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PREFACE

When a new book is written on a well known subject like Algebra for class XI/XII Academics/AIEEE/
IIT/State engineering entrance exams and NDA, several questions arise like—why, what, how and for
whom? What is new in it? How is it different from other books? For whom is it meant? The answers to
these questions are often not mutually exclusive. Neither are they entirely satisfactory except perhaps to the
authors. We are certainly not under the illusion that there are no good books. There are many good books
available in the market.

However, none of them caters specifically to the needs of students. Students find it difficult to solve
most of the problems of any of the books in the absence of proper planning. This inspired us to write this
book Algebra—I, to address the requirements of students of class XI/XII CBSE and State Board Academics.
In this book, we have tried to give a connected and simple account of the subject. It gives a detailed, lecture
wise description of basic concepts with many numerical problems and innovative tricks and tips. Theory
and problems have been designed in such a way that the students can themselves pursue the subject. We
have also tried to keep this book self contained. In each lecture all relevant concepts, prerequisites and
definitions have been discussed in a lucid manner and also explained with suitable illustrated examples
including tests.

Due care has been taken regarding the Board (CBSE/ State) examination need of students and nearly
100 per cent articles and problems set in various examinations including the IIT-JEE have been included.

The presentation of the subject matter is lecturewise, intelligent and systematic, the style is lucid and
rational, and the approach is comprehensible with emphasis on improving speed and accuracy. The basic
motive is to attract students towards the study of mathematics by making it simple, easy and interesting
and on a day-to-day basis. The instructions and method for grasping the lectures are clearly outlined topic
wise. The presentation of each lecture is planned for better experiential learning of mathematics which is
as follows:

1. Basic Concepts: Lecture Wise

2. Solved Subjective Problems (XII Board (C.B.S.E./State): For Better Understanding and Concept
Building of the Topic.

3. Unsolved Subjective Problems (XII Board (C.B.S.E./State): To Grasp the Lecture Solve These
Problems.

4. Solved Objective Problems: Helping Hand.
5. Objective Problem: Important Questions with Solutions.

6. Unsolved Objective Problems (Identical Problems for Practice) For Improving Speed with
Accuracy.



vi Preface

7. Worksheet: To Check Preparation Level
8. Assertion-Reason Problems : Topic Wise Important Questions and Solutions with Reasoning
9. Mental Preparation Test: 01

10. Mental Preparation Test: 02

11. Topic Wise Warm Up Test: 01: Objective Test

12. Topic Wise Warm Up Test: 02: Objective Test

13. Objective Question Bank Topic Wise: Solve These to Master.

This book will serve the need of the students of class XI/XII board, NDA, AIEEE and SLEEE (state
level engineering entrance exam) and IIT-JEE. We suggest each student to attempt as many exercises as
possible without looking up the solutions. However, one should not feel discouraged if one needs frequent
help of the solutions as there are many questions that are either tough or lengthy. Students should not get
frustrated if they fail to understand some of the solutions in the first attempt. Instead they should go back
to the beginning of the solution and try to figure out what is being done At the end of every topic, some
harder problems with 100 per cent solutions and Question Bank are also given for better understanding of
the subject.

There is no end and limit to the improvement of the book. So, suggestions for improving the book are
always welcome.

We thank our publisher, Pearson Education for their support and guidance in completing the project
in record time.
K.R. CHOUBEY
RAVIKANT CHOUBEY
CHANDRAKANT CHOUBEY
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LECTURE

Binomial Expansion

BASIC CONCEPTS

1. Binomial Expression An  algebraic

expression consisting of only two terms is
called a binomial expression. For example,

expressions such as x + a, 4x + 3y, (2x - ;1—,)
are allbinomial expressions.

. Binomial Theorem This theorem gives a
formula by which any power of a binomial
expression can be expanded was first given
by Isaac Newton.

2.1 Binomial Theorem for Positive

Integral Index If x and a are real numbers,

then for all n € N,

(xtay="C x"a"+"C x"'a'+"C x"2a*+ ...
L+C x‘a” l+”Cxa" ¢))

OR

(c+ay'= ("C x°a®+"C x~a+"C f gt
+("Cx"~la, +"Cx 3 dd

+nCx" P+ ... )
=A+B (say)
= Sum of odd terms + Sum of even
terms
Here "C, "C, "C,, ... , "C, are called

bmomlal coefflclents These are generally
denoted byC,C.,C,, ... C.

n

Note 1: The positive integer n is called the index

of the binomial.

Note 2: The number of terms in the expansion of

(x +a)y*isn+ 1, i.e., one more than the
index n.

Note 3: In the expansion of (x + a)”, the power of

x goes on decreasing by 1 and that of a
goes on increasing by 1 so that the sum
of powers of x and a in any term is ».

Note 4: The binomial coefficients of the terms

are equidistant from the beginning i.e.,
nC = nC

n—r

Note 5: Binomial coefficient of (» + 1)th term

is ="C 1i.e. the number of terms is one

more than the value of 7.
2.2 General Term in the Expansion of (x +
a)" In the binomial expansion of (x + a)" the
(r + th term from the beginning is usually
called the general term and itis denoted by T
e, T =7"C x"""a'="C (firstterm)’~".
(second term)r
It is obvious to note that the binomial
coefficient of the general term
ie, (r+ Dthterm ="C .
2.3 General term in the expansion of
(a+x)is

T, ="Ca 7x.

r+1

. Special Cases

(1) Replacing a by — a, in (1), we get



A.4 Binomial Expansion

(x—ay="Cxa®"Cx" 'a"*"Cx"a*— ...
+ (= 1)y"C x,a" 2)

(i1) Replacing x by 1 and a by x, we get

(I +xr="C/+"Cx +"Cx*+ ..
+7C x"

(i) Replacing x by 1 and a by — x, we get

(I =-xyp="C,—"Cx +"Cx*— ..
+(=DC x"

(iv) Adding (1) and (2), we get (x + a)" +
x-a)y
=2l +Cox" P+ "Cxntat + L]
= 2 (sum of terms at odd places).

The last term is "C a"~'or "C, _ xa"~'since,

n is even or odd respectively.

(v) Subtracting (2) from (1), we get,
x+ay-(x-ayr=2Cx" 'at+t"Cx"
Sg+ ]
= 2[sum of terms at even places]

The last term is "C, _ | xa" ="' or "C, a"
according as n is even or odd respectively.

(vi) Number of terms in the expansion of
(a) (x+a)n+(x—a)n=g+ 1 when nis
even.

®x+a)—-x-an= %when nis

cven
© (c+ay (e - ay=("3L) when n
1s odd

(vii) Interchanging a and x in (1), we get,
(a+xy'="C a"x*+"C a" 'x'+"C,a"
- 2x2 +
o FC AT+ +7C xn.

4. Important Results In the Binomial
expansion of (x + a)", if the sum of odd
terms be 4 and the sum of even terms be B,
then
(x+a+(x-—a=UA+B’+A-B)?=
2(4*+ B?)
x+a—-(x—a"=A+B’-UA-B)?=
44B
x*-a)y'=A+B)(A-B)=A>-B*

SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. If coefficient of x? and x* in the expansion
of [3 + ax]’® are equal then find the value of
a.

[NCERT]
Solution
T, ="Cx"'ar=T, =°C(3)— r(axy
=T, =C3)Y ax

For coefficient of x2, =2
=T, =°C3 x> T,=(CJ3a)
Again, T, =°C (3)°" '(ax)’

For coefficient of x* 7, | = °C,(3)° 3a’®

= T,=°C,3)a’x’

According question, °C,3"a* = °C 3%’

9x8 _9x8x7
= X331 %4
3x3 9

=>a= 7 2a=7.

2. By using the binomial expansion, expand
(1 +x+x%)?

Solution

(IT+x+x)P=[1+x)+x7
=3C, (1 +xp +3C,.(1 +x2.(%) +°C,
(1+x). (&) +3C,
=(1+xP+31 +x2x>+3(1 +x)x*
+ x$
=[1 +°Cx +°Cx* +°C,.xX] + 3x*
[1+2x+x%] +3x%(1 +x) +x°
=1 +3x +3x* + x¥) + 3x* + 613
+3x%) + Bx* + 3x%) + x5
=@ +3x° +6x* + T3+ 6x2+3x + 1).
3. Using the binomial theorem, find the value
of (102)%.
Solution

(102)% = (100 + 2)¢



Binomial Theorem A.5

= ¢C, x (100)® + ¢C, x (100)° x 2 + C,
x (100)* x (2)* + °C, x (100)* x (2)
+6C, x (100)*x (2)* + ¢C, x100 x (2)°
+5C,x 2

= (100)5 + 12 x (100)* + 60 x (100)* + 160
x (100)* + 240 x (100)* + 19200 + 64

= 100000000000 + 12000000000 +
6000000000 + 160000000 + 2400000
+ 19200 + 64

=1126162419264

4. If the coefficients of a”~ !, a’, a’*! in the
binomial expansion (1 +a)” are in arithmetic

progression, prove that n? ~"(4r + 1) + 442

-2=0.

[NCERT]

Solution

The general term in the expansion of

(1 +a)y'isgivenbyt ="Ca'.

Therefore coefficients of a” ~ !, a” and

a "' in the expansion are "C,_ , "C, and

"C, . > respectively.

Now,”C _,"C and"C , arein A.P.
nC C

32"C"=§,_1+"Cr+13 ot

r+l

nCr

! (r).(n—r)!
AR e T

n! @YURIo TN
r-D!'(n—r+ D" nl

3(n—r+l)+n+l -

[-m-r+D!=m-r+1).(n—r1)! and
#=r.(r—- D
>rr+D)+m-rHnmr-r+1)=20r+1)
n-r+1)
>m-n@dr+1)+42-2=0.

5. Which is larger (1.01)!%%% or 10,0007?
[NCERT]

r n—r
2

Solution

Splitting 1.01 and using binomial theorem,
the first few terms are (1.0])1000000 =

(1 + O 01)1000000 = 1000000C + 1000000C (O 01)
) ) ,©.

+ other positive terms = 1 + 1000000 x 0.01

+ other positive terms = 1 + 10000 + other

positive terms > 10000 Hence, (1.01)!000000

>10000

6. Find the term independentof x in the

. 1)\8
expansion of (x2 +2+ ;) .

Solution

(x2+2 +%)8. = [(x+%)2 ]8= (x+%)16

Suppose, (» + 1)th term 1s independent of x
Now, T,  ="C x""". a ="C x'"". (%)

=16C ;ﬁsly
-+ (r+ D)th term is independent of x ..
x16=2r=x°
16-2r=0=>r=8
~. Thus term independent of x is 7, = '°C.

7. Find the fourth root of 624, correct to four
places of decimal.

Solution
624 = (625 — 1) = (54 - 1)#

_ (l—é)m

i) I
L
_ 11_,4\4 1V
=5|1-g45t 7 (54)
13

11 471

15" 2 5
=5-2 12 _5_ 02— 0000012

T10°T 127
=4.9979988 = 4.9979
5
8. Expand (% + %)
[NCERT]

Solution

Using Binomial theorem for positive
integral index, we have,
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9.

o|—
N—
=
+
uQ
—_
®B— W%
N—
=
—_
o|—
N—
w

o|—
~—
-
+
0
—_—
~

Using Binomial theorem, indicate which
number is larger (1.1)1%°% or 1000.

[NCERT]

Solution

Now (1.1)10000 = (] +(.])10000 = 10000 4

X ) 0
0w0C (0.1) +  %°C O0.12 + . +
10000 .1 )10000 -

10000
=1+ 10000 x % + some positive terms

=1+ 1000 + some positive terms > 1000
Hence, (1.1)!1°% js larger than 1000.

10. Prove that Z 37"C = 4n.
r=0 [NCERT]
Solution
Now ' 3rC N C 3

11.

="C +vC 3+"C 3%+ ... +7C 3"=(1
+3)y =4
(- (I+xy="C +"Cx+"C,x*+ ...+
"C x")
Write the general term in the expansion of
=y, x#0.

[NCERT]

Solution

The given power of binomial is (x* — yx)'?is
&+ (-0

12.

Here, the general term is 7, , = "C,
(x'_’)ll—r ( — )/x)}r = lZCr x24—2r ( — l)r yr x"
= lZCr ( — l)rx24—ryrv

Find a positive value of m for which the
coefficient of x? in the expansion (1 +x)" is
6.

[NCERT]

Solution

13.

Now (1 +x)"="C +"C +"C,x*+ ... +"C x"

we are given that coefficient of x? =6

=>"C,=6
m(m— 1)

2!
=12

>m-m-12=0=>m-4) m+3)=0
>m=4,-3
But, m cannot be negative, therefore, m = 4.

Find a, b and » in the expansion of (a + b)",
if the first three terms of its expansion are
729, 7290 and 30375, respectively.

[NCERT]

=6=>m*-m=6x21=6x2

Solution

It is given that

T =729 ="C a"b"=729=a"=729
M
T,=7290 ="C a"'b'=7290
= na""' b=7290
)
and 7, = 30375 = "C, a"~* b* = 30375
2= s = 30375 3)
Multiplying (1) and (3), we get
nn-1) ~
——5— a*"*b*=729 x 30375 @

Squaring (2), we get n* a* =2 b2 = 7290
x 7290
Dividing (4) by (5), we have

n(n—1) _ 729 x 30375
27* 7290 x 7290

n—1_30375_5

2n 72900 " 1

= 12n-12=10n=>2n=12=>n=6
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Substituting, n =6 in (1), we get a® =729

7290 _ 7290
6x3% 6x243

6(3)°"1b=7290 =>b=
=>b=5.

Hence, the required power of binomial
=(at+tb)yr=3+5)°

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

=a°=3°=4g=3 ©6)

Substituting, » = 6 and a = 3 in (i1), we
have
Exercise |

1. Expand (1 — 2x)° by the binomial theorem.

; [NCERT]
2. Expand (% - %) by the binomial theorem.
[NCERT]
3. Expand (2x — 3)° by the binomial theorem.
[NCERT]
4. Expand (x + %)6 by the binomial theorem.
[NCERT]
5. Using binomial theorem, evaluate (96)*.
[NCERT]

6. Find a if the 17th and 18th terms of the
expansion of (2 + a)*® are equal.

[NCERT]

7. The coefficients of three consecutive terms

in the expansion of (1 + a)” are in the ratio
1:7:42. Find n.

[NCERT]
8. Expand (x +y)°.

9. Expand the following (1 — x + x?)*.

10. Expand the following expressions.
@ d-xF°

i) (x-3) . y=0

Exercise Il
1. Expand (x*+ 2y)® by the binomial theorem.
5
2. Expand (Zx - )3—,) by the binomial theorem.

3. Find the value of 7, if the coefficients of
2r + 4)th and (» — 2)th terms in the
expansion of (1 + x)'® are equal.

4. Using binomial theorem, evaluate (101)*.

[NCERT]
5. Using binomial theorem, evaluate (99)°.
[NCERT]
6. Find the coeffcient of x®)? in the expansion
of (x +2y)°.
[NCERT]
7. Find the number of terms in the expansions
of the following.
(2x - 3yy
8. Find the 7th term in the expansion
9
or($-2)

9. If the coefficients of (» — 1)th, rth and
(r + Dth terms in the expansion of (x +1)”
are in the ratio 1 : 3 : 5 find » and .
[NCERT]
10. Expand (x*+ 2a)’ by binomial theorem.
11. The 3rd, 4th and 5th terms in the expansion
of (x+a)" are, respectively 84, 280 and 560.
Find the values of x, a and n.

ANSWERS

Exercise |
1. 1 - 10x + 40x> — 80x> + 80x* — 32x°

32 40, 20 5 x°
2. ?—?+7—5x+§x3—§

3. 64x5 — 576x° + 2160x* — 4320x> + 4860x?
—2916x +729.

4 X +6e+ 152 +20+ 5+ 8+ L
X X X
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10.

S. 884736

6. a=1

7. n=55

8. x*+5x*y + 10x3y* + 10x?)3 + Sxp* +°

9. 1 —4x + 10x? — 16x3 + 19x* — 16x° + 10x®

—4x7 + x5,

(1) 1-6x+ 15x%—20x3+ 15x* — 6x° + x°

(1) x" = 11x" y ! + 55x° y~2 — 165x8 y3
+330x7 y™* — 462x5 y S + 462x° y ¢ —
330x*y 7+ 165x3 y 8 = 55x2 %+ 11xy 10

Exercise Il

1.

1.

x!® + 10x% + 40x%? + 80x%® + 80xH* +
327

NN AR W N

S

10.
11.

s 240x* | 720x 1080x* , 810x 243

- [32x y t.» 3 T 4 5
y y Yoy

. ¥=6

. 104060401

. 9509900499

. 672

. 10 terms

10500
x

. n=T7andr=3
x'° 10x%a + 40x%a® + 80x*a® + 80x2a* + 324°
x=1l,a=2andn=17

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

Subjective the square root of 999 correct to
three decimal places is

(a) 31.607
(©) 32.607

(b) 31.706
() 32.706

Solution

99 \!

(a) 9991/2 = (900 + 99)1/2 — 9001/2( 1 + _) 2

900
=30 (1 +.11)"

1(1_
=30 1+%(,11)+M(,11)2
1(1_ .\ (1_
. 22 13)!(2 2)(“)2er

L1, ]
=3o[1 b Lo Loy ]

=30 [1 +0.055000 — 0.001512 + 0.000083....]
30 [1.053571]=31.60713

= 31.607 (Correct to three places of
decimal)

The positive integer just greater than
(1+0.0001)1000 i

(a) 4
(© 2

®) 5
@) 3
[AIEEE - 2002]

So

So

lution

(d) We know that e =
2<e<3

- (1+0.0001)!%% < 3 (By putting n = 10000)
Also, (1 +0.0001)!% =1+ 10000 x 10~

+w x 10%+ ... upto 10001 terms

= (1 +0.0001)1%0% > 2.

Hence, 3 is the positive integer just greater
than (1 +0.0001)1%° > 2.

Hence, (d) is the correct option.

. If the coefficients of second, third and
fourth term in the expansion of (1 + x)* are
in AP, then 2n* — 9n + 7 is equal to
(-1 )0 © 1 (d) 3/2

[AMU - 2001; MP PET - 2004]

=8 (1 + %)" and

lution

T,=*C x,T,=*C,x*,T,=*C,x*
Coefficientof 7, T,, T, are in A.P.

227374

(7 = 2 2y L
=2 7C,=>C + C332!(2n_2)!
__ 2n! " 2n!

Run-1D! 3!2n-3)!

22n(2n-1
:,%:2”

N 2n(2n — 16)(2n -1
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=>n2n-1)=n+ (n) @2n —61)(2n =2

=62’ —n)=6n+4n*—6n>+2n

= 6n(2n—1)=2n2n*—-3n+4)

=>6n-3=2n*-3n+4

=>0=2n"-9n+7=2n*-9n+7=0.

. Subjective the value of is equal to

(a1 (b) 2 () 2 @@ 4
(18 +7°+3.18.7.25)

3¢+6.243.2 +15.81.4 +20.27.8°
+159.16 +6.3.32 + 64

Solution

(a) The numerator is of the form a* + b* + 3ab

(a+b)=(a+ b} wherea=18and b=17.

Therefore, N"= (18 + 7)* = 253

For Dr, 31 =3,32=09, 33 =27, 3* =81,

35=243

%C,=6,°C,=15°C,=20,°C,=°C,=15,

C,=%C =6,°C,=1

S Dr=3549C 3% 21 +°C 3" 22 +°C 3.
2°+°C,3.2° +°C 25,

This is clearly the expansion of (3 +2)¢=5¢

D25y

=1

. The wvalue of x for which the
sixth  term in the expansion of

. 1
2175 log, (37 + 1)

N 7

2log2 \/9\'—1 +7 is 84

is equal to

(a1 (b) 2 © L2 @3
[DCE - 1993, 1995]

Solution

(c) Exp. = [\/9‘1+
Now, 7, = 84
=70, (o T+ 7’

7
e

) =

=210+ ) 5 L =4

—1+ 1)
=9 147=43"1+1)

=3 4725344537 1257427 =0
=>3-3)3-9=0=>3*=30r3*=9
=>x=1,2
If the coefficient of mth, (m + 1)th and
(m + 2)th terms in the expansion of (1 + x)™
are in AP, then
(a) *+n@@m+1)+4m*—-2=0
(b) P+ n(@m+1)+4m*+2=0
) m—-2mP?*=n+2
@ (n+2mP?=n+2

[AIEEE - 2005]

Solution

(©)2C,="C, —1+"C

n! _ m+1 n!
ml(m-m)! m-1D!m-m+1)!

(m+1)l(n m+1)!
>2m+ 1) m—-—m+1)=(m+ Dm
+(m—-—m+1)(n—m)
>4dmn—4m*+n—-n*+2=0
>m-2m)22=n+2

. 111 +221+331+ .. +nn!isequal to

(b) (n+ 1! -1
(d) none of these

() (n+1)!
© (m+1)1+1

Solution

B)L11+221+331+ . +nn!

-3 rrl= , {r+1H)-1}r!
2 "=

=i {(r+Dr!-r}

=Zn: (r+1)1=r)

=@ - 1)+ @l -2+ @ -3+ ..
+((n+ 1! —n)
=m+DI-1l=@+1)-1

. The value of {1.3.5.....2n—3) 2n— 1)} is

(b) 2n)!/2n
(d) None of these

(a) 2n)!/n!
(©) n!/(2n)!

Solution

() 1.3.5........ Qn- 1=



A.10 Binomial Expansion

1.2.3.4.56....2n— 1)(2")2"

2.46...2n
@n)! 2"
= 21237 =2n)!/n!
9. If in the binomial expansion of

[\/21"3(10‘3-‘) +2(x-2yles3 ]m 6th term is equal

to 21 and coefficients of 2nd, 3rd, 4th terms
are Ist, 3rd and 5th term of A.P, then the
value of x (where log is defined at the base
of 10)
@0

) 1 © 2 @3

[MPPET — 2007]

Solution

10.

(c) As the coefficients "C |, "C, and "C, of
T,, T,, T, are the first, third and fifth term
of an A.P. whose common difference is 2d,
therefore 2 . "C, = "C, + "C, = (m — 2)
m-7)=0

As the sixth term is 21 and m = 2 violates
the rule, therefore, we will take m = 7 and
T =21

e, Va9 |15 [ |

= 2 1 = 2 1 Vzlog(lo -3x)+ log3x-2 — 2log[(10— 3x)3x-2]

=1=2°

On solving, we get, x =0, 2.

In the expansion of (2 — 3x*)%, if the ratio of

10th term of 11th term is 45/22, then x =

(a)2/3 ()32 (c) —2/3 (d —-312
[Orissa JEE — 2007]

Solution

11.

(c) Given expansion (2 — 3x3)*

T, = ZOCr 2207 (= 3x3y

oputting r=9,10 .. ¢, =*C 2" (- 3x’)°
Iy 45

t“ = 20C10 210 ( — 3x3)10 .. a — 22

=11 (1) =2

3-8 . -2
=X 7..x 3

(V3 +1)*+ (3 — 1)*isequal to
(a) arational number
(b) an irrational number

_45(.. *C, _ 10)

(c) anegative integer (d) none of these

Solution
@ 3+ D+ 3 -1
=2 {'C,(N3)" +'C, (\3)* +C },
which is positive integer and hence a
rational number.
12. The coefficient of x** in the following

expansion

100

Z lOOCm(x — 3)100 _"1,2'" iS

m=0

(a) IOOC’47 (b) IOOC‘53

(C) —l()()C’53 (d) —10()6‘10o

[IIT Sc. — 1992]

Solution

(c) The given sigma is expansion of
[(x — 3) + 2]100 =(x- 1)100 =(1- x)loo
s x®willoceur in T, T, = '°C_ (= x)*
=, Coefficient is — '°C_,.

13. If in the expansion of (1 + x)"(1 — x)*,
the coefficient of x and x* are 3 and — 6
respectively, then m is

(a)6 ®9 © 12 (@) 24
[IIT — 1999; MP PET - 2000]
Solution

©dA+x)"A—xy

[ m (m— 1)x? I
=(l+mx+———F— + ...
2!
( nx+nn-1) | )
S N
=1+ (m—-n)x
+(nzz—n_m’1+(’77'—’77) 2+

Givenm—n=3orn=m-3
2

Hence, n-2—n_mn+m 2_m=—6
-3 -4 _
2—(’" )2(m )—m(m—3)+m2m

=-6
=>m-Tm+12-2m*+6m+m*-m+12=0
=-2m+24=0

=>m=12



Binomial Theorem A.11

14. If a, a,, a, are coefficients of any four

consecutive terms in the expansion of

(b + x)", then T B equal to
a ta, a,taq,
a, 2a,
(@ a, T a (®) a, +-a3
— a,
© a ta, (@) m
[IIT — 1975]

Solution

(b) Let given coefficients are those of
r,7.,.T.,,T,, Then

P or+l? T r+2

a, coefof T~ C  ,_,4]
4" coefof T, C,_, 7
4 _n+l 4 _r
31+a_1 r 3al+a2 n+1
r+1 M
Similarly, aZT-a} =uF1 2)
9 _r+2
a,ta, n+]l ®
Now, (1) +(3)
a, a, 2r+1) 2a,

3 = =
al+a2 a3+a4 n+1 a2+a3

[by )]

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. Ifthe coefficient of 7th and 13th term in the
expansion of (1 + x)” are equal, then n =
(a) 10 (b) 15

(c) 18 @ 20

. In the expansion of (1 — x)°, coefficient of
x> will be

(a1 ) -1

© 5 @ -5

. If the ratio of the coefficient of third and

fourth term in the expansion of (x - 21—x)n is
1: 2, then the value of » will be

(@) 18 ®16

©) 12 @ -10

. If the coefficients of rth term and (r + 4)th
term are equal in the expansion of (1 +x),
then the value of » will be

(a)7 ®8 © 9 @10
[MPPET - 2002]

. Sum of odd terms is 4 and sum of even
terms is B in the expansion (x + a)”, then

[RPET - 1987, 1992; UPSEAT — 2004;
Roorkee — 1986]
(@) 4B=3 [~ ay - (x+a)”]

(b) 24B=(x+a)™— (x —a)™

() 44B=(x+ta)* - (x —a)™
(d) none of these

. 9th term in the expansion of ()2—/ + Zx)12 is

(a) 7920 x"x°
() 7920 x¥*

(b) 7920 x&5
(d) 7816 x*

. If A and B are the coefficient of x” in the

expansions of (1 + x)* and (1 + x)> !
respectively, then

(a) A=B (b) A=2B
() 24=B (d) none of these
[NCERT]

. The total number of terms in the expansion

of (x + a)'® + (x — a)!® after simplification
will be

(a) 202 (b) 51

(c) 50 (d) none of these

. If p and q be positive, then the coefficient

of x? and x? in the expansion of (1 + x) #*4
will be

(a) equal
(b) equal in magnitude but opposite in sign
(c) reciprocal to each other
(d) none of these
[NCERT]



A.12 Binomial Expansion

10.

11.

12.

13.

14.

15.

If the coefficients of 5th, 6th and 7th terms
in the expansion of (1 +x)" be in A.P.m then
n =

(a) 7 only
(c) 7Torl4

(b) 14 only
(d) none of these

[Roorkee — 1984]
The value of (V5 + 1)’ — (V5 — 1)
(a) 252 (b) 352
(c) 452 (d) 532

[MPPET - 1985]

If the three consecutive coefficient in the

expansion of (1 +x)" are 28, 56 and 70, then

the value of n is

(a6 (b) 4 (c) 8 (@ 10
[MPPET - 1985]

Inthe expansion of (x2— 2x)!°, the coefficient

of x!is

(a) — 1680 (b) 1680

(c) 3360 (d) 6720

If /T, in the expansion of (a + b)", and T/

T,in the expansion of (a + b) "*3 are equal,

then n=

(@3

(b) 4 ©5 @e6

[RPET - 1987, 1996]

If the coefficients of x” and x8 in (2 + %)"
are equal, then n is

s T, ="C a b
.. in the expansion of (1 —x)*
We have
T,.,=C,(1)* " (~xy
=(-1y SCr x"
-+ T, contains x°
nr=5
Hence, the coefficient of x5 in the expansion

16.

17.

(a) 56 (b) 55
(c) 45 @ 15
If the coefficient of (27 + 4)th and (r — 2)th

terms in the expansion of (1 +x)!® are equal,
then r =

(a) 12 (b) 10 (c) 8 @ 6
[PCET — 2008; MPPET — 1997]
If the second,third and fourth term in the

expansion of (x + a)" are 240, 720 and 1080,
resapectively, then the value of » is:

@15 (®20 (@ 10 (@5

[Kurukshetra CEE — 1991; DCE — 1995, 2001]

18.

19.

20.

SOLUTIONS
. ©"C,="C,
>n=6+12
S.n=18
(b) (1 — x)°, coefficient of x° 3

If the coefficients of 7', 7, + 1, T, + 2 terms
of (1 +x)*arein AP, thenr=

@6 ()7 © 8 @D

175 115
Theexpansion [x+(x’— 1)2 ] + [x+(x3— 1) ]
is a polynomial of degree

(@5 () 6
7 d 8

[IIT — 1992; DCE — 1996, 2006]
In the expansion of (x + a)”, the sum of odd

terms is P and Sum of even terms is Q, then

the value of (P? — Q%) will be:

@ (2 +ay ®) -y

©) x—ay @ &+a*
[RPET - 1997; Pb CET — 1998]

=°C, (= 1y
=1x-1
=-1

. @ T,="C, (- ) and

—nc ey (LY
1=y (- )
But according to the condition,

—nn—1)x3x2x1x8 1 - 10
nn—Dn-2)x2x1x4 27"°~

. (©T,, ="C x for (1+x)"

Here the coefficient is "C .



Binomial Theorem A.13

Given"C,_ ="C ,,=>¥*C _ =>C .,
=>F-D+@Fr+3)=20=>r=9.
. (©) (x+ay="Cx*+"Cx""la+"C,x"a*
+Cx"=3a*+ ... +a (1)
(x—ay'="Cyx"="Cx" la+"Cyx"
="Cxr3ad+ ..+ (= 1)ya
©))
By assumption,
A=rCpr+C 20> +"Cx"at + ...

B = nClxn—la + nC}xn—3a3 + nC5xn—5a5 + o
This=>A+B=(x+a),A—B=(x—a)"
=>44B=AUA+B*- @A -B)?*=(x + o)™
—(x—a™
. (¢) We know that in the expansion of
(a+ by, wehave (r + Dthterm T, ="Cr

—rbr

. in the expansion of ( + 2x) B
We have
9th term, 7y = T, ,

nC, (3)7 2o Herea=%.5=2x]

o3

4

"CS%XPXx

17C ><24><x8><y4

_12x11x10x9x16 4 ,
4 x3x2x1 Xy

=72 x 100 x3*

= 7920 x?*

. (b)A4 = Coefficient of x" in (1 + x)* = 2"Ch.
B = coefficient of x" in

(1 +x)7n 1= 2n- IC = 2n— IC =2n—lC

@2n-1)-n n-1
Now A= (7)(2"-lcn_l) =28

. () (x + )1 + (x — )= 2[C" + Cx”
Y HCXTT Y + C "], where
n=100

100
2

= prtq r
¢ (a) Tr+1 Crx
= coefficient of x" =#74C .

Total terms = ( ) +1=51.

10.

11.

12.

13.

Hence, coefficient of x* =#74C and that of
x?is#raC .
Note that?*4C =¢*9C_as"C ="C,

—r

(c) Coefficient of T, T, T, are in A.P. for

(1+x)

=>"C,"C,"C, arein AP,

=2("C))="C,+"C,

2L= n! _ n!
51m=5"! 4!'@m-4)! 6! (n-6)!

=3 (n2 SRCE 4)1(n 5) tos

Ifweputn 71n(1)5(2) 31—2+3100ré

(True)

2 1 1
n—l4m(1)35x9= 10><9+E(True)
) 5+ 1 = (N5 - 1) = (1 + 5y
+(1 -5y
= 2[1 +°C,(V5) +°C,(\5)]

5.4 2
=2[1+57.5+5(5)|=352
(c) Coefficientin7 , =28,T ,,=56,T,
=70.
This = "C =28 )
nCr+l=56 (2)
“C ,,=70 3)
Here we apply
nCr _ n_(r_ 1)
nC‘r_1 - 7 >
we get
(2_) r+1 56 —
()= 7C ~ 28~ r+2 2
2n=3r+2 @
(3) _"C,_70_n=(+tl_5

ﬁ:”c =% r+2 4

Gr+)-@+D _5

r+2 T4
=>r=2=>n=8 by (4)
(€) (2 = 20)1°=x" (x — 2)° )

For coefficient of x!¢ in (1), we consider
coefficient of x° in



A.12 Binomial Expansion

14.

15.

16.

17.

=27, =9C," " (-2y ()
10—-r=6,r=4
By (2), coefficient = °C (= 2)* = 1049‘!8‘7.
(16)
= 3360
TZ "Cla"‘lb 2
(©) For @+b): 7% = sty = (21

(3)

n+3C an+3—2b2
T P
For (a+b)"3: T,

n+3C3an+3—Zb3

. (n+3)(n+2) 3! a
T2 . (m+3)(m+2)(mt 1) (Z)

T
o 7-(8) (1)

By asssumption and by (1) and (2),

(5) (i21)= (5) < () on 2

3
n+

or,2n+2=3n-3o0r,n=>5.

®T,,,="C,2""(5) ="C, 5 .

n-7
We are given "C, 23—7 ="Cy 38

"C -7
:>nc_s=6:> n! (n-7)
7

)

(©))

2

1

(d) Coefficient in T = Coefficient in

2r + 4

T, for (1 +x)®
This = '*C, ,,="C _,
=>Q2r+3)+(Fr-3)=18=>r=6
(@) T,="cx""'a=240,
T, ="c2x""*a* =720
T,="cx"*a*=1080
. nx""la =m3 2x  _1
"nm-1) . 7207 (n-1)a 3
7 x"a*
n(n-1) )
g L7 "2 70
nn-1)(n-2) . 1080
123 *4d

an

)

18.

19.

20.

_2
= o _xz)a -3 @
2(n-2
Divide (1) by (2) ';((:_ 1)) =%

=>4n—-8=3n-3=>n=5

= 14 r—1. = 14 r. — 14
(d) Tr cr—lx 4 Tr+1 crx 4 Tr+2 cr+
xr+1

1
By the given condition

14, — 14 14
2. cr cr—1+ cr+l

14! _ 141
22 Td-n1 e-DIA5-n]
141
CEEED)
2

Zrer-DI(4-n(3-n1

_ 1
Tr-DI15-n14-n(13-9!

2 _ 1 " 1
r(l4—-r) (AS5-rH(Q4-r) @EF+1)

1
T Dr-DIA3-n1

=

(A5-n-r (A4-r-(+1)
ZrG-N4-n +Dr(dd-n

15-2r_13-2r

15-r r+l
= 15r+15-2P-2r=195-30r— 13r+2°
=>4r-56r+180=0=>r—-14r+45=0
F=-5Fr-9=0=>r=5,9
But 5 is not given. Hence, » = 9.

(© [+ = 2P + [x = (2 = DV
=2[PCx*+°C,x* (¢ - 1) +°C, x!
= 1y]
Max. power of x is 7.
b C,x"+C,x" 2@ +C,x" *a'+.....=0

= Sum of odd terms = p
Cx"la+Cx" 7 +Cx"%a’+ ... =E=
sum of even terms = ¢
This=>p+g=x+a),p—q=(x—a)
=>p-¢=lxta-al
— (xz _ az)n~



Binomial Theorem A.15

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. If the coefficients of (2r + 1)th and

(r + 5)th terms in the expansion of (1 +x)*
are equal, then the value of 7 is:

(@)4or7 (b)dor6 (c) 4 @6

If in the expansion of (1 —x)" the coefficient
of x? be 3, then the values of » are:

(a 3,2 (b) —3,2

() 3,-2 @ -3,-2

If for positive integers » > 1, n > 2, the
coefficient of the (3r)th and (» + 2)th
powers of x in the expansion of (1 + x)* are
equal, then

(@) n=2r ®) n=3r
) n=2r+1 (d) none of these
The number of non-zero terms in the

expansion of (1 +3 V2 x)° + (1 — 3 V2 x)°
is

@9 ()0 © 5 @ 10
[EAMCET - 1991]
If coefficient of (2r + 3)th and (» — 1)th

terms in the expansion of (1 +x)'® are equal,
then value of r1s

@5 e  ©4 @3
[RPET - 1995, 2003; UPSEAT — 2001]

. If coefficients of 2nd, 3rd and 4th terms in

the binomial expansion of (1 + x)" are in
AP, then n* — 9n is equal to

7.

10.

11.

12.

The coefficients of three successive terms
in the expansion of (1 + x)” are 165, 330
and 462 respectively, then the value of n
will be
(@11 (b) 10

© 12 @8

. If the coefficient of 4th term in the

expansion of (a + b)" is 56, then n is
(a)12 b)10 () 8 @ 6
[AMU - 2000]

. The coefficient of x° in the expansion of

(x+3)Sis

(a)18 (b) 6 © 12 @10

[DCE - 2002]
In the expansion of (1 + x)", coefficients
of 2nd, 3rd, and 4th terms are in A.P., then

nis equal to

(@ 7 ®) 9
© 11 (d) none of these
What is the approximate value of (1.02)8 ?
(@ 1.171 (b) 1.175
(© 1177 (@) 1.179
[NDA - 2008]

The coefficient of x!? in the expansion of
(o +2x)0 is:
(a) 11520 (b) 13410
(c) 16520 (d) 23040

[SCRA - 2007]

WORK SHEET: TO CHECK PREPARATION LEVEL

@-7 (b) 7 () 14 (@ -14
[RPET — 1999; UPSEAT - 2002]
Important Instructions:
1. The answer sheet is immediately below the
work sheet.
2. The test is of 8 minutes.
3. The test consists of 8 questions.

The maximum marks are 24.
Use blue/black ball point pen only for

1.

writing particulars/marking responses. Use
of pencil is strictly prohibited.

If coefficients of (2r + 1)th term and
(r + 2)th expansion of (1 + x)*®, then the
value of » will be

@l4d ®15 (@© 13 (@16

[UPSEAT — 1999]



A.16 Binomial Expansion

. In the expansion of (1 + x), the fifth the
third term. Then the value of x? is

(a) 4 ® 9
(© 16 (d) 24
. After simplifi cation, what is the number
of terms in the expansion of [(3x + y)’]* -
[Gx+ )T ?
(a) 4 ® 5
(©) 10 @ 1

[NDA - 2007]
. In the expansion of (1 + x)” the coefficient
of pth and (p + 1)th terms are respectively
pand q. Thenp +¢g=
(@) n+3 ®d)n+l
() n+2 @ n
. The first 3 terms in the expansion of (1 + ax)”
(n# 0) are 1, 6x and 16x% Then, the value

(c) 2/3and 9 (d) 3/2and 6

[Kerala Engg. — 2002]

. If ¢, is the rth term in the expansion of

z
(1 +x)'° then what is the ratio % equal to?
19

20x

(a) 9 (b) 83x
83x
() 19x @ o
[NDA - 2008]
. What is the coefficient of x*y* in (2x + 3y?)° ?
(a) 240 (b) 360
(c) 720 (d) 1080
[NDA - 2008]

. The coefficient of the (m + 1)th term and

the (m + 3)th in the expansion of (1 + x)*
are equal then value of m is

of a and n are; respectively (a) 10 (d) 8
(a) 2 and 9 (b) 3 and 2 © 9 (d) none of these
[UP-SEE — 2007]
ANSWER SHEET

L@ ® O @ 1@ b 0 O 7T @® © @

2@ ®© @ 5@ ®© O 8 @ ® © @

3@® © @ @ © O

HINTS AND EXPLANATIONS

nn-1) |

L 7,=T,,=>°%,=°_ an=6and ——5—a*=16

2r+1 r+2
L2r=r+lor2r+r+1=43
r=lorr=14
3. 3 + 5\4 _— 3 — N5 = 3 + 20 _
(Gx + )% = [Bx = »))° = Bx + ) by "C® 1o1-19+1 83

— )20 20 _ = =
Bx-y) 6. b 101C18x18 19 19

19

Solving, a = % andn=9

.. Number of terms = 22—0 =10

5. T,=1,T,=6x,T,= 16x*
"C, (ax)’ = 1; "C, (ax)! = 6x; "C, (ax)’
= 16x?




LECTURE

BASIC CONCEPTS

1. Term of the greatest coeffi cients in (1 £ x)”

(i) greatest value of "C is "C , when n is
even. " N
n-1 n+l1

(i) greatest value of "C is 5 Or—
when 7 1s odd.

(111) Terms with the greatest coefficients are
as follows.

(@ T,, forevenn (b) T, and 7, w2 for odd

ntl
n.

2. MiddleTerminthe Binomial Expansion of
x+a”

The middle term in the binomial expansion
of (x + a)" depends upon the value of n.

(1) If n is even, then there is only one
middle term, i.€., (g + 1) th term and

its binomial coefficient is "C , .
(1) If nisodd, then there are two middle terms

1e., (n -2'- 1 )th and (nzj) th terms.

Note: When there are two middle terms in the
expansion, then their coeffi cients are equal
to "C or C(

(=12 )2
3. rth Term from the End in the Binomial
Expansion of (x + a)" rth term from the end
in the expansion of (x + a)"is (n — r + 2)th
term from the beginning.

OR
(r + Dth term from end = (n — r + 1)th term
from beginning
i.C., Tr+1(E) = Tn—r+l (B) = nCr= nCn—r
T,®)=T,,.,®)

. Properties of "C,

IfO<r<mn,n reN,then
@ r."C=n.""'C _
nC rrFlC

.. _ rl
W T+l

It

(i) "C =%mC .
"C, _n-r+ 1 !

. +1
@) sg=""F 7

™ Trl=n—r'
r

(i) "C _ +"C ="1C,

(vii) "C ="C _.

(ii)"C ="C = r=sorr+s=n.

(ix) "C,_,"C and "C ,  are in AP, then
n=T7orl4andr=2or5.

. Properties of Binomial Coefficients

In the binomial expansion of (1 + x)*,
the coefficients "C, "C,, "C,, ...... "C, are
denoted by C, C |, C,, ...C , respectively.
(1) Sum of all the binomial coefficients
is obtained by putting all the variable
x,equal to 1 and it is equal to 2”.



A.18 Binomial Co-efficient

() C,+C +C,+ .. +C =2"

@)C,+C,+C,+..=C +C,+C, + ..
=21
Note: Sum of the binomial odd coefficients
is equal to sum of the binomial even
coefficients and each sum is equal to 2"~ 1.
i) C,—C +C,-C,+C,—...+(-1)yC,
=0.

!
WC+C+C+ =D
e 1y
V) C;=Ci+C:=Ci+ ...
_10, if nodd.
(D" "C . ifniseven.
(vi)C,C, +C C,+C,C,+ ...
+Cn—l Cn= chn_r
(i) CC +C C  +..C _C

= Z”Cn_ r or Z"Cn+ r
@) CC +CC, , +.+C_ C=>C_

r

__ en!

(X) C,+2C,+3C,+ ... +"C =n . 2n"1.
(xi)C, = 2C,+3C, = oo =0.
(xii)C,+2C, +3C,+ .. +(n+1)C,

=2""Y(n+2).
CO Cl 2 Cn
(XIII)T+7+?+““+n+1
_omi_ ]
T ont+l
~ 6,66
xiv)C, — stz gttt
Cn (—1)"Cn= 1
n+tl n+l n+l
(xV) 1+C2+3 C3+ + <
XV) =~ +=+3-=+......+n:
CO Cl CZ Cn—l
_n(ntl)
B 2

Explanation On putting x = 1 and — 1 in the
expansion of (1 + x)” we shall get
results (2) and (4), respectively.

Also (2) + (4) and (2) — (4) will give result
3).

Further, (1 + x) = (1 + x)* (x +1)"
=(C,+Cx+ ... +C x)(Cx"+C x"!
+.+C)

Equating coefficients of x” on both sides, we
shall get result (viii). Similarly, on equating
coefficients of x”~ 1, x"~ " on both sides, we
shall get results (vii), (viii) respectively.
Now on integrating both sides of the
expansion (1 +x)” from O to 1, we shall get
result (xii).

2N — 2 3
(I +x+x)'=atax+tax’tax’ +. .+

a, x* then
in

a,ta ta,+... +a,, =3"
ao—a1+a2— ....... +a2=

3"+1
ao+a2+a4+ ........ +a2 =75
+a,+ta + + =31
ata, ta,+.... a,,_, 7
ao+a3+a6+ ..... =al+a4+a7+ ......
=a,ta,ta,+ =31
"Cy.a,—"C .a_,+"C,.a,_,— ...

0, if 7 1s not multiple of 3

TEDTC A Cy e ifr=3m

(1) Middle term in the expansion of (x + %)_n

_135..@n-1

is C |
n n!

2n

@i1) For all m, n, r € N and » <m or n, then
n
"C, . nCO + mC(r_ b nC‘1 + mC(’_Z) . nC‘2
+ + mC nC = (m+ n)C
........... 0" , ,
(lll) Q@n+ I)CO + @n+ I)C‘1 + @n+ 1)C7+““ + @n+1)
= 92n -
C =2

(iv)lmlcl + erHC‘7 + erHC‘3 + .+ erHC
2 n

a9
T2
(V) 2[¥Cy + >C, + ¥C, + . +C, _ ]+

2nCn =)
(vi) 'C,+'+1Cr+ .......... ”C,="+1Cr+1‘
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SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Prove that

1 1
-0 3T(m=3)!

Solution

1 1
-0 3T(m=3)!

1

BEIICED IR
_ 1 n! + n!
H1T-D! 31 (n-3)!
n!
+5!(n—5)!+”"””l
1
:m[ncl+nc3+ncs+””””]
_2n—1
==

2. The sum of the coefficients of the first three
m
terms in the expansion of (x - ;) ,x#0

m being a natural number is 559. Find the
term of the expansion containing x>.

[NCERT]

Solution
The coefficients of the first three terms
3 " m, m, m,
of (x—;) are "C, (=3) "C, and 9 "C,.
Therefore, by the given condition, we have
"C,—3"C +9"C,=559,ie,1-3m+

Om (m — 1
Imm=1) _ 559 which gives m = 12

(m being a natural number).
= IZCxIZ—r (_ i) = llcr (_3)r

r+l r xz

Since, we need the term containing x, put
12 -3r=31e,r=3.

Thus, the required term is *C,(=3)’ ¥’ i.e.,
—5940 x3.

3. Provethat CC+C C +. . +C _C =
2n)!
(n=-r'!m+r!
[Haryana CET - 1998;
BIT Ranchi — 1986]

Solution
We know that
(I+xy=CHCx+Cx*+Cx*+ ... .+Cx"
M
Replace x by 1/x,
(1+l)"—C +5+2+g+ +g
x )] " %o X x2 x3 e D ox
@
Multiplying Equations (1) and (2),
C,+Cx+C,x*+Cx’+. . ... +C , x")
Cl C2 C3 Cn
NCotxt ottty
1y (L
=+ (143) =55

Comparing coefficients of % in both the
sides,
COCr + ClCrH+ CZCﬂ2+ """"" +C rC

— Cosffic 1o,

= Coefficients of {x” x" } in RH.S.
B 2n)!

mr (n—r)! Qn—n+r)!

__ (!
_(n—r)!(n+r)!

= 2n,

Proved

4. Find (a + b)* — (a — b)* Hence evaluate
(V3 +2) = (V3 —V2).

[NCERT]

Solution

Using binomial theorem for positive integral
index, we have
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(a+b)—(a=-b)=
= (Cat + =Cab + ‘Ca?b? + ‘C.ab’
+4C b
—(C,a*~ C, b +*C a2 b~ *C, ab’
+4C b
=2{'C, @b +'C, ab’} = 2 {4a° b + 4ab’}
=8ab (d®*+b?»
Substituting @ = V3 and b =2 in the above
result,
we obtain (V3 +V2)* — (V3 —V2)*

= 8V3VZ (V3 + (VD) )

=86 (3 +2)=40V6

. Find (x + 1)¢ + (x — 1)®. Hence or otherwise
evaluate (V2 + 1)°+ (N2 - 1)°.

[NCERT]

Solution

Using binomial theorem for positive integral

index, we have

(x+De+(x—1)°

={C,x+°C ¥’ +°C,x"+C,x* +°C, x*

+C, x +°C_} +

{C x*=°C x*+°C,x*

—SC, ¥ +°C,x* = C,x+°C}

=2{Cx*+°C,x"+°C,x* +°C }

=2 {Ix5+ 15x* + 15x> + 1}

=2x%+30x*+30x? + 2

Substituting x = V2 in the above result, we get,

(V2 + 1)+ (V2 = 1) =2(V2)¢ + 30(N2)*

+30(V2)* +2

=2(8) +30(4) +30(2) +2

=16+120+60+2=198

. Find the middle terms in the expansions

a2
[NCERT]

Solution

In this case, exponent 7 is an odd number,
therefore, there are two middle terms,

namely, 7%1 th and 7 + 3 th i.e., 4th and
5th terms.
Two write down these terms, we write the

general term.

r.,=Cor(-%)

Substituting, » = 3 and 4, we obtain the
required middle terms as

r,=7c,3 - (-2)

(Tx6x5
‘(3x2x1)34(63 )“35X23x9

and 7,=C, 3) - %3)4

=1C 33(x‘) Tx6x5 _x12 _ 35x12
6* 3x2x1"24x3 48

7. Find n, if the ratio of the fifth term from the

beginning to the fifth term from the end in

the expansion ({/5 + L_) isV6: 1

K [NCERT]

Solution
In the expansion of (\/2 i) 5th term
from the begiming is 7, = T,,, = "C,
@ () = e F 5 M

Also, the 5th term from the end in the

expansion of (4\/5 + L_) is same as the 5th

13

term from the beginning in the expansion

of (4\/% + 4\/5) and is equal to

- 1 V4 e~ \4

T, = C4(4\/_ ) (2)

= C4 ’;(n—4)/4 @)
We are given that 7, : 7, :: \6: 1
AN

T, 1 B

Q-ay4 3-ay4 \/_6

3 2 71

— V= GG = 61T = G (-4 = @ 32

”;4=% = 2n-8=12

=2n=20 =>n=10
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UNSOLVED SUBJECTIVE PROBLEMS (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

1.

6.

Write the general term in the expansion of
(=S
[NCERT]

. Find the 4th term in the expansion of

(e =2
[NCERT]

. Find the general term in the expansion of

11-

0 (»-1)° (i) (1-x)"

. Find the terms independent of x, x # O in the

expansion of
. 1)\
@ (x-x)

w34

(i) (2 +1)”

. Find the middle terms in the expansion of

(5+9)"

Find the rth term from the end in (x + a)".

Exercise Il

1.

[NCERT] | 10
. If P be the sum of odd terms and Q that 11.
of even terms in the expansion of (x + a),
prove that
ANSWERS
Exercise | 4.

Show that the coefficients of the middle
term in the expansion of (1 + x)* is the
sum of the coefficients of two middle terms
in the expansion of (1 +x)*!.

(_ l)rﬁcrvxl'.’—lrvyr
2. — 1760 x° 3
3. () 12Cr x24-3r - D @i) 12Cr - xz)r

. Prove that (— 1)”

0 @-0)=@-a)
(il) 4PQ = [(x + @) — (v~ )]
(iii) 2 (P* + 0%) = [(x + @)™ + (x - a)"]

. Find the number of terms in the expansions

of the following.
(@ (F+ )"+ (x-\p)"°
©) Bx+y)f-(Bx—y)

c, 2¢, 3C
Prove thata)+ o + C.
n.Cn n n+1)
C 2

n-1

3

+ - -+

. If the sum of coefficients in the expansion

of (a®?— 2ax + 1) is zero, then find the

value of a.

1.35...2"-1)
n! ,

middle term in the expansion of (x - f)- )

27 1s the

. Find the 5th term from end, in the expansion

of (x2 - 21_x)10'

[MP — 1983]

. Find the middle term of [ + bx |

9
. Find the middle term of [x2 + 1 |

Find the value of *C, + BC, + ... +BC ..
Prove that
CO CZ

4 6
17375 *%7

@) — 3432
(iii) 5/12

(ii) 495

5. 61236 x°y°

6.

r—1 ntl-r
rx a

nCn B
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Exercise Il
3. (a) 6 terms
5. a=1

105 ,
7. 33 X

(b) 4 terms

8. 924 a%b¢
9. 126xS, 126x?
10. 21— 14.

SOLVED OBJECTIVE QUESTIONS: HELPING HAND

LIfC,C,C,..... ,C, are the coefficients
in the expansion of (1 +x)", then

CH2C+3CH+........ (n+1)C=
@@ (n+2)2 (b) (n+2)2
(©) (n-2)2*! (d) None of these
[MPPET - 1996; RPET - 1997;
DCE - 1995; AMU - 1995
EAMCET -2001; IIT - 1971]
Solution

(@) CH2C+3C+......... (mt1)C
=(CAHCHCH ACH)HCH2C+.. ... +C )

nrn-1)
2!

N 3n(n—nl)'(n—2)+

=2+ in+2

=27+ n(1+1y " {In(1+x) put x = 1}
=2"+n2"!
=2+n)2!

2. These are not Objective questions » is odd
or even the value of C; - C>+ C. — ...+
I(C,2 =
(@ 0
(b) -1y"

7/2 —'
© " Gyt @
(d) None of these

Solution

A+xy=C+Cx+Cx+.+Cx"
(x = 1yr= C—C = +C 2+ +(-1)'C,
Multiplying both sides, (—=1)" (1-x*)"=() ()

Now, c;—ci+ci—...... is the coefficients of
x" in the product in R H.S.

Hence, it is the coefficient of x” in (—1)”
(1=x?", or coefficient of (x?)”? in (1—x?)"
which will appearin T, .

Therefore, (—-1)" nC,_,(—1)"* (x*)"*

This is possible only when #/2 is an integer,
1.€., n1s even and 1in case » 1s odd, then the
term x” will not occur. Also, when »1s even,
then (—-1)"=1.

=D 5 7',1 ' is the required answer.
2°2°
3. If x, y, r are positive integers, then *C,
+*C_°C +*C_°C,+ ... +°C isequal to
@ C, ® *C,
©) x+y)!/r! @ x!y!/r
[CET (Karnataka) — 1993 ;
PET (Raj.) — 2001]

Solution
() Since, (1 +ay (1 +ay=(+a)y*>

>A+Ca+Ca*+.. . +C_a'+Ca

+..+Ca)

(1+°C a+’C,@+.+°C_a' +Ca

+...+7C @)

¥y

= +ay*

Now equating coefficients of ar on both

sides, we get,

xCr + xCr—l yCl + XCI—Z yCZ T + yCr = -“U/Cr
4. f(Q+x+x)=C +Cx+Cx*+. +

C,x¥, then C,C, - C,C, + C,C, — ..... is
equal to

[MNR - 1998]
(@ 0 (b) 3"
© 1y @ 2
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Solution

(@) Given (I+ x + x?)" = C + Cx + Cx?
+.+C X" ¢))
Replacing x by — 1/x on both sides , we
get,

(1—% +%)”=C -C x+C

Multiplying (1) and (2), we get,

A +x -2 =1+ax+ax+ ...

+ ax', then the value of the expression

a,ta,ta,+.. +a12is
(a) 32 (b) 31
(c) 63 (d) 64

[PET (Raj.) — 1986,1999;
UPSEAT - 2003]

Solution

(1 e +Lz ) —(C +Cx+Cx?+Cx (b) Putting x=1 and — 1 in he given relation,
x 0 1 2 3 we get

+ ... C.x™) 0=1+a +a,+..... +a, €))

B 64=1-a +a,— ... +a, )
(c,-cx+c b5+ + chﬁ) Adding (1) and (2), we get,

. 64=2(+a,ta,+. ... +a,)

Now,expansionof(1+% +%) has no >l+ta,+ta+. ... +a,=32
term containing x, so equating coefficients DA F AT s ta,=31
of x on both sides, we get, 7 IZO “C is equal to
cc-cc,+cC—....=0. —

[JEE (Orissa) — 2004]

. 1Y
5. In the expansion of (1 + x)” (1 + —) , the 1.,
X (a) 210 4 % _OCIO (b) 210

term independent of x is

EAMCET - 1989 ., 1.
(@ Co+Ci+ ... +(n[+ HC,; : © *C, @ 2°-5%C,
Solution

®) C,+C +..+C)
(© Ci+Cr+ . +C;
(d) none of these

(a) Since, (°C+ 2C +.+2C )+ *C
+ (ZOC“+ 20C12+”+ ZOCZO) — 210

Solution ) (20C0+ 20C1+...+ ZOCQ) + 20C10 =910
) Exp.=(C,+Cx+Cx*+ ... +Cx" 0
= 22 zoCk =910 4 zoCm
k=0
10 1
= Z zoCk =194+ E 20C10
Therefore, the term independent of x = C ot
+C+Cl+....+C;

1\ 8. C;+2CH3C+......+n.C}isequal to
Alternative Method: Exp. = x" ( 1+ f) :
(2n-1) Qn+1)!

@ Tw-niE ® @1y

Thus, the required term

= coefficient of % in the expansion
QCn+1)!

» @n-1)!
of(l +%) © (D P

@D @+
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Solution
@ (I1+x)"=C,+Cx+Cx*+. ... +Cx"
)]
and Cx +2C x> +3C* +........ +nC x"
-1 -Dm-2
PGS NP IEDIES
X4+l

=nx[l +(n-D]x

D=2 l%(|n—2)x2+ !
= nx(1+x)!
Replace x by 1/x,
C, 2C, 3C, nC,
x 2 ? +...+ g
n
=)
C, 2C, 3C, nC,
7 7 T3 e 7
= By @
Multiplying  corresponding  sides  of
Equations (1) and (2),
C,+Cx+Cx¥*+Cx*+..+Cx")
(C1 2C, 3C, nCn)
X5+ 2 g T >

= (1 +x)" % g (1 +x)y!

= % (1 + x)Zn— 1
Comparing the terms independent of x on
both the sides. CH2Cx+2CH+.....+'C; =
The term independent of x in the expansion
of 7 (1 +x)>~!

= Coefficient of x" in the expansion of

n(l+x)>!

B e _ NXQ2n=1)!
B oy g
. @n-1)!
Tm-D'!'m-1)!
_@n-1!

[-D!']

Proved

7C+—C+ C+ ....... +21—111C10isequa1
to
3ll+1 311_1
(@) 11 ®) 11
3“ 2 c'+2
© @ =
Solution
@ 20,+3c+Lcqrfe,
_ 22 2109 21
—21+2.10+3.1 + ... +1.1
—11—1[2.11+”1X210 2
+ 1%.;03.9 234 . +2“]
=+ 2+ 1510
+ “21?923+ +21 —1]
=7 [(1#2-1)
_3u_]
Y
Proved
10 f 1 +x)"=C +Cx+Cpx*+ ... +Cx
then CC,+CC,+ ... +C C.1is
[Orissa JEE — 2008]
(2n)!
@ G-DimrD1
n!
® G @+
(n-1!
© T+t
(d) none of these
Solution
@UA+xy=C+Cx+Cx*+. .. +Cx"
)]
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1 1

ad(1+1) =c,+c L+c, L

xZ

2

1 1
..... o1 xn_l + Cn F

Multiplying (1) and (2) and equating the

Q

coefficient of x in % (1+x)>

Therefore, CC, + CC, + CC, + ... +
Cn—l Cn = 2"Cn+1
2n)!

B e
TQ@u-n+D!m-1!

Tm=DIm+D

11. Ifthe sum of the coeffi cients in the expansion
of (x + y)" is 1024, then the value of the
greatest coefficient in the expansion is

(a) 356 (b) 252
(©) 210 (d) 120
Solution

(b) Given sum of coefficients = 1024
=2"=1024=2"=2"=n=10
Hence, the greatest coefficients = '°C = 252

(- "C | is greatest forr=%whennis even)
n ln ln n "n —
12. co=r ety - +(=1) T
(@) n () 1n
©) Un+1) @ I/m-1
Solution
©Putn=1,2
_ Ly -_7_1_1
Atn—l,‘Co—lel—l—z—2
Atn=2,
2w _ Lo 1om o 1_1
Co_2 C1+ 3 C2_1_1+3_3
Therefore, "C — 1 "C, + % "Co— .
LG
D n+l 1+n
13. f(1+x)y'=C +Cx+Cx*+. .+ ... c X,
. 2¢, 3c nc,
thenc—0+ ¢ te toe T
nn-1) n(n+2)
@ —5— ) =5
nn+1) mn-1)m-2)

© 2 @ 2

[BIT, RANCHI - 1986;
RPET - 1996, 1997]

Solution
"C,_ rnl (@-r+h@-1)!
© e =t ir "l
=n—-r+l
. Cl Cz C3 Cn
..60+2a+3€2+ ..... +nC,,_1
n C n
= r: —_ +
; rcr_1 ;(n r+1)
=p+tm—-D+m-2)+.... +1
_n(n+l)~
- 2

4. If (1 +x-3x)"=1+ax+ax’+. +a,
x*, thena,+a,+a,+ ... +a,, equal to
[Kerala PET — 2007]

3104 ] 3°+1
() 2 (b) 2
3101 3-1
© 2 @ 2
Solution

(c) Put x = 1 is given expansion

(A+1-3)=1+aqa +a,+a,+. ... +a,
EDP=1l+a+a,+a,+. ... +a,

l=1+a +a,+a+. ... +a, ¢))

Put x = — 1 in given expansion

(1-1-3)=1-a +a,—a,+. ... +a,
=3)=l-a+a,—a+. ... +a,

B)=l-a+a,—a+. ... +ta, ()

Adding equation (1) and (2), we get,

1+3)°=21+a,+a,+...... +a,)

_(3)10+1
a,ta,ta,+......... +a, = 3 -
(3)o-1
B 2
1S. The value of

SOC SOC SOC SOC )

__0 2, "4 50

( 1 + 3 + 5 + . 51

[Kerala PET — 2007]
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2% 20-1
() 31 (b) 31
250_1 251_1
© 50 @ 31
Solution
(a) We know that
. nC203 nC4a5
C0a+ 3 + 5 + ...
B (1 +a)n+1 _(1 _a)n+l
B 2m+1)
Substituting n =50, a = 1, we get,
SOC SOC SOC SOC
__0 2, "4 50
[ 73 *5 * T3
B (1 + 1)5o+1 _(1 _ 1)5o+1
- 2(50+1)
_251_(Q _2_50
T 2x517 51

16. If third term in the expansion of (x +x log
x)* 1s 108, then x 1s equal to
[Roorkee — 1992 ; UPSEAT — 1999]

(a) 102 (b) 10
(c) 1012 (d) none of these
Solution

(b) Letlog, x = z, then exp. = (x + x°)’.
Now, T, =10° =°C,x* (x*)*= 10°
= x3+2 = 105

= (3 +2z2)log,,x=5 (ontaking log)
= (3 +22)z=5(+ z=log,x)
=222+3z-5=0
=>@E-1)Qz+5=0

=z=1,-5/2

o log ,x=1,-5/2

—x=10,10-5
17. IF (1 +xy =Y Cx, then

C, )
5 - + .... isequal to

ISR
mLQ

Cl
?4—

[UPSEAT - 1999]

1 1
@ T ® Zwm+D

©) m (d) none of these

Solution
(¢) Since, (1 —x)y"'=C,—C x+Cx*-C,x’
+ . +E 1) Cx
=>x(1-x)=xC -Cx*+C,x¥’— ... +
(_ l)n C” x n+l
Now, integrating both sides with respect to
x in [0, 1], we have,

(1 _x)n+2
T+ (n+2)],

x(l_x)n+l
T n+l

Q

SmrDm+y 2

18. In the expansion of (1 + x)” (1 + %)ﬂ , the
term independent of x is
[EAMCET - 1989]

(@ C;+2C;+ ... +(m+1)C;
®) C,+C +..+C)

(d) none of these

Solution
©Exp.=(C,+Cx+Cx*+ ... +Cx"
c, C, C,
Cotxtagt .t

Therefore, the term independent of x = C
+C+C+ ... +C;

Alternative Method: Exp. = x" (1 + %)-”,
Thus, the required term

= coefficient of % in the expansion
of (1 +%)'n

=2nCn=C;+Cf+C§+ ,,,,,, +C:



Binomial Theorem A.27

19. f(1+xy=C +Cx+Cx*+
thenZ Z C, .Cj,whereOS I<j<nm,is

equal to
[IIT - 1983 ; MINR - 1992]
o Cn)! (2n) !
(c) 2¥-1— 2( 2(:)|;2 (d) none of these
Solution

(c) Exp. = Z

0<i<

; cc,
Szey-xel

A [(C,HC +. . +C P=(C; +Ci+..+C)

1
)
1 @n)!
‘2[ (n1)?

20. If 4 =99+ 100%, and B =

(2n) !

2(n 1)

101%, then
[IIT - 1982]

(b) A<B

(d) none of these

22n _ = 22n—l _

(a) A=B

(c) A>B
Solution

(b) (101)%° = (100 + 1)*

50.49

=100 + 50 . 100% + 2217 100 +..... (1)

99)% = (100 — 1)
O = ) 50.49

=100% - 50 . 100% + === 71 100 — ©))

(1) = (@)= 101)* - (99)*

50.49.48
3.2.1

50.49.48
3

=2[50.10049 + 10047 + ...]

=100% + 1007 + ... > (100)%

= (101)** > (100)*° + (99)°
Therefore, B>AorA<B
21. If a, a,, a, are in AP and (1 +x%)* (1 +x)"

nt4
= Z ax*, then n is equal to

=0 [Roorkee — 1996]

(a 2 ) 3
(c) 4 (d) all the above
Solution

(d) For the given relation

LHS =(1+2+x)(1+Cx+Cx*+...)
RHS =g, tax+ax’+ax’+. ... .
Equating coefficients of x, x?, x* on both
sides, we get, a, =c, a,=c,*+2,a,=c,
+2¢,

Also, a,a,a,are nAP,so02a,=a +a,

=2c,t2)=c tc,+ 2

3n(n—1)+4=3n+w

> -9 +26n-24=0
which is satisfied by 2, 3 and 4.

2 (%) (10)-Ct) (1)
+(%9) (39)- - +(39) (29) s equat to

2)\12 20/ \30
[IIT (Screening) — 2005]

@(i5) ® (o) © (5) @ (%)

Solution
(b) Consider (1 +x)* (1 —x)3° = (1 —x?)?%
S +x)P0x—1)0=(1—-x2)%
= (OC,+3C x +2C, x>+ ... +3C, X2
+ ... + 30C30 xSO)
(SOCO x30 -+ 30C10 x20 —
Fo + 3OCso)
= (3°C0 — 30C1 2+ 30C2 2P =

30, 2y 10 _ 30, 2130
£C,, () 0=+ 0C,, ()
Now, equating, the coefficients of x* on
both the sides, we get,
30, 30, — 30, 30, 30,
30C0 : ClO Cl : Cll + CZ
C,
30, = 30,
Cso_ C10'

N lHELHE

(2 )2)=-= (o)

30, 19
C,x

: 306‘12_ e T
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23. The coefficient of x!7 in the expansion of
x-DEx—-2)x—-3)..(x—18)i1s

[IIT — 1990]
(a) 342 (b) 1712
(c) —-171 (d) 684
Solution
(c) Coefficientsof x'’=—1-2-3-..-18
18)(19
)] 2)( ) __ 171.

24. Ifne N,thena—-"C (a—1)+"C,(a—2)
= ...t (= )" (a—n) equals
[IIT - 1972]
(@ 0
(b) na
(©) n(n—1a
(d) none of these

Solution

(@ Exp. =a[C, - C+C,—..+ (= 1)C|]
+[C,-2C,+3C,— .+ D'nC]=0
+0=0.
n s ck 2.
25. g C,denotes "C,, then Z k (?_1 ) isequal
k=1

@ nn+ 11)2(n +2)

®) n(n+ ll)z(n +2)?

© n(n+11)22(n+2)

(d) none of these
[Roorkee — 1991]

Solution

nC _
(c) Since, " b= nkT+l> Thus,
k-1

=1

=Z": k[(n+12-2k(n+1)+k*]

=1
1Y 2+ S RS R
272 R,
26. If » is odd integer, then Z % is equal
to =0 4
[IIT — 1998]
(@0 (b) I/n
(c) n/2" (d) none of these
Solution
-1 1 .1 1 1
(a)EXP_Co_Cl +C2 S +Cn—l_Cn
[ nisodd]
_(1 1 ( 1 1 ) -
=l5- 5|+ [|[m/-5—) +....=0+0
(CO Cn) Cl n-1
+...=0
[... nCr = nC”_r]
27. The sum of the coefficients of all the

integral powers of x in the expansion of
(1+2vx)®is

(a) 3%+ 1 (b) 30%— 1
© S30%-1) @ @0+
2 2
Solution

(d) The coefficients of the integral powers
of x are

40C0, 40C2 ) 22) 4(>C4 24 4oc40 240

(1 + 2)40 = 406’0 + 40C1 . 2 + 40C7 . 22 + .+
4°C40 D40 -

(1 — 2)40 = 40C0 — 40C1. 2 + 40C2. 22 -+
40C40. 240

Adding, we get, 3° + 1 = 2 (required term)
Therefore, required term = % B+ 1).

Hence, (d) is the correct answer.



1.

S.

Binomial Theorem A.29

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

Two middle terms in the expansion of
(x — 1/ are

(a) 231 x and 231/x
(b) 462 x and 462/x

(c) —462 x and 462/x
(d) none of these

. The middle term in the expansion of

(1+x)™is
[Pb CET - 1998]
1.35...... S5n—1
'( n )x,,
n!
246.... 21 opi1
n! n
1.35...... 2n —
'( n l)x,,
n!

1.35....... 2n—1
@1,
n'

(@)

(®)

©

C))
146’1 + 146’2 + 146’3 + ..+ 146‘14 =
(a) 21 (b) 24 —1

(c) 214 +2 @ 2%-2
C,—C +C,—C,+..+(-1)"C, isequal to

[MNR — 1991; RPET — 1995;
UPSEAT — 2000]

(a) 2" (b) 2"-1
©0 @ 20!
f(d+x+x)'=a+ax+tax’+. .. +a,
x* thena ,+a,+a,+ ... +ta, =
[MINR - 1992]
3"+ 1 3"—1
(@) 2 ®) 2
1-3" n l
© 2 d 3"+ 2

The sum of the coefficients in (x + 2y + 2)!°
is

[RPET — 2003]

(b) 310
(d) none of these

(a) 2
(© 1

7. If the sum of the coefficients in the

expansion of (a? x> — 2ax + 1)°! vanishes,
then the value of a is
[IIT — 1991; Pb CET - 1988]
(d) -1
(d -2

(a) 2
© 1

8. The sum of the coefficients in the expansion

of (x +y)"in 4096. The greatest coefficients
in the expansion is

(a) 1024 (b) 924
() 824 d) 724
[Kurukshetra CEE — 1998; AIEEE — 2002]

9. he greatest coefficients in the expansion of

10.

(1 +x)2n+1 iS

[RPET — 1997]
Qn+ 1)1 Qn+2)1
@ L TmrD! ® Tm+
2n+1)! 2n)!
OTa+rnr @ @y

If the expansion of (1 +x)*, the sum of the
coefficient of odd powers of x is

[MNR - 1998; Roorkee — 1993]

(a0 (b) 2%
(c) 2% @ 2%
11. If the sum of the coefficients in the

expansion of (1 — 3%+ 10x?)" is a and if the
sum of the coefficients in the expansion of
(1 +x*"is b, then

[UPSEAT - 2001]

(a) a=3b (b) a=b°
() b=4a° (d) none of these
1. If I +x=C,+C x+Cx*+ .+ Cx",
thenC/ +C/ +C+C/ .. ... +C>=
n! 2n!
(a)n!n! ®) n!nl
©) % (d) none of these

[MPPET - 198S;
Karnataka CET — 1995; MNR - 1999]



A.30 Binomial Co-efficient

13.

14.

15.

16.

17.

18.

C1+2C2+3C3 . I5C
CO Cl Cl vvvvv C14
[IIT - 1962]
(a) 100 (b) 120
(c) — 120 (d) none of these
Co Cl Cz Cn _
Tr 23t
[RPET - 1996]
2" -1
@ 531 ® 7 n+1
©) 2 -1 (d) none of these
n+l1
The sum to (n + 1) terms of the following
c, ¢ C, C

series 5 - ?+ 13
[Andhara — 1993; KCET- 1998]

1

@ n+1 (b) n+2
2n+l _ 1
© =, 57 (d) none of these

The suimof C;'-C/ +C, — .......
C,’ where n 1s an even integer is
(a) *C, ®) D*C,

(© *C, (d) none of these
If the coefficients of the middle term
in the expansion of (1 + x)>*?%is p and
the coefficients of middle terms in the
expansion of (1 +x)**! are g and r, then

b) ptr=q
d p+tq+r=0

+( 1

@ ptqg=r
©) p=q+r

If ¢, C, C,, ..., C, are the binomial
coefficients, then 2.C +2°C,+2° C,+ ...
equals

[AMU — 1999]
3"+ (=1)" =1y
O O =
ORSS O

19.

20.

21.

22,

23.

24,

The 14th term from the end in the expansion
of (VX —\)"is

(@) 1C,=x° (= )
(C) 176‘4 . x13/2y2

() C, ()

(d) none of these

The sum of the series *C| — *C, + *C,
— ZOC’3 T = ””ZOClo iS
[AIEEE - 2007]
l,
@ 52C, ®) 0
l, 2
©) §-°Co @ *C,

The value of 'C,+7C )+ (C +7C)+ ...
+(C,+7C)is

(a) 281 (b) 28+1
(c) 2° (d) 2°-

[Kerala PET — 2008]
In the binomial expansion of (a — b)",

n > 5, the sum of the 5th and 6th terms is
zero. Then % is equal to

[IIT — 2001; AIEEE — 2007;

Orissa JEE — 2007]
(@ £ (n-5)
) + (-4
© o2d
@ 525

18
The term independent of x in [x/f - % ] 1s

[MPPET — 2009]

(a) ISC‘12 28 (b) 186‘6 212
(©) 1sC6 24 ) uzC12 26
Let Z JjG -1 rCs, = Z J*°C, and S,

— Z j”' 10C

[MPPET — 2009]



Binomial Theorem A.31

Hence, the two middle terms are — 462x
462
and —¢

. (A Middle termin (1 +x)*=T |
2n!
nl'n!

1
= chnxnz

[135...2n—1)1[246...2n]
- nin!

_ [1.3.5.....(2'n— D]2 o

n!
. (b) Step 1 "C, +"C, +"C, + ... +C,
=2n—1Step2 “C +"C,+"C,+..... +4C,,
=9l -
. (¢) We know that sum of odd terms of
coefficients = sum of even terms of coeffi
cient. (1 +x)y'="C +"Cx +"C,x*+ ...
+7C x"Putting, x=— 1, we get,
(A=1y="C,="C +"C,— ... =1C,
Therefore C, = C +C,-C,+....(=1)"C,
=0
@A -x+x)=a +tax+ax’+ax

+...+a, x" ¢))
Putting x = 1, x = — | in (1), we get,
respectively, a +a, +a,+a,+a,+...... +

a

2n

10.

Tr+1
. (a) T =

SOLUTIONS
. (©Heren=11 =(1-1+1=1
Total number. of terms = 12 anda —a +ta,—a,+ta,— ... +a,
Therefore, Middle terms be % th =(1+1+1)y=3"
and (% +1 )th i.e. 6th and 7th terms Adding the two equations, B
2(a,ta,ta, ... ta,)=3"+1
Now T, = 1C, (x)° (_ %)5 6. (d) Sum of the coefficients, in (x + 2y + z)'°
=_11C5x =(1+2+1)10=410
__11x10x9%x8x7 7. (c) Sum of the coefficients can be obtained
T 5x4x3x2x1 by substituting
=—11x42x x = 1, therefore,
=—462x ] (a*x?=2ax+1)’'=0forx=1
and 7, ="C, (v)* (- 1) = (@ =2a+1y"=0
=11C6X% =(@-1)"=0
=a=1
_ HTCS _ @ 8. (b) Sum of coefficients = 4096

. when a, b are each 1 (a + b)"= 4096
= (1 +1)"=4096 =21

=>n=12

Here, nis even.

= Greatest coefficients = *"C = C

w2 6
_ 12! =924
T6161 :

N-r+1
Norrlox

Here, N=2n+1

&_2n+2—r
r -~ r F

r

T, >T

rtl— " r
=>2n=2-r>r
=2n+2>2r
=>r<n+l

Therefore, r=n

_ - _ @n+ D!
]wr+l_]1n+l_2 1Cn+1_(n+1)!n!

(b) We know that

C,+C,+C,+C .+ =C,+C,+C, ...
= 2""1in expansion of (1 + x)".

Therefore, C, + C, + C, + ... = 2%-1
=24



A.32 Binomial Co-efficient

11.

12.

13.

14.

15.

(b) Sum of the coefficients (1 — 3x + 10x?)"

is 8"= ¢))

and sum of the coefficients in (1 +x?)"is

2"=p 2)

From Equation (1) and (2)

2y =a

2y=a

b*=a

©UA+xy=C +Cx+Cx*+Cp>+ ... +

Cx
n c C, C n

(1 +%) =Cot gt at ot +%

@

Multiplying both sides and equating terms

of independent of x

Co+Cr+Cr+ ... ... =C>

= Term independent of x in

(1+x)  (A+x)™
A+ —F— ==
= Coefficients of x" in (1 + x)* = *'C,
asT =>C x>"

(b) We know that
1

2(C) 3(C)
€+C +C + ..

0 2

C) S+

n-1

In the present case, we put n = 15, sum =

wlﬁ 120.

©A+x)=C,+Cx+Cx*+Cx*+Cx*

Integrating with respect to x from x = 0 to
x=1,

Cx+C,% +c—;+c-—+c .Jﬁ

@y
- n+1 0

=2n+l_1
n+1

c, ¢, c c,
OI;C0+7+T+T+?

(d) Since, (1 —xy"=C,—Cx+Cx*—Cx’

16.

17.

18.

Therefore, x (1 —x)" =
Cxt+ ..

Cx-Cx*+Cyx’—
1

2] x (1 —x) "dx
0

=I(C0x— Cx*+Cpx*=Cx*+..)dx

c, C
—7 ?'FT ....upto (n+ 1) terms

For L.H.S. put 1 — x =1 Therefore, dx =— dt

LHS_m+nm+m

(d) We have (1 +x)"
=C,+Cx+Cx*+ ... +Cx" ¢))
1 Cl Cz Cn
(] - )"=C0—T+x—2+ .. +(—1)"F
)]
Therefore, C,'—C*+C.* ... + (= 1C,

= coefficients of the term independent of
x in product of R.H.S. (1) and (2)

= coefficients of term independent of x in

a+n(1-F)

= coefficients of x"in (— 1)* (1 —x*y"="C ,
[~ niseven]
=(-1y"C,, (- 1y = (-
even =0, if n is odd.

(c) Since, (7 + 2)th term is the middle term
in the expansion of (1 +x)**?2

Therefore, p =2"*C | .
Since, (n + 1)th and (» + 2)th terms are
middle terms in the expansion of (1 +x)**!
Therefore, g =*""'c_and r=*""'c

n+1l
But, 7n+1cn+_n+l ’7n+7c q+r=
p

n+1 n+1
@A+x)=Cj+Cx+Cx*+Cx*+ ..
+Cx (1 -x)"=C,— Cx+C,x-—Cx
+o +D'C, x

y2rC ifnis

n/2’

[A+x)y-0-x1=2[C,x+Cx¥+Cx
+..]
[Ad+x)"—(1-x)"]

5 =Cx+Cx¥+Cx°



19.

20.

21.

Binomial Theorem A.33

Putx=2,
2.C+28.C,+2°.C+ ...

(¢) rth term from the end in the binomial
expansion is (n — r + 2)th term from the
beginning 5th term from the beginning in
the expansion of (vx — )"” which is equal
to 176‘4 (_\/)7) 4 (\/f)”“‘ le 176‘4 y2 x13/2

(az) 20C0 _ 20Cl + 20C2 _ 20C3 + + zoCm
3Oz(zoco _ 20Cl + 20C2 - _ ZOCQ) + 20C10
= 2(2°C0 _ zoC1 + 20C2 - _ zoC9

+ 2Ocm) = 2OClo 1
= 2°C0—2°C1 + 20C2 - + 2°C10 - 3 2°C10.

Note 1 *C = *C,, *C, = 2*C,, *C,
=2C, etc and so on and adding *°C  on the
either side.

(d) Given expression = 3C + 3C, + 3C,
+ +3C (o "C +7C_ ="*1C)
=CC+°C +.n +3C,+5CY = (°C, +7Cy
=28—(1+1)=28-2.

22.

23.

24,

(¢) Since, T, +T,=0
= n(j4 (a)n—4 (_ b)4 + n(/’5 (a)n—S (_ b)S = O

=>"C,a="C;b
"C
g: 4
:>b nC5
Zh T m-H4a1 " al
a_n—4
=>p="35
Note We may also use the formula
"C, _n-(r-1
”Cr—l_ r
_ 218,
(d) The general term of [\/x—f] is

_ L2y
Tr+1 - 1scwr (\/f)ls (_ f)
="Cx 5t -1y Q)

= (_1) r 18Crx % 2r

For independent term of x, put % =0
=>r=6 . T%C2=1C2°
(b)

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. The middle term in the expansion of

(x+ 1/x)0is
(@ °C,1ix
© 10C5

(b) 10C5

(d) 10C7 X
[BIT, RANCHI — 1991;
RPET — 2002; Pb CET — 1991]

. The greatest coefficients in the expansion

of (1 +x)™*2is

@2n)! 2n+2)!
@ Gy ® tavniye
2n+2)! 20!
© Wrm+ ! @ Ty

[BIT, RANCHI - 1992]

. ISCO + ISC’1 + ISC” + ISC’3 + ... ISC =

(a) 2
(c) 2¥ -2

(b) 28-1
(d) none of these

4.

(4) 10C1+10C3+10C5+10C7+10C9=
[MPPET — 1982]

(a) 2° (b) 2%
(c) 219-1 (d) none of these
. Middle term in the expansion of (3x — 7)
is
(a) 6th (b) 7th
(c) 8th (d) none of these

. The sum of all the coefficients in the

binomial expansion of (x* +x — 3) 3 is

(a1 () 2
(©) -1 @ 0
. The sum of coefficients in the expansion of
(x+2y+32)%is
(a) 3° () 5°
(c) 68 (d) none of these



A.34 Binomial Co-efficient

8.

10.

11.

12.

The coefficients of middle term in the
expansion of (1 +x)!°is

(a) 10! /56! (b) 10!/ (5!)?
(c) 10! /517! (d) none of these
[UPSEAT - 2001]
¢, ¢, ¢, C
Tr3tstg s
[RPET - 1999]
2 n+l 2 n+l _ 1
@ 5+ ® %
©) nZT"l (d) none of these
Cl 3 CS :
The value of Sttt Toois equal
to
[Karnataka CET — 2000]
2 n-1
@ (b) n2"
2 27+1
© 5 @ 255
If n=>5, then ("C)*+ ("C )’ + ("C)*+ ... +
("C,)* equal to
(a) 250 (b) 254
(c) 245 (@ 252

[Kerala PET — 2007]

In the expansion of (1 + x)*, the sum of the
coefficients of the term is

13.

14.

15.

(a) 80 (b) 16
(c) 32 (d) 64
[RPET - 1992, 1997; Kurukshetra
CEE - 2000]
Ifnisodd,then C;-C+C.;-C;+ ... +

1y C:=

@ 0 ® 1
n!
(c) (CY) /27
If m ="C,, then "C, equal to
[Kerala PET — 2007]
(@ 3"C, (b) "'C,
(C) 3n+1C4 (d) 3 n+lC3
The middle term in the expansion
1 2n
of (x + 5) is
1.3.5...2n-3)
@ —
1.35.2n-1)
&) ——,
1.35.2n+1)
© —— 7

(d) none of these
[MPPET - 1995]

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions:

1.

The answer sheet 1s immediately below the
work sheet.

. The test is of 15 minutes.
. The test consists of 15 questions.

The maximum marks are 45.

. Use blue/black ball point pen only for

writing particulars/marking responses. Use
of pencil is strictly prohibited.

. Find the middle term in the expansion of

1

(x2+;+2)"

3.

@2n) ! )@
@ GHmn ® “2nn

)@ 2n) !
© -"ann) @ -Gomn

. If the sum of the coefficients in the

expansion of (ax? — 2x + 1)* is equal to the
sum of the coefficients in the expansion of
(x — a y)*, then find the value of a

(@ 1 (®) 2

© 3 @ 4

Evaluate the sum of the *C, + *C, + *C,
+3C,

(a) 128 (b) 127

(c) 130 (@ 126



10.

Binomial Theorem A.35

In the expansion of (3x +2)*, the coefficients
of middle term is

(a) 81 (b) 54
(c) 216 @ 36
The largest coefficient in the expansion of
(1+x)*1s
@%, ®%, © %, @,
What is the middle term in the expansion
XAV 12

HEMTE

[NDA -2007]
(@ C12,HXx3r3
(b) C(12,6)X3Y3
© C12,HX3r3
@ caz,6)x3r=
C,+2C,+3C,+4C, + ... +nC,
(a) 27 (b) n.2"
(¢c) n.2"! @ n.2"*!
The sum of coefficients in (1 +x — 3x2)*134
is

(@ —1
© 0

) 1
(d) 22134
[Kurukshetra CEE — 2001]

The sum of coefficients in the expansion of
(1+x+x"is

11.

12.

13.

14.

Qen! et
@ = O S raopr*
@2n) !
(C) (n |)2 x"
@2n) !

D@ Drm-n1*

In the expansion of (I + x)” the sum of
coefficients of odd powers of x is

(a) 2"+ 1 () 271
(© 2" @ 2!
[MPPET - 1986, 1993, 2003]

If the sum of the coefficients in the
expansion of (x + y)" is 256, then the value
of nis

(a) 6 () 7

(c) 8 @ 9

What is the sum of the coefficients in the
expansion of (5x — 4y)! ?

() 1 -1

(C) 5100 (d) — 2 100

In the expansion of (x>+ 3a/x)’, the

coefficient of x'® will be
(a) 15C4 Ba) 11 () 15C4 a’
(©) ®°C,(3a)* (d) none of these

(a) 2 (b) 3" 15. In the expansion of (x — 1)1 the middle
(© 4 @ 2~ term is
[EAMCET - 2002] (a) —252x° (b) 252x°
The middle term in the expansion of © x° (d) x*/252
(1+x) 7is [MPPET — 2007]
ANSWER SHEET
L@ ® © @ 6@ ® © @ @ ® o @
2@® © @ T@® © @ 2.@® O @
3@ © @ 8@ ® © @ EONONONC)
4L @® O @ .0 ® © @ N ONONONC)
500 © @ 0. ® @ @ 5. @® ©© @



A.36 Binomial Co-efficient

HINTS AND EXPLANATIONS

(e r2)= (e ) e

Therefore, the middle term = *'C, = 512:121: :
2. For the sum of coefficients, put x = 1,
y =1 in both expansion,
a@-2+D¥=0-a)=(a—- 1)»=
— (a — 1)35
La—1=0ora=1

11.

C+2C,+3C,+4C,+ ... +nC, ="

Consider (1 + x)* ="C, + "C x +"C, x*
+ .. "C, x" Differentiating n (1 +x) " ™!
=1.7C +2."C,x+....n"C x"!
putx=1,n2""'=1."C +2."C,+.."C
Sum of coefficients of odd power of x



LECTURE

Particular Term and
Divisibility Theorem

BASIC CONCEPTS

1. To Determine a Particular term in the
Expansion

In the expansion of (x"‘ + é) , if x™ occurs
in Tr+1’

_na—m
= r a+/3

1.1 Thus, in the above expansion if constant
term, i.e., the term which is independent of
x, occursin 7, then

@

na (2)

Sreoip

2. Greatest Term (Numerically) in the
Expansion of (a + x)” Method 7, = "C,
ar’x"

(1) Let T (the rth term) be the greatest term.

() Find 7T_, T, T, from the given expansion.

T
(iii) Put—7- 1>

r

= B=rr LX) S | p<k+£0<f<1and kis

positive integer.

Note 1: If fis not zero, then r =k, 1.e. (k+ 1)th or
(r +1)th term is the greatest.

Note 2: If f=01.e. r <k, then we find two greatest
terms forr=k—landkie T and T
are the greatest terms.

3. Divisibility Using Binomial Theorem

(1) Expression (1 + x)" — 1 is divisible by x
because (1 +x)" =1 =x["C +"C,x+......
+7C x"~1]

@) (1 + x)* — nx — 1 is divisible by x*
because (1 +x)y'—nx — 1 =x["C,+"C,x +
e #7C XY

4. Number of rational terms In (a'? + b'9)"
where a, b are rational numbers and are
co-prime in nature, p, ¢ are integers
.. Number of rational terms =

[ L—CMn(p, ) ] + 1 =m (say)

where [ ] represents integral part.

Also, number of irrational terms = (n+ 1) —
m



A.38 Particular Term and Divisibility Theorem

SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find the coefficient of x* in the expansion
of the product (1 + 2x)5(1 — x)".
[NCERT]
Solution
(1 +2x)%1 —x)’
=[1+5C,.(2x) +°C,.(2x)* + °C,.(2x),
+°C,. (20" +°C.2x)° +...] x [1 -
Cx+C x*="C.x*+7C x*="C.x°
+..]
=11+ 12x + 60x? + 160x> + 240x*
+192x¢* +... ] x [1 = Tx + 21x* — 35x3
+35x* = 21x5 +...].
Therefore, coefficient of x° in the product
=[1x(=21)+ (12 x 35) +60 x ( — 35)
+160 x 21 +240 x (=7 )+ 192 x 1]
=(—-21+420-2100 +3360 — 1680 + 192)
=171.

2. Using binomial theorem, prove that 6"—5n
always leaves remainder 1, when divided
by 25.

[NCERT]

Solution

For two numbers a and b if we can find
numbers ¢ and r such that a = bq + r, then
we say that b divides a with ¢ as quotient
and 7 as remainder. Thus, in order to show
that 6"—5n leaves remainder 1 when divided
by 25, we prove that 6"—5n=25k+ 1, where
k is some natural number.

We have
(I+ay="C,+"Ca+"Ca*+...+"Ca"
For, a = 5, we get (1 + 5)" ="C+ "C5
+"C,5*+.  +"C 5"
ie (6)'=1+5n+5 "C+ 5*"C +. . +5"
1Le6"=5n=1+5(C,+"C5+. +57)
or6"—5n=1+250C,+5"C, +...+57)
or6"—5n=25k+1
Where k="C, +5"C +...+ 572

This shows that when divided by 25, 6"—5n
leaves remainder 1.

3. Write down the binomial expansion of
(1 + x)™!, when x = 8. Deduce that
9m1-81n—9 is divisible by 64, where #» is a
positive integer.

[NCERT]

Solution

We have, (1 +x)y™! =m1C +1C x+m1C x* +

m1C3x3+v B +n+1C"+1xrrF1

Putting x = 8 we get

148yt = mIC +m1C (8)+1C (8)*+m1C (8)*
O, (8 M

= 971 = 1+(n+l) x 8+71C (8)+71C (8)
+ . +n+lC"+1(8)rrH

= 9" —8n — 9 = B["'C, + ™'C,(8) +

"HC4(8)2 +m+n+1C'M(8)n—1]

= 971 —8n — 9 =64 x an integer

= 971-8n — 9 1s divisible by 64.

4. Find the coefficient of x° in (x + 3)8.
[NCERT]

Solution
Here, T, =3Cx3 73"
This will contain x5 if 8 — » = 5, 1.e., if
r=8-5=3
Substituting » = 3 in (1), we get, T, = ¥C, x°
3¥=0¢C,3)x°
Hence, coefficient of x* = *C, 3°

_(8x7x6 _ _
=(32728) 3 =56 <27=1512.
5. Find the coefficient of @° b7 in (a — 2b)'%
[NCERT]

Solution

Here, the general term 7, | = *C (a)"* ™~
(_zb)r = 12C, a12 -r br( — 2)7’

This term will contain @® b’ if 12 —r=5
andr=7
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re, ifr=17
Substituting, » =7 in (1),
we get T, ="C. a*b" (=2)

Hence, coefficient of a® b7 = (—2)" *C, = -

2 {572

_ 12x 11 x10x9x8x7!
__128{ S5x4x3x2x1x7

=-—128x 792
=-101376.
6. Find the 13th term in the expansion

of(9x—%)lsx¢0

[NCERT]

Solution

The general term in the expansion

of(9x - %)18 is
1

Tr+ = 18Cr (9x)18-" (_ W)r

For the 13th term, we put » + 1 = 13, 1.e,
=12 in the above term.

ol

12

-33%)

1
=% (|

(."C.="C )

_18x17x16x15x14x13 _(3)%° 18564
4 x6x5x3x2x1 312(x1/z)u .

7. If a and b are distinct integers, prove that
a — b is a factor of a"~ b", whenever n is a
positive integer.

[NCERT]

Solution
Writing a as (@ — b) + b in a"~ b" and
applying binomial theorem for positive
integral index,
we obtain,
a'—b"={(a—b)+b}"—b"
="C(a=by'+"C (a—by~'b!
+7C,(a=b)y"*b*+ ...
+ nCn_l(a - b)l bn—l + nC" bn - bn

=(@a=-b){"C,(a=by"'+"C(a=b)y*b
+7C,(a=b)y" b + ... ... .
+1C _ b1}y + b b
= (a — b) {some integer}
(. "Cp"CL"Cy ,"C, _, areintegers and
also all nonnegative powers of a — b and b
are integers)
Hence, a — b is a factor of a" — b™.
8. Find the value of

(2+Va2-1)' +(a*—Va?-1)".

[NCERT]

Solution

Using Binomial theorem for positive
integral index, we have

(@ +Va= 1) + (== 1)

=@+t x-y)

where x=a%, y =Va*— 1

= {*C,x*+1C, X’y +C x»* +C, x*
+4C, Y+ {'C x* —*C, ¥y +'Cx%*
—Cp’ +1C, "

=2 {'Cx'+'Cxy*+'Cpy"}

=2{1 (@)'+6(a’(Na*— 1 ?+1(Na*— 1)*}

=2{a®+6a*(@—-1)+(@-1)?

=2 {a®+6a°—5a*-2a*+1}.

9. Expand using Binomial = Theorem
(1+3-2) k=0
[NCERT]
Solution

Writing 1 + 5 ~ 2 as 1 + (5 - 2) and

binomial theorem for positive integral
index, we have

(433 = {r+(5-2)f aor
where

N1
=[N

y:
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= 4C0 + 4C1y + 4C2y2 + 4C}y3 + 4C4y4

SRR RC

27X
(3% +1(5-5)

x 2 2)\¢
+4(§ (—f) +1(—f)

8.3, 24 ¥
Sl+2e—x+5x—12+75+7 -6
4
+274—13—2+f—6—x2+6—i—?+i—4
_16_ 32,8 16 g

X X X
1, x*

10. Find the expansion of (3x? — 2ax + 3a?%)}
using binomial theorem.
[NCERT]

Solution
Writing 3x? — 2ax + 34® as (3x? — 2ax) + 34>
and using Binomial Theorem for positive
integral index.
We have
(3x2 — 2ax + 3a%)* = {(3x* — 2ax) + 3a*}3
=1 (Bx? - 2ax)* + 3(3x* — 2ax)* (3a%)!
+3(3x? — 2ax)! (3a%)* + 1(3a*?
= {1 3x2)* +3 (3x)? (- 2ax)
+3(3x%) (— 2ax)*+ 1 (— 2ax)*}
+9a® (9x* — 12ax® + 4a*?)
+27a* 3x* — 2ax) + 27a°
=27x%— 54ax’® + 36a* x* — 8a° x*
+81a?x* — 108 a® x* + 36 a* x*
+8la*x?— 54 a° x + 27a°
=27x%—54ax’ + 117 a** — 116 a&**
+ 117 a*x® — 54 a’x + 27a5.

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE /STATE BOARD):
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS

Exercise |

1. In the expansion of (1 + a)” *”, prove that
coefficients of a™ and a" are equal.
[NCERT]
2. Prove that the coefficient of x” in the
expansion of (1 +x)>"is twice the coefficient
of x" in the expansion of (1 +x)*~ 1.

[NCERT]
3. Evaluate (V3 +V2)5— (3 = V2 )s.
[NCERT]
4. Find the coefficients of
(1) x’in (x +3)° (i) x* y* in (x +y)°

5. Find n, if the coefficients of 4th and 13th
terms in the expansion of (a + b)" areequal.

6. Find a, if the coefficients of x? and x* in the
expansion of (3 + ax)® are equal.

7. The binomial coefficient of the third term
from the end in the expansion (3?? + x*%)!3
1s 91.

8. If three consecutive coefficients in the
expansion of (1 + x)" are in the ratio 6: 33:
110, find x.

9. If the coefficients of (p + I1)th and
(p + 3)rd terms in the binomial expansion
of (I + x)* are equal, then prove that
p=n—1

10. In the binomial expansion of (1 + x)*, the
coefficient of (2r + 1)th and (» + 2)th terms
are equal. Find ».

11. Show that 23" — 7n — 1 is divisible by 49,
where n € N.
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Exercise Il

1.

2.

Find the 10th term of (2x2+ 1),

Find the 6th term in the expansion of

(-]

. Find the coefficient of x*? and x'7 in the

expansion of (x“ - %)ls.

. Find the term independent of x in the

expansion of

@ (e +1) ® (2¢-1)°

. Prove that there is no term involving x® in

the expansion of (2x2 - %)“ where x # 0

. Prove that the ratio of the coefficient of

x!'* and constant term in the expansions of

2\10 . .
(1 -x* and (x—f) respectively is 1 : 32.

. If the coefficients of1 x’ and x77 in the

1 11
expansion (ax2 + é) and (ax2 - #) ,
respectively are equal, then prove that
ab=1.

10.

11.

12.

13.

14.

. If x* appears in the rth term of the

15
expansion (x“ + %) , then find the value of r.

. If the coefficient of x in the expansion

S
of [x2 + i—“] 1s 270, then find the value of
A

Find the coefficient of x*? in the expansion
of [x“ + % ]
x
[MP — 1995]

Find the value of 1 in the expansion

110

of [«If —~5| when independent term of x

xZ

1s 405.

Find the coefficient of a* in the product
(1+2a)* (2—a)’ using binomial theorem.

[NCERT]
Find the greatest term in the expansion
(x+py)trforx=2,y=1.

Find the greatest term in the expansion of
(3 —5x)° when x = 1/5. Ans. .

Exercise Il

1 11@ 2 5040/

3 1365 and ~1365 4 (a)84 (b)—8064
8 r=9 10 1365

9 4=3 11 A=%3

12 438

ANSWERS
Exercise |
3 3966
4 (1) 10206 (1) 84
9

67

7 n=15

8 x=12
10 r=14

13 Greatest term is 5th, 1.e., T . T, = 155380
14 T,is greatest T, = 78732
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. Find the number of integral terms in the

expansion of
(512 +718)l024
(a) 129 (b) 128
(b) 130 (d) none

Solution

(a) The general term 7| in the expansion
of (512 + 71%)10%4 {5 given by
T,+1 = 1024C, (51/2)1024—r (71/8)r
= T = 1024C 5512—r/2 7r/8
r+l r

=T, = {1024Cr5512—r} X 572 x 118

=T, = {1024Cr5512—r} x (5% x 7)™

Clearly, T, will be an integer, if % iS an

integer such that 0 <» <1024

= ris a multiple of 8 satisfying 0 <r <

1024

=r=0_8,16,24,....,1024

= r can assume 129 values.

Hence, there are 129 integral terms in the

expansion of (512 +71/8)1024

. Find the coefficient of the term

independent of x in the expansion of
x+1 _x—1 0

x¥/3-x/3+1 x-—x?

(a) 21 (b) 210

(c) 210 (d) none

Solution

x+1 x—1
(c) We have BB ] x_x2

B (x1/3)3 +13 x—1
- X3 5B 4] - x1/2(x1/2 _ 1)

B (x1/3 + 1)(x2/3 —xB 4 1) Y241
- X3 513 4] - x12

=xB+1-1—x1"

13 _ 172

X

=X

. x+1 x—1\©
A Bl x—x?

= (x!3 — x V0

LetT el be the general term in (x!? — x V)10,
Then, T, = °C (x'*)!" (=1) (x ")
For this term to be independent of x, we

10—7» r»_
must have 3 —2—0

=20-2r-3r=0>r=4
So, required coefficient = °C,,(=1)* = 210.

3. Find the coefficient of x” in the expansion
of (1 +x)(1-x)

(@ 1y -mn) ®) ly(m-1)
©) D' -n) d 1-n

Solution

(a) We have, coefficient of x* in (1 +x)(1 — x)”
= Coefficient of x" in(1—x)"
+ Coefficient of x"!in (1 — x)*
=(- l)nncn+(_ l)n—lncn_1=(_ (1 -
n)

4. Find the greatest value of the term
independent of x in the expansion of

(x sin a + %)10, where a € R.
10! 10!
10! 10!
© 5 @ 2517
Solution

(d) Let (»+1)th term be independent of x.

We have, T, = '°C (xsina)'" (%)r
=19C x'% (sin @)'"" (cos @)’

If it is independent of x, then » = 5.

Therefore, Term independent of x
=T,="C, (sin a cos a)’
=1C, x 27(sin 2 @)’
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Clearly, it is greatest when 2a = /2 and its

. 5_ 10!
greatest value is '°C x 27° = PG

5. The last digit in 73 is
[Karnataka CET — 2004]
© 1 @ 3

@7 ()9

Solution
(c) We have 7> =49 = 50-1
Now, 73% = (72150 = (50 — 1)150
= 15°C0(50)15°(—1)°+15°C1(50)”9(—1)1
+... +150C150(50)0(_1 )150
Thus, the last digits of 7°* are °C 1.1
1e., 1.
6. If x™ occurs in the expansion of (x + %)J’,
then the coefficient of x™ is
[UPSEAT - 1999]
2n)!
@ ) T @n—m)!

@n)13131

®) “2n—my

© @2n)!
(5 (*5)

(d) none of these

Solution

= 2n, 2n-r L r—Zn 2n-3r
T, ="Cx (xz) =2C x™3

This contains x”, if 2n — 3r = m 1e. if

_2n—m
3 >
~. Coefficient of x" =>'C , r= 2"; L
_ 2n! _ 2n!
Cn-r'r! 2n—m), (2n—m
(2n-25): (B2,
_ 2n!
dn+m)\, (2n—m
(5 e (25):
7. The remainder when 5% is divided by 13 is
(a) 6 () 8
©) 9 @ 10

Solution

(b) 52 = (5)(5H)* =525)* =526-1)*=5
x (26) x (Positive terms)—5, so when it is
divided by 13 it gives the remainder —5 or
(13-5),1e.,8.

8. When 23 is divided by 5, the least positive

remainder is
[Karnataka CET — 2005]
(a) 4 (®) 8
(© 2 @ 6
Solution

(©) 2*=1 (mod5),
= (29" =(1)"*{mod 5)i.e,2¥ =1
(mod 5) = 23 x 2 = (1 x 2)(mod 5)
= 230 = 2(mod5),
Therefore, Least positive remainder is 2.
9. 10"+ 3(4"*%) + 5 is divisible by (n € N)
[Kerala (Engg.) — 2005]

(@7 ® 5
© 9 @ 17
Solution

() 10"+ 3(4") + 5,
Taking, n=12; 10>+ 3 x 4*+ 5 =100 + 768
+5=2873
Therefore, this is divisible by 9.
10. The remainder on dividing 7*° by 5 is
[UPSEAT-1999]

(@ 1 (b) 4
© 3 @ 2
Solution

(b) 730 = (72)15 = (49)15 = (50 — 1)15

= 5015 — lSC’l 5014 + ISC', 5013
—..+15C 501 - 15C1_5 (50)°

= (a multiple of 50) — 1

= (a multilpe of 50 — 5) + 4

= (a multiple of 5) + 4

Therefore, required remainder = 4.

11. In how many terms in the expansion of
(x5 + Y1935 do not have fractional power
of the variable

[CET (Pb.) — 1992]
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(@ 6 ® 7
©) 8 (@ 10
Solution

12.

(a) Tr+ = SSCr(xl/S)SS T (yloy
= SSCr x &5-n/5 yr/10
Now, powers of x and y are not fractional
when =0, 10, 20, 30, 40, 50.
Hence, six terms do not have fractional
power.
The coefficient of x° in the expansion of
(1+x° (1 +x)*is

[EAMCET - 1996]

(a) 50 (b) 60
(c) 55 (d) None
Solution

(®) (1 +x° (1 +x)*

=1 +5x2+10x* + ) (1 +4x +6x% + 43
+x%)

Therefore, coefficient of x* = 5 (4) + 10(4)

=60.

13. The remainder on dividing 2%° by 7 is
[CET (Karnataka) — 2001]
(a) 2 ®) 0
© 1 @ 3
Solution

14.

©) 260 = (23)20 =1+ 7)20
= '_’OCO + '_’OC‘1 7 + '_’OC‘2 72 + + 20C20 . 720
=147 (20Cl + zoc2 T+ + ZOCzo 719)
=1+ (amultiple of 7)
Therefore, required remainder = 1
The coefficient of x* in the expansion of
x*—x—2)is

[EAMCET - 2003]

(@ 0 (b) —83
(c) —82 (d) -8l
Solution

(d) Exp. = (x = 2)° (1 +x)°
Now, write expansion and find the
coefficient of x°.

15. The digit in the unit place in the number

7% is
[CET (Karnataka) — 2005]
(a1 ) 3
©9 @ 7
Solution

(d) 7289 =7 (7288)
Now 7288 = (72)144 — (50 _ 1)144
= 50144 — 144C 50143 + + 144C (_ 1)144

1 e 144
= (5014 — 144C1 50143+ — 144C143 .50)+1
= (a multiple of 50) + 1 = (a multiple of 10)
+1
= 7.7%%8 = (a multiple of 10) +7
Therefore, digit in the unit place =7

16. For natural numbers m, nif (1 —y)" (1 +y)"
=l+ay+ay*+... ,anda =a,=10; then

(m, n) 1s equal to
[AIEEE - 2006]

(a) (35,20) (b) (45,35)
(©) (35,45 (d) (20,45)
Solution

©@QA=-pyyd+yyr=l+taytay'+..
=1+10y +10y* +

..(D
Also, (1 —yy" (1 +y)"
=1+@m-my
n(n2— 1 . m(mz— 1 » @
Comparing (1) and (2), we have
n—m=10 3)
n(n2— 1 Cm + m(mz— 1 - 10 @

Now, (4) = (n—m)*— (n+m)=20
= 100 — (n + m) = 20 [Using (3)]
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=>n+m=280 (®)]
3), (4 =>m=35,n=45.
17. The coefficient of x* in the expansion

x 3.
of(2 - xz) is
[DCE - 2000; MPPET - 2006]
504 450

@ 759 ®) 263
405
© 256 (d) None
Solution

10
(c) In the expansion of (% - %)

(r+ Dth term is
ra=v () (-2

xior (<1y.3
= IOC, 210—r' x’lr

10—3’. _1 rv3r
e %

. 10 = 37 = 4 (coefficient of x*)
= r =2 Hence, coefficient of x* is

3% _ 405
C, 8= 2356
. . 1\u
18. If coefficient of x’ in (ax2 E) and the
. . 1 \1
coefficient of x7 in (ax - W) are equal,
then

[MP - 1999; AIEEE — 2005]

(a) ab=1 ) atb=1
(©) ab=1 d) a-b=1
Solution

(a) Suppose x7 occurs in T, in the first
expansion, then

_11@2)-7 _ 5
T2l
Also, suppose x 7 occurs in T ,, | in the
1) +7
second expansion, then ' = Hh+7_ 6

1+1

As given coefficients of there two terms are
equal, so

e (f)-re )

46245 _ 4624°
bs - bs

=ab=1.

na—m
a+
19. The coefficient of x* in the expansion of
(I+x+x*+x%)"is
[MNR - 1993; RPET — 2001; DCE — 1998]
(a) "C,
(b) "C,+"C,
() "C,+"C,+"C,"C,
@ "C,+"C,+"C "C,

Note: Use formula » =

Solution
(@) (1 +x+x*+x°) = {(1 +x)(1 +x?)"}
=(1+"Cpx+"Cpx* +.....+"C x")
X (1 + nClx’l + nC2x4 +. . + nCnx'_’n)
Therefore, the coefficient of x*
="C,+"C,"C +"C,="C,+"C,+"C "C,

20. The coefficient of % in the expansion of
(1+x)" (1 +%)" 1s
!
@ =T T+ )]
@2n) !
O G m+1y
@2n)!
© @1 @n+ D

(d) None of these

Solution
() (14 xy'="C,+ "Cx +"Cx2+....+
" LY e pne Lo L
Cen(1+45) =rCp+7C 3 +7C, 5+ +
wo (LY
c,(¥)

Obviously, required coefficient of % can be
given by
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21.

"CO"C1+ "Cl'nc2+ """" + "C"_ 'nCn
B 2n) !
Tm=-D! @+
In the expansion of (1+3x+2x%)5 the
coefficient of x!! is

[Kerala (Engg.) — 2005]

(a) 144 (b) 288
(c) 216 (d) 576
Solution

22.

(d) (1 +3x+2x%)5=[1+x(3 + 2x)]°
=1+°Cx(3 +2x) +°Cx*(3 +2x)’
+9Cx*(3 + 2x)* +°C x'(3 + 2x)*
+9Cx°(3 + 2x)°’ + °C x°(3 + 2x)°

only x'' gets from °C x°(3 + 2x)°

Since, °C x°(3 + 2x)° = x5(3 + 2x)°
Therefore, coefficient of x'' = °C3.2°
= 576.

The coefficient of the term independent of
x in the expansion of (I + x +2x°)

()

[DCE - 1994]
(a) 1/3 (b) 19/54
(c) 17/54 (d) 1/4
Solution

(c) The general term in the expansion of

e (3 (4

e (3 ()

Now, the coefficient of the term independent

)

of x in the expansion of (1 + x + 2x%)
3., 1Y
(5¢-3) @

= Sum of the coefficient of the terms x°, x™

and x 3 in (% x?— gl—x)g

23.

Forx°in (1), 18-3r=0=r=6.Forx'in
(1), there exists no value of » and hence no
such term exists.

Forx3in(1),18-3r=-3=r=7
Therefore, for term independent of x, in (2)
the coefficient

—1x 1 (3)°
+2%5C (—1)7(3
_98.
123
-7 _2_17
“18727 54
fA+x)=C,+Cx+Cx*+ ... Cx",
then C?+C>+C2+....... +C,? is equal

to
(@) *C,

© *C,,

(OSIEN |
l\)l’v)
@

®) *C,,
(d) none of these

[IIT — 1973; MP — 1985;
PET(Raj.) — 1997; UPSEAT — 1999]

Solution

24,

@A+x)=C +Cx+Cx*+

Also,
(+xy=C +C_x+C _x*+

[~ C,=C.C=C_,C,=C

Multiplying (1) and (2), we get

(1+xy"=(C,+Cx+Cx*+
x(C +C x+C Xt +C0x")

Comparing the coefﬁ01ent of x" on both

sides,

we get,

2nCn = C02 + C12 + C22 + . + Cn2

etc.]

The sum of the rational terms in the

expansion of (V2 + 351 s

(a) 41 (b) 46

() 39 (d) None of these
(LLT. Re-ex. — 1997)
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Solution

26.

(a) T, ='°C (N2 )'® 315y where r varies
from O to 10 as there will be only 11 terms.

In T ,, the powers of 2 and 3 are 102_ L and

5 where0<r< 10.
§ will be an integer for » = 0, 5, 10 but

102_ " will not be an integer for » = 5. Thus,

both powers are integers for » =0 and 10.
Hence, T| and T, will have rational
coefficients whose sum is

°C, (V2)wo 1+ °C . 1.32=32+9=41
Letnbean odd naturalnumber greaterthan 1.
Then the number of zeros at the end of the
sum 997+ 1 1s

(a) 3 (b) 4

(©) 2 (d) None
Solution

©)1+99"=1+(100-1)

=1+["C,100"="C, 100"

+7C,10072...="C | [+ nisodd]

=100 [C, 100" = "C, 10072...+C, ]

= 100 x Integer whose units place is
different from zero

[# having odd digit in the unit place]
Hence, number of zeros at the end of the
sum 99"+ 11s 2.

Hence, (c) is the correct answer.

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. In the expansion of (34 34 ) 4th term

will be
oo (56 we
(ii1) - °C, % (iv) none of these

. The middle term in the expansion of

10
(5+2)"is
2 X
@ *C,a
© *C,

®) *C, %
(d) none of these

2

. If 9th term in the expansion of (3x2 - ;)ﬂ is

independent of x, then the value of # is:

(a) 18 (b) 20
(c) 24 @ 32
. In the expansion of (y2 + )%)5 , the coefficient
of y will be
[MNR - 1983]
(@) 20 ¢ () 10c¢
(¢) 10¢? (d) 20¢?

19/

. In

. The term independent of y in the expansion

of (y 16—y 18y ig
[BITS, RANCHI - 1980]

(a) 84 ) 84
(©) 0.84 d) -84
12 + —] if the ratio of 7th term from

the beginning to the 7th term form the end
18 1/6, then n =

(a) 7 () 8
© 9 (d) none of these
. The term independent of x in the expansion
1)s.
of (2x + 5) is
[MNR - 1995]
(a) 160/9 (b) 80/9
(c) 160/27 (d) 8073

. If x* occurs in the rth term in the expansion

15
of[x“+%] ,thenr=

[MPPET - 1995; Pb CET — 2002;
NDA - 2007]
(®) 8
@ 10

(a) 7
© 9
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10.

11.

12.

13.

14.

g

The largest term in the expansion of (3 +
2x)*® where x = 1/5 is

[IIT Sc. — 1993]
(b) 5lth
(d) 6th and 7th

\F+\/3 10

[EAMCET - 1994; RPET - 2000;

(a) 5th
(c) 7th

The term independent of x in
is

DCE - 2004]
(a) 2/3 (b) 5/3
(c) 4/3 (d) none of these

The greatest integer which divides the
number 101%° -1 is

[MPPET - 1998]
(a) 100 (b) 1000
(c) 10000 (d) 100000
The coefficient of x™® in the expansion

of(%z— %)9 is

[Kerala Engg. — 2001]

(a) 512 (b) —512

(c) 521 (d) 251

49"+ 16n — 1 is divisible by
[Kurukshetra CEE — 2001]

(@ 3 () 19

(c) 64 @ 29

What are the last two digits of the number
9200?

() 19
() 41

(b) 21
(d) 01

SOLUTIONS

. (@) 4thterm, 7,=T ,,

= (¥) 3(§)3
= (¥ G

(c) Here n =20

16.

17.

18.

19.

20.

. For any positive integer n, if 4" — 3n is

divided by 9, then what is the remainder?

(@ 8 (b) 6
(c) 4 @ 1
The number of integral terms in the

expansion of (V3 +V5)%6 is

[AIEEE - 2003]
(a) 32 (b) 33
(c) 34 @ 35
In pascal’s A, each row is bounded by
(@ 1 () 0
(© 2 @ -1
If the expansion of ( 3%— Zx{/f)IB” contains

a term independent of x, then » should be a
multiple of

[Kerala PET — 2008]
(a 10 ®) 5
(© 6 @ 4
What is the last digit of 33" + 1, where 7 is
a natural number?

[NDA - 2008]

(a) 2
(b) 7
(c) 8
(d) none of the above

Ifthis sum of the coefficient in the expansion
of (1 + 2x)"1s 6561, the greatest term in the

expansion for x =1 is
(a) 4th (b) 5th
(c) 6th (d) none of these

Total number of terms = 21

. Middle term = 2LXL = 111

= T, in the expansion of (% + %)20
, X \10 / @ \10

=2, (2)" (%)

=20 x ]10

10

=200

10"
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8
3. (0)T,=T,,,=C, Gy (- 3)

2n—40

T,="C,.3"7%.2% x
For independent of x: 2n — 40 =
n=20.

4. T, =07 (5)=Cyro>c

0 or,

which contains y' if 10 —3r=1
ire,ifr=3.

5. )T, =°C(ys) =(535)

9cy_%. (—1)'y¥

(258 +5=0=9-r-2r=0

=>3r=9=r=3
Therefore, required term = °c, ( — 1)° =

nC (21/3)n 5(3-33)6
6. (c) 6 nC (21/3)6(’; 13yn-6

or6-l=6"4% @U3=¢g ®3-9

—-4=-1=>n=9

n
©3
7. ( (2x L«
r+1—6C(2x)6’( )r=6Cr. %.x“‘z’ ¢))

Term 1s independent of x if power of x =0,

This=>6-2r=0=r=3.

T, =°C, ( )3=%i4~%= 27

T, ="C.x"" a) gives

160

8. (C) ]; = 15Cr_1(x4)15_(,_1) (%)(r—])

For coefficient of x*: 4 (16 =) =3 (r— 1)
=4,r=9.
9. (d) 3+2x)°. Let T, belargest term

T —
Apply ]'fl (n ',:+1)%for(x+a)".

10.

11.

12.

In the present case,

hz(SO—r+l)(2x)

T r 3
(312 (&) s
;‘21 %J

=102-2r>215r=>r<6

T, and T, are greatest.

o ((3p+2)

Coefficient of the independent term is

r = ((ER)° ()

(©) (101)19° = (1 + 100)1%0
=1+19C_(100) + 1%C, (100)?
+100C (100 + ... ..
or,
(101)1%0 — 1 = (10)* [1 + 1%°C, + 199C, (10)?

This = (101)!% — 1 is divisible by greatest
integer (10)*.
(b) Letx ®occurin T’

r+1

Now, T, —9C( ) ,(_%)r

18 3r
= QC, 99-2r 1y
Since, x *occurin T, |
“18=-3r=-9=3r=27=r=9
.. required coefficient
_9C,(-1)°
=—5

=-20=-52]
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13.

14.

16.

17.

18.

(c) 49"+ 16n -1
=(1+48)y"+16n-1
=1+"C, 48 +"C, (48)
+. +7C (48)"+ 16n -1
=(48n+ 16n) +"C, (48)* +"C, (48)
+.. 1 (48)"
=64n +8{"C,6*+"C, . 6* . 8
+ "C4. 6% 82+ + "Cn 6" 82}
Hence, 49"+ 16n — 1 is divisible by 64.
(d) (10 — 1)200 = '_’OOC0 10200 — ZOOCl 10 199 4

_2006’199 10 + 200C200 100
= 2006’0 10200 — '_’OOCl 10 199
o —(200)10+1=1004+1

Therefore, last 2 digit = 01

. Forn=14"-3n=4-3=1=0+1

=9x0+1
Forn=2,4"-3n=16-6=10=9 x 1
+1=9x1+1
Forn=3,42-3x3=64-9=55=54+1
=9x6+1

.. By induction, when 4” — 3 is divided by
9, we get remainder is 1.

®) 7,,,=>C, (V37" (V5)

256

=236C 37 59
.. T, is an integer if @
both nonnegative integers.

.. Possible values of r are 0, 8, 16, 24, ...
256

Therefore, number of integral terms = 1
+32=33(.. 256 =8 x 32)

(a) In Pascal’s triangle, each row begins
with 1 and ends with 1.

(d) General term in the expansion of

(3_@ 5 )13nv
7 T xvx) 8

and % are

19.

20.

o, 35) T (o)

=C (%)nn_r (—2_5)’ x13n2_4r; this term will
be without x, if
13n — 4r _

2
ie, if 13n=4rfor somer € {0, 1,2, ....,
13}
i.e.,if nisequal to % forsomer e {0, 1,2,
ey 133
Therefore, n must be a multiple of 4.
(d)Forn=0
Last digitof 33" +3¥ +1=3+1=4
Forn=1
Last digit of 33" + 1 =33 +1=38 +1
=Last digitof 34*16.3+1
=3+1=4
Thus, it is clear that the last digit of 3" +1
is4.
(c) Sum of the coefficients in the expansion
of (1 +2x)"= 6561
= (1 +2x)"=6561, whenx =1
=>3"=6561 = 3"=3=>n=8

SCr 2x)" 9_1

Now, £1=8C,_1(2x)"1 =22 x2r

0

R A e~

<

T, (O-rx2
= Tr’=—r

r+1

T
Now, T

Thus, 6th and 7th terms are greatest and are
equal in magnitude.

21 =18-2r2r=>r<6

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. In the expansion of (x’ + l/xz)s, the term

containing x* is

(a) 70x*
(c) 56x*

(b) 60x*
(d) none of these
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. The term indpendent of x in the expansion

of (1/2 x' + x"5)® will be
(@ 5 (b) 6
© 7 @ 8

. In the expansion of (3x%2 — 1/3x)°, the term

independent of x is
(@ °C, 1/6°
(©) °C,

() °C, 312y
(d) none

. The coefficient of x7 in the expansion of

(x¥2 =2/x)%1s

[MNR - 1975]
(a) —56 (b) 56
(c) —14 @ 14
. (1 +x)"—nx— 1 is divisible (where n € N)
(a) by 2x (b) by x?
(c) by 2x3 (d) all of these

. The ratio of the coefficient of x!° to the term

independent of x in [x?+ (2 / x)]* is
(a) 1:32 (b) 32:1
(© 1:16 @ 16:1

. The coefficient of x* in the expansion

of (x“ - %)s is

[MPPET - 2001]
(b) —105
(d) 455

(a) — 455
(c) 105

. The coefficient of x® in the expansion

of(3x2 - gl—x)9 is

(a) 126
(c) 504

(b) 378
) 830

. Find the (» + 1)th term from the end in the

expansion of (x — 1/x )*"is

10.

11.

12.

13.

14.

() ! Gm!
@ a1 ® @y 1ar®
@2n) !
© Gy tnl x" (d) none

The numerically greatest term in the

expansion of (4—3x)” when x = 1

(a) 21 x 43 (b) 21 x 4

(c) 37 x 48 (d) none of these

If x = 1/3, then the greatest term in the

expansion of (1 +4x)%is

(a) 56 (b) 56 (4/3)}

(c) 56.(4/3)° (d) none of these

The digit at unit place in the number 7% is
[CET (Karnataka) — 2000]

(@ 9 ® 5
©) 3 @ 1
The remainder obtained when 5'%*1s divided

by 124 is
[Karnataka CET — 2007]

(@5 (®) 0
(© 2 @ 1
In the expansion of (x + 2/x?)', the term

independent of x is
[MPPET - 1993; Pb CET - 2002]
(a) 15C6 26 (b) 15C5 25

(©) 15C4 24 @ 15C8 28

. The coefficient of x3? in the expansion

of (x“ - %)15 is
[Karnataka — 2003; Pb CET — 2000]

(a) ISC5 (b) 15C6
(C) ISC4 (d) 15C7

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions:

1.

The answer sheet is immediately below the
work sheet.

. The test is of 15 minutes.
. The test consists of 15 questions.

The maximum marks are 45.

4.

Use blue/black ball point pen only for
writing particulars/marking responses. Use
of pencil is strictly prohibited.

. Find numerically the greatest term in the

expansion of (2 + 3x)°, when x = 3/2

7 X 313 7 X 313
(@ — b) ——5—
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19/

2

2
©) 7538 @ -7335

. Find the Sth term in the expansion

o2

(a) 12C4.x_12.a4.38
(b) —12C4.x_12.a4.38
(©) x 2. a*. 37.12C4

d —-x12.4%. 38 .12C4

. If the 4th term in the expansion of (px +

xmis 2. 5for all x € R, then
5 1
(@ p=5,m=3 (b) p=5.m=6

) p= %, m=6 (d) noe of these

. If the absolute term in the expansion

10
Of(\/f - %) 1s 405, then k is equal to

(a) £1 (b) £2
(c) £3 (d) none of these
. Which term in the expansion of the
21
binomial ’\j% + % contains a and b to
one and the same power:
(a) 9th (b) 10th
(c) 11th (d) 12th

. If the expansion of (x2 + %) x for positive

integer » has a term independent of x, then
nis

[Roorkee — 1991]
(b) 18
@ o

(a) 23
(© 16

. The largest term in the expansion of

(3 +2x)°° where x = 1/5 is

[IIT - 1993]
(b) Slst
(d) 8th

(a) 5th
(c) 7th

. The co—efficient of x™° in the expansion

(53]

10.

11.

12.

13.

14.

(a) 512
() 521

(b) - 512
@) -251

[Kerala PET — 2001]

. The number of irrational terms in the

expansion of (56 + 21%)100 ig
[Him. CET - 2006]

(a) 96 (b) 97

(c) 98 @ 99

The co—efficient of x7 in the expansion of
A=-xHA+xyis

(a) 27 (b) —24

(c) 48 (d) —48

The term independent of x in (2x — 1/2x? )12

1S
[RPET — 1985]

(8 —7930 (b) —445
(c) 445 @ 7920
The coefficient of x* in the expansion

5
of (x - %) is
[MPPET - 1997]

(a) 14 (b) 21
(c) 28 @ 35
The 5th term from the end in the expansion

2 12
(-2

(a) 1853 /%
() 1258/x°

(b) 7920/ x*
(d) none of these

If the coefficient of x in the expansion of
(* + k/x)’ is 270, then k =

(a 1 (b) 2

(© 3 @ 4

. Coefficient of x? in the expansion of

(x—1/2x)is

[UPSEAT - 2002]
() -1/7
@ 7

(@ 1/7
(© -7
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ANSWER SHEET
L@ ® O @ 6@ ® © @ EONONONC)
2@® © @ T@® © @ 2 @® 0 @
3@ © @ 8@ ® © @ B @® OO
4L @® © @ .0 ® © @ N ONONON()
500 © @ 0.0 ® @ @ 5. @® © @
HINTS AND EXPLANATIONS
. (C)T =mC x)m—S (x—l)3=mC m—3 xm—3
x_3 4 3(p 3p 9, (b) (51/6 + 21/8)100 General term = IOOCr
="C,p"Pxm =25 : (5VeyI00=r U8y = 100C 51T s
-m=6,C,p’=25=p= 2 for rational term, » = 16 40, 64, 88
s (@B (B2 No. of irrational terms
Y r(ﬁ) (alfé) = total term — (no. of ratioal terms)
=101-4=97
power of a = power of b 10. (@) (1 - x% (1 +x°
—r r_r 2l—r coefficient of x” = °C, —°C, = — 48
3 76 27 6 13. (b) Sth term then end = 9 term beginning
42-2r-r=3r-21+r=42-3r=4r— —n -2 7920
217=9 IC( )(x-) x!
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LECTURE

' Multinomial Expansion
- and Pascal’s Triangle

BASIC CONCEPTS

1. The number of terms in the expansion of Note 1 Pascal’s Triangle is bordered by
(x +y + 2)", where n is a positive integer, one (1).
is Note 2 Pascal’s triangle is symmetrical about

a line through vertex 1.

1
>+ +
2 (n+ D(n+2). Note 3 Binomial coefficients of (x + a)*

2. Thetotalnumber of terms in the multinomial are present in (n + )th row of the Pascal’s

expansion (x, +x,+x,+... +x,)"is=Number triangle.
of non negative integral solutions of the Explaination In the above figure, every row
equation 7, +7,+ ... +risnis""*7'C or has 1 as its first and last number and numbers
"G, in each row at equidistant from two ends
3. Pascal Triangle In the expansion of (x + are equal. Every number in each row can be
a)", the binomial coefficients "C , "C , "C,, obtained by adding two numbers of its pre-
.ete, whenn =0, 1,2, ... can easily vious row which lie at left and right to this
b‘? found in the rows of the following number. For example, when n = 6, then the
triangular figure second number of this row can be obtained by
Binomial Binomial Coefficients adding 1 and 5 which lie in the previous row
n=0 1 at left and right to 6. So, this second number
n=1 11 will be 1 + 5 = 6. Similarly, third number
n=2 121 of this row = 5 + 10 = 15 and so on. Thus,
n=3 1331 we can obtain any number of any row. From
n=4 14641 different rows of the Pascal triangle, we can
n=>s 15101051 ?ue;&z obtain ;/'aluesf of ;momlal c;)efﬁcl:llents
or different values of n. For example, when »
n=6 1615201561 =4, then numbers 1, 4, 6, 4, 1 lying in 5th row

n=17 172135352171

are values of binomial coefficients ‘C, ‘C,,
....................................... a4
C,.*C,.*C,
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4.

4.1

4.2

Binomial Theorem for Any index If # is
rational number and x is real number such
that | x | <1, then

-1
(I+x)=1 +nx+%x2

+%)!(n_2)x3+””

nn—1D)n-2)..(n—-r+1)
* r! X

+ ....t0 ®

€y
Observations

(1) In the above expansion, the first term
must be a unity. In the expansion of (a +
x)", where n is either a negative integer or a
fraction, we proceed as follows

@ty =[a(1+%) [ =a(a+g)

-1 2
1D (xf+ |

the expansion is valid when ’%’ <1 1e
el <lal

=a 1+n-§+

(i1) There are infinite number of terms in the
expansion of (1 +x)”, when » is a negative
integer or a fraction.

(ui) If x 1s so small that its square and
higher powers may be neglected, then
approximate value of (1 +x)"=1 + nx.
General Term in the Expansion of (1 + x)”
The (» + 1)th term in the expansion of (1 +
x)"1s given by

nn—1Dn-2).(n-r+1)
= 7 Ix”

r+1

5. Some Important Deductions from (1 + x)*

. Replacing n by — n in (1), we get,

nn+t1)
21 Y

Q+x)y"=1-m+

B n(n+ :1;)!(n +2) S

nmn+DR+2).. . (n+r— l)x’+

e r

5.2

5.3.

54

nnt+tD(n+2).. (ntr- l)x’

T,., =D o
(General term).
Replacing x by —x in (1), we get,
nn-1) |
I-xy"=1-nx+ A
_n(n— l)|(n -2) Sh
- - —-r+
1y nn—1)(n f?....(n r+1) v
nn—1)n-2).(n—-r+1)
T,.,=Cly = ¥
(General term)
Replacing x by —x and » by —n in (1), we

get,
m+D)

(1-x"=1+nx+" AR

n(n + :1;)!(n +2) S

N nn+ 1)(n +3)!...(n+r— 1 vt

_nn+tDm+2).. . .(ntr-1)
- r!

r+1

(General term)
Sume Useful Expansions
OA+x)'=1-x+x>-x*+ ... +(=-Dx

@) A-x'=1+x+x2+x>+ ... +x
+.....

(i) (1 +x)?2=1-2x+3x>—4x*+ ... + ...
+ (1Y + DX+ ..

(v) (1 —x)2=

rF+1Dx+

1+ 2x+ 32+ 43+ ... +

MA+x)3=1-3x+6x>—10x>+ ... +

(r+2)2(r+ l)xy+
i) (1 —x)? =1 +3x + 6x2+ 10x3+.. +

(r+2)2(r+ l)xy+

. Hence the following table should be

remembered for the general term
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Binomial Expansion General Term 7

(1 - %) r+ 1)(r3+!2)(r +3) v

1+ (r+ D(r 3+!2)(r +3) e

.t DE+2DF+3)r+D
1-x7 a0 x

(1+x)° rF+ D@+ 23(( +3)(r+4) (—xy
7. If"C,_,"C ,and "C__  are in AP, then

1) n=7,r=2o0or5@0)n=14,r=50r9
8. Sum of Binomial Series

Terms of the given series are compared with the

term of the following standard binomial series
nn-1)
1x2

(I+x)"=1+nx+ x?+

By this procedure we find values of x and n
and hence sum of the series by substituting
values of x and » in (1 + x)” is obtained.

Number of terms in expansion of
(x"+%+1)n152n+1.
Note:
O x+D)E+2)=x>+1+2)x+12
) x+ 1) (x+2)(x+3)
=x’+(1+2+3)x?
+(12+23+13)x+123

) + 1) (x +2) (x + 3) —---mmmmmmm-
(x+m)=x"+(1+2+3+ .. +nmx"!
+{(12+13+ ... +1(m—D}x2

(iv)1.2= 2 [(1 +27- (12+2)]

12423 +13 =5 [(1+2+3¢ - (12+2
+3%)]

. An Important Theorem

If (VA + B)" =1+ fwhere I and n are positive
integers, nbeing odd and 0 <f< 1, then show
that (I + f)f= k" where A — B>=k > 0 and
VA-B<1

Proof: Given VA -B <1

L 0<(WA4-By<1

Now, let (VA —B)"=f" where 0 < f' < 1

s I+f —f={A-By—(NA -B)

Since, R.H.S. contains even powers of VA,
hence R.H.S. is an integer.

Therefore, L.H.S. is also integer (- nis odd)
but / is an integer, then f — /" is also integer
= f-f'=0

(o -I<f=f"<D

orf—f'

LAHENI=AHNS

=(NA + B)Y'(NA - By

= (A _BZ)n ="

Note: If n is even integer then
(NA+By+(NA-By'=I1+f+f'

Hence, L. H.S. and ] are integers.

- f+f is also integers

=>f+f'=1 (-0<f+f'<2)

L f=A-0)

Hence, (+/)I~f)=A+/) [’

= (VA + B)"(\NA - By

= (A _BZ)n

=k"

SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC

1. Expand the following
1 (1 —2x)'upto5 terms

(@i1) (1 —x» up to 4 terms

Solution
@O (1-2x)"'=1+2x)+2x)+ (2x)’*+
x)*+ ... =1+ 2x +4x>+ 8 + 16x*,

(Sterms).

i) (1 —x)™

7(7
Zlx-1
=1 +%(_x2) +# (_xz)z
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2. Prove that
(1 +xy"=2"

a2 e

Solution

(1+x)y=

(1 Jrlx-"z(%'l %rx)
=[p e =2l
=21 (1) 2 (152 + e

Proved

_+12_?(%) +%(%) +... 0, then

3. Ify=

prove that 3?2+ 2y — 4 =0.

Solution
I

Let RH.S. is expansion of (1 + x)".
2,13(2
1+5+2| (5) + ...
n(n—1)
21
Comparing 2nd and 3rd terms in both the

=1+nx+ x4+ ..

sides, % =nx )

2 -1
w53 (3 =270 @

Dividing Equation (2) by square of the
Equation (1).

Do B ()

2w 215
n-—1

= =3=>n-1=3n

_ =1
= 2n=1=>n= )

From Equation (1),

1+y*+2y=5 =y"+2y-4=0.

Proved
4. Find the value of (0.98)7 up to 2 decimal
places.
Solution
(0.98)3*=(1-0.02)3
-3)(—4
=11+ (=3).(-0.02) +( 2)(' ).
(-0.02)*+ ...
=(1+0.06+0.0024 + ...)=1.0624.

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE /STATE BOARD):
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS

Exercise-l

1. Find an approximation of (0.99)° using the
first three terms of its expansion.
[NCERT]
2. How many terms are there in the expansion
of [(Bx + )71
3. The first three terms in the expansion of a
binomial are 1, 10, 40. Find the expansion.

4. The first three terms in the expansion of
(1 — ax)”, where x is a positive integer are
1 — 4x + 7x% Find the values of a and n.

5. For what value of m, the coefficients of
the 2m + 1)th and (4m + 5)th terms in the
expansion of (1 + x)'° are equal.

6. Find the greatest term in the expansion of
(1+4%)", whenx = 3
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Exercise-ll

1. Expand (2 + 3x)~* upto four terms in
(1) ascending powers of x (ii) descending
powers of x. Mention the condition for
validity of expansion in each case.

2. Mention the condition for validity of the
expansion and expand (2 — 3x) as far as
the term contains x*.

3. Expand each of the following upto 4 terms
1) 2 +3x)" @) (1 -x»)"".
Mention the condition for validity of the
expansion in each case.

ANSWERS

Exercise-l

1. 0.9510

37

1+2)y
a=1/2,n=8

ISR ol T
I

57344
Ts="243

Exercise-ll

L (1)32[1 Dxt %xz‘gg_sx}*”]
1_ 101,20 1
@ 545 (5= 5 w3
280 1
—27 e ]

o

. Provethat (1 +x+x>+x>+ ...

. Find the coefficient of x® in the expansion

of (1 — 2x)2,
)1 —x+x?

- )=1+x>+x*+x5...).

. Find the number of terms in the expansion

of the following (1 + 2x + x%)*°.

. Find the number of terms in the expansion

of the following.
1) (1+5V2x°+(
(i) 2x+3y —42)

- 5V2x)°

. Find the coefficient of x in the expansion

of [V1+x?—x|". When |x|<1.

1.9 27%  135¢ , 1215 ]

[8+16+ 16t 32 tiag Xt
. (i)25/3[1 +%x+%x2—%x3+...]

1T ap 14 4 14

@) [1-F e+ Ghx-gies .|
15015/16

41 terms

(1) 5 terms

ECESSCEY))

() "y

Coefficient of x is 1

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. If x is so small that its square and higher
powers may be neglected, prove that

({+x)=1+2x
-x
(@ 1+2x (b) 1-2x
(© 2-2x @ x—2
Solution
@ =1 +001 -0

But (1 —x)‘1= Il+x+x>+x3+ ..

CIfox

=1 +x (neglecting higher powers of x)

s llﬂ—(1+x)(1+x)—1+2x+x-=

1 + 2x [neglecting x?]

is Very near to 1, then the

— bx“

approximate 5,2 —

value of is equal to

[AIEEE — 2002]
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(@) 452 ) T

© T4 @ 52
Solution

(b) Exp. = a(l +h)? = b(1 + h)®

A+hn°-1+h)"
where 4 is very small

_a(l +bh)—b(1 +ah)
T (1 +bh)—-(1+ah)

neglecting higher powers of 4

a-b _ _1_ 1 ... __
= Tha—b) " h 1-xl-Xx=1th]

3. If in the expansion in powers of x, the

. 1 : 2
function A=) - by isatax+ax

+ax’+ ..., thena,is equal to
[AIEEE — 2006]

an+1 — bn+1

@ G4 ® 5=

bn+l _an+1

© 2= @ 5=

Solution

©Exp.=(1 —ax)* (1 - bx)*!
=(l+ax+a*x*+ ... +a'x"+..)(1 +bx+
B2+ .. +bix"+ )

Now, a = Coefficient of x"= 1 . b"+
ab' '+ a®b" 2+ .. +a" 'b+a". 1 =Sum
of a GP of (n + 1) terms with 7' = 4", r =
alb

_ b [1-(a/b)y" "] p1_ g
- 1—a/b " b-a

—

3
4. (1 +%x+,;'—6x2+,;'g'g x3+,,,.) equals

[PET (Raj.) — 1986]

®) (1+x)?
@ (1-x7

(@ A +x
© d-x"

Solution

(©) Exp. =[(1 —x)"P=(1-x)"

5. If x is so small that its second and higher
powers can be neglected and if (1 — 2x)™1?2
(1 —4x)>'2=1+ kx, then k is equal to

[PET (Raj.)— 1993]

(@ 1 ®) -2
(©) 10 @ 11
Solution

(d) On expansion, we have [1 — 1/2(—2x)
+ . J[1-52(4x)+.... ]=1+ke

= (1+x)(1+10x)=1+ke
= 1+1lx=1+kx= k=11

6. The coefficient of x"~2? in the expression
x—a)x—-b(x-c)........ (x — n)(n factors)

is equal to
[DCE -1997]
(@) X ab (b) Xa
© xa (d) X a’b?
Solution

@ (x—a)x—>)........ (x—n=x"—(a+b
+e+)x" 1+ Cabxm i+

Therefore, coefficient of x "~2=Y ab

7. If (a + bx)3= %+ %x +.........., then

(a, b) 1s equal to

(@ (2,3) (®) 2,-3)

© 3.2 @ (3.2

[UPSEAT - 2002]
Solution
®) @+ o =L (1+8x)
(1)

Comparing it with given expansion, we

have,
Ltana3t-P —a-2p--3
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8. The coefficient of x!' in the expansion of
200

Z (1+xyis

j=0
200 201
@ (100 ® (102
200 201
© (101 @ (100
[DCE - 2005; MPPET — 2006]
Solution
(a) We know that (1 + xy=1+/Cx +/C,
xl + jC’3 x3 + + jC]()o xlOO + jC]()l xlOl
to +IC, 0, ¥
Therefore, coefficient of x!°° in the
expansion of
200
(1 +x)’ will be Cloo
Saemrmneg .
= IZIOOCVIOO + 101CVIOO-'- 102C100 RIREERTS + 2()0(?100]
_ (200
100

9. Coefficient of x'° in the polynomial (x — 1)
x=2)....... (x — 20) 1s equal to

(a) 210 (b) —210
(c) 20! (d) none
[MPPET - 2006]
Solution

(b) Given polynomial is

-DE-2)(x—3)........ x—-19) (x—20)
=x®-1+2+3+ ... + 19 + 20) x*
+ 1 x2+2x3+....+19 x20) x8

- F(Ix2x3x4x ... x 19 x 20)
Therefore, coefficient of x!°
=—(1+2+3+......... +19 +20)

——[2a+20)]=-10x21=-210

10. Z "*'C is equal to

[UPSEAT - 2005; Pb. CET - 2003]

(a) n+m+ lC
+1
(C) n+m+ 3Cn

(b) n+m+ ZCn
- (d) none of these

Solution

m
(a) Zn+rc =nC +n+1C +n+2C + ..+
n n n n

n+mC
:(n+1Cn+1+n+2Cn)+(n+2Cn+n+3Cn+ VVVVV

+n+an)
= (n+2Cn+1 + n+2Cn) + (n+3Cn + .

+n+an)
=n+3Cn+1+n+3Cn+ VVVVVV +n+mC"
;V;’V;""*IC VVVVVVVVVVVVV

t
1. If S = Z Z ,,(17 thens—:=
r=0 r
1
(@) n—1 (b) 71
1 2n—1
(©) 7n d) =
Solution
1 1 1 1

§ =wrrtartart .+ 1
e tae o C M

_0 1 2 n
t"_ nCO + nCl + nC’2 + nCn (2)

After reversing (2) we find

_n  n-1,n=-2 0
tn - nCn + nCn_ + nC‘n_2 +o.F nCO (3)
Adding (2) and (3)

1,1 1]
"C0+"C+“'+"Cn n-s,

1

2t =n

12. The remainder left out when 8% —
is divided by 9 is
(@0
7

(62)2n +1

()2
8

[AIEEE — 2009]
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Solution
(b) 8 — (62)¥*1= (1 + 63)" — (63 — 1)*!
(1+63)y + (1 -63)n*!
=1 +"C 63 +"C,(63)*+ ... +(63))
+ (1 -@mDC 63 +@D C (63)
+ o, + (—=1)(63)@D

=2+63("C +"C,63).......
+(63)n—1 — (2rrH)C‘1
+emDC(63) + ... —(63)"
Therefore, remainder is 2.
13. The greatest integral value of (V2 + 1)%is
(a) 195 (b) 197
(c) 199 (d) none
[UPSEAT - 1999; PET(Raj.) — 2000]
Solution
(b) (V2 + 1)+ (V2 - 1)¥=198
= {2 +1)f=198- (V2 — 1)
ButvV2-1=041=0<(2 -1)<1
Hence, the greater integral value of
(N2 +1)°=197.

14. The coefficient of x!'° in the expansion of
(1+x>—x*)8is

(a) 476 (b) 496
(c) 506 (d) 528
[UPSEAT - 1999]
Solution

@A +x=PF=[1+x*(1-x)P
=1+3Cx* (1 -—x) +3Cx* (1 - x)
+3C x5(1 —x)*+ %C x¥(1 — x)*
+ sCleo (1-x)+....
Obviously x!° occurs only in
3Cx* (1 —x)*and 3Cx' (1 —x)*.
Hence the coefficient of x!° in the given
expansion
= 3C [coefficient of x* in (1 — x)*] +3C, [1]
=3C,(*C,)) +3C,= (70)(6) + 56 = 476.
15. If n 1s a positive integer, then integral part
of B+7))is

(a) an even number (b) on odd number

(d) none of these
[Bihar (CEE) — 2000]

(c) aprime number

Solution

Let (3 +V7)"=1+F where [ is integral part
and F is fractional part.

Further, let 3 —N7)'=f

Obviously, 0 <f<1(~-0<(3-+7)<1)
Now, [ + F =3"+C 3"71\7

+1C, 32 (NT)P+ )
f=3"="C3"NT +C,3"2 N7y~ (2)
M+Q)=I1+F+f

=2 [37+C, 3" 2(NT)P + ..]

= [+ F + f= an even number 3)
Further, 0 <F<land0<f<1

L O<F+f<2(4) )
Now, (3) and (4) show that

F+f=1 5)

Also, (3), (5) = I + 1 = an even integer

= I =an odd integer.

16. The coefficient of x° in the expansion of
(1+x* (1 +x)'is

(a) 50 (b) 60
(c) 55 (d) none of these
[EAMCET - 1996]
Solution

b) 1 +x2)° (1 +x)*=(1 +5x2+ 10x*+ ..)
(1 +4x +6x>+ 4x>+ x*)
.. coefficient of x*= 5(4) + 10(4) = 60.
17. For a positive integer n,
[IIT - 1999]
-1l 1,1 1
Leta(n)=1 tytytgto +(2n)_1.
Then
(a) a(100) <100

(©) a(200) < 100

(b) a(100) > 100
(d) a(200) > 100
Solution

(a, d) 1t can be proved with the help of
mathematical induction that #/2 > a(n) <n.
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Therefore, 200 a(200)
= a(200) > 100 and a(100) <100

18. Let P(n) denote the statement that #* + n is
odd. It is seen that P(n) = P(n + 1), P is

true for all.
[IITJEE - 1996]
(a) n>1 ®) n
() n>2 (d) none of these
Solution

(d) P(n)=n*+n.Itisalways odd (statement)
but square of any odd number is always
odd and also, sum of two odd number is
always even. So, for no any ‘n’ for which
this statement is true.
19. If p and g are approximately equal, n> 1
(mtDp+(n-Dg _(py ,
(n=TDp+(n+ 1y = (?) , then k is
equal to

and

[Roorkee—1999]
(b) 1/n
@ Un+1)

(@) n

©) n+1

Solution

(b) Let p = g + A where A is very small.
Then, from given

(g +A)+ (=1
reAON Gr=T)g T+ (1 + g

)

2nqg +(n+ DA
2ng +(n— 1A

{1+

1+ (",

n-1\4
1 +( 2n ) q
higher powers of 1)

= =1+ % (neglecting

][” 2n1)%]

=[5 g -5 4]

—1+1
=1+
Now, comparing coefficients of )qi

sides, we get

on both

n+1
o 2n —k =k=1/n
20. LetR=(5V5 +11)**'and f=R — [R] where
[ ] denotes the greatest integer function,
then Rfis equal to

[IIT — 1988]
(a) 22n+1 (b) 42n+1
(c) 2%+1 (d) none
Solution

(b) Let I be the integral part of R, then
R=I+f=(N5+11)"*,0<f<1
Also let f7 =
0<f <1
LA+ = =GV 1)

- (5V5 = 11>+t
+Tzn+z]

=2 [2n+lC1(5\/§)2nV11 + zn+1C3

GV 2110 + ..
= An even integer

(5V5 — 11)* * ' Then

=T, +T,+T,+ ..

+ (1 1)2n+ 1]

= f— f" must also be an integer

=f-f=0[-0<f<1,0<f <1]

=>f=f

S Rf=Rf'=(5V5+ 1)+ (5V5 -
= (125 - 121)+ 1 = 42!

11)2n+1
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

LA +ax)y =1+ 8+ 242+ ... , then
value of g and n 1s

(a) 2,4 (b) 2,3
(©) 3,6 @1,2
. The sum of 1 +n(1 _%)+n(n+ D
2!
(1-4) + ... o willbe
[Roorkee — 1975]

(a) x (b) x*

©) (1 - %)" (d) none of these

. If number of terms in the expansion of
(x =2y +3z)"are 45, then n=
(@ 7 (b) 8
© 9 (d) none of these
. The coeffi cient of x in the expansion of
[V1 + x> = x]" ! in ascending powers if x,
when x| <1, 1s

[MPPET - 1996; AMU — 2002]
(@ 0 (b) 12
(c) —1/2 @1
. Middle term in the expansion of (1 + 3x
+3x2+x%)S is

[MPPET - 1997]

(a) 4th (b) 3rd
(c) 10th (d) none of these
. If | x | < 1/2, what is the value of
x nn+ D x p

el R e Yl | el I
@ [1=£] () (1 -y

1-2x| 1Y
o] ohh)

. If x is positive, the first negative term in the
expansion of (1 +x) ?5 is
[AIEEE - 2003]

(a) 7th (b) 5th  (¢) 8h (d) 6th
. The sum of the series
1,13 1.3.5 .
1 +§+_5,10 + 210.15 + ... isequal to

[Roorkee — 1998]

10.

11.

12.

13.

14.

15.

(@) 1N5 (b) 12
(c) V573 (d) V5
. Thefourth term inthe expansion of (1 —2x)*?
will be
(a) —3/4 x* (b) x3/2
(c) —x*/2 (d) 3/4 x*

X

In the expansion of (}%)-, the coefficient
of x" will be
(a) 4n ®) 4n -3
(c) dn+1 (d) none of these

1,14 ,, 147 ;. _
1+ 3 x+ 36% + 369% +...
(@) n ®) 1+x)*?
(© (1-x)*° @ A-x)"
To expand (1 + 2x)~ 2 as an infinite series,
the range of x should be

[AMU - 2002]

(a [-1/2,1/2] (b) (—1/2,1/2)
(©[-2,2] @ (-2,2)
What is the coefficient of x! in the

expansion of
(I+x+x2+x>+x%)72?

(a1 (b) 2
© 3 @ 10
If x is so small that x* and higher powers of

x may be neglected, then,
(1+x)*-(1+12x)

10" may be approximated
as:

[AIEEE - 2005]
(a) 3x +3/8x?
(b) 1—-3/8x*
(c) x/2—3/8x*
(d) —3/8x?

(aix)%+(agx)%=

[AIEEE - 2002; DCE - 1994;
HCET -2002]




Binomial Theorem A.65

=> m+2)n+1)=90
= n*+3n-88=0

=>n=-11,8
Therefore, maximum "C, = maximum *C, =
5C,=10.

— - 1
LN+ —xl = —L—
@] e -l i+ x> —x
rationalization) = (1 +x?)'2 + x

(After

=(1+5x*+ x+ .

2 +x

L2l \
21

Cofficient of x in this expansion is one.

@) (1 +3x + 3 +x3) = [(1 + x)?°
=(1+x)®

3x? " 16. The coefficient of x in the expansion of
4a” [Kerala PET — 2008]
(1+x)(1+2x)(1 +3x)........ (1 + 100x) is
®) (a) 5050 (b) 10100
, (c) 5151 (d) 4950
(©) 2+§+2x;+... 17. Coefficient of x* in (1 +2x + 3x2+....)*? s
[Orissa JEE — 2008]
2-%+ ix,+... (a) 19 (b) 20
(© 21 @ 22
SOLUTIONS
. () na=8 = n’a*=64, n(n2— D) =24 Total number of terms = 18 + 1= 19.
-1 The middle term is 125+ 1 = 10th.
2 97 6. (a) We know that
o 2n__38 =>6n=8n-8 nn+1)
n-13 1+nx+sz+ ...... =(1-x™
=>2n=8=>n=4 . a=2
+1 2
1 nn+1) 1 1+n(1x )+n(nz' )(lx )'+
.(b)1+n(1—f)+ s (=) x IV
—n —n = x _n= l_x 5
=[1_(1_ ] (1 l—x) (1—2x)
+ 7. T
For(1-x)"=1+nx+ (nz,l)x2+ ...... ©1.
’ 27.22.17 (21
L (©"3IC, = 2C, = 45 _5°5 (% "“)x,
r!

.. Least possible value of =7
.. First (negative) term is the 8th term.

_..1,.13, 135
8. ()S=1+5+555T 57075

nn-1) |
21

(1+x)y=1 +—+
nn—1)n-2) ,
L Y

_1 _ nr-1x_ 13
:>nx—§and—2! =310

34
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9. @7, ="Cx for (1 +x)y
_nn=1)mn=2)...... [n—(F—1D]x
- r!

I 16y ) I
r,=T,,,= 31 - (=2x)
=%3for (1 -2x)*

1+ 2 2 )
10. (1) (1EE) = #2001 -0
=(1+2x+x)[1 +2x+3x>+4x3+ ... ... +
m—Dx" > +nx" '+ (n+Dx"+........ ]

Coefficientof x"is (n+1)+2n+(n—1)=4n.

11. (d) If the given series is identical with the
expansion of (1 +y)"

-1
i.e.,with1+ny+"("2, )y2+ ........ , then

1 n(n— 1)
ny=zx and

_2
=5

>y=_x

W=

>n=-
12. (b) (1 + 2x)” '* can be expanded, if

| 2¢|<lie.|x|<3

>

)

N|—
N —

ie.if-t<r<lic.ifxe(-
13. ©) (1 +x+x*+x*+x*) 2=
1 2 ")
-(125)=a-xra-xy

=1 +x*—2x)(1 +2x°+3x1+ ... . )=3.

(1 +x)3’2—(1 +%x)3
(1-x)"?

14. )

15.

16.

17.

I
~~~
—

|
N [—
Q=
N

3
[+ x is small so that % etc., can be

neglected]

—143% 3x 3x2]

_1+8 2+1+8a2 842
3x?

=247

(a) Required coefficient=1+2+3+..... +
100 (- The given product=1+x (1 +2 +
3+... +100)+.....)

_100(100 + 1)
B 2

© (1+2x+3x2+ .. )"

= {1 -0 =01 -2
Coefficient of x* in (1 —x) 3is

7X6

= 5050.

3+5- 1C_7C 7C_ =21

(*- Coefficient of x" in (1 —x)FiskrroIC
where £ is any positive integer).
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UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. If | x| <1, then in the expansion of (1 + 2x
+3x2+43 + . )2, the coefficient of x"
is

(@ n ®) n+1
(© 1 @ -1
1,13, 135 _
St gtygtasnt o <
[RPET - 1996; EAMCET - 2001]
(a) V2 (b) 1/~2
(©) V3 (d 1/43
. 1 . .
. The expansion of @ =35 by binomial
theorem will be valid if
(a) x<1 ®) [x[<1
2 2
©) - 73 <x< 3 (d) none of these

. If (r + 1)th term 1s the first negative term in
the expansion of (1 +x)"?2, then the value of
ris

(@ 5 (®) 6

() 4 @7

. The coefficient of x” in the expansion of
(1-2x+32—4x3+....)"is

2n)!
n!

Q2 n)!
(b) (I’l |)2

1 @n)!
(C) z (n !)2

(d) none of these

(@)

. The coefficient of x" in the expansion of
(Q+x+x*+....)"is

(@ 1 ®) (-1

© n d n+1

. If the third term in the binomial expansion

of (1 +x)y"is— %xz, then the rational value
of mis

10.

11.

12.

(a) 2
© 3

() 172
@ 4

. How many terms are there in the expansion

of (x +y+2)1°?
(a) 11
(c) 66

(b) 33
@) 310
[MPPET — 2005; NDA — 2004]

. If|x|>1,then (1 —x)2=

(a) 1—-2x+3x*— ..
(b) 1+2x+3x*+ ...
(©) 1-2x+3/x*— ...
(d) 1/x*+2/3+3/x— ...

[MNR - 1981; AMU - 1983;
JMI EEE - 2001]
The coefficient of x!* in the expansion of
(1+x+x*+x%1s
[Kerala PET — 2007]
(b) 120
@@ 125

(a) 130
() 128

If(a+bx)‘2=%— 3x +....., then (a, b) =

[UPSEAT - 2002]

(@ 2,12) (®) (-2,12)
© 2,-12) (d) none of these
If | x | <1, then the value of
2 nin+1) 2x |2

el )+ M () e
will be

1+xY 2% Y
@ (123) ® (%)
© () @ (155)

[AMU - 1983]
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WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
work sheet

The test is of 08 minutes.

The test consists of 08 questions.

The maximum marks are 24.

Use blue/black ball point pen only for
writing particulars/marking responses. Use
of pencil is strictly prohibited.

. The expansion of (9 — 4x»)'? is valid only

when
(@) -1<x<1
b) 2<x<2

© —2<x<3

(d) none of these

The expansion of (8 — 3x)*? in terms of
powers of x is valid only if
3 8
(@) x< g ) x< 3
8 8
© x>73 @D Ix|<3
The number of dissimilar terms in the

expansion of (x + )" is n + 1. Therefore,
number of dissimilar terms in the expansion
of (x+y+2)2is

(813 ®)39 () 78 (d) 91
. The co-efficient of x* in the expansion
(1-3x).
of a=2x) is
(@ 1 () 2
(©3 @ 4

. The fi rst three terms in the expansion of

(4 +x)** are

3x , 3x? 3x?
(a) 4+ 7 + ? (b) 1 2
31%. (d) none of these
. What is the coefficient of x* in the expansion
(Q-2x+3x>—4x3+. ... ) 3?
() (10D/(5!)2 ) 5-5
(¢) 55 (d) A0HA{EHAN}
[NDA -2007]
. The expansion of (1 — 4x) ¥?is valid
(@ [x[<1 ®) [x—1]>1
©) |x|<1/4 @ |x—1]>1/4

. If | x | <1, then the coefficient of x” in the

expansion of (1 +x +x?+ ...)> will be
(a1 (b) n
) nt1l (d) none of these

ANSWER SHEET

© @
© @
© @

®® ®
CACNC)

+t@® © @

5@ ® @@ @
6@ ® © @

T@® O O
8 @® © @



Binomial Theorem A.69

HINTS AND EXPLANATIONS
2\1/2 , B
L (9_4xz)1/2=3(1 _4;6 )‘ 4. (1-3x7(1-2x)"!
4y (Q+9%2—6x)(1 +2x +4x>+ ... )
is valid when — 1 <=g-<1 Coefficient of x*=24+922-6.2*=4
-3 3 8 (I+x+x2+....)2=[1—-x)']?
= 2 S*¥%) =(1-x)2=(1+2+3x2+.......)
3. Number of dissimilar term . Coefficient oif x"=n + 1
- 12+3_1C3—1 - 14C2 =9]




This page is intentionally left blank.



1.
2.

LECTURE

Test Your Skills

MENTAL PREPARATION TEST

Expand (1 + x + x?)* to powers of x.
Using binomial theorem evaluate (103)°.0

3. Prove that (101)%° > (99)* + (100)*°.

4.

10.

11.

Find the remainder when 5% is divided by
13.

. Prove that integral part of (8 + 3V7) nis an

odd integer.

. If n is a positive integer, prove that 33n

—26n -1 is divisible by 676.

. First three terms in the expansion of (x +

a)n are respectively 64, 576 and 2160. Find
x, a and n.

. Ifthe 6th, 7th and 8th terms in the expansion

of (x + a)" are 112, 7 and %, respectively;
find x, a and n.

. If3rd, 4th, 5th and 6th terms in the expansion

of (x + y)" are a, b, ¢ and d, respectively,

b*—ac _4a
ct—bd 3c

prove that

Find coefficient of x* in the expansion of

(1+2x)°%(1-x)".

Write the 5th term in the expansion
- 1)°

of(2x _3x3) ,x#0.

12.

13.
14.

15.

16.

17.

18.

19.

20.

Find the coefficient of x®? in the expansion
of (x +2y)°.

Find the middle term in (1 — 2x + x%)".

If three successive coefficients in the
expansion of (1 +x)" are 220, 495 and 792,
then find n.

Determine the value of x in the expansion
(x+xlo8.) , if the third term in the expansion
is 1, 000, 000.

Write down the general term in the
expansion of (x* —3*)°.
Find (n+ 1)th term from the end in the
. 1 3n
expansion of (x - ;) .
Find the coefficient of x* in the expansion
X, o)
of (8 +y ) .
Find the coefficient of x10 in the expansion
of (x2-2)!.
Find » and x, if in the expansion of (1 +x)",

fifth term 1s 4 times the fourth term and the
fourth term is 6 times the third term.
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21.

22.

23.

24,

25.

26.

27.
28.
29.
30.

31.

32.

33.
34.

35.

Find the coefficient of x*in (1 + x)" (1 —x)”
and, show that C C,-C C,+C,C~C,C,
+C,C,=C,

18, 18, 18, 18,
Compute *C, +'%C, + 8C +........ +18C .

n

Evaluate Z "C 3",

=0

If the coefficients of pth and qth terms in
the expansion of (1 + x)" are equal, prove
thatp+g=n+2,p+#q.

f(A+xy=C +C x+C,x*+..... +C x,
then prove that

COCn+C1Cn—1+C2Cn- + VVVVVVV +CnC=

2 0
C (2n, n).
C,C+CC,+C,Co+..... +C ,C,
_ 2n!
n-D!Hw-1)!

Expand (ax - %)6

Compute (11)° by using binomial theorem.
Simplify the 7th term of (a + 2x)'".
Simplify the 5th term from the last

1 8
3_ 1

(2x 2x3) :

Find out the middle term/terms in the
. x'.’ 14

expansion of (1 - 5)

Find the coefficient of x!® in the expansion

5
of (2 32’

» » 1. (4x_5Y
Find the coefficient of S ( 5 - 2x)
Find the greatest term in the expansion of the
(x —4a)k, ifx=%, a=%.
Find the greatest term in the expansion of
the (5x +4)7,if x=1.

36.

37.

38.
39.

40.
41.

42,

43.
44,

45.

46.

47.

48.

49.

Find the maximum term in the expansion of
(2 +5x)S forx = %
Find the value of » if the coefficients of
three consecutive terms in the expansion of
(1 +x)"+xare 6, 15, 20.

Find the value of °C, + *C, +....... +BC

IfC,C.C,,........ ,C denote the coefficients
in the expansion of (1 + x), prove that C,
+2C, +3C, +.... +(n-1DC =m- 2)
2n—1+1

Expand (2 — 3x?) 3

Find the coefficient of xr in the expansion
of (1 -4x)-1~.

Show that the coefficient of xn in the
expansion of (1 +x)*(1 —x)*is 4n.

Evalute 999 to 3 decimal places.
Simplify the fraction

(1 +x 172 + (1 _x)5/3 + (1 _2x 1/4
(1 + 3x)l/6 + (1 + 5x)1/10

L x <1.

Compute (1.003)1/10 correct upto 5 places
of decimals.

If square and higher powers of x may be
neglected, show that
(1 _ 3x)1/2 + (1 _x)5/3 3 @

(4 _ x)llz - 24

If the coefficients of 3rd and 4th terms in

the expansion of (x - 21_x) are in the ratio
1 : 2, find the value of n.

If the sum of odd terms in the expansion
of (1 +x)"is A and sum of even terms is B,
prove that 42— B*= (1 —x%)".

Find the coefficient of xn in the expansion

(I +xy
of 1 —xp
and x7.

. Also, find the coefficient of x°
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ASSERTION/REASONING

Assertion and Reasoning Type Questions

Each question has 4 choices (a), (b), (c) and (d),
out of which ONLY ONE is correct.

(@)

(®)

©
@

Assertion 1s True, Reason i1s True and
Reason is a correct explanation for
Assertion.

Assertion 1s True, Reason i1s True and
Reason is NOT a correct explanation for
Assertion.

Assertion is True and Reason is False.
Assertion is False and Reason is True.

. Assertion (A): Greatest coefficient in the

expansion of (1 + 5x)%is 8C,5*.
Reason (R): Greatest coefficient in the
expansion of (1 +x)* is the middle term.

. Assertion (A): Number of the dissimilar

terms in the sum of expansion (x + a)!%* +
(x — a)'* is 206.

Reason (R): Number of terms in the
expansion of (x + b)"isn + 1.

. Assertion (A): The term independent of x

21
in the expansion of (x + % + 2) is °C, .
Reason (R): In a binomial expansion,
middle term is independent of x.

. Assertion (A): The sum of the last ten

coefficients in the expansion of (1 + x)',
when expanded in ascending powers of
xis 28

Reason (R): "C ="C, _,(’" > %)n V¥ N and
r € whole number.

. Assertion (A): The third term in the

i

expansion of (2x + é) does not contain x.

The value of x for which that term equals
to the second term in the expansion of
(1+x%*is4.

n

Reason (R): (a +x)n = Z "C a"'x’

. Assertion (A): In the expansion of

(x + x — 2)", the coefficient of eighth term
and nineteenth term are equal, then n = 25.

Reason (R): Middle term in the expansion
of (x + a)" has greatest coefficient.

. Assertion (A): The number of terms in the

expansion of (x +%+ 1) is2n+1.

Reason (R): The number of terms in the
expansion of (a, + a, +a, +....... +a)is
n+ m— IC

m-1

"C

r-1

n nC 2
. Assertion (A): If Zr‘ ( . ) 196, then
r=1

the sum of the coefficients of power x in the
expansion of the polynomial (x — 3x? + x3)"
is—1.

C
Reason (R): ,,C' = (%ﬂ

r € whole number.

) VneN amd

. Assertion: Z (r+1yC, =n+2)2""

r=0

Reason: Z (r+1D"Cx'=(1+x)"
r=0
+nx (1 +x)"!

[AIEEE — 2008]

ASSERTION/REASONING: SOLUTIONS

. (d) Greatest coefficient in the expansion of

(1+ 50 is °C.

. (d) Therefore, (x + a)'2+ (x —a)'®>=2

{x102 + 102C7x10()v a'.’ + 102C4x98. a4 + +
102, 102
C,x0a'}

Therefore, number of terms = 52.
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3. (¢) Since, (x +1+2)" = (Vf . _)42

T L= 42Cr (\/f)“",(\/lf) - 42Cr.(x)21-r

For independent of x, 21 —»=0
=>r=21
Since, T

21 + 1
of x) alsoitis a mlddle term.

1 _
Also, here vx x - 1.

In a binomial expansion (x + a)" (say)

=*C,, (which is independent

middle term is independent of x which is

possible only when x. a = 1.

4. (a) Since, (1 +x)1="1C +1Cx+C,

19, 10 19, 11
+ +PC X+ PC x

19, 18 19, 19
T + Clsx + C19x

Put x =1, then
219 = 19C + 19C + 19C + + 19C
0 1 2 9

+ 19Clo + 19C11 +.t 19C19
= (19, 19, 19 19,
( C19 + CIS + C17 Fooves + CIO)

19 19, 19,
+( ClO + C11 Fos + C19)
— ~ (19 19, 19,
2 C10+ C11 Fos + C19)
Therefore, °C, +*C  +....... +19C =2

5. (@)"C, 20y (L) = e @p-2ens

Since, the third term in the expansion

m
of (2x + 1 ) does not contain x.

and, m—-6=0=>m=6
Therefore, T, =°C, (2)°~2=15x 16 =
According to the question, *C x* =
(given)
»¥=8
Therefore, x =2

6. (b) According to the Assertion,
"C,="Cgn=T+18=25
Reason is always true.

7. (b) Given expression = {

/\R

=1+"C, (x f) +"C,+"C,

240
240

. (d)Z

This will be of the form
=a,tax+tax’+.. +tax"
b, b, b, b
+ x + - + ; + ?
Therefore, number of terms=1+n+n=

2n+1

n r+1 Z r(n—r+1)>

=i{(n+1)2(n+1)r+r’}
=(n+1)*Xn-2m+)Zr+Xn
=mn+1)P?n-2n+n*+nr

+1)’n (n+2
b )1'; *2) _ 14 (given)

=72x 723

_7268
12

n=6
Then, (x — 3x> +x%)°
Sum of coefficients = (1 — 3 + 1)°

=1y
=1

. (a)i (r+ 1)"Cr=zn: r."Cr=+Z"“ "C,
r=0 r=0 r=0

n n n
= E Z n-1 E ny
r'r : Cr—l+ Cr
r=0 r=0

=p 2" 1+ 2"=2"—1(n+2)
Thus, Assertion 1s true.

AgainnZ(r+l)"Crx’+nZ r”Crx’+Z "C x

= Z IC X Z "C x’
=mx(1+xy""'+1+x)"
Substitute x = 1 in the above identity to get

Z(r+1)"Cr=n.2n—1+2"

Reason is also true and explains Assertion
also.
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TOPICWISE WARMUP TEST

. The coefficient of the middle term in the
binomial expansion in powers of x of (1 +
ax)* and of (1 — ax)® is the same if a equals

@2 o2 0n On
[AIEEE — 2004]

. The number of integral terms in the
expansion of (V3 +¥5)5 is

@32 ®33 () 34 (d35
[AIEEE — 2003]

. The positive integer just greater than (1 +

0.0001)100% i
()4 ® 5 (© 2 @ 3
[AIEEE — 2002]

. If p and q be positive, then the coefficients
of ¥” and x7 in the expansion of (1 + x)y**4
will be

(a) equal
(b) equal in magnitude but opposite in sign
(c) reciprocal to each other
(d) none of these
[AIEEE - 2002]

. The sum of the coefficients in the expansion
of (x +y)n 1s 4096. The greatest coefficient
in the expansion is

(2)1024 (b) 924 (c) 824 (d) 724
[AIEEE - 2002]
. If"'C = (K -3)nC , |, thenk e
(@) (= 0-2] (®) [2,0)
(© 12C6 (d) 12C7
[IIT - 2004]

. The coefficient of £2* in the expansion of
A+2)2A+H A +)is

(a) 1°C, +2 () °C,
© “C, @ “C,
[IIT — 2003]

8.

10.

11.

12.

0C,+C,+%C,™C ,is equal to
(a) 0 (b) 1234
(©) 7315 (d) 6345

[MPPET — 2005]

. Ifx=[729 +6 (2) (243) + 15 (4) (81) 20

(8) x (27) + 15 (16) 9) +6 (32) 3
641 /[1 + 4 (4) 6 (16) 4 (64) + 256]

then vx — % is equal to

If n 1s a natural number, then 4n—-3n—11s
divisible by which one of the following?
(@ 2 ) 9
(c) 18 @@ 27

[NDA - 2005]
How many terms are there in the expansion
of (4x +7y)!°+ (4x — Ty)1%?
@ 5 (b) 6
(© 11 @@ 22

[NDA - 2005]
What are the values of k£ if the term

independent of x in thevexpansion of

ko
(\/f+;) is 4057

(a) +3 (b) £6
©) 15 d) +4
[NDA - 2004]

13. If in the binomial expansion of (1 +x)"” where

14.

n 1s a natural number, the coefficients of the
5% 6% and 7 terms are in A.P, then » is
equal to

(a) 7orl13 (b) 7or14
(c) 7Torl5 (d) 7or17

[NDA —2003]
The value of "C —"C, +"C, +... +-1"C(-1)
nCn=
(@ 0 (b) 2"-1
(c) 2» (@) 2=-!

[NDA — 2002]
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15.

16.

17.

18.

19.

20.

If x is so small that its square and higher

1=x\2.
1+x) 15

powers may be neglected, then (
approximately equal to

(& 1-x
©) 2-x

®) 1+x
@ 1-3x

[NDA —2002]
The last digit, that is, the digit in the units
place of thev number (67)25 — 1 is

(@ 6 ()8

© 0 (d) none of these
[NDA — 2000]

The sum of coefficients of the

expansion (% + 2x)n 1s 6561. The coefficient

of term independent of x is

(a) 16 ®) 8

(©) *C, (d) none of these
[DCE - 2006]

If the second term in the expansion is

ny

13 __a C3 .
[ Na = Ja ] then the value of ;=" is
a 2

(a) 4 () 3
(c) 12 (d) 6 [DCE-2006]
IfC,C,C, .. C, denote the oefficients

of the binomial expansion (1 +x)", then the
valueof C, +3C, +5C, + ... + is

(a) n2n-2 (b) n2"-!
© (n+1)2" @) (n+2)2!
[DCE —2004]

In the expansion of (1 +x)*°, the sum of the
coefficients of odd powers of x is

21.

22.

23.

24,

25.

(a) 230 (b) 231
© 0 @ 229

[DCE - 2004]
The term independent of x in
[(Nx73) +43/x2]is
(a) 5/3 (b) 4/5
© 6 (d) 1/2 [DCE-2004]

Coefficient of x° in the expansion (x + é)G

is equal to

(a 10 (b) 15

(©) 16 (d) none of these
[DCE - 2003]

If(1+x)y" =C+C, Cx+Cpx*+C x" then

1 1 1
thevvalue of C,+5C +3C,+... +m
C,is

2n! ol
@ G+ ® G+
2n—11 2”,,1 _ 1
© @+ ONCESY
[DCE - 2002]

If the coefficient of x7 and x® in ( 2+ %)" are
equal, then n is i

(a) 56 ®)55 (c) 45 (@15
[DCE - 2000]
. 1Y
The 9th term of the expansion (3x - 5)
is
@ 51 ®) 53,
512x° 512x°
© 550 @ 556w
256.x% 256.x8

[Karnataka CET — 2007]

TOPICWISE WARMUP TEST: SOLUTION

. (c) Middle term in expansion of (1 + aa)* =

‘C, (ax)

Middle term in expansion of (1 — ax)® =
C, (- ax)’

2.

According to the question, ‘C,ax*=°C,a3
= a=-31/10.

T, ==Cr (V3 (45)

256 —r

- 256Cr A3) =5r (5)"
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Terms would be integral, if 2562_ " and %

both are positive integer.

As0<r<256,..r=0,8,16,24,...., 256
For above values of 7, (2562_ r) is also an
integer.

Therefore, total number of values of » = 33.

. (d)Weknowthate=1im(1 +%) and 2 <e

<3 s
Therefore, (1 +0.0001)!%°% < 3 (By putting
n = 10000)
Also, (1 +0.0001)t00%
=1+ 10000x10 -4

100002><' 9999
upto 10001 terms
= (1 +0.0001)1000 > 2.

Hence, 3 is the positive integer just greater
than (1 +0.0001)!%% > 2 Hence, (d) is the
correct option.

. (a) Coefficients of x? is @9 C, and
coefficients of x_is @t C,(CnC.="C.)

. (b) By hypothesis, 2" = 4096 = 22 n =12
since n is even, hence the greatest coefficient
is

12.11.10.9.8.7

="Cn="C= 23456 24
= n—lC = (kZ n—lCr
>p-35+ (Smce

+
n2r2 rnl

<landn,r>0)

=>0<k-3<or3<k*<4

>kel-2 V3]u(33,2)

@A AP A+ A+

=(1+PCPL+1CH+ . +1PCHA+ .
+ 17C t”O + . ) (1 + t17+ t24 + t36)

Therefore, coefficient of 24 = 1’C +2.

8. (a) XC, +2%C, +%C, - 2C
=2C, +2C, +2C, - 2C

18

729 + 6(2)(243) + 15(4)(8) + 20(8)(27)
+15(16)(9) + 6(32)3 + 64
1+ 4(4) 6(16) 4(64) 256

SC(3)6 +5C 35,2 +5C 342 +5C 33,22

X

+9C,372"%C3.2°+°C2°
T SCIMHICA+HICAHICH +ICA
G+ N

x= a+ay =5 Ax=5
Therefore, \If—%= 5- % 25—4 48.

10. (b) Putting, n =2, we get 4"—-3n—-1=16
-6-1=9
Putting, n =3, we get4"-3n—-1=64-9
—-1=54
Putting, n=4, we get4"—3n—-1=256-12
—-1=243

Hence, for any value of n, 4" — 3n-1 is
always divisible by 9.

11. (a) (4x + 7)1+ (4x — Ty)1°

_ [0+ 1C, (4xy (7y)
T+ 100, @ Gy -+ (T
(4x)"° = °C, (4x)° (Ty)

T [ eC, @y ayy + o+ e

_ 10C110 (4x)9 (7y) + IOC‘3 (4x)7
10, (40 (T + .+ (Tp)°

Therefore, required number of terms = 5.

o -k

= IOC (\/f)lo—r (é)r

10 - 5r

1°Ck’()10 ra .

r="Ckx

For independent of x, % =0
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13.

14.

15.

Therefore, =2
Putting, » = 2 in the expansion. Then

= 1°C k* = 405. (given)

405 x2 _

=>k="0x9 =

9. k=%£3.

®T,="Cx.,T,="Cx’and T, = "Cx$

Since, the coefficients of these terms are in
AP

Therefore, "C, +"C =2 x "C,

! ! . 2x
S ) AT 6161 %151
nmn-1)n-2)(n-3)
= 41
n(n—l)(n 2)(n-3)(n—-4)
6!
2n(n—-1)(n-2)(n-3)(n—4)
5!
(n 4H(n- 5) 2(mn-4)
1 5x6 5

=>n-9+50-12n+48=0
=>n*-2ln+98=0

=>(n—-7)(n-14)=0 n="7or 14.
@A+x)=1+"Cpx

+7C x>+ .. +"C x"
Put x = -1 on both sides, we get
0=1-"C+"C,-"C,+ .. +(=1"C_

(a) } _'__x = (1 _x)1/2 (1 +x)—1/2

2071
2

16.

17.

18.

19.

(=314

=-1 —%x—%x(otherwill beleft)=1-x.

(a) On dividing 25 by 4 the remainder
= 1 Therefore, unit digit in (67% =7' =17
Therefore, unit digit in (67)*-1=7-1=6.
(a) Since, the sum of coefficient of the
expansion (% + 2x) =6561

Therefore, (1 +2)" = 38

>3"=38 p=8

Let (» + 1)th term 1s independent of x.

s (L )aos
- 8Cr28—r $82r

Therefore, T’

s L T

Since this term 1s independent of x, then
8-2r =0>r=4
Therefore, coefficient of 7, = 3C,2* =
16.5C,.
(2) We have, T, = 142>

nCl(al/B)n—l — (am)l = 144"

n-1,3_
= na 3 +§—

14252
=>n=14

GG 12
nC ”C,_ 3 =4

(@ LetC+2C,+3C+..+"C

ICADNCAS W
n—lC +n—lC
=ny "'C_, (
Z +n_lCn—1
o C +2C,+3C,+ ... +"C =
Also,C -2C,+3C,... ..

=C,+(-1)' 2C, + (-1 3C,
Dt eC

=Y e, =Y e,
=1 =

n—lC )
) =n.2"!

n2mt (1)



20.

21.

22.

Binomial Theorem A.79

r(% " Cr—l)

= i (=D
= i (1! HCr-l

mIC, ="IC +IC,. .
“\H=De-1C

=n(l1-D*'=

L C=2C,+3C,— ... + () C =0
@)
On adding Equations (1) and (2), we get,
2(C,+3C,+5C,+..)=n2""+0
Therefore, C, +3C,+5C,+ ... =n2""

(d) We have,
(1 +x)30= 1 +30Cx+30cx2+30cx3

+ .+ 30C +x? 29 4 30C x30
Therefore, sum of coefﬁ01ent of odd powers
of x is

30C1 + 3°C3 + + 3°C,9 = 930-1 = 929

(a) The general term is,

IOC( )IO—r ’;:/7

- (4

Therefore, for independent term of x, we

have, loz_r—2r=03r=0

x 372 x x( 2 _")

Therefore, term independent of x

1x3_45_5

81 27 3

=‘°C(%)4><3=45><

(b) We have, (x + %)6

Therefore, the coefficient of x® in the
expansion of

. . 1 6
Therefore, is given by, (x + F)

T, ="C.x""a =5Cx*" (%)r

23.

24,

25.

= 6Crx6—rx—2r = 6Crx6—3r

Now, equating the coefficient of x on both
sides, we get,

6-3r=0=>r=2
T,=Cx?x*=6C,

__6! _6x5
214! 2
=T,=15
@ .. A+xy=C+Cx+Cx’

L ACx
1

1
j (1 +x)"dx=j (CO+C1x+C2x2

0 0 ..+ C xdx

om c, C, .
pr1=Cota vttty
(b) ( 2+ %)" General term in above expansion

1=z (5 - o ()

Coefficient of x” = Coefficient of x*

nC 2n—7( ) =nC (2)n—8( )8

1 7_1
s~§:>nc‘6

8

=>"C,x2="C

n!x8!'n-8 _1

TIxn=T7!x16" 6

8 _1
“n-76
=>n-7=48
= n=>55.

-4

When we expand the given binomial, we
get 9 terms, 9th term is the last term.

T, ="C.x""a. for (x+a)

r+1

+1
256x8

="C 30 (Zx)



A.80 Test Your Skills

QUESTION BANK: SOLVE THESE TO MASTER

. The number of ways in which 5 rings can
be worn on the 4 fingers of one hand is

(a) 45 () 5C,

(c) 54 (d) none of these

. I 1C + 771 C, > "C,, then the value of n
can be

@5 (b) 6 () 7 @8

. If coefficient of (2 + 3)th and (» — 1th
terms in the expansion of (1 +x)'* are equal,
then value of » is

@5 (b)6 ©4 D3

. In the expansion of (x - %)6, the constant
term is

(a —-20 (b) 20

() 30 (d) -30

. If the coefficient of the middle term in
the expansion of (I + x) >*? is a and
the coefficients of middle terms in the
expansion of (1 +x)**! are f and y, then
(@ atp=y (b)pty=a

(©) a=p+y (datpt+y=0

. Which of the following term is not
numerically greatest term in the expansion
of 3-5x)", whenx=1/5is

(@ T, M) T,

(© T, (d) none of these

. (x - %)6, can be expanded by binomial
theorem, if
(@ x<1 ®) |x|<1

5 4
© |x|<3 @ |x|<3
. The number of non-zero terms in the
expansion of
1+3V2x)°+(1-3V2x)is
@9 )0 ©) 5 (@ 10
. In the expansion of (1 + x)*°, the sum of the

coefficients of odd powers of x is
(20 ®2* () 2* (@2

10.

11.

12.

13.

14.

15.

16.

17.

. n_l " 5 K 5 .
Sum of the series 5 + 7 + 3 +....1s
onl_ 2" —1
@ 25 @ 5
271
©) 1 (d) None of these

The greatest term (numerically) in the
expansion of (3 — 5x)"! when x = % is
(a) 55x3° (b) 46 x 3°

(c) 55 x 3¢ (d) none of these

If 7' is divided by 25, then the remainder
is

(a) 20 ®) 16

©) 18 @ 15

The sum of rational terms in the expansion
of (V2 +35)10 s

(a) 31 (b) 41

(©) 51 (d) None of these

If the second term in the expansion
('i/E + L_)" is 14 a2, then the value

Va™
of "Cz is
(a) 8 (b) 12
©) 4 (d) none of these
) ) x 2\
If the rth term in the expansion of (3 - ;)

contains x*, then r 1s equal to

(2)2 ()3 ©4 @5

If (7+ 4 V3) = p + f3, where n and p are
positive integers and S is a proper fraction,
then (1 -8) (p + ) equals

(@1 ®) 2 ©3 @4
[Roorkee — 1989]
Coefficient of # in the expansion

of (x - %)32 1s equal to

@ °C,,
© *C,

) *C,,
@ C,,
[TS Rajendra — 1992]



18.

19.

20.

21.

22.

23.

24,

Binomial Theorem A.81

If nis aninteger 3, then [(n+ 1) /n]"is
(a) >n ®d) <n
©) n (d) n
[AMU - 1996]

The approximate value of (7.995)" correct
to four decimal places is

[UPSEAT - 1991]
(a) 1.9995 (b) 1.9996
(c) 1.9990 (d) 1.9991

If (V5 —V3)* x5 + yV/3, find the value of
(x-»)?
(a) 504
(©) 305

(b) 405

(d) 503
[TS Rajendra — 1991]
If the polynomial (x* + px? + gx + 4) leaves
remainder ‘7’ and ‘18 when divided by
(x—1) and (x — 2) respectively, then

(@ p=3,q9=-1 ®)p=7,9=3
©pr=lg=1 d p=8,49=4
[SCRA - 1991]

When (2x* — 17x + 11) is divided by (x - 5),
then the quotient and remanders are
(a) 2x>+x+1)and 180
(b) 2x*—x+2)and 30
(©) (2x*+10x +3)and 20
(d) 2x*+10x +33) and 176
[SCRA -1991]
Let n (> 1) be a positive integer, then the
largest integer m such that (»” + 1) divides
(Q+n+nr*+... +n'?)is
(a) 127 (b) 63
(c) 64 @@ 32
[IIT Screening Test 1995]
For positive integers 7, n,, the value of the
expansion
T & A & fy?Q i7y? where i =
V-1 is a real number, if and only if
[IIT - 1996]
b) n=n-1
d n>0,n>0

(& nj=n,+1
© n =n,

25.

26.

27.

28.

29.

30.

If the expansions of (x + % )" and (x + %)

in powers of x have one term independent
of x, then # is divisible by

(@ 6 (b) 4
© 3 @2

[REE Qualifying Exam —1999]
The expansion (2 + V2)* has value lying
between
(a) 134 and 135
(c) 136 and 137

(b) 135 and 136
(d) none of these
[AMU - 2001]

In the binomial expansion (a + bx)> =

% + % x+ ... the value of a and b are

[UPSEAT - 2002]
() a=2,b=-3
) a=-3,b=2

(@ a=3,b=3
() a=3,b=2
The degree of the polynomial

[x + (3 = D¥)5 + [x — (x3 — 1)"?] is equal
to

(@) 9 (b) 8

(¢) 10 (d) none of these
[TS Rajendra — 1993]

If the numerical coefficient of the pth term

in the expansion of (2x + 3)¢ is 4860, then
the value(s) of p is (are)

(a) 2 (b) 3
(c) 4 @ s

[REE Qualifying Exam — 1994]
If the sum of middle terms is S in the

9
expansion of (2a - %) , then the value(s)
of S is (are)

@ ()ac+a © (5)e6+a

© () c-a ©(5)es-a

[REE Qualifying Exam 1994]
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31. The value of ®°C; - BC>*+BC/ - ... =1
C,1s
(a) 15 (b) - 15
©) 0 (@ 51

[MPPET - 1996]
R.FA+x) 1 +x+x) (A +x+x*+x%..
Q+x+x>+. +x"
=C,+C x+Cx*+CxN

nm+1)

N = 5 then the sum of even

coefficients C )+ C, + C, +..... equals
[AMU - 1999]

(@) 27— 1 (b) 2¥

© (n+ 1) @ 3+ 1)

33. PA+ry+PA+ry '+, +P (1 +7),

© PA+pr[1-(1+r1

e
@Pr %
. 21C1 21 .21C2 3.21C3
34. The value of is K + T + kTN
[NDA - 2003]
() 213 (b) 231
(¢) 312 (d) 321

35. When n is a positive integer, the expansion
(x+ay="C x"+nC x""a'+... +"C a
is valid only when
(@ lal|<1
®) [x[<1
(©) x|<land|a|<1
(d) x and a are any two numbers.

36. The number of dissimilar terms in the
expansion of (a + b +¢)"is

where r # 0, 1s equal to @) n+1
1 [AMU - 2000] (b) n
@ P(1+L)c1+py © ni2
(b)p(1+%)(1+r)n_1 @ 1+2+3+... +(@n+1)
ANSWERS

Lecture—1: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With

Accuracy

1.(a 4 (c¢) 7. (a) 10. (a)

2.(c) 5 (@ 8 () I11. (a

3.0 66 (@ 9 (@ 12 (a)
Lecture—1: Work Sheet: To Check Preparation Level

1.@ 3 (© 5 @© 7. (¢

2.(a& 4 ® 6. @ 8 (¢

Lecture—2:Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

L.® 5 @© 9 @© 13 ()
2.0) 6. () 10. (@ 14. (¢
3.@ 7. (© 1. @ 15 ()
4. (a) 8 (b 12. (©

Lecture—2: Work Sheet: To Check Preparation Level

.G 5 () 9 @®) 13 (2
2. 6. (@ 10. ) 14. (©
3.@ 7. (© 1. @ 15 (@)
4. @ 8 (b 12 (©

Lecture—3:Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

1. 5 @® 9 @ 13 (2
2.(c) 6. (a) 10. (d) 14. (b)
3. 7. (@ 11. () 15 (¢)
4. ¢y 8 (b)) 12. (a)
Lecture—3: Work Sheet: To Check Preparation Level

1. 5 @® 9 (@ 13 ()
2. (@ 6. () 10. (@) 14 (¢
3.3.0) 7. (¢) 11. @) 15 (o)
4. (c) 8 (b)) 12. (b)
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Lecture—4:Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

1. 4 (a 7. (b) 10.(b)
2. 5 () 8 (@© 1. (@
3.) 6. () 9 (@ 12. (@

Lecture—4: Work Sheet: To Check Preparation Level
I.¢) 3. @ S5 (@© 7. (¢
2.d 4 @ 6. (@ 8 (o

Lecture—5: Mental Preparation Test

1. 1 +4x+10x* + 16x> + 19x* + 16x° + 10x6
+4x” + x5,

2. 11592740743

8

7. x=2,a=3,n=6

>

_ I
8.x—4,a—2,n 8
10. —43

4480
27

12. 672
13. (-1y

11.

(2n) !
(n1)?

x"

4. n=12
15 x=10-%2

16 6C, (_ l)erZ _2ry3r
3! 1

n!2n! X"

5
256

17.

18.

19.
20.
22.
23.
27.

28.
29.
30.

31.

32.
33.

34.
35.

36.

37.
38.

40.

41.
43.
44.
45.

47.
49.

29568

11, 2.

27— 1.

4n

a’® — 6a°x*b + 15a*xb? — 20a°b?

s @b _6ab® b

x? x* x

161051
29568 x°¢ a®
70

% x4
110565 a*
10500 x -3

28672,
729 )

1400000 (sixth)

200000 (1

6
21— 14.

/5 QZ 8_1
274 1+5x +50

[1.2....... 21]2r
r!
9.997

x
1-3

1.000299
14
61,113

567

+25x

QUESTION BANK: SOLVE THESE TO MASTER

@ 3.
(b) 7.
© 11.
(b) 15.

(@)
©
@
(@)

5. (b) 6
9. (b) 10.
13. (b) 14.

4. (a)
8. ©
12. (o)
16. (a)
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17
21
25
29
33

- (b)
- (©)
. (c,d)
- (b)
- (©)

18.
22.
26.
30.
34.

(b
CY
(b
CY
(b

19.
23.
27.
31.
35.

(®)
©
(®)
©
C))

20.
24.
28.
32.
36.

(@)
C))
(@)
(@)
C))
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LECTURE

Algebra of Complex
Numbers

BASIC CONCEPTS

. General form of Complex Number (2)
z=x+iy where,i=V-1,
ir=—1,8=—i,i'=

x =Real part of z=Re(z) and, y = — imaginary
part of z =Im(z)

Nofte: Euler was the first mathematician to
introduce the symbol i for the square root of
-1

. Complex Number as an Ordered Pair

A complex number is defined as an ordered
pair (x, y) of real numbers x and y. Thus, z =
(x, ), where,

abscissa = x = real part = Re(z) and

ordinate = y = imaginary part = Im(z)

. z = purely real, if y = 0 1.e., imaginary part is
Zero = x.

. z = purely imaginary if x = 0 i.e., Real part is
zero = iy.

. Integral powers of iota i’
i=N-1,#=-1,P=—ii'=1,

=@y =ay=1,

1'4n+1=(1'4n)(1')=1"1'4n+2=_1’

1.,

i i -

s 9 L3 . a4 — -1 —
Similarly, *=-1,i*=—i i*=1,i'=—4,

it=-1,i =00 t=

=—i -

Similarly i, for calculating integral power
of i, dividing m by 4 and according to the
remainder, find the value of i as follows

Imaginary 1'4n— 3 1'4n— 2 1'4n— 1 1'4n 1'4n+ 1 1'4n+ 2 1'4n+ 3

Numbers
Remainder -3 -2 -1 0 1 2 3
Value i —-1-i 1 i -1 —i

. Order Relation There is no order relation

between any two complex numbers i.e., if z,
and z, are any two complex numbers, then,
either z,=z,0rz#2, but not z,>z,0rz <
z,1.e.,5+4i>2+3iand 5+4i <2 +3ihave
no meaning.

. Zero 1s only a number which is both real as

well as purely imaginary.

. Equality of Two Complex Numbers Two

complex numbers are said to be equal if their
corresponding real parts and imaginary parts
are separately equal.

Letz =x +iy,z,=x,tiy,,ifz =z,&x =
X V1TV

. Algebra of Complex Numbers z, = x, + iy,

and z, = x, + iy, be any two complex numbers,
then
(i) Addition:
z, tz, = x, ‘|‘x2+i(yl +y2)
Cepy) H0ey.y) = (x +x,,p, )



B.4 Algebra of Complex Numbers

(ii) Subtraction:
z—z,=x—x,*iy,~y,)
Cepy) = (. y) == x,, 9,7 y)
(iii) Multiplication of Complex number:
zZ,=x, + iyl; z,=x, + iyz;
zz,= (x1 + iyl) (x2 + iyz)
= (xlx2 —yyz) +i (xly2 + xzyl)

(iv) Division of Complex number:

1

z _xl+iy1><x2—iy2
Z - . g
2 Xty x,-1,

=x1x2+y1y2+i{xzyl_xﬁ’z
sy g+

Note: Algebraic operations involving
complex numbers are performed according
to the same rule as in the operations
involving real numbers with the convention
that 2 is replaced by — 1.

10. vavb = Vab, if at least one of a and b is
nonnegative.

11. va \/Ei— \/_a_b, if both a and b are negative.
eg,V2V-3==6
12. Negative of a Complex Number If z=x +
iy, then
—Z=-x—iy.
13. Integral powers of a Complex Number If
z=x+ iy, then
@) Z2=@x+ip)’=x=-)"+i(2x)
1) Z2=(x+iy)P=x3+iGxy) - 302—i?
(i) zz.z, ... k times = z*
@) 2°=1
14. Reciprocal of a Complex Number z =x +
iy, then reciprocal of z is denoted by

1 1 1
7and7=x+iy'

It is also known as multiplicative inverse of
complex number.

15. Conjugate of a Complex Numbers If z =
x + iy, then the complex number x — iy is
called the complex conjugate of z and it is
denoted by Z which is as follows: z=x + iy =
x—iy.

15.1 A complex number is purely real, if
z =2 (y = 0) and purely imaginary, if z
=-z(x=0).

Note: The sum and product of a complex

number with its conjugate are both real.

16. Properties of Complex Numbers
Ifz=x+iythenz=x—iy

(1) z+z=2x=2Re (z2) =2Re (2)
= Sum of a complex number with its
conjugate.

(1) z — z = 2iy = 2i Im(z) = — 2i Im(z)

(ii)z.z=x*+y*=|z
= Product of a complex number with
its conjugate.

Note: The addition and multiplication of

anytwo complex numbers are a real number,

thenboth are a pair of conjugate complex
numbers.

(iv) @)=z
V) z, +z,=z +z,

)z =z,=

Z'_’
055=%7
W5 =275
(x1) z,z,+z z,=2Re (z, z,)
=2Re(z, z,)
17. Properties of Addition and Multiplication
of Complex
Numbers

() z, +z,=z, + z, = one complex number
() z,tz)+tz,=z +(z,+z,)

(i) z+0=0+z=z
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W)z+(—2)=(-2)+z=0
\%) z tz,=z tz,=>z,=z,
(V1) z,. z,= z, . z, = one complex number

i) (z,z,) (z,) =z, (z,2,)

i) z. 1=1.z=z2
(x) z,z,=z,z,>z,=z,0rz, =0
Xz (z,tz)=z2,+zz

x1) (z,tz)z,=zz t2zz,

SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find real values of x and y for which the
complex numbers — 3 +ix% and x> +y + 4i
are conjugate of each other.

Solution

Since — 3 +ix’y and x*>+y + 4i are complex
conjugates.
Therefore, =3 +ix*y=x*+y +4i
=>3+ixly=x*+y—4i
=>-3=x+y ¢y
and x%y = — 4 2)
= -_3=x2- —

2

[Putting y = %from (2)in (1)]

=>x'+3x2-4=0 =>E*+4)*-1)=0
= x2=1=0][" x>+ 4 # 0 for any real x]
=>x=+1
From (2),y=-4,whenx=+1
Hence,x=1,y=—4orx=—-1,y=—-4

2. Ifx=-5+2 -4, find the value of x* + 93
+35x2—x + 4.

Solution

We have x = — 5+ 2V—4
=>x+5=4i= (x +5)*= 16

= x> +10x +25=-16 = x*+10x + 41
=0

Now x*+9x* +35x>—x + 4

=x2(x>+ 10 x +41) —x(x*> + 10x + 41)
+4(x*+ 10x +41) — 160

= x2(0) - x(0) + 4(0) — 160

=—160 [ x*+10x+41=0]

24 pr= 1+b+ia _

3. Ifav+b 1, then prove that 15D +ia
b+ia.
Solution

_1+b+ia (1+b+ia\(b+ia

L'H'S'_1+b—ia_(1+b—ia)(b+ia)

_ (1+b+ia)(b+ia)
" b+iatb*+iab—iab+a®

_ (1 +b+ia) (b+ia)
T @+b+b+ia

_(+b+ia)b+ia)

[Given a®>+ b*=1]

1+b+tia
=b+ia=RHS.
Proved
4. If (x +iy)’ = u +iv, then show that
Fry=407-)).
[NCERT]

Solution
Given (x +iy)’ =u+iv
>3+ +3x(y) x+iy)=u+iv
=>x*+ () +3x%yi -39 =u+iv
=>x-3x*+iGxy—y)=u+iv
Equating real and imaginary parts, we get
u=x*-3x7?
Su=x(x>-3y)andv=3x*y—)?*
=>v=y(3x?-)?

<

+5=x2—3)2+3x2—)7?

AAR SR

X
u
orf+

= 4=
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5. Find the real numbers x and y if (x — iy)
(3 + 5i) 1s the conjugate of — 6 — 24i.

[NCERT]
Solution
Given, (x — iy)(3 + 5i) = —6 — 24i
. _—6+24i 3-5i
V=345 “3-50
=18 -120(-1)+72i +30i 102 + 102i
9-25(-1) 34
=3+3i
—iy=3+3i
=>x=3and-y=3
=>x=3,y=-3.

(Equating real and imaginary parts)

1+

6. (1

integral value of m.

) =1, then find the least + ve

[NCERT]

Solution
Given(1 t;) =1

1
(1 +i)}"'= i

(1 x19)
{(l—i) D)

1+'_) m

:>{(7 ’)7} =1
1242
L+2+2i\"

1-(=D

= (%)m =l=>"=1

=

= least positive integral value of m is 4.

7. Express each of the complex number given
in the form a + ib.

(3 (eerd)--4)

Solution

Given complex number

AESHNININE
(RIS

{)-(-4+0)

)
BB 1h-1 3

which is_in the form a + ib, where a = 77
and b=73. i

8. Express each of the complex number givern
mtheforma+zb(—+3z

Solution

Given complex number

(b3 (3 v
+ '31)

"t (3+3)

TR+ z:(%

+27(=) +i + 9¢*

27
=ﬁ

(v 2= =)

=27+ 9= (55

=(-22)+26)i=

which is in the form a + ib, where,

-_242 ,_
a=- 27,b =26

9. Express the complex number given in the

form a+ib(—2—%i)3

9)—26i

Solution

Given complex number

~(-2-5if = {2+ 5)
—{23+ 3+’3(2)(%1)(2 +%i)}
e heosae )
——8+—1—(41+%1)

27
2
__8+ﬁ 4I+,;(

=(-8+3)+(37-4):

3
+%1 }

iZ -1
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(28

which is in the form a + ib where a = — %

__107
and b =— 77

10. Evaluate[ 18+(1) ]

Solution

11.

Given number

[i18+(%)25 ]3 { ;16 7+( 1)75}
..l=l2=L)

AN S

—

{@Y* = D+ DAYty
=D === DA+
=— {3+ 2+3i (1+0)}
—— (1 + () +3i+3 (1)}

(- i*=-1and #=-i)
=—{-2+2i}=2-2i

Solution

12.

Prove that“t: ="

[MP — 1997]
i) A+pa+i]
1-i A= +i)
_[1+i+2i7 _[1-1+2i]" oo
-2 ]_ 1+1 ] Lo #=1]

_[2i]=
-[3]
Express each of the following in the
standard form a + ib
B -2i)(2+3))
(1+2)H2-1)

Solution

(B-2H2+30)
1 +2)2—1)
_6+0)+i(4+9) _12+5i
(2+2)+i(4_1) 4+3i
_12+5 4-
T 4+3i 4 '31

(48 +15) + (=36 +20)
N 16 - 97

_63 16.
=25"25%

13. Reduce{1 —14i_ 12 }(

standard form.

3-4i
5+i

) to the

Solution

Given number

={1—14i_lii}(35_+4ii)
1+i-2(1-4i)) 3 _4
=< (1 =4i)(1+i) } 5+i

(=149 \(3-4i

_(1+4—3i)(5+i)

_—3+36+27i+4i
25+3—-15i+5i

_33+31i  28+10i
2810/ * 28+ 10i

33 x28-31x10+ (31 x 28 +33 x 10)i

[NCERT]

(28)" — (10/)
924 -310 + (868 + 330)i
T 784 - 100(-1)

_614+1198i _614 , 1198 .
384 884 " 884 !

_307 559
=442 440!
3+2isinf.
14. Find real 6 such that ﬁ is purely
real.
Solution
3+2isinf
We have T —5isnd

_ (3+2isin 0)(1 +2isin 0)
~ (1 -2isin 0)(1 + 2i sin )

_ (3+6isin 0+ 2i sin q — 4 sin’0)
- 1 + 4sin 20
-3-4sn’0 , ., 8sin6
1+45sin’0 ~ 1+4sin%0
We are given the complex number to be
real.

Therefore,

8sin 0
1+4sin’0
nelz.

=0,1.e.,sin 0=0. Thus 0 = nrm,
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15. Find the value of x* + 7x? — x + 16, when
=1+2i

Solution

We have, x=1+2i
=>x—-1=2i

= (x—1)2=4*
=>x*-2x+1=-4
=>x*-2x+5=0

Now, x*+7x2—x+ 16

=x(x*—2x+5)+9(x*—2x+5)
+(12x—29)
=x(0)+9(0) + 12x — 29
[ x*=2x+5=0]
=12(1+2i)—-29
[ x=1+2i]
=—17+24i
Hence, the value of the polynomial when
=1+2iis— 17+ 24i.

UNSOLVED SUBJECTIVE PROBLEMS (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

1. Evaluate the following
@
(111)( 3T+ = )
2. Compute the following
(i) V-144 (i) V-4 \]g
3. Show that
o [+ T
(i) 17 + 12417 4§12 =0

4. Add—-1+3iand 5—-8i

Subtract 7 — 3i from 6 + 5i

6. Find the real values of x and y, if
@) BGx—-7+2y=—-5p+ (G +x)i

(i) i

i

ox=1 y=1_.
W) 335 +3-; =1
7. Express each of the following in the form

a+ib
1) (G +4i)

(i) (2 +V=3)(=3 +2V=3)

8. Express each of the following in the
standard form a + ib

W 315

®(175)

9. Prove that the following complex numbers
are purely real:

2+3i\(2-3i
(3+3)65=3)
10 Find the conjugate of
@ #

.. 2-5i
(i) 3257
11. Find real values of x and y for which the
following equalities hold. (1 +7))*+ (6 +1i)
=Q2+id)x

Exercise Il

1. Evaluate the following:
(1) (_\/j)4n+3
PRI B Bt
i) DB~ 5 1)
2. Compute the following
V=16 + 3v=25 + V=36 - V=625
3. Show that (1 +i)* x (1 + %)4 forallnm e N.
4. Find Z +Z and Z — Z,if Z =3 + 5i and
Z,==5+2i
5. Find the real values of x and y if
@O A-ix+Q+iy=1-3i
1) x+ip)2-3i))=4+i
6. Express each of the following in the form
a+ib
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1 Q+3)@d-5) (@) 4-30)
7. Express each of the following in the
standard form a + ib

8. Prove that the following complex numbers
are purely real.

(3231)+ (555)

9. Find the conjugate of (6 + 5i)*

ANSWERS

@) (gtii)z (i) (—1+3ii)!

Exercise-l

1. ()— (i) (i) 2i

2. () 12i (i) -3

4. 4-5i

5. -1+8i

6. )x=-1,y=2 (i)x=—-4,y=6

7. )-7+24i  ()-7V3

8. ()astasi (i)(1+2VZ0)

10. G) i (i) % + % i

11. Ansx=5andy=2orx=5andy=-2

Exercise-ll

. @i
0

W L+ Z,==2+Ti,Z —Z,=8+3i
. Dx=2,y=-1

(i) x = 5/13, y = 14/13

(ii) i/72

N E N

6. ()23 +2i
(i) — 44 — 117

3

7. @-s+3i V3 )

i (-5

9. 11 — 60i

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. The conjugate of the complex number
1+,
—3 - 1S

1-i
(@ 1-i
() —-1+i

®) 1+i
@ -1=
[Karnataka CET — 2007]

Solution

A+ 1+42+2i_1-1+2i
1—i 1—i 1—i

CY

2i 1+

—
|
-
—
+
-

C2i(1+0)  2i(1+i)  2i(1 +i)
T1-GF 1-(CD) 2

=i+if=i-1

Therefore, the required conjugate is —i — 1

2. The real part of (1 —cos @ +2isin 0) 'is
[IIT — 1978, 1986]

1
®) 5-3cosO

1
@ 5+cos@

1
@ 3+5cos0

1
© 3 —5cos @
Solution
@ {(1—-cosB) +i2sinh} =

{2 sinzg +i+4 sin gcos g}_l
= (2 sin g)_l {sin g +i2 cos g}_l
Cmd)

1 sin 5—12 cos 5

" sinQ—i2cosQ
2 - 2

sing+i,2 cosg
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The real part is

sin 0
2

]

)

25ing(1 + 3 cos?

1
2(1 + 3 cos? g)

_ 1
“5+3cosf

Alternative Method: Put 0 = 7 to verify (d)
3. If (a + ib)(x + iy) = (a*+ bY)i, then (x, y) 1s

equal to
(a) (a,b) (b) (b, a)
(©) (ca.b) (@ (a,-b)1
[VIT — 2004]
Solution

(b) (ax — by) +i (ay + bx) = (&> + b?)i
equating real and imaginary parts
ax—by=0=ax=by ¢y
a*+b’=ay+bx )

bxbh
a+b=ay+ 2y

a(@®*+b?
a*+ b
S (e y)=(b, a)

4. If x = 2 + 5i (where i> = —1), then x*— 5x> +
33x—-19=

from equation (1)

=y=>y=agandx=b

(a) 6 (b) 8
(c) 10 @ 12
Solution

(c) Givenx=2+5i
=>x—-2=5i
=>x-2’=25CD
=>x?—4x+4+25=0
=>x2-4x+29=0
Hence, x*— 5x*+33x — 10
=x(xX>—4x+29)—x*+4x— 19
=x(x*—4x +29) — 1(x*— 4x +29) +29-19
=x (= 4x +29) — (x*— 4x +29) + 10
=0+ 10whenx=2+5i
(s x*— 4x + 29 = 0 when x = 2+5i)

5. The conjugate of a complex number is
ﬁ, Then that complex number is

[AIEEE — 2008]

@ 25 ®
© 747 @
Solution

@ z= % (given)
We have z = (2) giving

1 _ 1 -
2701 o1 i+

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

1. 2V=9 V=16 is equal to

(a) 24 () —24
(c) 48 (d) —48
2. Ifx,y € R, then x + yi is a non-real complex
number, if
(@ x=0 () y=0
© y#0 ) x#0

3. If nis any integer, then i” + "+ + jm2 + jm3
is equal to

(b) —i
@ 0
[WB JEE — 2009]

4. If (l%i) = 1, then the least positive

integral value of m 1s
(a) 2
() 8

(@) i
© 1

() 4
(d) none of these
[IIT — 1982; MNR — 1984;
UPSEAT - 2001; MPPET - 2002]
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5. If the conjugate of (x +iy)(1 —2i) be 1 +1,

then
: [MPPET - 1996]
(@) x=3

3

b y=3
1-i
i

© x+tiy=75

N
@ x=iy=137;

. If z=x—iy and z'* = p + ig, then

Mis equal to
@+

(2) 2 (b) -1
© 1 @ -2

[AIEEE - 2004]
. Letz,, z,be two complex numbers such that
z,+z, and z, z, both are real, then

[RPET - 1996]
(@) z,=-z, b) z,=2,
©) z,=-2z, @ z,=¢z,
. r
. The real part of T —cosO+isnd’s equal

to

9.

10.

11.

Multiplicative inverse of non-zero complex
number

atib(a,beR)is

a b .
@ a-b a+b !
a b .
(b) a2+b2_a2+b21
a b .
© -t arp!
a b .
@ S rptarp!
4 + 9 + 16 ) )
If m =a+ib, then (a, b) is
[Kerala PET — 2008]
(@ (1,2) ®) —-1,2)
© @1 @ (-2,-1
If Z is a complex number such that Z =—2z

then
(a) Zis any complex number.
(b) Real part of Z is the same as its
imaginary part.
(c) Zispurely real.
(d) Z is purely imaginary.
[Karnataka CET — 2008]

(a) 1/4 ®) 12 12. Ifz=3+5i,thenz*+z + 198 =
(c) tan 6/2 (d) 1/1 - cosf (@ —3-5i () —-3+5i
[Karnataka CET — 2001, 2005; (c) 3+5i (d 3-5i
MPPET - 2006] [EAMCET - 2002]
SOLUTIONS

. (b) 2¥=9 V=16 = 2 (Bi)(4i) = 24 * = - 24.
. (©)x+yi;x,y € Risnonreal if y # 0.

. (d) in+in+1+in+2+in+3
=i [1+i+P+7
=ir[l+i-1-i]=0.

(1 (A=)
'(b)l_(l—i) “la=n | T
=>"=1=>m=4.

. (¢) Given

Grip)1-2i)=1+i 1

using formula: (Z) = z we find from (1)

x+ip)(l-20=1+i=1-i
x+p)1-20)=1-i

1-i

¥EY=T 50

. (d) Givenz®*=p+ig=>z=(p+ig)’

= x—iy=p’+(ig)’ + 3piq (p + iq)
>x-iy=p-3pg+Q@p’q-q)i
Equating real and imaginary parts,
x=p'=3pg =p=p*-3¢ M
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and -y =3p’q - ¢°
Y_ s
=g~ @
Add (1) and (2) to obtain
y 2 2
ptg=-20*+9)
7. (b)Letz =a+ib,z,=c+id, then
z, +z,isteal = (a +c) +i(b +d) is real
=>b+d=0=>d=-b 3)
zz,isreal = (ac — bd) + i (ad + bc) is real
=ad+bc=0
=a(-b)+bc=0>a=c.
Therefore, >z =a+ib=c—-id=2z,
(-.a=cand b=-d)
(b) )
: (1-cos@)+isinf
{(1-cos@)—isin 6}

{(1-cos @) +isin0)}{(1-cos @) —isinb)}

_ (1—cos®)—isinf
(1 -cos 0)*—i%sin*0

B (1-cos@)—isin6
" 1+cos?0@—2cos+sin? 0

_(I—cos®)—isin@
T 2(1-cos6)
1 isin 6

T 27 2(1-cos0)

1 -1
Realpartof((l —cos@)+isinf )_2'

9. (b) (a + bi)"

__ 1 _ a—bi
a+bi (a+bi)a-bi)

_a—bi
a*+b”

44 9 4 :16
10. (b) 2’_"”—"" =a

i8+i10 +i3

1+i+1

— -t =g+
2oi+i+tixp @t

2+i
1-1-i

Q+i) () _
2

=a+ib

9
2i—-1=a+ib
Comparing real and imaginary parta=—1,
b=2
(a,b)=(-1,2).

a+ib

1. )z=-z=>x+iy=—(x—-ip)=—x+iy
1e,2x=0o0rx=0
1.e., z =iy = purely imaginary.

12. (¢)z=3+5i
z=3-5i
z2=(3 + 5i)
=27 + 125 +45i (3 + 5i)
=27-125i+135i+225#
=27 -225+10i
=-—198 + 10i
z22+z+198
=—-198+10i+3 —5i +198
=3+5i

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

1. ({ t;)2+(} Ii)z is equal to

2. The conjugate of the complex number

2+5i.

4_—31’. is [MPPET - 1994]
7 —26i -7 -26i

() 25 ! (b) 25 :
-7 +26i 7+ 26i

© 25 ! @ 25 !
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2i \2_
3. { 1+ i} -
[MNR - 1984; BIT Ranchi — 1992]
(a1 (b) 2i
© 1-i @ 1-2i
. . (1+10)3.
4. The imaginary part of ;I8
(a) 1/5 (b) 3/5
(c) 4/5 (d) none of these
5(-8 +6i) i
5. If At = a+ib, then (a, b) equals

[RPET — 1986]
() (20,15)
(d) none of these

(a) (15,20)

(c) (- 15,20)

The true statement is
[Roorkee — 1989]

(@ 1-i<1l+i

(b) 2i+1>-2i+1

() 2i>1

(d) none of these

. fz=x+iy,z"®*=a—iband

% - % k(a® — b?) then value of k equals

[DCE — 2005,MPPET-2009]

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions:

1.

2.

The answer sheet is immediately below the
work sheet

The test is of 13 minutes.

The test consists of 13 questions.

The maximum marks are 39.

Use blue / black ball point pen only for
writing particulars / marking responses.
Use of pencil is strictly prohibited.

Rough work is to be done on the space pro-
vided for this purpose on the worksheet — 1
sheet only.

. If (c + i) = a+ib, then 5 +% is equal to

(a) 4@ +b?)
(b) 4(a®> - b
(c) 4%~ a)
(d) none of these
[IIT — 1982, Karnataka CET — 2000]

(a) 2 (b) 4
(©) 6 @ 1
8. If x =2 + 3i and y = 2 — 3i, then value of
¥+t s
(a) 92 (b) —92
(c) 46 (d) —46
9. Real part of EFOT _: oF is
(@ 3 (b) 2/13
(c) 1372 @ 13
10. Conjugate of E:Bli is
2-3i 2-3i
@ 337 ® 373
2+3i 2+3i
© T+i @ T+
1-4d).
2. The number a=a is equal to
[Pb. CET — 1991]
(a) i (®) —i
(© -1 d -2
3. The value of —i %' is
(a) —i () 1
(© -1 @ i

. Which of the following is not applicable for

a complex number?
(a) addition
(c) division

(b) subtraction
(d) inequality

. The value of

i592 + i590 + i588 + i586 + i584 _
i582 + i580 + i578 + i576 + i574

(@ -1 (b) -2
(© -3 d) -4

. The least positive integer » for which

(1+i)=(1—-ipnis
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(@ 2 (®) 4

© 1 @ 8
7. i57+i1125 is equal to

(@ 0 (b) 2i

(c) —2i @ 2

8. If 2x = 3 + 5i, then what is the value of 2x?
+2x2=Tx + 727

(a) 4 (b) —4
) 8 @ -8
[NDA-2009]

9. If x, y € R, then the complex number x + yi
is purely imaginary, if

11.

12.

13.

If z 1s a complex number such that z # 0 and

Re z=0, then

(a) Re(z»=0

(b) Re (z) =Im (z»

© Im@E»=0

(d) none of these

Which of the following is correct?

(a) 5+3i>6+4i

®) 5+3i=6+4i

(c) 5+3i<6+4i

(d) none of these

The conjugate of complex number 24 — L s
[MPPET - 2003]

(@ x=0,y#0 3i
(b) x#£0,y=0 (2) 4
(©) x#0,y#0 oy 110
(d) x=0,y=0 .
10. 1+i+i2+isequalto © _111—7101
(@i (® O ,
() —i @ 1 @ 23
ANSWER SHEET
L®e® © @ @ ® © @ EONONONO),
2@ 00 @ 7.0 ® © @ 2 @® O @
S ONONONO) SONONONY) R ONONONO)
SONONONO) L@ ® © @
50000 @ 0@ ® © @

HINTS AND EXPLANATIONS

b i584(i8+i6+i4+i2+ 1)
( )i574(i8+i6+i4+i2+ 1)

=@°=@=Cc1=-1
8. (a) v x=> 5

2x—3=5i

squaring we get

2x*—6x+17=0

Now

= j584 -574

x+4
2x2— 6x + 17)2x3+ 2x2— Tx + 72
2xr—6x2+ 17x
8x2—24x + 72
8x?— 24x + 68
4

L2283+ 2xE-17x+ 72
=(2x*—6x+12)(x+4)+4
=4
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. (a) x + yi; x, y € R is purely imaginary if (2-3i)) (4+i) 8+2i-12i- 37
x=0andy#0. B-®OG=hy *@+n™ @p-r
. D)1 +i+i2+3

11-10i _11-10i

=l+i-1+(CDi 6+1 - 17
=l+i-1-i ;
=0 Conjugate of complex number = %

.(©Letz=iy;yeR,y#0
then 22 = (iy)> = —)? = Im (22 = 0.
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LECTURE

Argand Plane Modulus
and Amplitude

BASIC CONCEPTS

1. Geometrical Representation of a Complex
Number The plane on which complex
numbers are represented is known as the
complex plane or Argand’s plane or Gaussian
plane. In this representation all real numbers
lie on x-axis and imaginary numbers lie on
y-axis. The x-axis is called the real axis and
y-axis is known as the imaginary axis.

—z=—(2)=—x+iy | y-axis

—Cxy) |z-xtiy=(y)
Origin Real axis
—Z ==X — iy Z=x—1y
=(=x.y) =~y

The complex numbers z = x + iy may be

represented by a unique point in xy-plane the

coordinates of which are (x, y). One-to-one

correspondence is defi ned between the set

of complex numbers and set of all point of

Argand’s plane or xy-plane.

(1) Distance between two points z, and z, =
2, - |

(11) Complex numbers are defined as vectors.
The magnitude and direction of vectors
are called magnitude and amplitude of
complex numbers.

2. Modulus—Amplitude Form or Polar Form
of a Complex Number

P(z=x+1y)
X =(x,7)

¥
(] 90°

0] x M

y
(1) z=r(cos 6 +i sin 6)
(11) The modulus of z is denoted by |z| and
|z|=\+)*=r20
(1i1) The argument or amplitude of z is denoted
by arg (z) or amp (z). In the first quadrant

arg(z) = tan™ (fc—') and in other quadrants,

arg (z) is defined by the solution of the
following two equations which are as
follows

ool ——
\/x- +y° x*+y*

(iv) The principal value of argument of a
complex number lies between —7 and 7.
i.e., the value of 0 of the argument which
satisfies the inequality —r <@ <miscalled

the principal value of the argument.
3. Quicker Method for Finding Amplitude
of a Complex Number Quadrantwise
In this method first of all quadrant of



B.18 Argand Plane Modulus and Amplitude

complex number is known as follows,
Here quadrantwise complex number with
corresponding argument are given

(2)=-@E@)=-x+1iy |z=(xy)=x+iy
amp (-Z) = amp (- (%)) | if amp (2) = 0,
=7 -0 then

amp (z)=-(@-0) |Z=x-iy=(xy)
—z=-—x—iy=(x —y) |amp (@ =-6

Note: |z| = |-z| =|(-2)| = @) [F| - @)

Note: In this method corresponding form of
a given complex number in first quadrant
is obtained and argument of this complex

numberisobtained by theformula 6 =tan“¥,

After this, amplitude of given complex
number is obtained quadrant-wise

(v) If amp (2) i.e., 0 1s greater than 7, then
principal value of argument is equal to
6-2m.

(vi) If amp (2) i.e., 0 is less than — 7, then
principal value of amplitude is  + 2.

(vit) If @ is the principal value of the
argument of a complex number, then its
general value is denoted by 6 + 2 nrw,
where 7 is any integer + ve or — ve.

(viil) Argument of the complex number O is
not defined.

(ix) Argument of the positive real number
=0

(x) Argument of the negative real number
= s radian = 180°

(xi) Amplitude of a positive purely
imaginary number, positive imaginary
part =x/2.

(xi1) Amplitude of the negative purely

L _ =z
imaginary number = — 5

4. Properties of Complex Number
Connectedc with Magnitudes of Complex
Numbers

@ >0
(i) Iz,2,] = Iz, Iz,

okl

111) 7—F =

) =y

@) |z = |-z = fl = |-Z |

V) |2zl = |z

(vi) E =1
|21
iy [F25] - Bl B
s Iz,| Iz
(viii) |27 = |z|"

(ix) 2| =1 & 7=+

5. Properties of Complex Numbers
Connected with the Amplitude of
Complex Numbers
(1) If amp (z) = 6, then the general value of

amp (z)is2nTt+6,n=0,1,2, ... and
principle value lies between — & and
n(—x <amp (2) <)
(i1) amp (z) = amp(1/z) = — amp(z)
(i11) amp(—z)==7 +amp(z) = (7 —amp(z))
(iv) amp(z") = n (amp (2))
(v) amp(z, z,) = amp (z,) + amp (z,)

z
(vi) amp (Z—l) = amp (z,) — amp (z,)
(vii) amp (iz) = % +amp (2)
amp(—iz) =~ + amp (2)
(ix) amp (z) + amp (zZ) =0 or 2nn
(x) The argument of the complex number O
is not defined.
(x1) If k is real number,
amp (k)=0 k>0
=x k>0
=not defined k=0
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SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC

1. Prove that the points represent the complex
numbers 3 + 3i, =3 — 3i, —3V3 + 3V3i form
an equilateral triangle. Also, find the area of
the triangle.

Solution

Let the complex numbers 3 + 3i, — 3 — 34,

and —3vV3 + 33i be represented by points
A@B, 3), B(-3, -3) and C(-3v3, 3v3),
respectively on the Argand plane.

Then, AB =+(3 +3)*+ (3 + 3)?
=3636 =672
BC =+(=3 +3v3)* + (=3 — 3y3)?
=V9+27 - 18V3 +27 +9 + 18V3

>V72=6\2

and CA =+(=3V3 —3)2+ (33 = 3)?

=\27+9+18V3 +27+9— 183
= 2=6V2
Obviously, AB = BC =CA

Therefore, the given points form an
equilateral triangle.
Therefore, \/3
area of this triangle = —— x (Side)?
\/3 x (672)? = 18V3 square unit.
3 z, tz,+1
2. IfZl— —i,z, =1+, find W
[NCERT]
Solution
Givenz, =2-i,z,=1+i.
z, tz,+1
z, -z, ti
z z

Y (U
z,| |z

_1@-p+d+p+1|/
T2-i-(+)+i| (

)

2

M 4 4
I1—il 12+ (12 2
=2v2
3. fat+ib= Gt h
- Ifa+ib=7552"7, prove that
g @D
eHE= ey
[NCERT]
Solution
Givena +ib= 1
ivena+ib =" 54
|Gt
= |la+ib|= 22 +1
_— (x+i)2’
= |la+ib| = 1
b+ if?
SVt br=—F—m———o
(2x2+1)2+ 02
(\lx- +12)
= \/
\/ 2x*+1)?
Squaring the two sides, we get a*> + b*=
(2 + 1y
(2x*+1)*
4. Letz =2—i,z,=-2+i. Find
[NCERT]
. 2.z, .. 1
@ Re( : ) Gi) Im (55
Solution
Givenz =2 —i,z,=-2 +i

(1) Therefore, zz, = (2 —i)(-2 + i)

=4 (-1)+2i+2i

—6-4(-1)+11i
o)
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=Re(—2§11q
- 2 11\ _ 2
“Re(-5+51)=-%
(i) zZ,= 2 = )2 +1)
=Q2-i)(=2-1)
=(—i +2)(=i—2)

=(-i)-22=-1-4=-5
Therefore, I | (L) = Im(_l—s)

z.z,

=1, (- %+0i)=0

m

5. Find the number of non—zero integral solu-
tions of the equation | 1 — iJ*=2~.

[NCERT]
Solution
Given equation is |1 — i|*= 2~
= (T EIP) -2

= (21/2)x= Q¥ = P¥2=9x

&:
22 X
= 2x=x =x=0.

Hence, the given equation has no nonzero
integral solution.

6. If (a + ib)(c tid)(e +if (g +ih) =4+
iB, then show that (a*+ b*)(c*+ dP)(e*+ [?)
(g+h)=4+B

[NCERT]
Solution
Given (a+ib) (ctid) (e +if)(g+ih)=A+iB
= |(a +ib)(c +id)(e +if )(g + ih)|
=|4 +iB|
= la+ib||c +id| e +if | |g + ik
=|4 + iB|
=N+ BN+ d e+ f2\g + I
—NEF B
= @+ B+ )+ (g )
=42+ B2

Alternatively,
(a+ib)(c+id)(e+ifi(g+ik)=A+iB (1)
= (a+ib)(c tid)(e+if)(g +ih)=A+iB
(Taking conjugates on the two sides)
= (a—ib)(c —id)(e — if)(g — ih)
=A-iB 2

Multiply (1) and (2), we get
(@+ b))+ dP)(e*+ f2) (g + h?) = A2+ B?
(" (a+ib)(a—ib)=a*+ b*etc.)
Note: In this problem it should have been
giventhat a, b, c, d, e, f, g, h, A, B are real
numbers.

7. For any two complex numbers z, and z,,
prove that Re(z,z,) =Re z, Re z,— Im z, Im
z

2

Solution

Let z, = a + bi and z,= ¢ + di, where a, b,
¢, d are real numbers, then z z, = (a + bi)
(c+di)=(ac—bd)+i(bc+ad) =>Re(z,z,)
=ac—bd=Rez)Rez)-(Imz)(Imz,).

8. If (a + ib) (¢ + id) = x + iy, then prove
that (a — ib) (¢ — id) = x — iy and (a*> + b?)
@+ P)=x>+ y~

Solution

Given, (a +ib) (c +id)=x+iy

= (ac — bd)+i(ad+ bc)=x+iy

Comparing the imaginary and real parts of

both the sides,

ac—bd=x. ¢))

andad +bc=y 3}

Now, (a — ib) (¢ — id) = (ac — bd) — i (ad +

bc) = x — iy [From Equations (1) and (2)]
Proved

Again, (a +ib) (¢ +id) =x +iy and (a — ib)

(c—id)y=x—1iy

Multiplying them,

[(a+ib) (¢ +id)][c — ib) (c — id)]

= (c+iy) (x— iv)

= [(a +ib) (a—ib)] [(c +id) (c — id)]

= (c+iy) (x— iv)
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= (@2— i?b?) (¢* - iPdH) =x*— iH?
= (@2+ b)) (P+d)=x*+)?

9. Find the locus of a complex variable z in
the Argand plane, satisfying | z— (3 — 4i) | =
7.

Solution
Letz=(x+iy) Then, |z— (3 —4i)|=7
= &+ip)-G-4)p="T
=S| x—3)+iy+d)P="7
=>x-3)P+@+4)?2=T7"
=>x+9-6x+)*+16 +8y=49
=>x?+)y'—6x+8y—-24=0

2z
10. If 3—21 be a purely imaginary number, then
prove that

zZ _ZZ

z+z

2

[Similar to MPPET — 1993]

Solution

2z,

Let 5— 32 i,

2z
I 3—21 is a purely imaginary number

2, _B3qi __47% _3ai—-2

2_2_732 +z, 3ai+2
z -z
1 % _|3ai—2
= z, +z,| 3ai +2
- 2,72 _\9a*+4
z2,tz)| \og2+4
z -z
1 4|
= _21+Zz 1

Proved
11. Express the following expression in the
form a +ib
B +iV5)(3 - iV5)
(V3 +V2i) - (V3 —i2)

Solution
Given complex number
_ B+i5E-i5)
B +V2i)— (N3 -iV2)

32— (W5)?
(N3 =V3)+ (V2 +V2)i
_9-52 _9-5D
0+2V2i  2V2i
_ i o Ti _
V22 N2(-1)

X

7).
+(-—=
( 2 )’
which is in the form a + ib

when a =0, b——%

~ |~

12. Find the modulus and argument of the
21

1+
complex number 1=
[NCERT]

Solution

Given complex number =

1 +2i _1+2i 1+3i
1-3i 1-3i" 1+3i

L 146(= 1) +2i+3i

1-9-1

545 1.1,

~T10 272!
Let—%+%i=r(eos€+isin0)
3—%=rcos€ ¢))
and%=rsin0 2

squaring (1) and (2) and adding

l+l=r2(coszt‘)+sin2 0)

I
27‘2=§
L ..

2;’—\/5(. r £ 0)
substituting this value of » in (1) and (2),
we get
- cosOand1 L sin O

2 2 N2

- V2_ 1

:>cost9\/:— 5 ——\/fand
g2 _ 1
sin 0 = 2 " 13

As 0 lies in the second quadrant,
(s cos 6 <0 and sin 6 > 0) therefore, we
can write,
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13.

cosO—————cos45°and

V2
ISP TP
sin O 17 sin 45

i.e cos @ = (180° — 45°) sin O
= sin(180 © — 45°)
= 0=135° or 27

Therefore, modulus of the given complex

=L
number N

and its amplitude = 0 = 37”

Convert the following expression in the
polar form —1 — 5.

Solution

Let—1—i=r(cos @ +isin 0)

= (-1)+(=1)i =(r cos ) + i(r sin )
=rcosf= -1

and sin =-1

Squaring (1) and (2) and adding
r(cos@+sin?0)=1+1

=>r=2 =r=1\2 ¢
Then from (1) and 2)

)
2

r<« 0)

cosO=—%= and

\/2
e=_1__ 1
sm0——,,——\/z

14.

As 0 lies in the third quadrant,
(v cos 6 <0 and also sin 6 <0)
therefore, we write

cosO=—L—=—cos£
V2 4

=cos(rz+%)=cos%Z

andsin0=—\/L—

=_sin®
2 4

= sin (w + %) = sin 2%
= 0=>T Hence,~ 1 -i
2 foos (3F) +sin ()}
=2 foos (3 - 27) +sin (3 - 2
e )il

If z = (V2 — V¥-3), find Re(z), Im(z), Z and
|z

NI

Solution

z=(N2 -\=3)=2-iV3
- Re(z) =2, Im(z) = 3, z= (V2 + iV3)

and |z|={(V2)*+ (—\V3)* =V2+3 =15

SUBJECTIVE UNSOLVED PROBLEMS: (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

1.

. If(a+ib)=
=1

+
If (ga I) = p +iq, show that p*> + ¢*

_(a-+l)-
T 4a?-1

. Prove that the sum and product of two

complex numbers are real if and only if
they are conjugate to each other.

% jzl’ then prove that (a* + b?)

. Separate real and imaginary parts of

. Find the multiplicative inverse of the

following complex numbers.

(@) 3+2 (i) (2 +V3i)? (iil)3 - 2i
443i
3+

and find the modulus.

. IfZ,Z are 1 —i,— 2 +4i,respectively, find

1772

ZZ_
L(%)

If’z—Si

’ = 1, show that z is a real number.
z+5i
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8. For all ZeC, prove that
O (2)=z
() zz=|z ]
(i11) (z +2) is real
(1v) (z — 2z) is O or imaginary.

9. Show that the points respresented by
complex numbers — 4 + 3i, 2 — 3i and — i
are collinear.

10. Write the following complex numbers in
the polar form

@) -3V2+3V2i (i) 1+ (i) -3

Exercise Il

1. If z=2 +3i, then show that 22— 4z+ 13 =0.

el

2. Find the modulus of (

3. Find the multiplicative inverse of 3 314’

4. If z, z, € C prove that
Im (z,z,) =Re(z)) . Im(z,) + Im(z)) . Re(z,).
S. Forallz, z, € C, prove that

0 G, +z)=z+z,
(i) €=2) =G -2)

() @z)=zz,

Z,

6. Prove that ( Z ) z: where z, # 0, for all
z,z,€ C.

7. Express 6 (cos 120° + i sin 120°) in the
form of x + iy.

8. Find the magnitude of (1 + ) (1 +2i)
(1+3d).

9. Find the magnitude of (1 +1) (1 +21) (1 +31).

ANSWER SHEET

Exercise |
.3 2.
4. (l)ﬁ_ﬁl
1 4V3 .
®)35-"49 !

(iii)13—3+%i
3.1 5
5. 2+21and\l2

132

10. (1)) 6 (cos%+zsm 3?)

(i) V2 (cos 4 Tisiny ) (iii) 3(cos 7 +i sinr)

Exercise Il
2. |z|=2
12, 9
3. 25+251 -
7. Z=-3+3V3i
8. 10
9. 10

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. Letargz<Othen arg (—z) —argz=
[Orissa JEE — 2007]

(am ®) =2
) m/3 (d) none of these
Solution

(a) arg z <O (given), Therefore, arg z =
-0<0

z=|z| (cos (—0) +i sin (—0))
=|z|(cos @ —isin 0)
so—z=|z|(-cos@+isin )
=|z|(cos (7 — 0) + i sin (T — 0))
Larg(—z2)=m—-0=m+(-0)

arg(—z)=mtargz .. arg(—z)—argz=m
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By A
-0
e g
oNY
A(z)
OR

Clearly arg (—z) - arg (z) = arg (F)
=arg(-1) = 1 (cosztisinz)=-—1
=x
2. The amplitude of (1 +i)°is
[Karnataka CET — 2007

(a) 37/4 (b) —3x/4
(c) — 5m/4 (d) 5z/4]
Solution

@ (1 +i) =2y (E+z \/2)

(V2) (cos 4 Tisin Z)

=(V2) (cos 54 +isin Sf)

Therefore, Amplitude = STn
3. The locus of the point z = x + iy satisfying

z—2i|_ .
’z + 2i’ =lis
(@ y=0 (®) x=0
() y=2 (d) x=2
[EAMCET - 2007]
Solution

(@) z=x+iyand |z — 2i| = |z + 2]
Squaring and simplifying

= X2+ (y = 2P =+ (y +2)

Locus of P(z)isy =0

4. If (V8 +i)® = 3% (a + ib) then a® + b is
[Kerala Engg. — 2005]
() 8
@ 8

(a3
© 9

Solution
(©) (N8 + )= 3%(q + ib)
Taking modulus and squaring on both
the sides, we get
(8+1)0=3%8(g2+b?) = 950=3%(g2+b?)
= 3100 = 398 (al + bZ)
= (a*+ b?)=9.

51fw(

T+ ) ne€ithen |w|=1 for

(a) only even n (b) only odd n

(c) only positivern  (d) all n.
Solution
@ w|=1
z—i Y| _
= (l +iz) -r
z—i [
= =1
i (z + %)
= |-z2=i o 3Hn= 1= |-i"=
iz —1) i
which istrue for allnas|—i|=1.
6. If’zz__i’ =5, the value of | z | is
[VITEEE — 2008]
(@3 (b) 4 © 5 @6
Solution

(©) Letx +iy=z= (x — 25)*+)?
=25[(x— 1)*+37]

= x*+)?— 50x + 625
=25 [x2+)*=2x+ 1]

= 24x2+ 24)?= 600

2x2+y2=%

|z]?=25=|z|=5
7. If z is a complex number such that
iz +2z2—z+i=0, then | z | is equal to
[IIT - 1995]
(b) 1
(d) none of these

(@2
©) 12
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Solution

b)iz2+z22-z+i=0
= 73— iz*+iz —i*= 0 [on multiplying by —i]
=>z22(z-i)(-i)=0

=@+ @E-)=0
=>z22=—jorz=ilf =>z*=—i,then|z|=1
Ifz=ithen|z|=1 .. |z| =1

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. Amplitude of O is

[RPET —2000]
(@0 ® =
(c) m/2 (d) not defined

. Distance of the point representing the
complex number 1 + 7 in the Argand’s plane
from the origin is equal to

@) 1 ®) 2
() V2 (d) none of these

. If|z|=4andAmpz=5?n,thenz=

(@) 2V3 +2i (b) 2V3 -2i

(c) —2V3 +2i (d) —V3+i

. For any complex number z, which of the
following is not true?

(@) zz=|z|

®) [2]=]zP
© |z|=NzZ
(d) z=Re(2) +iIm(2)
. If ’i — 3’ = 1, then Re(2) is equal to
(@3 ® 0
) -3 (d) none of these
. Amp {sin %+ i (1 + cos %)} is equal to
3 7
@ 5 ® 1o
4 3
© % @ 15
1+2i

- The complex number 7~ lies in which
quadrant of the complex plane.

[MPPET — 2001]
(b) Second

(d) Fourth

(a) First
(c) Third

. If z is a complex number such that

1

z 1s
1

z+

purely imaginary then
[MPPET - 1998, 2002]

@ [z]=0 ®) lz[=1
© [z|>1 D lz[<1
9. ‘(1 +i) gig =
[MPPET-1995, 1999]
@-3 ®3 ©1 @-1
10. If arg (z) = 0, then arg (2) =
[MPPET — 1995]
(a) 0 ®) -6
c)mx—-0 @ 6-n
11. The argument of the complex number — 1 +

12.

13.

14.

i3 is
[MPPET — 1994]
©) 120° (d) —120°

() 60° (b) 60°

np
If % =g+ ib where a, b, c are real then

a*+bh=
(@1 ©c @d-c

[MPPET — 1996]
Which of the following is true

[MPPET — 2006]

®) -1

(@) |3 +4i| > |5 +1l
®) 16 +7i|<| 5 +7i
©) |7 +8i| > |6 + 8
(@) 2+ 4il <1 +1]

5z,
If T is purely imaginary, then the value of
1

22l + 322
2z, -3z,

(2)37/33 (b) 2

1S

(© 1 @3
[Kerala PET — 2008]
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15.

16.

17.

i

The modulus of the complex number 1
is
5 1

@ \2 ®) 55

1 1
© 2 @ NG
The amplitude of the complex number
z=sina+i(l —cosa)isa € (0, 7)
(2) 2sin 5 ® 5
©) a (d) none of these

Ifx+iy= %, then (x +y%)? =

[IIT-1979, RPET-1997, Karnataka
CET-1999; Orissa JEE —2009]

a’+ b’ a+tb
@ v g ® vd
At a’+ b*\?
© S+ @ (%15%)

18.

19.

20.

The points 1 + 3, 5 + i and 3 + 2/ in the

complex plane are

(a) Vertices of a right angled triangle

(b) Collinear

(c) Vertices of an obtuse angled triangle

(d) Vertices of an equilateral triangle

[MPPET —-1987]

The sum of amplitude of z and another

complex number is z. The other complex

number can be written

@z ®-z () z @@ -z
[Orissa JEE —2004]

Let z = cos 0 + isin 0. Then the value of
15

Im (2" Y at@=2is

m=1 [IIT —2009]
1 I

@ §in 2° ®) Fsinz®

© 55155 @ 5
2sin 2° 4s1n2°

SOLUTIONS

. (d)Let0=7r(cos O +isin 6)

s rcos@=0,rsin@=0
=r*(cos’f+sin2@)=0=>r=0

.. @ can have any value

. amp (0) can have any value.

(c) distance = |1 +i| = VI2+12 =2
(©)z=|z|cis (Arg z)
=4cos(%’+isin%z)

- LA NP _
—4[cos(n 6)+zsm(n 6)]
=4[—cos%+isin%]=4[¥+%]

=-2V3 +2i
(c) By definition

(@) Letz=x+yi;x,y € R, then
z—=2|_ =1y
222 1= -2 = -4z %4

Sx+yi—-2|=|x+yi—4|,z#4

. (b)Nowsin%+i(l +cos 3

== 2752 = G- 4
=>-4x+4=>-8+16
=>4=12=>x=3

8z

4 4 (

NN AU A 4
=2sin 5 COS % +i )

2cos? 5

=—20054—”{—sin4—n—icos4—”}
5 5 5

Note that cos%<0
cos 3m_ 4w +
=(—20034Tn) 15151?37”—5%)

( —sin0=cos(37n —0))

and —cos 0 = sin (%’ - 0)

= (~2e08 %) oos (§57) +sin (75

=rcos(9,wherer=—20054?n>0



10.

11.

12.

13.

LEh
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7
and0=%e (—m, )

Hence, amplitude of the given number is
T
10°

1+2i _(A+2)xdA+i)

L B e S Y )

1+2i _
T—i

or

1 +2i+i+22
1+1

+
i
Companng with x + iy
x = negative, y = positive (—, +) are in 2nd
quadrant.

purely imaginary

) x+iy—1
=x+1ythenm=az
x+D-
x+D-

Letz

x—-D+iy
x+D+iy

On comparing real parts,
=D+ 1D)+y?

@+ 1y+y?
x*+y’—1=0orx’+y’=lor|z|=1
(I+D+H| 1442+

0 I e N

\/5\/3_1
V10 b
(b)Letz=a+ibthenargz, O =tan"' 5 and

z=a-—ib
orargz¢——tan‘a= 0
(c) Argument of z=a +ib 1s(9=’[an‘li

Therefore arg of (— 1 +V3) is = tan™ \/3
=120°

(since) x <0,y >0, 0 is in 4th quadrant

(a)a+zb—ci; 3|a+ib|=H
= @+ b= (i;11)2a2+b2=1
() |7 + 8i|=~7? =49+ 64 =113

6 + 8i| =V62+ 8’ 10
o7+ 8i|>16 + 8il

14.

15.

16.

17.

18.

19.

20.

=ia,a € R, a;tOzz %

2+3(7%)

2-3(12)

5z,
(c) Let === 7

Z’7
22 +’3z 2+3z_;

22

= ZZ

VIO + 2la)
VIOP+ 2la)

[ e
(d)ll—i’_ll—il_\/_lﬂ_xli

(b)z=sina+i(l —cosa)

110 + 21a)i

“No-Qlai

l—cosa)
sin a

2sin?&
= tan“ —2
2sin % cos %

amp (z) =tan™ (

= tan! tan (%) = %

a+ti 172
(@x+iy= ( +d) =+

=‘01+ib
c+id
st

+a”

(b)Letz =1+3i,z,=5+iandz, =3 +2i
Then the area of the triangle

2 2\172
:>x2+y2=(gz_t§z) or (x*+y%?*=

X )1 1131
A=§xzy21 2511 =0
X ¥ 1 321

Hence, z, z, and z, are collinear.

i)

(b) We have z = x + iy and let other complex
number be z, and given that arg(z) + arg(z,)
= arg z, = w — arg(z);, arg (z,) = 7w +

[~ tan 1% Jarg z,= 7 + [arg @)
which lies in second quadrant i.e. —Z.
(d) X=sin 0 +sin30 + ..... + sin290

2(sin 0) x =1 — c0s260 + cos26 — cos40
+.. + c0s280 — cos300

1 —cos300 _ 1

X= 2sin@  4sin2°
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UNSOLVED OBJECTIVE PROBLEMS: (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

z
. Ifz, =(4,5)and z, = (- 3, 2) then z_: equals

[RPET - 1996]
@(H13) oGE)
©(HBH)  @©(F3)

. If z is a complex number, then which of the
following is not true

[MPPET — 1987]
®) |2]=]z
@) 7=7

@ |2]=]z]
) z=z
. For any complex number z, z = (%) if and
only if
(a) z s a pure real number
® lz]=1
(c) zis a pure imaginary number
@@z=1

[RPET — 1995]
. The valueof |z—5|ifz=x+iy, 1s
[RPET — 1995]

@ & =57+y ) FHE -3

@ &c-pP+5 @ F+E-57°
1—i.
. 1_Hlsequal’[o
[RPET — 1984]

(@ cos%+isin% ®) cos%—isin%

(c) sin % +icos % (d) none of these

. Modulus of (g t%;) is

[RPET — 1996]
(@1 (b) 12
(©) 2 @ V2
. arg5—-V3 i) =
-1 5 -1 i
@t 3 0 ta (- 35)
(c) tan™ g (d) tan™! (—\ls—g)

8.

10.

11.

12.

13.

14.

If Z be the conjugate of the complex number
z, then which of the following relations is
false

[MPPET — 1987]

@ |z[=1Z] (b) z.z=|zP

©)z,+tz,=z,+z, (d) argz=argz

. If z is a purely real number such that Re(z)

<0, then arg(z) is equal to
(@ ®) =2
©0 @ —a2

z
Ifz, z,e C, then amp (Z—l) =
(a) amp (z,z,) (b) amp (z, z,)
2 2,
(©) amp |2 (@ amp (3})
If A, B, C are represented by 3 + 4i, 5 — 2i,
— 1+ 16i,then 4, B, C are
(a) Collinear
(b) Vertices of equilateral triangle

(c) Vertices of isosceles triangle
(d) Vertices of right angled triangle

[RPET — 1986]
Ifz=1-cosa+isina, thenampz=
a _a
(@ 2 ®) 2
©73+3 @3-
_1-i3
Ifz T3 then arg (z)
[Roorkee — 1990, UPSEAT — 2004]
(a) 60° (b) 120°
(c) 240° (d) 300°
The modulus of the complex number

(d+0 .

(-])"

(a) V2
() 3/V2

(®) 1
(d) none of these
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16.

1 +i) is
(@-m/2 ®Ya/2 () x/4 (@) 7/6
[RPET — 1996]
(z+ 1) (z+ 1) can be expressed as
(@) zz +1 ) |zP+1
© lz+ 1P @ [z]P+2

17.

The argument of the complex number
13-5i 51

4-9; !
(a) 7/3 (b) =/ 4
(c) n/5 (d) #/6

[MPPET — 1997]

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions:

1.

The answer sheet is immediately below the
work sheet

. The test is of 13 minutes.
. The test consists of 13 questions.

The maximum marks are 39.

. Use blue/black Ball point pen only for

writing particulars / marking responses.
Use of pencil is strictly prohibited.

. The amplitude of sin % + i(l —cos %)

(a) #/5 (b) 2x/5
(c) n/10 (d) #/15
. Argument of —1 — V3 is
(@) 27/3 ) 73
(©) /3 d) —27/3
1 1 _

Q+i @-ip

@ f‘ ® 2
© % @ 75

If a complex number lies in the Illrd
quadrant then its conjugate lies in quadrant
number

@I (b) 1I

(c) III @ 1v

Let z, and z, be two complex numbers with
a and B as their principal arguments such
that @ + 8 > 7, then principal arg(z, z,) is
given by

(@) a+p+x b) a+tp-=x
© a+p-2n @ a+p

. If z is a complex number, then
@ 22>z ® 12]=]z
© |22]<|zP d 22|z [z

. The complex number i + V3 in polar form

can be written as
(a) \/ ( sin & +1cos 6)
M) 2 (cos cti smg)

© 2 (sm +1icos 6)

@4 (co ~+isin )
8. If|z,| =]z, | and amp z + amp z,= 0, then
[MPPET - 2006]
@ 7= ®) 7=7
© 2,+2,=0 AN
9. Value of |l —cos @ +i sin a is
[MPPET — 2007]
(a) 2 sin % (b) 2sin % cos %
© 2 cos% (b) 2 sin® 7
10. Let z be a purely imaginary number such
that Im (z) > 0. Then arg (z) is equal to:
@ 7 ® 5
(ORY @ -5
11. If (V5 + V3i)® = 2% z, then modulus of the

complex number z is equal to

[Kerala PET — 2008]
b) V2
@ 4

(@l
(c) 2V2
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12. If ;;% is purely imaginary, then 13. If (x+,'y)=1B Ii; , then (x2+)?)? =
@ |z|=1 ®) |z]=0 [MPPET -~ 2009]
© |z]<1 @ [z|>1 @ 5 ® %

[MPPET - 1998, 2002] 5
© 2 @ 3
ANSWER SHEET
RONONONO) ORONONO RN ONONONC)
P ONORON; T@O® © @ 120000 d
S ONONONY; @O OO B OO®OOO
L@ 0® O @ 20 ® © @
5@ ® 00 @ 0@ ® © @
HINTS AND EXPLANATIONS
1 3 _4; 2 2 — 1 195
13. (b) Given,x+zy=\/;1§; x ://% \x? 7 =55 V125
1 Again squaring,
Therefore, (x> +)*)* = 2573

Taking mod in both sides, and squaring



LECTURE

Euler’s Formula

BASIC CONCEPTS

1. Euler’s Formula z = cos 0 + isin 0 = e?

%= cos (—0)+isin(-0)=¢?
e.g.i=0+i><1=cos%+isin%=e"”’2
—-i=0-ix1

= COoS (Tn) +isin (%) = ginl2

%+NT3=coszTn+isin%=e’z”’3

. De—Moivre’s Theorem

(1) (cosB + i sinf)" = cos nb+ i sin nf

(i) (sinf + i cosB)" = i"* {cos (— nf) + i sin
(= nb)}
Note:

| R C o
Z ™ (cos 0 +i sin ) = (cos 0+ isin )"

= cos(—0) +i sin (—0) = cosf — i sinf

. Exponential Form of Complex Number
z = r (cosf+ i sinf) = re'% z = re? is
exponential form.

. Multiplication and Division of a Com-
plex numbers When it is in Polar Form

(z= (r (cosf+ i sinB)))
Ifz =r (cosf +isinb)=r e

and z,=r, (cosf, + i sinf)) = r, e®

2

() zz,=rr,{cos(0,+0)+isin(0 +0,)}
=rrei®*?)

r,=lz|.7,=lz|. amp (z)) = 0,, amp (z,) = 0,.

2, z,| =rr, =zl Iz,

arg (z,z,) =0 +0,=argz +argz,

i.e., the magnitude of the product of two

complex numbers is equal to the product

of their magnitudes and the amplitude of

product of two complex numbers is equal

to the sum of their amplitudes.

4.1. Product of two complex numbers can

be generalized for more than two complex

numbers, if z =7, (cos (0,) + i sin (0)));

z, = r, (cosB, + i sinf); z, = r, (coso,
+ i sinf,) ... and........ z = r (cos@

. n n n
+isinf ).

n

Thenz,z,z,. ... z, =rr,...r, {cos@ +
0,+ ... +0)+isin(0 +0,+.. +
6)}
Hence, |z z2,.......... z| =z | lz)) lz,]......... |z,

arg (zz,2,.2)=0 +0,+0,+...+0 =arg
(z) targ(z,)+..... +arg (z,)
Note: 1tz =z,=z,=...... =z =z, then

@ Iz, = lel"

(i) arg (z") = narg (2)

z r
1" ..

(i) z =7 {cos(8, — 0,) +isin(@, - 0)}

_r £ _n 00,0

re® T,
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lz| || Izl z
where ——1=—1arg(—1)=

€ -7
AR A 4

’7|

arg (z)) — arg (z,)
The amplitude of the quotient of two
complex numbers is equal to the difference
of their amplitudes.
Note: 1f 0, and 0, are the principal values
of arg z and arg z, then 6 + 6, is not
necessarily the principal value of arg
(z,z,) nor is @, — 0, necessarily the principal
value of arg (z,/z,).

. Properties of Complex Number Connected
with Magnitudes of Complex Numbers
@ |z, +z)> =z * + |22 + 2 Re (z,Z,) OR

=z, + Iz, + 21z, |2, cos (6, - 0,)
@) |z, — z)* = |z + |z,]* — 2Re (2, z,) OR
=z, P+ Iz, ~ 21z, |2, cos (6, - 0,)
(i) |z, + 2,2+ |2, ~ 2,2 = 2 (2, + |2,
(MPPET-2006)
@) |az, + bz |* + |bz, — az,* = (a® + b*) {Iz,|’
+z,*
V) Iz, +zf |z, —zP = 4 |z | Iz,| cos (6, - 0,)

9]

6. Properties of Complex Numbers Connected
with the Amplitude of Complex Numbers

W) Ifz, +z,| = |z, = z)| = arg (z)) — arg (z,)
(%)
2
) |z, +z,| = lz)| + |z,| & arg(z) = arg (z,)

z
_ 1\ _ T
(i) |z, + z,? = |z > + |z,]* < arg (Z) =75

z
= z_: Purely imaginary

7. Properties of Complex Number Connected
with Magnitudes of Complex Numbers
(i) Triangle’s Inequality
llz,| = lz,| <lz, + z,| <lz)| +|z,|
The sum of any two sides is greater than
the third side and the difference of any two
sides is less than the third side.

(i) If z, and z, are collinear, then
Iz, +z,| =z, + 2| = llz,| = Izl
(111) From inequalities (i) and (i1), we get

W) llz,| — |zl <z, + z)| < [z | + |z,

Hence, maximum value of |z, + z,| = |z|
+ |z,| and minimum value of = |z, + z| is
llz,| = Izl
W) I, +2, = (2 +2) G 7 2,)
=(,+2,) (5, +2)
(v1) — |zl <Re (2) <[z
(vi1) = |z| <Im (2) < |z
(viid) |, +2,+2, .. +2) = |+ ) +. + )
if and only if: amp (z) = amp (z,)

S =amp (z,)
1€.2,2,2Z,,...... , z, are collinear.

17 72> 732

8. Square Root of a Complex Number

(i) Va+ib =:I:{\/%{\/a2+b2+a}

s if{IvE o -a
where >0

Vot i =+ (|} (Var+ 57+ a)
_i{\l%{m_a}

where b <0 1.e., in square root, the sign of
imaginary part is same as the sign of y.

(i) Va+ib +Na—ib =\2a+2Va>+ b’
Qi) Va +ib —a—ib = iN2Na® + b? - 2a

Note: When asked Va + ib, then Va + ib
=+ (x £ iy) can be verified by inspection
method from the given four alternatives.
9. Logarithm of a Complex Number

log z =1log (a + ib) = (log |z| + i amp (2)) or
(% log (a* + b*) + i tan™! %)

10. Cube Roots of Unity (i) (1)'* =1, 0, w?

-1 +\/30 -1+i3

where o = 5 r——s
or(_1 \/—3)ore'%
222
and 2= 1-V-3 -1-i3
2 2
or(_1 \/—3)ore'% (i) - s = 1413
2° 2 2
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. _—i—=\3
(111)1(0——2 s
_i+V3 ., i=\3 .,
=0 =T S0 =T 10
_\N3-i
2

(iv) 20 =1-iV3 , 20’
=1+i3
WMZ2-1=-Dz-w)z-0?

Note: Where arg (0) = 2775 Larg(w?) = 47”

(vi) w and w? are the roots of equation z2 + z

+1=0.
Hence, 1l +wo+w?2=0
i.e. sum of cube roots =0

(vi)) CDP=-1,-0,-w?

(viii) Each complex cube root of unity is the
square of the otherand w. w 2= w3=1;
w+tw?=-1

(ix) Each complex cuberootisthereciprocal
of other complex cube root.

|
NI»—!
2_
|55
N
w

I

>

(X)( \/g) o] AT O
2

[\

If these points A, B and C which are cube
roots of unity represented on a complex
plane form the vertices of an equilateral

triangle of area % square unit and 1,
o, o? are lying on the unit circle on a
complex plane.
@) l+to"+to™

_ (3, when 7 is multiple of 3

~ 10, when 7 is not a multiple of 3

(xil) @ +b*=(a+b)(a+bw)(a+bw?

(xiil) & = b*=(a—b) (a— bw) (a — bw?)

xiv) @*+b*+c*~ab—bc—ca
=(a+bw+co?)(a+bo’+co)

(xv) @+ b*+ 3 - 3abc
=(@t+b+c)(a+bw+co?
(a+bw?+cow)

xvi) -0 +tw?=-2w

xvi)) 1+w-—0?*=-20?

SOLVED SUBJECTIVE PROBLEMS: (CBSE /STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC

1. Ifz= \/3_2+ i, thenz¥ isequalto  Prove.
Solution
z= \/3_—2+l =iz=- _liT\Bl =-w

— .
22=T=lw

= 269 = i69.w69 =i (._. w}n = i4n = 1)

2. Using de Moivre’s theorem, find the value

of (W3 - i)

Solution

To express V3 — i in the trigonometric
form,

Let V3 —i=r(cos O+ i sin 6)
r=\3+1=+4=2
cos@=§=\/73 and

Sin@=5=7 = 0=-30°

Therefore (V3 —i)* = [2 (\/2_3_ % i) r
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=28 [cos (— 30°) +i sin (— 30°)]®
= 28 [cos (— 240°) + i sin (- 240°)]
(“By de Moiver’s theorem”™)
= 28 [cos(360° — 240°) + i sin (360° — 240°)
=28 [cos 120° + i sin 120°]

_os|=l, V3
‘?[2+’2
=2"[-1+i3] Ans

(cos a + i sin a)*
* (sin B + i cos B)°
(4a + 58) Prove.

= cos (4a + 5B8) + i sin

Solution

(cosa+isina)® (cosda +isin 4a)

(sinfB+icosf) i (cos B —isinp)
=—j (cosda +isin 4a) (cos § —isin B) 3
=—j[cosda +i sin 4a] [cos5 B +i sin 56]

=—i[cos (4a +58) +isin (4a + 5B)]
=sin (4a + 50) — i cos (4a + 50)

4. Prove that |z +z = |z| > + |z, + 2Iz | |z,|

cos (0 ,-0)
orlz +z[ =z |*+|z|*+2Re (7, Z ).

Solution

Letz =7 (cos @ +isinf )andz =7,
(cos @ ,+isinb )
Slz|=rand|z|=r,andz,=r, (cos O, —
isin @)
5 z2,z2,=p, (cos@ +isin@ )xr, (cosb,
—isinf )

=rrlcos(@ -0 )+isin (0 -0)]
~Re(zz)=rr,cos (0, -0)
=Re(z,z,)=1z| |z, cos(@ -z ) €))
Again, z +z,=r (cos 0 +isin0)+r,(cos
0,+isin0)
=z +z,=(rcosf +r,cos0)+i(r sinf
,tr,sind)
A A

\(r,cos0 + r,cos0,)* + (r,sinf, + r,sinf,)*

Squaring both the sides,
= |z, +z? =r’cos’ O +r}cos’ 0, +
2r,r,cos0 cos 0,
+77sin’ 0, +r?sin’> 0, + 2r 7,sin 0 sin
02
= |z, + 2> =r? (cos> 0, +sin’> ) + 1,
(cos* @, +sin’ 0,)
+2rr,(cos@ cos0 ,+sinf sinb,)
= |z, +z=r+r2+2rrcos(0 -0
2 = 2 2
= |z, +z=z|*+ |z, + 2]z | |z,| cos (0,
- 0 2)
Orlz, +z[=|z|*+]z,|*+2Re (z,Z ).
From Eqation (1).

. Prove that: x*+4=(x+1+i) (x+1-1)

x—-1+i)(x—1-14).

Solution

Wehave (x + 1+ ) (x+1 -9 (x—-1+1)

x—-1-x

= (@1 (= 1P =7 = (e + 17
+1H(x-1)*+1}

={?+2x+2} {x>+2-2x}={x*+2 +2x}
{x*+2—2x}

=@ +2)P -2 =xt+d+4 -4 =x" + 4.

. If 1, w, w? are the cube roots of unity, then

prove that
(lI-0o+0)(1-0*+0")(-o0'+od....
2n factors = 2%,

[MP — 1990]

Solution

LHS =(1-0+0*)(1-0*+0) (-
+ w?®)... 2n factors
=(1+0’-0)(+o*-0?)(1+wv-o0?...
2n factors
=Co-0)(lto-0)(1+e’ 0*—o?).
2n factors

=(-20) (-2 0% (—2w).... 2nfactors,

l+w’=-w
v ltw=-of
w*=1
=(-2)2 (w?)"=2"=RHS. Proved.
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7. Find the square root of 4ab — 2(a*> — b?)i.

Solution
4ab—2 (a*— bYi=4ab—2(a +b) (a— b)i
=(a+b)—(a—b)*-2(a+b)(a—b)
=(a+b)*+(a—b)*—2(a+b)(a—b)i
=[(a+a)~(a-a)i]’
- \dab - 2(a* — bY)i
=[(a+b)~(a= by
==x[(a+b)— (a— b)i]

8. Find the square root of @®> — 1 + 2ai.

Solution

a*—1+2ai=a*+i*+2ai = (a+i)*

sNa?=1+2ai =\(a+iy +(a+i)

9. Prove that (1 + w) (1 + 0?») (1 + %
(1 + @?®)... up to 2n factors = 1.

Solution
LHS=(0+w)(1+0) (1 +0*) A +wd..up
to 2n factors
={(l+o)(1+to)}{(1+eo)(1+oD}. ...
up to » factors
={1+w) A+ o)} {1+o)d-+
®®}...... up to n factor

={(C o) o)} {Co)Co)l... up

to n factors

=(@3). (@)oo up to n factors
=11 up to n factors = 1
=RH.S. Proved.

10. Prove that (x + y + 2) (x + @ y + 0%)
xtoy+twz)=x*+)’+z2-3xz

Solution
LHS =(x+y+2) [ +x (0 + ®) + xz
(0 +?)
+ w3y2 +yz(w2 + w4) + (,0322]
=x+y+z [P+ (1) +xz(-1) +)?
+yz (0 + ) + 7]
=@ty+) [ -xy—xz+y - yz+27]

= (e ty+2) (2 4y +22 = xy —yz = )

=x}+)y*+22—3xyz

=RH.S. Proved.
11. Prove that (x + )’ + (x  +y 0?)* + (x ©?
+tyw) =6xy
[MP PET - 2008]
Solution

LHS. =(x+y)’+@xo+yo)’+(xo’+y o)
=@+ 2+ (P o’ ty o't 2y 0)
+(x2w4 +y2w2+2x.)/w3)
=& 1+ 0+ o)+ )yl + o+ 0?)
+2xpy (1 + @*+ w?)
=E(l+o+0)+y*(1+o+o? +2x
A+1+1D), [ w3=1]
=% (0) +3* (0) + 2% (3) = 6y
=RHS.
12. Prove that

Proved.

a+bw+cw? _
b+ co + aw?

a+ bw + co?
¢+ aw + bw?

-1
Solution

a+ bw + co?

_atbw+cow?
LHS.= b+ co + aw?

c+aw + bw?

_ o’ (atbo+co’) ola+bo+cw?)
T 0 (ctaw +bo?) o+ co +and)

_ o’ (atbo+co?) ola+bo+cw?)
cw’+a+ bw bw + cw® + aw?

_ o’ (atbo+co’) ola+bo+cw?)
T (cw?+a+ bot) (bw + cw?+ a)

= 0X(1) + o(1)

=-1[v1+w+w*=0]

=0’tw

13. If i = V-1, then prove that

. |~ \334 . [ \365
4+5(—l+’\/—3) +3(—%+’\/3)

272 2
=3
Solution
LHS. =4+5
1 ﬂ)m ( 1 ﬁ)sss
(‘2+ 2 ) T3\t

=4+ 5(w)* + 3(w)*,
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SRS £

S0= 2+ 5
=4+ 5(@H"M. 0 +3(0)'". »*
=4+5)" 0 +3 (1) 0
=4+50+3w*=1+3+30+20+3 0
=1+20 +3(1+w +w?)

=142 +3(0)
[“1+w+0’=0]
_ 1 N_%)
—1+2( o
=1-1+i3
=i\3 Proved.

14. Prove that V15 +8i +V15-8i =8

Solution

V15 +8i +15-8i

=V15+2x4i +V15-2 x 4i

=V16—-14+2x4i +V16—-1-2 x 4i

=N+ 2+ 2 x 4 + N+ 2= 2 x 4i

=@ +iP+|d-ip=4+i+4-i=8
Proved.
15. fz=x+iyand w = . , show that |w|

=1 = z s purely real.

Solution
_ l—iz‘_
We have, IWI—‘ p— =1
=|1-izl=|z—

= [1-i(x+iy)|=|x+iy—i|,wherez=x+iy
=lx+iy—1)|

= (1 +y)+ (xP =+ (- 1)?
>0+’ +x2=x>+@-1)’>=y=0

=1 +y—ix|

= z =x +i°=x, which is purely real.
16. Prove that one of the values of

N8 +6i — V8 —6i is 2i

Solution
V8 +6i — V8 —6i
=V8+2x3i—V8-2x3i
=9 -1+2x3i-Vv9-1-2x3i
=\3+2+2x3i —V3+iP-2x3i

=@+ =B~
=3+i-3+i=2i
Proved.

+ o+ 2 +a)
+i (\/m+a)]
(i) Va - i\/2

—i (\/m+a)]
@il) Va+ib +Na—ib

17. Prove that
(i) Na+ib=

[ (N> + b2 +a)

=\2(a’ +b* + a)
Solution

LetNa+ib = x + iy Then, a + ib = (x + iy)?
= a+ib=(*—y")+2ixy

=>x-)y’=a ¢))
and 2xy = b 2)
(@47 = (=) + Q)P = a2+ b
x2+y2=.a2+b2 (3)

Solving equation (2) and (3), we have
V[Va® + b* + a] and

[Va® + b* —a]

x==%

x==%

D= D=

s Na+ib =+ [N +5 +a)

+N(Va+ b —a) 4)

Similarly, va— i6 =+ 5 [\(Va* + 5* + a)

N2+ —a)] (5)
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Adding equation (4) and (5), we get
Na+ib+~Na-ib

=:|:\/1—§[2\j(\/m+a)]
=+ \2(Va’ + B> + a)

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE /STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

1. Write the following complex numbers in
the polar form

: , 2+63i

W-1= 5+43i

2. Find the modulus and argument of each of
the following complex numbers

(i)

i) 1+ivV3 (i) —4

(i) 75 (V) 1+i

3. If points p represents the complex number
z =x + iy on the argand plane, then find the
locus of the point p such that arg (z) = 0.

4. If z, and z, be two complex numbers such
that |z, + z,| = |z, — z,|, then prove that arg
(z)—arg(z)=m/2.

5. If arg z <0, then prove that arg (— z) — arg
z=n

N .\6 . ~ \6
6. Prove that(\/32+l) +(’_2\/3) =2

7. Find the square roots of the following
1) 7-24i @) —8i

8. If w is one cube root of unity, then prove
that (1 - + o ?)° + (1 + o — 0?)° =32

9. Find the cube roots of 27.

10. If @, and o, are complex cube roots of

unity, then prove that w; + 0= -4 lw
172

Exercise ii

1. Write the following complex numbers in
the polar form

N o I+i o 16
)i (1) 1 _Ii (1) 1+ 3
2. Find the modulus and argument of each of
the following complex numbers
1) —2+2iV3 (i) —V3-i
(iii) 2 V3 — 2i
3. Express (1 — cos 0 + i sin 6) in polar form.
4. Provethat |z, +z|"+ |z, -z =2[|z) +
lz,”]
§. If z,, z, are two non— zero complex numbers
such that |z, +z,| = |z | + |z,|. Then, prove
that arg z —argz, = 0.

_N3+i
2

6. Ifz
7. Find the square roots of the following
(1) 5+12i @) —15-8i
8. If 1, w, w? are the cube roots of unity, then
prove that
(1-w)P-1+w»*=0.
9. Prove that
1) 1+ "+ w*=0, if nis not a multiple of
3.
(i) 1+ "+ > =3, if nis a multiple of 3.
10. Prove that
QA+50*+0)Y(1+50+0) G+ +
w?) =64

then prove that Z% =—i.

ANSWERS

Exercise — |

1. ()V2 (cos %Tn_ i sin %)

(i) 2 (cos %Tn—i sin 3775)

2. () |z2|=2,arg (z) =7/3
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(1) |zZ|=4,arg(z) ==

(i) |z2| =2, arg (z) =—7/2

(V) =2, arg @) =7
3. y =0 which is an equation of x — axis.
7. W@ -3)@)£2(1 -9
9. 3,3 w,3 w?

Exercise - Il

1. () l(cos%+isin %)

@) 1 (cos % +isin %)
(111) 8 (cos % +isin ZT”)
2. () |z|=4, arg () =27/3
(ii) |z| =2, arg () = — 5 /6
(i) |z| =4, arg (z) =—7 /6
0 x 0\, .. (x 0
3.2 smz[cos (7—5 )+1 sin (7_5)]
7. )£ B +2) )= (1 —4i)

SOLVED OBJECTIVE QUESTIONS: HELPING HAND

(L amg st s et
[PET (Raj.) — 1998]
(a) cos nf + isin n@
(b) sin nf + icos nd
(©) cos n(/2—0) + isin n(/2—6)
(d) none of these

Solution
(c) Exp. =

1+cos(m/2—0)+isin@2-6)7
1+ cos(/2 — 0) —i sin (/2 — 0)

= cos n(/2 — 0) + isin n(7/2—0)

2. Ifvx + % =2 cos 0, then x* + %is equal

to
[CET (Karnataka) — 2003]
(a) 2cos 60 (b) 2cos 120
(c) 2sin 60 (d) 2sin 126
Solution

(b)x/f+%=20050

=>vx=cosO+ isinf
= (¥x)?=x%=cos 120 + i sin 120
= 1/x%=cos 120 —i sin 120

x6+%=2 cos 120

3. If i z* + 1 = 0, then z can take the value
[MPPET - 2006]

(a) % (b) cos % isin %
© 3 @ i
Solution

(b) Giventhatiz*+1=0
Let z* =cos %i sin %
Sz= (cos % + isin %)1/4

By using de Moivre’s theorem, we get

z=cosl+isinE
8 8

4. For any integer n, ar _M'
. Y leger . Az = i 3y S
(@) /6 ) /3
©) 72 d) 273
Solution
L= 4ntl Gi(Amtl)ml6 = = 9 i1zt )ulé

- 4n  o-idnul3
= 2ean' ein/é = 2ein/6

coarez=m/6
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. If2cos@=x+1 rand2cosd = y+ then

+¥ 1s equal to

[MNR - 1987]
(b) 2cos (0 + ¢)
(d) 2sin (0 +¢)

(a) 2cos (60— 9)
(c) 2sin (6 - ¢)
Solution

(@) x=cos O +isin 6,y =cos ¢ +isin ¢

; cos(0 — ¢) +i sin(0 — )
% % 2 cos(0 —¢)

6. A value of » such that (\/73 + 2) =1lis
[EAMCET - 2007]

@12 ®3 (©2 (@1

Solution

(a)(ﬁ+2)—l :>(cis%)=l

only 12 = n, satisfies in the given answers.

1+cos@+isinf) _ .
7 If(i+sin0 +icos€) = cos nf + i sin n0,
then n is equal to
[EAMCET - 1986]

@1 (b) 2 ©3 @4

Solution

@ D=i(1+cos0)+sinf

—21003’3+251ngcosg

Therefore,
cos(0/2)+isin(0/2)]
icos (0/2)+sin(0/2)

LHS. =

= 11—4 (cos 0+ i sin 0)*

= cos 40 +i sin 40
8. For any two complex numbers z, z, we
have |z +z,|> = |z |* + |z,]* then:

(a) Re (i—;) =0 (®) Im (i—;) =0

() Re(z,2z)=0 d Im(zz)=0

Solution
(a) We have |z +z,|>= |z > +|z,]
=z P+ +2z]lz) cos (0, -0 )
=z + iz,

where 0, = arg (), 0, = arg (z,)
=cos(0,-0)=0
=0-0,=%
z z
= are (Z—i)=%3Re (z_:)
_lal T\ _
= X cos(i)—O

z
Note: Also Re (Z—i) =0=Re(z,z,)=0

= z,z, is purely imaginary.

9. Givenz = (1 +iV3)", then 7 223 equals
[AMU - 2002]
@2  (b)2° () 1/V3 )3
Solution

(c)Letz=(1+iV3)
r=v3+1=2andrcosf=1,rsind=+3
tan0=\/§=tan%30=%

:>z=2(cos3 +zsmg[)

=z0= [2 (cos % + i sin %) ]100

=2100(cos 1%07[ +isin 10:?7[)

=100 (— cos % —isin %)

_ lﬁ)
=2 (- 15

Re@_ 172 _ 1
“Im@z  ~3/2 N3
10. If (1+iV3)°=a + ib, then b is equal to
[RPET — 1995]
) 256
@) 93

(a1
© 0
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Solution

©1+i3= 2( ‘/3)

)
=2 [cos%+isin%]=2e"’”3
S (1 +iN3)° = (2eP) = 20
=2°(cos 3m +i sin 37w) = -2°
La+ib=(1+iN3P°==2% .. b=0
1. Ifx=cosa +isina,y=cosf +isinf
z=cosy +isiny and tan ¢ + tan 8 + tan
y =tan « tan f tan y, then xyz is equal to
@i () lTor-1
(¢c) —1 butnot 1 @ o
[Kerala (CEE) — 2003]
Solution
(b) -- tan ¢ +tan B +tan y =tan a tan B tan y
S>a+f+y=mor0
soxyz=cos(a+B+y)tisin(a+B+7y)
=lor—-1.

12. Ifzis any complex number satisfying |z — 1|
= 1, then which of the following is correct:

(a) arg(z—1)=2argz
(b) 2 arg (z) =2/3 arg (z* — 2)

(c)arg(z—D=arg(z+1)
(d) argz=2arg(z+1)

Solution

(a) Therefore, |z—1|=1.. z—1=¢e? =cosh
+ isinf where arg (z— 1) =60
=1+ cosf + isinf

= 2cos? (0/2) + 2i sinf/2 cosb/2
=2cosg[cosg+ising

=2 cos (g) e
soargz=0/22=12arg(z- 1)
Thus, arg (z— 1) = 2arg z.
13. If |z| = 1 and |z| # + 1, then all the values
of

Z _ lieon
1-22

(a) aline not passing through the origin

(®) |2l = (c) z-— axis
(d) y— axis
[IIT - 2007]
Solution
@lzd=1,z#%1
Let z be e?
.z __ e e®
"1-2 1-¢® 1-cos20—isin20
_ e”
" 2sin? 0 —2i sin O cos O
_ e”
" 2 sin O(sin 6 — i cos )
2 sin 0@ 2 sin O
where sinO;é 0(-z#%1)
Hence, 1 Z always lies on y — axis.
14. If ( 11 hs 11%) € Z, then the least positive

integral value of # is:
[UPSEAT - 2002]
(@l (b) 2 © 3 @ 4

Solution
o (L) - (2405
—cosn (4Tn) +isinn (47”)

It is an integer for n = 3 (the least positive
integral value of n)

15. The square root of i is

[NDA — 2004]

@+ A+) B 20

(c) £V2(1+14) (d) £2(1-10)
Solution
(a) (i)uz =4 (em/’_’)l/'_’

T
=4 m/4—( + )
e COS4 zsm4
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2

Complex Numbers B.41

1+

_2' = then the correct matching of

List — I from List — Il is

List =1

(1) aa

(1) arg (1/a)
(i) a—a

@iv) Im (4 /3a)

[EAMCET - 2007]
List —II

(A) 27/3

B) —-iVN3

(C) 2iN3

D) 1 B
(E) 7/3 F) 2/ 3

The correct match is

@ (1) @)  @v)
(@ D E C B
® D A B F
(¢ F E B C
@ D A B C
Solution
®) a= —T_z—lcis(—g)
a=l.cis (+ %)

Note: cisO = cosf + i sinf

17. Find the value of the expression

01+4)

1+ )43 (2+4) (2+ )

..... +(n+1)(n+%)(n+#)

+
[Orissa JEE — 2007]
i+ 1) .
@ n+—"y ® n=4e+1y

© 1- m @ 1+ m
Solution
(a)Wehave z+ 1) z+tw) z+tw)=22+1

Therefore, the given expression

=5 e+ 0+ o)
(-.-(1+%)(1+—) (1+w)(1+a)))

=§ (r’+1)=2r‘+§

_n(n+1)
=——g  +n
18. If 1, w, w? are the cube roots of unity then
(1+0)d+0*d+0*)d+odis equal

to
[Karnataka CET — 2007]
(@1 () 0
©) o* d) o
Solution

(a) If 1, w, w? are the cube roots of unity then
l+o+w>=0andw 3=1.
(1+w)(1+0?)0+0*) (] +0b
=(l+to)Co)(l+o)(-w)
=—0?’Co)-o)-o)e o’=1.1=1
19. If o (# 1) 1s a cube root of unity and
1+ w)Y =a+b w, then 4 and b are
respectively, the numbers

[IIT — 1995]
@) 0, 1 (®) 1,0
© 1,1 @ -1,1

Solution
©A+w)=a+bw

>(Cw2)=atbo
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So%=-4A-bo
Swlowl2=-4A-bow
SA+bo+w2=0=4=1,b=1
lto+w?=0)

20. The maximum value of |z| where z satisfies

the condition ’z + %’ =21is

(@) V3 -1 (b) V3 +1
() V3 d V2 ++3
Solution
®z+2[=22121- 2 <0
=z2-2z2/|-2<0
1z)<2+ VAF8 143

2
Hence maximum value of |z is 1 + V3

2. Ifx=a+b,y=aa +bB and z=aff + b,
where ¢ and § are the cube roots of unity

then xyz 1s
[MP PET - 2005]
(a) a*+b* (b) &+ b3
(c) &®b® (d) none of these
Solution

(b) Suppose here a = w, @ = w?, then
xyz=(a+b)(aw+bw?) (aw*+bw)
= (a + b) (@®> ®* + ab ®* + ba w* + b*
%)
=(a+b) [a®+ ab (w*+ w) + b7

=(a+b)(a2—ab+b2)=a3+b3
_ B (<] — i3S
22. ( 214‘_1;/)20) ( (11 +l;/)20) is equal to
(a) - 64 (b) -32
Solution
1, iV3\" 1 W3\
<@2“(_5+77)4X‘7‘7r)
(1-0)* (1+0)®

30

s pasts ®
- Ta+ie
_ois[ 1 1

AR

(1 + i+ (1 =iy
(i—12)®

= 2o+ i+ (1= i)
=35 LA+ + (1 =0)")
=$«mw+QWﬂ

2 [P {0+ ] =32[-1-1]=-64.
23. Ifz+z1=

=215

=1, then 2! + z71% j5 equal to

(@) i (b) —i

©1 @ -1
Solution

dz+z =1

=z2-z+1=0
=D>z=wor—ow?
Forz=—w, 2\ +Z—100=(_w)100+(_ w)—lOO

=w+%=w+w2=—l
Forz=-w? 2100+Z—100=(_ w2)100+
(_wZ)—IOO
_w200+ 1

PRy
=w2+l =w2+w+=_]

24. If z, and z, be complex numbers such that
z, # z, and |z,| = |z,|. If z, has positive real
part andz has negative imaginary part, then
z, tz,

Zl z, may be
[IIT - 1986; CET (Pb.) — 1992]
(a) real and positive
(b) real and negative
(c) purely imaginary
(d) zero or purely imaginary

Solution

(d)Letz, =x+iyand z, = p + ig, Then
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lz,| = lz,| = x*+)*=p* +4° M
3tz _Gtptiytg)

Now 2 =2, = G—p) * iy —q)

_ 2i(xq +yp)

TG -0y @

If xg + yp # 0, then given expression is
purely imaginary.
Ifxqg +yp =0, then% =
from (1)
P+r@=Rp*+¢)=>A2=1=1=1-1
For both values of 1,z # z but |z |=z,|.
= z, = — z, So in this case, the given
expression 1s Zero.

25. Solutions of the equation z, + 2|
(@) 0,+1,+i (b) 0,+i
©)1+i @ 1-i

y
= A (say) then

=0 are

Solution
(x+iyy + 2 +y2=0
—y2+W+2ixy=0
Py ity =0 M

2xy =0 @

From (2), x =0 or y = 0. Then, from (1)
x=0=y=0,£1

Sz=0,+i Ans: b
26. tan [1 log p +’Z is equal to
[DCE - 1996]
2ab 2ab
@ 15 ®)
b’?
(C) 2ab (d) ab

Solution

(b) - log (452 =10 (a - iB) ~ log (a + ib)

=logr+itan™ (%b) - (log r+itan™ %)

where 7 = Va® + b>
=2itan’'(-b/ a)

=2itan' b/a

. a—-ib\|_ 2ab
= tan [llog(a+ib)]_a2—b2

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

1. For any complex number z, which of the
following is not true?

(2) Re(z) =252
©) lz2*=zz
(d) —IRe @) <|z[ <| Re (2)]
2. If|z—i| <|z + i, then
(a) Re (2)>0 () Re(z)<0
©) Im (2)>0 (d) Im () <0
3. (cosf + isinB)? is equal to
(a) cos20 +isin20  (b) sin26 + icos26

(¢) cos26 — isin20

4 (x/§l+ 1)24 -

() Im(2) 252

(d) none of these

(a) 2% (b) —2

©) % (d) none of these

oY . \69
5. (%) is equal to

(@1 (b) -1 © -i @i
6. If( lljrii)l°°=a+ib, then
[MPPET — 1998]
@a=2b=-1 () a=1,b=0
© a=0b=1 ) a=-1,b=2

7. If z, and z, are any two complex numbers
then |z, +z| +|z,— z,|* is equal to

[MPPET - 1993; RPET - 1997]
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10.

11.

12.

13.

14.

@) 2z, |z,
©) Iz, + Iz,

®) 20z +2 1z,
@ 2[zlz|

. If z, and z, are two non-zero complex

numbers such that |z, +z,| = |z | + |z,, then
arg (z)) — arg (z,) is equal to

(a) —m b)) —x/2
(c) n/2 @ o
[IIT - 1979, 1987; EAMCET - 1986;

RPET — 1997; MPPET — 2001, 2007;
AIEEE — 2005]

. If z and w are two non-zero complex

numbers such that |z| = |w| and arg (z) + arg
(w) = 7, then z is equal to

(@) o ® -
© o @ -o
[IIT — 1995; AIEEE - 2002; JEE
(Orissa) — 2004]
-14+V=3 =re? then 0 =
[MP PET - 1999; RPET — 1989]
2 2%
@ F ® -3
© 3 @ -%
If z,, z, and z,, z, are two pairs of conjugate

z, z,
complex numbers, then (2_7) + are (z_;)
equals .

(@) 0 ® -7
3
© % @ =
If z # 0 is a complex number such that

Arg(z) = /4, then
(a) Im(z> =0
(¢) Re (z) = im (z?)

®) Re(@z»=0

(d) none of these

The value of (i) is

[AMU - 1998]
(@) o ®) o*
(c)e™” @ 242

-1-3i

irgument of the complex number( T4 )
1
(a) 45° (b) 135°
(c) 225° (d) 240°

[VITEEE — 2008]

15. What is Arg (bi) where b > 0?
[NDA —2008]

T
@0 ® 5

3
© d 7
16. Let ¢ be the set of complex numbers and
z,z arein C.

1?72

(1). Argument z, = argument z, =z, =z,
). lz|=lz,| =z, =2,
Which of the statements given above is/are
correct?

[NDA —2008]

(b) 2 only
(d) neither 1 nor 2

(a) 1 only
(c) both 1 and 2

17. If y = cosf + i sind, then the value of y +)17
is

(a) 2 cosO
(¢) 2 cosec

(b) 2 sinf
(d) 2tanf

[RPET - 1995]
18. The imaginary part of i’ is

(@0 () 1

(©) 2 @ -1
[Karnataka CET — 2007]

19. If z, and z, are any two complex numbers,
then which of the following is not true.

@) |z, +z| <lz)| + |z
(®) Iz, —z,| <z + 1z,
© Iz, =z 2 lz] — Izl
@) lz)| — |z, 2 |z, — 2|

20. If z2=—i, thenz=
1 ; 1 :
@Fa+)  ® 5+

() \/1—7 1-9 (d) none of these
21. If o is a non real cube root of unity, then

a+ bw + co?
aw + ¢ + bw?

(a) 1 ®) o’

©) w (d) none of these
22. B+3w+5Sw)-Q2+4w+2w??isequal

to



23.

24,

25.

26.

27.

28.

29.

30.

Complex Numbers B.45

(a) 0 ®) 3
© 2 @ 1

If & and § are imaginary cube roots of unity,
1

then the value of a* + % + B’ is
[MPPET - 1998]

(1 (b) -1

© o0 (d) none of these

If z, and z, are two complex numbers, then
|z, +z,| 1s

@ =z |+]z] ®) <lz/ |-z

© <lz,[+]z,] D >z |+]z,]

[RPET - 1985; MPPET — 1987, 2004;
Kerala Engg. — 2002]
If @ is an imaginary cube root of unity,
(1+w — 0¥ equals
(@) 128w
(c) 128 w?

) - 128w
@) -128 »?
[IIT — 1998; MPPET — 2000]

If z is any complex number such that |z + 4|
<3, then the greatest value of |z + 1] is

[AIEEE - 2007]
(@ 6 (b) 4
©5 @ 3
If n 1s a positive integer not a multiple of
3,then 1 + 0"+ 0> =
[MPPET - 2004]
(@ 3 () 1
© o0 (d) none of these
If 1, w, w? are the three cube roots of unity,
then (3 + w? + 0¥t =
[MPPET - 1995]
(a) 64 (b) 729
(©) 2 @ 0
If @ is a cube root of unity, then (1 + w —
o) (1 -0 +w?)=
(@1 ® 0
(©2 @ 4
[MNR - 1990; MPPET - 1993, 2002]
One of the cube roots of unity is
[MPPET - 1994, 2003]

31.

32.

33.

34.

35.

36.

@ -1 J; N3 ®) 1+ zix/§
© 1—21'\/3 @ \/32—i

If  1s the cube root of unity, then (3 +5 @
+30)?+(B+3w+502) =
[MPPET - 1999]

(a) 4 ® 0
(c) -4 (d) none of these
If @ is cube root of unity then the value of
(I-o)(-0)(A-0)(-0)=
(@0 (®) 1
© -1 @ 9
[MP PET - 2006]
( 1-;1\/3) +( 121\/3) _
(a) 20 V3i ®) 1
© 35 @ -1

If ‘Z - %‘ = 2, then the maximum value of

|z| is equal to
[AIEEE - 2009]

(@) V3 +1 () V5+1
)2 (d) 2++2
What is the value of

(—1 +i3 )"’°° N (—1 +i3 )3"‘?

2 2
[NDA —2009]
@ -1 -Ei\/3 ®) 1 —21'\/3
© -1 —21'\/3 ®) 1+21\/3

If 22+ z+ 1 =0, where z i1s a complex

number, then the value of (z + %)' +
2o 1 2 5, 1 2 1 2,

(Z +Zz) +(Z +z3) e +(26+26) 18

(@ 6

(c) 18

®) 12
(d) 24
[MPPET - 2009, AIEEE — 2006]
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37. The number of solutions of the equation | 38. If x is a positive integer, then (1 + iV3)"
2+z=0is + (1 - iV3)n is equal to
[MPPET - 2009] [Orissa JEE — 2009]
(@1 () 2
© 3 @ 4 (a) 2! cos% (a) 2 cos%
(c) 2™ cos % (d) none of these
SOLUTIONS
1. @) If(1—-i"=2"= n=0clearly. by - 1—i _ (A-dA-9d) _2i .
o 6 O TH i~ arna-n_ 2
2. (©) (1+iF=((1+iP=(1++2i)
=Qi)=16 Therefore
(1= =((1 - i)t =1+ - 2i)* ((} -'__?)100 oo o (o=
=(=2)*=16 L iy
A+ +1-i)F=32 Therefore, given ( 1 Ilz) =a+ibfrom 1,
3. @) z+z) a+ib=1oncomparinga=1,5=0.
B . . 7. (b) Important Formula
=\l +1zF 2 12l c0s@, = 6) ) |z, +z* =z, + |z,]* + 2Re (z, Z,)
17—z and |z, —z|*=|z*+|z,J* —2Re (z, 2,)
P On adding, we get
=\lz,P+1z,P =21z lz,|cos(®, - 6,) e, +z + e~z =2l P+ 21z,
(2) | Alternative solution
If |zl~ +2z,|=|z, —z| = cos(f, — 0,) = cos 90° Letz =x, +iy andz, =x, +iy,
=0ie,0 —0,=90° )
- % z vz, =(x +tx)+i@, ty,) M
or amp(z,) — amp(z,) = 90° .
p(z,) p(z,) ) (z,=2)= (¢, —x) +i(y,—y,) )
— ) = tan-1 2
4~ (C) 0 amp(x + Iy) tan p IZ1 + ZZIZ = (xl + x2)2 + 0’1 +y2)2
‘\/7 2 2 2
N3+1 = 7 |Zl—Zz|‘=(xl—x2)'+(yl—yz)-
0 =tan! =tan' V3 =% .
1 3 On adding, we get
V3 +1 I,
69 |21+27|2+|21_27|2=2 [xf+y{x:'+y{]
V3 1. . i i
5. @5 +31) =(cosE ising)” =2 (o + k)
8. (d) Letz, = r, (cosf, +i sinf) and z, =
- (cos 69 x %+ i sin 69 %) Ec?)so +Zzl‘ sin’zol ; Y % noh
= cos (237”) +isin (237”) ~. |, +2)| = [(r, cosd, +r, cosd),)? + (7, sinf),
+r, sinf,)*]"*
=0+ (sin ( 10T + 377{)) = [7‘,: + }“22 + 2}"17'2 COS(O1 - 02)]1/2
= [, + r)
=isin 3= -l *z) =1+ l2))



10.

. (d)Let |
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Therefore, cos(0, -0)=1=0,-6,=0
=0 =0,

arg (z,) — arg (z,) = 0
Alternative Solution

|z, +z,| =z, + |z}
z,, z, are on the same line

L argz =argz, = argz —argz,=0.
=|w|=rand Argw =0
thenw =rcis@and Argz=m — 0
Hence z=rcis (r — 6)
=7 {cos (& — 0) +isin ( — 0)}
=r(—cos O+isin@)=—r(cos@—isinb)

=—xtiy
=-0
OR
Quadrantwise complex numbers of
equalmagnitude  with  corresponding
argument
-@)=(2)==x+1iy z=x+1iy
amp(~(z)) = amp(-z) amp(z) =6
=n-0
—z=—x—1y z=x—1y
amp(z) = <0 —0) amp(z) = -0

Clearly, amp (z) + amp(— (2)) =«
i.e., amp (z) + amp(w) =x

orw=—(2)
Note: |z| =|z| = |-z| = |-(2)|
=1CD)=+)y

(a) Therefore, e =cos x +i sin x
Therefore — 1 + V=3 = re may be written
as—1++3 i=r(cosd + i sinf)

Comparing real and imaginary part

rcos@=—1,rsind =3

rsin 0 \/3:>tan0——\/3or
rcos@ -1

_3r

0=

11.

12.

13.

14.

15.

16.

17.

18.

=Z,, therefore, z z,
z z, 7z,
Now, arg(z—)+arg( )=arg (zz_)

473
= IZIIZ = (Z )-_O
arg 1z, =arg| |z

[~ argument of a positive real number is
zero)

(a) Wehavez,=z andz,
=|z[fand z,z, = |z,

(b) Given that arg (z) = 1

ie. tan“¥=%

2¥= I=>y=x

ie. z =1+ (for example)
Therefore, 22=1-1+2i =
=real part of z22=0
(c)Letd=i"=logA=ilogi
=logA=ilog (0+i)=i[log1+itan™'1/0]

2i i.e., Re(z?)

=logA=i[0+in/2]=—7/2
S>A=e™"

—=1-3i 2-i_=2+i-6i—
©z="57 X2 5
z—_55_5i——1—1

arg (z) is given by sinf = — \/1—5, cosf = — %

= 6=1225°

b>0)
OR

arg (bi) = tan™ (%)

(b) arg(bi) =7 (=

=tan™ (o) %

(d) None of the given statements is correct.
1. their magnitudes may be different.
2. their argument may be different.

a) y=cos@ + i sinf = e?, 1 e
Y y

y+)l,=e"9+e"'9=20050

=it

[SIE]

=

I
—~
Q
W
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19.

20.

21.

22.

23.

24

25.

26.

27.

(c) Third side is greater than or equal to the
difference of two sides.

(©) (12 + i* = 2i)/2 = — i (By verification
ethod).

aw’ + bw* + cw?
aw + ¢ + bw?

a+bw +cow®_
(b)aw+c+bw2_

_0*aw + b’ +¢)
aw +c + bw?

(@) 31 + )+ 5 w2 —

= >

Q1 + w?) +4w)’

=(-30*t+t50)-(-20w+dw)
=2 0w?» - w)’

=8-8=0.

(c) Take @ = w, B = w?, then @* =

a4+ﬂ28+$+w4+w56+#

=30+ @)8. . 0®+1lo+w*+1=0

(a) By triangle identity, |z, + z,| < |z]| + |z,]
The modulus of sum of two complex
numbers is always less than or equal to the
sum of modulii of two complex numbers.

@DA+w-0)=(010+o+a0*- 20
=(0-2w?’
=-2" "*=-128 0%
(a) Given |z +4| <3 ¢))
Sz 1=z +4) +(3))
<lz+4]+[(=3)]
<3+3
=>|z+1/<6
.. Maximum value of |z + 1| =6.

Alternatively note that z = — 7 satisfies (1)
and for this z,

lz+1|=|-7T+1]|=6.

(c) If n 1s not the multiple of 3, then
n=3K+1or3K+2

. 1 +wn+w2n= 1 +w3K+l+w2(3K+l)

=l+0¥ 0+ *e?

=l+w+w?=0
Forn=3K+2alsol +w"+w>”=0

28.

29.

30.

31.

32.

33.

34.

(a) B +w*+t =G +w*+w)

= (3 — 1)6

=26

=64.

@DA+w-0)(1-0+w?

= (20? (2w) =40’ =4.

(@) Letx=(D"Porx*=1
Therefore,x*—1=0o0r (x— 1) (x*+x+1)=0

Possible rootsx =1 orx = i

B 7 p
x orx 5 5

(¢)Formula 1 +w +w?>=0

S Bt50+3 0

=Qw+3+3w+3w?)=_2w) ¢))
and 3+3 w + 5 w?
=Qw*+3+3w+3w)?=02w?)? 2)
Adding 1 and 2
B+50+30)*+B+30+5w??
=4’ t40'=40*+0)(-0’=1)
=—4(r0*to=-1)
@DAd-0)d -0’1 -0 d -0
{0* =0 0 = v and 0® = 0° V> = w?}
Given expression
=(l-o)d-0)(1-0)(1-0?)
=(1-wy (-’
=(1+0*-2w)(1+teo*-20?
=Co-20)(1+tw-2w?
=-3w)(-30w)=9w3=9.
(d)As#=w and#=w2

S (@) (0)0= 0B 0+ 0¥ 0 =0t
=-1.

) 121=|(2-%)+ 4|= 12
4,4
-lz-7+7

=>|z|$‘z—i{+i=>|z|52+i
zl ' |z| |z

=|ZP-2|Z]-4<0
= (1z2I-(5+ 1) (12| (1-v5)) <0
=1-V5<|z|<V5+1
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35. (b) (—I-E—i\/?)m + (#)301 37. (d) Given, 22+z=0

(w)900 + (w'.’)}()l

(w3)300 + w602

(1)300 (w3)200 X wl B
36. (b) Given, 22 +z+1=0
=Sz=w, 0’

Takez=w,

(z + %)7 + (22 + })2 + (23 + %)2

e ) o)+ (e )

z° z8

(onl (oo 2l

e R )

=@+ +Q+PHA+1Y
++E+HR+HP+HA+1)

=1+1+4+1+1+4=12

Similarly, for z = 2, we get the same result.

Letz=z+iy

Sty +x—iy=0
=>x2—y*+2xy+x—iy=0

> E+x—y)+iQRy—-y)=0

On equating real and imaginary part, we get
=>x2+x—y*=0 @8]
and2xy —y=0y=0orx=%

If y =0, then equation (1) gives x> +x=0
=>x=0or—1

and if x = %, then equation (1) gives % + % -
=0

Y= %; y=% \{73

Hence, there are four solutions of given
equation.

38. ©) (1+i3)' (1-iN3)"

BT T
=n [(cos%[‘H sin %)"+(cos%—i sin %)"]

=2n [2003 %] =2"*1cos nr/3

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

1. If (1-i)"=2"thenn=  [RPET - 1990]
(@) 1 (b) 0
© —1 (d) none of these
2. The value of (1 + )%= (1 —i)d1s:
[RPET - 2001, KCET - 2001]
(a)16 (b)—-16 (¢) 32 () —32

3. If |z, + z)| = |z, — z,J, then the difference in
the amplitudes of z, and z, is
[EAMCET - 1985]

(@a/d4  ®)a/3 () 72 ()0
. 1++3i .
4. The amplitude of Frl s
[Karnataka CET — 1992; Pb. CET - 2001]

@3 -3

@f W%

5. The value of
(cosa tisina)(cosf +isinp).
(cosy +isiny) (cos O +1isin o)
[RPET - 2001]
(a) cos(a+f—y—0)—isin(a+p—y—0)
(b) cos(a+p—y—0)+isin(a+p—y—9)
() sim(atf-y—90)—icos(a+f—y—9)
(d) sin(@+p—y—0)+icos(a+p—y—9)
1+2i
1—(1-1i)?

6. The modulus and amplitude of
are:

[Karnataka CET — 2005]
(a) V6 and /6
(b) 1and O
(¢) 1 and 7/3
(d) 1 and /4
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7.

(sin + i cos)" is equal to
(a) cos n@ +i sin nb

(b) sin n + i cos nf

(c) cos n(% - 0) + i sin n@

(d) none of these
[RPET - 2001]

. Which of the following are correct for any

two complex numbers z, and z,
[Roorkee — 1998]

@) Iz, z)| = |z |z)|
(b) arg (z,z,) = (arg z)) (arg z,)
©) Iz, +z)| =lz)| +z)|
@D |2,z 2z~ |z)|
9. The amplitude of 3 \/j is:
[RPET - 2001]
(@0 ® a6 () #/3 () 72
10. Ifz= 7 then the value of arg(z) is
[Orissa JEE — 2002]
(a)m ® a3 () 2/3 (@) #x/4
11. (1 +)¥, where 2= — 1, is equal to
[AMU - 2001]
(a) 32i (b) 64+
(c) 24i—-32 (d) none of these
12. V-8-6i =
(@ 1£3i (b) +(1-3))
(©) =(1 +3i) @ £3-1)

13.

14.

15.

[Roorkee — 1979, RPET — 1992]
The value of will

a+bw + cw? a+bw+cw2b
b+cw+aw* ¢+ aw + b

(@)1 (d) -1
(©) 2 (d -2

[BIT Ranchi — 1989; Orissa JEE —2003]
A value of Vi + =i is

[NDA -2007]
(@0 ®VN2  © —-i (i
If z is a complex number, then the minimum
value of |z| + |z — 1] is
[Roorkee — 1992]

16.

17.

18.

19.

20.

21.

22.

23.

(@1 ® 0
(©) 12 (d) none of these
N3\
Ifi=\/—_ then4+5( §+T)
335
+ 3( % i3 ) is equal to
[IIT - 1999]
(@ 1-i3 (®) —1+iV3
() i3 d -3
If(—7-24)"”=x—-iy, thenx’+)*=
[RPET - 1989]
(@) 15 (b) 25
() - 25 (d) none of these
The square root of 3 — 4i is
[RPET - 1999]
(@ +£Q2+i) ® £2-90)
© £(1-2) @ (1 +2)
If Va + ib = x + iy, then possible value of

a—ibis
[Kerala (Engg.) — 2002]

(@) x*+y? ®) \x?+y?
(©) x+iy (d) x-—
If @ = V2i then which of the following is

correct
[Roorkee — 1989]

@a=1+i ®) a=1—-i
©)a=-i (d) None of these
Q7=
[NDA -2007]

(@ 3 (b) 3, 3,32
(©) 3, 3w, 30? (d) None of these

\/,; 1000
(3+5) -
(a>2+ﬁ ® 1-%
©) -~ + ﬁz (d) none of these
Ifz= \/2i —\=2i, then |z] =
(a) 2 (b) V2
)0 (d) 2v2



24,

25.

26.
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If the roots of the equation x> — 1 =0 are 1,
w,and w?, then the value of (1 — w) (1 — w?)
is

(@0 (®) 1 ©2 @3

If cube root of 1 is, then the value of (3 + +
2%)*is
(@0
©) %

(b) 16

@) léw?

z and are two non—zero complex numbers
such that |z| = |w| and Arg z + Arg w =7,
then z =

[AIEEE - 2002]

27.

28.

(@ o b -o
© o D-o
The value of (1 — @ + w?) (1 — ®? + W)°,
where w, w? are cube roots of unity
[DCE - 2001]

(@) 128 ) - 128 »?
©) - 128w @ 128 >
The value of (1 +7)°+ (1 —i)®is

[RPET - 2002]
(@0 () 27
(c) 2¢ (d) none of these

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions:

1.

. Theleast positive integer n such that (

The answer sheet 1s immediately below the
work sheet.

. The test is of 17 minutes.
. The test consists of 17 questions. The

maximum marks are 51.

. Use blue/black ball point pen only for

writing particulars/marking responses. Use
of pencil is strictly prohibited

2i )"
. DR . 1+i
1s a positive integer is

(a2 (b) 4 (c) 8 @ 16
. argz+targz(z#0)is
(@0 () =
(c) m/2 (d) none of these
. If|z | = |z,| and arg (z/ z,) = 7, then z, + z, is
equal to
(@0

(b) purely imaginary
(c) purely real
(d) none of these

. The polar form of the complex number (%)

1S

T

(@ cos%+isin§ (b) cosm+isinm

(©)cosm—isint (d) cos%—isin%

S.

. The value of ( 5

Which one of the following is correct? If z
and are complex numbers and denotes the
conjugate of, then |z + = |z —| holds only if
@ z=0orw=0
® z=0andw=0
(¢) z. w 1s purely real
(d) z.w is purely imaginary
[NDA - 2008]
-1+i1\3 )’" N (—1 = iV3 )”’is

equal to

(@3
© 0

®) 32
@ 2

. (- 1+iV3)¥is equal to

[RPET - 2003]
(b) 220 (1 —-iV3)™®
(d) none of these

(a) 2% (- 1 +iV3)®
©) 2% (- 1 -iV3)®

. If z, and z, are two complex number then

l2, +2)f

[MP PET - 2007]
®) Iz~ Iz
@) >lz|+ 1z

@ |z)| +z)|
©) <lz)| +1z,|

. If2a=-1-iV3 and 28 =— 1 +iV3, then

S5a*+ 58+ Ta! B-!is equal to
[Kerala PET — 2008]
©0 @2

@-1 (b)-2
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10. What is the square root of —i \/—3 ?
[N])A 2008]
w=(3+3) w33
(c):l:( +,‘/23) @ :I:(%—i\/%)
11. If cube root of 1 is w, then the value of (3 +
o +3w?»)*i1s
(@0 (b) 16
© 16w (d) 16w?

[Karnataka CET — 2004; Pb CET —
2000; MPPET - 2001]
12. If Z and Z, are two complex numbers, then

Iz, - Z,| is
@ 2|z -1Z) (b) <IZ,|-1Z)]
© 2|Z|+1Z) d <IZ|-1Z)

[MPPET — 1994]

13. If @ is an imaginary cube root of unity, then
forn € Nthe value of @*"*1 + @33 + @35 1s

[MP PET — 1996]

14. If @ 1s a cube root of unity, then
-+ +(1+w-0?)=
@32 (b)-32 (@) -16 (d) 8
[IIT — 1965; RPET - 1997;
MP PET - 1997]
15. (- 8) is equal to
[MP PET - 2006]
(b) 1+i3

@ 5(1-i3)

(a2
© 5(1+i3)
16. |z +z | = |z | +]z,| is possible if:
(@) z, (®) z,
©) arg(Z )=arg(z) (d) IZ | = IZ |
[MPPET- 1999; 2007;
Pb.CET - 2002]
17. If z, z, C, then
[MPPET - 1995]
@) |z, +z)| 2|z)| +z)|

®) Iz,

© |z, =z 2|z, — Izl

— 22z +Iz,

(a) -1 (b) 0

© 1 @ 3 D |z, +z)| 2 [lz)| = Izl
ANSWER SHEET

REONONON) TAHOOH B OGO @

200 @ @O ¥ oOobod

SORONONO L@ OH Lo d

‘@b o @ NGO OO 160k

SHORONON LG ® © & 17 0@ 0 @

6@ ®© @ @0 © @

HINTS AND EXPLANATIONS

11. ©) B3+t +3 w)*=(3 +3w +30* - 20)*
=[3(1+w+w?)-2w]*[asl+w+w*=0]
= (- 20)*
=16w*=

12. (a) Third side of a triangle is greater than
equal to difference of two sides.

13. (b) If is an imaginary cube root of unity then
ad=11+a+a*=0
a3n+l +a3n+3 +a3n+5 = a}n [al +a3 +a5]
= (@) [a+1+ad.a?]
=()[1+a+2] (-a*=1)
=l+a+a?=0
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4. (@) 1+0+0?= 15. (b) Letx = (- 8)1”
A=(1-w+0?»+(1+0-0?)=(-20) orx*=—8orx*+23=0
+(-2 0 (x+2) (2 -2x+4)=0
or, A = - 32[w’ + 0] = - 32(w?* + ) = — x=—2o0rx?—2x+4=0
32 D=32 _2+VE-16
For w?= xX=E"75

x=+2iT2\/3i2x=1:t\/§i
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LECTURE

Geometry of Complex

Numbers

BASIC CONCEPTS

1. nth Roots of Unity

@ F={1, e (). (A1)

(ii1)) The nth roots of unity form a G.P.
whose common ratio is e .

(iv) The sum of nth roots of unity = 0 and
product of nth roots of unity is (—1)"~ 1.

(v) nth roots of unity lie on a unit circle in
Argand plane whose centre is origin.
These root divide the circumference of
circle into » equal parts and each part

inscribed an angle 2THat the centre.

(vi) nthroots of unity form a n-sided regular
polygon.

. Complex Number as a Rotating Arrow

in the Argand Plane

Letz=r(cos 0 +i sin 0) = re? be a complex

number represented by a point P in the

Argand plane. Then, complex number
represented by

Qis: z=re™ = re? ¢ = '@+

Y 3
Q(ze™)
. P(z
0 >
0 »X

(1) Multiplication by e to z rotates the
vector OP in anticlockwise direction
through an angle a.

(i1) Similarly, multiplication by e™ to z
rotates the vector OP in clockwise
direction through an angle a.

. T, W_ oz
Note i cos Sisiny = e Hence, angle between

GV

zand iz=90°=m/2

. Geometry of Complex Numbers

Let z = x + iy be a complex number
represented by a point in the Argand plane.
Then, we say that the affix of p is z. The use
of the word affix is similar to the position
vector in the vectors.

Distance Between two Points Let P and QO
be two points in the Argand plane having
affixes z, and z, respectively.

Then PQ = |z, — z/| = |affix of Q-affix of P|

Modulus of a complex number z represented
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by aplane in the Argand plane is its distance

from the origin

If z and z, are two fixed points in the argand

plane then the locus of a point z in each of

the following cases

W lz=z|+lz—z|=|z,~2z|, AP+ BP =
AB = P lies on the line segment joining
A (z) and B(z,).

A(z))
P(z)
B{_zz)

() |z-z|=|z—2z| =>AP=BP = Pis
equidistant from 4 and B = P lies on
the L bisector of the line segment AB.

(1) |z=z|=klz=z|.ker" ke 1. AP=KBP
= P lies on a circle of a point such that
the ratio of its distance from two fixed
points is always constant. (Recall that
circle is also defi ned as the locus.)

() |z = z,| + |z — z,| = constant (# |z, — z,|)
AP + BP = constant = ellipse

(V) |z = z)| = |z — z| = constant (# |z, — z,|)
= P lies on a hyperbola having its foci
at 4 and B, respectively.

(B) 1. (i) If two points P and Q have affixes z, and
z,, repectively in the Argand plane, then
the affix of a point R dividing
PQ internally in the ratio m : n
. mz, nz,

8.

(i1) If R is the mid point of PQ, then affix of
z, tz
.4 2
Ris 5

2. If z, z,, z, are affixes of the vertices of a A,
z, tz,+z
then affix of its centroid is f

3. Ifz, z,, z,, z, are the affixes of the points 4,

B,Cand D respectlvely

Then ABCD is a parallelogram if z, + z, =
z,tz,

4. If z, z,, z, are the affixes of the vertices of
a triangle having its circumcentre at the
origin and z is the affix of its orthocentre,

’[henz=zl+zz+z3

5. Centroid G divides line join of circumcentre
and orthocentre in the ratio 1 : 2, since affix

Zl
of Gis

Z,2, ) o
3 and O is the origin.

6. (i) Equation of a circle having centre at z,
and radius ris [z — z | =R

(ii)zz+az+az+b=0where b € r
represent a circle having centre at (— a)

and radius | a|* —b

(C) 1. General Equation of a Straight Line
The general equation of a straight line is
of the form az +az+ b =0, where a is a
complex number and b is a real number.

2. Complex slope of the line segment joining
z,-z,

two points z, andz,w—Z =

3. If w, and w, are the complex slope of two
lmes on the Argand plane
@) If lines are L, if o, + ®, =
parallel if o, = w,.

0 (ii)

4. The slopes of the two lines are and_a—aand

7 respectively. The lines will ber L7,

if%+—g=0:aﬁ+aﬂ=0,

§. If z, z,, z, are the affixes of the points 4,
Band C1 1n the Argand plane, then

. %32
(1) £LBAC = arg (z, _21)

C(Zy)

AZ) B(Z,)

z,—z, |z,—z|
(11)2_2 Iz, Zl(cosa+zsma)
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AZ,-2))

P(Z,-Z))
A 2

Let P and Q be two points in the Argand
plane representing z, — z, and z, — z,,
respectively, then AOPQ =AABC

<. LBAC = LPOQ = £XOQ — LXOP

2,2,
=arg (z3 _21) —arg (z2 - zl) = arg (ZZTZ)

1
6. Angle Between Two Lines

C(Z,)

A(Z) B(Z,)

Angle between AC and AB:

£ BAC = amplitude of AC — amplitude of
AB =amp of (z, —z ) —amp of (z, - z))

;72
~ arg (2, ~2) - arg (z,— z) = arg (5=

Note 1: If z , z, z. are collinear, then ZBAC =0

17 72273

z,—z
3 1.

Hence, 7—7 is purely treal because
2 1

amplitude of real number = 0° i.e, (z, — z,)

= arg (z2 - 21)

Note 2: If AC and AB are perpendicular each

other then
.4 Z372% .
a=%5= £ BAC Hence z,—z, 18 perfectly
imaginary.
Note 3: If z, z,, z, are in AP. then they are
collinear.

7. Complex numbers z,, z,, z, are vertices of

an equilateral triangle iff z; + z; + z; = zz,+
zZz, + z,z, or

1 1 1
— tz—5t+t7—=%=0
z,-2z, 2,2, z,— 2,

8. Some Important Results

(1) If x + 1/x =2 cosf or x — 1/x = 2i sinb,
then x = cos@ + i sinf, 1/ x = cos@ — i
sin@ x" + 1/x* = 2 cosnf, x" — 1/x" = 2i
sin »6.

(i) If a=cosf + i sinf, b = cosf +i sinf, ¢
=cosy+isinyanda+b+c=0,then
%+%+%=O
ab+bc+ca=0
a+bh+c*=0
@+ b* + ¢ =3abc etc.

(i) xx ) xtw) xtw)=x*+1

(v) x£y) (xtwy) xo0y)=x"+)’

(V) (€ £) (10 £ y0?) (0 £ yo) = X' %)

Vi) (x +y +2) (x +yo + z0?) (x + yo* + zw)
=x3+y3+23-3xpz

(vil) 1+ =2i, (1 —i)>=-2i

SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

LIf|z]=|z|=|z|= ... =z| =1, then
prove that

=iz, bz, bzt bz

Solution
Wehave |z, |=|z,|=|z,[=....... =z |=1
=zl =lz =z = =z, P= 1
=>zz=1zz=12z2z,=1,..,2zz =1
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=lz tz, vz, + +z|[-

‘ 1 1 1

z=lz|]

+3 + + A=z tz, 2tz |

2. If point p represents the complex number z
= x + iy on the Argand plane, then fi nd the
locus of the point p such that

z—=2|_
‘z+2 =5
Solution
Given‘z_2 53‘ =5
z+2 z+2
=|z-2|=5|z+2]
S|x+iy—2|=5x+ip+2|

= =2+ =5(x +27+)
= (=27 +)2=25 [(c +2)° +7]
225 +ax+4+y=x"—4dx+4+)?
= 24x2+ 242 + 104x + 96 = 0
=>3x2+3)2+13x+12=0
which is an equation of a circle.

3. If point p represents the complex number z
= x + iy on the Argand plane, then find the

locus of the point p such that arg (z — 2 — 3i)
=m/4.

Solution

Given arg (z—2 — 3i) =a/4
=arg(x+iy—-2-3i)=n/4
= arg(x—2+iy—

y—3_g
=>tan —5=7

iy—3)=m/4

y-3  m_
3x_2t —1
=>x-2=y-3
=>x-y=-

4. If a and B are different complex numbers

with |8] = 1, then fi nd lﬂ__%
[NCERT]
Solution
Given |8| =1, .. BB =|B*=1, then
\ =
l—aﬂ pe-ap| |BB-@
= Iﬂ_ =— ﬂ_a =l=1
Iﬂllﬂ— | 1Bllp~a] 1
LN
||
5. If z=3 — 5i, then prove that z*> — 10z + 58z
-136=0.
Solution

Givenz=3-5i
=z-3=-5i=>E-3)=(-5)
=z22-6z+9=25"
=z22-6z+9=-25
=2z2-6z+34=0 ¢))
Now, z* — 102>+ 58z — 136
=22 —4z> - 62+ 24z + 34z - 136
=22(z-4)-6z(z—-4)+34(z—4)
=(z—-4) (- 6z+34),
(z—4) x 0 [from Equation (1)]

=0 Proved
6. Prove that

Vel =Nl VT VT ®

= and 0

Solution

Letx = V-1V IVIN - ... o

= x=vV-1-x
Squaring both the sides, we have x>=—1-x

=>x+x+1=0

_1xP-40) 1243
=X YT T
_ﬂ=3x=w,w2. Proved

=>x= 3
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7. Find the area of the triangle whose vertices
are represented by the points of complex
numbers z, z + iz, iz.

Solution
Letz=x+iy=(x,y)
Then,iz=i(x+iy)=—y+ix=(—-y,x)
andz+iz=(x+iy)+i(x+iy)
=x+tiytix—y
=S Fix+y)=x-y.x+y)
Therefore, area of the triangle
1
=3 0= y) X, 0= 1) F X0, )]
1 -
=7 Xe—x+y)—yx+y=y)+(x-y) (y=x)]
1 2
=75 [X() —y(x) - (x-»)]
1 2 o
=5 [-w-—xy-x-y'+29]

1 1
=5 +y) =71z
(Since, area is positive neglect negative
sign)
8. If z,, z, are two complex numbers and a, b
are two real numbers, then prove that

laz, = bz,|* + | bz, + az,|*

=(@+ )|z, +|z,/]

Solution
Letz = r (cosf, +isinf) and z, = r,(cosb,
+isinf)
Sz |=rand |z,| =7,
. az,— bz, = ar (cosf, +isin 6)
— br, (cosf, + i sinf,)
= (ar, cosf, — br, cos0,)
+i(ar, sinf, — br, sinf,)
- |az, — bz,|* = (ar, cosO, — br, cosf),)*
+ (ar sinf, — br,sinf,)*
= a’r; (cos’0, +sin’0))
+ b?ri(cos?d, + sin’0),)
—2abrr,cos(0,-0,)
=|az, — bz, =a’ri+ by
—2abrr,cos (0, -0) (1)
Similarly,
|bz, + az,|*
= b, + a’r. + 2abr,r, cos(0, — 0,) @)
Adding equations (1) and (2), we get
|az,—bz,|*+| bz, +az,|’=(a*+b*)ri+(b*+a*)r,
= @+b) (3 +7)
=(@+b7) ||z, +|z,P]

Proved

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

1. If point p represents the complex number z
= x + iy on the Argand plane, then fi nd the
locus of the point p such that arg (z) = 0.

2. Prove that the points represent the complex
numbers 3 +3i, — 3 —3i,—-3V3 +3 3
form an equilateral triangle. Also, find the
area of triangle.

3. Ifz= (A +3)+i5—A2, then prove that the
locus of the point z is a circle.

4. Show that points represented by the

complex number 1 + i, — 2 + 3i and %i are
collinear.

5. Show that the vertices represented by the
complex numbers 6 — i, 7 + 3i, 8 + 2i and
7 — 2i form a parallelogram.

6. If the points represented by the complex
numbers z, z + iz, iz form a triangle of the
area 50 square unit, then prove that |z| =
10.

Exercise I

1. Forexamplevaluesofz,solve|z|+z=(2+i).

2. IfA+)A+2)(A+38) ... A +n)=(x+iy),
then show that 2.5.10.......(1 + n?) = x> +)2.
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3. If z,, z,, Z, are three complex numbers such
that |z, = |z, = |z,| =‘Zil+zl7+zi3‘= 1, then
prove that |z, +z +2z|=1.

4. Show that the points represented by
complex numbers — 4 + 3i, 2 — 3i and — i

5.4 B and C are three vertices of a

parallelogram ABCD represented by the
complex.

6. Find the area of a triangle whose vertices

are represented by the complex numbers 3i,
3+4+2i,2—1.

are collinear.
ANSWERS
Exercise | Exercise Il
2. 18 V3 square unit. Lz=(3+i) 510+ 15i
6. 5 units.

SOLVED OBJECTIVEQUESTIONS: HELPING HAND

1. If cos a cos B cosy =0=sin @ + sin f sin
y, then sin’a + sin’f + sin’y is equal to

[PET (Raj.) — 1998]

(@ o0 ) 1
(©) 12 () 322
Solution

(d) If a=cosa+isina,b=cosf+isinp,
c=cosy+isiny
then
a+b+c=(cosa+cosf+cosy)
+i(sina +sin B +siny)

=0+ix0=0

and%+%+%=(cosa+isina)_l

+ (cos B +isin B)! + (cosy +isiny)?
=(cos @ +cosf +cosy) —i(sina +sin § +
siny) =0-ix0=0
LA+ br+ct=(@+b+c)+2abe
1,11
(bo2)-o
a*=(cos a +i sin a)’
= cos 2a +i sin 2a €Y

b*= (cos B +i sin B)*

= cos 2B +isin 28 2

c¢*=(cosy +isiny)’

= cos 2y +isin 2y 3)

(cos 2a + cos 2f3 + cos 2y ) + i(sin 2a +

sin2B+sin2y)=0+ix0=0

Therefore, cos 2a + cos 28 +cos 2y =0
“

sin 2« sin 28 sin 2y =0

By (4) 1 -2sina+1-2sin?8+ 1 —2sin%

=0

sin? ¢ + sin® § + sin’ y =%

. Ifcosa+cosf+cosy=0

=sina+sinf +siny,

then

sin 3¢ + sin 38 + sin 3y is equal to
(a) sin 3(a +8 +y)

(b) 3 sin3(a +8+py)

(¢) 3sin3(@+pB+y)

(d) 3cos(a+pB+y)

[PET (Raj.) — 1989, 1991;
Bihar (CEE) — 2000]
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Solution

(b) fa=cosa+isina, =cosp +isin
B.c=cosy+isinvy,

thena+b+c= (cosa+cosf+cosy)+
(sin @ +sin B + sin )

=0+i0=0 = &+ b*+c*=3abc
:>Z (cos a +isin a)

=3(cosa +isina )(cos§ +isinf)
x (cosy +isiny)

= Z cos 3a + iZ sin 3a
=3 cos(a+B+y)+i3sin(a+p+y)
= sin 3a + sin 38 + sin 3y
=3sin@+g+y).
3. (V=D + (V=1¥"? (n € N) equals

[NDA — 2005]
(@ 0 (b) 1
(c) 2N-1 (d) -2v-1
Solution

(a) EXp = (_i)8n+3 + (_i)8n+3
=—i+(=)pP=-i+i=0

4. The value of is

IZO (Sll’l 21kiz+ICOS 211({[)

=t [AIEEE — 2006]
(@ 1 (®) -1
©i @ —i
Solution
(c) We have

IZO (sm 11 1008211({[)

k=

10

; i(coszlkiI zsmzlkiz)
when

10 . 10 )
= iZ e’ = iZ a* when g = e @D

k=1 k=1

_ig4ma) _(a-ah) ( -1) ,
d-a) ' l1-a 1- -

(ra'=e?m=cos2m—isin2r=1),
cosa tisina=e“

S. Let z,, z, be two roots of the equation z* +
az+ b=0, zbeing complex. Further assume

that the origin, z, and z, form an equilateral
triangle, Then,
[AIEEE - 2003]
(a) a>=4b (b) a*=b
(c) a*>=2b @ &=
Solution

@z +z,=-a,zz,=b

. 2 bl 2
S0Ptz tz=zz)

(Putz,=0informulaz;+z+z;=z 2 +2,.z,
+ z.z,

= (z,+z) 2zz2,=22,=a=3b
6, (((l) ) ) ......... 110 times equals
[AITSE - 1999]

(a) eil[/l (b) en/_’
(c) e— a2 (d) e—in/Z
Solution

10

@ Exp () =@)'=li=-i=e™?

7. If P, O, R, S are represented by the complex
numbers 4 +i, 1 +6i, —4 +3i,—1—2i
respectively, then PORS is a

[Orissa (JEE) — 2003]
(b) square
(d) parallelogram

(a) rectangle
(c) thombus

Solution
() |PQ|=|0OR|=|RS|=|SP| and £PQOR
=90°.
8 Ifarg. z—a)= where a € R, then the

locusofze cisa

[MPPET - 1997]
(b) parabola
(d) straight line

(a) hyperbola
(c) ellipse
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Solution

(d) Letz=x+iythenz—a=x+iy—a=
(x — a) +iy given arg. (z—a)=%
4 Y _=n
Therefore, tan™ x =5 =7
orxyTa=tan%ory=x— a (straight line)

. If |z—4i| +|z +4i| = 10, then z is the locus
of

[MPPET - 2006]
(b) parabola
(d) none of these

(a) circle
(c) ellipse

Solution

©) |z—4i|+|z+4i|=10
Letz=x+iy
|x+iy—4i|+|x+iy+4i|=10
[ +i =)l +x+i(+4)|=10
N2+ -4 +\+ @ +4)2=10
(5 5= 7 = {10 -\ G ap )
X*+ @@ -4Y=100+x>+ (@ +4)-2

0N 4
Y*+16-8y=100+)*+16 + 8y

~20 {4
— 16y —100=—20x + (y + 4)*
4y +25=5\x*(y + 4y
(4y +257 = (5\x* + (v + 47
16y* +625 + 200y = 25 (x* +* + 16 + 8y)
16y?+625+200y =25x?+25y*+400 + 200y
25x% +9y? =225

2 YV

25¢ . W _225_ % YV
225 T 225225 > g t 571
which is ellipse

10. If |z — 4| <|z — 2], its solution is given by

[AIEEE — 2002]
(b) Re (2)<0
) Re (2)>2

(@ Re(@>0
©) Re(2)>3

Solution

© |z-4|<[z-2]

or|la—4+ib|<|(a—2)+ib|by taking z =
a+ib

> @-4P+b*<(@—-2)y+5

=>-8at+t4a<-16+4

=4a>12
=a>3
= Re(z)>3
11. Locusof|z|=11s
@ x+ty=1 (b) x2+y*=1
©) x*—y*=1 @ y*-x=0
[MPPET - 2007]
Solution
(b) Let z=x + iy then from |z| =1
x+iy=1lorx*+y*=lor x*+3*=1
It is a circle whose radius is 1.
12. Ifz=(A +3)+V5—2%i, then locus of zis a
[MPPET - 2006]
(@ @=3+y*=5 () (x=3F=5-y
c)x—y=8 (d) none of these
Solution
(a) On putting z=x + iy
x+tiy=@+3)+iV5-2%
On comparing real and imaginary parts
x=A+3 ¢))
y=\5-2* )
By Equation (1) x =3 =24 or A2= (x — 3)?
By Equation 2) y = m
or (x —3)2+)y*=5
13. If z is a complex number, then |3z — 1| =3

|z — 2| respresents
(@ x=0
©y=0

(b) x*+y*=3x
@ x=17/6
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Solution

14.

(d) Let z=x+ iy, where x, yr, then |3z — 1|
=3|z-2|
=>B3@+y)-1|=3x+iy—2
=S|@x—D+@y)i|=3|x—2+yi|

= Gx — D+ BpF = 3(x - 22 +)?

Squaring, we get 9x*—6x + 1 + 9?2 =9 (x?
—4dx+4+37)

=>—-6x+1=-36x+36 =30x=35

=>x= %, , which means z is always at a
. 7 .

constant distance 3 from y—axis.

If z and @ are two non—zero complex

numbers such that |zew | = 1and arg (z) — arg

(w)= %, then zew is equal to

@-i (1 © -1 @i
[AIEEE - 2003]

Solution

15.

(@) |zw|=1=>z=1/|w]|, so let
z=(,0),0=_~/r,0-m/2)

=z=(,-0) . 20=(,-n/2)=-i

The centre of a hexagon is the origin. If

its one vertex is the point (1 + 2i), then its
perimeter is

[PET (Raj.) — 1999]

@vV5 ()45 () 6V5 (d) 6V2
(0. 0)
60°
X

60°

(1,2y60° X
side = x

Solution

16.

(c) Side =V12+22=+5
Therefore, perimeter = 6v5

If z,, z, are two such nth roots of unity
which subtend right angle at the origin,
then » must be (k € x)

[IIT (Screening) — 2001]

(a) 4k (b) 4k+1
(c) 4k+2 (d) 4k+3
Solution

17.

(@) 1 =(cos 2rm + i sin 2rm)

oo 1V = (cos 2rm + i sin 2r )V
= r=0,1,2,...(n-1)

r=0,1,2..(n-1)

we get 1, eiCnln gitininy i 21— Daln
Let given two roots be

— L2 — i
Zl = ex-m,n/n’ Z'_r_ etm_,n/n

Since z, z, subtend right angle at the origin,

SO

2mzx  2m,w
n ~ n

_
2

=>n=4|m -m)|=4k ke Z

A point z moves on the Argand diagram
such that |z — 3i| = 2 then it’s locus is

[MP PET - 2002]
(b) a straight line
(d) none of these

(a) y — axis
(c) acircle

Solution

18.

() Letz=x+iy
Sz=3i=x+iy-3i=x+—3)
Sz=3i=2,z=3i|=|x+ (- 3)i|=2
or\x2+ (y—3)2=2

orx’+(y—3)2=4

It is the equation of a circle

Centre of circle (0, 3) Radius =2

If z = x + iy is a variable complex number
l_=x
- then

Z_ =
z+1 4

[MP PET - 2004]
(b) x*+)*=2y=1
@ y*+2x=1

such that arg

(@) x2—y*—2x=1
©) x*-2y=1

Solution

by Z=1 _x+iy—-1 xX*+y’-1+2y
® T T+ 1 G+

Multiplying and dividing by x + 1 — iy
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19.

2y
+y?—1

. z-1_.
Cearg tan 2

*. tan™ ¥ =
o x2+y’—-1 4

or2y=x*+)’—lorx’+y*—2y=1

If |z]| = 2, then the complex number — 1 + 5z
is situated on the
(a) circle

(c) parabola

(b) straight line
(d) ellipse

[MP PET — 2005]

Solution

20.

(@ Letw=—1+5z,thenw + 1 =5z
S|lo+1|==|5z|=5|z=52
=|o+1]|=10.

Therefore, is a_circle whose centre 1s — 1
and radius is V10.

If z be a complex number, then the locus

represented by iz— 1+ z—i=21s
[Roorkee (Screening) — 1999]

(a) aline

(b) acircle

(c) a pair of straight lines

(d) acoordinate axis

Solution

21.

(d) If z=x+iy, then from the given relation,
we have

lix+iy)—1|+|x+iy—i|=2
= lix—y - 1|+ |x+i(y - )] =2
= [(y + 1)2 +x2]1/2 + [xl + (y _ 1)2]1/2 = 2
S>@+1)P+xr=x2+(y -1 +4

— 4+ (y - 1)
S>@-1D)P=x+@r-1)!=>x*=0
= x =0 which is y-axis.
Vertices A, B, C of an isosceles triangle
ABC are represented by complex numbers
z,, z,, z;espectively. If £C = 90°, then
correct statement is

[PET (Raj.) — 1999; IIT, 1986;
Delhi (EEE) — 1998]

@) (z,—2) =2z~ 2z)(z,~ z,)
®) - 27 =~ 2)(z - 2,)
© z+zt+z=zzz

(d) none of these

Solution

22.

(a) A, B, C are represented by z, 2, Z,
respectively, so CA =z,~z,, CB=z,—

Z

Also £C=m/2 and CA=CB,

So CB =CAi [*- CB=CA and CB has been
given a rotation of —m/2 with respect to
CA]

=>z,-2,=(z,— z,)i

”

=(z,-2)=-(,-2)
=>zitz-2z2 =-z2,-22z2,
= z5i+z-2z2,=222+2z2z2,-22,-2z.2,

A(Z,)

B(Z,) CzZy

=(z,-2,)=2[zz,-2)-(22,-2,2)]
=2z,-2,)(z,~z,)

The centre of a regular polygon of » sides
is located at the point z = 0 and one of
its vertex z, is known. If z, be the vertex
adjacent to z , then z, is equal to

@) z, (cos%iisin %)
®) z, (cos%:tisin %)
©) z, (cosg—niisin g_n)

(d) none of these

Solution

(a) Let 4 be the vertex with affix z,. There
are two possibilities of z,, 1€., z, can be



23.

Complex Numbers B.65

obtained by rotating z, through % either in
clockwise or in anticlockwise direction.

B'(Z,) 0

AZy) B(Z,)
Z'z 27 27
= == 5
. Zl = Zl e~ n 222

:>zz=zl(cos%:tisin%)

The vertices B and D of a parallelogram are
1 — 2i and 4 + 2i , If the diagonals are at
right angles and AC = 2BD , the complex
number representing 4 is

.3
@5 () 3i-3
©) 3i-4 ) 3i+4
Solution
(b) We have

|BD|=|(4+2i)— (1 -2i)| =9+ 16 =5
Let the affix of 4 be z = x + iy The affix of
the mid-point of BD is (é, O)

Since the diagonals of a parallelogram bisect
each other, therefore, the affix of the point
of intersection of the diagonals is (é O)

2 >
D(4+21) C
l Di}
A(x+iy) B(1-2i)

We have
AE|=5 (- BD =% AC=AE)
which is satisfied by option (b).

24,

z+i
Whenz+2

described by the point z in the Argand
diagram is a

(a) circle of radius \lg

is purely imaginary, the locus

(b) circle of radius %
(c) straight line
(d) parabola

Solution

25.

(a) Given that Im ( z+i )

z+2

B ) x=iy+i x+ily+1)

Letz_x+’y3x=iy+2_(x+2)+iy
[x+i@+ Dlx+2)-iy]

D)+l +2) -]

x*+2x+)y*+y iy Y+ DE+2)—xy
@rpdy [T ey ey

If it 1s purely imaginary, then the real part
must be equal to zero.
XMy +2xty

c+2P 1) =0=>x*+y*+2x+y=0

which is a circle and its radius is given by

VeHfme=|1+t-0="0

Therefore, Argand diagram is circle of
radius£~
2

If the point z,, z,, z, are the vertices of an
equilateral triangle in the Argand plane,
then

1 1 1

a) 57— +t3—5 +—5=0
()z1 z,72,-2, " 2,2,

b)) zi+ztz=zz,+zz, 2z
© (?1 —?1)2 +(z,~2) (z,-2) =0
(b) z+z+3222,=0

Ans:a, b, ¢

Solution

Let the vertices of the ABC be represented
by z, z, and z,. By rotation in anticlockwise
direction about 4 and B,

we get AC = ABe™?, BA = BCe™"
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26.

A(Z))
60°
60°
B(Z,) C(Zy)
or (z,—z) = (z,—z)e™

and (z, - z,) = (2, —z,)e™” hence on dividing,
we get

23—2 Z —Z
z,-%,"z,-2, “or (z,-2) (z,~2,)
=-(@,-2)

D
Above = (b). This equation can also be
written as

L= -z=0
=Z(@z,-2)=0=()

. 1 1 1
Again, Z,- 2, + Z,-2, + zZ -

orz,+tz.tz,=zz +zz +zz

z, = 0 can be

written as.
2(z,-z)z,~-2)=00rXz(z,~2)
-2z,2,-2)=0

The second sigma will be zero and the first
gives 2z,=3zz,1e(l)= (a)
The shaded region where P(—1,0),
O(-1+~2,V2),R(-1+~2,V-2),5(1,0)
is represented by

[T -

@ |z+1]>2, |arg ¢ + D] <7

2005]

®) z+1]<2, |arg z+ DI <

© |z+1]>2, Jarg z + DI <

(SIS N I T

@ |z-1] <2, |arg z + D>

Solution
(@) As|PQ|=|PS|=|PR|=
Therefore, shaded part represents the

27.

external part of circle having centre (—1,0)
and radius 2.

As we know equation of circle having
centre z, and radius 7.is

lz—z,|=r .. [z=(-1+0i)]>2
= |z+1]>2 M
Also, argument of z + 1 with respect to

positive direction of
.. 4
X —axisis’y. .. arg (z+ I)SZ

and argument of z + 1 in anticlockwise
direction is

— G sargz+1) @)
or
larg(z + DI <7
The complex numbers z, z, and z,

satisfying 2 _2 =1 _21\/3

of a trianglé which is
[T -

(a) of area zero

(b) nght—angled isosceles

(c) equilateral

(d) obtuse—angled isosceles

are the vertices

2001;DCE - 2005]

Solution
© 2=z, _1-iN3_(1-iV3)(1+iV3)
L4 2 2(1+i3)
_ 1-3
2(1 +i3)

“2(1+i3) (1+iV3)
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22_Z3=1+i\/§=cosl=isin£

2,72, 2 3 3

z,-1z, Z,-2,\ g
= |7 —=%|=and ar (.T)=_

zZ, -2z, g\z, -z 3

Hence, the triangle is equilateral.
Passage based questions
Let 4, B, C be three sets of complex

numbers as defi ned here.

A={z:Imz>1}

B={z:|z-2—-i|=3}

C={z:Re(1-i)z=12}

Let x be any pointin4 n B C. Then, |z +

1 —i]*+|z—5—i]* lies between
[IIT - 2008]

(b) 30and 34

(d) 40 and 44

(a) 25 and 29
(c) 35 and 39

Solution

(c) We know that 4 n B n C contains just
one point. So z is fixed, Also, z is on the
circle. The points (— 1, 1) and (5, 1) are
the ends of a diameter.

4

11D 5,1

Thus, |z+ 1 —i|*+|z— 5 —i|*= (diameter)?
=6=36.

Remark: This is not a problem on finding
the greatest and least values of an expression

which is the first impression of students
after reading “lies between”

29. Letzbe any pointin 4~ Bu C and let w be

any point satisfying |@ — 2 — i| < 3. Then,
|z| — |w |+ 3 lies between

(@) —6and 3 () —3and 6
(c) —6and 6 (d —3and 9
[IIT — 2008]
Solution
(a,b,c,d)

Blz—2i|=3= (x-22+(y—17=3
C:Re(1-)z=V2=x+y=12
(x=2P+(2-x-172=3
¥-x(1+v2)+2-2v2=0
x=-2V2-1;
Correspondingy =2 -2 , 1
Since,y>1; (x, )= (N2 -1,1)
Izl =V(V2 - 1)+ 12=V4-2v2 = 1.1
Iz|-lo|+3=11=|0|+3=41-|o|
Also, [0 —2—i|<|3|
3<|o|-]2+i<3
=>V5-3<|o|<3+5
since, |0 |>0=0<|w|<3+5
or 0<|w|<52
Therfore, |z| - |w|+3=4.1 - (w)
lies between — 1.1 to 4.1

Therefore, Ans: (a), (b), (c), (d)

Note: Though the question came in single
choice, Answer given by IIT JEE had more
than one option correct.

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. In the Argand diagram, if O, P and Q

represents, respectively the origin, the
complex numbers z and z + iz, then the
angle LOPQ is

[MPPET — 2000]

@u/d  ®)x3 () 72 (@) 273

2. Ifx=a,y=b,z=cw®where @ is a complex

i xXyz_
cube root of unity, then 2bc
(@3 ) 1
© 0 (d) none of these

[AMU — 1983]
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3. If z,= cos 75 10
equal to

(@-1

. Multiplication of a complex number z by i
corresponds to (z #0)

+isin 75 10, thenz z,z, z,1s

) 1 © -2 @2

(a) clockwise rotation of the line joining z
to the origin in Argand diagram through
an angle /2 .

(b) anticlockwise rotation of the line
joining z to the origin in Argand
diagram through an angle 7/2 .

(c) rotation of the line joining z to origin
in the Argand diagram through an angle
/2.

(d) no rotation.

. Ifa:CiSa,b=cisﬂ,c=cisyand%+%

+%= 1, then cos (@ — ) +cos (B—7y ) +cos
-ao)=

. (c)Letz=r(cos@+isin ), then
PQ = Affix of Q — Affix of P
=z+tiz—z=iz

Also, OP =z

Clearly, angle between z and iz is 90°.

8.

10.

© 3-2i @ -2+3i
Ifz= (\/23 + 2)5 + (% —é)s, then
(@) Re(z)=0

(b) Im(z) =0

(©) Re(z2)>0,Im(z)>0
(d) Re(z)>0,Im(z) <0
[MPPET - 1997]

. If z=x + iy, then area of the triangle whose

vertices are points z, iz, z + iz 1S

[MP PET — 1997]

®) |2
@) 1/4 |z

(@) 3/2|z)
(©) 172z
The points representing the complex
numbers z, for which |z — a|* +|z + a|* = b?
lie on

3 3 a)x+y=—5
@3 -3 ©0 @!I @xrr=r7
[RPET — 2001; Orissa JEE — 2007] (b) x* +y* ="
If|z|=|z)=...=|z,|=1, then (c) y*+2bx
|z, 2z, +z) (d) x*—y*=2ab
Ztz+ .tz sequalto [MPPET - 2008]
(a) n (b) 1 11. Let z =x + iy be a complex number where
@©) l/n (d) none of these x and y are integers. Then, the area of the
rectangle whose vertices are the roots of the
. The solution of the equation |z| —z=1+2i equation zz* + z2° = 350 is
' [IIT = 2009]
[MPPET - 1993] (a) 48 ) 32
@ 2-3i () 3+2i (©) 40 @ 80
SOLUTIONS

Q(z+iz=x+1y +i(x + 1y))
|‘ =x(I+)+i(y-1)
iz

P(z=x+1iy)
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. (c) Giventhatx=a,y = b, z = cw?

Then,§+%+%:%+b7w+%

=l+to+w*=0

- ©zez,c08( ) 15 ()

=cos(@)+tising=-1+ix0=-1

. (b) - i =e™ . Multiplying by i, z gets
shaded by 7/2 in anticlockwise direction

@442l

cisa | Cisp | cisy
= cisp *usy + cisa =)
=cis(a— ) +cisB—y) +cis(y—a)=1
= cos(a—f) +cos(b—y)+costy—a)=1

(Equating real parts)

. (b)|z]=12"=3% 50

Wzl =z
. (¢)Letz=a+ibthen

|z| =|a+ib|=a*+ b
lzlmz=1+2i=3-2i

>Wa+b-a)l-ib=1+2i

10.

Comparing real and imaginary parts of the
both sides

S N@FF—a=1,-b=2

-3, _
=>a=3, b=-2 X
Therfore,z=a+ib= 5= 2i
(b) de-Movier’s Theorem

(cos@+isin@)y'=cosnf+isinnb

oy .\S
(\/3 +1) = (cos 30 +i sin 30)°

2
= cos 150 +i sin 150 ¢))
~ S\S
and (\/32_1) =cos 150 —1isin 150 3
Adding(\/32+’) +(\/32 ) =2cos 150°
9
=2 (B)=3

Clearly, (—V3) is a real number. Therefore,
i=0

. (©)Let,z=x+iy=(x,y)

izyi(xt+tiy)=—y+ix=(-y,x)

ztiz=x+iy—-y+ix=>@x—-y,x+y)

1 xlyl 1
AreaofA=§ Xy, 1
XY 1
1 X y 1
A=§ > x 1
X-yx+y ]
Applying, R, > R, -R —R,
1 x y1
A=§ >V x1
0 0 -1
1 |z|?
A= ’ i(x- orA= 5

b)|z—al+|z+al?=b?
Letz=x+iy

Sx+iy—alP+|x+iy+talP =5
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11.

(x= @2+ + (c+ay +y=b
2xr+2)? +2a* = b2

- x2+y2=%_a2

It is a circle.

(a) zz(z*+ z%) = 350
Putz=x+iy

&2+ -y =175
x*+y)(2 -y =257
x2+yr=25

x2-yr=17

x==+4,y==3

x,yel

Area =8 x 6 =48 sq. units.

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. The two numbers such that each one is

square of the other are

[MPPET - 1987]

(a) o, »? () —i,i
© -1,1 @) o,?
(cosO + i sinf )" cquals
sinf + i cos) 4
[RPET — 1996]

(a) sin80 — i cos86
(b) cos86 — i sin 86
(c) sin80 + i cos80
(d) cos80 + i sin 80

. Let z be a complex number. Then, the angle

between vectors z and — i z 1s
(am ® 0
(c) —m/2 (d) none of these

. If the points P and P, represent two

complex numbers z, and z,, then the point
P, represents the number

5. The point represented by the complex

number 2 — i is rotated about origin through
an angle of % in clockwise direction. The
new position of the point is

(a) 1 +2i

b)) -1-2i

() 2+i

@ —-1+2i

. Let O be the origin and point p represents

complex number z in a complex plane. If
OP be rotated anticlockwise at an angle 77/2,
then the new position of p is represented by
the complex number

[NDA - 2007]
(@ z—i (b) z+i
©) iz d —iz

. If the amplitude of z — 2 — 3i is %, then the

locusof z=x+iy1is

[EAMCET - 2003]

@x+y—-1=0
®)x-y-1=0
© x+y+1=0
@x-y+1=0

. If the areaof the triangle formed by the

points z, z + iz and iz on the complex plane
is 18, then the value of |z| is

[MPPET - 2001]
(@6 ®) 9
(c) 3V2 d) 2v3
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WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions

1.

. The value of

The answer sheet is immediately below the
work sheet

. The test is of 5 minutes.
. The test consists of 5 questions

The maximum marks are 15.

. Use blue/black ball point pen only for

writing particulars/marking responses. Use
of pencil is strictly prohibited.

T 0

l—cosft—oisinm

Q

l—cosit—o—isinm

@0
©1

() -1
d 2

[Karnataka CET — 2001]

. We express

(cos 20 —i sin 26)* (cos 40 + i sin 40)7°
(cos 30 + i sin 30)2(cos 30 —i sin 36)"°

(a) cos490 — i sin490
(b) cos230 — i sin2360
(c) cos490 +i sin490
(d) cos210+isin210

3. Ifz= "L thenz=

3-4i
[Kerala (Engg.) — 2005]
(a) 27 (b) 27
(c) 21 @ —-27i
4. If x =2+ 3i, and y = 2 — 3, then value of
X txy+y?.
— 5 1S
x*—=Xxy + V-
3 3
@ 33 ) -33
S S
© 23 @ - 23

5. If 1, w, w? are cube root of unity, then the
value of (3 + 3w + 5w?)* — 2 + 4w +2w?°
is

[Pb.CET — 1998]

in the form of x + iy, we get (@0 ®) 3
[Karnataka CET — 2001] ©2 @ 1
ANSWER SHEET
L@ ® o @ 3@ ® © @ 500 @ @
2@ b © @ 1.0 © @



This page is intentionally left blank.



LECTURE

Test Your Skills

ASSERTION/REASONING

Assertion and Reasoning Type Questions

Each question has 4 choices (a), (b), (c) and

(d), out of which ONLY ONE is correct.

(a) Assertion is True, Reason is True and
Reason is a cormrect explanation for
Assertion

(b) Assertion is True, Reason is True and
Reason is NOT a correct explanation
for Assertion

(c) Assertion is True and Reason is False

(d) Assertion is False and Reason is True

. Assertion (A): If a =cos a +i sina, b =

cosﬁ+isinﬂ,c=cosy+isingand%+%

+%—1, then cos (8 — ) +cos (y — @) +cos
@-p=-1

Reason (R): (cosa, + i sina )(cosa, + i
sina,) = cos (a, + a,) +isin (a, + a,)

. Assertion (A): If the area of the triangle on
the Argand plane formed by the complex
numbers —z, iz, z — iz 1s 600 square units,
then |z| =20

Reason (R): Area of the triangle on the ar-
gand plane formed by the complex numbers

- i3
—z,zz,z—12152|z|.

. Assertion (A):The greatest value of the

moduli of complex numbers z satisfying the

equation is |z — %| =2isV5 +1
Reason (R): For any two complex numbers
zandz,, |z, = z,| > |z | = |z,]

. Assertion (A): 7 + 4i > 5 + 3i, where i =

V-1 Reason (R): 7>5and 4>3

. Assertion (A):

VED VD) =) = 6
Reason (R): If a and b both negative, then
vavb # \ab

4n=11

. Assertion (A): Z ir=ii=~-1
r=1

Reason (R): Sum of the four consecutive
powers of 1 is zero.

5z,
. Assertion (A): If 1z is purely imaginary,
1
2z +3z,|
then —221_ 3, |

Reason (R): |z| =]Z].

. Assertion (A): If z=+ (5+12i) ++ (12i—5),

then the principal values of arg (z) are + %,

+ 3%, where i = V-1.
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10.

11.

12.

13.

14.

15.

16.

17.

Reason (R): If z = a + ib, then and for

ﬁzi{ (|Z|2+a)‘i(|2|2_a)

b<0

. Assertion (A): If |z — 3 + 2i| <4, then the

sum of least and greatest value of |z| is 8.
Reason (R): ||z,| = |z,| <z, +z,| <|z/| +
|2, -

Assertion (A): The value of

N (i 20k 2k

Z (sm 7 —icos TS )151.

k=1

Reason (R): It forms an A.P. series.

Assertion (A): For a complex number z the

equation |3z — 1| = 3|z — 2| represents a

straight line.

Reason (R): General equation of straight

lineisax + by +c=0.

Assertion (A): If e®= cos 0+ sin 6 and the

value of e, e, e is equal to — 1.

Reason (R): e?= cos 6 + i sin 0 and in any

AABC, A+ B+ C=180°.

Assertion (A): z;+zi+ z;+ z;= 0, where z,

z,, z, and z, are the fourth roots of unity.

Reason (R): (1) = (cos 2rx + i sin 2rm)

Assertion (A): For any four complex num-

bers z, z,, z, and z,. it is given that the four

points are concyclic.

Reason (R): |z,| =|z,| = |z,| = |z,

Assertion (A):The points denoted by the

complex number z lies inside the circle

with radius 2 and is at the origin.

Reason (R): |z| > 2 represents a straight

line. o

Assertion (A): The expression ( 12_: i) isa

positive integer for all the values of .

Reason (R): Here n = 8 is the least positive

for which the above expression is a positive

integer.

Assertion (A): we have an equation
z-3i ’

z+3i

involving the complex number z is ’
= | which lies on the x-axis.

Reason (R): The equation of the x-axis is y
=3.

18.

19.

20.

21.

22.

23.

24,

25.

Assertion (A): The equation |z + 1| =3
|z — 1| represents a circle.

Reason (R): The equation of straight line is
ax+by+c=0.

Assertion (A): The value of i*"*3, when m
€ Iisequal to —i.

Reason (R): i* =

Assertion (A): The roots of the equation
(x—1P¥+8=0are—1,1-2w, 1 — 202
Reason (R): 1, w, w? are the cube roots of
unity where | + @ +@*=0and w*# 1.
Assertion (A): If z is a complex number

(z# 1), then ’é—l—l ’ <|arg(@)|.

Reason (R): In a unit circle, chord AP <arc
4P).

Assertion (A): The least value of |z — 3| +
5|z — 8],z € Cis got by se’[’tingz=82L3
Reason (R): The least value of |z — 3| + 5
|z — 8] 1s same as that of PA + 5PB, where
P=z(x,y)andA=(3,0), B=(8,0) and P
ranges over all points in x — y plane.

Assertion (A): If x + % =1 and p = x!
+ ﬁand q be the digit at unit place in 2+
l,ne N,n>1,thenp +¢q=6.

Reason (R): If x +%= -1, then x2+ é= -1
and x*+ L} =2

x

Assertion (A): Let z, z,, z, be three points
in complex plane with nonzero imaginary
parts such that z +z, +z, = 0. Then, z, +

z, + z, must be vertices on an equilateral
triangle.

Reason (R): If z, z,, z, are vertices of an

2> 73
equilateral triangle, then z+ z,+ z;= 3z.z,2,
Assertion (A): ABCD is a parallelogram on
the Argand plane. The affixes of 4, B, C are
8+ 5i,— 7 —5i,— 5 + Sirespectively. Then,
the affix of D i1s 10 + 15i.

Reason (R): The diagonals AC and BD
bisect each other.



26.

27.

28.

29.

Complex Numbers B.75

Assertion (A): If the principal argument
of a complex number z is a then principal
argument of z2 is 2a.

Reason (R): arg (z.z,) = arg (z)) + arg(z,)
Assertion (A): The modulus of the complex

number z = % +4iis V13

Reason (R): Argument of z is tan™1 ( %)

Assertion (A): If z =3 —4i,z,=—5+2i

are two complex numbers such thatz <z,

Reason (R): |z,] <|z,]

A . ZZl - ZZ
ssertion (A): If 22,z

2
then locus of z is circle.

=k(z,z,

# 0),

Reason (R):
if, {0, 1}.

=], represents a circle

2=z
z-z,

30.

31.

32.

Assertion (A): The equation |z — i| +
|z +i| = k, k> O can represent an ellipse,
if k> 2i.

Reason (R): |z—z/|+|z —z,| = k, represents
ellipse, if | k[ > [z = z,|.

Assertion (A): If 1, 0, @?,......... " !are the
nth roots of unity, then 2 — ) 2 — @?)......
2 - 0" ™) equals 2"—1.

Reason (R): "C, +"C,+"C, +........ +7C, =
2n

Assertion(A): If w is an imaginary cube
root of unity, then the value of

sin {n +(@"+ w?) %} is %

Reason (R): 1 +w + w?=0 and 0*=

ASSERTION/REASONING: SOLUTIONS

. (a) we have,

%=cosa—isina,%=cos[3—isinﬂ
Now,% =(cosa+isina)(cosf—isinf)
or,% =cos(a—-B)+isin(a-p)
Similarly,% =cos (B—y)+isin(B-y)
and%=cos(y—a)+isin(y—a)
a b
c

Putting these values in p et % =-1,

We get [cos(a — ) + cos(B — y) + cos
(y—a)]+i[sin(a=p)tsin(B-y)+sin(y—p)]
=-1=-1+0i

Comparing real and imaginary parts, we
get, cos(a — ) +cos(B—y)+cos (y —a) =
-1

(a) Area of the triangle on the Argand plane
formed by the complex numbers — z, iz, z

3
—12152|z|.

'é 2 = =
w512 =600 |z| = 20.

3.

(a) We have, z =
-2l 1z1- 2] = 121- 2] <2

= |z|*-2|z| -40 or (|z| —=1)*-50 <0
= (|z]-1)?<S5or|z| -1 <5
=z <V5 +1

Hence, the greatest value of |z|is V5 + 1.

. (d) Property of orderi.e., (a + ib) ; (c +id)

is not defined. The statement 7 +4i> 5 + 3i
makes no sense.

. (d) If both a and b are negative then

va \b =—ab
2 ANCNE3) = —EDNE3) = V6.

4n+11

LY SRR FE O LD

r=1
+ (i4n+5+i4n+6+i4n+7+i4n+8)
+ i4n+9 + i4n+ 10 i4n+ 11
=i-1-i+0=1
(Since, sum of four consecutive powers of i
1S Zero)
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7.

8.

10. (¢)

. (a) Since, |z, +z,| =

11iA

527 ) Z7
(a)Letﬁ=y1 @ 0=z =5

Z, 33
2z +3z, 2+’32_1 2+ 5”'l
2z -3z, Z,| " |, 33il
1 2 2—32l 2- 5
~|10+33|_,
10 - 33id :
(b)Letz=z +z, \]( )
Since, z, = (5 + 12i) = \/3—
=+ (3 +2i)

and z, = /(12i — 5) = (=5 + 12i)

)5

=+ (2 +3i)
z=x@B+2)£2+3))
=z=5+5,1—-i,-1+i,—-5-5i.
Hence, principal values of z are
n 37 37

4444

12~ 2|

Therefore, |z =3 +2i|=|z— 3 =2i)| = | |z|
=3 =2i]|

=||z|-VI13]

Since, |z — 3 +2i| > | |z|
Since, |z — 3 +2i| <4
= |zN13 | <|z-3+2i|<4
=|z| - VI3 | <4

-4<|z|-V13|<4

=ord4-VI3 <|z|<4+V13

. Greatest value of | z| =4 + V13 and Least
value of |z| =4 — VI3

- Sum = 8.

Z;(sin 2JTTk—icos ZnTk)

= —izs: (cos ZnTk +isin ZﬂTk)
1

_\/l_gl

=i

=

11.

12.

13.

14.

15.

2

(cos%+isin7)+(cos%+isin

+ . +(cos%+isin

JxG&*=1)

B T
=[] =-[=]

[ x'= (00527”+isin %)7]

=cos2t+isin2z =1

A=
(b) Letz=x+iy, then |3z—1|=3 |z 2|
=3 +iy)-1|=3|x+iy-2|
=|Bx—-1)+3iy|=3|x—2+iy|

= Gx— 1P +97 =9 [(x— 27 +)7]

= 9x2+ 1 —6x +9?=9x?+ 36 —36x + 9*

ifx= cosz7n+isin 7

=>30x=35=>x=%

i.e. a straight line parallel to y-axis.
(a)e 18 IC—ei(A+B+C)=em

[Since, 4 + B + C = for AABC]
=cosm+isinm
=-1+i(0)=-1.

(a) (DY = (cos 2mr + i sin 27r)Y

cos '+ isin
2 2

where r=0,1,2,3

SO =101, -0

LAzt A+ + 2

=2-1-1=0.

(a)|z,|=thedistance of the pointrepresenting
z, from the origin. Therefore, the distances
of the four points from the origin are equal.
Therefore, points are concyclic.

(c) Since |z| <2

slz|P<4

=>x2+y?<4
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2i V_ 4 _ -4
16. (d)(1+i)_(1+i)2_1+i2+2i
4 _2_,
2= &
21 4_ 2
(137) =4r=—
21 8_ 2 _
() =cor=16
Hence, n = 8 is the last poitive integer
z-3i x+iy-3i|
17'()’z+31’_1_ x+iy+3i|
x+ (-3 _ X+ -3)7
Slxro+n| Tt pee ]

Sx2+yr—6p+9=x2+)*+6y+9
=12y=0
= y =0 which is x-axis.
Therefore, z lies on x-axis.

18. b)) [z+ 1 =3 |z -1}
>+ 1) +y =3 [(x 1)’ +)7]
=>2(x*+yH -8 +2=0
=>x?+y*—4x+1=0
which is a circle.

19. (@n=i" =i P =" (=)= 1)y (=)

=—i

20. (a) Since (x —1)*=-8=(-2)?
Lx—1=-2 2w, 20?
sox=-1,1"2w, 1 20?

21. (a) The number é lies on a unit circle
centred at origin
From the figure

J
/ = X
!ymn.m

Chord AP = ’Ij—l— 1<
arc (AP)
——=]=q
radius

’é—l’slargzl

22.

23.

24,

25.

(b)|2223+822+2722|
1 + 27
IZZ~/Z3| + ’
. 8z, 27z
L PYANPYARP:

=6|z+2z,+3z,]
=6z, +2z,+32,|=6x6=36
.S, istrue, S, is also true but not the correct

explanatlon for S,

®x+i=1

=>x-x+1=0
= x =-w, —0?, o is imaginary cube root of

unity.

.'.px1°°—+% o+o?=-1
Forn>1,2"=4m, me N
2(7") = 24m =16™

= unit place of 2@ =6
. ¢ =unit place at 2@ + 1 =7
Hence,p+q=7-1=6

Also, roots of x + % =-] are w and 0’

=x+d =—landr+ =2

Hence, both S, and S, are true, but S, is not
correct explanatlon for S,

(d)z,,z,, z, vertices of an equilateral triangle
then

12 7>

Zi+zi+z= zz,tzz,+z2 which
Zi+zZ+z - 3z222,=0
- S, s true.

Butz +z,+2z, =0even whenz, z, z, are

colhnear For example i, 2i and —3i.

=S, 1s false.

(a) Let z be the affix of D

Therefore,

B+5)+(=5+5i) (-7-5i)+z
2 - 2

z=10+15i
So, both assertion and reason are true and
reason is correct explanation of assertion.
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26.

27.

28.

(d) If principal arg of z is @ then argument
of z2 is 2a. Note that it may not be principal
argument

For example, Letz=-1+i

= Arg 2) =3

Arg () =3 x 2 =3

but principal arg (z%) = %
So, assertion is false, reason is true.
(c) Converting to a + ib form

2=(531) (350)+ o

+i
1,18,
5 TS
_ 1y (18Y
21=y(3) +(¥)
18
arg (z) = tan! % =tan!(18)
5

So, assertion is false, reason is true.

(d) In the set of complex number, the order
relation is not defned. As such z >z, orz <
z, has no meaning but |z | > |z,| or |z,| <]z,
has got its meaning since |z | and |z,| are
real numbers.

So, assertion is false, reason is true.

30.

31.

Clearly, if £ # 0, 1 then z would lie on a
circle.

CaseIIfk=1,zwould be on a perpendicular
bisector of line segment,

N

”

Case Il If k = O, z, 2 and - z, Tepresents a
point. So, assertion' is false and reason is
true.

(d)As, weknow |z —z| +|z—z,| = krepre-
sents an ellipse,

if |k|> |z = z,|

Thus, |z —i| + |z + i| = k represents ellipse,
if |k|>|i+i|or|k|>2.

So, assertion is false but reason is correct.
(c)Let

x= (1) I/n

x"-1=0

has nroots i.e. Lo, o>....0"!

E-D=-DEx-0)(x—-0?.....
x—o" Y
2"=1 _ 5 N — 9 — -1
R0 R S R
(putx=2)

e, v Q2-0)2-wY ... Q-w"YH=
2n—1
As, "CO + "C1 +o. + "Cn =2
So, assertion is true but reason is false.

32. (a)[sinn+(w +w2)%]=sin [ﬂ_%]

= sin 3% =
4

\/2

So, both assertion and reson are true and
asserition follows reason.

MENTAL PREPARATION TEST

)
2. @I |75 =k
Z’7
z-7z,
= |—5 =k
z+ 5
1
1. If(x+i)®=a+ib,x, y, a, bR.
Show that§+%=4(a2—b2)
_atib _ .
2. If__c+id_ x + iy,

at+ b
’7+d7

prove that Z =x—iyand

—x'+y-

3. If (a + ib) (¢ + id) = x + iy, then prove that

(a—ib) (c—id)y=x—
) =x*+)~

iy and (a* + b%) (* +

4. If z =3 — 5i, then prove that z*—10z> + 58z

5. Find the modulus of ( } t

- 136 =0.

—

_i)
+i/

—

1
i’



10.

11.

12.

13.
14.

15.

Complex Numbers B.79

. Find the locus of a complex variable z in

the argand plane, satisfying
lz— (B —-4i)|=17.

. Write the complex numbers —1 — i in the

polar form.

2z
. If 2=* be a purely imaginary number, then

322
z, -z,
z, + z,

prove that =1

. Ifi=~—1, then prove that

1 ﬂ)”“ ( 1 ﬂ)_v 3
—at ) gt )i
Find the square roots of the following

(1) 4ab -2 (a®*- bYi

(i) @®>— 1+ 2ai.

3

If2+cose+iSin0=a+ibthemprove

that a®> + b*=4a - 3. —

E 3-N-16 .
xpress the complex number PNy in

the form a + ib.

Prove that (%) + (%) rational.

Find the values of x and y, for which the

(Bx = 2iy) 2 +i)* =10 (1 + i) equalities

hold.

Provethat x*+4=(x+ 1+ (x+1-19)

-1+ @x—-1-1iQ).

s

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

1—-iz
z—1°

Ifz=x+iyandw =
1 = zis purely real.
If z=-5+2—4 , show that 22 + 10z + 41

= 0 and hence, find the value of z* + 92° +
3522-z+4

show that |w | =

a—ib _1+i
atib 1-7

If then show that a + 5= 0.

If 1, o, ®*be the cube roots of unity, prove
that
R-0)2-0)2-0""Q2-0')=49.

If @ and 8 are imaginary cube roots of unity,
show that

a4 +ﬂ4 + a_l. ﬂ—l = O

Express the numbers { t %; in polar form.

Express the sin 120° — i cos 120° in polar
form.

Find the radius and centre of the circle |z +
3 +i| =5 where z is a complex variable.

Show that the points representing the
complex numbers

(3 +2i), (2 —1i) and — 7i are collinear.

A variable complex number z = x + iy is
z—1
z+1

such that arg ( ) = %, show that x? + )?

-1=0.

TOPICWISE WARMUP TESTS

(a) (55

(a2
© 0

®) 1
@ 4

. The area of the triangle obtained by joining

complex numbers z, iz and z + iz in argand
diagram is
[PET (Raj.), — 1998, 2000; MP — 1997;
EAMCET - 1996; IIT — 1980; DCE —
1999; UPSEAT - 2002]
() |z[72
(d) none of these

(@ 2z
© lzI?

3.

4.

If j; } is purely imaginary number, then

[MP — 1998, 2002]

@ |z|=1 ®) |z|>1
© |z| <1 (d) none of these
If z,, z,, z, be three complex numbers such

that

2,1 = |z, = |z,| = |3+ 2.+ 2| = 1 then

|z, +z,+z,]|is equal to

[IIT (Screening) — 2000]
(b) lessthan 1
@ 3

(@1
(c) greater than 3
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10.

a+ bw + co?

. If 1, o, ®?* are cube roots of unity and a +

b +c=0then (a + bw + cw?)?+ (a+ bw*+
cw)? is equal to
(@0

(c) 27abc

(b) 3abc
(d) none of these

. If zand w are two nonzero complex numbers

such that |z| = | w| and arg (2) + arg (w) =
7, then z is equal to
[IIT — 1995; AIEEE - 2002;
JEE (Orissa) — 2004]
®) —ow
@ -

(@ o

© o

. If z and @ are complex numbers such that

z +iow = 0 and arg (zw) = 7, then arg (2) is
equal to

[AIEEE - 2004]
(b) =/2
(d) 5m/4

(a) 3m/4
(c) n/4

. The polar form of

[Roorkee — 1981]
(a) V2 (cos 3% _ ;i sin 3—”)

4 4
() V2 (cos % +isin %)

(c) V2 (cos Tn—i sin Tﬂ)

(d) none of these

. If z be multiplied by 1 + 7, then in complex

plane vector z will be rotated at an angle
[ICS —2001]

(a) 90° clockwise

(b) 45° clockwise

(c) 90° anti-clockwise

(d) 45° anti-clockwise

If w 1s imaginary cube root of unity, then

ctaw+bw? | b+ co +aw’

c+aw + bw?

11.

a+bow +co* b+cot+aw’

is equal to

[Kerala (CEE) — 2003]
(a) 1 -1 ©0 @
1 +2w + 3w? 2+3w+w2»Se ual
2+30+0’  3+o+2025%

[Orissa (JEE) — 2003]

12.

13.

14.

15.

16.

17.

18.

19

(@) 0 ®) -1
©) 2w d -2
If @, B are roots of the equation x> +x + 1 =

0, then @ + 2%l equal to
[ICS (Pre) —2004]

(@) 2 (d) 2

©0 @ -1

The modulus and amplitude of 11+—212

are ()
[CET (Karnataka) — 2005]

(@ 1,0 M) 2,7

(c) 1/2,0 @ 3,772

If w # 1 be a cube root of unity and

I+ =1+w""
then the least + ive value of n is
[IIT (Screening) — 2004]

(@2 () 3
() 4 @ 35
Let z, and z, be complex numbers, then

|z, + 2, +|z, -z, is equal to

[MP PET - 2006]
@ Iz,P+IZP ) 2(zf+]zP)
©) 2z +2) @) 4zz,
If wis an imaginary cube root of unity, then

the value of sin [(w1°+ 0¥) - % ] is:
[IIT (Screening) — 1994]

-3 -1
@ —5— (®) 2
1 N3
© NG @ 2
What is the value of
(-1 +iv3)2]°+[(-1-iv3)2]"
[NDA —2007]
(@1 (®) -1
©) 2 @ o
Real part of 1 +cos@+isinf is
[MP PET - 2006]
(a) 173 (b) 1/5
(c) 1/2 (@ 1/8

Value of |1 —cos @ + i sin — a|is
[MP PET - 2007]
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(a) 2 sin % (b) 2sin C%cos %
(c) 2cos % (d) 2 sin? %
20 1 +cos (7/8) +i sin (7£/8) ¢ . 1
* | 1 +cos (/8) —i sin (7/8) s equal to
[RPET - 2001]
(@ -1 ® 0
© 1 @ 2

21. If for complex numbers z, and z,, arg (z /z,)
=0, then |z, — z,| is equal to
@ |z, +1z) ®) |z, -1z,
© llz,[ =1zl @ 0

22. Ifx=cos€+isin0>thenx4+% =

[MP PET - 2006]
(a) 2 cos 40 (b) 2isin 460
(c) —2i sin 40 (d) —2cos 46
23. If cos @ +cos B+ cos y = 0 = sin a then
+sin § +siny
cos 3 a + cos 38 + cos 3y is equal to
[Bihar (CEE) — 2000; EAMCET - 1995]

(@ 3cos(a+p+vy)
(b) cos Ba+38+3y)
© (@tpty)
(@) 3sin(a+p+vy)
24. A complex number z is such that arg {

z-2 }
z+2
= % The points representing this complex

number will lie on
[MP PET -2001]

Y
W3
(b)y2=4x/§x
© ¥+y —4y—4=0
d) x+y=43
25 If|z2— 1| =|z[* + 1, then z lies on

[AIEEE - 2004]
(a) acircle

(b) the imaginary axis

(c) the real axis

(d) an ellipse

TOPICWISE WARMUP TESTS: SOLUTION

1+ix/§)" (1—1«/3)"

. HS. = = + 2

L @&LHS (1—1\/3 1+iV3

-1-/3 \* [-1+i3)\°
2 — | + 2 —

-1+i3 -1-i3
2 2

Il
4
=

+
[ é
=

_[ _—1+i13 , -1-i3
== 2o

2>‘” 2

1

_w6+_ 1
w

@+ = 1+]

(@ ) 1

=1+1=2 =R H.S. Proved

2. (b)Letz=a’), iz=®,z+iz=02.
Then obviously OP L OQ and OP = OQ

[+ |z]==iz[], amp (2) - amp (iz) = /2]
= OPAQ is a square
y A(z+iz)
Qlin) ]
4 P(2)
|z Iz|
= X
0

Therefore, area of given A = % (area of the
square)

1L, _p
=51zl

3. (a) Let ;

iA
T where w 1s a real number.



B.82 Test Your Skills

=z, +z,+z|=1["|z| =[]
. (©Letx=a+bw+cow’y=a+bo’tco.
X +y°= (x +y)(xo?t yw)xo +yo?)
=[2a+ (w+w?) b+ (0*+ w)c]
[(@*+w)a+2b+(w+0?)c]
[(@*+ ®) a + (w?+ w) b+ 2c]
=QR2a-b-c)(-a+2b-c)(—a—-b+2c)
=(Ba) (3b) (30
[*-a+b+c=0]=27abc.
. (d) Let w =7 (cos 0 +i sin 0), then
z=r{cos (m — 0) + i sin(T — )}
[ |z =
=r(cos@isinB) —r (cosOisinbf)=—w

. @=z+i®=0

|w| and arg (z) + arg (w) = 7]

=zl = z=io
=arg(z)—arg (o) + /2 €))
But.

arg(zw) = = arg (z) targ (@)= (2)
(1)+(2)=>2arg(z)=37/2
= arg (z)=3n/4

10.

11.
12.

13.

14.

15.

16.

17.

18.

. (b) 2—iy

1+7i_ (1+7H (B +4)
T3-4i 25

=—1+i

=2 (cos 37/4 + i sin 37/4).

1+7i

. (d) amp (1 +i)=45°,

so z will be rotated at an angle 45° in
anticlockwise.

1.1

(c)Exp5+F+l=w2+w+l=O.
) Expw + o0 =20.

x=w, o’

So exp. 0+ 2=+ 2=
()1+21_(1_) 1+21 =1

= itsmodulus = 1,

amplitude = 0.

(b) Given (1 +@?)"'=(1+w)" > 0*=w

or (—w )= (—w?)" or "= >

Clearly n=3 isthe least value of n satisfying
above " w’=ws=1.

(b) Let z, and z, be complex numbers as
follows

z=x,tiy,z,=x,tiy,
=|z,+z,P+]|z,—z)

=06, )P+ Ty (e —x) ()

=x +x + 2x1x2 +ylt+yl— 2y}y2

=20y +xi+y) =2z +z,P)

(c) Given sin [(wlo +oP) - ]
]

sin T =
4

&R &R

= sin [(w +w) -

1
N2

= sin (—rz —%)= sin (Jt + %)
() @)+ @)=+ =-1.

©= 1
1 +cos@+isinf




19.

20.

21.

Complex Numbers B.83

1
20052g+i2 singcosg
1
ZCosg[cosg+ising ]

1

= 0 (cos
2 cos >

g+ising)_1

1

] (cos g+ising)

2 cos 2
cos g 1
= Real part = 0=
2cos 5

(@) (1 —cosa) +isinca|

=+J(1 = cos a)* + (sin @)

\j(2 sinz% )2 + (2 sin % cos %)2

= \j4 sin’ % + (sin2 % cos? %)2
1
=2sin 5
1 + cos (7z/8) +i sin (7/8) |*
1 + cos (7/8) — i sin (7/8)

(@)

2 cos? (7/16) + 2i sin (7t/16) cos (7/16) B
2 cos? (7/16) — 2i sin (7/16) cos (7/16)

_ [cos (#/16) + i sin (n/16)]®
" [cos (7/16) —i sin (7/16)]?

=[coslﬂ—6+isinft—6]8[cosft—6+isin{[—6]8

= [ cos(n/16) +i sin(z/16)]16

=cos 16 (#/16) + i sin 16 (m/16) =cos T =
-1

(c) Wehave |z =z = |z [* + [z,|* = 2Iz | |z,|

cos (0, — 0,) where 0, = arg (z)) and 0, = arg
(z,) Since arg z —argz,= 0

e i Rt AP A AR CARI DS

= 1z, — 2] = |1z~ Izl

22.

23.

24,

25.

(a) x = cosf + i sinf

x* = (cosf + i sinf)*

x* = (cos 40 + i sin 40) (By Demoivers
theorem)

% =x*=(cosf + i sinf)~*

x
= cos(— 40) +i sin(— 46)
=cos 40 — i sin 40
x“+%=cos40+isin40+cos49—i5in 40

x“+%=2cos40.
x

(@Letx=(l,a),y=(,p),z=(1,y) then
x+y+z=2cosa+iZsina=0
= ¥’ +y>+22=3xyz
Y (cosa +isina)* =3 [cos (a+f +7y)]
+isin(a+B+7y)
= cos 3a +cos 38 +cos y

=3cos (a+pB+y).

. tiy-2) _ax
(c)Letz=x+1yargm=3—
are |(x —2) +iy| —are |(x +2) +iy| =%
Therefore, 4y =x*+32 - 4

orx?+3?— 4y —4=0 points representing the
given complex number will lie on CIRCLE.
®)|Z2-1|=|z>+1Letz=x+iy

= 2=y +2ixy - 1|=x*+32+1

=> @ -y - D)+t =z (x> + (7 + 1)?
=>4y =4x* (P + Dx=0
e+ 1= 4y 1

VG2 =y2 =12+ Qixy)? =x? +y2 + 1
Solving, we get 4x2=0

x=0.

0 Imaginary axis

=

Y

O| Forreal axisy=10

= z lies on imaginary axis.
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QUESTION BANK: SOLVE THESE TO MASTER

. If a complex number satisfies z, |z — 5i| < 1
and the argument of z is minimum then, z =

@ 26+ ) 26 -t
(c)—§«/6+2?4i @ -6 -2

. The conjugate of complex number % is
@ g ® 5=
0wl

. The argument of the complex number
13-5i.

4-9
@3 ®7 ©% @F
. If the conjugate of (x +iy)(1 — 2i) be 1 +i
then
@ x=3 b) y=3
@ x+t=1i3 @x-y=jiy
. Value of | | —cos a +isin @ is:
(2) |2sin a/2)] ®) ‘ZSin 2 cos %\
() 2 cos% ) ‘ZSIHZQ

. z and @ are two nonzero complex numbers
such that |z| = | @ |and Arg z + Arg o = then
z equals

@ -0 ©o @-o0
. If z=x—iy and z'*= p + ig, then

(% + %)/(p2 + ¢%is equal to

@-2 -1 ©1 (@2

. The conjugate of a complex number P is
then that complex number is

-1 1
© F+1 @ 77
z,-
. If‘z_z_‘ =1,lz|# 1, then |z | =
(a) 4 (d) 2
© 1 (d) None of these

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

L+if¥, (1=},
The value of ( N3 ) +( N3 ) is equal to
()4 ()6 ©8 (@2

IfVa—ib =x—iy, then=Va +ib =
(@) x+iy (®) x-
(©) y+ix @y-
For any integer n, the argument of
(\/ 3+ z)“"+1 )
(1-iW3 3)4"

@f ®»F 0% oF
The maximum value of |z| when z satisfies
the condition ‘z + %‘ is

(@ V3 -1 () V3 +1

(c) V3 (d) V2 +43

The real values of x and y for which the
complex numbers — 3 +ix%y and x* +y + 4i
are conjugate of each other are

(@ 1,4 (b) 1,-4

© -1,-6 @-14

Let z be any non-zero complex number.
Then, arg (z) + arg (2) is equal to

(am ®-7 (© O (d) 72
Let z be a complex number. Then the angle
between vectors z and iz is:

(@) = (®) 0
(c) /2 (d) None of these
Ifx=3+ithenx’*—3x>— 8+ 15=
(a6 b)10 (¢c) —18 (@) -15
If |z| < 4, then the maximum value of
liz + 3 — 4i| is equal to:
(@ 2 (b) 4
(©3 @9
z

Ifz,=(4,5)and z,= (-3, 2), thenz—lequals

=23 2 2 23
@ (75-33) ® (75)

=2 =23 -2 23
© (3.735) Z(d)(13 3

If|z|—|z|andarg(
equal to

=, then z, +z,1s
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(@ 0
(b) purely imaginary
(c) purely real
(d) none of these
21. (cos 20 +i sin 26) — 5 (cos 36 — i sin 36)°
(sin — i cos#)’ in the form of 4 + iB is
(a) (cos 256+ i sin 256)

6
22. The value on(sinznTk—icos 2nTk)is
k=1
@-1 ®0 © -i @i
T 1, i3y
23. Ifi=~-1,then4+5 —5+>) +3
(— % + ’\/73) is equal to

(b) i (cos 250 +i sin 256) (@) 1-i3 ®) - 1+i3

() i(cos 2560 —isin 256) . .

() (cos 250 — i sin 256) (© iV3 ) -iV3
ANSWERS

Lecture—1: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With

Accuracy
I. © 4 (o 7. (b) 10. (a)
2. (b) 5 (2 8 (b)
3. ® 6 @ 9 O

Lecture—1: Work Sheet: To Check Preparation Level

.. ® 5 ® 9 @ 13 ®
2. d 6. (@ 10. (b
3. 7. @@ 1 (o
4. @ 8 (@ 12. @

Lecture-2: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

I. (¢ 6. (a) 1. (a) 16. (a)
2. (¢ 7. @ 12. @ 17. (¢
3. ® 8 (@ 13. (a 18. (b)
4. (@ 9. (a) 14. (¢)
5. (b)) 10. (© 15. (b)
Lecture—2: Work Sheet: To Check Preparation Level
I. @ 5 © 9 (@ 13. (b)
2. (d 6. (b) 10. (b)
3. @ 7. (b) 11. (b)
4. (b) 8 (o) 12. (a)

Lecture-3: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

I. b 8 (d,a) 15 (@ 22. (o)
2. () 9 (@ 16 () 23 (a2
3. (¢ 10. (¢ 17. (b) 24 (@
4. (@) 11. (a) 18. (a) 25. (¢
5. () 12.(b) 19 @d 26. (b
6. (b) 13. (b) 20. (@ 27. (¢
7. () 14. (b) 21. (o)

Lecture—3: Work Sheet: To Check Preparation Level

. 5 (@ 9 @ 13. ()
17.d) 2. (@ 6. (@ 10. (a)
4. 3 (@ 7. @ 1. (o
15.b) 4 @ 8 (3 12. (a)
16. (¢)

Lecture—4: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

.. @ 3 (© 5 @® 7 @
2.d 4 (@ 6 © 8 (2

Lecture—4: Work Sheet: To Check Preparation Level
I. ® 3. @ S5 (2
2. (& 4. ()
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Lecture—5: Mental Preparation Test
(®) ld=2
6) x*+)*—6x+8—24=0
(7 V2 (cos 3771 —isin %Tn)
(10) @) £[(a+b)—(a—b)i] 1) x(a+i)

(12) 3+

14 1
(14) x= 1Y~ 5
17) - 160

1 3 c 3
@2n E(cosfn+zsmfn)

(22) cos 30° +i sin 30°.
(23) radius =5, centre = (— 3, — 1).

QUESTION BANK: SOLVE THESE TO MASTER

1. (3 2. (a 3.
4. (¢ 5. (a) 6.
7. (a) 8 (o .
10. (a) 11. (b) 12.
13. (d) 14. (b) 15.
16. (c) 17. () 18.
19. (¢) 20. (a) 21.

22. (d) 23. (0

(®)
(®)
(@)
©
©
(CY)
©
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LECTURE

Formation of

. i Quadratic Equations

BASIC CONCEPTS

1. General Form of Quadratic Equation
An equation of the form Ax* + Bx + C
= 0 where 4 # 0 and x is A variable is
called A quadratic equation and 4, B, C
are constants (real or complex) which are
called coefficient of x2, coeffi cient of x and
constant term, respectively.

2. Pure Quadratic Equation
In pure quadratic equation fi rst degree term
does not appear. e.g., Ax* + C =0, x> - 4
=0etc

3. Roots of an Equation

The values of x that satisfy the given

quadratic equation are called the roots of

the given equation.

Note:
(1) Every polynomial equation of degree n

has exactly » roots. (real or complex).

(i1) If 4 quadratic equation has more than
two roots then it must be an identity, 1.e.,
A=B=C=0.

(1) If a i1s any one root of the quadratic
equation Ax? + Bx + C = 0, then 4Aa? +
Ba + C =0 and (x — a) is one factor of
the expression Ax? + Bx + C.

(1v) If a and B are the roots of the equation
Ax*+Bx+C=0then Ax>+Bx+C=4
x-a)x=p

2 B C 2
orx*+7xtr=x'—(atp)x+ap

Hencea+ﬂ=—§,a,3=%

(v) The quadratic equation whose roots are
aand Bisgivenby (x—a) (x — ) =0
orx’—(a+pBx+af=01ie,x*— (sum
of the roots) x + product of roots = 0.

(vi) Difference of rootsie., @ —f|

=\/m=%

(vii) Every equation of odd degree has at
least one real root.

4. Some Important Formulas Connected
with Roots of Quadratic Equation
Ax*+Bx+C=0
If @ and B are the roots of the equation
Ax*+ Bx + C =0, then

a +ﬂ =_ E =_ (M)
4 Coefficient of x*

af= C _ _Constant term
A Coefficient of x*
(1) If C=0then ¢f =0, i.e., one of the two
roots is zero.
(i) If B=0 then @ + 8 =0, i.e., both roots
are equal in magnitude but opposite in
signs.



C.4 Formation of Quadratic Equations

(i1) If B =C =0 then both roots are zero.
@) If 4 = 0, then the quadratic equation

reduces to linear equation Bx + C = 0,
L C.
B
(v) A=B=C=0,thenthe quadratic equation
Ax*+ Bx + C = 0 becomes an identity.
(vi) Roots are reciprocal of each other, if

af=1= Q
re,A=C.
5. Value of Symmetric Functions
Let @ and B are the roots of the equation
Ax*+ Bx + C =0, then

a+ﬂ=—§

Formula for finding the values of following
symmetric functions:

0 @ p=(a+p)(a-p)

andaﬁ=%»

(i) (@-p)y=(a+py-4ap

1 a+p
(1) & +E 7
@iv) a*+p2=(a +p)* - 2ap
@ B @B (@rpy-dap
B ap af
(Vi) a*+p*=(@+p) —3af (a+p)
. p_a+p
(vii) F +a 2B
(vii) (a + By =— %, (4B +B)" = %
(ix) & + 5= (@ + )@ + )
—afXa +p)

x) Q+a+ad(A++pH
=l+@+p)+@+p>)+ap
ta’p+ap (a+p)

SOLVED SUBJECTIVE ROBLEMS: (CBSE/STATE BOARD):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC

1. If a, B be the roots of the equation
ax*+ bx + ¢ = 0. then find the value of the

following (1) 3 +[i (11) 3 +[i
Solution

a, B are roots of the equation ax? + bx
+c¢=0.

a+ﬁ=—§andaﬂ=%

St B _@tp_(a+p)-3apa+tp)
(l)ﬁ o P op
_(_2)3_3%(_%)_(—b3+3abc)xg
- cla - e c
) a’+[f=b(3ac—b2)
B @ a’c
Ans.

ﬂ3 a4 +B4 B (@®+ B> - 2a2
@)ﬁ B T ap
[ (@ +B)* — 2aB)* - 2°B*
of
[(-&y-2ef-2(sy
cla

[(bl— 2ac)y* _2_(;2]

at a?

cla

_(b*+4a’c? -

2 2,2
4ab’c - 2a*c*) 4
4 xc
a

g _ b*—4dab’c +2d¢*

+
a a’c

=R,

Ans.
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2. If 8 and 2 are roots of the quadratic equation
tion x>+ ax + # =0 and 3, 3 are roots of
the quadratic equation x> + ax + b = 0.
Then, find the roots of the quadratic
equation x>+ ax+b=0.

Solution

Since, 8 and 2 are roots of the quadratic
equation x> +ax+ =0
Therefore, 8 +2=—-a/1 =>a=-10
Again, 3, 3 are roots of the quadratic
equation x> +ax+b=0
Therefore,3 x3=b=5b=9
Therefore, x> +ax+ b=x>—10x+9=0,
[by substituting values of a and 5]
> -%—-x+9=0=>x(x-9 -1
x-9=0
>x—-Nx—-1D=0=>x-9=0,x—1=0
=>x=9,x=1
Thus, 1 and 9 are required roots.

3. If the difference of the roots of equation
x*— Ix +m =0 is 1, then prove that /> =1
+4m.

Solution
Let a, a + 1 be the roots of equation x> — Ix
+m=0
Therefore,
sum of the roots =a +a + 1=—(=0)=[ (1)
and Product of the roots=a (@ +1)=m
©))

at+ta+l1=1]

. o _1-1
=2a=1l-1.a >

Form equation (1),

Putting the value of @ in equation (2), we

Therefore, P =4m + 1
Proved

4. If a, B are roots of the quadratic equation

ax*+ 2bx + ¢ = 0, then prove that \lg + \lg

—_2b
~ Vac
[BITS RANCHI - 1990]

Solution

Since a, B are roots of the quadratic equation
ax*+2bx +c=0.

Therefore, a + B =— % and aff =<

Thus

R

Proved
5. If the roots of the equation x*> — (1 + m?)x
2 4
+ l-km% =0 are a, B then prove that
o+ ﬁz =m?

[MPPET - 2008, NDA — 2009]
Solution

Since, roots of given equation

2 4
x2— (1 +mdx+ 1+m%=0area,ﬁ’
2 4

La+B=1l+m*andaf= I-Fm%
o+ =@+ By - 2ap

1+ 2+ 4
(1 +mpp o LEP M) = )
=1+4+2m>+ m*-1- m*—m*
:,n2

Proved

6. If the roots of the equation x?> — 3ax + a*> =
0 are , B and a@* + B> = 1.75, then find the
value of a.

Solution

As a and g are roots of equation x*> — 3ax

+a*=0

Therefore a+pf=3cand af=a?
given, a?+ =175

= (a+p)?—2a8=1.75
= (Ba)*-2a*=1.75

= 9% —2a2=1.75
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= Ta2=1.75
= a’>=0.25
= a==0.5

7. If a, B are the roots of the equation x? + x
+ 1 =0, then prove that the equation whose
roots are ma + nf and mp + na is x>+ (m +
mx+m*—mn+n)=0.

Solution
a and B are roots of the equation x* + x
+=0
a+f=-laandf=1

Now, adding the given roots

= (ma + nB) + (mf + na)

= (ma + mpP) + (na + nf)

=m(a+p)+n(a+p)

=(at+p)(m+n)

=—(m+n) (ra+p=-1)

and their product = (ma + np) x (mp + na)

= (m* + n)af + m n(a® + %)

= (m* + n)af + m n[(a* + )’ - 2ap]

=m*+n)]l + mn[(-1)*-21]

=m*+n*)+mn(-1)
=m*+n)-mn
=m?>-—mn+n?
Therefore, required equation is
x? — (sum of the roots)x + product of roots = 0
= {(m+n)ix+m>-mn+n*=0
x*+(m+nx+m—mn+n*=0
Proved

(8) Find the value of & for which the roots a,
of the equation x> — 6x + k = 0 satisfy the
relation 3a + 28 = 20.

Solution
Clearly,a+f=—-(—-6)=6and af =k
Now 3a +23 =20

S>a+t2a+p)=20
=>a+2x6=20

=>a=8.
buta+p=6,a=8
=>p==22

s k=af=8x(=2)=-16.

UNSOLVED SUBJECTIVE PROBLEMS (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

1. If px? — gx + » = 0 has a and B as its roots,
evaluate

ap + pPa
2. If a and B are the roots of the equation ax?

+ bx + ¢ =0, find the equation whose roots

1 1
ac+b> af +b

are

3. If @, B be the roots of ax? +2bx + ¢ =0 &
a +3, B + 3 be roots of Ax* +2bx +c¢ =0,

then prove that
b>—ac _ ( a )2,
B*-AC \4

4. If o and B be the roots of the equation px?
+ gx + r = 0. Hence, obtain the equation

a
whose roots are E and &-

5. Sum of roots of the quadratic equation is
2 and sum of cube of roots is 98. Find the
equation of roots.

6. If a, B are roots of the quadratic equation
x? + px + p*+ ¢g = 0, then prove that a® + af
+p2+q=0.

7. If p and q are roots of the quadratic equation
x*+ px + ¢ = 0 then find the value of p and q.

L

equal in magnitude but opposite in sign,

then show that p + ¢ = 2r and prove that

8. If roots of equation

2 + 2
product of roots is —l%'

Exercise Il

1. If roots of equation y = + Lb =1 are

equal in magnitude but oppo§te in sign,
then prove that a + 5 =0.
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2. If @ and B are the roots of 2x?> — 5x + 7 =0,
find out the equation whose roots are 2a + 33
and 3a + 2.

3. If @ and B be roots of the equation ax? + bx
¢ = 0 then, form the equation whose roots

B

area+ﬁandﬂ+—

4. If a and B are roots of the quadratic equation

If one root of the equation 5x2+ 13x+£=01s
reciprocal of other, then find the value of &.

. Ifroots of equation 2x>+3 (k—2)x +4 — k

= 15x are same but of opposite sign, then fi
nd the value of %.

. If 8 and 2 are roots of the quadratic equation

x2+ax + B =0 and 3, 3 are roots of the
quadratic equation x* + ax + b = 0. Then,

x* — px +36 = 0 and @* + 2 = 9, then find find the roots of the quadratic equation
the value of p. X+ax+b=0.
ANSWERS
Exercese | Exrcise Il
22
1.% 2. 20~ 25c+82=0
3. acx*+b(ctax+(ct+ta)?=0

2. acx>~bx+1=0 4. p=+9
4. pr*+ Qrp—-gHx+m=0 5 k=5
5. x*-2x-15=0 6. k=17
7. p=1,andq=-2 7. 9,1

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. f the sum of the roots of the quadratic
equation ax? + bx + ¢ = 0 is equal to the
sum of the square of their reciprocals, then
a/c, bla, c/b are in

[AIEEE - 2003; DCE — 2000]
(a) AP (b) GP
(c) HP. (d) none of these
Solution

(c) As given, if a, B be the roots of the
quadratic equation,

_1,1 _(@tpy-2a8
then,a"'ﬂ_a'_) +ﬁ2 - a2b2
_éz(bz/az)—(Zc/a)zbl_zac
a ctla c’
2 2+ 2
32?[,=%+%3(ab qbc)=2?a

c ac”

= 2a% = ab*+ bc?

o

= g, @ 3 are in H.P

. If @ and B are the roots of 6x> —6x + 1 =0,

then the value of % la+ba +ca®+da3] +
Ha+bp+cp+dp lis
@ f@+b+c+d)

(b) %+g+%+d

4

d

©§+3+5+¢

(d) none of these
[RPET - 2000]

Solution

(b) a, B are the roots of the equation 6x?
-6x+1=0=>a+f=1,aB=1/6
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Therefore,% [a+ ba + ca® + da’) 4. In a triangle PQR, ZR = % If tan (%) and
+1 yla+pp+ cﬁ2 +dp?] tan (%) are the roots of ax> + bx + ¢ =0, a
# 0, then:
=aty b a+ + cla*+ ’
@+h @+ [AIEEE - 2005]
+—d(a3+ﬂ3) (@) b=a+c (b) b=c
) c=a+b (d) a=b+c
=aty b+ cl(a +B)P-2a
[Py Al Solution
+ j d[(a+B)-3apfla+p)] (c) If @ and B are the roots of the equation
ax2+bx+c=0,thena+ﬁ=%=andaﬁ
ortdefor-ad]
+§d [(1)3_3 6] Since, tan (%) and tan (%) are roots of
tion ax + bx + ¢ = 0.
=g+é+£+°—i. equaction ax® + bx + ¢
tan§+tan§=—a
3. If @, B are the roots of ax® + bx + ¢ =0 and Theref:
2a+f,a®+p% o+ B are in G.P, where A crelore, p. 0O ¢
= b2 — 4ac, then: and tan5 tan 5 =73
[IIT (Screening) — 2005] p O R =
(@) A#0 (®) bA=0 Also, 2t27272
© cb#0 d) cA=0 (As P, Q, R are angles of a triangle)
Solution ptQ _n R_P+Q _n
Step 1: = 2 272 2 4
p. 9\ _
2 2 2 2 2
a-+ﬁ-=(a+ﬁ)-—2aﬁ=%—70 %+tan%
) = tan 1
_b"-2ac p, @
2 1 —tan 5 tan 5
b
G+ =(a+p)y3af (@+p) 31__a£=13_%=1_%
b c\(_b a
=_?_3(+E)(_E) —~_b=J—c
_ b 3bc_-b+3abc =c=a+tb
@  a a S. If the roots of the equation x* — 5x + 16 =
Step 2: Also given 0 are @ and B, and the roots of equation
@ @+ py=(@+p) (@ +p) X2+ px +q =0 are @ + 2, af/2, then:
(b’ 2ac) (—b )(—b3 + 3abc) [MP PET —2001]
a ] @p=149=-56
= 4a%c*> = ach? ® p i ; L z 26_ >6
= ac(b’-4ac)=0asa=0 ©p=1lg
=cA=0 (d)P=_1>q=56
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Solution

(b) Since roots of the equation x* — 5x + 16
=0Qareaq,f.
S>a+B=5andap=16

anda2+ﬁ2+a2—ﬁ=—p

:(a+ﬁ)2—2aﬁ+a2—ﬂ=—p

=25-32+8=p

=p=-1and (a2+ﬂ2)(a7ﬁ)=q

2[(a+ﬁ)2—2aﬁ]laz—ﬁl=q

=q=125-32118
=56

So,p=—1,9=-56 R
. If the roots of the equation % -m—l

are negatives of each other then is

atb a-b
@ =5 ® 4+p
a-b atb
(a)a+b (®) a-b

[MP — 1996; PET (Raj.) 1988 — 2001]

Solution

(b) The equation can be written as,
(m+1)(x*=bx)—(m—-1)(ax-c)=0
S>m+D*—bm+b+tam—a)x+cim—1)
=0
Its roots are negatives of each other.
Therefore, Coefficient of x =0
2bm+b+am—a=02m=z;+z
. Ramesh and Mahesh solve a quadratic
equation. Ramesh reads its constant term
wrongly and finds its roots as 8 and 2
whereas Mahesh reads the coeffi ient of x
wrongly and finds its roots as 11 and —1.
The correct roots of the equation are
[BIHAR (CEE) - 1999]
(@ 11,1 (b)) —11,1
(c) 11,-1 (d) none of these

Solution

(c) Let equation be x*> + bx + ¢ = 0.
Ramesh reads ¢ wrongly but b correctly,
so8+2=-b=b=-10.
Mahesh reads b wrongly but ¢ correctly,
so(11).-1)=c=>c=-11
correct equation is x> —10x —11 =0,
Its roots are 11, — 1.

8. If @ and B are the roots of the ax?> + bx
+ ¢ =0 and if px*> + gx + » = 0 has roots

- 1-
laa and ﬁﬁthenr=

(@) at+2b (b) atb+tc
(¢) ab +bc +ca (d) abc
[EAMCET - 2007]

Solution

®a+p=-Landap=5 )

The quadratic equation whose roots are

l-a 1-8.
— is

a B
—a 1- —a -
xz_(laa> ﬁﬁ)x+ laav ﬂﬂ=0
Using(l)x2+btzcx+a+g+c=0

orex?+(b+2¢)x+(a+b+c)=0comparing
with px?+¢gx+r=0
r=a+b+ec
9. f A4 is the A.M. of the roots of the equation
x?—2ax+ b= 0and G is the GM of the roots
of the equation x?> — 2Bx + a? = 0, then
[UPSEAT - 2001]

(a)A>G b) A+#G
©A=G (d) none of these
Solution

(c) Sum of the roots of x> — 2ax + b*=01s 2a
Therefore, 4 = A.M. of the roots = a

Product of the roots of x> — 2bx + a>=0 is @?
Therefore, G.M. of the rootsis G=a
Thus, 4A=G
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. If a and b are roots of x> — px + ¢ = 0, then

1,1
aty=
(@ lp (d) l/q
() 172p D plq
[Orissa JEE — 2004]

. If @, B are the roots of the equation x? + 2x

+4=0, then ﬁ’ is equal to

[Kerala (Engg.) — 2002]
(a) —1/2 (b) 12
(c) 32 @ 1/4
. If the sum of the roots of the equation
ax* + bx + ¢ = 0 be equal to the sum of their
squares, then
(a) a(a+b)=2bc
®) c(a+c)=2ab
(¢) b(a+ b)=2ac
(d) bla+b)=ac
. If the sum of the roots of the equation Ax? + 2x
+ 31 =0 be equal to their product, then A =
(a) 4 (b) —4
) 6 (d) none of these
. If @ and B are the roots of the equation x* —
ax+1)—b=0,then(a+ 1) (B+1)=
[BIT (Mesra) 2000; HCET- 2001]
(@b (b) —-b
©1-b @ b-1
. If the product of roots of the equation mx?
+6x + (2m — 1) = 0 is — 1, then the value
of mis
[Pb. CET - 1990]
(@1 b)) -1
(c) 173 @ -11
. Difference between the corresponding roots
of x>+ ax+b=0and x> + bx + a=0 is same
and a # b, then

@atb+4=0
©a-b-4=0

(b) a+b—-4=0
d) a-b+4=0
[AIEEE - 2002]

8.

10.

11.

12.

13.

1
3+V2

The equation whose roots are

1 .
and3_\/§15
(a) Ix*—6x+1=0
(b) 6x>=Tx+1=0
© ¥—6x+7=0
@ x*-7x+6=0
[MPPET - 1994]

. If p and q are the roots of x2 + px + ¢ =0,

then
@p=1l,g=-2 ®) p=-2,9=1
©)p=1,¢9=0 d p=-2,9=0

[IIT-1995; AIEEE-2002; UPSEAT-2003,
RPET - 2001]
If the root of x> — bx + ¢ = 0 are two
consecutive integers, then 5* — 4c is
[AIEEE - 2005]
© 3 @@ 4
xip+xiq_%
are equal in magnitude but opposite in sign,
then the product of the roots will be

[IIT-1967; RPET — 1999]

(a)1 () 2

If the roots of the equation

2 + qZ (pZ + qZ)
@~ ® ——5—
- q2 ®*-9°)
@75 ) L4
If a and B are the roots of the equation ax?

+ bx +c¢ =0, then

« . B __
af+b ac+b

(@ 2/a () 2/b
©2/a d —-2/a
If the roots of the quadratic equatlon

+1

+
=XT are reciprocal to each other, then

nx+1

[MPPET - 2001]
®) m=n
d m*+n*=1

(@ n=0
c)m+n=1



14.

15.

16.

17.

18.

19.

Quadratic Equations C.11

The number of values of a for which
(@-3a+2)x*+(@—-5a+6)x+a>—4=0
is an identity in x, is

@0 () 2

©1 @ 3

Two students while solving a quadratic
equation in x, one copied the constant term
incorrectly and got the roots 3 and 2.

The other copied the constant term and
coefficient of x? correctly as — 6 and 1
respectively. The correct roots are

(@ 3,-2 (b) —3,2

(c)—6,-1 @ 6,-1
[EAMCET - 1991]

If the product of roots of the equation x? —

3kx + 2e gk — 1 = 0 is 7, then its roots will
be a real when

[IIT — 1984]
(@) k=1 (b) k=2
) k=3 (d) none of these
Let N be the number of quadratic equations

with coefficients {0, 1, 2,..., 9} such that
zero is a solution of each equation.

[Kerala PET — 2003]
Then the value of N is
(a) Infinite (b) 2°
(c) 90 (d) 900
If the roots of ax? + bx + ¢ =0 are a, f and
the roots of Ax>+Bx+C=0area —k, 8 —

k, then ZZ, C is equal to
(@0 (®) 1
A4Y 2
© (4) @ (4)
[RPET - 1999]
If the sum of the roots of the equation x? +

px + q = 0 is three times their difference,

SOLUTIONS

. (dHere,a+b=p,ab=¢q

1,1 _a+tb_P
=atp" a4

. (dHere,a+f=-2anda+p=4

20.

21.

22,

23.

24,

then which one of the following is true
[Dhanbad Engg. — 1968]

(@ 9p*=2q () 2¢*=
©) 2p°=9% d 9¢°=2p
The value of ‘¢’ for which |a*> — 3% | =7/4,

where @ and f are the roots of 2x*> + 7x + ¢
=0,1s

() 4 (®) 0
© 6 @ 2
If a and B are the roots of the equation ax?

+bx+c=0,af=3anda, b,carein AP,
then a + b is equal to

(@ —4 (b) -1
(©) 4 @ -2

[Kerala PET — 2007]
If @ and B are roots of the equation Ax? + Bx

+ C =0, then value of @* + p* is

[RPET-1996; DCE — 2005]
34BC - B? 34BC + B?
O O
B3 —-34BC B3 -34BC
© 5= @ =2

If3isarootof x>+ kx—24 =0, it is also a
root of

(@) x> +5x+k=0
©)xX*-kx+6=0

(b) x*=5x+k=0

@ x*+kx+24=0
[EAMCET - 2002]
If @ and 3 are the roots of ax? + 2bx + ¢ =0,

then % + g is equal to

[MPPET — 2009]

@) 4b2;02ac ) 4b2;c4ac
@) 2b2;02ac (b) 2b°ac4ac
11O _@p) Sty
ﬂ’ (ap) (ap)
=w 16 _1

@y 64 4
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3. (c) Let @ and B are roots of equation ax? +

bx + ¢ =0 then
atp=gap=§
According to the questions
atp=a+p
a+pB=(@+p)? 2ap
“b_b 2

a " p2"a
=b _ b*—2ac
a a
b*—2ac=-ab
b*+ab =2ac
b (a+b)=2ac
. (d) If a and B are roots of equation Ax? + 2x
+ 3L =0 then,

a+ﬁ(sum)=7

and a B (product) = ;—'1 =3

According to the questions,
Sum = Product
Z=3m1=3F

. Qa+B=a,08=—a-b

Now, @+ 1) B+ 1) =af+(@+p)+1
—a—-b+ta+1=1->

. (c) Product of the roots =a 8 = %

Product of the roots = 2mm— L-
(given)
=>2m-1=-m
=3m=1
=1
>m=3

. (a) Let the roots of x> + ax + =0 and x* +
bx+a=0be

a, B and y,  respectively.

o —pl=ly -3

=>(@—py=@q -9’
S@+p)?—4ap=(y+3>*—-4y3
=>((—al-4b=(-b)Y-4a
>a*-b+4a-4b=0
=>(a—-b)(@a+b+4)=0,a-b+#0 (given)
=a+b+4=0

8.

10.

11.

12.

1 1
3+V273-42

(a) Given roots are

1,1 _
3+ V2 3-42

1 1 _1
GB+V2) 3-v2 7

sum of roots = %

Product of roots =

Quadratic equation whose roots are « and
B is given by x* — (sum of the roots)x +
product of roots =0

.. required equation, x* — % x +% =0

or7x2-6x+1=0

. (@) Wehave p+gq=-p

and pq=9
p=1
and l+g=-1
or q=-2
(a) Let n and (n + 1) be the roots of x> — bx

+c=0
Thenn+m+1)=bandn(m+1)=c
P=4e=Qn+1)Y—-4n(n+1)
=4’ +4n+1—4n*—4n
=1
OR
(a—p7=(a+p)~4apand|a—p|=1
(b) On simplification the given equation is
X+x(p+q-2n+pq-—pr—qn=0
By given condition
B=-aora+p=0 ¢))

Therefore,p+g—2r=0o0rp +q=2r
Product of roots: a =%

= pg—pr=qr=pq-r@+q
= rq —1% @+

= 712pa - +9% by (D)
= —% p*+q°l

(d) If @ and 3 are roots of equations ax? + bx

+ ¢ =0 then

a+ﬁ=_a—bandaﬂ=%



13.

14.

15.

Quadratic Equations C.13

e, B
“(afptb) aa+b

_aa’+ba+aB’+bp
(af + b) (aa + b)

_ala 2+ 8D+ b(a+p)
" a’af + abB + aba + b?

=a{(a+ﬁ)2—2aﬂ}+b(a+ﬁ)

a’af +ab(a +p)+ b’
» 2 -b
afb-Ze s ()
a X%+ab(_a—b) + b2
b —2ac -b*
_ a
a’c —ab® + ab?
a
_—2ac_-2
a’c a

(a) If the roots of Ax* + Bx + C = 0 are
reciprocal to each other then from C = A.

Given equation (x — m) (nx + 1) = (x + n)
(mx+1)

m-—nx*+QCmn+0)x+n+m=0
Clearly, fromA=m—-n,c=m+n, C=4
m—n=m+norn=0

(c) Step 1: If ax? + bx + ¢ = 0 is identity then
a=b=c=0

Step 2: If given equation is an identity then,
a@-3a+2=0=>a=1,2
a-5+6=0=>a=2,3

a?-4=0

=>a=-2,2

The common value of a = 2.

Therefore, the number of values of a=1.

(d) Let a, B be the roots of given equation,
then ¢ + f = 5 (from the observation
of student first) and af = — 6 (from the
observation of student second)

16.

17.

18.

So, the equation is x> = 5x —6=0
Sx-6)(x+1)=0

=>x=6,—-1.

(b) Product of the roots = aff = % =7 (1)
(given)

= 2etlek_1=7

coelsk=4

S k*=d4ork=%2

But, by definition of log,

(since negative numbers do not have log),
k-2

k=2

Again A>0

LK —4(N)=0

This inequality is also satisfi ed when k= 2.

(c) Step 1: Clearly ax? + bx = 0 is the
required quadratic whose one root is zero.

Step 2: Clearly a# 0, therefore, total number
of ways of selecting a is clearly 9 and that
of b 1s 10 with given 10 coefficients.

Step 3: Total number of ways of selection
of a and b simultaneously i1s =9 x 10 ways
in turn giving total 90 quadratic equations.

(c) If @ and B are roots of equation ax? + bx
+ ¢ =0 then

a+ﬁ=_a—bandaﬁ=%

and @ — k, B— k are roots of equation
Ax*+ Bx + C =0 then

@-b+@-kh==2
and(a—k)(ﬂ—k)=%
Evidently
@-B-@-bH=a-p

Squaring both sides and using

(a—b)*=(a+b)—4ab
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19.

20.

we get,
[@a-B+@B-BP-4@a-k@B-k
= (a+p) - 4ap

- (4%
3B A;IAczb a24ac
B2—44c _A4*

b*—4ac &

Bt ()
b*—4dac

(c) Leta, parerootsof x> +px + ¢ =0
Soa+f=-pandaf=¢q
Giventhat (a +8)=3(a—-p)=-p

=

3a—ﬂ= ?
Now (a - B = (a +p)* - 4a B

:>%=p2—4qor2p2=9q,

(c)Here,a +f =7 and af =
w e pl=

o -pr=
@+f)@-p =+

—=1.49 , _
=>=7 4—2c +

= VA9 —8c=7F1
49 — 8¢ =1

= 8c=48

= ¢=6

YN

TR

7
4

21.

22,

23.

24,

(d)Here,a+ﬂ=andaﬁ=%=3
=>c=3a

Also, a, b, c are In A P.
=>2b=a+c=a+3a=4a

Sp=%_y,

2
Hence,a+ﬁ=—g=%=—2

(a) If a and B are roots of the equation
Ax*+ Bx + C =0, then,

a+b=—Bandaﬁ=%

A
n @+ =(a+py 3apla+p)
_=B_3C(=B)
A A \A
_—B*+3BCA
- B +35C4

(c) One root of the equation x? + kx — 24
=0 1s 3, therefore,

=32+3k-24=0

=>k=5

Put x =3 and £ =5 in option (c) we find:
BR-5)B)+6=9-15+6=0.

Hence option (c) is correct.

(a) Given equation is ax? + 2bx + ¢ =0

ap

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. If the product of the roots of the equation

2x% + 6x + a*+ 1 = 0 1s —a, then the value of
a will be

(@ —-1
© 2

(®) 1
d -2

2.

If x, x,, x, are distinct roots of the equation
ax? +Bx + ¢ =0 then

(@ a=b=0,ceRrR

®)a=c=0,beR

(c) b*—4dac>0

da=b=c=0
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. If a and B are the roots of the equation 4x? +
3x+7=0,

starts with a wrong value of q and fi nd
the roots to be 2 and — 9. The roots of the

h 1.1_ original equation are:
henatp” () 2.3 (b) 3.4
[MnR - 1981; RPET - 1990] (c)-2,-3 @ -3,-4
(@) 3/7 (b) 377 9. If a, § are the roots of the equation x? + ax
() —-3/5 @ 3/5 + b = 0 then the value of & + 8° is equal to

. If the roots of the equation ax? + bx +c¢ =0

[RPET - 1989; Pb. CET - 1991]

are reciprocal to each other, then (a) — (a® + 3ab) (b) @+ 3ab
[RPET - 1985] (©) — a*+ 3ab @) a*-3ab

@a-c=0 (b) b-c=0 10. If the difference of the roots of x> — px + 8

(©)atc=0 (d) b+tc=0 = 0 be 2, then the value of p is

. If p and ¢ are the roots of the equation

[Roorkee — 1992; Haryana — 2003]

x*+pg=({@+1)x,thenq= (a) £2 (b) +4
(@ —1 () 1 (c) £6 (d) +8
(© 2 (d) none of these 11. If the sum of the roots of equation (m + 1)

. If the sum of the roots of the equation
x* + px+ g = 0 is equal to the sum of their

x>+ 2mx +3 =0 1s 1, then the value of m
is

squares, then (a) 172 (b)) —-122
[Pb. CET — 1999] () 1/3 @ -173
@p'-¢=0 ®) pPP+q’=29q 12. If the equation x2 + kx + 1 = 0 has the roots
©) p’+p=2q (d) none of these a and b, then what is the value of (& + ) x
a B (@' +p7)?
. If the roots of the equation y=¢ + x—B [NDA - 08]

= 1be equal in magnitude but opposite in (a) & ®) 1k

sign, then a + g = (c) 2k (d) 1/Q2k>

@0 b) 1 13. If the roots of 4x* + 5k = (Sk + 1) x differ by
(©) 2 (d) none of these unity, then the negative value of k is

. Two candidates attempt to solve the
equation x? + px +¢q = 0.

One starts with the wrong values of p and
finds the roots to be 2 and 6 and the other

[MP PET — 2008]
®) -5
@ -3/5

(@ -3
©) -1/5

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions 1. If the roots of the given equation (2k+ 1)x?
1. The answer sheet is immediately below the —(Tk+ 3)x + k+ 2 = Oare reciprocal to each
work sheet other, then the value of k will be
2. The test is of 16 minutes. (@) 0 () 1
3. The test consists of 16 questions. © 2 d 3

[MPPET - 1986]
If the roots of the equation ax? + bx + ¢ =0
are @, f3, then the value of a >+ &> B+ a 8
will be

The maximum marks are 48.

4. Use blue/black ball point pen only for 2.
writing particulars/marking responses. Use
of pencil is strictly prohibited.
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10.

@ 22 ®) 0
(©) - % (d) none of these

[EAMCET-1980; AMU - 1984]

. If @ and B are the roots of the equation x* —

4x + 1= 0 the value of & + ° is

[MPPET - 1994]
(b) 52
@ -76

(a) 76
() —52

. What is the sum of the squares of roots of

¥=3x+1=0

[Karnataka CET — 1998]
(b) 7
@ 10

@5
©9

. If one root of the equation ax®> + bx + ¢ =0

be reciprocal of other, then

(@ b=c ®) a=c
(©) a=0 @ b=0
. If ax? + bx + ¢ =0 is satisfied by every value
of x, then
(@ b=0,c=0 ®) ¢=0
© b=0 (d) a=b=c=0
. The numerical difference of the roots of
X=Tx—-9=0
(@) 7 (b) 285
() W7 (d) 85

. If the roots of the equation x> + px + ¢ =0

differ by 1, then

[MPPET - 1999]
(b) p*=4q+1
(d) none of these

(@) p>=4q
© p’=4q-1

. If the product of the roots of the equation

(a+1D)x*+QRa+3)x+Ba+4)=0be 2,
then the sum of roots is

(a) 1 b)) -1
() 2 @ -2
If roots of x2 — 7x + 6 = 0 are a, b, then
1.,1_
atg”
[RPET - 1995]
(a) 6/7 (b) 7/6
(c) 7/10 (d 89

11.

12.

13.

14.

15.

16.

Sum of roots is — 1 and sum of their
reciprocals is 1/6, then the equation is
[Karnataka CET — 1998]

(@) x*+x-6=0 (b) x*-x+6=0
) 6x*+x+1=0 (@) x*-6x+1=0
If the roots of the equation x?> — bx + ¢ =
0 and x? — ex + b = 0 differ by the same
quantity, then b + ¢ is equal to
(a 4 () 1
© 0 @ -4

[BIT RANCHI -1969; MPPET - 1993]

Suppose that two persons A and B solve
the equation x? + ax + b = 0. While solving
A commits a mistake in constant term and
finds the roots as 6 and 3 and b commits a
mistake inthe coefficient of x and finds the
roots as — 7 and — 2. Then the equation is.

[Kerala PET — 2008]

(@) x*+9%x+14=0

(b) x*—9x+14=0

© ¥+9%—14=0

(d) x*-9%—-14=0

If x = V7443, then 1 x + %=
[EAMCET — 1994]

() 4 () 6
©3 @ 2
The sum of the roots of a equation is 2 and

sum of their cubes is 98, then the equation
is

[MPPET - 1986]
(@) x*+2x+15=0
(b) x*+15x+2=0
() 2x2-2x+15=0
@ x*-2x-15=0
If the roots of the given equation 2x? +
3(A—2)x +X+4=0be equal in magnitude
but opposite in sign, then A =
(@1 () 2
©3 @ 273
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14.
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Putting this value of a, we get sum of
roots,

=2a+3=_—4+3=_1
a+1 2+1

(b) Sum of roots =6 +3=9
Product of roots = (- 7) (- 2)=14
Correct equation is

x? = (Sum of roots)x + Product = 0
x?=9x+14=0

(a) We have x = V7 + 43

15.

ANSWER SHEET
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HINTS AND EXPLANATIONS
. (b) It is given that 1. 1 _ 743
aﬁ=2:>3aa++14=2 X NT+4V3 ANT+4BANT-43
=>3a+4=2a+2=>a=-2 =7 +4v3
Also,a+ﬁ=—2a+13 1 -
at xt =T +43 +V7 - 4\3

=(\3+2)+(2-V3)=4

(d) Let roots are a and 8
a+p=2and a®+ =98
Lt =@+p)(@—-af+pd
= 98 =2[(a +pB)* - 3a ]

= 49=(4-3ap)

Sapf=-15

This equation isx2 —2x — 15=0
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LECTURE

Nature of Roots

BASIC CONCEPTS

1. Nature of the Roots Roots of the

equation Ax*> + Bx + C = 0 are given by,

_ _B+B*—44C
T

The quantity B*> — 4A4C is called the
discriminant of the equation. In terms of
and S roots are as follows,

_-B+\B*—44C
e

_-B-\B*-44C
A= 24
The roots of quadratic equation Ax? + Bx +
C=0are
(1) real, unequal and rational if B? — 44C
=1,4,9, ... 1e, positive and perfect

square.
(i1) real, unequal and irrational if B* — 44C
=2,3,5,6, ... 1.e, positive and not a

perfect square and A4, B, C are rationals
(A4, B and C are not irrational)
In this case, irrational roots of a quadratic
equation occur in conjugate pair of surds
i.e., if one root is p + /7, then the other root
must be p — /q.

Note: If B> — 44C > 0, then the roots of the

equation are real and unequal.

(1i1) The roots of the equation are real and
equal, if B2—4A4C =0.

Note: If B> — 44C > 0, then both roots of the

equation are real.
(iv) The roots of the equation are imaginary
and unequal if B2 - 44C <0.

Note: 1f the coefficient of a quadratic equation

are real numbers, then the imaginary roots
always occur is conjugate pairs of the form
x £ iy. (A, B and C are not complex)

. Some Important Formulas Connected

with Roots of Quadratic Equation Ax? +

Bx+C=0

(1) If A+ B+ C =0, then one root of the
quadratic equation is always unity

(x = 1) and other root is % ie,ifa=1
and 8 = ¢
A
Examples (algebraic sum of the coefficients
is zero)
O A-mx*+m—-—nx+m-0D)=0
@) a(b—c)x*+blc—ax+cla—b)=0
@) b+tc—2ax*+(cta—2b)x+(a+b-
2¢)=0

Note: Other root is % Hence both roots

(1 and %) are rational.
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SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. If the roots of the quadratic equation
plg — Px*+ q(r — p)x + r(p — ¢) = 0 are the

1.1_2
same, then prove that P +57= q

Solution

Given equation is p(q — x>+ q(r —p)x +r

@-9=0

Here,a=p(q—r)x’,b=q(r—p),c=r(p—q)

If roots of this equation are same, then

*—4dac=0

=>q(r=p)’—4plg-1 .rp-¢9)=0

= ¢ +p* = 2rp) —4prpg —pr—q’ +qr)

=0

= q*r*+q°p* — 2pqg’r — Ap*qr + 4p*
+4pqg*r — dpgr* =0

=¢'r +¢'p’ + 2pg’r — 4p’qr - 4pqr

+4p%*=0

= g (r*+p>+2rp) —4pgr(p +r) +4p* =0

=@ +r)—4pgrp+r+Q2pry=0

=>[qg@tr—2pr*=0

=>q@+r)=2pr

=>ptr= % pr

p+r_;

pr9q
_2

P r_
rirTq

r _2

p
prtpr=g
2

1_
P9

=
= 2
1
=5+
Proved
2. If roots of the quadratic equation (p? + ¢*)x?
—2(ap + bq) x + a* + b> =0 are equal, then
a_>p
prove that -7
Solution

Given quadratic equation,

P>+ ¢ 2ap + bgx +a>+ b= 0
Here, A = p* + ¢*, B=-2(ap + bq) and
C=a*+b’

If roots of the given equation are equal,
then

B*-44C=0

= 4(ap + bql - 4(p*+¢*) (@ +b)=0
= (ap +bq)* =’ +¢°) (@* + b))

= a’p* + b’q> + 2abpq

=a’p* + b*q* + bp* + a’q®

= a’q* + b*p* 2abpqg =0

= (aqg — bp)*=0

= (aqg—bp)=0

QI"B

=aq=bp =4 b
Proved

3. If roots of the equation (a® — bc)x? + 2(b* —
ca) x + ¢*— ab =0 are equal, then prove that
@+ b+ 3 =3abc.

Solution

Given equation is (a® — bc)x? + 2(b* — ca)x

+cd—ab=0
Here, A = a*— bc, B=2(b*— ca) and C = ¢?
—ab

Since, roots of the given equation are equal,
therefore B* = 44C

= 4(b* - ca)*= 4(a* — bc)(c* — ab)
= b*+ %> — 2ab*c = a’c®* — a*b — b + ab’c
= b*+ a*b + bc® = 2ab*c + ab’c
= b B+ + ) =3abc
= b+ a*+ 3 =3abc
Proved

4. The roots of the quadratic equation x>+ Ax
+ u = 0 are equal and 2 is one root of the
quadratic equation x?+Ax — 12=0.

Find the value of A and u.

Solution

Since 2 is one root of the quadratic
equation
x?+Ax-12=0
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22+A(2)-12=0

=>4+24-12=0

=21-8=0

=1=4

And roots of the quadratic equation x? + Ax
+ m =0 are equal.

o b?=4ac=0

= 22— 4(1) (@) =0

>42-4u=0

S4u=16=>u=4

ThusA=4=pu. Ans.

. If roots of equation x>+ 2(p — ¢)x + pg =0

are imaginary then prove that 4x*> + 4(p —
Qx + (4p*> + 4¢*> — 11pq) = 0 will have real
roots.

Solution

Comparing the given equation x> + 2(p —

@x +pg=0withax>+ bx +c=0we geta

=Lb=2p-q).c=pq

Given that discriminant of Ist equation
2—4ac<0

L Re-P-4x1xpg<0

4p-q)—4pg<0

4p* + 44> — 8pg — 4pq <0

4p*+ 44> — 12pq <0

Second equation is,

A+ 4(p — q)x + (4p*+ 44> — 11pg) =0

Let discriminant of second equation D =

b?—4dac

=[4(p — @'~ 4 x 4(4p*+ 44>~ 11pg)

)

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |
1. Solve V5 x2+x+V5=0
2. Solve 9x2+10x+3 =0
3. Solve V3x*—V2x+3V3 =0
4. Solve the equation 4x* + 9 = 0 by

factorization method.

. Solve the equation 9x* — 12x + 20 = 0 by

factorization method.

. Solve the quadratic equation 2x> —4x +3 =

0 by using the general expressions for the
roots of a quadratic equation.

. Solve the equation 25x? — 30x + 11 = 0 by

using the general expression for the roots of
a quadratic equation.

. If the roots of equation (1 + n)x? — 2 (1 +

3n) x + (1 +8n) = 0 are equal, then find the
value of n.

. If roots of the quadratic equation a(b — c¢)x>

+ b(c — a)x + c(a — b) = 0 are equal, then
prove that b(c + a) = 2ac.

Exercise Il

1.
2.
3.
4.

10.

Solve x?+2=0.

Solve x>+ x+1=0.

Solve 3x> + 8ix + 3 =0.

Solve the following quadratic equations by
factorization method.

1) ¥*-5ix-6=0

(i) X*+4ix—4=0
@iii) X2 V2 ix+12=0
@iv) 3x>+7ix+6=0

V) = GV2 R2i)x+6N2i=0

. Solvex>— (7—-i)x+ (18 -i)=0.
. Find the roots of the equation (p — ¢)x* +

(g-—rx+(@-p)=0.

. Discuss the nature of the roots of the

equation 3x? —4x +2=0.

. Examine the nature of the roots of the

quadratic equation 2x2 — 9x + 8 =0.

. If roots of the equation 4x> + 15x + m = 0

are equal, then find the value of m.

Find the equation whose roots are 2 + 3i,
2-3i
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ANSWERS
Exercise | Exercise Il
-1 £~19i L x=+V2i
1. ——— _
235 5 poTlE V3i
5 po=5EN2I oo 2
: 9 3. 3.-3i
3 (\/fi \1341) 4. () x=3i,2i (ii) x = — 2i, 2i
2V3 (i) x=3V2 i, = 2¥2i (iv)x=—3i, 2/3 i
4 x=3i-3i (V) x=2i,3V2
< x—éiii S. 4-3iand 3 +2i
273 6. x=2——P
‘ pP—q
1. 1. L
6. 1+ ol and 1 — No R 7. Roots are imaginary
8. Roots are real, unequal and irrational.
2. 3.2, 225
5 5 9. m= 96
8. n=0,n=3 10. x>-4x+13=0
SOLVED OBJECTIVE PROBLEMS: HELPING HAND
1. Ifx= (a) 15x*=8x+16=0
T T E—— to infinity, then (b) 15x*+ 8~ 16=0
= () 15x*-8-2x+16=0
= = d) 15x2—8x—-16=0
1++5 1-+5 (
@ —5— ® —— [Roorkee — 1972]
©) # (d) none of these Solution
Solution (b) Given that 5cos4 +3=0orcos4=-3/5
B \jl+ NI . Alies in IT quadrant Sin 4 = 4/5,
(a)x_ """"""""" fo© ,we tand =—4/3
have x =1 +x . equation having roots as sin 4, tan 4 is

=>x2=1l+x=>x2-x—-1=0

_1£NT+4 145

=>XxX= P = 2 A
1++5
2

Asx>0, we get, x =

2. In a triangle ABC the value of Z4 is given
by 5 cos 4 + 3 =0, then the equation whose
roots are sin 4 and tan A will be

-(§-3)x-15-0
= 15x*+8x—-16=0
3. If p, q, r are +ve and are in A P, the roots of
quadratic equation px? + gx + r = 0 are all
real for
[IIT- 1994]
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@ [5-7/<a3 b [F-7[24v3

(c) all pand (d) nopandr
Solution

(b) For real roots g2 — 4pr=>0

ptry :
:>(T) —4pr>0 (- p,q,rarein A.P)
=>p*+r-14pr=0

p'l

==
,.2

1424120
=(5-7) -4820
:‘1—;—7‘24\/3

4. If a, B are roots of the equation x* + px + 1
=0 and y, 0 are roots of the equation x>+ gx
+1=0,then (@ —y)B—y)a+d)(B+d)is

equal to
[IIT — 1978, DCE — 2000]
@p-¢ ®) p+q’
©) ¢-p* (d) none of these
Solution

© v a+f=-py+d=—qaf=1=y0
Exp=[af+y(@+p)+7]
[af -0 (a+p)+d7]
= (1 +py+y)(1 - pd +6%)
But y, d are roots of the second equation, so
YVi+qgy+1=0=>9y*+1=—gqy,
FP+gd+1=0=0*+1=—¢0
~ Exp. (py — qv) (-pd — q9)

=—'J/6 (pl—q2)=q2—p2

5. Ifa,b,c € Rare such that4a+2b+c¢=0
and ab > 0 then equation ax> + bx + ¢ =0
has

[Haryana (CET) — 1993]
(a) only one root
(b) purely imaginary roots
(c) real roots
(d) complex roots

Solution

(¢)4a+2b+c¢=0= x=2is asolution of
the given equation, so its other must also be

real.
6. If x =2 + 224 2?3 then x> — 6x>+ 6%
equals
(@) 2 () -2
©0 @ 1
[MNR 1985; PET (Raj.) — 1995]
Solution

> x=2+2"2+2M = (x-3)
= (21/3 + 22/3)3
=>x-8-6x(x-2)=2+4+32(x-2)
=>x3-6x*+6x=2
7. If x?— 2x + sin®> a = 0, then
[Roorkee(Sc.) — 1999]

(@) xe [, 1] (b) x €[0,2]
©) xe [-2,2] @ xe[-1,2]
Solution

2+\4—4sin’a

®)x= 5 =lxcosa

Now—1<+£cosa<l
=>1-1<l+cosa<l+]1
=0<lxcosa<2

=>x e [0,2]

8. If @, B are roots of the equation x>+x + 1 =
0 then the equation whose roots are a*+
and a + B2 will be

[IIIT (Allahabad) —2001]
(@ x*—x+1=0 (b) x>*-x—-1=0
©) x*-2x+1=0 () (x+1?*=0
Solution
@a+p=-l,af=1=a’+p>=-1
and a'+p7%=-1
.. required equation is (x + 1)2=0
Alternative Method

Obviously, a = w, § = »?
Lt Eetot=-1, a+ 2

=p?+ot=0+0*=-1
.. The required equation is (x + 1)>=0
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9.

If A, b, c are integers and b>= 4(ac + 5d%),
d € N, then roots of the equation ax?>+ bx
+c=0are

[ICS —2001]
(a) irrational
(b) rational and different
(c) complex conjugate
(d) rational and equal

Solution

10.

(a) Here, b*>— 4ac = 204”

[+ b= dac + 204
which is not a perfect square (. de Z), so
roots are irrational.

If 0 <C <m/2 and sin C, cos C are roots of
the equation 2x>— px + 1 = 0, then possible
values of p are

[NDA —2004]
(@1
(b) 2
(3
) 4

Solution

11.

(a) sinC+cosC=§(1), sinC-cosC=%

=>sin2C=1
—a50( .. T .=
C=45 ( Ce(0,5)) - p=212
By (1)
If the roots of the quadratic equation x? + px

+ ¢ =0 are tan 30° and tan 15° respectively,
then the value of 2+ g —p is

@0 (b) 1
(©)2 @ 3
[AIEEE - 2006]
Solution
(d) tan 30° +tan 15°=-p e8)
tan 30° tan 15° =¢q 2)

Now, tan (30° + 15°) = %

31=1i
-pP
=q-p=1
=>qg-pt2=3

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. The roots of 4x> + 6px + 1 = 0 are equal,

then the value of p is
[MPPET - 2003]

OF: )

© 3 @
The quadratic equation with real coefficient
with one root 1 ++v3 is

(a) x*+2x+2=0 (b) x*-2x+2=0
) x*+2x—-2=0 (@) x*-2x-2=0

Wl W—

The quadratic equation whose one root is

will be

1
2+45
[RPET — 1987]
(b) x>+4x+1=0
(d) V2x2—4x+1=0

(@ x*+4x—-1=0
) x*—4x-1=0

4.

The roots of the equation x> +2vV3 x+3 =0
are

[RPET - 1986]
(a) real and unequal
(b) rational and equal
(c) irrational and equal
(d) irrational and unequal

. The value of k for which 2x> —kx+x+8 =

0 has equal and real roots are

[BIT Ranchi — 1990]
() 9and 7
(d) 9and -7

(@ —9and—7
(¢) —9and7

. The least integer £ which makes the roots

of the equation x> + 5x + k = 0 imaginary
is
[Kerala (Engg.) — 2002]

(24 ()5 ©6 D7



Quadratic Equations C.25

. If2+i V3 is aroot of the equation x* + px +

q =0, where p and q are real, then (p, ¢) =
[IIT - 1981; MPPET - 1997]
®) 4.-7)
@ 4-7

@ 4.7)
© @7

. If a root of the equation x> + px + 12 =0 is

4, while the roots of the equation x? + px +
q = 0 are same, then the value of ¢ will be

[RPET - 1991; AIEEE - 2004;

Kerala PET - 2007]

(a) 4 (b) 4/49
(c) 49/4 (d) none of these
9. The roots of the equation ix? — 4x — 4i =0
are
(a) —2i (b) 2i
(©) —2i,—2i d) 2i,2i
10. Ifa+b+c=0, then the roots of the equation

4ax* +3bx + 2¢c =0 are

root must be 1 — V3

Sum of roots = (1 +V3) + (1 —V3) =2
Productofroots = (1 +V3) (1 -V3)=1-3
-2

Thus, the required equation is as follows

x2 — (sum of roots) x + Product of roots = 0
x=2x—-2=0

. 1 .-
. (a) Other root is DN By definition

Py L 1
245 2-45

+ _1 =
(2+5) (2-+5)

0

11. x2+x+ 1 +2k (x>—x— 1) =0 is a perfect
square for how many values of &
[Orissa JEE — 2004]

(a2 ()0 © 1 @ 3

12. Roots of ax?> + b = 0 are real and distinct, if
(@) ab>0 (®) ab<0
©) a,b>0 (d) a,b<0

13. Roots of the equation x> + bx — ¢ = 0
(b,c>0)are

(a) both positive (b) both negative

(c) of opposite sign  (d) none of these
14. If roots of the equation a (b — ¢) x2

+ b(c — a) x + c¢(a — b) = 0 are equal, then

a, b, c are in

[Roorkee — 1993; RPET — 2001]

(a) AP (b) GP

(c) HP. (d) none of these
15. The condition for the roots of the equation

(?—ab)x*—2(a*—bc)x+ (b*—ac)=0to

(a) fequalv be equal is
(b) imaginary [MPPET — 1995]
(c) real (@ a=0 (®) b=0
(d) none of these ) c=0 (d) none of these
SOLUTIONS
. (c) For equal roots B> = 44C oA 1 _
© q , or, x (4_5)+(4_5) 0
So(6p)=4x4x1 =+Z
©p) orp 3 or, x> +4x—-1=0
. (d)If given one root is 1 + V3, then its other OR

Step 1: The quadratic equation whose one root is
2_1\5 x ;:g= 24__\/5§=\/§—2then its
other root must be = — V5 — 2
Step 2: The desired quadratic equation is
*—(a+f)x+aB=0
- (5 -2-~N5-2x+ (5 -2
=V5-2)=0
e, x> = (-4x)-(5-4=0
orx*+4x—1=0
4. (c) Here coefficient of x is not rational so
their may be two equal irrational roots.
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10.

Further, equation is (x + V3)? = 0 so it has
two equal irrational roots each equal to

- 3.

L 22 +x(1-k)+8=0

Roots are equal = B*—44C=0
or(k—1)*-—4.2.8=0
or(k—1)>*=8?

ork—1==%8
ork=1+8=9,-7

. (d) Roots are non-real if disc. <0

1e,1f52-4.1k<0
ie., 4k>25

1
4

Hence, the required least integer k is 7.

i,e.,ifk>%k>6+

. (@Ifx>*+px+g=0hasoneroota=2+i

3, then its other root must be =2 —i V3
atf=-paf=4
=>-p=4,q=22+(N3)=7
>@.9=-47)

. (c)A, 4 arerootsof x2+px +12=0

Latd=—-pla=12=a=3
=>3+4=-p=>p=-T.
Equation x? + px + ¢ = 0 becomes x> — 7x +
q=0.
It has equal roots.

49

2—4AC=Oor,49—4q=Oorq=T

. (¢) ix? — 4x — 4i = 0 (Coefficients are not

real)

4+ 16— 4i(4i)
x= 2 xi
_4£V16-16

x 2i

4 _2 i_2i_
Y= T it

= —2i, — 2i (i.e., both roots are equal)

(¢) B> —4AC = 9b* - 32ac
=9(-a—c)*—-32ac
[(-a+b+c=0]
=94+ 9¢* — ldac

=c2[9(4y-14%+9]
which is always positive. [*.- B2 — 44C < 0]

Note: Sign of quadratic ax? + bx + ¢ is same as a

11.

12.

13.

14.

if b2 — 4ac <0.

(a) Given equation is (1 +2k)x? + (1 — 2k) x
+(1-2k)=0

If equation is a perfect square then its both
root are equal

1e,b>—4ac=0
ie,(1-2k2-4(1+2k)(1-2k)=0

. _13
e, k=270

Hence, total number of values = 2.

(b) Since, roots of ax?> + b = 0 are real and
distinct

if B>—44C>0
1e,0—4ab>01e.4ab<01e.,ab<0

a and b are of the opposite signs.

(c) Since, b, c>0
Therefore, c + f=-b<0anda B =-c
< 0 Since, product of the roots is negative.
Therefore, roots must be of opposite sign.
©)b*(c—a)—4ac(b—c)(a—b)=0

or b (¢* + a®> — 2ac) — 4ac [ab — ac — b* +
bc]=0

or b* (® + a* — 2ac + 4ac) + 4a’c® — dabc
(cta)=0

or [b(c + a)]* + Qac)* =2 .2ac . b (c +a)
=0

or [b(c+a)—2ac]*=0.

Sob(cta)=2ac

2ac
atc

orb=

S bisHM. of aand c 1e., a, b, ¢ are in
HP

Alternative Method

Here X a(b — ¢) =0 i.e. algebraic sum of the
coefficients is zero.

. x =1 is a root and since both roots are
equal, therefore they are 1, 1.



Quadratic Equations C€.27

-b
aﬁ=1=zg_c;or

.a,b,carein HP.

_ 2ac
b_a+c

. (@) (*—ab)x*—2(@—bc)x+(B*—ac)=0

If the roots be equal, then B2 — 44C =0

S A (a*—be)?—4(c*—ab) (b*—ac)=0

or [a* — 2a* bc + b*c*] — [b*c* — ab® — ac® +
a’bc]=0

ora(a®+b*+c—3abc)=0

. Eithera=0ora®+ b*+ ¢ — 3abc = 0.

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. If the roots of 4x*> + px + 9 = 0 are equal,

then absolute value of p is

[MPPET — 1995]
(b) 12
(d) £12

(a) 144
© —12

. If the equation m —n) x>+ (n—Dx+I1/-m

= 0 has equal roots, then /, m and » satisfy

[DCE - 2002]
(@ 2l=m+n
(b) 2m=n+1
C)ym=n+1
Il=m+n
The quadratic equation with real coefficients

whose one root is 7 + 5i, will be
[RPET - 1992]
(@) x2—14x+74=0
(b) x*+14x+74=0
©) x*—14x—-74=0
@ x*+14x—-74=0
The quadratic equation whose one root is
2 —~/3 will be
[RPET — 1985]
(@) x>—4x—-1=0
(b) x**—4x+1=0
) x*+4x—-1=0
@ x*+4x+1=0
If 3 +4i is aroot of the equation x> + px + ¢
=0 (p, q are real numbers), then
[EAMCET - 1985]
(@ p=6,9=25
(®) p=6,9=1
(C)P=_6>q=_7
dp=-6,9=25

6.

10.

Rootsof x>+ k=0, k<0 are
(a) complex conjugates

(b) real and distinct

(c) real and equal

(d) rational

. If p, q, r are real and p # g, then the roots

of the equation (p —¢@) x> +5(p+¢q)x—2
—q) =rare

(a) real and equal

(b) unequal and rational

(c) unequal and irrational

(d) nothing can be said

. The roots of the quadratic equation (a + b

—2c)*-QRa-b-c)x+(@a—-2b+c)=0
are

(@at+tbtcanda—-b+c

(b) 1/2anda—-2b+c
(©)a—-2b+cand1/a+b—x

(d) none of these

. fa+b+c=0,a#0,a,b,c € Q,then both

the roots of the equation ax> + bx + ¢ =0
are

(a) rational
(b) non-real
(c) irrational
(d) zero
The roots of the quadratic equation 2x? + 3x
+1=0, are
[IIT-1983]
(a) irrational
(b) rational
(c) imaginary
(d) none of these
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WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
work sheet

. The test is of 13 minutes.
. The test consists of 13 questions.

The maximum marks are 39.

. Use blue/black ball point pen only for

writing particulars/marking responses. Use
of pencil is Strictly prohibited.

. Let one root of ax? + bx + ¢ = 0 where a, b,

c are integers be 3 + V5, then the other root
is

[MNR — 1982]
(@) 3-5 ®) 3
) V5 (d) none of these

. The roots of the given equation (p — ¢q) x> +

(g-—rx+@—p)=0are
[RPET - 1986; MPPET — 1999;
Pb. CET - 2004]

pP—q q-r
@ F7=p- 1 ® p=¢1

r—p q-—r
© p=¢1 @ Lp=g

. If a and b are the odd integers, then the

roots of the equation 2ax*>+ (2a+b)x +b =
0, a # 0 will be

[Pb. CET — 1988]
(b) irrational
(d) equal

(a) rational
(c) non-real

. The value of k for which the quadratic

equation, kx? + 1 = kx + 3x — 11x? has real
and equal roots are
[BIT Ranchi — 1993]
() 5,7
(d) none of these

(@ -11,-3
() 5 -7

. or what values of k will the equation x* — 2

(1 +3k)x +7 (3 + 2k) = 0 have equal roots
[MPPET - 1997]

10.

11.

12.

10 10
@ L- )2,

10 10
© 3.~ @4, -

. If one root of the quadratic equation, ix> —

2(i + Dx +(2 — i) =0 1s 2 — i, then the other
root is

(@-i ()i © 2+i (d)2-i
. If 1 —iis aroot of the equation x> — ax + b
=0,then b=
[EAMCET - 2002]
(-2 ®-1 (1 @ 2

. Both the roots of equation x> —x -3 =0

are
(a) real rational
(c) real and equal

(b) real irrational
(d) imaginary roots

. The equation whose roots are % and % is

(a) 35x*+ 13x—12=0

(b) 35x> - 13x+12=0

(c) 35x*+ 13x+12=0

(d) 35x*—13x—12=0

One root of the equation x> = px + ¢ is
reciprocal of the other and p # 1. What is
the value of ¢?

[NDA — 2008]
(@ g=-1 ®) g=1
© q=0 @ q=3

The solution of the equation x + % =2 will
be
[MNR - 1983]

1

(@) 2,-1 ®) 0.-1,-%

1
©-lL-3
If the roots of the equation x? + 2mx + m?

—2m + 6 = 0 are same, then the value of m
will be

(d) none of these

[MPPET - 1986]

© 2 @-1

()3 (b) 0
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13. The equation of the smallest degree with

real coefficients having 1 + i as one of the
root is

[Kerala (Engg.) — 2002]

(@) x*+x+1=0

() x*—=2x+2=0
) x*+2x+2=0
(d) x*+2x-2=0

ANSWER SHEET
INORONON) 6@ ® O @ 1000 @
2@ ® @@ @ 7@ ® © @ @ ® e @
30 @ @ HONORONOEEN P ONONONO)
4t @® 00 @ C@® O @ 1B b
5@® @ @

HINTS AND EXPLANATIONS

. (a) Given equation 2ax?>+ 2a +b)x+ b =0,
(a#0)

Now its discriminant D = B2 — 44C

= (2a+ b)*—4.2ab= (2a — b)*

Hence, D is a perfect square, so given
equation has rational roots.

. (b) Step 1: The equation x? — 2 (1+ 3k) x +
7(B3+2k)=0

Herea=1,b=-2 (1 +3k),c=73 +2k)
Step 2: For equal roots b> — 4ac =0

So, (2 +6k)y>—4 (21 +14k)=0
>4+36k*+24k—84—-56k=0

Note: By using formula:

= 36k>—32k—-80=0
=>9%*-8k—-20=0

18+ 64 +80(9) g+28
18 18
The required value of k are 2, %

—b+\b>—4ac
2a

using k=

12. (@) x* +2mx + (m*—2m +6)=0

Here =«
. D=0,2m?—4m>*-2m+6)=0
=2m-6=0o0orm=3.
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LECTURE

Transformation of
Root

BASIC CONCEPTS

1. Some Important Formulas Connected
with Roots of Quadratic Equation:
Ax*+Bx+C=0
(1) If one root is A times the other root

(a, A, ), then condition is
AC (1 +A)*=B?*A
Note 1: If both roots of the quadratic be in the
ratio m: n then required condition is: AC
(m+n?=mnB®
(1) If one root is square of the other then
condition is AC (4 + C) + B* = 34BC
(iii) If one root is n™ power of the other root

then condition is
(ac")ﬁ + (a"c)ﬁ +b5=0
Proof:

Let one root of equation ax?+ bx + ¢ =01is

a, therefore, second root is a”.

Thus,a+a=—% €Y

and (a)(@) = §
1
=== (Sph
Putting the value of a in Equation (1) we
get,
1

=GP+ ()=

sl

1 1

= (@) 1+ (ac)y"+*1=b=0

(iv)If difference of the roots is 1 then B?
—4A4C = 4*

W) If bothcroots are of opposite sign then
aff = i< 0 ie., A and C are of the
opposite sign.

(v1) If both the roots are positive then

a +ﬂ=—§> 0; aff =%>O ie,

1,4>0,B<0,C>0

orA<0,B>0,C<0

(vi1) If both the roots are negative then A, B
and C are of the same sign.

Note:If A >0,B>0,C>0and B>-44C <0
then

(viii) If a number a is such that f{a) = 0 and
f’(a) =0, then a is a repeated root of
fx)=0and fix)=A4 (x—a)*.

2. Formation of Quadratic Equation in
terms of the Transformation of the Roots
of AX*+Bx+C=0
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Let af, be the roots of the equation Ax> +
Bx + C =0, then the quadratic equation.
(1) whose roots are —a , f is x*— (-a — )
x+ (-a) ()=0 or
Ax*-Bx+C=0
(i1) whose roots are 1/a , 1/ is

{i e )
Cx*+Bx+A=0

(iii) whose roots are — (1/a), — (1/8) is

» (=1 1 1 1\ _
e-(@-p)erlall-p)0
or
Cx*-Bx+4=0
(iv)form a quadratic equation whose roots

are k more (a +k, B + k), then the roots
of given equation change x to x — & .

¥X*—(at+tk+B+hx+(@+k)B+k)=0
orA(x—-k?*+B(x-k)+C=0

(v) Form a quadratic equation whose roots
are k less (@ — k, § — k) than the roots of
given equation change xto x + & .

R-{(a-B+@B-yx+@-kH@ -k
=0

orA(x+k)P+B(x+k+C=0

Note 1: To find an equation whose roots are
reciprocals of the roots of the given equation
change to x to 1/x. For example: case (i1)

Note 2: To find an equation whose roots are
with opposite signs to those of the given
equations change to x to — x. For example:
case (1)

Note 3: To find an equation whose roots are
square of the roots of the given equation
change to x to vx
(vi)To find an equation whose roots are

A times the roots of given equation

change x to x/A and resulting equation
is Ax*+ ABx + CA*=0.

SUBJECTIVE SOLVED PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find the equation whose roots are double of
the roots of the equation 4x*—5x -3 =0

Solution

Let the roots of equation 4x>— 5x —3 =0 be
aand 8.
Therefore, a + = _Tf’ =5

andaﬁ=%=_4—3

Roots of required equation are 2a, 2.

Therefore, required equation is,x* — (sum of
the roots) x + (product of the roots) = 0

= x?— Qa+2B)x + (2fax2p)=0
=>x*-2(@+B)x+4aBf=0

=>x-2(3)x+4(-3)=0
Therefore, 2x> - 5x-6=0

OR
Change x to % in given equation

we find 4 (%) —5(§) 3=0

12X 5
orx—2—3 0

or2x>=5x-6=0
Ans.
2. If @> = 5a — 3 and b* = 5b — 3 where a
# b form a quadratic equation whose roots

a a
are 7 and b
[AIEEE - 2002]
Solution

Letx?—5x +3 =0 be a quadratic equation. If
a and b are roots of this quadratic equation,
then a, b will satisfy this equation.

Therefore, a*— 5a +3=0

and b>’-5b+3=0

Which are given conditions
Now, Sum of roots=a +b=5

and Product of roots=ab =3
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a . b_a+?d
Therefore, pta="p
_(a+b)y-2ab (5-203)
B ab B 3
_25-6_19
3 3

Thus, the equation of that quadratic equation
whose roots are < and b ia
b a
, (a b a\(b)_
R

=>xz_13—9x+1= = 32— 19x+3=0

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

1.

In equation x?> + px + ¢ = 0, if one of the
roots 1s double that of the other root, then
prove that 2p? = 9¢.

. If 3p> =5p + 2 and 3¢ = 5¢ + 2 where p

# ¢, then find the value of pq.

. Find the equation whose roots are double of

the roots of the equation 4x* — 5x —3 =0.

. If the roots of the equation ax? + bx + ¢

= 0 are in ratio m: n, then prove that mnb?
=(m+n)2 ac.

If one root of the equation ax?> + bx + ¢ =0
be the square of the other, then prove that 43
+ ac? + a’c = 3abc.

If one root of ax* + 10x + 5 = 0 is three
times the other, then find the value of a.

If roots of the quadratic equation x* + ax
+ 12 = 0 are in the ratio 1: 3, then find the
value of a.

Exercise Il

1.

. If sum of roots of the equation

Form an equation whose roots are 2 more
than the roots of the equation x> — bx + ¢
=0.

x2 — bx

ax — ¢

= j: T }is zero, then fi nd the value of 1.

. If one root of the equation 3x* + px + 3

=0 (p > 0) is square of other, then find the
value of p.

. If ¢ and d are roots of equation (x — a)

(x — b) — k=0, then prove that a and b are
roots of equation (x —¢) (x —d) + k=0.

. If one root is square of other of equation

x?—x —k =0, then prove that k=2 £ /5.

ANSWERS

Exercise | Exercise Il

2. pg=-2/3 1. >-(@4+b)x+c+2b+4=0

3. 2x*-5x-6=0 z'lza-_kll;

6. a=0,a=15/4 a

7. a=+8 3.p=3

SOLVED OBJECTIVE PROBLEMS: HELPING HAND
1. If x> + px + ¢ = 0 is the quadratic equation @p=1lqg=5 b)p=1l,9=-5
whose roots are a — 2 and b — 2 where a and ) p=-1,9g=1 (d) none of these

b are the roots of x*? — 3x + 1 = 0, then
[Kerala (Engg.) — 2002]
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Solution

(d) If a and b are roots of equation x> — 3x +

1 = 0 then the equation with roots a — 2, b

— 2 is obtained by replacing,

x—>x+2

(x+2)-3x+2)+1=0

?+x-1=0

p=1,q=-1 (by comparing)

. The value of ‘a’ for which one root of the

quadratic equation (a®>—5a +3)x*+ (Ba-1)

x + 2 =0 is twice as large as the other, is
[AIEEE 2003; MPPET — 2009]

(a) 273 (b) —2/3

() 113 @ -173

Solution

(a) Let the roots are a and 2a
1-3a
a>—5a+3a

2
a-5a+3
1 (d-3ay
9 (a*-
(1-3a)
= (@*-5a+3)

=9a*-6a+1=9a>-45a+27

=a+22a= and

a.2a= Eliminating a

_ 2
a*—5a+3

=2

=9

=39 =26

-2
2(1—3
OR

Using the formula: AC(1 +1)*= B%
. If the roots of the equation ax*+ cx +c¢c =0
are in the ratio of p : ¢ than

\j§+\jg+€=0

(@ 0 ) 1
(©) 2 @ 3

[RPET - 1997; Pb. CET - 1992]

Solution

(a) Let the roots be pa and ga then their
sum

ap+q)=7 )

and product a? pq = % 2
Substituting the value of a from (2) in (1),
we get,

\F (p D e

+€=0

@%.Hj%:O(dividinng‘jg)
oL+ d+\G=0

@\gﬂgﬁjg:oms,

4. If aff are roots of x>— 5x — 3 = 0, then the

equation with roots 5 ———= 32 I 3 and 5 /31 is

[PET (Raj.) — 1998]

(a) 33x?+4x—-1=0
(b) 33x>—4x +1=0
(¢) 33x*—4x—-1=0
@) 33x*>+4x +1=0

Solution
(a) Sum of roots
1 1 2@ +p)-6

“2¢-3" 283" 4aPp—6(a+p)+9
=4

33
Product of roots = I + 1

28-3 2a-3
2(a+p)-6 -1

T 4ap-6a+p+9 33
Hence, equation is x> — (sum of roots)
x + product of roots = 0.
Therefore 33 x2+4x—-1=0
5. The value of & for which one of the roots of
x? —x + 3k =0 is double of one of the roots
ofx*-x+k=01s
[UPSEAT - 2001]

(a1 (b) -2
©) 2 (d) none of these
Solution

(b) Let a be aroot of x>—x + k=0, then 2a
is aroot of x> —x +3k=0.
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soa*—a+k=0and 4(@)?-2a +k=0

2

o« __a _ 1
3k+2k 4k-3k -2+4
=>a2=_7kanda=§
Nowa3=(a)2=>_7k=(§)-
=k+2k=0
=k=0o0r-2

. If aff are roots of the equation ax? + bx + ¢
= 0 then the equation whose roots are a +1/
B and B + 1/ will be
(@) acx*+b(c+a)x + (c +a)*=0

[PET (Raj.) — 1991]
(b) acx2 —b(cta)x—(c +a)*=0
(©) acx*~b(c+ta)x—(c +a)*=0
(d) none of these

Solution

(a) Wehave a + 8 =—b/a, aff = c/a
Now sum of the roots of the required
equation

=(a+%)+(ﬂ+é)

b b_-blcta

T Ta~ ac

oo

Product of the roots
1 1
= (a + g) (B+2)
| c,a.,a
=aﬂ+@+2a+z+?+2=
Therefore, requied equation is

blct+ta) (c+a)
ac Tt a =0

Sacx*+b(cta)x+(ct+ta)}=0

(c+a)
ac

x*+

. A polynomial whose zeros are the squares
of the roots of the equation x> —3x+1=0
is

[MPPET - 2007]
(a) ¥*-Tx+1 (b) x*-Tx-1
©) *+7x+1 (d) none of these

Solution
@:a+pf=3,af=1
Therefore, polynomial whose roots are a2,
/32
=x’—(@+p)x+a*B?
—x* [(a+B) - 20P] x + &
=x*=[3)-2(D]x + (1)
=x?-Tx+1

8. If one root of the equation ax*> + bx + ¢
= 0 be the square of the other, then a(c — b)}
= cX, where X 1s

(@) @ +b° (®) (a-0b)’
©) -0 (d) none of these
Solution

(b) If one root is square of other of the
equation ax? + bx + ¢ = 0, then b* + ac?
+ a%c = 3abc

Which can be written in the form a(c — b)}

=c(a-b)
Trick: Let roots be 2 and 4, then the equation is
x}—6x+8=0

Here obviously,

_ac=by 114 14 14 14

X=""2 g ~ 2 2*2°"
which is given by (a— b)* =73. (verifi cation
method)

9. Which one of the following is one of the
roots of the equation (b — ¢)x? + (¢ — a)x +
(a—b)=0?

[NDA -2009]
(@ (c—af(b-c)  (b) (a-b)(b-c)
© (-ofta-b) (d (c-a)a-b)

Solution

®)G-c)x?+(c—ax+(@-b)=0
=>b-c)x*-(b-c—-b+tax+(@-5b)=0
=>0b-c)xx-1)-(@-b)(x-1)=0
=>{b-c)x-(a-b)} {x-1}=0

2x=a;bandx=l
b—-c
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OBJECTIVE PROBLEMS WITH SOLUTIONS: IMPORTANT QUESTIONS

. If the roots of the equation 2x> +3x+2 =0
be a and S, then the equation whose roots
area+1landfB+1is

(a) 2x*+x+1=0 (b) 2x*-x-1=0
(¢) 2x*—x+1=0  (d) none of these

. If a and B be the roots of the equation 2x?
+2(a + b) x + a®> + b*= 0, then the equation
whose roots are (a + 8)*and(a — §)* is

(a) x*—2abx —(a®>-b**=0

(b) x> —4abx — (a®>-b**=0

(¢) x> —4dabx + (a*-b»)*=0

(d) none of these

. If the roots of the equation 12x* — mx + 5
=0 are intheratio 2 : 3, then m =

[RPET — 2002]
(a) 510 (b) 310
(c) 210 (d) none of these

. The condition that one root of the equation
ax* + bx + ¢ = 0 is three times the other is

[DCE - 2002]
(a) b*=8ac (b) 36> +16ac=0
(¢) 3b>=16ac (d) b*+3ac=0
. Let a and f be the roots of the equation x? +
x + 1 =0. The equation whose roots are a',

Bis

(a) x*-x—-1=0 (b) x*-x+1=0

) X*+x-1=0 @ x*+x+1=0
[IIT (Sc.) 1994; DCE — 2003]

. If the roots of the equation x> +x + 1 =0 are

a, B and the roots of the equation x* + px

+4g=0are %, gthen p is equal to
(a -2 (b) -1
© 1 @2
[RPET - 1987]

. The value of p for which one root of the
equation x? — 30x + p =0 is the square of the
other, are

[Roorkee — 1998]

10.

11.

12.

(a) 125 only
(c) 125 and 215

(b) 125 and-216
(d) 216 only

. Let two numbers have arithmetic mean 9

and geometric mean 4. Then, these numbers
are the roots of the quadratic equation

[AIEEE - 2004]
(a) x*-18x-16=0
(b) x2—18x+16=0
(©) x*+18x-16=0
@ x2+18x+16=0

. If (k € (-, =2)U(2, ), then the roots of

the equation x> + 2kx + 4 =0 are
[DCE —2002]
(a) complex
(b) real and unequal
(c) real and equal
(d) one real and one imaginary

If @, B are roots of x> — 3x + 1 =0, then the

. 1 I .
equation whose roots are > B 218

[RPET - 1999]
() x**+x+1=0

(d) none of these

(a ¥*+x-1=0
() ¥*-x-1=0
The roots of Ax* + Bx + C = 0 are r and s.
For the roots of x> + px + g = 0 to be #* and
s2, what must be the value of p?
(a) (B>-44C)/A* (b) (B>*-24C)/4?
(c) (AC -B¥»/A? @ B*-2C

[NDA -2009]
The equation whose roots are the reciprocal

of the roots of the equation x> +2x +3 =0
is

(a) ¥*+2x+1=0
(¢) 3x*+2x+1=0

(b) 3x*-2x+1=0

(d) none of these
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SOLUTIONS

1. (c) Given a and f are roots of equations 2x? The required equation is x* — 4abx — (a*

+ 3x +2 =0 then,
3 —2_
a+ﬁ—2anda/3—2—l

Sum of givenroot=a + 1+ + 1
=a+f+2

Product of given roots=(a + 1) (B + 1)
=af+a+p+1

3

=l+5+1

_~5_ 3_1
=2-5=3

1_
x+2—0

N [—

Required equation: x —
=2x*-x+1=0
OR

Required equation is obtained on replacing

x by x — 1 in given equation as follows: 2

x-1P+3x-1)+2=0

. (b) Given a and B are roots of 2x* + 2(a
—2(a+b)

+b)x+a2+b2=0then,a+ﬂ=T

=—(a+b)andaﬂ=a2;b2,

Sum of desired roots = (a + 3)* + (a — B)*
=a’+p*+2af +a*+ B2 - 2ap
=2+
=2 {(@+p) - 208}
=2{(a+ by -(a>+bM}
=2 {a*+b*+2ab—-a*-b*}
=4ab

Product of desired roots = (@ + 3)* (a — §)*
- {az_ﬂz}z
=a'+ pt— 2022
= (a2+/32)2_ 4a2/32
={(@a+p)-2aB}*~4(ap )

, A (a* - b??
={(@+by - (@+b)p -4
=4q*> b* - a* - b* - 2a*h*
=—(a*+b*-2a%?
= (a®* - b2

—B}=0

. (a) Let roots of 2a and 3a

Therefore, 2a + 3a = {n_z and 2a) (3a)

2.5 60x60
12 6
m==5J10

. (¢) In the formula ac (1 +1)>= bA we have

to put 3 for A to get the answer 16ac = 352

. (d) If roots of the x> + x + 1 = 0 are quite

clearly w and w? therefore, a=w

=
Thus, a’=wP=w

/37 =l =@?
Then, the equation will remain same x> + x

+1=0

. (c) Given « and f are roots of x> + x + 1

=0
Therefore, a + =51, a8 =1
and also given , a o areroots of x* + px +

q = 0, then,
a B
E+a+—p
a2+ﬂ2_
ap F

(@+py-2ap _

. (b) We know that one root of equation ax? +

bx + ¢ =0 is square of the other if,

ac(a + ¢) + b*=3abc ¢))
Puta=1,6=-30,c = p

p+p*+3 (1) (30) () - (30)'=0

= p*+91p —-27000=0

=p=125,-216
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8.

10.

11.

(b) Let the numbers be a, b.

Therefore,anrb=9=9\/E=4

Therefore a + b=18, ab=16

Therefore, the equation whose roots are a,
bisx?—18x+16=0

. (b)Here, D=4k*-16=4(K*-4)

Fork € (-, 0—2) U (2, ©)
kE-4>0=D>0.

Hence, roots will be real and distinct.
©@a+p=3,a=1=1
@-2)+PB-2)=(@+p-4=-1
@-2)B-2)=af-2(@+P)+4=-1
Hence, equation with roots @ —2 and 8 — 2
willbe, x> +x—-1=0

= Equation with roots %_2, ﬂ+2 , will
be

—x*+x+1=0o0rx*-x-1=0

- Equation whose roots are reciprocal of
the roots of the given quadratic equation is
obtained on replacing x by 3.

Alternative Method:

x12= =>x=Jl/+2

hence, so apply x — % + 2 transformation.
(c) Since, r and s are the roots of Ax*> + Bx

12.

+C =0, then
__B e
r+s——Aandrs 1

Now, roots of x2 + px + ¢ = 0 be 7* and s>
Therefore, ¥ + s2=—p and r’s*=g¢q

= F+s)}-2rs=—p

B _2C _
O A
B*-24C
=T a7
o= 24C-B
p A2
(c) Let a, B be roots of the equation x* + 3x

+3
Sum of roots =a +f =-2

Produce of roots = ¢ = 3

then required roots are é and é

(as roots are reciprocal to each other)

. 1 l_a+ﬂ_i
Sum of desired roots = g+ ﬂ__a ) =3
1

» “11_1_1
Product of desired roots = ¢ B=af 3
So, the required equation is

e B0
=3x*+2x+1=0

UNSOLVED OBJECTIVE PROBLEMS: (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. If a, B are the roots of ax? + bx + ¢ =0, then

the equation whose roots are 2 +a , 2 +f3
is

[EAMCET - 1994]
(@) ax*+x(da—-b)+4a—-2b+c=0
(b) ax*+x(4a—-b)+4a+2b+c=0
) ax*+x(b—4a)+d4a+2b+c=0
@) ax*+x(b—4a)+4a-2b+c=0

. If one root of x*> — x — k = 0 is square of the

other, thenk =0
(a) 23
(c) 245

(b) 3£2
(d) 5£2
[EAMCET -1986, 1987]

3.

S.

The equation whose roots are two times the
roots of the equation 3x>—8x -3 =01s

(a) 3x>+16x+12=0

(b) 3x>—16x-12=0

(¢) 3x*+16x-12=0

(d) none of these

. The equation formed by decreasing each

rootof ax> +bx +c=0by 1 is 2x> +8x +2
=0, then

(@ a=-b ®) b=-c¢
(©)c=-a d b=a+c
If ax*+ bx+c¢ =0, thenx =



Quadratic Equations C€.39

b+ \Nb*—4dac —b+\Nb*—ac
() 2a (b) 2a

2
© =7 VB = dac (d) none of these

If @, B are the roots of the equation 2x? — 7x
+ 6 = 0, then the equation whose roots are
a? and b* is equal to

(8) 4x*+73x+36=0

(b) 4x*+25x +36=0

(c) 4x*-25x+36=0

(d) 4x>+25x-36=0

If a, B are the roots of 9x2 + 6x + 1 =0, then

the equation with the roots é, %, 1s

[EAMCET-2000]
(a)2x2+3x+18=0 (b) x*+6x-9=0
) ¥*+6x+9=0 (d) x*-6x+9=0

8. Let g, a*be the roots of x>+ x + 1 =0, then

the equaton whose roots are !, a®* is
[AMU - 1999]

) x*+x-1=0

@) x®+x*+1=0

(@ x*—x+1=0
) *+x+1=0

9. The number of solutions for the equation x>

—5|x|+6=0is

[Karnataka CET — 2004]
(a) 4 (®) 3
(©) 2 @1

10. For the equation 3x>+px +3=0,p >0 if

one of the roots is square of the other, then
pisequal to
[IIT-Screening — 2000]
() 1
@@ 273

(a) 173
© 3

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions

1.

The answer sheet 1s immediately below the
work sheet.

. The test is of 13 minutes.
. The test consists of 13 questions. The

maximum marks are 39.

. Use blue/black ball point pen only for

writing particulars/marking responses. Use
of pencil is strictly prohibited.

. If @ and B are the roots of the equation 2x?

—3x + 4 =0, then the equation whose roots
are a?and f*is

(a) 4x2+7x+16=0

(b) 4x*+7x+6=0

() 4x*+7x+1=0

@) 4x>-Tx+16=0

. The roots of the equation x>+ ax + b =0 are

p, and g, then the equation whose roots are
p*q and pg* will be

[MPPET - 1980]
(a) x> +abx+b*=0
(b) x>—abx+b*=0
() bx*+x+a=0
@ x*+ax+ab=0

3. If a, 8 be the roots of the equation x>— 2x

+ 3 = 0, then the equation whose roots are
l/a*and 1/8%is

(a x*+2x+1=0
(©) X?-2x+1=0

b)) x*+2x+1=0
(d) x*+2x-1=0

4. If one root of the equation x>+ px + ¢ =01s

2+ 3 , then values of p and g are
[UPSEAT - 2002; Haryana —2004]

(a) —-4,1 (b) 4,-1
(©) 2,73 (d) -2,V3
5. The real roots of the equation x>+ 5 |x| + 4
(a) -1,4 () 1,4
() 4,4 (d) none of these

[UPSEAT - 1993, 1999; orissa JEE — 2004]

6. If the roots of the equation ax®> + bx + ¢

=0be a and B, then the roots of the equation
ex?+bx+a=0are
(a) -Q,— /3
© Valp

®) a, 1/B

(d) none of these

7. If a, B are the roots of the equation x? + bx

+c=0,thené+l

B

(a)l/e ® /b  (c) ble (d) —blc
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8. If a,b are the roots of the equation x* + x +
1 =0, then the equation whose roots are a*
and 8%, is
(@ x*—x+1=0 ®) x*+x+1=0
) x*+x-1=0 d) x*-x-1=0

9. If the roots of the equation ax? + bx + ¢ =0
are / and 2/, then

[MPPET-1986; MPPET — 2002]
(a) b*=9ac (b) 2b6>=9ac
(¢) b*=-4ac d) a*=¢?
10. The equation whose roots are reciprocal of

11.

12.

If the ratio of the roots of the equation ax? +
bx+c=0bep : q,then

[Pb. CET - 1994]
(a) pgb>+(p + ¢l ac=0
(®) pgb*>—(p + q)*ac=0
(©) pga*—(p + q)*bc=0
(d) none of these
If one of the roots of equation x> + ax + 3
=0 is 3 and one of the roots of the equation
x%+ ax + b = 0 is three times the other root,
then the value of b is equal to

the roots of the equation 3x2—20x+ 17=0 [J&K - 2005]
is (@ 3 (b) 4
[DCE - 2002] () 2 @ 1
(a) 3x2+20x—-17=0 13. If one root of the equation ax* + bx + ¢ =0
(b) 17x2-20x+3=0 be n times the other root, then
(©) 17x*+20x+3=0 (@) na*=bc(n+1)> (b) nb*>=ac(n+ 1)
(d) none of these (¢) nc>=ab(n+1)* (d) none of these
ANSWER SHEET
L@ ® 0 @ 6@ ® © O 1.@® © @
2@ ® O @ T@O® © O A ONONONC)
3@ © @ 3@ ® © O B3 @0 @
4@ b o @ .20 ® © ©
500 © @ 0.@ 6 © @

HINTS AND EXPLANATIONS

1. (2) Given « and g are roots of 2x> — 3x + 4
=0 then

atp % apf = % =2
Sum of given roots = o + 3

=(a+p)y-2ap
-9 4_-
47174

Product of given roots = a2. f*=(a f)*=4
The required equation is,

xz—(—%)x+4=0

=42+7x+16=0

OR

Required equation is obtained on replacing
x by VX in given equation as follows
2vx)*-3vx +4=00r2x +4=3vx,On
squaring

= 4x* +16x + 16 =9x

=42+ Tx+16=0

. (a) Given p and q are roots of x> + ax + b

=0thenp+g=—aandpg=>b

Sum of desired roots = p*q + pq*
=pq(p+q)
=b(—a)=—ab

)
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Product of desired roots = p%q . pg* = (pq)*
= b? The required equation is x> — (—ab) x
+5=0

=x2+abx+b*=0

. (b) Given a and f are roots of the equation

x?—2x+3=0then,a+pB=2,af=3
) B L L B aZ + ﬂl
Sum of desired roots = —5+ ;= ——5,—
a B ap
_(@+p)-2aB
(aB)
4-6_-2
9 9
Product of desired roots = L, X L’
1 _1 @ F
@y 9
The required equation is,
x? — (sum of roots) x + product of roots =0
2 1

v (-5)x+g=0

=>9%*+2x+1=0.

(b) Let pa , qa be the roots of the given
equation ax? + bx + ¢ =0.
Then,pa+qa=—aandpa.qa=%

12.

13.

__ b

alp+q)
Substituting this value of @ in second
relation,

we get,
2

From first relation, & =

@rar P14

=pgb’-(p + 9’ ac=0

(a) Given, 32+ a.3 +3 =0, a=-4 Let roots
of equation x> — 4x + b= 01is a and 3a.
at3a=4=4a=4>a=1
Hence, 1 -4+b=0=5b=3

(b) Let one root be a . Then, another root
= n* . Threrfore,

>(+na=-3 andna2=§
:>(1+n)2a2=—%andna2=%

2o b 2 C
= +n’a ——azanda =a

3(1+n)2%=2—2[-: a2=%]

=ac(1+n’-bn=0
which is the required condition.
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LECTURE

Graph of Quadratic
Equations

BASIC CONCEPTS

1. Maximum and Minimum Value and
Graph of a Quadratic Expression
Y=Ax* + Bx + C Let the expression y = Ax?
+Bx+C,A,B,C € R,A#0. This expression
can be written as follows by completing

By_1
the perfect square method (x + 2A) =

b-457)

which is parabola whose vertex is
( —B 44C - BZ)
24> 44 )
Case 1: If 4 > 0, then parabola is upward.
Y
(A>0)

00, 0) X
_ _R2
v ( —B 44C-B )

247 44
and minimum value of Ax*+ Bx + C =

—4A3A_ B forx= %

Case 2: If A < 0, then parabola is
downward.

-B  44C-B*
24° 44

and maximum value of Ax>*+Bx+C =0
44C - B? for x = -B
44 OTXT oy

Note1: 1If B* — 44C > 0, then the parabola

y = Ax* + Bx + C intersects x-axis in
two real and distinct points.

Note 2: 1f B>=4AC, then parabola y = Ax>+ Bx

+ C touches x-axis in one point.

Note 3: 1f B*<4AC then both roots are imanary

and parabola does not intersect x-axis.
2. Sign of the Expression Ax?+ Bx + C
For all real values of x, the expression Ax*+
Bx + C has the same sign as that of a except
when the roots of the equation Ax>+ Bx +
C =0 are real and distinct and x has a value
lying between them.

Note: Let Ax*+Bx+C=Ax—a)x —pB) (@ <p)
Case 1: When x is greater than both the roots

ie,x>pB > athen Ax*+ Bx + C = a
(x — a)(x — B) = A (one positive value)
Hence, Ax*>+ Bx + C and A are same sign
(B*>440)

Case 2: When x is smaller than both the roots

hence>a>xthenx—a<0,x—3<0
and Av’+Br + C=A(x~@) (=)= (4)
(=)

= (4) (one positive value) (B>> 44C)

Case 3: When x lies between both the roots i.e.,

a<x<fBthendx*+Bx+C=A(x - a)
(x — B) = A (negative value) (B> > 44C)
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Case 4: If both roots are equal i.e., B>= 44C
then Ax>+ Bx + C = A(x — a)(x —a)=
A(x — @)* = (4) (positive value)

Case S: If both roots are imaginary i.e., B2— 44C
<0or44AC-B*>0

Ax2+Bx+C=A[(x+ 44C-pB* ]

T
A (one positive value)
Note:
. x—-2)(x—-3)<0=>2<x<3
2 x—-2)(x—3)>0=>x<2,x>3,
x €(—0,2) € and x € (3,0)
3. x—a)(x—b)=x-(a+b)x+ab<0,
a<b=>xe(a,b)=>a<x<b
4. (x—a)(x—b)=x*-(a+b)x+ab>0,
a<b=>x<a,x>b=>x € (—»0,a)
and x € (b, o).

3. Limits or Maximum and Mmlmum or
A x- +Bx+ C

A Xt B x+ C
are obtained by in following steps
Step 1: First of all given expression is
equated to k and quadratic equation in x is
obtained.
Step 2: For real x interval of k is obtained
by B> > 4AC. Interval of k is called limits
of given expression.

4. Lety=ax*+ bx + c If D <0, then
(1) y> 0, for all real values of x if a> 0
(1) y <0, for all real values of x if a <0
i.e., y has same sign as that of a if D <0.

5. If any function f(x) has (x — a)(x — b) as
the factor then f(a) = f(b) = 0.
Quadratic Equation involving modulus
sign The value of modulus function is
always positive but its sign depends on the
sign of variable or expression or function.

Range of the Expression

Examples

(1) |Ax*+ Bx + C| = + (Ax*+ Bx + C) if Ax?
+Bx+C=>0

(ii) JAx?+ Bx + C| = — (Ax>+ Bx + C) if Ax?
+Bx+C<0

(i) x| =+xifx>0
=—xi1fx<0

@) x—a=+tx-a)ifx—a>0
=—(x-a)ifx—a<0

) | =x?

(vi) [10|]=+10, |-9|=—- (= 9).

. Important Formulas Related with Two

Quadratic Equations

Ax*+Bx+C =0 ¢))
Ax*+Bx+C,=0 2
(1) If both quadratic equations have one root
common, then,

Cl Al Bl

C, 4, B,

Cl A12= AlBl BlCl or
C, 4,| ~|4,B,||B,C,

(CA,~C,A=(B,~BA,)x(B,C,~BC))

Cl

C,4,
and common root = b

A_ B2

(11) If both quadratic equations have both
roots comman 1i.e., both quadratic equations
are 1dentical, then,

4B G

4, B, C,
(1) If roots of both quadratic equations

are reciprocals of each other, then ﬁl = B—l

2 2
A2
(iv) If the ratio of both roots of quadratic
equations are same, then condition is

Bl 2_ Al Cl
5)=\z)\c,

3 Al Bl Cl 3
1,e.,A—2> B—2> 52 are in G.P.

(v) If the difference of roots of both
quadratic equations are same, then

A B C,

ie,A B C Lare GP
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(v) If the difference of roots of both
quadratic equation are same, then
Bi-44C, A?

B-44C, 4

. Interval Containing the Roots

() If fix) = Ax*+ Bx + C. If f(a) and f(b)
are of opposite signs (f (a) f (b) < 0) then
exactly one real root of the equation f(x) =
0 lies between a and b.

(1) If £ (a) and f(b) are of same sign (f (a)
f (b) > 0), then either no root or even
number of roots of the equation f(x) = 0 lies
between a and b.

(111) If a real number % lies between roots of
the equation Ax*+ Bx + C = 0, then f (k) =
AR*+ Bk + C <0 1.e, f(k) is negative.

(1v) If a real number £ lies outside the inter-
val formed by the roots of the equation
then f (k) = Ak*+ Bk + C > 0 i.e, f(k) is
positive.

(v) If both roots of the equation Ax? + Bx +
C = 0 are greater than the one real number
k, then B*> 4AC; a + B = — L-> 2k and

24
fk)=Ak*+Bk+C >0

(vi) If both roots of the equation Ax>+ Bx +

C = 0 are smaller then the one real number

k, Bthen B*> 44C, a + = — B <2k and

2A
fk)=Ak*+Bk+C >0

(vi1) If both the roots are positive, then D> 0,

a+ﬁ>0,aﬁ>0;—g>0,§>0

(vii1) If both the roots are negative, then
D <0,
a+B<0,a8>0,-2>0,£>0
. If a, B, v are the roots of the cubic
equation
Ax*+Bx*+Cx+d=0, (4 #0) then
-_B
a+f+y =— p,

- (_1)1( Coefficient of xz)
Coefficient of x*

10.

Cc
aﬂ+ﬂy+ay=z

= (1) ( Coefficient of x )

Coefficient of x*

apy = _%= (_1)3(M)

Coefficient of x*

Descarte’s Rule of Signs

The maximum number of positive real
roots of a polynomial equation f{x) = 0 is
the number of changes of signs in f{x) and
the maximum number of negative roots of
fx) = 0 is the number of changes in f(—x).

Example 1: Consider x*+ 5x>+7x —4 =0

The signs of the various terms are + + + —
Since there is only one change of sign in the
expression x>+ 5x?+ 7x — 4

~.the given equation has at most one
positive real root.

Example 2: Consider f{x) = x* + 2x>+ 3x? — 8x —

4=0

L fx)=xt -2+ 3x+8x — 4

The signs of various terms of f (—x) are
+—++-

Since there are three changes of signs.
Therefore, the given equation has at most
three negative roots.

Example 3: Consider f (x) = x*+ 3x2+ 5

S f(Ex)=x*+3x2+5
Clearly, f'(x) and f(—x) do not have any
change of signs.

.. the equation of f(x) = 0 has no real roots,
1.e., all roots are imaginary.

Example 4: How many real solutions does the

equation x7 + 14x* + 16x® + 30x — 560 = 0
have?

[AIEEE -2008]
) 7
@ 3

@5
©1
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Solution

(c) Let f(x) = x7+ 14x3+ 16x*+ 30x — 560
S f'(e) =Tx5 + 70x* + 48x% + 30
=>f(x)>0VxeR

i.e., f(x) 1s an strictly increasing function.
So, 1t can have at the most one solution.
It can be shown that it has exactly one
solution.

SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC

. Find the condition, if the roots of the
equation ax? + bx + ¢ = 0 is reciprocal of
the roots of the equation a'x? + b'x + ¢' = 0.

Solution

Let a, § be the roots of the equation ax* +

bx + ¢ =0 and é’ L will be roots of the

equation a'x?> + b'x +¢'=0.
Also if we replace x by %in ax*+bx+c=0

we get a(%)2+b(%)+c=0,
orex?+bx+a=0

Now, this is similar to 2nd equation.
Therefore, ratio of coefficient will be
same.
c_b_a ... .

Therefore, Th which is the required
condition.

. If both roots of equations 3x* +ax -4 =0
and bx? — 2x — 8 = 0 are common, then find

the value of g and b

Solution

Let @, B are common roots of given
equations

3x*+ax—4=0 ¢))
bx*-2x-8=0 2
Therefore, ratio of coefficient will be

same;=i=i
b 2 -8

Therefore,a=-1,6=6
Ans.

. If both roots of equations k(6x? + 3) + rx +
2x*—=1=0and 6K 2x*+ 1)+ px+4x*-2 =
0 are common, then prove that 2r —p=0

Solution

Given equations are k(6x* + 3) + rx + 2x?
-1=0

=>x2(6K+2)+mc+3K-1=0 ¢))
and 6K 2x*+ 1) +px +4x*-2=0
=>x2(12K+4)+px+6K-2=0 2
Since both roots of Equations (1) and (2)
are common, therefore, sum and product of
roots of are respectively equal. That means
Equations (1) and (2) are identical.

L 6K+2 _r_3K-1

T12K+4 P 6K-2

1 1
2§=1—’;=§22r=p22r—p=0

4. If one root is common of equations x* + ax
+ bc =0 and x? + bx + ca = 0 then prove that
their other roots will satisfy the equation x?
+ex+ab=0.

Solution
Given equations are x> +ax+bc=0 (1)
andx*+ bx+ca=0 2)

Let a, § and «, y are roots of Equations (1)
and (2) respectively,

thena+pB=-a (€))
aff = bc @
a+y=-b 6)
and ay = ca ©)
Subtracting Equation (5) from (3), we get,
B-y=b-a @

Subtracting Equation (6) from (4), we get,
a@B-y)=cb-a)

= a(b - a) = ¢(b — a) [from Equation (7)]
>a=c (- b#a)

Putting the value of @ in Equations (4) and
(6), we get,
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f=bc=>pP=bandcy=ca=>y=a
Again, adding Equations (3) and (5), we
get,
2atpB+ty=—a-b=>p+y=—a-b-2a

=>pf+y=—a-b-2c ®)
Since a i1s one root of Equation (1) or
Equation (2)

Latac+bc=0=>c+ac+bc=0

=>cta+b=0=>-a-b=c

Putting the value of — a — b in Equation
@®,

>pt+ty=c-2c=>p+y=-c

Thus, the Equation whose roots are 3, y is
X=B+y)x+py=0

= x*(—-cxtab=0=>x>*+tcex+ab=0
which is required equation.

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise | 4. If ratio of the roots of x> + px + ¢ = 0 be

same as ratio of the roots of x2 + p'x + ¢' =

1. If equations ax® + bx + ¢ = 0 and cx? + bx 0, then prove that p%g' = pq.

+ a = 0 have one root common, show that
eithera+b+c=0ora—-b+c=0. 5. If @, B are roots of the quadratic equation x?
2. Find the condition that two quadratic + px + p? + g = 0, then prove that a*> + af8 +
equationax*+bx+4=0and ax’+bx+ B2+q=0.
4 = 0 may, have both roots common. ) R
3. If @, B are roots of the quadratic equation 6. If both roots of equations K(6x> + 3) +rx +
2x>—1=0and 6K (2x*+ 1)+ px +4x* -2 =

ax® + 2bx + ¢ = 0, then prove that
-2b 0 are common, then prove that 2r — p =0.

\/J+\/ﬂ/7a = Jac:

ANSWERS

Exercise |

S

)
8|8
Il
SsS
Il
|-

S
®)

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

hypothesis f(x) > 0. This means that the
curve y = f(x) does not meet x-axis.

1. The expression y = ax? + bx + ¢ has always
the same sign as c¢ if

(@) dac<bp* (b) 4ac > b* If ¢ <0, then by hypothesis f(x) < 0, which

©) ac<bp? @) ac>?b? means that the curve y = f(x) is always

. below x-axis and so it does not intersect
Solution

with x-axis. Thus, in both cases y = f(x)
does not intersect with x-axis i.e., f(x) # 0
for any real x. Hence, f(x) = 0 i.e., ax* +
bx + ¢ = 0 has imaginary roots and so »* <
4ac.

(b) Let fix) = ax*+ bx +c.

Then, f(0) = ¢. Thus, the graph of y = f(x)
meets y-axis at (0, ¢). If ¢ > 0, then by
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2. If a <0 then the inequality ax?—2x+4>0 S(@—1)x*+2(a—1)x+2is positive for
has the solution represented by allx,if a>- 1>0and 4(a— 1)*- 8 (@®*— 1)
[AMU - 2001] <0
1 +V1—4a 1-\1—4a =a@-1>0and=4(@-1)(@+3)<0
() a >x> a =>a-1>0and(@a-1)(@+3)>0
1-V1-4a =a*>1landa<-3ora>la<-3ora>1
(®) x< a .
5. If a, b, ¢ are real and x*— 3b% x + 2¢%1s
(©) x<2 divisible by x — a and x — b, then
(@) 2>x>1=V1-da @a=-b=-c
b) a=2b=2
Solution () a ¢

(c)a=b=cora=-2b=-12c

(@ ax’=2x+4>0 (d) none of these

x _2+N4-16a Solution
2a (©) As f(x) = x*— 3b2x + 2¢* is divisible by
= 1£V1-4a x—aandx—b
a Therefore, fla) =0
 1-N1-4a _ _1+V1-4a =a*—3b*a+2c*=0 e))
- 7 x< a
and f(b)=0= b*— 3>+ 2c=0 2)
3. The value of a (a > 3) for which the sum from (2) b = ¢, from (1), @*— 3ab*+ 2b*=0

of the cubes of the roots of x>~ (a — 2) x +
(a —3) =0, assumes the least value is = (a-b)(@+ab-26%=0=a=bh
[Orissa — JEE — 2002] ) — g2
ora*+ab=2b

@3 (b) 4 Thus,a=b=cora*>+ab=2b>and b=c
©) 5 (d) none of these a® + ab = 2b* is satisfied by a = — 2b. But
b=c .. a*+ab—2b%and b = c is equivalent

(putting b =c¢)

Solution toa=-2b=—2c.
(a) Let the roots be @ and § 6. If x>+ 2ax+ 10— 3a> 0 for all x € R, then
so, *+ 3= (a+B)Y-3B(a+p) [IIT(Screening) — 2004]
=@-2y’-3@-3)a-2) (a) -5<a<2 (b) a<-5
=B- 942+ 27a - 26 (c)a>5 (d) 2<a<5
=(@-3)°+1 Solution
It assumes the least value, if (@ — 3)*=0 (a) According to given condition
Therefore, a=3. 42>- 4 (10-3a) <0 a+3a—10<0
4. The values of ‘a’ for which (a® — 1) x>+ 2 =>@+5@-2)<0-5<a<2.
(a— 1)x + 2 is positive for any x are 7. Theroots of the equation |[x —2|*+[x—2| -6
[UPSEAT - 2001] =0are
(@ ax1 (b) a<1 [UPSEAT - 2003]
© a>-3 d) a<-3ora>1 @ 0,4 (b) 2.4
© -1,3 @ 0,3
Solution
Solution

(d) We know that the expression ax*+ bx +
¢> 0 for all x if a> 0 and b* < 4ac. () k=2 +k-2|-6=0
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=x-2/=2,-3

But [x — 2| #-3|.
Therefore, x —2=2,—-2
x=4,0

. If for every real value of b, the roots of x>

+ (a—b)x + (1 —a—b)=0 are real and
unequal, then
[IIT (main) — 2003]

(@) a<l () a>1
(©) a>0 (d) a<0
Solution

(b) Roots are real and unequal
=>(@-bP-41-a-5b)>0

= b+ (@4 -2a)b+ (@ +4a—-4)>0

This is true for all real values of b. Hence,
(4-2a*-Ha*+4a-4)<0
=-32a+32<0=a>1

The real roots of the equation x**+ x* — 2
=0 are

[MP PET - 2006]

(@ 1,8 ®) -1,-8
) -1,8 @ 1,-8
Solution

10.

(d) The given expression is x**+x*—-2=0

Put, x1*=y, then, )?+y—-2=0

=>¢-DHy+2)=0

=>y=lory=-2

=>x®=lorx=-2

Lx=(1Porx=(-2P=-8

Hence, the real roots of the given equation

are 1, — 8.

The equation x®0ee:)’"+ Qg =5/4 = \2 hag
[IIT — 1989]

(a) at least one real solution

(b) exactly three real solutions

(c) exactly one irrational solution

(d) all the above

Solution

(d) For the given equation to be meaningful
we must have x > 0. For x > 0 the given
equation can be written as

3 2 _3
4 (log, x)*+1log, x 2

11.

=log V2 = %logXZ

3. 5_1¢(1
=230+ 1-7=7 (t)
By putting ¢ = log, x so that log 2 = %
because log, x log 2 =1

=3P8+4£-5t-2=0
=>@-D@+2)Bt+1)=0

= logx=1=1,-2,- s =>x=2,2%27"
1 ‘

21/3

Thus, the given equation has exactly three
real solutions out of which exactly one is

irrational namely ﬁ .

-, 1
orx—2,4,

The equation /(x + 1) —y/(x — 1) =Vdx — 1
has

[IIT — 1997 (Cancelled)]
(a) no solution

(b) one solution
(c) two solutions
(d) more than two solutions

Solution

12.

(@) Given\(x+1) =y (x = 1) ={dx—-1)
Squaring both sides, we get —2/(x*— 1) =
2x — 1

Squaring again, we get x = % which does
not satisfy the given equation. Hence, the
equation has no solution.

Iflog, x +log 2 = 13—0 =log,y +1log 2 and
xZy,thenx+y= ~
[EAMCET - 1994]

() 2 (b) 65/8
(c) 37/6 (d) none of these
Solution
1 4.1
(d) We have log, x + Tog, 3+ 3
_ 1
108" fog, y

o log,x= 3,log2y=%(.'. X#Yy)

>x=2andy=2"=x+y=8+213
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13.

If x2+ px + 1 is a factor of the expression
ax*+ bx + ¢, then

[IIT — 1980]
(@) a*tc*=—ab b)a*—c*=—ab

) a>—c*=ab (d) none of these

Solution

14.

(c) Given that x2+ px + 1 is factor of ax®+
bx + ¢ =0, then let ax*+ bx + ¢ = (x*+ px
+ 1) (ax + A), where 4 is a constant. Then,
equating the coefficient of like power of x
on both sides, we get, 0 =ap + A, b=pA +
a,c=A

b

=>p=- =—%.Hence,b=(—c/a)c+a

D Q

orab=a*-c%

If the two equations x> — ¢x + d = 0 and
x?— ax + b =0 have one common root and
the second has equal roots, then 2(b + d) =

@0 () ate
(©) ac (d) —ac
Solution

15.

(c) Let roots of x>— cx + d =0 be a, § then
rootsof x2—ax+b=0bea, a
La+f=c,af=data=a a*=b
Hence, 2(b +d)=2(a*+af)=2a (a +B) =
ac

If every pair of the equations x>+ px +
qr=0,x2+tgx+r$p=0,x>+rxc + pg=0
have a common root, then the sum of three
common roots is

—(p+q+ -pt+q+
@ (4 2q r) ®) p 2q r
© -@+qgtr d-ptqtr

Solution

16.

(a) Let the roots be @, 8, B, v and v, a,
respectively.
Lat+B=-pB+y=—qyta=-r
Adding all, we get Y a=—(p + q + r)/2 etc.
If ax?+ bx + ¢ =0 and bx*+ cx + a =0have
a+b+c
abc
[IIT — 1982; Kurukshetra CEE — 1982]

common root a # 0, then =

(@)1 (d) 2
©3 (d) none of these
Solution

17.

(c) It can be seen that

2 1s common root,
Latb+c=0

gives a*+ b*+ 3= 3abc

If @, B, y are the roots of the equation x>+ x
+ 1 =0, then the value of a**y?

[MP PET — 2004]

(@ o0 ®-3
©3 @-1
Solution

18.

(d) We know that the roots of the equation
ax*+ bx*+cx +d=0follows a B y=—dla.
Comparing the above equation with given
equationwe getd=1,a=1
So,afy=-1,ora*By’=-1

If a, b, c are in G.P., then the equations ax?
+ 2bx + ¢ =0 and dx*+ 2ex + f=0 have a

common root if 7> 7. ¢ are in

[IIT — 198S; Pb. CET - 2000;

DCE - 2000]
(a) AP (b) GP
(¢c) HP. (d) none of these
Solution

(a) As given, b= ac = equation ax?>+ 2bx
+ ¢ = 0 can be written as

ax*+2vacx +c=0
=> Wax+vc)=0
=>x= —\E ( repeated root)

This must be the common root by
hypothesis. So,it must satisfy the equation

dx*+2ex + f=0.
—dS_2e\S+f=0

d [ 2 2
3E+E=78‘j%=f
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are iIn A.P.

f
c

d e
25’3’

19. If P(x) = ax*+ bx + ¢ and Q(x) = — ax?+ dx

+ ¢, where, ac # 0, then P(x) O(x) = 0 has at
least two real roots.

[IIT — 198S; Jamia — 2004]
(a) True
(b) False
(¢) Both true and false
(d) None of these

Solution

20.

We have P(x) = ax*+ bx + ¢

for which D, = b*— 4ac

and Q(x)=—ax*+dx +c ¢))
for which D,= &*+ 4ac 3}
Given, that ac = # 0 Therefore, following
two cases are possible.

If ac > 0 then from Equation (2) D, is + ve
= Q(x) has real roots.

If ac <0 then from Equation (1) D, is + ve
= P(x) has real roots.

Thus, P(x) Q(x) = O has at least two real
roots.

.. Given statement 1s true.

If only one root of the equations 2x*+ 3x +
54 =0 and x>+ 2x + 34 = 0 is common, then
find the value of A is

(@) 0,-1 ®) 1,1
© 1,-1 @ -1,2
Solution

(a) Given equations are 2x*+ 3x + 5y =0
and x*+ 2x + 3y = 0. If a is a common root
of both quadratic equations, then 2a?+ 3«
+5y=0and a?+2a + 3y =0.

. a __a _ 1

T 9A-104 S5A-64 4-3

al _ «a 1

=1 -2 1
=>a’=-A anda=-1
(a)z=a2

= (-A)?=-1

=A12+1=0,

21.

=AA+1)=0
=1=0,-1
The roots of the equation x2— 2x + a =0 are
P, q and the roots of the equation x> — 18x
+B=0arer,s. If p<qg<r<sareinAP,
then

[IIT - 1997]
(@) A=3,B=177
(b) A=-3,B=177
(c)A=3,B=-171
dA=-3,B=-T71

Solution

22.

(b)Letp,q,r,sbea—3d,a—d,a+d, a+
3d, respectively.
Nowp+q=2,r+s=18

pq=A,rs=B .. ptq+r+s=4a=20
=a=5

Also,p+q=2
=10-4d=2
sod=2

Thus, p,q,r,sare—1,3,7, 11, respectively.

Hence,A=pq=-3,B=rs=177

The maximum possible number of real

roots of equation x*— 6x?—4x+5=01s
[EAMCET - 2002]

(@ o0 () 3
(c) 4 @ s
Solution

23.

) Let f(x)=x"—6x*—4x+5=0
Then the number of change of sign in f(x)
is 2, therefore f(x) can have at most two
positive real roots.
Now, f(—x) =—x’—6x*+4x +5=0. Then,
the number of change of sign is 1.
Hence, f (x) can have at most one negative
real root. So, that total possible number of
real roots is 3.
If @, B are the roots of x> —3x +a=0and y,
0 be the roots of x2— 12x + b = 0 and num-
bers a, 3, v, O (in order) form an increasing
G.P, then

[DCE - 2000]
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(@) a=3,b=12 () a=12,b=3
©)a=2,b=32 (d) a=4,b=16
Solution

(c) Let » > 1 be the common ratio of the
GP a,B,y, 0 then

B=ra,y=raandd=ra

La+f=a(l+r=3 @8]
af=a(ar)=a 2
y+é=ar(1+n=12 3)
andyd=(ar)(@r)=>b

= ar=b 4)

Dividing (3) by (1), =4 =>r=2
Then, from (1),a=1=a=2, b=2°=32.

24. If the roots of x2+ x + a = 0 exceed a, then
[EAMCET - 1994]
(@) 2<a<3 ®a>3
(©) —3<a<3 da<-2
Solution

25.

(d) If the roots of the quadratic equation ax?
+ bx + ¢ = 0 exceed a number £k, then ak?>+
bk+c>01if a>0, b>— 4ac > 0 and sum of
the roots > 2k. Therefore, if the roots of x>+
x +a=0exceed anumber a, then a®>+a+a
>0,1-4a>0and-1>2a
:>a(a+2)>0,a5%anda<— %
=>a>0ora<- 2,a<%anda<—%
Hence, a <-2.

If both the roots of the quadratic equation
x2—2kx + k*+ k— 5 =0 are less than 5, then
k lies in the interval

[AIEEE — 2005]

(a) (-, 4) (®) [4.5]
(© 5,6] d) (6,x)
Solution

(@) x*~2kx+Kk+k—-5=0
Roots are less than 5, D >0
4 -4 (K*+k-5)=>0
=k<5=f(5)>0

)
2

26.

=>ke(—o,4)uU (5 x),— (ik)<5

2
=>k<5
form (1), (2) and (3), k (—x, 4)
The values of ‘a’ for which 2x* -2 (2a+ 1)
x + a(a + 1) = 0 may have one root less than

a and other root greater than a are given
by

(©))

[UPSEAT - 2001]

(@ 1>a>0 ®d) —1<a<0
©)a=0 (d) a>0ora<-1
Solution

Note:

27.

(d) The given condition suggest that a lies
between the roots. Let f(x) = 2x*—2(2a + 1)
x+a(a+1)For ‘a’to lie between the roots
we must have discriminant > 0 and f(a) <0.
Now, Discriminant > 0 = 4(2a + 1)2- 8a
(a+1)=0

= 8 (a*+ a + 1/2) = 0 which is always true.
Also, f(a) <0
=2a*-2aRa+1)+a@+1)<0
=>-a*-a<0 >d+a>0
=>a(l+a)>0 >a>0ora<-1

For two real and distinct roots of a quadratic
equation Disc. > 0.

Let a, b, ¢ be real numbers a # 0. If is a
root a> x*+ bx + ¢ =0, f is a root of a’?—
bx — ¢ =0 and 0 < a <f, then the equation
a**+ 2bx + 2¢ = 0 has a root y that always
satisfies

a+p [IIT - 1989]
@y=—7" b) y=a+3
©r=a (@) a<y<p

Solution

(d) Since, a and g are the roots of given
equations.

So, we have a*a*+ ba + ¢ =0 and a*3>— bf
-c=0.

Let, f(x)=a*x*+2bx+2c¢=0

Then, f (@) =a*a*+2ba +2¢=0
=a?a*+2(ba +c)=a*a*- 2a*a?

=— g’ a*= negative

and f(B)=a?p>+2 (bB +¢)
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= a*f*+ 2a*3*= 3a*f*= positive
Since, f (@) and f (8) are of opposite signs,
therefore, by theory of equations there lies
a root y of the equation f{x) = 0 between
andfie,a<y<p.

28. All the values of m for which both roots
of the equation x*— 2mx + m>— 1 =0 are
greater than — 2 but less than 4, lie in the

interval [AIEEE - 2006]
(@ m=>3 ®-1<m<3
© 1<m<4 d-2<m<0

Solution

STEP 1: If a quadratic equation has either
no root or even number of roots between a
and b then f{a) and f(b) have same sign.
STEP 2: (b) Both roots will lie in (— 2, 4),
if

—2<-blRa<4 )]
f=2>0 @
f@>0 3)
Now (1)=>-2<m<4 @

Q)=>m*+4dm+3>0
=>m+1)(m+3)>0
>m<—-3orm>-1 (®)]
B)=o>om*-8m+15>0
=>m-3)(m—-5>0

>m<3orm>5 ©)
(4), (5) and (6) hold together when — 1 <m
<3.

29. If roots of the equation 2x*>— (a®>+ 8a + 1)
x + a®>— 4a =0 are in opposite sign, then
[Aligarh — 1998]

(a) 0<a<4 ®) a>0
) a<8 d —-4<a<0
Solution

(a) Roots are in opposite sign

=< O:"'E—‘la<0

x>+ 34x 71

30. If x be real then the value of o

will not lie between
[Roorkee — 1983; Ranchi — 1999]

(@) —5and 9
(¢) —9and -5

(b) Sand 9
(d) Oand 9
Solution

2+ 34x - 171
®Lety="5057

2x(y = 17)+ (71 -Ty)=0
Since x isreal, so b2—4ac>0=4(y — 17)?
-4(y—-D(A1-Ty)=0
S>@-5)(y—-9=20..y=%0ry<5
31. If 1, 2, 3 and 4 are the roots of the equation
x*+ax*+bx*>+cx+d=0,thena+2b+c=0
[EAMCET - 2007]

then (y — 1) x2+

(@) - 25 () 0
(©) 10 @ 24
Solution
@) x*tad+bx?+tex+d=(x—-1)(x—2)
x=-3)x—-4)

=x*—10x3+35x>— 50x + 24

a=-10,b=35,c=-50

Lat2b+c=10

Alternative Method

—a=8=1+2+3+4=10
b=8=12+23+34+13+14+24

=35
—c=8,=123+124+134+234
=50
d=S8,=5=1234=24anda+2b+c
=10.

32. If a, B, y are the roots of x*— 2x2+3x — 4 =
0, then the value of a?3? + f%* + y*a* is
[EAMCET - 2007]

(@ =7 ® -5

) -3 @ o
Solution

@a+B+y=2,af+pf y+tya=3,

apy=4

ap + By +yia’

=(ap+pytya) —2apyla+p+y)=-17
33. The quadratic equations x>— 6x +a =0 and
x?— ¢x + 6 = 0 have one root in common.
The other roots of the first and second
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equations are integers in the ratio 4 : 3.
Then the common root is

[AIEEE — 2008]

(a) 2 ) 1
©) 4 @ 3
Solution

34.

(a) Let @ and 48 be the root of x>— 6x + a
=0 and a and 38 be those of the equation
x’—cx+6=0

From the relation between roots and
coefficients, @ + 48 =6 and 4af = a
a+3f8=cand3af=6

We obtain, a8 = 2 giving a=8

The firstequationisx>— 6x +8=0=>x=2,4
Fora=2,48=4=38=3

For @« = 4, 483 = 2 = 38 = 3/2 (not an
integer)So the common root is & = 2.

If the roots of the equation x*— 12x>+ 39 x
— 28 =0 are in A.P,, then their common dif-
ference will be

[UPSEAT - 1994, 1999, 2001; RPET —2001]

(a) £1 (b) £2
() £3 @ +4
Solution

35.

(¢) Let a — d, a, a + d be the roots of the
equation x*— 12x>+39x-28=0
Then(a—d)+ta+(a+d)=12and (a — d)a
(a+d)=28
=3a=12and a(a®— d*) =28
= a=4and a(@®— ) =28
=>16-P=7T=d=%3
The sum of squares of the roots of the equa-
tionx3+x?+x+1=01s

[MPPET - 2007]

(@1 ®) -1
© o0 @ 2
Solution

b)a*+p+y=(a+B+y)* = 2B +Py+ya)
=(1)-2(1)=-1.

36.

If p, q, , s are real numbers and pr =
2(g + s), then equations x>+ px + ¢ = 0 and
?+rx+s=0.

[IIT - 1975]
(a) both have real roots
(b) both have imaginary roots
(c) atleast one has real roots
(d) only one has real roots

Solution

37.

(c) For first equation B2 —4AC =p*—4qg =2

(say)

For second equation B2—44C=r*—4s=pu

(say)

Now A +u=p*+r—4(q +s)
=p*+rr-2pr
=(p-1*20[=2(q+s)=pr]

= both A, 4 may not be negative

= atleast one of A, u is positive

= atleast one equation has real roots.

If roots of the equations ax?+ 2bx + ¢ =0
and bx? — 2~acx + b = 0 are real, then
[Aligarh — 1998]

(a) ac = b* (b) 4b>—ac=0
© a=bc=0 (d) a=b=0
Solution

38.

(a) Roots are real, so

4b*—4ac> 0= b*—ac>0 and

4ac — 4b*> 0 = ac — b*>0

= b~ ac<0

(1), (i) =>b*—ac=0=b*=ac

The two roots of an equation x*— 9x2+ 14x
+ 24 =0 are in the ratio 3: 2. The roots will
be

[UPSEAT - 1999]

(@ 6,4,-1 (b) 6,4,1
(©) —6,4,1 d —-6,-4,1
Solution

(a) Let required roots are 3a, 2a,
(- ratio of two roots are 3: 2)

_9_,

LZa=3a+t2a+f= 1
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=>5a+p=9 M
Saf=3a2a+2apB+p3a=14
=>S5af+6a>=14 2)

and Zafy =3a2ap=—

=>6a’f=-24

ora’f=-4 ?3)
from (1), =9 — 5, put the value of 8 in (2)
= 5a(9 - 5a) +6a*= 14

= 19a¢2-45a+14=0
=>@—2)(19a-7)=0

sa=2or 17—9
s From (1),ifa=2,thenf=9-5x2=—1
- a=2,=-1satisfy the Equation (3) so
required roots are 6, 4, — 1.

39. If the sum of two of the roots of x*+ px2+
gx + r=01s zero, then pg =
[EAMCET - 2003]

(@ -r ® r
(©) 2r @ —-2r
Solution

(b) Given that,a + =0
atf+y=-p=>y=-p
Substituting ¥ = — p in the given equation
=>-ptp-pgtr=0=pg=r

40. If the roots of the equation 8x*— 14x2+ 7x —
1 =0 are in G.P, then the roots are

[MPPET - 1986]
(b) 2,4,8
(c) 3,6,12
(d) none of these

Solution

(a) Let the roots be %, a,a,B,B,#0. Then,
-1

the product of roots is a*= -3 = % > a
1 L
2

IN

% and hence, 3 = 1 5 SO roots are 1,

>

Trick: By inspection, we get the numbers 1, 22 1

satisfying the given equation.
14
(5)

1 1. 1, 14_
T2 2P

Note: a++y=—

N

41. If a, B, y are roots of equation x> + ax? + bx
+c=0,thena +p 1 +y'=

[EAMCET - 2002]

(a) a/c () —bre
(c) b/a (d) c/a
Solution

(b) a, B, gare the roots of the equation x* +
ax*+bx+c=0
soa+B+y=-a,af+By+ya=band ap
y=-c

_ _ Lo 1,1 .1
Now,a 1+ﬂ l'|')/ 1=6+E+7
af + By +ya
apy
=-b/.
42. If x is real, the maximum value of
32+ 9% +17.
3x2+9x+7
[AIEEE - 2006]
(a1 (b) 41
() 1/4 @ 1777
Solution
_3x+ 9% +17 _
(b) Let = 32+ 9+ 17
Then, By —=3)x*+ 9y —-Nx+Ty—-17)=0

But, x € R, so its roots must be real.
Hence, (9 —9*-43By-3)(Ty—-17)=0
=) =42y +41 <0
=>@y-1H@r-41)<0

=>1=<y<4l

Hence, maximum value = 41
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. The value of a for which the sum of the
squares of the roots of the equation x*—
(@ —2) x — (a + 1) = 0 has the least value,
is

[AIEEE - 2005]
(@0 (®) 1
© 2 @ 3
. The maximum value of 5 +20x — 4x?, x €
Ris
(a) 25 (b) 30
©5 @ 1
. If x be real, then least value of 3x>+ 7x + 10
is

(@) 10 (b) 1073
(c) 773 @ 7112

. Ifxisreal, then the maximum and minimum
values of the expression x22—3—x+4 will
be x*+3x+4

[IIT — 1984]

(@) 2,1 (b) 5,1/5
©) 7,177 (d) none of these

. The quadratic in z, such that A M. of its
roots in 4 and G.M. is G, i1s

[IIT — 1968, 1974]
(@) P—24t+G*=0 (b) £—24t—-G*=0
(¢) #+24t+G*=0 (d) none of these
. The expression x>+ 2bx + ¢ has the positive
value if

[Roorkee — 1975]

(@) b*—4c¢>0 (b) b*—4c<0
(c) *<b @) b’<c
. Let fix) =x>+4x + 1, then
(@) f(x)> 0 forall x
() f(x)>1whenx>0
©) fx)=1whenx<-4

(d) £ () =f(—x) for all x
. Ifthe roots of the equation x> — 8x + (a>— 6a)
=0 are real, then

[RPET —-1987, 1997; MPPET - 1999]

10.

11.

12.

(@) —2<a<8 (d) 2<a<8
() —2<a=<8 d) 2<ac<8
. The number of roots of the equation |x[>—7
x| +12=0is
[MNR - 1995]
(@1 () 2
©3 @ 4

Product of real roots of the equation £* x>+
|x]|+9=0,
[AIEEE - 2002]

(a) 1s always positive
(b) is always negative
(c) does not exist
(d) none of these
The number of roots of the equation | x| = x?
+x—4is

[Kerala PET — 2007]
(a4 )3 © 1 @ 2
x*— 3x + 2 be a factor of x*— px’+ ¢, then

@.9=

[IIT- 1974; MPPET-1995; Pb. CET - 2001]

13.

14.

15.

(@ G.4 (®) 4.5)
() 4,3) @ 6.4
If (x + a) 1s a factor of both the quadratic

polynomials x>+ px + g and x*+ Ix + m,
where p, ¢, [ and m are constants, then
which one of the following is correct?

[NDA - 2009]
@ a=@m—-q)/(-p)(#p)
®) a=@m+q)/(+p)(#-p)
© I=m—q)/(a—p)(a#p)
@ p=(m-q)/(@a—1)@#)
What is the value of x satisfying the equation

o (42) - 4%

[NDA-2009]
(@al2  (b)a3 (@) a4 ()0
If @, B be the roots of x>+ px + ¢ =0 and
a +h,  + h are the roots of x>+ rx +5 =0,
then
[AMU —2001]



16.

17.

18.

19.

20.
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Ok ® 2n=[f+5]
@ pr=gs*

x>= 1lx + a and x*— 14x + 2a will have a
common factor, if a =

©) pP—4q=r*—4s

[Roorkee— 1981]

(a) 24 (b) 0,24
(c) 3,24 @ 0,3
The real root of the equation x*— 6x+9=0

is
[Karnataka CET — 2008]

(@ 6 ) -3
) -6 @ -9
If a, B are the roots of the quadratic equation

x2+ bx — ¢ = 0, then the equation whose
roots are b and c is
[Pb. CET - 1989]

(@ x*+ax—pB=0
) - [@+p)+taflx—aBla+p)=0
@) x*—[(a+p)+aflx+ap(a+p)=0
D x*+[af+(@+P-afla+tp)=0
If @, @, and B, B, are the roots of the
equations ax?+ bx +c=0and px’>+gx+r=0,
respectively and system of equations ay +
az=0and B,y + B,z = 0 has a nonzero
solution.

[IIT - 1987]
(b) b*pr=q*ac
) tar=rpb (d) none of these
Let @,  be the roots of the equation ax?
+ 2bx + ¢ = 0 and y, 0 be the roots of the
equation px*+2¢gx +r=0.If a, B,y, 0 are in
G.P, then
(a) ¢ ac=b*pr

(a) a* qc=p* br

(b) gac =bpr

(c) c*pq =r*ab (d) p*ab=a%qr

SOLUTIONS

. (b) Let a, B be the roots, then

a+f=a-2andaf=—(a+l)
Now a*+ %= (a +B)*—2a
=@-2y+2(@a+])

21.

22.

23.

24,

25.

26.

27.

The value of k for which the equation
(k — 2) x>+ 8x + k + 4 = 0 has both roots
real, distinct and negative is

[Orissa JEE — 2002]
(@0 (®) 2 ©3 @4
The set of values of A for which the equation
3x2+ 2x +A(A — 1) = 0 are of opposite signs
is
@@, 1) ®[0,1] © [0,1) (D (O, 1]
The values of a for which one root of the
equation x> — (@a+ 1) x+a*+a-8=0
exceeds 2 and the other 1s lesser than 2, are

given by

@ a>3 ®) 9<a<10

() —2<a<3 (d) none of these
The value of p for which both the roots of

the equation 4x? — 20 px + (25p* + 15p — 66)
=0 are less than 2, lies in the interval

(@ (—1,—4/5) (®) (=, -1

©) (2, ) (d) none of these
If both the roots of ax?> + bx + ¢ = 0 are
positive, then

@ - 5>0 ®) §>0
(c) b*=4ac (d) ac>0
The value of a for which the quadratic

equation 3x?>+2 (a?+ 1)x+(a*—3a+2)=0
passesses roots with opposite sign, lies in

(@ (=, 1) (®) (=,0)
© (1,2) D (372,2)
If the roots of the equation bx> +cx +a=0

be imaginary, then for all real values of x,
the expression 3b%? + 6bcx + 2¢? is
[AIEEE - 2009]
(a) greater than 4ab (b) less than 4ab
(c) greater than — 4ab (d) less than — 4ab

=a*—2a+6

=(a-1p+5,

which 1s least when a — 1 = 0, 1.e., when
a=1.
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2. (b) Step 1: Maximum value of ax?>+ bx + cis

4ac — b*
T da

Step2:a=—4,b=20,c=5

1f<0

4 x (—4) x 5 - (20)?
4% (4

_ 480 _
=16 ~ 30

Maximum value =

. (d) Step 1: Minimum value of ax*+ bx + ¢ is

4ac — b*
" da lf >0

Step2:a=3,b=7,c=10.
4x3x10-7x17

Minimum value =

4x3
_120-49_71
12 1
. (c)Lety—%xij,then

Py-D+3x@@+D+4@p-1)=0
Now x isreal = b>—4ac >0
S>9@+1)-16(0p-12=>0
=>Ty-1D({T-»=0
=>Ty-D@E-7=<0

%5)/57

Ans: 7, 7

i (a)a;ﬁ=A,W=G
atB=24,aB=G

Equation is 2— (a + )t + aff = 0 or 12— 24t
+G*=0.

. () x2+2bx+c>0if“a>0,D<0”0r1>0,
4b>—4¢c <0 or b’<ec.

Note: Sign of quadratic Ax?+ Bx +C =01s
same as a if B>— 44C <0.

L @©f)=x+2P-3>1=>x32+4x>0
x(x+4)>0=>x<-4andx<0

. (c) If roots of Ax?>+ Bx + C =0 are real, then
(B*>4A4C) or B*—44C>0. ¢))

givenA=1,B=-8,C=a>-6a

10.

11.

12.

. (@) |xP-T7]x|+12=0

S 64—4(a*=6a)=0
ora>—6a-16<0or(a+2)(a-8)<0
ae[—-2,8]

M
Case 1: When x >0, then (1) gives x2— 7x +
12=0o0or(x—4)(x—3)=00rx=3,4>0

.. given Equation (1) has two roots.

Case 2: When x <0, then (1) gives x2+ 7x
+12=00or(x+4)(x+3)=0o0orx=-3, -
4 <0. .. Given Equation (1) has two roots.
Totalroots=2+2=4

(¢) Note that fort € R, £ x>+ |x|+9>9 and
hence the given equation cannot have real
roots.

(d) Given equation is x>+ x — |x|—=4=0

)

Two cases arise

|x|

Case 1: If x > 0, then |x| = x and then the
equation becomes,

¥*+tx—x—4=0>x"=4=>x=%£2
= x = 2 1s a solution in this case

Case 2: If x <O, then |x| =
equation becomes,

x*tx—(—x)—4=0
=>x¥+2x—-4=0

_2+V4+16
=xY=ETT

— x and the

=x=-1%+5,but,x<0
therefore, x =—1 — /5.

(d) If x*— 3x + 2 is one of the factors of
the expression x*— px?+ ¢, then on dividing
the expression by factor, remainder = 0
On dividing x*— px?+ ¢q by x*— 3x + 2
Remainder=(12-3p)x+ (2p+q—-14)=0
On comparision 15 -3p=0orp=>5and 2p
+qg—-14=0givesq=4.

Trick: If x2— 3x + 2 is one of the factor of given

expression then roots of x>— 3x +2 =0 will
also satisfy x*— px?+ g. The roots of x*> — 3x
+2=0arex=1,x=2.



13.

14.

15.
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Put x =1 in expression x*— px*+ ¢
l1-p+¢g=0 ¢))
and put x = 2 in expression x*— px?+ ¢ =0,
wegetl6—4p+4g=0 ©))
Solving (1) and (2), we find, p=5,9 =4.

(a) Since, (x + a) is a factor of x>+ px + ¢
and x2+ Ix +m
sLat—ap+q=0 ¢))
anda*>~la+m=0 2
From Equations (1) and (2), we get,
—ap+tq+tla—-m=0

=>{U-pla=m-—-q

m-—q
3a=ﬁ(l¢p)

)16 (555 =4=%
=(6%)=(3)
= 4%5=3

=2a-2x=a+x
=a=3x
-a
=>x=3
(c) Given a, § are the roots of x*> + px + ¢
=0,thena+f =—-—pand a B =q and

a + h, B + h are the roots of x> + rx + s
=0 then,

a+fB+2h=-r
—-p+2h=-r
2h=-r+p

and (a+h)(B+h)=s
Saftah+tBh+h=s
=>q+th(—-p)+tht=s

Pp=n =P
4
4q +2pr —2p* + p? + 12 = 2pr
= 4 =

)

=>q+t

>4q+rP-p*=4s
=>r-4s=p*=4q

OR

Quicker Method:

Difference of the roots of both quadratic being
same, therefore applying the formula of the
difference of roots of the quadratic Ax> + Bx

+C=

16.

17.

18.

19.

0.

VB 4AC
loe - Bl =

We find 1 =

orp’—4g=r*—4s
(b) Let common factor be x — a. Then,
a?—1la+ta=0and a*— 14a +2a=0

~ 8 4 3

8a

= 33a 24 or 0.

b)x*-6x+9=0
B+3x2=3x2-9%+3x+9=0
x+3)-3x(x+3)+3x+3)=0
(x+3)(x*-3x+3)=0
Eitherx+3=0=>x=-3
andx>—3x+3=0
_9+N9-4x1x3
2x1
_9+13i
2
©a+p=—-bandaf=-c
>b+tc=—(a+p)—apf
andbc=(a+p)ap
Therefore, the equation is,
+[e+p)+aflx+@+paB=0
®) . a,a;ax,+bx+c=0
Lata,=
BB, pX*+qx+r=0
. _ 49 _r
“ﬁ1+ﬁ2__[_)>ﬂ1ﬁ2_;
ay+taz=0
By+Bz=0

=0ora, p,-a,p,

b _c
a a4, =

have non trival solution, if

5 5l 0
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20.

al_ﬁl a1+a2_ﬂ1+ﬂ2
Or)a__Eoral_az_ﬁl_ﬁv

(al + a2)2 _ (/31 +ﬂ2)2
or (al + az)z - 4a1a2 - (/31 +ﬂ2)2 - 4ﬁ1ﬁ2
b '

B>~ 4ca)” (¢ - 4mp)

or, b* (¢* — 4rp) = ¢* (b* — 4ca)
or, rpb* = acq*

OR

From given equation we clearly have
@ _Bi_—

az ﬂ 2 Y

i.e., ratio of the both roots of the quadratic

equations are same therefore, 1%, g and %
are in G.P.

e (5= ()

prb* = acq? "

(a>a+ﬁ=2—7,aﬂ=%,
=9, s_1

'J’+6__p>3’6_p

As given a, 8, v, 0 are in G.P., therefore,

-
B -5 (8 -5 mone
Also,
s

=~ 2L
:z—g= %2552:?5

OR

Since, @, B, y, 0 are in G.P.; therefore a._ %
i.e., ratio of the both roots of the quadratic
equations are in same therfore ratio of the
corresponding coefficients of both quadratic
equations must be in G.P.

21.

22.

23.

or b2 pr=gq*ac

(c) For real and unequal roots, D > 0
=>k+6)(k—4)<0
=>k<4andk>-6

Also, for roots to be negative I]f: 3 >0
=>k>2andk>-4

(a) Roots are in opposite sign

2D
=>i1@-1<0

=>0<i<l1

(¢) If a, B be the roots of the given equation
f(x) =0 then by the given condition,
a<2<p M
Also.f()=1.x-a)x-pa<f ()
We conclude from (1) that the roots of
the given equation must be real as order
relation does not exist in complex numbers.
Secondly, from (2) we conclude that f{x)
= negative for all values of x which lie
between « and .

- f(2) = negative

- A> 0 (distinct roots) and f{2) =negative
s (@a+ 1) = 4(a® + a — 8) = positive

or 3a* + 2a — 33 = negative

S % <a<3 3)

Again, f(2) = negative
=4 -2(a+1)+a*+a- 8isnegative

a?—-a—-6=—-1iveor(a@a+2)(a-3)=
negative
L —2<a<3 @

Hence a should be so chosen as to satisfy
both (3) and (4). In other words it will
satisfy the common region or intersection
of the intervals given by (3) and (4). Mark
them on real line as shown below and take
their intersection.
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1172 LLLLLL 3

2 I

. Common region is — 2 <a <3.

24. (b) Let fix)=4x*—20px + (25p>+ 15p — 66)
=0 1
The roots of (1) are real if,
b*—4ac = 400p* — 16(25p* + 15p — 66)

=16(66 — 15p)>0

sp<% )
Both roots of (1) are less than 2. Therefore,
f(2)> 0 and sum of roots < 4.
=4.22-20p.2 +(25p*+ 15p - 66) >0

20p
and a3
2p2—p—2>0andp<%

S@+Dp-2>0mdp<q

=>p<-1 orp>2andp<%
=p<-l (©))
From (2) and (3), we get, p <—1l1ie p €
(w0, = 1)

25. (a, b, ¢, d) When both the roots of ax® + bx
+ ¢ = 0 are positive, then b*> — 4ac > 0 as

26.

27.

the roots are real, — % >0 asthe sum of the

roots is positive and % >0 as the product of

the roots is positive.

As ¢ and a are of same sign, ac is also

positive.

(c) In order that the quadratic equation may

have two roots with opposite signs, it must

have real roots with their product negative,

i.e., if the discriminant,

4(@>+1Y-12(@*—3a+2)>0and

T@-3a+2)<0

Both of these conditions get satisfied if

a?—3a+2<0.

te,if(@a-1)(@—-2)<0orif 1l <a<2.

(c) For equation, bx*+ cx + a = 0, the roots

are imaginary,

S0, c*—4ab <0

or ¢ <4ab

or — c?>—4ab

Given expression 3b%?+ 6bcx + 2¢? has

minimum value.

4(3bH)(2cH —36b%c*  12p2c2
4367 VY

=—c?>—4ab (3b*>>0)

2

UNSOLVED OBJECTIVE PROBLEMS: IDENTICAL PROBLEMS FOR PRACTICE:
FOR IMPROVING SPEED WITH ACCURACY

1. If x be real, then the maximum value of
5+ 4x — 4x* will be equal to

[MNR - 1979]
@5 (®) 6
(© 1 @ 2

2. If x be real, the least value of x> — 6x + 10
is

[Kurukshetra CEE — 1998]

(a1 () 2
©3 @ 10
. xP—x+1
3. If x isreal and o 1,’[hen

[MNR - 1992; RPET -1997]

(a) $<k<3 ®) k=5

(©) k<0 (d) none of these

. If x be real, then the minimum value of

x>—8x+17is

@-1 ®O

©1 @2

. The number of real solutions of the equation

|[x?P=3|x|+2=0are
[IIT - 1982, 1989; MPPET - 1997,
2009; DCE - 2002; AMU - 2000;
UPSEAT - 1999; AIEEE — 2003]
(b) 2
@ 4

(1
© 3
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6.

10.

11.

12.

Let @, B be theroots of x>+ (3 —A) x — 4
= 0. The value of A for which a* + 8% is
minimum, is

[AMU - 2002]
(®) 1
@ 3

@0
© 2

. If sec 0 and tan @ are the roots of ax? + bx

+c¢ =0 (a, b#0), then the value of secf —
tan@ is

[Kerala PET — 2008]
a b
@ -3 ®) -,

a a
© b2 @ 1+ b

. If aroot of the equations x> + px + ¢ =0 and

x? + a x + B =0 is common, then its value
will be (where p # @ and g £ 3)

[IIT — 1974, 1976; RPET — 1997]
- pB-aq
q-p

(d) none of these

ES)

@ (®)

—-pP
9-B pB-aq
© a—por 7-B

LI X2 —hx —-21=0,x> -3 +35=0

(h > 0) has a common root, then the value
of his equal to

(@1 () 2
©3 @ 4
If the roots of the equation gx*+ px + ¢ =0,

where p, g are real, be complex, then the
roots of the equation x2 — 4¢gx + p* =0 are

(a) real and unequal (b) real and equal

(c) imaginary (d) none of these

A real root of the equation
log, {log,(Vx +8 —vx)} =0 is
[AMU - 1999]
(@1 (b) 2
©3 @ 4
If both roots of x— mx + 121 =0 are greater

than 10, then minimum value of m is

[NDA - 2004]
(a) 22 (b) 23
©) 21 d) 221/10

13.

14.

15.

16.

17.

18.

19.

20.

21.

The least value of a so that both roots of the
equationx?—2 (@a— 1)x+ (2a+1)=0 are
positive will be

(@1 ®) 3 ©4 @5

The set of values of p for which the roots of
the equation 3x% + 2x + p(p — 1) = 0 are of
opposite signs 1s

[IIT - 1992]
@) (—x,0) ® O, D
(©) (1, ) (d) (0, o)
If both the roots of ax? + bx + ¢ = 0 are
negative, then
(a) b*>4dac ®) £>0
©5>0 @ §>0
If the ratio of the roots of x>+ bx+c¢ =0 and
x? + gx + r = 0 be the same, then
(a) Pc=b%q (b) ¥b=c%q
() rb*=cq* (d) rc*=bg?
The minimum value of x>+ 8x + 17 is

(-1 ()0 © 1 @ 17
The equation log x +1og, (1 +x) =0 can be
written as
(@) x>+x—e=0 (b) x*+x—-1=0
) x*+x+1=0 @ x*+txe—e=0
If &, B be the roots of the quadratic equation
ax®>+ bx + ¢ =0 and k be areal number, then
the condition so that @ <k < f is given by
@) ac>0
(b) ak> + bk+c=0
(©) ac<0
(d) &> +abk+ac<0
The product of all real roots of the equation
—=|x|-6=0is

[Roorkee — 2000]

(@ -9 () 6
© 9 @ 36
For what value of A the sum of the squares

of the roots of x> + (2 + A)x —%(1 +2)=0
is minimum

[AMU - 1999]
(®) 1
(@ 11/4

(a) 3/2
© -5



22.

23.

Quadratic Equations €.63

If one of the roots of the equation x2 + ax +
b =0 and x?> + bx + a = 0 is coincident, then
the numerical value of (a + b) is
[IIT — 1986; RPET — 1992;
EAMCET - 2002]
@0 b) -1
(©) 2 @5
The value of ‘a’ for which the equations
x?=3x+a=0and x>+ ax—3 =0 have a
common root is
[Pb. CET - 1999]
() 1
@ 2

(@ 3
) -2

24,

25.

If(x+1)isafactorof x*—(p—3)x*— (3p
=-5)x2+(2p—-T)x+6,thenp=

(a) 4 () 2
© 1 (d) none of these
The conditions that the equation ax*+ bx +

¢ = 0 has both the roots positive are that:

(a) a, b, c are of same sign; b*— 4ac >0

(b) a and b are of same sign; b*—4ac >0

(c) b and c have the same sign opposite to
that of a; b*>— 4ac > 0.

(c) a and c have the same sign opposite to
that of b, b*>— 4ac > 0.

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
work sheet

. The test is of 15 minutes.
. The test consists of 15 questions. The

maximum marks are 45.

. Use blue/black ball point pen only for

writing particulars/marking responses. Use
of pencil is strictly prohibited.

. If x is real, then the value of x> — 6x + 13

will not be less than

[RPET — 1986]
(a) 4 (®) 6
©7 @ 8

. If x> + 2x + n > 10 for all real number x,

then which of the following conditions is
true?

[Kerala PET — 2008]
(b) n=10
@) n>11

() n<11
©) n=11

. The smallest value of x> — 3x + 3 in the

interval (— 3, 3/2) is

[EAMCET - 1991, 1993]
) 5
(@ -20

(a) 3/4
©) - 15

4.

For the equation |x?| +|x| — 6 =0, the roots
are

[EAMCET - 1988, 1993]
(a) one and only one real number
(b) real with sum one
(c) real with sum zero
(d) real with product zero

. The solution set of the equation x'*&(1-9'=9

1S
[Pb. CET — 2003]

(b) {4}

(d) none of these

@ {=2,4}
© {0,-2,4}

. Ifx?? = 7x*+10=0, thenx =

[BIT RANCHI - 1992]

() {8}
@ {125,8}

() {125}
© ¢

. Ifa>0, 5> 0, ¢> 0, then both the roots of

the equation ax*+ bx +c¢=0
(a) are real and negative

(b) have negative real parts
(c) are rational numbers

(d) none of these

. The roots of the equation 2%*— 10.2*+ 16 =0

are
(a) 2,8 ®) 1,3
© 1,8 @ 2.3
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9.

10.

11.

12.

The solution of the equation 2x*+ 3x — 9 <0
is given by

(@) 3/2<x<3 (b) -3=<x=<32
(¢) -3=<x<3 d) 3/2<x=<2

If the equations x> — 5x + 6 = 0 and x*>+ mx
+ 3 =0 have a common root, then

(@ m=-4

by m=-1
c)ym=—4andm=-—

YA

(d) none of these

If the equation x>+ px + ¢ =0 and x>+ gx +

p =0, have a common root, thenp +g+ 1 =
[Orissa JEE — 2002]

(@0 () 1

© 2 @ -1

If sina, cosa are the roots of the equation

ax*+ bx + ¢ =0, then

(@) @*=b*+2ac=0 (b) (a—c)*=b*+c?

(©) @*+b*~2ac=0 (d) a*+b*+2ac=0

13.

14.

15.

If the roots of the equation ax>+x + b5 =0
be real, then the roots of the equation x2— 4
Nab x +1 =0 will be

(a) rational (b) irrational

(c) real (d) imaginary

How many roots does the equation i: 1=

1-

E [ have?
[IIT — 1984; UPSEAT - 1999;
Pb. CET - 2003; Jamia — 2004]
(a) one (b) two
(c) infinite (d) none of these
If a roots of the equation ax* + bx + ¢ =0
be reciprocal of a root of the equation a'x* +
b'x + ¢' =0, then,
[IIT — 1968]
(a) (cc' — aa")* = (ba' — cb") (ab' — bc')
(b) (bb' — aa")*=(ca' — bc") (ab' — bc')
(©) (cc' — aa")' = (ba' + cb") (ab' + bc')
(d) none of these

ANSWER SHEET
L@ ® © @ t@® O & 1@ @
P ORONONO, TO® O 2@ 0@
3@® ©© O 8@ ® O @® BOO®GOGO
HONONONO, @ 0@ 14@bo
5@ © O (HONONCHO NN SNONONCHNC)

HINTS AND EXPLANATIONS

. (a)x2—3x+3=(x—%)-+3—%
- 3y.3
‘(x‘z) *a
minimum value = %
OR

Use the formula is 4"2—_[’-
a

on factorisation given

4.

S.

(c) Equation is (|x|+3) (|x|—2)=0
= |x| =— 3 which is not possible
or|x|=2

Lx=%£2

(@)log (1 -x)*=log 9 ("-a"¥ =N)
(1-x?*=9

l-x=+3x=-2,4



6.

10.
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(d) Take x'3=y.
Theny*—7y+10=0

or(y—5 (y—2)=0or,xB=y=2,5
=x=235=8, 125.

. (b) The roots of the equations are given by,

x=—b:t\lb2—4ac
2a

(1) Let b>—4ac>0,
Nowifa>0,5>0, c>0 and b> — 4ac < b?*
= the roots are negative

(i1) Let * — 4ac <0, then the roots are given
by,

_ b+i 2(;‘;ac b),(i=\/j)
Which are imaginary and have negative
real part (*- 5> 0)
~. In each case, the roots have negative
real

(b) Step 1: Given equation is quadratic in

2~ therefore,

o= 10£VI00 -4 xTx16 _10£6
2x1 2

2*=8,2hencex=3, 1

. b)) 2x*+3x—-9<0

2x*+6x—3x—9<0
2x(x+3)-3(x+3)<0
2x-3)(x+3)<0

-3<x<3/2

(c) Let the common root be
x2=5x+6=0 ¢))
andx>+m+3=0and (m+5)(6m+15)=—9
6m>+ 15m+30m+75+9=0
6m*+45m+84=0

2m*+15m +28=0
2m*+8m +7Tm +28=0

2m(m+4)+7T (m+4)=0

11.

12.

13.

14.

15.

m+4HQC2m+T7)=0

m=—4,m=—%

(a) Let a be common root.
a?+pa+q=0 ¢))
aA?+gx+p=0 ©))
(1) = (2) gives

P-—patq-p=0
P-—pa=p-g=a=1

Putting in (1), we get,
(1)*+p+q=0p+g=-1

ptq+1=0
(a)sina +cosa=
sin @ cos @ =

Now eliminate by squaring (1).

= M
@

sin’a + cos’x + 2 sina cosa = z—z
a*=b*>-2ac

a?—=b*+2ac=0

(d) ax* + x + b = 0 has real roots
(1)*—4ab0 —4ab— 1 or4ab 1 ¢))
Now second equation is x> —4x + 1 =0
Therefore, D = 16ab — 4, from (1) D 0
Hence, roots are imaginary.

(d)x*—x—2=x—3, provided x 1
x*—2x+1=0

(x—-1=0

x=1,1

Since, x = 1, does not satisfy the equation
therefore, given quadratic has no root.
(a) Ifisarootof ax>+bx+c=0
then is a root of

a+b+c=0

and (2)

By (1) and (2),

or

Now gives

(cc — aa)* = (ab — bc) (ab — bc).

)
2
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LECTURE

Test Your Skills

ASSERTION/REASONING

Assertion—Reasoning type questions

Each question has 4 choices (a), (b), (c) and

(d), out of which ONLY ONE is correct.

(a) Assertion isTrue, Reason is True and
Reason is a correct explanation for
Assertion.

(b) Assertion is True, Reason is True and
Reason is NOT a correct explanation
for Assertion.

(c) Assertion is True and Reason is False.

(d) Assertion is False and Reason is True.

. Assertion (A): The quadratic equation
whose one root is — will be x>+ 4x
“1=0 2 ++5

Reason (R): The irrational and complex
roots of a quadratic equation with rational
coefficient always occurs in pairs.
Therefore, if one root is 3 + 4i then other
root 1s 3 — 4i.

. Assertion (A): If the product of the roots
of the equation (a + 1)x*+ (2a + 3)x + (3a
+ 4) = 0 be 2, then the sum of the roots is
-1

Reason (R): In any quadratic equation, sum
of the roots is always greater than product
of the roots of the quadratic equation.

. If x be real, then the minimum value of
(x*=8x+17)is 0.

Reason (R): The graph of (ax®>+ bx + ¢)
extends upwardly accordingly to a > 0.
Now, when graph extends upwardly, then
the vertex I"determines the minimum value
i (_ Q) o 4ac —b*

4a 4a

. Assertion (A): The roots of 4x>+ 6px + 1 =

0 are equal, then the value of p is %
Reason (R): The equation (a, b, ¢ € R) ax?
+ bx + ¢ = 0 has non — real roots if b>— 4ac
<0.

. Assertion (A): If one root of the equation

8x?— 6x — a — 3 = 0 is the square of the
other, then a are — 4 and 24.

Reason (R): If ax*>+ bx + ¢ > 0 for all x if
a>0and b*-4ac <0.

. Assertion (A): The roots of the equation

ax*+ bx + ¢ = 0 will be imaginary if a > 0,
b=0,c<0.

Reason (R): ax?+ bx + ¢ =0 is a quadratic
equation. Suppose a, b, ¢c € Q and a # 0.
If d > 0 and d 1s not a perfect square, then
roots are irrational and unequal.

. Assertion (A): The equation x>+ 6x>+ 11x

— 6 =0 has at most one positive real root.

Reason (R): The maximum number of
positive real roots of a polynomial equation
flx) = 0 1s the number of changes of sign
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10.

11.

12.

13.

14.

from positive to negative and negative to
positive in f{x). It is called Descartes rule of

signs.

. Assertion (A): The roots of the equation

log, (x*—4x +5)=(x—2) are 2 and 3.
Reason (R): Every equation of an even
degree whose last term is negative and
coefficient of first term positive has at
least two real roots, one positive and one
negative.

. Assertion (A): If the roots of the equation

x*— bx + ¢ = 0 are two consecutive integer,
then b*—4cisequalto 1.
Reason (R): If the coefficient of x*in a
quadratic equation is unity, then its roots
must be integers.
Assertion (A): The equation 2x*+ kx — 5
=0 and x*>- 3x — 4 = 0 have one common
rootif, k=-3 ork=—%
Reason (R): The required condition for
one root to be common of two quadratic
equation ax’*+ bx + ¢ = 0 and ayx’+
bx +c,=01s (ab~ba,) . (bec~bc)
=(c,a,-c,a)
Assertion (A): 9°+ 6= 2.4*hasno solution.
Reason (R): log, (9 — 2%) = 108 ¢ -9 has
only one solution.
Assertion (A): The remainder obtained on
dividing the polynomial P(x) by (x — 3) is
equal to P(3).
Reason (R): flx): (x — 8)*(x +4) = f'(x)
may not be divisible by (x*— 16x + 64).
Assertion (A): fix) = ax>+ b + ¢, then
fx) = 0 has integral roots only when a = 1,
b, ¢ € I and b~ 4ac is a perfect square of
integer.
Reason (R): x>+ 1 =0 has only one integral
root.
Assertion (A): (| x | + 1)>= 4|x| + 9 has
only two real solutions.

18 0 + has no solutions

for some (more than one) values of ne N.

15.

16.

17.

18.

19.

20.

21.

Assertion (A): Ifa,b,c e Randa+b+c
= 0, then the quadratic equation 3ax>+ 2bx
+ ¢ =0 has at least one real root in [0, 1].
Reason (R): If a, b and ¢ all are positive
real numbers, then both the roots of the
equation ax?+ bx + ¢ = 0 have positive real
parts.

Assertion (A): If a< a,< a,< a, then
(x—a)(x- a)+l(x a)(x a) 0 has
real roots, (A € R).

Reason (R): If fla). f(b) <O for polynomial
fx) then f{x) = 0 must have at least one real
root between a and b.

Assertion (A): x>+ bx + ¢ = 0 has distinct
roots and both greater than 2 if 52— 4¢ > 0,
b<-4and2b+c+4>0.

Reason (R): x>+ 2x + ¢ = 0 has distinct
roots and both less than 1 if ce(-3, 1).
Assertion (A): We can get the equation
whose roots are 2 more than the roots of
equation ax>+ bx + ¢ = 0 by replacing x by
(x+2).

Reason (R): x>+ | x | + 5= 0 has no real
roots.

Assertion (A): The number of positive
roots of x*+ 3x2+ 7x — 11 =0 is at most 1.
Reason (R): The number of positive real
roots of polynomial equation fix) = O is
the number of changes of the signs of
coefficients from positive to negative and
negative to positive.

Assertion (A): If ¢ > 0, then minimum

value of ax?>+ bx + c is 4ac4a b2

Reason (R): If a <0, then minimum value
of ax?+bx + ¢ is4aa—;b2

Assertion (A): If f{x) is a polynomial of
degree one or more and a is any number
real or complex, then x — a divides f(x) if
Aa)=0.

Reason (R): Let a, b, ¢, d, e be real numbers
suchthata+b+c+d+e=0,thenx+11s
a factor of ax*— bx*+ cx?—dx +e.
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22. Assertion (A): If b>—4ac > 0, then the roots Reason (R): The equation ix?*— 3ix + 2i
of the equation ax?+ bx + ¢ = 0 are real and =0 has nonreal roots as “b>—4ac” 1s 9i*— 4i
if b*— 4ac <0 then roots of ax>+ bx +c¢=0 (2i)=-9+8=-11s negative.
are nonreal.

ASSERTION/REASONING: SOLUTIONS

: 1 D _4ac—- b
1. (a) One root is 273 means - da
2-\3 < :
25 _ &, _ 4 (D -©®)’ _ 6864 _
(2+\/5) (2—\/5) - 4(1) - 4 =1
Second root is — 2 —\3 So, m?nin}um of x?— 8x + 17 is one. Thus,
assertion is false but reason is correct.
S'= Sum of the roots = — 4
, equal
=) x+p=0 Dq=0
x2+4x—1v=0v . ' 36p2—4(4)(1)=0
Because imaginary and irrational roots 360 — 16=0
always. Thus, assertion and reason both are P
true and assertion follows from reason. pi= %
2. (¢)Wehave (a+1)x*+2a+3)x+(Ba+4) 4 2
6 3
ap =P So, assertion is not true. In the quadratic
3a+4 ) equation d < O then roots are imaginary
= a+1 (5% - dac < 0)
3a+4=2a+2 Beacausex=_bi\jb2_4ac
a=-2 . 2a
Thus, reason is true.
a+f=S 5. (b) Let a and a? are the roots of the
—Q@a+3) -[2(2)+3] _ 1 _ equation
= @+ 2+ ol 82— 6x—a—3=0
Assertion 1s true. But reason 1s not ture. atat= 6 (@) (@) =— (@a+3)
3. (@ 8 8
2— 3 - a+t3
ata’=g, a’ ( 3 )
3 1
ca=—7% and
[_ " __D] 2 2
- 211’40 a2=—(a-§3)
n .
Figure 1 uta=-75amd»
Minimum value of x>— 8x + 17 We geta=—4 and 24
a>0,D>0 So, assertion 1s true.
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Figure 2
If (ax? + bx + ¢) > O for all x, then a > 0 and
(b*- 4ac)<0
Because graph does not cuts the real
axis and gives imaginary roots, thus the
expression has always positive sign.
Thus, reason is also true.

. (d) The given equation is ax*> + bx +c¢ =0
If roots of the equation are imaginary then
d<o0
b*—4ac<0
If6=0,a>0,c<0
Then 0 — 4 (positive) (negative) <0
4<0
Thus, assertion 1s not true. But reason i1s
true.

. (a) We have the equation x*+ 6x>+ 11x -6
=0
The signs of the various terms are
+++-

Clearly, there is only one change of sign in

the expression

x3+ 6x2+ 11x — 6 = 0. So, the given
equation has at most one positive real root.
Thus assertion and reason both are correct
and assertion follows from reason.

. D) log(x*—4x+5)=(x-2)x*-4x +5

=9x-2

Clearly, x = 2 and x =
equation.

Then, assertion 1s true.

_—bx~b-4dac
2a

3 satisfy the

ifa>0and c<0

Then, Vb*>— 4ac is a positive term. It means
d>0.

10.

11.
12.

13.

14.

Thus, Quadratic equation gives two real
roots. One is positive and the other is
nagative.

But, assertion does not follow from reason.

- ©@la-pl=1

(a-By=1

(a+p)—4daf=1

b*—4c=1

Thus, assertion is true but reason 1s not
true.

(@ If2x*+kx-5=0and x>-3x-4=0
are the two quadratic equations. If a is a
common root between then

So, 2a*+ka-5=0 e))
a?-3a-4=0 2
a? __a _ 1

-4k+15 -5+8 -6-k
_a  _a__ 1
“4+15 3 —(6+Kk

_ 3
=" 6+h ®)
,_(4k-15

-(%57) @
1=

9 =(4k—15)
6+k? \U6+k

After solving, k=—3 or %

Thus, assertion and reason both true and
assertion follows from reason.

(d) x =0 1s a solution of (A), (A) is false.
(©) In R, f'(x) is divisible by (x — 8)2. 4 is
true.

(d) When a # 1 then integral roots are also
possible.

eg,4x?-8x+4=0.

®) | xP+2|x|+1=4|x|+9
=>|x[-2|x|-8=0
=>((x|-4Hx+2)=0
=|x|=4,-2But|x|#-2

clx|=4

=>x=x4,



15.

16.

17.

Quadratic Equations €.71

1.e., has only two real solutions.

.. (A4) 1s correct.

In R, for » = 10, it has no solution
x*-8x=n(n-10)

_ 8+ V64 + 4= 40n
- 2
=4+16+n>-10n
n-10n+16=m-8) (n-2).
n—10n+16<0for2<n<8.
1e,forn=3,4,5, 6,7 it has not solutions
.. r1is correct.

But 7 is not the correct explanation of 4.
(¢) Let G(x) = ax*+ bx?+ cx + d. G(x) is
continuous in [0, 1] and differentiable in
0,1).G(0)=d,G(1)=a+b+c+d=0+d=d
re, G0O)=G(1)

.. According to Rolle’s theorem, G'(x) = 0
has at least one real root in (0, 1)

= 3ax?+ 2bx + ¢ = 0 has at least one real
root

o (A4) 1s true
—b+\Nb*-4ac
2a
o b—dac<b’(a>0,c>0)
.. real parts negative.

Ifd <0, thenx=_bi2ﬂ
a

which have real parts negative.

. ris false.

(a) Let f(x) = (x - a)(x-a)+ A(x— a,)
(x-a)
fla)=A(a,—a,) (a,— a,) = (+real no)i
fla) =4 (a,— a,) (a,— a,) = (—real no)A

* flx) = 0 has one root between a, and a,.

InR x=

fx) =0 has all coefficients real and its roots
also real.

.. A 1s correct

R is correct and it explains 4.

(b) Step 1: Clearly a + 8 =— b in A and
Discriminant = 5>~ 4¢ =4 —4cinR

Step2:Ind, 2> 4= b<—d P+br+e

18.

19.

20.

21.

22,

at x =2 must be
positiveie.,4+2b+c>0

- A istrue.
InR,4-4c>0=c<1

x?+ 2x + ¢ at x = | must be positive
2w 14+24¢>0=>c¢>-3
sce(=3,1) .. true

But R does not explain 4

(d) In 4, it should be (x — 2) in place of
(x +2).

- Ais true

R is true.

(a) In A, the expresion x> + 3x2 + 7x — 11
has in no. of changes of sign is 1.

- A 1s true.
R is true and it explains 4

(c) We note that

4ac — b*
da

) _ [(xt bY

ax +bx+c—a( 22 )+

4ac — b*
da

Again, ax* + bx + ¢

_ (x+b)2=4ac—b2
A 24 4a

= When a <0, max. value of ax®> + bx +c¢

4ac - b*
4a
(a) Assertion is a standard result, known as

“factor theorem’
I[fp(x)=ax*—bx*+cx*—dx+e
thengp(-1)=a+b+c+d+e=0
= x — (- 1) is a factor of ¢(x).

> ifa>0

ifa<0.

1s<

(d) Assertion is not a correct. The correct

statement is “If a, b, ¢ are real and b>*— 4ac
> 0, then roots are real and if 5>*— 4ac <0,
then roots are non-real”.

ix2-3ix+2i=0
ori (x*-3x+2)=0
=>x>-3x+2=0

= x =1, 2, which are real.
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10.

11.

MENTAL PREPARATION TEST

. Solve the equation x*— 4x + 13 = 0 by the

factorization method. roots.

. If roots of equation x>+ 2 (p —q) x + pg =0

are imaginary then prove that 4x*+ 4(p — q)
x + (4p? + 44* — 11q) = 0 will have real
roots.

. If the roots of equation (1 + n) x*— 2(1 +

3n) x + (1 +8n) = 0 are equal, then find the
value of » .

. Prove that roots of equation (a + ¢ — b) x> +

2¢x + (b + ¢ — a) = 0 are real, rational and
unequal.

. Find the equation whose roots are a +\— b

anda—\N-b

. If px*> — gx + » =0 has ¢ and g as its roots,

evaluate &3f + fPa.

. If a, B are the roots of the equation x> + x

+ 1 =0, then prove that the equation whose
roots are ma + nf3 and mb + na is x> +
(m+n)x +(m>—mn+n*)=0.

. If @ and B be the roots of the equation

px*+gx +r =0. Hence obtain the equation

a
whose roots are /? and .

. If the difference of roots of equation

x*—px + q=01is 1, then prove that p* + 44>
=(1+29)

[MP-1992, 1997, 1998]
If ratio of roots of equation x> + px + g =0
be same as ratio of roots of equation x? + Ix
+ m = 0, then prove that p’m = Pq.
If ratio of roots of equation ax®> + bx +¢ =0
bZ

is m: n, then show that \j% + \j% =\ze-

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

If only one root is common to the equations
x2—px+¢g=0, and x> — gx + p = 0, then
prove thatp+q+1=0

If only one root is common to the equations
x> —kx—21 =0 and x> - 3kx + 35 =0, then
find the value of £. Ans: +4

If only one root of equations ax® + bx + ¢ =
0 and a’? + b x + ¢ = 0 is common, then
prove that b* (a — b) (b—c)=ac (a—c)*

If only one root of equation x*>+ ax+ 10=0
and x? + bx — 10 = 0 is common, then prove
that o — b = 40.

The coefficient of x in the equation x2 + px
+ ¢ = 0 was taken as 17 in place of 13 its
roots were found to be — 2 and — 15. Prove
that the roots of the original equation are
-10,-3.

If @ + 8 =3 and a® + 3*=7, then show that
a,  are roots of the equation 9x2 — 27x + 20
=0.

K+1

If ax*+bx+c = 0 has roots X K+2

and g 1
then prove that: (a + b + ¢)> = b*> - 4ac.

If sinf, cosf are roots of equation ax? + bx
+ ¢ =0, then prove that (a + ¢)*> = b*+ 2.

If @, B are roots of equation x> —4x + 1 =0,
then prove that &> + 3° = 52.

If tan @, tan B are roots of equation x? — px
+ ¢ = 0, then prove that
p2

sin? (a +ﬂ) =m

TOPICWISE WARMUP TEST

. If the roots of the equation Ax> + Bx + ¢ =

0 are a, § and the roots of the equation x* +
px + q =0 are a?, B2, then valueof p will be
[R PET - 1986]

B*-24C 24C — B?
@7 OReys
© B-44C (d) none of these

A'.’
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. If a, B be the roots of the equation 2x* — 35x
+ 2 = 0 then the value of Q2a — 35)*-(28
—35)*is equal to
(@1
)8

(b) 64
(d) none of these
[Bihar CEE — 1994]
. If A M. of the roots of a quadratic equation
is 8/5 and A M. of their reciprocals is 8/7,
then the equation is
[AMU - 2001]
(@) 5x*—16x+7=0
(b) 7x*—16x+5=0
(c) 7x*-16x+8=0
@) 3x>-12x+7=0
2 -+ Dx+@-1)=0Ifa-B=ap,
then what is the value of p
[Orissa JEE — 2005]
(@1 (b) 2
©3 @ -2
. Ifx?+ax+ 10=0and x>+ bx—10=0 have
a common root, then a*>— b? is equal to
[Kerala (Engg.) — 2002
(@) 10 (b) 20
(c) 30 (d) 40
. If x is real, the expression

_ XTza
2x*+3x+6
takes all value inthe interval

@) %1%%)
' 15)

©{-3"13

[IIT — 1969]

1 1
® [-15.3]
(d) none of these

. If the roots of the equation x*— 2ax + a®>+a
—3 =0 are real and less than 3, then

[IIT - 1999; MPPET- 2000]
(@) a<2 (b) 2<a<3
(c) 3<ac<4 d) a>4
. The coefficient of x in the equation x>+ px
+ g = 0 was taken as 17 in place of 13, its
roots were found to be — 2 and — 15. The
roots of the original equation are

[IIT - 1977, 1979]
(b) -3,-10
(d) none of these

@) 3, 10
© -5,—18

10.

11.

12.

13.

14.

15.

L IF 32+ 202+ Dx + A2 — 34+ 2) =0 has

roots of opposite signs then A lies in the
interval

[CET (Karnataka) — 1993]

(@) (-, 0) (b) (-, 1)
© (1,2) @ (3712,2)
If number 3 lies between the roots of the

equation x> + (1 = 2k)x + (B* —k-2) =0,
then

(@ k<2 ®k>5
©) 2<k<3 d2<k<5

[CET (Karnataka) — 95]
If a, B are roots of the equation 8x> — 3x +

27 =0, then the value of (a% %) + (B%/a)'”
is equal to
[Haryana (CET) — 2000]

(a) 4 ®) 173
(©) 1/4 d 72
If @, B are roots of the equation x> — 6x + 4

=0, then (a* — #%)*is equal to
[Ranchi — 2001]

(a) 720 (b) 1008
(c) 360 (d) 504
Real roots of the equation 79& =4+ 3

=x—1are

(@ 1,2 (b) 3,4
) 2,3 @ 4,5

[DCE -2001]
If @, 8 are roots of the equation x> + 2x +

5 = 0, then the equation whose roots are
l/a + 1/8 and a + g will be

(a) 5x* +12x—-4=0

(b) 5x>+12x+4=0

(€) 5x* —12x+4=0

(d) none of these [AMU -2001]

The equation whose roots are —5 times

those of the equation x>—x + 2 =0 is
[PET (Raj.) — 2002]

(a) x> =5x—10=0

(b) x*+5x+50=0

(c) x2+25x+50=0

(d) x> —25x—-50=0
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16.

17.

18.

19.

20.

21.

22,

23.

Fx=\2+V2+v2+..... then

[UPSEAT - 2002]
(@ x=-1 ®d) -1<x<2
) x=-2 d x=3
If a, B are roots of the equation ax?+ bx +
¢ =0and B = a'®, then (a®b)"* + (ac®)™is
equal to
[Kerala (CEE) — 2003]
(@b (b) -b
©c d -c
If the equation x>+ k*= 2(k + 1)x has equal
roots, then what is the value of &
[NDA —2007]
(@) -173 (b) —-112
© 0 @ 1
(x + 2) is a common factor of expressions
(x*+ ax + b) and (x>+ bx + a). The ratio a/b
is equal to
[NDA —2002]
(@1 () 2
©3 @ 4
If (x + 3) is a factor of 3x* + ax + 6, then the
value of ‘a’ is
(a) 6
(c) 6

) 11
@ 9

[NDA —2000]
The roots of the equation (x + 3)(x — 3) =25
are

[NDA — 2000]
(a) 5 and -5 (b) 3 and -3
(c) V34 and —V34  (d) 8and2

If @, B are the roots of the equation ax?+ bx
+ ¢ =0, then what is the value of (aa + b)™
+ (af + b)™!

[NDA —2007]
(a) a/(bc) () bl(ac)
(c) —b/(ac) (d) —al(bc)

If a, § are the roots of the equation
x>—2x — 1 = 0, then what is the value of
aZIg—Z + a—.ﬂ'.’

[NDA -2007]
®0
@ 34

(a) -2
() 30

24,

25.

26.

27.

28.

29.

30.

If the sum of the roots of the quadratic
equation ax?+ bx + ¢ =0 is equal to the sum
of the squares of their reciprocals, then

B b _
ac  a*
[BIT Ranchi — 1996]
(a) 2 (b)-2
© 1 @ -1
If 3p>= 5p + 2 and 3¢*> = 5q + 2 where

P # g, then the equation whose roots are 3p
—2gand 3q—-2pis
(@) 3x*-5x-100=0
(b) 5x*+3x+100=0
(c) 3x2=5x+100=0
(d) 5x*-3x-100=0

[Kerala (Engg.) — 2005]
If the sum of the roots of the equation ax? +
bx + ¢ =0 1s equal to the sum of the squares
of their reciprocals then bc?, ca®, ab® are in

[IIT - 1996; DCE — 1996; PET (Raj.)
—2000;AIEEE — 2002, 2003]

(a) AP (b) GP
(c) HP (d) none of these
If the sum of the two roots of the equation

4x3+ 16x*— 9x — 36 = 0 is zero, then the

roots are [MPPET - 1986]

(@) 1,2,-2 ) -2.2,-2

©-3.3.-3  @D-43-3

If x is real, then the maximum and minimum
x*+14x+9

values of expression mwill be

[Dhanbad Engg. — 1968]

(@) 4,-5 (®) 5,-4
() -4.5 (d -4,-5
If @, B and y are the rootsof x*+px+q =0,

then the value of @*+ 3+ y3is equal to
[Pb. CET - 2002]

(@) -3¢ (®) -p
© -pq d 3pq
If a, B are the roots of x>+ px + 1 =0 and

y, 0 are the roots of x>+ gx + 1 = 0, then
qz_ p2=
[IIT — 1978; DCE — 2000]
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@ @-NB-n@@+o)B+9
®) @+ B+y)(@-90)B+9)
© @+ty) B+ (@+o)B+9)
(d) none of these

If @ and B are the roots of the equation
ax*+bx+c=0(a#0; a, b, c being different),
then (1 +a+a?) (1 +f+pY)=

(b) positive
(d) none of these
[DCE —2000]

(a) zero
(c) negative

32. If the roots of 10x*— cx*— 54x — 27 = 0 are

in harmonic progression, then find ¢ and all
the roots.

[Roorkee — 1995]

TOPICWISE WARMUP TEST: SOLUTIONS

. (b) @, B, are the roots of Ax*+ Bx + ¢ =0.

So,a+ﬂ=—%andaﬂ=%

Again @, f*are the roots of x>+ px+ ¢ =0
then

o+ =—p and (@ =q
Now, a*+ 2= (a B)*- 2af
S

2-24C 24C - B*
A R

. (b) Since, a, § are the roots of the equation

2x*—35x+2=0.Alsoaf =1
© 202-35a=-2o0r2a-35=
28— 358=—-2 or 28 - 35—F2

Now, 2a - 357 28 - 35y = (2) (F)s
_88 _64

2

N

a3ﬂ3_T=64
. (@) Let the roots are @ and 3
a+f
8 16
:%=§ Sa+p=75 ¢))
1.1
- 4+ =
* p_g_a*tB_8
2 7 208 7
and
(16/5)
=2@m %

:>aﬂ=%

.. Equation is x* — (%) x+ % =0

=5x2-16x+7=0

. ) 2=+ Dx+(p-1)=0

Givena - =af = (a +B)*- 4aff = a*p*
-1 p+1p 4

NCED YRS I

=2p-D=p

=>p=2

. (d) Let @ be a common root, then o>+ aa +

10=0 ¢))

and a’+ ba—-10=0 @

from (1) - (2),
(a-b)a+20=0=a=--20;
Substituting the value of « in (1), we get
(-a25) +al-g25)+10=0
=400-20 ala—-b)+10(a-b)*=0
=40 -2a*+2ab + a*+ b*-2ab=0

= a*- b* =40.

. (b) If the given expression be y, then,

y=2xy+@By-Dx+(6y-2)=0

If y # 0 then A > O for real x i.e., B2— 44C
>00r—39%%+ 10y+1=>0o0r (13y+1) 3y
-D<0

=-113<y<1/3

If y = 0 then x = -2 which is real and this
value of y is included in the above range.

. (a) Given equationis x> 2ax+a’+a-3=0

If roots are real, then d >0
=>4a’-4(@*+a-3)>0=>-a+3>0
=>a-3<0
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10.

11.

12.

13.

14.

15.

16.

17.

=a=<3

As roots are less than 3, hence f3) >0
9-6a+a*+a-3>0=a’>-5a+6>0
=>@-2)@-3)>0

= eithera<2ora>3

Hence a < 2 satisfy all.

. (b) Let the equation (in correctly written

form) be x*> + 17x + ¢ = 0. Roots are — 2,
—15. So 30 = ¢, so correct equation is x> +
13x + 30 = 0. Hence roots are — 3, — 10.

. (c) Roots are of opposite sign

3A-—331+2<0

=>@A-1)@A-32)<0

=>1<i<2

(d) Number 3 will lie between the roots of
the given equation

fx)=01if f(3) <0

=9+ -2k3+F-k-2)<0
=>kB-T7Tk+10<0;(k-2) (k—5)<0
=2<k<5

_a+pB_ 38
(c) Exp= (alg)us = 27/8)1
_(3)(2)_1
-(3) 3)=4
@ @-p)=(@+p)@-p

= @+ @+ By - 4ap
=36(36 - 16) =720

(c) Given equation is
x*—4x+5=x-1
=>x2-5%+6=0=>x= 2,3

bya+ p=-2,af= 53%+% =2

.. required equation is (x +2) (x +2/5)=0
=52+ 12x+4=0

(b) required equation is
=5CDx+(=52=0
=>x?+5x+50=0

@x=V2+x=>x> —x-2

_ _1+£3 .
—Ozx——2 =2,-1

b a=p=p+p=-bandB'=c/a
ie. f = (c/a)"*

18.

19.

20.

21.

22,

23.

= (c/a)*+ (c/a)™* = - bla

= (aCS)IM + (aSC)IM = — b
b)x>*-2(k+1Dx+k=0

Condition for equal roots b>— 4ac =0
=>4k+1)-4k*=0

= 4+ 4 + 8k - 4k*=0

=>8k=-4
=k=-1/2.
(@4-2a+b=0 €Y
4-2b+a=0 @
or,2a-b=4 €))
2b-a=4,4b-2a=8 2)

on addition, 3b=12,b=4;,2a=8,a=4
a_4

|

b 4

(b) Putting x = -3 in the given expression,
we get,

=3(-3)*+a(3)+6=0
=27-3a+6=0.. a=11

© (x+3)(x-3)=25=x*=34
Lx=+34

®a+f= Landa -p=%

11

“aa+b af+b

_af+btaa+tb

" (aa +b) (af +b)

B ala + ) +2b

" a’af + ab (a + P) + b
a(—%)+2b

(@) rar(-5)+r

b

ac—b2+bz=%

(d) Givena+pB=2,a-B=-1
‘ a_2+ﬁ=a“+/3“=_2a2/32
o /32 a'l alﬁZ alﬁZ
(@ + B - 208} - 2008

a’lﬂl
{(4+2)-2x1}

1

=36-2=34




24,

25.

26.

27.
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(a) Let a, B be the roots of the equation ax?
+ bx+c=0

thena+ﬂ=—%,aﬂ=%»

Givena + = L +F —g=g2—ﬂ
-0 Z— = (a+ Y248
2%=ch+% 32—%+@

(a) Given roots are 3p — 2q and 3q — 2p pq
are roots of equation 3x*= 5x + 2 Sum of

5
roots=(GBp-29)+Bq-2p) =+ =3
Product of roots = 3p — 2q) (39 —2p)
=9pq —6q*-6p>+4pq=13pq —2(3p*+3¢’)
= 13(—3)-2 (5p+2+5q+2

—13 [5 +4]

_ 25 —_ 100
——26/3—2[3 +4]—— 3

Hence, equation is 3x>— 5x — 100 = 0.
(a) Let the roots be @ 8. Then
a+f=-bla,af=cla

1

Now as givena +ﬂ__+F

ﬁZ
Sa+f= ﬁv += @y (atp)
=(a+py-2ap
c? b _ b* 26’ 2 2
;(_ E)_; = — bc? - b%a - 2ca®
= bc’+ab*>=2ca’ .. bc’, ca’, ab® arein AP.

(d) Given equation 4x>+ 16x2— 9x — 36 = 0.
Putting, x=—4 = —4 x 64 + 256 + 36 - 36
=0 Hence, x = — 4 is a root of the equation
Now, reduced equation is 4x*x + 4) — 9
x+4H=0

3(x+4)(4x2—9)=03x=—4,x=i%
3
Thus, roots are —4, — 2 >

28.

29.

30.

31.

¥*+14x+9
x2+2x+3
>y E*+2x+3)—-x*-14x-9=0

(@) Lety=

S>@-D*+Q2y-14)x+3y-9=0

For real x, its discriminant > 0

e 4@-7*-4@p-1)3@r-3)=0
=y'+y-20<0or(y-4)(y+5)<0
Now, the product of two factors is negative,
if these are of opposite signs. So following
two cases arise
Casel:y—-4>0ory>4andy+5=>0
ory>-5

This is not possible.

Casell: y-4>0ory<4andy+5=>0
ory>-5

Both of these are satisfied if -5 <y <4
Hence maximum value of y is 4 and
minimum value is — 5.

(a) We have, x*+px+¢ =0

.. The roots of equation (i) is «, § and ¥
.. The sum of roots=a +8 +y

Coefficientof x> _ -0 _ 0

Coefficient of x* 1

)

and the product of any two roots

~ B+ By 14 = Cocttciont o’ 7
.. Product of all three roots =a, By =—¢q
La+B+y=0
Lat+ By =3afy=-13q.
(a)Asgivena+f=-p,ap
=l,y+0=—¢q
Nowyd=1=(a-y)(B-7)
(a+0)(B+9)
(Since y is aroot of x2+ gx + 1 =0)
Y2+ qy+1=0=y*+1=—¢yand
similarly
O+1=-g0==y0(p -9 +q
=q-p
(b) Given equation is ax>+ bx + ¢ =0
a, B are the roots of this equation

a+ﬂ=—%

)
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=5 ©)
then, (1 +a+a®) (1+4+p?
=l+@+B)+a?+B+ap(l+a+B)+
aZIgZ
Putting the value of & + f and af

1 be (B2 (1-8)+ 8

a2

_a*—ab+b*—ac—bc+c?
2
e

(a® + b2 —2ab) + (b* + ¢* - 2abc)

_+ (P +a*-2ac)
- 2a°

(@a=by +(b-c)+(c-ay
Here all terms are in square, therefore, it is
always positive.

QUESTION BANK: SOLVE THESE TO MASTER

. Let two numbers have arithmetic mean 9
and geometric mean 4. Then, these numbers
are the roots of the quadratic equation
(a)x*-18x-16=0 (b)x>-18x+16=0
©x*+18x-16=0(d)x*+18x+16=0
. If one root of the equation x>+ px + 12 =0
is 4. While the equation x>+ px + ¢ = 0 has
equal roots, then the value of ‘g’ is

(@) 4 (b) 12

©3 @ 4

. The roots of the equation 4x> =2 V5x+1=0
are

(a) cos 18°, cos 36° (b) sin 36°, cos 18°
(c) sin 18°, cos 36° (d) sin 36°, sin 18°
. If r be the ratio of the roots of the equation

R (r+1)*
ax*+bx+c¢=0,then —5—=
2 bZ
@ 5o ®) ca
©) < (d) none of these

. Theagreatest negative integer satisfying
x?—4x-T77<0and x>>4 is

(@) -4 () -6

) -7 (d) none of these

. The value of & for which the number 3 lies
between the roots of the equation x*+ (1
—2k) x + (k*~ k- 2) =0 1is given by

(@) 2<k<5 ®) k<2

(€) 2<k<3 @ k>S5

7. If @, B are the roots of the equation
8x2— 3x + 27 = 0, then the value of

PRCE
@ % )
© 4 @

8. If x»+3x+5=0and ax*>+ bx+c=0have a
common root and a, b, ce N, then minimum
value of a + b + ¢ is equal to

@9 ) 3
(©) 6 @ 12

9. If (@*>~ )x*+(@a—-1Dx+a*~ 4a+3=0be
an identity in x, then the value of a is
@-1 (1 ©2 @O

IS

10. Forallx e R,ifAx>*~9Ax+54A+1>0,

then A lies in the interval
(2) [0, 4/61) (b) [0, 4/61]
(c) (-4/61,0) (d) none of these

11. If the equation (@ —5)x*+2 (a—10)x +a

+ 10 = 0 has roots of opposite sign, then the

values of a are
(@ —10<a<5
(©) 0<a<5

) -5<a<10
(d) none of these

12. If the product of the roots of the equation

(a+Dx*+QRa+3)x+Ba+4)=0be 2,
then the sum of roots is

(@1 () 2

(© -1 @ -2
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13. If the roots of the equation 12x*— mx +5 =
0 are 1n the ratio 2: 3, then m =
(a) 210 (b) 510
(c) 310 (d) none of these
14. If the roots of the equation ax?>+ bx +¢ =0

are reciprocal to each other, then
@ a+c=0
b)b+c=0
©a-c=0
d)b-c=0

15. If @ and B are the roots of the equation x*+
6x +A=0and 3a +28=-20, theni =
(@16 b)-8 (c) -16 (d) 8

16. If A M. of the roots of a quadratic equation
is 8/5 and A M. of their reciprocals is 8/7,
then the equation is

(a) Tx*— 16x +8=0
(b) 3x*—= 12x+7=0
©) 5x*—16x+7=0
d) T¥*~16x+5=0

17. The quadratic equation whose roots are
reciprocal of the roots of the equation ax*+
bx+c=0is
(@) ex*+ax+b=0 (b) bx>tax+c=0
©) ex*+bx+a=0 (d) bx*tcex+a=0

18. If the ratio of the roots of a x*+ b x +c¢ =
0 be equal to the ratio of the roots of ax*+

a b c
byx+c,=0,then 7 b e

—

_are in
(a) HP. (b) AP
() GP. (d) none of these

19. If ax®+ bx + ¢ = a(x — a)(x — B), then a
(ax+1) (Bx + 1) is equal to
(a) ax*+bx +c (b) ex’-bx+a

) ecx*—bx—a d) ex*+bx+a

20. If x is real, then the expression

% can have no value between
(@) 3and 7 (b) 4and 8
(¢) Sand 9 (d) 6and 10

ANSWERS

Lecture-1: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

1. @ 5 ® 9 (o 13. (¢
2. d 6. (¢ 10. (o)
3. (@ 7. (a) 11. @)
4. (@ 8 @ 12. (a8
Lecture—1: Work Sheet: To Check Preparation Level
1. ® 5 ® 9 @ 13. (b)
2. (& 6. (d 10. (b) 14. (a)
3. ) 7. (@ 11. (a) 15. (@)
4. (b) 8 (b)) 12. @ 16. (b)

Lecture-2: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

. ® 4 ® 7. @ 10. ()
2..0) 5 @ 8 @
3@ 6. () 9 (a)

Lecture—2: Work Sheet: To Check Preparation Level

1. @ 5 b 9 (a 13. (b)
2. (¢ 6. (3 10. (a)
3. (@ 7. @ 11. @
4. (¢) 8 (b) 12. (a)

Lecture-3: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

1. @ 4 ® 7. (o 10. (¢)
2. (¢ 5 (© 8 (o
3. ® 6. (¢ 9

Lecture—3: Work Sheet: To Check Preparation Level

1. @ 5 @ 9 @® 13 ()
2. @ 6. (¢) 10. (b)
3.0) 7. (@ 1. (b)
4. @ 8 (b 12. (2
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Lecture—4: Unsolved Objective Problems 3. (@ 7. (b)) 11. (a) 15.
(Identical Problems for Practice: For Improving | 4. (¢) 8. (b) 12. (a)
Speed with Accuracy

1. ® 8 (© 15. (@®)c)d) 22. (b) Lecture-5: Mental Preparation Test

2. @@ 9 @ 16, (© 23. (d) 1o x=2+3i

3. (@ 10. (@ 17. (0) 24 (@ | 3 n=0,n=3

4. (©) 11. (@ 18 (b) 25. @) | 7 ¥-2ax+a-b=0

5@ 122.@ 190 @ 3 r(q* —2pr)

6. (¢) 13. (¢c) 20. (a ' P

7. (@ 14.(b) 21 (9 10. acx>—bx+1=0(3)

) 11. pg=-2/3

Lecture—4: Work Sheet: To Check Preparation Level 12, prét+ Qrp— @) x +1p =0

I. @ 5 (@ 9 @® 13 @ 17 24

2. (d 6. (@ 10. (¢ 14. (@@ '

QUESTION BANK: SOLVE THESE TO MASTER

1. (b) 6. (@ 1.  (a) 16.  (¢)

2. (d) 7. (©) 12. (¢ 17. (o)

3. (a) 8 (3 13.  (b) 18. (b)

4. (b) 9. (b 14. (¢ 19. (b)

5. (b) 10. (a) 15.  (¢) 20. (o)

(@



ParT D

Progression




This page is intentionally left blank.



1.

Note:

Note:

LECTURE

Arithmetic
Progression

BASIC CONCEPTS

Arithmetic Progression A sequence
whose terms increase or decrease by the
same constant is called an Arithmetic
Progression. This constant is called the
common difference of the Airthmetic
progression and is usually denoted by ‘d’.
In short form the arithmetic progression is
denoted by A.P.

For example Following sequence is in

AP

1.1,3,5,7, .......... (common difference =2 )
2.54,51,48, ........ (common difference =
U7, T,T, ... Tn, ... are in AP, then
d=T,-T =T,—-T,= ... and
—d=T-T,=T,—T,= ...

where

T = nth term of an A P.

The n terms (General term ) of Arithmetic
Progression

a,a+da+t2d, ... ,at(m—-1)d, ...

(1) Firstterm of AP.=a

(i) 1st, 2nd, 3rd and wth terms of an
AP. are denoted by T, 7, T, and T,
respectively.

(iii) nthterms of an A P. 7 =a+(n—1)d =
1 (say)
(1v) nth term from the end of an A.P. =
(m — n+ 1)th term
m = Total number of terms of an A .P.
(v) Three numbers a, b, ¢ are in A.P. if and
only if
2b=a+cie,b—a=c—b.

. Middle Term The middle term depends

upon the number of terms.

1,3,5,7,9, 11 = number of terms=n=6

1,3,5,7,9,11, 13 = numberof terms=n=7

(1) If the total number of terms of an A P. is

even, then there are two middle term i.e., %th
n

and (f +1 )th

where n = number of terms

(11) If the total number of terms of an A.P. is

odd, then there is only one middle term 1.e.,

(” er 1 )th that is 7.,

where n = number of terms.

Note 1: If the number of terms of an A.P. is 2n,

then nth and (# + 1) th are two middle
terms.
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Note 2: If the number of terms of an AP is

4.

(2n + 1), then (n + 1)th term is only
middle term.
Sum of n terms of an AP
OS=at@+d+..... t+@+tm-1d)=
=5 Ra+(n-1)d] )
or

zﬂ[a+l]wherel=a+(n— 1)d=t =nthterm

Notations: (1) S, = sum of n terms

6.

(i) S,, = sum of 2» terms
@iii) S,, , , = sum of (2n + 1) terms
(iv) S,, = sum of 3» terms

(i1) nth term (7)) in terms of S, (Sum)
S =T +T,+ ... +T,_+T,

S=S_+TI=>T=S-S,

(iii) Common difference (d) in terms of S
S, = Sum of one term =T
S, = Sum of two terms =T, + T,

Thus, 7, = S, — S| again common
difference d=T7,- T,
d=8,-8-8=5,-25d=S,-2S

(1v) If the sum of », 2»n and 3» terms of A P.
are S, S, , S, respectively, then S, =
3(S,,— ).

Selection of terms in A.P.

(1) Three consecutive terms of an A.P.
a—d aa+tdora,a+d a+2d

(i1) Four consecutive term: a — 3d, a — d,
atd,at3dora,at+d a+2d a+3d

(111) Last four consecutive term if / = last
term
1-3d,1-2d,1-4d,1

Arithmetic Mean

@) Ifp, g, r,sisin AP, theng—p=r
— g =s — r = common difference = d,

)4 +r . . .

then g = S =>qis called Arithmetic
mean of numbers p and r, similarly »
is called Arithmetic mean of numbers
q and s. That is if three terms p, g, r are
in A P, then the middle one is called
the Arithmetic mean between the other
two.

1 -1

Note: Similarly the A.-M. of n numberx ,x,, ... x,
o X, tx,tx, ... +x
is given by AM. = 7

(i1) n, AM.’S between two numbers a and
blfa,A,A,A,, ... A, bareinAP,
then the numbers 4, 4,4, ....... A, are
called the n-Arithmetic means between
a and b. Also last term b is (n + 2)th
term of A.P..

Note: nth Arithmetic mean = (n + 1)th term of
AP Common difference for inserting
arithmetic means between two numbers a

b—a

n+1l

Note: Between any two numbers, infinite sets of
arithmetic means can be inserted.

and b: Common difference = d =

(1i1) In an A P. the sum of two terms equidis-
tant from the beginning and the end is
constant and is equal to the sum of the
first and the last terms.

That 1s 1f
(1) a, A,A,bisan AP, thena+b=
A +A,
() a, a;, a,a; a,, a,inanAP,
then al + a24= aS + a20 = a10+ alS
where a = nth term of A.P.
(1v) Sum of n, AM.’S between A and B:

Ifa,A,A, A, ... A,bisan AP,

then 5
_ f(a+

AFAFA* et A, =n(952)

That is the sum of » Anithmetic means
between two given numbers is equal n
times the single A.M. between them.
7. Properties of A.P.

(1) If nth term of any series is a linear
expression 1.e., T = An + B (4 and B
are constants) Then the series is an A P.
In this case the common difference of
anAP isd=T,-T =4

(1) If sum of n terms of any series is a qua-
dratic expression in n, i.e., S = An* +
Bn, then the series 1s an A.P. and 1in this

case the common difference d = S, -
25, =24.
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(11) If each term of an A.P. is increased or
decreased, multiplied or divided by
the same non zero number then the
resulting series is also an A P. i.e., if a,

a,a, ... a are in AP, then

() a tk;a,£k ... a tk, .. are
also in A P. its common difference
=d

() ka,ka,, ... ka, ... isanA.P.
and its common difference = kd

al a.’ an

(111) ,7’ T, ........... T ........ AP
is an AP and its common
difference = d/k

@iv) Term by term addition or
subtraction of two arithmetic
progressions is also in A.P.

ie,Ifa,a,a, ... a, .. and
b,b,b,,. b, arein AP thena +
bya,+b a,+b, ... are also in
AP

SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC

1. If a, b and 2a are respectively first, second

and last terms of an AP, then show that

sum of the series is 5 (2a_ba)

Solution

Since, first term 1s a and b is second term.
.. Common difference, d=5b—a

Let there are » terms 1n this series Then,
According to question, / = 2a
Satm-1)d=2a
Satm-1)(b—-a)=2a

a

=>m-1)b-a)=2a—-a=>n—-1=

b—a
__a _atb-a
2n—b_a+12n— h—a
__ b
=>n=3__
Sumoftheseries=%[a+l]
- b —_3ab
S2k-alat2 =544
Proved

2. First and last terms of an A.P. are a and /
respectively. If S denotes the sum of all
terms, then show that common difference is

P_

28—+ a)
( ) [DCE - 1998]

Solution

Letdis common difference. Then according
to question

S=5(a+) M
and/=a+m-1d 3
=>m-1d=Il-a
2[%—1 ]d=l—a,
25— (@+1) | [from Equation (1)]
= a+1 d=l-a
_(-al+a
=d= 2S—(a+))
:>d=% Proved

3. IfinanAP,S =n’pand S =m’p (m+#n),
then prove that S, = p°.

Solution

Letfirst termis a and commondifferenceisd.

Then, S =n’pand S =m>p=S =rp,

where S € N

S =a=1xp=pandS,=2*xp=4p

. 2ndterm of thisA.P. = §, =S,
=4p-p=3p

d=3p—-p=2p

28, =B Rxpr-1)x2p]

=plp+p’-pl=p’

4. An A P. has even number of terms. Sum of
odd terms is 24 and sum of even terms is
30.

Proved
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Last term 1s 10% more than first term. Find

the number of terms and A.P.

Solution

Let first term is a, common difference is d
and number of terms is 2x.

*» Sum of odd terms = 24

Lat@t2d)y+(atdd)+ ... to n terms
=24

=7 [2a+(n—1)x2d] =24
=>nlatnd—d| =24 ¢8)

Again, sum of even terms = 30
S@a+td)y+@+t3d+.. to nterms = 30

=7 [2(+d)+(n-1)x2d]=30
=>nla+d+nd—d=30

=nla+nd] =30 )
-+ Last term = First term + 10%

na+@n-1)d=a+10%

= @n-nd=% 3)
Now, subtracting Equation (1) from
Equation (2), we get, nd=6 > d= %

Putting the value d in Equation (3), we get,

@n-1(§)=2

212(2n—1)—21n24(2n—1)=7n
28n—4—7n2n—4

d=4 % 5a and from Equation (2).
3
4(a +4x3)=30

_30_ _15_ _3
2a+6—42a 2—6 5

Therefore, there are 2n = 8 terms in AP.
and

AP.is3,3,4%, ...

. If a, b, ¢ are in A P, then prove that
1) (@—c)P=4b*-ac)

(i) @®+4b*+ 3 =3b (a*+?)

Solution

(M) a, b,careinAP. =2b=a+c
_atc
=>b= >

€ on RHS, we get,

Putting b = 4
RHS=4(b*>-ac)=4 {(azc)z—ac}

_ [(a+c)—4ac
= 4{ 4 }
=(a+ c)2 - 4ac =(a—c)*=LHS.

(11) Putting b =

2 °C on RHS, we get,
RHS=§(a+c) (@*+ch)

= % (@+c+ac*+a%)

LHS = +4(45¢) + &

= % (@+c+ac*+a%)
.. LHS=RHS

. If a, b, ¢ are in AP. and x, y are arithmetic

means of a, b and b, ¢ respectively, then
prove that a, x, b, y, ¢ are in A.P.

Solution

Since a, b, ¢ are in A P, therefore,

b=+ )
Again, x 1s arithmetic mean of a, b
nx=2(a+b) @)
and y is arithmetic mean of b, ¢
Ly=50b+0o 3)

Adding Equations (2) and (3), we get,
x+y=2(@+b)+5(b+o)

=Jla+b+b+cl=%[a+c+2b]

=y@+o)+5@b)=b+b,

[from Equation (1)]
=2bie,b=7(c+)
". b is arithmetic mean of x and y.
Therefore, a, x, b, y, ¢ are in A.P.
Proved
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(b+tc—a) (c+ta-b) (a+b-c)
7. If a 5 b > C >
» 111 »
are in A P, prove that Z, p> C are also In
AP.
Solution
(b+c—a) (cta->b) (a+tb-c) .
a : 5 : c , are in
AP
b+c— +a-b
3{—( ; a)+2}, {—(c Z )+2 R
+b—
{u+2}areinAP
[adding 2 to each term]
(a+b+c) (@atb+c) (a+tb+o)
a > b > c
are in AP
111

=g c ae mn AP
[dividing each term by (a + b + ¢)]
8. The income of a person is Rs. 3,00,000 in
the first year and he receives an increase of
Rs. 10,000 to his income per year for the
next 19 years. Find the total amount, he
received in 20 years.

Solution

Here, we have an A.P. with a = 3, 00, 000,
d =10, 000, and » = 20. Using the sum
formula, we get,

S,y =2 [600000 + 19 x 10000]

=10 (790000) = 79, 00, 000.
Hence, the person received Rs. 79, 00, 000
as the total amount at the end of 20 years.
9. Ifa® (b + ¢), b*(c ta),ca+b)are in AP,
show that either a, b, ¢ are in A.P. or ab +
bc +ca=0.

Solution
a*(b +c), b*(c + a), c*(a + b) are in A.P.
= b c+a)—a*(b+c)=cXa+b)—b¥c+a)
= (b%a — a*b) + (b’c — a%)
= (c* - b*c) + (c’a— b*a)

= (b—a)(ab+bc+ac)=(c—b)(ab+bc+ca)
= (ab+tbctca)Rb—a-¢c)=0
=ab+bctac=0o0r2b=a+c
=ab+bc+ac=0o0ra,b,carein AP

10. Two cars start together in the same direction
from the same place. The first goes with
uniform speed of 10 km/h. The second
goes at a speed of 8 km/h in the first hour
and increases the speed by 1/2 km each
succeeding hour. After how many hours
will the second car overtake the first car if
both cars go non-stop?

Solution

Suppose the second car overtakes the first
car after ¢ hours. Then the two cars travel
the same distance in ¢ hours.

Distance travelled by the first car in ¢ hours
=10 tkm.

Distance travelled by the second car in ¢
hours

= Sum of ¢ terms of an A P. with first term 8
and common difference 1/2.

¢ 1 t(+31)
=3 2><8+(t—1)><§ ==
When the second car overtakes the first car,
we have
t(+31)
= IOZ=T3t(Z—9)=03t=9
[2#0]

Thus, the second car will overtake the fi rst
car in 9 hours.

11. A man replays a loan of Rs 3250 by paying
Rs 20 in the first month and then increases
the payment by Rs 15 every month. How
long will it take him to clear the loan ?

Solution

Suppose the loan is cleared in » months.
Clearly, the amounts form an A.P. with first
term 20 and the common difference 15.

.. Sum of the amounts = 3250
3%[2 x 20+ (n—1)x15]=3250

= 3n+ 511300 =0
= (n—20)(3n+65)=0
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12.

3n=200rn=%

=>n=20
Sum of two numbers is 2 % Some A.M.s are

inserted between them whose numbers are
even and sum of their is 1 more than the num-
bers. Find the number of inserted A.M.s

Solution

13.

Let the two numbers are a and b and 2n
A M.s are inserted between them.

According to question, a + b=13/6 (1)
and sum of AM.s=2n+1 3

Obviously, there will be (2r + 2) terms in
this A.P. whose first term 1s a and last term

is b.
.. Sum of AP = % (a +b)

=m+1)a+b)
=B @+ [fom )]
.. Sum of AM.s =Sum of AP. — (a + b)
s 2n+1 =%(n+l)—%
[from (1) and (2)]

= 12n+6=13n+13-13
= 12n+6=13n=>n=6

Find the number of terms common to the two
AP’s3,7, 11, ... 407 and 2, 9, 16,... 709.

Solution

It is easy to observe that both the series
consist of 102 terms.

LetTp=3+4(p— D=4p-1 anqu=2+
7(q — 1) =74 — 5 be the general terms of the
two series where both p and g lie between 1

14.

and 102. We have to find the the values of p
and ¢ for which r=T,
re,dp—-1=Tg-5Sord(p+1)=7q (1)
Now p and ¢ are + ive integers and hence
from (1) we conclude that ¢ is multiple of 4
and so let ¢ = 4s and as q lies between 1 and
102,

therefore, s lies between 1 and 25.
1%1=%,1=p+1 =7Aand g=44
both p and ¢ vary from 1 to 102

.. A varies from 1 to 14 or from 1 to 25.
Hence, we choose 4 to vary from 1 to 14.
Thus, there are only 14 common terms.
T,=4p-1 =a(lA-1)=281-5
PutA=1,2,3, ..., 14 and common terms are
23,51,79, ...

Prove that there are 17 identical terms in

thetwoAP’s2, 5,8, 11, ... 60 terms and 3,
5,7,9....50 terms.

Solution

Tp=Tq23p— 1=2¢g+1.
Subtract 5 from both sides 3(p —2) =2(g —2)

p-2 q-2
or— =T=ksay,

Sop=2k+2and q=3k+2

Now p varies from 1 to 60 and ¢ varies from
1 to 50. Hence, we have the following

1<2k+2<60and1<3k+2<50
L1 1
..—2Sk529and—35k516,

Clearly k=0, 1, 2, 3, ..., 16 for common
values and hence there will be 17 common
terms.

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

2. Find 21st term of sequence 16, 11, 6,

3. Whichterm of 4,7, 10 ..... is 148.



10.

11.

12.

13.

14.

15.

16.

17.
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Find the sum of all natural numbers lying
between 100 and 1000, which are multiples
of 5.

How many terms of the series, 24 +20 + 16
+ .. should be added so that the sum may
be 727

Prove that the sum of the terms of an A.P.
equidistant from its first and last terms, is
constant.

The 5th and 9tk term of an A.P. are 11 and
17 respectively. Find the sum of 20 terms.

Find the sum of odd numbers between 100
and 200.

If the sum of the first » terms of a progression
is a quadratic expression in #, show that it
isan AP.

If<a >isanAP anda +a,+a+. +a,
=147, then find the value of a, +a, +a, +
a,

If S, S,, S, are the sum of three arithmetic
progressions. If first term of each series
is 1 and common differences are 1, 2, 3

respectively, then prove that S, + S, = 2S,.
If S, denotes sum of » terms of an A.P. and
if §, =6, S, =105, then prove that S: S . =
n+3):(n—3).

If / is last term and d i1s common difference
of an A P, then prove that sum of its » terms
is 7 [21 = (n - 1)d]

Find the sum of all three digit natural
numbers, which are divisible by 7.

Find the AM between

(1) 14 and 18 (11) (@ — b) and (a + b)

If the AM between pth and gth terms of an

AP be equal to the AM between rth and sth
terms of the AP, then show that

@t+to=@+s).

The angles of a quadrilateral are in A.P.
Their common difference is 15. Find the
smallest angle.

If the progressions 3, 10, 17, and 63,

65, 67, ... are such that their nth terms are
equal, then find the value of ».

Exercise Il

1.

10.
11.
12.

13.

14.

15.

16.

17.

Is 301 a term of the AP 5, 11, 17, 23,

. If the nth term of a progression is a linear

expression in » then Show that it is an AP.

. Is302 any term of series 3,8,13,18, ...

Since here 7 is not an integer, Hence 302 is
not a term of the given series.

. Show that the sequence 9,12, 15,18, ...........

is an A P. find its 16th term and the general
term.

. 3x, x + 2 and 8 are three continuous terms

of an A P. Find its fourth term.

. Find the sum of 23 terms of the AP 5, 9, 13,

17, ...

. How many terms of the AP — 6, _ZA’ =5,.....

are needed to give the sum — 257 Explain
the double answer.

Find the 19th term from the end of the AP2,
6,10, 14, ..., etc.

. The sum of 10 terms of an A.P. is four times

the sum of 5 terms. Find the ratio of first
term and common difference.

Insert 6 numbers between 3 and 24 such
that the resulting sequence is an AP.

Insert 5 A.M. between 11 and — 7.

Prove that in an A.P. whose number of
terms are even, A.M. of two middle terms
is equal to A.M. of 1st and last terms.

Between 7 and 49 there are » AM.s
4th AM _5

and —(n _2)thAM 4 then find out the

value of n.

The A.M. of two numbers i1s 7 and their
product is 45. Find the numbers.

The length of sides of a right angled triangle
are in A.P. Prove that they are proportional
t0 3,4, 5.

Divide 32 into four parts such that they are
in A P. and the ratio of product of first term
and fourth terms to the product of second
and third terms is equal to 7 : 15

Find the sum of first 24 terms of AP. a, a,,
3, Ay oo if atasta,ta ta,ta, =

225.
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18. If a, b, ¢ are in AP show that

a(b+c) blc+a) cla+b)

) bl_c %,al—bare in AP @) be ca > ab - rem AP
ANSWERS
Exercise | 3. n=304/5
L 37 4. a ,=54anda =3n+6
2. —84 S.1,=18
3. 49th term is 148. 6. Hence, the sum of 23 terms of the given AP
4. 99550. is 1127.
5. n=dorn=9 7. Thus, the sum of first 5 terms as well as the
7. 385 sum of first 20 terms is — 25.
8. 7500 8. 19th term from the end = 14
10. 98 9. a:d=1:2
14. 70336 10. Hence, the required numbers are 6, 9, 12,
15. (i) 16 (i) a 15 and 18 and 21.
17. (a) =67.50° 11. The required numbers are 8, 5, 2, — 1 and
18. n=13. -4
13. n=5
Exercise I 14. 5and 9.
1. 301 is not a term of the given AP. 16. 2,6, 10, 14 and 14, 10, 6, 2

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. Iflog, 2, log, (2* = 5) and log, (2’ - %) are
in A P, then x is equal to

(@ 1,12 () 1,173
©) 1,32 (d) none of these
[IIT — 1990]
Solution
(d)log, 2,1og, (2*— 5) and log, (2-‘ - %) are
in A.P.

= 2 log,(2*~ 5)= 1og3[(2) (>-7) ]
= 2*=5)?=2"1-7
=2%-12.2+32=0

=x=2,3

But x = 2 does not hold, hence x = 3.

2. If a, b, ¢, d, e are in A P. then the value of a
+ b +4c — 4d + e 1n terms of a, if possible
is

[RPET - 2002]
(a) 4a ®) 2a
© 3 (d) none of these
Solution

(d) It is not possible to express a + b + 4¢ —
4d + e in terms of a.

3. The sum of the integers from 1 to 100 which
are not divisible by 3 or 5 is

[MP PET - 2000]
(b) 4735
() 2632

(a) 2489
() 2317
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Solution

@LetS=1+2+3+ . +100
=199 (1+100) = 50 (101) = 5050
LetS =3+6+9+12+ ... +99
=3(1+2+43+4+ . +33)
=3.33(1433)=99 x 17 = 1683
LetS,=5+10+15+....... + 100
=51 +243+ +20)
=5.2) (1+20)= 50 x 21 = 1050
LetS,=15+30+45+ ... +90
1S (U +2+3+ +6)

=15.5(1+6)=45x7=315
. Required sum =§—-S - S, + S,
=5050—-1683-1050+315
=2632.
. If sum of »n terms of an A P. is 3n> + 51 and
T, =164, thenm =
[RPET - 1991, 1995; DCE — 1999]

Solution

(a) 26 (b) 27
(c) 28 (d) none of these
(b) Obviously

164=0Cm*+5m)— {3 (m—1)*+5m—1)}
=@Bm?+5m)—-3m>*+6m—-3-5m+5
=>164=6m+2=>m=27

. If the sum of the 10 terms of an A.P. is 4
times to the sum of its 5 terms, then the
ratio of first term and common difference
is

(a 1:2 (b) 2:1
() 2:3 d 3:2
[RPET - 1986]

Solution

(a) Under conditions, we get,
D2a+10-1d}
=4[32a+5-1d]

_ a_1
:>2a+9d—4a+8dord >

Hence,a:d=1:2.

. Leta, a, a, ... be terms of an AP.

a ta, + ... +ap 2 as
If—a Ta + Ta =?,p¢q,thena—”
Z q -

YA

11 41
© 27 @Dy
[AIEEE — 2006]

@2 o

Solution

(c) Let d be the common difference of given
AP. Then,

Pr2a,+ (p- 1) 7
Toa+q-va) ¢

p-1
“1+( 2 )d p
=T g1\ 4 @
“1*( ) )d

-1 -1
Nowwhenp2 =51e,p=11 andq2 =

20ic,qg=4
a+5d_11 a6_11

it S Y § S 2
We shall have a,+20d " 41 = a, ~ 41

. The ratio of sum of m and n terms of an A .P.

is m? : n?, then the ratio of mth and nth term
will be

[Roorkee — 1963; MPPET - 1995; Pb.

CET - 2001]
-1 -1
@ 7= ®) o
2m—1 2n—1
© 2n—1 @ 2m—1

Solution

TRa+tm-Dd .,
(c) Given that 3; ==
S2a+(n-Dd] 7

2a+(m-1d
Z2a+m-Dd 1

a+%(m—1)d
_atammle

N

I =
a+§(m—1)d
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b4 2 3z .
B, T o— > o= e which are

2an+%(m— 1)nd=am+%(n— 1) md
obviously in A.P.

Since, common difference d = ﬁ
1 1 1
prqrtpgqtr

(a) g, rarein AP
(b) p% g% P are in AP

2a(n—m)+g[mn—n—mn+m]=0

:>a(n—m)+g(m —n)=02a=g 9. If are in AP, then,
ord=2a
So, required ratio,

T, atm-1)+d _a+(m-1)2a

T,” a+t+(n-1)d a+(m-1)2a

_1+2m-2 _2m-1
1+2n-2 2n-1

© 11—,, %, % arein A.P.

(d) none of these

RPET - 1995
Trick: Replace m by 2m — 1 and n by 2n— 1. [ ]
Obviously if S is of degree 2, then 7', is of Solution
11i.e., linear. . 1 .
> b) Since, ) , and are 1n
8. If tan #0 = tan m0 then the different values fA)I’ ptqgrtgq qtr
of @ will be in '
(a) AP (b) G.P. L1111
(c) HP. (d) none of these rtq ptq qtr r+p
[Karnataka CET — 1998] ptq-r-p r+p—q-r
Solution (r+p)p+q) (@+ne+p)
(a) We have tan nf = tan m0 ~4-r_prP-49
ptq q+tr
= nf=Nr +(mb)
_ Nz ine N = norgi—r=pi-g
=>0=7 "7 putingN=1,2,3 ... s n 2=
we get, Sophghrrarein AP

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

1. If 2x, x + 8, 3x + 1 are in A P, then the value 4. If mth terms of the series 63 + 65 + 67 +

of x will be 69 ... and 3+ 10+ 17 +24 + ... be equal,
(@ 3 ®) 7 then m =
© 5 () -2 (@) 11 (b) 12

[MPPET - 1984] (© 13 @ 15

. If the sum of »n terms of an A P. is n4 + n’B,
where A, B are constants, then its common
difference will be
[MNR - 1977]
(@A—-B (b)A+B (c) 24 (d) 2B
. If the 9th term of an A P. is 35 and 19th is
75, then its 20th terms will be
(a)78 (b) 79 (¢c) 80 (d) 81
[RPET - 1989]

[Kerla (Engg.) — 2002]

. The number of terms in the series 101 + 99

+9T+ ...+ 4T is
@25 ®28 (c) 30 (d) 20

. If a, b, c are in A.P,, then (LZ_ o)’ =
(b*—ac)
[Roorkee — 1975]
(@ 1 (d) 2
(© 3 @ 4



7.

8.

10.

11.

12.

13.

14.
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If p times the pth term of an A P. is equal to
q times the gth term of an A P, then (p + ¢)
th term 1s
@0 () 1 (©) 2 @ 3
[MPPET - 1997; Karnataka CET - 2002]
If twice the 11th term of an A P. is equal to
7 times of its 21st term, then its 25th term
is equal to

[J & K- 2002]
(a) 24 (b) 120
© 0 (d) none of these

. The sum of first » natural numbers is

[MPPET - 1984; RPET —1995]

@ n(n—1) v "D
© A+ 1) @ " r D

The first term of an A P. is 2 and common
difference is 4. The sum of its 40 terms will
be

[MNR - 1978; MPPET - 2002]
(a) 3200 (b) 1600
(c) 200 (d) 2800
If nth terms of two A.P.’s are 3n + 8 and
7n + 15, then the ratio of their 12th terms
will be

[MPPET - 1986]

(a)4/9 () 7/16 (c) 3/7 (@) 8/15
If the sum of the series2 +5+8+11 ...... 1s
60100, then the number of terms are

(a) 100 (b) 200
© 150 () 250

[MNR - 1991, DCE - 2001;

MPPET - 2009]

The nth term of an A.P. is 3» — 1. Choose
from the following the sum of its first five
terms

[MPPET - 1983]
(a)14 b)35 (c) 80 (d) 40
The sum of integers from 1 to 100 that are
divisible by 2 or 5 is
[IIT — 1984]

(2)3000  (b) 3050 (c) 4050 (d) None

15.

16.

17.

18.

19.

20.

21.

22.

There are 15 terms in an arithmetic
rogression. Its first term is 5 and their sum
18 390. The middle term is

[MPPET - 1994]

(a) 23 (b) 26
(©) 29 (d) 32
If the sum of » terms of an A P. is 2n* + 5n,
then the »th term will be
[RPET - 1992]
(a) 4n+3 (b) 4n+5
() 4n+6 @ 4n+7
The sums of » terms of two arithmetic

series are 1n the ratio 2n + 3: 6n + 5, then
the ratio of their 13th terms is

[MPPET - 2004]

(a) 53:155 (b) 27 :77
(c) 29:83 (d) 31:89
Let T be the rth term of an A P. for =1, 2,

3, ... If for some positive integers m, n we
have T =7 and T =3;,then T, equals

@ ) 77+ 7%
© 1 @0

[IIT — 1998]
If a.a,a,....... a,, are in arithmetic

progression and a, +a, +a, +a, +a, +
a,, =225 thena +a,+a, + +a,+a, =
[MPPET - 1999; AMU - 1997]
@99 ()75 (c) 750 (d) 900
Three number are in A.P. such that their
sum is 18 and sum of their squares is 158.
The greatest number among them is
(@ 10 (b) 11

() 12 (d) none of these
[UPSEAT - 2004]
Three numbers are in A.P. whose sum 1s

33 and product is 792, then the smallest
number from these numbers is

(a) 4 (b) 8
(©) 11 @ 14

[RPET — 1988]
The sum of the fi rst four terms of an A P. is

56. The sum of the last four terms is 112. If
its first term 1s 11, the number of terms is
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23.

24,

25.

26.

27.

28.

29.

(a) 10 (b) 11
() 12 (d) none of these

Four numbers are in arithmetic progression.
The sum of first and last term is 8 and the
product of both middle terms is 15. The
least number of the series is

[MPPET - 2001]
(a) 4 () 3
(©) 2 @1
Ifa, b, c,d, e, farein A P, then the value of
e —cwill be
(@ 2(c—a)
(© 2(d-o

®) 2(f-d)
dd-c
[Pb. CET — 1989, 1991]
The arithmetic mean of first » natural
number

[RPET — 1986]
(@ m—1/2 () (n+1)2
(c) n/2 (d) n

After inserting n A.M’s between 2 and 38,
the sum of the resulting progression is 200.
The value of n 1s

[MPPET — 2001]
(a) 10 (b) 8
© 9 (d) none of these

The four arithmetic means between 3 and
23 are

[MPPET - 1985]
(b) 7,11, 15,19
@) 7,15, 19,21

(@) 5,9,11, 13
©) 5,11,15,22

+1 n+1
fa” + b

X

n=

be the A M. of a and b, then

[MPPET — 1995]
(@1 (b) -1
© 0 (d) none of these
If the angles of a quadrilateral are in A.P.
whose common difference is 10°, then the
angles of the quadrilateral are
(a) 65°,85°,95°,105°
(b) 75°,85°,95°,105°
(c) 65°,75°,85°,95°
(d) 65°,95°,105°,115°

30.

31.

32.

33.

34.

35.

36.

37.

If A, 4, be two arithmetic means between
1/3 and 1/24, then their values are

(a) 7/72, 5/36 (b) 17/72, 5/36
(©) 7/36,5/72 ) 5/72,17/72

If a, b, ¢ are in A.P. then 1/bc, 1/ca, 1/ab
will be in

(a) AP (b) GP.

(c) HP. (d) none of these

[MPPET - 1985; Roorkee — 1975;
DCE - 2002]
If the pth, gth and rth term of an arithmetic
sequence are a, b and c respesctively, then
the value of
lalg =) +b(r—p)+clp — @] =
[MPPET — 1985]
(a1l ®-1 (©O0 @@ 122
The interior angles of a polygon are in
A P. If the smallest angle be 120° and the
common difference be 5°, then the number
of sides 1s
[IIT — 1980; MPPET — 2007]
(@8 ®) 10 () 9 @ 6
If S, denotes the sum of » terms of an
arithmetic progression, then the value of
(S,,—S) is equal to
@25, ®S, © 35, @ 55,

The sum of all two digit numbers which,
when divided by 4, yield unity as a
remainder is

(a) 1190 (b) 1197
(c) 1210 (d) None
Let S, denotes the sum of » terms of an A.P.
If S, = 3S,, then ratio % =

[MNR-93; UPSEAT — 2001]
(a) 4 ®) 6
©) 8 @ 10
Third term of an A.P. is 7 and 7th term is
— 9 then find sum of » terms

[MP PET 07]

(a) 2m*—17n (b) 2n* - 17
() 17 -2n? (d) 177 —2n*



38.

39.
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S+O+13.. . nterms _ 5 o
T+9+11 ... 12 terms 127 17

[MPPET - 2009]
(@5 d)6 © 9 @ 12
If the first, second and last terms of an
arithmetic series are a, b and c respectively,
then the number of terms is

b+c-2 b+c+2
O e Uy S

If

SOLUTIONS

. (c) Step 1: If ¢, b and c are in A P. then 2b

=a+tc

Step 2: Given 2x, x + 8, 3x + 1 are in AP
2(x+8)=2x+3x+1
=>2x+16=5x+1

=>3x=15=>x=5

(d) Step 1: If sum of » terms be S, then
d=S§,-25

Step 2: S, =nd +n*B

S =A+B

S,=24+4B

the common difference (d) = S, — 25,
=24+4B—-24-2B

=2B

(b) Step 1: nth term of an AP. = a +
(n—1d

Step 2: Sth term =35

a+8d=35 ¢))
and 19th term =75

a+18d=175 2
Solving equation (1) and (2) we get,
d=4anda=3

. 20th term = a + 194

=3+19x4=79

(c) Step 1: mth term of an AP. = a +
m-1)d

Given series

63+65+67+69+ ... mth term @8]
3+10+17+24+ ... mth term 3}

40.

b+c—2a

b+c+2
(©) . brTcTia

@ b+a

[MPPET - 2009]
If the difference between the roots of the
equation x>+ ax + 1 =0 is less than V5, then
the set of possible values of a is

[AIEEE — 2007]

(®) (=3,)
(@ (-, =3)

(@ (=3,3)
(©) B,

Step 2: mth term of 1st series
=63+(m—1)2
=63+2m—-2=61+2m

and mth term of 2nd series
=3+@m—-1)7
=3+Tm-7=Tm—4
Therefore,

61+2m=Tm—4
-5m=-65

m=13

. (b) Step 1: The last term of an AP

I=a+m—-1d
Step2:47=101+(n—-1)(—2)
47=101-2n+2

47-103=-2n
=-2n=-56
=>n=28
. (d)a,b,cinAP.=>2b=a+c
(@a-cf_  (a-¢)
e
_4a-co)
T (a—c)P

. (a) Step 1: Given that pT’ = qT of an A.P.

and we have to find T, =at@+tq- 1d
Step 2: pla+ (p — 1)d] = qla + (g — 1)d]
=>alp-q)=dlg—q-p*+p]
ap—q)=dl(q-p)(q +p)—(q—Dp)]
ap-q)=dlg—p)(@+tp-1)
a=d(l1-p-¢q
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8.

10.

11.

12.

a+(p+tq-1d=0

- (p+ gthterm = 0.

(c) 2 x 11th term =7 x 21st term
2 (a+10d)=17 (a +20d)
2a+20d="Ta+ 140d
S5a+120d=0

a+24d=0

25thterm =0

(d) The Sum of 1st natural number = 1 + 2
+3+

can be verified forn=1.

as S, =T i.e., sum of one term is same as
1st term.

Now we put »= 1 in each of the four options
and verify with that option which will give
lforn=1.

(@ A-1D=0 QR
(©) 2 @1
Hence, option (d) is correct.

(@a=2,d=4mAP
S, =p[2a+(n-1)d]

4

= (42) 14 +39x 41

=3200
3n+8 _ 3x12+8 _4

(a)T’_7n+15 7x12+15° 9
forn—12
b)S=2+5+8+11+.. .+t
and S=2+5+8+....... +t_ tt
Subtracting, 0=2+3+3+3+....
-t

or,ntn=2+3(n—l)=3n—l

S”=Zzn=23n—21=3§(n+1)—n

=7 3n+1)

n terms)

By verification Method

60100 =75 (3n+1)

=3n’+n-2x60100=0

=3n*+n-120200=0
= 3n’+601n — 600n — 120200 = 0

13.

14.

15.

= nBn+601)—200 3n+601)=0
= (n—200) Bn+601)=0

= n=200o0r n=-601

= n can not be negative

- n=200.

(d)Sn=Ztn=Z(3n—l)=3Zn
3
=31 =T (n+1)-n
£ 8,=3x5x3-5=40
(b) Sum of numbers =S, + S, — S, where
S, = Sum of numbers divisible by 2
=2+4+6+8+10+ ... + 100
T =100=2+(n—-1)20rn=50,

S = % (a+1) gives

=30 (2+100)= 2550,
S, = Sum of numbers divisible by 5
=5+10+15+ ... + 100,
T =100=5+(m—1)50rn=20
8, =225+ 100] = 1050
S, = Sum of numbers divisible by 2 and 5
bothie., by 10
=10+20+30+ ... +100;
T =100=10+ (n - 1)10
orn=10. 8, =22 [10 +100] = 550.
S=8+S,-S,
S§'=2550+ 1050 — 550 = 3050
() Givenn=15
a=>5
Sum =390

S=%[2a+(n—l)d]

390 x 2=15[2 x 5+ 14d]
52=10+14d=>d=3

.. Middle term = 8th term
=a+7d=5+21=26.

OR

Note: S, = n (one middle term) if 7 is odd
390 = 15 x middle term

26 = middle term



16.

17.

18.
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(a) Step 1: 7 = Sum of » terms — Sum of
(n+1)terms.

Step 2: S, =2n*+5n

= Tn=Sn_Sn—l

=2 +5n) - 2m—-1)+5m—- 1)}
=4n+3.

1
(a) Step 1: We have Sa_2n+3

S 6n+5

n
35[2a1+(n—1)+a?1]=2n+3
J2a,+(n-1)+d] 6n+5

N 2[“1 (23, ] _on+3

2[a2+(n51)d2]_6n+5

a +(2=1)q
S

)

Now replacingnT_1 =N-11n Equation (1)

we find » = 2N — 1 and consequently
Equation (1) becomes

a+(N-1)d, 202N-1)+3
a,+t(N-1d, 62N-1)+5

_4AN+1
12N -1

Step 2: On replacing N = 13 we get,

2

a+12d,  4x13+]1
a,+12d, 12x13-1

Ty _ 53
=7 155
(¢c) Letthe AP.be a+ (a + d) + (a + 2d)
+.....
Now T =p=a+m-1)d=p )
ndT =ph=at(n-1)d=pn @

Solving (1) and (2), for a, d; we get,
- _ 1

a——n,d—m

T =qg+mn—1)d

1 1
=W+(mn—l)d=m

19.

20.

21.

22.

23.

(d) Given a, +a5 +a10 +a15 +a20+az4 =225
= (a,+a,)+(a,*a,)+(a,+a,)=225

=3(,ta,)=225=>a,+ta,=75 (1)

(-~ Sum of terms of an A P. equidistant from

beginning and end is constant and equal to

the sum of first and last terms)

. Sum of the A.P.

=24 (a,+a,)=12(75)=900by Equation(1)

(b) The three numbers in A.P. are ¢ — 3, ,

a+f

Sum=(a¢-B)+a+(@+p)=18

=>3a=18=>a=6

Sum of squares = 158

S @-pr+at+(@+p)*=158

=>(6-B)P+62+(6+p)>=158

S>p=25=p=45

Greatestnumber=a +8=6+5=11ifa B

>0.

(a) Suppose that three numbers are a + d,

a, a — d, therefore,a +d+a+a—d=33

=a=1lala+d)(a—d)=792

= 1121 -#)=792=d=7

Then required numbers are 4, 11, 18

Hence, smallest number is 4.

(b) Step 1: Let last term of an A.P. is /.

Also first term a = 11 (given)

11+ (11 +d)+(11+2d)+ (11 +3d)=56
M

I+(-d+({-2+(-3d)=112 (2)

Step 2: 44 +6d=56 > 6d=12=d=2

4]-6d=112=41-12=112

41=124 = [=31

Step3:/=a+n—1)d

31=11+(n—2)*

20=2n-2

2n=22=>n=11

(d) Four numbers in A.P. are a — 3d, a — d,

a+d a+3d

According to the assumption, I’ + T, = 8;

T, T7,=15

This = (a — 3d) + (a + 3d) =8,
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24,

25.

-d)(at+d)=15
=2a=8 a-d=15=a=4,4-=15
ord=1.
a-3d a—-d,a+d a+3d=4-3,4-
+1,4+3
=1, 3,5, 7 Least number = 1.
(c)Step 1: Givenb —a=c—b=d—c =
e — d =f— e = common difference.
Step2:e —c=(e—d)+(d—¢)
= Common difference + common difference
=2 x common difference

1,4

1+2+3+....+n
O®AM= 7
1
5n(n+l)_n+1
= n =15

26. (b) If »n arithmetic means are inserted between

27.

28.

29.

2 and 38 then total number of terms =n +2
©~a=2,1=38 N=n+2ands =200
s——(a+l)

200— =8
®)3,4,, A_A A 23 are in AP
23=T6=3+(6—1)d:>d=%=4
A =3+4=7,4,=T7+4=11,
A,=11+4=154,=15+4=19.
©@+b)(@a+b)=2@@* " +b*h
an+l+abn+ban+bn+l=2an+l+2bn+l
abn+ban=an+l+bn+l

abn_bn+l— n+l _ ba

b"(a — b)=a"(a — b)
(a@a—b){a"—b"}=0

Since,a—b+#0

La—b"=0

=>a'=b"

=>n=0

OR

Verification Method

a+b=an+l+bn+l
2 a+b
=>@-b)(@-b)=0
Hence, n=0.
(b) Suppose that £A4 = x°, then 4B = x +
10°,

30.

31.

32.

ZC=x+20°and £D =x +30°

So, we know that /4 + /B+ /C+ 4D =
2

Putting these values, we get,

(x°) + (x°+10°) + (x° + 20°) + (x° + 30°) =
360°

=>x=75°

Hence, the angles of the quadrilateral are
75°,85°,95°,105° .

Trick: In these type of questions,
students should satisfy the conditions
through options. Here (b) satisfies both
the conditions i.e., angles are in A.P. with
common difference 10° and sum of angles
1s 360°.

(b) Step 1: Arithmetic mean between two
numbers a and b is

_a+tb
AM——2

Step 2: 3,A A,,24
1
24>
—a+(n—1)d
24=3=3d
_1-8 7
d=324~72
First arithmetic

Givena=%,l= n=4

1

_ _1 7 _24-7_17
Ajmard=z-13="p =7

Second arithmetic
14 _24-14_10_ 5

— —l _—— =
Aymat2d=3-p =T T 36

(a) Given a, b, ¢ in AP

a b
abc’ abe’ abc AP

1 1 1
3E’E’_bmAP

(c)Step 1: a = Tp=x+(p— y @8]
b=T,=x+(g— 1y @
c=T=x+@-1y 3)

Step 2: On solving (1) — (2), (2) — (3) and
(3)— (1) we get,
a-b=@-qy
b—c=(q -y

Q)
©)



33.

34.

35.

36.
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c—a=(r—py )
Step 3: Multiplying equations (4), (5) and
(6) by ¢, a and b and adding we get,
alg=n+br—p)+tcp -9 =0

(c) Step 1: If number of sides in a polygon
is n, then sum of total number of internal
angles

=2n—-4)90°=(n—-2)r =S, (say)

Step 2:

=%[2a+(n— 1)d] gives 902n — 4)
=2 [2% 120+ (n = 1)5]

orn’—25n+144=0o0r (n—16) (n—9)=0
orn=16,9.

Also T, =120+ (16— 1) (5) = 195.

But any internal angle is always less than
180°.

. n=16is not possible.

©5,,-8,= 2 20+ 2n- )d}
— 5 {2a+(n-1)d}

2<{4a+4na’ 2d-2a— nd + d}

§{2a+(zn—1)d}

3 2a+(Bn-Dd} =15,

w|»—-

(c) Number of type=4n+1forn=1,2,3
Two digit numbers 13, 17, 21,.... 97.

T =97=13=13+(n-dorn=22
S,= 22 (13 +97] = 11 (110) = 1210
(b)Letthe AP.bea+(a+d)+(a+2d)+...

: SZn _
Given 35 - 3

2 20+ 2n-1)d}
%{2a+(n—1)d}
= 4a+4nd - 2d=6a+ 3nd — 3d
=2a=nd+d=m+1)d

)

S, 2a+@En-1)d}
ST 22a+(n-Dd

_3{(n+1)d+@3n-1)d}
T+ Dd+@m-1d

_ 3(4nd) _ 6
T 2nd T

37. T, =a+(m-1)d
GivenT,=a+2d=17
and T, =a+6d=-9
From Equation (1) and (2)
4d=—-16ord=—4anda=15
=T R2x15+@n-1)(-4)]

(using (1))

)
2

=n(15-2n+2)

=n(17 —2n) = 17n - 2n*
(b)LetS =5+9+13+ ... + n terms
:Sl=%[2X5+(n—l)4]=n(3 +2n)

38.

and S, =7+9+11+.... + 12 terms
=2 px7+a2-1321

=6[36]
=216

8 5
Since, S, =12 (given)

n(3 +2n) _5
216 12
=2 +3n-90=0
=>@2n+15r-6)=0
= n =6 (" ncannot be negative)
39. (a) Since, [=A+(n— 1)d

Le=at+tmn-1)(b-a

>m-1)= g Z
_b+c—2a
=== =

40. () (@ +p)’-4daBf<5=>a*-4<5

=>ae (3,3
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UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. If the pth term of an A.P. be ¢ and gth term
be p, then its rth term will be

[RPET — 1999]
@ptqg+r ®ptqg-r
©pt+tr—gq Dp—q-r

. The sum of all natural numbers between 1
and 100 which are multiples of 3 is

[MPPET — 1984]
(a) 1680 (b) 1683 (c) 1681 (d) 1682
. Thesumof 1 +3+5+7+ ... upto » terms
is

[MPPET-84]

(@ (m+1) () @2ny
(© n : @ (n-1y
. IfS =nP+ Fn (n = 1)Q, where S, denotes
the sum of the first # terms of an A P, then
the common difference is

[WBJEE — 1994]
(a P+Q (b) 2P +3Q
(© 20 @ Qo
. The number of terms of the AP. 3, 7, 11,
15.......... to be taken so that the sum is 406
is
[Kerala Engg. — 2002]
(@5 (b) 10 © 12 (@ 14

. If the sum of the series 54 + 51 + 48 +
,,,,,,,,,,, is 513, then the number of terms

are
(a) 18 (b) 20
) 17 (d) none of these

[Roorkee — 1970]
. The sum of the numbers between 100 and
1000 which is divisible by 9 will be

[MPPET - 1982]
(a) 55350 (b) 57228
(c) 97015 (d) 62140
. The sum of numbers from 250 to 1000
which are divisible by 3 is

[RPET — 1997]

10.

11.

12.

13.

14.

15.

(a) 135657
©) 161575

(b) 136557
d) 156375

. If the sum of the first 2nterms of 2, 5, 8......

is equal to the sum of the first » terms of 57,
59,61 ....., then n is equal to
[IIT Screening — 2001]
(a)10 (b) 12 ) 11 (@ 13
7th term of an A.P. is 40, then the sum of
first 13 terms is
[Karnataka CET — 2003]

(a) 53 (b) 520

(c) 1040 (d) 2080

The sum of »n terms of an A.P. is 3n* — n,
10th term 1s

(a) 62 (b) 56

(c) 74 (d) 290

If the pth term of an A.P. be 1/q and gth

term be 1/p, then the sum of its pq terms
will be

pg-1 1-pgq
(@ 2 ®) P
pgtl pq+
© —5— D -5~
Sum of the first 50 positive integers will be
(a) 1200 (b) 1300
(c) 1375 @) 1275

In an A P. the sum of the terms equidistant
from the beginning and end is equal to

(a) first term

(b) second term

(¢) sum of first and last term

(d) last term

The sum of the first and third term of an
arithmetic progression is 12 and the product
of first and second term is 24, then first term
is

(@1
© 4

(®) 8
@ 6
[MPPET — 2003]



16.

17.

18.

19.

20.

21.

22.
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The sum of » arithmetic means between a
and b, 1s
[RPET-1986]
(a) n(a + b)/2 (b) n(a + b)
© (m+D@+b)2 ) (n+1)(@+b)
The mean of the series a, a + nd, a + 2nd is
[DCE — 2002]
@ atm-1d (b) a+nd
) a+t(m+1)d (d) none of these
If the sum of three numbers of a arithmetic
sequence is 15 and the sum of their squares
is 83, then the numbers are

[MPPET — 1985
(a) 4,5,6 (b) 3,5,7
) 1,5,9 @ 2,5,8
If the sum of three consecutive terms of an

AP. is 51 and the product of last and first
term 1s 273, then the numbers are

[MPPET — 1986]

(a) 21,17, 13 (b) 20, 16, 12
(c) 22,18, 14 (d) 24,20, 16
The sums of » terms of three A.P’s whose

fi rst term is 1 and common differences are
1,2, 3 are S, S,, S, respectively. The true
relation is

(@ S, +S,=8, (b) S, +S,=25,

(©) S, +8,=285, @ S, +S,=85,

If a, b and ¢ are in A P., then which one of
the following is not true?

(a %, % and % are in H.P

®)a+k b+kandc +kareinAP.

(¢) ka, kb and kc are in A.P

(d) @* b*and ? are in A.P.

If the first, second and last terms of an
arithmetic series are a, b and c repectively,
then the number of terms will be

23.

24,

25.

26.

27.

28.

29.

@ y@+b+c) () 3(b+c—2a)

b+c—2a

© h—a (d) None

If the sides of a right angled triangle are in
A. P, then the sides are proportional to

[Roorkee — 1974]

(@ 1:2:3 (d) 2:3: 4
() 3:4:5 d 4:5:6
If 4 is one AM between two numbers a and

b, and the sum of n AM’s between them is
S, then S'/ A depends on
[CET (Pb.) — 1992]

(a) n,a, b (b) n, b

©) n,a (d) n

If the fourth term of an A.P. 13, then the
sum of first seven terms is

(a) 137 (b) 7x13

(c) 7% (d) none of these
The sum of first » (odd) terms of an AP.

whose middle term i1s m is

(a) mn ®) m"

() n™ (d) None of these
(@ + gthterm of an A.P. is m and (p — ¢)th
term is n, then the pth term is

@ 3 m—n) (b) mn

(¢) Nmm @ 5 (m + )

If a, b, c are in A.P. then Z: lc’ is equal to
(a) a/a ®) ab

(c) ac (d) none of these
Ifa™, 57, ¢ arein A.P. (abe #0), then &=
is equal to

(a) a/a ®) ab

(c) ac (d) none of these

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions:

1.

The answer sheet is immediately below the
work sheet

2.
3.

The test is of 15 minutes.

The test consists of 15 questions.The
maximum marks are 45.
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. Use blue/black ball point pen only for
writing particulars/marking responses. Use
of pencil is strictly prohibited.

. If the sum of two extreme numbers of an

AP. with four terms is 8 and product of

remaining two middle term is 15, then

greatest number of the series will be
[Roorkee — 1965]

(@5 (®) 7

© 9 @ 11

. There are n A Ms. between 1 and 31. If the

ratio of 7ThAM.to(m— 1DthAM. is5: 9,
then the value of n is.

(a) 13 (b) 14

() 15 (d) none of these

. If the sum of first » natural numbers is
1/5 times the sum of their squares, then n
equals

[IIT — 1992]
(@) 5 () 6
© 7 @ 8

L If a(% + %), b(% + %) and c(% +
AP, then
(a) a, b, c are in AP

)arein

Q=

(®) a, b, ¢ are in HP
©) 15, %, % are in GP  (d) none of these

[DCE - 1997; Delhi (EEE) — 1998]
. If the sum of 40 AM.s between two
numbers is 120, then the sum of 50 A M.s
between them is equal to

(a) 130 (b) 160
(c) 150 (d) none of these
a b c .
. If are in A.P. then

b+tcctaa+b
[Kerala PET — 2007]
(@) a,b,carein AP.
(®) ¢c,a,barein AP
(c) &% b* c*arein AP
(d) a, b, carein G.P.
. If the sum of the first » terms of a series be
5n*+ 2n, then its second term is
[MPPET - 1996]
© 24 () 42

()7 ) 17

10.

11.

12.

13.

14.

15.

. If

. Thesumoftheseries%+%+%+ ,,,,,, +to9
terms is )

[MINR — 1985]

5 1

(@ -% ®) -5

3

© 1 @ -3
3+5+7+..... fonterms _q o the

5+8+11+...... to 10 terms
value of n 1s

[MNR - 1983; Pb CET - 2000]
(a)35 (b) 36 () 37 (@) 40
Ifa, b, c are in AP, then (a +2b — c)(2b +
c¢—a)(c +a— b)equals
[Pb. CET — 1999]

(a) abc/2 (b) abc
(c) 2 abe (d) 4 abc
If the ratio of the sum of » terms of two

AP’sbe (7n +1) : (4n +27), then the ratio
of their 11th terms will be

[AMU - 1996]
(@2:3 ®3:4
©4:3 @5s:6
The solution of the equation

+D+(x+4)+x+7)+. Hx+28)=155
is given by x is equal to

(@1 (b)2
©3 @4
The first term of an A P. consecutive integers

is p* + 1. The sum of (2p + 1) terms of this
series can be expressed as

@@+1) ® @+1y
©@+DH@E+1} @p+@E+1)
If a% b% c* are in AP, then (b + )},

(c +a)! and (a + b)™' will be in
[Roorkee — 1968, RPET — 1996]

(a) HP. (b)G.P.
(©)AP. (d) none of these
If the sum of 12th and 22nd terms of an A.P.

is 100, then the sum of the first 33 terms of
the AP. is

[Kerala PET — 2008]
(a) 1700 (b) 1650 (c) 3300 (d) 3400

(e) 3500
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Under condition I: (a —3d) + (a+3d)=8
ora=4

Under condition II: (@ — d) (a + d) =15
=>42-4=15

=d=1.Puta=4,d=11in (1), we get,
4-3,4-1,4+1,4+3=1,3,5,7
Hence, the greatest number = 7.

. (b) Suppose between 1 and 31 there are n
AM’sA,A,A4,.,A fromlet1, 4,4,
,A,, 31 are in AP.

31 being the (n + 2)th term of the AP

Let common difference be d then
at(m+2-1)d=31

L 1+m+1)d=31

(n+1)d=30

_ 30

d_n+1

S TthAM = 8thterm = a + 7d
_ 30 \_n+2l11
_1+7(n+1)_ n+1

- (n—1)th AM = nth term
=a+m-1)d

_ ., (m=1)x30 _314n-29
B |

As per question,

Tth Question _ 5
Z -D"AM ~ 9

ANSWER SHEET
L@ ® © @ 6@ ® © @ n.@® © @
2@ © @ T@O® © O M ORONCHC)
3@ ® © @ 3@ ® © @ B @b
1. @b @ @ .0 ® © @ 4 @b 0 @
5@ ® © @ 0@ o0 © @
HINTS AND EXPLANATIONS

. (b)Four numbersinA.P:a-3d, a—d, a+ —2ll+n _5
da+3d.... 6} 31n-29 9

= 155n—145=1899 + 9n
= 155n—9n = 1899 + 145
= 146 n=2044 = n=14.

. (c)zn: n=%i n?
n=1 n=1

S+ D=5 K+ D2n+1)

=15=2n+1=>n=17.

. (a) Since,

o+ d) b+ simar
~a(b+c) blcta) cla+b)
e be > ca > ab a

re in A.P.

= a*(b +c¢), b¥c + a), c*(a + b) are in AP
=b¥c+a)—a¥b+c)=c¥a+b)—b*c+a)
= b’ —dc+ba—-a*
=c%a—b*a+c*h — b
= c(b*—a®) +ab(b — a)
=a(c*— b») +cb(c—b)
= (b —a)(c(b+a)+ab)
=(c—b)[a(c+b)+ch]
= (b — a) (bc + ca + ab)
=(c — b) (ac + ab + bc)
=>b—-—a=c—b=a b, careinAP

. (¢) The sum of » AM.’s between two

numbers is » times the single A. M. between
them.
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= Sum of 50 A.M. between two numbers =
50 x 3=150

b
(C)b+c c+a>a+b

a b
atc >cta

are in A.P

= +1 +1, +1arein AP

+b

_atbt+tcb+tctacta+b
~ btc > cta ’ a+b

1 1 1
b+tcctaa+b
(Assuming thata + b + ¢ # 0)

1 1 __1 1

~cta b+tc a+bh cta
c—b

b _
= et ) @ bt a)

care inA.P

are in A.P.

> b-at=c- b

. (b) -+ Sum of n terms = 5n*> +2n

put n=1, Sum of 1st term, (i.e.)

T =5+2=7
putn=2Sumof2termsie., I +7,=24
. T, = Sum of 2 terms — sum of 1 term
T,=24-7=17

. (d) The given series % + % + % +.. is an
AP. series

[Herea=%>d=%_%=_%]

S, =2 [2a+ (9 1)d]

9

3ol

=3[1-31-3(-3

3+5+4+7+ .. nterms
*54+8+ 11+ ... 10 terms

S2x3+@n-1)72]

\_/ —_—
I
|
|

. (a) Since =7

D12 x5+10-1)3]

n[6+2n 2]
[10(10+27)]
or n[2n+4]="7 x 370 = 2590
orn(n+2)=1295

orm+2n—1295=0
or(n—35)(n+37)=0

10.

11.

12.

13.

orn=35

[--n=—137 is not possible]

(d) Given a, b, ¢ are in AP

L 2b=atc=b=90°¢
(@+2b—c)2b+c—a)(c +a—b)
=(@tatc—c)(atctc—a)2b-b)
2a x 2¢ x b= 4abc

S, _a+[m-D2)d _ 7n+1
O =avim-n2a ~am+21 D
‘Tp_a+(p—l)d
T d+(p-Dd
Put”5l=p-1

orn=2p-11n (1)

I, 10p-1D+1 _14p-6
T, 4@2p-1)+27 8p+23

Now replacing p by # in the above

T, _14n-6

I 8n+23

Put n =11 in above equation
_14x11-6_154-6 _148 _ 4
8x11+23 88+23 111 3
(a)Wehave (x + 1)+ (x+4)+ ...+ (x +28)

=155

Let n be the number of terms in the A.P. on
L.HS.

Thenx+28=(x+1)+m-1)3=>r=10
LD+ H+ +(x+28)=155

3%[(x+1)+(x+28)]=155:x=1.

_2p+1
(d) 7p+1 p2
RE*+DH+2p+1-D1]

ﬁi—m@+n+@]

=@+ @E*+tptD
=2p*+2p*+2p+p?+p+1
=2p*+3p’+3p+1
=pP+@P*+3p*+3p+tH)=p*+@P+1)°

(Hered=1)
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14. (¢c) a* + (ab + bc + ca), b* + (ab + bc + 15. (b) We know that
ca), a + a,=4a, + a
c¢*+(ab + bc + ca)in AP

soa +a,=100
=>@tb)(@ato),@tbb+to),(cth), b
(c +a)inAP _33 _33
S.=5 (a + =--x 100
Dividing, by (a + ) (b + ¢) (c + a), 5= @ray)=5
we get, (b + )Y, (c +a)yl, (@ + b)'in =1650

AP
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LECTURE

Geometric Progression

BASIC CONCEPTS

1. Geometric Progression
A series in which each term is same multipe
of the preceeding term is called a geometric
progression i.e. a series in which the ratio
of successive terms is constant is called a
G.P. This constant ratio is called common
ratio and is denoted by r.
For Example
(H2,V2,1, ... (Common ratio = 1 /v2)
2)1,3,9,27, ... (Common ratio = 3)

31— %, %, % ....... (Common ratio=— %)

Note: It T, T,, T,, ... R are in G.P,
T T

then the commonratio=r=2=~>= .. and
T T,
1T, :

T T T

2 3

2. n term of General G.P. a, ar, ar’, ar’,

Note:
(1) First term of G.P. =a

@i1) 1st, 2nd, 3rd and nth terms of an
GP. are denoted by T, T,, T, and T,
respectively.

(iii) nthterm of an G.P. =T =ar"'=1

(iv) nth term from the end of an GP. =
(m — n+ 1)th term from the beginning.
Where m = Total number of terms of
an G.P.

(v) Three numbers a, b, ¢ are in G.P. if and

only if »’=ac. i.e. %= %

3. Middle term: Same as A.P.
4. Sum of nterms of aG.P. (1) S =a +ar+
r—1
r—1
i) £ 7,= ar" 1=, then S,= L=8 >
orr<l

r>lorr<l

5. Sum of an infinite number of terms of an
G.P.

S=a+ar+ar+.. o S=-2
© o l-r

Note: where r > 1 or r = 1, then the sum of an
infinite terms of an G.P. is also infinite.
6. Selection of Terms in G.P.
(1) Three consecutive term: %, a, aror a,
ar, ar’

slrl<1

. . a a
i1) Four consecutive term: =5 , 5+, ar, ar® or
PEENG

a, ar, ar*, ar’

(1i1) If the terms of a given G.P. are chosen
at regular intervals (i.e. in A.P) then
they are also in G.P.

7. GEOMETRIC MEAN If the three
numbes a, b, ¢ are in G.P, then 5 is called
the Geometric mean between numbers a
and b.

Thus, 5= = b= ac = vaz - b
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Similarlly the Geometric mean of n numbers
X, %, . x isGCM. = (e, x,%, ..c........ x )"

12 v

Note: (i) a, b and Vab ie. a and b and their
Geometric mean are of the same sign.

(i1) If a and b are opposite sign then their
geometric mean is not defined.

() If G, G,, ....... G, be the n geometric
means between two numbers a and b.

Thena,G,G,.G,, ... G, barein GP.
and G, = (n + 1)th term = nth G.M.

b = (n + 2)th term and the common
ratio is

b\ . .
r= (E)”” 1.e., the common ratio for
inserting » Geometric means between
two numbers a and b =r = (%)"Tll

(iv) Product of n geometric means between
a and b = (Vac)" = (only one G.M.
between a and b)”

8. Relation Between A.M. and G.M.
If 4 and G are respectively A.M. and G M.
between two numbers a and b 1.e.

~A=a;bmd6=m,then

WA>Gifa#b
@) A=Gifa=5b
(i) A> G forall a and b
(iv) a=A+VA*-G*, b=A4—-VA*- G* and
a:b=A+VL~-G) A~ NI~ G)
(v) If a and b are positive, then a + b >
2Vab i.e., the minimum value of a + b
=2\ab
(vi) In an finite G.P. the product of two
terms equidistant from the beginning
and the end is constant and it is equal
to the product of the first and the last
termsi.e., if
(1) a,G,G,, bisan GP, then ab=G,
G

2

(11) ar. an— -1 = al 'an
(ii1)) The each term of GP (except the
first term) 1s equal to the square root

of the product of eqidostant terms.

1€ a —\/a

nrn+r

9. Properties of G.P.
(1) If each term of a G.P. be multiplied or

divided by the same non—zero number,
then the resulting series is also a G.P.
le.ifg.g,. 8, . .8, --arein G.P. and
k is a non—zero number, then

(a) kg, kg, kg,, ... kg, ... are in G.P.

(b) i‘ & g3 ....... % are also in G.P.

(1) The reciprocals of the term of a G.P.

also form a GP. 1e. if a, b, c are in a

G.P, then %> %> % are also in G.P.

(111) If each term of a G.P. be raised to the

same power, the resulting numbers also
formsa GP. ie. ifa, b, carein a G.P,
then a”, b”, ¢" are also in G.P.

(iv) Three numbers a, b, ¢ are in G.P. if and

only if b*=ac

(v) If the set of positive numbers a , a., a

12 Y20 Y30

,a,..arein GP, thenloga ,loga,
log a,, .., log a,, ... are in A.P. and
vice— versa.

(vi) Term by term multiplication or division

of two G.P’sare alsoin G.P. ie. a, a,,
a, ..,a,and b, b, b, ..., b, arein
G.P, then (1) a b a, b a b ..., and

171 373
a a, a
b b a, 4 ... are also in G.P.

(vil) Solution by inspection: Problems

based on » ie. number of terms of
sequence should be solved by the
method of verification using four
alternative or options.
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SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. pth terms of the series 1,2,4,8, ........... and
256, 128, ........ are equal. Find the value of
p.
Solution
Given GPs. are: 1, 2, 4, §,........ and 256,
128, ....... whose pth terms are respectively

7= (3f " =21 and

According to question, Tp= A

=2 1=28 =256
= 2%-1=28

=>2p-2=8=2p=10=>p=5 Ans.
2. In an increasing G.P., the sum of the first
and the last term is 66, the product of the
second and the last but one term 1s 128, and
the sum of all the term is 126. How many

terms are there in the progression?
[M.N.R. —1993]

Solution

(@) n=06. G.P. isincreasing » > 1,

a+ar '=66 €Y
ar—ar'"*=128ora*r"' =128
128 .

Putar'=-5"in(1)
Putting in (1), we get a + % ~66

. at—66a+128=0o0r(a—2)(a—64)=0

La=2,64,r1=32,1/32
We reject the second value as r> 1
Lormi=32
r—1 2(32r-1

Sum = % — )=1260r%=126

P1=32 :32r-1=63r—-63 .. r=2and

rr1=32gives2" =2’ " n—1=50rn=6
3. Ifa, b, care in G.P, then

[RPET -1995]

(a) @ b* c*arein G.P.

(b) d*(b +c¢), c*(a+b), b*(a+c)arein G.P.

b .
© bic’c+a’aib are in G.P.

(d) none of the above

Solution

(@) a,b,carein G.P.

c »_c2
>E=r:>?=ﬁ=’2

QS

=a% b?, c?arein G.P.

. A ball is dropped from the height of 48

metres and it bounced % of this height. It

falls and bounced in same way continuously.
Find the total distance covered by the ball
before coming to rest.

Solution

When ball is dropped from the height of
48 metres the covered distance = 48 riletres
The covered distance in first bounce 3 (48)
metres

The covered distance in second bounce =

% X % (48) metres

The covered distance in third bounce =
% X (%)- (48) metres

This process is being infinitely.
Therefore, total distance

=48+2
[(%) 48 +(2) @8y +(2) 48 +...o.ooo0 ]
=48+2x48x%[1+%+(%)2+ VVVVVVVVV oo]
=48+64x1i; . sw_%_r]

3

=48+64X%=48+64x 3=48+192
= 240 metres.
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5. fA=1+r+pe+ ... wand B=1+7¢
+ % +.... o, then prove that
_(A=1\“_ (B=1)"
"( 4 ) ‘( B ) (1)
[DCE -1999]
Solution
A=1+pr+ra+ ... o
DA=1HA (O ®©
__1 ___a
=d=1a o= 15
=1 11 _4-1
=>l-r=g=r=l-y=r==7
_ A_] l/a
=r=(17Y) )

Again, B=1+r+r¥+. .. . 0=>B=1+¢
+(@#)?+ . 0

1 1

$B=m$1—7b=3
:r"=l—%
:r”=33%1
B—1\»
=r=(25) @

Therefore, from equations (1) and (2), we
have

s

Proved

UNSOLVED SUBJECTIVE PROBLEMS XII (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

1.

10.

Find the 6th term of sequence —6, — 3, — 3/2

. ..o=11 1.
Which term of series 570 q =7 1S 729.

Find the sum of the geometric series
1,1,1
Ity+p+gto ... to 12 terms.

How many terms of the geometric series
1+4+16+64+ ... will make the sum
54617

Find the sum of the series 2 + 6 + 18 + 54 +
.. +4374.

If the first and the sth terms of a GP are a
and b respectively and p is the product of its
first n terms then prove that p*= (ab)".

Find the sum of the infinite geometric series

V2+D+1+ 2 =D+ ©
The sum of an infinite GP is % and its
common ratio 1s % Find its first term.

Find the infinite geometric series in which
the sum of first two terms is 5 and first term

11.

12.

13.

14.

15.

16.

17.

is equal to 3 times the sum of the terms
following the first term.

Insert 5 geometric means between 3 % and
1
405-

If S, S, and S, be respectively the sum of n,

2n and 3n terms of a GP, prove that S, (S, -
S)=(S,—S)~

Ifa, b, c,darein GPprovethata+b,b+c,
¢ +d are also in GP.

If a>+ b2, ab + bc and b*+ ¢? are in G.P,
prove that a, b, ¢ are also in G.P.

Calculate the third term from the end of the
2 22

The pth term of the series 1, 2, 4, 8,........
and 256, 128,64, ........ are equal. Find the
value of p.

If S be the sum, P the product and R the
sum of the reciprocals of » terms in a GP,

prove that P2= ( %)n
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Exercise Il

1.

. Which term of the series 1

Find out the seventh term of the series 0.4,

08,16, ...
1 -1

—128?

. If the 4th and 9th terms of a G.P. are 54 and

13122 respectively, find the G.P. Also find
its general term.

. Find the 8th term from the end of the GP

3,6,12,24, ..., 12288.

. Find the sum of 8 terms of the GP 3, 6, 12,

24, ...

. Find the sum of the infinite series
. 1,1 1
O1-gtg-pto.e
... 5,5 5
(11)—Z+E—a+ ,,,,,, 0

. The product of three consecutive terms of a

G.P. is 8. The sum of product of these terms
taken in pairs is 14. Find the numbers.

ANSWERS

Exercise |

1.

-3/16

2. 6561
3. n=10

4095

4 2043
5. n=17

6. 6560

4+3+2)

2

9. first term = 16

10.

11.
15.
16.

1.1
4+1+4+16 ......

+16/3,8,£8, 18, £27
18

pP=5

10.

11.

12.

13.
14.

15.

. The sum of an infinite GP is 57 and the sum

of their cubes 1s 9747, find the G.P.

. If each term of an infinite GP is twice the

sum of the terms following it, then find the
common ratio of the GP.

Find three numbers in GP whose sum is 13
and the sum of whose squares is 91.

Find three numbers in GP whose sum is 52
and the sum of whose products in pairs is
624.

Insert three numbers between 1 and 256 so
that the resulting sequence is a GP.
Find the GM of 6 and 9.

Sum the series 5 + 55 + 555 + ...
terms.

The sum of two numbers is 6 times their
geometric means. Show that the numbers
are in the ratio (3 + 2v2): 3 — 2V2).

Exercise Il

1.
2.

25.6
10th term

3. Required G.P. is 2, 6, 18, 54, ... General

10.
11.
12.
13.

14.

term of the G.P. is givenby a =2 x (3)" 1.

4. 96

5. 765

6. (1) 3/4 @) -1

7. (1,2,4)o0r4,2,1)

8. 19,38/3,76/9,.........

9. Common ratio (r) = 1/3

(1,3,9)0r (9,3, 1)

(36, 12, 4) or (4, 12, 36)
(4,16,64)0r (—4,16,—64)
+3V6

15—8><10"”—9n—10
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. If nth term of a positive term GP, is a, and

100 100
=B, (a # pB), then its

Za’ln - aZaZn—l
n=1 n=1

common ration 1s
() a/f
() Bla

©) Va/p
@ VB/a

[IIT- 1992; MNR - 1998]
Solution

(a) Let a be the first term and » be the
common ratio of given GP.
Then

100
100 terms

=ar+ar*+ ... 100 terms
=ar(1+rP+r+..... 100 terms)(1)

100
B= Z a, ,=a+a,+a+100 terms
n=1
100 terms
100 terms) (2)

=a+ar*tar+. ..
=a(l+r+r+. ..

=@ = %=
2. The sum of 10 terms of the series

(x+l)2+(x2+%)2+(x3+%)2+ vvvvvvvv is

o (Z2=5) 20

o ()
)

()(xls_l)(xll+

+20

(d) none of these
[IIT —-1968]

Solution
(a) Sum = (* + x* + x5+.10 terms) +

(%4_%"' »»»»» 10terms)+20

21X 1oy
1-x? (1 -xd)x

20 _ 22
(x7 1 ) (x +1 ) +20
x*-1 x%°
3. The number of terms of a GP is even. If the

sum of all terms is 5 times the sum of its
odd terms, then its common ratio 1s

% +20

(@2 () 3
(© 4 @ 5
[Roorkee —1990]
Solution

(c) Step 1: Let total number of terms be 2n
out of which » items are odd with common
ratio n?.

a(l-r2") _a(l - )3 =5
72

1-r 1-
>r=4
4. a, b, ¢ are three distinct real numbers and
they are in GP. If a + b + ¢ = xb, then
[JEE (WB) —1992]
(@ x<—-3orx>2
®)x<—-4orx>3
(c)x<—-lorx>3
(d) none of these

Solution

(c) Let » be the corresponding common
ratio. Thenb=ar,c=ar*.. a+ b+c=xb
=>a+ar+ar*=x(ar)
=>r+(1-xnr+1=0

Since, risreal so (1 —x)’—4 <0 = x> - 2x
-320
>x+])x-3)20=>x<-lorx>3.

5. In a geometric progression consisting of
positive terms, each term equals the sum of
the next two terms. Then the common ratio
of this progression equals

[AIEEE -2007]
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@ 5(1-3) (b) £5
© 5 @ F(5-1)
Solution

@) Givenar' '=artart!' => 1 =r+p

_V5-1
)
6.2357=
[IIT —1983; RPET —1995; DCE —2000]
2355 2370
@ 1001 (®) 997
©) 2939595 (d) none of these
Solution

(¢) Giventhat2.357=2.357357357357.....=2
+0.357 +0.000357 +0.000000357 +........

_ 357 357 357
=2ttt T
357

10°

_ 357  10° _ 2355
=2+70°* 999 = 999

Aliter: Let x = 2.357 = 2.357357 e))
=1000 x = 2357.357357 Q)
(2)- (1) = 999x = 2355 . x =255

7. If the pth, qth and rth term of a G.P. are
a, b, c respectively, then a?~". b~ ?. P~ 4is

equal to
(@ o0 ) 1
(c) abc (d) pgr
[Roorkee —1955, 1963, 1973;
Pb. CET - 1991, 1995]
Solution
(b) LetARF "'=g €Y
ARI"1=p 2)
and AR '=¢ ?3)

Soa? T b P P~1= {ARP™}
q—r{AR"r—p{AR"}p —¢q

=A@ rtr-ptp-d Rwa-proqtrrar-pg-rtptpr-n
—ptQ

=A4°R°=1.

Note: Such type of questions i.e. containing terms
of powers in cyclic order associated
with negative sign, reduce to 1 mostly.

8. If the sum of first 6 term is 9 times to the
sum of first 3 terms of the same G.P., then
the common ratio of the series will be

@-2 ®2 (@©1 (@12
[RPET -1985]

Solution

(b) Under given conditions, we get

ar*-1) _a(@-1)
== =% = 7> D
=>r-1=9°-9=F)’-9)+8=0
F-1)(-8)=0

=>r=l,w,w*andr=2.Butr=1, w, w*can
not satisfy the given condition. Hence, »=2.
9. If the geometric mean between a and b is

M, then the value of n is
a'+ b
(a)l ®)-172 () 12 @) 2
Solution
b A . an+ 1 + bn+ 1
(b) As given Tt

= an+l — an+ 12 b1/2 + bn+1 _al/'_’ bn+1/2 = O
= (an+1/2_ bn+l/2) (al/'_’_ bl/'_’) =0
= an+l/2 - bn+l/2 =0 ( a# b = a%#_. bl/Z)

S (g =1 (3 = n=d=0

-_1
>n=-5

10. If the product of three consecutive terms of
G.P. is 216 and the sum of product of pair—
wise 1s 156, then the numbers will be

(@ 1,3,9 (b) 2,6,18
(c) 3,9,27 @ 2,4,8
[MNR -1978]
Solution

(b) Let numbers are %» a. ar Under condi-
tions, we get %. a.ar=216=a=6.
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And sum of product pair wise =156

2%.a+%.ar+a.ar= 156

= r =3 Hence, numbers are 2, 6, 18.
Trick: Since 2 x 6 x 18 = 216 (as given)
and no other option gives the value.

11. The sum of infinite terms of a G.P. is x and
on squaring the each term of it, the sum will
be y, then the common ratio of this series
is

[RPET —1988]
x'_’_ 2 x2+ 2
@ S ) 5%
Xty X =y
2—y
© e
Solution
(c)Wehave1 =x
a _ a a
2= T—71+r Y
___a __x(-n _1-r
PYEXT 4T Mo T T 14y
2 1+ 2
=>y=1,=230-N=1+r
T

12. If S is the sum to infinity of a G.P., whose
first term is a, then the sum of the first n
terms is

[UPSEAT - 2002]

@ (1-9) ) s[1-(1-9)]

©)a [1 —(1 —%) ] (d) none of these
Solution

(b) Let » be the common ratio of the G.P.

Then

S= 1‘ir:>r=l—%NowS=sumofn

terms

—al=l=a q_pmy=s[1-(1-9f]
1-r r s

13. 0.14189189189 ...
rational number

can be expressed as a

525
© 177 @ 48

[AMU - 2000]

@ 37700 ®) 55

Solution

(d) 0.14189189189 ...
0.00000189 + ..

14 1 1
100+189[105+108+ ,,,,,,, oo]

_1 _1110°
=30 189[1 (1/10%)

=0.14 + 0.00189 +

_1 103
=50 " 189[105 999

-7, 18 7. 7

=30 " 999 x 100 50 *3700

_7, 71 21
50 " 25x148 148

14. The value of 4173 . 4% 4V27 . ® 1S
[RPET - 2003]
(c) 4 @9

()2 )3

Solution
() 415, 4 417 o

S 41/3+1/9+1/27,,,®
173

_1
= S 11 1/3 4}/2/3
=>S5=4"=8=2
1S5. The sum of infinite terms of the geometric

progression
\/Z+1 11 is
V217227277

[Kerala (Engg.) — 2002]

(®) (2 +1)
d 3V2+ V5

(@) V2 (2 +1)
(c) 52

Solution

V2 +1
@5 B 2
_ 1
Common ratio of the series = —\/f( 2+

Therefore, sum =

a z(\/7+1) 1-1

l-r \N2-1 (xli(x/§+1))
_(2+1 V2(¥2+ 1) ,
T(2-1D - =202+ D)
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a+bx _b+cx _c+dx

16. If d—br b—ox c—d® b, ¢, dare
(a) AP (b) GP
(c) HP. (d) none of these
[RPET — 1986]
Solution

17.

atbx _b+cex _c+dx
a-bx b-cx c-dx
Applying componendo and dividendo, we

get
%=% = b’>=ac and ¢ bd

=a,b,cand b, ¢, d are in G.P.
Therefore a, b, ¢, d are in G.P.
If 1 +cosa+cos’a+..0=2—+2, then
a,(0<a<m)is
[Roorkee — 2000; AMU — 2005]

(a) /8 (b) n/6
(c) n/4 (d) 3n/4
Solution
1 1
_ -1 ;.1
d1-cosa -3 1 NG
1 3 R4

18.

ﬁCOSCI=—E=COST$a=T

The first term of an infinite geometric
progression is x and its sum is 5. Then

[IIT Screening —2004]

(@ 0=<x<10 ®)0<x<10
() —10<x<0 (dx>10
Solution

19.

0)S=7",=5-5r=x=>r=1-%

As|r|<lie,

1—§|<1—1<1—§<1

-5<5-x<5=-10<-x<0=10>x>
Oie 0<x<I10.
Suppose a, b, ¢ are in A.P. and &%, b{; c? are
in GP. Ifa<b<canda+b+c=‘§,then
the value of a is

[IIT Screening —2002]

® 33 ® 35
©3- 55 @3-

Solution

20.

(d) Let 3 numbers a, b, c,bep—q,p,p +

qthen(p—q)+p+(p+q)=%p=%;then
1,11
numbers are 7 43y tq

a’, b*, c*are in G.P.

(4= o)+
2=12>q=£1N2

Since,a<b<c,a=—%_%

£0,

What is the ratio of corresponding terms of
two Geometric series where G, and G, are
geomertic means of the two series

[NDA —2007]
(@) log G,—1og G,
(b) log G, +1og G,
©) G /G,
@ G,G,

Solution

21.

(c) Let the two series be
a, ar, art, ar’,..............
b,br, br? brp, ...

a(ry s
b (,,—1), ,,,,,,,, common ratio 7

[Roorkee —1961; IIT —1973]

419 417 417

o5 D)3 © gor (@ Feb

(@390

Solution

(a) We have 0.423=0.4232323 ............
=0.4+0.023+0.00023 +0.0000023 +...... 0

_4 .23 23 23
“10710° T 10° T 107
_4 .23
“101 10

4 23(1

1,1
[1+ s+

1 990 ~ 990

10%

1-

~ 10 " 1000

-4 .23 _419
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22.

The number 111 ....... 1 (91 times) is a:
(a) even number

(b) prime number

(c) not prime

(d) none of these

Solution

23.

(¢)Step 1: 11 =1+ 10!

Similarly, 111 =1 + 10!+ 102

Step2: S=1+10+10*+......... +10%°
(91terms)

LA0-1) _ 1A0%'-1 108-1
10-1 108 -1 10-1
= [(1013)6+(1013)5 +(1013)4+ VVVVVVVVV 1]
(102 + 101 +........... +1)

It is the product of two integers and hence
not prime.

2 s n
Ifa = % - (%) + (%) +.. (=Dt k(%)
and bn= 1 — a, then the minimum natural
number 7 such that b >a V n>n is

[IIT —JEE —-2006]
(a) 4
)5
(©) 6
) 12

Solution

(c)Stepl,a—4>c,r, r 2
;"]

;’1‘(‘4)

4 1+3/4

3

7 [1- (= 3/4y]

Nowb >a andb =1-a,

[by GP sum formula]

=>=1-a >a =>2a <1
n n n

= g [1-(=3/4)1<1 [byEquation (1)]
=>1-(-3/4y'<7/6
= (3 <g @)

w32

24,

Now we observe that for n = 1, 3, 5 this
inequality does not hold. But it is true for
n=6,7,8,. ... Hence required minimum
natural value n, of n is 6.
If a, b, ¢, d are such unequal real numbers
that (a*>+ b2+ c®)p*—2 (ab + bc +cd) p + (b*
+c*+d?) <0, thena, b, ¢, d are in

[IIT —1987]
(a) AP
(b) GP
(c) HP
(d) none of these

Solution

25.

(b) (@*p*— 2abp + b*) + (b’p* — 2bcp + ) +
(c*p*—2cdp + ) <0
= (ap = by+(bp—c)y*+(cp—d)* =<0
=ap—-b=0,bp—c=0,cp—d=0

b d

The first two terms of a geometric progres-
sion add up to 12. The sum of the third
and the fourth terms is 48. If the terms of
the geometric progression are alternately
positive and negative, then the first term 1s

[AIEEE —2008]
(a) 4
(b) —4
©) - 12
@ 12

Solution

(c) Let the GPbe q, ar, ar®, ar’, .......
we have a + ar =12
ar*+ar*=148

)
2

on division we have

ar(l1+r) 48
all+7 12

=>r=4
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Lr=%2
But the terms are alternately positive and
negative,
Lr==2
__ 12 _ 12 _12__
Nowa—1+r—1_2 1 12 From
Equation (1)
27. The sum to infinity of the series
2,6 ,10, 14
1+3+32+33+34
(2)2
()3
©4
(@6
[AIEEE — 2009]
Solution
b)LetS=1+3+5+10+18 o)

Multiplying the series (1) by % on either

side and shifting the series on the R.H. side
by one column to the right.
lg_1,2,6.,10
or3S—3+32+33+34+ ,,,,,,, 3}
Subtracting Equations (2) from (1)
1 1.4.,.4_ 4

S(1—§)=1+§+¥+¥+¥+ ,,,,,,

—

2¢o_4.4 1
or3S—3+32 1+3+33+ ,,,,,, )

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. Ifx, 2x + 2, 3x + 3, are in G.P, then the

fourth term is

(a) 27 (b) —27
©) 13.5 @) -135
[MNR - 1981]

The third term of a G.P. is the square of fi
rstterm. If the second term is 8, then the 6th
term is
[MPPET - 1997]

(a)120 (b) 124 (c) 128 (d) 132
7th term of the sequence V2, V10, 5V2,
................... is
(a) 125V10
(b) 25v2
(c) 125
(d) 125v2
If the 4th, 7th and 10th terms of a G.P. be a,
b, c respectively, then the relation between
a,b,cis

[MNR —1995; Karnataka CET —1999]

@ b=93¢ (b) a® = be
(b) b*=ac (c)c*=ab

. If the 5th term of a G.P. is % and 9th term

is % > then the 4th term will be
(a) 3/4 (b) 122
() 173 ) 2/5
[MPPET - 1982]

. Fifth term of a G.P. is 2, then the product of

its 9 terms is

(a) 256 (b) 512

(c) 1024 (d) none of these
[Pb. CET — 1990, 1994; AIEEE — 2002]

. If (p + ¢@th term of a GP. be m and

(p — ¢@)th term be n, then the pth term will
be

[RPET — 1997; MPPET — 1985,

1999, 2008]
(a) m/n (b) vmn
(c) mn @ o



D.38 Geometric Progression

8.

10.

11.

12.

13.

14.

15.

If the first term of a G.P. be 5 and common
ratio be — 5, then which term 1s 3125

(a) 6th (b) 5th

(c) 7th (d) 8th

The sum of first two terms of a G.P. is 1
and every term of this series is twice of its
following terms, then the first term will be

[RPET - 1988]
(a) 1/4 () 173
©) 2/3 ) 3/4

The first term of a G.P. is 7, the last term is
448 and sum of all terms is 889, then the
common ratio is

[MPPET - 2003]
(@) 5 (b) 4
©) 3 @ 2
If the sum of n terms of a G.P. is 255 and

nth terms 1s 128 and common ratio is 2,
then first term will be

[RPET - 1990]
(@1 (b) 3
© 7 (d) none of these

The sum of the series 6 + 66 + 666 + .......
upto n terms is
(a) (10m'=9n + 10)/81
(b) 2(10™'=9n —10)/27
(c) 2(10"=9n - 10)/27
(d) none of these

[IIT — 1974]
The number which should be added to the
numbers 2, 14, 62 so that the resulting num-
bers may be in G.P, is
(@ 1 (b) 2
©)3 @ 4
The first term of a G.P. is 7, the last term

is 48 and sum of all terms 1s 89, then the
common ratio is

(@5 (®) 4

©)3 @ 2

Ifb+a=b+c>thena,b,carein
b—a b-c

(a) AP (b) GP

(c) HP. (d) none of these

16.

17.

18.

19.

20.

21.

22.

The sum of infi nity of a geometric progres-
sion 1s 4/3 and the first term 1s 3/4. The com-
mon ratio 1s

[MPPET - 1994]
(a) 7/16 (b) 9/16
(c) 1/9 @ 7/9
If3+3a+3a+.......... o0 = 45/8, then the
value of a will be
(a) 15/23 (b) 7/15
(c) 7/8 (@ 1577

[Pb. CET - 1989]
If sum of infinite terms of a G.P. is 3 and

sum of squares of its terms is 3, then its
first and common ratio are

(a) 3/2,1/2 () 1,122
(c) 3/2,2 (d) none of these
[ORoorkee — 1972; RPET — 1999]

If in an infinite G.P. first term is equal to the
twice of the sum of the remaining terms,
then its common ratio is

[RPET — 2002]
(a) 1 (b) 2
(c) 173 @ -13
Consider an infi nite G.P. with first term a

and common ratio r, its sum 1s 4 and the
second term is 3/4, then

7 3 3 1
(a)a=Z,r=7 ®) a=5r=y
(c)oz—2,r—8 d a=3,r 1

[IIT Screening — 2000; DCE — 2001]
Three numbers are in G.P. such that their
sum is 38 and their product is 1728. The
greatest number among them is

() 18 (b) 16
(c) 14 (d) none of these
[UPSEAT - 2004; MPPET — 1994]

The G.M. of roots of the equation x*— 18x
+9=01s

(@3 (b) 4
©) 2 @ 1
[RPET - 1997]



23.

24,

25.

26.

27.

28.

29.

30.
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The G.M. of thenumbers3, 32, 33, ........... 3"
is
[DCE - 2002]

ntl

(b) 3°

2
@) 3
©3 @ 3
The two geometric means between the num-
ber 1 and 64 are

(a) 1 and 64
(¢) 2and 16

(b) 4and 16

(d) 8and 16
[Kerala (Engg.) — 2002]
If n geometric mean be inserted between
and b, then the nth geometric mean will be
(@) (b/ay-! (b) a(b/a)y- 1
(¢) a(b/ay"+! (d) a(b/a)!™
If G be the geometric mean of x and y,
then

1 1 _
G2—x2 +Gz_yz -
(a) G* (b) 1/G*
(c) 2/G* (d) 3G*

If three geometric means be inserted
between 2 and 32, then the third geometric
mean will be

(a) 8 ®) 4
©) 16 @ 12
If five G.M.’s are inserted between 486 and
2/3 then fourth G.M. will be:

[RPET —1999]
(a) 4 ®) 6
©) 12 @ -6
x=l+a+a*+.. o@<l),y=1+b+5b?
+......00(b < 1) Then the value of 1 +ab +a*

xy Xy

@ r7y-1 ® sy
xy xy
©) x—y—1 @ x—y+1

[MNR-1980; MPPET —1985]
The terms of a G.P. are positive. If each
term is equal to the sum of two terms that
follow it, then the common ratio is

31.

32.

33.

34.

35.

36.

37.

V5 - 1-v5
@ 21 ® 5>
© 1 @ 12
The sum to infinity of the following series

1. 1.1 .11 1

2+2+ +7+—+?+— ,,,,,,,,, R
will be

[AMU —1984]
(@3 (b) 4 () 72 (@ 92
The numbers (V2 +1), 1, (V2 —1) will be
in

[AMU —-1983]
(a) AP (b) GP
(c) HP. (d) None of these
If n geometric means between a and b be

G,, G,, .G, and a geometric mean be G,
then the true relation 1s

The Geometric mean of 1,2, 22, ...,2" is
[MPPET —2009]

(a) o2 ®) 2@+

©) nn+1)/2 @ G-

If the sum of the first two terms and the
sum of the first four terms of a geometric
progression with positive common ratio are
8 and 80 respectively, then what is the 6th
term?

[N.D.A —2009]
(a) 88 (b) 243 (c) 486 (d) 1458
If x> 1 and log, x, log, x, log 16 are in GP,
then what is x equal to?

[N.D.A —2009]
(@9 (b) 8 (c) 4 @ 2
In a geometric progression with first term a
and common ratio », what 1s the arithmetic
mean of first five terms?

[N.D.A —2009]
(a) a +2r (b) ar?
©) a@—-Di(r—1)
@) a@@ - DY/[5¢- 1)]
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SOLUTIONS

1. (d)x,2(x+1),3(x+1)in G.P. ) 6. (b) Given 5th term =2

RE+DP=x.3x+)orx*+5x+4=0
or, x+4)(x+1)=0orx=-1,—4.

This = x +1 = 0 which gives no result,
according to (1).

If x =—41in (1), then terms are — 4, — 6, —

>

here r=3 , T,=-9r=-9 3

Note: No term of G.P. can be zero.

. (©IGP.T =ar"

given T3=Tforar~’=a2 ¢))
and 7,=8orar=38 2)
From (1) and 2)r=2,a=4

~I=ar or T,=4Q2)

~T,=128.

. (d) First term (a) = V2.

Common ratio () = % =5

7th term =ar®

=2 (V5)8

=2 x125=1252

. (c) Given 4th term of GP =4

Ar*= a (Here A =T, = first term of G.P.) (1)

7th term of GP=b Ar°=b 2
and 10th term of GP=¢
Ar¥’=c¢ ?3)

multiplying Equations (1) and (3), we get
a.c=Ar*x A

= A%12
= (Ur=b?
oo ac = b?
1
. (0)3=T,=ar (1)
16
m=T9=ar8(2)
@ _ 16 _2
mﬁr“— 13 ><32r—3

10.

o ar'=2 (T= a commonratio=7r) (1)
Product of its 9 terms = a x ar x ar*x ar® x

ar*x ar’x ar®x ar’ x ar®
=9 x plt2+3+..48

= g° 8@+
= q® x 36

= (ar*y’

=@y

=512 by Equation (1)

. (b) In Geometrical progression

nth term 7, = ar'™

given Tp+q3 arP*i = €Y
& Tp_q2 ar?~9l=p 2)
multiplying Equations (1) and (2) sidewise
we get

a2r?P  =mn= (ar* ) =mn

or a '=vmn .. pth term = vmn

. (b) Given firstterm a =5

common ratio » = =5
1=3125=T = nth term (Let)
sl=art

3125=5(-5""

625 =(-5p"!

(=5)'=(=5)""
>n-1=4=>n=>5

. (d)Asgivena +ar=1 @9

anda=2(ar+ar*+ar*+.... 0)

_ ar
a=2 ( 1-r ) @
From Equation 2) 1 —r=2r .. r=1/3

So from Equation (1) a = 3/4

(d)a=7,and ar"~'=448

a(r'-1)
Now, sum of ‘n’ terms = — —+— =889
= A =0 _ggo — M8 —T _gg9

Now, r=2



11.

12.

13.

14.

15.
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(a) Let a be the first term. Then as given r =
2,T =128 and § =255. Also ar"= (ar" ") r
=rT,.
rT —a
r—1
2(128) —a
2-1

But$ =

=255=

=a=1

(b) Sum = $[9.+99 4999 +... n terms]

= (10 -1) +(102 1) +10°-1) +...
terms]

_2[1a0 -1
3l 10-1 ~"

=2 [10"*1-9n - 10]

(b) Let x should be added to the numbers
so that numbers 2 + x, 14 + x, 62 + x are in
GP

(14 +x)*= (2 +x) (62 +x)

196 + x*+ 28x = 124 + 2x + 62x + x?
196 — 124 = 64x — 28x
=>36x=72=>x=2

(d) First term (a) =7
Lastterm (1) =48 = ar" '=7p""!
I=ar!
7 7
Lag=lO a8, M
and S =89
-1
@~ 1) _g9
r—1
48r
T\ -1
()
r—1

{from Equation (1) "= 478"}

48r—7 =89 — 89
82 =41r
r=2.
. bta_b+c
(d) Given p—_ =7

brayb-c)=0b-a)(b+o
’—bc+ab—ac=b*+bc—ab-ac

16.

17.

18.

19.

20.

2ab = 2bc

c=a.

(a) Series=a +ar+ar*+ ... =S,
a 4 4

5. 1-7"3 ora=§(1—r)

Alsoa= % (given).

3_4 7
3Z=§(1_r)3r=E'

(b) Step 1: Givena =3, r=ca and
_ _a
S=1-r
» 2 _45
Given3+3+3a*+.......... +to=-¢
.3 _45
Step2: 7, =73
24 =45 - 45
45a =21
w2l
45 15
(a) First seriesisa+ar+ar*+ ... =S,
S,=15.=3==3(1-1=a )
Second series is a*+ (ar)*+ (ar?)*+......
__a - 2 — 2
S—l_r2 3=2a*=3(1-1) 2)

Using (1),9(1-»*=30-r)or3(1-»
=1l+r

or2=4rorr=l,
(¢c) Givena=2 (ar +ar*+ar+ ... 0)

azz(la—rr)
21—r=2r2r=%

(d) Step 1: Clearly sum of the series = ﬁ
=4

NS

Second term = F=ar =% 2)
=>4ar=303)
Also,a=4—4r

= a*=4a — 4ar = 4a — 3 from equation (3)
=>a*~4a+3=0

=>@-3)@-1)=0

=a=3o0ra=1

Step 2:Ifa=3, then3r=3 = r=7

INIoV)

- =3
Ifa—l,’[henr—4

=2 =1
Then,a—3,r—4
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. a .
21. (a) Given three numbers 7, a, ar are in

GP.
Sum=%+a+ar=38 €))]
Product =% . a. ar=1728 )

=>a*=1728= (12’ =>a=12
Now ()= 12 = (L+1+7) =38

=>6(1+r+r)=1%

6r*—13r+6=0
32
=>r=5.3
whenr=%,then%,a,ar= 12 X%, 1212 X%
=8,12,18

Greatest number = 18.
22. (a) Let @ and § be the roots of equation x?—
18x+9=0
Therefore, G.M. of @ and f=+/af =9 =3.
23. (b) Step 1: Geometric mean of »#, numbers
X, Xy, Xy X, 1S
(e, %, %, x )
Step2:a=3,r=3
GM.=(3. 32 33”'””3;1)1/;1

= (31 +2+43 ......,,,_+n)1/n

nm+1)\"
- (3 2 ) =

24. (b) If g, g, be the two geometric means
between 1 and 64, then 1, g, g,, 64 are in
GP
= 64 =1 r*7!, r being the common ratio
>r=64=r=4
s g=1lr=4andg,=1r=4>=16.
Alternatively, note that 1, 4, 16, 64 are in
GP

25. (¢) If n geometric means g, g, -...... g, are
to be inserted between two positive real
numbers a and b, then

nt+t1l)
32

Sob=a7n+13r=(§)1/(n+1)

(n +1)th term = nth geometric mean.

26.

27.

28.

29.

30.

T . ,=Now nth geometric mean (g ) = ar" =

b @+
o)

1 1
b) G*=xy.so LH.S. = T+ ;
(b) G*=xy. so oy Ry

Lolh-H-b-4

(c) Let the three geometric mean between 2
and 32 be as follows 2, G, G,, G,, 32
a=2,1=32,n=5

I=ar!

32=2r=r=16=24

=>r=2

T,=Third geometric mean = G, = ar*= 2 x
2)*=16

(b) Let the five G.M. between 486 and 2/3
are as follows

486,G,G, G, G,G,23
a=486,n=7,1=213

I=ar =2 =486y "
2 =1

3% 486

W or=r-}

T,=Fourth G.M. = G, = ar*= 486 x

L

(@x=1+ta+a*+.=>x=

1-a
>a=*7]
y=1+b+b+.. . .. 3J’=1+b
1+ab+ (ab)*+ (ab)* + ... .. =+M

_ 1
EeE
4
x+ty-1

(a) a = ar +ar®
=>r+r+1=0



31.

32.

33.
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_—1+V1+4 _1+4V5
A )
r=~5-1/2

but»>0, ..

1 1

w

I
[\
+
+

—
|

—
|

I
N
+
Nl»—l
X
D= = =
+
W=
X
D= 0w W

1]
)
+
+

1]
w
+

1]

I

(b) The numbers (V2 + 1), 1, (V2 = 1) will
bein G.P.
L (1)2P=(2 4+ D2 -1)=(2)

-(1p=2-1=1.
(c) Here G = (ab)'? and G, = ar, G, =
ar’,......... G, =ar

Therefore G .G,. G,....... Gn=glpl+2m
= g" pr+D2 -

U +1)
Butar't'=b=r= (%)

Therefore, the required product is

( b )1/(n+ 1). n(n+ 12
a

= (ab)™”
= {(ab)"*}"=G"

34.

35.

36.

37.

b)GM. =2 .2%. ... L 2m)lin

_ Z1+2+n..,,,,,+n _ 2"("2; D _ 2%
(c)Sincea+ar=38

=a(l+r)=8 €))
and a +ar+ar’ +ar*=80
=a(l+r)+ar(1+7r)=80

=a(l+7) (1+r)=80
=>1+2=80-10 @)

=>r=3(Cr>0)

From Equation (1), a (1 +3)=8
=>a=2

Now, T, = ar® =2(3)’ =2 x 243 = 486
(a) - log, x, log, x, log_16 are in GP
=, (log, x)*=log, x . log_16

= (log, x)* =log, 16

= (log3x)y*=41log,2=4
=log,x=2

=>x=32=9

(d) First five terms of a geometric

progression are as follows: a, ar, ar?, ar’,
art.

Therefore, Mean

_atartat+at+art_a@ -1
5 =350-1)

UNSOLVED OBJECTIVE PROBLEMS: (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. If the 10th term of a geometric progression

1s 9 and 4th term 1s 4, then its 7th term is
[MPPET -1996]
(c) 49 (d) 9/4

(a)6 (b) 36

. The sum of the series 3 +33 +333 +.....+n

terms 1s

@ 75 (107149 -28)

(b) 55 (101497 - 10)

(@) 75 (10" +9n-9)

(d) none of these
[RPET -2000]

. The sum of a G.P. with common ratio 3 is

364, and last term 1s 243, then the number
of terms is

[MPPET —2003]
® 5
@ 104.

@@ 6
©) 4
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10.

11.

. If the third term of a G.P. is 4 then the

product of its first 5 terms is

[IIT —1982; RPET —1991]
(c) 44
(d) none of these

(a) 43
©) 45

. The sum of few terms of any ratio series is

728, if common ratio is 3 and last term is
486, then first term of series will be

[UPSEAT —1999]
© 3 @ 4

()2 ) 1

. If x 1s added to each of numbers 3, 9, 21 so

that the resulting numbers may be in G.P,
then the value of x will be

[MPPET —1986]
®) 12
@ 173

(@3
(©2

. If 2k+2, 5k — 11, 7k —13 be the consecutive

terms of a G.P,, then k=
(a) 11721 (b) 1/7
©) 7 @ 14

. If the sum of three terms of G.P. is 19 and

product is 216, then the common ratio of
the series is

[Roorkee —1972]
(b) 372
@ 3

(@) —3/2
(© 2

. The first term of a G.P. whose second term

is 2 and sum to infinity is 8, will be
[MNR - 1979; RPET — 1992, 1995]

()6 ®3  ©4 (@1
Fy=x—-x2+x3—x*+ ... oo, then value
of x will be
[MNR - 1975; RPET — 1988;
MPPET - 2002]
1 .
@y+y ®) 13y
y Xy
©y-% @ 125
Ify=x+x*+x3+ ... oo, then x =
[DCE - 1999]
y 1-y
(@ 1+y (®) y
©) 1 )—/y (d) none of these

12.

13.

14.

15.

16.

17.

18.

The 6th term of a G.P. 1s 32 and its 8th term
is 128, then the common ratio of the G.P.
1S

[Pb. CET — 1999]

(@) -1 (®) 2

() 4 d -4

If x, G,. G,, y be the consecutive terms of a
G P, then the value of G -G, will be

(@) y/x (®) xly

(©) xy @ xy

The sum can be found of a infinite G.P.

whose common ratio is
(a) for all values of r
(b) for only positive value of r
(c) only forO<r<1
(d) only for—1<r<1@##0)
[AMU - 1982]

If s 1s the sum of an infinite G.P,, the first
term a then the common ratio » given by

[J & K — 2005]
® 54

a—3=s

(a) =5
© 1755 @ 7

The first term of an infi nite G.P. is 1 and
each term is twice the sum of the succeeding
terms, then the sum of the series is

[Kerala PET — 2007]

(@) 2 (b) 52
(c) 72 @ 312
In an infinite geometric series the first term

is a and common ratio is . If the sum of the
series is 4 and the second term is 3/4 then
(a,r)is

[Kerala PET — 2007]
(a) @/7,3/7) (b) (2, 3/8)
(©) (372, 1/2) @ @G, 1/4)
Sum of infinite number of terms in G.P.
is 20 and sum of their square is 100. The
common ratio of G.P. is

[AIEEE - 2002]
®) 3/5
@ 1/5

@5
() 8/5
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The sum of three decreasing numbers in
AP i1s27. If - 1, — 1, 3 are added to them
respectively, the resulting series is in G.P.
The numbers are

[AMU — 1999]
(a) 5,9, 13
() 15,9,3
© 13,9,5
@) 17,9, 1

20. If p, g, r are in one geometric progression

21.

and a, b, c in another geometric progression,
then cp, bq, ar are in
[Roorkee — 1998]

(a) AP (b) HP.
() GP (d) none of these
If the third term of a G.P. be 6, then the prod-

uct of first five terms is

(a) 6 b6 () 6 (d) 6

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
work sheet

. The test is of 15 Minutes.
. The test consists of 15 questions.

The maximum marks are 45.

. Use blue/black Ball point pen only for

writing particulars / marking responses.
Use of pencil is Strictly prohibited.

. If the ratio of the sum of first three terms

and the sum of first six terms of a G.P. be
125: 152, then the common ratio r is

[IIT - 1974]
(b) 5/3
@) 32

@) 3/5
© 23

. If the nth term of geometric progression

5, %, %, %, ..... is ﬁ, then the value of n is

[Kerala (Engg.) — 2002]

(@) 11 (b) 10
©) 9 @ 4
. 0.5737373 ... =
[Karnataka CET —2004; AMU — 2006]
(a) 284/497 (b) 284/495
(c) 568/990 (d) 567/990

. If the arithmetic mean of two numbers be A

and geometric mean be G, then the numbers
will be
[CET Karnataka — 1994]

(@) A+ A2 -G?

(b) VA N4>~ G*

© AxNA+G)UA-G)
A+\A+G2A-G)

2

C))

. If the product of three terms of G.P. is 512.

If 8 added to first and 6 added to second
term, so that number may be in A P, then
the numbers are

[Roorkee — 1964]
(b) 4,8, 16
(d) none of these

(@ 2,4,8
© 3,6, 12

. If » is one AM and p, g are two GM’s

between two given numbers, then p*+ ¢ is
equal to

[IIT - 1997]
(@) 2pgr () 2p%gr
() 2pqlr (d) none of these
. The value of 913 x 919 x 9127 x . o is
(@9 (®) 1
©3 (d) none of these

[MP PET - 2006]

L Ifx=V4. Y4 4. o , then

[Kerala CEE — 2003]
(a) x>~ 4x+6=0
(b) x*-3x+2=0
() x*-5x+4=0
d) x*+5x+4=0
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10.

11.

12.

. The product (32) (32) /6 (32) 136 ......... to

is
(@16 ®32 ()64 @O
[Roorkee — 1991; KCET-1993; Kerala
(Engg.) — 2005]
The product of first nine terms of a G.P.
is, in general, equal to which one of the
following?

(a) The 9th power of the 4th term
(b) The 4th power of the 9th term
(c) The 5th power of the 9th term
(d) The 9th power of the 5th term

(@ x>2 ®) x>-2
©) x>112 (d) none of these
13. The sum to infinity of the progression
9-3+ 1—% +o is
[Karnataka CET —2005]
@9 (b) 9/2
(c) 27/4 @ 1572

14. The value of 0.037 where .037 stands for

the number 0.037037037 ......... 1s
[MP PET —2004]
(a) 37/1000

[NDA — 2008] (b) 1727
If in a geometric progression {a },a,=3,a, (©) 1737
=96 and S, = 189 then the value of n is (d) 377999
OE () 6 © 7 @ 8 15. Ifa'*=b"=c"and a, b, c are in geometrical

If the sum of the series 4 + ¥ + 5 + 3

2.4 _ 8

x3

progression, then x, y, z are
[MPPET —2008]

,,,,,,,,, oo is a finite num ber, then (a) AP (b) GP
[UPSEAT - 2002] (c) HP. (d) none of these
ANSWER SHEET

L@ ®© @ 6@® ©® 1o @
R ONONON; TO® 0 2o® o
3 @b © @ @O O B OO®OO
ONONON; HONONON VRS UNONONONO)
5@ b © @ 0.0  ©

. (a)Seriesisa+ar+ar*+...

GiVCn=§6—ﬁ2 152
=125

=>152=125+1)=>r+1=5%

=3
=>r=z

HINTS AND EXPLANATIONS

a@-1)

r—1

Sy 125

a@¥®-1)

r—1

152
125

_152
r=125"

_ 27

1=133

=n=11

. (¢) x=0.5737373.......

1000 x = 573.7373........
10x=5.7373 ......
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By (1) — (2) 990x = 568
568

990
. (c) Let the numbers be a and b then 4 =
AM.
_a+tb

5 orat+b=24 ¢y
G=GM.=7ab .. ab=G> Q)

From (1) and (2) we find that a and b are the
roots of =24t +G*=0

_ 24+ \4LP—AG
2

=A+\JA-GA+G)
S AT -G
. (b) Three number in G.P. %, aar...... ¢))

Under conditionI: £ a . ar=512 = a*= 83
=>a=8

Under condition II: % +8 a+6,arin AP
This =2 (@ +6)=(£+8) +ar
S14x2=34+8+8

S0P —5r+2=0=>r= 2,;

But#>1.Putr=21n(1).

3,882 4.8.16

. (a) Since y, z are two geometric means
between a and b, therefore, a, y, z, b are in

V9 =3

Therefore, required value = 91 =

10.

11.

12.

13.

(O 4 4 45 atitstem =4 T=g1=4

This is a root of x>— 5x + 4 =0.

. (¢) The given product = (32)' FEtygt e
=32
S _ 1.5
Wheret_1+6+36 ......... g} l_l 6
6

Therefore, given product =(2%)%°= 2= 64.
(d) Product of first 9 terms of GP
=axarxar*xar’x ar*x ar*x ar’x ar’ x ar®
= a9 r36
= (ar4)9
= (5th term)®
(b)a,=3,a,=96=a,r =96
=>p1=32 )
a (-1
n r—1
332r-1
=0

=186

=186

Hence,r=2and n=6.

@S,=

1-r
where |7| <1

<1

ex>2
©9-3+1-T+ ... o
a=9

14. (d) 0.37037037 =.037 +.00037 +.0000037

-37 .37 37
=<0t 105 g7

103[1+

_37] 1 .37
107, _
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15. (a) Let al*= b= ==k
thena=k, b=k, c=k
as a, b, ¢ are in GP
~b’=acor k»=k*
kzk2y=kx+:

x+tz_
2



LECTURE

Harmonic
Progression

BASIC CONCEPTS

1. Harmonic Progression

1. A sequence of numbers is said to be in a
harmonical progression if the reciprocals of
its terms are in arithmetic progression. In
short form it is denoted by H.P.

For example

H.P. Corresponding A P.
1,172,173, ... 1,2,3, .
1 _1 1

Tard atod

2. The n Term of General H.P.

1 1 1 1

@ ard atod at(n_Dad
_ _ 1

Tn—nthterrnofH.P.—a+(n_l)d, ...... s

where first term of corresponding A.P. = a;
and common difference = d.
Note: Problems based on H.P. first of all are
solved for corresponding A.P.

3. Harmonic Mean

(1) The harmonic mean between two

_2ab _ 2
number g and b HM. = b __l_,_l
a b

(2) Harmonic mean of the » numbers x , x,,

n
1,11 1
x—l + x—z + x_3 N + x—n
@ fa H,H,H, ... H b arein HP,
thenH ,H, H,,........ H_ be nHM’s
between a and b., and
1 1 n->b ab(n+1)

Fn=a+(n+ 1) ab orH,= b+ na
Example Two HM. between a and b

_ 3ab _ 3ab
Hl_a+2b’H2_b+2a

. Relation among A.M., G.M. and H.M.

(1) The three quantities a, b, c are in AP,

GP and HP if = ‘Z—_lz =8 @ngd
repectively.
@) If a, b, c are in HP. then a — g g

b .
c—2,aremG.P.

(111)6, 3, 2 are in H.P.
@1v) 1, 25,49 arein A.P.
(v)1£+3,-2,1+V3 arein HP.

(vi)4-2V3 ,4,4+ 23 areinAP.
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5. Relation among A.M., G.M. and H.M.
If AM., GM.,, and HM. be arithmetic,
geometric and Harmonic means between
two numbers g and b. then

1) A>G>Hifa#b
(i) A=G=Hifa=b
(iii)) G*=4H,ie.,A, G, H are in G.P.

(1v) If the ratio of A.M. and G.M. between
two numbers a and b is A, then

ab=QA+\12-1): (A -VA2-1)

(v) Ifthe Arithmetic mean of two numbers
a and b isthe m times of their harmonic
mean, then
a:b={vm+ym—-1}:

{vim—m -1}

(vi) If the geometric mean of a and b is the
n times of their harmonic mean, then
ab=(n+V*=1): (n=n*-1)

(vii) Let two arithematic mean A4, 4,
two geometric mean G, G, and two
Harmonic mean H|, H, be between

A+ A4,
twg lr(l;lzmbers a and b, then H +1H,
H1H2
(1x) Between the two numbers a and b the

n+1 n+1
quantity “F 0 being AM., G.M.

and H.M respectively according as n
150, — % and — 1 respectively.

(x) No term of G.P. and H.P. can be zero
©).

(x1) Common ratio of G.P. can not be
Zero.

SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

l.a,a,a,, ... ,a,areinAP and h, h, h

17 722 73 17 7722 7732

,,,,,,,, ,h,areinHP Ifa =h =2anda =

h ,= 3, then prove that a s, = 6.
[IIT - 1999]

Solution

GivenAP. isa,a, a, ............. ,d),

1
Say=a+(10-1Dd, [ =a+(n-1)d|
33=2+9d3d=%

GivenH.P.ish,h, h,, ............ s hy,
him=hll+(1o—1)arl:>—%—%+9ar1
39d1=%—%39d1=—%
>d=-2g .. hi=hll+(7—1)arl

anda,=a +(4-1)d

— 1 _ 1 _7
3a4—2+3><§3a4—2+§3a4—§

) -7.,18 _
..ah—3><7 6

4%
Proved

2. If the ratio of AM. and G.M. between
a and b is m : n, then prove that:

a_ m+im’—n’

b~ m—Nm—r
[Kerala (Engg.) — 2005]

Solution

AM. of aand b =252 and G.M. of @ and

2
b=+ab
According to question, a; b Sab=m:n

+b

= Nab " O
(a+b)y m
4ab ~ n?
(a+by
dab ~ " n

3,
|
—
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(a+b)Y—4ab 2 _p2
= 4ab T oon

(a-b} m-n

4ab n’

a-b m? — n?

= Nab = n (@)

Dividing Equation (1) by Equation (2), we
have

atb___ m
a—b Nt

By componendo and dividendo law

atbta—b_m+Nm’—n?
a+b—a+b m_\'mZ_nz

ﬂ

o] W

m+

_ —n
m-—Nm-—n

=

o>

&)

Proved

. If the roots of 10x*— cx?>— 54x — 27 = 0 are

in harmonic progression, then find ¢ and all
the roots.

[Roorkee — 1995]

Solution

(b) If a, B, y be the roots of the given equa-
tion in H.P. then p, ¢,  will be the roots of

. 10_¢c_54
the equation e g x 27=0

or 27x* +54x2+cx—10=0

Clearly p, g and r are in A P. ¢y

s 2q=p+ror3g=p+q+r=-54/27=
-2

-..q=—2/3.Hence, (—2/3)is aroot of
M

Putting in (1) we get,c =9

2273+ 542 +9x - 10=0

has aroot —2 /3 or 3x + 2 is its factor.

S Bx+2) (92 +12x—5)=0
or(Bx+2)Bx+5 Bx—-1)=0
~ox=1/3,-2/3,—5/3 which are in A.P.

Hence, the roots of the given equation in
HP are3,-3/2,-3/5.

UNSOLVED SUBJECTIVE PROBLEMS (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

Exercise |

1.

. Which term of the sequence 10864

Find the 10th term of the series
8+ 2% + 1% +

. Fifth and eighth term of an HP. are %

and 17 respectively. Find the progressilon,1

,,,,,,,,, will be (— %)?

. Find the harmonic mean between % and % :
. If H is the harmonic mean between a and b,

prove thatgtz +gtll: =2

. A.M. between two numbers 1s 6 and H.M.

between them 1is 13—6 . Find the numbers.
a-b

. If a, b, ¢ are in H.P. prove that % = _c
. If mth term of an H.P. is » and nth term is m,

then find its (i) #th and (i1) (m + n)th term

9. Ifa, b, care in A.P. and b, ¢, d are in H.P,

then prove that ad = bc.

Exercise Il

1.

212

Find nth term of 1, 32 5

2. If a, b, ¢ are in H.P,, prove that

. Find the nth term of 4, 4%, 4

1 1 1.1
b—a+b—c+a+c

. Insert four harmonic means between %

1
and T

. Find the 4th term of the sequence

1,1
2,2 2 3 Foroos
8

§,5, .......

. Second term of an H.P. is % and its 6th term

is (— %) find its 20th term.
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Ifb+c,c+a,a+barein HP. prove that
a*, b?, c>arein AP
Insert three Harmonic means between 2

9. Three numbers are in H.P. Their sum 1s 11
and sum of their reciprocals is 1. Find the
numbers.

and % 10. If a, b, c are in H.P,, prove that
a b c in HP
btcctaath are also in H.P.
ANSWERS
Exercise | Exercise ll
8 1
L 1o 1L+ 1)
313 3
111 3 537011
2. 3> 5o Joreeeees 8310’ 11
3. 19th 560
4 2ab 16 —n
. a2+b’7 6 1
6. 8,4 ) ?9
8. (i mn ... mn ’Z’g
O Wy 9.2,3,6,0r6,3,2

SOLVED OBJECTIVE QUESTIONS: HELPING HAND

. If 4a® + 96 + 16¢* = 2 (3ab + 6bc + 4ac),

where a, b, ¢ are non—zero numbers. Then
a, b, c are in

[AMU - 2005]
(a) AP (b) GP.
(c) HP. (d) none of these
Solution

©) (2a—3b)*+(Bb—4c)*+(4c—2a)*=0
.. 2a=3b=4c =k (Assume)
a, b, c are k/2, k/3, k/4 which are in H.P.
Ifx, y, z are in H.P., then the value of expres-
sion log (x +z) + log (x — 2y + z) will be
[RPET - 1985, 2000]
(b) 2log(x—2)
(d) 4log (x—2)

(@) log(x—2)
(c) 3log(x—2)

Solution

2xz
x+z

(b)Ifx,y,zarein HP,, theny =
Now, log, (x +2z) +1og,(x — 2y +2)

=log {(x+2) x— 2y +2z)}

tog e+ 2+ 2= 45 )]

=log [(x +2)*— 4xz] = log (x — 2)
=2log(x — 2).

3. If the harmonic mean between a and b be
H, then the value of

1 |

H-a "H-b"

(@ atb (b) ab
1.1 1 1

©aty Da-3

Solution

(c) Putting H =%, we have,
1, 1

H-a H-b

_ 1 " 1
( 2ab —a) ( 2ab —b)
atb atb



Progression D.53

4. Ifa, b, carein HLP, then < — 2 €

b+cctaa+b

are in:

(a) AP (b) GP.

(c) HP. (d) none of these
[Roorkee — 1980]

Solution

(©) Ifa, b, ¢ are in HP. %, %, % are also in

AP

atb+tc atb+c at+tb+ec
= a > b > C
AP

b+tc atc a+b .
a p ¢ are in HP

a b c .
b+c,a+c,a+bare1nH,P

+ +
. Ifx 2y>)/> yTZ‘ are in HP> then X, Y,z are

in

are in

=

(a) AP (b) G.P.
(c) HP. (d) none of these

[RPET - 1989; MPPET - 2003]

Solution

+ +
) 175, 3,75 are in HP, then

(x+
)

y_x+yy
2 "2

y ytz
2
+

) 2a+yn0+
T+ +2)

z

_xytxz+y +yz

T x+2p+z
=>xy+2yityz=xytxztytyz =y
=xz Thus, x, y, z will be in G.P.
. If three unequal numbers p, g, r are in H.P.
and their squares are in A P, then the ratio
p.q:ris

(@ 1-v3:2:1++3
() 1:42: =3

(©) 1:—=~2:43

(d) 1£V3:-2:1F3

Solution

(d) By hypothesis,

2pr r
qu%ﬁ%:pir
= q=2K,pr=(p +r) K Also p*, ¢* 1* are
nA.P.

L2 =pr+ P =(p+r)-2pr
=>8K*=p+r-2p+nHNK
>@P+r)-2@+rnNK-8=0
=>p+r=4K,-2K
when p + r = 4K, then pr = 4K>
L @-=@+ri-4pr=16K*-16K*=0
>p=r
But this is not possible (" p # )
Lprr==2K=pr=-2K K=-2K*
Now (p —r)*=(p +¥)*— dpr

= 4K 4(—2K?) = 12K
>p-r=+2V3K,alsop+r=-2K
L 2p=(2£23)K=p=(-1x\V3)X
and 2r=-2KF2V3 K= r=(-1FV3)X
Lpiqir=(-1£V3)K:2K: (-1 FV3)X
=-1+vV3:2:1F3=1F+3:-2:1+43.

=K (say)

. log, 2,10g,2,log , 2 are in

[RPET - 1993, 2001]
(a) AP (b) G.P.
(c) HP. (d) none of these

Solution

(c) If the numbers are %, 1 %, then x = log,3,

y=log2.3=1+log3andz=2+log 3.
Therefore x, y, z are in A.P. with common
difference 1.

Hence, %, )l,, % 1.e., the given numbers are

in HP.

. If a, b, c are in A.P,, then

1 1 1 .
@+ h Vate g+ gz dein
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(a) AP (b) GP.
(c) HP. (d) none of these
[Roorkee — 1999; Kerala (Engg.) — 2005]

Solution

(@)a,b,careinAPie,2b=a+c
Let

1 1 _ 1 1
Na+Nc yg+\p b+~ Vatc
Vb -~ ~Na-b

va\b'Nb+ve 0 T ¢
=>2b=a+c

: 1 1 1 are .In A.P
C @b Na@Ne \p e

Given a+d> b+ c where a, b, ¢, d are real
numbers, then
(@) a,b,c,darein AP
®) 111 lareinAP

a> b> C> d -
(© (@a+b),(b+to),(ctd,(a+darem

AP

1 1 1 1

@ atbbt+cct+td at+d

[Kurukshetra CEE — 1998]

are .In AP

Solution
®)a+td>b+c
:a+b+c+d>2b+2c:,";c+b%{
>b+c
aT+c>band”%">c[-:A>H]

10.

b is the HM. of a and ¢ and their A M.
..atc
is

2 b+
cis HM. of b and d and their A M. is 5
Hence, a, b, ¢, d are in HP. = %, %, %, cl_i
are iIn A.P.

QU

If 2, %, % are in H.P., then

[UPSEAT - 2002]
(a) a*b, c*a, b*c are in A.P.
(b) a*b, b*c, c*a are in HP.
(¢) a*b, b*c,c*aarein G.P.

(d) none of these

Solution
beca, ..
@ o 5 C are mnA.P
= %=§+%3%= bc;ca- = 2ac’
=b% + ba*

11.

. a?b,c?aand b*care in AP.

A boy goes to school from his home at a
speed of x km/hour and comes back at a
speed of y km/hour, then the average speed
is given by

(& AM. (b) GM.
(¢) HM. (d) none of these
[DCE —2002]
Solution

(c) Let, the distance of school from home
= d and time taken are ¢ and #,.
d d

tl =fand t2=)—/;

Total distance
Total time
2d  _ 2y
(+5) =
which 1s the HM. of x and y.

Avg. velocity =

12. Ifcos (x —y), cosx and cos (x +y) are in HP,
then cos x sec (3/2) equals
[IIT - 1997]
(@ 1 () 2
(c) N2 (d) none of these
Solution
2 1 1

13.

(©) cosx = cos(x —y) * cos(x +y)

_ 2cosxcosy

" cos’x—sin’y
= cos’x — sin?y = cos?x cos y
=cos?x (1 —cosy)=sin’y=1—cos?y
= cos?x (1 —cosy)=(1—cosy) (1 +cosy)
=cos’x=1+cosy=2cos’y/2 .. cosx
sec (y/2)=++2 .
a,b,carein GP. with 1 <a<b<n, and
n>1isaninteger. log_n,log, n,log_nform
a sequence . This sequence is which one of
the following



Progression D.55

(a) harmonic progression
(b) arithmetic progression
(c) geometric progression
(d) none of these
[NDA -2007]

Solution

14.

(a) Givena, b, c arein G.P. .. b>= ac taking
log on both sides 2log b =1log a +log ¢
log a,log b, log c are in A.P.

| 1 1
" loga’log b’ logc

are in H.P.

. log, n, log, n,log_n are in H.P.

Ifa,b,carein AP and &, b%, c*arein HP,

then

(@ a=b=c () 2b=3a+c

(c) b*= +(ac/8) (d) none of these
[MNR - 1986, 1988; IIT — 1977, 2003]

Solution

15.

(a) Given that a, b, c are in A.P.
=>2b=a+c

and a>b%, c2are i m HP = b?=
= b*(a® + ?) =24

= b*{(a+c)*— 2ac} = 2a*c?
= b* {4b*>— 2ac} = 24, from (1)
= 4b*— 2ach*=2a>c?

= (>~ ac) Qb*+ac)=0

= Either 5>~ ac=0o0r 2b*+ac=0

If 8>~ ac =0, then b* = ac = {%(a+c) }2
= gc from (1)

= ((@a+tc)P=dac=>(@—-c)’*=0.
Therefore a = ¢ and if a = ¢ then from b*=
ac,we get b>=d*orb=a. Thus,a=b=c.
Ifa, b, care in G.P. and x, y are the arithmetic
means between a, b and b, ¢ respectively,
then % +)£/ is equal to

)

2a%?
a*+c?

(@ o0 b) 1
() 2 @@ 12
[Roorkee — 1969]
Solution

(c) Given that a, b, ¢ are in G.P.

16.

So, b*=ac )
x=a50 @)
2
b+
y="7° ©
Now,
a,c__2a_ , 2 _ 2(ab + bc +2ca)
XY a+b b+c ab+ac+b+be
2(ab + bc + 2ca)

=(ab+ac+ac+bc)=2’{.'. b*=ac}

Trick: Leta=1, =2, ¢ =4, then obviously
=3 - 1 . 4_

x=35 and y = 3, then 3513 2

Ifthe m + 1)th, (rn + 1)th and (» + 1)th terms

ofan AP arein GP. and m, n, r are in H.P,

then the value of the ratio of the common
difference to the first term of the A.P. is

@ -7 ) 2
© -5 @ 5

[MNR - 1989; Roorkee — 1994]
Solution

17.

(a) Let a be the first term and d be the com-
mon difference of the given A P. Then as
given the (m + 1)th, (n + 1)th, and (» + 1)th
terms are in G.P.

=a+md,a+nd, a+rdarein G.P.

= (a+nd)*=(a+md) (a+rd)

= an—m—r)=d(mr—n?

d_2n—(m+r)
= M
Next, m, n, r in H.P.
_ 2mr
=>n=,1, ©))
Form (1) and (2)

n

4=2n(m+r)_2(2n—(m+r)) 2
(m+r)-2n

a~ gmr—p R -
x+y+z=151f9, x, y, z, a are in AP.

while%+)l,+%=%if9,x,y,z,aarein

H.P,, then the value of a will be
(a) 1 (b) 2
©) 3 @ 9
[IIT - 1978]
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Solution

(@x+ty+z=1519,x,y,z,aare in A P.

Sum=9+15+a=§(9+a)324+a=%
O+a)

=48 +2a=45+5a =>3a=3

>a=1 6}
andL1+1+1=2if9 vy z aarcin HP

1,5, 1_571_1 -
Sum—9+3+a 2[9+a]3a 1
18. If the ratio of A.M. between two positive
real numbers a and b to their HM. 1s m: n,

then
Nm—n+n b Nn+Nvm—n
@ Gn=n-va O G—m-n

© % (d) none of thess
Solution
30w Garby
2 = m a _ = m
©) ab " dab n
a+b
@b’ _om
2ab n

Applying dividendo, we get

a-Z-:Ibb- = 2 ;7 Applying componendo

and dvidendo
We get,

(a+by} m
(a— b)z T m-—n
Again, applying componendo and dividend

Wi tgzx/m_+x/m—n
CeL T Um —vm—n

atb_ _vm
a-b Ym-n

19. If a, b, ¢ are in H.P,, then for all » = N the
true statement 1s

(a) a"+c"<2b"
©) a"+c"=2b"

(b) a"+c">2b"
(d) none of these
[RPET - 1995]

Solution

(b) For two numbers a and ¢

a+c"
2

-+ AM.>GM.>HM. - "T” >b
("~ a,b,careinHP.)

= (43¢ >v

a'tc atc

> (aT-Fc)” (Where n = N, n>1)

)n > b

20. If first three terms of sequence 1/16, a, b, 1/6

are in geometric series and last three terms
are in harmonic series, then the values of a
and b will be

[UPSEAT - 1999]
(@) a=-14,b=1
®) a=1/12,b=1/9
(c) (a) and (b) both are
(d) none of these true

Solution

() If 1/16, @, b are in G.P, then a* = %

or 16a2 =) (1)
2.a. %

and if a, b, 1/6 are in H.P,, then b = 1
at+~

D) 6
__2a
T 6a+1 )
2 _ 20
From (1) and (2), 164" = g4
| A
or 20(80 — m) =0

or8a(ba+1)-1=0
or484*+8a—-1=0,(-- a#£0)

or (da+1)(12a-1)=0 - a=- 1,15

Bl

When a=— % then from (1),

b=16(-1) =1
Whena=11—2then from (1),
—16(LYy=1
b=16(13) =3
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21. If (p = x), 2(y — @) and (y — z) are in HP,
thenx—a,y—a,z—aarein
(a) AP (b) GP.
(c) HP. (d) none of these
[RPET - 2001]

Solution
®@-x,2(00—

1 1
= y-%20-

a),(y—z)arein HP.

ay ¥ lz are in A.P.

1 1 _ 1 1
Z2y-a) VX Y-Z 20p-a)

y-x-2y+2a 2y-2a-y+tz
-9  G-a-G-a)

x-y+2a y+z+2a

»-x V-2

(x-a)+p-a) _ (-
Cc-a)--a) -

x-a) (y-a
= 0-a) @-a

S>@-al=(x-a)(z—-a)
1e,(x—a), ¥y —a),(z—a)arein G.P.

22. If the sum of the n terms of G.P. 1s S product
is P and sum of their inverse is R, then p? is

=

a+(@z-a)

a)—(z-a)

equal to
[IIT — 1996; Roorkee — 1981]
R S
@ g ®) %
R SY
@ (§) @ (3)
Solution
(d) Given that sum
_a@-1) _a(r-17
S=71 = 1=, (1)
P=a(ar) (a?) ....... (ar'-Y)=g'p!*2*-+0-D
= anr(n— Dn/2 1 e. P” a'_’n 'n(n 1) (2)
andR=%+%+#+ ,,,,,,,, up to n terms

1fr<1=—ar"‘1(1—r) 3)
Therefore,

Sy _al-r)y ar'(1-7r) | »
(F)‘ T—r " a-m 97

or (%)" = (@¥" -1y = gy = p?

23. If a, b, ¢, d are positive real numbers such
thata+b+c+d=2,thenM=(a+b)(c+d)
satisfies the relation

(@ 0<M<l1 (b) 1<M<2
() 2=M=<3 d 3<M<4
[IIT Screening — 2000]
Solution

(a) Step 1: AM. > G M. (Arithmetic mean
of positive numbers is always greater than
equal to G.M.)

(a+b)+(c

d)>\/ a+b)c+d)or
%>\/A_40rIZM

AlsoM>0.So0,0<M<1.
24. Ifa,a,a, ... ,a are in HP, then aa
+aa,+. +a, _ a willbeequal to
(@ aa (b) na,a,
© m—1aga, (d) none of these
[AMU -2003; AIEEE — 2006; IIT — 1975]

5

Solution

(c) Since, a,, a,, a., ....... ,a,are in HP.

> A s K35

Therefore, ail, a%, a% ...... ai will be in A P

Which gives

1111_ 1 _1_g
ayapapga, v a, a,,
_ -a,
a-a, a,-a,_ =an_1n=d
aa aa, o a 4
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=a —a,=daa,
a,—a,=da,a,

anda _ —a =daa,

Adding these, we get, d (a,a, + a,a, + ...+
a,a, )

=@ +a+ ... +a, )-(a,*ta,+. ... +a)
=a—a, €))

Also nth term of this A P. is given by

ai=ail+(n—1)d

a,-4a,
=d= aa(n-1)
Substituting this value of d in (1)
a,-4a,
(a,—a)= W (a,a,*a,a,
+.ta,a, )
(a,a,*aa, +. .. +aa )

=aa (n—1)

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. If 5th term of a H.P. is 1/45 and 11th term is

1/69, then its 16th term will be

(@) 1/89 (b) 1/85 (c) 1/80 (d) 1/79
[RPET - 1987, 1997]

. If the 7th term of a H.P. is 1/10 and the 12th

term is 1/25, then the 20th term is

(a) 1/37 (b) 1/41
(c) 1/45 (d) 1/49
[MPPET - 1997]

. The 9th term of the series27 +9+5 % + 3%

+....will be
10

(@ 137

(c) 16 /27

(b) 10/ 17

@ 17/27

[MPPET - 1983]
. If a, b, ¢ are in H.P., then which one of the
following is true

1, 1

_1 ac_ _
—aTh-c b ®arc=h
+a,b+c
—a+b—c

=1 (d) none of these
[MNR - 1985]

. If a, b, ¢ are in H.P, then the value of
1,1 1y(1,1 1Y.
(b2 b

2.1 3.2

(@) be + b, ®) 2 +ca

©) 3,2 (d) none of these
b*  ab

[MPPET - 1998; Pb. CET — 2000]

6.

10.

11.

If the harmonic mean between a and b
bedta H+b_
H-a H-b
[AMU - 1998]
(a) 4 (®) 2
© 1 d) a+b

. If there are » harmonic means between 1

and 1/31 and the ratio of 7th and (n — 1)th
harmonic means is 9: 5, then the value of n
will be:
(a) 12

®13 (@ 14 @15

[RPET — 1986]

. Let the positive numbers a, b, ¢, d be in

AP, then abc, abd, acd, bed are
(a) notin A.P/GP/HP
(b) mAP
(¢) mG.P
(d) mHP
[IIT Screening — 2001]

. Iflog x, log , x,log . x be in HP,, then a, b,

c are in

(a) AP (b) HLP.

() GP. (d) none of these

If a, b, c are in A.P., then 3¢ 3%, 3¢ shall be

in

(a) AP () GP.

(c) HP. (d) none of these
[Pb. CET - 1990]

If a, b, c are in A.P., then 10% 10, 10%** 10,

10+10 will be in



12.

13.

14.

15.

16.

17.

18.

19.
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(a) A.Pj
(b) G.P. only when x>0
(¢) G.P.for all values of x
(d) GP.forx<0
[Pb. CET — 1989]
If a, b, c are in AP, as well as in G.P then

[MNR - 1981]
(@) a=b#c ®) a#b=c
() a#b#c d a=b=c

Ifx,1,zare in AP. and x, 2, z are in G.P,
then x, 4, z will be in

(a) AP
(c) HP.

(b) GP.
(d) none of these
[IIT — 1965]
Ifa, b,carein AP, b, c, dare in G.P. and
¢, d, e are in HP, then q, ¢, e are in
[AMU - 1988, 2001; MPPET - 1993]
(a) no particular order (b) A.P.

() GP. (d) HP.

The sixth H.M. between 3 and 6/13 is
[RPET - 1996]

(a) 63/120 (b) 63/12

(c) 126/105 (@ 120/63

The fifth term of the HLP.., 2, 22, 3l ,,,,,,,
will be

@ 5%

) 1/10

() 3

@ 10
[MPPET - 1984]

The first term of a harmonic progression
is 1/7 and the second term is 1/9. The 12th
term is

[MPPET - 1994]
(a 1719 (b) 1/29
(© 1117 @@ 127
If the 7th term of a harmonic progression is
8 and the 8th, term is 7, then its 15th term
is

[MPPET - 1996]
(a 16 (b) 14
(c) 27/14 (d) 56/15

In a H.P., pth tem is ¢ and the gth term is
p- Then pgth term is

20.

21.

22.

23.

24,

25.

(@0 ®) 1
© pq ) pale +9)
[Karnataka CET — 2002]
If H is the harmonic mean between p and ¢,
then the value of % + % is
[MNR - 1990; UPSEAT - 2000, 2001;
VIT —2007]
+
©) % (d) none of these

If the A.M. and H.M. of two numbers is 27
and 12 respectively, then G.M. of the two
numbers will be
(@9 (b) 18 () 24 (@) 36
[RPET - 1987]
If 4, A, are the two A.M’s between two
numbersaandbandG ,G,betwo GM.’s
A +A4,

G G,
[Roorkee — 1983; DCE — 1998]

between same two numbers, then =

+b +b
(@) ¢ (b) "Za,,
© 2—”,, @ 2%

If the A.M is twice the G.M. of the numbers
a and b, then a : b will be

-3 2443
@ 2+\3 ®2

V3 - V3 -
© 52 CRers:
[Roorkee — 1953]

If the ratio of HM. and G.M. between two
numbers a and b is 4 : 5, then the ratio of
the two numbers will be:

(a 1:2 () 2:1
@ 4:1 @1:4

[IIT — 1992; MPPET - 2000]
The harmonic mean between two numbers

isl4% and the geometric mean 24. The

greater number between them is
[UPSEAT - 2004]
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26.

27.

28.

29.

30.

31.

32.

(a) 72 (b) 54

(c) 36 (d) none of these

The harmonic mean of two numbers is 4 and

the arithmetic and geometric means satisfy

the relation 24 + G*> = 27, the numbers are
[MNR - 1987; UPSEAT - 1999, 2000]

(@ 6,3 (b) 5.4

(©) 5,-25 @ -3,1

A boy goes to school from his home at a

speed of x km/hour and comes back at a

speed of y km/hour,then the average speed
15 406 1s

(a) AM. (b) GM.
(c) HM. (d) None
Ifthe A.M. and G.M. of roots of a quadratic

equations are 8 and 5 respectively, then the
quadratic equation will be
(a) x*—16x-25=0
(b)) x*-8+5=0
() x*—16x+25=0
@ x*+16x-25=0
[PbCET - 1990]
If a be the arithmetic mean of b and ¢ and

G,, G,be the two geometric means between
them, then G+ Gi =

(@ GG,a ®) 2GG,a
(© 3GG,a (d) None of these
In a G.P. the sum of three numbers is 14, if 1

is added to first two numbers and subtracted
from third number, the series becomes A.P.,
then the greatest number is

(a) 8 (b) 4
(c) 24 @) 16

[Roorkee — 1973]
If a, b, ¢ are the positive integers, then

Gt +2)E+tx)is
(a) <8xyz
(c) =8xyz

(b) >8xyz

(d) none of these
[MPPET - 2005, DCE - 2000]
If a, ... a, are positive real numbers
whose product is a fixed number ¢, then the
minimum value of @, +a,+ ... +a,_ +2a,
is
[IIT (Sc.) — 2002]

(@ nQ2e)" (b) (n+ et

(©) 2nci (d) (n+ D)
33, 2sinf+ 2eosbig oreater than
[AMU — 2000]
(a) 172 (b) V2
© 2% (@ 2~

34. The product of » positive numbers is unity.

Their sum is

(a) apositive integer (b) equalton +%

(c) divisible by n (d) neverlessthann
[MPPET - 2000]

3S5. If a, b, ¢ are positive real numbers, then

minimum value of (a + b +c) (% + % + %)is
(@ 9 (b) 8
(c) 10 (@ 11

36. If a, b, c are in A.P. and |al, |5], |c] < 1

and

x=1l+a+a*+.. 0, y=1+b+b+. 0,
z=1l+c+c2+ .. ©

Then x, y, z shall be in

(a) AP (b) GP.

(c) HP. (d) none of these

[Kurukshetra CET — 1995; AIEEE - 2005;
Kerala PET - 2008]

37. The common difference of an A.P. whose

first term 1s unity and whose second, tenth
and thirty fourth terms are in G.P. is

@15 13 @© 16 (@19
[AMU - 2000]

38. If a, b, c¢ are three unequal numbers such

thata, b,carein AP andb—a,c— b, aare
mGP,thena:b:cis

[UPSEAT - 2001]
®)2:3:1
d3:2:1

(@ 1:2:3
() 1:3:2

39. If a, b, ¢ are positive real numbers, then

. + + +b.
mlnlmumvalueofbac+cba+acbls

(@3 (b) 4 ©5 @e

40. The difference between two numbers is 48

and the difference between their arithmetic
mean and their geometric mean is 18. Then
the greater of two numbers is
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(a) 96
(c) 54

(b) 60
@) 49

[MPPET - 2008]
41. If H ,» H, are two harmonic means between
two positive numbers a and b (a # b), A and
G are the arithmetic and geometric means
H +H

”

between a and b W 1S

42. If in a AABC, the altitude from the vertices

A, B, C on opposite sides are in H.P, then
sin 4, sin B, sin C are in

[MPPET - 2009]
(a) GP.
(b) arithmetic geometric progression
(c) AP
(d) HP.

(a) A/G 43. The harmonic mean of two numbers is
(b) 24/G 21.6. If one the numbers is 27, then what is
(©) ARG the other number?
(d) 24/G> (@162 (b)173 () 18 (d) 20
[Kerala PET — 2007] [N.D.A - 2009]
SOLUTIONS
1. (a) 5th and 11th terms of the corresponding _ 27 27
T = =
AP are 45 and 69. o 1+2m-1) 2n-1
=a=29,d=4 e 2x9-1 17
Hence, T’ = [
LT g+ 154 29+60 89 4 @ a b cinHP :,b=a2§cc
2. (d) Terms of H.P. are reciprocal of A.P.  2ac _ac—a) ,
' 1 @b-a=_ T, a=—x,b-c
..(T7)HP_m _ 2aC _czc(a_c)
=(T,),,= 10 ate ate
1 , 1 _ a+tc atc
= seventh term of corresponding A P. b—a b-c alcta) clc—a)
atc_2
(TIZ)HP=21_5 ~ac =E(False)
(b) (False)
(TIZ)HP=25=Twe1th term of (c) b+a . b+a= a(3c+a)
orresponding A P. b-a b-a alc-a)
InAP,T =a+(n-1d cBatc) _ | (False)
~T,=>a+6d=10 ) cla-c) D1
T,=a+11d=25.... ) S. (c)a,b,cinH.P.ﬁE,z,ginA.P.
solving (1) & (2)a=-8,d=3 3;=l+l+ (l)and;—l=l(l)
(T, = a+19d=—8+57=49 b 4 ba ¢
) 1 Now(l+l—l)(l+l—l)
v (T,),,=49 (TZO)HP=@, pTca)lcTa}
(1_(1_1)) (1, (1_1
3. @27+9+&+ 24 ‘(C‘(a‘b)) (C+(a‘b))
_27,27,27,27 _1(1,1y
BRI T A @+
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a(b—a)

. Dividing,

3ab +b* b(a+3b)
a+b -0

at+b

. H+a_3a+bh
This = 7r—p=",_5 - Now
(Ba+b)

H+a+H+b_a+3b _
b—a

H-a H-b b-a
_—2a+2b_

b-a 2
. () According to the condition

1

+7d 9
0‘f=§ e))
at(n-1d
_31-1_ 30 _
andd—n+1—n+1,a—1. 2
On solving (1) and (2) we get n = 14 and
d=2

Also

1 _ 1
a+(m+1d 31 3)

Puta=1,d=2in equation 3) n=14.

. (d) Take k= abcd.
givena, b, ¢, d are in A.P.

= bcd, acd, abd, abc in HP. Writing in
reverse order we get,
= abc, abd, acd, bed in H.P.

9.

10.

11.

12.

13.

(c) If log ", log,", log * are in H.P.

logx logx logx
loga °> log b> log ¢

are in H.P.

loga logblogce
log x” log x log x

are in A.P.

2logh loga+tlogc
logx = logx

log b =1log (ac)

b*=ac

coa, b, carein GP.

(b) Since, a, b, c are in A.P.
s2b=a+c . 3®=3a%c=3a.3¢
= (3%)*=39x 3¢

o 39 3% 3¢arein G.P.

bxt+10
(c) Here, % = 10¢9* and

10&?”10 by
To = 10(-5x

Since, a, b, ¢ are in A P., therefore
b-—a=c-b

=GB —-ax=(c-bxVx

= given numbers are in G.P.

OR

Given2b=a+c

Multiplying both sides by x and adding 20
on either side we get
20+2bx=(a+c)x+20

=2 (bx+10)=(ax+ 10) + (c + 10)
10(bx+"') = 10(m+)+cx+

= 10m+10> 10 beO) 10 10

= 10719, 10%1%, 101 are in G.P

(d) By assumption b = a ; € p ¢))

3m=“T“:a+c=—2Va—=0

This = (a —Vb)? =0

—a=c

Putinga=cin (1) we get,a=b=c.
©)x,1,zarein AP
=2=x+z(1),x,2,zarein G.P.
=S>4=xz ... (2) Now x, 4, z are in H.P.



14.

15.

16.

17.

18.
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if
_ 2xz
4_x+z

= @— 4 (True)

(¢) Given a, b, carein AP, b, ¢, d are in

GP,c,d earein HP

= 2b =a+tc ¢y
=bd )

d b=2 3)
Putting (1) & (3) in (2),

cz=(a‘2FC) (CZiee)z (a+c)ce)

cte
or,c(cte)=(at+c)e
orc’+ce=ae+ceorc*=ae

coa,c,ein GP.

(@) x = (n+ Dab
n  na+b

73.6/13 _ 126 _ 63

m 240 ~ 120

Sixth HM. x, =

1 1

9
= T,=7,T,=9 in corresponding A.P.
>a+d=9=7+d=9=>d=2
T,=a+11d=7+11(2)=29

®T = >T_— in HP.

1
=T ,forHP. is 29

(@) 7,=8,T,=7inHP.

_1 - _1.
2T7—§>T8— 7mA.P.

= a+6d=1 a+7d=%,

8>
1 1_1

d=7-3=36

Subtracting

19.

20.

21.

22.

1 _ 1

-1 ,_1 -1
Nowa+6d—8,d—563a 36
15
Ts=a+l4d=a+14a=15a= 3
56
=T, 1nHPls15

(b) In the corresponding A P, pth term = %
and gth term =’%

Let a be the first term and d be the C.D.
ofthlsAP then a + (p —l)d— q and a +

(q l)d—
=d= lqanda qlp

Hence (pg)th term in the corresponding
AP isa+(pg-1)d

_ 1 TN
pgtwa-Dgp=1

= In the given H.P,, (pg)th term is 1.

_2PQ 2 _PHQ
21,1

3ﬁ P+Q
_H_ H

=2 P+Q

(b) Given AM. =27, HM. =12

(GM)*=(AM.) (HM)
=27 x 12
=V9x3x3x4
=3x3x2
=18
@LaA,A4,binAPb=T,=a+(4-1)d

2%=d‘,Al=Tz=a+d=a+

(b—a)=b+2a
3 3
A,=T,=a+2d= a+ (b— a)=

b-gZa)_F(a-ga

ILaG,G,binGP.b=T,=ar or

-

a+2b

4,+4,=( )=a+b
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23.

24,

G =ar= a(b) =(a*b)'*,G,=ar*=(ab?)'?,
= [(a*b) (ab®]"* = ab or

Al +Az pat b
GG, ab
OR

Step 1: If @, 4, A,, b are in A.P. then sum
of the equidistant terms from beginning and
end is equal to sum of the first and last term
thereforea+b=4 +4, ¢y
Step 2: If a, G, G,, b are in AP. then
we know that product of the equidistant
terms from beginning and end is equal to
product of the first and last terms therefore
ab=G G, 2)
Step 3: On dividing (1) by (2) we get the
answer.

bGYAM.=2GM. =

ath_pap—atb_2

ab 2\ab
_, a+b+2Vab =2+1=(\/E+\/§)2
a+b-2Yab 2-1 \va-+b
_3_~Na+\b_ N3
va-\b 1
(Ya+\b)+(Na—\b) 3+]1
(a+\b)—(a —\b) V3-1
2va _V3+1
nb V3-1
3g=(¢3+1)34+2¢§=2+¢§
b \N3-1/74-23 2-43

(c, d) By assumption, g = %

= 5H =4G
5(2ab)
b = ab

= SVab=2a+b) =5=2(K+%).

where K = (%)1/2

32K2—5K+2=03K=2,%.If1<=2,
then( )
or; %Thlsza b=4:1orl:4.

25.

26.

27.

28.

29.

(a) 290~

=10 (576)=72 (a+b)=>a+b=80
(a— b= (a+b)*— 4ab = (80)* — 4 x (24)*

T2 (1), Vab =24 or ab = 576

= (16)* (16)

— a—b=64 Also,a+b=80
—a=72,b=8

(azr c;iven 2ab 4 )
"2 =4A. )
Nab =G 3)
2U +G2=27 @)

Putting values of A and G in (4), we get,
(a+b)+ab=27, using (1), % +ab =27

orab=18 (®)]
Put thisin (1),a+5=9
(a—b)*=(a+b)—4ab=81-4(18)=9

ora—b=3.Alsoa+b=9. This
=a=6,b=3.
(c) Let, the distance of school from home =

d and time taken are ¢ and z,.

t1=gandt2=g

Avg. velocity = Total distance

Total time
= 2= 2 hich is the HLM. of
(£+7)
x and y.

(c) Given that AM. =8 and G.M. =5, if
a, B are roots of quadratic equation, then
quadratic equation is

X*=x((a+p)+@B)=0 @
AM. —%ﬁ—Sﬁa+ﬂ—l6 )
and GM. =+af =5=>af=25 3)

So the required quadratic equation will be
x?—16x+25=0.

(b) Quicker Method: Put 5=1 and ¢ =8 so
thata=45and G, =2,G,=4.



30.

31.

32.
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Now G} + G} =

this value i.e.,2 x 2 x 4 x %= 72.

(a) Three numbers in G.P. are %, a,ar (1)
Under given condition I

72. Also option (b) gives

Lta+ar=1l4ora(+r+1)=14r

=>%(1+M=14-a )

Under condition II: % +1l,a+1l,ar—11in
AP
Thi532(a+1)=(%+1)+(ar—l)
=2@+)=21+»

Using (2) in (3),
2(@+1)=14—-qgora=4.

Putin (2), 42 +r+1)= 14 r
or2°-5r+2=00rr=21
Putr=2,a=4in(1),
5,4 4x2=24,8.

.. Greatest number = 8.

(©))

+
(a) A.M. between x and y = x 5 24

G.M. between x and y = \xy

. x+y

Since, AM.>GM. = TNy
S>x+y>2yxy

Similarly, y +z>2 \jz ©))
and z +x > 2vzx 3)
on multiplication above three equations
sidewise, we get, (x +y) ( + 2) (z + x) >
8xyz

(@ Now, a,a,,a,,....a,_

> &> Hgs K350

numbers, therefore,

)

,»2 a arenpositive

ata,t+. . +ta  +2a
2 n-1 n
7 2

{(aa,. .a, )2a)}"
(-AM.>GM)

1/n
= naa,..a

=a ta,+. . +a,  +2a=nQ2c)"
2 n-1 n

33.

34.

35.

36.

(d) %[ZSinO + 2cos0] > \[2sin6 cosf
(-.AM.>GM)

32sin0+20050>2~2(sin0+c050)/2 (1)

Since, (sin @ + cos 8) = V2 sin (0 +* >/4)

= —V2 for all real 0 therefore

Qsin6 4 Dcos6 > 2 D(sin6+cos8)2 5 22—\5/2

= Qsiné 4 Dcosh > 2141/6)

(d) Given a, a,, a, ....... =1 (1), where

a>0V,

AM >GM 2n(a +a,+tat.ta)
aa,.a)"=1"=1]

2a+a t+..tan=a+a,+.+a Ln
(a) Since AM. between two positive
numbers cannot be less than the G.M.
between them, therefore, ab

)

Similarly, & b,c 5tz 2 and + >2

o)

=3+(%+§)+(%+%)+(%+%)
>3+2+2+2=9

OR
AM. ofa, b,c>HM. ofa, b, c

atb+c 1,1,1
273 Z3/a+b+c

Hence, (a+b+c¢) (

1

>@+b+o)(s+5+e) 29

(©)p,q.rareinAP. =2g=p+r
1

= 2 3 _

x=1tptptp+. =x=7_

21—[)—%

Zp=1—%

Similarly ¢ = 1 —Jl,and r=1-%

- p, q, rare in A P. therefore
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37.

38.

39.
40.

41.

1 —%, 1 —)l,, 1 —%are alsoin A.P.

or %, )l,, % arein A.P.

- Xx,y,zarein HP.

(b) First term of an A.P. = 1, let common
difference = d

~T,=a+d, T ,=a+9d T, =a+33d
s (@a+9d)?=(a+d) (a+33d)

= a*+81d* + 18ad= a* + ad + 33ad + 334>
Puta=1=1+814+18d

=1+d+33d+334

= 484-16d=0=16d (3d—-1)=0
=d=0,d=1/3.

(a) We have a, b, ¢ are in AP then

b—a=c -b )]
and (b — a), (¢ — b) and a are in GP
c—b_ a

b-a c-b @

from equation (2), we get,

= (c—-bl=alb-a)

= (b—a)*=a(b —a) [Using (1)]
=>b-a(b—-a—-a)=0=>b=aqaor2a
. b=2a (s a, b, c are unequal)
(HD=>2a-a=c—-2a=>c=3a
La:b:c=a:2a:3a=1:2:3
0

(d) Let two numbers be x and y
Givenx —y =48 ¢))

x+y
and 5

~\ =18
from equation (1) y =x — 48

2’C;—48— \x(c—48) = 18

x—24—x(x—48) =18

e~ 48) = 42 —x

orx (x — 48) = (x — 42) )
x? — 48x = x? + 422 — 84x
36x=42 x 42 = x=49
and y = 1 by equation (1)
(d)Here, A =4 = 95 )
and G = \ab @

42,

43.

Also,a,H ,H,, b are in H.P.
(*H,, H, are two H.M.s between a and b)

1 1 11 .
35,F1,172,5are1nA,P,
1.1
1.1 _,laty
>0 +5=2 b
H A, 2

(- Sum of n A.M.s between two numbers is
n times the single A .M. between them)

2 1 _ a
= HH, ~ ab
A, _avb_24
HH, ~ ab &
(Using (1) and (2))
(c) Step 1:
A
[
B D C
Area of AABC = A=7x BC x P,
_2A _2A
Pi=pc="a

Step 2: The altitudes from the vertices A, B
and C are

28 28 428
a > p and 7 respectively.

Aslo, these are in HP

3%,%,%areinHP
= a, b, carein AP
= sin A4, sin B, sin C are in AP

(©)wH=216anda=27
We know that
2ab

H=m2216=

2x27xb
27 x b

= 583.2=54b-21.6b

5832 _
:>b__32.4 =18
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UNSOLVED OBJECTIVE PROBLEMS: (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. H.M. between the roots of the equation x?

—10x+11=01s

(@ 1/5 (b) 5/21 (c) 21/20 (d) 11/5
[MPPET - 1995]

a
1+ab

. The harmonic mean of

1S

@ —==
T—ab

©) a

a
1-ab and

(CY b’
[MPPET - 1996; Pb. CET —2001]

. Ifa, b,carein A.P. thenE,%,iarein

(a) AP (b) GP.

(c) HP. (d) none of these
[MNR - 1982; MPPET - 2002]

. If three numbers be in G.P, then their

logarithms will be in

(a) AP (b) GP.

(c) HP. (d) none of these

[BIT - 1992]
1 1 1,1 then a, b, c are in
b—c b-c atc>

(a) AP

(b) GP.

(c) HP.

(d) in G.P. and H.P. both
[MINR — 1984; MPPET — 1997; UPSEAT
—2000]
. If sixth term of a H.P. is 1/61 and its tenth
term is 1/105, then first term of that H.P. is

[Karnataka CET — 2001]

(a)128 (b) 1739 (c) 1/6 (d) 1/17
.Ifa=b =c and a, b, ¢ are in G.P. then

X, y,z are in

(a) AP (b) G.P.

(c) HP. (d) none of these

[Pb.CET — 1993;DCE — 1999;
AMU - 1999]

8.

If a, b, c are in A.P,, then 2+ 28s+1 Qv+l
x # 0 are in:

(a) AP

(b) G.P. only when x>0

() GPifx<0

(d) GP.forallx#0

[DCE - 2000; Pb. CET — 2000]
9. Ifa, b,carein G.P., thenlog_x,log, x,log, x
are in
(a) AP (b) G.P.
(c) HP. (d) None
[RPET - 2002]
10. If x*=x?? 262 = z*, then a, b, c are in
(a) AP (b) G.P.
(c) HP. (d) none of these
11. Which of the following statements is

12.

13.

correct:

(a) If to each term of an A.P. a number is
added or subtracted, then the series so
obtained is also an A.P.

(b) The nth term of geometric series whose
first term 1s a common ratio 7, is ar*!

(¢c) If each term of a G.P. be raised to the
same power, the resulting terms are in
GP

(d) All the above

Three numbers form a G.P.. If the 3rd term

is decreased by 64, then the three numbers

thus obtained will consitute an A.P.. If the

second term of this A P. is decreased by 8, a

G.P. will be formed again, then the numbers

will be:

(a) 4,20, 36 (b) 4,12, 36

() 4,20, 100 (d) none of these
[MPPET - 2007]

Harmonic mean of 5 and 25 is

@) 15 ®»%

© 5= @) 55
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14.

15.

16.

17.

18.

19.

IfGM. =18 and AM. =27, then HM. is
[RPET - 1996]

(a) 1/18 (b) 1/12

() 12 (d) 6

The geometric mean of two numbers is

6 and their arithmetic mean is 6.5. The

numbers are

[MPPET - 1994]
(@ (3.12) () 4.9)
(©) @2,18) @ (7.6)
If the AM., GM. and H M. between two
positive numbers a and b are equal, then

[RPET - 2003]
(@) a=b ®) ab=1
() a>b (d a<b

If arithmetic mean of two positive numbers
is A4, their geometric mean is G and harmonic
mean is /1, then H is equal to

[MPPET — 2004]
G
®) &

@ &

@<
© 4

a, g, h are arithmetic mean, geometric mean

and harmonic mean between two positive

numbers x and y respectively. Then identify

the correct statement among the following

(a) h i1s the harmonic mean between a
and g

(b) no such relation exists between a, g
and A

(c) g is the geometric mean between a
and A

(d) A is the arithmetic mean between g
and A

[Karnataka CET — 2001]
If the arithmetic, geometric and harmonic
means between two distinct positive real
numbers be A, G and H respectively, then
the relation between them is
[MPPET - 1984; Roorkee — 1995]
(@ A>G>H b)A>G<H
() H>G>4 d) G>4>H

20.

21.

22.

23.

24,

25.

26.

If the arithmetic, geometric and harmonic
means between two positive real numbers
be A, G and H, then

(a) A2=GH (b) H>=AG
(c) G=4H (d) G*=4H
[AMU - 1979,1982; MPPET — 1993]

If a and b are two different positive real
numbers, then which of the following
relations is true

(@) 2Nab > (a+b) (b) 2Vab <(a+b)
(c) 2Nab=(a+b)  (d) none of these
[MPPET - 1982; MPPET - 2002]

If A M. of two terms i1s 9 and HM. is 36,
then G.M. will be

(a) 18
© 16
(d) none of the above

) 12

[RPET - 1995]

If the A.M. of two numbers is greater than
G.M. of the numbers by 2 and the ratio of
the numbers is 4 : 1,then the numbers are

(a) 4,1 (b) 12,3

() 16,4 (d) none of these
[RPET - 1988]

The A M., HM. and G.M. between two

numbers are 144/15, 15 and 12, but not
necessarily in this order. Then HM., G.M.
and A M. respectively are

(a) 15,12, 144/15

(b) 144/15,12, 15

(c) 12,15, 144/15

(d) 144/15, 15,12

If the ratio of two numbers be 9 : 1, then

the ratio of geometric and harmonic means
between them will be

(@ 1:9 ®)5:3
() 3:5 @2:5
If the ratio of HM. and G.M. of two

quantities is 12: 13, then the ratio of the
numbers is

[RPET - 1990]
(a 1:2 () 2:3
©) 3:4 (d) none of these



27.

28.

29.

30.

31.

32.

33.

34.
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Which number should be added to the
numbers 13, 15, 19 so that the resulting
numbers be the consecutive terms of a H.P.
is

@7 () 6 © -6 @ -7

If the 7th terms of a harmonic progression
1s 8 and the 8th term 1s 7, then its 15th terms
is

(a) 16 (b) 14

(c) 27/14 (d) 56/15

In aH.P, pth term is ¢ and the gth term is p.
Then pgth term is

(@0 () 1

(©) pq D palp +9)

H.M. between the roots of the equation
x>—10x+11=01s

(a) 1/5 (b) 5/21

(c) 21/20 @ 11/5
P+B+63+ +103

(a) 2980 (b) 2985

(c) 2989 (d) none of these
2+3+5+6+8+9+ ... to 2n terms
(a) 3n*+2n (b) 4n*+2n

() 4n? (d) none of these

30th term of the series3+5+9+ 15+ 23

(b) 872
(d) none of these

Ify=3"1+37"(xreal), then the least value
of yis

35.

36.

37.

38.

(a 2 (b) 6

(c) 2/3 (d) none of these
[MP PET - 2006]

If the 7th term of a H.P. is 1/10 and the 12th

term 1s 1/25, then the 20th term 1s
[MPPET - 1997]

(a) 1/37 (b) 1/41
(c) 1/45 (d) 1/49
Two arithmetic mean’s A and 4, two

geometric mean’s G, and G, and two
harmonic mean’s H, and H, are 1nserted
between any two numbers. Then 77~ H H is
equal to

1 1 1
@ 4,4 ® G *G,
1 2 2
GIGZ Al + 2
© 7 +4 YGe
1 2 172
If a is positive and if 4 and G are the

arithmetic mean and the geometric mean of
the roots of x? — 2ax + a® = 0 respectively,
then

[Kerala PET — 2008]

(@ A=G (b) 4=2G

() 24=G @ 4*=G

The H.M. of two numbers is 4. Their AM.
isAand GM. s G. If 24 + G>=27 then 4
is equal to

(@ 9 (b) 92

(c) 18 (d) 27

[Kerala PET — 2008]

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions

1.

2.
3.

4.

The answer sheet is immediately below the
work sheet

The test is of 20 minutes.

The test consists of 20 questions.

The maximum marks are 60.

Use blue/black ball point pen only for
writing particulars/marking responses. Use
of pencil is strictly prohibited.

1.

2.

When%+%+aL+L

then a, b, ¢ are —b e-b
[MPPET - 2004; MINR - 2000]

and b£a+#c,

(a) inHP (b) in G.P.
(¢) mAP (d) none of these
If a, b, ¢, d are in HP then

[IIT — 1970; PET (Raj.) — 1991]
(@) ab>cd (b) ac>bd
(¢) ad> bc (d) none of these
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. a, b, c are first three terms of a GP. If HM of
a and b 1s 12 and that of b and ¢ is 36, then
a equals
[Roorkee — 1998]
(a) 24 (b) 8
() 72 ) 173
. If a, b, ¢ are in HP, then
[PET (Raj.) — 1994]
(@) a*+c2>b?
(b) a*+ 2> 2p?
() a*+2<2b?
(d) a*+2=2p?
. Five numbers a, b, c, d, e are such that a, b,
careinAP; b, c,darein GP and c, d, e are
in HP. If a=2, e = 18; then valuesof b, ¢, d
are
(a) 2,6,18
(b) 4,6,9
() 4,6,8
d) —-2,-6,18
[IIT — 1976]
. Ifa, b, c,dare in HP., then ab + bc + cd 1s
equal to
(a) 3ad
®) (@+b)(c+d)
(©) 3ac
(d) none of these
. The difference between the nth term and
(n — 1)th term of a sequence is independent
of n. Then the sequence follows which one
of the following?

. If

[NDA —2008]
(a) AP (b) GP.
(c) HP. (d) none of these
%be the harmonic mean between
a and b, then the value of n is
(a) 1 () -1
© 0 @ 2

[Assam PET — 1986]

. If pth, gth, rth and sth terms of an A P. be in
G.P,then (p —q), (g —r), (r —s) will be in

10.

11.

12.

13.

14.

15.

(a) GP. (b) AP

(c) HP. (d) none of these
[MPPET - 1993]

If a'*=b""=c" and a, b, c are in G.P,, then

x, ¥,z will be in

(a) AP (b) GP.

(c) HP. (d) none of these

[IIT — 1969; UPSEAT - 2001;

MPPET - 2008]

Ifx>1,y>1,z>1 are in GP, then

1 1 1
l+lnx’1+Ilny’1+1n

[IIT — 1998; UPSET —2001]

are in

(a) AP (b) HP.
() GP. (d) none of these
In the four numbers first three are in G.P.

and last three are in A.P., whose common
difference is 6. If the first and last numbers
are same, then first will be

(@ 2 () 4
(© 6 @ 8

[IIT - 1974]
If4,A4,G,G,and H, H, be two A Ms,

G.M.s and HM.s between two numbers
respectively, then

GG, H+H,
(@1 (®) 0
() 2 @3
[RPET - 1997]

Ifa,b,carein AP. and a, b, din G.P, then
a,a—b,d—cwill bein:
(a) AP (b) GP.
(c) HP. (d) none of these

[Ranchi BIT — 1968]
Givena*=bF =c¢"=d‘and a, b, ¢, d are in

G.P,thenx,y, z, u are in
[ISM Dhanbad — 1972;
Roorkee — 1984; RPET — 2001]
(b) GP.
(d) none of these

(a) AP
(c) HP
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ANSWER SHEET
L@® ©© @ @ ® © @ 1@ ® @ @
2@ ® © @ T@® © @ 2.@® @@ @
3@ ® © @ 8@ ® © @ B3.@® 0 @
1 @® ©© @ 2.0 ® © @ H @ ® 0 @
5@ ® © @ 0@ 0 © @ 5.@® © @
HINTS AND EXPLANATIONS
1 1 1,1 + - +
-©p st p_c"atc or (g_g)(eaca)zaacc
TrickI:Ifa,b,cinA.P,,thenb=a;candso or alc alc> which is true.
b-a=93€ a=5%p-c=93C ¢ 2. (c) HM between a and ¢ = b and GM = vac
d—c 1 Also HM between b and d=c and GM =~bd
=7 T2f-9 But GM > HM
Putin (1), g2 - g2 g=4+Lork+1=0 - Nac > b and Nbd > ¢
which is not true. = vac \Vbd > bc
IL If a, b, ¢ are in G.P,, then b*> = ac and so = ad> be
b—a=~ac—a 3. (b
=a (e ~a) 4. (b)AM>}M3a;c>b
orb—c=+ac - c¢c=~c (Na—~c)
=Ac (Ne —~a)
=(43¢) > M
1 1 1 24 2
Now (1) = (\/g_m)(ﬁ_ﬁ) Also £ H¢ +C > (43<Y @)
_1 .1 1
=atc=>Jac (1) and (2) = a* + ¢*> 2b?
_1.1
=atc 5. b=27¢ )
which is not ture. 2= pd )
IIL If a, b, c are in H.P., then _ 36c
p=2ac , __ 2ac 4= 18 <)
Tateo Ta+tc - -
a , Eliminate d from (2) and (3) we getc =+ 6
—2ac—a’—ac Now from (1) b=4,— 2 from (3)d=9,— 18
atc - — —
L b=4,¢c=6,d=9
_2ac-a>_alc—a) . . .
orb—a= cta — c+a 6. (a) Since a, b, ¢, d are in H.P., therefore b is
oo 2ac _czc(a_ ) Putin () the HM. of gand ¢
atc atc ie. b—azi and ¢ is the HM. of b and d
(ctay(l_1y-1,1
c—al\a—c¢c/TaTc . __2bd
le,c=31 4.
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(a+c)(b+d)2ﬂ 2bd

2ab+ad+bc+cd 4ad
o ab+bc+cd=3ad
1

. a1 11
Trick: Check fora=1,b= 7 C=3; d T

. (a) Let nth term is an + b.

S (m—Dthtermisa(n—1)+b.
Difference between these terms
=an+b—-—an+ta—-b=a

Hence, the sequence is in AP for which
difference between the nth term and
(n — 1)th term 1s independent of ».

_att+pm! 2ab
8. (b)LetK= prEw T ———HM=H= b
_ _at+ b
Ifn=1K= 2+h +H.
_ _ad+b _ 2ab _
Ifn= I’K_—a‘1+b-‘__a+b_H
9. (a) Tp, Tq, T of A.P.in GP

10.

2a+(p—1)d=Tp,a+(q—l)d
=Tq,a+(r—l)d=TrinG.P.
r T
- _9__r
R=7 =T
P q
el _@-nd_q-r
T T (-qd “p—q

q

r—s

Similarly R = g—%

L r—s_4q9—r
“q-rTp—q
or(g=rP=@r-s)p-9

(a) a¥*= b = ¢! Taking log,

%loga=%logb=%logc=K, Say

~Aoga=k )
1

J—,log b=K 2)
Lioge=k 3)

Buta, b,cin GP. = b*=ac.

Now 2) = 3, log J(ac) =K

11.

12.

13.

- % log (ac) =K 4)

(H)+@B)=>loga+logec=K(x+2)
=log(ac)=K (x+2)

=2yK=K (x+2z),by (4)
=2y=x+z=>x,y,ziIn AP

(b) Given y*=xz = 2 logy =log x +log z
=logx,logy,logzarein AP

= 1+logx,1+logy, 1 +logzarein AP

- 1 1 1
l+logx’1+logy’ 1+1logz

are in HP.

(d) According to assumption, four numbers
are

(1.
Last three numbers are in A.P. with common
difference = 6.

.ar= a+6,,. a+12.
Onmultlplylng, a=(@+6)@+12)
or,0=18a+72
or,a=—4

a a
r,a,ar,r

Nowar=a+6,a=-4
pe— -_1
> - 4r=2=r= 5

1CHED=3

First number =

(@a,A,A4,binAP

T,=b=a+3d= 3" d
b—a\_b+2a

A—a+d a+( 3 ) 3

A a+2d= a+2b

A+A =a+b !

a,G,G,bin GP.
- b\
T4=b=ar’2r=(a)

G =ar=a (%)m, G,=ar=a (%)1/3
Also G, G, = ab

anda,H,H, binHP.

inAP

QI'—'

1 11,
HHb
3d=

_1_1
T4—E—E
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1 _1 _1_(a=b\_at2b
H-atd=at a5 )= S
1 _1,,, 2+b 1,1
H,=at2= 34 0 ',
_1,1_a+b
ath~ ab
Now 1+H2=a+b=A1+Az
HH, ab GG,
GIGZ A1+A2

“HH, H+H,

(b) Given that a, b, c are in A.P.
_atc

=>b= >

and b = ad

Hence, a, a — b, d — ¢ are in G.P. because
(a—b)=a*—2ab+b*=a(a—2b)+ad

=a(a—a-c)+tad=ad - ac.

)

15.

Trick: Takea=1,b=2,c=3 and d=4 and
check.

(¢) Givena*=b>=c*=d*
a, b,c,din GP.

This = b=ar, c=ar*, d= ar’.

)

Taking login (1),xloga=ylogb=zlogc
=ulogd=K, orxloga=ylog (ar)=zlog
(ar)=ulog (ar’)=K

__K
loga

X = etc. Now %, )l,, %, %

=% [log a,log a+1logr,loga
+2logr, loga+3logr]

which is clearly in A P.
Sx,y,z,uin HP.
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LECTURE

Arithmetico-
Geometric Series

BASIC CONCEPTS

1. Arithmetico—Geometric Series

Serieswhoseterms are formed by the product
of the corresponding terms of an A.P. and
a G.P. is called an Arithmetico—geometric
series and is written in short as A.G.S. or
A.G. Sertes.

For example
a,atd,a+t2d,..{a+(n—1)d}..isanAP.
and 1,7, 7% ............ 7~ 'is a G.P, then the

general form of an Arithmetico—geometric
series in terms of nis a +(a +d) r + (a + 2d)
P +{a+(n—1)d}r" 'and the sum
of nterms of an AGP is

B dr(1-r"Y [a+m- Ddr
S"_lz—lr-'- (- - l1-r

n € N (not necessary to memorise)
. Sum of an infi nite Arithmetico Geometric

Series
S=a+@+tdyr+..... +o + 0,

a dr
1—r+(1—r)2

where |[r|<lie,-1<r<l

Sum =S =

Note 1: The nth term of A.G.S. = nth term of A.P.

x nth term of G.P.

Note 2: To find the sum of such a progression its

sum is taken equal to S and multiply both
sides by the common ratio of the corre-
sponding G.P. and then subtract after
shifting the terms of » s by one column
on the right hand side.

3. Method of Difference

If terms of the sequence are neither in
AP nor in GP. but difference between
successive terms are eitherinA.P. orin G.P,
then nth term of the sequence is determined
by the method of difference which is as
follows
Suppose a,, a,, a,,... is a sequence such
that the sequence a,— a,, a,— a,, .. is either
an A.P. or a G.P. The nth term ‘a’, of this
sequence is obtained as follows
S=a+a,ta+. +a_ +a,
S=a+a,+.. . +ta, _,+ta, _ ta
=a=a*[(a,~a)*(a,—a)*. . .*(a—a, )]
Since the terms within the brackets are
either in an A.P. or in a G.P,, we can find
the value of a , the nth term, We can now
find the sum of the » terms of the sequence
as

n

S=Zak

k=1



D.76 Arithmetico-Geometric Series

4. Some Important Formula

(1) The sum of first » natural numbers

+1
Z n=1+2+3+. .. +n=n(n2 )

Z means it is adding the series and it

is called the sigma.
(i1) The sum of first » odd natural numbers

=2
(i11) The sum of first » even numbers

Z 2r=2+4+6+..+2n=nn+1)
r=1
=n*+n
(1iv) The sum of squares of first » natural
numbers

_ nn+ DH2n+1)

6
Proof

Let S, (or Zn) denote the sum of the squares

of the first » natural numbers, then

S=1+22+22+ +n?.

Consider the identity

B-(x—1P=3x"-3x+1 ¢))

Puttingx=1,2,3,...... ,nin (1), we obtain
13-03=3-12-3-1+1
23-13=3-22-3-2+1

-23=3-32-3-3+1

mw-—m-1¥=3n"-3n+1

Adding these, we get,
mw=03=3 (12+22+32+...... +n?)
-3-(1+2+3+..+n)+n
+
2n3=3-Sn—3~n(n2 D n
nn+1)
1+2+3+...+ == 5

23Sn=n3+%n(n+l)—n

=7 2r+3(n+1)-2]

=%(2n2+3n+1)=w
_nn+1DHC2n+1)
6
w

=S =

=2
(v) The sum of cubes of the first » natural
numbers

Z P=1P+23+3+

r=1

_ nn+ 1))

Proof

LetZn*=13+22+33+.. .. +(m—1)}3+#4°
Weknow thatx*— (x— 1)*=4x>—6x2+4x— 1
Puttingx=1,2,3,....,(n—1),n
successively,

1“-0*=4.13-6.12+4.1-1

24— 14=423-6.2*+42-1

m—D'=(n—-2)0=4n—-1*-6n—-1)?
+4m-1)-1
—(n—-1D*=4n’-6n*+4n-1
Adding columnwise,
=413+ 22+ 33+ .+ (n—1)P+4]
—6(12+22+32+... +(n—1)*+ n?]
+4[1+2+3+....... +(m—1)+n]—n

2n4=42n3—62n2+42n—n
34Zn3=n4+62n2—42n+n

6n(n+ DHR2n+1) 4nn+1)
- +n

6 2
=n*+nm+1)Q2n+1)—-2nm+l)+n
=pP+n+1D)2n+ 1) -20+1)+1]
=n[r*+2n*+3n+1-2n-2+1]
=n[n*+2n*+n]
=n[n*+2n+1]

=4 Zm =[n(n+ D =[n(n+ D
= Y= Ak

=n4+
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SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find the sum to infinity of the series

l-5+5-

1y 1)
+7(-5) +o-5) + M
Multiplying both sides of Equation (1) by
(-172),

s(~z)=(-2)+3(-2)
A o
Subtracting equation (2) from Equation (1),

SIS SA B NE) L.
S| 2

R _a
oryS=1+2 1_(_;)’[‘9” l—r]
2
2_1
== S—1—3—3
=2
3S—9
2. Find the value of 13— 23+ 33— 43+ -93.
Solution
13—234+33— 434+ ... —93
=(13+23+33+......... 9%)
22+ 43+ 63+ 8%)
:[9(92-'_1)]-_2X23(13+23+33+43)

[Py

= (45)*— 16(10)*
=2025 - 1600
=425 Ans

3. Prove that the next term of the sequence 1,
5, 14,30, 55, ... 1s 91.

Solution
b T,=1=F+0,
T,=5=2*+1=24T,,
T,=14=3"+5=3>+T,
T,=30=4+14=4+T,
T,=55=5"+30=5+T,
L T=6"+T,=36+55=91

4. Balls are arranged in rows to form an
equilateral triangle. The first row consists
of one ball, the second row of two balls and
so on. If 669 more balls are added then all
the balls can be arranged in the shapes of a
square and each of the sides then contains 8
balls less than each side of the triangle did.
Determine the initial numbers of balls.

[Bihar C.E.T. — 1999]

Solution
S=1+2+3+4+... +n=Z n=n(nT+l);
S+669=(n—8)
nn+1)
OI‘T+669=I12— 16n+ 64

orn*—33n—-1210 =0

or *=55n+22n—-1210=0

son=55.

. Number of balls is 55 . 56/2 =1540.

Check: 1540 + 669 =2209 = (55— 8)>? =47~
5. Along a road lie an odd number of stones

placed at intervals of 10 metres. These

stones have to be assembled around the

middle stone.

A person can carry only one stone at a time.

A man carried the job with one of the end

stones by carrying them in succession. In

carrying all the stones he covered a distance

of 3 km. Find the number of stones.

[MP PET —2005]
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Solution

Exerc

(b) Let the number of stones be 2x# + 1 so
that there is one mid-stone and » stones
each on either side of it. If P be mid stone
and A4, B be last stones on the left and right
of P respectively.

There will be (n + 1) stones on the left
and (n + 1) stones on right side of P (P
being common to both sides) or #» intervals
each of 10 metres both on the right and left
side of mid-stone. Now he starts from one
of the end stones, picks it up, goes to mid-
stone, drops it and goes to last stone on
the other side, picks it and comes back to
mid-stone. In all he travels #» intervals of 10
metres each 3 times. Now from centre he
will go to 2nd stone on L .H.S. then come
back and then go to 2nd last on R H.S. and
again come back.

Thus, he will travel (n — 1) intervals of
10 metres each 4 times. Similarly (n — 2)
intervals of 10 metres each 4 times for 3rd
and so on for the last.

Hence the total distance covered as
given =3 k.m. = 3000 m.
or3.10n+4[10(m—-1)+10(n—-2)+.. +
10]
=30n+40[ 1 +2+3+.. (m—1)] =3000
= 30n+40[(n— 1)/2] [1 + n— 1] = 3000
or2n*+n—-300=0

or(n—12) 2n+25)=0.

son=12.

Hence the number of stones =2n + 1 =25.
6. 150 workers were engaged to finish a piece

of work 1in a certain number of days. Four

workers dropped the second day, four more

workers dropped the third day and so on. It

takes 8 more days to finish the work now.

Find the number of days in which the work

was completed.

Solution

Suppose the work is completed in » days
when the workers started dropping. Since
4 workers are dropped on every day except
the first day. Therefore, the total number of
workers who worked all the » days is the
sum of » terms of an A.P. with first term
150 and common difference — 4 1.e.,

F[2x 150 +(n—1)x —4]=n (152 - 2n)
Had the workers not dropped then the work
would have finished in (» — 8) days with 150
workers working on each day. Therefore,
the total number of workers who would
have worked all the » days is 150 (n — 8).
~on(152 =2n) =150 (n — 8)
=>n-n-600=0
=>m-25nm+24)=0

=>n=125

Thus, the work is completed in 25 days.

UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD):
TO GRASP THETOPIC, SOLVE THESE PROBLEMS

isel

Find the sum to » terms of each of the following

series
1.
2.
3.

4.

I x2+2x3+3x4+4x5+.........
3x1245x224+7 x324 ...
12+ (12+23) + (12+ 22+ 3) +

| | |
Ix2 2x3 3xa bt

5. Show that

1 x22+2x32+ +nx(n+1) 3545
12x2+22x3+_ +mx(n+1) 3n+l

6. Find the nth term and sum to » terms of the
following series
I1+(1+2)+(1+2+3)
+(1+2+3+4D)+........
7. Find the nth term of the series 12+ 42+ 72+
10? +..... and also sum of » terms of it.
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8. Find the sum to » term of the series

3,5,7 2n—1
I+5+3+gt
9. Find the sum up to infinity 1 + 2x + 3x?+
A3+ .

Exercise Il

Find the sum to » terms of each of the following
series

L 1 x2x3+4+2x3x4+3x4x5+........
2.3x8+6x11+9x 14+
3. (I x2x4)+2x3x7)+@Bx4x10)+

4. Find the nth term as well as sum to # terms
of the following series 2.5 + 3.8 + 4.11 +
514+ ...

5. Find the sum of the following series
1.2+222+323+424+ ... to n terms.

6. Find the sum to » terms of the series

1+(1+l)+(1+l+i)+ ,,,,,,,,,

2 2 27
7. If x < 1, then find the sum of the series
1=5x+9—13x*+ ..o up to o

[MP — 1993, 1997]

....... to »n terms.
ANSWERS
Exercise | Exercise ll
1.%(n+1)(n+2) L nn+ Dn+2)n+3)

2. £+ DB +5n+1)

nn+1)2n+2)

3. 12

n
4. n+1

nn+ D(n+2)
6

7. Sn=§[6n2—3n—1]

8. Sn= 6 - 2n1—3 - 251"?11
_ 1
9. S=

4
2. 3n(n+1D(n+3)

nn+1)Bn*+ 192+ 17)
3. P

PN

. 8,=7 [27° +8n+10]

5.8 =2+(n—-1)2""!

1
2n—1

6. 2n-2+

1 -3x
T (I+xy

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. The sum of the series 1 + 2x + 3x>+ 4x> +
,,,,,,,,, up to » terms is

1 —(n+ Dx"+ nxn*!
(1-x)

() 1=

(d) none of these

(C) xn+ 1
[EAMCET -1998]

Solution

(a) Let S be the sum of the given series to n

terms, then
S=1+2x+3x>+4x3+........ +nx"" 1 (1)
xS =x+2x+ 307+ + nx" 2

Subtracting (2) from (1) after shifting the
terms of xS by one column on the right
hand side.
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(1=x)S =1+x+x+x3+...... tonterms—nx"

(1 =x")
_((l—x)
A =x")—nx"(1 —x)
(I -x)
1 —(n+ Dx"+ !
- (I-x)
1

2. Thesumof(n+1)termsof t149

e

=S =

@ 4T OFs

2 2m+ 1)
© 2+ )

[RPET — 1999]

Solution

@7,= n(n + 1)

Putn=1,2,3,..,(n+1)
f-2fi-4 o2l

1
n+1

n+1

T, =2[ “n+2

ntl

Hence sum of (n + 1) terms = ZTk

k=1

_ 1
:>Sn+l_2[l_n+2]

_2n+1)
=8,.,= n+2)

3. The sum of first » terms of the given series
1242 22+ 324+ 242+ 52+ 2.6°+

+1)?
1S w, when # 1s even. When # 1s odd,
the sum will be
n(n+1)° N
5 (b) 2n (n+1)

() n(n+1)* (d) none of these

[IIT — 1988]

Solution

(b) When # is odd, the last term 1.e., the nth
term will be #? in this case » — | is even and
so the sum of the first » — 1 terms of the
series is obtained by replacing n by n — 1
in the given formula and so is 5 n— DHn*
Hence the sum of the » terms

= (the sum of n — 1 terms) + the nth term

= %(n - Dn*+n*= %(n + Dn’.
Trick: Check forn =1, 3. Here §|= 1, §,=
18 which gives (b).
4. The sum of the series 3.6 + 4.7 + 5.8 +.....
upto (n — 2) terms
(a) *+n*+n+2
(b) c(2n*+ 120+ 10n — 84)
() B*+n’*+tn
(d) none of these
[EAMCET - 1980]

Solution

b)S=3.6+4T7+.... upto n — 2 terms

=(14+25+36+47
+.. upto » terms) —

=Z n(n+3)-14

= 3 @n+ 12+ 10m) ~14

_ (2n3+ 12n°+ 10n — 84)
6
where n=3,4,5.........

Trick: S, = 18, S,= 46. Now put in options
(n— 2)—1 2ien=3,4

Obviously (b) gives the values.

12 23 3.4

S. 2132 + 132+223 + 13+2232+ 33+ nterms =
(@ (n-,:I)- ®) (n-,:I)3
© (n+1) (d)(n+l)

[EAMCET - 2000]
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Solution
nn+1)
- 2.2
O =psr+3+_+nm
nn+1)
-4
(n(n+l))Z
2
-1 _1 _1
nn+l) " ntl

Fr e -
4006 4003
@ 3006 ®) 3007
4006 4006
© 3008 @ 3009
[EAMCET — 2003]
Solution

@i = % (n+2)(n +3), them

1, o, 1
~~~~~~ (2005) . (2006)

Cafl oL =4 2008 _ s006
372006 | = * 3(2006) ~ 3009

4
A0 IR MR . = 5

Ftor TRt
value of F+3_4+_+ ...... + o is

then the
1,1 1
54

@ Z

89

(©) W4 (d) none of these

[AMU — 2005]

Solution

(a)14+?+34+ ...... +oo—90
%+%+$+ ...... + oo
Y U T e _r
+oi(Jetgrtgit gt °°) 90
1. 1.1 1 1 = _=
T T T TR TR TR i)
%+%+%+%+ ...... +o0

8. The value of m

! 1
e+ G+a) Gra@ra)

+ oo 1s, (Where a is a constant)

1 2
O ® 153
(c) » (d) none of these

[AMU — 2005]
Solution
1 . 1
@079 2+a TC+a)G+a

1 :
+(3+a)(4+a)+ ...... + o0 nth term of series

T = 1 __1 1
n (n+ta)y(ntl+a) nta n+l+a

1 1

T1_1+a 2+a;T2=2+a_3+a;
_ 1 1
T3_3+a_4+a
_ 1 1
Tn—l_n_1+a_n+a’
T 1 1

" on+ta n+l+a
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_ n
T (+a)n+1l+ay

1
A+a(1+L+9)

N

S =S where n —

P

.o Soo_ m

Jairam purchased a house in Rs 15000
and paid Rs 5000 at once. Rest money he
promised to pay in annual installment of
Rs 1000 with 10% per annum interest. How
much money is to be paid by Jairam.

(a) Rs 21555 (b) Rs 20475

(¢) Rs 20500 (d) Rs 20700

[UPSEAT - 1999]

Solution

10.

(c) It will take 10 years for Jairam to pay off
Rs 10000 in 10 yearly installments.

- Hepays 10% annual interest on remaining
amount

.. Money given in first year

10000 x 10 _
T_RS 2000

Money given in second year

=1000 +

= 1000 + interest of (10000 — 1000)
with interest rate 10% per annum
_ 9000 x 10

=1000 +=755~ = Rs 1900

Money paid in third year = Rs 1800 etc. So
money given by Jairam in 10 years will be
Rs 2000, Rs 1900, Rs 1800, Rs 1700, ...,
which is in arithmetic progression, whose
first term a = 2000 and d = — 100 Total
money given in 10 years = sum of 10 terms
of arithmetic progression

—12—0 [2 (2000) + (10 - 1) (=100)]

=Rs 15500

Therefore, total money by jairam = 5000 +
15500 = Rs 20500

If a, a, a, ... a, are in AP, where
a> O for all i, then the value of

1 " 1
\l“_1+\la_z \l“_z+\l“_3 """ \a,_, t+a,

_nt+l

-1
©@re @
-1 1
©@mwm  YErE
[IIT —1982)

Solution

11.

(a)As givena,—a,=a,— a,=......

= an_ an— 1 = d

Where d is the common difference of the
given A P. Also a = a + (n— 1) d. Then by
rationalising each term,

1 1 1

— — + — —+...... +
V@, @y Na N et e e,
IR e R A
- az—a a3—a2 """
an_ an—l
+ a —a
n n-1

1. 3 an—a
—‘—i{\/an—\/a—l}— {\]a +\]a}
l{ (n-Dd |_ n-1
N, F ) ",
If a, a,, ... , a, are in AP. with

common difference, d, then the sum of the
following series is sin d(cosec a,. cosec a,
+ cosec a,. cosec a,t............. + cosec a,
cosec a )

(2) seca —seca,

(b) cota,—cota,

(c) tang —tana
n

-1

(d) coseca,—cosec a,
[RPET - 2000]

Solution

(b) As given d =

=..a—a
n

az—al=a3—a2

n—1

. sin d {cosec a, cosec a,+.......... + cosec
a _. coseca }

n—1 n

sin (a,—a,) sin (a,—

an— l)

sina, .sina, sina_, sina
1 2 n-1 n
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= (cota,—cota,) +(cot a,~ cot a,)

+....*(cota,_ —cota)=cota —cota,.
12. If a, a,, ..., a, | are in AP, then ﬁ
1 1 i
+ @ + .. + m 1S
[Ranchi — 1985; AMU - 2002]
-1 1
@ ag,., ® 7,
+1
© ag,., @ aa,,
Solution
@ a,a,a, ... ,a,, arein AP and com-

mon difference = d

_1[d d
=8= J\aa Tag et dlaa, .,
1 {a"_al 9G-9, i1 an}
=>85=5\Fa *Taa t--
dl 4% a,a, .8,

-5 et )l

1"n+1

Trick: Check forn=2

13. Letthesequencea,.aa,,........... a, forman
AP Thend —di+di—......... +al, \—di,=
n 2 2 2n 2 2
(a) 2m—1 (a,—a,) () n—1 (ay, —a))

(©) @ +d,) (d) none of these
Solution

(a) Since,a,a, a,, .......... ,a, form an A P.

thereforea,—a,=a,~a,=.....=a, —a, =d

Hered —ai+di—ai+...... +di,_,—a,

=(a,—a,)(a,ta)+(a,—a)(a,+a)
t.t@2,  —a,)(a,_  ta,

Also we know a, =a + (2n — 1)d
a, —a
2n—1

-a

2n

_4
=>-d= 2n—1

1

=d=

Therefore, the sum is

_ma,ta)a ta,) 4,
- 2n—1

e

2 2
Ton— 1% —-a,,)

14. The sum of n terms of the series

-1 1 1 .
1+\/§+\/§+\/§+\/§+\/7+ ...... 1s

(a) V2n +1

(b) SN2n+1

@ VIn+ri-1 @ 5(2n+1-1)
[UPSEAT - 2002]
Solution
(d) Putting n =1,
1 _3-1

ST1+v3 . 2

On checking, (d) is the correct option.

1S. The sum of all the products of the first n
natural numbers taken two at a time is

(@ span=1)(n+1) Gn+2)
) B -1 (-2

© Latn+1)(n+2) (n+5)

(d) none of these

Solution

(a) We know that {% (n+ 1)}2

=(1+2+... +n)2=zn:r~’+22st
1

s<t
3Zst=%

s<t

n(n+1)? nr+1)Q2n+ l)}
4 T 6
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=§ (n—Dn+DH3Bn+2)

Trick: S =12+2.3+3.4+.. . +(n—1).n
Check by putting(n—1)=1,21e,n=2,3
in the options.

16. The sum of the series 1.32+ 2.5+ 3.72+
...... upto 20 terms is

(a) 188090 (b) 189080
(c) 199080 (d) none of these
[IIT - 1973]
Solution
(a)Here T of the AP. 1,2,3, ... =pn and
T ofthe AP 3,57, ... =2n+1
. T of given series = n(2n + 1)
=4n*+4n*+n
20 20 20, 20
Hence, S= )Y T =4 Y n*+4)y n*+ Y n
DT AN
—4.1s02012404.190.97. 1,.
=4 420 212+4 620 21-41 +22O 21
= 188090.

17. Let n(> 1) be a positive integer, then the
largest integer m such that (»”+ 1) divides
(l+n+n*+... +n'?), 1s

(a) 32 (b) 63
(c) 64 (d) 127
[IIT — 1995]
Solution

(c¢) Since, n"+ 1 divides 1 + n+n*+...... +n'?

l+n+nr*+...
nm+1

Therefore
integer
l-n
T—n “w+1
(1 =n*(1 + n®)
(=m0 + 1)

is an integer when largest m = 64.

128

= is an integer

Comprehension Type

Let J’ denote the sum of the first » terms of an
arithmetic progression (A.P.) whose first term is »
and the common difference is (27 — 1).

LetT=V,  -V~-2andQ =T  —Tforr
=1,2 ..

18. The sum J7 +17 + ... +V s
(@) Tyn(n+ 1) Gr=n+1)
(b) 13 nn+ 1) Gri+n+2)
(© 3 n2n=n+1)

@ 5 @n-2n+3)
[IIT - 2007]
Solution
)1, =5 [2r+ (= 1)(2r = 1]

=%(2r—r+r)
. . n _l n ) l n
Z V= 1,—2 P-s) Py
r= r=1 r=1 r=1 r=1
n(n+1)

Tdnm+ DCn+ D12+ n(n+ 1)/4

n(n+ D@ +n+2)

=Z r= 2

19. T is always
(a) an odd number
(b) an even number
(c) aprime number
(d) a composite number

[IIT —2007]

Solution

@T=1,.,~V,-2

=(r+ 1)3—73—%[(r+ 1?-r] +%—2
=324+3r+1-(H-2=3r+2r—-1
=@r-1)(r+])

. T 1s a composite number.

20. Which one of the following is a correct
statement

@ Q,0,,0, i are in A P. with
common difference 5.
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() XN O 0 are in A.P. with
common difference 6.

(OO N0 N are in A.P. with
common difference 11.

@0,=0,= 0=

[IIT —2007]
Solution

()0, =T~ T,=3((r +1)*= ) +2

=3Qr+h)+2=6r+5Q_ -0,

=6 = constt.

050, are in A.P. with to common

difference 6.

Comprehension Type

21.

Let 4, G, H, denote the arithmetic, geo-
metric and harmonic means, respectively, of
two distinct positive numbers. For n>2, let
A and H_ have arithmetic, geometric and
harmonic means 4 , H , H  respectively.

Which one of the following statements is
correct

1 2 3
d) G,<G,<G,<...andG,>G, >G> ...
[IIT —2007]
Solution

22.

(c) Let the two numbers be a and b

a+b

A= .G = Vab,
_ 2ab
H=550
A _+H
An— = G «'A H
_2An—1'+Hn—1
Hn_ An—1+Hn—1

G,=+A4, H, =~ab. Similarly, G,= Vab

2
Which one of the following statements is
correct

[IIT —2007]

3
© A4,>4,>4,> o and 4, <A4,<A4
<
DA, <A, <A <. and 4,> A4, >
A> .
Solution

(a) 4, is the arithmetic mean of 4, and H|
andA HA>A>H,

Slmllarly, A is arithmetic mean of A, and
H,A,> A, > H,Proceeding same way, we
getA >A >A,>

23. Which one of the following statements is

correct
[IIT —2007]
(@ H>H,>H,> ...
b)H <H,<H<.....
©H>H>H>. ... andH,<H,>H,
<o
(d H<H,<H,<..... andH,>H,>H,
>
Solution
(b)H,isthe HM. of 4 and H, and 4 > H|
1.1
(4,<1)
- A, >H,>H . Similarly,A,>H,>H
S H <H,<H, ...
24. The sum of the series 1 + % + % + ...
18 )
(@ 1 (®) 0
(¢) @ 4
Solution
1.3 ,135

(d)Let,S=1+ +_8+ ,,,,, © 1S

6
[UPSEAT - 2001]

S_1,13_ 135
=4 44674687
1_8

=274
JL11 113 1135,
272472 4672468
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=12-S8=0-D1/2=0
=S58=1/2
= S5=4.
25. If the sum of first n terms of an A. P. is cr?,
then the sum of squares of these » terms is
[IIT - 2009]
n (4n* - 1)c?
a) 6
®) n (4n23+ Dec?

© n (4n23— 1)c?
®) n (4n26+ Dec?
Solution
©t=c{n@-mn-1y}=c@2n-1)
S6n=c@n—4n+1)
32 fog {4n (n+ 16)(2n+ D)
B 4n (1;+ D) +n}

4+ 1) @n+ )= 12(n+ 1) +6}

=G {4 +6n+2-6n-6+3]

=5 n(4n*— 1)

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

2.3 .4

1. Thesum0f1+§+§+§+ ,,,,,, upto n
terms 1s
25 4n+5 3 2n+5
@ T6-T6x51  ® 4= Tgx5m
3 3n+5 Sn+1

]
@ 3-3% 5042
[MPPET -1982]

2. If | x| <1, then the sum of the series 1 + 2x
+3x24+4x3 +. oo will be

1

© 7~ 16 x 51

1

@ l-x ®) l+x
1 1
(C) (1 +x)2 (d) (1 _x)z
3. 24 AVBRUIS 16132 . is equal to
(a) 1 (b) 2
(c) 32 @@ 512
[MNR-1984; MPPET—-1998;
AIEEE —2002]

4. The sum of the series | +(1 +2)+(1 +2+
3) +. . upto n terms, will be
[MPPET —-1986]

(a) *—2n+6

(®)

() B*+2n+6

nn+1)2n-1)
6

(@)
5.24+4+7+11+16+. tonterms =
[Roorkee —1977]

nmn+tm+1)
6

(@) L (+3n+8)
®) g (n*+3n+8)
© £ (rP-3n+8)
@ g (n*—3n+8)

6. The sum to n terms of the series 22+ 4>+ 62

@ nn+ 1?;(2n +1)

2n (n+i)(2n+ D)
3




10.

11.

12.
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nn+1)@2n+1)
) ———————

6
@ nn+ 1)9(2n +1)
[MPPET — 1994]
112+ 1224132+ 202=
[MPPET - 1995]
(a) 2481 (b) 2483
(c) 2485 (d) 2487

. The sum of n terms of the following series

12+23+34+45+ ... shall be
[MNR - 1980]

(a) #®

) 13nn+1)(n+2)

©l6nn+1)n+2)

@DI2nnr+1)R2rn+1)

. The sum to n terms of the infinite series

1324252+ 3. 7%+ ... o0 is
[AMU - 1982]
(@) g (n+1)(6n>+ 14n+7)

®) g(n+ D@n+DHBn+1)

(c) 4n*+4n*+n
(d) none of these

The nth term of series % + lzi +
1+§—+3 +. will be

@ 25! @ 5]
© "3t @ 5t

[AMU - 1982]
The sum to n terms of 2n— 1) +2(2n — 3)
+32n—-5)+..1s
(@) (n+1) (n+2) (n+3)/6
(b) n(n+1) (n +2)/6
(©) n(n+1)(2n+3)
@) n(n+1) 2n+1)/6

[AMU - 2001]

The sum to infinity of the following series

1,1
ﬁ+ﬁ+ﬁ+ .... shall be
[MNR - 1982]

13.

14.

15.

16.

17.

18.

(a) o ®) 1
© 0 (d) none of these
The sum of the series

1 1 1 .
3x7  Ix 11 T1Ix15 18

(a) 173 (b) 1/6
(c) 1/9 @ 1/12
[MNR - 84; UPSEAT — 2000]
13+23+33+43+...123
12+ 22+ 32+4%2+ 122
[MPPET — 1998]
234 243
(@ 53 () 35
©) 263 (d) none of these
27
If 1, log,(3'*+2),log,(4.3*— 1) areinA P,
then x equals
(a) log, 4 (b) 1-1log, 4
(©) 1-log,3 (d) log, 3
[AIEEE — 2002]
If p, q, r are in A.P. and are positive, the

roots of the quadratic equation px*+ gx + r
=0 are all real for

[IIT — 1995]
(a) \[—’,—7\ > 43

®) |5-7| 2473
(c) allpand r
(d) nopandr

Let f (n) be the sum of » terms of an AP,
then f(n + 3) + 3f(n +1) = fn) +7?

(@ f(nt2) (®) 2f(n+2)
©) 3f(n+2) (d) none of these

The sum of the series 1 + % + 7 + 10

. 52 57
upto oo, is

35 37
@ 16 ® 16
39
© 16 @ 3
[DCE-1996, 2000; IIT Sc.—1992;
MPPET - 2009]
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SOLUTIONS
1 () leen series, let S = 1 +§+ 537 +%+ s. (b)?+4+7+ 11+ 16 +.... to n terms.
vvvvv LN Quicker Method: 53 =24+4+7=13.Putn
5 =3 in (a), (b), (), (d), we get,
1 1,2.3 n
=S =c+S5+5+. + 2z,
5T5TS TS 5 | @ -2 B —=30=
Subtracting, after shifting the terms of z S,
i i | 1
by one column on the right hand side. © —¢® ) —508=4

(l+l)Sn Lyl Ly + upto n

5 stTetss
rerms -
erms — g,
-3
75 n
= 4/5Sn=—7"-1,
5
_25 _4n+5
=5,16 " To x 51

2. (d)Let S=1+2x+3x2+4x3+.......
xS=x+2x*+3x> ...

S =x)=l+x+x*+x3+....

el 1
— =

3. (b) The given product

1,2, .3 _ 4
NowS—4+8+1 +35 D
lo_1,.2 3
=258 16 32 T @
Subtracting (2) from (1)

= Product =2'=2
4 T, =Sn=2n+1) =10+

S =T =28 =Yn"+Yn

=g+ 1)+ D+ (n+1)

But 13 is required: (verification method)
6. (b)22+42+62 ..... upto n term
=224+42+62 ... 2n)?

> @np=4) w2

. nn+ 1H@2n+1)
required sum = 4 -6

(3 -
Required sum = n(n +1) 2n +1)

, _nn+1DH2n+1)
7. (c)z W=

Letsum S=112+ 122+ 132 ...... 20?2

n(n+12)Q2n + 1))
6

S= (124224 3+ +20%) —
(124224 + 10

orS= _Z nZZ n’

n=1 n=1
By Equation (1)
_ 202D 101121
- 6 - 6
8. S =12+23+34+45+. .. ton
terms Series formed by first factors = 1, 2,

3,4, ... , 1, = n Series formed by second
factors=2,3,4,..,t =n+1

S"=Ztn=2n(n+l)=2n2

=g+ D2n+ )+ 7 (n+1)

= 2485

=3+ D(n+2)



Progression D.89

9. (a) This is an series whose nth term is equal
to7 =n2n+1)* =4n’+4n* +n

n n

~Sn= T = (4n*+4n*+n)
2072
=4n n3+4n n2+4n n
2.7
=4[ J e+ D +Entn+ 1)
XQn+l)+%(n+D
=& (n+ 1)(6r + 14n+7)

1&(@Zfl+zt?+mn

B (n+1)=n+1
" on 2

11. (@) S=Q2n-1)+22n—-3)+32n—-5)+.....
S=[2n+22n+32n+..... + n.2n]
[1+23+35+..... +n.(2n-1)]
LetS=2n(1+2+3+.. +n)

2nn(n+1) |
== =@t 1)
and S,=1 +23+35+. ... +n.2n-1)

T =n2n-1)=2n—n
5 8,= 2(2n = n) = 2E(n*) — Z(n)

_ 2n(n+ 1DHR2n+1) + n(n+1)

2
L 8=8-5,
=n2(n+1)[n—2n;l+%]
=n(n+1)|Sn=An=23]
_nn+1)@2n+
= 6
1.1 .1 1
12. @Sn=15+335% 35 me D
(L)L (1 1), (1 1
=(1-2)+(3-3)+(5-4)
1 1
: " +(’1_n+1)
:1_ =
n+l n+1l

14.

15.

16.

~11_1
43 12
12 12
(a){ n+ n2}
n=1 n=1

={Je+D) +{E@+rDEn+D)

n=12 n=12

= (6% 13p=2x13x25=18 13 234

25
(®) 1,1log,(3'""+2),log, (4.3 *~1) are in
AP

=2log, (3" *+2)=1+log, (43— 1)
=log, (3" *+2)=1log 3 +log,(4.3-1)
=log, (3" *+2)=1log,[3 (43— 1)]
=317*+2=34.3-1)
=3.37"+2=123-3

Put 3*=¢

=3+2=12t-30r12A-5t-3=0
__13

Hence, t = 34

=3 = % (as 3* # negative)
=>x= 10g3% or x =log,3 —log, 4

=>x=1-log,4
ptr
2

(b) Since p, g, r are in AP, then g =
The roots of the equation px*+ gqx +r =0
are real
< ¢*—4pr=0

p+r_

)

o p*+r—14pr=0

4pr>0

2

@—,—141—r+120
r
P_q4V_
@(7 7) 48>0

@’%—7’4\/?
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17.
18.

OR

g4 r
:pz 14p+120

3‘1—';—7

248\},-7\24@

0
(c)S=1+%+%+15—?+ @8]

7

S=z+ tot @)

W=
W=
e

On Subtracting second from (1) by method
of difference we find
3.3.3

4o_143,3,3
5S—1+5+52+53+ ,,,,,

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. The sum infinite terms of the following

. 4,7 .10 .
series 1+§+§+§+ ,,,,, will be
(a) 3/16 (b) 35/8
(c) 35/4 (d) 35/16

[MPPET - 1981; RPET -1997;
Roorkee — 1992;DCE — 1996,2000]

The sum of the series 1 + 3x + 6x>+ 10x3 +

.... o will be
@ gy b) T

1 1
© Toyy @ Ty

Sum of » terms of series 12 + 16 + 24 + 40

[UPSEAT — 1999]
(b) 22" = 1) +6n
d) 42" -1)+8n

() 2Q2"-1)+8n
©) 3Q2"-1)+8n

1,1 1
T2 23434 -t T Suals
1
@ Lm+1) ® Gr D)
2 2
@ &3 @ m+ 1)

[AMU - 1995; RPET — 1996;
UPSEAT - 1999,2001]

The sumof 13+ 23 +33+ 434+ . +15% s
[MPPER - 2003]

(a) 22000
(©) 14,400

(b) 10,000
(d) 15,000

. Z m?is equal to

@ m(n12+ 1
b) m(m + lé(Zm +1)
© n(n+ 1)6(2n +1)

@ n(n2+ 1

[RPET — 1995]

. If the nth term of a series be 3 + n(n — 12),

then the sum of n terms of the series is

n+n n+8n
() 3 (b) 3
n*+8n n*—8n
(o) =E% @ =53
. 1+%+%+%+ ,,,,, o is equal to
(a) 3 ®) 6
© 9 @ 12
[DCE - 1999]
. 1+3+7+15+31+....... to nterms =
[IIT — 1963]
(a) 2™ —n (b) 2" —n -2

() 2"—-n-2 (d) none of these
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For all positive integral values of n, the
value of 3.1.2 + 323 + 334 + .. + 3.n.
(n+1)is

[RPET — 1999]

(@) n(n+l)(n+2)
®) n(n+1) 2n+1)
© -Dn@m+1)
@ -Dn@+12

WORK SHEET: TO CHECK PREPARATION LEVEL

Important Instructions

1.

2.
3.

The answer sheet 1s immediately below the
work sheet

The test is of 12 minutes.
The test consists of 12 questions.
The maximum marks are 36.

. Use blue/black ball point pen only for

writing particulars/marking responses. Use
of pencil is strictly prohibited.

L 134+24+35+..... to n terms

@ nn+ 1)6(2n +3)

n(n+1)
) —5—
nn+1)2n+1)
c) — 6
(d) none of these

. The sumof (n — 1)termsof 1 + (1 +3)+ (1

+3+5)+....1s

nrn+1)2n+3)
a) -6
) T

© nm-— 1)6(2n— 1

@) n [RPET — 1999]

. The sum of the series 1.2.3 +2.3.4+345

+ .... to nterms 1s
(@) n(n+1) (n+2)
® r+D)(r+2)(n+3)

© gn(n+1)(n+2) (n+3)

@ § 1+ n+2) (n+3)
[Kurukshetra CEE — 1998]

* 25

4. 1B3+123+ ... +20?

[Pb. CET - 1997; RPET - 2002]
(a) is divisible by 5
(b) is an odd integer divisible by 5
(c) is an even integer which is not divisible
by 5
(d) is an odd integer which is not divisible
by 5

. The sum to n terms of the series 3 + 15 + 35

@ 3 @ +6n-1) (b) 5 @m+6n—1)

©) % (4n*+4n—1) (d) none of these

. Sum of the n terms of the series

3.5 7
BN E o

2
@ -7 ®) o

6 9
© 741 @ 731

[Pb. CET —1999; RPET - 2001]
2,826, 80

12427432 18

. Sumoftheseries§+ §+ﬁ+ﬁ+ ,,,,,, to

n terms 1S
1
@ n—5 (3" 1)

© n+%(l -3 @ n+%(3‘"— D
[Karnataka CET —2001]

) n+5 @3- 1)

. The sum of all numbers between 100 and

10,000 which are of the form n*(neN) is
equal to

[IIT — 1989]
(a) 55216 (b) 53261
(c) 51261 (d) none of these
L+L+L+ upto » terms—
587811 pton
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n n
@ Gn+a ® 347

n 1
© Tn+e N e

[Karnataka CET — 2007, 2008]

10. Sum of the squares of first » natural numbers
exceeds their sum by 330, thenn =

[Karnataka CET — 1998]

(@) 2"—n—1
(b) 1-2
© n+27-1
@ 27— 1
[IIT — 1988; MPPET — 1996;
RPET - 1996, 2000; Pb.CET—1994;
DCE-1995, 1996, 2006]

(@ 8 () 10 1 1 -
© 15 (d) 20 ILIf3+4(3+dy+¥(3+2®+- ,,,,,,,, 8,
11. The sum of the first » terms of the series then the value of d is
1,3,7,15, (@ 6 (®) 7
2Tat8 %16 © 8 @ 9
ANSWER SHEET
L@PO® 00D OO @
2@ ® © O c@® O @ 10@0® O @
3@ ® © @ 7@ ® © @ 1@ ® O @
HONONONC) 2@ ® OO 200 @

HINTS AND EXPLANATIONS

[20 (2;)+ 1)]2_(10 (1;)+ 1))2

—

Y (T n)gz(n (n2+ 1))2]

(10 x 21)* = (5 x 11)*> = 44100 — 3025
=41075
= an odd integer divisible by 5.

6. (c)Let T’ denote the nth term, then
_nthterm of A.P.3,5,7....

T,,_ 12+22+32+””+n2
3+ (n—-2)x2
_nmr+D2n+l) ¢
- 6 Tan+1)

R GarRceTay

_ 1

_6(1_n+1) ®

_ _6n
n+1

7. (d)S=%+%+%+%+ ..... n terms
-1 1. ,_1.,_1
—1—3+1—32+1 33+1 3
+ .. + n terms
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=(1+1+1+1+ .. . nterms)
_[%+%+%+____+nterms
Ly _(Ly

_51-(3)

~3M)=n+y (G- 1)

(b) The smallest and the largest numbers
between 100 and 10, 000 which can be
written in the form x* are

5*=125and 213 = 9261
..therequ1redsum—53+63+73+ ..... +213

ns_,_Z (”‘(""'1))

n=1

n=21
( n2 (n+ 1))
N 4 n=4
_441 x484 16 x25

4 4
=441 x 121 - 100 = 53361 — 100 = 53261
(a) Let T, denote the nth term, then =7,

1

(nth term of A.P.. 2, 5, 8, ..)(nth term of A.P. 5, 8, 11, ...)

or] = 1
" 2+m-Dx3 5+ m-1)x3}

_ 1
“Gn-1D)(3Bn+2)

1 1 1

S T I T X8 T8 X 11
|
MR ¢ P v
=lP 2,8-5,11-8
312x5 5><8 8 x 11

GBn+2)-Gn-1)

Gn-1D(3Bn+2)

T2@n+2) 6n+4d

10.

11.

12.

(b)i nzi n=330
n=1 n=1

3%(n+“)~ (n+)—%(n+)

=>nn+1)[2n+1)-3]1=330x6
=>n-n-90=0 ¢))
If we put n=281in ¢))

512-8-990=0.
If we pur n=101n (1),
1000 — 10 — 990 = 0, which is true.

. (b) 1s true.
(c) Required sum
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LECTURE

Test Your Skills

ASSERTION/REASONING

Assertion—Reasoning type questions

Each question has 4 choices (a), (b), (c) and
(d), out of which ONLY ONE is correct.

(a) Assertion is True, Reason is True and
Reason is a correct explanation for
Assertion

(b) Assertion is True, Reason is True and
Reason is NOT a correct explanation
for Assertion

(c) Assertion is True and Reason is False

(d) Assertion is False and Reason is True

. Assertion (A): The sums of » terms of
two arithmetic progressions are in the ratio
(7n + 1) : (4n + 17), then the ratio of their
nth terms s 7 : 4.
Reason (R): If S = ax* + bx + c, then
r=S-S-1
. Assertion (A):a+b+c=12(a, b,c>0),
then maximum value of abc is 64.
Reason (R): Maximum value occurs when
a=b=c.
. Assertion (A): 3, 6, 12 are in GP, then
9,12, 18 are in HP
Reason (R): If middle term is added in

three consecutive terms of a GP, resultant
will be in HP.

4. Assertion (A): If sum of »n terms of a series

is 6n> + 3n + 1, then the series is in AP.
Reason (R): Sum of » terms of an AP is
always of the form an® + bn

. Assertion (A): If g, b, ¢ are three positive

numbers in GP, then

(a+g+c)'(ab -EZI:'C:I- ca) = (abe )

Reason (R): (AM) (HM) = (GM)?is true for
positive numbers.

. Assertion (A): If positive numbers al,

b7!, ¢! are in AP, then product of roots of
equation x> — Ax + 250 — g% — ' =0
(A € R) has —ve sign.

Reason (R): If a, b, ¢ are in HP, then

a’ -5 b" > B

(“AM>HM) = 2b"—a"—c"<0

2b101 - al()l —-c 101 < O

. Suppose four distinct positive numbers

a,a,a,aareinGP Lethb =a,b,=b +

a,b,=b,+a,andb,=b, +a,
Assertion (A): The numbers b, b,, b,, b,
are neither in A.P. nor in G.P.

Reason (R): The numbers b, b,, b,, b, are
in HP.

[IIT —2008]
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8. Assertion (A): Let
f(n)=%+%+%+m +%
Then Zn:f(r) =m+1)fin)-n
Reasor:(R):
1 +%+%+,,,+% anfl -VneN
9. Assertion (A): If L %> % (a, b, c,eR"), are

10.

11.

12.

13.

14.

15.

in A .P. (a # ¢) then product of roots of the
equation x? +ux + 263 —a*' =) =0, u is
negative.

Reason (R): @+ b

2
Assertion (A): If a, b, ¢, d are positive and
distinct numbers in HP., thena+d>b+c.
Reason (R): If a, b, ¢, d are in H.P, then
at+td b+tc
ad bc

Assertion (A): If x, y > 0 and x?)* = 6, then
least value of 3x + 4y is 10.

Reason (R): Least value occurs when 9x =
8y

Assertion (A): Forn e Nn>1,2">1+
ne-nn2

Reason (R): AM. of distinct positive
numbers is greater than their G.M.
Assertion (A): If g, b, ¢ are in A P, then
2b=a+ec.

Reason (R): If a, b, ¢ are in AP, then
102, 102, 10¢ are in G.P.
Assertion (A): Three non-zero real numbers
a, b, c are in G.P. iff b>*= ac.

Reason (R): If the quadratic equation
(a® + b*x*— 2(ab + be)x + (b2 + ¢ = 0 has
real roots, then a, b, ¢ are in GP; a, b, ¢
being non-zero real numbers.
Assertion (A): Three numbers q, b, ¢ are in
AP iffs—a,s—b,s—careinAP;sbeing
any number.

Reason (R): In any triangle ABC, if a, b, ¢
are in A.P, then

cot ’%, cot % cot % are also in A.P.

> p”

16.

17.

18.

19.

20.

21.

22.

Assertion (A): If g, b, ¢ are in H.P,, then
_ 2ac
b= atc’

Reason (R): If in a triangle ABC,
cot 4 cot B cot < are in AP, then
2° 2° 2 e

C_ A
co’[2—3’[an2

Assertion (A): If log,2, log,(2*— 5) and
log3(2-‘ - %) are in A P, then x =2.

Reason (R): If log 2, log (27— 1) and
log, (2% + 3) be three consecutive terms
of an AP, then x = log, 5.

Assertion (A): 1 +3+7+13+....upton
n(n*+2)
terms =—z——

) 1 71
Reason (R): %is Harmonic mean

ofaandbifn=—%

Assertion (A): The first term of an infinite
G.P.is 1 and any term is equal to the sum of
all the succeeding terms. Such type of series
is not possible.

Reason (R): Product of » geometric means
between a and b is (Vab)"

Assertion (A): 1111........ 1 (up to 91
terms) is a prime number.

Reason (R): If

btc—acta-b atb-c

a 3 ¢ are InA.P,

then % % % are alsoin A.P.

Assertion (A): If 4 and G be the AM. and

G.M. between two positive real numbers

a and b then a, b are given by
A£|A+G)A-G)

Reason (R): Using x>— (a + b)x + ab =0,

where a + b = 24, ab = G?*, we calculate x.

Assertion (A): The sum of all numbers

of the form »* which lie between 100 and
10,000 is 53261.

Reason (R): If
in G.P.

a-b
b-c

a
= cthen g, b, c are



23.

24,

25.

26.

27.
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Assertion (A): The number of terms of the
AP 3,7, 11, 15,... to be taken so that the
sum is 465 is 15.

Reason (R): The sum of the integers from
1 to 100 which are not divisible by 3 or 5 is
2632.

Assertion (A): The sum of all two digit
numbers which when divided by 4, yield
unity as remainder is 1200.

Reason (R): The fourth term of a G.P. is 3.
The product of its first seven terms is 37.
Assertion (A): If g, a,, a,,
such thata +a,+a +a +a,+a,=
anda ta,+... +a +a 1sequalto 625.
Reason (R) The sum of terms equidistant
from the beginning and end in an AP is
equal to sum of first and the last term.
Assertion (A): If three positivereal numbers
in GP represents sides of a triangle then the
common ratio of GP must be between 2 sin
18° and 2cos 36°.

Reason (R): Three positive real numbers
can form a triangle if sum of any two sides
is greater than the third.

Assertion (A): The AM., GM. and HM.
between two given real positive numbers
are 5, 4 and H respectively.

28.

29.

30.

31.

Then H is 1.

Reason (R): The relation 4, G and H isAH
=G

Assertion (A): Inserted three geometric
means between 4 and % so,middle G M.1s 1.

Reason (R): In a fi nite G.P,, the number
of terms be odd then its middle term is the
G.M.of the fi rst and last term.

Assertion (A): If the terms of a given G.P.
are chosen at regular intervals, then new
sequence is also a G.P.

Reason R): Ifa, a,a,,....... a arein GP.
thenloga,loga,,........ loga arein AP

Assertion (A): Ifx>1,y>1,z> 1 arein

1 1 1
G P then 73+ l+lny’ 1+hz
AP

Reason (R): Arithmetic mean, Geometric
mean and Harmonic mean are in G.P.

are in

Assertion (A): The number of terms
common to two A.P’s 3,7, 11,........ 87 and
2,9,16,.....861is 4.

Reason (R): If d, and d, are the common
difference of two glvenA P’ssotheL.C.M.
of d, and d, is the common difference of
common terms.

ASSERTION/REASONING: SOLUTIONS

- _(n+1) _ n(Mnt]1)
: S’ (@n+17) n(n+17)
=(n*+n)A, S =@n*+17n) A
Then,
r, §,-5-1_ 72n-1+1
T S-S, | 42n-1)+17
_14n-6
8n + 13
=7 :T'=14n-6): (8n+13)
. (a)"- AM>GM

—arbrc g tes (abo)'® = % > (abc)'?

. @

. abc <64
Maximum value of abc 1s 64 only when
a=b=c

. (@) Ifa, b, c are in GP, then a + b, b + b,

¢ + barein HP,

2@ +b) (b +c)
(@a+b)+(c+b)

=>blat2b+tc)y=(@+b)(b+c)
=>b(atc)+2b>=ab+ac+b*+bc
= b>=ac (*; a, b, c are in GP)

Sum of » terms of an APis S, = % {24
+(n-1)D}

= (2b)=
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where 4 and D are first term and common
difference.

Hence, sum always of the form an’ + bn

. (c) For two positive numbers a and b, (AM)
HM) = (GM)*.

This result will be true for » positive
numbers if they are in GP.

. (©)=>al,b, clarein AP

‘ra b, careinHP - AM>GM

= % SN

But GM > HM ®
" ~ac >bor (Nac) > b"

= Va'c" > b" (i1)
From equations (i) and (i1),

a”-; < > o > b

= a"+c"> 2b"

= alOl + clOl_ 2b101 > O

= 2b101 — alOl_ clOl < O

. (c) Take four distinct positive numbers as 1,
2,4,8.

Nowb =1,b,=3,b,=7,b,=15.

It can be easily seen that the numbers are

neither in A.P. nor in G.P. The numbers are
not in H.P. even.

Thus Assertion is true and Reason is false.
Remark: We have used a ‘counter example’
to support our validity — Instead of taking
numbers a,, a,, a,, a, and a, ar, ar’, ar’,
above approach of working with concrete
numbers saves time.

X (b)zn:f(r)=2”: (1+%+%+ ,,,,,, +lr)

—In+ L (-D+F -2+ gl
=n{l +%+%+,,,, +%}
=nf(n) —~(n — f(n)
=n+Dfm-n
~. Ais true. Also R is true obviously but R
is not correct reason for 4.

.(@)a,b,care HP,a#c,a,b,c €R*

= % > (Nacy' > b
[AM.>GM>HM|]

10.

11.

12.

13.

= 2b"—a"—c"<0
Vn eN
.. Product of roots <0.

.. A1strue, R 1s true and R 1s correct reason
for A.

(b)aT—Fc>b,% >c=>a+d>b+c
[-AM.>HM]

bhbhmarsldel ol

L leloll

3a;dd =%

.. 4 and R both are true but R 1s not correct
reason for 4.

(@)

=>3x+4y=5 (13—6x2y3)1/5

= 3x + 4y >10. [AM.>GM]

.. Least value of 3x + 4y = 10 which occurs

4
when all numbers are equal i.e., 32_x = Ty

re., 9x=8y.
(a) R is obviously true.

2 n1
M > (1 .2.22....2"_l)l/n

[AM.>GM]

= 27— 1> pn-(2700)" = 2012
=2">1+npn-20702
Forn=1LHS=2,RHS=1+1=2

52" > 1+ n20-D2 g5 true for n> 1.

(@) Whena, b,careinA P thenb—a=c-b
=2b=a+c

So, Assertion 1s true.

Again, when a, b, ¢ are in A P, then
102,102, 10¢ are in G.P.

+10% _ 10°
it 307 = 108
ie.ifb—a=c—bie if2b=a+c

te if 10°7¢=10°"*
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14. (2) a, b arein G.P.iff 2 = ¢

i.e. iff 5> = ac. So assertion is true

The given quadratic in Reason has real
roots

= discriminant of this equation > 0
={-2(ab +bc)}*~ 4(a*+ b (b*+cH >0
= —(b*+a*c* +2ab*c)>0

= (b*~ac)*>0

= b*~ac=0
(.. square of a real number cannot be
negative)

=a, b, carein G.P.

15. (a)a, b,care in AP
=-—a,—b,—caremAP
=s—a,s —b,s —carein AP
So, Assertion is correct.

Again cot ’%, cot % cot % are in A.P.

B__ .4 C
c>200t§ —co’[2+co’[2

, a(s — b)

©2 (s—a)(s—oc)

_ I s(s—a) \j s(s—c)
“Vo-n6-o "Ne-a6-b
=22@E-b=@E-a)+t(s—c¢)
(Muttiplying both sides by

\l(s —a)s-b)(s—c)
s

=>s—a,s—b,s—careinAP
=a,b,carein AP

So Reason is true and the Assertion is
correct explanation for the Reason.

16. (b) a, b, c are in H.P.

= %, %, % arein AP

2_1.,1 _ 2ac
a=ate=>b=,7¢

.. Assertion is true.

Again cot’%, cot % cot % are in A.P.

=a,b,carein AP
=2b=a+c

17.

18.

s=m=2bz—+bandhence

2

_3b _b
s—b= 3 —b—2
s(s—c)

C_
Now cotf—\jm

Pi-9

(s—a)(%—b)
_\j3b(s—c)_ [ b(s—¢)
N G-ap NGaeh

bis—c)
6-aly)

_ ,(S—b)(s—c) _ A
=3 W —3tan§

So, Reason is true

But Assertion is not a correct explanation
for Reason.

Altemnatively, for the truth of reason, you

may show that cot ’% cot % =3

(d) When x =2, 2*~ 5=22-5=~1 and
logarithm of a negative number is not
defined. So, the Assertion cannot be vahd.
However, if log, 2,log  (2*— 1), log (27 +
3) are in A.P. then 2 log |, (2°— 1) = log 2
+log,, (2°+3)

= log ,(2*- 1)2*=log , {2 (2" +3)}

=> 2= 1)y=212"+3)

=S 2F-2x2%+1=2x2+6
=2¥-42-5=0

_4+V16+204+6
2 2

Il
w

= 2"

=2"=5,-1

But 2*=—1 is not possible, therefore, 2* =5
= x =log,5. So, reason is true.
©S,=1+3+7+13+. ... +t,

S =
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19.

20.

21.

at=1+ 8 g m-1-12)

=l+m—n
t=n"—(n+1n
Sn=2n2— Zn+21

nn+1DH2n+1) nkr+1)
= 6 -T2t

=g[2n2+3n+1—3n-3+6]

= % @n*+4)= % (n*+2) .. Ais correct

1 !+ bl

InR, forn= 2 gt 18 the geometric

mean of g and b.
.. R 1s false
(@ L=, t to )

> 1. l=@Fr+reP+1+........ to )
124

=P l=
1-r

- =1
21—r—r2r—2

.. series 1 1111 .. tow
*2 4816
. series 1s possible hence assertion is
false.
R is correct.

(@ 111........... 1 (upto 91 terms) =

10+ 10% + 10% +.... + 10 + 10°
10— 1

“(10-1)

.. the given number is not prime. ..

false

b+tc—acta-b atb-c

a > p - ¢

3b+g—a>2c+;)1—b)2a+clﬁ7—c

=1 = divisible by 9

Ais

are in A.P.

— AP

— AP

atb+tc atb+c atb+ec
a a - a -

= %, %, % — AP .. Ristrue

(a+b)£+(a+b)*—4ab
(@x= 5

(25

22.

23.

24,

= A+~

=A+{d+GU-G)
.. A and R are both correct and R is the
correct explanation of A.

(c)Required sum =53+63+73+........ +213
=(13+23+33+..... +213) = (13+23+33+4%)
21 x 22\ (4 x5V

(252 -(%)

= (231 -10) (231 +10) = 53261

o Alstrue

Ifz:l; =%> then a, b, c are in H.P.

.. R s false.

(b) 465 = 7{6 +(n— 1) 4}

= 465=3n+2n*-2n
=2n*+n—-465=0
=2n*+31n—30n—465=0
=>n@2n+31)-152n+31)=0
=>m-152n+31)=0..n=15
= A is correct

Sum of integers from 1 to 100 which are
not divisible by 3 or 5.

(1424 +100)-(3+6+9+12

—(5+10+15+.....+100)+(15+30+....,90)

_100x101 33

: 2(6+32><3)—22—0

(10+19x5)+ 5 (30 +5 x 15)

=5050 — 1683 — 1050 + 315

= 5365 —-2733 =2632

- Ristrue

But R is not the correct explanation of 4.
(d)Requiredsum=13+17+21+........ +97

=22—2{26+21 x 43 =22 x 55=1210

. A 1is false

ForR,t,=ar=3

tl. tz‘ 13. t4. ts. t6‘ t7

=a.ar.ar. ar..... ar*=a r(1+2+.+6)
—d P =g = (ar’)y’ =737

.. Ristrue



25.

26.

27.

28.
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(d) al + a24 = aS + aZO = a10+ alS
So, 3 (a, +a,,) =225
a ta, =75

sum = 3Hfa +11=12x 75 = 900

Then Assertion is not true but Reason is
true by defi nition of A P.

(a) Let a, ar, ar” are the sides of a triangle
proved by taking the intersection of the
inequalities a> 0, ar >0, ar*> 0, a + ar >
ar*, ar+ar*>a,ar* +a>ar

By #-r+1)>0

\/32— 1, x/§2+ 1

Assertion is true and follow from Reason.

DA=5G=4,H=H
AH=G
SH=16

_16
H="73

Assertion 1s not true but Reason 1s true.
@]1f4.G.G,,G,,  are in GP

H.
r=\q =(E)4=§

29.

30.

31.

G,=2,G,=1,G,=1

G.M. of first and last term 1s also equal to 1.
Middle GM. is 1.

So Assertion and Reason both are correct
and Assertion follow from Reason.

(b) Clearly shows Assertion and Reason
both are correct but Assertion does not
follow from Reason.

(d)x,y,zarein G.P.

The In x, In y, In z are in A.P. (Adding one
in each term)

Now, (1 +Inx), (1 +Iny), (1 +1Inz)are also
inAP : :

1
So l+lnx>1+ly 1+lnz
Assertion 1s not true but Reason 1s correct.

are in HP.

(d) First common term between them is 23.
d ( common difference of first AP.) =4
d,(common difference of second A.P) =7

Let n be number of common terms between
two A.P’s

L.CM. ofd andd,=28
Thus a+ (n— 1)d <86
=23+m-1)28<86

MENTAL PREPARATIONTEST |

.Ifa=2,d=2and n = 50. Find the last
term.
Ans. 100
. Find the (» — 3)th term of 5, 11,
17,
Ans. 6n-19

. Which term of the progression 27, 24, 21,

18,........ 1s zero ?
Ans. n =10 or 10th term.

. If the mth term of an AP be (1/n) and its

nth term be (1/m) then show that its (mn)th
term is 1.

. The 4th term of an AP is 14 and its 10th

term 1s 32. Find its 7th term.
Ans. 7th term = 23.

6.

Seven times of the seventh term of an
arithmetic series is equal to eleven times of
its eleventh term. Find the eighteenth term
of the series.

Ans. 0

. The nth term of the A.P. is 19 — 5. Find its

35th term.

Ans. T,,=—156
Ans: Thus, the sum of first 5 terms as welt
as the sum of first 20 terms is — 25.

. Find the sum of all odd integers from 1 to

1001.
Ans. 251001.

. Find the value of x, when 1 + 6+ 11 +... +x

=148
Ans. x =36



D.102 Test Your Skills

10.

11.

12.

13.

The sum of four terms of an A.P. is 24, their
product is 945.
Find the terms.
Ans. 3,5,7,90r9,7,5,3
The sum of n—terms of an A.P. is 2n + 3n*.
Find its #th term
Ans: Tr=6r—1.
The sum of 8th terms and 19th terms of an
A P. are 64 and 361 respectively, then fi nd
the sum of n terms.
Ans: S =n’
In an AP, first term i1s 12, common
difference is 4 and sum of » terms is 132,
find the value of .

Ans:n=6[n#—11]

14.

15.

16.

17.

18.

If the sum of first n, 2n, 3n terms of an AP

be S|, S,, S, respectively, then prove that S,
=3(5,-S).
The sum of three numbers in A P. is — 3 and

their product is 8. Find the numbers.
Ans:—4,—-1,20r2,—-1,—4
Show that the sum of n arithmetic means
between two given numbers is » times of
AM of these numbers.
If interior angles of a polygon are in AP,
whose shortest angle is 88° and common
difference is 10°. Find the number of sides.
Ans:n=5
If a, b, ¢ are in AP, show that: (b +¢), (¢ +
a) and (a + b) are in AP.

MENTAL PREPARATION TEST Il

. Calculate the third term from the end of the

.22 2
SEIIeS 57, G 3> ooer 162

Ans: 18

Second term of a GP in 2 and its 5th term is
16, find the series and its 8th term.

Ans: 128

. Find the 10th and nth terms of the G.P. 5,

25, 125,..
Ans: 10th term = 5'° and a, = 5"

. Which term of the GP 2, 8, 32, .. up to n

terms 1s 131072
Ans:n=9

. In a GP, the 3rd term 1s 24 and 6th term 1s

192. Find the 10th term.
Ans: 3072
Find the 9th and nth terms of the GP 3, 6,

Ans: 768 and nthterm =3 x 2 (n— 1)
Which term of the G.P. 5, 10, 20, 40,... is
51207

Ans: 11th term
The first term of a GP is 1. The sum of its
third and fifth terms is 90. Find the common
ratio of the G.P. Ans: +3

9.

10.

11.

12.

13.

14.

The 4th, 7th and 10th terms of a GP are a,
b, c respectively. Prove that 5> = ac.

Find the sum of the infinite geometric series
1,1, 1
(143+g+g7+ . )

Ans: 3 /2
The sum of first two terms of an infinite
geometric series is 15 and each term of the
series 1s equal to the sum of all the terms
following it. Find the series.

Ans: 10+5+%+%+,,, o

The sum of an infinite geometric series is
8. If its second term is 2, find its common
ratio.

Ans: 1/2
The sum of an infinite geometric series
is 15 and the sum of the squares of these
terms is 45. Find the series.

.5410,20 , 40
Ans: 5+ 3 + 9 +27+,,, )
The 2nd term of a G.P. is 2 and its sum up
to infinity is 8. Find the common ratio and
first term.

Ans: firstterm =4, CR. =112



15

16.

17.

18.

Progression D.103

. The product of three consecutive terms of a
GP 15 216, their sum 1s 19. Find the terms.
Ans: 4,6,90r9,6, 4
If the number of terms in GP are even and if
the sum of all the terms is 5 times the sum
of the numbers at odd place, then fi nd the
common ratio.
Ans: Required common ratio = 4
Find a GP for which the sum of first two
terms is — 4 and the fifth term is 4 times the
third term.
Ans: 4,-8,16,— 32
The sum of first three terms of a GP

is % and their product is — 1. Find these

numbers. 3 A A 3
Ans: {3.-1. 3 or{5.- 1.3
19. Insert two numbers between 3 and 81 so

that the resulting sequence is GP.
Ans: G, =9,G,=27

20.

21.

22.

23.

24,

25.

26.

The sum of two numbers is 6 times their
geometric means. Show that the numbers
are in the ratio (3 + 2v2): (3 — 2V2)

Insert 3 geometric means between 2 and
32. Ans: 4,8, 160r—4,8,- 16
The (m + n)th and the (m — n)th terms of a
GP are p and q respectively. Show that the
mth and wth terms of the GP are \jpg and p.
(g / p)®* respectively.

If the pth, gth and rth terms of a GP be a, b,
c respectively, prove that a@=9. p¢=P. ¢~
=1

If S be the sum, P the product and R the
sum of the reciprocals of n terms in a GP,
prove that P2 = (%)

If a, b, ¢, d are in GP, prove that (b — ¢)* +
(c-a+(d-by=(a-dy

Sum the series. 4 + .44+ 444 +............ ton
terms. A :
Ans. ﬁ{9n -1+ W}

TOPICWISE WARMUP TEST

. If the sum of two extreme numbers of an
AP. with four terms is 8 and product of
remaining two middle term is 15, then
greatest number of the series will be:

[Roorkee — 1965]
@5 ) 7
©9 @ 11
. Let the positive numbers a, b, ¢, d be in
AP, then abc, abd, acd, bcd are:
(a) Not in A.P/GP/HP
(b) InAP.
©) InGP.
(d) InHP
[IIT Screening — 2001, NDA — 2007]

3. There are n A.Ms. between 1 and 31. If the

ratio of 7th AM. to (n — 1)thAM. is 5: 9,
then the value of n is:

(a) 14
© 16

(b) 15
(d) None of these

4.

If A is one AM between two numbers a and
b, and the sum of n AM’s between them is
S, then S'/ A depends on:

[CET (Pb.) — 1992]
() nb

@ n

(@ nab
©) na

. If the sum of fi rst n natural numbers is

1/5 times the sum of their squares, then n
equals:
[IIT — 1992]

(@5 ®m6 (©7 (@8

. Ifa(%+%),b(%+%)andc(%+%)arein

AP, then:
(a) a, b, c are in AP
(b) a, b, ¢ are in HP

©) %, %, % are in GP

(d) None of these
[DCE - 1997; Delhi (EEE) — 1998]
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7.

10.

11.

12.

13.

14.

Three numbers are in AP such that their
sum is 18 and sum of their squares is 158.
The greatest number among them 1is:

[MP PET - 2006]
(b) 11
(d) None of these

(@) 10
©) 12

. If the ratio of the sum of first three terms

and the sum of first six terms of a G.P. be
125 : 152, then the common ratio r 1s:

(@ 3/5 (b) 5/3

© 2173 ) 372

. If the nth term of geometric progression

5, - %, %, %, ...... 1s IOSW’ then the value
ofnis
[Kerala (Engg.) 2002]
(a) 11 (b) 10
© 9 @ 4
The value of 0.234 is
[MNR 1986; UPSEAT — 2000]
232 232
@ 590 ®) 9990
232 232
© 999 @ 9909
Sum of infinite number of terms in G.P.

is 20 and sum of their square is 100. The
common ratio of G.P. is:

[AIEEE — 2002]

OF ®) 3/5
©) 8/5 @ 1/5
0.5737373....... =

[Karnataka CET — 2004]
(a) 284/497 (b) 284/495
(c) 568/990 (d) 567/990

The value of 0.037 where .037 stands for
the number 0.037037037......... 18:

[MP PET — 2004]

(a) 37/1000 (b) 1/27
(c) 1737 (d) 37/999
If the arithmetic mean of two numbers be 4

and geometric mean be G, then the numbers
will be:

[CET Karnataka — 1994]

15.

16.

17.

18.

19.

20.

(@) A+ (42— G?)

(b) VA £ 4>~ G*

©) AxA+G)A-G)

VU+G)U-G)
2

d A4+
If the product of three terms of G.P. is 512.
If 8 added to first and 6 added to second
term, so that number may be in A P, then

the numbers are:
[Roorkee 1964]

(@) 2,4,8 (b) 4,8,16
(c) 3,6, 12 (d) None of these
If G, and G, are two geometric means and

A the arithmetic mean inserted bet\yeen two

G G
numbers, then the value of 5, + F} 1s

A =
@5 () 4
(©) 2A (d) None
The sum of three decreasing numbers in

AP is27.

If—1,-1, 3 are added to them respectively,
the resulting series is in G.P. The numbers
are:

[AMU - 1999]
(@) 5,9,13 (b) 15,9,3
(c) 13,9,5 @ 17,9,1
If p, q, r are in one geometric progression

and a, b, c in another geometric progression,
then cp, bq, ar are in:

(a) AP (b) H.P.

() GP. (d) None
[Roorkee 1998]

If » is one AM and p, g are two GM’s

between two given numbers, then p* + ¢° is
equal to:

[IIT - 1997]
(@) 2pgr () 2p%qr
() 2pqlr (d) None of these
The value of 93x 9V x 9127 x . o 1s:
(@9 (®) 1
©3 (d) none

[MP PET 2006, NDA — 2007]



21.

22.

23.

24,

25.
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Whent+4+—1 -+ _—0andbzaz
c—b c-b
¢, then a, b, ¢ are:

[MPPET 2004]
(a) InHP. () InG.P.
() InAP (d) None of these
If a, b, ¢, d are in HP then:

[IIT —70; PET (Raj.), 91]

(@) ab>cd (b) ac>bd
(¢) ad> bc (d) None of these
a, b, c are first three terms of a GP. If HM of

a and b 1s 12 and that of b and ¢ is 36, then
a equals:
[Roorkee — 1998]

(a) 24 (b) 8
(c) 72 @ 1713
If a, b, ¢ are in HP, then

[PET (Raj.) — 1994]
(a) @+ 2> b (b) a®+c*>2p°
(c) a*+c?<2p? d) a®+c2=2p
Five numbers a, b, ¢, d, e are such that a, b,
careinA.P;b,c,darein GP and c, d, e are
in HP.
If a=2, e =18, then values of b, ¢, d are:

[IIT — 1976]

26.

27.

28.

29.

(a) 2,6,18
(c) 4,6,8
The sumof the series

| S U
NI+V2 V2+43 3++4

(b) 4,6,9
@ -2,-6,18

[AMU - 2002]
vr +1

2n+1)
v+ n—1

@ n

©) (n+2V5;—1) d n-1

The sum of 10 terms of the series. 7 +.77

(b)

© %(189 +#) (d) None

[Aligarh, 1983]
Certain numbers appear in both arithmetic
progressions 17, 21, 25,... and 16, 21, 26,....
Find the sum of first hundred numbers
appearing in both progressions.

Find the sum to » term of the series:
3,.5.7 2n-1
1+2+4+8+ ,,,,,, + o

TOPICWISE WARMUP TEST: SOLUTION

. (b) Let four numbers are a — 3d, a — d,

a+d a+3d

Now (a—3d) + (a+3d)=8 = a=4and
(a-d)(atd)=15=2aP-dF=15=>d=1
Thus required numbers are 1, 3, 5, 7.

Hence greatest number is 7.

. (d)a, b,c,darein AP

are iIn A.P.

- _a c c d
abed’ abed’ abed’ abed

S D S G B
" bed acd abd abe " MAT
*. bed, acd, abd, abc are in H.P.
. Inreverse order abc, abd, acd, bed are in
HP.

3.

(a) Suppose between land 31 there are n
A Ms.

AAA,. A Then, 1,4, 4,4, ... A,
3larein AP,

whose first term is 1 and (# + 2)th term is
31. Let common difference is d. Then, 1 +
n+2-1)d=31

i _ 30
=>m+1Dd=31-1=d P
. T"AM  _5
C-1D"AM 9
8% term _ 5
nterm 9
1+7d  _5

Z1+m-Dd 9
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=5+5(mn-1)d=9+63d
= (5n-5-63)d=9-5=(5n—68)d=4

30
n+1

= 15(5n-68)=2(n+1
= 75n—2n=2+1020

1022
73

= (5n—68) x =4 [from Equation (1)]

=73n=1022 => n="—"-5"
=>n=14

A
. (d)%=%=n = it depends on n.

. (c)AsgivenZn=%an
5 nn+1) nr+1)2n+1)
2 6
=>n=7

Ans

ac+tab ab+bc bc+ca

- @3 > ca > g5 aeinAP

ab+bc+ca ab+ bc+ca
be > ca >

abtbctca are in A.P.
ab

1 1 1 .
=} €a» gp Arein AP

=a,b,careinAP

. (a) Let the three numbers (a —
+d) are in AP.

According to problem (a —
=18
3a=18,a=6................. (1) and (a — d)* +
a*+(a+d)*=158

=3a*>+2d* =158 =24 =158 -3 x 36
>d*=25=>d=+5

Hence the required numbers are 1,6,11

.. Greatest number is 11.

d), a and (a

d+ta+(@+d

. (a) Here
Sy_125 _ aP=DIr=1) 125
S, 152 7T a(*-DIr-1) 152

= (F-DIS2=125 (5 - ) =P =2

=3
=>r=z

9.

10.

11.

12.

13.

@I =ar'=>

To2=5 (_2_1)1

SEIRTEIN

=10=n-1=>n=11.

(2) 0.234 = 0.2343434......
02 + 0,034 + 0.00034 + 0.0000034

34 34 34
1000 7000 " 1000 *
-2 1,1 .1
—10+34[103+105+107+ ...... oo]
1/10°

—1/1000

1, 100
1000 © 99
34 _ 232

*990 = 990

02+

+ 34 x

Ans

=20, (1)1 = 100.........(i0)

=5[ra=20(1-7
by ()]

s
=>5+=3=r=3/5

(c) Given series 0.5737373.......
=0.5+0.073 +0.00073 +..........

]
100000 T

=0~5+73[101W+

=0.5+73
ll/lOOOO I

73 100 _ 5
03+ 1000 99 ~ 10

] 73
1-Too 990

+

_495+73 _ 568
990 990
(d) Given series 0.037037037..........
= 0.037 + 0.000037 + 0.0000000037

=37 .37 ,37
5ot ie T



14.

15.

16.

17.
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=37[L+L+L+ ...... ]

10° Y106 T 10°
[ 110 |_ [ 1 10°]_ 37
‘37[1—1/103]‘37[103999 999
a+b

() AM. = Aand GM. =Vab =G
n solving a ang b are given by the values

AxA+OA-G)

Trick: Let the numbers be 1, 9. Then 4
=5 and G = 3, Now put these values in
options.

Here (c) = 5+ V8 x 2 ie. 9and 1.

(b) Let three terms of a G.P. are %, a, ar
So2 aar=512=>a=83=a=8

From second condition, we get % +8,a+6,
ar will be in A.P.

22(a+6)=%+8+ar

—28=8{L+1+/

2%+r+1=%2 1/r+r—%=0
=P+l 22— 5r+2=0
=>2r-1H)@Fr-2)=0

2r=%,r=2(': r>1)

= r = 2. Hence required numbers are 4, 8,
16.

Trick: Check for (a) 2 + 8, 4 + 6, 8 are not
inAP

(b)4+8,8+6,161e. 12, 14, 16 are in
AP

(c) Let the two numbers be p and ¢

Gl =p2/3 q1/3> G2 =p1/3 qz/s

2 i) 2/3 473
G, G _p"q

G2 Gl_pm ql/3
+
=p+q=2><(p2q)=2A.

(d) Let the three terms of the seriesis a + d,
a,a—d

Latd+tat+ta—-d=27
=>3a=27T=a=9

18.

19.

20.

21.

22.

Now, (a+d—-1),(a—1),(a—d+3)arein
GP

=@-1¥=@+d-1)(a-d+3)
=64=8+d)(12-4d)
=>64=—+4d+ 96

=>d-4d-32=0
=>d—-8d+4d-32=0
>d-8)d+4)=0,..d=-4,8

Series is 5,9, 13 ford=-4)and 17,9, 1
(for d=18)

.. Decreasing A.P.1s 17,9, 1
(©)Asp,q,rarein GP .. ¢>=pr

and g, b, care alsoin G.P. . b>=ac
From (1) and (2), ¢*> b2 = (pr) (ac)

= (bq)* = (cp). (ar).

Hence cp, bq, ar are in G.P.

(a) Let given numbers be x and y. Then

)
2

1
r=yG+y)

p=6)"

q= (o))" =>pq=xy

LpFE=ECy+yt=Exy (e ty)
= pq(2r) = 2pqr

(c) 9B x 9P x 917x .0
9%+%+2—17_,,,,,oo — 9% — 9% — 3

1,1, 1 , 1 _
(a)Wehavea+c+a_b+c_b 0

1, 1 _ 1 1
at . _p~bh-a €

c—bta_c-b+ta
a(c-b) (b-a)x

= ac—ab=bc—-ac

=

= 2ac=ab+ bc

2ac
atc

(c) HM between a and ¢ = b and GM = vac
Also HM between b and d = ¢ and GM =
\bd

But GM > HM

- ~ac>band Vbd > ¢

= vac bd > bc = ad> bc

=bie. a, b, carein HP.
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23. (b) Let given three terms be br, b, b/r

_20nb _ 2br
=P TR e (1)
_2b(br)y _ 2p
ad36= 5L =] e )
(H)+@2)=>r=1/3. Thenfrom 2)b=24 ..
a=br=8
24. () AM>HM = 943> b
3(“36)->b2Also
FA+b _(atc)
7> (%79
(1) and 2) = &> + > 2b*
25. b)b=(2+c)/2 1)
= bd )
d=36cl(c +18) 3)

Eliminate d from (2) and 3) we getc ==+ 6

Now from (1) =4, -2 from 3)d=9,— 18
Lb=4,c=6,d=9

@ 1,1 1
VT+V2 V2++43 V3 ++4

1

n* =1 +n?

Rationalization of D"

SS=W2 -V + (3 -2)
..... + (Wn? -

26.

+....+

r? -2)
S=n-1.

27. (b) Sum =& [9+ .99 +.999 +... 10 terms]
_1 1 1
‘9[(1 ~16) +(1-12)

+(l—ﬁ)+ ....... 10 terms

1
A I A T

“9(10710 | L
10

[89+ O“’]

28. Denoting the nth and mth terms of the two
progressions by T’ and 7'}, we have T = 17
+(m—1).4=4n+13and7'=16+(m—1).
5=5m+11
For common terms, we must have
T T'=4n+13=5m+11
=>5m=22n+1)

This shows that 2n+1=5k, k=1, 3, 5,.....
Hence the common terms are given by
T, =52k+11=10k+11,k=1,3,5,....

.. sum of the first 100 common terms = 21
+41+61 +.... to 100 terms

=190 12 x 21 + (100 - 1201 = 101100

29, Let Sn denotes the sum of » terms of the

series, then

S,=1+3+2+ 7+ + 2=

and

I =d+3434 L +2m-32n-1+2n
1s=1+42430 +2’5;13+2"2;1

Ssedsere (Y-

7 5 2n—1 2n-3
+(§-3)+ +( T )
_2n-1
2n
2,2,2 1 2n-1
=5 S—1+2+4+8+ T T
1,11 1
=5 S—1+22+4+8+ +2H]
_2n-1
2n
Hi-(3))
21 ==
| P 2 2 2n—1
2§Sn—1+2 l_l —om
2
:Sn=2+4[1 L]-22-1
1 2n-1
Sn=6—F— 2”,,_1 .
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QUESTION BANK: SOLVE THESE TO MASTER

. Leta, a, ... a, be in AP. and h,
By h,beinHP Ifa =h =2and a

2

=h,=3,thenah, is:

(a) 2 () 3

©) 5 @ 6

. If the sum of the first 2n terms of the A.P. 2,

5,8....... , 1s equal to the sum of the » terms
of the AP. 57,59, 61......, then n equals

(a) 10 (b) 12

(©) 11 @ 13

. Let two numbers have arithmetic mean 9
and geometric mean 4. Then these numbers
are the roots of the quadratic equation:

(a) x*-18x—-16=0
(b) ¥ —18x+16=0
© ¥+18x-16=0
@ x*+18x+16=0

. Which term of the series 17, 21,
25 417 and 16, 21, 26.......... 466 is
common
(a) 20 (b) 19
(c) 21 @ 18

. The sum of 11 terms of an A.P. whose
middle term 1s 30, 1s:

(a) 320 (b) 330
(c) 340 (d) 350

. The minimum number of terms from the
beginning of the series 20 + 22 % +25 %
+o , so that the sum may exceed 1568,
1s:
(a) 25 (b) 27
(c) 28 (@ 29

. The maximum sum of the A.P. 40, 38, 36,
34,...... 18:

(a) 390 (b) 420
(c) 460 (d) 210
. Between two numbers whose sum 1is

2%, an even number of arithmetic means

are inserted.

If the sum of these means exceeds their
number by unity, then the number of means
are:

(a) 12 (b) 10
©) 8 (d) none of these
9. Sum of the three arithmetic means between
3 and 191is:
(a) 26 (b) 33
(c) 28 @ 34
10. If sum of the infinite G.P. p, 1, 1/p, 1/p%,......
is 9/2, then value of p is:
() 2 (b) 9/2
©3 (d) None of these
11. Three numbers form an increasing G.P. If

12.

13.

14.

15.

the middle number is doubled, then the new
numbers are in A.P. The common ratio of
the G.P. 1s:

(@ 2-43 (b) 2++3
() V3 -2 (d) 3++2
If the first two terms of an H.P. are 2/5 and

12/13, respectively. Then the third term is:

15
@ 15 ®-3
©) % (d) None of these
Ifthe firsttwo terms of harmonic progression

be %, %, then the harmonic mean of first

four numbers is:

(@5 (b) 1/5
() 10 (d) 1/10
If the sum of the first # terms of a series be
5n*+ 2n, then its second term is:
(a) 16 (b) 17
27 56
© 17 @D 13
In a geometric progression consisting of

positive terms, each term equals the sum of
the next two terms. Then the common ratio
of this progression equals:
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16.

17.

18.

19.

20.

21.

1
@ 5 (®) 2

L5 1_5
© 5 (5 -1) @ -5
In an A P, the pth term is ¢ and the (p + ¢)th
term is 0. Then the qth term is:
@ -p ®) p
© ptq Dp—q
Let S, denote the sum to » terms of an A P.
Let Sn=n?p, Sm = m*p where m, n, p are +
veintegers and m # n. Then Sp =

@ TPy e
+m+ n)’
© P @ e

Given two numbers a and b. Let 4 denote
the single A.M.between these and S denote
the sum of » A.M.’s between them. Then

S/A depends upon:
(@) n,a,b (b)n, a
) nb @ n

Leta, b, c be AP, then % %, % are in:

(a) AP (b) GP

(c) HP. (d) None

If the roots of the equation (b — ¢) x* +
(¢ —a)x + (a— b) =0 are equal, then a, b,
c are in:

(a) AP () GP.

(c) HP. (d) None

If x, 2x + 2, 3x + 3 are in G.P, then the

fourth term is:

@27 ®-21 ©F @-%F
ANSSWERS

Lecture—1: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With

Accuracy
1. ® 9 (¢ 17. (b) 25. (b)
2. (b) 10. (b) 18. (b) 26. (a)
3. (© 11. (b 19. (a) 27. ()

22

23.

24,

25.

26.

27.

® N n oA

3+ 3a +3a%+....... o 1s equal to %,
a>0

(a) 15/23 (b) 7/15

(c) 7/8 (d) 1577

The number of terms common to two A.P.’s
3,7,11,........ ,407 and 2,9, 16,........... , 709
is:

(a) 14 (b) 21

(c) 28 (d) None

The sum of first n terms of two A P. are 3n

+ 8, 7n + 15. Then the ratio of their twelfth
term is:

7 8
@ 76 ® 713
4 3
©79 @ 7
If a, b, ¢ are in A P, then which one of the

following is not true:
(a) §> %> % are in H.P.
®) a+K,b+K,c+Karein AP

(¢) Ka, Kb, Kc are in A.P.
(d) a% b? c*arein AP,

If 124 2% +.... + n* = 1015, then value of n
1s:
(@) 12 (b) 14
(©) 15 (d) None
Let @ be the AM. and 3, y be two G.M.’s
between two positive numbers the value of
B+y.
By s
(@1 (b) 2
©0 @ 3
@ 12. (¢) 20. (b) 28. (a)
@ 13.(@d@ 21. @ 29 (o

(a 14. () 22. (¢)
(@ 15 () 23. (¢
@ 16. (a) 24. (@



Progression D.111

Lecture—1: Work Sheet: To Check Preparation Level
. ® 5 @© 9 (@ 13. (@)

2..Mb) 6 () 10. (& 14 (o
3.0 7. () 1. © 15 ()
4. @ 8 (@ 12. (2

Lecture-2: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

1. @ 7. (© 13 @ 19 (@@

2..0b) 8 (b 14 @ 20. (©
3@ 9 (@ 15 ® 21 (©
4. © 10. @ 16. (@
5. @ 11 (@ 17. @
6. (@ 12. (b) 18. (b)

Lecture—2: Work Sheet: To Check Preparation Level

L. @ 5 ® 9 @© 13 (©
2. @ 6 (@ 10 @ 14 (@@
3.0 7. @ 1. ® 15 (@
4. © 8 (0 12. (2

Lecture-3: Unsolved Objective Problems (Identical
Problems For Practice): For Improving Speed With
Accuracy

1. d 11. @ 21. b 31. (¢
2. (¢ 12. (o) 22. (a) 32. (a)
3. @ 13. (b)) 23 (o 33. (a)
4. (@) 14. () 24 () 34 (¢
5. () 15 () 25 () 35 (@
6. (¢) 16. (a 26. (d 36 (d
7. () 17. (@ 27. d) 37. (a)
8 (@ 18 (¢) 28 (d) 38 (b
9. () 19. (& 29. (b)

10. (¢) 20. (d) 30. (@

Lecture—3: Work Sheet: To Check Preparation Level

. @ 5 ® 9 (@ 13 (2
2. © 6 (2 10. (a 14 (b)
3.0) 7. (@ 1. b 15 (©
4. ) 8 (b 12. @

Lecture—4: Unsolved Objective Problems (Identical
Problems for Practice): For Improving Speed with
Accuracy

. @ 4 ® 7. ® 10. (2
2..@d 5 (© 8 (@
3.d 6 (@© 9 ()

Lecture—4: Work Sheet: To Check Preparation Level
. @ 4 ® 7. @ 10. (b)
2. (©) 5 (2 8 (b) 11. (o)
3. © 6. (o 9. (a 12. (d)

Lecture-5: Mental Preparation Test I

1. 100 2.6n—19
3. n=10 or 10th term.

5. 7th term = 23.

6. 07.T,,=-156

8. 251001. 9.x=36
10. 3,5,7,90r9,7,5,3

1. T =6r-1.

12. S =n?

n

13. n=6[.. nz—11]
15. —4,-1,20r2,-1,-417.n=5

Lecture-5: Mental Preparation Test IT
1. 18 2.128
3. 10thterm =5"and a, = 5"4.n=9
5. 3072 6. 768 and nth term = 3 x 2~ D
7. 1lthterm 8. £3
10. 3/2
11 10+5+5+7 ... ©

12'1/210 20 , 40
13. 5+?+ ?+ﬁ+

Firstterm =4, CR. =1/2

15. 4,6,9 0r 9, 6, 4 16. Required common
ratio=4
17. 4,—-8,16,—32
3 4 4 .3
18 {3 -13) or{3.-13}
19. G,=9,G,=2721.4,8,160r— 4,8,



D.112 Test Your Skills

QUESTION BANK: SOLVE THESE TO MASTER

1. (@ 8. (© 15. (o) 2. (b)
2. © 9. (b 16. (b 23, (a)
3. (b) 10. () 17. (o) 24, (a)
4. (© 11. (b) 18. (@ 25, (@)
5. (©) 12. (b) 19.  (a) 2. (b)
6. (b) 13. (b) 20.  (a) 27. (©
7. @) 14. (b) 21 (@



