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CHAPTER 1

Vector Spaces

Suppose a and b are real numbers, not both 0. Find real numbers ¢ and d
such that

1/(a + bt) = ¢ + di.

SOLUTION: Multiplying both the numerator and the denominator of the
left side of the equation above by a — bi gives

a— b = c+ di
a2 + b2 '
Thus we must have
a —b
— d d= .
Ty U a® + b?’

because a and b are not both 0, we are not dividing by 0.

COMMENT: Note that these formulas for ¢ and d are derived under the
assumption that a + bi has a multiplicative inverse. However, we can forget

about the derivation and verify (using the definition of complex multiplica-
tion) that

: a b .
(a+tn)(a2+b§ a2+b2z) =1

which shows that every nonzero complex number does indeed have a multi-
plicative inverse.
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Show that

—1 4+ /3i
2

is a cube root of 1 (meaning that its cube equals 1).

SOLUTION: Using the definition of complex multiplication, we have

(—1 +- \/§i)2 _ =13
— —

2
Thus

( 1+~/_z)

2

( 1-—\/_2)( 1+\/_'b)

Prove that —(—v) = v for every v € V.

SOLUTION: Let v € V. By the definition of additive inverse, we have
v+ (—v) =0.

The additive inverse of —v, which by definition is —(—v), is the unique vector
that when added to —v gives 0. The equation above shows that v has this
property. Thus —(—v) = v.

COMMENT: Using 1.6 twice leads to another proof that —(—v) = v. How-
ever, the proof given above uses only the additive structure of V', whereas a
proof using 1.6 also uses the multiplicative structure.

Prove that ifa€ F,ve V, and av =0, then a = 0 or v = 0.
SOLUTION: Suppose thata € F, v € V, and
av = (.

We want to prove that a = 0 or v = 0. If @ = 0, then we are done. So
suppose that a # 0. Multiplying both sides of the equation above by 1 /a
gives

-E-(a'u) = —
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The associative property shows that the left side of the equation above equals
lv, which equals v. The right side of the equation above equals 0 (by 1.5).
‘Thus v = 0, completing the proof.

For each of the following subsets of F3, determine whether it is a subspace
of F3:

P

b) {(z1,z2,73) € F3:z; + 2z9 + 373 = 4)};
() {(z1,22,23) € F3: 212923 = 0});
(d) {(z1,22,73) € F .z = 5z3}.
SOLUTION: (a) Let
U= {(z1,72,23) € F*: 1 + 2z + 323 = 0}.

To show that U is a subspace of F3, first note that (0,0,0) € U, so U is
nonempty.

Next, SUpposc that (3:1:3:211:3) € U and (yl:y21 y3) € U. Then

1+ 222+ 323 =0
11 + 2y2 + 3y3 = 0.

Adding these equations, we have
(1 + Y1) + 2(z2 + ¥2) + 3(z3 + y3) =0,
which means that (z; + y1,2z9 + y2,23 + y3) € U. Thus U is closed under

addition.
Next, suppose that (z1,x9,23) € U and a € F. Then

Ty + 229 + 323 = 0.

Multiplying this equation by a, we have

(az1) + 2(azq) + 3(az3) =0,

which means that (ax;,azs,azx3) € U. Thus U is closed under scalar multi-
plication.

Because U is a nonempty subset of F3 that is closed under addition and
scalar multiplication, U is a subspace of F3.
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(b) Let
U= {(z1,z2,z3) € F° : 7] + 2z + 323 = 4}.

Then (4,0,0) € U but 0(4,0,0), which equals (0,0,0), is not in U. Thus U
1S not closed under scalar multiplication. Thus U is not a subspace of F9.
(c) Let

U= {(3:1,2:2,2:3) e FJ . T1IT9T3 = 0}.

Then (1,1,0) € U and (0,0, 1) € U, but the sum of these two vectors, which
equals (1,1, 1), is not in U. Thus U is not closed under addition. Thus U is
not a subspace of F3,

(d) Let
U={(z1,29,23) e F?: 2, = S5x3}.

To show that U is a subspace of F3, first note that (0,0,0) € U, so U is
nonempty.
Next, suppose that (z;, z9,73) € U and (y1,¥2,y3) € U. Then

Iy = 5.‘.’53

Y1 = 9Y3.
Adding these equations, we have
z1 + 1 = 5(z3 + y3),

which means that (z; + y1,Z2 + ¥2,23 + y3) € U. Thus U is closed under
addition.

Next, suppose that (z;,z9,73) € U and a € F. Then
T = 9x3.
Multiplying this equation by a, we have
azx) = S(azxj),

which means that (az1,az9,az3) € U. Thus U is closed under scalar multi-
plication.

Because U is a nonempty subset of F'3 that is closed under addition and
scalar multiplication, U is a subspace of F3.
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Give an example of a nonempty subset U of R? such that U is closed under
addition and under taking additive inverses (meaning —u € U whenever
u € U), but U is not a subspace of R?.

SOLUTION: Let U = {(m,n) : m and n are integers}. Then clearly
U is closed under addition and under taking additive inverses. However,
(1,1) € U but %(1, 1), which equals (%, :.21-), is not in U, so U is not closed
under scalar multiplication. Thus U is not a subspace of R2.

Of course there are also many other examples.

Give an example of a nonempty subset U of R? such that U is closed under
scalar multiplication, but U is not a subspace of R2.

SOLUTION: Let U be the union of the two coordinate axes in R2. More
precisely, let

U={(z,0):z€R}U{(0,y): y € R}.

Then clearly U is closed under scalar multiplication. However, (1,0) and
(0,1) are in U but their sum, which equals (1,1) is not in U, so U is not
closed under addition. Thus U is not a subspace of R2.

Of course there are also many other examples.

Prove that the intersection of any collection of subspaces of V is a subspace
of V.

SOLUTION: Suppose {U,}acr is a collection of subspaces of V: here I'
is an arbitrary index set. We need to prove that () . Ua, which equals the
set of vectors that are in U, for every a € I, is a subspace of V.

The additive identity O is in U, for every o € I" (because each U, is a
subspace of V). Thus 0 € (| ¢p Us- In particular, () .U, is a nonempty
subset of V.

Suppose u,v € [|,erUa- Then u,v. € U, for every & € T. Thus
u+v € Uy for cvery a € I' (because each U, is a subspace of V). Thus
u+ v € [ \yer Ua. Thus (), e Ua is closed under addition.

Suppose u € nae[‘ Uar and a € F. Then v € U, for every a € I'. Thus
au € U, for every a € I' (because each U, is a subspace of V). Thus
au € [yer Ua- Thus [, cp Ua is closed under scalar multiplication.

Because (|, Ua is & nonempty subset of V that is closed under addition
and scalar multiplication, (|, . Ua is a subspace of V.

CoMMENT: For many students, the hardest part of this exercise is un-
derstanding the meaning of an arbitrary intersection of sets. Instructors who
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do not want to deal with this issue should change the excrcise to “Prove that
the intersection of any finite collection of subspaces of V is a subspace of V.”
Many students will then prove that the intersection of two subspaces of V
is a subspace of V and use induction to get the result for finite collections
of subspaces.

Prove that the union of two subspaces of V' is-a subspace of V if and only if
one of the subspaces is contained in the other.

SOLUTION: Suppose U and W are subspaces of V such that UUW is a
subspace of V. We will use proof by contradiction to show that U C W or
W C U. Suppose that our desired result is false. Then U ¢ W and W ¢ U.
This means that there exists u € U such that u € W and there exists w € W
such that w ¢ U. Because u and w are both in U U W, which is a subspace
of V, we can conclude that u+w e UUW. Thusut+w e Uoru+w € W.

First consider the possibility that «+w € U. In this case w, which equals
(u + w) + (—u), would be in the sum of two elements of U and hence we
would have w € U, contradicting our assumption that w ¢ U.

Now consider the possibility that ©+w € W. In this case u, which equals
(v + w) + (—w), would be in the sum of two elements of W and hence we
would have u € W, contradicting our assumption that « ¢ W.

The two paragraphs above show that u+w ¢ U and v+ w ¢ W, con-
tradicting the final sentence of the first paragraph of this solution. This
contradiction completes our proof that U C W or W C U.

The other direction of this exercise is trivial: if we have two subspaces
of V, one of which is contained in the other, then the union of these two
subspaces equals the larger of them, which is a subspace of V.

Suppose that U is a subspace of V. What is U + U?

SOLUTION: By definition, U+U = {u+v:u,v € U}. ClearlyU c U+4+U
because if v € U, then u equals u + 0, which expresses v as a sum of two
elements of U. Conversely, U +U C U because the sum of two elements of U
is an element of U (because U is a subspace of V). Conclusion: U +U = U.

Is the operation of addition on the subspaces of V commutative? Associa-
tive? (In other words, if Uy, Us, U3 are subspaces of V', is Uy + Uy = Uy + U, ?
Is (U; + Us2) + Uz = Uy + (Uz + U3)?)

SOLUTION: Suppose Uy, Us, Us are subspaces of V.
A typical element of U +Us is a vector of the form u; +ug, where u; € U
and ugs € Uz. Because addition of vectors is commutative, u; + uq equals
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ug +uy, which is a typical element of Uy + Uy. Thus Uy +Us =Us 4+ U;. In
other words, the operation of addition on the subspaces of V is commutative.

A typical element of (U, + Us) +Us is a vector of the form (uy +ug) +u3,
where u; € Uj, ug € U,, and uz € U;z. Because addition of vectors is
associative, (uy + ug) + u3 equals uy + (ug + ug), which is a typical element
of Uy + (Uz + Us). Thus (U + Uy) + Uz = Uy + (Us + Us). In other words,
the operation of addition on the subspaces of V is associative.

Does the operation of addition on the subspaces of V have an additive
identity? Which subspaces have additive inverses?

SOLUTION: The subspace {0} is an additive identity for the operation
of addition on the subspaces of V. More precisely, if U is a subspace of V,
then U + {0} = {0} +U ="U.

For a subspace U of V' to have an additive inverse, there would have to
be another subspace W of V such that U + W = {0}. Because both U and
W are contained in U + W, this is possible only if U = W = {0}. Thus {0}
is the only subspace of V that has an additive inverse.

Prove or give a counterexample: if Uy, Uy, W are subspaces of V such that
U+ W=U 4+ W,
then UI = UQ.

SOLUTION: To construct a counterexample for the assertion above,
choose V' to be any nonzero vector space. Let U; = {0}, Uy = V, and
W = V. Then U; + W and Us + W are both equal to V, but U; # Us.

Of course there are also many other examples.

Suppose U is the subspace of P(F) consisting of all polynomials p of the
form

p(2) = az? + b2°,
where a,b € F. Find a subspace W of P(F) such that P(F)=U g W.

SOLUTION: Let W be the set of all polynomials (with coefficients in F)
whose z2-coefficient and z°-coefficient both equal 0. Then every polynomial

in P(F) can be written uniquely in the form p + g, where pelUand ge W.
Thus P(F)=U&® W.
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COMMENT: There are other paossible choices for W that give a correct

solution to this exercise, but the choice for W made above is certainly the
most natural one.

Prove or give a counterexample: if Uy, Us, W are subspaces of V such that

V=U®&W and V=ULoW,
then Uy = U,.

SOLUTION: To construct a counterexample for the assertion above, let
V = F2 let U; = {{,0) : z € F}, let Uy = {(0,y) : y € F}, and let
W = {(z,2) : z € F}. Then

F°=U;&W and FP=U,eW,

as is easy to verify, but U # U,.
Of course there are also many other examples.
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Finite-Dimensional
Vector Spaces

Prove that if (v1,...,vn) spans V, then so does the list

('Ul —U2,U2 — U3y...,Upn—-1 — VUpn, Un)

obtained by subtracting from each vector (except the last one) the following
vector.

SOLUTION: Suppose (vy,...,v,) spans V. Let v € V. To show that
v € span(v; — v2,U9 — ¥3,-..,Un—1 — Up, V), we need to find a;,...,a, € F
such that

v=a1(v —v2) +a2(v2 —v3) +...an—1(vn-1 — Vp) + Anvn.

Rearranging terms of the equation above, we see that we need to find
ai,...,an € F such that

(a) v=av; +(az —a1)ve + (a3 —ex)us + - - + (an — an_1)vn.
Because (vy,...,v,) spans V, there exist by,...,b, € F such that
(b) v=>0jv; +byvs + b3vz +--- + b,vu,.

Comparing equations (a) and (b), we see that (a) will be satisfied if we
choose a; to equal b; and then choose as to equal b + a; and then choose
as to equal b3 + a5, and so on.
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Prove that if (vy1,...,vy) is linearly independent in V, then so is the list

(V] —v2,¥2 — U3,...,Un_1 — Up,Un)

obtained by subtracting from each vector (except the last one) the following
vector.

SOLUTION: Suppose (vi,...,Uy) is linearly independent in V. To prove
that the list displayed above is linearly independent, suppose a;,....a, € F
are such that

ay(v1 — v2) +az(va —v3) + -+ » + an—1(Vn—1 — Vn) + anvn = 0.
Rearranging terms, the equation above can be rewritten as
aiv) + (32 - al)'”? + (63 — G'Z)'US + -t (an — an—l)vn = (.

Because (v1,..., V) is linearly independent, the equation above implies that

a; =0
as—a; =0
a3—a2=0

An — a1 = 0.

The first equation above tells us that a; = 0. That information, combined
with the second equation, tells us that as = 0. That information, combined
with the third equation, tells us that a3 = 0. Continue in this fashion,
getting @) = --- = a, = 0. Thus (v; — v3,v9 — v3,...,Un_| — Vp,¥n) IS
linearly independent.

Suppose (v1,...,v,) 1s linearly independent in V' and w € V. Prove that if
(v1 +w,...,v, + w) is linearly dependent, then w € span(vy,...,vn).

SOLUTION: Suppose (v) + w,...,v, + w) is linearly dependent. Then
there exist scalars ay,...,a,, not all 0, such that

a1(v; +w) + -+ + an(ve + w) =0.

Rearranging this equation, we have

a1v1 + -+ + antn = —(a; + - - + an)w.
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If a; 4+« + a, were 0, then the equation above would contradict the linear
independence of (v1,...,v,). Thus a; + +-- +an # 0. Hence we can divide
both sides of the equation above by —(e; + --- + an), showing that w ¢
span(vy, ..., Un).

Suppose m is a positive integer. Is the set consisting of 0 and all polynomials
with coeflicients in F' and with degree equal to m a subspace of P(F)?

SOLUTION: The set consisting of 0 and all polynomials with coefficients
in F' and with degree equal to m is not a subspace of P(F) because it is not
closed under addition. Specifically, the sum of two polynomials of degree m
may be a polynomial with degree less than m. For example, suppose m = 2.
Then 7 4+ 4z + 52° and 1 + 2z — 52z% are both polynomials of degree 2 but
their sum, which equals 8 + 6z, is a polynomial of degree 1.

Prove that F°° is infinite dimensional.

SOLUTION: For each positive integer m, let e,, be the element of F>®

whose m*! coordinate equals 1 and whose other coordinates equal O:
em = (0,...,0,1,0,...).
1
m'" coordinate
Then (e1,...,€emn) is a linearly independent list of vectors in F°, as is easy

to verify. This implies, by the marginal comment attached to 2.6, that F®
is infinite dimensional.

Prove that the real vector space consisting of all continuous real-valued
functions on the interval {0, 1] is infinite dimensional.

SOLUTION: Let V denote the real vector space of all continuous real-
valued functions on the interval [0, 1]. For each positive integer m, the list

(1,z,...,2™) is linearly independent in V' (because if ag,...,a, € R are
such that

ag+a1T+ -+ apzr" =0

for every = € [0,1], then the polynomial above has infinitely many roots
and hence all its coefficients must equal 0). This implies, by the marginal
comment attached to 2.6, that V is infinite dimensional.
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Prove that V is infinite dimensional if and only if there is a sequence
v1,V2,... of vectors in V such that (vy,...,v,) is linearly independent for
every positive integer n.

SOLUTION: First suppose that V is infinite dimensional. Choose vy
to be any nonzero vector in V. Choose vg,v1,... by the following induc-
tive process: suppose that vy,...,v,—1 have been chosen; choose any vector
vp, € V such that v, ¢ span(vy,...,vn—1)—because V is not finite dimen-
sional, span(vy,...,v,—1) cannot equal V so choosing v, in this fashion is

possible. The linear dependence lemma (2.4) implies that (vy,...,v,) is
linearly independent for every positive integer n, as desired.
Conversely, suppose there is a sequence vy, v2,... of vectors in V such

that (v1,...,vs) is linearly independent for every positive integer n. This
implies, by the marginal comment attached to 2.6, that V is infinite dimen-
sional.

Let U be the subspace of R® defined by
U= {(x1,T3,23,%4,25) ER® : £; = 3z5 and z3 = 7z4}.
Find a basis of U.

SOLUTION: Obviously
U= {(3z2,z2,7x4,%4,%s5) : T2,%4, 25 € R}.
From this representation of U, we see casily that
((3,1,0,0,0),(0,0,7,1,0),(0,0,0,0,1))

is a basis of U.
Of course there are also other possible choices of bases of U.

Prove or disprove: there exists a basis (pg, p1, p2, p3) of P3(F) such that none
of the polynomials pg, p1, P2, 3 has degree 2.

SOLUTION: Define pg, p1,p2,p3 € P3(F) by

po(z) = 1,

ni(z) = z,

pa(z) = 2% + 2°,
p3(z) = 2°.
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None of the polynomials pg, p;, p2,p3 has degree 2, but (pg,p1,p2,p3) is a
basis of P3(F), as is easy to verify.

Of course there are also other possible choices of bases of P5(F) without
using polynomials of degree 2.

Suppose that V is finite dimensional, with dimV = n. Prove that there
exist one-dimensional subspaces Uy,..., U, of V such that

V=U1$"'$Un-

SOLUTION: Let (vy,...,v,) be a basis of V. For each j, let U; equal
span(v;); in other words, U; = {av; : a € F}. Because (v1,...,vy,) is a basis
of V, each vector in V can be written uniquely in the form

Q1V1 + *** + QpVp,

where a1,...,a, € F (see 2.8). By definition of direct sum, this means that
V=U&---aU,.

Suppose that V is finite dimensional and U is a subspace of V such that
dimU =dim V. Prove that U = V.

SOLUTION: Let (u),...,u,) be a basis of U. Thus n = dimU, and
by hypothesis we also have n = dimV. Thus (uj,...,us) is & linearly
independent (because it is a basis of U) list of vectors in V with length
dimV. From 2.17, we see that (u;,...,u%,) is a basis of V. In particular
every vector in V is a linear combination of (uj,...,u,;). Because each
u; € U, this implies that U = V.

Suppose that po,p1,...,pm are polynomials in P,,(F) such that ri(2) =0
for cach j. Prove that (pg,p1,-..,Pm) is not linearly independent in P (F).

SOLUTION: Because p;(2) = 0 for each j, the constant polynomial 1 is

not in span(pg, - - -, pm)- Thus (pp,...,pm) is not a basis of P,,,(F). Because
(Po,...,Pm) is a list of length m + 1 and P,,(F) has dimension m + 1, this
implies (by 2.17) that (po,...,Pm) is not linearly independent.

Suppose U and W are subspaces of R® such that dimU = 3, dimW = 5,
and U + W = R3. Prove that U N W = {0}.

SOLUTION: We know (from 2.18) that

dim(U + W) = dimU + dim W — dim(U N W).
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Because dim(U + W) = 8, dimU = 3, and dim W = 5, this implies that
dim(UNW) = 0. Thus U NW = {0}.

Suppose that U and W are both five-dimensional subspaces of RS. Prove
that UNW # {0}.

SOLUTION: Using 2.18 we have

9 > dim(U + W)
=dimU +dim W — dim(U N W)
= 10 — dim(U N W).

Thus dim(U N W) > 1. In particular, U N W # {0}.

You might guess, by analogy with the formula for the number of elements
in the union of three subsets of a finite set, that if U, Uy, Uz are subspaces
of a finite-dimensional vector space, then

dim(Uy + U, + Us)
=dim U; 4+ dim U; 4+ dim Uj
— dim(U1 A UQ) — dim(U; N Us) — dim(U; N Us;)
+ dim(U; NU; N Us).

Prove this or give a counterexample.

SoLUTION: To give a counterexample, let V = R2, and let

U = {(I,O) T € R},

U ={(0,y) : y € R},
Ug = {(a:,:r) :z € R}

Then Uy + Us + U3 = R?, so dim(U; + Uz + Us) = 2. However,
dimU; =dimU; =dimU; =1
and
dim(U, NU;) = dim(U; NU3) = dim(U; N U3) = dim(U; N U, N Us) = 0.

Thus in this case our guess would reduce to the formula 2 = 3, which
obviously is false.

Of course there arc also many other examples.
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Prove that if V is finite dimensional and U,,...,U,, are subspaces of V,
then _

dim(Uy + -+ + Uw) < dmU; + -+ + dim U,,..

SOLUTION: For each j = 1,...m, choose a basis for U;. Put these
bases together to form a single list of vectors in V. Clearly this list spans
Ui+---4Up,. Hence the dimension of Uy +- - - +Uy, is less than or equal to the
number of vectors in this list (by 2.10), which equals dim U} 4.+ +dim U,,,.
In other words,

dim(Uy +++- + Up) <dimU; + -+ - + dim U,,,.

Suppose V is finite dimensional. Prove that if Uy, ..., U,, are subspaces of V
suchthat V=U;&---® U,,, then

dimV =dimU; +--- +dimU,,.

COMMENT: This exercise deepens the analogy between direct sums of
subspaces and disjoint unions of subsets. Specifically, compare this exercise
to the following obvious statement: if a finite set is written as a disjoint
union of subsets, then the number of elements in the set equals the sum of
the number of elements in the disjoint subsets.

SOLUTION: Suppose that Uy,..., U, are subspaces of V such that V =
Ui@---®Un. For each j = 1,...m, choose a basis for U;. Put these bases
together to form a single list BB of vectors in V. Clearly B spans U+ -4+Up,,
which equals V. If we show that B is also linearly independent, then it will
be a basis of V. Thus the dimension of V' will equal the number of vectors B.
In other words, we will have

dimV =dimU, + -+ 4+ dim U,

as desired.

We still need to show that B is lincarly independent. To do this, suppose
that some linear combination of B equals 0. Write this linear combination
as uy + - - - + u;,, where we have grouped together the terms that come from

the basis vectors of U; and called their sum u;, and similarly up to u.,.
Thus we have

U1+"'+‘1Lm:0,

where each u; € U;. Because V = U, @ -- - © Up,, this implies that each u;
equals 0. Because each u; is a linear combination of our basis of U;, all the
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coefficients in the linear combination defining u; must equal 0. Thus all the

coefficients in our original linear combination of B must equal 0. In other
words, [J is hnearly independent, completing our proof.
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Linear Maps

Show that every linear map from a one-dimensional vector space to itself is
multiplication by some scalar. More precisely, prove that if dimV = 1 and
T € L(V,V), then there exists a € F such that Tv =av for all v € V.

SOLUTION: Suppose dimV =1and T € L(V, V). Let u be any nonzero
vector in V. Then every vector in V is a scalar multiple of . In particular,
Tu = au for some a € F.

Now consider a typical vector v € V. There exists b € F such that
v = bu. Thus

Tv = T(bu)
= 4T (u)
= b(au)
= a(bu)

= av.
Give an example of a function f: R?* —» R such that
f(av) = af(v)
for all @ € R and all v € R? but f is not linear.

SoLUTION: Define f: R? —+ R by

f(z,y) = (=® + 3)'/3

Then f(av) = af(v) for all a € R and all v € R?. However, f is not linear
because f(1,0) =1 and f(0,1) = 1 but

17
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# f(1,0) + £(0,1).
Of course there are also many other examples.

COMMENT: This exercise shows that homogeneity alone is not enough
to imply that a function is a linear map. Additivity alone is also not enough
to imply that a function is a linear map, although the proof of this involves
advanced tools that are beyond the scope of this book.

Suppose that V is finite dimensional. Prove that any linear map on a sub-

space of V can be extended to a linear map on V. In other words, show that
if U is a subspace of V and S € L(U, W), then there exists T" € L(V, W)
such that Tu = Su for all u € U.

SOLUTION: Suppose U is a subspace of V and S € L(U,W). Let

(u1,...,Uy) be a basis of U. Then (uy,...,um) is & linearly independent list
of vectors in V, and so can be extended to a basis (uj,...,%m,v1,...,05)

of V' (by 2.12). Define T' € L(V, W) by

T(a1ur +...amum + bivy + ... bpvs) = a1 Suy + -+ - + amSup.
Then Tu = Su for all u € U.

COMMENT: Defining T: V — W by

Sv ifveU;
Tv =
0 ifvgl.

does not work because this map is not linear.

Suppose that T is a linear map from V to F'. Prove that if u € V is not in
null T, then

V=nullT ® {av:a € F}.

SOLUTION: Suppose u € V is not in nullT. If ¢ € F and eu € null 7T,
then 0 = T'(au) = aT'u, which implies that ¢ = 0 (because Tu # 0). Thus

nullT N {au: a € F} = {0}.

IfveV, then
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~{, T'uu IT'uu
- Tu | Tu

Note that T° (v %:u) =Tv— %Tu = (. Thus the equation above expresses
an arbitrary vector v € V as the sum of a vector in null7" and a scalar
multiple of v. Hence V = nullT + {au:a € F}. Using 1.9, we conclude
that V = nullT @ {au : a € F}.

Suppose that T' € L(V, W) is injective and (v1,...,v,) is linearly indepen-
dent in V. Prove that (T'v,,...,Tv,) is linearly independent in W.

SOLUTION: To show that (T'vy,...,Tv,) is linearly independent, suppose
ai,...,an € F are such that

aitTuvy+---+apTv, =0.

Because T is a linear map, this equation can be rewritten as
T'(ajv1 + -+ + apvy) = 0.

Because T is injective, this implies that

aiv; + -+ ap,v, = 0.

Because (vy,...,v,) is linearly independent, the equation above implies that
ay =---=a, =0. Thus (T'vy,...,Tv,) is linearly independent.
Prove that if S51,..., S, are injective linear maps such that S;...S, makes

sense, then 57...9, is injective.

SOLUTION: Suppose that 5i,...,5, are injective linear maps such that
S1...5, makes sense (which means that the domains of S},..., S, are such
that S ... S, is well defined). Suppose v is a vector in the domain of S, ... S,
(which equals the domain of S,) such that

(Sl . . .Sn)v = (.

'To show that S ... S, is injective, we need to show that v = ( (see 3.2). To
do this, rewrite the equation above as

S] ((52 ¢« . Sn)v) = 0.

Because S, is injective, this implies that
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(S2...5)v=0.
The same argument, now applied to the equation above, shows that
(Ss P Sﬂ)v —_ 0.

Repeat this process until reaching the equation S,v = 0, which implies
(because Sy, is injective) that v = 0, as desired.

Prove that if (vi,...,vs) spans V and T € L(V,W) is surjective, then
(Tv,...,Tv,) spans W.

SOLUTION: Suppose that (vy,...,v,) spans V and T' € L(V, W) is sur-
jective. Let w € W. Because T is surjective, there exists v € V such that
Tv = w. Because (vy,...,v,) spans V, there exist ay,....a, € F such that

V= alvl + ~ee +arnvnw
Applying T to both sides of this equation, we get
Tv=aTvi++-+a,Tvy,.

Because T'v = w, the equation above implies that w € span(T'vy,...,Tv,).
Because w was an arbitrary vector in W, this implies that (T'vy,...,Tv,)
spans W.

Suppose that V is finite dimensional and that T' € £L(V,W). Prove that
there exists a subspace U of V such that U NnullT = {0} and rangeT =
{Tu:u e U}.

SOLUTION: There exists a subspace U of V such that
V=xullTeoU:

this follows from 2.13 (with null T playing the role of U and U playing the
role of W).
From the definition of direct sum, we have U N nuliT = {0}.

Obviously rangeT D {T'w : u € U}. To prove the inclusion in the other
direction, suppose v € V. Then there exist w € nullT and @' € U such that

v=w+u’.

Applying T' to both sides of this equation, we have Tv = Tw + Tu' = T%/'.
Thus Tv € {T'u : u € U}. Because v was an arbitrary vector in V (and thus
T'v is an arbitrary vector in rangeT), this implies that
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rangeT C {Tu:u € U}.
Thus range T' = {Tu:u € U}, as desired.

Prove that if T is a linear map from F4 to F? such that
null 7 = {(z,, 29,23, 24) € Fi.2, = dxs and z3 = Tx4},
then 7' is surjective.

SOLUTION: Suppose T' € L( F4,F?) is such that nullT is as above.
Then ((5, 1,0,0),(0,0,7, 1)) is a basis of null T, and hence dimnullT = 2.
From 3.4 we have

dimrange T = dim F! — dim null T
=4-2
= 2.

Because range T' is a two-dimensional subspace of R?, we have range 7' = R2.
In other words, T is surjective.

Prove that there does not exist a linear map from F° to F? whose null space
equals

{($1,$2,I‘3,I4,$5) & F5 . L] = 3332 and I3 — T4 — 35‘5}.

SOLUTION: Suppose U is the subspace of F° displayed above. Then
((3, 1,0,0,0),(0,0,1,1, 1)) is a basis of U, and hence dim U = 2.
If T € £{(F°,F?) then from 3.4 we have

dim null 7' = dim F° — dimrange T

= 6 —dimrangeT
>3
> dim U,

where the first inequality holds because range T C F“. The inequality above
shows that if T' € L(F°, F?), then nullT" # U, as desired.

Prove that if there exists a linear map on V whose null space and range are
both finite dimensional, then V is finite dimensional.

SOLUTION: Suppose there exists a linear map T from V into some vec-
tor space such that nullT and rangeT are both finite dimensional. Thus
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there exist vectors uj,...,um € V and wy,...,w, € rangeT such that
(u1,...5%m) spans nullT and (wi,...,w,) spans rangeT. Because each
w; € rangeT’, there exists v; € V such that w; = T'v;.

Supposc v € V. Then Twv € range T, so there exist by,...,b, € F such

that
Ty =bjw; ++-- + bwy,
=0Tvy +:--+b,Tv,
=T (b1vy + ...b,vy).
The equation above implies that T(v — bjv; — --- — bpvn) = 0. In other
words, v — bijv; — -+ — bpvn € nullT. Thus there exist a;,...,a,, € F such
that
v'—'blvl —_ e _bnvn — a1u +"'+amum.
The equation above can be rewritten as
v=ajur + -+ anm + b1y + -+ + bpv,.
'The equation above shows that an arbitrary vector v € V is a linear com-
bination of (u1,...,%m,%1,...,vs). In other words, (u1,...,um,v1,-..,0s)
spans V. Thus V is finite dimensional.

CoMMENT: The hypothesis of 3.4 is that V is finite dimensional (which
is what we are trying to prove in this exercise), so 3.4 cannot be used in this
exercise.

12.  Suppose that V and W are both finite dimensional. Prove that there exists

a surjective linear map from V onto W if and only if dim W < dim V.

SOLUTION: First supposc that there exists a surjective linear map T
from V onto W. Then

dim W = dimrange T
=dimV —dimnullT
<dimV,

where the second equality comes from 3.4.

To prove the other direction, now suppose that dimW < dimV. Let
(wi,...,wm) be a basis of W and let (v),...,vn) be a basis of V. For
ai,...,an € F define T'(a1v) + --- + anvn) by
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T(a1v1 + - + Qnvn) = A W1 + - * + G Wn,.

Because dim W < dim V, we have m < n and so a, on the right side of the

equation above makes sense. Clearly T is a surjective linear map from V
onto W.

Suppose that V and W are finite dimensional and that U is a subspace

of V. Prove that there exists T' € £(V, W) such that nullT' = U if and only
if dimU > dimV —dim W.

SOoLUTION: First suppose that there exists T' € L(V,W) such that
nulT = U. Then

dimU =dimnullT
=dimV — dimrangeT
> dimV — dim W,

where the second equality comes from 3.4.

To prove the other direction, now suppose that dimU > dim V' — dim W.
Let (u1,...,um) be a basis of U. Extend to a basis (u1,...,%m,V1,...,¥n)
of V. Let (wy, ..., wp) be a basis of W. For ay,...,am, by,...,b, € F define
T(a1u1 + it amptiy + 0101+ + bnvﬂ) by

T(aiuy + -+ + emum + biv1 + - -+ + bpvn) = bywy + - - - + bpwp.

Because dim W > dim V —dim U, we have p > n and so w,, on the right side
of the equation above makes sense. Clearly T'€ £L(V, W) and nullT = U.

Suppose that W is finite dimensional and T' € L(V,W). Prove that T is

injective if and only if there exists § € L(W, V) such that ST is the identity
map on V.

SOLUTION: First suppose that T is injective. Define S': rangeT — V
by

S'(Tv) = v;

because T is injective, each element of range T can be represented in the
form T'v in only one way, so T is well defined. As can be easily checked, S’
is a linear map on rangeT. By Exercise 3 of this chapter, 8’ can be extended
to a linear map S € L(W, V). If v € V, then (ST)v = S(Tv) = §'(Tv) = v.
Thus ST is the identity map on V, as desired.
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To prove the implication in the other direction, now suppose that there
exists § € L(W, V) such that ST is the identity map on V. If u,v € V are
such that T'u = Tv, then

u=(ST)(u) =S(Tu) = S(Tv) =(ST)v=v
and hence u = v. Thus T is injective, as desired.

Suppose that V is finite dimensional and T' € £(V,W). Prove that T is
surjective if and only if there exists S € L(W, V) such that T'S is the identity
map on W.

SOLUTION: First suppose that T is surjective. Thus W, which equals
range T’ is finite dimensional (by 3.4). Let (wi,...,wn) be a basis of W,

Because T is surjective, for each j there exists v; € V such that w; = T;.
Define S € L(W,V) by

S(a1w1 + .- -l-amwm) =aqvy+---+ AmUm-

Then

(TS)a1wy + -+ + emwm) = T(a1v1 + - - - + Q)
=a1Tv + -+ amnTun,
=W + - + QGmWm.

Thus T'S is the identity map on W.

To prove the implication in the other direction, now suppose that there
exists S € L(W, V) such that T'S is the identity map on W. If w € W, then

w = T(Sw), and hence w € rangeT. Thus rangeT = W. In other words, T
is surjective, as desired.

Suppose that U and V are finite-dimensional vector spaces and that S €
LV,W), T e L(U,V). Prove that

dim null ST < dimnull S + dim null 7.

SOLUTION: Define a linear map TV: nullST — V by TYu = Tu. If
u € null ST, then S(T'u) = 0, which means that 7w € null S. In other
words, range 7Y C null S. Now

dim null ST = dimnull T¥ + dim range T"
< dimnull7' +dimnull §
< dimnullT + dim null S,
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where the first line follows from 3.4 (applied to T'), the second line holds

because rangeT' C null S, and the third line holds because of the obvious
inclusion null7Y C null 7.

Prove that the distributive property holds for matrix addition and matrix
multiplication, In other words, suppose A, B, and C are matrices whose
sizes are such that A(B + C) makes sense. Prove that AB + AC makes sense
and that A(B + C) = AB + AC.

SOLUTION: Because A(B+C) makes sense, B and C must have the same
size. Furthermore, the number of columns of A (let’s call this number n)
must equal the number of rows of B and C. All this means that AB + AC
makes sense.

To prove that A(B + C) = AB + AC, just use the definition of matrix
addition, the definition of matrix multiplication, and the usual distributive
property for elements of F. Specifically, let dj'k, b; x, and c;jx denote the
entries in row j, column k of A, B, and C, respectively. The entry in row 7,

column Kk of B + C is bjx + cjx. Thus the entry in row j, column k of
AB+C)is

n
Z aff,r(br,k + cr,k)-.-

r=1

which equals

n n
E :aj,rbr,k‘i‘ E :aj,rcr.k:
r=1 r=]

which equals the entry in row j, column &k of AB + AC, as desired.

Prove that matrix multiplication is associative. In other words, suppose A,

B, and C' are matrices whose sizes are such that (AB)C makes sense. Prove
that A(BC) makes sense and that (AB)C = A(BC).

SOLUTION: This exercise can be done by a brute force calculation, in
the style of the solution to the previous exercise. Here is a solution that uses
only the associativity of the product of linear maps (which is easy to verify
because composition of functions is clearly associative) and the nice property
that the matrix of the product of two linear maps equals the product of the
matrices of the two linear maps (see 3.11).

Suppose A is an m-by-n matrix, B is an n-by-p matrix, and C is a p-by-¢q
matrix; the sizes much match up like this in order for (AB)C to make sense.
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Let R € L(F™,F™),5 € L(FP,F"),T € L(F9,F?) be such that, with respect
to the standard bases, M(R) = A, M(S5) = B, M(T) = C: 3.19 insures that
such linear maps exist. Now
(AB)C = (M(R)M(S))M(T)
= M(RS)M(T)
= M((RS)T)
= M(R(ST))
= M(R)M(ST)
= M(R)(M(S)M(T))
= A(BC).
19. Suppose T' € L(F", F™) and that

al}]_ LI T aliﬂ

M(T) = )

where we are using the standard bases. Prove that

T(z1,...,Ta) = (@11Z1 + - + Q1 0Tny - -, Am1T1 + - - + G nTn)
for every (z,...,2,) € F™.
COMMENT: This exercise shows T" has the form promised on page 39.

SOLUTION: Let z = (z3,...,z,) € F*. Using the standard bases, we
then have

M(Tz) = M(T)M(x)

a]_,l . % e a'ljn :I:l

QGm,1 --- Qmn In

Q1121+ -+ a1 nTn

Am 121 + -+ QmnTy

where the first equality comes from 3.14. The last equation implies that
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Ty = (a1,1$1 + -+ a1 nqln,---,8m 121 + - + a-m,n:cn):
as desired.

Suppose (v1,...,Vn) is a basis of V. Prove that the function T: V —
Mat(n, 1, F) defined by

Tv = M(v)

is an invertible linear map of V onto Mat(n, 1, F); here M(v) is the matrix
of v € V with respect to the basis (vy,...,v,).

SOLUTION: Suppose u,w € V. We can write
u=av1+---+apv, and w=byv +---+b,v,
for some a1,...,a,,b1,...,bnp € F. Thus
u+w=(a;+b)v+ -+ (an + b, )vn.

Hence

T(u+ w) = M(u + w)

a1 + by

Qn + by

ai bl
= E -+4- .

On by,
= M(u) £ M(w)
= Tu+ Tw,

which shows that T satisfies that additivity property required for linearity.
If c e F, then

cu =caivy +---+ canvy,.

Hence
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T(cu) = M(cu)

|
o

= cM(u)
= cT'u,

which shows that T satisfies the homogeneity property required for linearity.
Thus T is linear.

It Tu = 0, then ¢ = -+ = a,, =0, which implies that v = 0. Thus T is
injective.

If 1,...,c0 € F, then

T(cyv1 + -+ +cpvn) = i

which implies that T is surjective.

Because the linear map T is injective and surjective, it is invertible
(see 3.17).

Prove that every linear map from Mat(n,1,F) to Mat(m, 1, F) is given by
a matrix multiplication. In other words, prove that if

1T € £(Mﬂt(n: 1, F): Mat(ma 1, F)):

then there exists an m-by-n matrix A such that TB = AB for every B €
Mat(n, 1, F).

SOLUTION: The vector spaces Mat(n, 1, F) and Mat(m, 1, F) have ob-
vious bases (consisting of matrices that have 0 in all entries except for a 1
in one entry). Let A be the matrix of T' with respect to these bases. Note
that if B € Mat(n,1,F), then M(B) = B and M(TB) = TB. Thus
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TB = M(TB)
= M(T)M(B)
= AB,

where the second equality comes from 3.14.

Suppose that V is finite dimensional and S,T € L(V). Prove that ST is
invertible if and only if both S and T are invertible.

SOLUTION: First suppose ST is invertible. Thus there exists R € £(V)
such that R(ST) = (ST)R = 1. If v € V is such that Tv = 0, then

v = Iv
= R(ST)v
= 0.

Because v was an arbitrary vector in null T, this shows that nullT = {0}.
Thus T is injective (by 3.2), and hence T is invertible (by 3.21), as desired.
IfueV, then

u=Iu
= (ST)Ru
= S(T' Ru),

which shows that u € range S. Because u was an arbitrary vector in V, this

implies that rangeS = V. Thus V is surjective, and hence V is invertible
(by 3.21), as desired.

To prove the implication in the other direction, now suppose that both
S and T are invertible. Then

(STY(T-1S7!) = S(TT~!)§"!
— 5§51
=T

and

(T'S™H)ST) =TS ST
=TT
=T
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Thus TS~ ! satisfies the properties required for an inverse of ST. Thus
ST is invertible and (ST)~! =T-1§-1,

Suppose that V is finite dimensional and 5,7 € £L(V). Prove that ST =T

SOLUTION: First suppose that
ST = 1.

Because I 1s invertible, the previous exercise implies that .§ and T are both
invertible. Multiply both sides of the equation above by T"~! on the right,
S=17""

Now multiply both sides of the equation above by T on the left, getting
TS =1,

To prove the implication in the other direction, simply reverse the roles
of S and T in the direction we have already proved, showing that if TS = I,

30
23.
if and only if TS = I.
getting
as desired.
then ST = 1.
24.

Supﬁose that V is finite dimensional and T" € £L(V). Prove that T is a scalar
multiple of the identity if and only if ST = T'S for every S € L(V).

SOLUTION: First suppose that T' = al for some a € F. Let S € L(V).
Then

ST = S(al)
= aS
= (al)S
=TS.

‘To prove the implication in the other direction, suppose now that ST =
TS for all S € L(V'). We begin by proving that (v, T'v) is linearly dependent
for every v € V. To do this, fix v € V, and suppose that (v, Tv) is linearly
independent. Then (v,Tv) can be extended to a basis (v, Tv,uy,...,un)

of V. Define S € L(V)} by

S(av +bTv + ciuy + - - - + cptin) = bu.
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Thus S(Tv) = v and Sv = 0. Thus the equation S(Tv) = T(Sv) becomes
the equation v = 0, a contradiction because (v,Tv) was assumed to be
linearly independent. This contradiction shows that (v, Tv) is linearly de-

pendent for every v € V. This implies that for each v € V' \ {0}, there exists
ay € F such that

Tv = ayv.

To show that T is a scalar multiple of the identity, we must show that a,,
is independent of v. To do this, suppose v,w € V' \ {0}. We want to show
that @, = a,,. First consider the case where (v, w) is linearly dependent.
Then there exists b € F such that w = bv. We have

At = Tw
= T'(bv)
= bT'v
= b(a,v)

= AuW,

which shows that a, = a,,, as desired.
Finally, consider the case where (v, w) is linearly independent. We have

Qy+w(V+ w) = T(v + w)
=Tv+Tw

= QyU + AW,

which implies that

(v+w — @)V + (Gysw — aw)w = 0.

Because (v, w) is linearly independent, this implies that a,;,, = a, and
Qy+w = Gy, SO again we have a, = a,,, as desired.

Prove that if V is finite dimensional with dimV > 1, then the set of non-
invertible operators on V is not a subspace of L(V).

SOLUTION: Suppose that V is finite dimensional with dimV > 1. Let
n =dimV and let (vy,...,v,) be a basis of V. Define S,T € L(V) by

Slajvy +---+apv,) = a0

and
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T(aivy +--- + apvy) = @9 + « - - + @nUn.

Then 5 is not injective because Svp = 0 (this is where we use the hypothesis
that dimV > 1), and T is not injective because Tvy = 0. Thus both S and
1" are not invertible. However, S + T equals I, which is invertible. Thus the
set of noninvertible operators on V is not closed under addition, and hence
it is not a subspace of L(V).

COMMENT: If dimV = 1, then the set of noninvertible operators on V
equals {0}, which is a subspace of L(V).

Suppose n is a positive integer and a;; € F for 4,7 = 1,...,n. Prove that
the following are equivalent:

(a) The trivial solution 23 = --- = z, = 0 is the only solution to the
homogeneous system of equations

n
Z i kTE = 0
k=1

n
Z an kT = 0.

k=1

(b) For every c),...,cn € F, there exists a solution to the system of
equations

n
E A1, kT — C
k=1

n
Zan,krck = Cn.
k=1

Note that here we have the same number of equations as variables.

SOLUTION: Define T'€ L(F™) by

n n
T(zlr «v oy ..."Jn) — (Zal,kzk: SIS Z aﬂ.,kxk)-
k=1 k=1

Then (a) above is the assertion that T is injective, and (b) above is the
assertion that T is surjective. By 3.21, these two assertions are equivalent.
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Suppose m and n are positive integers with m < n. Prove that there exists
a polynomial p € P, (F') with exactly m distinct roots.

SOLUTION: Define p € P,(F) by
p(z)=(z—1)""™*(z-2)(2 - 3)...(z — m).

Then p is a polynomial of degree n with exactly m distinct roots (which are
1,...,m).

Suppose that z;,..., 2,41 are distinct elements of F and Wiy ...,Wnm+1 € F.
Prove that there exists a unique polynomial p € P,,,(F) such that

p(zj) = w;
for 3=1,...,m+1.
SOLUTION: Define T': P (F) — F™+! by

Tp= (p(zl), ‘o ,p(zm+l))'

We need to prove that T is injective (which implies that at most one polyno-
mial p satisfies the condition required by the exercise) and surjective (which

implies that at least one polynomial p satisfies the condition required by the
exercise).

Clearly T is a linear map. If p € null T, then

p(z1) = - = Plzmp1) =0,

which means that p is a polynomial of degree m with at least m + 1 distinct
roots, which means that p = 0 (by 4.3). Thus p is injective, as desired.

33
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Now

dimrange T = dim Py, (F) — dimnull T
=(m+1)-0

= dim F+!

where the first equality comes from 3.4 and the second equality holds because
nullT" = {0}. The last equality above implies that range T = F™*!. Thus
T is surjective, as desired.

COMMENT: Surjectivity of 7" can also be proved by using an explicit
construction. But linear algebra, specifically 3.4, gives us surjectivity easily
once we get injectivity.

Prove that if p,qg € P(F), with p # 0, then there exist unique polynomials
s, € P(F) such that

g=sp+r

and degr < degp. In other words, add a uniqueness statement to the
division algorithm (4.5).

SOLUTION: Suppose p,q € P(F'), with p # 0. We know from the division
algorithm (4.5) that there exist s,r € P(F), with degr < degp, such that

qgq=s8p-+r.

To prove that s and r are unique, suppose that §,7 are in P(F), with
degr < degp and

g =38p-T.

Subtracting the last two equations are rearranging, we have

(5—s)p=r—+.

The right side of the equation above is a polynomial whose degree is less
than deg p. If § were not equal to s, then the left side of the equation above
would be a polynomial whose degree is at least degp. Thus we must have
5§ = s, which, from the equation above, implies that ¥ = r. Thus the choices
of s and r were indeed unique.
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Suppose p € P(C) has degree m. Prove that p has m distinct roots if and
only if p and its derivative p’ have no roots in common.

SOLUTION: First suppose that p has m distinct roots. Because p has
degree m, this implies that p can be written in the form

p(z) =c(z— A1) ... (2= An),

where Aj,...,An are distinct. To prove that p and p’ have no roots in

common, we must show that p'(A;) # O for each j. To do this, fix j. The
expression above for p shows that we can write p in the form

p(z) = (2 — Aj)a(2),

where g is a polynomial such that g(A;) # 0. Differentiating both sides of
this equation, we have

p'(2z) = (2 — X;)d'(2) + q(2).
Thus
p'(A5) = a(X5)
'-I'é 01

as desired.

To prove the other direction, we will proved the contrapositive, meaning
that we will prove that if p has less than m distinct roots, then p and 7
have at least one root in common. To do this, suppose that p has less than
m distinct roots. Then for some root A of p, we can write p in the form

p(z) = (2 — A\)"q(2),

where n > 2 and q is a polynomial. Differentiating both sides of this equa-
tion, we have

P'(z) = (z— A)"q'(2) + n(z — A)""q(2).
Thus p’(A) = 0, and so A is a common root of p and ¢/, as desired.

Prove that every polynomial with odd degree and real coefficients has a real
root.

SOLUTION: Suppose that p is a polynomial with odd degree and real
coefficients. By 4.14, p is a constant times the product of factors of the form
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z — A and/or 2 + ar -+ £, where A, 8 € R. Not all the factors can be of
the form =2 + ax + 3, because otherwise p would have even degree. Thus at
least one factor must be of the form £ — A. Any such A is a real root of p.

COoMMENT: Here is another proof, using calculus but not using 4.14.
Suppose p is a polynomial with odd degree m. We can write p in the form

p(r) =ap+az+ -+ ams™,

where ag,...,am € R and a,; # 0. Replacing p with —p if necessary, we
can assume that a,, > 0. Now

ai dm—1

Qg
p(z) = $m($—m T et ani Am)-
This implies that
lim p(zr) =—-o0 and lim p(x) = oo.
L=—00 r—x)

The intermediate value theorem now implies that there is a real number A
such that p(A) = 0. In other words, p has a real root.
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Kigenvalues and Eigenvectors

Suppose T' € L(V). Prove that if Uy,...,U,, are subspaces of V invariant
under T', then Uy + --- + U, is invariant under 7.

SOLUTION: Suppose U),...,Us, are subspaces of V invariant under T.
Consider a vector v € Uy + --- + Upy,. There exist u; € Uy, ..., uy € Ui,
such that

u'-—_-u]_ +“'+'u-m-
Applying T to both sides of this equation, we get
Tu=Tuy + -+ Tu,,.

Because each U; is invariant under T', we have Tu; € U;,..., Tuy € U,,.
Thus the equation above shows that Tu € U} +- - - + U,,,, which implies that
Uy +---+ Uy, 1s invariant under 7.

Suppose T' € L(V'). Prove that the intersection of any collection of subspaces
of V invariant under T is invariant under 7.

SOLUTION: Suppose {Ua }aer is a collection of subspaces of V invariant
under T here I is an arbitrary index set. We need to prove that Naer Vas
which equals the set of vectors that are in U, for every a € I, is invariant
under I'. To do this, suppose u € (|, .p Us. Then v € U, for every « € I.
Thus T'uw € U, for every a € I" (because every U, is invariant under T).
Thus Tu € (),er Ua, which implies that (), .p Us is invariant under 7.

Prove or give a counterexample: if U is a subspace of V that is invariant
under every operator on V, then U = {0} or U = V.

37
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SOLUTION: We will prove that if U is a subspace of V that is invariant
under every operator on V, then U = {0} or U = V. Actually we will prove
the (logically equivalent) contrapositive, meaning that we will prove that

if U is a subspace of V such that U # {0} and U # V, then there exists
T € L(V) such that U is not invariant under T. To do this, suppose U is a
subspace of V such that U # {0} and U # V. Choose u € U \ {0} (this is
possible because U # {0}) and w € V' \ U (this is possible because U # V).
Extend the list (u), which is linearly independent because v # 0, to a basis

(w,v1,...,0y,) of V. Define T € L(V) by
T(au + bjv; +... bnvﬂ) = auw.

Thus Tu = w. Because u € U but w ¢ U, this shows that U is not invariant
under T', as desired.

Suppose that S, T € £(V) are such that ST = T'S. Prove that null(T — AI)
is invariant under S for every A € F.

SOLUTION: Fix A € F. Suppose v € null(T' — AI). Then

(T — MI)(Sv) = TSv — ASv

= STv — A\Sv
= S(Tv — \v)
= (.

Thus Sv € null(T" — AI). Hence null(T — AI) is invariant under S.
Define T € £(F?) by

T(w,z) = (z,w).
Find all eigenvalues and eigenvectors of T'.

SOLUTION: Suppose A is an eigenvalue of T'. For this particular operator,
the eigenvalue-eigenvector equation T'(w, 2) = A(w, z) becomes the system
of equations

zZ=A\w

w = Az.

Substituting the value for z from the first equation into the second equation
gives w = Aw. Thus 1 = A2 (we can ignore the possibility that w = 0
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because if w = 0, then the first equation above implies that z = 0). Thus
A =1or A = —1. The set of eigenvectors corresponding to the eigenvalue 1
1S

{(w,w) : w € F};
The set of eigenvectors corresponding to the eigenvalue —1 is
{(w, —w) : w e F}.
Define T' € L(F?) by
T(z1, z2,2z3) = (222,0, 523).
Find all eigenvalues and eigenvectors of T.

SOLUTION: Suppose A is an eigenvalue of T'. For this particular operator,
the eigenvalue-eigenvector equation T'(z;, 29, 23) = A(21, 22, 23) becomes the
system of equations

232 = /\21
0 = Az
523 = /\23.

If A # 0, then the second equation implies that 2z = 0, and the first
equation then implies that z; = (0. Because an eigenvalue must have a
nonzero eigenvector, there must be a solution to the system above with
z3 # 0. The third equation then shows that A = 5. In other words, 5 is the
only nonzero eigenvalue of T'. The set of eigenvectors corresponding to the
eigenvalue 5 is

{(0,0,23): 23 € F}.

If A =0, the first and third equations above show that z; = 0 and z3 = 0.
With these values for 2, z3, the equations above are satisfied for all values
of z;. Thus 0 is an eigenvalue of T. The set of eigenvectors corresponding
to the eigenvalue 0 is

{(ZI,O, 0) : 21 € F}
Suppose n is & positive integer and T € L(F") is defined by
T(Il,...,xn) — (:Bl +-+Zny..., I} +"'+$ﬂ);

in other words, T' is the operator whose matrix (with respect to the standard
basis) consists of all 1’s. Find all eigenvalues and eigenvectors of T.



40

CHAPTER 5. Eigenvalues and Eigenvectors

SOLUTION: Suppose A is an eigenvalue of T. For this particular oper-
ator, the eigenvalue-eigenvector equation Tz = Ax becomes the system of
equations

Thus
AT] = «+« = AZy.

Hence either A\=0o0r z; =--- = 2.

Consider first the possibility that A = 0. In this case all the equations in
the eigenvector-eigenvalue system of equations above become the equation
Ty + - +z, = 0. Thus we see that 0 is an eigenvalue of T' and that the
corresponding set of eigenvectors equals

{(mli"-:mn)eFn:$1+"‘+$n=0}.

Now consider the possibility that z; = --- = z,: let ¢ denote the com-
mon value of z;,...,z,. In this case all the equations in the eigenvector-
eigenvalue system of equations above become the equation nt = At. Hence )\
must equal n (an eigenvalue must have a nonzero eigenvector, so we can take
t # 0). Thus we see that n is an eigenvalue of T' and that the corresponding
set of eigenvectors equals

{(3:11"'13:11) €EF":x) = "'::En}'
Because the eigenvector-eigenvalue system of equations above implies
that A = Qor z; = -+ = z,, we see that T has no eigenvalues other
than 0 and n.

Find all eigenvalues and eigenvectors of the backward shift operator T' €
L(F°) defined by

T(z1, 22, 23,.-.) = (22,23,...).

SOLUTION: Suppose A is an eigenvalue of T'. For this particular oper-

_ ator, the eigenvalue-eigenvector equation Tz = Az becomes the system of

equations
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29 = /\Zl
<3 — /\Zg
Z4 = Az3

From this we see that we can choose 2; arbitrarily and then solve for the
other coordinates:

Zy = /\Zl
23 — /\22 = 1\221

Z4 — AZ3 — )\321

Thus each A € F is an eigenvalue of T" and the set of corresponding eigen-
vectors is

{(w, \w, \2w,3w...) 1w e F}.

Suppose T' € L(V) and dimrangeT = k. Prove that T has at most & + 1
distinct eigenvalues.

SOLUTION: Let Ap,..., A, be the distinct eigenvalues of 7", and let
¥1,...,Um be corresponding nonzero eigenvectors. If A;j # 0, then

T'(vi/A;) = v;.

Because at most one of Ay,..., A equals 0, this implies that at least m—1 of

the vectors vy,...,v,, are in range T. These vectors are linearly independent
(by 5.6), which implies that

m — 1 < dimrangeT = k.
Thus m < k + 1, as desired.

Suppose T' € £(V) is invertible and A € F\{0}. Prove that ) is an eigenvalue
of T if and only if }II is an eigenvalue of 71,

SOLUTION: First suppose that )\ is an eigenvalue of T, Thus there exists
a nonzero vector v € V such that

Tv = Av.
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Applying T—! to both sides of the equation above, we get v = AT 1v, which
is equivalent to the equation T 1v = iv. Thus -}; is an eigenvalue of T1.

To prove the implication in the other direction, replace T by T ! and )
by % and then apply the result from the paragraph above.

Suppose S, T € L(V). Prove that ST and T'S have the same eigenvalues.

SOLUTION: Suppose that A € F is an eigenvalue of ST. We want to
prove that A is an eigenvalue of T'S. Because A is an eigenvalue of ST, there
exists a nonzero vector v € V such that

(ST)v = Av.
Now

(T'S)Y(Tv) = T(STv)
= T(Av)
= AT'v.

If Tv # 0, then the equation above shows that ) is an eigenvalue of T'S, as
desired.

If Ty = 0, then A = 0 (because S(Tv) = Av) and furthermore T is
not invertible, which implies that T'S is not invertible (by Exercise 22 in
Chapter 3), which implies that A (which equals 0) is an eigenvalue of T'S.

Regardless of whether or not Tv = 0, we have shown that X is an eigen-
value of T'S. Because A was an arbitrary eigenvalue of ST, we have shown
that every eigenvalue of ST is an eigenvalue of T'S.

Reversing the roles of S and T', we conclude that every eigenvalue of T'S
is also an eigenvalue of ST. Thus ST and T'S have the same eigenvalues.

Suppose T' € L(V') is such that every vector in V is an eigenvector of T..
Prove that T is a scalar multiple of the identity operator.

SOLUTION: For each v € V, there exists a, € F such that
Tv = a,v.

Because T0 = 0, we can choose ag to be any number in F, but for v € V\ {0}
the value of a, is uniquely determined by the equation above.

To show that T is a scalar multiple of the identity, we must show that a,
is independent of v for v € V' \ {0}. To do this, suppose v,w € V' \ {0}. We
want to show that a, = a,. First consider the case where (v, w) is linearly
dependent. Then there exists b € F such that w = bv. We have
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Ayt = T'w
= T'(bv)
= bTv
= b(a,v)
= a,Ww,

which shows that a, = ay,, as desired.
Finally, consider the case where (v, w) is hnea.rly independent. We have

Gy+w(V +w) = T(v + w)
=Tv+Tw

= Ay + QypW,

which implies that

(Gvtw — Qu)V + (Gvyw — ay)w = 0.

Because (v,w) is linearly independent, this implies that a4y, = a, and
Qy+w = Qy, SO again we have a, = a,,, as desired.

Suppose T' € L(V') is such that every subspace of V with dimension
dimV — 1

is invariant under T'. Prove that T is a scalar multiple of the identity oper-
ator. ‘

SOLUTION: Suppose that T is not a scalar multiple of the identity op-
erator. By the previous exercise, there exists u € V such that v is not an

eigenvector of T'. Thus (u, T'u) is linearly independent. Extend (u, Tu) to a
basis (u,Tu,v;,...,v,) of V. Let

U= span('u,, vi,.-- ,‘Un).

Then U is a subspace of V' and dimU = dimV — 1. However, U is not
invariant under T because u € U but Tu ¢ U. This contradiction to our

hypothesis about T' shows that our assumption that T is not a scalar multiple
of the identity must have been false.

Suppose S,T € L(V) and S is invertible. Prove that if p € P(F) is a
polynomial, then

p(STS™!) = Sp(T)S~ L.

SOLUTION: First suppose m is a positive integer. Then
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(STS YY" = (STS H)STS™)...(STS™)
= ST(S7'S)T(S718)... (S~ ts)Ts™!
= ST™S

which is our desired equation in the special case when p(z) = z™. Multiply-
ing both sides of the equation above by a scalar and then summing a finite
number of equations of the resulting form shows that p(STS~!) = Sp(T)S51
for every polynomial p € P(F). .

Suppose F = C, T € L(V), p € P(C), and e € C. Prove that a is an
eigenvalue of p(T') if and only if a = p(A) for some eigenvalue X of T

SOLUTION: First suppose that a is an eigenvalue of p(T'). Thus p(T") —al
is not injective. Write the polynomial p(z) — a in factored form:

p(z) —a=clz—A1)...(z2— Am),

where ¢, A1,...,Am € C. We can assume that ¢ # 0 (otherwise p is a
constant polynomial, in which case the desired result clearly holds). The
equation above implies that

p(T) —al =¢(T — MI)... (T - A1)

Because p(T') — al is not injective, this implies that T'— A;I is not injective
for some j. In other words, some A; is an eigenvalue of T'. The formula

above for p(z) — a shows that p(\;) —a = 0. Hence a = p(};), as desired.
For the other direction, now suppose that a = p()) for some eigenvalue
A of T. Thus there exists a nonzero vector v € V such that

Tv = Av.

Repeatedly applying T to both sides of this equation shows that T y = Aep
for every positive integer k. Thus

p(T)v=p(A)v

= av.
Thus a is an eigenvalue of p(T).

Show that the result in the previous exercise does not hold if C is replaced
with R.
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SoLuTION: Define T € L(R?) by T'(z,y) = (—y, z). Define p € P(R) by
p(z) = z*. Then p(T) = T? = —I, and hence —1 is an eigenvalue of p(T).
However, T has no eigenvalues (as we saw on page 78 of the textbook; the
point here is that eigenvalues are required to be real because we are working
on a real vector space), so there does not exist an eigenvalue A of T such
that —1 = p(X).

Of course there are also many other examples.

Suppose V' is a complex vector space and T € £L(V). Prove that T has an
invariant subspace of dimension § foreach j=1,....,dim V.

SOLUTION: There is a basis (vy,...,%4imv) With respect to which T has
an upper-triangular matrix (see 5.13). For each j = 1,...,dim V', the span

of (v1,...,v;) is a j-dimensional subspace of V that is invariant under T
(by 5.12).

Give an example of an operator whose matrix with respect to some basis
contains only 0’s on the diagonal, but the operator is invertible.

SOLUTION: Let T' € L(F?) be the operator whose matrix (with respect
to the standard basis) is
0 1
1 0]

Obviously this matrix has only 0’s on the diagonal, but T is invertible (be-
cause T'I" = I, as is clear from squaring the matrix above).
Of course there are also many other examples.

COMMENT: This exercise and the next one show that 5.16 fails without
the hypothesis that an upper-triangular matrix is under consideration.

Give an example of an operator whose matrix with respect to some basis
contains only nonzero numbers on the diagonal, but the operator is not
invertible.

SOLUTION: Define T € L(F?) to be the operator whose matrix (with
respect to the standard basis) is

1)

Then T'(1,0) = T(0,1) = (1,1), so T is not injective, so T is not invert-
ible, even though the diagonal of the matrix above contains only nonzero
numbers.
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Of course there are also many other examples.

Suppose that T' € £(V) has dim V distinct eigenvalues and that S € L(V)

has the same cigenvectors as T' (not necessarily with the same eigenvalues).
Prove that ST =T'S.

SOLUTION: Let n = dimV. There is a basis (vy,...,v,) of V con-
sisting of cigenvectors of T' (see 5.20 and 5.21). Letting A1,..., A\, be the
corresponding eigenvalues, we have

TUJ* = AUy
for each j. Each v; is also an eigenvector of S, so
S’Uj = Q505

for some a; € F.
For each 7, we have

(ST)v; = S(Tvj) = AjSvj = ajAv;
and
(T'S)vj = T(Sv;) = ojTv; = oA v;.
Because the operators ST and T'S agree on a basis, they are equal.

Suppose P € £(V) and P? = P. Prove that V = null P @ range P.

SOLUTION: First suppose u € null P Nrange P. Then Pu = 0, and
there exists w € V such that « = Pw. Applying P to both sides of the
last equation, we have Pu = P?w = Pw. But Pu = 0, so this implies
that Pw = 0. Because u = Pw, this implies that « = 0. Because u was an
arbitrary vector in null PNrange P, this implies that null PNrange P = {0}.

Now suppose v € V. Then obviously

v = (v — Pv) + Puv.

Note that P(v — Pv) = Pv — P2y =0, so (v — Pv) € null P. Clearly Pv €
range P. Thus the equation above shows that v € null P+4range P, Because
v was an arbitrary vector in V, this implies that V' = null P + range P.

We have shown that null P Nrange P = {0} and V = null P + range P.
Thus V = null P @ range P (by 1.9).
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Suppose V = U @ W, where U and W are nonzero subspaces of V. Find all
eigenvalues and eigenvectors of Py w.

SOLUTION: Because V = U @& W, each vector v € V can be written
uniquely in the form

vU=1U-+w,

where © € U and w € W. Recall that if v is represented as above, then
Pywv = u.

Suppose A € F is an eigenvalue of Pyw. Then there exists a nonzero
vector v € V such that Pywv = Av. Writing this equation using the
representation of v given above, we have © = A(u + w). Thus

(1 - Au—Aw =0.

Because V = U@ W, if 0 is written as the sum of a vector in U and a vector
in W, then both vectors must be 0. Thus the equation above implies that
(1 — A)z = Aw = 0. Because u and w are not both 0 (because v 7# 0), this
implies that A =1 or A = Q.

For v € V with representation as above, the equation Pywv = 0 is
equivalent to the equation u = 0, which is equivalent to the equation v = w,
which is equivalent to the statement that v € W. This means that 0 is an
eigenvalue of Pyw (because W is a nonzero subspace of V) and that W
equals the set of eigenvectors corresponding to the eigenvalue O.

For v € V with representation as above, the equation Pywv = v is
equivalent to the equation v = u, which is equivalent to the statement that
v € U. This means that 1 is an eigenvalue of Py (because U is a nonzero

subspace of V'} and that U equals the set of eigenvectors corresponding to
the eigenvalue 1.

Give an example of an operator T' € L(R*) such that T has no (real) eigen-
values.

SOLUTION: Define T' € L(R*) by
T(xls I2,x3, xd) = (_321 Ty, — T4, $3)'

Suppose A € R. For this particular operator, the eigenvalue-eigenvector

equation T'(z1,7z2,73,z4) = Az, T2, T3,74) becomes the system of equa-
tions
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—I9 — ACBI
T1 = A\T9
—X4 — Aicg
I3 = )\:c4.

Multiplying together the first two equations and also multiplying together
the last two equations gives —z129 = Mx129 and —z324 = A\22324. If either
x1 or T2 does not equal 0, then the first two equations show that neither of
T1, 2 equals 0. Similarly, if either z3 or z4 does not equal 0, then the last
two equations show that neither of z3, z4 equals 0. Thus if ) is an eigenvalue
of T', then there is a solution to the system of equations above with z;z, # 0
or 3z4 7 0. Either way, we conclude that —1 = )\?, which is impossible for
any real number A. Thus T has no real eigenvalues.

Suppose V' is a real vector space and T € £(V) has no eigenvalues. Prove
that every subspace of V invariant under T has even dimension.

SOLUTION: Suppose U is a subspace of V that is invariant under T
Thus Tly € £L(U). If dimU were odd, then T|y would have an eigenvalue
X € R (by 5.26), so there would exist a nonzero vector u € U such that

Tlpu = Au.

Obviously this would imply that Tu = Au, which would imply that A is
an eigenvalue of T. But T has no eigenvalues, so dim U must be even, as
desired.
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Prove that if z, y are nonzero vectors in R?, then

(z,y) = ll=lll|y]| cos b,

where @ is the angle betwecen z and y (thinking of £ and y as arrows with
initial point at the origin). Hint: draw the triangle formed by z, y, and z—y;
then use the law of cosines.

SOLUTION: Suppose that z,y are nonzero vectors in R? and 6 is the
angle between = and y. Consider the triangle formed by z, y, and = — -

The law of cosines states that
Iz — ylI* = |l=|* + {lyll* — 2l|=||[ly|l cos 6.

As usual, we compute the norm of a vector squared by taking the inner
product of the vector with itself:

lz—yl|I*> ={z—y,z - v)
={z,z) — (z,y) — (v,z) + (v, )
= [l=lI* + [lyl|* — 2(z, v)-

49
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Substitute the last expression for ||z — y||* into the left side of the law of
cosines, obtaining

Izl + lll* = 2(z, v) = l=(* + lgl® - 2(|z||llyll cos .

Now subtract ||z||* + ||y||? from both sides of the equation above, and then
divide both sides by —2, obtaining

(z,y} = [zl ||lyl| cos 6.
Suppose u,v € V. Prove that (u,v) = 0 if and only if
lufl < flu+ av
for all a € F..

SOLUTION: First suppose that {u,v) = 0. Let @ € F. Then u,av are
orthogonal. The Pythagorean theorem thus implies that

|z + av||® = [jul* + ||av[]?
> |luli.

Taking square roots gives ||u|| < ||u + av||, as desired.
To prove the implication in the other direction, now suppose that ||lu|| <
|lu + av|| for all @ € F. Squaring this inequality, we get

lull® < llu+ avl?
= (u + av, u + av)
= {u,u) + (u, av) + (av, u) + (av, av)
= [[ull® + a(u,v) + alu, v) + |a|*||v]’
= [lul® + 2Rea(u, v) + |af*||v]|’

for all a € F'. Thus
—2Red(u,v) < |af’|[v||’

for all @ € F. In particular, we can let a equal —t(u,v) for £ > 0. Substitut-
ing this value for a into the inequality above gives

2t|(u, v)|* < £%((u, v)|*{|v]|°

for all £ > 0. Divide both sides of the inequality above by ¢, getting
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2 (u, v)[* < tl(u, v)*|[v]l®

for all t > 0. If v = 0, then (u,v) = 0, as desired. If v £ 0, set ¢ equal to
1/||v||? in the inequality above, getting

2[(u, v)|* < [(u, v)[?,
which implies that (u,v) = 0, as desired.
Prove that
n 9 n , n_p.2
(Xoasts) < (X ia?) (%)
1=1 3=1 1=1 J
for all real numbers a;,...,a, and by,...,b,.

SOLUTION: Suppose ai,...,an,b1,...,0, € R. Using the usual inner
product on R™, we have

(Sasts)” = (Wit v’
i=1 j=1

= ((a1,V2az, - . ., VRian), (b1, b2/ V2, ..., ba/VR))
< “(a'h \/532: R \/_fmn)||2"(b11 bz/\/ii ¢ s bﬂ/\/ﬁ)”2

= (J; :iajg) (; bf/j),

where the inequality above comes from the Cauchy-Schwarz inequality.

Suppose u,v € V are such that
lul =3, lutol=4, [lu-of=6.
What number must |jv|| equal?

SOLUTION: From the parallelogram equality, we have

[u+ v + [lu —v* — 2[juf?

2|
o ;

- 16 +36—18
- 92

= 17.
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Thus |[v|| = V17.

Prove or disprove: there is an inner product on R? such that the associated
norm is given by

{1, 22)|| = |21] + |22

for all (1:1,:7:2) € R?.

SOLUTION: We will show that there does not exist an inner product on
R? such that the associated norm is given by the formula above by showing
that the parallelogram equality is violated. Let

u=(3,2) and v =(1,3).
Then
u+v=1(4,5) and u-v=(2 —-1).
Using the formula above, we then have

lu + v||? + ju —v||*=81+9
= 90

and

2(]lel* + [lv]f*) = 2(25 + 16)
= 82.

Thus the parallelogram equality fails, as desired.

Prove that if V is a real inner-product space, then

lu+ v]|? — flu - v])?
4

(u! ‘U) —
for all u,v € V.

SOLUTION: Suppose V is a real inner-product space and u,v € V. Then

lu + |2 = |lu— v|? _ (u+v,u+v) — {u—v,u—v)
4 4
4 20, 9) + ol = (lull® = 26u,5) + o])
4

4(u, v)
4
= (%, v),
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as desired.

Prove that if V' is a complex inner-product space, then

~u+ vl = = v||? + flu+ v]|%i — |lu— iv|%
4

(u, v)
for all u,v e V.

SOLUTION: Suppose V is a complex inner-product space and u,v € V.
Then

lu+ v||* = (u + v,u + v)
= [lull® + (u, v) + (v, u) + [[v]|?

and
—[lu — v|* = —(u —v,u — v)
= —|jull® + (x,v) -+ (v,u) — ||v|]?
and
iflu+dv]|? = i(u + iv, u + iv)
= illul® + (u,v) — (v, 1) + iljvf]?
and

—illu — ]2 = —i(u — v, % — iv)

= —iflull® + (u,v) — (v, u) —ifjv||%.
Adding the four equations, we have
lu +v]1? = flu = vl|* +iflu+ o]l —illu —iv|? = 4(u, v),
as desired.

A norm on a vector space U is a function || ||: U — [0, 00) such that ||ul| = 0
if and only if u = 0, {lau| = |a|||u]| for all @ € F and all © € U, and
le + v|| < |lu]l + ||v]] for all u,v € U. Prove that a norm satisfying the
parallelogram equality comes from an inner product (in other words, show
that if || || is a norm on U satisfying the parallelogram equality, then there
is an inner product (, ) on U such that |lu| = (u, u)!/2 for all u € U).
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CoMMENT: This is among the hardest exercises in the book. Instructors
may want to simplify this exercise slightly by allowing students to consider
only the case where F = R..

SOLUTION: Suppose that U is a vector space and || || is a norm on U
satisfying the parallelogram equality. We want to find an inner product ( , )
on U such that ||lul| = (u,u)!/2 for all v € U.

First consider the case where F = R. For u,v € U, define (u,v) by

llu+vl® - flu—v|?
y .

(u,v) =

This definition is motivated by Exercise 6 of this chapter, which gives a
formula for the inner product in terms of norms.
For u € U we have

('Ul, ‘U.) — “u + u”2 - ”‘U; - ull?

4
_Jl2ul? - Jlof?
4
= [|ufl®.
Thus |u|| = {u,u)'/?, as desired. However, we still must show that ( , )

satisfies the properties required of an inner product.

Because (u,u) = ||u[[® (as shown above), we have (u,u) > 0 for all u € U,
with equality if and only if © = 0; these properties follow from the properties
of a norm. Thus ( , ) satisfies the positivity and definiteness properties
required of an inner product.

To prove that (, ) is additive in the first slot, let u,v,w € U. Then

4((u + v, w) — (u,w) — (v, w))

= llu+v+wl® ~ llu+v - wl* - |lu+ v

+ lu — wi® — ||v + w||* + [lv — w]|[?

= lu+v+w|* + (Ju — w|® + v — w|?)
—lu+ v — wl® — (JJu+w|f* + |v + w||?),

where the first equality comes from the definition of { , ). In the last
equality above, the parentheses indicate groupings to which we will apply
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the parallelogram equality, which asserts that the sum of the norms squared
of two vectors =,y € U can be computed from the formula

Hw+MF+HI—wP
9 2

lzl|* + lly]|* =

Applying the parallelogram equality to the two terms in parentheses above
(take £ = u — w,y = v — w for the first sum in parentheses, then z =
v+ w,y = v + w for the second term in parentheses) gives

4((u+ v, w) — (u,w) — {v, w))

— 2||? u — vl
=\|u+v+wi[2+ﬂ9-§-v2 | -I-" 5 |
lu+ v + 2w||? 3 lu — v||?

2 2

lu + v — 2w/
2
flu+v+ 2wl|?

= (lu +v — ] + Jwlf?) T

—lu+v—w|?® -

= (llz+ v + w|* + [lwll*) +

Applying the parallelogram equality to the two terms in parentheses above
(take * = u + v + w,y = w for the first sum in parentheses, then £ =
u+ v —w,y = w for the second term in parentheses) gives

4((u + v, w) — {u,w) — (v, w))

e+ v+ 2w)|? N ||l + vH? N v + v — 2w||?

2 2 2
lu+v]?  [Ju+v—2uw|? e + v + 2w||?
2 2 2

Thus
(u+v,w) = (v, w) + (v, w),

completing the proof that ( , ) is additive in the first slot.
To prove that ( , ) is homogeneous in the first slot, let u,v € U. If n is
a positive integer, then



56

CHAPTER 6. Inner-Product Spaces

(nu,v) = (u+--- +u,v)

n times

= (u,v) + - + (u,v)

n times

= n(u, v),

where the second equality comes from additivity in the first slot, which we
have already verified. Replacing v with u/n in the equality above gives
(u,v) = n{u/n,v), which implies that

U 1

(E:U) - ;(‘u: ‘U).

Let m be another positive integer, and replace u with mu in the equality
above, getting

m 1
(;us ‘U) - ‘E (mus U>
mn

.'I—l_ (IL, 'U),
where the second equality holds because we have already shown that (, )
1s homogeneous in the first slot with respect to positive integers. We have
now shown that (, ) is homogencous in the first slot with respect to positive
rational numbers.

From the definition of {, ), we have

I ) el o R
(—u, U) — 4

Aol —flu—v?
4

= —(u, v).

Combining this with the result from the previous paragraph, we can now
conclude that {, ) is homogeneous in the first slot with respect to all rational
numbers.

Now suppose that A € R. There exists a sequence ri,rp,... of rational
numbers such that lim,—, ., = A. Thus
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AMu,v) = lim ro(u, v)

n—oco

im (rqu,v)
n—oo

m 4

Irau + v||2 — {|reu — v||?

In the next paragraph we will show that lim,_, |[rau + v|| = ||Au + v|| and
limp oo |Irat — v|| = ||Au — v||. Combining this with the last equation above
we can conclude that

[Au + v||* — [|Au — vi|?
4

AMu,v) =
= (Au, v),

which will complete the proof that (, ) is homogeneous in the first slot.
If z,y € U, then

Izl = lly + (= — v)]
< iyl + llz — |l

and thus

Izl = llvll < llz — »ll.

Interchanging the roles of x and y, we get

lyll = llz]l < llz — |-

Because |||z|| — [|yll| equals ||lz| — [ly]| or |lyll — |lz|l, we can now conclude
that

Hizll = llvll] < llz — .

With z = r,u + v and y = Au + v, this inequality gives

A——

[liraz + ]| = M+ v]]| < [Iraz — Au

= |rp — Al}|u]l-
Because lim,, ,o, T, = A, this shows that
lim |[rpu + v]| = ||[Au + v|.
n—s00

Replacing v with —v, we have
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lim ||[rpue — v = ||Au — v|.

The last two equations are the promised ingredients that were needed for
the proof that (, ) is homogeneous in the first slot.

Finally, we must show that (u,v) = (v, u) (recall that we are considering
the case where F = R). This last step is easy:

o + vl [lie — v
4

_ w2 v — uf?

4

(¢, v) =

= (v, u).

This completes the proof that ( , ) is an inner product when F = R. Whew!
Now consider the case where F = C. For u,v € U, define {u,v) by

e + ol — flw — olf? + fJu + iv]|* — [|u — dv||%
7 .

This definition is motivated by Exercise 7 of this chapter, which gives a
formula for the inner product in terms of norms.
For u € U we have

(u,v) =

e+ uff® — Jlu — wlf® + |Ju + du*i — flu — )l

(u, “U;) —

4
{120l L+ 822 — (1 — )%
B 4
_ Alull® + 2fufl* - 2{jull*
4
= lufl®.
Thus ||ul| = {(u,u)!/2, as desired. However, we still must show that (,)

satisfies the properties required of an inner product.

Because (u, u) = |ju||* (as shown above), we have {u,u) > 0 for all « € U,
with equality if and only if © = 0; these properties follow from the properties
of a norm. Thus ( , ) satisfies the positivity and definiteness properties
required of an inner product.

For convenience, let’s define { , )gr by

lu+ vl — |lu — o)’
: ..

(‘U’., U)R -
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Here the subscript R reminds us that (, )g was the inner product we defined
when considering the case F = R. Now we are assuming that F = C, but

(, )R is still well defined. Note that

(u,v} = (u,v)r + (u, iV)RL.

We have already proved that {, )}r is additive in the first slot, and now
we use that information. Let v, v, w € U. Then

(u+tv,w) =(u+v,wr + (u+v,iw)gi
= (4, w)r + (v, w)r + (y,iwWR{ + (v, {W)R1
= ((w, )R + (v, 7W)R1) + ((v,W)R + (v, tw)R 1)
= (u,w) + (v, w).

Thus (, ) is additive in the first slot.

To prove that (, ) is homogeneous in the first slot, let u,v € U. If A € R,
then

(Au,v) = (Aw, v)r + (Au, iv)Rri
= AMu,v)r + Ay, iv)R3
= A{u, v),

where we have used the homogeneity of ( , )gr in the first slot: The last
equation above shows that ( , ) is homogeneous in the first slot with respect

to all real numbers. We must still extend this result to complex numbers.
Note that

2w + v||? — [liw — v||2 + ||iw + v]|%E — ||iv — iv]|%
4
lée + v)II%4 — |lé(u — v)||% — [lie + iv)||* + ||i(u — iv)]||?
4
_ M+ vl% = Jlu = )% = flu 4 i)l + Jlu — iv||?
4

({u,v) =

= 2{u, v).

Combining this result with additivity and homogeneity with respect to real
numbers, we get that

((a + bt)u, v) = (a + bi){u, v)
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for all a,b € R. In other words, (, ) is homogeneous in the first slot with
respect to all complex numbers. .
Finally, we must show that (u,v) = (v, u). This last step is easy:

Jlee+ w12 = flu = vl + llu + dv)|% — [lu — dv||%
4

_ o+ uf® — o — wf® + fli(—éu +v)|1% — [1(=3) (Gu + v)|1%
4

(u, v} =

lv + ull® — llv — uf? +[lv + w?i — v — dul|?
4

= (v, u).

This completes the proof that (, ) is an inner product when F = C.

9. Suppose n is a positive integer. Prove that
( 1 sinz sin2r Sinnx Cosx cos2x cOS n:z:)
m:ﬁs \/7—1_1“-1 \/‘I_T ? ‘/7—1_1 \/7—1_ 1) ‘/7—1_

is an orthonormal list of vectors in C[—, 7], the vector space of continuous
real-valued functions on [—m, 7r] with inner product

(,9) = [ #x)o@)de

COMMENT: This orthonormal list is often used for modeling periodic
phenomena such as tides.

SOLUTION: First we need to show that each element of the list above
has norm 1. This follows easily from the following formulas:

2jt — sin 24t

e 24\9 _
/(Sln]t) dt = 1

27t + sin 27t
f(cosjt)zdt— J +4;r-1—*3-.

Next we need to show that any two distinct elements of the list above
are orthogonal. This follows easily from the following formulas, valid when

j#Fk:
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f (sin j£)(sin kt) dt =
jsin(j — k)t + ksin(j — k)t — 7sin(j + k)t + ksin(j + k)i
2(j — k)(J+ k)
f (sin jt)(cos kt) df =

jeos(j — k)t + kcos(j — k)t + jcos(j + k)t — kcos(j + k)t
2(k — §)(7 + k)

f (cos jt)(cos kt) dt =
jsin(j — k)t + ksin(j — k)t + jsin(j + k)t — ksin(j + k)t
25 — k)(J + k)
112
f(sinjt) (cos jt)dt = (WZ;t) :

On P,(R.), consider the inner product given by

1
(p,q) = fo p(z)q(z) dr.

Apply the Gram-Schmidt procedure to the basis (1,z,z%) to produce an
orthonormal basis of Pa(R.).

SOLUTION: Applying the Gram-Schmidt procedure to (1, z, £2) produces

(using elementary calculus and some arithmetic) the following orthonormal
basis of P2(R):

(1, vV3(—1+ 2z),V5(1 — 6z 4 62%)).

What happens if the Gram-Schmidt procedure is applied to a list of vectors
that is not linearly independent?

SOLUTION: Suppose (vy,..., %) is a linearly dependent list of vectors
in V.

If v; = 0, then at the first step of applying the Gram-Schmidt procedure
to (v1,...,vm) we will be dividing by 0 when trying to set e; = v; /||v1].

If v; # 0, then by the linear dependence lemma (2.4), some v; is in
span(vy,...,vj—1); here we choose j to be the smallest positive integer
with this property. If we apply the Gram-Schmidt procedure to produce
(e1,...,€5—1) at the end of step 7, then

span(vy,...,vj-1) = span{e;,...,e;_1).
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Thus v; € span(ey,...,e;j—1). By 6.17, this implies that
Uy = (vj,el)el +eee 4 (‘UJ', 65_1)63*_1.

Thus the Gram-Schmidt formula 6.23 for e; includes a division by 0, which
is not allowed.

Suppose V is a real inner-product space and (vy,...,vy) is a linearly inde-
pendent list of vectors in V. Prove that there exist exactly 2™ orthonormal
lists (e1,--.,em) of vectors in V such that

span(vy,...,v;) = span(ey,..., €;)
for all j € {1,...,m}.

SOLUTION: For j7 = 1, the condition above states that

span(v;) = span(e; ).

Because there are only two vectors in span(v;) with norm 1 (these two
vectors are vy /||vi1|| and —v;/||v1]|), we have only these two choices for e;.

Now suppose that j > 1 and that an orthonormal list (ey,...,e;_1) has
been chosen such that

span(vi,...,v;—1) = span(ej, ..., e;—1).

The Gram-Schmidt procedure produces e; € V such that (ey,..., e;) is an
orthonormal list and

span(vl, “ooy ‘Uj) = spa.n(el, .oy e_,-).

Suppose e;' € V is another vector with these properties, meaning that
(e1,..-,€ej-1,€;') is an orthonormal list and

span(‘u;, ‘- ,‘Uj) = span(el, ceey e_.,-_l,e_.,-').

The last two equations show that span(e;,...,e;_1,e;') = span(ey,..., ;).
In particular, e;’ € span(ey,...,e;), which implies that

e;' = (ej,e1)er +--- + (ej, e;)e;
= (e’ €j)e;,

where the first equality comes from 6.17 (with span(e,... ,€7) replacing V
and j replacing n) and the second equality holds because (ey,...,e;_1,€;’)
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1s an orthonormal list. Taking norms of both sides of the last equation, and
recalling that e; and e;' both have norm 1, we see that |{e;’, e;)| = 1. Thus
(ej',ej) = 1 or {e;/,e;) = —1. Hence the last equation above implies that
ej' =ej or e;/ = —e;.
We have shown that there are exactly two possible choices for each €.
As j ranges from 1 to m, this gives us exactly 2™ possible choices for
(€1,...,€m).
13. Suppose (e1,...,ex) is an orthonormal list of vectors in V. Let v € V.
Prove that
[l* = (v, e} + - - - + [(v, em) |’
if and only if v € span(ey,...,em)-
SOLUTION: Extend (ey,...,ém) to an orthonormal basis (ej,...,en)
of V. Then
v=(v,e1)er +---+ (‘U, en)en
and
[0]1* = v, e} + - + [{v, en) |
see 6.17. From the last equation, we see that
loll* = [{v,en)* + -+ - + [{v, em)|?
if and only if (v,em41) = --- = (v,e,) = 0. From the first equation above,
this happens if and only if
v=(v,e1)e; +--- + (v, €m)em,
which happens if and only if v € span(ey, ..., em)-
14.  Find an orthonormal basis of P2(R) (with inner product as in Exercise 10)

such that the differentiation operator (the operator that takes p to o/ )
on Po(R) has an upper-triangular matrix with respect to this basis.

SOLUTION: Because 1’ = 0, 2’ = 1, and (z?)’ = 2z, the differentiation
operator on Py(R) has an upper-triangular matrix with respect to the basis
(1,z,z%). However, (1,z,z?) is not an orthonormal basis. But, as can be
seen from the proof of 6.27, if the Gram-Schmidt procedure is applied to this
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basis, we will get an orthonormal basis with respect to which the differenti-
ation operator has an upper-triangular matrix. As we saw in Exercise 10 of
this chapter, the Gram-Schmidt procedure applied to (1, z, %) gives

(1, V3(—1+ 21),V5(1 — 67 + 6z2)).
which is our desired orthonormal basis of P3(R.).
Suppose U is a subspace of V. Prove that |

dimUt = dimV — dim U.
SOLUTION: From 6.29, we know that
V=UesU".
Thus by Exercise 17 in Chapter 2, we have
dimV = dimU + dimU*,
which implies that dim U+ = dimV — dim U.
Suppose U is a subspace of V. Prove that U1 = {0} ifand only if U = V.
SOLUTION: From 6.29, we know that
V=Ue UL
This clearly implies that U1 = {0} if and only if U = V.

Prove that if P € L(V) is such that P? = P and every vector in null P is
orthogonal to every vector in range P, then P is an orthogonal projection.

SOLUTION: Suppose P € L£(V) is such that P? = P and every vector
in null P is orthogonal to every vector in range P. Let U = range P. We
will show that P equals the orthogonal projection Py. To do this, suppose

v € V. Then
v = Pv + (v — Puv).

Clearly Pv € range P = U. Also, P(v — Pv) = Py — P?v = (), which means
that v — Pv € null P. Thus v — Puv is orthogonal to every vector in /. In
other words, v — Pv € U~*. Thus the equation above writes v as the sum of
a vector in U and a vector in UL. In this decomposition, the vector in U
cquals, by definition, Pyv. Hence Pv = Pyv, as desired.
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Prove that if P € £L(V) is such that P2 = P and
[Py] < [lv]]

for every v € V, then P is an orthogonal projection.

SOLUTION: Suppose u € range P and w € null P. If we can show that
(u,w) = 0, then by the previous exercise we can conclude that P is an
orthogonal projection.

Because u € range P, there exists «' € V such that

u= Pu.
Applying P to both sides of this equation, we have
Pu = P/
= Pu

= u.
Because w € null P, this implies that
P(u+aw)=1u
for every a € F. Thus

lu||? = || P(u + aw)||?
< |lu + aw||?

for every @ € F, where the second line follows from our hypothesis that
|Pv| < ||v| for every v € V. The inequality above implies (see Exercise 2
of this chapter) that (u,w) = 0, as desired.

Suppose T' € £(V) and U is a subspace of V. Prove that U is invariant
under T if and only if PyT Py = TFy.

SOLUTION: First suppose that U is invariant under T. Let v € V.
Then Pyv € U and hence T(Pyv) € U (because U is invariant under T').
Thus Py(T(Pyv)) = T(Pyv). Because v was an arbitrary vector in V, this
implies that PyT Py = T Py, as desired.

To prove the implication in the other direction, now suppose that

PyTPy=TPFy.
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Suppose « € U. Then Pyu = u, so applying both sides of the equation
above to u gives Py(Tu) = Tu, which implies that Tu € U. Because u was
an arbitrary vector in U, this implies that T is invariant under U, as desired.

Suppose T' € L(V) and U 1is a subspace of V. Prove that U and Ut are
both invariant under T if and only if PyT = T Py.

SOLUTION: First suppose that U and U1 are both invariant under 7.
By the previous exercise, this implies that

PyTPy =TPy
and
PyiTFyy = TFy..
But F;. = I — Py, so the last equation becomes
(I - Py)T(I - Py) =T(I — Fy)
Expanding both sides of the equation above and rearranging terms, we get

PyTFy = PyT.

Combining this with the first equation above, we get PyT = T Py, as desired.
To prove the implication in the other direction, suppose now that

Pyl =T Py.
Then
PyTPy = (PyT)Py
= (TPy)Py
= T Py?
= TPy,

which implies (by the previous exercise) that U is invariant under T, as
desired. Also,
PysTPyy = ((I — Py)T)Pys

= (T — PyT)Py.

= (T — TPy)FPy.

=T(1 — Py)Py.

= TPy 2

= TPy,
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which implies (by the previous exercise) that UL is invariant under T, as
desired.

In R4, let
U =span((1,1,0,0),(1,1,1,2)).
Find v € U such that ||u — (1,2, 3,4)|| is as small as possible.

SOLUTION: First we find an orthonormal basis of U by applying the
Gram-Schmidt procedure to ((1,1,0,0), (1,1, 1,2)), getting

e; = (—\}-5 %,0,0)

ey = (0,0, :;_-5-, —j—g)

Thus with e;,es as above, (e1,e2) is an orthonormal basis of U. By 6.36
and 6.35, the closest point © € U to (1,2,3,4) is

((1,2,3,4),e1)e1 + ((1,2,3,4), e2) e,

which equals

2'2°5’ 5
Find p € P3(R) such that p(0) = 0, p'(0) = 0, and

3 3 11 22)

1
/ 12 + 3z — p(z)|? dz
0

1s as small as possible.

SOLUTION: Define an inner product on P3(R) by

1
(f,9) = fo f(z)g(z) dz.
Let ¢(z) =2 + 3z, and let
U = {p € Ps(R): p(0) = 0,p'(0) = 0}.

With this notation, our problem is to find the closest point pel togqg. To
do this, first we find an orthonormal basis of IJ.
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A polynomial p satisfying p(0) = 0, p’(0) = 0 has constant term 0 and
first degree term also equal to 0. Thus a basis of U is

(22, z°).
Apply the Gram-Schmidt procedure to this basis, getting
e; = V5z?
ea = V7(—5z% + 623).

Thus with e;,es as above, (e1,e2) is an orthonormal basis of . By 6.36
and 6.35, the closest point p € U to ¢ is given by the formula

p = (g,e1)e; + (q, ea)es.
A short computation now shows that

203
p(x) = 24z T

Find p € Ps(R) that makes

ri3
f |sinz — p(z)|* dx
1§

as small as possible. (The polynomial 6.40 is an excellent approximation
to the answer to this exercise, but here you are asked to find the exact

solution, which involves powers of 7. A computer that can perform symbolic
integration will be useful.)

SOLUTION: Let C|—, n] denote the real vector space of continuous real-
valued functions on [—=, ] with inner product

(f,9) = _ﬁ f(z)g(z)dz.

Let v € C|—m, w| be the function defined by v(z) = sinz. Let U denote the
subspace of C|—w, 7] consisting of the polynomials with real coefficients and
degree at most 5. We need to find p € U such that ||v — p|| is as small as
possible.

First ind an orthonormal basis of U by applying the Gram-Schmidt
procedure (using the inner product above) to the basis (1, z, 2%, 23, =%, z°)
of U, producing the orthonormal basis (e, es, €3, e4, €5, €6), where



CHAPTER 6. Inner-Product Spaces i

24.

1
€1 = ——,
: Ve
3
62 /2 b
\/_ (72 — 322)
252
B ‘/2(371'2:1:—53:3)
“4= onTlt
. 3(3n* — 30m°z? + 35z¢)
>~ 8219/ ’
/(157 - 701r2:1:3—|—63a:5)
%=~ Qrll/2

Now compute Pyv using 6.35 (with m = 6), getting

105(1485 — 153#x2 + ) 315(1155 — 12572 + 11‘4) .3
= {76  4r8

+ 693(945 — 10572 + =4) 5

8710

Finally, 6.36 and the discussion following 6.42 show that the function above
is the one we seek.

Find a polynomial ¢ € P3(R) such that

l
2( %) = fo p(z)g(z) dz
for every p € P2(R).

SOLUTION: We wiil need an orthonormal basis of Py(R ), where the inner
product of two polynomials in P2(R) is defined to be the integral from 0 to
1 of the product of the two polynomials. An orthonormal basis of P;(R)
was already computed in Exercise 10 of this chapter. Specifically, let

61(.’.’6) =1
es(z) = V3(—1 + 22)
es(z) = V5(1 — 6z + 612).
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26.

Then (e1,e2,€3) is an orthonormal basis of Po(R).
Define a linear functional ¢ on P2(R) by

o(p) = p(3).

We seek ¢ € Pa(R) such that ¢(p) = {(p,q) for every p € P2(R). By the
formula given in the proof of 6.45, we have

g = p(e1)er + p(ez)ez + pl(e3)es.

Evaluate the right side of the equation above to get

3
g(z) = ) + 15z — 15z2.

IFind a polynomial ¢ € P3(R) such that

1 1
f p(z)(cos 7z) dz = f p(z)q(z) dz
0 0

for every p € Po(R.).

SOLUTION: Define a linear functional ¢ on P2(R) by

i
o(p) = /O p(z)(cos nz) d.

We seek ¢ € P2(R) such that ¢(p) = (p,q) for every p € P2(R), where
the inner product on P2(R) is defined as in the previous exercise. Letting
e, €2, ¢e3 be as in the previous exercise, but using our new definition of ¢,
we again have

g = p(e1)er + p(ea)es + p(es)es.
Evaluate the right side of the equation above to get
12 — 24z

e

Fix a vector v € V and define T' € £L(V,F) by Tu = (u,v). For a € F, find
a formula for T"a.

q(z) =

SOLUTION: Because T € L(V,F), we know that T* € L(F,V). Fix
a € F. Then T"a is the unique vector in V such that
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(a) (Tu,a) = (u,T"a)
for all w € U. The inner product on the right is the inner product in V, but
the inner product on the left is the usual inner product on F: the product
of the entry in the first slot with the complex conjugate of the entry in the
second slot. Thus
(T'u,a) = (Tu)a
= (u,v)a
(b) = (u, av).
Comparing (a) with (b) gives
(u, T"a) = (u, av)
for all u € U. Thus T*a = av.
27. Suppose n is a positive integer. Define T' € L(F") by
T(z1y...02n) =(0,21,..., 2n-1).
Find a formula for T*(z;,..., 2z,)-
SOLUTION: Fix (z1,...,2,) € F™ Then for every (wy,...,w,) € F*, we
have
((wl,. .o ,w_,-;),T*(zl,. . ,Zn)) = (T('wl, . ..,wn), (2:1, «oe ,Zn))
={(0, w1, ..., wp-1),(21,---,2n))
= w23+ -+ Wp_12q
= ((w1,...,wn), (22,...,2,,0)).
Thus
T*(21,...,2n) = (22,...,2q,0).
28. Suppose T' € L£{V) and A € F. Prove that X is an eigenvalue of T if and

only if A is an eigenvalue of T™.

SOLUTION: We have
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A is an not eigenvalue of T' <= T' — AI is invertible

<= ST - A)=(T-A)S=1
for some S € L(V)

= (T-AD)'§S=8*"T-AI)*=1I
for some S € L(V)

<= (T — AI)* is invertible

<= T* — ) is invertible

<=5 ) is not an eigenvalue of T*".

Thus A is an eigenvalue of T if and only if X is an eigenvalue of T*.

Suppose T' € L(V) and U is a subspace of V. Prove that U is invariant
under T if and only if U7 is invariant under T*.

SOLUTION: First suppose that U is invariant under T". To prove that
UL is invariant under T*, let v € UL. We need to show that T*v € U+,
But

(u, T*v) = (T'u,v)
— 0

for every u € U (because if u € U, then Tu € U and hence T'u is orthogonal
to v, an element of U'). Thus T*v € U, and hence U+ is invariant under

T, as desired.
To prove the other direction, now suppose that U' is invariant under T*.

Then by the first direction, we know that (U1)' is invariant under (T%)".
But (UY)t = U (by 6.33) and (T*)* = T, so U is invariant under T,
completing the proof.

Suppose T' € £L(V, W). Prove that
(a) T is injective if and only if T* is surjective;
(b) T is surjective if and only if T* is injective.
SOLUTION: First we prove (a):
T is injective <= nullT = {0}
<= (range T*)1 = {0}

<> rangeT* =W
<= T is surjective ,
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where the second line comes from 6.46(c).
Now that (a) has been proved, (b) follows immediately by replacing T
with T in (a).

Prove that
dimnullT" = dimnullT + dim W — dimV
and
dimrangeT" = dimrange T
for every T' € L(V,W).
SOLUTION: Let T € L(V,W). Then

dim null T* = dim(range T")1
=dim W —dimrangeT
=dimoullT 4+ dim W — dim V,

where the first equality comes from 6.46(a), the second equality comes from
Exercise 15 of this chapter, and the third equality comes from 3.4. This
proves the first equality that we seek.

To prove the second equality, note that

dimrangeT’ =dimW — dimnull T
=dimV —dimnull T

= dimrangeT,

where the first and third equalities come from 3.4 and the second equality

comes from the first part of this exercise. This proves the second equality
that we seek.

Suppose A is an m-by-n matrix of real numbers. Prove that the dimension

of the span of the columns of A (in R™) equals the dimension of the span
of the rows of A (in R").

SOLUTION: Let T € L(R",R™) be such that the matrix of T (with
respect to the standard bases) equals A. Then rangeT equals the span of
the columns of A. Thus
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dimension of the span of the columns of A
= dimrangeT
= dim range T
= dimension of the span of the columns of M(T™)
= dimension of the span of the columns of the transpose of A
= dimension of the span of the rows of A,

where the second equality comes from the previous exercise and the fourth
equality comes from 6.47,
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Make Po(R) into an inner-product space by defining

1
(pya) = fo p(z)q(z) d.

Define T € L{P2(R)) by T(ag + a1z + azz?) = a;z.
(a) Show that T is not self-adjoint.

(b) The matrix of T with respect to the basis (1, z, z2) is

0 0 O
0 1 0}.
0 0 O

This matrix equals its conjugate transpose, even though 7" is not self-
adjoint. Explain why this is not a contradiction.

SOLUTION: (a): Note that

(T'1,z) = (0, z)
=0
but
(IJT:I:) = (lr:c)
1
=5

75
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Thus (T'1,z} # (1,Tz), which shows that T is not self-adjoint.

(b): The result stating that the matrix of T™ is the conjugate transpose
of the matrix of T has as a hypothesis that we are working with orthonormal
bases (see 6.47). Because (1, z,z?) is not an orthonormal basis of Po(R), we
cannot compute the matrix of T with respect to this basis by taking the
conjugate transpose of the matrix of T.

Prove or give a counterexample: the product of any two self-adjoint opera-
tors on a finite-dimensional inner-product space is self-adjoint.

SoLuTiON: Let S,T € L(F?) be the operators whose matrices (with
respect to the standard basis) are given by

(1 0
M(S) = 7 9

] and M(T):[‘f é]

Each of these matrices obviously equals its conjugate transpose, and hence
S, T are self-adjoint. Now

M(ST) = M(S)M(T) = [ g (1) ] .

Because M(ST) does not equal its conjugate transpose, ST is not self-
adjoint. Thus we have an example of two self-adjoint operators whose prod-
uct is not self-adjoint.

Of course there are also many other examples.

COMMENT: Suppose S, T € L(V) are self-adjoint. Then ST is self-
adjoint if and only if ST =TS (as is easy to see).

(a) Show that if V is a real inner-product space, then the set of sél.f-adjoint
operators on V' is a subspace of L{V).

(b) Show that if V is a complex inner-product space, then the set of self-
adjoint operators on V is not a subspace of L(V).

SOLUTION: (a): Suppose V is a real inner-product space. Obviously the
zero operator is self-adjoint. Furthermore, if S,T € L(V) are self-adjoint,
then

(S+T)=85*"+T1T"
=S5+T,
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and thus S+ T is self-adjoint. Finally, if T' € L(V) is self-adjoint and a € R,
then

(aT)* = aT™
= a7,

and thus o1 is self-adjoint. We have shown that the set of self-adjoint
operators on V contains the zero operator and that it is closed under addition
and scalar multiplication. Thus the set of self-adjoint operators on V is a
subspace of L(V).

(b): Suppose now that V is a complex vector space. The identity operator
I is self-adjoint, but (¢I)* = —iI so iI is not self-adjoint. Thus the set of
self-adjoint operators on V is not closed under scalar multiplication and
hence it is not a subspace of L(V).

Suppose P € L(V) is such that P2 = P. Prove that P is an orthogonal
projection if and only if P is self-adjoint.

SOLUTION: First suppose that P is an orthogonal projection. Thus there
is a subspace U of V such that P = Py. Suppose v1,v9 € V. Write

V1 = U +w, Y2 = U2 + ws,
where u;,us € U and wy,ws € UL (see 6.29). Now

(Pvl, ‘Ug) = (ul, Us + ‘wz)
= (u3, u2) + (u1, wa)
= (u1, u2)
= (u1, uz) + (w, ug)
= (w1 + wy,ug)
= (v1, Puvg).

Thus P = P*, and hence P is self-adjoint.

To prove the implication in the other direction, now suppose that P is
self-adjoint. Let v € V. Because P(v — Pv) = Pv — P2y = (, we have

v — Py € null P = (range P*)* = (range P)*,
where the first equality comes from 6.46(c). Writing

v = Pv+ (v — Pu),
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we have Pv € range P and (v — Pv) € (range P). Thus Pv = Py, p.
Because this holds for all v € V, we have P = Prange P, which shows that P
is an orthogonal projection.

Show that if dimV > 2, then the set of normal operators on V is not a
subspace of L(V).

SOLUTION: Suppose dimV > 2. Let (e1,...,en) be an orthonormal
basis of V. Define §,T € L(V) by

S(are1 +--- + anen) = aze; — ajes

and
T(aje; + -+ anen) = ase; + a1 €s.
A simple calculation verifies that
S*(aiey + -+ + anen) = —aze; + ajes.

From this formula, another simple calculation shows that $5* = §*5. Yet
another simple calculation shows that T is self-adjoint. Thus both S and T
are normal. However, § + T is given by the formula

(S + T)(a’]e]_ + ere + a-nen) — 20261.

A simple calculation verifies that
(S +T) (aje; + -+ + anen) = 2a;€1.

A final simple calculation shows that (S +T) S+ T)* #(S+T)*(S+T).
In other words, § + T is not normal. Thus the set of normal operators on
V is not closed under addition and hence is not a subspace of L(V).

Prove that if T' € £(V) is normal, then
rangeT = range T.
SOLUTION: Suppose T is normal. Then

range T = (null 7*)+
= (null T+
= rangeT ",
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where the first equality comes from 6.46(d), the second equality comes from
7.6 (see especially the marginal comment at 7.6), and the third equality
comes from 6.46(b).

Prove that if T' € £L(V) is normal, then
null 7% = null7 and rangeT" = range T

for every positive integer k.

SOLUTION: Suppose T € £(V) is normal and that k is a positive integer.
Obviously we can assume that k > 2.
First we will prove that null 7F = nuli 7. If v € null 7", then

TFy = T Y(Tv)
=T%10
= (),

and so v € null T%. Thus null T C null T*.

To prove an inclusion in the other direction, suppose now that v € null T'*.
Then

(T*T* v, T*T*"1v) = (TT*T* v, T* 1)
= (T*T*v, TF1v)
= (0, T o)
= 0,

where the second equality holds because T*T = TT*. The last equality
above implies that T*T%~1y = 0. Thus |

0 = (T*T* v, T* %)
= (TF 1y, T 1y).

Hence T*~1v = 0. In other words, v € null 7*~1. The same argument, with
k replaced with k — 1, shows that v € null T2, Repeat this process until
reaching the conclusion that v € nullT. This shows that null 7% ¢ null T,
completing that proof that null 7% = null 7.

Now we will show that range TF = rangeT. If v € range T, then there
exists u € V such that v = T*u = T(T*~1)u, which implies that v € range T
Thus range T C range 7. Note that
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dim range T® = dim V — dim null T*
=dimV —dimmliT
= dimrange T,

where the first and third equalities come from 3.4 and the second equality
comes from the first part of this exercise. Because range T* and range T
have the same dimension and one of them is contained in the other, these
two subspaces of V' must be equal, completing the proof.

Prove that there does not exist a self-adjoint operator T € £(R?) such that
T(1,2,3) = (0,0,0) and T'(2,5,7) = (2,5, 7).

SOLUTION: Suppose T € L(R?) is such that 7°(1,2,3) = (0,0,0) and
T(2,5,7) = (2,5,7). Obviously (1,2,3) is an eigenvector of T with eigen-
value 0 and (2,5,7) is an eigenvector of T with eigenvalue 1. If T were
self-adjoint, then eigenvectors corresponding to distinct eigenvalues would
be orthogonal (see 7.8). Because (1,2,3) and (2,5,7) are not orthogonal,
T" cannot be self-adjoint.

Prove that a normal operator on” a complex inner-product space is self-
adjoint if and only if all its eigenvalues are real.

COMMENT: This exercise strengthens the analogy (for normal operators)
between self-adjoint operators and real numbers.

SOLUTION: Suppose V is a complex inner product space and T' € £L(V)
is normal.

If T is self-adjoint, then by 7.1 all its eigenvalues are real.

Conversely, suppose that all the eigenvalues of T' are real. By the com-
plex spectral theorem (7.9), there is an orthonormal basis (ey,...,en) of V
consisting of eigenvectors of 7. Thus there exist real numbers A\1,...,An
such that Te; = Aje; for 5 = 1,...,n. The matrix of T with respect to
the basis (e, ..., en) is the diagonal matrix with Ay, ..., )\, on the diagonal.
This matrix equals its conjugate transpose. Thus T'= T*. In other words,
T is self-adjoint, as desired.

Suppose V is a complex inner-product space and T € L(V) is a normal
operator such that T° = T®. Prove that T is self-adjoint and 72 = T.

SOLUTION: By the complex spectral theorem (7.9), there is an orthonor-
mal basis (ey, ..., e,) of V consisting of eigenvectors of T. Let A;,..., )\, be
the corresponding eigenvalues. Thus
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Te; = Aje;

for j =1,...,n. Applying T repeatedly to both sides of the equation above,
we get TQe_,- = /\jgﬁj and Taej- = Ajse_,-. Thus Ajg = ,\js, which implies that
Aj equals O or 1. In particular, all the eigenvalues of T are real. This implies
(by the previous exercise) that T is self-adjoint.

Applying T to both sides of the equation above, we get

2 .. _ y.2,.
TeJ—AJ €;

= €5
= Te;,

where the second equality holds because A; equals 0 or 1. Because T2 and
T agree on a basis, they must be equal.

Suppose V is a complex inner-product space. Prove that every normal

operator on V has a square root. (An operator § € £L(V) is called a square
root of T € L(V) if S =T.)

SOLUTION: Suppose T' € L£(V) is normal. By the complex spectral
theorem (7.9), there is an orthonormal basis (e1,...,e,) of V consisting of
eigenvectors of T'. Thus there exist complex numbers \;,..., )\, such that
Te; = Ajej for j = 1,...,n. Define S to be the operator on V such that
Se; = \;Y%e; for j = 1,...,n; here A;'/* denotes a complex square root
of A; (every nonzero complex number has two square roots—it does not

matter which one is chosen). Then, as is easy to verify, $2 = T. Thus S is
a square root of 7.

Give an example of a real inner-product space V and T € £(V) and real
numbers ¢, 3 with a? < 48 such that T2 + T + 81 is not invertible.

COMMENT: This exercise shows that the hypothesis that T is self-adjoint
1s needed in 7.11, even for real vector spaces.

SOLUTION: Let T € L(R?) be the counterclockwise rotation on R2; so
T(z,y) = (—y,z) for (z,y) € R*. Thus T? = —1I. Takinga=0and =1,
we have a® < 48 and

T?+aT +BI =T+ 1
= (.

In particular, T% + oT + B! is not invertible.



CHAPTER 7. Operators on Inner-Product Spaces

13.

14.

Prove or give a counterexample: every self-adjoint operator on V has a cube
root. (An operator § € L£(V) is called a cube root of T € L(V) if §° =T.)

SOLUTION: Suppose T € L(V) is self-adjoint. By the spectral theorem
(7.13), there is an orthonormal basis (ej,...,en) of V consisting of eigen-
vectors of T. The corresponding eigenvalues must be real (by 7.1). Thus
there exist real numbers Aj,..., A, such that Te; = Aje; for g =1,...,n.

Define S to be the operator on V such that Se; = A; 1/ ‘e; for j =1,...,n.
Then, as is easy to verify, S3 = T. Thus S is a cube root of T, completing
the proof that every self-adjoint operator on V' has a cube root.

Suppose T' € L(V) is self-adjoint, A € F, and € > 0. Prove that if there
exists v € V such that ||v]| =1 and

|Tv — Av|| < e,
then T has an eigenvalue X’ such that |A — )| < e.

SOLUTION: By the spectral theorem (7.13), there is an crthonormal
basis (e1,...,en) of V consisting of eigenvectors of T. Let Ay,..., A, be the
corresponding eigenvalues.

Suppose v € V is such that ||v| = 1 and ||Tv — Av|| < €. From 6.17 we
have -

U= (‘U, 61)81 +--+ (vie’ﬂ)eﬂ)

and so

Tv = A1{v,e1)e; + -+ - + An{v, en)en.
Thus

&> | Tv — ).'u'”2
= [[(A1 = A)(v,er)er + -+« + {An — A){v, en)en]l’
= A1 = AP (v, en)|* 4 - - + [An = AP [(v, en}[?
> (min{|A — A%, .., 1An = AP} (v, e} 2 + - - + (v, €a}[?)
= min{|A; — A%, ..., |An — A%}

Thus € > |A; — A| for some j. In other words, there is an eigenvalue whose
distance from A is less than ¢, as desired.
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suppose U is a finite-dimensional real vector space and T € £(U). Prove
that U has a basis consisting of eigenvectors of T if and only if there is an
inner product on U that makes T into a self-adjoint operator.

SOLUTION: First suppose that U has a basis (ey,..., e,) of eigenvectors
of T. Because (ey,...,en) is a basis of U, every element of U can be uniquely
written as a linear combination of (e;,...,e,). Thus we can define an inner
product on U by

(ai1e1 + -+ anen,breg + -+ + bpen) = a1y + -+ - + apby.

It is easy to verify that this is indeed an inner product on U and that
(e1,...,€en) is on orthonormal basis of U with respect to this inner product.
Because each e; is an eigenvector of T, the operator T has a diagonal matrix
with respect to the orthonormal basis (ey,...,e,). Thus T is self-adjoint.

Conversely, now suppose that there is an inner product on U that makes
T into a self-adjoint operator. Then by the spectral theorem (7.13), U has
a basis consisting of eigenvectors of T.

Give an example of an operator T on an inner product space such that T

has an invariant subspace whose orthogonal complement is not invariant
under 7.

COMMENT: This exercise shows that 7.18 can fail without the hypothesis
that T is normal.

SOLUTION: Define T € L(F?) by T'(w, z) = (z,0). Then T'(w, 0) = (0, 0)
for all w € F. Thus the subspace U defined by U = {(w,0) : w € F} is
invariant under T. However, UL = {(0,z) : € F}, which is not invariant
under T because (0,1) € U+ but T'(0,1) = (1,0) ¢ U~L.

Of course there are also many other examples.

Prove that the sum of any two positive operators on V is positive.

SOLUTION: Suppose S and T are positive operators on V. Because S
and T are self-adjoint, so is S + T. Furthermore,

(S +T)v,v) = (Sv,v) + (Tv, v)
> 0.

Thus S 4 T is a positive operator, as desired.

Prove that if T € £(V) is positive, then so is T* for every positive integer k.
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SOLUTION: Suppose T' € L(V) is positive and k is a positive integer.
Then T* is self-adjoint (because T is self-adjoint).

First consider the case where k is an even integer. Then we can write
k = 2m for some positive integer m. Now

(T*v,v) = (T?™v, v)
= (T"v, T"v)
>0

for every v € V, where the second equality holds because T is self-adjoint.
The inequality above shows that T* is positive, as desired.

Now consider the case where k is an odd integer. Then we can write
k = 2m 4 1 for some nonnegative integer m. Now

( ) (T2m+1 )
= (T'(TTv), T™v)
0

AY

for every v € V, where the second equality holds because T is self-adjoint
and the inequality holds because T is positive. The inequality above shows
that T is positive, as desired.

suppose that T is a positive operator on V. Prove that T is invertible if
and only if

(Tv,v) >0
for every v € V' \ {0}.

SOLUTION: First suppose that T is invertible. By 7.27, there exists an
operator S € L(V) such that T'= S*S. Suppose v € V \ {0}. Then Sv # 0

because otherwise we would have Tv = S*Sv = 0, which would contradict
the invertibility of T. Now

(T'v,v) = (5" Sv,v)
= (Sv, Sv)
> 0,

as desired.

Now suppose that (T'v,v) > 0 for every v € V' \ {0}. In particular, this
means that Tv # 0 for every v € V' \ {0}. Thus T is injective, and hence T
is invertible (see 3.21), as desired.
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-

Prove or disprove: the identity operator on F? has infinitely many self-
adjoint square roots.

SOLUTION: Foreacht € [—1, 1], the operator whose matrix (with respect
to the standard basis) equals

[ t Jl_—?]
Vi—t ¢

is self-adjoint and a square root of the identity operator, as can be verified by

squaring the matrix above. Thus the identity operator has infinitely many
self-adjoint square roots.

Prove or give a counterexample: if § € £(V') and there exists an orthonormal
basis (e1,...,en) of V such that ||Se;|| = 1 for each e;, then S is an isometry.

SOLUTION: Define S € L(F?) by
S(w, z) = (w + z,0).

With the usual inner product on F?, the standard basis ((1, 0), (0, 1)) is an
orthonormal basis of F2. Note that ||S(1,0)|| = [|5(0,1)|| = 1. However, S
is not an isometry because {|S(1,-1)|| = 0.

Of course there are also many other examples.

Prove that if S € L(R?) is an isometry, then there exists a nonzero vector
r € R3 such that S%z = z.

SOLUTION: Suppose S € L(R?) is an isometry. Then there is a basis of
R® with respect to which S has a block diagonal matrix, where each block
on the diagonal is a 1-by-1 matrix containing 1 or —1 or is a 2-by-2 matrix
(see 7.38). Because R? has odd dimension, at least one of these blocks must
be a 1-by-1 matrix. In other words, either 1 or —1 must be an eigenvalue
of S. Thus there is a nonzero vector z € R? such that Sz = Az, where
A = *1. Hence

S%z = §(Sz) = S(Az) = ASz = N’z = 7.
Define T € L(F?3) by
T'(z1, 29, 23) = (23,221, 323).

Find (explicitly) an isometry S € L(F?) such that T = SV/T*T.
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SoLuTioN: With respect to the standard basis of F3, we have

0 0 1
MT)=12 0 0
0 3 0
Thus
0 2 0
M(T)=|(0 0 3].
1 0 O
Computing the product M(T*)M(T), which equals M(T*T), we get
4 0 O
MT*'T)=]|0 9 O
0 01

Irom the matrix above, we see that (T*T)(z, 29, 23) = (423,922, 23). Thus
VT*T(21, 22, 23) = (221,323, 23). Hence if we define S € L(F3) by

S(Zl, 22, 33) — (23, <1, 22),
then S is an isometry and T = SV T*T.

Suppose T' € L(V), S € L(V) is an isometry, and R € L(V) is a positive
operator such that T" = SR. Prove that R = T*T.

COMMENT: This exercise shows that if we write T as the product of an
isometry and a positive operator (as in the polar decomposition), then the
positive operator must equal VT*T.

SOLUTION: Taking adjoints of both sides of the equation T' = SR, we
have

T = R*'S”
= RS*,

where the last equation holds because R is positive (and hence self-adjoint).
Multiplying together our formulas for T and T, we get.

T°T = RS*SR
— R?
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where the last equation holds because S is an isometry (and hence $*S =T
by 7.36). The equation above asserts that R is a square root of T*T" because

R 1s positive, this implies that R = T*T.

Suppose T' € L(V). Prove that T is invertible if and only if there exists a
unique isometry § € L£(V) such that T = ST*T.

SOLUTION: First suppose that T is invertible. The polar decomposition
(7.41) states that there exists an isometry S € L(V) such that

T =S8VvT~*T.

Because T is invertible, this implies that +/T*T is invertible (see Exercise 22

in Chapter 3). Thus the equation above implies that S = T(v T*T)_l.
Because S must be given by this formula, we see that there is a unique
operator S € L(V) such that T'= SvT*T, as desired.

Now suppose that there exists a unique isometry § € L(V) such that
T = SvT*T. This means that the linear map S, in the proof of the polar
decomposition (7.41) must be 0 because otherwise we could replace S with
—S, and get another choice for S. But range Sy equals (range T')t, and
hence (range T')L = {0}. This implies that range T' = V, which implies that
T is invertible (by 3.21), as desired.

Prove that if T' € L£(V) is self-adjoint, then the singular values of T equal
the absolute values of the eigenvalues of T' (repeated appropriately).

SOLUTION: Suppose T' € L(V) is self-adjoint. There exists an orthonor-
mal basis (e1,...,e,) of V consisting of eigenvectors of T. Thus

TeJ— — Ajej

for each j, where Ay,...,A\n € R are the eigenvalues of T". Thus

T*Te; = T?e;
= (A5)%€;
for each j. The equation above implies that vT*Te; = |\;|e; for each j.
Thus the singular values of T are |Ay},...,|An|, as desired.

Prove or give a counterexample: if T € £(V'), then the singular values of T2
equal the squares of the singular values of 7.

SoLUTION: Define T € L£L(F?) by
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T(zla 32) = (221 0)'

Then T*T(z1,25) = (0, 2,) and hence VT*T(z1,22) = (0, 20). Thus the
eigenvalues of VT*T are 0, 1. Hence the singular values of T are 0, 1.
However, T? = 0, so the singular values of T? are 0,0. Thus for this

operator T', the singular values of T% do not equal the squares of the singular
values of T

Of course there are also many other examples.

Suppose T' € L(V). Prove that T is invertible if and only if 0 is not a
singular value of T'.

SOLUTION: If S € L(V)} and ST = TS = I, then taking adjoints we get
T*S* = S*T* = I. Thus if T is invertible, then so is T**.
Now

T is invertible <= T and 7™ are invertible
<« T*T is invertible

& VT*TV/T*T is invertible
<—> VT*T is invertible

<= 0 is not an eigenvalue of VT*T
<= 0 is not a singular value of T,

where the second and fourth equivalences follow from Exercise 22 in Chap-
ter 2.

Suppose T' € L(V'}). Prove that dimrange T equals the number of nonzero
singular values of T.

SOLUTION: By the singular value decomposition (7.46), there exist or-
thonormal bases (u;,...,u,) and (w,...,wy,) of V such that

Tv = s1{v,u)wy +--- + sp (v, up)wy,

for every v € V, where s;,..., s, are the singular values of T. For each j,
we have Tu; = sjw;. Thus each w; corresponding to a nonzero s; is in
rangel’. The equation above also shows that the w;’s corresponding to
nonzero s;’s span range 7. Thus dimrange T equals the number of nonzero
singular values of 7.

osuppose S € L(V'). Prove that S is an isometry if and only if all the singular
values of S equal 1.
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SOLUTION: We have

S is an isometry <= §*S =1
> V5*S =1

<= all the eigenvalues of vV 5*S equal 1
<= all the singular values of S equal 1,

where the first equivalence comes from 7.36 and the third equivalence comes
from the spectral theorem (7.9 or 7.13) applied to the self-adjoint operator

VS*S.

Suppose T1,T5 € L(V). Prove that T} and T3 have the same singular values
if and only if there exist isometries §1, 53 € £L(V) such that T} = §175%S,.

SOLUTION: First suppose that T} and T, have the same singular values
S1:-..,8n. By the singular-value decomposition (7.46), there exist orthonor-
mal bases (e1,...,en), (f1,.--, fu)r (€1s---,€0), (Fl,.--, ') of V such that

Tiv = si1{v,e1}fi+ -+ sp{v,en) fn,
Tov = si{v,e}) fi + -+ + snv, €} 1,

for every v € V. Define 81,52 € L(V) by

Si(arfi +---+anfr) =arfi +--- + anfa,
So(aier + -+ anep) = are] +--- +agnel..

‘Fhen

1Si@ifi + - +anfa)lP = latfi + - + anfall
— [+ + Janl?
= lloaf{ + -+ anfill%

and thus Sy is an isometry. Similarly, S is an isometry. This implies that
S2* = S5~ (see 7.36). In particular, S2*e; = e;. Now for v € V we have

T2(S2v) = s1(Sov,€1) f1 + -« + sn(S2v,€,) f1
= 51(v,S2%e}) fi + - - 4 s, (v, Sote ) f1
— SI(U, el)f{ T+ sn(v:en)fl;‘
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Thus

S1(TrSyv) = s1{v,e1)81f1 +++ + spn(v,en) S1

= Sl(‘U; eI)fI + -+ Sn(vien)fn
= Tyv

for every v € V. Hence 85,7355 = T}, as desired.
To prove the implication in the other direction, now suppose that there
exist isometries S\, Sy € L(V) such that T} = 5173S5. Using 7.36, we have

Ti'Th = ST 51* 511555
= S 1 T* T S,.

This implies that T1*T} and T5*T; have the same eigenvalues (and that the

corresponding spaces of eigenvectors have the same dimensions). Thus T}
and 75 have the same singular values.

Suppose T' € L(V) has singular-value decomposition given by
Tv = s1{v,e1)fi + -+ sn(v,€n) fn

for every v € V, where s1, ..., sp are the singular values of T and (ey, ..., e,)
and (fi,..., fn) are orthonormal bases of V.

(a) Prove that

T*v = s1(v, fi)er + - + sp(v, fn)en
for every v € V.

(b) Prove that if T is invertible, then

71, — (U1f1>61 e+ (U:fn)en

S1 Sn

for every v € V.

SOLUTION: (a): Fix v € V. Then

(w, T"v) = (T'w, v)
= (si{w,e1) fi + - - + sp(w, en) fn, v)
= 51{w, 31)(.{11”) +---+ 3n<w:en>(fmv)
= (w, s1(v, fi)e1 + - - + sav, fr)en)
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for all w € V. This implies that

T*U — Sl(‘U, fl)el s aRRRE. o sn(va fn)eﬂ}

as desired.
(b): Suppose T is invertible. Let v € V and let

1y = (Uifl)el +___+$U:fn)en;
S1 Sn

none of the singular values si,..., s, equals 0 (see Exercise 28 of this chap-
ter), so this makes sense. Now

Tw = (vifl>Te_3_l_._+”_+ (v:fn)Ten

S1 Sn
— (v:fl)slfl 4eee o (Uafn)snfn
S Sn

— (U:fl)fl ‘I‘"“I‘(Uafn)fn
= .
Thus w = T~ v, as desired.

33. Suppose T' € L{V). Let 5 denote the smallest singular value of T, and let s
denote the largest singular value of T. Prove that

Sl[vll < 10| < sl
for every v € V.

SOLUTION: Let v € V. By the singular value decomposition (7.46),
there exist orthonormal bases (uy,...,u,) and (wy,...,w,) of V such that

Tv = s1(v,up)wy + - - + sp (v, vy Ywp,

where s;,...,s, are the singular values of T". Because (up,...,u,) and
(wi,...,wy) are both orthonormal bases of V, we have

Flvll* = (v, u)® + - - - + [{v, un)[?)
< s (v, w2+ -+ 502 (v, un) |
= || Tv||?,
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giving the first desired inequality. Also,

ITo]* = s1%|(o, u)[* + -+ + 80 |(v, un) |
< s ([(v,w)]” + - + (v, un) °)
= s*[lv|1%,

giving the second desired inequality.

Suppose T', T € L(V). Let s’ denote the largest singular value of 7V, let s”
denote the largest singular value of 7%, and let s denote the largest singular
value of TV + TY. Prove that s < s’ + s".

SOLUTION: Let T' = TV + T". Because s is a singular value of T, we

know that s is an eigenvalue of /T*T. Thus there exists a vector v € V
such that ||v|| =1 and VI*Tv = sv. Now

s = ||sv|

= ||VT*Tv|

= || T

= ||T"v + T"||
< T + (| T"v|)
< s'lll] + s"[lo]

! 1
=5 +5s,

where the third line above comes from 7.42 and the sixth line above comes
from the previous exercise.



CHAPTER 8

Operators on ,
Complex Vector Spaces

Define T € £(C?) by
T(w,z) = (z,0).
Find all generalized cigenvectors of T.

SOLUTION: Suppose A is an eigenvalue of T. For this particular operator,
the eigenvalue-eigenvector equation T'(w, z) = A w, 2) becomes the system
of equations

zZ = Aw

0= Az.

If A 7 0, then the second equation implies that z = 0, and the first equation
then implies that w = 0. Because an eigenvalue must have a nonzero eigen-
vector, this shows that 0 is the only possible eigenvalue of T. For A = 0, the
equations above show that z must equal 0, but w can be arbitrary. Thus 0

is indeed an eigenvalue of T, and the set of eigenvectors corresponding to
this eigenvalue is

{(w,0): we F}.

Note that T2 = 0. Thus every vector in C2? is a generalized eigenvector
of T' {corresponding to the eigenvalue 0).

93



94

CHAPTER 8. Operators on Complex Vector Spaces

Define T' € £(C?) by
T(w, z) = (-2, w).
Find all generalized eigenvectors of T

SOLUTION: On page 78 of the textbook we saw that the eigenvalues of
T are i and —i. Note that T2 = —1.

The set of generalized eigenvectors of T corresponding to the eigenvalue i
equals null(T" — iI)? (by 8.7). To compute this, note that

(T —iD)?*=T°—-2iT -1
= —2] — 2T
= —2i(T — iI).

Thus null(7° — iI)* equals the set of eigenvectors of T corresponding to
the eigenvalue 7. On page 78 of the textbook we noted that this equals
{(a,—ia) : a € C}.

The set of generalized eigenvectors of T' corresponding to the cigen-
value —i equals null(T" + ¢I)? (by 8.7). To compute this, note that

(T +i) =T*+2iT - I
= —2I + 24T
= 2i(T +iI).

Thus null(T + iI)? equals the set of eigenvectors of T' corresponding to

the eigenvalue —i. On page 78 of the textbook we noted that this equals
{(a,ia):a € C}.

Suppose T' € L(V), m is a positive integer, and v € V is such that Tm-1y # 0
but 77"v = 0. Prove that

(v,Tv,T%,..., T 'v)
is linearly independent.
SOLUTION: Suppose ag,a3,02,...,8m—1 € F are such that
aov + aTv + a2T2v 4+---4+ am..lT""lv = (.

Because T™v = 0, if we apply T™ ! to both sides of the equation above, we
get agT™ v = 0. Because T™ ly # 0, this implies that ag = 0. Thus the
equation above can be rewritten as
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aijTv+ a2T2v + -+ am_le'lv = (.

Applying T™~2 to both sides of this equation, we get a1T™ v = 0. Thus
a; = 0. Continuing in this fashion, we have g = a; = as =--- = am_1 =0,
which means that (v, Tv,T?v,...,T™ v) is linearly independent.

4.  Suppose T € L£L(C?) is defined by T'(z1, 22, z3) = (22, z3,0). Prove that T has
no square root. More precisely, prove that there does not exist S € £{C3)
such that S = T.

SOLUTION: Note that T2 = 0. Suppose there exists S & L£{C3) such
that $° = 7. Then S = T3 = 0, so § is nilpotent. By 8.8, this implies that
S$3 = 0. Thus

T? = §*
= 953
= 0.

But TQ(zl., 22, 2z3) = (23,0,0), so T2 is not the 0 operator, contradicting the
equation above. This contradiction shows that our supposition that there
exists S € L(C?®) such that S? = T must have been false.

5.  Suppose S,T € L(V). Prove that if ST is nilpotent, then T'S is nilpotent.

SOLUTION: Suppose ST is nilpotent. Thus there exists a positive integer
n such that (ST)* = 0. Now

(TS)™*! = (TS)(TS)...(TS)
= T(ST)(ST)...(ST)S
= T(ST)"S

= (T)(0)(S)
=0,

and thus T'S is nilpotent.

6. Suppose N € L(V) is nilpotent. Prove (without using 8.26) that 0 is the
only eigenvalue of N.

SOLUTION: There is a positive integer m such that N™ = 0. This implies
that NV is not injective, so 0 is an eigenvalue of N.

Conversely, suppose A is an eigenvalue of N. Then there exists a nonzero
vector v € V' such that
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Av= Nu.
Repeatedly applying N to both sides of this equation shows that

Ay = N™p
= 0.

Thus A = 0, as desired. |

Suppose V is an inner-product space. Prove that if N € C(V)_is self-adjoint
and nilpotent, then N = 0.

SOLUTION: Suppose N € L£L(V) is self-adjoint and nilpotent. Because N
is self-adjoint, there is an orthonormal basis (e;,...,en) of V consisting of
eigenvectors of V (by the spectral theorem). Because N is nilpotent, 0 is the
only eigenvalue of N (see Exercise 6 of this chapter). Thus the eigenvalue
corresponding to each e; must equal 0. In other words, Ne; = 0 for each j.
Because (e;,...,ey) is a basis of V, this implies that N = 0.

Suppose N € £L(V) is such that null N#™ V-1 £ pyll N4™V | Prove that N
is nilpotent and that

dim null N7 = j
for every integer j with 0 < 7 < dimV.

SOLUTION: Because null N4™ V=1 o£ null N4mV e know (by 8.5) that
null N7~1 2 null N7 whenever 0 < j < dimV. Thus

{0} :nullNog nu]lng g null @@ V-1 - null N4® V.

At each of the strict inclusions in the chain above, the dimension must in-
crease by at least 1. However, if the dimension increases by more than 1
at any step, we would end up with dimnull N4V > dim V', a contradic-
tion because a subspace of V cannot have dimension larger than dim V.
Thus the dimension increases by exactly one at each step. In other words,
dimnull N7 = 7 for every integer j with 0 < 7 < dimV. In particular,
taking j = dimV, we have dimnull N94®VY = dimV. This means that
null N4™V = V' Thus N4®2V — 0 and so N is nilpotent.

Suppose T' € L{V) and m is a nonnegative integer such that
range T™ = range T™ 1.

Prove that range T* = range T™ for all k > m.
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SOLUTION: Suppose uz € range T™+!, Thus there exists a vector v in V
(the domain of T') such that u = T™%"!y. Now T™uv is in range T™, which

by our hypothesis equals range T™*!. Thus there exists w € V such that
T™vy = T™*w. Putting all this together, we have

¢ = Tmtly,

Thus u € range T™12. Because u was an arbitrary vector in range 71 we
have shown that range T™+! C range T™*2. We also have an easy inclusion
in the other direction, so we conclude that range T™*! = range T™+2,

In the paragraph above, we showed that range T™ = range T™*! implies
range T™+! = range T™%2. Apply that result, with m replaced with m + 1,
to conclude that range T™%2 = range T™13. Continuing in this fashion, we
see that

range 7™ = range T™t! = range T™+? = ..

as desired.
Prove or give a counterexample: if T' € £(V), then
V = nullT @ rangeT.
SoLUTION: Define T € L(F?) by T'(w, z) = (2,0). Thus
null T = range T = {(w,0) : w € F},

which clearly implies that F? is not the direct sum of null T and range T.
Of course there are also many other examples.

Prove that if T € L£({V), then

V =nullT" @ rangeT™,
where n = dim V.

SOLUTION: Let T € L(V). First we show that

V = nullT" + range T™.
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To do this, let v € V. Then
v=(v—-T"u)+T"u

for any vector u € V. Obviously T"u € rangeT™. Thus looking at the
equation above, we see that we need to show that there exists u € V such
that v — T™u € nullT™. In other words, we want a vector v € V such
that T®(v — T™u) = 0, which is equivalent to T"v = T%"u. But T™v €
rangeT™, and rangeT™ = range T°" (by 8.9), so T"v € rangeT?". Thus
there indeed exists © € V such that T™v = T°"u, completing our proof
v € null7™ 4 range T™. Because v was an arbitrary vector in V, this implies
that V = null T" + range T™.

For any linear map (and in particular for T"), the dimension of the
domain equals the sum of the dimensions of the null space and range (by 3.4).
In other words,

dim V = dim nullT" + dimrange T™.

This equation, along with the equation V = null T" +range T™, implies that
V =nullT" @ range T (by 2.19).

Suppose V is a complex vector space, N € L(V), and 0 is the only eigenvalue
of N. Prove that N is nilpotent. Give an example to show that this is not
necessarily true on a real vector space.

SOLUTION: Because 0 is the only eigenvalue of N, 8.23(a) implies that
every vector in V is a generalized eigenvector of T corresponding to the

eigenvalue 0. This implies that N is nilpotent.
Define T € L(R?3) by

T(z,y,2) = (—y,z,0).

Then 0 is an eigenvalue of T because T(0,0,1) = (0,0,0). As can be ver-
ified from the definition of eigenvalue, T has no other eigenvalues (which
must be in R, because T is an operator on a real vector space). However,
T3(z,y, 2z) = (y, —z,0). In particular, T2 # 0. Thus T is not nilpotent.

Of course there are also many other examples.

Suppose that V is a complex vector space with dimV =n and T € L(V) is
such that

null 7772 # null T 1.

Prove that T has at most two distinct eigenvalues.
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SOLUTION: Because null 772 # null7™ 1, we see that dimnull 77 is
at least 1 more than dimnull7V-! for j = 1,...,n — 1 (by 8.5). Thus
dim null T*~! > n—1. In particular, 0 is an eigenvalue of T' with multiplicity
at least n — 1. Because the sum of the multiplicities of all the eigenvalues
of T' equals n (by 8.18), this implies that T" can have at most one additional
eigenvalue.

Give an example of an operator on C* whose characteristic polynomial
equals (z — 7)?(z — 8)2.

SOLUTION: Define T € £(C*) by
T(z1, 29, 23, 24) = (721, T29,823,824).
Then null(T" — 7I) is the two-dimensional subspace
{(z1,22,0,0) : 21,29 € C}
and null(T" — 87) is the two-dimensional subspace
{(0,0, 23, 24) : 23,24 € C}.

Thus 7 is an eigenvalue of T' with multiplicity at least 2 and 8 is an eigenvalue
of T with multiplicity at least 2. Because 242 = 4 = dim C*, there can be no

other eigenvalues of T' and the eigenvalues 7 and 8 must have multiplicity 2
(by 8.18). Thus the characteristic polynomial of T' equals (z — 7)%(z — 8)2.
Of course there are also many other examples.

Suppose V is a complex vector space. Suppose T' € £{V) is such that § and
6 are eigenvalues of T' and that T" has no other eigenvalues. Prove that

(T -5 YT -601)"1=0

7

where n = dim V.

SOLUTION: DBecause 5 and 6 are eigenvalues of T and T has no other
eigenvalues, the characteristic polynomial of T must be of the form

(z — 5)%(z — 6)%2,

where 1 < d; and 1 < ds. Because dj +ds = n, we must also haved; <n-1
and do < n — 1. The Cayley-Hamilton theorem implies that

(T — 51 (T — 6I)% = 0.
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Because dy < n —1 and da < n— 1, we can multiply the equation above by
appropriate powers of T'— 51 and T'— 61 to get (T'—5I)" (T —6I)""1 = (.

Suppose V is a complex vector space and T' € L£L(V). Prove that V has a basis

consisting of eigenvectors of T' if and only if every generalized eigenvector
of T' is an eigenvector of T..

COMMENT: For complex vector spaces, this exercise adds another equiv-
alence to the list given by 5.21.

SOLUTION: First suppose that V' has a basis consisting of eigenvectors
of T. Thus there exists a basis (v1,...,v,) of V and Aq,..., )\, € C such
that Tv; = Ajv; for each j. Suppose v € V is a generalized eigenvector of T
corresponding to an eigenvalue A. Because (vy,...,v,) is a basis of V, there
exist aj,...,a, € C such that

U =ajVi + -+ Qpvy,.

Thus
(T — ANv=(A1 —Aav; + - + (An — Aapvn.
Applying T' — A repeatedly to both sides of this equation, we get
(T = A" = (A1 — A)"a1v1 + - + (A — A)"@pn.

The left side of the equation above equals 0 (because v is a generalized
eigenvector of T corresponding to the eigenvalue \). Thus the right side
of the equation above equals 0. Thus (A; — A)"a; = 0 for each j. This
implies that the indices j such that a; # 0 must all have all satisfy Aj = A,
which means that v is a linear combination of the v;'s that correspond to
eigenvalue A, which means that v is itself an eigenvector corresponding to
eigenvalue A, as desired.

To prove the other direction, now suppose that every generalized eigen-
vector of 7' is an eigenvector of T. By 8.25, there exists a basis of V consisting
of generalized eigenvectors of T. Because every generalized eigenvector of T

1s an eigenvector of T, this gives a basis of V consisting of eigenvectors of T,
as desired.

Suppose V is an inner-product space and N € L(V) is nilpotent. Prove
that there exists an orthonormal basis of V with respect to which N has an
upper-triangular matrix.
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SOLUTION: By 8.26, there is a basis of V with respect to which N
has an upper-triangular matrix. By 6.27, this basis can be chosen to be
orthonormal. (If V' is a complex inner-product space, then we can just use
6.28 directly, so the hypothesis that N is nilpotent is not needed.)

Define N € L(F®) by
N(ff]_, Z2,23, 3413:5) = (23:21 3373: —I4, 4-1;51 0)-
Find a square root of I + N.

SOLUTION: Note that

N2($1,3:2,$3,z4,9:5) = (6z3, —3z4, —4z5,0,0)
N3(.‘1?1,1?2,$3,334,:B5) = (—6z4,—12zs,0, 0, 0)
N%(z1,z2, T3, T4, 75) = (—2415,0,0,0,0)
N°(z1,T2,73,%4,25) = (0,0,0,0,0).

Because N3 = 0, the proof of 8.30 shows that

1, 1., 1_. 5
N - = —N
R ST 128

1S a square root of I 4+ N. Using the formulas above, we calculate that the
operator S € L(F°) defined by

N4

S(mli r2,xr3,T4, z5) —

3.733 3T 4 15:175 3:‘53 3.‘174 3Ts
($‘+$2 1 T8 Tttty T
T4 Is
T e “a ) 2 ) )
T3 5 -+ 9 T4 + 25, Is

1s a square root of I + N.

Prove that if V' is a complex vector space, then every invertible operator
on V has a cube root.

SOLUTION: First suppose that N € £(V) is nilpotent. We will show
that I + IV has a cube root by imitating the proof of 8.30. Specifically, we

guess that there is a cube root of I + N of the form

I+a1N+a2N2+--~+am_1Nm—l,
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where m is such that N™ = (. Having made this guess, we can try to choose
ai,as,...,am—1 So that the operator above has its cube equal to I+ N. Now

(I + a'lN + a2N2 + {13N3 + .- _l_am_lN‘lﬂ—l)a
= I +3a;N + (3ag + 3a;2)N2 + (3a3 + 6ajag + a;3)N3 + - -
+ (3am—; + terms involving ay, ..., am-2)N™ L.

We want the right side of the equation above to equal I + N. Hence choose
ay so that 3a; = 1 (thus a; = 1/3). Next, choose ag so that 3as + 3e:%2 =0

(thus a3 = —1/9). Then choose as so that the coefficient of N3 on the
right side of the equation above equals 0 (thus ag = 5/81). Continue in this
fashion for j = 4,...,m—1, at each step solving for a; so that the coeflicient

of N7 on the right side of the equation above equals 0. Actually we don’t
care about the explicit formula for the a;’s. We need only know that some
choice of the a;’s gives a cube root of I + N.

Having shown that the identity plus a nilpotent always has a cube root,
we now look at the proof that every invertible operator on a complex vector
space has a square root (see 8.32). In that proof, if we replace the words
“square root” with “cube root”, we get a proof that every invertible operator
on a complex vector space has a cube root.

Suppose T' € L(V) is invertible. Prove that there exists a polynomial
p € P(F) such that T = p(T).

SOLUTION: Let ag + a1z + --- + @m—12™ ' + z™ denote the minimal
polynomial of T'. This is the monic polynomial of smallest degree such that

aol + T+ +ap T 1 +T™ =0.

If ag were equal to 0, then we could multiply both sides of the equation
above by 7! to get

a ] +aT+ - +am T+ T =0,

which would give a monic polynomial q of smaller degree such that g(7") = 0,
contradicting the definition of the minimal polynomial. Thus ag # 0.

Because ag # 0, we can solve the first equation above for the identity
operator I, getting
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Now multiply both sides of the equation above by T~ !, getting

T—l __a’lI a2T_""_‘ am—le—Z_iIm—l
ag aQ ag a9
Setting
a Qm— 1
p(z) — al _23 e — I lzm_z zm_II
Qy Qo aq ag

we thus have T! = p(T).
21.  Give an example of an operator on C3 whose minimal polynomial equals 22.

SOLUTION: Define T € £L(C3) by

T (w1, wo, w3) = (w3,0,0).

Clearly T2 = 0. In other words, the polynomial 22 when applied to T gives 0.
Thus the minimal polynomial of T is a divisor of z* (by 8.34). But the only
monic polynomials that divide 22 are 1, z, and 22. The polynomial 1 applied
to T gives the identity operator, which is not 0, and the polynomial z applied

to T gives T', which is also not 0. Thus the minimal polynomial of T must
be 22.

Of course there are also many other examples.

22. Give an example of an operator on C* whose minimal polynomial equals
z(z = 1)2,

SOLUTION: Define T € L(C?) by
T'(wy, we, w3, wy) = (0, we + wy, w3, wy).
Then
(T - I)(wy, we, w3, wy) = (—wn,wy,0,0),
which implies that
(T — I)*(wy,w, w3, wy) = (wy,0,0,0),
which implies that

T(T - I)? = 0.
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In other words, the polynomial z(z — 1)? when applied to T gives 0. Thus
the minimal polynomial of T is a divisor of z(z — 1)? (by 8.34).

Note that 0O is an eigenvalue of T" because T'(1,0,0,0) = (0,0,0,0) and 1
is an eigenvalue of T" because T(0,1,0,0) = (0,1,0,0). Thus 0 and 1 must
both be roots of the minimal polynomial of T' (by 8.36).

The only monic polynomials that divide z(z — 1)? and have 0, 1 as roots
are z(z — 1) and z(z — 1)%. Because T(T — I) # 0, as is easy to check, this
implies that z(z — 1)? is the minimal polynomial of T.

Of course .there are also many other examples.

Suppose V' is a complex vector space and T' € L(V). Prove that V has a
basis consisting of eigenvectors of T if and only if the minimal polynomial
of T has no repeated roots.

COMMENT: For complex vector spaces, this exercise adds another equiv-
alence to the list given by 5.21.

SOLUTION: First suppose that there is a basis (vi,...,v,) of V consisting
of eigenvectors of T'. Let Ay,..., A be the distinct eigenvalues of T. Then
for each v;, there exists Ay with (T — AxJ)v; = 0. Thus

(T—Alf)...(T—)\mI)v;,':O

for each j (because all the operators in sight commute, for each § the appro-
priate T' — Al can be moved to the last position in the product above). An
operator that sends each vector in a basis to the 0 vector is the 0 operator,
SO

(T — MI)...(T = Anl) = 0.

Thus the polynomial (z — A;)...(z — A;m) when applied to T gives 0. Thus
the minimal polynomial of T is a divisor of (z — A1) ...(2z — Am) (by 8.34).
Because (2 — A1)...(2 — Am) has no repeated roots, this implies that the
minimal polynomial of T' has no repeated roots, as desired. (Because each
eigenvalue of T' must be a root of the minimal polynomial of T, the minimal
polynomial of T actually equals (z — A\;)...(z — Am).)

To prove the implication in the other direction, now suppose that the
minimal polynomial of T has no repeated roots. Letting A\, ..., A\, denote
the distinct eigenvalues of T', this means that the minimal polynomial of T
equals

(z = A1) ...(2 = Am)-



105

24.

CHAPTER 8. Operators on Complex Vector Spaces

Thus
(T —M\I)...(T— A1) =0.

Let Uy, be the subspace of generalized eigenvectors corresponding to the
eigenvalue An,. Recall that Uy, is invariant under T (see 8.23(b)). Suppose
v € Up,. Let u = (T — ApT)v, so u € Uy,. The equation above implies that

(T)vw —MI) ... (Tlo, — AmorDu= (T = MI)...(T — AmI)v
= 0.

Because (I"— A\jp )|y, is nilpotent (see see 8.23(c)), 0 is the only eigenvalue
of (T — AmI)|y,, (this follows from 8.26 and 5.18). Thus Ty, — A;] is
invertible (as an operator on Uy,) for § = 1,...,m — 1. The equation above
thus implies that © = 0. In other words, v is an eigenvector of T.

We have shown that every generalized eigenvector of T' corresponding to
the eigenvalue )\, is an eigenvector of T. There is nothing special about the
eigenvalue A,,—we could have relabeled the eigenvalues so that any of them
was called A,;. Thus we can conclude that every generalized eigenvector of
T is actually an eigenvector of T'. Because there is a basis of V' consisting
of generalized eigenvectors of T' (see 8.25), this means that there is a basis
of V consisting of eigenvectors of T, as desired.

Suppose V' is an inner-product space. Prove that if T ¢ £(V) is normal,
then the minimal polynomial of T has no repeated roots.

SOLUTION: Suppose T € L£(V) is normal. Let p denote the minimal
polynomial of T'. Suppose A € F is an eigenvalue of T. We can write

p(2) = (z — \)"q(z)

where m is a positive integer and ¢ is a monic polynomial such that g()) # 0.
Our goal is to prove that m = 1, which implies that p has no repeated roots.

Because p(T") = 0, we know that (T — AI)™¢(T) = 0. This is equivalent
to the statement that

range ¢(T) C null(T — AI)™.

Because T' is normal, so is T' — A, and thus null(T' — AI)™ = null(T — AI)
(by Exercise 7 in Chapter 7). Hence the set inclusion above becomes

range ¢(T') C null(T — AI),
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which implies that (T'—AI)q(T) = 0. Letting p1(2) = (z—A)gq(2), this means
that p; .is a monic polynomial with the property that p;(T) =0. If m > 1,
then the degree of p; would be less than the degree of p, contradicting the

definition of minimal polynomial. Thus we can conclude that m = 1, as
desired.

CoMMENT: The proof given above works on both real and complex
vector spaces. If V is a complex vector space, then this exercise can be done
by using the complex spectral theorem (7.9) and Exercise 23 of this chapter.

Suppose T' € L(V) and v € V. Let p be the monic polynomial of smallest
degree such that

p(T)v = 0.
Prove that p divides the minimal polynomial of T..

SOLUTION: Let g denote the minimal polynomial of T. By the division
algorithm (4.5), there exist polynomials s,r € P(F) such that

g=sp+r

and degr < degp. Thus
a(T)v = s(T)p(T)v + r(T)o.

Because ¢(T") = 0 and p(T')v = 0, the equation above shows that r(T)v =
0. This implies that r = 0 (otherwise we could multiply r by a scalar to

get a monic polynomial with degree smaller than degp that when applied
to T gives an operator having v in its null space, which would contract
the definition of p as the monic polynomial of smallest degree with this

property).
Using the information that r = 0, rewrite the formula above for ¢ as

g = Sp.
Thus p divides g, the minimal polynomial of T

Give an example of an operator on C* whose characteristic and minimal
polynomials both equal z(z — 1)%(z — 3).

SoLUTION: Define T' € L(C?) by

T('UJI, W, W3, ‘UJ4) = (01 ws + w3, w3, 3'[04)
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An easy computation shows that T(T — I)?(T — 3I) = 0. Thus the
minimal polynomial of T is a divisor of z(z — 1)%(z — 3) (by 8.34).

Note that 0 is an eigenvalue of T because T°(1,0,0,0) = (0,0,0,0) and 1
is an eigenvalue of T" because T'(0,1,0,0) = (0,1,0,0) and 3 is an eigenvalue
of T because T(0,0,0,1) = (0,0,0,3). Thus 0, 1, and 3 must be roots of the
minimal polynomial of T (by 8.36).

The only monic polynomials that divide z(z—1)?(z—3) and have 0,1, 3 as
roots are z(z—1)(z—3) and z(z—1)%(z—38). Because T(T'—1)(T'—3) £ 0, as
is easy to check, this implies that z(z —1)?(z — 8) is the minimal polynomial
of T, as desired.

Because T is an operator on a four-dimensional complex vector space and
the minimal polynomial of T" has degree 4, the characteristic polynomial of
T (which is a monic polynomial of degree 4 that is divisible by the minimal
polynomial of T') must equal the minimal polynomial of T.

Of course there are also many other examples.

Give an example of an operator on C* whose characteristic polynomial
equals z(z —1)?(z —3) and whose minimal polynomial equals z(z —1)(z — 3).

SOLUTION: Define T € L£{C*) by
T(wla wa, W3, ?.U4) — (01 W, W3, 3w4)-

An easy computation shows that T(T'—I){T"—3I) = 0. Thus the minimal
polynomial of T is a divisor of 2(z — 1){z — 3) (by 8.34).

Note that 0 is an eigenvalue of T because T°(1,0,0,0) = (0,0,0,0) and 1
is an eigenvalue of T because T°(0,1,0,0) = (0,1, 0,0) and 3 is an eigenvalue
of T because T'(0,0,0,1) = (0,0,0,3). Thus 0, 1, and 3 must be roots of the
minimal polynomial of T' (by 8.36).

The only monic polynomial that is a divisor of z(z — 1)(z — 3) and has
0,1,3 as roots is z(z — 1)(z — 3). Thus z(z — 1)(z — 3) is the minimal
polynomial of T', as desired.

Note that every vector in {(0,ws, w3,0) : wq, w3 € C) is an eigenvector
of T' corresponding to the eigenvalue 1. Thus the eigenvalue 1 of T has
multiplicity at least 2. The eigenvalues 0 and 3 of T have multiplicity at
least 1.

Because T' is an operator on a four-dimensional complex vector space, the
sum of the multiplicities of all the eigenvalues equals 4 (by 8.18). Thus the
each use of the phrase “at least” in the previous paragraph can be replaced
by “equal” because if any of the eigenvalues had larger multiplicity, the sum
of the multiplicities of all the eigenvalues would exceed 4.
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Because 0 and 3 are eigenvalues of T' with multiplicity 1 and 1 is an
eigenvalue of T' with multiplicity 2 and T" has no other eigenvalues (the mul-
tiplicities of the eigenvalues mentioned already sum to 4), the characteristic
polynomial of T equals z(z — 1)?(z — 3), as desired.

Of course there are also many other examples.

Suppose ag,...,ar—1 € C. Find the minimal and characteristic polynomials
of the operator on C" whose matrix (with respect to the standard basis) is

0 —ag
1 0 —Qay
1 - —Qa9

0 —a,-s

1 —an;

COMMENT: This exercise shows that every monic polynomial is the
characteristic polynomial of some operator.

SOLUTION: Suppose that T' € £{C") has matrix as above with respect
to the standard basis (ey,...,e,) of C*. Thus

T61 = €2
T281 = T62 — €3

T" 'ey = Ten—1 = €n
T"e; = Te, = —ape; —ajea — -+« — ap—1€n.

‘Thus
(81,T€1,T261, - ::rn—lel) - (els €2,€3,--. reﬂ)

In particular, (e;,Te;, T?ey,...,T" ;) is linearly independent. Thus if p
is & monic polynomial with degree less than n, then p(T)e; # 0. Thus the
minimal polynomial of T" must have degree n.

Writing T"e; as a linear combination of (ej,Te;, T?e;,...,T" te)) is
possible in only one way:

Tmel = —Qpf1 — alTel — s — an_lT"_lel.

Thus setting
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p(z) =eg+a1z+- +an12""' + 2",

we see that p is the only monic polynomial of degree n such that p(T)e; = 0.
Hence p must equal the minimal polynomial of T'.

Because T is an operator on an n-dimensional complex vector space and
the minimal polynomial of T' has degree n, the characteristic polynomial
of T (which is a monic polynomial of degree n that is divisible by the min-
imal polynomial of T') must equal the minimal polynomial! of 7. Thus the
characteristic polynomial of T' also equals p.

Suppose N € £(V) is nilpotent. Prove that the minimal polynomial of N
is 2™+ where m is the length of the longest consecutive string of 1’s that

appears on the line directly above the diagonal in the matrix of N with
respect to any Jordan basis for N.

SOLUTION: Suppose (vy,...,Vn) is a Jordan basis for N and that m
equals the length of the longest consecutive string of 1’s that appears on
the line directly above the diagonal of AM (N (v15..., ‘vn)) . The diagonal of
M%N , (v1,..., vn); contains only 0’s (by Exercise 6 of this chapter). Thus

M(N, (v1,...,v,)) is a block diagonal matrix whose blocks have the form
0 1 0
1
0 0

and the largest such block in an (m + 1)-by-(m + 1) matrix. For each v;,
we see that N™tly; = 0. Because N™*+! equals 0 on a basis of V, we
conclude that N™*+! = (. Thus the minimal polynomial of N must divide
z™+1 (by 8.34) and hence must be of the form z* for some k < m + 1. But
there is a basis vector vj such that N™v; = v;_; # 0. Thus N™ = 0, which
implies that the minimal polynomial of N equals z™*1!.

Suppose V is a complex vector space and T € L(V). Prove that there
does not exist a direct sum decomposition of V into two proper subspaces

ivariant under T if and only if the minima! polynomial of T is of the form
(z — A)¥™YV for some ) € C.

SOLUTION: First suppose that there does not exist a direct sum decom-
position of V' into two proper subspaces invariant under T. Thus T has only
one cigenvalue (by 8.23), which we will call A.
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There is a Jordan basis of T' (by 8.47), meaning that with respect to this
basis T" has a block diagonal matrix

Ay 0
0 Am

where each A; is an upper-triangular matrix of the form

A1 0
A; =

1

0 A

If m > 1, then we could let U denote the span of the basis vectors corre-
sponding to A and let W denote the span of the basis vectors corresponding
to Us,...,Up; we would have V = U® W, where U and W would be proper
subspaces of V' invariant under T'. This contradiction shows that m = 1.
Thus the matrix of T with respect to our Jordan basis is just A;. In other
words, there is a basis (vy,...,%dimv) of V such that the matrix of T — AT
with respect to this basis is

0 1 0
1
0 0

The previous problem now implies that the minimal polynomial of T'— AJ
equals 24"™ VY This clearly implies that the minimal polynomial of T equals
(z — A)4™V | as desired.

To prove the implication in the other direction, suppose that the minimal
polynomial of T" equals (2 — A)dimv. Suppose that there exist two proper
subspaces U,,Us of V, each invariant under T', such that V = U; & Us.

Let p; denote the minimal polynomial of T'|y, and py denote the minimal
polynomial of T'|y,. If u; € Uy, then

(p192)(T)ur = p2(T)p1 (T)wa
=0.

Similarly, if u, € Us, then
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(P102)(T)uz = p1(T)p2(T)us
= (.

Because every vector in V can be written in the form u; +ug, where u; € Uy
and up € Uz, the equations above imply that (p1p2)(T) = 0. Thus the
minimal polynomial of T, which equals (z — A)¥™V is a divisor of D179
(by 8.34). .

The degree of the monic polynomial p;ps equals the degree of p; plus the
degree of py, which is less than or equal to dim U + dim Us, which equals
dim V. Because (z — A)4™V is a divisor of p1p2, this implies that

p1(2)p2(z) = (z — A)4™V,

This implies that
p1(2) = (z = AU and  py(z) = (2 — A)dimUz,

Let m = max{dimU,,dimU,}. Let p(z) = (z — A\)™. The equations above
show that p(T')|y, = 0 and p(T')|y, = 0. Thus p(T) = 0. Because the degree
of p is less than dim V, this contradicts our hypothesis that (z—\)4™V is the
minimal polynomial of T. This contradiction means that our assumption
that there exists a direct sum decomposition of V into two proper subspaces
invariant under T must have been false, as desired.

Suppose T' € L(V) and (v;,...,v,) is a basis of V that is a Jordan ba-
sis for T. Describe the matrix of T with respect to the basis (Vrye oo, V1)
obtained by reversing the order of the v's.

SOLUTION: The matrix of T' with respect to (vi,...,v,) is a block di-
agonal matrix
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Temporarily fix 7, and let (up,...,u;) be the part of (vy,...,v,) correspond-
ing to the block A;. Thus

Tul = A_,-ul
Tuos = u; + /\J"u.z
T’U.3 = U9 + AJ"U,;;

Tur = Ug—1 + Ajur.
Write the equations above in the form

Tur = Ajug + Ug—-1
Tug_) = Ajug—1 + U2

Tuo = )\j‘uQ + g

Tuy = Ajuy.
Thus the matrix of T'|gpan(y,.....u,) With respect to (ug,..., %)) is
Aj 0
B; = 1
0 | 1' Aj

In other words, B; is obtained from A; by reflection across the diagonal, so
in B; the 1’s lie below the diagonal instead of above it. Now we see that the
matrix of T' with respect to (vn,---,v1) is the block diagonal matrix



CHAPTER 9

Operators on
Real Vector Spaces

Prove that 1 is an eigenvalue of every square matrix with the property that
the sum of the entries in each row equals 1.

SOLUTION: Suppose that A is an n-by-n matrix such that the sum of
the entries in each row of A equals 1. Let x be the n-by-1 matrix all of
whose entries equal 1. Then from the definition of matrix multiplication we
see that the entry in row j, column 1 of Ar equals that sum of the entries
In row j of A, which equals 1. Thus Ax = z, which implies that 1 is an
eigenvalue of A.

Consider a 2-by-2 matrix of real numbers
a ¢
[ss)
Prove that A has an eigenvalue (in R) if and only if

(a — d)* + 4bc > 0.

SOLUTION: A number A € R is an eigenvalue of A if and only if there
exist numbers z,y € R, not both 0, such that

[ a ¢ T T

| b dHy]_k[u]'
ar + cy
bx + dy

The left side of this equation equals | |, so the equation above is

cquivalent to the system of equations

113
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(a — M)z + cy =0
bz + (d— Ay = Q.

It is easy to see that this system of equations has a solution other than
z =y =0 if and only if

(a — A)(d— A) = be,
which is equivalent to the equation
A2 — (a+d))\+ (ad — bc) = 0.
There is a real number X satisfying the equation above if and only if
(a + d)? — 4(ad — bc) > 0.

The left side of the inequality above equals (@ — d)? + 4bc, and thus we
conclude that A has a real eigenvalue if and only if

(@ — d)* + 4be > 0.
Suppose A is a block diagonal matrix

Ay 0
A: '._ :
0 A

where each A; is a square matrix. Prove that the set of eigenvalues of A
equals the union of the eigenvalues of A4,..., An.

SOLUTION: Suppose that A; has size nj-by-n;. Let

where each x; 1s an n;j-by-1 matrix. Then

A1:L‘1
Ax = X
ApTm

Thus the equation Az = Ax is equivalent to the system of equations
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A1$1 — A:cl

Suppose that A is an eigenvalue of A. Then there is a nonzero vector r
satisfying the system of equations above. Because z is nonzero, there exists
k such that = is nonzero. Because Aixy = Azk, this implies that ) is an
eigenvalue of A;. Thus A is in the union of the eigenvalues of A,,..., A,
as desired.

To prove the implication in the other direction, suppose now that X is in
the union of the eigenvalues of Ay,..., A;,. Then there exists k& such that A
is an eigenvalue of A;. Thus there exists a nonzero ni-by-1 vector z; such
that Agz = Azr. For j # k, define z; to be the n;-by-1 matrix all of whose
entries equal 0, and define = to be the matrix determined by z;,..., 2., as
above. Then r is nonzero (because x; is nonzero) and Ax = Az, which
shows that A is an eigenvalue of A, as desired.

Suppose A is a block upper-triangular matrix

A *

A= .

0 Am

where each A; is a square matrix. Prove that the set of eigenvalues of A
equals the union of the eigenvalues of A4,,..., 4,,.

COMMENT: Clearly Exercise 4 is a stronger statement than Exercise 3.
Even so, students may want to do Exercise 3 first because it is easier than

-Kxercise 4.

SOLUTION: We will prove that 0 is an eigenvalue of A if and only if 0 is
an eigenvalue of at least one of the Ax’s. This is all we need to do, because
for arbitrary A € F, we can replace A with A— I and each Ay with Ay — A1,
concluding that A is an eigenvalue of A if and only if ) is an eigenvalue of at
least one of the A.’s. This last statement implies that the set of eigenvalues
of A equals the union of the eigenvalues of A, ..., A,,.

Suppose that A has size n-by-n and each A; has size n;-by-n;. We can
write a typical n-by-1 matrix z in the form
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where each z; is an n;-by-1 matrix. The product Az can be computed by
multiplying together the block matrices of A and = given above, using the
same formula as one would use when multiplying matrices of numbers (this
follows from the definition of matrix multiplication).

First suppose that 0 is an eigenvalue of A. Thus there exists a nonzero
n-by-1 matrix x such that Ax = 0. Write = in the form above, and let k be
the largest index with nonzero z; thus we can write

I

Tk
0

0
(If kK = m, then the 0's shown above at the tail of £ do not appear.) If we
break Az into blocks of the same size as was done for z, then the k*® block
of Az will equal Arzy; this follows from the block upper-triangular form of
A and the 0’s that appear in z after the kt® block. But Az = 0, so the kt®
block of Az equals 0, so A;zr = 0. Because ;. # 0, this implies that O is
an eigenvalue of Ag, as desired.

To prove the implication in the other direction, suppose now that 0 is an
eigenvalue of some A;. This means that the operator on Mat(n, 1,F) (the
vector space of n-by-1 matrices) that sends z;. € Mat(n, 1, F) to Arz: is not
injective. Thus this operator is not surjective (by 3.21). Thus the operator
on Mat(n; + - -- + ng, 1, F) that sends

I
Lk
to
A]_ * I
0 Ay )

is not surjective (because the last block in the product above will be Az,
which cannot be an arbitrary ng-by-1 matrix). Again using 3.21, this means

that the last operator is not injective. In other words, there exists a nonzero
vector
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Il
€ Mat(n) +--- +ng, 1, F)
Lk
such that
A]_ * |
. . — 0.
0 Ay Tk
Adjoining an appropriate number of Q0’s, this implies that
Al * I
Ay Tk | _q
Ag41 0 ‘
0 Amn 0
In other words, 0 is an eigenvalue of A, as desired.
3.  Suppose V is a real vector space and T € L(V). Suppose ., 8 € R are

such that T2 + aT + BI = 0. Prove that T has an eigenvalue if and only if
ao? > 48. '

SOLUTION: First suppose that T has an eigenvalue A € R. Thus there
exists a nonzero vector v € V such that Tv = Av. Applying T to both sides
of the last equation, we get T2y = A2y. Thus

0= (T?+aT + BI)v
= Mv +adv+ fv
= (A% + a) + P)v.

Because v # 0, the last equation implies that
M+ad+p=0,

which implies (recall that A, a, and 8 are all real) that a? > 48, as desired.
To prove the implication in the opposite direction, suppose now that

a? > 4f. Then the polynomial 22 + azx + B has two real roots, which means
that we can write
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r’ +ar+ 0= (z—r)(z—r)
for some 1,192 € R, Thus

0=T*°+aT +pBI
= (T — ri I T — rol).

In particular, (T = rI)(T —roI) is not injecti.ve, which implies that at least
one of T' — I and T — ral is not injective. In other words, at least one of
r1, T2 must be an eigenvalue of T. Thus T has an eigenvalue, as desired.

Suppose V' is a real inner-product space and T' € £L(V). Prove that there
is an orthonormal basis of V with respect to which T" has a block upper-
triangular matrix

where each A; is a 1-by-1 matrix or a 2-by-2 matrix with no eigenvalues.

SOLUTION: We know that there is a basis (vy, ..., v,) of V with respect
to which the matrix of T" has the block upper-triangular form above, where
each A; is a 1-by-1 matrix or a 2-by-2 matrix with no eigenvalues (see 9.4).

Apply the Gram-Schmidt procedure to (vy,...,vs), getting an orthonor-
mal basis (ey,...,en) of V such that

span(vy, ..., v;) = span(ey, ..., ;)

for § = 1,...,n (see 6.20). This condition on the spans implies that the
matrix of T with respect to (e;,...,en) is also a block upper-triangular of
the form above, where each A; is a 1-by-1 matrix or a 2-by-2 matrix (these
A;’'s may differ from the A;’s corresponding to the matrix of T with respect
to (v1,-..,vn)). All that remains is to show that, if necessary, we can modify
our orthonormal basis so that none of the 2-by-2 blocks on the diagonal have
eigenvalues.

Suppose that A; is a 2-by-2 block on the diagonal of the matrix of T with
respect to (er,...,e,) and that A; has an eigenvalue A. Thus there exist
z,¥ € R, not both 0, such that
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Let ek, ex41 denote the basis vectors corresponding to A;. Then, as is easy
to verity,

T(zer + yers1) = u + Azeg + yery)
for some u € span(e;,...,ex_1). Let

ek + YEr41
Jr = —/—/——————
|zex + yeril|

and choose fry1 € V such that (fx, fry1) is orthonormal and

span(fx, fx+1) = span(ek, €x41).

Then the matrix of T with respect to the orthonormal basis

(611"' 1ek—11fk1fk+l:ek+21“ . :eﬂ-)

will be a block upper-triangular matrix with the same entries on the diagonal
as previously, except that A; will be replaced by the 2-by-2 matrix

A

0 % |
In other words, where we had A; on the diagonal, we can now think of
having two 1-by-1 matrices on the diagonal (and we still have a block upper-
triangular matrix because of the 0 in the lower-left entry of the matrix

above).
Repeating, when necessary, the procedure described above, we obtain an

-orthonormal basis of V' with respect to which T has a block upper-triangular

matrix

where each A; is a 1-by-1 matrix or a 2-by-2 matrix with no eigenvalues.

Prove that if T' € £(V') and j is a positive integer such that § < dim V, then
T has an invariant subspace whose dimension equals § — 1 or j.

SOLUTION: Suppose T' € L£L(V) and j is a positive integer such that
J<dimV. If V is a complex vector space, then T has an invariant subspace
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whose dimension equals j (by Exercise 17 in Chapter 5). So we can assume
that V is a real vector space.

By 9.4, there is a basis (v1,...,v,;) of V with respect to which T has a
block upper-triangular matrix

where each Ay is a 1-by-1 matrix or a 2-by-2 matrix. Either v;_; or v; must
be the last vector in a block of vectors corresponding to some A;. Thus
either span(vy,...,v;_1) or span(vy,...,v;) must be invariant under 7.

Prove that there does not exist an operator T' € L(R') such that T2+ T+ I
is nilpotent.

SoLuTION: Suppose T € L(R"). From part (b) of 9.9 (combined with
9.4, which insures that 7" has a matrix of the form 9.10 with respect to some
basis of R), we see that

dim null(T% + T + I)T

must be an even integer. In particular, dim null(7? 4+ T + I)7 #£ 7, which
implies that null(7? + T + I)7 # R, which implies that (T2 + T+ I)7 # 0,
which implies that T is not nilpotent (by 8.8).

Give an example of an operator T' € L{C") such that 7%+ T+ I is nilpotent.
SOLUTION: Let A = (=14 3i)/2. Define T € £{(C") by T'= AI. Then

T2+ T+I=002+X+1)I
= Q.

In particular, T% + T' + I is nilpotent.

Suppose V is a real vector space and T' € £(V). Suppose a, S € R are such
that a® < 48. Prove that

null(T? + oT + BI)*
has even dimension for every positive integer k.

SOLUTION: Let k be a positive integer, and let U = null(T2? +oT + BI)F.
We need to prove that dim U is even.
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Because U is invariant under T (by 8.22, with p(z) = (z? + az + 8)*), we
can define S € L(U) by S = T|y. Clearly (S% + aS + BI)* is the 0 operator
on U. Thus §% 4+ aS + BI is a nilpotent operator on U, which implies that
null(S? +aS + AI)4 ™V = U (by 8.8). Now part (b) of 9.9, applied to S and
U instead of T' and V, shows that dim U is an even integer, as desired.

Suppose V is a real vector space and T' € L(V). Suppose a, 8 € R are such
that o* < 48 and T2 + aT + SI is nilpotent. Prove that dim V is even and

(T? + oT 4+ BN)I™V/2 = .

SOLUTION: Let § = T? 4 oT + fI. Because S is nilpotent, there is a
smallest positive integer m such that S™ = 0. Thus

{0} =nullS°’C nullSC nullS?cC ...C nullS™ =V,
7 7 F T F

where the proper inclusions come from 8.5. The previous exercise states
that each null S* has even dimension (in particular V, which equals null S™,
has even dimension). Hence the dimension must increase by at least 2 in all
the proper inclusions above. Thus dim S™ > 2m, which clearly implies that
m < (dim V) /2. Because S™ = 0, this implies that S4™V/2 = (_ as desired.

Prove that if T € L(RS) and 5,7 are eigenvalues of T', then T has no
eigenpairs.

SOLUTION: Suppose that T € £(R3) and 5,7 are eigenvalues of T. Of
course each of these two eigenvalues must have multiplicity at least 1. By
9.17, the sum of the multiplicities of all the eigenvalues of T" plus twice the
sum of the multiplicities of all the eigenpairs of T equals 3. Because the sum

of the multiplicities of all the eigenvalues of T is at least 2, there is no room

for an eigenpair, which would add at least 2 more to the sum (because we
take twice the sum of the multiplicities of all the eigenpairs). Thus T has
no eigenpairs.

Suppose V is a real vector space with dimV = n and T € £(V) is such that

null 772 # null 772,

Prove that T has at most two distinct eigenvalues and that T has no eigen-
pairs.

SOLUTION: Because nullT™ 2% # null T !, we see that dimnull 79 is
at least 1 more than dimnull77-! for j = 1,...,n — 1 (by 8.5). Thus
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dimnullT"~! > n — 1. In particular, 0 is an eigenvalue of T" with mul-
tiplicity at least n — 1. Because the sum of the multiplicities of all the
eigenvalues of T' plus the sum of twice the multiplicities of all the eigenpairs
of T equals n (by 9.17), this implies that T' can have no eigenpairs and at
most one additional eigenvalue.

Suppose V is a vector space with dimension 2 and T' € £(V). Prove that if
a C

b d

1s the matrix of T" with respect to some basis of V, then the characteristic
polynomial of T equals (2 — a)(z — d) — be.

COMMENT: As usual unless otherwise specified, here V may be a real
or complex vector space.

SOLUTION: Let g(2) = (2 — a)(z — d) — be. If (v1,v2) is the basis of V
with respect to which T has the matrix above, then

Tvy =avy +bvy and Tvs = cv; + dvs.

From these equations you can easily verify that ¢(T)v; = 0 and ¢(T")vs = 0.
Because ¢(T') is 0 on a basis of V, we conclude that ¢(T") = 0.

Because ¢ is a monic polynomial of degree 2 and ¢(T") = 0, we conclude
that the minimal polynomial of T has degree 1 or 2.

Suppose first that the minimal polynomial of T' has degree 2. Because
the minimal polynomial of T is a divisor of ¢ (by 8.34), and because a monic
polynomial of degree 2 can be a divisor of another monic polynomial of

" degree 2 only if the two polynomials are equal, we conclude that ¢ is the

minimal polynomial of T. The Cayley-Hamilton theorem now implies that
g is a divisor of the characteristic polynomial of T, which is also a monic
polynomial of degree 2. This implies that g is the characteristic polynomial
of T', as desired.

Now consider the only remaining possible case, which is that the minimal
polynomial of T has degree 1, meaning that it equals z — \ for some A € F.
This implies that T = A, which implies that the characteristic polynomial
of T equals (z—A)2. Because T' = A\I, we must havea =d = X and b = ¢ = 0.
Thus ¢(z) = (z — A)2. In particular, g is the characteristic polynomial of T',
as desired.

COMMENT: Note that we did not need to find the eigenvalues of T to
do this exercise.
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Suppose V is a real inner-product space and § € £L(V) is an isometry. Prove
that if (o, ) is an eigenpair of S, then 5 = 1.

SOLUTION: There is a basis of V with respect to which § has a block
diagonal matrix, where each block on the diagonal is a 1-by-1 matrix or a
2-by-2 matrix of the form

cosfd@ —siné
sinf cosé@ ’

with 6 € (0, 7) (see 7.38). The characteristic polynomial of the matrix above
is (z — cos8)® + sin® 0, which equals 22 — 2(cos8)z + 1.
If (a,B) is an eigenpair of S, then

dim null(S? + a8 + BI)4™VY > 0,

which implies that = 4+ oz + 3 is the characteristic polynomial of a 2-by-2
matrix of the form displayed above (see 9.9). Thus 8 = 1.
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Suppose that T" € £(V) and (v1,...,v,) is a basis of V. Prove that
M(T,(v1,.-.,vs)) is invertible if and only if T is invertible.

SOLUTION: First suppose that M(T') is an invertible matrix (because the
only basis is sight is (v1,...,v,), we can leave the basis out of the notation).
Thus there exists an n-by-n matrix B such that

M(T)B = BM(T) = I.

There exists an operator S € L(V) such that M(S) = B (see 3.19). Thus
the equation above becomes

M(TI)M(S) = M(S)M(T) = 1,
which we can rewrite as
M(TS) =-M(ST) = M(I),
which implies that
TS =8T=1.

Thus T is invertible, as desired, with inverse S.
To prove the implication in the other direction, suppose now that T is
invertible. Thus there exists S € £(V) such that

T5=5T=1I

This implies that

124
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M(TS) = M(ST) = M(I),
which implies that
M(TYM(S) = M(S)M(T) = 1.
Thus M(T) is invertible, as desired, with inverse M(S).

Prove that if A and B are square matrices of the same size and AB = I,
then BA = 1.

SOLUTION: Suppose that A and B are n-by-n matrices and AB = I.
There exist §,T € L(F™) such that

M(S)=A and M(T) = B;

here we are using the standard basis of F" (the existence of S, T € L(F")
satisfying the equations above follows from 3.19). Because AB = I, we have

M(S)M(T) = I, which implies that M(ST) = M(I), which implies that
ST = I, which implies that T'S = I (by Exercise 23 in Chapter 3). Thus

BA = M(T)M(S)
= M(TS)
= M(I)
= 1.

Suppose T' € £(V) has the same matrix with respect to every basis of V.
Prove that T is a scalar multiple of the identity operator.

SOLUTION: We begin by proving that (v, T') is linearly dependent for
every v € V. To do this, fix v € V, and suppose that (v, Tv) is linearly
independent. Then (v,Tv) can be extended to a basis (v, Tv,uy,...,uxs)
of V. The first column of the matrix of T with respect to this basis is

0
1

0
0

Clearly (2v,Tv,uy,...,uy) is also a basis of V. The first column of the
matrix of T' with respect to this basis is
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o

0
Thus T has different matrices with respect to-the two bases we have consid-
ered. This contradiction shows that (v,7Tv) is linearly dependent for every

v € V. This implies that for every vector in V is an eigenvector of T'. This

implies that T is a scalar multiple of the identity operator (by Exercise 12
in Chapter 5).

Suppose that (u;,...,u,) and (vi,...,v,) are bases of V. Let T' € C(Vj be
the operator such that Tvy = u, for k=1,...,n. Prove that

M(T, (vl,...,vn)) — M(I, (ul,...,un), ('Ul,... ,‘Un))-

SOLUTION: Fix k. Write

U = ajvyi <+ - + Qntn,

where aj,...,a, € F. Because Tvp = ug, the k*® column of the matrix
M(T, (vg,... ,vn)) consists of the numbers ay,...,a,;. Because ITuy = uy,
the k*® column of M(I, (uy, .- ., um), (v1,-- . ,'vn)) also consists of the num-
bers aj,...,a,. |

Because M(T, (v1,..., 'vn)) and M(I, (u1,...,us), (V1,..., vﬂ)) have the
same columns, these two matrices must be equal.

Prove that if B is a square matrix with complex entries, then there exists
an invertible square matrix A with complex entries such that A!BA is an
upper-triangular matrix.

SOLUTION: Suppose B is an n-by-n matrix with complex entries. Let
(e1,--.,€n) denote the standard basis of C". There exists T' € £L(C") such
that M (T, (e1,...,e,)) = B (see 3.19).

There is a basis (vy, ..., ) of V such that M(T, (v1,...,v,)) is an upper-
triangular matrix (see 5.13). Let A = M((v1,-..,vn),(e1,--.,€,)). Then
A is invertible (by 10.2) and

AT'BA = AT M(T, (er, ..., en)) A
= M(T, (v1,--.,vn)),
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where the second equality comes from 10.3. Thus A~!BA is an upper-
triangular matrix.

Give an example of a real vector space V and T € L(V) such that
trace(T?) < 0.
SoLuTiON: Define T € £(R2) by
T(z,y) = (-¥, ).
Then T? = —], so trace(T?) = -2.

Suppose V is a real vector space, T' € L(V), and V has a basis consisting of
eigenvectors of T'. Prove that trace(T?) > 0.

SOLUTION: Let (v1,...,v,) be a basis of V consisting of eigenvectors
of T. Thus there exist A1,...,An € R such that Ty; = Ajv; for each j.
Clearly the matrix of T with respect to the basis (v1, ..., vy) is the diagonal
matrix

A2 0

0 )
Thus traceT2 = A% +---+ A\, 2 > 0.

Suppose V is an inner-product space and v,w € £(V). Define T' € L(V) by
Tu = (u,v)w. Find a formula for traceT.

SOLUTION: First suppose that v # 0. Extend (ﬂ%ﬂ) to aﬁ orthonormal
basis (“—E“,el, .--»er) of V. Note that for each j, we have T'e; = 0 (because

(ej,v) = 0). The trace of T' equals the sum of the diagonal entries in the
matrix of T with respect to the basis (“—zl-r,el, .--y€gn). Thus

traceT = (T(-”Z—”), ﬂ:_”) + (T61,81) + - (Tem en)
= ((W’v)w’ Wv_H>
= (w, v).

Ifv =0, then T = 0 and so traceT = 0 = (w,v). Thus we have the
formula
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traceT = (w, v)
regardless of whether or not v = Q.

Prove that if P € L(V) satisfies P> = P, then trace P is a nonnegative
integer.

SoLUTION: Suppose that T € £(V) satisfies P* = P. Let (u1,...,u%m)
be a basis of range P and let (vy,...,v,) be a basis of null P. Then

(U1« Um, ULy - -2, Un)

is a basis of V' (this holds because V = rangeT & null T"; see Exercise 21
in Chapter 5). For each u; we have Pu; = u; and for each yx we have
Py = 0. Thus the matrix of P with respect to the basis above of V is
a diagonal matrix whose diagonal contains m 1’s followed by n 0’s. Thus

trace P = m, which is a nonnegative integer, as desired. In fact, we have
shown that

trace P = dim range P.

Prove that if V is an inner-product space and T' € £(V), then

traceT” = traceT.

SOLUTION: Suppose that V is an inner-product space and T € L(V).
Let (e1,...,en) be an orthonormal basis of V. The trace of any operator on
V equals the sum of the diagonal entries on the matrix of the operator with
respect to this basis. Thus

traceT™ = (T"e1,e1) + - + (T*en, n)
= (e1,Te1) + - - + {en, Ten)
:m+... _|_-(Tem_én_)-
= (Tey,e1) + -+ + (Ten, €n)

= traceT.

Suppose V is an inner-product space. Prove that if T' € £(V) is a positive
operator and traceT =0, then T = 0.

SOLUTION: Suppose T' € L(V) is a positive operator and traceT = 0.
There exists an operator S € L(V) such that T = S§*S (by 7.27). Let
(e1,...,er) be an orthonormal basis of V. Then
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0 = traceT
= (Te1,e1) + -+ + (Ten, p)
= (S*Se1,e1) + -+ - + (S*Sen, en)
= ||Se1||* + - - - + [|Sen|*.

The equation above implies that Se; = 0 for each j. Because S is 0 on a
basis of V, we have S = 0. Because T' = §*S, this implies that T = 0.

Suppose T € L£L{C?) is the operator whose matrix is

01 -12 -21
60 —40 -28
07 —-68 1

Someone tells you (accurately) that —48 and 24 are eigenvalues of . With-

out using a computer or writing anything down, find the third eigenvalue
of T.

SOLUTION: The sum of the eigenvalues of T equals the sum of the
diagonal terms of the matrix above (both quantities equal traceT). The
sum of the diagonal terms of the matrix above equals 12. The sum of two of
the eigenvalues of T, —48 and 24, equals —24. Because the sum of all three
eigenvalues of T must equal 12, the third eigenvalue of T° must be 36.

Prove or give a counterexample: if T € £L(V) and ¢ € F, then trace(cT) =
ctraceT.

SOLUTION: Suppose T' € L(V) and ¢ € F. To prove that trace(cT) =
ctraceT', consider a basis of V. Then trace T equals the sum of the diagonal
terms of the matrix of T with respect to this basis, The matrix of ¢T', with
respect to the same basis, equals ¢ times the matrix of T. Thus the sum
of the diagonal terms of the matrix of ¢T" equals ¢ times the sum of the
diagonal terms of the matrix of T. In other words, trace(cT) = ctraceT.

Prove or give a counterexample: if S,T € L(V), then
trace(ST') = (trace S)(trace T').

SOLUTION: Define S,T € L(F?) by S(z,y) = T(z,y) = (—y,z). Then
with respect to the standard bases the matrix of S (which of course equals
the matrix of T') is
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0 —1]
1 0 |

Thus trace ' = traceT = 0. However, ST = —1I, so trace ST = —2. Thus
for this choice of S and T, we have trace(ST) # (trace S)(trace T).
Of course there are also many other examples.

Suppose T' € L(V). Prove that if trace(ST) = 0 for all S € £(V), then
T =0.

SOLUTION: Suppose that trace(ST) = 0 for all § € L£(V). Then
trace(T'S) =0 for all S € L(V) (by 10.12). Suppose that there exists v € V
such that Tv # 0. Then (Tw) can be extended to a basis (Tv,ui,...,u,)
of V. Define § € L(V) by

S(aTv + biuy +- - + bpuy) = av.

Thus S(Tv) = v and Su; = 0 for each j. Hence (TS} (Tv) = T(S(Tv)) = T
and (T'S)(u;) = O for each j. This implies that with respect to the basis
(T'v,ui,...,Un), the matrix of T'S consists of all 0’s except for a 1 in the
upper-left corner. Thus trace(T'S) = 1. This contradiction shows that our
assumption that Tv # 0 must have been false. Thus Tv = 0 foreveryv € V,
which means that T = 0.

Suppose V is an inner-product space and T € L(V'). Prove that if (ey, ..., ep)
is an orthonormal basis of V', then

trace(T"T) = [|Tex||* + - - + | Tenl|”.

Conclude that the right side of the equation above is independent of which
orthonormal basis (ey,...,ey,) is chosen for V.

SOLUTION: Suppose that (e1,...,€ey,) is an orthonormal basis of V. Then

traceT"T = (T"Tey,ey) + -+ + (T Te,, e,)

Because traceT*T does not depend upon the choice of a basis of V,
the formula above shows that ||Tei||? + --- + ||Ten||? is independent of the
orthonormal basis (ey,...,en)-
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Suppose V is a complex inner-product space and T € £(V). Let Ay, ..., Ay
be the eigenvalues of T, repeated according to multiplicity. Suppose

ail --- Qin

nil ... Qpn
is the matrix of T" with respect to some orthonormal basis of V. Prove that
i n
AP+ P < gl
k=1 j=1

SOLUTION: Suppose that (e,...,e,) is the orthonormal basis with re-
spect to which T has the matrix above. Thus for each k, we have

Ter=ayre1+---+a, ey,
which implies that
[Terl]? = lagkl* + -+ - + ani]®
Thus
1 £ A
ITerl> +--- + [ Teal® =D 0 o/
k=1 =1

By the previous exercise, the left side of this equation equals trace(T™T).
This reduces the exercise at hand to proving that

[AL]% + <o+ | An)? < trace(T*T).

There is an orthonormal basis (fy,..., fn) with respect to which T has
an upper-triangular matrix (by 6.28). The diagonal entries of the matrix of

T’ with respect to (fi,..., fa) are precisely Aj,..., A, (by 8.10), where we
can relabel the eigenvalues of T so that they appear in the order )i, ... , An
along the diagonal. In other words,

/\] *
M(T, (f1,...,fn)) =

EFrom the matrix above, we see that
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[Ael® < || T fxll?
for each k. Thus

Al Dl S ITAIP + - + (1Tl
= trace(T*T),

as desired (here the last equality comes from 'the previous exercise).

Suppose V is an inner-product space. Prove that
(S5, T) = trace(ST")
defines an inner product on L(V).

SOLUTION: Suppose that (-,-) is defined as above and R, S, T € L(V).
Then (T, T) = trace(TT™), and thus (T',T) > 0 (by the formula given in
Exercise 16 of this chapter, with T replaced with T*). Because T'T* is a
positive operator (see 7.27), we also see that (T',T) =0 if and only if T = 0
(by Exercise 11 of this chapter).

Now

(R+S,T) = trace((R + S)T*)
= trace(RT"* + ST™)
= trace(RT™) + trace(ST™)
= (R, T) + (5, T),

where the third equality comes from 10.12.
For c € F, we have

(¢S, T) = trace(cST™)
= ctrace(ST*)
=c(5,T),

where the second equality comes from Exercise 13 of this chapter.
Finally,

(S, T) = trace(ST™)
= trace((ST*)"-‘j
= trace(T'S*)
= (S, T),
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where the second equality comes from Exercise 10 of this chapter.

We have shown that (-,-) satisfies all the properties required.of an inner
product.

COMMENT: Suppose (ei,...,e,) is an orthonormal basis of V and
aiyl ... QG1n
@nl ... Qun

1s the matrix of T with respect to this basis. Then

(T, T) = trace(T'T*)
= trace(T™T)

n n |
=22 lail,
k=1 =1

where the second equality comes from 10.12 and the third equality comes

from Exercise 16 of this chapter. Thus the norm on L£(V) induced by (-, ")

1S the same as the standard norm on Fr* (here we are identifying each
operator with its matrix, which has n® entries). Because norms determine
the inner product (see Exercises 6 and 7 in Chapter 6), this means that the
inner product (-,-) is the same as the standard inner product of F* (again
using the identification via matrices with respect to the orthonormal basis

(61,...,&,1)).

Suppose V' is an inner-product space and T € £L(V). Prove that if
|T% || < [|T]]
for every v € V, then T is normal.

SOLUTION: Suppose that |[T*v|| < ||Tv|| for every v € V. Suppose

u € V with [lu]| = 1. Extend (u) to an orthonormal basis (u,ey,...,e,)
of V. Then

trace(TT*) = |T*ull® + | T"es[|> + - - - + [T en|?
< Tul® + [ Terll? + - - - + || Tex|?
= trace(T*T)
= trace(T'T"),
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where the first and third lines come from Exercise 16 of this chapter and
the last line comes from 10.12. Because the first and last lines above are
equal, we must have equality throughout. Thus |[T*u|| = ||Tu||. This clearly
implies that

IT* (au)|| = || T(az)|l

for every a € F. Because every vector in V can be written in the form au for
some a € F and some u € V with |u|| = 1, this implies that ||T*v| = ||Tv|
for every v € V. This implies that T is normal (by 7.6).

COMMENT: This exercise fails on infinite-dimensional inner-product
spaces, leading to what are called hyponormal operators, which have a well-
developed theory.

Prove or give a counterexample: if T € £(V) and ¢ € F, then det(cT) =
cdimV det T".

SOLUTION: Let n =dimV. If A is an n-by-n matrix, then
det(cA) =c"det A

for every ¢ € F (this follows immediately from the definition 10.25). Now
suppose that T € £L(V). Because det T" equals the determinant of the matrix
of T" with respect to any basis (see 10.33), the equation above implies that
for every ¢ € F we have

det(cT) = det M(cT)
= det(cM(T))
= c"det M(T)
=c"detT,

as desired.
Prove or give a counterexample: if S,T € L(V), then
det(S +T) =detS +detT.
SOLUTION: Define S,T € L(F?) by
S(z,y) = (¢,0) and T(z,y) = (0,y).

Then § and T are both not invertible. Thus det S = detT = 0 (by 10.14).
However, S+T =1 and det! =1, so0det(S +T) # det S +detT.
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Of course there are also many other examples.

Suppose A is a block upper-triangular matrix

where each A; along the diagonal is a square matrix. Prove that
det A = (det A;)... (det Ay).

SOLUTION: First consider the case where m = 2, so we can write A in
the form

where B is an n-by-n matrix

bl,l bl,n
B= ;
bn,l bn,n
and C is a p-by-p matrix
_ C1,1 --- Clp
C=1 : .
Cp1 -+ Cpp

Let a; . denote the entry in row j, column k of A. Note that a;r =0ifj > n
and k < n (this follows from the block upper-triangular form of A). Because
A is an (n + p)-by-(n + p) matrix, to compute det A we need to consider a

typical permutation (my,...,Mp4p) € perm(n + p). If any of my,..., my, is
greater than n, then

a‘,‘,]l‘]_ I A amﬂ+p1n+p —_— 0-

Thus in computing det A we need only consider permutations in which the
first n coordinates all come from {1,...,n}, which mecans that the last p
coordinates all come from {n +1,...,n + p}. We can break any such per-
mutation (my,...,mu4p) into two pieces: a permutation of {1,...,n} and
(relabeling n + 1,...,n+pas 1,...,p to correspond to the labeling of the
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entries of C) a permutation of {1,...,p}. Clearly the sign of (my,...,mnyp)
will equal the product of the signs of these two permutations. Putting all
this together, we have

det A = Z (sign(mi, ..., Mnip))@my.1 - - - Qg pntp
(M1 ,eesMnyp)EPerm(n+p)

= Z [(Sign(jh xr :jn)) (Sién(kla ceey kp)) '

(J1,---dn)EPermn
(k1,....kp)Epermp

bjlll v bjﬂ ,ﬂckl :1 “* Ckp;p]

T (i e
(j1,---dn)EPermn

Z (Sign(kl, chey kp))ckl,l e Chkyp

= (det B)(det C),

completing the proof when m = 2.
Suppose now that m > 2 and

A1 ¥
A=
0 A
Writing
Al 2 ]
B = ,
0 Am—l _I
we have
B
=0 A
Thus

det A = (det B)(det A,,)
= (det A;)...(det A,,—;)(det A,;,),
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23.

24.

where the first equality holds by the m = 2 case proved above and the
second equality comes from induction on m (meaning that we can assume
the desired result holds when m is replaced with m — 1).

Suppose A is an n-by-n matrix with real entries. Let S € L£(C") denote
the operator on C™ whose matrix equals A, and let T' € L(R") denote the

operator on R™ whose matrix equals A. Prove that trace S = traceT and
det S = det T

SOLUTION: The formulas defining the trace and determinant of a matrix
do not depend upon whether we think of the matrix entries as real or complex
numbers. We have trace A = traceS and trace A = traceT (by 10.11).
Thus trace S’ = trace T'. Similarly, we have det A = det .S and det A = det T
(by 10.33). Thus det S = det T..

Suppose V' is an inner-product space and T € £(V). Prove that

det T* = det T

Use this to prove that |det T'| = det VT*T, giving a different proof than was
given in 10.37.

SOLUTION: Let n=dimV. If A € F, then ((T — AI)*)" = (T* — AI)",
which implies that

dim null(T — A" = dim null(7™ — A",

where we have used Exercise 31 in Chapter 7. The equation above shows that
the eigenvalues of T are precisely the complex conjugates of the eigenvalues
of T', with the same multiplicities. If F = C, the determinant equals the
product of the eigenvalues, counting multiplicity, so we have det T* = det T
(so far just on complex vector spaces).

Now suppose F = R, so we must consider eigenpairs. If o, € R, then

dim null(T? + oT + BI)" = dim null((T*)? + aT™ + BI)",

again by Exercise 31 in Chapter 7. Thus T and T* have the same eigenpairs
with the same multiplicities. From the paragraph above, T and T* have
the same eigenvalues with the same multiplicities. Because the determinant
equals the product of the eigenvalues (counting multiplicity) times the prod-
uct of the second coordinates of the eigenpairs (counting multiplicity), this
implies that detT* = det T = det T..
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At this point, we know that det T* = det T regardless of whether F = C
or F = R.. Thus |

(det VT*T)? = (det VT*T)(det VT*T)
= det(T™*T)
= (det T*)(det T")
= (det T)(det T)
= |det T'|?.

Taking square roots (and recalling that the positive operator T*T has a
nonnegative determinant), we have det vI*T = |det T'|, as desired.

Let a, b, c be positive numbers. Find the volume of the ellipsoid

2 2 272

{(m,y,z)eRS:%+g—2+§<l}

by finding a set @ C R? whose volume you know and an operator T € £L(R3)
such that T°(2) equals the ellipsoid above.

SOLUTION: Let E denote the ellipsoid defined above and let Q be the
ball with radius 1 defined by

Q= {(z,y,2) e R’ : 2° + y* + 2% < 1}.
Of course volume () = %w. Define T € £(R3) by
T(z,y, z) = (az, by, cz).
If (z,y,2) € Q, then

(az)’

a’

(by)? . (cz)?

o+ — 22 4% + 22

+

< 1,

which shows that T'(z,y, z) € E. Thus T(2) C E.
Conversely, if (z,y, 2z) € E, then

)+ () +( -5+ 53
1
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which shows that (2, ¥, Z) € Q. Because T(%, ¥, %) = (z,y, z), this implies
that B C T'(2).
The last two paragraphs show that E = T(?). Thus

volume E = volume T'(2)
= |det T'|(volume Q)
4dmabe
=—

where the second equality comes from 10.38.
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