plane A flat surface that has length and width but no thickness.

point A position in space that has no length, width, or height.

polygon A closed figure made up of line segments that meet at their endpoints.
polyhedron A solid constructed from polygons that meet at their edges.

polynomial An expression formed by adding terms, each of which is a number times a power of
a variable.

power of ten A number formed by multiplying several 10s. The first power of ten is 10. The
second power of ten is 100, and the third power of 10 is 1,000.

prime factorization The prime factorization of a number is a multiplication that uses only
prime numbers and produces the original number as its product.

prime number A prime number is a whole number whose only factors are itself and 1.
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principal The principal is the amount of money borrowed or invested. The rate is the percent
of the principal that will be paid in interest each year.

prism A prism is a polyhedron with two parallel faces connected by parallelograms.
product The result of the multiplication is the product.

proper fraction A proper fraction 1s one whose value is less than one, and an improper fraction
1s one whose value is more than one.

proportion A proportion is two equal ratios. The means of a proportion are the two middle
numbers. The extremes are the first and last numbers.

protractor A protractor is a circle whose circumference is divided into 360 units, called
degrees, which is used to measure angles.

pyramid A pyramid is a polyhedron composed of a polygon for a base surrounded by triangles
that meet at a point.

Pythagorean theorem A mathematical relation that states that in a right triangle, the square

of the hypotenuse is equal to the sum of the squares of the other two sides. It is often expressed
2 2 = 2

asa’ + b =

Pythagorean triple A Pythagorean triple is a set of three whole numbers «, 4, and ¢ that fit the
rule & + F# = ¢

quadrilateral A quadrilateral is a polygon with four sides.
quotient The result of a division is called a quotient.

radius The collection of all points that sit at a certain distance, called the radius, from a set
point, called the center, forms the shape called a circle.

rate A comparison of two quantities in different units, for example, miles per hour or dollars
per day.

ratio A ratio is a comparison of two numbers by division.

rational numbers The set of all numbers that can be written as the quotient of two integers.
ray A ray is a portion of a line from one endpoint, going on forever through another point.
real numbers The name given to the set of all rational numbers and all irrational numbers.

reciprocal Two numbers are reciprocals if their product is 1. Each number is the reciprocal of
the other.

rectangle A rectangle is a parallelogram with four right angles.
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regular polygon A polygon is regular if all sides are the same length and all angles are
congruent.

relatively prime Two numbers are relatively prime if the only factor they have in common is 1.

remainder The number left over at the end of a division problem. It’s the difference between
the dividend and the product of the divisor and quotient.

rhombus A parallelogram in which all sides are congruent. A square is a parallelogram with
four congruent sides and four right angles.

right angle  An angle that measures 90°.
right prism A prism is a right prism if the parallelograms meet the bases at right angles.
right triangle A triangle that contains one right angle.

ruler A line or segment divided into sections of equal size, labeled with numbers, called
coordinates, used to measure the length of a line segment.

scale factor The scale factor of two similar triangles is the ratio of a pair of corresponding
sides.

scalene triangle A triangle that has three sides of different lengths.

scientific notation A method for expressing very large or very small numbers as the product
of a number between 1 and 10 and a power of 10.

secant A line that intersects the circle at two different points.

segment bisector A line or ray or segment that passes through the midpoint of a segment and
divides a segment into two congruent segments.

semicircle An arc equal to half a circle.
sides of angle The rays with a common endpoint that form the angle.

similar triangles Two triangles are similar if each pair of corresponding angles is congruent
and corresponding sides are in proportion.

slope The slope of a line is a number that compares the rise or fall of a line to its horizontal
movement.

solving an equation An equation is a mathematical sentence that often contains a variable.
Solving an equation is a process of isolating the variable to find the value that can replace the
variable to make a true statement.

space The set of all points.

sphere The set of all points in space at a fixed distance from a center point.
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square A parallelogram in which all sides are congruent. A square is a parallelogram with four
congruent sides and four right angles.

square numbers Numbers created by raising a number to the second power.

standard form When a polynomial is written in standard form, the terms are ordered from
highest to lowest degree.

straight angle A straight angle is an angle that measures 180°.

subtrahend In a subtraction problem, the number subtracted from the minuend.
sum The result of addition.

supplementary angles A pair of angles whose measurements total 180°.
surface area The total of the areas of all the faces of a solid.

tangent A line that touches a circle at only one point.

tangent circles Circles that touch at only one point.

term An algebraic expression made up of numbers, variables, or both that is connected only by
multiplication.

transversal A line that intersects two or more other lines.

trapezoid A quadrilateral in which one pair of opposite sides is parallel.

unlike terms Terms with different variables, such as x and .

variable A letter or symbol that takes the place of a number.

vertex of an angle The point at which the two rays that form the sides of an angle meet.
vertex of a polygon The point at which two sides of a polygon meet.

vertex angle The angle between the equal sides of an isosceles triangle.

vertical angles A pair of angles formed when two lines intersect, which have their vertices at
the point where two lines intersect and do not share a side.

volume The volume of a solid is the measure of the space contained by the solid.

whole numbers The set of numbers {0, 1, 2, 3,4, ...} formed by adding a zero to the counting
numbers.

x-coordinate The first number in an ordered pair indicates horizontal movement.

y-coordinate The second number in an ordered pair indicates vertical movement.
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Resources

One of the first things you learn as a teacher is that sometimes the best way to help a student
understand an idea is to let someone else—not you—explain it. If you need additional guidance
on any of the topics in this book, or if you're ready for more math challenges, these resources can

help.
For algebra topics that go beyond the scope of this book, check out these I/dior’s Guides.

Szczepanski, Amy F., PhD, and Andrew P. Kositsky. The Complete Idiot's Guide to Pre-Algebra.
Indianapolis, IN: Alpha Books, 2008.

Kelley, W. Michael. The Complete Idiot’s Guide to Algebra, Second Edition. Indianapolis, IN:
Alpha Books, 2007.

There are also many, many online math resources. Some are good, some are great, and some are
not. When you’re looking for math help on the internet, don’t immediately believe everything
you see. Here are a few resources I recommend.

Mathforum.org offers you a chance to have your math questions answered by Dr. Math. Before
sending in a question, search the library of questions and answers to see if it has already been
answered.

Coolmath.com is a colorful site—so colorful it might not seem like a serious math site at first
glance—but 1t’s full of tutorials and study tips that you might find helpful.

Khanacademy.org has a large collection of video lessons that cover topics from basic arithmetic,
through pre-algebra, and on to algebra and beyond.
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APPENDIX

Throughout this book, you've encountered units of measurement from both the customary and

the metric system. This appendix covers the key information you need to function in each system

and just a word or two about shifting from one to the other. In each system, you measure three

basic quantities: length (or distance), mass (which, with gravity, determines weight), and volume.

Metric System

The metric system of measurement (also called the International System of Units) is used around

the world, and its popularity likely stems not just from the idea of a universal system but from

the consistent decimal logic of the system. Everything is based on tens. There are base units of

length, mass, and capacity. The larger and smaller units are created by dividing a base unit by 10
or 100 or 1,000 (and so on) or by multiplying by 10 or 100 or 1,000 (and so on).

sized bottle of soda or water

Basic Unit Approximation Official Definition
Length: meter The distance from a doorknob [ The path length travelled by
to the floor light in a given time
Mass: gram® The mass of a paperclip The mass of one cubic
centimeter of water at 4°C
Capacity: liter The volume of a medium- The capacity of a container

with a volume of 1,000 cubic
centimeters

*The current standard defines the kilogram as the base unit and the gram as one one-thousandth of a kilogram, but
the system is easier to understand if you begin with gram, the original base unit.
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Notice that the units of length, mass, and capacity are linked. The liter is the capacity of a
cube 10 centimeters wide by 10 centimeters long by 10 centimeters high, connecting length and
volume to capacity. The gram is the mass of a cubic centimeter of water, which associates mass
with volume and length and capacity.

From the basic units, you can break into smaller units or build into larger units, always multiply-
ing or dividing by powers of ten. The naming of those units follows the same system of prefixes
whether the base unit is meter, liter, or gram. Here are the prefixes and some ideas to help you
imagine some of the commonly used units.

Smaller

1 milli- Millimeter: approximately the thickness of 10 sheets of
1,000 paper
Milligram: the mass of a grain of salt

Milliliter: about 20 drops of water

1 centi- Centimeter: approximately the diameter of a pencil
100 eraser, or the diameter of a AAA battery

Centigram: the approximate mass of a U.S. dollar bill, or
about two raisins.

Centiliter: about half a teaspoon

1 deci- Decimeter: approximately the length of a crayon

10 Decigram: two nickels

Deciliter: about one-fourth of a can of soda

Larger

10 deca- Decameter: a long bus or train car
(or deka-) Decagram: about half the mass of a small mouse

Decaliter: approximately the capacity of a teapot

100 hecto- Hectometer: about a city block

Hectogram: the mass of an orange

Hectoliter: about the capacity of a small refrigerator

1,000 kilo- Kilometer: about 2.5 laps on a stadium track

Kilogram: mass of a dictionary or large textbook

Kiloliter: the capacity of about eight large trash cans
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When you're changing units within a system, the thing to remember is balance. If you’re chang-

ing to a unit of a smaller size, you’ll have more of them. If your new unit is bigger, you’ll have
fewer. And always, it’s about 10. Multiply by 10 if you're going to a smaller unit, and divide by 10
to get to a bigger unit.

Base
1,000 100 10 1 meter 0.1 0.01 0.001
millimeters |centimeters |decimeters decameter  |hectometer |kilometer
1,000 100 10 decigrams |1 gram 0.1 decagram |0.01 0.001
milligrams | centigrams hectogram  |kilogram
1,000 100 10 deciliters |1 liter 0.1 decaliter [0.01 0.001
milliliters centiliters hectoliter kiloliter

Customary System

What’s commonly called the customary system is a system that developed over time and remains
popular in the U.S. and a few other spots around the world. It is very similar to the British impe-
rial system, as both were derived from English units. The customary system was not designed as
a unified system, so there are many different rules to remember.

Length
In the customary system, length is measured in units like inches, feet, yards, and miles.
Unit Approximation Conversion
Inch From the knuckle to the tip of your thumb
Foot The length of a large man’s foot 12 inches = 1 foot
Yard The height of the kitchen counter 3 feet = 1 yard
Mile A 20-minute walk 5,280 feet = 1,760 yards = 1 mile

Mass (Weight)

The customary system measures mass (but often calls it weight) in ounces, pounds, and, for really
heavy things, tons.

Unit Approximation Conversion
Ounce Ten pennies
Pound | A package of butter or bacon, or a football 16 ounces = 1 pound

Ton

A car

2,000 pounds = 1 ton
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Capacity

The customary system uses ounce to measure capacity, but an ounce measured by capacity is not
necessarily equivalent to an ounce of mass. If you have an ounce of something (capacity), whether
it weighs an ounce or not depends on what it is.

Unit Approximation Conversion
Ounce A little container of coffee cream

Cup A container of coffee 8 ounces = 1 cup
Pint A small container of ice cream 2 cups = 1 pint
Quart A container of milk 2 pints = 1 quart
Gallon A large can of paint 4 quarts = 1 gallon

Conversion

Although you may not often need to convert from one system of measurement to another, when
you are, you may not have the tools or formulas handy to make an exact conversion. Here are
some rules of thumb that can help you make an approximate conversion.

e An inch is about 2.5 centimeters.

A meter is a little more than a yard. A meter is about 39 inches and a yard is 36 inches.
A mile is about 1.6 kilometers.
A liter is a little more than a quart.

A kilogram is about 2.2 pounds.

WORLDLY WISDOM

A famous number sequence, called the Fibonacci sequence, is easy to re-create and
can be used for quick, approximate conversions of length and distance. The Fibonacci
sequence begins with two ones, then forms each of the next terms by adding the two
previous terms.

1,1,1+1

1,1,2,1+2
1,1,2,3,2+3
1,1,2,3,5,8,13, 21,...

Two adjacent terms of the Fibonacci sequence can give you a rough conversion of
miles and kilometers. For example, 5 kilometers is approximately 3 miles, (3.10686
miles) and 8 kilometers is approximately 5 miles (4.97097).
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30-60-90 right triangles, 176-177
45-45-90 triangles, 177

A

absolute values, integers, 39
acute angles, 156
acute triangles, 171-172
addends, 14
addition
addends, 14
associative property, 18-20
basic facts, 13-16
commutative property, 18
decimal fractions, 73-75
fractions, 64-66
like terms, 113-114
long columns, 17
signed numbers, 40-41
sums, 14
adjacent angles, 157
algebra, example problems,
289-290
algorithms, 28
alternate exterior angles, 161
alternate interior angles, 161
altitude, triangles, 166
“and” probabilities, 256-257

angles, 153
base angles (isosceles triangle),
171
bisectors, 158-159, 167
circles
central angles, 200-202
chords, 200-203
formation by secants and
tangents, 204-207
inscribed angles, 201-202
measurement rules, 206
exterior angles (triangles), 168
linear pairs, 157
measurements, 155-158
acute, 156
adjacent, 157
complementary angles,
156-157
congruent angles, 156
obtuse, 156
protractors, 155
right, 156
straight, 156
supplementary angles, 157
vertical, 157
parallel lines and transversals
alternate exterior, 161
alternate interior, 161
corresponding angles, 160
polygons, 193-194
vertex, 153-154, 171

Index

annual percentage rate. See APR
apothems (regular polygons), 195
APR (annual percentage rate), 93
arcs (circles), 198-199
area, 214
circles, 208-209
cones, 224-225
cylinders, 223-224
irregular figures, 229-233
lateral area (prisms), 217
quadrilaterals, 188-191
regular polygons, 194-196
arithmetic example problems,
288-289
associative property (addition),
18-20

bar graphs
drawing guidelines, 262-264
reading, 264-265
usage guidelines, 262
base (isosceles triangle), 171
basic counting principles, 248-249
binomials, 117
bisectors, 158-159
boxplots, 282-283
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C

Cartesian coordinate system, 135
centers (circles), 198
central angles, 200-202
central tendency measurements
means, 276-277
medians, 277-279
modes, 279-280
charts, power of ten, 8
chords, 200-203
diameters, 200-201
circles, 197-200
angles
central angles, 200-202
formation by secants and
tangents, 204-207
inscribed angles, 201-202
measurement rules, 206
arcs, 198-199
area, 208-209
centers, 198
chords, 200-203
diameters, 200-201
circumference, 208-209
concentric, 199
coordinate planes, 209-212
graphing, 209-212
graphs

drawing guidelines, 267-268

reading, 269-270
usage guidelines, 266-267
lines, secants and tangents,
204-207
radius, 198
semicircles, 198
tangents, 199
circumference (circles), 208-209
circumscribed polygons, 208

combination counting method
(probabilities), 251-252

common denominators, 64
common fractions, 58
commutative property (addition),
18
complementary angles, 156-157
composite numbers, 46-47
compound event probabilities,
255-258
“and” probabilities, 256-257
“or” probabilities, 257-258
concave polygons, 230
concentric circles, 199
cones, 224
surface area, 224-225
volume formulas, 225
congruency
angles, 156
polygons, 234
segments, 156
triangles, 234-236
finding missing
measurements, 237
minimum requirements,
235-236
converting fractions, 78-79
convex polygons, 230
coordinate graphing, 133
Cartesian coordinate system,
135
coordinates, 134
inequalities, 145-146
linear equations
horizontal lines, 144

intercept-intercept method,

140-141
plotting points, 136-139
vertical lines, 144
y-intercept and slope
method, 141-144
origins, 134
quadrants, 135

x-axis, 134

x-coordinates, 135

y-axis, 134

y-coordinates, 135
coordinate planes (circles),

209-212

coordinates, 134

line measurements, 154-155

x-coordinates, 135

y-coordinates, 135
corresponding angles, 160
cosine

SOHCAHTOA memory

device, 241

trigonometric ratios, 241-244
counting methods (probabilities)

basic counting principle,

248-249

combinations, 251-252

permutation, 249-251
counting numbers, 4
cross-multiplying proportions,

87-88

cubes, 215
cylinders, 222-223

surface area, 223-224

volume formulas, 223-224

D

data set measurements

central tendency
means, 276-277
medians, 277-279
modes, 279-280

dividing
boxplots, 282-283
quartiles and percentiles,

281-282
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spread measurements
interquartile ranges, 284
ranges, 283
standard deviation, 284-286
decagon, 192
decimals, 5-7
changing to percentages, 92
decimal fractions
addition, 73-75
converting fractions, 78-79
division, 75-78
multiplication, 75-78
naming, 70
numbers less than one,
68-69
powers of ten, 71
scientific notation, 72-73
subtraction, 73-75
powers of ten, 7-9
degrees, polynomials, 117-118
denominators
common denominators, 64
fractions, 58
diagonals (polygons), 192-193
diameters (circles), 200-201
difference (subtraction), 21
digits, 5
distributive property, order of
operations, 36-38
dividends, 28
divisibility test (prime numbers),
48
division
basic facts, 28-30
decimal fractions, 75-78
dividends, 28
divisors, 28
fractions, 62-64
long division, 28-30
quotients, 28
remainders, 30

signed numbers, 43-44
variables

domains, 106

rules, 106-108

domains, division with variables, 106

drawing guidelines
bar graphs, 262-264
circle graphs, 267-268
line graphs, 270-271

E

endpoints, 153-154
equations, 122
linear equations, graphing,
136-144
solving
identity equations, 129-130
one-step, 123-124
simplification, 128-129
special cases, 129-130
two-step, 124-127
variables, 122

variables on both sides, 127-128

y = mx+ bform, 143
equiangular, 171
equilateral triangles, 171
equivalent forms (fractions), 60-61
example problems

algebra, 289-290

arithmetic, 288-289

geometry, 290-293

order of operations, 33-35

percentages, 90-91

probability and statistics, 293-295

proportions, 88
ratios, 86
exponents, 8
powers of ten, 8
prime factorization, 52
rules, 104-105

expressions, 117, 122
polynomials
binomials, 117
degrees, 117-118
monomials, 117
standard form, 118
trinomials, 117
simplification, 110, 114-116
extended ratios, 85
exterior angles (triangles), 168
extremes (proportions), 86
cross-multiplying, 87-88

F

factors
composite numbers, 46-47
GCEF (greatest common
factor), 52-54
multiplication, 23
prime factorization
factor trees, 50-51
using exponents, 52
prime numbers, 46-53
divisibility test, 48
finding, 47-49
relatively prime, 53
square numbers, 49-50
factor trees, 50-51
formulas
area (irregular figures),
229-233
I = Prtformula, 93-94
slope, 141
volume
cones, 225
cylinders, 223-224
prisms, 218-219
pyramids, 221-222
spheres, 226
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fractions
addition, 64-66
changing to percentages, 92
common denominators, 64
common fractions, 58
decimal fractions
addition, 73-75
converting fractions, 78-79
division, 75-78
multiplication, 75-78
naming, 70
numbers less than one,
68-69
powers of ten, 71
scientific notation, 72-73
subtraction, 73-75
denominators, 58
division, 62-64
equivalent forms, 60-61
improper, 59
mixed numbers, 59
multiplication, 61-64
numerators, 58
proper, 59
simplifying, 61
subtraction, 64-66

frequency, relative frequency
(probabilities), 253-254

G

GCEF (greatest common factor),
52-54
geometry basics
angles
bisectors, 158-159
linear pairs, 157
measurements, 155-158
example problems, 290-293

lines, 152
endpoints, 153
measurements, 154-155
midpoints, 158
parallel, 159-161
perpendicular, 159-160
rays, 153-154
segment bisectors, 158-159
segments, 153
planes, 152
points, 152
graphing
circles, 209-212
coordinate graphing, 133-146
Cartesian coordinate
system, 135
coordinates, 134
inequalities, 145-146
linear equations, 136-144
origins, 134
quadrants, 135
x-axis, 134
x-coordinates, 135
y-axis, 134
y-coordinates, 135
inequalities, 132
intercept-intercept graphing
method, 140-141
graphs, 261
bar

drawing guidelines, 262-264

reading, 264-265

usage guidelines, 262
boxplots, 282-283
circles

drawing guidelines, 267-268

reading, 269-270
usage guidelines, 266-267
histograms, 266

lines
drawing guidelines, 270-271
reading, 272-274
usage guidelines, 270

H

heptagons, 192

hexagons, 192

histograms, 266

horizontal lines, graphing, 144

1-J-K

identity equations, 129-130
idioms, 103-104
improper fractions, 59
indirect measurements
similar triangles, 238-240
trigonometric ratios, 240-244
cosine, 241-244
sine, 241-244
tangent, 241-244
inequalities, 130
graphing, 132, 145-146
solution sets, 132
solving, 131
inscribed angles, 201-202
inscribed polygons, 208
integers
absolute values, 39
adding signed numbers, 40-41
dividing signed numbers,
43-44
multiplying signed numbers,
42-43
number lines, 38-39

subtracting signed numbers,
41-42
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intercept-intercept graphing
method, 140-141
interest
APR (annual percentage rate),
93
[ = Prrformula, 93-94
percentages, 92-94
principals, 93
simple interest, 93
interquartile range
measurements, 284
inverse operations, 21
[ = Prtformula, 93-94
IQR. See interquartile range
measurements
irrational numbers, 80-81
irregular figures, area formulas,
229-233
1sosceles trapezoids, 187
isosceles triangles, 170-171

L

lateral area (prisms), 217
lattice multiplication, 27
LCM (least common multiple),
54-55
like terms (variables)
addition and subtraction
problems, 113-114
combining, 112-113
linear equations, graphing
horizontal lines, 144
intercept-intercept method,
140-141
plotting points, 136-139
vertical lines, 144
y-intercept and slope method,
141-144
linear pair angles, 157

lines, 152
circles, secants and tangents,
204-207
endpoints, 153
graphs
drawing guidelines, 270-271
reading, 272-274
usage guidelines, 270
measurements, 154-155
parallel, 159-160
angle formations, 160-161
slopes, 162-163
transversals, 160
perpendicular, 159-160
bisectors, 159
slopes, 162-163
rays, 153
angle formation, 153-154
segments, 153
chords, 200-203
congruent, 156
slope, 141-142
long column addition, 17
long division, 28-30

M

major arcs, 198-199
mean absolute deviation, 285
means (proportions), 86, 276-277
cross-multiplication, 87-88
measurements
angles, 155-158
acute, 156
adjacent, 157
complementary angles,
156-157
congruent angles, 156
obtuse, 156
protractors, 155
right, 156

straight, 156
supplementary angles, 157
vertical, 157
area formulas, irregular
figures, 229-233
circles
angles, 206
area, 208-209
circumference, 208-209
congruent triangles, 237
data sets
central tendency, 276-280
dividing, 281-283
spread measurements,
283-286
indirect measurements (similar
triangles), 238-240
lines
coordinates, 154-155
rulers, 154
polygons
area, 194-196
sum of angles, 193-194
quadrilaterals
area formula, 188-191
perimeters, 188
ratios, 85
similar triangles, 238
solids
cones, 224-225
cylinders, 222-224
prisms, 215-219
pyramids, 219-222
spheres, 225-226
surface area, 214
volume, 214
triangles
area, 178-179
perimeters, 178

trigonometric ratios,
240-244
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medians, 277-279
trapezoids, 187
triangles, 167

midpoints, 158
segment bisectors, 158-159

minor arcs, 198-199

minuends, 21

mixed number fractions, 59

modes, 279-280

monomials, 117

multiples, LCM (least common

multiple), 54-55
multiplication
basic facts, 23-26
cross-multiplication
(proportions), 87-88
decimal fractions, 75-78
factors, 23
fractions, 61-64
lattice multiplication, 27
prime factorization
factor trees, 50-51
using exponents, 52
products, 23
reciprocals, 62
signed numbers, 42-43
variables
exponents, 104-105
rules, 105

N

naming polygons, 192
natural numbers, 4
negative numbers
addition, 40-41
division, 43-44
multiplication, 42-43
subtraction, 41-42
nonagon, 192
number lines (integers), 38-39

numbers
composite numbers, 46-47
counting, 4
decimal system, 5-9, 68-79
GCF (greatest common
factor), 52-54
integers
absolute values, 39
adding signed numbers,
40-41
dividing signed numbers,
43-44
multiplying signed
numbers, 42-43
number lines, 38-39
subtracting signed numbers,
41-42
irrational, 80-81
LCM (least common multiple),
54-55
natural, 4
place values, 5
prime numbers, 46
divisibility test, 48
finding, 47-49
relatively prime, 53
square numbers, 49-50
rational numbers, fractions,
58-66
real, 80
reciprocals, 62
Roman numerals, 4-5
rounding, 11-12
scientific notation, 9-10
whole numbers, 4
numerators (fractions), 58

o

obtuse angles, 156
obtuse triangles, 172

octagons, 192

one-step equations, 123-124

order of operations, 32
distributive property, 36-38
example problems, 33-35
PEMDAS memory device, 33

origins, coordinate graphing, 134

“or” probabilities, 257-258

P

parallel lines, 159-160
angle formations
alternate exterior, 161
alternate interior, 161
corresponding angles, 160
slopes, 162-163
transversals, 160
parallelograms, 181-183
rectangles, 184
rhombus, 185-186
squares, 185-186
PEMDAS (Parentheses,
Exponents, Multiply, Divide,
Add, Subtract), 114
pentagons, 192
percentages, 88
changing to decimals, 92
changing to fractions, 92
example problems, 90-91
increases and decreases, 96-98
interest calculations, 92-94
APR (annual percentage
rate), 93
I = Prrformula, 93-94
principals, 93
tax calculations, 94-95
tip calculations, 95-96
percentiles, dividing data sets,
281-282
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perimeters
quadrilaterals, 188
triangles, 178
permutations, 249-251
perpendicular lines, 159-160
bisectors, 159
slopes, 162-163
ple charts
drawing guidelines, 267-268
reading, 269-270
usage guidelines, 266-267
place value system (decimal
system), 5-9
planes, 152
plotting points (coordinate graphs),
linear equations, 136-139
points, 152
endpoints, 153
midpoints, 158
plotting points (coordinate
graphs), linear equations,
136-139
polygons, 166
circumscribed, 208
concave, 230
congruent, 234
convex, 230
diagonals, 192-193
inscribed, 208
naming, 192
polyhedrons. See polyhedrons
quadrilaterals, 166
area formula, 188-191
parallelograms, 181-186
perimeters, 188
trapezoids, 186-187
regular polygons
apothems, 195
area, 194-196
similar, 234
sum of angles, 193-194

triangles, 166-170
30-60-90 right triangles,
176-177
45-45-90 triangles, 177
acute, 171-172
altitudes, 166
angle bisectors, 167
area, 178-179
congruent, 234-237
equilateral, 171
isosceles, 170-171
medians, 167
obtuse, 172
perimeters, 178
right, 172-175
scalene, 170
similar, 236-240
Triangle Sum theorem, 168
vertices, 166
polyhedrons
prisms, 215
cubes, 215
lateral area, 217
rectangular, 215
right, 216
surface area, 216-218
volume formulas, 218-219
pyramids, 219
surface area, 220-221
volume formulas, 221-222
polynomials, 117
binomials, 117
degrees, 117-118
monomials, 117
standard form, 118
trinomials, 117
powers of ten, 8
charts, 8
decimal fractions, 71
decimal system, 7-9

exponents, 8

prime factorization
factor trees, 50-51
using exponents, 52
prime numbers, 46
divisibility test, 48
finding, 47-49
relatively prime, 53
square numbers, 49-50
principals, 93
prisms, 215
cubes, 215
lateral area, 217
rectangular, 215
right, 216
surface area, 216-218
volume formulas, 218-219
probabilities, 254
compound events, 255-258
“and” probabilities, 256-257
“or” probabilities, 257-258
counting methods

basic counting principle,
248-249
combinations, 251-252
permutation, 249-251
example problems, 293-295
relative frequency, 253-254
theoretical, 255
products (multiplication), 23
proper fractions, 59
proportional reasoning, 83
percentages, 88
changing to decimals, 92
changing to fractions, 92
example problems, 90-91
increases and decreases,
96-98
interest calculations, 92-94
tax calculations, 94-95
tip calculations, 95-96
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proportions, 86
cross-multiplication, 87-88
example problems, 88
extremes, 86
means, 86

ratios, 84
example problems, 86
extended, 85
measurements, 85
variables, 84

protractors, 155

pyramids, 219
surface area, 220-221
volume formulas, 221-222

Pythagorean theorem, 173-175
Pythagorean triple, 175

Q

quadrants (coordinate graphs), 135
quadrilaterals, 166
area formula, 188-191
parallelograms, 181-183
rectangles, 184
rhombus, 185-186
squares, 185-186
perimeters, 188
trapezoids, 186-187
isosceles, 187
medians, 187
quartiles
boxplots, 282-283
dividing data sets, 281-283
quick graphing techniques (linear
equations)
intercept-intercept method,
140-141
y-intercept and slope method,
141-144
quotients (division), 28

R

radical form (square roots), 232
radius (circles), 198
range measurements, 283-284
rational numbers (fractions)
addition, 64-66
common fractions, 58
denominators, 58
division, 62-64
equivalent forms, 60-61
improper, 59
mixed numbers, 59
multiplication, 61-64
numerators, 58
proper, 59
simplifying, 61
subtraction, 64-66
ratios, 84
example problems, 86
extended, 85
measurements, 85
percentages, 88
changing to decimals, 92
changing to fractions, 92
example problems, 90-91
increases and decreases,
96-98
interest calculations, 92-94
tax calculations, 94-95
tip calculations, 95-96
proportions, 86
cross-multiplication, 87-88
example problems, 88
extremes, 86-88
means, 86
variables, 84
rays, 153
angles, 153-154

reading
bar graphs, 264-265
circle graphs, 269-270
line graphs, 272-274
real numbers, 80
reciprocals, 62
rectangles, 184
rectangular prisms, 215
regular polygons
apothems, 195
area, 194-196
relative frequency (probabilities),
253-254
relatively prime numbers, 53
remainders (division), 30
rhombus, 185-186
right angles, 156
right prisms, 216
right triangles, 172
30-60-90 right triangles,
176-177
45-45-90 triangles, 177
Pythagorean theorem, 173-175
Pythagorean triple, 175
trigonometric ratios, 240-244
cosine, 241-244
sine, 241-244
tangent, 241-244
Roman numerals, 4-5
rounding numbers, 11-12
rulers, 154
rules
division with variables,
106-108
multiplying with variables, 105

S

scale factors (similar triangles),
236
scalene triangles, 170
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scientific notation, 9-10
decimal fractions, 72-73
secants, 204
angle formation, 204-207
segments (lines), 153
bisectors, 158-159
chords, 200-203
diameters, 200-201
congruent, 156
midpoints, 158
semicircles, 198
sets of data, measurements
central tendency
means, 276-277
medians, 277-279
modes, 279-280
dividing
boxplots, 282-283
quartiles and percentiles,
281-282
spread measurements
interquartile ranges, 284
ranges, 283
standard deviation, 284-286
signed numbers
addition, 40-41
division, 43-44
multiplication, 42-43
subtraction, 41-42
similar polygons, 234
similar triangles, 236-237
finding missing measurements,
238
indirect measurements,
238-240
scale factors, 236
simple interest, 93
simplification
equations, 128-129
expressions, 110, 114-116
fractions, 61

PEMDAS (Parentheses,
Exponents, Multiply, Divide,
Add, Subtract), 114

sine

square roots (radical form), 232
squares, 185-186

standard deviation measurements,
284-286

SOHCAHTOA memory device, standard form polynomials, 118

241

trigonometric ratios, 241-244
slope, 141-142

formula, 141

graphing linear equations,

141-144

parallel lines, 162-163

perpendicular lines, 162-163
solids, measurements

cones, 224-225

cylinders, 222-224

prisms, 215-219

pyramids, 219-222

spheres, 225-226

surface area, 214

volume, 214
solution sets (inequalities), 132
solving equations

identity equations, 129-130

one-step, 123-124

simplification, 128-129

special cases, 129-130

two-step, 124-127

variables, 122

variables on both sides, 127-128
solving inequalities, 131
special case equations, 129-130
spheres, 225

surface area, 226

volume formulas, 226
spread measurements (data sets)

interquartile ranges, 284

ranges, 283

standard deviations, 284-286
square numbers, 49-50

statistics
data set measurements
central tendency, 276-280
dividing, 281-283
spread measurements,
283-286
example problems, 293-295
straight angles, 156
subtraction
basic facts, 21-23
decimal fractions, 73-75
difference, 21
fractions, 64-66
like terms, 113-114
minuends, 21
signed numbers, 41-42
subtrahends, 21
subtrahends, 21
supplementary angles, 157
surface area, 214
cones, 224-225
cylinders, 223-224
prisms, 216-218
pyramids, 220-221
spheres, 226

T

tangent circles, 199
tangents, 204
angle formation, 204-207
SOHCAHTOA memory
device, 241
trigonometric ratios, 241-244
tax calculations, 94-95
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ten (powers of ten)
decimal fractions, 71
decimal system, 7-9
exponents, 8
terms, 110
adding and subtracting like
terms, 113-114
like terms, 112-113
unlike terms, 111-112
simplifying expressions, 110,
114-116
theorems

Pythagorean theorem, 173-175

Pythagorean triple, 175
Triangle Sum theorem, 168
theoretical probabilities, 255
tip calculations, 95-96
transversals, 160
angle formations, 160
alternate exterior, 161
alternate interior, 161
corresponding angles, 160
trapezoids, 186-187
isosceles, 187
medians, 187
triangles, 165-170
acute, 171-172
altitudes, 166
angle bisectors, 167
area, 178-179
congruent, 234-236
finding missing
measurements, 237
minimum requirements,
235-236
equilateral, 171
exterior angles, 168
isosceles, 170-171
medians, 167
obtuse, 172

perimeters, 178
polygons, 166
right, 172
30-60-90 right triangles,
176-177
45-45-90 triangles, 177
measurements and

trigonometric ratios,
240-244
Pythagorean theorem,
173-175
scalene, 170
similar, 236-237
finding missing
measurements, 238
indirect measurements,
238-240
scale factors, 236
Triangle Sum theorem, 168
vertices, 166
trigonometric ratios, 240-244
cosine, 241-244
sine, 241-244
SOHCAHTOA memory
device, 241
tangent, 241-244
trinomials, 117
two-step equations, 124-127

U-v

unlike terms (variables),
combining, 111-112
usage guidelines
bar graphs, 262
circle graphs, 266-267
line graphs, 270

variables, 84, 102
common language, 102-103
division, 106-108
equations, 122, 127-128
idioms, 103-104
multiplication, 104-105
ratios, 84
terms, 110-114
usage, 102
vertex angles, 153-154, 171
vertical angles, 157
vertical lines, graphing, 144
vertices (triangles) 166
volume, 214
cones, 225
cylinders, 223-224
prisms, 218-219
pyramids, 221-222
spheres, 226

W=X
whole numbers, 4

x-axis (coordinate graphs), 134
x-coordinates, 135

Y-Z

»-axis (coordinate graphs), 134

y-coordinates, 135

y-intercept, graphing linear
equations, 141-144

y = mx + bform, 143



About the Author

Carolyn Wheater has taught math to students, young and not so young,

for almost forty years. Growing up, she was astonished when asked if she
liked school. Although she wasn't sure if she liked it, she was good at it, but
she realized that not everyone was, and that little was happening to change
that. She chose teaching as a career because she thought there had to be a
better way.

After earning a B.A. in math at Marymount Manhattan College, she moved
to the University of Massachusetts for graduate work, and taught an
undergraduate math course, full of interesting but not very useful math.
Wheater began teaching full time in 1974, and has been teaching middle
and upper school math (and a little bit of computer programming) ever
since. She still believes there has to be a better way, and continues to look
for it.

Wheater believes that what makes quality education is a teacher willing to
find another way to explain any idea. Her greatest frustration in writing is
choosing just a few explanations to include in a book, but she has over a
dozen books to her credit nonetheless. Her most cherished accolades are
happy comments from former students and their parents.



	Contents iii
	Part 1: The World of Numbers 1����������������������������������������������������������������������������������������������������������
	1 Our Number System 3�������������������������������������������������������������������������������
	The Counting Numbers 4����������������������������������������������������������������������������������
	Scientific Notation 9�������������������������������������������������������������������������������
	Rounding 11�������������������������������������������������

	2 Arithmetic 13�������������������������������������������������������������
	Addition and Subtraction 13�������������������������������������������������������������������������������������������������
	Multiplication and Division 23����������������������������������������������������������������������������������������������������������

	3 Order of Operations and Integers 31�������������������������������������������������������������������������������������������������������������������������������
	Order of Operations 32����������������������������������������������������������������������������������
	The Distributive Property 36����������������������������������������������������������������������������������������������������
	The Integers 38�������������������������������������������������������������
	Arithmetic with Integers 40�������������������������������������������������������������������������������������������������

	4 Factors and Multiples 45����������������������������������������������������������������������������������������������
	Prime Numbers 46����������������������������������������������������������������
	Prime Factorization 50����������������������������������������������������������������������������������
	Greatest Common Factor 52�������������������������������������������������������������������������������������������
	Least Common Multiple 54����������������������������������������������������������������������������������������

	5 Fractions 57����������������������������������������������������������
	The Rational Numbers 58�������������������������������������������������������������������������������������
	Arithmetic with Fractions 60����������������������������������������������������������������������������������������������������

	6 Decimals 67�������������������������������������������������������
	Decimal Fractions 68����������������������������������������������������������������������������
	Powers and Scientific Notation Revisited 71�������������������������������������������������������������������������������������������������������������������������������������������������
	Arithmetic with Decimal Fractions 73����������������������������������������������������������������������������������������������������������������������������
	Rational and Irrational Numbers 80����������������������������������������������������������������������������������������������������������������������

	7 Ratios, Proportions, and Percentages 83�������������������������������������������������������������������������������������������������������������������������������������������
	Proportional Reasoning 83�������������������������������������������������������������������������������������������
	Calculating with Percentages 92�������������������������������������������������������������������������������������������������������������


	Part 2: Into the Unknown 99�������������������������������������������������������������������������������������������������
	8 Variables and Expressions 101�������������������������������������������������������������������������������������������������������������
	Using Variables 102�������������������������������������������������������������������������
	Multiplying with Variables 104����������������������������������������������������������������������������������������������������������
	Dividing with Variables 106�������������������������������������������������������������������������������������������������

	9 Adding and Subtracting with Variables 109�������������������������������������������������������������������������������������������������������������������������������������������������
	When Are Terms “Like Terms”? 110����������������������������������������������������������������������������������������������������������������
	Adding and Subtracting Like Terms 113�������������������������������������������������������������������������������������������������������������������������������
	Simplifying Expressions 114�������������������������������������������������������������������������������������������������
	Polynomials 117�������������������������������������������������������������

	10 Solving Equations and Inequalities 121�������������������������������������������������������������������������������������������������������������������������������������������
	Using Equations to Find the Missing Number 122����������������������������������������������������������������������������������������������������������������������������������������������������������
	One Solution or Many? 130�������������������������������������������������������������������������������������������

	11 Coordinate Graphing 133����������������������������������������������������������������������������������������������
	The Coordinate Plane 134����������������������������������������������������������������������������������������
	Graphing Linear Equations 136�������������������������������������������������������������������������������������������������������
	Graphs of Inequalities 145����������������������������������������������������������������������������������������������


	Part 3: The Shape of the World 149����������������������������������������������������������������������������������������������������������������������
	12 Basics of Geometry 151�������������������������������������������������������������������������������������������
	Points, Lines, Planes, and Angles 152�������������������������������������������������������������������������������������������������������������������������������
	Parallel and Perpendicular Lines 159����������������������������������������������������������������������������������������������������������������������������

	13 Triangles 165����������������������������������������������������������������
	Facts about Triangles 166�������������������������������������������������������������������������������������������
	Classifying Triangles 170�������������������������������������������������������������������������������������������
	Right Triangles 172�������������������������������������������������������������������������
	Area and Perimeter 178����������������������������������������������������������������������������������

	14 Quadrilaterals and Other Polygons 181����������������������������������������������������������������������������������������������������������������������������������������
	Parallelograms 181����������������������������������������������������������������������
	Rectangles 184����������������������������������������������������������
	Rhombuses and Squares185����������������������������������������������������������������������������������������
	Trapezoids 186����������������������������������������������������������
	Perimeter of Quadrilaterals 188�������������������������������������������������������������������������������������������������������������
	Area of Quadrilaterals 188����������������������������������������������������������������������������������������������
	Polygons with More than Four Sides 192����������������������������������������������������������������������������������������������������������������������������������

	15 Circles 197����������������������������������������������������������
	The Language of Circles 198�������������������������������������������������������������������������������������������������
	Segments and Angles 200�������������������������������������������������������������������������������������
	Lines and Angles 204����������������������������������������������������������������������������
	Area and Circumference 208����������������������������������������������������������������������������������������������
	Circles in the Coordinate Plane 209�������������������������������������������������������������������������������������������������������������������������

	16 Surface Area and Volume 213����������������������������������������������������������������������������������������������������������
	Measuring Solids 214����������������������������������������������������������������������������
	Prisms 215����������������������������������������������
	Pyramids 219����������������������������������������������������
	Cylinders 222�������������������������������������������������������
	Cones 224�������������������������������������������
	Spheres 225�������������������������������������������������

	17 Geometry at Work 229�������������������������������������������������������������������������������������
	Areas of Irregular Figures 229����������������������������������������������������������������������������������������������������������
	Similarity and Congruence 234�������������������������������������������������������������������������������������������������������
	Indirect Measurement with Similar Triangles 238�������������������������������������������������������������������������������������������������������������������������������������������������������������
	Indirect Measurement with Trigonometry 240����������������������������������������������������������������������������������������������������������������������������������������������


	Part 4: The State of the World 245����������������������������������������������������������������������������������������������������������������������
	18 Probability 247����������������������������������������������������������������������
	Counting Methods 248����������������������������������������������������������������������������
	Relative Frequency253�������������������������������������������������������������������������������
	Theoretical Probability 255�������������������������������������������������������������������������������������������������
	Probability of Compound Events 255����������������������������������������������������������������������������������������������������������������������

	19 Graphs 261�������������������������������������������������������
	Bar Graph 262�������������������������������������������������������
	Histogram 266�������������������������������������������������������
	Circle Graph 266����������������������������������������������������������������
	Line Graph 270����������������������������������������������������������

	20 Measures of Center and Spread 275����������������������������������������������������������������������������������������������������������������������������
	The Centers 276�������������������������������������������������������������
	The Separators 281����������������������������������������������������������������������
	The Spread 283����������������������������������������������������������


	Part 5: Extra Practice 287����������������������������������������������������������������������������������������������
	21 Extra Practice 288�������������������������������������������������������������������������������
	Part I: Arithmetic 288����������������������������������������������������������������������������������
	Part II: Algebra 289����������������������������������������������������������������������������
	Part III: Geometry 290����������������������������������������������������������������������������������
	Part IV: Probability and Statistics 293�������������������������������������������������������������������������������������������������������������������������������������


	A Check Point Answers 296�������������������������������������������������������������������������������������������
	B Extra Practice Answers 327����������������������������������������������������������������������������������������������������
	C Glossary 335����������������������������������������������������������
	D Resources 344�������������������������������������������������������������
	E Measurement 345�������������������������������������������������������������������
	Index 349�������������������������������������������




